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Abstract

Since the groundbreaking observation of gravitational waves radiated from
a binary black hole by Laser Interferometer Gravitational-Wave Observatory
(LIGO) in 2015, the network of terrestrial gravitational wave interferometers
finished conducting three observing runs in March 2020, reporting the observa-
tions of 90 gravitational wave event candidates from compact binary coalescences.
Currently, the terrestrial network is in the fourth observing run. All the events
so far were identified to be those radiated from binary systems consisting of ei-
ther two neutron stars, two stellar-mass black holes or a combination of the two.
They are found to be in the mass range of 1 − 100 M⊙, corresponding to the
observation frequency band of 10 Hz-1 kHz. In June 2023, the North American
Nanohertz Observatory for Gravitational Wave, one of the pulsar timing array
(PTA) experiments, reported the observational evidence of the detection of an
nHz gravitational wave background, likely from the ensemble of supermassive
black hole binaries.

On the other hand, the frequency band of mHz-10 Hz remains unexplored as
a frequency gap, given the fact that the frequency band of terrestrial interferom-
eters is limited by ground vibration noises and that of the PTA experiments is
limited by the integration time. Complementing this gap is of high importance
because it would offer observations of the binary systems of new mass range and
cosmological sources. Several strategies, such as LISA, B-DECIGO, and DE-
CIGO, have been proposed for space-borne interferometer missions to essentially
avoid the terrestrial environment and exploit this frequency band.

In particular, B-DECIGO, an inter-satellite Fabry-Perot interferometer, has
the potential to achieve a high sensitivity in the 0.1 Hz band. It is capable of
observing the intermediate-mass black hole binaries with a total mass of 100 −
104M⊙ up to a redshift of ∼ 300 with a signal-to-noise ratio of 8. It will also
be capable of detecting binary neutron stars before they merge. For instance,
B-DECIGO should be able to detect such a system 7 years before the merger if
it is at a distance of 40 Mpc comparable to GW170817. DECIGO, the ambitious
successor of B-DECIGO, will improve the sensitivity by an order of magnitude
and is hoped to achieve a direct observation of primordial gravitational wave
backgrounds.

The back-linked Fabry-Perot interferometer (BLFPI) was proposed as an in-
terferometer topology using the inter-satellite Fabry-Perot interferometers. We
colloquially call the Fabry-Perot interferometer the Fabry-Perot cavity or cavity
in short, hereafter. The BLFPI keeps all the cavities at a resonance by control-
ling the laser frequencies only, thus avoiding the need for precision control of
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the inter-satellite distances at an unprecedented precision level of nanometers.
Such a precision control would be required if the resonances were maintained by
controlling the physical lengths of cavities. The BLFPI is expected to overcome
the serious design problem where the amount of propellant stringently limits the
length of the observation period due to continuous control of the satellite posi-
tions. In addition, if the inter-satellite cavity lengths were controlled for keeping
the resonances, one cavity length degree of freedom would need to be left un-
controlled, requiring an additional adjustment for the cavity lengths. Since the
BLFPI employs a simple control configuration in which each laser is locked to
each corresponding cavity, there is no restrictions on the values of cavity lengths,
allowing the satellites to form an arbitrary and time-variant triangular formation.
Finally, the simple configuration makes the in-orbit operations more tractable
such as lock acquisition.

While the BLFPI offers several advantages, it is vulnerable to laser frequency
noises which would significantly deteriorate the observatory sensitivity if unad-
dressed. For the reason, the BLFPI was proposed together with a new offline
noise subtraction scheme similarly to time-delay interferometry. In the BLFPI,
the heterodyne beatnote signals are obtained by optically connecting the two
lasers with an optical fiber called the back-link similarly to LISA in addition to
the error signals from each cavity. The success of BLFPI heavily relies on this
subtraction process which has not experimentally been tested to date.

This thesis reports an experimental demonstration of the BLFPI. A minia-
ture of the BLFPI was built on an optical bench with the main aim of validating
the critical function called the frequency noise subtraction. We show that the
frequency noise can be subtracted to a suppression ratio of 188± 29 and discuss
the current limitations for the subtraction ratio.

The results of this thesis have been published in Physical Review D in January
2024.
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System of Units and Abbreviations in this Thesis

· The International System of Units is used in this paper unless otherwise noted.
· In tensor notation, superscripts and subscripts denote contravariant and covariate
components, respectively.

· The Einstein rule is adopted, and when there are the same subscripts in the same term,
the subscripts are assumed to be summed.

· The alphabetic subscripts represent one of the three space components (or one of the two
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· A comma denotes a partial derivative.
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Chapter 1

INTRODUCTION

Gravitational wave is a ripple of space-time which is derived from the general
theory of relativity. Since gravitational waves have extremely small interactions
with matter, they are essentially not absorbed or scattered by matter. There-
fore, the gravitational wave observations provide complementary insights to the
conventional electromagnetic wave observations in astronomy.

Since the groundbreaking observation of gravitational waves radiated from a
binary black hole in 2015 [1], the network of terrestrial gravitational wave in-
terferometers finished conducting three observing runs in March 2020, reporting
the observations of 90 gravitational wave event candidates from compact binary
coalescences [2]. Currently, the terrestrial network is in the fourth observing
run. All the events so far were identified to be those radiated from binary sys-
tems consisting of either two neutron stars, two stellar mass black holes or the
combination of the two. They are found to be in the mass range of 1-100M⊙,
corresponding to the observation frequency band of 10 Hz-1 kHz [3]. In June
2023, the North American Nanohertz Observatory for Gravitational Wave, one of
the pulsar timing array (PTA) experiments, reported the observational evidence
of detection of a nHz gravitational wave background, likely from the ensemble of
supermassive black hole binaries [4].

The direct detection of gravitational waves is realized by measuring the vari-
ation of the distance between the test masses using the light. The observation
bandwidth of a detector is determined mainly by the time that light travels be-
tween the test masses and the environment in which the detector is placed. In
an approximation, the longer the baseline length between the test masses, the
larger the length variation for the gravitational wave with the same amplitude.
However, if the travel time of the light is longer than the period of the gravita-
tional wave, the sensitivitiy diminishes because the wave effect is integrated and
canceled out. For example, it is difficult for the PTA, which has a baseline length
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of several light years, to attain high sensitivity at frequencies higher than nHz.
On the other hand, ground-based detectors are not suitable for observations at
frequencies lower than approximately 10 Hz because of the effects of ground vi-
brations and variations in the local gravity field [5]. For the above reasons, the
frequency band of mHz − 10 Hz which corresponds to the region between the
PTA and the ground-based detector remains unexplored as a frequency gap.

Complementing this gap is of high importance because it would offer ob-
servations of the binary systems of new mass range [6, 7], and cosmological
sources [8, 9]. Several strategies have been proposed to fill the frequency gap.
They include plans to utilize torsional pendulums with low resonant frequency
for effective vibration isolation, as represented by TOBA [10]; atomic interfer-
ometers that employ free-fall atoms to mitigate disturbances, such as AION [11],
ZAIGA [12], and AEDGE [13]; plans to utilize the stable cryogenic materials
to remove seismic noise with a high common mode rejection, exemplified by
SOGRO [14], as well as a number of space-borne interferometer missions pro-
posals, that essentially avoid the terrestrial environment, such as LISA [15],
Taiji [16], TianQin [17], BBO [18], TianGO [19], B-DECIGO, DECIGO and
other concepts [20]. Examples of sources and corresponding observation meth-
ods for each frequency band are shown in Fig. 1.1 [21].

In particular, B-DECIGO [22] employs the inter-satellite Fabry-Perot cav-
ity. The Fabry-Perot cavity is a an interferometric device that resonates light
between the mirrors. In the resonant state, the light circulates within the cav-
ity and remains for a longer period of time. As a result, higher sensitivity can
be obtained comparing against the ones without the cavity. Most of the space
detectors employ a triangular configuration consisting of three spacecraft. In
B-DECIGO, the optical cavities constitute three sides of a triangular configura-
tion. A schematic view of DECIGO is shown in Fig. 1.2. This geometry was
adopted for calibration and redundancy, as well as for improved sensitivity to
the polarization of gravitational waves [23].

