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Abstract

Recently there has been a remarkable progress in constructing AN/ = 8 supersym-
metric three-dimensional field theory with SO(8) R-symmetry by Bagger, Lambert and
Gustavsson (BLG model) which can be considered as the effective action of multiple M2-
branes. Another very interesting proposal for N/ = 6 multiple M2-branes was also made
by Aharony, Bergman, Jafferis, Maldacena (ABJM model). We clarified Lorentzian BLG
model, which is one of the BLG models, could be derived from the ABJM model by tak-
ing the scaling limit. Also we found the coordinate dependent couplings was allowed in
Lorentzian BLG model. This fact is important for understanding the conformal symme-
try of multiple M2-branes. From the AdS/CFT point of view, we also studied the dual
gravity analysis and we made a point that the gravity dual of Lorentzian BLG model
was the probe branes in AdS space. We also investigate gravitational solutions in 11-
dimensional supergravity with respect to the multiple M2-branes symmetry. We obtain
the solutions which has basically SU(2) fiber bundle over CP2. We squash this space and
get a higher-dimensional analog of Eguchi-Hanson space. We clarify the solutions have
curvature singularity at one point where base space CP? shrinks to zero.
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Chapter 1

Introduction

We believe the existence of new physics beyond the Standard Model. The astrophysical
observation data tells us only 4 % of the energy-momentum contributions can be inter-
preted by the Standard Model. The other constituents are Dark Matter and Dark Energy.
Dark Matter is defined as a matter which does not couple to the photon directly (in the
low-energy regime). Dark Energy is defined as a effect which comes from the cosmolog-
ical constant which was originally introduced by A. Einstein. Dark Matter is expected
to be clarified by the new physics beyond the Standard Model and it may appear in the
Large Hadron Collider (LHC) at CERN. However there still remain problems about Dark
Energy. In the Standard Model, we have succeed to construct the quantum field theory
of the strong interaction, weak interaction and the electro-magnetic interaction. There
remains one more interaction, “gravitational interaction”. To explain the Dark Energy,
quantization of gravitational force will be quite important.

There have been huge amount of investigations about the quantum gravity. People
might think that the field theory for gravity can be constructed in analogy with the Stan-
dard Model. However there are some troubles in constructing quantum gravity as ordinary
particle field theory, such as the nonrenormalizable ultra-violet divergences. In construct-
ing a renormalizable quantum gravity, the most promising proposal is String Theory.
String theory is a quantum theory and includes gravitons as oscillation modes of closed
strings. Treating the gravity in terms of particle theory, we are faced with nonrenormal-

7 3% DARK ENERGY

'\23% DARK MATTER

l 3.6% INTER|
0.4% STARS, E

Figure 1.1: The fraction of constituents in our universe from the astorophysical observation. This
suggests the matter contributes only 4% and the other part are unknown.
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ization problem. The divergence in the ultra-violet regime comes from the zero-distance
behavior which is obtained when we consider an integration over the whole phase space.
However in the string theory, the relationship between distance and momentum is roughly
like
AL ~ h +o 4 XV
P h

where the parameter o is related to the string tension as 7, = 1/(2ma/). The string
length are also given by o/ = (2. Therefore we don’t meet the zero-distance problem
and the string theory does not seem to have the nonrenormalizable problem. Hence the
string theory can become a candidate for the quantum gravity. Especially the superstring
theory really includes the 10-dimensional supergravity (ITA, IIB, Hetero) as its low-energy
effective actions. Therefore the string theory is a powerful model for investigating the
quantum gravity. There are also interesting phenomena in the string theory. UV behavior
is related to the IR behavior (UV-IR mixing) through a duality between open strings and
closed strings. This can be understood as the conformal symmetry in the string theory.
We expect a unified theory to exist at the UV fixed point of running coupling constants.
At the fixed point the theory becomes conformal, so the string theory has been considered
as a candidate for the unified theory.

The supergravity itself is also interesting. The supergravities with maximal supersym-
metric construction are restricted to the four-dimensional NV = 8 or 11-dimensional N = 1.
The supersymmetry is interesting technique to cause a restriction which can constrain the
fundamental theory; “Theory of Everything”. If we compactify the one of the directions in
11-dimensional supergravity, we obtain the 10-dimensional supergravity which is the low-
energy effective action in string theory as we mentioned. In analogy with the string theory,
there seems to exist the fundamental theory which has the 11-dimensional supergravity
as its low-energy action. This is so called M-theory. Standing on the point of view of
the 11-dimensional supergravity, the M-theory should have the three-dimensional objects
and six-dimensional objects, which are called M2-branes and Mb5-branes. The effective
theory of multiple M2-branes seems to have N’ = 8 supersymmetries with (maximally) an
SO(8) R-symmetry in 2 + 1-dimensions since we have 32 supercharges in 11-dimensions
and half of them are preserved by a world-volume parity condition. On the other hand,
the effective theory for multiple M5-branes has A/ = 2 supersymmetries with (maximally)
an SO(5) R-symmetry in 5 + 1-dimensions. The M-theory must be interesting idea for
constructing the quantum gravity because of its uniqueness protected by supersymmetry.
There is also a long history about constructing M-theory. The review of these construc-
tions (essential part only) will be reviewed in Chapter 2l We will concentrate on the
M2-branes throughout this paper.

During the last year (2008), there has been remarkable progress about the effective
theory of multiple M2-branes. Bagger, Lambert and Gustavsson constructed the 2 + 1
dimensional superconformal Chern-Simons theory with the maximal N/ = 8 supersymme-
try and manifest SO(8) R-symmetry [IH3]. In the Bagger-Lambert-Gustavsson (BLG)
model, the essential idea is triple-algebras. However there are only two known realizations



of triple-algebras which are an SO(4) model with a positive group metric and a Lorentzian
BLG model [4H6] with a negative one.

Another important development is given by Aharony, Bergman, Jafferis and Malda-
cena (ABJM) [7]. The SO(4) BLG model can be reformulated as an SU(2) x SU(2) bifun-
damental representation [§]. ABJM generalized the SO(4) BLG model to a U(N) x U(N)
Chern-Simons gauge theory with levels £ and —k. This ABJM model is considered as
a dual description of N multiple M2-branes placed at the orbifold singularity of R®/Z,.
The orbifold group Zj acts on a phase of complex space C* and this manifold preserves
only N' = 6 supersymmetry for & > 2. The ABJM model has indeed this amount of
supersymmetry. For k = 1,2 cases the theory is expected to be enhanced to N' = 8,
however this does not manifestly exist in the ABJM model. The explicit ABJM action is
denoted in [9]. The ABJM model includes the SO(4) BLG model as a special model with
an SU(2) x SU(2) bi-fundamental gauge group and also the Lorentzian BLG by taking
the scaling limit [10] [IT]. A gravitational dual of the Lorentzian BLG was discussed with
respect to the scaling limit [12].

In this paper, we emphasize the importance of coordinate dependence of the couplings
in Lorentzian BLG model. The coordinate dependence was first mentioned in [13] in
the context of multiple M2-branes. The meaning of the Janus couplings in the title is
following. Originally it was considered to be a dual of supergravity solutions with a
space-time dependent dilaton field [I4], and it has two different “faces” at the boundary.
If there are two boundaries and different coupling constants at each boundary, we should
include interface terms which make gauge couplings non-constant. Supersymmetric field
theories with the interface terms are constructed in [I5HI8]. Here we use the meaning of
Janus couplings by extending the original usage to more general dependence on space-time
coordinates.

Supersymmetries must be spontaneously broken in our world at low energy (Standard
Model). At the TeV scale, we may have N' = 1 supersymmetry because of the existence of
Dark Matter. Therefore how to obtain lower supersymmetric theory from the M-theory is
important. In the gravity side, the multiple M2-branes can have various seven dimensional
compact Einstein manifolds as in AdS,; x X”. These manifolds would be usable to obtain
the lower supersymmetric theory in four-dimensions. There has been interesting progress
in constructing X7, some of which are a squashed S” of Awada, Duff and Pope [19], coset
manifolds N?" of the form SU(3) x U(1)/U(1) x U(1) by Castellani and Romans [20]
and a squashed NIO’I’O geometry named as NIOI’LO, by Page and Pope [21].

In particular, the squashed S has the SO(5) x SU(2) isometry group and this manifold
preserves maximally A = 1 supersymmetry. To interpolate the squashed S” and the
round S7, we need to add scalar fields and potentials. These fields suggest that there is a
renormalization group flow from an SO(5) x SU(2) symmetric UV fixed point to an SO(8)
symmetric IR fixed point [22]. There is also a development about the 2 + 1 dimensional
Chern-Simons theory with an Sp(2) x U(1) by Ooguri and Park [23]. The Sp(2) is
isomorphic to SO(5). The U(1) comes from an effect divided by Zj; as same as in the
ABJM model. A dual operator was discussed, which corresponds to the renormalization
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group flow from the Ooguri-Park model and the ABJM model [24]. There is also another
way of discussions for squashed geometry NIOI’l’O. With special values for p, ¢, 7 of N{"" we
can obtain maximally A/ = 3 supersymmetric manifold NI0 10 The interpolation between
the squashed manifold N™** and N{"'? was also discussed [25, 26]. The other related
recent work of squashed 7-sphere is [27].

In searching for the other solution, we know that there is an interesting way to obtain
more general squashed geometries in 5D supergravity by Ishihara and Matsuno [28]. This
solution has a squashed S* which is regarded as an S* Hopf fiber bundle over S? base space.
They introduced a squashing function of the radius direction, which determines the level
of the squashed S3. The solution has various faces including the Reissner-Nordstrom black
hole, Gross-Perry-Sorkin monopole (with the Taub-NUT space) [29, [30] and also a black
string. This construction is a generalization including the known solutions as firstly noted
in [31]. There are some developments with respect to the Ishihara-Matsuno squashing for
multi black holes [32], multi BHs with a positive cosmological constant [33], rotating BHs
[34], the Kerr-Godel BHs [35], 6] with a charge [37].

This paper is organized as follows. In chapter 2l we will review the old progresses of
multiple M2-branes and new progress. In chapter 3, the BLG model will be derived from
the ABJM model. In chapter 4, we will discuss the dual of the Lorentzian BLG model
with respect to the derivation from the ABJM model. We will also mention that we can
have coordinate dependent couplings in the Lorentzian BLG model with and without a
mass term in chapter In chapter [6, we will show the construction of gravitational
solutions in the M-theory with the SU(3) x SU(2) isometry, which are squashed solutions
in analogy with Ishihara-Matsuno solutions in five-dimension.



Chapter 2

Review

There have been a long story to investigate the M-theory. We write a introductionally
review in this section, but only a essential parts for understanding the M-theory.

M-theory is defined as a theory which has the A/ = 1 11-dimensional supersymmetric
gravity action as its effective theory. The A/ = 1 11-dimensional SUGRA is a highest
supersymmetric gravity theory because we can have maximally N/ = 8 supersymmetry in
four-dimensional gravity. The constituents of 11-dimensional SUGRA are graviton g,,,
gravitino 1, and 3-form gauge field A,,,. The necessity of three-form fields is as follows.

The degree of freedom of gravitons is naively 11 x 11, and there are internal symme-
tries of local Lorentz transformation 1/2(11 x 10), general transformation 11 and gauge
transformation which can be fixed by 9,,(v/—gg"") = 0 as 11. So the d.o.f. of g, is 44. In
a case for gravitino ¢, (Rarita-Schwinger field), internal symmetries are supersymmetric
gauge transformation which is described 9,x as 2° d.o.f. and gauge transformation as
2 x 2° (which can be fixed 9,y = 0, I',4* = 0). There is also on-shell condition which
divide the total d.o.f. by two because of first differential equation. As the result, the d.o.f.
of gravitino is 1/2(11 x 25 — 25 — 2 x 2°) = 128. The result tells us lack of bosonic d.o.f.
To cover this, we need three-form gauge field A,,, because its d.o.f. is 84 (transverse
directions are 9 and ¢C3 = 84).

Objects which included in M-theory can be considered from the three-form field. In
(1 + 2)-dimensional volume, there must exist a term which couple to this three-form field
A, and the term is called Wess-Zumino term or Myers term. There are also six-form
field A, 515 Which is dual of three form field in 11-dimensional field theory. And we can
also treat (1 4+ 5)-dimensional objects. The (1 4 2)-dimensional objects are called “M2-
branes” and the (1 + 5)-dimensional ones are “Mb5-branes”. But there had been many
mysteries to understand these objects because of lack of knowledge about fundamental
objects in M-theory.
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2.1 Old progress of multiple M2-branes

2.1.1 Triple algebra

There have been long standing progresses about constructing a effective action of multiple
M2-branes. First process for multiple M2-brane effective action is to preserve world
volume diffeomorphism. Naively it can be considered that a effective action has so called
Nambu-bracket [38] which is generalization of Poisson bracket as

(X, X7 X5} = €779, X709, X7 0, XK. (2.1.1)

Using this Nambu-bracket, the effective action of (1 + 2)-dimension is

Sva = /d% (Tz\/{XI,XJ,XKP + C“K{XI,XJ,XK}> (2.1.2)

where we use ¢! as world volume coordinate and the Roman indices I, .J, K run from 1 to
8. This action is invariant under world-volume diffeomorphism.

In the case of Poisson brackets, we change this notation to commutators to obtain finite
(matrix) representation as {X!.X7} — [X? X7] and then we can construct quantum
theories for multiple D-branes. For the purpose to quantize of multiple M2-branes, it
seems naturally that we need to construct triple algebras [X!, X7/, X*] instead of Nambu-
brackets [39).

2.1.2 M2-M5 system

We know there are only two objects in M-theory which are M2-brane and Mb5-brane. This
fact make us to cast back our strategy to construct D1-D3 system in string theory and
there seems to be possible to construct M2-M5 system. First let’s remind about D1-D3
system.

In D1-D3 system arguments, we can obtain a D3-brane spike solution and also multiple
D1-branes solution. We see these solutions are exactly same solutions each other. We
start with a D3-brane picture. The solution of a D3-brane was constructed in [40, [41] by
using a D3-brane effective Dirac-Born-Infeld action.

Sps = —T5 / d4x\/— det(n,, + 21/ F,, + 0,X10,X7). (2.1.3)

A half BPS solution can be obtained as

X'="— r=(X)2+ (X224 (X3)2, Fy, =0,X° (2.1.4)

r
where gauge field was obtained to satisfy BPS equations. Note that this solution is a
magnetic solution which means N is magnetic charges which represent N multiple D1-
branes. If we construct a solution with electric charges N, we can obtain a D3-brane
sticked with N strings. The solution is depend on three-dimensional space world volume
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N

Figure 2.1: Multiple D1-branes (M2-branes) sticked in a D3-brane (M5-brane). In D3 point of view,
this is a spike solution. On the other hand, we can see fuzzy S? solution in D1 point of view.

of D3-brane. If r is large, the direction of X?, a transverse direction to a D3-brane,
goes to zero, but on the other hand if r goes to 0, X° goes to infinity. This means this
solution infinitely expands as an original D3-brane does, however if we close to its central
region the solution lengthens to X direction. So this solution is called a spike solution.
Note that there is a nice textbook to introduce the construction of this spike solution in
Problem 20.6 and 20.7 of [42].

Let’s change our eyes to D1-branes picture. In D1-branes point of view, we consider
the BPS equation of multiple D1-brane. We should consider Non-Abelian generalization
of DBI action, but the expanded one around the flat spacetime. The action is same as
the dimensional reduced action of 10-dimensional N = 1 super Yang-Mills action. The
equations of motion are generally 2nd derivative equations and this can not be solved
easily. So we concentrate on BPS equations which are 1st derivative equations. In the
case for D1-branes we get [43]

gj((g ¥ %eiﬂ"“[xﬂ X7 =0 (2.1.5)
where the indices 7, j, k = 1,2,3 and X? direction is one of D1-branes world coordinates.

This equation is called Nahm equation. The solution of this equation can be obtained as
[44]

) 1 . . -
X' = dom0, [0, 07] = 2ieTFa". (2.1.6)
The matrices o° obey SU(2) algebra above. This solution is a fuzzy S? solution which
has SO(3) ~ SU(2) global symmetry in non-commutative space. The fuzzy solution
has a cutoff of its rank of irreducible representation. We choose the ¢! to be in the N-
dimensional irreducible representation of SU(2) with quadratic Casimir C' = N? — 1, we

can describe a fuzzy S? radius as

2rar)? o 2'VN'=1 yow N
R:\/( mo) Y Tr(xiz= T2 N /

N X9 o < (2.1.7)
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The solution we obtained in a D3-brane picture (2.1.4]) has a continuum S?. When we
compare the D1-branes fuzzy solution to the continuum one, we should take the cutoff
N — oo. If we take the fuzzy sphere radius R as r, we see a perfect agreement (up to
normalization) to the solution (ZI.4). This fact is an interesting consistency in string
theory. Note that there is a brief review of D1-D3 system in [45].

So far we have reminded D1-D3 system in string theory, let’s turn to M2-M5 system
in M-theory. We learned M2-branes and Mb5-branes really exist in M-theory, we should
consider how to make M2-M5 system since it seems to exist also in M-theory in analogy
with string theory. In D1 point of view in D1-D3 system, a commutator which includes in
effective D1-branes theory is essential to obtain the fuzzy S? solution. However we need
to construct a fuzzy S? solution in M2-M5 system because of the difference of 3 space
coordinates. Therefore we should take into account a triple algebra in this case. The
expected BPS equation in M2-brane effective theory can be written as [45]

X' 4 AMP, ciikl

s - (X' X9 X =0 (2.1.8)

where we use s as one of M2 world volume coordinates, Mi; is Plank scale in 11D and A
is a arbitrary parameter. This BPS equation is called Basu-Harvey equation.
The solution of this Basu-Harvey equation is

X'~ %G (G GI, G = ki Gh (2.1.9)
where we use generators G which satisfy SO(4) algebra and have structure constants
€k This algebra is called A, algebra. Reader may confuse to the usual SO(4) Lie
algebra. However SO(4) construction in triple algebras can be obtained by using matrix
representation. To realize a matrix representation, we need to reconstruct (or define)
triple algebra to the form [G5, X1, X7 X&) [46]. This fuzzy S* solution ([ZI.9) can be
expanded to infinity as s — 0 and can be regarded as single M5-brane.

2.1.3 Chern-Simons term

We have investigated about transverse scalars and their BPS solution. Let’s concentrate
on gauge fields in multiple M2-branes. Gauge fields are important with respect to super-
symmetric transformation. In D-branes case, we need gauge fields for closure of SUSY
transformation. And also if we write DBI type of action as a D-brane effective action,
gauge fields on a D-brane take a important role to understand the T-duality.

The effective action of multiple M2-branes action may have 8 transverse scalars X', 3-
dimensional fermions ¥ and 1-form gauge field A,. First let’s count the d.o.f. of fermions
[47]. There is 8 transverse direction, we need to keep maximally SO(8) R-symmetry. Only
in 3-dimensional gamma matrices suggest us to have 2-component Majorana fermions,
however we also have the other gamma matrices in transverse 8 directions. So we need
to consider 10 gamma matrices and they make fermions to have 2° components. When
we consider about M2-branes we need to constraint ourselves to impose world parity on
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M2-branes as ['g1o ¥ = W. This constraint is important for the closure of any symmetry in
non-Abelian case (we will meet concrete examples of multiple M2-brane later, then you
can see). Also equation of motion for fermions subtract the d.o.f. of fermions. Putting
these all together, M2-brane fermions have 2° x 1/2 x 1/2 = 8 d.o.f.

To preserve SUSY, the d.o.f. of bosons should be equal to fermions. The transverse
bosons are 8 and fermions are also 8. We might consider there are no need to introduce
gauge fields in multiple M2-branes. However, as we will see, we really need gauge fields to
close SUSY. How to realize zero d.o.f. of gauge fields 7 We should introduce gauge fields
as topological term. For the case for 3-dimension, we know very well it as Chern-Simons
term.

/d% tr[ANdA+ANANA]. (2.1.10)

Only with the Chern-Simons term, gauge fields propagate zero d.o.f. The necessity of
Chern-Simons term is also important for conformal symmetry. When we have the kinetic
term of gauge fields F'?, we cannot naively preserve conformal symmetry because its mass
dimension is four.

