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Chapter 1

Introduction

Einstein’s general relativity and quantum mechanics are the two basic theory which support
a present physics but it is known that they are incompatible. There are a lot of difficulties
to construct the quantum gravity theory. First of all, the quantization of the gravitational
field based on the Einstein gravity theory leads to the unrenormalizability problem. Moreover,
the theory also becomes unstable even in a non-perturbative method since the Einstein-Hilbert
action can takes indefinite value. Besides, we can not physically eliminate a spacetime solution
with singularity since the action becomes finite for such a configuration.

In order to resolve these problems, the approach that we introduce higher derivative actions
bounded from below involving the square of Riemann curvature tensor has been proposed [1, 2,
3,5,6,7, 8,9, 10]. In this approach, the action for singular spacetime configurations such as
Schwarzschild solution diverges and thus such solutions are eliminated quantum mechanically.
On the other hand, however, one could not avoid the problem that physical ghost mode, what
is called massive graviton, emerges when one dealt all gravitational fields perturbatively. So, it
is appropriate to suppose that we need some kind of non-perturbative method to quantize such
higher derivative fields.

In our study, we consider the renormalizable quantum conformal gravity proposed in recent
years [11, 12, 13, 14]. We then apply a non-perturbative method [15, 16, 17, 18, 19, 20, 21, 22, 23]
learned from the development of two-dimensional quantum gravity [24, 25, 26, 27, 28, 29].
That is to quantize gravity by taking into account contributions induced from the path integral
measure, what is called the Wess-Zumino action [30, 31] with respect to the conformal anomaly
[32, 33, 34, 35, 36, 37, 38, 39, 40]. In order to carry out it, we manage the conformal mode of
gravitational fields non-perturbatively without introducing its coupling constant. On the other
hand, we dealt the traceless tensor mode perturbatively.

In the above quantization method, the following important natures emerges. The first is that
the general coordinate invariance in such a non-perturbative treatment leads to the background-
metric free nature [15, 16, 17, 18, 19, 20, 21, 22, 23|. It is realized as a gauge equivalency under
the conformal transformation, which is called BRST conformal symmetry [22, 23]. Owing to
this symmetry, we can choose the flat background without changing physics and can calculate
quantum correction in the same way to usual quantum field theory. Besides, the BRST conformal
symmetry makes the gravitational ghost mode unphysical. The second is that there is a new



dynamical scale of quantum gravity [11, 12, 13, 14]. It is indicated from that the beta function
of the coupling constant for the traceless tensor mode becomes negative. The background free
spacetime and the classical spacetime are separated at this scale.

The conformal invariance has a crucial role in our non-perturbative formulation of quantum
gravity. Its importance in physics is also suggested by the recent experiments on cosmic mi-
crowave background (CMB) [41, 42] which indicates the fluctuation in early universe to be scale
invariant. From this, it is a good guess that conformal invariance is fundamental in quantum
gravity.

The purpose of this study is to examine the renormalization structure in our quantum con-
formal gravity theory with using dimensional regularization [11, 12, 13, 14]. The advantages
of using this regularization are that it preserves the diffeomorphism invariance at all orders in
perturbation and that the path integral becomes independent of how to choose the functional
measure. Then, the information of the conformal anomaly hides between the D and 4 dimen-
sions, in contrast with the case using just four dimensional quantization method. So, it is quite
important to determine the D dependence of the gravitational action. However, there are some
ambiguities when we generalize the four-dimensional gravitational action into D-dimensional
one.

Recently, such ambiguities was resolved by analyzing Hathrell’s renormalization equation
in the case of quantum field theory in curved space with dimensionless conformal coupling
[36, 37, 38, 39, 40, 14]. It was then found that the D dimensional gravitational actions can be
determined at all orders of perturbation, which are classified into two forms only that reduce
to conformally invariant ones at four dimensions, namely, the square of the Weyl tensor and
the Euler density [40, 14]. The renormalizable quantum conformal gravity we consider here is
formulated using these actions [13, 14].

As mentioned above, a significant feature on this theory is that the dynamics of the conformal
mode is induced quantum mechanically. In dimensional regularization, such dynamics emerges
from Laurent expansion of the D-dimensional gravitational bare action around four dimensions.
The pole terms are ordinary counterterms. On the other hand, the finite terms with non-
negative powers of D — 4 produce interaction terms of the conformal mode, which are nothing
but the Wess-Zumino action for conformal anomaly induced quantum mechanically. Especially,
the lowest term is called the Riegert action [15] that gives the kinetic term of the conformal
mode. The renormalization of quantum gravity is carried out with incorporating these induced
terms. Then, the conformal mode does not receive renormalization, namely, its renormalization
factor becomes unity. This property comes from the thing that the conformal mode is treated
exactly without introducing the independent coupling for this mode.

For the traceless tensor mode, its dynamics is described by the Weyl action with introduc-
ing a dimensionless coupling constant . The perturbation theory is then defined around the
conformally flat spacetime in which the Weyl tensor vanishes. Since the beta function becomes
negative, its coupling constant indicates what is called the asymptotic freedom. However, we
here emphasize that it does not show the free graviton picture propagating on flat spacetime
at high energy limit since the conformal mode still non-perturbatively fluctuates and thus the
spacetime is in completely quantum mechanical phase.

In this thesis, we consider the system with adding the cosmological term and the Einstein
term. The anomalous dimensions of the cosmological constant and the Planck mass can be



calculated properly by taking the Wess-Zumino interactions into account, and it has been con-
firmed that the result at the zeroth order of ¢ agrees with the exact solution derived from the
BRST conformal symmetry [13]. One of the main achievements done in this thesis is that we
calculate the loop corrections to the cosmological constant and the Planck mass at the order of
a; = t2 /4 [14]. Especially, for the cosmological constant, it is given at the two-loop level in this
formulation. The result of the cosmological constant shows that its t-dependent part is negative
while that of the Planck mass is positive. Also, the demonstration of two-loop renormalizability
itself is one of the important purposes of this work.

Furthermore, we consider the effective action related to the cosmological term that depends
on the conformal mode only and examine its renormalization group equation. Owing to the
non-renormalization property of the conformal mode, we then find that it does not depend on
the renormalization group parameter. Since the physical quantity should be invariant under
the renormalization group flow, this implies that the effective potential for the cosmological
term is the physical cosmological constant in this formulation. We then calculate the physical
cosmological constant at the one-loop level explicitly and show that it is given by a function of
the renormalized cosmological constant and the renormalized Planck mass. So, we consider its
value to be the observed value.

This thesis is organized as follows. In chapter 2, we first mention the basic structure of quan-
tum conformal gravity, emphasizing the importance of the Wess-Zumino action for conformal
anomaly in order to preserve diffeomorphism invariance at the quantum level. And also, how
to remove the spacetime singularity and how to overcome the negative-metric mode problem
are briefly summarized here. In chapter 3, we present the formulation using dimensional regu-
larization. After mentioned how to determine the D-dimensional gravitational action without
ambiguities, we provide the propagators and interactions of the gravitational fields, including
the Wess-Zumino actions. We then explain the renormalization techniques to systematically
incorporate the induced dynamics of the conformal mode, in which it is emphasized that the
information of the Wess-Zumino action hides between D and 4 dimensions in this regularization.
Here, we present the beta function of the coupling which becomes negative, we also demonstrate
the non-renormalization property of the conformal mode at the order of oy;. In chapter 4, we
consider the system with adding the cosmological term and the Einstein term and calculate the
anomalous dimensions at higher loops, including the corrections of «;. For these calculations,
we choose Landau gauge in order to reduce the numbers of the Feynman diagrams considerably.
In chapter 5, we study the effective action with respect to the conformal mode. We first examine
the renormalization group equation and show that such effective action becomes invariant under
renormalization group flow. And then we calculate such a effective potential as the physical
cosmological constant explicitly at the one-loop level. In chapter 6, we summarize our study
and discuss its physical meanings. In appendix B, we demonstrate that the D-dependence of
the gravitational action can be determined uniquely at all orders in the case of QCD in curved
space. In other appendices, we present various gravitational formulae, details of calculations
and integral formulae for loop calculations.



Chapter 2

Basic structure

First of all, we overview the basic structure of four-dimensional quantum gravity we discuss in
this thesis.

In order to construct the quantum gravity theory, we here impose basic three conditions:
the diffeomorphism invariance, the finiteness of the theory and 4-dimensional spacetime. Diffeo-
morphism invariance is one of the basic principles of Einstein gravity, and we assume that this
symmetry remains also in quantum theory. The second condition means that physical quantities
should be finite. That is to say, the theory is renormalizable as well as there is no singular point.
Third, we consider the 4-dimensional spacetime since extra dimensions are not observed yet and
there is no reason to consider them at the present stage.

2.1 Quantum conformal gravity action

It is known that quantum gravity theories based the Einstein action can not be renormalizable
since the gravitational coupling has dimension. In order to resolve this problem and also ensure
the positivity of the action, we introduce the fourth derivative action. Besides, we think that
the conformal symmetry is important in a high energy region. So, we consider four-dimensional
quantum gravity theory that has conformally invariant actions for fourth order gravitational
terms and matter fields, which is given as

1 M3
I = /d4$\/§{ ﬁcaﬂyécaﬂ’yé + bG4 - TPR +A+ ['conf.matter}a (21)

where t is a dimensionless coupling governing the dynamics of quantum gravity. The coefficient
b is introduced to eliminate divergences proportional to G4. We should note that this constant
is not the independent coupling since the Euler term does not include the kinetic term. Here, we
also add the Einstein term and the cosmological term, which do not prevent the renormalizability
since we consider the energy scale beyond the Planck scale.

Quantum gravity is defined by path integral over the gravitational fields with the weight e /.
The fourth order part of the action gives the kinetic term of this theory and here we consider
this part. The dynamics of the traceless tensor mode is governed by the Weyl action. The
coupling constant ¢ introduced in front of this action defines the perturbation theory expanded



about the conformally flat spacetime satisfying C,g,s = 0. On the other hand, since the forth
order action is conformally invariant, it does not depend on the conformal mode. Therefore,
since the conformal mode is not restricted by this action, it must be treated exactly. From this,
the gravitational field is expanded as

_ _ . . t?
Gap = 62(1)90457 9o = (geth)aﬂ = YJap + thaﬂ + §ha'yh’y/3 + - (2-2)

where h,g is a traceless tensor mode satisfying h, = gaﬁhag = (0. We should note that the
conformal factor is written in the exponential of the conformal mode ¢ in order to ensure its
positivity and we do not introduce the coupling constant for this mode, unlike the case of the
traceless tensor mode.

One of the most important features of this quantum gravity theory is that although there
is no fourth order dynamics of the conformal mode in this action, it is induced from the path
integral measure, what is called Wess-Zumino action. It is Jacobian necessary to preserve the
diffeomorphism invariance when we translate the diffeomorphism invariant measure on g, into
the practical measure defined on the background metric g,g. From this, we can write the path
integral as

et = / [dgdf]ge V9 = / [dgdhdfge 59119, (2:3)

where S is the Wess-Zumino action for conformal anomaly. The field f expresses a conformally
coupled matter field. The Wess-Zumino action emerges from the zeroth order of the expansion
with respect to coupling constant ¢, which is called Riegert action [15] defined by

be
(4m)?

where Ay is the fourth-order differential operator defined as

SR(qu g) =

/ /G [2@5&@ + <G4 _ :2))@21%) ¢] , (2.4)

2 1
Ay =V + 2RV, V5 — gRV2 + 3 VRV, (2.5)

which becomes conformally invariant at four dimensions for scalar quantities and it is self-adjoint.
The coefficient b, is obtained from the one-loop calculation of the conformal anomaly as

1 769
= —(Ng+ 11N 2N —, 2.
be 360( s+ r+6 A)+180 (2.6)

The first three terms are the contribution from matter fields in which Ng, Ngp, N4 are respec-
tively the number of scalar, fermion and gauge fields [32, 33, 34]. The last term is the sum of
87/20 [9] and —7/90 [17] respectively coming from the gravitational fields h,g and ¢. Thus,
since b, is positive, the Riegert action becomes positive definite.

The dynamics of the traceless tensor mode is governed by the Weyl action with the dimen-
sionless coupling ¢. The beta function of the coupling oy = ¢2/47 is calculated at one-loop level
as

wodoy 1 197 | oy
= A (Ng+6Np+12N4) + — | & 2,
B o da 1og (Ns +6Np+12Na) + 50 0 (2.7)



which becomes negative. So, we find that the traceless tensor mode indicates the asymptotically
free nature. This justifies that we consider the perturbation theory about conformally flat
spacetime.

We should note that this asymptotic freedom does not mean the realization of the picture
that free gravitons are propagating on the flat background at high energy regions. That is
because the conformal mode still fluctuates non-perturbatively and thus there is no classical
spacetime as the base of such picture.

Here, we also mention that this theory does not have spacetime singularity. It is because the
Weyl action is bounded from below and includes the square of the Riemann curvature tensor, and
thus the singular configurations that this action diverges are excluded quantum mechanically.

2.2 Diffeomorphism invariance

Under the metric decomposition (2.2), the general coordinate transformation defined as

5{9046 = gMV5§7 + g’yﬁvozg7 (2'8)

is completely separated into the transformations of the conformal mode and the traceless tensor
mode as

. 1.
55¢ = fﬂ/v'yﬁé + Zvvf’yv
_ _ 1 R (2.9)

(55@15 = §a7V557 + ggyvafy - §ga5VV§7,
where V£ = @aﬁo‘ is used. Moreover, we can rewrite the second equation in terms of h,g as
1/ . 1. .
d¢hap = n <Va§6 + Vgéa — 2gaﬁv,y§7>

N 1 N A 1 A A 2.10
FV3has€ 4 shar(Va€ = VI6s) + hy(Val? ~976) 10

+0(h%),
where £, = gaﬁgﬁ.
BRST conformal symmetry Because of the non-perturbative treatment of the conformal
mode, our quantum conformal gravity has a very important property at t = 0, called the BRST

conformal symmetry [22, 23]. It arises as a part of diffeomorphism symmetry in which the gauge
parameter £ is given as the conformal Killing vectors satisfying the equation

. . 1. -
VaGs + V5o = 5a5VA(7 = 0. (2.11)

In this case, the first term of the transformation (2.10) vanishes and the second term becomes
effective. We then obtain the conformal transformations

Sctp =10, + ima, (2.12)

. 1 (e N1 e .
Ochas = C'Vahas + 5har (V5CT = VGs) + Shsy (Val? = V16) (2.13)



as a gauge transformation. The BRST conformal transformation is defined by replacing the
gauge parameter (¢ with the corresponding ghost field. This symmetry means that all theories
connecting one another by conformal transformations becomes gauge-equivalent.

Thus, at the vanishing coupling limit of ¢ = 0, the quantum gravity system can be described
as a conformal field theory with BRST conformal symmetry. This system is governed by the
induced Riegert action (2.4) and the kinetic term of the Weyl action. The physical states of
quantum gravity are defined at the ¢ = 0 limit. We then have found that the BRST conformal
symmetry makes all negative-metric modes unphysical and physical fields are given by a real
primary scalar with a definite conformal dimension in terms of conformal field theory. The
anomalous dimensions of physical fields at ¢ = 0 can be determined exactly using this symmetry.

The BRST conformal symmetry is nothing but a representation of the background change
of the background metric

9o = € Jap- (2.14)

This invariance originally comes from that the conformal mode is treated exactly so that the
shift change of the conformal mode ¢ — ¢ + o is equivalent to the conformal change of the
background metric (2.14). Since the conformal mode is now the integration variable and the
path integral measure is invariant under the local shift, the theory becomes invariant under the
conformal change of the background metric. As a consequence, we can choose any background
as far as it is conformally flat. In what follows, when we calculate loop corrections, we take the
flat background gog = dag.



Chapter 3

Renormalizable quantum gravity

In the previous chapter, we overviewed the basic structure of four-dimensional quantum confor-
mal gravity. In this chapter, we formulate this theory with using dimensional regularization. The
advantages of using this regularization are that it is only the method we can calculate higher loop
corrections with preserving the diffeomorphism invariance. And also, the theory becomes inde-
pendent of the choice of the path integral measure owing to the property of [ dPp =6P)(0) = 0.
Moreover, there are no quadratic and quartic divergences, which are substantial in UV theo-
ries without Landau pole. On the other hand, since the contributions from the measure such
as conformal anomalies are hidden between D and 4 dimensions, we have to determine the D
dependence of the gravitational action exactly.

When we generalize the fourth derivative action in four dimensions into that in arbitrary
dimensions, ambiguities emerge. We recently resolved this problem with using Hathrell’s renor-
malization group equation and then we determined the form of the gravitational actions: the
square of the D-dimensional Weyl tensor Fp and the modified Euler density Gp (Details are
presented in appendix B).