B-DECIGO has the potential to achieve a high sensitivity in the 0.1 Hz band.
It is capable of observing the intermediate-mass black hole binaries with a total
mass of 100-104M⊙ up to a redshift of ∼ 300 with a signal-to-noise ratio of 8.
The intermediate-mass black holes are candidates for the origin of supermassive
black holes such as the one at the center of our galaxy. The observation of
intermediate-mass black holes and understanding their mass distribution are
important for identifying the formation scenario of supermassive black holes [6].
It will also be capable of detecting binary neutron stars before they merge. For
instance, B-DECIGO should be able to detect such a system 7 years before the



3

Figure 1.1: Examples of expected science and observation methods for the grav-
itational waves in each frequency band. Credit: NASA Goddard Space Flight
Center [21]

merger if it is at a distance of 40 Mpc [25] comparable to GW170817 [26]. The
early detection of binary neutron stars makes multi-messenger astronomy more
complete with the electromagnetic observations [27]. In addition, the long time
observations associated with early detection will allow the precise verification
of general relativity [28] and the direct measurement of the expansion of the
universe [29].

DECIGO, the ambitious successor of B-DECIGO, will improve the sensitivity
by an order of magnitude. Since the 0.1-Hz band is less affected by the white
dwarf binary foreground, it is hoped to achieve a direct observation of primordial
gravitational wave (PGW) from the early universe [24]. The measurement of the
spectral structure of the PGW provides very important information on various
key physics, including thermal history of the universe after inflation, dark en-
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Figure 1.2: Schematic view of B-DECIGO (or DECIGO). In B-DECIGO, the
optical cavities constitute three sides of a triangular. [24]

ergy, and first order phase transition dynamics, and verification of the inflation
theory [9, 30–34].

The back-linked Fabry-Perot interferometer (BLFPI) was proposed [35] as
an interferometer topology using the inter-satellite Fabry-Perot interferometers.
We colloquially call the Fabry-Perot interferometer the Fabry-Perot cavity or
cavity in short, hereafter. The BLFPI keeps all the cavities at a resonance by
controlling the laser frequencies only, thus avoiding the need for precision control
of the inter-satellite distances at an unprecedented precision level of nanometers.
Such a precision control would be required if the resonances were maintained by
controlling the physical lengths of cavities. The BLFPI is expected to overcome
the serious design problem where the amount of propellant stringently limits
the length of the observation period due to continuous control of the satellite
positions. In addition, if the inter-satellite cavity lengths were controlled for
keeping the resonances, one cavity length degree of freedom would need to be
left uncontrolled, requiring an additional adjustment for the cavity lengths [36].
Since the BLFPI employs a simple control configuration in which each laser is
locked to each corresponding cavity, there is no restrictions on the values of cavity
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lengths, allowing the satellites to form an arbitrary and time-variant triangular
formation. Finally, the simple configuration makes the in-orbit operations more
tractable such as lock acquisition.

While the BLFPI offers several advantages, it is vulnerable to laser frequency
noises which would significantly deteriorate the observatory sensitivity if un-
addressed. For the reason, the BLFPI was proposed together with a new of-
fline noise subtraction scheme similarly to time-delay interferometry [37]. In the
BLFPI, the heterodyne beatnote signals are obtained by optically connecting
the two lasers with an optical fiber called the back-link similarly to LISA [38–40]
in addition to the error signals from each cavity. The success of BLFPI heavily
relies on this subtraction process which has not experimentally been tested to
date.

This thesis for the first time reports an experimental demonstration of the
BLFPI. A miniature of the BLFPI was built on an optical bench with the main
aim of validating the frequency noise subtraction. We show that the frequency
noise can be subtracted to a suppression ratio of 188±29 and discuss the current
limitations for the subtraction ratio.

This thesis is organized as follows. In Chapt 2, gravitational waves are derived
from general relativity. Subsequently, their properties are summarized, typical
examples of the radiation sources are presented. In Chapt 3, we will review
the properties of the Michelson interferometer and Fabry-Perot cavity, both of
which are the basis of laser interferometric gravitational wave detectors. Then
summarize the main noise sources in gravitational wave detection. In Chapt 4,
I introduce the frequency noise subtraction scheme and show that the frequency
noises can be subtracted while leaving the gravitational wave signals or equiva-
lently the length signals unaffected. In Chapt 5, the experimental setup and the
implementation of the offline subtraction process are presented. In Chapt 6, it
is shown that the laser frequency noises were successfully reduced by applying
the subtraction process to the data acquired in the experiment . After that I
discusses a number of sources that could limit the noise subtraction ratio and the
implication to the space gravitational wave antennas. Finally, Chapt 7 conludes
the thesis.
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Chapter 2
GRAVITATIONAL WAVES

In this chapter, we derive the gravitational wave from the general theory of rel-
ativity and show that the gravitational wave has two tensor polarization modes.
We then consider the effect of each polarization mode on the free masses, and
consider the radiation of gravitational waves. Finally, we present the possible
radiation sources.

2.1 Derivation of gravitational waves

2.1.1 Einstein equations in a weak gravitational field

In general relativity, the line element ds between two infinitesimally different
points in 4-dimensional space-time, xµ and xµ + dxµ, can be expressed as

ds2 = gµνdx
µdxν , (2.1)

with the metric tensor gµν . When space-time is flat, the metric tensor coincides
with the Minkovski metric tensor ηµν . We adopt ηµν = diag[−1, 1, 1, 1] in this
thesis. The metric tensor follows the Einstein equation

Gµν =
8πG

c4
Tµν . (2.2)

Where Tµν is the stress–energy tensor which represents the density and flux of
energy and momentum of an object in spacetime. The Einstein tensor Gµν is
defined as

Gµν ≡ Rµν −
1

2
gµνR, (2.3)
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using the Ricci tensor Rµν and the scalar curvature R. We also define the cur-
vature tensor Rµ

ναβ which expresses the distortion of space-time, as

Rµ
ναβ ≡ Γ µ

νβ,α − Γ µ
να,β + Γ µ

γαΓ
γ
νβ − Γ µ

γβΓ
γ
να,

Γ µ
νλ ≡ 1

2
gµα (gαν,λ + gαλ,ν − gνλ,α) .

(2.4)

The Rich tensor and scalar curvature are defined, respectively, from the contrac-
tion of the curvature tensor as

Rµν ≡ Rα
µαν ,

R ≡ Rµ
µ.

(2.5)

Assuming that the gravitational field is sufficiently small where |hµν | ≪ 1,
the space-time metric is expressed as

gµν = ηµν + hµν , (2.6)

using the Minkowski metric and the perturbation from the Minkowski metric.
By plugging gµν into Einstein tensor, we can obtain

Gαβ =
−1

2

(
hαβ,µ

,µ + ηαβh̄µν , µν − h̄,µ
αµ,β − h̄,µ

βµ,α +O
(
hαβ

2
))

. (2.7)

Here, we defined the trace reverse tensor of hαβ as follows.

h̄αβ = hαβ −
1

2
h, (2.8)

with h ≡ hα
α. Here, by performing a gauge transformation to coordinates satis-

fying the following conditions,
h̄µν

,ν = 0, (2.9)

we get

Gαβ =
−1

2
□h̄αβ, (2.10)

where □ is the four-dimensional Laplacian. From Eq. (2.2) and (2.10) we finally
arrive to the Einstein equations in a weak gravitational field

□h̄µν = −16πG

c4
T µν . (2.11)

This equation shows that h̄µν , the deviation of the metric tensor with respect
to ηµν , propagates as waves in space-time, i.e., the existence of the gravitational
wave.
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2.1.2 Derivation of gravitational waves

In a vacuum sufficiently far away from the gravitational source (T µν = 0),
Eq. (2.11) becomes

□h̄αβ = 0. (2.12)

Furthermore, by imposing a transverse trackless (TT) gauge condition, we write
as,

hα
α = 0, (2.13)

hαβU
β = 0. (2.14)

Where Uβ is some fixed four-velocity vector. Here, the following two con-
ditions can be satisfied if we choose a basis vector of time as Uβ and set the
direction of wave propagation to the z-axis [41],

hα0 = 0,

hαz = 0.
(2.15)

From the symmetry of the Einstein tensor Gµν and the conditions of (2.15), all
the components except hxx, hyy and hxy = hyx are zero. In addition, from the
traceless condition (2.13), hyy = −hxx is obtained.