We also comment in a case for D2-branes. For the fermions a situation is same as for
M2-branes, so the fermions have 8 d.o.f. Since the transverse directions change to 7 for
D2-brane, we only have 7 transverse scalars. There needs one more d.o.f. The lack of field
can be compensate by introducing gauge fields. Gauge fields with usual kinetic terms £
essentially have d.o.f. of transverse direction only in world volume. So D2-brane gauge
fields have one d.o.f. Putting it all together, we can show correct SUSY in D2-brane. This
is different from M2-brane situation.

2.2 Remarkable progress 1; BLG model

There has been a remarkable progress in constructing N' = 8 supersymmetric three-
dimensional field theory with SO(8) R-symmetry by Bagger and Lambert and Gustavs-
son. First Bagger and Lambert tried to construct multiple M2-branes effective action
by using triple algebra, however they could not close SUSY algebra [1]. Afterward Bag-
ger, Lambert [2] and also Gustavsson [3] introduced gauge fields and they succeeded to
construct multiple M2-branes effective theory L.

2.2.1 Triple algebra

Bagger and Lambert introduced triple algebra and they investigated how to construct.
To introduce triple algebra, we first define non-associative algebra.

<ABC>=(A-B)-C—A-(B-C). (2.2.1)

'Bagger and Lambert could construct the action, but Gustavsson wrote down only SUSY algebras.
For this reason, the model sometimes has called BL model.



10 CHAPTER 2. REVIEW

If product is usual, this non-associative algebra is zero. Using this non-associative algebra,
we define triple algebra as

[A,B,C] =< A,B,C >4+ <B,C;A>+<C,A, B>
—<ACB>—-<BAC>—-<C,B,A>. (2.2.2)
We can see the importance of non-associative algebra and its product to take triple algebra
meaningful.

To take into account inner product, we also define the relation of trace. Trace operator
should satisfy the relations.

tr(A, B) =tr(B,A), tr(A-B,C)=tr(A,B-C),
tr([A, B,C], D) = —tr(A4, [B, C, D]). (2.2.3)

This is a bilinear map; tr : A x A — C that is symmetric and invariant. These trace
relation will be important to see invariance of gauge symmetry.

In this stage we write down the definition of structure constants of triple algebra and
this can be considered also the definition of triple algebra.

[T, T° T = foiT,. (2.2.4)

With the last equation of ([Z23)), we can see the structure constant f¢ should be
completely anti-symmetric under exchange of indices.
We can consider gauge symmetry with triple algebra as

6X = Ay [T, T, X]. (2.2.5)

This representation for gauge symmetry is correct since a variation of trace of same scalar
fields is invariant under this transformation.

§ [tr(X, X)] = 2f"A 3 XXy = 0. (2.2.6)

Taking into account the gauge symmetry, we can introduce gauge fields and covariant
derivative. The variation of gauge fields should be written as covariant derivative of gauge
parameter.

oAb, =0,A°, —Ab A+ Ab A =D,A,
Al = 1" Ay, A = " A (2.2.7)
Then the covariant derivative can be read as
DX, =0,X, — AL X (2.2.8)

The gauge symmetry suggest important rule about structure constants. We need to
consider “derivation” of triple algebra for gauge symmetry.

S([X,Y, Z)) = [6X,Y, Z) + [X,86Y Z] + |X,Y, 62]. (2.2.9)
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From this derivation we can get

[T, T° [X,Y, Z]] =[[T*,T°, X],Y, Z] + [X,[T*,T° Y], Z]
+[X,Y, [T, T, Z]],

P =P P I (2210

This equation is called fundamental identity in triple algebra. In the case for commutator,
we have Bianchi identity for Lie-algebra and (2:2.I0) is considered as an triple algebra
analogy of Bianchi identity. This fundamental identity is quite important to close SUSY
algebras and construct examples.

2.2.2 Supersymmetry and BLG action

Bagger, Lambert and Gustavsson considered firstly to construct SUSY algebras in analogy
with D2-branes effective action. They consider the main difference from D2-brane is to
take into account triple algebra in stead of Lie algebra.

§X! =iel'vy,
6V, = D, X' e + [ X1, X7, X5, T Ee
6A,b, = iel T X W, fedb (2.2.11)

where main difference exists at second term in the variation of fermion and « is a arbitrary
constant. In this transformation, we have 16 component of fermionic fields and super-
symmetric parameter € (they are constrained to preserve world sheet parity as ['gjoe = —¢

).
For the closure of this SUSY algebra, we need to satisfy the relation;
[0:185) X = U#(DMXI)a + /”’\ban
[0105) U, = v*(D, W), + A*, T,
[0,0,] A0, = v E,b + (D,A), (2.2.12)

where we use bi-spinor vector v* and bi-spinor scalar A’ defined as

vt = —2i€2F#61, /~\ba = —iEQFJK€1X(:JX§(deba.
When we calculate left-hand sides of ([2.2.12), we will meet extra terms of &I',I'1 kL€
bi-spinor in the closure of ¥, and also A4,°,. For the closure of A,°,, happily this term
vanishes as a consequence of the fundamental identity (ZZI0). On the other hand for
U, these terms cancel if we choose the arbitrary constant

(2.2.13)
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The other redundant terms to obtain (2.2.12) can be regarded as on-shell condition or
equations of motion. These can be read from ([2212)) as

1
r“D,W, + 3 fP T XIXIv, =0,

i c T, 1 c e
DPX] — LT X — o X XE XXX = 0,

a

E b 4 e fe® (X;]DAX;{ + %\pcrwd) = 0. (2.2.14)

The bosonic equations of (Z22ZI4) can be obtained by taking the supervariation of the
fermion equation of motion.

To derive the equations of motion (2.2.14]), we can guess an action as

1 o
Lpre = — §tr(D“XI, D, X" + %tr(\lf, I'“D,V)

= 1
+ itr(‘I&Fu[X],X", W) = te((x7, X7 X, (X, XL X))

1 2
5 A Asca + 51 I Ay AveaAser). (2.2.15)

The potential term of scalar fields is sixth order as expected to be conformal because a
mass dimension of scalar fields is 1/2 in three dimension. We can also see the existence of
Chern-Simons term and the absence of gauge kinetic term 2 as we have seen in section
213l This is surprising thing because we just order to keep supersymmetry. This action
seems to preserve conformal symmetry even if quantized.

2.2.3 SO(4) BLG model

The BLG action (2:2.17) really has N' = 8 as we saw, however there are some mystery
to understand the triple algebras. One example can be easily obtained by setting the
structure constant as

fobed = ¢abed, (2.2.16)

Levi-Civita symbol with four-indices is only included in SO(4) algebra since it is invariant
under SO(4) rotations. However unfortunately there are no-go theorem which shows
S0O(4) BLG is an only essential construction if we choose the group metric tr 7%7° to be
positive definite [48], 49].

The group SO(4) can be decomposed to SU(2) x SU(2). This decomposition can
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really be done in SO(4) BLG model in [§]. The resultant action is
Lsu@xsv@ = — tr(D*X) D, X" +itr U'T*D, ¥
k1 L (L) | 20 4(1) 4(1) 4(D)
+ oyt (Ag )9, Al +§Ag A AL
k1, R . 2 R
— 5ot <A§F>3VA<A )+ gA;mAgmAg >)
202m oy Iy Jt Iyt ! Ity J

2
~ g (2%) U 7t K KT x7 It (2.2.17)

The fields consist of two SU(2) gauge fields, having Chern-Simons terms with opposite
levels. The Chern-Simons level k should be quantized and be integer because we need
to have the action invariant under non-Abelian transformation of gauge group. All the
matter fields transform as bi-fundamental of SU(2); x SU(2)g. In this representation,
we have no more triple algebras but the well known SU(2) Lie algebras.

Let’s consider the moduli space of the action ([2.217) by focusing on bosonic fields
[50, 51]. Generic scalar configurations for which the potential vanishes correspond (up to
gauge transformations) to diagonal matrices as

1 20
X'=— ( 0 s ) : (2.2.18)

The gauge fields associated with the U(1) that rotates 2! and z! each other with the
diagonal configuration (ZZI8)). So we have

(L) (R)
0 a 0
AL — [ . AR — 2.2.19
m 0 _aLL) m 0 _GLR) ( )

with the normalization chosen to have gauge transformations
aELL) — aLL) — 9,00, aLR) — aELR) — 0,00, (2.2.20)

where (5% have period 2.
The potential term is zero and the remaining kinetic term of the action changes to be

k
S = /d% [— 10,27 + i(aELL) - aELR))zI‘Q + %e“l”\(ag)ﬁyaf\m - afLR)(()Vag\R)) (2.2.21)
Then we combine the gauge fields linearly as
co=al +a b, =al —dP. (2.2.22)
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By using this configuration the action rewritten as

k
Lsu(2)xsu(2) |6 2" +1ib zI| + e“”AbeVA,
ful/ = aucu - aycu- (2223)

Since the new variable ¢, of gauge field is usual U(1) gauge field and it should be
satisfy Bianchi identity

20, fux = 0. (2.2.24)

To deal with the Bianchi identity together with the action, we take it as constraint term
with Lagrange multiplier field o(x).

1
Sconst. = 8_7T/d3x 0'<l’>€uy>\aufy)\. (2225)

The Lagrange multiplier field o(z) should be periodic because there is a monopole condi-
tion;

/ >z e’“’)‘(? o for = / df = f € 4nZ. (2.2.26)
M oM
Taking into this fact into account, the Lagrange multiplier field o(z) should be periodic

o(z) ~o(x)+ 2mn (2.2.27)

where we use n as an integer. Together with this periodicity, the constraint term is
harmless because e?enst = 1. This periodicity will be important to investigate the moduli
space.

The equation of motion for f,, determines

1

bﬂzﬁ

8,,0. (2.2.28)

Inserting the solution for b,, the action becomes

. 2
az+’ 0,0

Lsv2)xsu2) = (2.2.29)
In the final form of action (2.2.29]), we have the gauge transformation
A e@ 5 o — 2ka(z) (2.2.30)

We can now fix our gauge to set 0 = 0. After doing this, we still have residual gauge
transformation

a=-— (2.2.31)
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which can be regarded as the periodicity for ¢ in (2Z2.27). This residual symmetry give
us a constraint for the scalar moduli should obey

P (2.2.32)

There is also a discrete symmetry which changes a scalar moduli and its complex conjugate
moduli as

2 — 7 (2.2.33)

2232) tells us the moduli space should be divided by Zo, and (ZZ33]) means to be
divided by Zs. These orbifold projections do not commute with each other for £ > 1, and

the combined group is the dihedral group Ds,. Finally we conclude that the moduli space
for the level k in SO(4) BLG model is

(R® x R®)/ Doy (2.2.34)
For the commute case k = 1, this is just
(R® x R®)/(Zy x Zs). (2.2.35)

This analysis tells us that the SO(4) BLG model with Chern-Simons coefficient k is a
effective theory of two M-branes living in orbifolded space.

In the supergravity picture, the orbifold moduli space R®/Zyy, except for k = 1.2,
preserves as many as 12 supersymmetries or N' = 6, and also gives rise to an R-symmetry
SU(4) x U(1) [52, 53]. However, we have 16 supersymmetries in BLG model even when
we turn on the integer coefficient k£ in front of the Chern-Simons term. This have still
remained to be a mystery of BLG model.

Fuzzy funnel solution and single M5

People might think the realization of Basu-Harvey equation and its classical solution
which end on single M5-brane as we discussed section 2.1.2l The BPS equation of SO(4)
BLG model is [54]

1
0, XA =mX* + 6e/“BCD[XB, XY XP] (2.2.36)

where we use s is one of world space coordinates of M2-branes and m is a mass. Since we
can have rich structure of BPS solutions with mass term, first we turn on mass term and
analyze BPS solutions.

The solution of the equation (22.36]) can be obtained by using the solution which
expand fuzzily

1
x4= |2 pA  [pA 7B TC] = ABCDTD, (2.2.37)
T /—1 — 6_2m5 Y ) )
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If we wake s — oo the radius of solution becomes a constant and the solution goes to
fuzzy S? solution. On the other hand, if we take s — 0 the radius goes to infinity and the
solution with this limit represent single M5-brane. The hole shape of this solution looks
like a funnel, so this solution is called fuzzy funnel solution. The shape have been already
depicted as figure 2.1 (p[7).
Let’s evaluate the action with this BPS solution but without the mass. The fuzzy S?
radius can be estimated as
R* = (X7, X4) (2.2.38)
TLTQ
where n is a cutoff of irreducible representation, and 75 is tension of M2-brane. Then the
action without time-integral which can be considered as energy density of this system is

n—oo T2
E = / Iz tr (9, X4, 0,X7) == 2—2 / dz' / 21’ R*dR
™
_ T5/d5x (2.2.39)

where in the first line we use BPS equation (2.2.30) on one-side and take the cutoff to
diverge, and in the second line we use the explicit representation of tensions related as
Ts = T3/27. So we can conclude there exist BPS solution of multiple M2-brane which
end on single Mb-brane.

2.2.4 Lorentzian BLG model

There are no-go theorem which prevent us to construct the other model with positive
metric in BLG model. SO(4) BLG model is just two M2-branes effective theory. If we
would like to investigate more general multiple M2-branes, there need more than two. This
is important when we deal multiple M2-brane effective theory with the dual supergravity
language. So let’s change our eyes to allow a negative group metric. With a negative
metric we can have the following structure by using the group generator 7!, 79 T* [4H6].

(T4, 7 T" =0
[, 1", 7] = f,T"
[T, 79, T = k1 (2.2.40)

where a,b run —1,0,7 and ¢, 7,k run arbitrary. Using this algebras, we can know the
metric of this system as

tr(T-1, 771 =0, to(T"HT° = -1, tr(T"1,T%) =0,

tr(T°,7°) = 0, tr(T°,T%) = 0,

tr(T%,T7) = h". (2.2.41)
We can see there is a negative metric. One can easily check that this triple algebra satisfies
the fundamental identity ([Z.2.10]). Since in (2.2.40) we only have the structure constants
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as the usual Lie algebra, we have a possibility to describe multiple M2-branes. Since 7!
commute all the other generators in the language of triple algebra, we can regard 7! as

a center of the Lorentzian algebra (2.2.40).
Now we have the action with negative metric

1, -~ = 1 Ao 1 A
L= —g(DuXI—BuXé)ZﬂLZ(Xf)Q([XI,XJ])Q—§(X§[XI>XJ])2
i‘;ﬂA T uD A Lo orioy 2 L= o0 -
—|—§\IIF D,V +1¥,I" B#\II—?IJOX (X ,FU\IJ]+§\I/XO[X , L1V

+%EWFWBA — 3, X! B,X"| + Lo,
Lon = (0,X0)(0" X)) —i¥_,T"0, ¥, (2.2.42)
where we have redefined the fields as
X=XT, b=UT, A,=24,,T, B,=A,;,f’T"
The covariant derivative and the field strength

D, =9, X" +i[A,, X1], D, 0=0,9+i[A,, V], F,=08,A,—0d,A,+i[A, A
(2.2.43)

are the ordinary covariant derivative and field strength for the sub-algebra A. Since this
action has a negative metric, we call this as Lorentzian BLG model. The specialties of
Lorentzian BLG model are manifest SO(8) R-symmetry and A/ = 8, BF theory and usual
Lie algebra [X,Y]. There are ghost terms because of a negative metric. And we should
consider whether this model is unitary and how to eliminate this ghost term or ghost
degrees of freedom. With the negative metrics, there is also a no-go theorem [55]. So we
have essentially SO(4) BLG model with positive metrics and Lorentzian BLG model with
negative metrics.
The supersymmetry transformations for each mode are given by

6XE = iellw,,
X1, = gy,
X1 = ey,
Uy = 0, X" e,
SU_y = {9.X1, - (B, XD+ C (X [X7, Xr¥e,
- D“XIF“FIG—BuX({F“FIeJr%Xé (X7, XK|DIK e,
6A, = el DXV — X1wy),
0B, = e ,Iy[X! 0] (2.2.44)

The above construction of the 3-algebra contains the ordinary Lie algebra as a sub-
algebra. The generators of the gauge transformation can be classified into 3 classes.
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o I={T"'@T%a=0,i}
o A={T°® T}
o B={T"®T7}
Then it is easy to show that
Z.71=[Z,A]=[Z,B] =0, [A,A|=A, [AB =8, [B,B]=1 (2.2.45)

and hence the generators of A form a sub-algebra, which can be identified as the Lie
algebra of N D2-branes. We will see concretely this gauge symmetry in section

In Lorentzian action, we have another symmetry. The scaling of structure constants
can be absorbed in redefinition of 79 T—! as we can see in (2.22.40). This means that the
scaling of overall coefficient of the Lagrangian is a symmetry. To make this symmetry
explicitely, we define a scaling of overall coefficient as 1/¢g?. Then the theory has the
symmetry

. . 1
X' —gX', Xo — ~Xg, X=Xl
g
. . 1
U — g¥, Wy — =Wy, V., — 93‘1’—17
g
A, — A, B, — ¢°B,. (2.2.46)

So the overall coefficient of Lorentzian BLG model is irrelevant. This Lagrangian has no
free parameter. The original BLG action (2.2I7) can have the integer coupling in front
of Chern-Simons term as essentially same way as (2.2.17). If we scale the matter fields as

I k : I k
X' —-(—)] X', V= |— v, (2.2.47)
2T 2T

then we obtain the action with overall coefficients k/2mw. This overall coefficient takes a
important role in CS theory, but is irrelevant in BF theory.

N

When we focus on the fields related to T~! generator, we can see such kind of fields only
included linearly. Therefore we can regard these fields X _;, ¥_; as Lagrange multiplier
to obtain constraint equations

PX; =0, Tro,¥,=0. (2.2.48)

If we consider these constraint equations and regard solutions of these constraint equa-
tions as effective couplings of Lorentzian BLG action, then we can treat the Lorentzian
BLG model as a ghost-free action. This idea is important when we deal with conformal
symmetry and compare with a result from the dual gravity picture (we will see explicitly

in chapter @ pH43).
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D2 reduction

If the BLG model represents effective action of multiple M2-branes correctly, we can
reduce the action to the effective action of multiple D2-branes. This can be done by
taking a constant vacuum expectation value of scalar fields as

X5 =vd"® Wy =0. (2.2.49)

This selection of the solution in the constraint equation ([2.2.48) is compatible with the
SUSY transformation and also the gauge transformation. The idea of giving a constant
vev in the context of multiple M2-branes is firstly introduced by [56] in SO(4) BLG and
[6] in Lorentzian BLG.

Taking this vev back to the Lorentzian action (2.2.42), then we obtain

1oy 1o 1 yoor o
L =Tr —4—02ng — 5(DMXA)2 + ZvQ[XA,XB]2
) = A A 1 = - ~

+%qfr“DM\IJ+§vqf{XA,P&A@] . (2.2.50)

This is exactly the same action of multiple D2-branes and breaks conformal symmetry by
giving a vev.
Ghost problem

There is a discussion to avoid ghost problem [57,, [58]. Basic idea is to be gauged a constant
shift symmetry of X7, W_;.
At casual glance at (Z2242]), we can see a constant shift symmetry;

b XL, = A 64 =1 (2.2.51)

If we impose this shift symmetry to be locally gauged, we need to add a new fields C’i, X
as

Luew = —CLO" X[ + Wo. (2.2.52)
When the new fields transform under gauged shift symmetry as
5 Cl = 0,6"(x),  danx = il*Oun(), (2.2.53)

we can take the Lorentzian BLG action (2.2.42]) with (2252]) to be invariant. Note that
there is another new local symmetry defined as

5,01 = 9"Al

o

Al Al
Al =Rl (2.2.54)

Under this symmetry the new term (2.2.52)) itself invariant.
We can gauge fixed the gauged shift symmetry A?,7n to choose the field associated
with 77! as

X', =0, v_,=0. (2.2.55)
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With this gauge, we can see there are no ghost term in Lorentzian BLLG because the new
additional term (ZZ352) is not a ghost term. Since the new fields CJ, x are also only
included linearly, we can regard them as Lagrange multipliers and then obtain constraints

0,X{ =0, Uy=0. (2.2.56)

This suggests we are allowed to have only constant solutions for effective couplings.