Furthermore, as mentioned before, this theory has the background metric independence
represented as BRST conformal symmetry. Owing to this symmetry, we can choose the flat
metric as a background. Thus, we can formulate quantum gravity theory as a usual quantum
field theory on the flat spacetime.

3.1 Quantum conformal gravity action in D dimensions

Here, we use the obtained counterterms as an quantum gravity action and consider the system
with adding the Einstein-Hilbert action, the cosmological constant term and the conformally
coupled matter field action [13, 14]. Then, our quantum gravity action is expressed as

1 M
S = /dDa:\/§ I:tQFD + boGD + A() — TOR + [:matter , (3.1)
0
where ty is the bare dimensionless gravitational coupling constant. The by is another dimen-

sionless bare quantity, but it is not an independent coupling as mentioned below. The mass
parameters My and Ay are the bare Planck mass and the bare cosmological constant.

10



Here again, we present the D-dimensional Weyl action

2
R R + R? (3.2)

— (2 — afyo
Fp = Caps = Haps R (D-1)(D-2)

D -2
and the D-dimensional Euler density, which is determined to be
Gp = Ga+ (D —4)x(D)H?, (3:3)

where (4 is the usual Euler combination and H is a rescaled scalar curvature defined as G4 =
Riﬁv 5= 4Riﬁ + R? and H = R/(D — 1), respectively. The function  is expanded around four
dimensions as

X(D)=> xn(D-4)""". (3.4)
n=1

The coefficient y, can be determined order by order and the first two coefficients have been
calculated (see eq. (B.86)) as

1 3

57 X2 = —. (35)

X1 = 4

We have then shown that these are universal values independent of gauge group and the contents
of matter fields as far as they are conformally coupled. Further from the same analysis of QED,
it has been found that xi 2 are the same values and x3 is given by 1/3. We use these values also
in quantum gravity since it should reduce to the curved theory in the classical limit of gravity
such as, for instance the large N limit of gauge group SU(N).

3.2 Renormalization procedure

The perturbation in tg implies that the gravitational field is expanded around a conformally
flat spacetime where the Weyl tensor vanishes. Thus, we quantize the gravitational field by
separating into the conformal mode ¢ and the traceless tensor mode hg,g as

_ _ &
GaB = 62¢gaﬁ7 GaB = (etoho)aﬁ = dap + tohoas + fohgahow o (3.6)

where h(, = 0 and the flat background is taken in what follows.
The renormalization factors of the traceless tensor mode and the coupling constant are
defined as usual by

1 D
hoa = Zihag, to=1""2 Zit, (3.7)

where p is a mass scale and the renormalized coupling ¢ is dimensionless. On the other hand, since
we do not introduce the coupling constant for the conformal mode, diffeomorphism invariance
requires that it is not renormalized such that

Zy=1. (3.8)

11



It can be easily understand from the fact that the gauge invariance results in the relationship
between the renormalization factors of the coupling constant and the corresponding gauge field.!
No coupling constant thus implies that there is no field-renormalization factor. For this reason,
we write the conformal mode ¢, not ¢ in (3.6). This is one of the most important features in our
renormalization calculations, which reflects the independence of the choice of the background
metric as mentioned above.

We here expand these renormalization factors as follows:

B e’} fn Ly e’} In
anh—Zm, antZ—;ML. (3.9)

n=1

Using these terms, we can renormalize UV divergences proportional to the Fp term. The beta
function of the coupling constant is then defined as
p doy

=L _—D—-4+8 3.10
Bt or dp + B, (3.10)

where a; = t2/4m and B; = pd(In Z;2)/dpu.

In comparison with the traceless tensor mode, the conformal mode has more complicated
renormalization structure. Since the volume integral of Gp becomes topological at four dimen-
sion, its kinetic term emerges from the first order of D — 4. This means that Gp does not

contribute to classical gravitational dynamics. And so, we define the bare coupling constant by
in a pure pole series as follows:

B MD—4 0 by,
S PR @10

n=1

Its residues b, at n > 2 are the function of the coupling constant ¢ only, while the residue of
simple pole b; has both a constant part b and a coupling dependent part b’ as

by = b+ b, (v). (3.12)

In order to work out various renormalization calculation with respect to the conformal mode, we
need some kind of procedure which incorporates the dynamics induced quantum mechanically.
Here, we propose that for the moment we temporarily treat b as another coupling constant for
the conformal mode. In that case, the effective action becomes finite up to the topological term,
which is expressed as follows:

MD_4 b— b,

I = g7 Ve
(4m)z D —4

/de\/§G4 + Trlay,b), (3.13)

'For instance, ZcZé/ 2=1in QED. Precisely, the argument in general holds only for the background gauge
field in the background field method [45]. For the conformal mode, however, it is true since this mode is not
gauge-fixed unlike the traceless tensor mode so that the renormalization factor of the conformal mode is the same
to that of the background and it becomes unity from diffeomorphism invariance. Later, the background field
method is used in various loop calculations.

12



where I'p is a renormalized effective action. We should notice that the divergent term emerges
only when we choose a curved background metric. The constant b, comes from the direct one
loop calculation given by eq. (2.6). After the renormalization procedure is carried out, we take
b = b.. In this way, we can obtain the finite effective action I'g(¢, b.) whose dynamics is governed
by a single gravitational coupling ¢.

From the renormalization group equation udby/dp = 0, we obtain the following expression:

db =
nG = (D =95, (3.14)

where 3 is a finite function given as

_ b\ b
¢%:—<ag> <h+”aé)' (3.15)

Here, in order to be able to replace the coupling b to the constant b. at the end, the condition
wdb/dp = 0 should be satisfied at four dimensions. Therefore, (3.14) ensures the validity of the
renormalization procedure proposed above.
From the renormalization group analysis of QED and QCD in curved space, we find that
| in (3.12) arises at the fourth order of the gauge-coupling constant. From this fact and the
similarity between the gauge field and the traceless tensor field ruled by the Weyl action, we
can guess that the oy dependence of b is also given as

V) = 0(a?), (3.16)

and then we obtain #, = —b+ O(a?). This assumption should be verified through direct two-
loop calculations of three-point functions of the traceless tensor mode or indirect calculations
using the renormalization group equation, but this work is not complete yet.

3.3 Propagators and Wess-Zumino interactions

In this section, we will derive the conformal mode propagator and the traceless tensor mode
propagator, and Wess-Zumino interactions to calculate some Feynman diagrams.

3.3.1 The Fp term

The Weyl term in D-dimensions is expanded as follows

1 1 U,
t%/dDa:\/ﬁFD = t%/dee(D 4)¢C’a575C Ao

1 - - 4 -
N / P [tgcawcaﬁ T 2 $CaprsCOP | (3.17)
The first term of R.H.S gives the propagator and self-interactions of the traceless tensor mode.
The second and other terms are the induced Wess-Zumino actions associated with the Weyl-

squared conformal anomaly, which give new interactions that involve the conformal mode.

13



The kinetic term of the traceless tensor mode is then given as
D -3 D-3
D 4
/ d x{D — (hwa ho®? + 2X0a82><05) -5 X80a05X0 |, (3.18)
where xo is defined as

Xoa = 9°hoagp. (3.19)

Also, we introduce the gauge fixing term defined in Appendix B as

1
[ 0N 500 (3.20)
o
where Nyp is defined as
2(D —3) 9 D—2
Noyg=—-—=1(-2 —— 0y 21
of D_2 < naga +D—18 85) (3 )

and the gauge parameter is renormalized using the renormalization factor of h as (y = Z,(. The
renormalization of the ghost sector defined in Appendix C is carried out as usual by introducing
its own renormalization factor.

Now, we derive the propagator of the traceless tensor mode in arbitrary gauge. The full
kinetic action of the traceless tensor mode in momentum space is

w1 dPk
kin __ ©)
5t = 5 | rmhas DKL s k)hs(—H), (322

where taking into account of the traceless condition and the symmetry of indices, the complete

form of the kernel Ké%) L5(k) is given as

2(D -3 1-— 1
K 5(k) = (1)_2){1567751@4 - CC {2(%/@61@5 + 8gykaks + Sasksky + Ogskaky)k?
1 1 D—-2

— ————(6apkks + Oyskaks)k? + ————0ap0.5kt — Z—kokgk ks| p. (3.23

D 1 Oapkks + 0y5kaks) M T I DR Ly /376” (3:23)
Here, I 0%776 is an identity operator defined as

" 1 1
Tog~s = 5(&17565 + 0as0sy) — Eéab"svév (3.24)

which satisfies (I )2 = I, Then, the equation of motion is expressed as K{Efg N s(R)R° (k) = 0.

By solving the inverse of K((fﬂ) 75(1{:), we can obtain the traceless tensor mode propagator as
follows

(has(k)has(—k)) = 2(1139__23)]3415205(1@), (3.25)

14



where

1 1
19,001 = 3+ s~ s

D
V(. kks . kgk koks | o kak
+((—1){ <5M T3+ Gas gt 0ay g + 3 k;)

2
kak5> 1 D — 2 kokgky ks
-
D(

1 kyks
~ 51 <(5a5 12 + 575 12 D 1) 504/3575 D1 = } (3.26)

When we act momentum k% on (3.25),

a D-2 1 /1 1 1
k*(hap(k)hqs(—k)) = (my <2k37(555 + 5]{:5557 - Dk‘g&yg) . (3.27)

From this, the traceless tensor mode propagator satisfies the transverse condition when we take
¢ = 0, which is called Landau gauge.

When we expand the second term in equation (3.17), we obtain the three point interaction,
which is given as

5%1[)@)] = (D —4) / dP [c%a(sha@maﬁhaﬁ — 20,05has0" 01 + 0, 05hasd*d°h7°

4 (1 1 1
) {482ha582haﬁ — 0’hP By x5 + iaaXBQQXB + Qaaxﬁaﬁxa}
2 (0%
+ CENE 2)8a>< agxﬁ], (3.28)

where yo = 0° hag. We use this interaction to calculate the two-loop quantum gravity correction
of the cosmological constant. The interaction term in momentum space is written in Appendix
D because their expressions are very long.

3.3.2 The Gp term

The kinetic term of the conformal mode and their interaction arise from the D-dimensional
Euler term Gp. From the expression of the bare coefficient by (3.11), we can expand it in terms
of the conformal mode as follows:

HD—4

4m)2

ba A 5 2500 1 s
+(b1+D_4+ ><2¢A4¢>+G4¢ 3RV¢>+18R>

_ 1~ _
+{(D—4)b1 +by+ -} <¢2A4¢ - 5G4¢>2 + 3¢V*o
FABRT. V06— ORY 4+ LoV R o6
_Thorg . Lpeg . O @)L
SRV + < R%+ R > + } (3.29)
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The first term in R.H.S of (3.29) is the counterterm to suppress the UV divergences proportional
to G4, which determine the residue b, in eq. (3.11). We here emphasize that the finite part
proportional to by in the second term gives the Riegert action (2.4), which is the Wess-Zumino
action related to the conformal anomaly E4 (B.87) at four dimensions.

We find that the kinetic term of the conformal mode is derived from the Riegert action as

. pP—4
St = 20— / dPrpde. (3.30)

(4m)=z

From this, we can obtain the conformal mode propagator as follows:

I ARACOER
(O(k)o(=k)) = ———17- (3.31)

Therefore, quantum corrections from this mode are expanded in a power series with respect to
1/b, which corresponds to considering the large-N expansion for the number of matter fields
Ng,Nr and N4 in eq. (2.6).

Next, we present gravitational interactions to calculate various diagrams in what follows.
First, the three-point self-interaction induced in the second term is given as

g(P=Db _ 4bMD_4 dP s 9
[bod)] —( —4) 47T% T~ 9. (3.32)

Here, note that the contribution of this interaction to UV divergences arises in two or higher
than two loop corrections because of the presence of the D — 4 factor.

Furthermore, expanding the metric g,g in each term with respect to the traceless tensor
mode, we obtain the interactions between the conformal mode and the traceless tensor mode.
From the —2¢V?R/3 and R?/18 terms in the third terms of eq. (3.29), we obtain two quadratic
interactions

SY 2bt “D/2 i dP19%9°0° ph (3.33)
Glph] = 3 D/2 T afBs .
b2 btz p. 1 an B

SG[hh] - (47T)D/2 /d T 8804)( aﬁX : (334)

We should note that these interactions do not contribute to loop calculations in Landau gauge.
Therefore, when we choose Landau gauge, we can reduce the number of Feynman diagrams.
The three-point interaction derived from the 2¢A ¢ term is given as

SG[¢¢h] 47T D2 / dP 220400 (3.35)
D/2—-2
= th / AP xh®P | 40,0050 ¢ + §maa¢a g — %mqbaaaﬁa ¢ — 40,0500
(4m)D/2 3 K 3 K

(3.36)
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and the four-point interaction is

bt2 pP4 D A
o2 L D o 5 5
=208y | @76 |10 9a0517°0,056 + 20u1°050,059

+ 0,050,056 + %aahwma% + %Xﬁaaa% + 0a,05X"0v 0
+ 204X 00, ) + 2X'Y8a85ay¢> + X“0ah°0,05¢ + X*0uX D5
+ X x?0,050 + %(hz)aﬂaaaga%
+ 0 {;(hQ)aﬁaaaﬁqs + %h“ﬂaamﬁa@ - ;ho‘ﬁxgﬁaqﬁ}
+ 2¢{_;aaxﬂaahmm¢ - %aaxﬂaﬁhmaw + %aaxﬁamaﬁa@ + %a%aﬂaahmaw
— %82h“ﬁ87ha587¢ — h*P 05X 000y d — h*P 7 x 5000, ) + %h”‘%%gﬁamgﬁ
- %maﬂaﬁhwaaaa%ﬁ - %mhaﬂaéhaﬂayam
- %aa(haﬁmhﬁé)awaw + %87(ha585h57)8‘”86¢ + ;aa(haﬁaﬁhw)ma%}

2 1 1
= 5od (993900 + 5100 — 12 @uxs00 + 0,0 0,050) — 10N oo

e

1 1 1
+ 3¢{—2mhaﬁaﬁahm% — 50a(xsx")0%® = 0, (h*70ax5)0" 6 — h*7030,X7 0 } .

(3.37)

Furthermore, we need the following interactions in order to calculate the two-loop quantum
gravity corrections for cosmological constant in next chapter. The three-point interaction with
bt? follows from ¢(G4 — 2V2?R/3) in the second term of eq. (3.29) is given as

bt2 _ b /’LD_4 dD ~ 2 2D
Setem = Pampr | T\ G EVE)

4
/ dPre [38785%38785}@&5 — 267700 h 050 0% hs

= bt?

(47r)D/2

+ 0hagd*0Phs — 20700.0%h 000 hoys — 20° 07 hogd*3°hes
— 6975702 ho50% 5 + 467° 9P g0 hoys + 0%0Phogd O hoys

1 1 2
+ 550‘75558%6438286%5 + gaaéaQ(aﬁhaﬁa’th) + 555582(%58‘18%75)

2 2
+ ghaﬁaaaﬁmaém + gaﬂhaﬁaamaém . (3.38)
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The three-point interaction with (D — 4)bt obtained by expanding the quadratic part of ¢ in the
third terms of eq. (3.29) up to the order O(t) is given as

- b4 1 Y R VU |
5<Gl[>¢ (;3]“ = (D-4)b (Zr)D 7 / dPz [2G4¢2+3¢V4¢+R 5vavﬁ¢—9¢Rv2¢+9¢v7va¢} o
,UJD/%Q
— —(D—4)bt (ix)D / dPz¢ [w%aﬁaaaﬁqa +6h°0 05,050 + 6x*0a0°¢

10 14
—40°X 0003 — -5 0a0pX 076 + gaaxaa%] . (3.39)

Moreover, expanding up to O(t?), we obtain the following four-point interaction:

S(D—4)bt2 _ (D—4)bﬁ dPr 1@ ¢2+3¢?4¢+R0‘f8? \Y4 ¢—E¢sz¢+g¢?7]§? ¢
Gloshn] (4m)D/2 24 “TTg 9 !

o(t2)

= (D — 4)bt* / dPx [;(8735ha58786ha5 — 20,03ho507 9"

(47T)D/2
+ 0,05hagd*P R — 204X 50" — 20ax50°X” — 20ax50° X
— 0%hop0h®P + 404X 50° 0P + DX 0px”)

+ 3¢{62 <;(h2)aﬁaaaﬁ¢ + %h“ﬁaamﬁa@ + ;haﬁxﬁaa¢>
+ h*P <aaaﬂméavag¢ + 20,072 050,050 + h7° 0,030,950 + %aamﬁava%
- %Xgaaa% + 9205X"0¢ + 200 X" 004 + zxvaaaﬁaw¢>
+ X¥0ah° 0,050 + X*0ax" 0 + X“X° 0a0p + ;(hQ)aﬁaaaﬁa%}
+ 4¢{—;aaxﬂaahmm¢ — S0axsO B0, 4 LN oy
+ %a%aﬁaahmaw —~ ia%aﬁmhwaw — h*P X1 000v¢ — h*P 87X 50600
+ %haﬂa%maaaw - %mhagaﬂhwaaa% - %mhaﬂa%a%ﬁm
- %aa(haﬁavhﬁé)avaw + %aﬂ,(haﬁaghm)aaa% + ;aa(haﬁaﬁhw)ma%}
= oo (990000 + 500%6 ) 100+ 0\0u00) — (070, a0}
+ 190<b{—;8”h°‘58785ha585¢ - %aa(xgxﬂ)a% — 0,(h*P 8, x5)0" ¢

- h“58567X78a¢}] . (3.40)
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3.4 Calculations of two-points functions

We present some results of the renormalization factors for loop diagrams with gravitational
internal lines. Some of them have already been calculated elsewhere [11, 13]. We here add new
calculations in arbitrary gauge as well [14].