From the above, the solution of Eq. (2.12), can be represented with indepen-
dent functions hxx(t) and hxy(t) as follows

hαβ =


0 0 0 0
0 hxx

(
t− z

c

)
hxy

(
t− z

c

)
0

0 hxy

(
t− z

c

)
−hxx

(
t− z

c

)
0

0 0 0 0

 . (2.16)

Note that hαβ = h̄αβ since ηαβhαβ = 0 in the TT gauge condition.

The above shows that gravitational wave in general relativity propagates at
the speed of light and has two independent polarizations hxx and hxy.

2.1.3 Effects of gravitational waves

Let us consider the situation where the point masses with no external force are
placed at the coordinates (ct, Lcosθ,Lsinθ, 0) on the xy-plane. The gravitational
waves propagating in the z-axis direction pass through.
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First, assuming only hxx polarization in the gravitational wave, hαβ can be
represented by

hαβ =


0 0 0 0
0 hxx 0 0
0 0 −hxx 0
0 0 0 0

 cosϕt. (2.17)

Here hαβ has assumed to oscillate with cosϕt. The proper distance ∆l between
the origin (ct, 0, 0, 0) and the point masses can be expressed as follows.

∆l =

∫ ∣∣gαβdxαdxβ
∣∣ 12 ,

=

∫ ∣∣(ηαβ + hαβ)dx
αdxβ

∣∣ 12 ,
=

√∫ L cos θ

0

(1 + h+ cosϕt) dx2 +

∫ L sin θ

0

(1− h+ cosϕt) dy2,

≃ L

(
1 +

1

2
h+ cos 2θ cosϕt

)
.

(2.18)

Here we assumed h ≪ 1.
Next, similarly, assuming the hxy polarization only, the proper distance ∆l is

obtained as follows.

∆l ≃ L

(
1 +

1

2
h× sin 2θ cosϕt

)
. (2.19)

A depiction of the time evolution of the free masses for each condition is
shown in Fig. 2.1. It can be seen that the gravitational waves induce tidal vari-
ations. The gravitational wave detector, presented later in Chapt. 3, measures
the variation of this proper distance. The fact that the variation of the proper
distance is proportional to the separation length L is the essential reason why
huge gravitational wave detectors are needed.

The polarization modes hxx and hxy are called + mode and × mode, respec-
tively.

2.2 Gravitational wave radiations

In this section, we consider the radiation of gravitational waves from the solution
of the wave equation derived in Eq. (2.11). An order estimations are performed
for the GW amplitudes. Finally, specific radiation sources are introduced.
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Figure 2.1: The time evolution of a free masses when a gravitational wave of each
polarization mode arrives from the z-axis direction. The blue arrows represent
time evolution.

Let us consider the radiation of gravitational waves. The solution of Eq. (2.11)
is formally written as

h̄µν
(
t, xi

)
=

4G

c4

∫ T µν

(
t−

∣∣∣xi−xi′
∣∣∣

c
, xi′
)

|xi − xi′ |
d3xi′ , (2.20)

where xi is the position vector of the observer and xi′ is the position vector of the
gravitational wave radiation source. Assuming that |xi| ≡ r ≫

∣∣xi′
∣∣ and that the

time derivative of T µν is small enough (i.e., the change of the radiation source is
sufficiently slow relative to the speed of light), Eq. (2.20) can be approximated
as

h̄µν
(
t, xi

)
≃ 4G

c4r

∫
T µν

(
t−

∣∣xi − xi′
∣∣

c
, xi′

)
d3xi′ . (2.21)
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In addition, from the laws of conservation of energy and momentum,

T µν
,ν = 0. (2.22)

The lowest moment revelant to gravitational wave radiation is the quadrupole,
so that

h̄jk(t, xi) ≃ 2G

c4r
Ïjk(t− r/c), (2.23)

with, the quadrupole moment tensor

Ijk(t) ≡
∫

xjxkT 00(t, xi)d3xi. (2.24)

Under the TT gauge conditions, Eq.(2.23) can write as

hTT
ij =

2G

c4r

d2ITT
ij

dt2
,

=

[
P k
i P

l
j −

1

2
PijP

kl

]
2G

c4r

d2Iij
dt2

,

(2.25)

with

Iij ≡ Iij −
1

3
δijI

k
k , (2.26)

and
P k
i ≡ δki − nin

k, (2.27)

where

δij =

{
0 (i ̸= j)

1 (i = j)
, (2.28)

and unit radial normal ni. Let T
00 be approximated by the density ρ and let M

be its spatial integral. In addition, we assume that the characteristic size of the
gravitational wave source and the time scale of variation are R and T , respec-
tively. The quadrupole moment can be approximated as MR2 and its second
time derivative as MR2/T 2 ∼ Mv2 with the characteristic velocity v defined as
v ≡ R/T . Therefore, the gravitational wave amplitude can be approximated as

h ∼ δ
GM

c2r

v2

c2
= δ

R

r

GM

c2R

v2

c2
≃ 10−44δ

Mv2

r
. (2.29)

Here δ represents the asymmetry of the system (δ ≤ 1) and GM/c2R is a dimen-
sionless quantity that expresses the compactness of the radiation source. The
above shows that gravitational waves are emitted strongly when a denser object
is moving at a higher speed. For example, subsitiuting the parameters compara-
ble to GW150914, i.e., M = 30 M⊙, 400 Mpc distance, and 0.6c as the velocity
just before the merger, we get h ∼ 10−21. Here, δ is set to 1 for simplicity.
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2.3 Possible radiation sources of gravitational

wave

The following are examples of the possible sources of gravitational wave radiation.

2.3.1 Compact binary coalescence

As we have seen in Eq. (2.29), a binary system consisting of compact objects is
one of the typical radiation sources of gravitational wave. The compact objects
include black holes (BHs), neutron stars (NSs) and white dwarfs (WDs). Over 90
gravitational wave events have been reported by ground-based detectors namely
LIGO and Virgo to date, after the first detection in 2015 [1,42]. All of these events
are radiated from CBC and are identified to be combinations of of either BH-BH,
BH-NS or NS-NS. In June 2023, NANOGrav, one of the Pulsar Timing Array
(PTA) experiments, reported the detection of nHz band gravitational waves that
possibly originated from a supermassive BH binary [4].

The orbital radius of the binary system decreases due to the energy loss
caused by the gravitational wave radiation. As a result, its orbital velocity
increases. With the evolution of the inspiral, both the amplitude and frequency
of the radiated gravitational wave increase. This process is called the chirp phase.
When the orbital radius reaches the innermost stable circular orbit (ISCO), which
is the limit of a stable orbit, the binary object reaches a merger. And it emits a
strong burst wave. After the merger, a new BH is formed in the case of binary
BH system and the gravitational wave is radiated due to the quasi-normal Mode
excited by the merger. Although, fundamentally, even in the case of binary NS
systems, a BH is formed after the merger, it has been suggested that a large NS
could exist for a short period of time after the merger, depending on the equation
of state of the NS [43]. In binary WD systems with low total masses, the system
might form a heavier white dwarf or yellow supergiant. If the binary mass is
close to or exceeds the Chandrasekhar mass, a Type Ia supernova might occur.
As shown later, such supernovae could also be a gravitational wave source [44].