However this analysis seems to be spurious [I0, 58, 59] 2. In the analysis we are
restricted to have only constant solutions from the beginning. This can be seen from the
fact that we have used first derivative in ghost action to obtain shift symmetry. And
also we can see this statement when we just simply develop the BLG model with a mass
deformation [60, [61]. With the Lorentzian algebras (2.2.40]), we obtain the massive ghost
term [13]

m
‘Cbosonicfgh = (auXé)(auXil) + EXéXil (2257)

At a glance, we can see there are no shift symmetry. However, even if for this massive
case, we can still consider the constraint equation method and have

92X — %X[{ ~ 0. (2.2.58)

For the massive case we have rich structure of solutions which can be regarded as effective
couplings of Lorentzian BLG theory. We would like to mention again that to take the
constraint equations is compatible with conformal symmetry and the dual gravitational
picture as we will see in chapter @ pM5l

2.3 Remarkable progress 2; ABJM model

There has been second remarkable progress to constructing the effective action of multiple
M2-branes by Aharony, Bergman, Jafferis and Maldacena (ABJM) [7]. The ABJM model
has SU(4) R-symmetry and N/ = 6 supersymmetry. ABJM generalized the SO(4) BLG
model to a U(N) x U(N) bi-fundamental representation, so this model has opposite levels
of Chern-Simons term. First we write down the action explicitely, then we will explain
the construction of this model.

2.3.1 ABJM action
The action of ABJM model is given by (we use the convention used in [9])
S = / Pz tr[—(D,Zs) D" 24 — (D, WA DWW, + i\ T* DA + iw™THD w4

+Scs — Sv, — Sy, (2.3.1)

2First, authors in [58] said Lorentzian BLG was just D2, but they retracted in v2.
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with A = 1,2. This is an N' = 6 superconformal U(N) x U(N) Chern-Simons theory.
Z,W is a bifundamental field under the gauge group and its covariant derivative is defined
by

DX =9, X +iAPX —iXAP. (2.3.2)

The gauge transformations U(N) x U(N) act from the left and the right on this field as
Z —UZVT.

The level of the Chern-Simons gauge theories is (k, —k) and the coefficients of the
Chern-Simons terms for the two U(N) gauge groups, A,(f) and A,SR), are opposite. Hence
the action S¢g is given by

k v L 2 L R 21 R
S / B e AP0, AP + ZAD AD 4D — 40, AT — 2 A A AP
(2.3.3)
The potential term for bosons is given by
4 2
Sy, = —3—7;2 B tr [YAYQYBYgYCYg +YIYAY Y By iy e
HAYAYIYVOYTYVRY] - 6YAY Y PY Y e yg} . (2.3.4)
and for fermions by
211
Svp ==~ P tr [YjYAzpBT Vg — YAV TpppBt 4 2y AV p Pt — 2y Y By
+€ABCDYJ;77/JBY£«1/JD — EABCDYA@ZJBTYC’QZ)DT] . (235)
Y4 and ¢4 (A=1---4) are defined by
YO = (28 W), o = (eap(Pe™*, eapwtPe ™), (2.3.6)

where the index C runs from 1 to 4. Note that we will rewrite Z fields as A, W as BT to
take into account in superspace notation later. The fermion decomposition is useful for

later convenience. The SU(4) R-symmetry of the potential terms is manifest in terms of
YA and Qﬂ A-

2.3.2 Construction of ABJM

What should we do is to understand how to obtain A/ = 6 Chern-Simons superconformal
theory as ABJM model. There are interesting works to obtain higher SUSY in CS theory.
However we maximally have A" = 3 CS theory. Let’s see the construction of N' = 3 CS
theory [62H64].

People might be interesting at the dimensional reduction of well-known N = 4 super-
symmetric theory in four-dimension. In N' = 4 theory, we have the superpotential of the
form
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where we use an auxiliary adjoint chiral multiplet ¢ in addition to the vector multiplet,
and chiral multiplets come in pairs ®;, ®; in conjugate representations and ¢,j run 1,2.
Let’s connect this superpotential with the CS term includes an additional superpotential

k
W = ——tr¢? (2.3.8)
8

in three-dimension. Since the auxiliary field ¢ is included without kinetic term, it can be
simply integrated out and we obtain

W = %(@iTgi@)(éjT}%@j) (2.3.9)
The couple to the CS term causes to decrease SUSY to NV = 3. Note that this CS
theory cannot be renormalized beyond a possible one-loop shift of £ so much so that it is
conformally invariant also at the quantum level [65].
Note that however if we are allowed to have coordinate dependent coupling g(y), 0(y)
or complex coupling 7(y) on the compact direction y, we can still preserve N' = 4 even if
the presence of CS term in three-dimension [I7]. The relevant part of the action is

1

Sp = —
b 3272

/ d*z 0(y)e™” tr F Fyp. (2.3.10)

Integrating by parts for the compactified direction y and dropping any surface terms, we
obtain

1 ao ,, 2
Sp = 2 /d%dy @e“ Mtr (AM@A,\ + gAMAuA/\) . (2.3.11)

This form of equation imply us that supersymmetrizing a four-dimensional theory with a
y-dependent 0 angle is somewhat similar to supersymmetrizing a three-dimensional theory
with a Chern-Simons interaction. This coordinate dependence should be related to the
Janus configuration [14] in the dual gravity. In the gravity picture, we resolve AdS; which
describes D3-branes with coordinate dependent (on compact direction) dilaton to obtain
AdS,. The action obtained in [I7] is conformal in three-dimension, this seems to be the
dual of AdS,.

In this stage, let’s remind the construction of BLG model, but especially of SO(4) BLG
model. The SO(4) BLG model can be reinterpreted as SU(2) x SU(2) bi-fundamental
gauge group ([Z.2.17)) with opposite levels of CS terms. ABJM shed some light on this
construction and tried to generalize U(N) x U(N) gauge group. The key idea to do this
is simple to introduce bi-fundamental chiral multiplets A;, B; and their pairs and follow
the same manner in N = 3. The superpotential becomes

k
W = gtr(so?g) — i) + trBigy Ai + trAior) B;. (2.3.12)
We can also integrate out the auxiliary fields, the obtain

2 .
W= %eabeabtr (AuBiAvB;) . (2.3.13)
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Surprisingly this superpotential is exactly same form (up to a coefficient) as Klebanov-
Witten type superpotential [66].

The whole potential of ABJM comes from superpotential and also the Chern-Simons
piece. The scalar potential arising from the superpotential is

1672

Vo = 10W [ = =2 (caseea tr W ZIWIWZuW, | + wvecate | ZiWS 21 2W 24 )

(2.3.14)

where we use the scalar components of A as Z, and B as W without confusing. On the
other hand the potential comes from the CS term is

Ves = tr [Z.Z10}) — 22100y Zeo ) + 21 Zeoty)] + tr [Wéwj 0ty — 2WioWeow) + WiW.ol,,
(2.3.15)

where (; 2y are the real scalar field in the vector multiplet (coming from the A3 component
of the gauge field when we dimensionally reduce from 3 + 1 dimensions) as

k 2
SN2 = 7 /tr (A AdA + §A3 — XX+ 2Da) : (2.3.16)
T
In addition we have the usual D term coupling
tr | ZeDwy 2} — ZiDie) Za = Wi Dy Wy + Wy D)W, | (2.3.17)

By integrating out for D, 2), we obtain the relations

k

2

k
o) = ZaZ} ~ WJWM 50 = Z1Z, — WaWi. (2.3.18)

Plugging this into Vg, we obtain the whole potential as

V= ‘/sup + VCS
= tr [YAVIYBY Y OV) + VivAY Y By y©

H4YAYLYCYIYBY ) — 6Y AV Y BY Y O (2.3.19)

where we use Y4 = (7, Z,, Wf : VVQJr ). This is the SU(4) invariant form of potential so
much so that we have SU(4) R-symmetry and A/ = 6. This means we have originally
SU(2) x SU(2) R-symmetry as the rotation of each A,, B;. However together with the
CS potential, the two SU(2) do not commute each other, and then rotate all together.
This is the result of calculation (2319). We recommend readers to see [9], who want to
see explicitely with the fermion potential.
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Expressions in superspace and components

We follow [9] to obtain the whole explicit ABJM constructions in superspace notation. The
superspace action consists from the super Chern-Simons term, matter kinetic terms and
matter potential terms. The matter potential term is the same form as the Klebanov-
Witten superpotential. This is the summary and manifestation of ABJM construction
which we have seen.

S:SCS+Smat+Spot7
__ﬁ 3, 74 /1 Ao [tV —tV\ _ Yrypa [tV —tV
Ses = 87T/dxd9 v VD® (e Dae™) = VD* (¥ De V) |

Smat = /d3xd49 tr [—flae_VA“e‘} — Bi’e_vaeV] ,

Spot = 8% d*xd*0W (A, B) + 8% / d*zd*0W (A, B) (2.3.20)

with

V = 2i060"D () + 2«9%@14/8”(:6) +V2i020x") (z) — V2i0%0x'P) () + 6°0°DP) (z),
A=Z4+V20¢+0*F, At=2—20¢t —6?F1,
B =W +V20w+ 6*F,, B'=w!—v20uw' — 2F},

1 . o 1 .
W(A,B) = Zeabe“b tr AB,A"B;, W(A,B) = Ze“beab tr A, B*A, B (2.3.21)

where o, D, F, and F,, are auxiliary scalars, y, ¥ are auxiliary fermions. The V has been
used as a superfield of A, The action includes opposite levels of Chern-Simons terms
and two complex fields each of which has SU(2)g global symmetry and Klebanov-Witten
superpotential with respect to the orbifolded moduli space C*/Zy.

The gauge transformations rule is given by

etV N 62A6ﬂ/6—u\7 6tV N eertve—zA7

A— eiAAefiA

., A— e"AAe’“A\, B — ei/_\Be’iA, B — A Be (2.3.22)

where A is a gauge parameter related to A and A is with respect to A®. Note that
we have taken into account the bi-fundamental matter fields from SO(4) BLG model, so
much so that this theory has SO(N) x SO(N) gauge symmetry naturally. Since ABJM
model has two bi-fundamental superfields, we have additional U(1) gauge symmetry

A— €A, B—e B, (2.3.23)

Together with this additional U (1) symmetries, we have enhanced gauge symmetry U (N ) x

U(N) in (2322).
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The notation we have used is as follows.

gwj = dlag<_17 +17 +1)7
’Yuaﬁ = (i027017 Ug)aﬁa
0% = €05, 04 = €apb”,
(€% = —en =1). (2.3.24)

The operator which raise or lower spinor indices is related to zero component of gamma
matrices. We have used the spinor indices sum notation as

0°0, = 02, 0°0, = 00,
07" s’ = 0710,
ap = (1, —0°,0")ag. (2.3.25)

This notation is same as what we usually deal with in four-dimensional language, however
only one-set of Pauli matrices is essential in three dimension. The other useful expressions,
the Fierz identities, supercovariant derivatives and SUSY generators etc. are denoted in
appendix of [9].

The bosonic potential term can be obtained from the F-term and D-term as

oW 2 | ow |?
bos /__ _
Vi (= V) = ‘82‘1 ‘8Wd ’
VE® (= Ves) = tr [NIN® + M™M,] (2.3.26)

where N = (B ze — Z706(B) - M, = oW, — W,0). By integrating out the auxiliary
fields, then we obtain the SU(4) superpotential (2Z3.19) in components. The whole action
with the fermions (231]) can be obtained by integrating out all auxiliary fields from the
superspace expression.

2.3.3 Duality mapping from IIB

We can also say about the construction of ABJM model in terms of the duality mapping
from IIB configuration. As we mentioned in the above section, we introduced usual
N = 4 superpotential, but in three-dimension. This can be regarded in brane picture as
introducing the N D3-brane, one of which world-coordinates (we choose this as 6 direction)
is compactified. With consideration of SO(4) BLG model, we need to introduce the bi-
fundamental matter fields and opposite level of CS terms. This can be done in brane
construction by adding two NS5-branes as in the left hand side of Figure 2l If we
introduce a NSH-brane, there are strings which stretches over a NS5-brane as we see in
Figure 2.3l In our construction we have a compact direction so much so that we should
have at least two NS5-branes to obtain bi-fundamental representation.

In addition to the above construction, we should have integer k& which is the coefficient
of CS terms. This can be regarded as introducing the k£ D5 brane as in the middle picture
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k D5
6 L 6 6
— g — / —
==z) = ==)
N D3 N D3 N D3
NS5 NS5 NS5 NS5 NS5

D3:0126 D5: 012789 (1,k) 5:012[3.7][4.8][5.9]
NS5 : 012345

{(1.k) 5

Figure 2.2: Brane construction of ABJM model. We introduced N D3-branes and two NS5-branes
(left). Then we add k D5 at the cross section of D3 and NS5 (middle). & D5 and NS5 are resolved
together and become (1, k)5-brane (right).

N D3

N D3
NS5

Figure 2.3: A string stretched over a NS5-brane. This string represents a bi-fundamental matter.

of Figure 2.2 The D3-branes effective action only has a usual gauge kinetic term, not the
CS term. However when we introduce the & D5-branes, we also have the CS term. This
can be understood as follows.

We add k£ D5-brane along 012789, which intersect the D3-branes along 012, as well as
one of the NS5-branes along 012. Next we introduce a real mass term of equal sign for
the fundamental and anti-fundamental chiral multiplets which live on D5-branes 8. This
causes a web-deformation in Figure 24 [67]. The k D5-branes and NS5-branes break along
the directions 012 and dissolve into an intermediate (1, £k)5-brane which extends along
three-dimensions [3, 7]y, [4, 8y, [5, 9]p with the angle tan# = k. The sign of the charges of
the intermediate 5-brane comes from the sign of the mass term. The coefficient of the CS
term gets a contribution —1—% from each Majorana fermion with a positive mass term, and
—% from each fermion with a negative mass term. Therefore we get a total k coefficient
k for one of the U(N) factors and —k for the other. The resultant figure is showed in the
right hand side of Figure

We can also understand the existence of CS term explicitly [68]. The effective field

3There are also the other possible mass deformations. The separation along the 3,4,5 directions
corresponds to a real mass term of equal magnitude but opposite sign for the fundamental chiral and
anti-chiral multiplets.
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\
‘ == L\l mass deformation

kD5
NS5 (1. k) 5-brane

Figure 2.4: The web deformation of intersecting NS5-D5 configuration.

theory of the construction of the right hand side of Figure has

1
S = s d*xdx® Fyny FMY (2.3.27)
4

where we use the indices M, N runs 0,1,2,3 and we concentrate only on U(1) gauge
field for simplicity. We need to add the boundary conditions correspond to a NS5 and
(1, k)5-branes. The boundary condition for the NS5, D5 are

NS5 : FM6 == 8HA6 — (9614“ == O,
D5: F,, = d,A, — 0,4, =0 (2.3.28)

where we pu,v are 0,1,2. To obtain (1, k)5-brane boundary condition, we mix these
boundary condition by using SL(2,7Z) transformation.

1 —k Fog B
(L) (L) am

Note that this transformation matrix represents inverse transformation of usual SL(2,Z).
The resultant boundary condition is

(1,k)5: 0,A¢ — Os A, — akep, , 0" AP =0 (2.3.30)

where a is an arbitrary constant which cannot be determined at this stage.

We put a NS5-brane at the point % = 0, and a (1, k)5-brane at 2° = L where we define
the length of compact direction is 2L. For the sake of the (1, k)5 boundary condition we
need to add the boundary term and the action changes to

1 ,
S =— 7 dPrda® [F, F* +2(06A,)" + 2 (0,46)° — 4 (054,0,A6)]
4
+ 2k / P ey A A, (2.3.31)
gx z6=L

We would like to focus on massless modes of this system. The massless modes along
the 6 direction means to be the fields should satisfy the massless Klein-Gordon equation
02f = 0. First let’s take the three-dimensional gauge fields to be independent of z°
for simplicity. What we should consider is only for fields Ag which satisfies 9245 = 0.
The equation is second derivative equation so much so that Ag seems to be proportional
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linearly to x%. Together with the boundary conditions of a NS5 and a (1,%)5 , we have a
massless mode for Ag as

1,6

8/“46 = ak I

€up0” AP (2.3.32)

Plugging into this massless mode to the action (23.31]) with redefinition of the constant
a and the coupling

1 L a 1
E — g_i’ g_i — I (2.3.33)
then we obtained the action for the massless mode
1 3 uv k 3 LU
S = —4—92 d’x FM,,F — E d’r € AM@A;\ (2334)

where we integrated out along the compactified direction 2% Therefore we can get the

CS term from this construction. Note that if we allow the field A, to depend z°, it can be
regarded as Kaluza-Klein massive field. In order that this theory make sense, the masses
of these modes must be large compared to the former one (A,: independent of 2°). This
can be done by choosing the combination kg? to be small compared to 1/L.

In the above section 2.3.2] we have obtained the Klebanov-Witten type superpotential
(2313). The reason for that can also be considered on this stage. The Klebanov-Witten
superpotential was originally considered as the dual field theory of D3-branes living on
Sasaki-Einstein space 75! and the dual geometry is AdSs x TVt The T! can be regarded
as S°/Zy which has the global symmetry (SU(2) x SU(2))/U(1) as

dsZi, = db? + sin® 01d¢? + db3 + sin? Oydgs + (dx + cos 01d¢; + cos «92d¢2)2 . (2.3.35)

This space represents U(1) fiber bundle over S xS?. The Klebanov-Witten superpotential
also has (SU(2) x SU(2))/U(1) global symmetry because the indices i,j are 1,2. This
type of superpotential is also the general form to have this global symmetry.

By the way, now we know the coefficient &k in front of CS term causes the moduli
space divided by Zj. This will be also seen soon in the analysis of geometrical picture.
When we consider the gravitational space S°/Z;,, we can obtain almost the same form of
(2.3.35) with a difference of a coefficient in front of the U(1) fibration. This comes from
the reason to take the regular periodicity which described as

2 1
dy? with y ~ y + oz —dx? with y ~ y + 27. (2.3.36)

k k2

However this manifolds still have the global symmetry (SU(2) x SU(2))/U(1). So in the
picture of brane construction, the Klebanov-Witten superpotential is natural.
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Geometrical picture

We also mention about the reason of orbifolded projection of this construction by using
the geometrical picture [69] B To see the geometrical picture, let’s remind the Gibbons-
Hawking coordinate in four-dimensional space [70]. By using the Gibbons-Hawking coor-
dinate system, we can know the solution for vacuum Einstein equation as

ds? = Ud?® + U~ (dy + wdi)*
VU = 0,0,U =0, O,u" — yw® = €ape0.U (2.3.37)

where ¢ ~ ¢ + 27 and ¢ direction is U(1) fiber bundle over base manifold.
Let’s generalize to the 8-dimensional manifold by dividing 4 + 4, then we obtain
dsz = Uydd'dd + U (dg; + A))(dp; + A;)
Ay = dP@y, Oy — dpgws; = €8 Uy, (2.3.38)

The solution describing the rotating Kaluza-Klein monopole corresponding to a NS5-brane
has the form

81

hi 0O 1
=1 hy = . 2.3.
U +(0 0), 1 27| (2.3.39)

We also have the (1, k)5-brane, we need to add this configuration by performing SL(2,7)
transformation to the torus 7 which consists from two U(1) fibration. The superposition
of a NS5 and the (1,k)5-brane results

0 he  khs 1 1
U=1 hy = hy = ———. 2.3.40
* ( 0 0 ) * ( khy Khs > A A L Gt

At a glance, (2.3.40) has a singularity at the point % ~ 0. We can treat this carefully
by taking a near horizon limit (neglecting the 1) and GL(2) transformation

=7, =7+ ki” (2.3.41)

This transformation tells us to have

1({ =2 0
r_ - B 2.3.42

However, we should simultaneously transform the two U(1) directions to keep the Gibbons-
Hawking form (2.3.38) as

1 1
P1= 1= P P = e (2.3.43)

4We recommend you to see the Appendix B of [7].
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This form (2.3.42)) tells us the superposition of two completely orthogonal KK-monopoles.
And ([2:343) shows to have the periodicities

/ / / / 1 1
(01, ¥5) =~ (1, ) + 27 (_E’ E) : (2.3.44)

Thus we can conclude that KK-monopole configuration of the superposition of a NS5
and a (1, k)5-brane has a C*/Z;, singularity. And this configuration can be considered as
U-dual to the brane configurations. Note that in the special case of kK = 1 the manifold is
completely non-singular, as it looks like R® at the origin.