First, we mention how to treat IR divergences. In fourth-order theories, in general, IR
divergences become stronger than those in the usual second-order field theories. Further, since
the Einstein term and the cosmological constant term have the exponential factor of ¢, these
terms cannot be considered as usual mass terms. So, we have to regularize IR divergences by
introducing an infinitesimal mass parameter z in the propagators (3.25) and (3.31) as

1 1 1
g — ﬁ = 7(]{2 n Z2)2’ (341)

z

while we do not introduce z in the tensor part Ic(fﬁ) - s(k) to preserve the transverse and traceless

properties. Since this mass parameter violates diffeomorphism invariance, it is a virtual param-
eter that should be canceled out at the end. This means that a massive graviton is not gauge
invariant. In the first place, the ordinary particle picture itself is not true.

In Feynman diagrams, the conformal mode ¢ and the traceless tensor mode h,g are respec-
tively denoted by a solid line and a wave line.

3.4.1 Beta function

First, let us calculate the beta function of the coupling «; defined by eq. (3.10). We here
calculate the contribution from the two-point function of h,g with an internal ¢-line denoted
by Figure.3.1, as an example.

Using the three-point interaction Sgt[ o] (3.36) with the momentum function Vjﬁ (E.1), we
can calculate the contribution from the diagram (a) in Figure.3.1 as

4—D D D
7 d~k d”p 1

(2m)P pi(p + k)2
X Vds(p, —p — k)Vi5(—p.p + k)

Qi de 1 1 4 2
= ) hag(— k)4 = (260G a5kt — Gunkshisk

1 2 k2 229 1
Zkokgkoks ) [ ———— — Indr —In — + — | — —kakgk-ks o,
t3 5”)( p_a Hmem nu2+60) 270 B”}

where there is no b dependence and IR divergences cancel out within this diagram. On the other
hand, the tadpole diagram (b) coming from the four-point interaction S’gf ohh] (3.37) gives no
contributions because the tadpole integral vanishes at the limit z — 0 due to the presence of
derivatives on the ¢ field in the interaction.

R.H.S of the above equation can be combined into the D-dimensional Weyl form and thus

(3.42)
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the effective action from Figure.3.1 is given by

dPk 1 2 K2 289
rwzo“/ha W) hs(—k)d —— [ =2 — 4 Indr+In— — 2
1= 4 | ryptesBhs(=k) =55 pmg —yHindrin s =

D -3 D -3
X [D (5057555143 — 25a7]€/3k35k ) D lkakﬁk7k6:| } (3.43)
This divergence can be removed using the field renormalization factor Zj, defined in (3.7) such
that Zp, — 1 is taken to be (1/15)(ay/4m)/(D — 4). Since this diagram is gauge invariant, it has
a relationship with the renormalization factor Z; (3.7) such as Z;Z ;L/ =1 Thus, we obtain the
contribution to Z; — 1 from Figure.3.1 to be (—1/30)(a:/4m)/(D — 4). This result is consistent

with the previous calculation using the DeWitt-Schwinger method in four dimensions [17].

O L

Figure 3.1: The two-point function of h,p corrected with the conformal mode ¢

In general, the renormalization factor for the coupling constant is given by [32, 33, 34]

1 197 1
Zy =1 N, N, 12N — == .44
¢ + 240( s+ 6Np + A)+60 47rD 4+(9( 2. (3.44)
For the contribution from the traceless tensor mode, we here quote the result [9, 17, 19] obtained

by using the background field method [45] as follows. Introducing the background traceless tensor
mode as g,3 = (eth)ag and calculating the two-point function of the background ﬁag, we obtain
the contribution 199/60 for Z; using the relation ZtZilL/ ? = 1 ensured by the gauge invariance of

the background, where Z; is the renormalization factor of the background ﬁaﬂ (see footnote 1).
The sum of this value and —1/30 from the conformal mode calculated above gives the last term
at O(aq). Thus, we obtain the beta function (2.7) that has the negative value. The coupling
oy indicates the asymptotic freedom, which guarantees that we develop the perturbation theory
about conformally flat spacetime.

Here, note that the asymptotic limit does not mean the realization of a picture in which
free gravitons are propagating in the flat spacetime because the conformal mode is still non-
perturbative and so the spacetime totally fluctuates quantum mechanically. And also, it indi-
cates that scalar-like fluctuations by the conformal mode are much more dominant than tensor
fluctuations at very high energies.

3.4.2 Non-renormalization theorem

In this subsection we demonstrate that the non-renormalization theorem Zy—; (3.8) indeed holds
at O(ay) in arbitrary gauge. Figure 3.2 shows Feynman diagrams for the two-point function of
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bt bt ht?
(a) I'y (b) T'

Figure 3.2: One loop correction of the conformal mode with respect to the traceless tensor mode

the conformal mode with an internal line of the traceless tensor mode.
These corrections are calculated as follows

D—4 dPp 10 5 22 43
R — gplt _H / ot Y (A ndrIn ) - 22
= D omp WP gy g | v ndr I ) = o9

8 4 2 10
+<{3(D—4) + 3 (7—1n47r+lnz2> - 9}], (3.45)

R0 pP? dPp 4 10 5 22
tf =25 o | ey ol [y = 3 (-t )

8 4 22 13
+C{_3(D4) 73 (7_1114”1%2) i 9}] (3:40)

From these calculations, the one-loop correction for the two-point function is expressed as

R g0 pP? dPp 4 25 1
FHQ_%E (4W)D/2/(2W)D¢(P)¢(—P)p [—12+3 } (3.47)

The UV and IR divergences are respectively canceled and we find that the conformal mode is
not renormalized. Thus, the renormalization factor of ¢ becomes Zy =1 at O(oy).

The other nontrivial test of he non-renormalization theorem have been done in the quantum
conformal gravity coupled to QED at O(a?) and at O(a?/b) with a internal ¢-line, where a is
the fine structure constant of QED [11].

In the following calculations, we also see that the renormalization can be carried out with
holding Z4 = 1.
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Chapter 4

Renormalization of mass parameters

Let us calculate the anomalous dimensions of the Planck mass and the cosmological constant
with holding Z4 = 1 [13, 14], including a consistency check of the renormalizability. We first
calculate them at ¢ = 0 and demonstrate that the results agree with the exact solution derived
using the BRST conformal symmetry. We then calculate quantum corrections at the order of
Q.

4.1 Definitions of anomalous dimension

The bare Planck mass is represented with the renormalization factor Zgy as

M = P4 Zgy M2 (4.1)
The anomalous dimension of the Planck mass is defined as
w dM? _
=——— =D—14 4.2
VEH M2 dp + YEH, (4.2)

where gy = u% In Zgy.
The cosmological constant is represented with using the renormalization factor Z, and the
pure-pole factor Lj; by

Ao = pP~*Zn (A+ Ly M*). (4.3)
Its anomalous dimension is then defined as
wdA M
=—__—=D—-4 —9 4.4
A Ny + 8+ =0, (4.4)

where 75 and 0, are respectively defined by

d
YA = u— In Z 4.
A Mdﬂ nZy, (4.5)
- dL s B B
o = Midu — (D —=4)Ly + (A — 29eH) L. (4.6)
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In general, these anomalous dimensions are expanded in power series of 1/b.. Indeed, in the
classical limit defined as b. — 0o, quantum corrections with respect to conformal mode should
vanish since the conformal mode does not propagate in this limit. Therefore, the anomalous
dimension of the cosmological constant should vanish at the classical limit even at «; # 0. On
the other hand, the anomalous dimension of the Planck mass has a quantum correction by oy
that does not vanish at the classical limit.

4.2 Anomalous dimensions and BRST conformal symmetry

The anomalous dimension of the cosmological constant at ¢ = 0 have been calculated up to the
order of 1/b3. The corresponding Feynman diagrams are shown in Figure 4.1. These diagrams
are evaluated with particular attention to the dependence of fictitious mass scale z. We then
extract UV divergences only, which all yield simple poles, while IR divergences are ignored for
the moment, which are discussed in the next chapter.

; (Dl 4)b (D4:b (D — 4)b (D —4)%
(a) (b) (c) (d)

Figure 4.1: Diagrams for the cosmological constant with respect to ¢ up to order (’)(b%)

The UV divergences can be renormalized by taking the renormalization factor as

4 4 201 1
Za=14( -4+ ) —. 4.
A +<b+b2+3b3>D—4 (47)
Using eq. (4.7), we thus obtain the following expression:
4 8 20
A=+ =+ —=. 4.8
=3+t et (4.8)

This value vanishes at the large b limit, which is consistent with the classical limit.
Substituting b for b. at last, we obtain it in four dimension at four dimensions. This result
agrees with the first three terms of the 1/b. expansion of the exact solution

derived by using the BRST conformal symmetry.
We next present the anomalous dimension for the Planck mass and d4 in the mass-dependent
part of (4.4). The Feynman diagrams for these quantities are shown in Figure.4.2, in which the
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D¢ g/; D¢ g; :
(a) (b) ()

Figure 4.2: Diagrams for the Einstein Hilbert term with respect to ¢ up to order O(y;)

¢ 0u®
O Do ®
&9 O
(a) (b) (c) (d) (e)

Figure 4.3: The first four diagrams are for Zgy at O(o) and the last one is for Ly at O(ay/b)

first two contribute to Zgg and the third contributes to Lj;. We then obtain the renormalization
factors up to the second order of 1/b as

11 1 9 (4m)? 1
B +<b+%»l%4’ M™78 1 D—4 (4.10)
From the first one, we obtain the following expression
1 1
Yen = — + - 4.11
TEH =3 + 12 (4.11)
By taking b = b, at last, we obtain the anomalous dimension of the Planck mass at four

dimensions. This value also agrees with the exact solution gy = 2b.(1 — /1 —2/b.) — 2
derived by using the BRST conformal symmetry. The pole term Lj; gives the contribution

- 9(47)?

ov = g3 (4.12)

4.3 Anomalous dimensions at order of oy

Next, we consider the contributions at O(ay) to the anomalous dimensions of the mass param-
eters.
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Planck mass First, we consider quantum corrections to the Planck mass. The potentially
divergent O(«;) Feynman diagrams in Landau gauge are shown in Figure. 4.3, in which the first
four diagrams contribute to Zgy. However, the three diagrams (4.3b), (4.3c) and (4.3d) have
no UV divergences in Landau gauge. The last diagram (4.3e) that contributes to Ljs also has
no UV divergences. Thus, only (4.3a) gives the contribution as
5 (673 1
Zpg=14+4-——. 4.1

EH= Y D4 (4.13)
Combining with the coupling-independent part, we obtain the anomalous dimension of the
Planck mass as

1 1 5o

o1 1 S 4.14
EH =yt i (4.14)

with b = b,.

Cosmological constant The anomalous dimension of the cosmological constant at O(ay)
arises at the two-loop level, which is exactly given as the function at O(ay/b) that vanishes at
the classical limit of b — oo.

In Landau gauge, five Feynman diagrams contribute to the anomalous dimensions. In what
follows, we calculate UV divergences of the respective diagrams in order with leaving gauge
parameter ¢, which is taken to be zero when we calculate the anomalous dimensions at last.

We first calculate the contribution from the two-loop Feynman diagram that includes the
diagram (D.la) calculated in Section 3.4.2 and in Appendix E, which gives

X{Mﬁ?®2+pi4+g<y;?®2+Dﬁ4ﬂ,(4w)

where the integrand F) is defined by (D.2). Two-loop Feynman diagram with the diagram
(D.1b) is also calculated as

= () = f e
40 124 32 A7
X[MD—4P+9u%ﬂ@+€{ap_4p+9u)_®}} (4.16)



where the integrand F; is defined by (D.4). As a consequence of the non-renormalization theorem
of ¢ discussed in Chapter 3, the double poles in F’l\ and Fé‘ cancel out.

Besides, there are three two-loop Feynman diagrams that yield simple poles only. One of
them is given as

bt D—4

t2 D 25 85
A — _ U 4-Dj, 4-D 4-D( 2\D-4(y —4/ D._. D¢ 41
e wpt (%) T (4 2 d”ze 3(D—4)+6 , (4.17)

where the integrand Fj is defined by (D.6). This is independent of the gauge parameter. The
others are given as

)=

2
= —%Au4_D(22)D_4(47r)%_4 / dPzel? [D20 +¢ 16 ] , (4.18)

CE

where Fy is defined by (D.8) and

2 _ D_ 20 16
Pé\: ‘ :_zAlﬁ D(ZQ)D 4(47‘(‘)2 4/deeD¢[D_4+§D_4]’ (4.19)

where F3 is defined by (D.10).
Combining these five contributions, we finally obtain the following simple pole divergence:

2
A — :tA(4W)§’—4HD—4(22)D—4/deeW( % ¢ 127 ) (4.20)

b 9D —4)  °9(D—4)

(®

Thus, the two-loop renormalization factor of the cosmological constant given at the order of
ay/b is calculated in Landau gauge as

In=1-———— 4.21
A 9 47 D —4 (4.21)
by taking ¢ = 0 at last.
The anomalous dimension of the cosmological constant is finally calculated as
4 8 20 9@dm)?*M* 310 oy

2L s 2 27 _20% 4.22
M= TR T E T T A 0 a4 (4.22)
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where the last term is the two-loop contribution and the a;-independent contributions calculated
before are also added. This expression is physically acceptable since it vanishes at the classical
limit.

Here, we have calculated the anomalous dimension in Landau gauge in order to reduce
the number of Feynman diagrams and also to obtain physically acceptable results directly. It is
because in arbitrary gauge the interaction Sgt[ n becomes effective and then yields contributions
with positive power of b that do not vanish in the classical limit. Of course, such a unphysical
behavior should disappear at last, but it is difficult to show that at present.
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Chapter 5

Physical cosmological constant

Recall that the gravitational theories based on the Einstein action can not go beyond the Planck
scale. So, the Planck mass scale gives the UV cutoff of such classical or quantum theories. And
also, the existence of the UV cutoff is one of the reason behind the cosmological constant problem
[43]. On the other hand, our theory does not have UV cutoff, and so we can discuss this problem
free from it.

So, in this chapter, we first consider what the physical cosmological constant is [44]. Here,
recall that when we define a physical mass of particle in quantum field theories, we usually adopt
the on-shell renormalization scheme. On the other hand, such a scheme is not known for certain
for renormalization of the cosmological constant in quantum gravity. Thus, it is the matter
what the physical quantity is. In order to answer it, we here examine the effective action of the
cosmological term and its behavior under the renormalization group flow.

As for considering the cosmological term, it is sufficient to consider the effective action that
depends on the conformal mode background ¢ only, which is expanded in a power series as

1
Do) =3 o [ dPr e dPa e o) o)

:Zm/(zw)])-.-(%)]}(zw) SPV ey 4 + k)

x T (ky, - kp)o(ky) - - o (kn), (5.1)

where I'™ is the n-point Green function given as the sum of all 1PI Feynman diagrams with
n external legs of 0. In what follows, we first study the renormalization group equation for the
n-point Green function.

The renormalization group analysis of I'™) can be carried out as in the case of the ¢*-theory
[46, 47, 48, 49, 50]. One of the crucial difference is that the conformal mode is not renormalized
such that Z, = 1. The background field o is also not renormalized (see footnote 1). Therefore,
the renormalized T'(™) is the same as the bare one, and thus Mdf(”)/ dp = 0 is satisfied.

The effective potential V is given by the zero momentum part of T") (ky,--- . k,), which is
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expressed as
V(o)=Y _TM(0,---,0) / dPzo™ (). (5.2)

The diffeomorphism invariance implies that I'(") (0,---,0) = vD™ and thus the effective potential
has the form

V(o) = / dP zePo @), (5.3)
The renormalization group equation implies that v is scale invariant as

d
—0v=0. 5.4
Han® (5.4)

We thus find that the effective potential is the physical cosmological constant, which can be
observed cosmologically.

Before calculating the physical cosmological constant at the one-loop level explicitly, we first
discuss the renormalization structure of the effective action, which will gives a renormalization
group improvement of it.