Historically, the existence of the gravitational wave was first verified by the
electromagnetic observation of the NS pulsar, as the decrease of the orbital pe-
riod was consistent with the value expected from the energy loss due to the
gravitational wave radiation [45].

The time evolution of the gravitational wave amplitude from the binary sys-
tem during the chirp phase h(t) in detector frame and its phase ΦGW and fre-
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quency fGW can be expressed as follows [46].

h(t) ≃ 4

dL

(
GMc

c3

)5/3(
πfGW(t)

c

)2/3

cos (ΦGW(t)) , (2.30)

ΦGW(τ) = −2

(
5GMc

c3

)−5/8

τ 5/8 + ϕ0, (2.31)

fGW(τ) =
1

2π

∂ΦGW(τ)

∂τ
,

=
1

π

(
5

256

1

τ

)3/8(
GMc

c3

)−5/8

,

(2.32)

where dL is the luminosity distance, τ is the time taken to merge and is defined
by τ ≡ tcol− t using the collision time tcol, ϕ0 is the phase factor, Mc is the chirp
mass. The chirp mass is defined as

Mc =
(m1m2)

3/5

(m1 +m2)
1/5

, (2.33)

when the masses of the stars constituting the binary system are m1 and m2,
respectively. The orbital frequency of the binary reaches the maximum when its
orbit reaches ISCO. The gravitational wave frequency fISCO at that time can be
expressed as follows [46].

fISCO =
1

12
√
6π

c3

GM
,

≃ 2.2× 103
(
M⊙

M

)
,

(2.34)

where M = m1 +m2.
As seen from the above equation, heavier stars merge at a lower frequency of

their inspiral. The gravitational wave amplitude in the chirp phase of the above
equation in detector frame can be expressed as follows [46].

h(fGW) ≃ 1

π2/3

(
5

24

)1/2
c

dL

(
GMc

c3

)5/6

f
−7/6
GW ,

≃7× 10−20

(
1Mpc

dL

)(
m

1M⊙

)5/6

f
−7/6
GW .

(2.35)
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Here, we assumed that the masses of the objects constituting the binary system
were equal, m1 = m2 = m. Fig. 2.1 shows the spectra of gravitational wave
amplitudes of chirp waves radiated by the binary object consisting of the 1.4 M⊙
neutron star and the 1000 M⊙ black hole, respectively. The symbol ’X’ in the
figure represents the ISCO frequency. In addition, each arrow on the spectrum
shows the time it takes from that point to the merger.

10 4 10 3 10 2 10 1 100 101 102 103 104

Frequency [Hz]

10 26

10 24
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Figure 2.2: The gravitational wave strains from the binary stars with masses
of 1000M⊙ and 1.4M⊙, located at a luminosity distance of 1 Gpc and 40 Mpc
respectively. It can be seen that the frequency increases as the spiral evolves.
The heavier binary star system radiates stronger gravitational waves and reaches
the merger at an earlier stage of the inspiral.

2.3.2 Rotating neutron stars

Continuous waves are signals of constant frequency and amplitude that persist
over long scales of a few years or longer. One promising source is rotating neu-
tron stars with an asymmetry. The detection of continuous waves from rotating
neutron stars allows us to study the properties of dense matter under conditions
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different from binary inspirals and mergers and to perform additional tests of
theories of gravity. The amplitude of gravitational waves associated with the
rotation of the neutron star can be expressed as follows [46]

h(fGW) =
4π2G

c4
Izzf

2
GW

dL
ϵ,

≃ 1.1× 10−25
( ϵ

10−6

)( Izz
1038 kg m2

)(
10kpc

dL

)(
fGW

1kHz

)2

,

(2.36)

where Izz is the moment of inertia around the rotational axis of the neutron
star,ϵ is the ellipticity of the neutron star respectively. An upper limit of the
continuous wave amplitude is given by the observation of the ground detectors.
The current value is h < 1.1× 10−25 at 111.5 Hz [47].

2.3.3 Supernovae

Supernova explosions can be sources of gravitational waves if there is asymmetry.
In the case of a Type Ia supernova caused by WD exceeding the Chandrasekhar
limit due to mass accretion, gravitational waves of the order of h ∼ 10−22 at 1
Hz are expected at a distance of 10 kpc [48]. In addition, in the case of a Type
II supernova caused by gravitational collapse, gravitational waves of the order of
h ∼ 10−21 to 10−22 at 1 kHz are expected at a distance of 10 pc [44].

In addition, if a rotating remnant is produced after the explosion, it can be
a source of the gravitational wave in a low-frequency band, around 0.1 Hz [49].

2.3.4 Primordial gravitational waves

In the early universe, electromagnetic waves are scattered and cannot travel
straight ahead due to the high temperature plasma. Therefore, gravitational
waves with strong transmissivity are the only way for direct observation of the
early universe [8,9]. Such gravitational waves are called primordial gravitational
waves (PGWs). For observing PGW, it is important to choose an observation
frequency band where the foreground GW can be removed [24, 50, 51]. The
amplitude spectral density of the PGW can be written as follow [46].

h(fGW) =

√
3H2

0ΩGW

4π2f 3
GW

, (2.37)
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where ΩGW is the energy density of gravitational waves, with an upper limit
of ΩGW ∼ 10−16 based on the CMB observations [52] and H0 is the Hubble
constant.

The measurement of the spectral structure of the PGW provides very im-
portant information on various key physics, including thermal history of the
universe after inflation, dark energy, and first order phase transition dynamics,
and verification of the inflation theory [30–34].
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Chapter 3
LASER INTERFEROMETRIC GRAV-
ITATIONALWAVEDETECTOR

This chapter summarizes gravitational wave detectors, focusing on the laser in-
terferometric type. First, I provide an overview of gravitational wave detectors
in Sect.3.1. Next, the basic properties of Michelson interferometers and Fabry-
Perot detectors in Sect 3.2 and 3.3, which are the fundamental components of
laser interferometer-type detectors, are summarized. Then, noise sources in grav-
itational wave detection is summarized in Sect.3.4. After that, I summarize the
sensitivity of the major laser interferometric detectors in Sect.3.5. Finally, we
compare the optical transponder scheme and the Fabry-Perot scheme, the major
schemes for space laser interferometric detectors in Sect.3.6.

3.1 Overview of gravitational wave detector

The principles of direct detection of gravitational waves can mainly be divided
into two methods.

· Measuring the mechanical oscillations induced by the acceleration of the test
mass due to the gravitational waves.
· Measuring the variations in proper distance between the test masses due to
the gravitational waves using photons or particles.

An example from the former is the resonant bar detector. This method has a
high sensitivity near the mechanical resonance frequency of the test mass. It
was used for the first gravitational wave detector [53]. Recently, there have been
attempts to detect ultra-high-frequency gravitational waves using a small test
mass and a superconducting sensor [54].
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Methods that correspond to the latter include laser interferometric detec-
tors, doppler tracking, and PTA. Laser interferometric detectors make a laser
beam round-trip between the test masses and detect the variations in optical
distance due to the gravitational waves by measuring the phase change of the
laser beam. The ground-based detectors such as advanced LIGO [55], advanced
Virgo [56] and KAGRA [57], as well as the future space-based detectors such as
LISA [15], Taiji [16], TianQin [17], BBO [18], TianGO [19], B-DECIGO [22] and
DECIGO [24] utilize this method. This principle is also applied to the Doppler
tracking and PTA. The Doppler tracking measures the phase change of radio
waves between the ground and a spacecraft. In PTA, which measures the change
in the flicker period of pulsars due to gravitational waves. The typical baseline
lengths and measurement bandwidths for each of these methods are listed in
Table 3.1. This is related to, as derived in Eq. (2.19), a longer baseline length
gives higher sensitivity to gravitational waves. On the other hand, as can be
seen from the response of the detector, which will be derived later in Eq. (3.10)
and Eq. (3.35), gravitational waves with a shorter period (i.e., higher frequency)
than the photon round-trip time are less sensitive due to the canceling effect of
the integration time.