2.3.4 The dual gravity picture of ABJM

In the paper [7], it was pointed out that the ABJM model is dual to the M-theory on
AdSy x S7)7Z,, , which is a d = 11 supergravity solution of M2 branes on the orbifold
C*/Z;,. This is the correct reflection of the moduli space of the ABJM model. We first
review the solution of supersymmetric M2 branes in d = 11 supergravity.

The d = 11 metric of the multiple M2-branes is given by®,

2
ds> = H™5 (Z Uuudm“das”> + H3 (dr® +r2d23)
w,v=0
RG

H(r)zl+ﬁ,

(2.3.45)

where R® = 3272N'I] and dQ)3 is the metric of a unit 7-sphere. N’ is the number of the
M2 branes and later identified with N/ = kN.

By focusing on the near horizon region of the M2-brane, the geometry becomes AdSy x
S” geometry. In the near horizon limit R > r, H(r) is replaced by H(r) = (R/r)® and
the metric becomes

4 2 R 2
ds® — (%) (Z de%xu) + (?) dr® + R*d$. (2.3.46)

w,v=0

The first two terms is the metric of AdS, and the near horizon geometry of supersymmetric
M2 is given by AdS; x S7. The radius of AdS, is $R and that of S7 is R. In the large
N’ = kN limit, the radius becomes much larger than the d = 11 Planck length and the
d = 11 supergravity approximation is valid.

ABJM model describes M2 branes on C4/Z; orbifold and the dual geometry can be

®We use the convention in [71].
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also obtained by dividing the transverse R® direction by Zj. The ST metric is written as

dQ2 = (dy¢' + w)” + dscps,

dzidz S
dQ? = zp2z , p2EZ|zl
=1

1 ) ._]'dij . 2IdzI
dS(Cp3: - <d22—zzz 22 ) (dzz_zlz 22,’ ))

P p ‘ A
2a(2). esa

2

Y

p
do' +w = ZL/)? (zidéi — Eidzi) . dw=1id (
where we parameterized

2t = pe!@1+¢) cos 6,
22 = pe'@2+¢) gin  cos 1Y,
23 = pe'@3+¢) gin B sin 1) cos y,

24 = pe' sin @ sin 1 sin . (2.3.48)

We perform the Z;, quotient by dividing the overall phase of each z’, namely the ¢’
direction. Then by rewriting ¢’ = ¢/k with ¢ ~ ¢ + 2, the metric of S7/Z; becomes

1

12 (do + kw)® + ds?ps, (2.3.49)

d8§7/ Z —
where CP? geometry and 1-form w are given explicitely as
ds.ps =d0* + sin® 0deyp? + sin® 0 sin” Ydy>
+ cos? @ sin’ § (dqbl — cos? deps — sin® 1 cos? ngbg) ?
+ sin? @ sin? ¢ cos? ¥ (d¢2 — cos? Xd¢3)2
+ sin 6% sin ¢? sin® x cos? xd¢3,
w = cos? Odéy + sin? O cos® dps + sin? O sin? ¢ cos? ydps. (2.3.50)
Before performing the Zj; quotient, the metric has the conformal symmetry and SO(8)
invariance. The orbifolding breaks the SO(8) symmetry to U(4) but the conformal in-

variance still exists. This is precisely the bosonic symmetry of the ABJM model.
The compact radius of direction ¢ is in Planck units

Ry R (Nk)i

~Y

L, ki, k

(2.3.51)

Thus, the M-theory description is valid whenever k> < N, however in the opposite case
we should reduce to the ITA 10-dimensional language with the Kaluza-Klein reduction
[72]

ds?, = e~ 3%ds%, + e39(1,)2 (dyp + A)? . (2.3.52)
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Note that this is not the usual reduction to type IIA D2-branes. The D2-branes reduction
from M2-branes can be seen in Appendix [Dl Then we obtain in terms of ITA supergravity

R} [1
ds3, = e L_lds‘ids“ + dSZCP3:| ,
P
5
oo 1 (NN
k313 N2\ k)~
3R3g
4 = < 59 €4,
8 I3
Fy, =dA = kdw (2.3.53)

where we set [, = 1 and ¢4 is a unit AdS,; volume. This results shows us we can obtain
AdSy which has a dual conformal field theory, not only with D2-branes but also DO-branes.
The radius of curvature in string units is

R, R s [N
new _ 2 of /2 2.3.54
2w T VE (2:354)

This shows the ITA gravity in string units is valid if £ < N, on the other hand if N <« k
we can expand the dual field theory as perturbation of 'tHooft coupling A = N/k.
The validity of each theories is summarized as

M — theory :  k° < N,
IIA string : N < k°, 1 < )\,
3DCFT: A< 1. (2.3.55)

The result tells us there is a well-known relation between the IIA string and 3D CFT when
we take a limit k£, N — oo but keep A finite. If we consider in terms of 10-dimension, we
can compare the many result as we did in the case for D3-branes because of the existence of
couplings. However in M-theory, there are some difficulties to compare through AdS/CFT
correspondence.

2.3.5 Triple algebra revisited

After the ABJM appeared, Bagger and Lambert (BL) have constructed N' = 6 Chern-
Simons theory by using the generalized triple algebra. The BLG model has N' = 8 with
the gauge structure constants f“¢ which are real, completely anti-symmetric. However
if we relax these condition to have complex, and not completely anti-symmetric, but to
obey

fabcd — _fbacd — _fabdc — f>o<cdab7 (2356)
we can also construct the AV = 6 CS theory with generalized triple algebra

[T, T T = f,1¢. (2.3.57)
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This new BL model was also constructed by the closure of SUSY transformations
6745 = ie*Bapg,
0Ypa = VMDuAdAGAB + ffbchfZCbZéAGAB + fgbchfZlf)ZBCECDa
0AL g = iy Zi0P £5% + i€ Py, Zaah o f{™ (2.3.58)

where we use e to satisfy the reality condition e# = £e48“Pecp. To enclose the SUSY
algebra, we need to have

1abcd — 2(:chd = accll;7 ;abcd — _ffbdc’ ;bcd — facbd (2359)
and also the generalized fundamental identity
0= fefgbfcbad_I_ffeczfcbgd_l_f*ga]; Cebd‘i’f*ag% cfbd7
0=[T¢[T°,T", 19, T + [T¢,[T!, T T; T
+ [T6,T% [T9, T T + [T°, T [T, T9; T°]. (2.3.60)

Together with these condition, we can close the SUSY algebra and obtain equations
of motion. To obtain equations of motion, the action should be defined as

L=—Tr(D,Z% D" Zs) —iTe(p* 4" Dyiba) — V + Les
- iTT(QZA, [wAa ZB) ZB]) + QZ‘TI'(QZAa [wBa ZB? ZA])

+ %€ABCDT1”(?LA: [ZC, ZD; wB]) - %5ABCDTY(ZD, WA; YB; ZC]) (2-3-61)

where we use
V = STH(TEP, TEp)
YCD _ (7€ 7D, 7,0 — %512[215, 2 7] + %5};[22 26 Zy), (2.3.62)
This action is invariant under A" = 6 or 12 supersymmetries.

People might wonder the relation between the new BL model and the ABJM model.
The ABJM model can be obtained from the new BL model as an example

(X,Y;Z] = M(XZ'Y - Y Z'X). (2.3.63)

This explanation of generalized triple algebra satisfies the generalized fundamental iden-
tity. This construction can be viewed as states in the bi-fundamental representation easily.
If the Lie algebra acts on X by

60X = XMp — M} X, (2.3.64)
then we can check that
S[X,Y;Z] = [X,Y; Z]My — M][X,Y: Z]. (2.3.65)

Thus we see the action is invariant under this type of transformation. By taking (Z3.63))
into (2.3.61]), the ABJM action (Z3.1]) can be exactly reproduced. Note that this example
is only known example of this A/ = 6 construction. Because there is no no-go theorem to
construct new BL model, it is interesting to consider the other examples.
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BLG model from ABJM model

So far we have introduced BLG model and ABJM model. Since the higher supersymmetric
theory cannot be easily obtained, there should be relation between BLG and ABJM. In
this chapter we will discuss about the relation. This chapter in mainly devoted to explain
[10, [11].

3.1 SO(4) BLG model from ABJM model

The ABJM model was the essentially generalization of SO(4) BLG model, however the
construction is different. So we explore the relation, especially for superpotential in the
case for SU(2) x SU(2) gauge group. In the proof of SU(4)r before, we combined the
bifundamental A, with anti-bifundamental BJ as the complex SU(4) fields Y4. But in
this section we combine with the bifundamental B; as new SU(4) field. We also use the
SU(2) gauge indices and rotation for B; to construct new SU(4) fields. More precisely
we write new SU(4) fields as

/

(BN = (A, caare™ B%). (3.1.1)

By using this notation, we can rewrite the Klebanov-Witten type superpotential as

W = etbeibty (A, B:ApB;)

1
= Emm"sAanILAgB; = 5€]JKL€mnrsE}nE9E;<E2 ~ det(E) (312)

where in the second line we change our expression SU(2) x SU(2) to the SO(4) notation
and bring A, B together to the new SU(4) fields E. From the final expression, we see
SU(4) symmetry in superpotential. In addition we still have the original SU(2)g symme-
try which exchanges the A; with the B} because these are not combined together. This
does not commute with the new SU(4) global symmetry and therefore these two symme-
tries combine to give an SO(8) global R-symmetry. The resultant action is precisely the
same as SO(4) BLG model in terms of SU(2) x SU(2) bifundamental representation [§].

34
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3.2 Lorentzian BLG gauge structures and Inoni-Wigner
contraction

We first look at the gauge structures of the Lorentzian Bagger-Lambert model [4H6]. The
Bagger-Lambert model [2, 3] has a gauge symmetry generated by T%X = [T, T°, X].
Because of the fundamental identity

[Ta,Tb, [TC,Td,TeH — [[Ta,Tb,TC],Td,Te] + [TC, [Ta,Tb,Td],Te] + [Tc,Td, [Ta,Tb,TeH,

(3.2.3)
the following commutation relation holdsT:
[T T X = [T, T [T, T X]] — [T°, T [T*, T", X]]
= [[T*, T, T, T X] + [T, [T*,T°, T, X]
— (fee e 4 g ey (3:2.4)

The Lorentzian 3-algebra contains 2 extra generators 7! and 7° in addition to the
generators of Lie algebra T". (Here we use the convention of [6].) The 3-algebra for them

is given by
[T, 1, T =0, (3.2.5)
(10, 7%, 79 = f7, 1", (3.2.6)
[T, T9,T% = fiakp1, (3.2.7)

where a,b = {—1,0, z} T* are generators of the ordinary Lie algebra with the structure
constant: [T, T9] = if*”,T*. This 3-algebra satisfies the fundamental identity. The metric
h® = tr (T, T") is given by

tr (T T ) =t (T, T) =0, tr(T71,7T% = —1,
tr (T°,T") =0, tr(T°T") =0, tr(T",T7) = h". (3.2.8)

Since the metric has a negative eigenvalue, the field associated with the generators 7!
and T° become ghost modes.
The gauge generators of the Lorentzian 3-algebra can be classified into 3 classes:

o I={T'@T%a=0,i}
o A={T"®T"}

o B={T"® T},

U If we write the commutation relation as [T, T¢4] = fabeTed 4 fabdee it i not always associative.
But when 77 acts on a field X, associativity-violating terms (3-cocycles) vanish and it becomes an
ordinary associative Lie algebra.
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The generators in the class Z vanish when they act on X, hence we set these generators 0
in the following. Since the generators in the class B always appear as a combination with
the structure constant, we define generators S* = f;ijk . Then they satisfy the algebra

[TOi7TOj] - if]ijTOkv [TOiv S]] =1 IijSka [Sla S]] = 0. (329)

The last commutator was originally proportional to the generators in the class Z. If we
had kept these generators, the algebra would have become nonassociative. The algebra
B29) is a semi direct sum of SU(N) (or U(N)) and translations. In the case of SU(2), it
becomes 1SO(3) gauge group, which is the gauge group of the 3-dimensional gravity. The
Lorentzian Bagger-Lambert model has the above gauge symmetries and corresponding
gauge fields /1“ and B, as we will see in the next section.

On the other hand, the theory proposed by Aharony et.al. [7] is a Chern-Simons gauge
theory with the gauge group U(N) x U(N). They act on the bifundamental fields (e.g.
XT) from the left and the right as X — UXVT. If we write the generators as T? and T%,
the combination 7% = T} + T§ and S = T} — T}, satisfy the algebra

[T, T7] = if’T*, [T, 5] =ify! S*, [S, 8] = ifyT". (3.2.10)

By taking the Inonii-Wigner contraction, i.e. scaling the generators as S* — A~1S% and
taking A — 0 limit, the algebra ([B:2.10) becomes the algebra (3.2.9]) of the Lorentzian BL
model. Therefore it is tempting to think that the Lorentzian BLG model can be obtained
by taking an appropriate scaling limit of the ABJM model. In the next section, we see
that it is indeed the case. Interestingly, even the constraint equations in the BL model
(obtained by integrating the Lagrange multiplier fields) can be derived from this scaling
procedure.

3.3 Derivation of Lorentzian BLG from ABJM

3.3.1 Classical Conformal symmetry of D2 branes with dynam-
ical coupling

Before discussing ABJM model, we investigate the symmetry properties of the Lorentzian
BLG model. As was shown in [4H6], the theory can be reduced to a system of D2 branes
by integrating B, fields. This is interpreted as giving a vev to X{ field following [56],
and a special solution X{ = const. to the constraint equation 9*X! = 0 was considered.
In our previous paper [I3], we revisited the constraint equation and considered a general
solution with space-time dependent X! (z) satisfying 0°X! = 0. Our interpretation is
slightly different from the original one, and the field X{ is treated as a dynamical (but
non-propagating) field. In this subsection we show that if we consider whole set of the
solutions to the constraint equation the reduced action has a classical conformal symmetry
as well as SO(8) symmetry.
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For simplicity, we neglect the fermionic field here. By integrating the B, gauge field
the action becomes [13]

(B + 26,0,Y:0°X0)% |, (3.3.1)

1,4 1
Sy = / d*r tr {—5(0@/1)2 + ZXg[YI,YJ]2 -

4(Xp)?

where X2 = >, XX/ and we have defined a new scalar field Y/ = P; 7 X7 with 7 degrees
of freedom by using the projection operator

P[J(ZE) = 51J - XO)I()Q(OJ. (332)
0

Indices run I,J = 0,---,8 and Y transforms as a vector of SO(8). The field X{(z) is

constrained to satisfy 9>X{ = 0. If we pick up a specific solution X{ = vd{, the action

is reduced to the familiar D2 brane effective action with a coupling constant given by v.

Then SO(8) symmetry is spontaneously broken to SO(7). The conformal invariance is

also broken?. However if we consider whole set of solutions, SO(8) invariance is restored

in the action (5.1.12) with of the background fields X! (z) although Y/ has only 7 degrees

of freedom.

Another important symmetry of the action is a conformal symmetry. The ordinary
D2 brane action with a fixed coupling constant is not conformally invariant and the near
horizon limit is not described by the AdS geometry. However, as discussed in a paper by
Jevicki, Kazama and Yoneya [73], Dp brane theory has a generalized conformal symmetry
if the coupling g(x) is not constant and varies with space-time. Our reduced action for
D2 branes (5.I.12) has exactly the same property. The coupling constant is no longer a
constant and varies with space-time. A big difference, however, is that in our case the
coupling constant g is promoted to an SO(8) vector X!, which is a space-time dependent
field satisfying the massless Klein-Gordon equation.

Under the dilation z — exp(€)x, each field transforms as Y (z) — Y’ (2') = exp(—¢/2)Y (z),
Xo(r) — Xo(2') = exp(—€/2) Xo(x) and A,(x) — A (7') = exp(—€)A,(x). It is easy to
see that the action is invariant under the dilation. Special conformal transformations are
more complicated. It is given by

§ k' = 2¢ - xat — 'a?. (3.3.3)

Writing an infinitesimal transformation for each field as 0Y (z) = Y'(2) — Y (z), we define
a special conformal transformation for each field ad?

§Y!(z) = —e-aY(2) (3.3.4)
X (z) = —e- 2 X (2) (3.3.5)
0A,(x) = —2e-2A,(z) —2(x- A€, —e- Axy). (3.3.6)

2 In the paper [58], it is discussed that the conformal invariance can be restored by sending the
Yang-Mills coupling to infinity or integrating it over all values.

3 If X{ is replaced by a single field g(z), the transformation is the same as the generalized conformal
transformation in [73]. Our scalar field Y (z) corresponds to their X (x)/g(z) .
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It is straightforward to show that the action is invariant under the special conformal
transformation. It can be easily checked that the transformations preserve the condition
X() : Y = 0

Finally we need to check that the transformation is closed within the constraint equa-
tion 9°X{ = 0. From the transformation of X{, we define the following transformation
at the numerically same point as

0Xo(z) = X{(x) — Xo(x) = 6 Xo(x) — 0210, Xo(x). (3.3.7)

It is easy to see that if the original X! (z) satisfies the constraint equation 9*>X,(x) = 0,
then the infinitesimal variation satisfies 92(0X,) = 0 for both of the dilation and the
special conformal transformations, which means that the transformed field also satisfies
0”X((2") = 0. Hence the classical conformal transformation is closed within the configu-
rations of X satisfying the constraint equation @ . If we restrict the configurations of X
that satisfy 0X! = 0, namely, to a set of constant vectors, the above special conformal
transformations cannot be defined within the set. This indicates that taking into account
the whole set of the constraint equation 9*X! = 0 as adopted in [I3] is important in recov-
ering the SO(8) superconformal symmetry. It is also interesting to note that §2(6X,) = 0
holds only when p = 2. (Generalized conformal transformations for general p are given in
[73].)

As we see later, the D2 brane action with a space-time dependent coupling is also
derived from the M2 brane theory given by Aharony et.al by taking a certain scaling
limit. This scaling limit corresponds to locating the M2 branes far from the origin of
the orbifold and then taking & — oo limit. It is natural from this brane picture that
the model we considered in this subsection has a classical conformal symmetry as well as
SO(8) symmetry.

More detailed studies of the conformal symmetries and the interpretation in the grav-
ity side are discussed in a separate paper [I12]. What we have suggested here is that if
we allow the background fields X! to transform under SO(8) and a special conformal
transformation as an SO(8) vector and as in (8:3.0), the action (5I12) is invariant under
them. Note also that the analysis here is just about the classical conformal invariance. It
is interesting to see whether the conformal invariance can be preserved quantum mechan-
ically.

4 The kinetic term of the gauge fields is different from the ordinary one, but both of the ordinary type
and ours are invariant under the same conformal transformations.

5 In order to construct a set of solutions in which the conformal transformations are closed, it seems
to be necessary to consider all the solutions to the constraint equation 8> X, = 0. Instead we can consider
the following set of solutions studied by Verlinde [59]

Xj(a) =3

‘$721'|

which satisfies the constraint equation with sources at z = z;: 02X = —4n > ¢/5%(x — 2;). These
solutions are closed under the conformal transformation if we consider all set of ¢/ and z;. See [12] for
details.
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3.3.2 ABJM model revisited

The ABJM model is similar to the Lorentzian BLG model, but different in the following
points. First the gauge group is U(N) x U(N) while it is a semi direct product of U(N)
and translations in the BL model. Accordingly the matter fields are in the bifundamental
representation in the ABJM model. Furthermore the BLL model contains an extra field
Xp and Y associated with the generator Tj, and they are required to obey the constraint
equations (2.2.48)).

The bosonic potential terms in both theories are sextic, but the potential in the BL
theories contains two X{ fields and four adjoint matter fields X7 while the potential
terms in the ABJM model are written in the product of six bifundamental matter fields
Y. Hence it is natural to think that the trace part of Y will play a role of Xy in the
Lorentzian BLG model. We will see that, if we separate the matter field Y into a trace
and a traceless part, the potential terms coincides in a certain scaling limit.