5.1 Renormalization group structure

The renormalization group equation is derived from the condition udI'™ /dy = 0, which gives
the following equation:

8M2) T (kj, o, A, M2, 1) =0, (5.5)

(Mai + Btatait - ’YAAa% —yeuM®
where we take D = 4 and thus the bar on the renormalization group quantities are suppressed
here, which are used to define the running couplings later, and also the differential term (D —
4)By0/0b is removed.

Changing the momentum variable as k; — Ak; and do the dimensional analysis. Then, we
find that '™ has the following form:

n) [ Akj A M? o [Nk A M2
e e )+ a0l (M )

T T
Ak A M?
+ MY (J,a L > . (5.6
s\ ) B0
This implies that I'™ satisfies the differential equation
0 0 0 0 "
<”8u AN+ 2MP o A 4> T (Nkj, o, A, M2 1) = 0. (5.7)
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Therefore, combining (5.5) with (5.7) and removing the partial derivative with respect to u, we
obtain the expression

0 0 2 9
“Agy tBulanang e — (44 (e A M)A G
- (2 + ’YEH(OCt))MQW +4 F(n)()\kja at7A> MQMU) = 0. (58)

Here, we introduce the running coupling constant a;(\), the running cosmological constant
A()\) and the running Planck mass M (), which are defined using the following differential
equations:

d ~ — —
_)‘aat(/\) = Be(a(N))ar(N),
—A%K(A) = — [4+ya (@), AN, M2(N)] AN, (5.9)
‘A%WW = — [243mm (a(N)] M7V,

If we replace a4, A and M with the corresponding running quantities in equation (5.8), we find
that this equation can be written with the help of the defining equations (5.9) as

(—Aj)\ + 4> T (Nkj, @r(A), A(N), M2(N), 1) = 0. (5.10)

Here, we should note that this equation is written in terms of total differential with respect to
A, not partial one. The solution of this renormalization group equation is thus given as

T (N, @r(A), AN, M2(N), 1) = MM (kj, a4, A, M, 1) (5.11)

by setting the conditions of @;(1) = oy, A(1) = A and M?(1) = M?2.
From the solution of the renormalization group equations (5.11) with k; = 0 and the expres-
sion (5.2), we obtain the following equation:

V(@ (N), AA), M2(N), ) = XV (o, A, M, pa). (5.12)

Thus, the physical cosmological constant improved by renormalization group equation is given
as

V =5(\)e?, o(\) = X to(a(\), AN), M%(N\), p), (5.13)

which does not depend on the renormalization group parameter such that Adv(\)/dA = 0.

5.2 Explicit form of the physical cosmological constant

Having seen above, the effective potential gives the physical cosmological constant that is inde-
pendent of the renormalization group flow. Here, we calculate explicit form of it at the one-loop
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level, in which the background field o is taken to be a constant. We then consider the large b
limit, while the ratios A/b, M?/b and bt? are taken to be the order of unity. In this limit, the
one-loop approximation becomes valid and loop corrections to the effective potential are written
by a function of these ratios.

The conformal mode is here separated into the constant background and quantum field qz~5 as

b=0+9. (5.14)

Expanding the gravitational action up to the second order of the quantum fields ¢ and hag in
Landau gauge, we obtain the following action:

SN = S5 + Sz + Se, (5.15)

where each term is given as

Sg2 = / de{ W [2b60*¢ + (D — 4)b(20 + 3)¢0* 9]

(47r)D/2
D—1)(D -2 - D? .
+ ( )2( )HD74M26(D72)0'¢82¢ + MD74A€DJ <1 + 2¢2> }’
_ p J1 (0)aB,v6 _ D-3 47108 5.16
Spe = [ A9 ShasK + (D = 45— 0hasd'h (5.16)

2
- %M2€(D—2)ohaﬂa2haﬁ }’

Se = / dPapP4[(Zn — 1)A + Ly M*]e??,

where K (02579 ig the differential operator in Landau gauge whose momentum representation is
given by (3.23). The renormalization factors in the last counterterm are given by those calculated
in the previous chapter.

As mentioned before, in fourth order theories, IR divergences become strong. In the following
calculations, we take care of IR divergences and show that they indeed disappear at last.

Contributions from the conformal mode We first calculate the contribution from gg to
the effective potential. In order to normalize the action, we rescale the quantum field ¢ as

7 (4%)%
O F T (R A (.17

AeP? AeP7 M?2e(P=2)7
v Q ' ' Q ' Q .
AePo M?Ze(D=2)0 Ael? M?2e(D=2)0

Figure 5.1: One-loop contributions from the conformal mode
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We then obtain the following expression

D D
Sg2 = ;/(;)@@(k)mgp(—k) = ;/dkjjgo(k) [k* — AK* + B]o(—k), (5.18)

where A and B are defined as

(5.19)

The one-loop correction to the effective potential is then expressed as follows:

SIS

Vy = —In[det(Dy'Dy)]
1 [ dPk A B
= n(1=-2= 4+ = 5.20
oo (i) 52
where Dy = k? is the inverse of the propagator of the rescaled field ¢. The corresponding

diagrams are shown in Figure. 5.1. Expanding the logarithmic function in a power series of A
and B, we obtain the following expression:

I (—nnt o dPk A B\"
Yo=3 n /(%)D TRt

9 Z Z (_17):_ m'(nnl m)! (=A)"B" Mo _m(2), (5.21)

where the loop integral I, is defined as

dPk 1
Ii(z) = / @D (2 1 2 (5.22)

which is evaluated by introducing infinitesimal fictitious mass z as mentioned before. The
integral I, has UV and IR divergences for ¢ < 2, while for ¢ > 2 it has only IR divergences.
After carrying out the calculation, we take the vanishing limit of the mass z.

The integral I; vanishes at the limit z — 0, while I has both UV and IR divergences as

L(z) = (4;)2 <_D2—4 — v+ Indr — 1n22>. (5.23)

The integral with £ > 2 has IR divergences only written in a negative powers of z as

1 1 1\ 2
") = G = —2) () |
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Substituting these results into (5.21), we obtain the following expression:

v L [(B_AN(__2 o ar_me2) ABL_B1
T amz|\2 1 D—4 T 422 244

1 © n (—1)n—1 n e (2)2-2n+m
+WZZ " m'(n—m)!(_l) A™B T e—t (5.24)

n=3 m=0 ’

The sum of the infinite series part can be evaluated using the formula given in Appendix G. We
can then take the limit of z — 0 and show that IR divergences indeed cancel out. In this way,
we obtain the expression that has UV divergences only as follows:

1 (B A? 2
Vo p(5 - 7) (o)

+ (4717)2 [;(23 A3~ B) ~ {VAB — A arceos <2\’/4§>] . (5.25)

Substituting the expression of A and B, the part with the pole is now expanded as follows:
2 21 74,Do
! (A—B> L _9mie ( & —|—21n47r—2a—§)

47)2 2 D—-4 b2 D—-4
(47)
2AeP 2
— —— 4+ Indn —20 -2 . 2
b (D +1In o > (5.26)

The UV divergences are subtracted by the counterterms in the MS scheme. Taking D = 4 and
combining all finite terms, we obtain the following effective potential:

A 2M* (2
Vg = el [ (7—2In4m) — on (5—41n477>

b 2b 3
A 9r2MmA ! 642N  67M?% A 92 M4 3rM? (5.27)
— == n — — - arccos | —— | |. )
b o bt b Vo~ T 2v/bA

Here, note that there is no o-dependence apart from the overall factor.

M2e(D-2)0

M2e(P-2)0 M2e(P-2)0

Figure 5.2: One-loop contributions from the traceless tensor mode
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Contributions from the traceless tensor mode We next calculate the contribution from
the traceless tensor mode for the effective potential in Landau gauge, whose diagrams are shown
in Figure. 5.2 We here rewrite the action in the following form

D
Sz = i/ %hamk)f@?ﬁ“(k)hw(—k)- (5.28)

The function K}?B 7% 6f momentum is given as

Y8 a v,y C v
K7 = KO0 [1}9 Lt {(D — 4o+ kg}ﬂom ﬂ , (5.29)
D—-2
C = t2mM2€(D_2)U, (530)

where K(©a879 — g (C)aﬁ’75|<_>0. The one-loop correction to the effective potential is then given
as

Vi=—In [det ((K(O)fl)a&l’Kﬁu,ya)} -3

- X 1yn—1
_(D+ 1)4(D 2) ; ( 171 [C"I,(2) + (D — HnoC™ 1 (2)] . (5.31)

where (K (0)*1)06’6 7 s the free propagator of the traceless tensor mode in Landau gauge and we
use Tr[(1©)"] = Tr[IO] = (D +1)(D — 2)/2. Evaluating loop integrals as mentioned above, we
obtain the following expression:

Vi, = (D +487(§2_ 2) [@ — (D - 4)0) C? <D2_4 —’y+ln47r—|—lnz2)

+ z4g <Zc;) + (D — 4)0C?h (;)] (5.32)

where the functions g and h are defined as (G.1) and (G.2) in Appendix G. This also becomes
finite in the z — 0 limit and thus all IR divergences cancel out.

Substituting the expressions of C' into the expression above and expanding around four
dimensions, we can separate it into the UV divergent part and the finite part at four dimensions.
After subtracting the UV divergence using the counterterm, we obtain the one-loop contribution
from the traceless tensor mode as

(5.33)

v, 5 4, t 4[ tA M 21]

T 128 n2 [M16ut 5

This also becomes independent of ¢ apart from the overall factor.
Combining two contributions calculated above, we finally obtain the effective potential for
the cosmological constant term, which is expressed as

V = Ae' + Vi + Vi, = v(ag, A, M2, e, (5.34)
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where

A 2M* (2
v:A+3(7—21n47r)797T <54ln47r>

2b 3
(A 92 M4 I 6472 A B 6w M2 A 92 M4 Arecos 3w M?
b 2b2 bt b b 42 2vbA
5 o 4. (Am)2aZM* 21
—a2M* |In——L L (5.
+ 195 [ n 16,11 E (5.35)

Thus, we obtain the physical cosmological constant v as a function of the renormalized
quantities of the cosmological constant and the Planck mass and the coupling constant. What v
becomes independent of o reflects the invariance under the renormalization group flow discussed
before. This indicates that if we take the physical cosmological constant small or zero initially
at a; = 0, the value is preserved even at low energies.

This result also indicates in the view point of quantum field theory as follows. The cosmo-
logical constant in the action should be positive and not so small since the action is bounded
from below enough for the path integral to be stable. Nevertheless, we can take the physical
cosmological constant any values even though the cosmological constant in the action is not
small.
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Chapter 6

Summary and discussion

We studied the renormalizable quantum conformal gravity and its renormalization structure us-
ing dimensional regularization. It is a UV complete quantum gravity theory without UV cutoff
and thus it can describe spacetime dynamics beyond the Planck scale. The gravitational actions
are defined by the square of the D-dimensional Weyl tensor Fp (3.2) and the D-dimensional
extension of the Euler density Gp (3.3), which are determined through the analysis of Hathrell’s
renormalization group equations (see appendix B). The theory has a single dimensionless cou-
pling t that is introduced in front of the Weyl action and thus the dynamics of the traceless
tensor mode is handled in the perturbation theory. In contrast, the conformal factor of the
metric field is treated exactly in the exponential form of the conformal mode in which we do not
introduce the coupling constant. The dynamics of this mode is governed by the Wess-Zumino
actions induced quantum mechanically. Especially, its kinetic term is given by the Riegert action
at the zeroth order of the coupling ¢. The coefficient of the Riegert action denoted by b, is given
by the one-loop coefficient of the conformal anomaly proportional to the Euler term, and thus
quantum corrections by the conformal mode is expanded by the inverse of b..

We first provided the two-point functions of gravitational fields, including the calculation
of the beta function and the demonstration of the non-renormalization theorem represented
by Z4 = 1. We then studied the conformal gravity system with adding the Einstein-Hilbeert
action and the cosmological term, and calculated the anomalous dimensions of the cosmological
constant and the Planck mass. Even at the zeroth order of ¢, there are loop corrections for these
mass parameters. The anomalous dimension for the cosmological constant has been calculated
at three-loop level up to the order of 1/b3 and that for the Planck mass was calculated up to
the order of 1/b2. As a consistency check, it has been found that their results agree with the
exact solutions obtained by imposing the BRST conformal invariance.

One of the main calculations in this thesis is the calculation of the anomalous dimensions
up to the order of oy = t?/4w. In order to reduce the number of Feynman diagrams and to
avoid some indeterminate factors, we choose Landau gauge. We then found that the anomalous
dimension with respect to the Planck mass is positive, but that of the cosmological constant,
which is given by two-loop diagrams, becomes negative as given in (4.22). Field-theoretically, it
gives a non-trivial examination of two-loop renormalizability of our quantum gravity theory. At
this time, we would like to emphasize the fact that there is no other renormalizable quantum

36



gravity theories that are well-defined at the higher loop level.

We also studied the renormalization group equation of the effective action with respect to
the cosmological term that depends on the conformal mode only. Due to the diffeomorphism
invariance and the non-renormalizability of the conformal mode, we showed that the effective
potential becomes invariant under the renormalization group flow. Thus, it was found that the
effective potential gives the physical cosmological constant we can observe.

The physical cosmological constant was calculated at the one-loop level explicitly. It consists
of two renormalized parameters of the Planck mass and the cosmological constant so that we
can take its value small actually without suffering from the instability of the path integral as
mentioned in the last of Chapter 5. So, we take the value small and it will be passed on to the
low energy effective theory of gravity given by an expansion in derivatives of the metric field
[52]. Tt will give a new perspective on the cosmological constant problem free from UV cutoff.

In fourth order quantum field theory, IR divergences become stronger than those of usual
second order theories. So, throughout our calculations, we introduce a fictitious small mass to
regularize IR divergences, which violates diffeomorphism invariance. As a consistency check, we
showed that all IR divergences indeed cancel out, especially in the calculation of the effective
potential in which more strong IR divergences arise.

Finally, we discuss the physical meanings of which the beta function of the coupling constant
t becomes negative. This indicates that at very high energies fluctuations of the traceless tensor
mode become less dominant, while those of the conformal mode are still filled in spacetime non-
perturbatively, which results in the background-metric independent nature, called the BRST
conformal symmetry. The negativity of the beta function also indicates that there is a new
dynamical IR scale denoted by Aqg where the conformal invariance breaks down. Thus, at this
scale, the phase transition occurs and spacetime changes from the conformally invariant phase
to the present classical phase in which gravitons and elementary particles propagates in the fixed
background. We can construct an inflationary scenario that begins at the Planck mass scale Mp
and ends at the dynamical scale Aqq if we take their order as Mp > Aqg [51, 52, 53].

What is the physical quantity in our quantum gravity theory which can be observed through
cosmological experiments? The physical cosmological constant is one of them. The physical
Planck mass also will be defined in the same way through the effective action whose form is
fixed by diffeomorphism invariance. On the other hand, we can not define the S-matrix as a
physical quantity since spacetime still fully fluctuates even at ¢ = 0 so that there is no flat
spacetime to define the asymptotic state.

Cosmologically, the primordial power spectrum of the early universe is one of the physical
observables. In a linear approximation which becomes valid at the large b. limit, the primordial
spectrum is given by the two-point function of the conformal mode, which provides the scale-
invariant spectrum what is called Harrison-Zel’dovich spectrum with positive amplitude 1/b.
[51, 52, 53]. In general, however, there is no systematical argument yet to derive observables
or full power spectra from Green functions among physical diffeomorphism invariant operators
such as the LSZ reduction formula in the S-matrix. So, we can not discuss the detail of the
spectrum beyond the linear approximation at present. It is left as a future issue.

A further direction of the study of renormalizability is that we develop the analysis of renor-
malization group equations by Hathrell into our quantum gravity system in order to verify
whether our renormalization procedure is going well at all orders and to clarify the renormal-
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ization structure such as the gauge-parameter dependence in arbitrary gauge [54, 55] and so
on. Further research on these things would clarify the structure of quantum gravity and of the
dynamics of the early universe.

38



Appendix A

Gravitational formulae

A.1 Curvature tensor and their properties
Riemann tensor is defined through the equation
[V, Vs]A® = R% ;AP (A.1)

Besides, Ricci tensor defined by contracting the first and the third indices of Riemann tensor
satisfies

[V, V5]A® = Ry A°. (A.2)

The definitions of Christoffel symbol, Riemann tensor, Ricci tensor, Ricci scalar are written as
follows:

1
By = 59%(‘%9#5 + 9891y — Ougpy),
Byo = On %5 — 5T, + szruﬁé - FO;MSFMBA/’
Rap = Rly,50
R=g"R,z.

Bianchi identity is
V,\R‘fwﬁ + V,,R‘;BA + VgR" ,, =0.