Hereafter, we will focus on laser interferometric detectors. A laser interfero-
metric detector is composed of a Michelson interferometer, which compares the
phases of lasers propagating in two different paths (hereafter called arm), and/or
a Fabry-Perot cavity, which makes the resonance of the laser between mirrors
and gain the effective distance as introduced in Sect. 3.3.

The ground-based detectors such as LIGO are based on the Michelson inter-
ferometer. However, the optimum arm length for a simple Michelson interfer-
ometer, for example, for a 100 Hz gravitational wave, is about 750 km, which is
not practical for construction on the Earth. Therefore, Fabry-Perot cavities are
incorporated in each arm to obtain an effective length.

In the case of space detectors, it is possible to take sufficiently long arm
lengths compared to the ground-based ones. For example, LISA has arms of
about 2.5 million km without a cavity, optimized for gravitational waves in the
0.1-100 mHz band. In the case of DECIGO, the arm is optimized for the gravi-
tational waves of 0.1-10 Hz by using an arm with a Fabry-Perot cavity of about
1000 km length. The reason for using cavities instead of longer baseline lengths
is to prevent diffraction loss and reduce shot noise.
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Table 3.1: Characteristics of various detectors

example type baseline length frequency band
NANOgrav PTA ∼ 1015 − 1016 m ∼ nHz
CASSINI Doppler tracking ∼ 1012 m 0.01-0.1 mHz
LISA space laser interferometer 2.5× 109 m 0.1-100 mHz
DECIGO space laser interferometer 1× 106 m 0.1-10 Hz
LIGO laser interferometer 4× 103 m 10-1000 Hz

3.2 Michelson interferometer

3.2.1 Fundamental operation of Michelson interferometer

A schematic view of the Michelson interferometer is shown in Fig. 3.1. Here, the
vertical direction is set as the y-axis and the horizontal direction as the x-axis.
The beam from the laser source is split into two optical paths by the BS (beam
splitter) at the vertex. These beams are reflected by mirrors TMX (test mass X)
and TMY (test mass Y) located in the x- and y-axis directions. The reflected
beam recombine at the BS, and the interfered light is detected by a PD (Photo
Detector). Assuming that the amplitude of the incident laser electric field is E0

and the angular frequency is Ω, the incident electric field Ein can be written as

Ein = E0e
iΩt. (3.1)

In addition, putting that the phase shift of the electric field during the round
trip of each arm is Φx and Φy, and that both the intensity reflectance and trans-
mittance of BS are 0.5, the power of the laser light received by the PD, PPD, can
be written as

PPD =

∣∣∣∣12Eine
i(Ωt−Φx) − 1

2
Eine

i(Ωt−Φy)

∣∣∣∣2 ,
=

1

2
Pin (1− cosΦ−) ,

(3.2)

where Pin ≡ |Ein |2 and Φ− ≡ Φx − Φy. Thus, the Michelson interferometer
can convert the difference in the lengths of the two arms (i.e., the difference
in phase) into light intensity. Gravitational waves produce tidal fluctuations
as seen in Sect. (2.1). Thus, the Michelson interferometer can be utilized as a
gravitational wave detector.
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Figure 3.1: Schematic view of Michelson interferometer

3.2.2 Response of Michelson interferometer to gravita-
tional wave

Let us consider the case where the + mode gravitational wave is incident on
an interferometer in the xy plane from the z direction. First, the line element
between BS and TMX is

ds2 = −(cdt)2 + {1 + h(t)}dx2,

= 0.
(3.3)

Note that ds2 = 0 since the photon travels on a null geodesic. Now, let us assume
the dx/dt > 0. Furthermore, the gravitational wave amplitude is small so that
1 ≫ h(t), Eq. (3.3) can be written as

cdt

{
1− 1

2
h(t)

}
≃ dx. (3.4)

By integrating Eq. (3.4) with round-trip time, it can be written as∫ t

t− 2lx
c

{
1− 1

2
h (t′)

}
dt′ ≃ 2lx

c
, (3.5)
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where lx is the distance between TMX and BS. Therefore, the time ∆tx for
photon round-trip in the X-arm can be written as

∆tx ≃ 2lx
c

+
1

2

∫ t

t− 2lx
c

h (t′) dt′. (3.6)

The phase shift Φx resulting in an X-arm round trip is the value of Eq. (3.6)
multiplied by the laser angular frequency Ω. The phase shift in the light round-
trip on the Y arm can be obtained in the same way, noting that the effect of the
gravitational wave is the opposite of that on the X arm. By taking the difference
between them, the differential change in the phase Φ− can be written as

Φ− = Φx − Φy

=
2 (lx − ly)Ω

c
+Ω

∫ t

t− 2l
c

h (t′) dt′,
(3.7)

where ly is the distance between BS and TMY similar to lx, and we assumed
lx ≃ ly ≃ l. The second term in Eq. (3.7) represents the effect of the phase shift
due to the gravitational waves. The first term is simply the component resulting
from the difference in arm lengths.

The expression of the Fourier transform of the gravitational wave amplitude
is,

h(t) =

∫ ∞

−∞
h(ω)eiωtdω. (3.8)

By plugging the second term of Eq. (3.7), the phase shift induced by gravitational
waves can be written as

∆Φ(t)GW = Ω

∫ t

t− 2l
c

∫ ∞

−∞
h(ω)eiωtdωdt′,

=

∫ ∞

−∞

2Ω

ω
sin

(
ωl

c

)
e

−iωl
c h(ω)eiωtdω,

=

∫ ∞

−∞
αMIHMI(ω)h(ω)e

iωtdω,

(3.9)

where

HMI(ω) =
c

ωl
sin

(
ωl

c

)
e

−iωl
c , (3.10)

and

αMI =
2Ωl

c
, (3.11)
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Figure 3.2: Frequency dependence of Michelson interferometer response at a few
selected arm lengths

represents the normalized response function of the Michelson interferometer to
the gravitational wave and normalized constant. Fig. 3.2 shows the Michelson
response plotted as a function of frequency for baseline lengths of 100 km, 1000
km, and 10000 km, and Fig. 3.3 shows the plot as a function of length for
gravitational waves of 0.1 Hz, 1 Hz, and 10 Hz. The effect of the gravitational
wave is maximized when the round trip time of the light is equal to the half
period of the gravitational wave, while the canceling effect begins when the
round trip time exceeds the half period. When the round-trip time is equal
to the gravitational wave period, it means that the light cannot detect changes
caused by gravitational waves. The optimal baseline length for gravitational wave
frequency, at 10 Hz, is about 7500 km. This optimum baseline length becomes
longer at lower frequencies. The Fabry-Perot cavity introduced in Sect. 3.3 allows
for a longer effective baseline length. However, as introduced in Sect. 3.4.1,
the effect of seismic noise becomes significant in the low-frequency band on the
ground.
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3.3 Favry-Perot cavity

The mechanism that makes the resonance of the laser between the mirrors is
called a cavity. In particular, a cavity with mirrors arranged in a straight line
is called a Fabry-Perot cavity. The cavity can achieve an extended optical path
length through repeated round-trips of light. Consequently, it can achieve a
larger phase shift (i.e., higher sensitivity) to gravitational waves than a simple
Michelson interferometer.

Because of this property, cavities are incorporated into ground-based detec-
tors with limited space. In addition, the cavities can be utilized in space detectors
to enhance sensitivity in cases where they can receive enough light.

In this section, the basic properties of the Fabry-Perot cavity are derived,
and then the frequency response for the incident laser and gravitational wave
are derived. Finally, we summarize the Pound Drever Hall scheme for obtaining
the error signal to the cavity resonance.