3.3.3 Scaling limit of ABJM model

In order to take a scaling limit, we first recombine the gauge fields as

R AL AR AL AR
A, = %, B, = - _r (3.3.8)

then the gauge transformations corresponding to A, and B, are Z — ¢i@eT" Ze=inT"
i0aT" 7 gioy T respectively. They are vectorial and axial gauge transformations.
Matter fields are in the adjoint representation for the flu gauge fields. Hence the U(1)
part of fl# decouples from the matter sector.

The covariant derivative can be written in terms of A, and B, as

and Z — e

DyZ = 0,7 + i[fl#, Z]+i{By, Z}
= D,Z +i{B,, 7}, (3.3.9)

where ZADM is the covariant derivative with respect to the gauge field Au- Scs can be
written in terms of A, and B, as

o 2
Scs = /dSI AKe"P tr B, F, + gB“BVBp], (3.3.10)

where Fm, is field strength of A#.

The gauge fields AM, B,, are associated with the gauge transformations generated by 7"
and S’ in (B.2I0). Hence in order to take the Inonii-Wigner contraction to obtain the
gauge structure of the Lorentzian BL model (8:29]), we need to rescale the gauge field B,
as B* — AB" and take A\ — 0 limit. Simultaneously we need to scale the coefficient K
by A"1K. Since the coefficient K is proportional to the level of the Chern-Simons theory
k as K = k/8n, the scaling limit corresponds to taking the large k£ limit. In this scaling
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limit, the cubic term of the B, fields vanishes and the Chern-Simons action coincides with
the BF-type action in the Lorentzian BLG model:

Scs — /d3x AKe™? tr B,F,,. (3.3.11)

In order to match the covariant derivatives in the BL action (£.1.10) and in the ABJM
model ([:3.9)), we separate the bifundamental fields into the trace and the traceless part,
and scale them differently. We write the matter fields Y4 as

A A o Arra
Yii =Yg i + YT

13

(3.3.12)

where T is the generator of SU(N).
Now we perform the following rescaling:

B, — AB,,
}/E)A N )\71}/014’
Va0 — Ao,
K — \'K, (3.3.13)

where Y;' and 1,49 is the trace part of Y4 and 4. All the other fields are kept fixed.
Then take the A\ — 0 limit. If we take the scaling limit, we can show that the covariant
derivatives in both theories exactly match.

In the following we consider the ABJM model with SU(N) x SU(N) gauge group. In
the presence of the U(1) x U(1) group, a little more care should be taken for the scaling
of the U(1) part of the B, gauge field.

In taking the above scaling limit, many terms vanish. The kinetic term of the ABJM
action becomes

1 1
tr —ﬁauyoga%/* + p¢(§Aruau¢§ +2(i0, Y, B*Y A + h.c.)
—(D,Ya + 2iB, Yo ) (DPYA + 20 BY{Y) + i), T# D, — 2 TF B bt — 248, T* B4 |
(3.3.14)

The first and the second terms are divergent for small A\. In order to make the action
finite, we need to impose that the trace part of the bifundamental fields must satisfy the
constraint equations

O*Yy =0, TF0,hag =0

in the A — 0 limit. They are precisely the same constraint equations (2.2.48)) in the BL
model.

In the Lorentzian BLG model, the constraints are obtained by integrating out the La-
grange multiplier fields X_; and W_;. Here they arise from a condition that the action
should be finite in the scaling limit.
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The other terms in (8.3.14) are finite in the scaling limit and it can be easily shown
that they are precisely the same kinetic terms as that of the Lorentzian Bagger-Lambert
model (after a redefinition of the gauge field 2B, — B, and setting K = 1/2). The
trace part of the bifundamental fields is identified with the fields X, associated with one
of the extra generators T in the Lorentzian Bagger-Lambert model. This is the reason
why we have used the same convention with subscript 0 for both of the trace part of the
bifundamental fields and the field associated with the generator T°.

Now let us check the potential terms. The potential terms of the ABJM model are
invariant under the SU(4) symmetries but not under full SO(8). By decomposing the
matter fields Y4 into the trace part Y;' and the traceless part Y4, the bosonic sextic
potential becomes a sum of Vg = 370 _ VE(;n), where VE(;n) contains n Y, fields and (6 — n)
Y fields. Since the coefficient of the bosonic potential is proportional to K2, Vé") term
scales as A27". It can be easily checked that the coefficients of VE(gn) vanishes for n > 3. On
the other hand, the potential terms V,én) for n < 2 vanish in the scaling limit of A — 0.
Hence the only remaining term in the scaling limit is V,éQ). This part of the potential has
the full SO(8) symmetry and becomes identical with the potential in the Lorentzian BL
model. In order to see that the BL potential is obtained, we assume that only the field
Z' has the trace part for simplicity. Let us write the 4 complex scalar field Y4 by 8 real
scalar fields as

7' = X§+iXg +iX, T — X)T*,

7% =iX2T" — X577,

Wi =iX3T* — XIT°

Wi =iXiT* — X317, (3.3.15)

Substituting them into Sy, and taking the scaling limit, we can obtain the following
bosonic potential:

Sy, = —# / dr tr (X072 + (X2))[Pr, P[P, PY)). (3.3.16)

P! is defined by

Lo oene 1o -

= (i(YA +Y)), E(YB - Yé)) ; (3.3.17)
vA= (P 22 W, W),
L XPXP - XpX! |
VI(X3)? + (X7)?

We can rewrite it as,

Sy, = —é / P tr li(xf)? ([X’,XJ]f _ % (xs [X'I,X'J])Q] | (3.3.18)
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where we have used X! = (X{,0,0,0, X3,0,0,0). This is the potentials for bosons in the
Lorentzian BLG model ([ I.I0). It is straightforward to see that the complete potential
of the BL model can be obtained by considering general X! and the full SO(8) invariance
is restored.

It should be noted that the above potential term is written in terms of the commuta-
tors. This shows that, if we replace more than two bosons by their trace components, the
potential vanishes. This assures that the would-be divergent terms VE(;”) for n > 3 vanish
and the only remaining term in the scaling limit is given by the above potential.

Finally consider the fermion potential. We expand the potential as Vy = Zizo Vf(n)

where Vf(") contains n trace parts and (4 — n) traceless parts. Since the coefficient of the
fermion potential is proportional to 1/K, Vf(n) scales as A7 Vf(n) for n > 1 diverges
in the scaling limit and their coefficients must vanish. Vf(o) vanishes in the scaling limit

A — 0. Hence the only remaining finite terms are Vf(l). In the following we look at the
potential term with one of the bosons replaced by the trace part X!. Such a term can be
written as

7
i = oK

X3 tr [ =, ] + VIR, ol + Y[R, ) + 0][X, 03]
+ P [YVa, o] + YI[YS, ] + Ve, ¥I] + alYa', ¢s]
+ 1 [Va, ] + YI[YY, o] + l[Va, l] + oYy, ]
A1 [Ya, ha] + NV ) + 9l [Ya, ] + ¢s[V, o]
X7 tr [+ ) = WX ) — o][X o] — X
— ] [iYa, o] + LYY, n] + [iYa, 1] — waliYy, ]
— Pl [iYs, ] + VI[IVY, ] + l[iYs, l] — aliYy, ]
— 1 [i¥a, a) + VL[] ) + 3[iYa, ) — eslivy, )| (3.3.19)

l

+2K

Here for simplicity we have assumed that the trace part of the boson X{! is non vanishing
for I = 1,5 . This can be done by using the original SU(4) symmetry. Note again that
these potential terms are written as a form of commutators.

To get the 3-dimensional Majorana fermion as the BL model, we rewrite the SU(4)
complex fermion in terms of the real variables B,

Y1 =1ix1— X5 2 =1x2— X
VY3 =1ix3— X7, YP1=1X4— Xs- (3.3.20)

where y; are real 2-component spinors. We also expand the complex bosons as the real
ones ([B.3.15). Then the fermion potential (.:3.19) becomes by using the 8 x 8 I' matrices

6 When we give a vev to the X§ part only, we will get 7 I' matrices as in [74]. In our case we need 8
I" matrices and their antisymmetrized-products because we give a vev to a more general direction.
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as

1 _ ~
Sy, = —5 XX Try0],

U= <X17X?aX37X47X57X67X77X8) ) (3321)

where the indices I,J run from 1 to 8 and X! = (X},0,0,0,X5,0,0,0). The explicit
forms of the I" matrices are given in Appendix [Al This fermion potential has the same
SO(8) invariant form as that of the Lorentzian BLG action (AII0). In the same fashion
as the bosonic potential, the full SO(8) invariance can be seen easily by considering the
general X[.

3.4 Comments on scaling limit

Recently an additional suggestion about the scaling limit in the ABJM model has been
appeared by Antonyan and Tseytlin [I1]. They have mentioned necessity of additional
fields to obtain precise Lorentzian BLG model. The idea is simple. The ABJM model
has Y4 with U(N) x U(N) gauge group so much so that it has 4 x 2N? = 8 N2 degrees of
freedom. However, Lorentzian BLG model has X with SU (N) gauge group and originally
ghost fields X’ X/ so this model has 8(N? — 1) +2 x 8 = 8N?+ 8 d.o.f. They suggested
to have additional ghost fields Y4 to the ABJM model
A\ 2
0, Y5 + Na#Yfl : (3.4.22)

1

Lasym + N BB\

With the additional ghost term, we can correctly reproduce the ghost term in Lorentzian
BLG model ([2:2:42) by taking the scaling limit A — 0. As we said before around (33.14)),
the divergent term should be regarded as the constraint equation. However with the
additional term, we can obtain the ghost term and also the constraint equation without
divergent terms.

People might think curiously to just add the ghost term. But this seems to be natural
if first we consider the new BL model (Z3:61]) (pB3) instead of the ABJM. In the new

BL model we have generalized Lorentzian triple algebra

) Y S
(B, T T = _;Tf”kT’f,
2w

) ) 2 - -
(7%, 79, T = —k—; B+ AT T (3.4.23)

where we use the generators T of SU(N) in the general case of U(N) x U(N) Lie algebra
and the coefficients AY*  as

T = —ig" B + S (if %+ d7 )T,
tr TVT7 = ',

. | 1 . . . .
Alk NthTZ + 4 (i 4 dY)6ft,, A+ d )T™ = (i ), (3.4.24)
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and also we take the ABJM example of new BL model (2.3.63). By adding an extra ghost
generator e which commutes with all other generators

[e, 7% T" =0, (3.4.25)

and taking a similar scaling limit with

N N 1
=—T"' E=N"+=T" k——k 3.4.26
€ A Y + )\ ) - )\ Y ( )
then we obtain the Lorentzian BLG model with ghost terms precisely. Note that the gen-
erators F is not “T°” as we considered before. It should be combined with the generators
T°,T—!. This can be seen easily by considering additional field and taking the scaling
limit

1 1 A
(XYO> E + <_XY° + Nyl) e=Y,T'+Y_ T (3.4.27)

Therefore E should consist from not only T but also 7.



Chapter 4

Generalized Conformal Symmetry
and the Gravity dual

Now we know how to obtain the Lorentzian BLG model from ABJM model. Together
with the fact we also know the dual description of ABJM model, we can consider about
the dual gravity description of Lorentzian BLG model by taking the scaling limit. We
also clarify the conformal symmetry of Lorentzian BLG model which is expected to be
conformal from the dual gravity description. We explain our work which discussed in [12].

4.1 Conformal Symmetry of ABJM and L-BLG

4.1.1 Conformal invariance of ABJM

As shown in [75], the ABJM model is invariant under the superconformal transformations.
Here we study the invariance of the ABJM model under the conformal transformations,
in particular the special conformal transformations.

First it is obvious that the action is invariant under the dilatation. Dilatation is defined
by x — e“x and simultaneously we transform each field by multiplying e™"¢ where n is
the conformal weight. The scalars Y4, fermions ¢* and the gauge fields A, have weights
1/2,1,1 respectively.

A little more nontrivial transformation is a special conformal transformation. It is
given by

St = 2e - xat — e'a?. (4.1.1)

If we write the infinitesimal transformation for each field Y (z) as 0Y (x) = Y'(2') — Y (),
they are given by

Y x) = —e- aY (),
5ALL’R) (x) = —2€- xALL’R)(x) —2(x- ABRe, —e. AR
S () = —2¢ - 2 (2) — e’ r T (7). (4.1.2)

45
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These transformations can be understood as follows. They look like the general coordinate
transformations, but are different since the theory is restricted to live in the flat space-
time with a fixed metric and the change of the metric under the general coordinate
transformations must be compensated by the transformations of the fields. The first
terms in each transformation reflect the conformal weight of each field. The second term
in the transformation of the fermion is the local Lorentz transformation which pulls back
the flat local Lorentz frame (where we use I'’'?¢) = ¢). The transformation for the gauge
field A, is nothing but the general coordinate transformation with the transformation
parameter (LI1.T]).

The action is invariant under the above special conformal transformations. In order
to see it, the following transformation rules are useful:

d3x N eGe-:ch?;x7
0, — € >0, — 2(e,2"0, — 2,€°9,)],
DY — e *7[D,Y —{Y +22"9,Y + 2i(x - APY — Yz - AP)le,
+{2¢"0,Y 4 2i(e - APY — Ye. A(R))}x#] :

Fhy —e " [Fu = 2(,2" Fyp — €,0"Fp) + 2(,¢" Fyy — 2,6°F,)] . (4.1.3)

nuv

Though € is an infinitesimal parameter, we write the overall factors as e2"¢% for conve-
nience. They are cancelled in the action because n is the conformal weight of each field
and coordinates.

Here let us check the invariance of the Chern-Simons term as an example. First the
derivative part transforms as

e‘“”\trFWA(7
— e“'/)‘e—GE'Itr[FWA)\ + 4(eya” — x,€”)ANE,, — 2F,, (x - Aey — e - Axy)]. (4.1.4)

The pre-factor e %® is cancelled with the transformation of d®z in (EIL3)). The rest
vanishes because

e Mr[2(e 2" — 2,6°)ANF,, — Fl(z - Aey — €+ Ax))]
= " Mr26, faFupAx — €0 faF Ay = 0. (4.1.5)

In the second line we have defined f* = ¢*”“z,¢,. Similarly the invariance of the term
e A, A, Ay can be shown by noting that the gauge field transforms as

Ay — e (A, + 26,05 fAP). (4.1.6)

Hence the Chern-Simons terms are invariant under the special conformal transformation.
Though we have checked it explicitly, the invariance can be naturally understood because
the Chern-Simons term is independent of the metric if it is defined in a curved background
space-time.

The other terms in the action are also straightforwardly shown to be invariant under
the special conformal transformations.
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4.1.2 ABJM to L-BLG

As shown in [I0], the L-BLG model is obtained by taking a scaling limit of the ABJM
model with a gauge group SU(N) x SU(N). In the gauge theory with U(N) x U(N) there
is a subtlety in the scaling of the U(1) part. We will discuss the issue in the Appendix [Bl
and here restrict the discussions to the SU(N) x SU(N) case.

The scaling is given as follows:

B, — AB,,
X — 2,
Va0 — AN ao,
E— X'k (4.1.7)
where
YA = X247 X2 - XA XAl B, = %(A/(f) — A() (4.1.8)

and X/ and vy, are trace components of the bifundamental matter fields, and I =
1,---,8. When we take A — 0 limit and keep the other fields fixed, the action of the
ABJM model is reduced to the action of the L-BLG model. Since the k — oo limit is
taken before taking the large N, our scaling corresponds to a vanishing 't Hooft coupling
N/k — 0. Besides the action, the same constraint equations as those in the L-BLG model
can be obtained from the ABJM model:

*Xl =0, Tr9,¥, =0, 4.1.9
0 1
by requiring finiteness of the action in the A — 0 limit.
In the above scaling limit we arrive at the L-BLG model:
1~ 4 1 AT 1 foA
Lo =Tr | (DXT = BX0P + L(XF (X7, X)) = S(XA[X, X))
) = A A _ ~ 1- ~, - ~ 1= N ~
+%\I/F“DM\IJ + W "B, — 5xIJOXI[XJ, L]+ 5\1/)(5 (X7, T;,V]
1 ~ N
+§eWMFWBA —-0,X) B,X"|.  (4.1.10)

In the original formulation of the L-BLG model, the constraint equations ([ALI.9) are
derived by integrating the auxiliary fields X!, and ¥_:

Lo = (8, X5)(0" X)) —iW_T"0, V. (4.1.11)

Since the above scaling is compatible with the conformal transformations discussed in the
previous section, the action (£I.I0) is invariant under the conformal transformations (see
also [76]). The action for the auxiliary fields (EI.II]) is also invariant if we define the
transformations for them as

0X1 (2) = —e-aXL(2),
SU_y(z) = —2¢-2V_(2) — eune’x TV _y(z). (4.1.12)
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4.1.3 Generalized conformal symmetry in D2 branes

Now integrate the B, gauge field. It has been discussed that if we pick up a specific
solution to the constraint equation (L.1.9]), especially a constant solution

X{=0vd"% V=0, (4.1.13)
the L-BLG model is reduced to the action of the ordinary D2 branes whose Yang-Mills
coupling constant is given by gy = v:

1 1

2 A
£ TI' —EFMV—E(D X ) +

1 = =« ~
v [ XA T 4 V]

(4.1.14)

where A, B =1,---,7. Then SO(8) is spontaneously broken to SO(7) because we have
specialized the 8-th direction. The conformal invariance is also broken. Though the action
is the same as that of the D2 branes, we see later that the interpretation of the L-BLG
model as an effective theory of the ordinary D2 branes is not appropriate since the radius
of curvature is much smaller than the string scale in the gravity dual.

The constraint equations ({.1.9) have more general solutions than (£.1.13)) which de-
pend on the spacetime coordinates. Then the resulting action becomes a Yang-Mills
theory with a spacetime dependent coupling [13]. As we have shown [10], the action with

1 N o ) = A A~
JOXA X+ %wwuqf v

O |

the spacetime dependent coupling is invariant under the conformal transformations if we
consider a set of spacetime dependent solutions. The conformal invariance is discussed in
more details in the next section.

We here consider the simplest spacetime dependent solutions:

X =v(x)§®, V=0, 0%v(z)=0. (4.1.15)

Then the L-BLG model is reduced to the same action as that of the D2 branes but with
a spacetime varying coupling:

1 2 1 a oA\ 2 1 2rvA v B2
L=Tr|- )2FW—§(DMX )+ o)X X7
) = A A 1 N ~
—I—%\DF”DH\IJ—F§v(x)\I/[XA,F8,A\If] . (4.1.16)

SO(8) symmetry is spontaneously broken to SO(7) as well, but the action with a varying
v(x) has a generalized conformal symmetry if the coupling transforms as

(z) = —(e-z) v(z). (4.1.17)

This transformation is originated in the special conformal transformation of the scalar
field (I.2). The generalized conformal transformation for Dp branes were first proposed
by Jevicki, Kazama and Yoneya [73]. In the present case, the transformation (LIIT) is
naturally derived since the coupling constant of the Yang-Mills action is determined by
the center of mass coordinates X{(z) of the M2 branes.

It is worth noting that the generalized conformal transformation ([ I17]) is compatible
with the constraint equations (LI1.9) only when p = 2. We will discuss it in the next
section.
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4.1.4 Conformal symmetry and SO(8) invariance of L-BLG

The space-time dependent coupling v(z) can be promoted to an SO(8) vector X! (x) by
considering general solutions to the constraint equations (£1.9) as shown in [I3]. Then the
resultant action after integrating the B, gauge field becomes D2 branes effective action
with space-time dependent couplings in a vector representation of the SO(8) . In [10] we
showed that if we consider space-time dependent solutions the theory has the generalized
conformal symmetry as well as the manifest SO(8) invariance.

In this section we study more details of the generalized conformal symmetry of the
L-BLG model. Especially we show that the conformal transformations are closed under
the constraint equations (4.1.9]).

