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Triangulation of the Amplituhedron from Sign Flips
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The traditional formulation of quantum field thebry (QFT) is constructed from the
two principles: Locality and Unitarity. The standard calculations of the scattering '
amplifude's from lagrangians or path integrals'make these two principles

manifest. However, because of this, a large amount of unphysical redundancies

(field redefinitions, gauge redundancies) are introduced.

In 1985, Park and Taylor discovered a surprisingly simple result for the tree
scattering amplitude of six. gluons by using the spinor-helicity variables. In the
original Feynman diagram calculation, there are 220 Feynman diagrams and 100
pages of the calculation are needed. They also generalized this for n gluons tree
amplitude and this result showed the same simplicity. This is totally hidden in
the original Feynman diagram calculation. This means ﬁhét the original
formalism of QFT is completely hiding some pr'operties of the physical observables.
we have never known. To reveal these hidden properties, new alternative methods
for calculations both tree-level and loop amplitudes are proposed. In 2005 Britto,
Cachazo, Feng, and Witten found new on-shell recursion relations (BCFW) for
tree-level ampﬂtudes of gluons, These recursion relations are derived from the
contour integrations on the complex momentum and the factdrization property

which comes from the unitarity.

Recently many developments have been driven in the planar limit of the N = 4
Super Yang-Mills (SYM). It has been krown that this theory has super conformal
symmetry. In 2008, the hidden symmetry “Dual super conformal symmetry” is
discovered, which is not manifest in the ordinal formulation and haid nbt been
found for long years. Combining these two symmetries, the infinite symmetry
“Yangian symmetry” is constructed. The discovery of these hidden symmetries
motivated to find new alternative representations i:hat make all symmetries
‘manifest. In 2009, the new variable “Momentum twistor variable” is proposed by
Hodges. When scattering amplitudes are written in this variable, all symmetries
become manifest. In 2010, the BCFW recursion relations are generalized into the
integrand of loop amplitudes in planar N = 4 SYM by using this momentum
twistor space. By using this, all loop integrands are systematically and efficiently

constructed from lower-loop integrands recursively. In this BCFW representation,



there are non-local spurious poles that have never appeared in the ‘ordinal

- Feynman dlagrams expansion. Instead of these spurious poles, this representatmn '
makes all symmetrles of the amplitude manifest term-by-term, 1nclud1ng the
Yangian symmetry which is hidden in the original formulation.

The important progress is the discovery of the geometric structure of the
scattering amplitudes. The first example of this geometric picture is found by
Hodges. He found that the tree NMHV amplitude in this momentum twistor
variable can be interpreted as a volume of a polytope and the BCFW recursion
relation for the tree NMHV amplitude is interpreted as a triangulation of this
polytope. In 2012, the connection between on-shell scattering amplitudes in .
planar N = 4 SYM and the fundamental object in algebraic geometry “Positive
Grassmannian G.(k,n)” is found. In 2013, Arkani-Hamed and Trnka generalized
these geometric pictures and found a cbmpletely new geometric object:
Amplituhedron. This is defined as a generalization of the positivé Grassmannian,
this means that in the definition of the amplituhedron is purely geometrlc
However it is conjectured that the scattering amplitude (loop 1ntegrand) of planar
N = 4 SYM at any loop order is given by a “canonical form” on the amplituhedron
which has logarithmic singularities on all of its boundaries. The BCFW recursion
relation of all loop integrands is interpreted as one of the triangulation of the
amplituhedron. The remarkable point is that Unitarity and Locality of the
scattering amplitudes are derived from the “positivity”, which is- a property of the
amplituhedron. This is the first example of the connection between the physical
observable and new géometric structure “positive geometry”. Recently man‘y‘
example of this relation are found: the wavefunction of the universe and the
cosmological polytope, tree amplitudes in the bi- adjoint @3 scalar theory and its

. generalization and the conformal bootstrap and the cyclic polytope.

The ami)lituhedron has been explored from a variety of perspectives in the past
few years. The amplituhedron gives a geometric picturé for tree amplitudes and
loop integrands as a canonical form of the amplituhedron. Calculating amplitudes
or loop integrands starting from the amplituhgdron requires the construction of -
" .the canonical form associated to the geometry. To do this, we need to triangulate
the amplituhedron into a more simple one that it is easy to obtain the form.
However, already at tree level and much more at loop level, the geometry of the
amplituhedron is highly non-trivial and because of this, it is difficult to |

" triangulate general amplituhedron and it remains an open problem.

We focus on this problem and investigate the triangulation of the general
amplituhedron by using the topological definition of the amplituhedron. Recently
the topological definition of the amplituhedron is proposed. In this definition, the



amplituhedron is defined from the -boundary inequalities and the sign flip
characteriiation. This new definition gives us a completely new and clear
understanding of the geometry of the loop amplituhedron. For example, in the
MHY case, the higher loop amplituhédfon is decomposed into the one loop MHV
amplituhedron and conditions of the positivity among the different loop
momentum variables. This extremely simple picture of the loop MHV
amplituhedron makes it easy to consider the triangulation of the amplituhédron.
The topological definition of the NKMHV loop amplituhedron is more interesting.
For exarlnple, NEMHYV one loop amplituhedron is constructed as an intersection of
the two lower-dimensional amplituhedra. This is not obvious from the original
definition. The remarkable point is that we can triangulate the lower-
dimensional amplituhedron bjr using this topological definition. These will lead us
- to a triangulation of the 1-loop NMHV amplituhedfon.

In this thesis, we inve"si':igate the triangulation of the loop amplituhedron. First;
we consider the 2-loop MHV amplituhedron. We see that the 2-loop MHV
amplituhedroh can be triangulated by using the topological definition. From this,
we obtain the canonical form of the n-point 2-loop MHV amplituhedron. The =
representation of the 2-loop MHYV integrand from this canonical form looks
completely different from the BCFW representation which obtained from the
planar N = 4 SYM. This is a new feature that starts from the 2-loop level, the 1-
loop MHYV case the canonical form obtained from the geometry is corresponding to
the BCFW representation.

Next, we consider the 1-loop NMHV amplituhedron. We obtain an explicit
representation of the n-ﬁoint 1-loop NMHV amplituhedron as a product of two .
lower-dimensional amplituhedra by using the topological definition. This is a
completely new representation that we have never known from the planar N = 4
SYM or BCFW triangulation. From this, we triarigulate this 1-loop NMHV
amplituhedron explicitly and obtain the canbnical form. We see that this
canonical form is expressed as a product of two canonical forms of the lower-
dimensional amplituhedra. We will also give another new representation of the 1-
loop NMHV amplituhedron, “super-local representation”.. The super-local means
both of external poles and internal poles are local. In this representation, the
positivity of this form is manifest term-by-term. The positivity of the canonical
form is related to the existence of a “dual amplituhedron”. This positivitjr suggests
" the existence of a dual amplituhedron for the 1-loop NMHV amplituhedron.



Results of the doctoral thesis screening
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