3.3.1 Basic properties of Fabry-Perot cavity

Let us consider a Fabry-Perot cavity with length L, consisting of mirrors ITM
(input test mass) and ETM (end test mass) with amplitude reflectance and trans-
mittance ri, ti, and re, te, respectively, as shown in Fig. 3.4. In addition, let t be
the amplitude transmittance (corresponding to the loss) inside the cavity. From
the viewpoint of energy conservation, it is assumed that the phase is inverted
when light is reflected on the outer surface of the mirror (the side with the minus
sign in the figure).

The light incident to the cavity is repeatedly reflected by the mirror in part
and transmitted in the rest. As a result, the reflected electric field Er, the
internal electric field Ec, and the transmitted electric field Et of the cavity can
be expressed as an addition of the electric fields as be shown in Fig. 3.4. The
reflected and transmitted electric fields relative to the incident electric field (i.e.,
cavity reflectance rcav(Φ) and transmission tcav(Φ)) can be written as

rcav(Φ) ≡
Er

Ein

,

= −ri + t2i ret
2e−iΦ

∞∑
n=0

(
riret

2e−iΦ
)n

,

= −ri +
t2i ret

2e−iΦ

1− riret2e−iΦ
,

(3.12)
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Figure 3.4: The electric field inside the cavity

tcav(Φ) ≡
Et

Ein

,

Et

Ein

= titete
−iΦ
2

∞∑
n=0

(
riret

2e
−iΦ
2

)n
,

=
titete

−iΦ
2

1− riret2e−iΦ
,

(3.13)

where Φ is the phase shift that results when the light round-trip through the
cavity. This value is obtained by multiplying the angular frequency of light,
Ω, by the round-trip time of 2L/c. Similarly, the internal electric field can be
written as

Ec

Ein

= ti

∞∑
n=0

(
riret

2e−iΦ
)n

,

=
ti

1− riret2e−iΦ
.

(3.14)

The amplitude and phase of reflected and transmitted light relative to inci-
dent light (i.e., cavity reflectance and transmittance) are shown in Figs. 3.5 and
3.6. Here we assumed t2i = t2e = 0.001, t = 0. The point where the transmitted
light is maximum and the reflected light is minimum is called the resonance. At
the resonance point, since the cavity length is an integer multiple of the half-
wavelength of the laser, the phase is matched with the incident light. Therefore,
the phase change of reflected and transmitted light is zero. In the region near
the resonance, since the light circulates inside the cavity many times, it shows
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Figure 3.5: The reflectance of the cavity as a function of the deviation from
resonance. The horizontal axis represents the deviation from the resonance.

a steep phase change for the deviation from the resonance. This slope becomes
steeper as the number of round trips of the light is larger. This property makes
the cavity a highly sensitive sensor for mirror displacement and incident laser
frequency. In the regions where the deviation from the resonance is large, the
light does not enter the cavity, and the cavity behaves like a simple mirror, and
the phase is almost unchanged.

In addition, by taking the square of the absolute value of Eqs. (3.12) and
(3.14), the intensity normalized by the incident light intensity for each light can
be written as ∣∣∣∣ Er

Ein

∣∣∣∣2 = (ri − ret
2)

2
+ 4riret

2 sin2 Φ
2

(1− riret2)
2 + 4riret2 sin

2 Φ
2

(3.15)

∣∣∣∣ Ec

Ein

∣∣∣∣2 = t2i
(1− riret2)

2 + 4riret2 sin
2 Φ

2

(3.16)

For the transmitted light intensity, the value can be obtain by multiplying t2et
2

to Eq. (3.16).

Resonance occurs when the phase Φ fulfills Φ = 2nπ (n : integer), so it repeats
at a regular interval. This resonance interval is called FSR (Free Spectral Range)
and FSR = 2π. Here, let FSR expressed in frequency be νFSR, it can be represent
as

νFSR =
c

2L
, (3.17)
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Figure 3.6: The transmittance of the cavity as a function of the deviation from
resonance. The horizontal axis represents the deviation from the resonance.

since
FSR = 2π,

=
2L

c
2πνFSR.

(3.18)

By differentiating both sides of Eq. (3.17) by the cavity length L, we can obtain
the relation of

δν

ν
= −δL

L
. (3.19)

This result shows that the frequency variation is equivalent to the resonator
length variation for the cavity.

Now, let us consider the phase Φ1/2 in which the internal light power becomes
half of the power at the resonance as follows,

1

2

t2i
(1− riret2)

2 =
t2i

(1− riret2)
2 + 4riret2 sin

2 Φ1/2

2

. (3.20)

Here, we used the expression Eq. (3.16) for the internal light intensity of the
cavity. Assuming that the resonance is sharp and Φ1/2 ≫ 1,then sin−1 Φ1/2 ≃
Φ1/2, thus Φ1/2 can be represent as

Φ1/2 ≃
1− rir2t

2

t
√
rir2

. (3.21)
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Figure 3.7: Relation between FWHM and FSR in the intensity of cavity trans-
mitted light

By putting the frequency equivalent of Φ1/2 as ν1/2, it can be written as

ν1/2 =
c

4πL

1− riret
2

t
√
rire

, (3.22)

since

Φ1/2 = 2π
2L

c
ν1/2. (3.23)

The full width at half maximum (FWHM) is defined as twice this value, and
expressed as

FWHM ≡ 2ν1/2 =
c

2πL

1− riret
2

t
√
rire

. (3.24)

The relation between FSR and FWHM is shown in Fig. 3.7. The sharpness of
the resonance of the cavity is characterized by finesse F which is defined as the
ratio of the FSR and the full width at half maximum,

F ≡ FSR

FWHM
,

=
πt
√
rire

1− riret2
.

(3.25)
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3.3.2 Response of Favry-Perot cavity to laser frequency

Let us consider the light Ein with phase deviation δp(t) incident to the cavity.
Assuming that the amplitude is E0 and the angular frequency is Ω, Ein can be
written as

Ein = E0e
i{Ωt+δp(t)},

≃ E0e
iΩt{1 + iδp(t)},

(3.26)

with δp(t) ≪ 1. At this time, Ein can be represented as

Ein = E0e
iΩt + iE0

∫ ∞

−∞
δp(ω)ei(Ω+ω)tdω. (3.27)

Here we used the inverse Fourier transform

δp(t) =

∫ ∞

−∞
δp(ω)eiωtdω. (3.28)

Since the cavity shows different reflectance for different frequency components
from Eq. (3.12), the reflected electric field Er can be represented as

Er = E0e
iΩtrcav(Φ) + iE0

∫ ∞

−∞
δp(ω)rcav (Φω) e

i(Ω+ω)tdω,

= E0e
iΩtrcav(Φ)

(
1 + i

∫ ∞

−∞
δp(ω)eiωtdω

)
− iE0e

iΩtrcav(Φ)

∫ ∞

−∞
δp(ω)eiωtdω,

= E0e
iΩtrcav(Φ) {1 + iδp(t)}+ iE0e

iΩt

∫ ∞

−∞
δp(ω)eiωtω {rcav(Φm)− rcav(Φ)} ,

≃ Ein

{
rcav(Φ) +

∫ ∞

−∞
δp(ω)eiωtdω

2ret
2
i t

2e−i(Φ+γ)sinγ

{1− riret2e−i(Φ+2γ)} (1− riret2e−iΦ)

}
,

(3.29)
with

2L (Ω + ω)

c
≡ Φ+ 2γ. (3.30)
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When the cavity is in resonance condition or Φ = 2πn is satisfied, Eq. (3.29)
becomes

Er ≃ Ein

{
rcav reso +

∫ ∞

−∞
δp(ω)eiωtdω

2ret
2
i t

2e−iγsinγ

(1− riret2e−2iγ) (1− riret2)

}
,

= Ein

{
rcav reso − i

∫ ∞

−∞

2πδν(ω)

ω
eiωtdω

2ret
2
i t

2e−iγsinγ

(1− riret2e−2iγ) (1− riret2)

}
,

= Ein

{
rcav reso − iα

(ν)
FP

∫ ∞

−∞
HFP(ω)δν(ω)e

iωtdω

}
.