We can derive following relation with above formula.
VRHoVE = _YHRVY 4 VORI,
1
VaVaRI = = VIV R+ V2RY + R*" Rap — R' R,
1
VHRIU’ == §V”R,
VoaV2A — V2V, A = R VP A.
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A.2 Variations of the gravitational quantities

We here present various variations in what follows.

5g" = —g"*g"P8gap, (A.3)
1 1 ,
=9 ==vV—99""09 = —=vV—9909"", (A4)
2 2
(0% 1 (0%
0T, = 99 " (Va09up + V0guy — Viudgsy), (A.5)

1
ORGq5 = 597 (Vo Vedgus + Vo V0gu5 — VoV udgss = VsVo09us
— V(;Vg(sg,w + V(;VM(Sggm,), (A.6)

6Ra576 — _Ra,u'yégﬁydguy . Raﬁ,uég'yu(sgwj o Raﬁmug&u(sgwj
1
+ §go¢ug,8ug’y)\géa (VAVMSQW + vAvu(Sg;w - v)\v,u(sgua
— VJV)\(ngV — VJVV(Sgu)\ + VUVM(SQ,,)\)7 (A.7)

1 v
SRop = 3 {VaVH*8g,5 + VV"8gua — V26905 — Va V(9" 6g0) }

v 1
- Rua 559,“, + Q(Ruafsgub’ + Ruﬁ(sgua)a (A.8)

SR = —R*5g45 + VVPga5 — V2(4*°5gap)- (A.9)

Also, the variations of a scalar field with derivatives can be written as follows:

§(VaA) = VaiA, (A.10)
1
3(VaVgA) =V,VgdA — §V7A(Vgégfm + Vadgys — V40gas), (A.11)
1
§(V2A) = V26 A — VOVP ASgaps — VAV 8gas + 5VW1V7(g&/3<5M), (A.12)

§(V*A) = VA A — V*(0g,, V'V A) — V*(VF AV 59,
1
+ §V2(V)‘AV,\(9“”59W)) — 89, V'V'V?A

1
— VIVZAVY 5, + iv)‘VZAV)\(g‘“’(SgW). (A.13)
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Using above formulae, the variations of scalar quantities with curvatures are given as follows:

(R%) = 2R{—R" 3gyu, + V"V 89, — V(9" 89}, (A.14)
§(R* Rop) = 2RV oV 89, — R*' V259, — RV V(9" 69u) — 2RapR**P6g,,, (A.15)

S(RP° Rogys) = 2RMIORY 56g,u + 2R (V. V 30 gas — V4 Vadgas), (A.16)

1
§(V?R) = —V'V"Rég, — VARV* (g"*6g,m) + 5vARvA(gi“asg,“,)
— VA(R"™8g,,) + VIV 89, — V9" Sgum), (A17)

§(R*V,V3A) = REVV3A69™ + R5V oV As9™
1 1
+ §v5v5 (9%769,5) VaVgA + 5WVQ(gﬁfség(wvang
1 1
— ivavﬁAv%gaﬁ — 5v&vﬁ (97°69,5)Va VA

1
+ RV, Vi A — 5J!z@ﬁvm(vg(sgw +Vadgys — V0gas), (A.18)

§(RV2A) = [—Raﬁagag + VOV 5g0p — v“‘(g“ﬁégaa)} v2A

1
+ R[V25A — VVP Abgaps — VEAVP 595 + 5vmvv(gaﬁégw) ., (A.19)

§(VERV,A) = VERVP Adgs — VYAV R 5g.5 + VO AV,VIV6g. s
— VYAV, V?(g7°8g.5) + VERV,0A. (A.20)

A.2.1 Energy-momentum tensors
Energy-momentum tensor is defined by

gos _ 28

= — S, A21
V=9 09ap (4.21)

The variations of gravitational quantities are presented in what follows.

2 p, 0(v/=9Fp) 4 2
— Frg™ —4( RV RY, oy Hv
T | P = Eo (R R i Rea R s R
8 8 4(D - 3)

_ povf Al 2 puv 2 0y A929
8V VgR 7D_1VVR+7D_2VR +(D—1)(D—2)V Rg"”, ( )
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2 / 00 =9G4) = Gug" — 4(R"RY,; — AR'R", + RR")

V') 5g,ul/
— 8(RMRY, — R'¥PRyp),
2
/ dPx AV=9F) = R%2g"™ —ARRM + AVYVHR — AV Rg"
V- 0w
5,/
/ gt = Rg"" — 2R"".
\a g/u/
The trace of the energy momentum tensor is defined by
)
0= gagﬂaﬁ = 0

=G 0gas 09
and the conformal variation of the respective quantities are given by

/ dDmguyé(@FD) = (D —4)Fp,
/degW(wjéM = (D —4)Gy,

/d%gwfw;@ = (D —4)R? — 4D —1)V?R.

A.2.2 Local conformal variations of gravitational quantities

0

W()R“WRQW(@ - \/_ig {Raﬁ’ﬂsRaMa(x — ) + 2RV V36 (x — y)} :
5 Q _ 2 QL QY
5" B Rop(z) = - = {(D — )RV oV 6(z — y) + 2R Rogd(a — y) — RV25(x
0 2 _ ;4 2 T — o 2 T —
mR (z) = N {R*6(x —y) + (D —1)RV*§(z —y)},
5
(5Q(y)Ra6( \/7{ —2)V,Vgé(x — )+ga5V25(x—y)},
0 pey— =2 i ps(e CVV25(x —
7 R0 = = (RO =)+ (D~ DTz~ )}
LVQR(:;;) = 2{—2V2R5(x —y) + <D - 3> VARVS(x —y) — RV?6(x — y)
0Q(y) V=9 2

— (D -1)V*(z — y)}
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(A.29)

(A.30)

—y)},

(A.31)

(A.32)

(A.33)

(A.34)
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A.2.3 Conformal mode dependence of the gravitational quantities

We separate the gravitational field into the conformal mode and the traceless tensor mode such
as gog = €2¢§a5, the gravitational quantities are then expanded in what follows.

R§ s = R§ 5+ G3,(VsVi — V¢V50) — Gss(V, Vi — VGV, )
— G VsV — VV56 + gasVF oV ) 4 05 (VaVy¢ — VVah + VgV, 0), (A.36)

Rap = Rag — (D = 2)VaVs6 + (D = 2)VatV 36 — Gus V20 + (D — 2)V"6¥,.0},  (A.37)

R=e¢%R—-2(D—1)V*— (D —1)(D - 2)V*¢V 4], (A.38)

RO R g5 = €7 RO Ry — SR (Vo V6 — VadV o) — ARV 6V 00
+4(V29)? +8(D — 2)V2pV¥PV 0 + 4(D — 2)VOVP YV, V 50
—8(D - 2)VOVPpV0pV ¢ + 2(D — 1)(D — 2)V* V0V V6, (A.39)

R Ry = ¢4 | R Rag — 2D = )R (VaV 36 — VadV30)
—2R{V?¢ + (D - 2)V"¢V .6} + (3D — 4)(V?¢)?
+2(D —2)(2D — 3)V2pVF eV 16 + (D — 2)>°VOVP$V Va6
— 2D — 22V ¢V apVsé + (D — 1)(D — 2)%%%&%%@, (A.40)

R? = ¢ *[R* — 2(D — 1)R{2V?} + (D — 2)V* ¢V .6} + 4(D — 1)*(V?¢)?
+4(D = 1)2(D — 2)V?pVHeV 10 + (D — 1)%(D — 2)?VV VPV 0], (A.41)

V2R = ™ V2R = 2(D — 1)(D — 2)R*V,6V,,6 — 2(V2phi + (D — ) V"6V ,16) R
+ (D = 6)V,RV*¢ — 2(D — 1)V4¢ + 4(D — 1)(V?¢)?
+2(D - 1)(3D — 10)V?¢V*¢V ;6 — 2(D — 1)(D — 2)(D — 6)V*V" ¢V .6V, ¢
—2(D —1)(D — 2)V*VY¢V V¢ — 4(D — 1)(D — 4)VFV?¢V ¢
+2(D - 1)(D—2)(D — 4)?%%&%?@} . (A42)

Gy=e % [Ca +8(D —3)R* (VaVgp — VadVsd) — 2(D — 3)R{2V?¢ + (D — 4)V*¢V 40}
+4(D - 2)(D - 3)(V?¢)? + 4(D — 2)(D — 3)2°V2¢pV*pV 1
—4(D - 2)(D — 3)VVPpV Vs 4+ 8(D — 2)(D — 3)VOVP$V 6V 3¢
+(D—1)(D—2)(D - 3)(D— 4)?%%@%?@] (A.43)
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A.3 Perturbations in traceless tensor mode

The metric tensor with the bar is expanded in terms of the traceless tensor mode as

. . 1 1
Jap = (geh)ag = GJaB + hag + i(hg)aﬁ + g(h?’)ag + 0(h4). (A.44)

Christoffel symbol with the bar is expanded as

_ 1_ 3 3 3
I, = igau(avguﬁ + 039y — Ougpy)

=%,y + H%, + (Hz)aﬁv T (Hg)aﬁw

(A.45)
where H_, (HQ)O‘M and (H?’)O‘BW are defined as
H%, =V (gh?%, — %@ahm, (A.46)
(), %%(fﬂ)ﬂ;) - %W(fﬂ)m R h + %hfﬁﬂhm, (A.47)
(17, = 5005 (Tt = 5970, ) = ST,
ST (2)3) + 5 (T 0% = 39°(0)30). (A.48)

N A 1.~ A
+ VJ{V(Bh%) = 5 Vs + 5 Via(h)"
1Aa h2 e v ht 1ha A,uh
- ZV (h*)gy — u V(s Tt 9 u Vi hsy
A a 1o, A u 1. "
+ V(uh,y) — §V hufy V(ﬁh 5~ §V h55

A o 1.~ o A 1.~
- (V(u 5 "3V hué) (V(ﬂh“w - QV”hﬁw), (A.49)



D v VARV v 1 v opo le ALV
R=R—Ruh™ +V, Vb + SRS gh" 7 = VAR, VAR,

avf
1. N A ~
+ 5v#hgvyh” — V(" VA RY)). (A51)

In the following, we take the flat background metric. The expansion of the curvature-squared
quantities are then given as follows:

RO Rp5.5 = 0,05hapd 0°hP — 20,05has070h? + 8,05hapd* P W7, (A.52)
paf D 1 a. B 1 8. a 1 2 271 a8 21 a8

R Ra,B = 5 QXQa X"+ 58@@8 X~ + 18 h,;w@ h —8,1)(58 hF, (A.53)

R? = 00 X%05X", (A.54)

L 1 1 1
V2R = 0?0, X" — 507ha58287h°‘5 - iayaghaﬁma%aﬁ —~ 5820(&)(0‘)
— 02 (WP x5) — h*P 00050, X7 — X*0adpX”, (A.55)

where y, = 85ha5. Besides, the expansions of the quantities with the conformal mode which
are necessary in the text are given in what follows.

_ 1 1 1
V2 = 026 — h*70a030 — X*0ats + 5 (h*) P 0abpd + Sh 0l 016 + Shxg0adh,  (A.56)

Vip =09 — {9*(h*P 00050 + X" 0a) + h*70a050%¢ + X" 00D’}

1 1 1
+ 0 {2<h2>aﬁaa8g¢ + 3h™ 0aly0 6 + Sh XBM}
+ heP (aaaﬁméayam +20017° 030,05¢ + h7° 00050050
1 1
+ 50ah30y0%6 + Sxp0a0°6 + 0a05X" 01
+ 20X 030, + 2x”8a8537¢>

1
+ X 0ah 0,050 + X 00X 056 + XX 0ad3 + 5 (W) 0a030%9,  (A.5T)
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RV N g = axp0°0° ¢ — %a%agaaa%
— %aaxﬁaahﬁvaw - %aaxﬁaﬁhwa,@ + %aaxﬁamaﬁam
+ %a%aﬂaahmaw - ia%aﬂmhaﬁam — k95X 0,0,¢
— h*B x50 0 + %haﬁa%maaaw -~ %avhaﬁaﬁhwaaa%
- %8”ha565h0‘56785¢ - %aa(hagmh“)mam

1 1
+ iav(haﬂaéh%aaa% + 5aa(haﬁaﬁhw)c‘wzﬁ(p, (A.58)

RV = 0aX°0%6 — X" <8gxﬁaa¢ + ;xaa%)

1
— hB (B x0%P + D, X 00 050) — thaﬁavhaﬁa%, (A.59)

VORV ¢ = 0a05x*0" ¢ — %mhaﬁawaghaga%

1
— §aa(xﬁxﬁ)aa¢ — 0,(h*P 8 x5)d — h*P D0, X Datp.  (A.60)
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Appendix B

Determination of the gravitational
action

The advantages of using dimensional ragularization are that it does not break diffeomorphism
invariance and the theory becomes independent of the choice of the path integral measure owing
to [dPp = §P)(0) = 0. In this case, the contribution from the measure such as conformal
anomaly directly expressed as a D dependence of the action. However, when we generalize a
four dimensional action to D-dimensional one, many ambiguities emerge, differently from the
case of ordinary gauge field action. In order to settle the ambiguities, we begin our discussion
by considering the determination of the forms of gravitational counterterms [40, 14] based on
QCD in curved space as an example of conformally coupled quantum field theory.

B.1 QCD on curved space

QCD action on curved space is defined as follows

11 1 o
S = /dDJ:\/§{2 |:F025F0aa6 + 7(VQA03)2 + 1Poy* Dot
90 4 2&

- iaaég(aaCOa — fabCAogCOC) + agFp + bgG4 + CoHQ}, (B.l)

where

Fols = 0a Ao — 05 Ao — F* Aol Ao,
by 1
Dy =0, + Wauu% — Ao T, Y= _Z['Y,ua ’YV] (B.2)

Wauw = eﬁ(@aegy — Fgﬂew)

and wayw, €, Xy are respectively the spin connection and the vielbein and the Lorentz gener-
ator. Only in this chapter, Euclidean indices are written in p and v and the gamma matrix can
be expressed as 7" = ej;7/. The algebra for gamma matrices is defined as {47} = =25M.
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The generators of Lie group are normalized as
Tr(T°T") = —Tré™ and fodfoed = Cqe. (B.3)

For the moment, we consider three kinds of gravitational counterterms Fp, G4 and H? which
are every possible combination of the fourth-derivative terms.. Fp is the square of D-dimensional
Weyl tensor Cqgs. , which is defined as

2 1
Capys = Rapys = 15— (9ay Bo)p — 9sp Boja) + TEDE 2)ga[fyg§]BR’ (B.4)
and the square of it is
2
Fp = C*Chp.5 = R Ryp.56 — ——R*R,, R2. B.5
D B 816~ 5= QR RB+(D_1)(D_2) (B.5)

The quantity G4 is four dimensional Euler density and H is a rescaled Ricci scalar defined as
follows

Gy = R*®°R,5.5 —4R*’ R, + R*>, H = %. (B.6)
In the following, we will show that the two counter terms with by and ¢y are combined into one
at last through various renormalization group equations.
The renormalization factors for quantum fields and coupling constant, gauge parameter are
defined as
D 1 1
Aol = P2 Z3 AL, by = Z3b, (B.7)

[0}

_D _
go =12 Zeg, b0 =ZaZ;%, (B.8)

where p is a mass scale to make some quantities dimensionless.
The renormalization group equations are derived from what bare quantities does not depend
on the mass scale, and now the differential operator with respect to u is expressed as

0 da, 0  d O
d_ 9 % 0 B.
dn~ Fou T ap o, THauee T (B.9)

where oy = g% /4m. We first find the beta function of ag. The renormalization group equation is

d 90 4-D 2 dZ, 2 do‘g
0=pu— 4 —-DYZ 27 Z B.10
Haan ~ " ( )Zgog + e Lag + " an (B.10)

When we define Bg as

By(ag) = Qﬂdd InZg, (B.11)
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the beta function of oy is expressed as follows

d _
By(rg, D) = C’;;‘; =D — 4+ By(ag). (B.12)

If we expand the renormalization factor as

o

mZ,=3 (f”(o‘f’) (B.13)

we obtain

= 0. (B.14)

Besides, the anomalous dimensions of the fields A%, i are defined as

dinZy  dinZ
d/_,L Y 72 - lu’ d/_,[/ °

The coefficients of the Weyl term, Euler term and modified Ricci scalar squared are given as

ap = P4 (a + Lq)
bo = uP=4(b + L) (B.16)
co = pP e+ Le).

These Lgp . are pole term which take the form as follows

00 an,
L= 2 G- ap
n=1
0o bn
Ly = ; PN
0o cn
Le=) RN

3
Il
—

The beta functions of these coefficients are expressed in the same form as

da -

Ba = ,u@ = _(D - 4)a+/8a)
db -

b= nsy = ~(D = b+ B (B.17)
de

Bc = /1'@ = _(D _4)C+Ba
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We can also obtain the recurrence relation in a manner similar to the beta function of oy as

0(agar) 0 ~  Oay

Ba = — 8049 ) 8049 (agan-H) + ﬁag@ =0,

_ O(agb 0 ob,

=~ P ogh) + gt = (B.15)
5 (9(04901) 0 = 8Cn .