By integrating the B, gauge field, we get the action S = [ d®z(Ly + L'):

1 - 1 ) = A A = ~
Lo =Tr {——(DMPI)Q + > X2[P",P? + %\I/F“DM\IJ + ~U[P (XJT )T V]

1
2 4 2

IS B s 1. .
+3 BE (56“ AE A+ il DMl — 2P0M X)) — E\IJOFU\IJ[PI,PJ]] :
1 _ ~ _ A A N
L= T [(—\IIOFI(X()]FJ)[PI, ¥ - z’\IJOPMDM\I/> (X(;KXK)} . (4.1.18)
0

where we have defined a new scalar field P; with 7 degrees of freedom by using the
projection operator

Pi(z) = <5U - XOI)Q(O" > X7 (4.1.19)
Xo

The X/ (z) field is constrained to satisfy 9*X{ = 0. This is a generalization of ([LI.IG).

We called this model as a Janus field theory of (M)2-branes since the coupling constant

is varying with the space-time coordinates.

The action of the gauge field is no longer the Chern-Simons action but we can again
show that it is invariant under the conformal transformations. Under the dilatation
xt — e‘xt, each field is multiplied by e~ where n is the conformal weight. The weights
of P, Xy, A, U, Ug are 1/2,1/2,1,1,1 respectively. The action is evidently invariant.

Special conformal transformation is similarly given by

Sat = 2¢ - wat — ' (4.1.20)

and the fields transform as

§P!(z) = —e- 2P (x),
0X;(z) = =€ 2Xp (),
0A,(x) = —2e-2A,(z) —2(x- A€, —e- Axy),
0 (z) = —2¢ - 2 (z) — €ure’ s T (z),
)

= —2¢-2Vo(z) — €uae’ a2 THWy(z). (4.1.21)

It is now straightforward to show the invariance of the action. The Lagrangian is not
invariant but changes by total derivatives.
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Finally we need to check that the transformation is closed within the constraint equa-
tions (AEI1.9). Namely if the field X/(z) satisfies 92X/ (x) = 0, the transformed field
X,!(2") must also satisfy 02 X,!(2') = 0. For an infinitesimal special conformal transfor-
mation, this is equivalent to show 826X (z) = 0 where 0X{ () is the transformation at
the numerically same point defined by

0X§(x) = Xl () — X{ () = 6X4(x) — 620, X (x),
oWy () = Wh(z) — Wo(x) = 6Wo(z) — 629, Vo (x). (4.1.22)

In the following, in order to see the specialty for M2 (or D2)-branes, we generalize the
special conformal transformation to Dp-branes [73]:

OX{(v) = —(3 —p)e- X! — (2¢ - xat — ex?)0, X (4.1.23)
It is easy to show
POXL(x)) =2(p — 2)e"0, X! (4.1.24)

where we have used the constraint equation 9?X! = 0. This vanishes at p = 2 only.
Similarly, 0 is given by

0Wo(z) = —2(3 — ple - 2Ty — €ure”a T — (26 - zat — ex?)D, W (4.1.25)
and satisfies
9, (0% (z)) = 2(p — 2)T %, ¥, (4.1.26)

where we used the constraint equation T'*9,¥, = 0. Again ['*d,(dWe(z)) = 0 vanishes
at p = 2 only. Both of the constraints are compatible with the generalized conformal
transformations at p = 2. It shows a specialty of M2 (or D2) branes.

We have shown that the constraint equations are compatible with the generalized
conformal transformations. If the solutions are restricted to constant ones as in (£I1.13),
we no longer have the generalized conformal symmetry. It can be maintained only when
we consider a set of space-time dependent solutions to the constraint equations.

Recently H. Verlinde [59] also considered space-time dependent solutions to the con-
straint equations and discussed the conformal symmetry of the L-BLG model. In his
study the constraint equation is imposed everywhere except at z; where a local operator

O;(z;) is inserted,
I

X)) =3 2. (4.1.27)

|x — 2]

This is an inhomogeneous solution to the equation

O*X! = —4n Z @53z — z). (4.1.28)
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We can add the homogeneous solutions to the above. If ¢/ and z (omitting the index )
transform as

5¢t =€ z¢!

62, = 2(e - 2)2, — €,2%, (4.1.29)
the transformation of X!

6XE(x) = —(e- 1) XL () (4.1.30)

is reproduced and the L-BLG action is invariant under the conformal transformations.
Note that ¢/ cannot be a constant. If ¢’ is kept fixed, the set of solutions is not closed
under the conformal transformations. In order to recover the conformal invariance, g’
should be a position z-dependent charge.

We have shown that the L-BLG model has both of the SO(8) invariance and the
conformal symmetry. In the next section we discuss the symmetry properties of the
gravity dual of the ABJM model.

4.2 SO(8) and Conformal Symmetry in Dual Gravity

4.2.1 Large k limit of ABJM geometry

In the paper [7], it was pointed out that the U(N) x U(N) ABJM model is dual to the
M-theory on AdS, x S”/Z;., which is a d = 11 supergravity solution of M2 branes probing
the orbifold C*/Z;. We first review the solution of supersymmetric M2 branes in d = 11
supergravity.

The d = 11 metric of the multiple M2-branes is given by

2
ds* = H™5 ( >, Wuydx“dx”> + H3 (dr? + r2d02)

w,v=0
R6
r

where R® = 3272N'IS and d€) is the metric of a unit 7-sphere. N’ is the number of the
M2 branes and identified with N’ = kN. The three form field is also given as
C® = H'da® A da' A da? (4.2.2)

and the 4-form flux normalized by the world volume is proportional to N’.

By focusing on the near horizon region of the M2-brane, the geometry becomes AdSy x
S” geometry. In the near horizon limit R > r, H(r) is replaced by H(r) = (R/r)® and
the metric becomes

4 2 2
ds? = (%) (Z nwdxudx”> + (?) dr? + R2d02

p,v=0

1
= R? L—Ldsids + dQ?] (4.2.3)
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where we have rescaled the M2 brane world volume coordinates by a factor 2/ R*. Hence
the near horizon geometry of the supersymmetric M2 branes is given by AdS, x S7 with
a radius R. In the large N’ = kN limit, the radius becomes much larger than the d = 11
Planck length and the d = 11 supergravity approximation is valid.

The ABJM model describes M2 branes on C*/Z; orbifold. The dual geometry can
be obtained by first specifying the polarization (choice of the complex coordinates) in R®
and then dividing C* by Z.

Since S7, parameterized by 24 (A = 1,---,4) with |z4|? = 1, is a U(1)-fibration on
CP3, the metric of S7 is written as

A2 = (d¢' + w)” + ds?.ps (4.2.4)

where ¢ is the overall phase of 2. The details of the definition of coordinates are written
in Appendix [Cl

We now perform the Z;, quotient by dividing the overall phase of each 24, namely the
¢’ direction. By rewriting ¢’ = ¢/k with ¢ ~ ¢ + 27, the metric of ST/Z; becomes

1
k2
Before performing the Z; quotient, the metric has the conformal symmetry associated
with the AdS; geometry and SO(8) symmetry of S7. The orbifolding breaks the SO(8)
symmetry to SU(4) x U(1) but the conformal invariance still exists. This is the bosonic
symmetry of the ABJM model.

The L-BLG action can be derived by taking the scaling limit (LI1.7) of the ABJM
model. In the gravity side, this scaling corresponds to locating the probe M2 branes far
from the orbifold singularity and taking the large k& limit. As we show in the next section,
the former process recovers the SO(8) if the positions of the M2 branes are considered
to be dynamical variables. The latter makes the radius of the ¢’ circle small and d = 11

d5§7/zk = — (dp + kw)® + ds2ps. (4.2.5)

geometry is reduced to d = 10.

Now we consider the k — oo limit of the dual geometry of the ABJM model. Following
the prescription of ABJM, we shall interprete the coordinate ¢ as the compact direction
in reducing from M-theory to type ITA superstring. Using the reduction formula [72]

ds?y = e73%dsty + €39 (1,)? (dyp + A’ (4.2.6)

we get the d = 10 metric and the dilaton field in type ITA supergravity as

2
dsio = %H E ( > mydx“dx”> + ﬁH% (dr? + r2ds’ps) (4.2.7)
P w,v=0 P

¥ = (kilp)gH - (%)3. (4.2.8)

Hence in the k — oo limit, the metric becomes AdSy x CP?3:

[SIES

2 R3 1 2 2
dle = ? z__[dSAdS4 + dS(CP3 (429)
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where the radius of curvature in string units is

R\’> R /N
2 _ (22} 2 g2, [t
RZ, (ls) o 2 = (4.2.10)

The dilaton is a constant and this is the reason why the d = 10 metric still has a con-
formal symmetry associated with the AdS; geometry. This is different from the ordinary
reduction of the M2 branes to D2 branes by compactifying the 11th direction of the Carte-
sian coordinate (see Appendix [D)). Note that in the type ITA picture, in addition to the
four-form RR flux Fj, there is a 2-form RR flux:

3R
Fy = gg@;
Fy = dA = kdw (4.2.11)

where €4 is the volume form in a unit radius AdS, space. Hence the geometry is described
by the AdS, x CP? compactification with N units of the four form flux on AdS, and k
units of the two-form flux on the CP! in CP? space.
In the & — oo limit with N/k fixed, the compactification radius along the p-direction
Ry becomes very small compared to the d = 11 Planck length:
By _ R _(NBP (4.2.12)
L kL, k
Thus the theory is reduced to a ten-dimensional type ITA superstring on AdSy x CP3.
However the scaling limit from ABJM to L-BLG is taking large k limit before taking the
large N and the 't Hooft coupling N/k becomes 0 in this limit. Since Ry = gg/ 3l],,, the
string coupling constant g, = e? also becomes 0:

gs = e® ~ ETINT 0. (4.2.13)

Since d = 11 Planck length [, and d = 10 Planck length li(,m) are related to the string
length as [, = gsl/gls and l;,lo) = g;/4ls, the ratios of the radius of the ITA geometry (£.2:9))
with [, and l](gm) are given by

9 2
N
(f_%) ~yT =0, (Z(%) ~ BN 5 oo, (4.2.14)

p

Therefore the Type ITA supergravity approximation itself is good but the o’ expansion is
not good and the theory cannot be considered as the low energy approximation of type
ITA superstring. On the other hand, the radius R is much larger than the d = 11 Planck
length and it may be more appropriately interpreted as a dimensional reduction of M2
branes in the d = 11 supergravity.

We summarize the various length scales in the scaling limit of the ABJM model to the
L-BLG model:

Ry < I < Il « Rygs < 1. (4.2.15)
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The compactification radius Ry; is much smaller than any other scales and the theory is
reduced to d = 10. But the radius of the AdS,; x CP? is smaller than the string length
and larger than the d = 10 and d = 11 Planck scales.

In the ordinary case of the duality between type IIB superstrings on AdSs x S® and
N =4 SYM in d = 4, the radius of curvature R is given by

4
R\* R
p

Thus it is usually assumed that both of g;/N and N are large so much so that the type
IIB supergravity approximation and the o'-expansion are valid. Unless g,V is large, o/
corrections cannot be neglected and the supergravity description itself is not valid. In the
weak coupling limit, the dual field theory is usually considered to be more appropriate.
In our case, we can consider the d = 10 supergravity as a dimensional reduction of

= 11 supergravity. However membranes wrapping the ¢ direction become very light
strings in the unit of the radius of curvature R, and this may invalidate the supergravity
approximation of the M-theory.

4.2.2 Recovery of SO(8) in dual geometry of L-BLG

In taking the scaling limit k(> N) — oo of the ABJM model to the L-BLG model, the
eleven-dimensional geometry is reduced to the ten-dimensional AdSy x CP3:

ds® = H™3 (Z ml,d:v“dx”) + H3 (dr? + r2dsips)

6
Hr) = %. (4.2.17)
In this section we discuss how the SO(8) can be recovered in the scaling limit of the
ABJM geometry to the L-BLG geometry. The L-BLG geometry is obtained by taking
k — oo limit of AdS; x ST/Z; and simultaneously locating the probe M2 brane far from
the origin of the orbifold. In the large k limit, the geometry becomes d = 10 AdS, x CP3,
and there are only 7 transverse directions to the M2 brane world volume, However the
radial distance in (£.2.1I7) is given by the distance in d = 8:

rr=>Y (x) (4.2.18)

I=1

It is invariant under the original SO(8) rotation and the Zj quotient leaves r invariant.
Now we consider a probe M2 brane in the above geometry. In the static gauge, the
M2 brane world volume is identified with the coordinates x* (u = 0, 1,2) and the position
of the M2 brane is given by X’(x) where I = 1,---,8. There are only 7 independent
propagating modes among 8, and the direction that is removed is the ¢-direction. Re-
member that the ¢ is the overall phase of the complex coordinate 2 of the transverse
R®. Assuming that the probe M2 brane is located far from the source branes, we can



4.2. SO(8) AND CONFORMAL SYMMETRY IN DUAL GRAVITY 55

separate the probe M2 brane coordinates into the classical background fields X{(z) and
the quantum fluctuations X7(z). Since the M2 brane is on C*/U(1), all the points on the
gauge orbit generated by the ¢-rotation are identified. Here the position of the M2 brane
is represented by the coordinates of R®; a point on the gauge orbit is singled out by fixing
the gauge (see Appendix [C).

If the probe M2 brane is located at

X§ =wvé"® (4.2.19)

where v is much larger than the scale of the fluctuations, the rotation along the p-direction
is approximated by

0X" = —dp v,
SXT=0, I#T. (4.2.20)

This shows that in the large v limit the ¢ direction can be identified with the 7th direction
X7 Since the Zj, orbifolding with large k corresponds to gauging away the ¢-direction,
the fluctuation along the 7th direction is killed and the field X! can fluctuate only in
the other 7 directions. This means that the SO(7) rotation acts among the other 7
directions around the classical background of (Z2.19)). If the classical background X{(z)
takes different directions at different world volume points, the killed direction also changes
locally on the world volume.

In order to get a manifest SO(8) covariant formulation of this mechanism, it is con-
venient to separate the classical background field of the M2 brane and the fluctuations in
the complex coordinates as

ZA(x) = Z§&(x) + Z(x). (4.2.21)

If the fluctuations are much smaller than the classical background field, the ¢ rotation
can be approximated as

724 = ibpZ3. (4.2.22)
If we write

Zgh = XA paixt
ZA =X XA (4.2.23)
where A = 1---4, the propagating degrees of freedom along the direction ([A.2.22]) are
killed and the fluctuations are restricted to obey
XX =o. (4.2.24)

! (EZ19) has fixed a gauge of the ¢ rotation and ([E2.20) is nothing but the direction parallel to the
gauge orbit. If we change a gauge,e.g. to X = v§"7, ([EZ20) is also changed accordingly.
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Note that the decomposition of the complex fields into the real and the imaginary parts
are different between the classical background Zg' and the fluctuations Z4 in

With this definition, if X! = 0478, the killed direction becomes the 8th direction of X7. 3
We can write the fluctuations perpendlcular to X7 in (@2Z24) as

Pl = (5” ‘Z(;(‘SJ) X,. (4.2.25)

This P! automatically satisfies the condition ([Z2.24]) and 7 degrees of freedom are pro-
jected among the 8 degrees of freedom. Now everything is written in a manifestly SO(8)
covariant way. The SO(8) covariance is recovered because we have assumed that the
fluctuation is much smaller than the classical background fields of the probe M2 brane.
This assumption is consistent with the scaling limit of the ABJM model to the L-BLG
model.

Note here that the SO(8) rotation changes the gauge choice of the ¢ rotation and
SO(8) is mixed with the U(1) gauge transformation. Also note that because of the
different assignments of X' to Z* for Zy and Z, the SO(8) is different from the original
SO(8) before taking the orbifolding.

The analysis here and in the previous section shows why the L-BLG model has both of
the conformal symmetry and the invariance under SO(8). The compactification direction
along the ¢ direction is different from the ordinary reduction to d = 10 by compactifying
the 11th transverse direction. The dilaton becomes constant and the AdS, geometry is
preserved. This is the reason why there is a conformal symmetry in the effective field
theory of L-BLG.

The SO(8) invariance is more subtle. In the scaling limit of ABJM to L-BLG, we
take k& — oo limit and simultaneously locate the probe M2 brane far from the origin of
the orbifold. Then the killed direction of the fluctuations by Z; (kK — oo) orbifolding is
given by the SO(8) vector of the classical background fields X{ after specifying the gauge
choice, and defining the projection operator by using X! the manifest SO(8) covariance
is obtained.

4.2.3 Actions of probe branes in AdS; x CP?

In this section we study possible forms of the effective field theory of probe M2 branes
in the background geometry (£.2.17)). The analysis in the section follows the prescription
of [77] and [78 that a classical scalar field in the radial direction is interpreted as the
Yang-Mills coupling. We will study probe M2 branes in a curved background while flat
11-dimensional background is used there.

By using the metric of (L.2ZI7), the generally covariant kinetic term can be written as

1
Sy = — 5 d*x \/— det gg" grstr[D, X" D, X", (4.2.26)
where p,v = 0, 1,2 are the world volume indices and I, J = 1,--- ,8 are the target space

indices, and D, = 9, — iA,, is the covariant derivative to assure that X' lies on C*/U(1)
(see Appendix [C]).
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Both of the world volume metric ¢g"” and the target space metric gr; are functions of
the position of the M2 branes X'(x). A static gauge is taken and the world volume metric
g 1s given by the induced metric in the curved space-time (Z217).

This kinetic term can be simplified as follows. The metric g, and g’/ are functions
of the the M2 brane position through r. As we did in the previous section, we separate
the 8 scalar fields X!(z) of the probe M2 branes into a classical background and quantum
fluctuations. If the probe M2 branes are located far from the origin of the orbifold
singularity, the position of the M2 branes is approximated by the value of the classical
background fields X{(z) and r ~ \/(X{(z))?. Inserting the explicit form of the metric,
the kinetic term can be simplified (see Appendix [C) as

1
So=—3 / dxnny 1[0, P10, P7) (4.2.27)

where P!(z) is the projected fluctuating fields (£2.25). In deriving this action, we have
used that the classical background fields X{ are slowly varying. Note that all the depen-
dence of H(r) vanishes and the kinetic term of the fluctuating fields does not have the
explicit dependence on the position of M2 branes.

The position of the M2 branes X! must satisfy the classical equation of motion on the
geometry (L2TT). Because of the cancellation of H(r), it looks like a free field equation
of motion. But the fields X{J are restricted to be on the geometry where the ¢-direction
is killed, and they are slightly different from the constraint equation (£.1.9) in the L-BLG
model, or that in the scaling limit of the SU(N) x SU(N) ABJM model. This is related
to the effect of the U(1) gauge field of the ABJM model. We discuss it in Appendix [Bl

In the rest of this section, we dare to generalize the discussion of the kinetic term
of the scalar field to the other possible terms in the the effective action of the probe M2
branes in the geometry (£2.17). First assume that a gauge field is induced on the effective
action of the probe M2 branes and its action is given by the ordinary Yang-Mills type.
Then the general coordinate invariant YM action in the curved metric (£2.17) is given
by

1 1

2
—Zl/d3:v (?) e ot [FuFyl . (4.2.28)

(Since we are considering the d = 11 theory, there is no freedom to multiply a dilaton
dependence in the action.) In this case, H(r) dependence remains and the effective Yang-
Mills coupling is given by the following field dependent value:
r? _ (X5(@)?
Gyar(®) = o5 = g (4.2.29)
Similarly if we assume that the scalar field acquires a quartic potential, the general
coordinate and SO(8) invariance require its form to be

d3x \/— det gglKgJLtr[Pl, PJ] [PK, PL}

3 1(XI)2 I J K L
d’z 1 R nrxnptr[P, PJ[P™, PP (4.2.30)

d*x \/—det gg"?g"tr [F,, F,p] =

4
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Here P! are projected scalar fields ([£.2.25)).
Summing up these three terms, we have the following forms of the effective action:
R 1 (x4

5= _% / dz? (tr[@upla“PI} T

4(Xx4)? 47“[131, P"]Q) . (4.2.31)

Of course there is little justification of the above analysis but it is amusing to see that this
is nothing but the bosonic part of (£1.I8). The analysis might support an interpretation
that the action of L-BLG is the effective action of the probe M2 branes in the geometry of
(EZTT). The X! dependence of the coefficients will be related to the conformal invariance
of the M2 branes. It will be interesting to constrain possible forms of the effective action
including fermions, higher derivative terms, or generic potential terms by the generalized
conformal invariance.