(3.31)
Here, we used the fact that the frequency deviation δν(ω) is the time derivative
of the phase noise and can be written as

δp(ω) =
2πδν(ω)

iω
, (3.32)

rcav reso is the cavity reflectance at resonance,

rcav reso =
−ri + ret

2(r2i + t2i )

1− rire
, (3.33)

α
(ν)
FP is a normalized constant,

α
(ν)
FP =

ret
2
i t

2

(1− riret2)2
4πL

c
, (3.34)

and H
(ν)
FP (ω) in the final term of Eq. (3.31) is the normalized frequency response

of the cavity,

HFP(ω) = (1− riret
2)
c

L

1

ω

e−iγsinγ

1− riret2e−2iγ
. (3.35)

By taking the absolute value of Eq. (3.35),

|HFP(ω)| ≃
1√

1 + 4riret2

(1−riret2)
2

(
L
c

)2
ω2

,

=
1√

1 + τ 2ω2
,

(3.36)

where τ is the average storage time for photons and can be written as

τ 2 =
4riret

2

(1− riret2)
2

(
L

c

)2

. (3.37)
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Here I assumed a long-wavelength approximation where the laser frequency vari-
ation time is sufficiently slower than the travel time of the light in the cavity(i.e.,
L
c
≪ 1

ω
). As can be seen from Eq. (3.36), the frequency response of the cavity

shows a response similar to a low-pass. The cutoff frequency of the low-pass νc
can be represented as

νc =
1

2πτ
=

1

F
c

4L
. (3.38)

Additionally, from Eqs. (3.37) and (3.25), the average round-trip number of light
within the cavity, denoted as N, can be expressed in terms of finesse as

N =
τc

L
=

2F
π

. (3.39)

The frequency response of the cavity given by Eq. (3.35) and the transfer function
of a single pole with cutoff frequency νc are shown in Fig. 3.8. The figure shows
that the cavity response deviates from the single-pole model around 150 Hz, the
FSR frequency, and its constant multiplier frequency. However, the single-pole
model can be approximated well in the frequency range below FSR.

Physically, this response means that there is a cancellation effect for fluctu-
ations that are roughly faster than the storage time of the cavity. Unlike the
case of the Michelson interferometer, each photon makes multiple round-trips,
and the round-trip numbers are different, so the response is not zero even at
frequencies where the disturbance period is equal to the round-trip time of the
light. However, at the FSR frequency, any round trip number of photons makes
an integer number of round trips so that the response is zero.

3.3.3 Response of Favry-Perot cavity to gravitational wave

In this section, we consider the response of cavities to the gravitational waves.
For the reflected light from the cavity, rewrite the right-hand side of Eq. (3.12)
to include the time ∆tn for the light to make the n round trips in the cavity,

Er

Ein

= −ri + t2et
2re

∞∑
n=1

(
riret

2
)n−1

e−i∆tnΩ, (3.40)

where ∆tn can be represented by including the effect of the gravitational wave
similar to Eq. (3.6),

∆tn ≃ 2Ln

c
+

1

2

∫ t

t− 2Ln
c

h (t′) dt′. (3.41)
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Figure 3.8: Normalized frequency response of the cavity and its single-pole ap-
proximation. Cavity parameters are adopted L = 1000 km and F = 10.
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By Fourier transforming the gravitational wave amplitude,

∆tn ≃ 2Ln

c
+

1

2

∫ t

t− 2Ln
c

∫ ∞

−∞
h(ω)eiωt

′
dt′dω,

=
2Ln

c
+

1

2iω

∫ ∞

−∞
eiωt

(
1− e−iω 2Ln

c

)
h(ω)dω.

(3.42)

By plugging Eq. (3.40), Eq. (3.42) can be written as

Er

Ein

=− ri

+t2i ret
2

∞∑
n=1

(
riret

2
)n−1

exp

[
−iΩ

{
2Ln

c
+

1

2iω

∫ ∞

−∞
eiωt

(
1− e−iω 2Ln

c

)
h(ω)dω

}]
.

(3.43)
By expanding the exp part to the first order of h(ω) with the gravitational wave
amplitude as |h(ω)| ≪ 1, Eq. (3.43) can be written as

Er

Ein

≃ ri + t2eret
2

∞∑
n=1

(
riret

2
)n−1

e−iΩ 2Ln
c

{
1− Ω

2ω

∫ ∞

−∞
eiωt

(
1− e−iω 2Ln

c

)
h(ω)dω

}
,

= −ri +
t2eret

2

1− riret2e
−iΩ 2L

c

− t2eret
2

∫ ∞

−∞

Ω

2ω

(
e−iΩ 2L

c

1− riret2e
−iΩ 2L

c

− e−iΩ 2L
c e−iω 2L

c

1− riret2e
−iω 2L

c e−iΩ 2L
c

)
h(ω)eiωtdω,

= −ri +
t2eret

2

1− riret2e
−iΩ 2L

c

− t2eret
2

1− riret2e
−iΩ 2L

c

∫ ∞

−∞

Ω

2ω

e−iΩ 2L
c

(
1− e−iω 2L

c

)
1− riret2e

−iω 2L
c e−iΩ 2L

c

h(ω)eiωtdω.

(3.44)
Assuming resonance condition 2L

c
Ω = 2πn , Eq. (3.44) can be written as

Er

Ein

=
−ri + (r2i + t2e) ret

2

1− riret2

(
1− t2eret

2

−ri + (r2i + t2e) ret
2

∫ ∞

−∞

Ω

ω

e−iωL
c i sin

(
ωL

c

)
1− riret2e−iω2L h(ω)e

iωtdω

)
,

=
−ri + (r2i + t2e) ret

2

1− riret2

(
1− iα

(GW)
FP

∫ ∞

−∞
HFP(ω)h(ω)e

iωtdω

)
,

(3.45)
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where α
(GW)
FP (ω) is the normalized constant,

α
(GW)
FP (ω) =

t2eret
2

−ri + (r2i + t2e) ret
2

ΩL

c

1

1− riret2
,

≃ t2eret
2

−ri + (r2i + t2e) ret
2

ΩLF
cπ

.

(3.46)

The above result shows that the Fabry-Perot cavity has a similar frequency
response to gravitational waves as the frequency deviation.

The response of the Fabry-Perot cavity to the gravitational wave given by
Eq. (3.46) is shown in Fig. 3.9. For comparison, the response of the Michelson
interferometer with the same length and the one with the length NL as the effec-
tive length considering the number of cavity round trips are also shown. It can be
seen that the Fabry-Perot cavity is half as sensitive as the actual long Michelson
interferometer. This is because a single cavity was considered, as compared to
Michelson, which has two arms. In the case of the FPMI (Fabry-Perot Michelson
interferometer), which incorporates a Fabry-Perot cavity in the Michelson inter-
ferometer arm, the sensitivity in the DC band is perfectly consistent with the
long Michelson interferometer. The cavity parameters are from DECIGO and
the finesse is about 10 [24].

3.3.4 Pound Drever Hall scheme

As described in the previous sections, to use the cavity for gravitational wave
detection, it is necessary to keep the cavity under the resonant condition. In
order to control the cavity resonant condition, it is necessary to obtain the error
signal corresponding to the deviation of the cavity about the resonance. In this
section, we summarize the PDH (Pound Drever Hall) scheme [58], which is known
as a method for obtaining the error signal.