Be=— 8049 , 6049 (agcn+1) + Bag 8019 = 0.

B.1.1 Normal products

When we discuss the finiteness condition of the theory, we significantly use finite composite
operators called normal products in curved space [36, 37, 38, 39, 40, 14], which is described
as [operator]. In what follows, we first derive the normal product of square of the gauge field
strength [F apt’ af] Then, using it, we rewrite the energy-momentum tensor in terms of normal
products.

We here consider the renormalized correlation function given by

Ny
<HA“ (z;) I ¢and1/))(xk)>
k=1

N, Ny Na Ny -
= (uP4zy) 7 2, ® / dAodiodio [ | A5, (x5) T ] (oandho) (x)e*. (B.19)
j=1 k=1
First, we introduce the equation-of-motion operators for gauge field and fermion field as
Ba— o 08
Vg ToAG
1
=2 (A05V ™8 4 fobe Agb Ao Foaa/j) — ithoy™ Aol T ho
0
_ AogvavﬁA a fabc(vaES)AogCOC’ (B20)
905
0S 1 1 - 48
Ed) = % + —a—
ox f 5% V9 0
- Wo( - DO/Y )w

Inserting the equation-of-motion operator into the renormalized correlation function and per-
forming the partial integration, we obtain the following equations.

<E0A HAM:CJ> ]%::;g (z — z;) <HA >

(B.21)

Ny - Ny 1 Ny -
<E0¢($) H<wandw)(xj>> => ﬁé“” (x — ;) <H<wandw)(a:j>> :

j=1 j=1 J
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Here, note that there is no term from functional differentials at the same point since it is
dimensionally regularized to zero as (5A8M(x)/5A8V(a:) = 676,/6(0) = 0. The R.H.S is finite and
thus the L.H.S is finite. Therefore, the equation-of-motion operators are finite operators and we
can write them in terms of normal products as

Eoa = [E4], Eoy = [Ey]. (B.22)
From eq.(B.21), [ V9Eopa and J V9Eoy can be respectively replaced with the numbers N4 and
Ny in correlation functions.

In order to derive the normal product of [F“ F“O‘B] we consider the finite function obtained

by applying the differential operators ay 82 and ¢2 p¢ to the correlation function. We here
consider the following combination:

) s
(aga > <H Ay, (x4 H d}andd_))(xk)> = finite

% k=1

o 0 N AL ki .
= <a980<g - 585) {—]\;A InZy — 71/) anQ} <H Ay (z5) H(wand¢)(xk)>
j= k=1
o _0\1s ald
— <(ag@a 8§> 1_[14#J xj kl_Il pandy))(zp >

ol D—-41 _, o 1 o Aa
= ([ Pava{ -Eal g - Bl + P R 4 e (VA

2/39 /Bg Bg 250
D - a 3 7(:
Gy S G = ER G = )
Ny Ny ~
< TL A (o) T (wandian) ) (B.23)
j=1 k=1

where

Ya=va+ [-(D - 4)+’YA]§8

85anA, :yg:’yg—i—[ (D — 4)—!—7,4]5—an2 (B.24)

23

and we use the relations

o 690 . D—4g
g@_ 269 0,
6
g
da D—4 ,_ Ba Ob D—4 ,_ B
awi=ﬁgf%%an7%@——@MM@HD:>
deg  D—-4 5y Be
o, B, " (LC+D—4>'
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The gauge-fixing term in the correlation function has the following form:
/ d%f (vaA L) = / dP\/g|E.] + BRST trivial (B.25)

under the on-shell BRST transformation, where [E,] is the equation-of-motion operator for the
ghost field defined as in the case of fermion fields. Therefore, this term vanishes in physical
correlation functions (B.19) in which ghost fields are not included. So, we obtain the finiteness
condition

D-41
e +Dﬁ QFD*(LWDB” i) o () )
Na Ny,
X HAM (x5) H(wandw)(xk)> = finite. (B.26)
j=1 k=1

Here, noting the reciprocal of the beta function is expanded as

11 o (=B
ﬂD—4<1+nZl(D—4)n>’ (B.27)

we can see that the expression inside the bracket as the form of normal product of the square
of gauge field strength which is required to be the form

[FC‘YLBF“O‘E] = (1 + Z poles) FgaﬁFgaﬁ + (Z poles) X (other operators). (B.28)

We thus find that the normal product

1 D-41

[ Fa FW} D41 pa peob_p J4 _ g

4g? { of By 4gd b 0426, 0¢2,3g

D—4 ,, Ba By Be 2 Ao+ Lo) o

— La Fp+(L L 7 28 vi
g, K D— 4> D+< vt o)t D4 p-1 v

(B.29)

up to the BRST trivial term. Moreover, we add the last term since the possible total derivative
terms that is only V2H, which has to determined by imposing the finiteness conditions for the
energy-momentum tensor below.

The trace of energy-momentum tensor, namely conformal anomaly is defined by the confor-
mal variation of the action as

2 08 08

ﬁgaﬁ 0gap -6
D -4
= FoggFOaaﬂ +

0

D -1

Eoy + (D — 4)[aoFp + boGa + coH?| — 4cgV*H (B.30)
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up to the gauge-fixing term. This operator is one of the normal product since it satisfies

s /N Ny Ny )
(59(9@)<E Ay, (5 )kl_Il(i/fandlﬁ)(wk > < HA“ (z; ’}_Il wandw)(a;k)> = finite. (B.31)

Using the expression of [F gﬁF acfs ], we can rewrite it in terms of various normal products and
finite quantities as

o ~ )
0= 5 [F3sF*) 4 THEA] + 5D — L+ 5a) Byl - kP BuFp + 4G+ 8.1

— 4P~ (c - 0)V*H, (B.32)

where the last term is determined later.

In what follows, we consider the two-and three-point function of the trace of the energy-
momentum tensor, which give us important conditions to determine the forms of gravitational
action and also conformal anomaly.

B.2 Hathrell’s renormalization group equations

Let us derive the non-trivial renormalization group equations which corrects the gravitational
counterterms with bare constants by and co [37, 38, 39, 40, 14].

Two point function Since the partition function is finite, its gravitational variation should
be finite too. Acting the conformal variation twice on the partition function, we obtain the
following condition:

O(2)0(y)) — <§g(<z))> — finite (B.33)

Taking flat space and going to momentum space, we obtain the equation:

(6(p)0(—p))nar — 8cop* = finite. (B.34)
Now, we introduce the following expression.
~ D-1
0=0— —5 [Ey] . (B.35)
In terms of this variable, the equation above can be expressed as
<§(10)9_(—p)>ﬂat — 8p* P 1L, = finite. (B.36)

Here, we use the fact that since one-point functions are dimensionally regularized to zero for a
massless theory in flat space, the two-point function including the equation-of-motion operator
vanishes, for instance, as

(EPG)n = (55 ) =0, (B.37)
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where P(y) is an composite field. We also introduce the composite operator defined as

D—-41

{A2} = 74 QFOaﬁFoaaﬁ
& . (B.38)
= 17 [Fis Faaﬁ} + 5 (alBa] + 3 [By])
9
We then obtain the following relation:
By {A%} = (D - 4)pF0a FoP =0, (B.39)

Let us consider the two-point function of the composite operator {42} defined as

Laa(p®) = ({A2(0)HA® (=)} ) oy - (B.40)

This is written in terms of the two point function of the composite operator [F apt’ aef] gince the
two-point function including equation-of-motion operator disappears. Also, the correlation func-
tion of renormalized operators does not involve non-local divergence. Therefore, the divergence
of I' 4 4 is written in terms of a pure pole as

D —4\?
Laa —piplP= <5) L, = finite. (B.41)
g

where the pure pole term L, is defined as

_ Z o ~”in4)n (B.42)

n=1

and the factor (D — 4)2 / ,83 is introduced for later convenience.
Since B;FAA = (00), we can see that by combining eq.(B.36) and (B.41), the pure pole terms
satisfy the following relation:

(D — 4)°L, — 8L, = finite. (B.43)

It is obviously

Cp = éxn+2. (B.44)

This indicates that if the residue zg is calculated, we can find ¢; and then general ¢, through

the renormalization group equation if we calculate the residue x3. So, we then have to derive
the relationship between x3 and x; using renormalization group equation.

So, we next derive the renormalization group equation that gives the relationship between

the residues z3 and x1. In order to derive it, we here use the fact that if F' is a finite quantity,

1 npy CLF 0B,
Bnﬂd (BgF) = +n

= finite. B.4
dM g@ozg nite (B.45)
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Applying this fact of n = 2 to eq. (B.41) as a finite quantity, we obtain the following condition:

1 d . (D —4\?
fuf{b’ﬁ [FAA—p4ND 4( ) L,

g 5 } — finite. (B.46)
g

Since B,{A%} can be written in bare quantities, it satisfies ud(3{A%})/du = 0. Thus, we obtain
the following renormalization group equation:

1.9
ﬁgudu

Expanding these equations and bringing out parts that poles are canceled, we obtain

{pP~4(D — 4)?L,} = finite. (B.47)

9 By 0 4

90,7~ 050, 0T =0 (B.48)
" ) .

O (ogrs) = P8 0 2y 1 P8 0 (80 = 0

aag Qy 3049 g 8ag

Using these equations, we can find the residues x5 and x3 from z1.

Three point function Then, we consider the three point function of the energy-momentum
tensor, which satisfies

(G- ) (3,
)00 ()00 )~ mite. (B49)

_l’_

It is convenient to define the following quantity.

s 00(y) D —160(y)
0(y,z) = 500 2 ox() (B.50)

which satisfies the symmetric condition 0(y, z) = 6(z,y). In terms of (z) and 0(z,y), the
condition of the three points function of  can be written in flat space as

(0(x)0(1)6(2))ar — (0(2)0(y, 2))aat — (O()0(2, ) fat — (0(2)0(2, y))fias
58S .
+ <5Q(m)6ﬂ(y)5ﬂ(z) >ﬂat = finite. (B.51)

The trace of energy-momentum tensor in flat space is 0(z)|gay = By{ A%}, and this leads to the
following equation

0(2,y)|fas = —48,{A2}6P) (z — ) + 8cod* 6D (z — y). (B.52)
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Using these expressions, we obtain the following relations:

(0(2)0()0(2)) laae = By ({A*(2) HA (1) HA*(2)}) |tar,
(0(2)0(y, 2)) las = =48, { A% () HA* W) D |aed P (2 — ).

Going to momentum space, and denoting the three-point function of {42} by T'444, equation
(B.51) is then expressed as follows:

(B.53)

BT ana(ps, vy p2) + 4B AT aa(P3) + Taa(py)® + Taa(p2)} + boB(p3, py, p2) + coC (0%, 1y, 07)
= finite, (B.54)

where

B(p3.p;.p2) = —2(D — 2)(D — 3)(D — 4) [py + p, + ps — 2(pap; + pop? + pp3)]

(B.55)
C(p2,p2,p2) = —4 [(D +2)(py + vy, + p3) + 40205 + Piop? + p2p3)] -
These relations respectively take
B(p*,p*,0) =0,
(p2 p2 ) ) (B.56)
at p2 :pz = p?p? =0 and
C(p*,0,0) = —4(D +2)p* '
at p2 = p?, pg = p? = 0. Therefore, we obtain the following relations
BT ana(p?,p°,0) — 8(D — 4)p* P ~* L. = finite (B.58)
and
BT 444(p*,0,0) — p*u”~*12(D — 2)(D — 3)(D — 4) Ly + 4(D — 6) L] = finite. (B.59)

The three point function I'4 44 generally has the following form:

Taaa(p2,05,02) — > _(poles) x [Taa(p?) + Taa(p) + Taa(p?)]
— uP=3 " (poles) x {terms of p?p?} = finite. (B.60)

Since three point functions involving [Ey] do not vanish, the term [Ey]/3, in {A?} produces
non-local poles by the presence of 1/3,. Thus, I' 444 has non-local poles unlike I'4 4. The second
term in (B.60) plays an important role to cancel out such non-local poles.

In order to determine the pure-pole factor in front of I'4 4 in (B.60), we consider the equation
obtained by applying a,0/0ay to (B.41). We then obtain the equation for I'444(p?, p?,0)
owing to ay0{A?}/0a, = —(ag/By)(0By/0cg){ A%} and ay0S/0cylpar = — [ dPx{A?} up to
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BRST trivial terms. The pole factor can be extracted from this equation and fixed to be
(a2/Bg)0(By/crg)/Derg. Therefore, I'xa4(p?,0,0) has the following form:

a2 9 (B D —4\3
r 20,00— 22— (X1 2y — pty P4 L, = finit B.61
444(p”,0,0) B, D, <%> 4a(p®) —p'p 5, , = finite, (B.61)
where
(o]
Yn
L, = —_— B.62
Yy ;(D_4)n ( 6)

Multiplying ﬁg’ to equation (B.61) and using the expression of (B.59), we obtain the following
pole relation:

2(D —2)(D —3)(D —4)Ly + 4{D —6— 20@82 (%) }Lc — (D - 4)3L, = finite. ~ (B.63)

Moreover, since u%(ﬁgl“ A44) = 0, we can obtain the renormalization group equation connecting
L, and L, by applying (B.45) at n = 3 to (B.61) as a finite quantity as follows:

D —4\? d 2B, (D —4\?>
_4 - 2 9 :ﬁ 1 . . 4
( 3 > [(D )Ly—i—uduLy] + oy Jo ( 5 > L, = finite (B.64)

B.2.1 Determination of gravitational counterterms and conformal anomalies

Having clarified the relations between the respective residues, we will now discuss the determi-
nation of the gravitational counterterm [40, 14]. As we seen above, the pure pole terms L; and
L. have a one-to-one connection. This means that we can unify the Euler term and the square
of the rescaled Ricci scalar. In this case, the number of gravitational counterterm reduces to
two. Then, we write the gravitational action as

Sy = / dPx/g{aoFp + boGp} (B.65)
where
Gp =G4+ (D —4)x(D)H?. (B.66)

The coefficient x(D) is a finite function with respect to D only. Using the counterterm (B.65),
we can obtain the finiteness conditions that simply result in Hathrell’s renormalization group
equations, (B.43), (B.47), (B.63), and (B.64), under the relation

L. — (D — 4)x(D)L, = finite. (B.67)

Thus, we can make the theory finite using only two gravitational counterterms. We will show
later that the function x can be determined completely by solving the coupled renormalization
group equations order by order.
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On the other hand, we have to pay attention to the calculation of the finite quantities such
as the expression of the conformal anomaly, since the gravitational counterterm (B.65) indicate
that the finite parameter c is eliminated and extra finite terms are added.

When we use the counterterm (B.65) and repeat the calculation as before, we obtain the
following normal product:

1 D—-41 ach

— [Fa,F* P = =~ R, F, EJl-2 — [E
492[ B ] 59 49 0apt0 [ ]Qﬁg [1/’]259

D—-4 py B B 4x(D)(0 + Lo) oo

Using this normal product, we can obtain the trace of energy-momentum tensor expressed in a
manifestly finite form as

D—4 D
[/ — X L
162 0agl'o” " +
+ bo[(D — 4)Gy + x(D)(D — 4){(D — 4)H? — 4V?H}|
a ac D - 1 + Y _
4’; [FagF’] + ’Y; [Ea] + — 12 [Ey] — uP~4(B.Fp + BGDp)

— 4P~ (D)[(D — 4)(b+ Ly) — (0 + L) VH. (B.69)

-1
Eoy + (D —4)agFp

The coefficient in the last term [(D — 4)(b+ Ly) — (0 + Lo)] is expressed as

(D—4)b—0+1b +Z”5174) (B.70)

This must be finite for the reason of the finiteness of the energy-momentum tensor such that
bpt1 =0n (n>1). (B.71)

Acting 6—15]/1,% on the expression (B.69) and noting ,u% = 0, we obtain

L B 1 R S N .
By dp <[4;2Fa’3F D a _2ﬁgudﬂ{(D L+ 92)[Ey] + Ja[Eal }
+ 21,5 1 8Gp) + 2T (D) Gy - o+ b)VPH
59 dp ﬁg
__19% _199a D—4 9Ba OBy
B 28(19[ vl 28049[EA]—’_'u < 90a FD+a98 GD)
+ 4(DB4)X(D)MD_4(5_1> —o+b)VEH (B.72)
g

Since L.H.S is finite owing to (B.45), R.H.S should be also finite. The divergent term is only
the last term, and therefore

o=bi+ B (B.73)
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Substituting this into the equation (B.69), we obtain the following form of the conformal anomaly

a ao Y D-1+7% -
0= 4’;92 [FagF?) + LAl + =—5—2[By] — u”~*(B.Fp + ByEp), (B.74)
where the last term is defined as
Ep = Gp — 4x(D)V*H. (B.75)

It has a desirable property similar to the other conformal anomalies Fp and (Fgﬁ)Q, which is

% /de\/gED = (D —4)Ep. (B.76)

It is clear that the volume integral of Ep is nothing less than that of counterterm Gp.

