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Multi-fluid Flows with Moving Interfaces
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Multi-fluid flows with moving interfaces are very common phenomena. Flows of
bubbles, liquid drops, and red blood cells in blood plasma are some examples. An accurate and
efficient numerical method is essential to simulate these flows. One major difficulty that such a
method must overcome is to include the discontinuities of field variables across the interface.
This difficulty is simplified in the popular numerical method for interface problems by smearing
the discontinuities. Although such an approach is efficient, it may lead to a low accuracy in
general. As a numerical method that has the potential to improve the accuracy of popular
methods, recently the Immersed Interface Method (IIM) is gaining wide attention. The IIM is a
sharp interface method that accurately captures the discontinuities of field variables without
smearing. It makes use of the analytically derived relations between the discontinuities to
construct finite difference approximations that are accurate near the interface. However, despite
its merits and potentials, currently IIM is still restricted to flows with uniform viscosity and
density due to the complexity in the relations between the discontinuities of field variables.

In the present study, with the purpose to simulate multi-fluid flows with moving
interfaces, a new computational method based on the IIM is developed. The new method can
solve flows with non-uniform viscosity and density. The development consists of two major
steps. Henceforth, we describe the main points of the steps. The first step is to derive relations
between the jump conditions from the governing equations. Here, the jump condition (JC) of a
quantity means the difference of its limit values from each side of a point on the interface. The
results of the derivation are systems of equations in jump conditions for velocity, pressure, and
their spatial first and second order derivatives. By obtaining the solutions of these equations, it
becomes possible to approximate derivatives of velocity and pressure in multi-fluid flows with
interfaces using procedures similar to common finite difference methods. In our method, the
scaled velocity (product of viscosity and velocity) is used in place of the velocity, and an
augmented variable (JC of the scaled velocity) is introduced. It is shown that these simplify the
systems of equations in the JCs and the algorithm using them. We emphasize that unlike in the
past [IM, due to the inclusion of jumps in viscosity and density, the solutions of the systems of
equations in the JCs cannot be obtained explicitly. In the second major step, we show that the
systems of equations can be solved by iterative method. ‘

The second step of the development is to construct a numeriéal technique to solve the
newly derived systems of equations, and demonstrate the usefulness of the simulation code
incorporating the numerical technique. It is shown that the systems of equations in the JCs can

be solved by iterative method. We show that combining interpolation formulae for the



augmented variables with the equations of JCs yields coupled equations that can be solved by
iterative computation. Furthermore, as another characteristic not present in the past IIM, it is
emphasized that the iteration equations include time derivatives. We also show the numerical
method for treating these derivatives. v

The usefulness of the numerical method developed is demonstrated by several test
problems and numerical simulations. As a test problem, we perform computation of steady rigid
revolution vortex induced by a revolving circle. Since the analytical solution of the problem is
known, the correctness of our formulations can be verified through this computation.
Furthermore, we verify the practicability of our simulation algorithm by performing dynamical
simulation of flow induced by a balloon relaxing under the action of surface tension.
Simulations until equilibrium are performed. Verification of the area/volume conservation
property against variations in the number of grid points, viscosity/density jumps, etc is
performed. As another example of application, we also simulate the motion of a rising bubble.
The effects of both gravity and surface tension are incorporated. Behaviors expected of the
bubble flow, especially in connection with the magnitude of the tension, are observed.

Finally, we give a summary of our study. Points that particularly differ from previous
works are highlighted. The applications of the method to multi-fluid flows such as bubble or red

blood cell flows are also discussed.
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