Chapter 5

Mass deformation

In this chapter, we discussed the mass deformed Lorentzian BLG model and also explain
the possibility of coordinate dependent couplings even without mass term [I3]. We also
clarify the BF theory and usual gauge theory which live in Lorentzian BLG model.

5.1 Bagger-Lambert-Gustavsson model

5.1.1 Comments on BLG model to D2 branes

Let’s remind the Lorentzian BLG model from (2Z2.42]).
1 , 1

Lo= | =5(DuX" = BXY + OGP(XT, X)) = (XX, X7))?
LETUA & 4 D TER & — L3 XTI i L= i 7
S WD il B — S X [X7 Ty + SUXG[XY Ty ]
1 . N
+§e~”*Fu,,BA — 0, X) B.X"| + Ly,
Lon = ((%Xé)(@“Xil) - i@,lFﬂaquo_ (5.1.1)

X1, and ¥_; appear only linearly in the Lorentzian BLG model and thus they are
Lagrange multipliers. By integrating out these fields, we have the following constraints
for the other problematic fields associated with T°;

PX; =0, "9V, =0. (5.1.2)

This should be understood as a physical state condition 9>X{|phys) = 0. In the path
integral formulation, these constraints appear as a delta function §(9?X(}) and those
fields are constrained to satisfy the massless wave equations. In order to fully quantize
the theory, we need to sum all the solutions satisfying the constraints, but we here take
a special solution to the constraint equations and see what kind of field theory can be
obtained.

The simplest solution is given by

X§ =wv ol Uy =0, (5.1.3)

29
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where v is some constant. This solution was considered in [4H6] and preserves all the
16 supersymmetries, the gauge symmetry generated by the subalgebra A, and SO(7)
R-symmetry rotating X4, A = 3,...,9. Another interesting solution is given by

X§ = v+ 2h6, , Uy=0 (5.1.4)

where v(2° 4+ 2') is an arbitrary function on the light cone coordinate. As we see the
supersymmetry transformation for ¥y,

§Wy = 0, X T T e, (5.1.5)

the solution X! = v(z° + 2!)d%, preserves half of the supersymmetries.
In both cases, if we fix the fields X{ and ¥, as above, we can integrate over the gauge
field B,, and obtain the effective action for N D2 branest

L= T |~ LD 4 (oK KPP 4 DU, - LR, b5 rm,Afp]}a.l.a)
where A, B = 3,---,9. The coupling v is given by the vev of X% and it is either a
constant or an arbitrary function on the light-cone v(xz°+z!). This may be identified as the
compactification radius of 11-th direction in M-theory; v = 2mwg4l,. The supersymmetric
YM theories with a space-time dependent coupling are known as Janus field theories and
originally considered to be a dual of supergravity solutions with space-time dependent
dilaton fields [14].

A salient feature is that the 10-th spacial fields X'° completely disappear from the
Lagrangian by integrating out the redundant gauge field B,,. It is interesting that Janus
field theories are naturally obtained from the BLG field theories.

The v — 0 limit cannot be taken after integrating the redundant gauge field B,. In
the case of vanishing v, the Lagrangian is simply given by

1 ~ - ) = A~
£="Tr|-5(D,X") + %qfrﬂpuqf (5.1.7)

with a constraint FW = 0. The action is of course invariant under the full SO(8) R-
Symmetry.

5.1.2 Janus field theory with Dynamical coupling

In the previous subsection, we have fixed the solution of the constraint equations. But in
the quantization of the BLG model, the solutions should be summed in the path integral.
So we will consider more general solutions in this subsection. After integrating the modes
associated with the T~ generator, the partition function becomes

7 = / DX! DV, DB, DX 'DUDA, §(8°X[) §(T*0, W) 5Xe0:BuX 040 - (51 g)

!The fermion here is a 32 component spinor satisfying I'p1o¥ = U. In order to recover the ordinary
notation for D2 branes, we rearrange it as ¥ = (14 I'1g)¥. Then it satisfies I'1o¥U = ¥ and the action is
written in the usual form (no I'yp in the last term).
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The integrations over X and ¥, are constrained to obey the massless wave equations
and can be expanded as

Xo = Z Crful), Vo= Z bt () (5.1.9)

where f,(x),u,(z) are complete sets of functions satisfying the massless wave equations.
Then the integration over X/ and W, can be reduced to integrations over ¢/ and b,,.

Let us now choose a general solution (X{ = v(x), ¥y) to the constraints and expand
the action around it. In this case all the supersymmetries are generally broken. Inserting
this general solution into the action, terms including the B, gauge field are given by

L~ 5 - - 1 ~ .
- §(DMXI — B, X{)? + 10" B,V + EEMVAFM,,BA - 0,X{B,X". (5.1.10)
The integration over the B, gauge field can be similarly performed. It is convenient to

introduce the locally defined projection operator

Vrvy
v’

P[J(ZE) :6]J_ (5111)

This operator satisfies P> = P and P;jv’/ = 0. In the simplest case considered in the
previous subsection, v/ = v(t + z)d},, this projects out the 10-th direction if it acts on
X!, Generally, the direction removed is dependent on the space-time position.

After integrating over the B, field, the Lagrangian becomes L jqnus = Lo + L' where
1 = A A = ~
SV DY + VY?! (v/T )T V]

1, 1
Ly = Tr [—é(D“YI)QJrA—va[YI,YJ]QJr

1 1 VAT, . T - 7\ 2 1- A I J
+2(UI)2(§€“ Fyy + 0o — 2Y;0%07) —5\110r,J\1/[y Y|, (5.1.12)
1 _ C .
L= Sh [(‘I’ofz(vJ IR I Z\IfoFuDu\If) (W5 X K)} . (5.1.13)

Here I, J = 3,---,10 and we have defined a new scalar field Y7 = P;; X7 with 7 degrees
of freedom.

This is a Janus field theory whose coupling varies with space-time. The Lagrangian
Ly contains only the projected scalar field YZ. On the other hand, in the presence
of Wy, the scalar field (v/ X7) does not decouple from the Lagrangian £'. If we can set
Uy = 0, £ vanishes and the resultant Lagrangian is given by a similar form to the ordinary
Super Yang-Mills Lagrangian, but the kinetic term of the gauge field F w 1s modified to
I3 L+ 2€,,Y107v! . All the supersymmetries are generally broken if we fix one solution to
the constraint equations of (X{(z), ¥y) as above.

By using the above calculation, the partition function can be simply rewritten as

7 = / [T deh db, W' / DX DUDA,, ¢iSemus(X 04w (@), %0) (5.1.14)
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Here W (v!) ~ ((v1)?)73/2 came from the integration over the B, field. It is a sum of
Janus field theories. The coupling constant v! is dynamical and varies with space-time
coordinates. It is constrained to satisfy the massless equations. If we fix the “slow”
variable v and perform the path integration over the other “fast” variables first, then we
can get an effective action for the dynamical coupling v!. This will determine the most
stable configuration of v!(z), and accordingly one of the Janus gauge theory with the
most stable coupling is determined. If the variable v! fluctuates rapidly and cannot be
considered as a slow variable, the theory becomes very different from the ordinary gauge
theory with a fixed (either constant or varying) gauge coupling. This may be related to
the dynamical determination of the compactification radius of 11-th direction in M-theory.

Finally we would like to comment on the unitarity of the BLG theory. If we fix one
solution to the constraints, each theory behaves regularly if the coupling constant does
not vary drastically. The quantization of the coupling is very difficult, but since it is not
a propagating mode, it will not violate the unitarity of the theory. However the unitarity
should be more carefully analyzed.

5.2 Mass deformation and Janus solutions

5.2.1 Mass deformation of BLG

The BLG model in the previous section gives a familiar effective action of N D2 branes
with either a constant or a varying coupling. (For general solutions, the kinetic term of
the gauge field contains a non-familiar term of Y;0*v!.)

In this section we start from a mass deformed BLG action given by [60, [61] and show
that supersymmetric Janus field theories with a Myers-term are obtained.

One parameter deformation of the BLG action preserving the full supersymmetries is
given by adding the following mass and flux terms to the original Lagrangian. The mass
term is given by

1 ‘ _
Lmass = —§,LL2TI‘(XI, XI> -+ %,U/TI‘(\IJF3456, ‘11), (521)

and a flux term is

1 1 / ’ / ’
Lz = —E,ueEFGHTr([XE, X X9, xHy — gueE/F/G/H/Tr([XE X XC] X 5.2.2)

Here E,F,G,H = 3,4,5,6 and E',F',G',H = 7,8,9,10. This action is invariant under
the original gauge transformation and the deformed SUSY transformation

oX! = qerlw,
1
U = (D, X"I*Tje— E[XI,X‘],XK]FUKe—uF3456FIX]e,
SAL, = el I X[y, (5.2.3)

2To give a rigorous proof of the closure of the supersymmetry, we should check the Jacobi identity of
[Q,{Q, Q}] (appendix E of [T9]) because there are non-central terms, i.e. SO(4) x SO(4) rotation term,
in the algebra {Q,@Q}. We thank Dr. Hai Lin for informing us of the paper [79]



5.2. MASS DEFORMATION AND JANUS SOLUTIONS 63

This deformed theory breaks the original SO(8) R-symmetry down to SO(4) x SO(4).
By setting  — 0 both the action and SUSY transformation reduce to the original BLG
action. In addition there is another supersymmetry transformation:

6X!I =0, SAL, =0,
0¥ = exp <—§F3456FH£L’“> T 1, (5.2.4)

where z# is the coordinates of the world volume.

5.2.2 Deformed BL to Janus

This model can be similarly investigated by expanding the fields into modes with internal
indices a = (—1,0,4). The mode expansions of the mass and the flux terms become

2 . _
N ~ - 7 = ~
Loass = 12X 1, X1 — %Tr(XI,XI) — iu0 1 TyuseWo + SpTr(Wlapss, ¥),  (5.2.5)

and
2i b ol o 2i R ol or
Lz = g;LE,WGWXOETK(XF, (XY X)) + gueE/FrG/H/X({E Tr(XF (X9, X7]).(5.2.6)

Now X!, and ¥_,; again appear linearly in the action, and they are Lagrange multipliers.
Because of the mass terms, the constraint equations are modified to

(0* — X! =0, (T30, + pul3456)¥o = 0. (5.2.7)

Namely the fields with the 7° component are constrained to obey the massive wave
equations. Since X7 are real fields, instead of the plane waves exp(ik,2*) with a time-like
vector k,, we take the following solution to the constraint equation;

Xg = fe*" 51y = v(x)dly,  Uo =0, (5.2.8)

where f is an arbitrary constant and p, is a spacelike vector satisfying p* = p?. Without
loss of generality, we can take p, = (0, p,0). This configuration preserves half of the 16
supersymmetries, since ¥, transforms as:

(5\110 = ’U(ZL‘)M(FI - F3456)F106. (529)

Hence around the above configuration, we will get Janus gauge field theories with 8
supersymmetries. (For general solutions, more supersymmetries are broken.)

Inserting this configuration to the action, one can again integrate the redundant gauge
field B,,. Terms involving B,, are given by:

1, 1o » 5
Tr —i(Dquo —vB,)* + 5GWFWBA — p"vB, X" . (5.2.10)
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Integrating B,, gives

1 - . 1 - .
Tr 2_EHV)\F;U/p/\X10 4 S_(EMV)\F#V . 21}Xlop>\)2

v v?
1 . /ﬂ N N
= _WTerV + ?Tr(Xlo, X1, (5.2.11)

Interestingly the second term is canceled by the mass term of X' and all the terms
involving X!° have disappeared. To summarize, the resultant effective Lagrangian is

given by:
I e AA2_IU_2 A oAy, L oaroa o
£ o= —JTHDX) - SI(XA XY + 0 [X X7
1 = A A 7 = ~ 1 A ~ 1 o
+5Tr (\I!F“DM\IJ) + AT (P gs56, ) 4+ S0Te (\I/[XA,FMA\IJ]) - S TeE,
2’ ’or o .
—EZWEA BChomy XA [XF, XCY). (5.2.12)

This is a Janus field theory whose coupling constant is given by v = f exp(uz'). The
Lagrangian is invariant under the following 8 supersymmetries

SXA = e,
~ A o~ 1 o ) N N N
oV = D, X THT e — 2—6MF“P“P1% + %U[XA, XBIPABT ¢ — jDgus6T A X e,
v
0A, = el IOV, (5.2.13)

Finally if v vanishes, i.e. for X! =0 and ¥, = 0, the Lagrangian becomes

1 ~ o~ ] = A 2 o N ) = ~
L= =3 Tr(D,X") + %Tr (\IJFMDMW) - %Tr(XI,XI) + %MTr(\IIFMg,G, b),  (5.2.14)

with a constraint F, w = 0. The supersymmetry transformation is given by

X1 = ey,
(S\i/ = EMXIF“FIE—ILLF;MM;FIXIE,
5A, = 0 (5.2.15)

and the Lagrangian has the SO(4) x SO(4) R-symmetry.



Chapter 6

Gravitational instantons with
Squashed SU(3) x SU(2)

This chapter is organized as follows. In section [6.2] we obtain squashed 2-brane solutions
with SU(3) x SU(2) isometry group in 11-dimensional supergravity . These construc-
tions are motivated by the similarity between 5D and 11D supergravity theories [80]. We
use squashing functions depending on the radius coordinate as an analogy of the Ishihara-
Matsuno solution. The solutions include the 11-dimensional Gross-Perry-Sorkin gravita-
tional instanton solutions which has the asymptotic structure as the squashed manifold
Nlol’l’0 2 These can be considered as a higher-dimensional analogy of the Eguchi-Hanson
space.

6.1 A brief review of SU(3) x SU(2) space

In this section we will briefly review the structure of SU(3) x SU(2) Einstein space in
[20, 21] which we have used in following sections. The SU(3) x SU(2) geometry was
firstly considered as the special parameterization of the coset manifold N*" of the form
SU(B)xU(1)/U(1)xU(1) by Castellani and Romans [20]. The integers p, ¢, r characterize
the embedding of each U(1)s. By choosing the certain combination of these U(1)s, we
can define the maximal torus of SU(3) x U(1) Lie algebra as

1 i3 '
Z = — pZ\/_Tg + qETg +riY |,
V3PP @22 |2 2
5 .3 . _
M=— V2 3T el — @+ )iy
VB + @+ 230 + @) 2 2 2
1 i i3
N=—— | —g-Ty+p——2T 6.1.1
wre | 20 P oL

'We use the meaning of “squashed” as twisted of the SU(3) x SU(2) space in this paper.
2In the original paper [30], they also mentioned about the generalization to a non-Abelian instanton.

65
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where we use the SU(3) generator of isospin T3, the hypercharge Ty and the generator
of the separate U(1). We can know the structure constants CG1G§3 of SU(3) x U(1) by
using the (6.1 and also the other generators of SU(3), —i/2(Ty, T, Ty, Ts, T, T7).

The metric g can be defined by using the group metric g, ¢, with the vielbeins E by
restricting to the coset space. These are written as

V6,6, = Tr <CGlGGIOG2G’G> )
uv = ’VaBEZCEE (612)

where we use the indices G1, G run on G = SU(3) x U(1), a, 8 are flat indices in G/H
and p, v are curved indices in G/H (H = U(1) x U(1)). We can calculate the Ricci tensor
R, by using these definitions.

In order to obtain Einstein space, we need four constraint equations for the parameters.
However these constraints do not determine the symmetry of this space uniquely. We also
add a necessary and sufficient condition for supersymmetry. With the supersymmetry
condition we obtained the N{"'* as N/ = 3 supersymmetric solution, and N2%" (r # 0)
as N = 1 solutions. The case r = 0 corresponds the coset space

G _ SU(3)

5= T (6.1.3)

which insist that the base space is CP?. And also there is SO(3) isometry group as the
result of AV = 3 supersymmetry [81]. So the NIO 10 golution must have the isometry group
SU(3) x SO(3).

To obtain explicit form of Ny solution, let us consider the SU(2) Yang-Mills instan-
ton over CP? which is an indication of isometry group SO(3) [2I]. The SU(2) Yang-Mills
instanton can be regarded as the Hopf fiber bundle over CP? space by generalized inverse
Kaluza-Klein mechanism.

ds? = dstpn + N2 [(pF — AV + (pg — A + (pg — A%Y?]
1
dsgpe = dO* + 1 sin® 6 (07 + 03 + cos® 63 (6.1.4)
where the oy, p; (i = 1,2,3) are the SU(2) Mauer-Cartan 1-forms which satisfy the SU(2)
algebras do; = —oy A 03 etc. The explicite forms of o; are
01 = cosydo + siny sina df,
09 = —sinyda + cosysinadf,
o3 = dy + cosadf. (6.1.5)
The self-dual Yang-Mills field on any four-dimensional Einstein space can be defined by
82
; 1
A" = —wg; — §€ijkwjk
) . 1 .
F' = dA + Seigp A A A* (6.1.6)
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where w;; is the 1-form spin connection for four dimensional Einstein space. Applying
this to CP?, we obtain

1
Al = cosfoy, A% =cosbo,, A= 5(1 + cos? 0) o3 (6.1.7)
as a SU(2) Yang-Mills instanton over CP%. Plugging this solution into (6.I.4), we get
dSQ = dS%PQ + A2d8§«U(2),

1 2
dsgp(a) = (p1 — cos 001)? + (p2 — cos o) + (,03 — 5(1 + cos? 9)03) : (6.1.8)

There still remains an unknown constant A in (G.L8). If we the solution (E.I8) to be
Einstein solution, the values of A are allowed to be

1 1
MN== o N=_—_

2 10

The original N)""°* by Castellani and Romans is (6.18) with A*> = 1/2. The solution
with A? = 1/10 is a squashed SU(3) x SU(2) solution obtained by Page and Pope [21]

and is named N;y'°. There are two orientations which describe the different solutions

(6.1.9)

each other. The definition of the orientation of these manifolds is the overall sign of the
vielbeins EJ. The positive-sign defines a left-orientation and negative-sign does a right
orientation. NI0 10 has N = 0 supersymmetry for a left-orientation and A” = 3 for a
right-orientation. Nlofl’o keep the supersymmetry AV = 1 for a left-orientation but break
all supersymmetry for a right-orientation.

6.2 SU(3) x SU(2) squashed solutions

We investigate the 11-dimensional supergravity theory described by the action

1 1 1 V2
— daoy—g(R- —F2) - — VY2 [ AR 2.1
5 167rG/ ’ g(R 2.4l 4) orG 6 ) TG (62.1)

where (5 is a three-form gauge field and F} is its field strength. For simplicity we consider
the vacuum (non-charged) solution of the above action.

In order to get the 2-brane solution with the SU(3) x SU(2) squashed geometry, we
consider the ansatz;

2
ds® = —dt® + Y da} + r(k)* [u(k)’dk’ + kdsk.pz + dsgy )] (6.2.3)

=1

where the SU(2) metric is a metric on the manifold of an SO(3) Hopf fiber bundle over
CP? space as we discussed in Sec. 6.1l The explicit form of CP? is in (6.1.4) and SU(2)
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fiber bundle is described as in (6.1.8). g(k) and u(k) are the unknown functions of & This
ansatz is the analogy of Ishihara-Matsuno solution which is the 5-dimensional squashing
solutions [28]. However we rewrite the degree of freedom of the radial coordinate r as k
which is the squashing function in front of the CP? metric.

The solutions which satisfy (6.2.2)) are (6.2.3) with,

1 c

u(k) = =Tk r(k) (6.2.4)

|k — 10|i5k3
where ¢ is a arbitrary constants. There are 2-types of solutions, one exists 10 < k region
and the other exists 0 < & < 10. We investigate the property of this solutions in the
following sections.