Now, we determine the function x (D) order by order. To determine the pole terms, we need
the information of the QCD beta function and the simple-pole residues of L, and L,. In order
to find respective residues, we expand the beta function Bg and the residues x; and y; in a power
series with respect to oy as follows

By = Brog + Baal + Baal + O(ay),
1 = X1+ XQOég + Xgag + 0(042), (B.77)
y1 = Y1 + Yoo, + Y30[§ + O(az).

Furthermore, we expand x (D) in a power series of D — 4 as

X(D) = x1 4 x2(D —4) + x3(D = 4)* +--- . (B.78)
The solution for the first three terms of x is then given as
1
X1=3, (B.79)
Yy
=1-—— B.
X2 4X17 ( 80)
1 Y1 Y1 1 B2 Y1 1 Xo (Yo 31
=—|2——= (83— ) —-—==5|1—=— - — —=-=]. B.81
X3 8( X1>< X1> 65%( X1>+661X1<X2 2X1> (B.81)

The constants X7 and Y7 follow from the calculation of 'y 4 and I'4 44 whose diagrams are
shown in Figure B.1 up to one loop level. The results are

D—4
(! s 1
Taa(p?) = —= — B.82
A4(p7) 3@ D4 (B.82)
D—4
T g 1
r 3 =_—= —_— B.83
A44(p°) 3@’ D4 (B.83)
We thus obtain that X; = Y7 = —W from the above equations where r is the dimension of
Lie group. From this, we immediately find
3

59



{42}
{42} = {A%} {A%}= {A%}

(a) Two point function I'4 4 (b) Three point function I'4 44

Figure B.1: Feynman diagrams with respect to the composite operator {A?}

In this way, we can see that at least x1 and yo are the universal coefficients independent of the
gauge group and the fermion representation. At present, it is not clear whether the coefficient
Xn(n > 3) has a universal value independent of the theories or not. Regardless of the theory, x,
can be determined at all orders.

Then, we calculate the explicit value of b}, which is the coupling-dependent part of b;.
From x; = 1/2, we obtain the relation by = 2¢; + (’)(o/gl). The residue ¢; = 23/8 is obtained
from 1 using the renormalization equation (B.48). Since 1 = X; + O(ay)., we obtain ¢; =
— 182X 1042 /96 + O(o/;) and therefore we can find bs. Further, using the renormalization group
equation among by, we obtain

b/ _ BQXI
! 24

al +0(ad). (B.85)
Thus, the coupling dependent part of the residue b; starts from O(ag).
The expansion of the function x(D) up to the second order of D — 4 finally becomes

X(D):%+Z(D—4)+---. (B.86)

The above equation shows that the first two coefficient of x(D) in QCD are in common with
QED. In QED, the third coefficient has been calculated to be x3 = 1/3.
At the D — 4 limit, the conformal anomaly Ep reduces to the form

2
E;=Gy— §V2R. (B.87)

This is exactly the combination proposed by Riegert in 1984 [15].
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Appendix C

BRST transformations and gauge
fixing terms

The action of the non-abelian gauge field and the kinetic term of the traceless tensor mode are
given as follows:

1 D-3
SYM +h = /dDSL‘ |:492F(31Q5F8'aﬂ + m(h0a584h0a6 + 2X0a62X0a)
0
D-3
+ D_laaxoaaﬁxoﬁ]. (C.1)

In order to quantize them, we introduce the gauge fixing terms and the ghost actions as [9, 56]

2
Sg.f+FP = /dDgU5B {68 <aC“AOg - gozé'OBS> +é()aNaB (XOB — gOBO,B> }, (02)

where dp is the BRST transformation defined soon below. ¢&f and ¢f are respectively the
anti-ghost fields for the gauge and diffeomorphism transformations and Bf and By, are the
corresponding Nakanishi-Lautrup fields.The differential operator N,z is given as

D -2

S —— — 2 —_—
( 210307 + D_ 18a85> . (C.3)

From the transformation laws of the traceless tensor mode and the gauge field, we can write down
the BRST transformations of both fields with replacing gauge parameters into the corresponding
Faddeev Popov ghosts cf and co, as

0 A0% = Oaco® — F* Ao co® + to(Af, Daco” + co D, AG,), (C.4)

2 t
5Bh0a6 = aaCO,B + agcoa — 577&/3876{/ + tCO'Y&yhoaﬁ + thoa,y(agcov — 87005)

t
+ §Oh057(8a60’y - 876004) + O(hQ) <C5)
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Besides, the BRST transformation of the conformal mode is given as
~ to -~
Spd = to' V. + Bovcm. (C.6)

The transformation laws of Faddeev-Popov ghost fields and Nakanishi-Lautrup fields are deter-
mined from their nilpotency as

5308 = t0c0787c8, 5358 = Bg, (SBBS = 0,

C.7
(536006 = toCo’yaWC()a, (5358 = Boa, 5BBoa =0. ( )

So, the gauge fixing terms and Faddeev-Popov ghost terms become
D g%ﬁo
I / iz [Bg (amga _ 233) 0P AL
+ By, NP (XO 5— 4;)306> — eOQNaﬁmthW] .

When we integrate out the Nakanishi-Lautrup fields, we finally obtain the gauge fixing terms of
gauge field and the traceless tensor mode as follows:

1 1
o D a qa 9B pa af
Sg'f = /d T |:2§06 Aoaa Aoﬁ + 724“0 XO@N X05:| . (CS)
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Appendix D

Contractions of the traceless tensor
mode

We need to contract the indices of the tensor mode propagator to find the integrand for loop
calculations. Feynman diagrams which we need are as Figure D.1. We here present the results,

which are calculated using MAXIMA sofware, in what follows.

Fi(p* ¢

I = —bt? ,
! (2 + 22)*{(p — q)2 + 22}2

1 D—2 dPpdPq
(47)P/2 4(D — 3) / (2m)2D o(p)p(—p)

S\/\/i bt D—4

(D —4)bt bt
(d) I'y

(D — 4)bt?
(e) T's

Figure D.1: Corrections of conformal mode with respect to traceless tensor mode
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(1) oo -2 <<qu> * <q1>> v (?42@6}
P R e s
8 (11 é);(;jzle);r 32) (1)) + 202 ()
_ (32(117)2(5 2_171; 2) (2 + 16(115;(;2_311))+ ) )22 - 16(11911))_8)192 (q2)2> (p-q)
<321()D_—12) (1222)3 N 8 (43 é);(—DSi 11))+ 24) )’
8 (23D2(D4311))+ 8) 2 2(13 g 8) (qQ)Q) (- )?
( 641()D : 2) (;;22)2 16£())1(i>)D_—1)25)p2 N 136qg) (p-q)°
< 161(31) p2 2 1§E4DD_—1)7))(p )
9 2

1 32(D 2) p 16(D —2) (p - q)°
< D—-1 g2 2 D—1 (q2)2>(p'Q)5— D-1 (22 } (D.2)

[\

The contribution from the second diagram is

1 D—-2 /dequ
(47)P/22(D - 3)

Iy = bt? (D.3)

where

D—2 D, 1D
i) = [

g | D)
" [(D —;)E?H’))(p) B (D—7)6((ll?) 21))(D+1) 22
N <_(D—;)£li+5)p2(2;2'q)2+(D 3)2((1; ))(D 1>
+C{D2(DD_J{)4(])) 2(2D2(—5D—;—6) 5 9

(D —2)(D+5)p?> 2(D?>—4D +6) 2 2D-=2)(p-9)*
+( = )< ) }] (D.4)

-1 3D(D — 1)
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The contribution from the third diagram is

B 1 (D-4)(D-2)* [d"pd"q F3(p, q)
e e Rl e
where
Fyp,q) = 2 123()1()7?;; e 3)5127(2 1_)(17)D —19) ey
{(D - 3)(135_1)1(?13 - 13) (p?)%q% — (Dlg(?g(?;) 1)p2(q2)2}(p -q)
_2)2 _ 2
. {(D 2(?3 EDJ D e (D 31(29(2 _+11)?+ 16) 2}(p‘q)2
gy _ _
# { O e RIS ek 0 - PEE
The contribution from the fourth diagram is
B 1 (D-2)(D—-4) [d"pd"q Fy(p*, ¢*)
O e e LT e 2
where
‘D 2\2 2\3 2\2 2
Wha?) = D { g~ 206 + (186 + 467)) (v a)
2 2\2
(2 qu +64(p +4OPQ>(29'<])2+<—96<;;) —88192) (p-q)°
24(102)2 _ 4 @ % L a)d ﬂ .q)®
(T ) oot (G ) 00 - e o)
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2 _ 2 _
C{—D(;4_ ) ™" - 4(2”;1)(;9?;; BBL) (232 - 20(19217)D(D41_Dl;r 1) ()2 (22
31D — 16 f 48(D?* — 2D + 2) 4(194D% — 398D + 303)
Y5 2(%5+< b1 Pt 9D(D — 1) W)’

52(16217319_13)]92((12)2 + 4(1351)((]2)3>(p.q)
48(D —2) (p?)*  4(393D? — 761D +234) 5.,
<_ D-1 ¢ 9D(D — 1) ®)
2 _
- 8(107197D(D2(15ﬁ £53) 22 _ 471277D92(q2)2) (p- )
(96(D —2) (p?)? | 8(122D* — 239D +18) , 4(7D+6) 2) (p-q)°
Dol oDD-1 U 9D !
24(D —2) (p?)?  4(D —2)p*  4(58D — 103) 4
(o wnm o1y ) 0
18(D—2) p*  44(D-2) 1 24(D-2) (p-q)°
+<_ D-1 (#)? D-1 q2)( T (4°)? }

. (D.8)

Finally, The contribution from the fifth diagram is

1 D-2 [dPpdq F5(p*, %)
D5 ) e P

['s = (D — 4)bt? (D.9)

Fs5(p,¢%) = 3(D2ZD2)£?)+ 3 ey - T2= 4;%8 — ig(D D g
N (_3(D2z;)(li)+ 5)52 (D — 3)2((113)—21))@ + 1)> 00+ 3(;)—12) (1(7(1-2(;«,;4
B
(G o B )} oo
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Appendix E

Interactions in momentum space

We here present the interactions in momentum space with care of symmetric properties of indices
in what follows.

" __z ND/2_2 dPk 2,08 B
Sthon = = 3% gy | myp kW $(k)hap(—k),

D/2-2 dP pdP
o = 3731 | G oD has(—p — )Visr.0)

where
Vas(p.q) = (0" + ¢°p° — 2¢°¢")p* + (¢°p° + p*¢” — 2p°p" )¢

9
— S (pp® — 207" — 2¢°p” + ¢“¢®)(p- q). (E.1)

3
(D—4)bt pz2 [ dPpd’q 3
Scieen) = —(D —4)bt (4m) D72 / or)?D $(P)p(@)hap(—p — ) T55(p; 9); (E.2)
where
3 1 o B « lo' a, B\,.2 1 « « a a, B\, 2
Top(pa) = (14¢%¢" = Tpq” = 7q"p" + 2p°p")p” + £(24%¢” = Tp"¢" = T¢°p” + 14p°p7)q

2 (6%
+5(50%0" — 47" = 4q°p" + 5p°p") (0 ). (E:3)
2 1 dPpdPq
S&ionn = bt’ (4072 / (@m0 has(D)hs(@)(—p — 4) S 5.5, @), (E.4)
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S35 q) = 2(5‘”56 " +6%6")(p- q)* - %(5‘”1?‘5(1[3 +6%p7¢P + 5™ + 6% p1q*) (p - q)
+pp°q%" - %(50‘719%5 +0%pP g7 + p*67¢° + p*67 ") (p - q)
- %(po‘p”qﬁq‘s +pP° ¢ + p°p % + ") — %(5%555 + 620607
+ %(5‘”616(1‘S +67°¢q" + 67 + 67 q%q)p?
+ %(5‘”195 P+ 6%p p7 + 871’ + 67 pp7)g?
FPRQG (507 4 675N + ) (e a)
+ %(5‘”19%5 +0%pP g7 + 67pg® + 672" (p + q)°
+ %(5“”(19%‘S +¢°¢°) + 5 (’p" + ¢°q")
+67 (%" + ¢*¢°) + 6P (0P + ¢*4")) (p + )
2P + 2P + PO + ) + (0% + 1P (B5)

3 3 6 6

D D
D—4 d”pd~q
i =0 =) [ G s @hos @0~ OWEo(pr0),
where
1 1
W&Q),B,yé(pa q) = 5(p'Q)2(5a7556+5a5557)—§(p'CZ)(qapv(s/%-i-qap%m%—qﬁp”&a‘s—|—qﬁp‘55‘”)—|—qo‘q p'p°
1
g PP 505 R0 5+ PO )
= ¢* ("% + pp’6 + p7p7 6% + 7’5
+ (0 @) (g6 + p¢°677 + pP 5% + pPg’5*7)
+pp7¢P ¢ + 0P + PP + p° p‘sq“qv}
9

RIS ¢'¢’. (E.6)

2
Seiigonn = bt’

dPpdP qdPrdP
j / RN 2m)P6° (p + g + 7 + 5)0(p)D(9)has(@)hs (VA7 (g, 7, 5),

(47m) D72 (27)iD
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Appendix F

Loop integrals

We encounter the momentum integral when we calculate Feynman diagrams. So, it is conve-
nience to evaluate them previously. We will present their expressions here. For convenience, we
use D defined as

2 2
D_4—D_4—|—'y—ln47r (F.1)

in what follows.
First, we evaluate the following integrals which emerge in one loop calculation of the anoma-
lous dimension:

. [ dPk (k2)(k - £)"
la = / @m)D (k2 + 22)2[(k — ) + 222

1 ar + 202 (p - £+ )" (F.2)
:F(4)/0 da::x(l—a:)/@ﬁ)pD p ()pz EfK)A‘ ) ;

where K is defined as

K =22 +2(1—x). (F.3)
We also need the following integral:
Jn:/ dPk (k-
b (2m)P (k:?1 + 22)2[(k — £)2 +1z2]2(k2)ﬂ i - (F.4)
= F(f(;;l)/o dax(l —w)ﬁ“/o dyy(1 _y>ﬁ1/((217.r)pD %,2{&?234 :

where L is defined as

L=(z+y—ay)?+z(1—2a)> (F.5)

Here, we can not define JQ(O) because we can not take care the IR divergence in this integral using
a cutoff z. However, it is no problem because that integral does not appear in our calculations.
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In order to evaluate (F.2) by expanding the numerator, we need following integral:.

dD 2\n (), . Y 2m
Fn,m = (47r)2F(4)/ (271’)pD (p(232 (_fK))4

= ()5 AR, (F.6)

where F), ,, is expressed as

1 D A )
E,, = 1D F(m+2)r(”+1m+ 2)F](34 n—m 2)K§+n+m—4 (F.7)
(4m)z 77 L (z)T(m+3)

. K 2
K:ﬁ:w2+x(l—x), wQ:E—Q. (F.8)
Since Fn,m is simplified as
_ r(O)rk+3) -
g = —> 22 Fn 0, (F.9)
L(k+3)T(3)

it is enough to calculate Fn,g.
Next, in order to evaluate (F.4) by expanding the numerator, we need the following integral:

zT(5+4)/ dp (p-0)*"
I'(B) (2m)P (p? + L)P+1
= ()2 H2m—BAR o (F.10)

Rpnp = (47)

where Rm;g is defined as

_ 1 T nr 4—m—L)_
Rm;ﬂ = D <m i 2) EB il i ) L%+m_5_4a (F'll)
(47)z 2 T (3)T(B)
and L is defined as
_ L 9
L=—=(@+y—zyw +z(1—ux). (F.12)

62

Then the integrals (F.2) and (F.4) are respectively expressed in a linear combinations of the
following integrals:
1
— / d$$a+1(
0
(

1 1
/ darz®H(1 — x)BJrl/ dyy(1 — y)? " Ry.p. (F.13)
0 0

1-— x)Fnym,

[a:aﬁ’mm]
[:z:aRm;g]

74



We present the results of these integrals, which we need in our calculations in what follows. We
first give the results including only UV divergences, which are

_ 6 729 _ 8 89

ol =755 *eme =559 %

) om 1 16 1276 =12 5

_ __; i 2 7 _ 3 ﬁ 3 _ 2 ﬁ
[2F20] = D_a 12 [#°F20] = 5(D — 4) * 100’ [+ Fao] = 5(D — 4) *

o - . 2
7(D o 4) 29407 [FI,O] = 2, [.%'FI,O] == 1, [CCZFL()] = §

Phol =5 [Fol=3 Rol=g [PFol=2

(F.14)
Besides, we give the results including only IR divergence as follows:

[Foo] = —2Inw? -2, [2Fo0] = —Inw? -1, [SUQFO,O} = —lnw? -2,

_ 5 _ 17 —
[.’ESFOVO] = —lnw? - 5’ [x4F0,0} = —Inw? - e [$5F070] = —Inw’ - 12’ (F15)

[xGF(LO} = —Inw? - %, [x7F0,0} = —Inw? - %, [xSFO,O} = —Inw? - 203

which are calculated by setting D = 4 and w? < 1.

Next, we give the results of integrals [IaRm;@]. The results in the case of 5 =1 are

:E—QIDMQ—%, [wRo;l]:—anuﬂ—g, [$2R0;1]:—lnw2—7,

) ;
[:1;3]?0;1] = —Inw? — g, [m4R0;1] = —lnw?— 3, [mE’Ro;l] = —Inw?— 13—0,

43 1 1 _ 1 _ 1
1] = —Inw’ — o [Fu] = —;mwz -5 PR =7 [#*Riz1] = (F.16)

_ 3 _ 1 _
] ok [#'Ria] = 6 [Roa] = 16’ [2R2;1] = 16’ [#* R, ] =
5 25 _ 1 47

Bl =5t 10 PPl =550 T oeo
The results in the case of 8 = 2 are
11

1 2 41 2D 2 17
[JJRO,2 :E—anw —F’ [[L‘ R072j| :—2lnw - —, E,

] [ZE3R0;2} =—1In w2 —
[+ Ro] = —Inw?” — %77 [2"Rop2] = —Inw? — 13*07 [#°Ro2] = —Inw® — Lgl,
2 _ 1 1 _ 1 _ 1
[Ri2] = Zln“’ -3 [zR1p0] = —élnw2 -5 [2°Ry2] = & [2°Ry2] = oL (F.17)
]
]

1 _ 1 7 _ 1 _ 1
[m4R1;2 =15 [RQ;Q] =3 Inw? — L [HTRQ;Q] =16’ [xQRQ.Q] —
5
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The integrals (F.2) and (F.4) are then summarized as follows:

I(SO): 1 (2In 0% — 21n 2% — 2), Ifo)

1
2 g4
0
( lnz2>, I:g)
(0) _ 2 (1)2
1, —(47T)2€ < 51 lnz), I )2
1 S -z -1), LY= < ln22> ,
1 2 1 3
= af__2 1<2): Inf? —1ns2— 5
3 (47r)2£ 54 n 2> 0 e n/ nz"—5 |
3. o 5 @_ 1 4 2 5
4ln€ —Inz 1), 15 —(47T)2€ 51 Inz* ),

2 2 ! @_ 1 4 _ 1 1 2 _ 2_§
K <ln€ —1In 22 >, I; _(47r)2€ ( D_4+21n€ In z 1)

(ln 2 —1n2?),

2 g2

( [-ms?),
1
7

(Inf? —In2* — 1),

44 7ln€2—lnz2——3
ROENEE 8
(F.18)
and
o _ 1 1 2 o 11 17 o 1 1 9 5
Jy (47T>2€6<21Hf —2Inz —?-I-? A = )264 21n (% — 21n 22 -5
@_ 1 1705, 5, » 13 (3 _ 1 > o2 T
J; @2 2 <41n€ 4lnz: g ) Ji7 = JPSE Inl*—1Inz 1)
(4) L 2 2 33 ) 1 5 35
JW = 2 (e —z?- JO) = I —Inz2— 22
L~ (an)? < ne e 16> e (477)2 nf —lnz® - o
(6) I 5 5 59 9 _ 131
J ¢ Iné? —In
L~ (4n)? ( 3200—4) 61" T 64 )
(1) L1 2 s 41 ) 11 9 S
Ja (472 (6 ( n/ nz 5 + 7 J5 (A2 i n/ n 2> + 2
@ _ 1 1/3, » 3, 2 13 @_ L (9 9y 2 9
L= e <2 nf-gha= ) =y (5 g~
(5) L 2 2 3D 6) 1 5 29
I = 2 (e —mz?- 22 JO = Iné?—Inz2— 22
2 7 ) < ne e 16> C2 T gzt Y AT
(F.19)

Formulae for two loop calculations Next, we present expressions for two loop calculations
of Feynman diagrams, which are used to evaluate the anomalous dimensions. We then encounter
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the integrals in the following form

dPe 1
2\4—n—a 7(n 2\d—n—a(n
A [(6 ) Ig‘ )} - / (2m)P (02 + 22)* () Ié g

D
2\ 4—n (n)| d=t 1 2\4—n (n)
A [(E g } N / (2m)D (02 + 22)4 (&) +ﬁJ5 ’

(F.20)

These integrals are respectively expressed in the linear combination of the two loop integrals
defined as

D L
L] = ) [ G i )F 1l (F21)
D A
L [2"Ryp] = (4%)2/ (;ZW)ED (2 _:22)4“2)2 (2" Rinis] - (F.22)

We first evaluate the integral (F.21). We can easily calculate it when L[z®F,, ,,,] does not include
IR divergences. The integral is simplified in this case as

_ _ dPy D
L [xaanm] - [xaanm] (47r)2/ (27_[_)D (62 ‘:22)4 (62)3

Cep 1 TDXA-D) L5
T I O
= [2"Fy] (—Dl_4 - g) (:2)P*. (F.23)
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Using previous calculations, we obtain the results as follows,

) - 6 391
Lﬁm}ZV5D4<ND—®f+%MD—®)7

) B 8 71
L [Fy0] = (2P _aD—4P_7&D—®>’

ot

) - 4 71
L [ofig) = (7 (<555 - 00— 1))

I [:L’QF;:,,O] _ (:2)P— 16 964 ) ’

35(D —4)2  3675(D —4)
2 11 )
= + —— ,

(
(
(
(
el = 7 (o )
(
(
(

(D—4)2  12(D —4) (F.24)

3 53
aD@f+mmD@)’

2 N 101
5(D—4)2  300(D—4))’

b " —4))’ L[Fip] = -(*)P ==,

—_

D—4 ’ 3(D—4)
L[z*Fo) = _(22)D42(D1_ o L[[a4F] = _(22)D45(D2_ -
L[e"Fio) = (22)D_43(D1— g LltFuol= (22)D_47(D2— o)

On the other hand, the calculations of the integral L[x“Fovo]iwhich includes IR divergences
are more complicated than that of the integral L[z®F), ,,,]. L[z®F{j] is now expressed as

=50 (- 3) [ [t (2)

(F.25)

62 4 . .
Here, we expand 752 ) ina power series

(+2s) - S 1 (755) (520

s=0

We find that UV divergences become smaller as s increases in this expression. We pick up the
UV divergent terms, while we eliminate the IR divergent terms and finite terms here. In the
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case of s =0,

1 D
L [:E“F(),O]S_O = (471')47711 <4 - D) / drz®(1 — a:)/ d’t !
- 2)Jo (2m)P (22 + 2(1 — 2)2] "
1 D
T N / dxxa+?3(1—m)?3/ d’t ! _
2 0 (27T)D 2 4_5
|:€2 + x(lz—az)]
1
= (4m)*PT(4 — D)(z2)P~4 / dez®~ 2 (1 — z)" 71!
0
F'a—2+2)T(2-2)
— (47)4=D(,2\D—4p (4 _ 2 2) F
This calculation leads to the following results:
_ 4 2
LIEv Al = (224D __ LleFnal = (22)4-D__
[ 00] (Z) (D 4 [.’E 00] (Z) (D_4)2’
_ 2 1 _ _ 2 3
L [2*Foo] = (z*)* D< _4>, L[a"Fyo] = (%) D<(D_4)2+2(D—4)>’
_ 11 _ 2 25
L 4F — 4 D - ) 5F — 2\4—D _ z
[+ Foo] = (2 < D—4))’ [ Foo] = () (D—4)2 " 12(D - 4)
_ 137 _ 2 49
L[25F ] = (z*)* P L[z"Fyo] = (D) P [ —= -
(7" Foo] = (2 ( 60(D — 4)) ool = Gt o
_ 363
L 8F _ 4 D
[+ Foo] = (= ( T 40D = 4))
(F.28)
Also, in the case of s =1,
_ D ! aPe —4 22
L |x°F — (4n)4 5T <4— > / dex®t (1 —z /
[ 0:0] o1 = (47) 2 ) Jo ( ) (2m)D [22 (1 - x)€2]4_2 024 2

D 1 1
_ —4(471’)4*%I‘ (5 _ 2) 22/ dl_l,a+%*3(1 . x)gg/ dyyBi%
0 0
x/ dbPy 1
(2m)P 9 Y ) 5-L
e+ (1-v+ ) 2
1

—4(4m)PI(5 - D)%) / dua ™7 (1 - 2) 7
0

1 4 D y D-5
dyy>” 2 (1 — -7 ]
X/o vy 2< y+x(1x)>

(F.29)

This parameter integral gives a finite value. Therefore, L[m“ﬁ’op] has no divergences for s > 1.
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Then, we will present the integral (F.22). This is expressed as

pl(m+35)T(4+5—m—3)
INCIRNED

dDE 52 1 1 B

.II)] %+m—6—4

L [waRm;ﬁ]S:o = (47T)4_

x [(z +y —zy)w® + z(1 -
_ pD(m+3)P(4+B-—m—5) [t ! -
= (4m)*~ 2I‘ (%)F(ﬁ) 2 /0 drz®(1 —:(:)ﬂﬂ/o dyy(1 —y)Pt

dPe (£2)f—m
. / (2m)P [(x+y —zy)22 + 2(1 — 2)2]4H5~ m-% <£2

€2

)4. (F.30)

The integrals Rm;l (m = 2,3) and R3,2 have no IR divergences, and so we calculate these integrals
at w = 0 at these points. The calculation results are as follows:

L [RZJ} = _(zQ)D_4m, L [$R2;1] = —(22)D_4_7

i 1 : (" .
L Rea] = (P 5 LWMP4*P4<m@—@2+m@—®>’

(F.31)
) - 1 11
L[xRsq] = (%P <16(D — 4)2 + 320(D — 4)) 7
L [Rgs] = —(22)D_448(D5_4)'

Next, let us consider the calculation of integral including IR divergence. We can calculate this
using method similar to the calculation of integral (F.21). If s = 0 in the expansion in power
series (F.26),

_ r 1
L [waRm;ﬂ]szo = (47r)47D(Z2>D74 (m 2

1 1
x/ d:vxangrm(l —az)mgH/ dy
0 0

In case that =1 and m = 0,

<
—~
—_

[
<
~—~

™

Ju
—~~
8
+
<

[

8
<
~

v
B
—~

&)

w

DO
SN—

1
L [iﬂaRo;l]szo = (477)4_D(z2)D_4§F(4 - D)/0 dxx®™ (1 —x) / dyy(z +y — zy)P 4
(F.33)

Changing variables © —+ 1 —u and y — 1 — v and integrating v and v using the expansion
formula

. T(b
(1 — uw) Z : (F.34)

r=0

V
3
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this integral is expressed as

_ _D
L [waRO;l] o= (477)47D(22)D74§F <CL _ g + 1> [F(;lr (aDj_FB(i D)Q)

+il“(4—D+r)F 2-2+r) (F.35)
r=1

F'(r+3)l'(a+3—D+r)

Also, the part of s =1 concerning UV divergences can be calculated in the same way as

ir(3—§+r)r(5—D+r)

L [2"Roa],_, = —4(4m)* P (z*)P~'r (2 — g + a) TG Diainiiis) (F.36)

r=0

The integral in the case of s > 2 does not contain UV divergence. Therefore, the integral
L[z Ry,1] is finally expressed as

_ _ D
L [ Roa] = (4m)*D (%)~ [SF (1 - ) {P(ng 2 B af)

> L(r)I(r) D X T+ +r)
+7~21PT+3) T(— 1+a+r)}_4r(2_2+a>;F(r+3)F(l+a+T) ’

where we take D = 4 for the part that do not contribute to UV divergences. In the same way,
integrals L[z"R,,.s] in other cases are respectively

(F.37)

] - - o2 l”;zfzs;i;?
< T(r +3) 11: ;LIA)JF 5| (F38)
and
et {2 ) (e
+ilf 2+a+7“2)11:(( +21))F(r+4)} -2t (1 _12)“‘) i?g:iigg:iz . (F.39)

e e N (R R i : ;g +Zm@ o)

D\ & L(r+2)
—2F<a+2—2> :OF(T+4)F(G+’I‘+2):|’ (F.40)

T
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L [.’Z’aRQ;Q] — (47[_)47D(22)D743F ((Z +2 - %) |:F(4 - D)F (4 — %)

4 6I(a+6— D)

> L(r)T(r + 2)?
+ Z Fr+1)I'(r+4)I(a+2+ 'r)} - (B4

r=1
The calculations are summarized as follows:

_ 4 12 _ 4
— _ LizRa+1 = 2\D—-4 _

L[’ Ry = (2*)P~* (D E 4)?2 - 3(D7— 4))’ Lla®Rog] = (z2)D_4<(D E 4)2 * 3(D8— 4)>’
Liftaal = (1P 52 Dhofal = P (55t - 50— )
1;2 54 1,2 3(D—4)2 36(D—4))’
L[CU2R1 2] = _(22)D46(D1— 4) L[{EBRhQ] - _(22)D74 12(D1— 4)
Llz"Rig) = — (%P1 18(Dl— 4)
_ 1 1
L[Ryg] = (2*)P7* 4(D — 4)? N 12(D 4))’
LlzRys] = —(*)P 16(1_71— 1)’ Lla*Rap] = _(ZQ)D_448(Dl— 4)’
_ _ 1
L[z®Ryp) = —(2%)P 496([) >y

(F.42)

Using the above integral formulae, we can calculate UV divergence of the two-loop A integral.
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The explicit values of the A-integral for Lg") are given as

z2)D—4 4 ( ) _ (22)D_4 9 1
At (D - AR = Ty ((D—4>2 - <D—4>)’

A[€4I§O)](22)D4(E L B ) Aw2z§°>}=(zz)m( Pt >

A[ESI(SO)] _ (

(amt \(D—42 " 3(D-4) (m* \(D—4p = 3D —4)
A= S (e o0
el =St el =
A1) = (?25;4 ((D - e 3([)5 4)> At = (?2:;4 ((D - " 3(1_?5 4)>
Al = ((234_4 <(D SR 4>> M) (i);j 2b=37 50— 4>)
Al = (2(2344 <(D - ER 3(D5— 4))’
- ) e ()
Al = (2(24)7:;4 (4([99— 1)? 24(1??3— 4>>
(F.43)
The explicit values of the A-integrals for J{"” are given as
A0 = (32;[;4_4) ((D . pt (le 4)) - AERT = (223;4) (D - 4)?
A1) = (22:34_4) <2(D5_ 1)? 4(D1— 4))’ A (221:;4_4) <<D & 4)? 4(D3_ g
aeA = (ow wpop) A S (725 w03
Al (ZZ;D)j) (32(1)69— nEN 192(2;1— 4))’
- ) -
s = () 0= i (v 1)
(

2 19 2)(D—4) 2 17
et wres) MW= (et

(4m)4 D—4)2  12(D —4)
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We should note that A[€12J2(0)} is not defined but it is not necessary in our calculations.
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Appendix G

Evaluations of the sum of infinite
series

We use the following infinite series to calculate the effective potential:

( 1)n+m 1

sz'n— N2n(2n —m—1)2n —m —2)

n=3 m=0

2nmm

The second differential of this function divided by x is easily evaluated as

82 1 ( 1)n+m—1 2n—m—3, m
ox2 <x ) Z Z m!(n — 2n v y

n=3 m=0

= _1)n7 = n! 2(n—m) m
B 21’32 n n;]m!(n—m)!x (=zy)

1 1
In(1 + 2 — zy) — -
= 9.3 [n( +a—zy) - ‘1‘1‘1/4'2(1‘ zy)®
Therefore, we can express f(z,y) as
1
f(z,y) —x/ du/ dv( v,y))
0 0
4
3
:Zx +;—4+7(1—x2):cy—§a:2y2
2,2 2
Ty Ty T 1 9
A A O Y
+{ 3 1 4+4}n( ry + x°)
2 A — 2
+ <a:4y — ;U> \/4 — y? arctan (W) ,
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where we use

u+v
arctan v £+ arctan v = arctan .

1Fuv
Next, we define the function g(z) as

) = - (71)71—1 $n+2
9@ =2 e T DT D)

n=1

Its derivatives are evaluated as follows:

82g et 1)1 .
n=1

We can then obtain g(z) by integrating the above function as

(1+z)?

o) = T (1 4 0) e 12),

Similarly, we can also derive the following function

— = (_1)n 2"
hz) = ;::1 n(n+1)
mmzlixufmu+x»
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