6.3 The solution for £ > 10

In order to see the property easily, we rewrite the metric by using radial coordinate r as

2

mdr2 + T(lﬂ)2 [deépz + dS%U(Q)} . (631)

2
ds’ = —dt* + ) " da} +
i=1
Since k cannot be solved as a functional of r analytically, we use k coordinate to interprete
the property. Note that this type of radial coordinate is usual if there is no squashing
function k and this form of solution is a analogy of Ishihara-Matsuno solutions. This
solution can be considered as the 11-dimensional GPS gravitational instanton solution
[29, [30].
First we analyze the asymptotic behavior of r — oo which corresponds to & — 10
from (6.2.4). Taking the limit of & — 10 we can get the metric of 7-manifold + radial
direction as

100 9 1

This indicates the known constant squashed Einstein manifold Ny solution [21] as we
discussed below (6.1.8]). Note that if we are willing to get a constant functional space
solution or the harmonic function type of solution, the coefficient 9/10 in front of the
Einstein 7-manifold metric is important. However for the near-brane case it is not the
case.

Another considerable limit is 7 — 0 which corresponds to k& — oco. The solution goes
like

gr — 4, gopr — & gsue) — 0 (6.3.3)

where we defined that the gepe is the overall metric of CP? base space and gsu(2) is that
of SU(2) fiber bundle space. When the solution get closer to a point r = 0, the fiber
direction become to be compactified, it is better to interpret this solution in 8-dimensional
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10 12 14 16 18 20

Figure 6.1: The metric for k& > 10 case with ¢ = 1. A blue line (top) describe g, a purple one (middle)
is gcp> and a yellow one (down) is ggy(2). The behavior of r is square root of gsy(2)-

(super)gravity language. However the compactified direction is fibered, there is SU(2)
instanton solution described as (6.1.7) in 8-dimensional picture by the generalized Kaluza-
Klein mechanism.

Note that the transverse directions of this solution can be transformed as the following.

10 V10

k = T 10> m=-—/—¢,
O ’
,  dR? 9 o[, 5 L/ rmysY
dSS - m + 1_OR |:d8(CP2 + E <1 (E) dSSU(Q) . (634)
R

This form suggests this solution is higher dimensional analog of Eguchi-Hanson space.
Unfortunately this solution was already obtained in [83] B. However we still continue to
investigate this solution.

People might think there exists a bolt type singularity. If we take the form

(- 2)")

9
ds® ~ — (dp2 + —deng(2)> (6.3.5)

where we choose the variables of CP? as constants, we can know there is no curvature
singularity. This will be discussed in Sec. [6.5

Also note that the original gravitational monopole by Sorkin is for the Taub-NUT
solution. However Gross and Perry generalized this solution to have the various structures
which includes Eguchi-Hanson space. The GPS monopole for Eguchi-Hanson space can

31 notice this thing when I have almost finished a paper. A region k < 10 of (6.23) with 6.2.4) is
new and a investigation of curvature singularity by using Kretschmann scalar in section is also new,
but I gave up to publish because there are too little new things.
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be written as
dr? 1 my4
ds* = —dt* + ——— + —1° [0% + o5 + (1 — (—) ) Jg] : (6.3.6)
O r
Taub-NUT spaces are one-point source solutions in terms of Gibbons-Hawking coordinate
23317), p29 On the other hand, Eguchi-Hanson spaces are two-points source solutions.
To summarize this section, we get the new type of squashed coset solution which can
be regarded as the GPS SU(2) gravitational instanton solution and has the asymptotic

structure as the Page-Pope NIOI’l’O solution. The hole behavior of this solution is described
as in Fig. [6.11

6.4 SO(5) x SU(2) case

The case for SO(5) x SU(2) isometry as squashed S7 was obtained in [84] . The isometry
symmetry of SO(5) x SU(2) can be constructed by using the Fubini-study [19)].
The Fubini-study can be written as

—1 —2
ds* = (1 + qnqn> > dgndd, — (1 ) qnqn> > Gndqmdqygy,  (6.4.1)

m?p

where m,p run 1,2, and ¢,, can be taken a form
g1 = tanxcong, Ga = tanxsingv. (6.4.2)

In this notation if we choose ¢; 2 as complex coordinates, we can write U,V which satisfy
UdU =i(dp + do), V1dV =i(dy — dg). (6.4.3)

This precisely represents P (C'), or R* with S described by U(1) fiber bundle over S2.
In analogy with complex coordinates, we can generalize the Fubini-study to apply
quaternionic coordinates which are defined by

U™dU =ioy + joo + kos, V7RV =i%) + 55 + kX3, (6.4.4)

where we use o0y, %; as SU(2) Maurer-Cartan 1-forms. Together with the quaternionic
coordinates, we can obtain P»(H) space, or R® with S7 described by SU(2) fiber bundle
over St
If we rewrite the solution of SO(5) x SU(2) case in terms of squashing function k,
dsi = r(k)® [u(k)’dk”® + kdsg. + ds%U@)} ,
1 c
=— rk)=—
AT s
This solution has the additional region for k < 5. The SU(3) x SU(2) squashing solutions

have quite similar forms of SO(5) x SU(2) case but the constant 10 was different from 5
in SO(5) x SU(2) case. This difference may come from the base space symmetry.

u(k) (6.4.5)

4This solution was also obtained by Mizoguchi-Hatsuda-Sumitomo-Tomizawa. However during we
write a paper, we notice this solution was obtained by [84]. Therefore we gave up also to publish this

paper.
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6.5 Regularity

Let us consider whether the solutions (6.2.3) with (6.2.4]) is regular or not in this section.
These solution is regular at the level of Ricci scalar because of vacuum solution. However
in order to search the curvature singularity, we should also consider the Kretschmann
scalar

Rypo R*P? (6.5.1)

and its divergence points.

There are four ambiguous points which are k& = 0,4, 10, 00. The subtlety points of
k = 0,10 come from the solution r(k) (€2Z4). k = 4 point comes from the rewritten
metric (€30]) at which g,.. diverges. Also we should investigate the k = oo point because
of the metric ansatz (6.2.3]). There are difficulties to write down explicitly for all k£ range,
but we can do that at these specialized points. The result is as follows.

976
k — o0 RuupaRuupa == ?
E—10: Ru,.R""" =0
oy 2%/231/5378
k—4: R, R"" = —a
E—0: R,,R"" — oo. (6.5.2)

Thus there is singularity only at £ = 0 point, but the other points have no singularity.
From this conclusion our solution considered in Sec. is regular everywhere. This
fact agree with the discussion around (63.5). In the next section we also consider the
remaining region k < 10 although there exists the curvature singularity.

6.6 The solution for £ < 10

First we analyze the solution in 4 < k < 10 range by using the same radial reinterpretation
as ([6.3.0). In this region the correspond r behavior is
ct .
37/1033/10 <r<oo asvarying 4 < k < 10. (6.6.1)
The metric component is described by the left hand side of Fig. 6.2l k& — 10 point is
the same as the Page-Pope squashed solution we described in ([6.3:2)). On the other side
k = 4, the metric g,, diverges but this is a spurious divergence as we investigated in Sec.
6.5
There is another range 0 < k£ < 4 of this notation described by the right hand side
of Fig. [62 In this regime, the r behavior is the opposite of (G6.1). At the & = 0
point, g,,, gcp> shrink to zero and gsy (o) diverges. This cannot be treated as the physical
geometry, and this agree with the curvature singularity argument (6.5.2)).
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Figure 6.2: The left figure shows the metric for 4 < k < 10 with ¢ = 1 and the right figure shows the
metric for 0 < k < 4 with ¢ = 1. A blue line (top) describe g, a purple one (middle) is gcp2 and a
yellow one (down) is ggu(2). The behavior of r is square root of ggy(a)-
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Figure 6.3: The metric in the description of new radial coordinate r’ for 0 < k < 10 with ¢ = 1. A
purple one (top) is gcp2 and a yellow one (down) is gsy(2). The behavior of 7 is described by a dashed

line (blue, middle).

To avoid the spurious divergence but still define the radial coordinates, we rewrite
again the initial metric (6.2.3) as

2
ds* = —dt* + Z dz} 4+ dr” + kr(k)*dscp> + r(k)*dssue)

=1

/ b))t

ckA/® 4 3 9 k
= (16010 =B L1079k —10) oy (=, —:2. 2 ) ). (662
48(k:—10)< ( ) ( VP (5905 10 (6:62)
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—
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where 5 F (a, b; ¢, z) is a hypergeometric function. As we can see in Fig. [6:3] 7’ is smoothly
drown from " = 0 to co. Of course there is a trouble at " = 0 point which has the

curvature singularity.



Chapter 7

Conclusions

In this paper, we discussed how to obtain Lorentzian Bagger-Lambert-Gustavsson (L-
BLG) model from the Aharony-Bergman-Jafferis-Maldacena (ABJM) model. If we take
the scaling limit correctly, L-BLG model is appeared from the ABJM with constraint
equations. More to say, with the scaling limit, we have obtained SO(8)g from SU(4)g.
The scaling limit agrees with Inoni-Wigner contraction which can be realized only in
group structure. By taking the scaling limit of bifundamental gauge group, then we
obtained the correct gauge group of L-BLG model. Since there is a mystery to obtain
SO(8)r in ABJM model, this fact should be a little bit surprising.

We also investigated the conformal symmetries of the ABJM model and L-BLG model
as well as SO(8) invariance . The conformal invariance, in particular, the invariance
under the special conformal transformations does hold in the L-BLG model only when
we consider a set of spacetime dependent solutions to the constraint equations 92 X{ = 0.

The conformal symmetries in the field theories are consistent with the gravity duals;
AdSy x ST/Zy, geometry for the ABJM model and AdS,; x CP? geometry for the L-BLG.

Although the radius of AdS, is larger than the d = 10 Planck length and the type
ITA supergravity approximation is good, it is much smaller than the ITA string scale and
the dual geometry of the scaled theory of L-BLG cannot be interpreted as the low energy
effective theory of type IIA superstring. But the radius is larger than the d = 11 Planck
length and it can be considered as a dimensional reduction of the d = 11 supergravity
solution. We discussed that the action of the L-BLG model could be considered as the
probe M2-branes in the curved geometry AdS,; x CP3. It is amusing and also somewhat
surprising that the position dependent coefficients of the coupling constant can be cor-
rectly reproduced; g%, is proportional to a square of the position of the M2 branes. This
fact is consistent to the conformal symmetry which is expected from AdS geometry.

Now we know the ABJM model is most generalized form at this time. However the
ABJM model has only SU(4)r symmetry, not SO(8)r as expected. There is a idea to
obtain higher supersymmetry, which is called Janus configuration as its original meaning.
We can take the coupling constant to be dependent to a extra dimensional coordinate
which is a encircled world-volume coordinate in D3-branes. If we consider this configu-
ration with scalars which obeys adjoint representation and one Chern-Simons term, then
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we obtain N' = 4 supersymmetric Chern-Simons gauge theory [17]. A key-point to ob-
tain higher supersymmetries in ABJM model is bi-fundamental scalars and two CS terms
with opposite levels. Together with these things, in sum, the Janus configuration with
bi-fundamental scalars and two CS terms expected to have higher supersymmetries than
SU(4)r. This should be interesting since the Janus configuration and bi-fundamental
representation come from the same setup, the D3-NS5-D5 system.

We also discussed the squashed 11-dimensional solutions with SU(3) x SU(2) isome-
try. The solution for & > 10 is a Eguchi-Hanson type of Gross-Perry-Sorkin like SU(2)
gravitational instanton solution which includes the squashed manifold NIOI’I’O as an asymp-
totic behavior. The other side k& < 10 of the solution can be considered, but there is a
curvature singularity at £ = 0.

Recently warped compactification has been considered to obtain the rich structure
in four-dimensional theories, with respect to phenomenological and cosmological aspects.
Quite recently, there has appeared a interesting paper about this non-compact phenom-
ena [85]. Also see a review article about flux compactifications [86]. The constructions
of these noncompact extra-dimensional solutions might have interesting feature in four-
dimensions.

The solution we obtained does not have a charge and a mass yet. It is interesting that
the generalization of solutions to have a charge [87]. (This is the SO(5) x SU(2) case,
and the SU(3) x SU(2) case has not been yet.) That solution seems to include the AdS,
region as a certain limit. And we can also consider the AdS to non-AdS flow, because
that solution has the extra dependence in front of radius direction as squashing function
which runs smoothly. The solution together with a mass and a charge is also interesting
in perspective of rich structures of solution itself.

There will also be an interesting developments to construct the 2 + 1 dimensional
supersymmetric Chern-Simons gauge theory which has SU(3) x U(1) R-symmetry. This
model is expected to have maximally NV = 3 supersymmetry. To obtained a dual of

squashed manifold Nﬁ’l’o, we need to have A/ = 1 supersymmetry.



Appendix A

The Gamma matrices

The explicit forms of the antisymmetrized products of the 8 x 8 I' matrices we have used
in (B:3.21)) are given as I'7; = Ioxo ® 77 where

io? I
—io? —I
Y12 = o2 ) Y13 = o3 |
io? —o3
io? —o?
io? I
Y14 = o | Y15 = o3 )
—o! —I
—o! —o3
—ic? —I
Y16 = ol ) T = i )
—io? o3
—o! ol
io? —io?
718 = io? ) V2 = ol )
ol Yok
I io?
o3 ol
V53 = o3 ) V54 = ol )
I io?
io? o3
io? —o3
V56 = io? ) Vo7 = 1l
—io? —I
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Y58 = . 9 (A()l)

and oo is a 2 X 2 identity matrix. We have also defined
'Y =02 @ Igys. (A.0.2)

The i0? was used to contract the indices of the 2-component spinor y and it is the 3
dimensional 7 matrix (see the Appendix of [9]). Igys is an 8 X 8 identity matrix. They
satisfy the following consistency relations as I'1ol'13 + ['13'10 = —(I's's + I'3[) = 0. At
this stage, there is an ambiguity to determine the I" matrices, but the explicit forms of
['; are not necessary here. To fix the ambiguity, we need to consider more general vevs
of X{J.



Appendix B

U(1) part in ABJM model

In scaling the ABJM model to the L-BLG model, we have mainly concerned with the
SU(N) x SU(N) gauge theory. In this appendix we consider the scaling limit of the
U(N) x U(N) ABJM model, especially the effect of the U(1) part. For simplicity we
consider the bosonic terms only. In the presence of the U(1) gauge field, the covariant
derivative is modified to

DY = D,Y +2iBy,Y +i{B,,Y} + 8,Yy + 2iB,Y, + 2iBy,Y, (B.0.1)

where By, is the axial combination of the U(1) x U(1) gauge field
1
By, = E(Ag” — A, (B.0.2)

The gauge field By, is associated with the gauge transformation of the complex field
Y4 — Y4, Hence if the dual geometry is described by C*/U(1), we need the gauge
symmetry even after the scaling to L-BLG. Therefore, we do not scale the By, field unlike
B,,. The scaling is given by

B, —AB,, Yo=Y, By, — B, (B.0.3)
and take the limit A\ — 0. The kinetic term of the scalar fields becomes

1 1, - A NP - A
—§tr\DMYA]2 = tr | =5 (DuYa + 2iB.Yoa + 2i By, Ya) (D"Y A 4 2i B*Y{* + 2iByY?)

(0,Yoa + 2B, Yoa) (O"Y{ + 2i BEYY)
222
—i(0,You + 2i By, You) BHYA +i(0, VA + QiBOMYOA)B“Yj] . (B.04)

The difference from the SU(N) x SU(N) case is that all the derivative is replaced by
the covariant derivative with respect to By,. Requiring finiteness of the action, one can
obtain the modified constraint

Dy Ys" = (9 + 2iBo,) (0" + 2iBY)Y;" = 0. (B.0.5)
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The gauge field By, does not have a kinetic term and it is nothing but the auxiliary gauge
field A, introduced in the C*/U(1) gauged model discussed in Appendix
In the presence of the vector-like U(1) gauge field

(L) 1 AR, (B.0.6)

there is a coupling of By, to Ay, through the Chern-Simons term. If we do not scale the
Ay, either, it is given by

AN K et By, Fou,p, (B.0.7)

where Fp,, = 0, Ao, — 0, Ap,. Then because of the A1 coefficient this must vanish too.
If we instead scale the Ay, gauge field with A, the coefficient becomes of the order A°,

and an integration over By, solves it as

i

IR

2B — (V0,54 Yy 9,74) — 2Ky, By, (B.0.5)



Appendix C

SO(8) recovery in C*/U(1) model

In Section we showed the recovery of SO(8) invariance in the scaling limit of AdS, x
CP3. In this appendix, we study a C*/U(1) sigma model and see the recovery of SO(8).
This is a generalization of the equivalence of a gauged model on CP! and an O(3) nonlinear
o model to a higher dimensional target space.

C* is parameterized by the following angular variables:

2t = pe!@119) cos 6,
22 = pe'@2+%) gin 6 cos 1P,
23 = pe'@3+%) gin 0 sin 1 cos y,
24 = pe¥ sin O sin 1 sin y,
0< Qpl < 27T7 0< 07¢7X7¢17¢2a ¢3 <. (CO]')
We then consider a scalar field on C*/U(1) by identifying
2~ e . (C.0.2)

The Lagrangian of the scalar field Z;(x) on C*/U(1) must be invariant under the local
gauge transformation

Zi(z) — ¥ Z;(x) (C.0.3)

and the action can be written by introducing an auxiliary gauge field A, as
S = /d3x|(ﬁu —iA)Zal. (C.0.4)

In the ABJM model, the gauge field comes from the U(1) part of the axial combination of
the two U(N) gauge fields By, (see Appendix [B]). The gauge field does not have a kinetic
term and and it can be eliminated by solving the equation of motion as

0

Ay = 2(ZA2

(240,24 — Z40,24). (C.0.5)
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By substituting the solution to the action, we obtain a nonlinear action which depends
on the Z4 fields only. The action (C.0.4]) becomes

S= /d3a:(|8ZA|2 A2 2. (C.0.6)

In the case of CP! model, it is well known that the model is nothing but the nonlinear
o-model on S%. In our case, it is a nonlinear model on C*/U(1).
Now we expand the field around a classical background and expand the field as

ZA(x) = Z8 + 24, (C.0.7)

The classical background satisfies the equation of motion. Assume that the classical
background is very slowly varying and much larger than the fluctuation Z4:

1Z8 > |24, |dzd). (C.0.8)

Under the assumption (C.0.8), the quadratic terms of the fluctuations in the action (C.0.6))
become

S~ /d3x(|82A|2 A2 Z0P) (C.09)
where
7; ~ - A ~
AP = 2’Z64|2(Z§8MZA — 7y"0,24). (C.0.10)

If we decompose the complex fields into real components as

73 = XA paixA

ZA = X XA (C.0.11)
the gauge field can be written as
1 .
0 Ig I
AD = (X@QXOaMX : (C.0.12)
Thus the action can be written as a manifestly SO(8) covariant expression:
A 1 N
S = /de{(ﬁXI)Q - X—g(X({aXI)Q}. (C.0.13)
In terms of the projected scalar field
o X{XIX
pr=Xx-29" C.0.14
(Xp (04D
the action is written (under the assumption (C.0.8)))
S= / B 2(0,PTY. (C.0.15)

It is manifestly invariant under the SO(8) transformations. But note that the SO(8)
transformation is different from the SO(8) acting on the original R® because of the dif-
ferent decompositions of the complex fields into the real components in (C.0.11)).



Appendix D

Ordinary reduction of M2 to D2

In this appendix, we remind the reader of the ordinary reduction of M2 branes in d = 11
supergravity to D2 branes in d = 10 type IIA supergravity to clarify the difference from the
reduction adopted in the ABJM model. By compactifying x; direction and identifying
x1 ~ x11 + 2w Ry the M2 brane solution is given by replacing the metric (£2.1]) with a
smeared harmonic function [S§]

0o R6
0= - g

n=—oo

(D.0.1)

where 7 is the radial distance in the 7 non-compact transverse directions. The string
coupling constant is given by Rj; = gsls. Then we can get the solution of the multiple
D2-branes in the string frame by using the reduction rule and the Poisson resummation
at distance much larger than R:

2
dsps = H™* ( > T]Wd:c“dx”> + Hz (dr? +d02),
n,v=0
6¢ —_= H%’
6m2g, N12

H(r) (D.0.2)

It is quite different from (4.2.9]). Especially the dilaton is not a constant and the conformal

symmetry of the M2 brane geometry is broken; it is no longer AdS,;. The transverse
direction is given by the radial direction and S%, and therefore it has the SO(7) invariance.
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