Figure 3.10 shows the layout of the PDH scheme. The incident light passes
through the EOM (Eectro-Optic Modulator). EOM is a component that changes
its refractive index with voltage applied across it and can modulate the phase
of light. Let the electric field of the light source be E0e

iΩt and the angular
frequency of the modulation signal be Ωm, the electric field of the incident light
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to the cavity, Ein can be written as

Ein = E0e
i(Ω0+β sinΩm)t,

= E0

∞∑
−∞

Jn(β)e
i(Ω0+Ωmn)t,

≃ E0e
iΩ0t

(
J0(β) + J1(β)e

iΩmt − J1(β)e
−iΩmt

)
,

(3.47)

where β is the modulation index, and the second equal sign in the above equation
is the relation obtained by setting t = eiΩmt in the mother function of the first
kind of Bessel function,

exp

{
β

2

(
t− 1

t

)}
=

∞∑
−∞

Jn(β)t
n, (3.48)

and, the last approximation ignored the higher-order terms above the second
order of the Bessel function and used the properties of the Bessel function

J−n(β) = (−1)n Jn(β). (3.49)

From Eq. (3.47), it can be seen that the phase modulation generates two fre-
quency components in addition to the original laser frequency component. The
component with the same angular frequency Ω0 as the original laser is called the
carrier, while the component with angular frequency Ω0±Ωm is called the upper
(lower) sideband.

The PDH scheme utilizes the reflected light from the cavity. The cavity pro-
vides a different reflectance for each frequency component, as shown in Eq. (3.12).
Thus, the reflected optical field Er can be written as

Er = E0e
iΩ0t

{
r (Ω0) J0(β) + r (Ω0 +Ωm) J1(β)e

iΩmt − r (Ω0 −Ωm) J1(β)e
−iΩmt

}
,

= E ′
0e

iΩ0t + E1e
i(Ω0+Ωm)t − E−1e

i(Ω0−Ωm)t,
(3.50)

where E ′
0 ≡ E0r (Ω0) J0(β), E1 ≡ E0r (Ω0 +Ωm) J1(β) andE−1 ≡ E0r (Ω0 −Ωm) J1(β).

Since the photodetector (PDrefl in Fig 3.10) acquires the intensity of the light,
by taking the square of the absolute value of the electric field in Eq. (3.50),

|E|2 = (DC Component) + 2Re
[(
−E ′

0E
∗
−1 + E ′∗

0 E1

)
eiΩmt

]
+ (Component of 2Ωm) .

(3.51)
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Figure 3.10: Layout of PDH scheme

By adapting this relation of Eq. (3.51) to Eq. (3.50), we can obtain,

|Er|2 = 2E2
0 J0(β)J1(β) Re

[
{−r (Ω0) r

∗ (Ω0 −Ωm) + r (Ω0)
∗ r (Ω0 +Ωm)} eiΩmt

]
+ (DC Component) + (Component of 2Ωm) .

(3.52)
By multiplying this signal with the signal from the oscillator used for modulation
by the mixer, only the frequency components near Ωm are down-converted to
frequencies near DC. Here, by using the phase shifter, the phase of the signal
from the oscillator is adjusted to be sin (Ωmt) with respect to the PD signal. By
removing the RF component from the mixer output by the low-pass filter, the
PDH signal VPDH is obtained as

VPDH = E2
0 J0(β)J1(β) Im [−r (Ω0) r

∗ (Ω0 −Ωm) + r (Ω0)
∗ r (Ω0 +Ωm)] . (3.53)

The PDH signal and the cavity transmitted light, for comparison, are shown in
Fig. 3.11. It can be seen that the error signal is obtained in the cavity resonance.
This corresponds to extraction of the linear phase change in the reflected light
near the resonance as a change in intensity by interfering with the carrier light
near the resonance and the sidebands that are sufficiently far from the resonance
(i.e., not sensitive to phase change). This can be understood from Eq. (3.53),
which takes the imaginary part of the reflectivity. The structure on both sides
corresponds to the resonance of sidebands where the carrier is non-resonant.

Let us consider the behavior of the PDH signal near the resonance point.
Assuming that the sidebands are sufficiently far from the resonance point, we
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Figure 3.11: PDH signal and cavity transmitted light

can approximate r∗ (Ω0 −Ωm) = r (Ω0 +Ωm) ≃ r in Eq. (3.53). Therefore,

VPDH ≃ E2
0 J0(β)J1(β)r Im [−r (Ω0) + r (Ω0)

∗]

= 2E2
0 J0(β)J1(β)r Im [r (Ω0)] .

(3.54)

By plugging Eq. (3.12) into Eq. (3.54), we can obtain

VPDH =
2E2

0 J0(β)J1(β)rt
2
eret

2 sinΦ

1 + r2i r
2
e t

4 − 2riret2 cosΦ
. (3.55)

By differentiating Eq. (3.55) to find the approximate width of the linear
region,

∂VPDH

∂ϕ
=

2E2
0 J0(β)J1(β)rt

2
eret

2

1 + r2i r
2
e t

4 − 2riret2 cosΦ

{
cosΦ− 2riret

2 (1− cos2 ϕ)

1 + r2i r
2
e t

4 − 2riret2 cosΦ

}
.

(3.56)
Equation (3.56) takes extreme values when

cosΦ =
2riret

2

1 + r2i r
2
e t

4
. (3.57)
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Figure 3.12: PDH signal and cavity transmitted light near the resonance

By expanding Eq. (3.57) to the second order of ϕ, we can obtain

Φ ≃ ±
√
2 (1− riret

2)√
1 + r2i r

2
e t

4

= ± π

F

(3.58)

Here, we used the finesse expression (3.25). The above shows that the approx-
imately linear region of the PDH signal is comparable with the FWHM of the
cavity. Figure 3.12 provides a close-up view of the region near resonance, as
shown in Fig. 3.11.

3.4 Noise sources in laser interferometric detec-

tor

3.4.1 Seismic noise

The surface of the earth is moving microscopically due to a variety of factors.
The ground vibration is known to be generally proportional to f−2, and the value
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varies from place to place. The amplitude spectral density δxseis is modeled as

δxseis = A

(
1 Hz

f

)2

[m/
√
Hz]. (3.59)

It is known to be several orders of magnitude smaller underground than at the
surface, and the value of coefficient A is ∼ 10−7 at the earth surface and ∼ 10−9

underground.
The seismic noise reduction is mainly performed by a pendulum called a

suspension in the ground-based detectors. Let us consider the suspended mass
as shown in Fig. 3.13. The equation of motion of the mass point can be written
as follows, assuming that the mass displacement x is small.

m
d2x

dt2
= −mg

l
(x− x0)− Γ

d (x− x0)

dt
, (3.60)

where the mass of the mass is m, the damping factor is Γ , and the suspended
position is x0. By Fourier transform above equation

−mω2X(ω) = −mg

l
(X(ω)−X0(ω)) + i

Γω

m
(X(ω)−X0(ω)) (3.61)

From the above results, the transfer function X(ω)/X0(ω) from the suspended
part to the mass point can be written as,

X(ω)

X0(ω)
=

ω2
0 − i ω

Q

ω2 + i ω
Q
− ω2

0

, (3.62)

where ω0 is the resonance frequency of the pendulum, ω2
0 ≡ g

l
, and Q is the

sharpness of the resonance, Q ≡ m
Γ
. Some examples of the transfer functions are

shown in Fig. 3.14. It can be seen that the pendulum has a vibration isolation
effect proportional to f in the frequency range above the resonance frequency. We
can obtain an vibration isolation ratio of (1/f 2)n in this region using a pendulum
with n stages. On the other hand, there is no vibration isolation effect below the
resonant frequency. The resonance frequency can be lowered by increasing the
pendulum length, but since the effect is square root, it is not realistic to lower
the resonance frequency beyond a certain level.

Thus, seismic noise increases at low frequencies. In addition, pendulums are
incompatible because they are less effective at low frequencies. To avoid seismic
noise on the ground, methods such as torsion pendulum [10] that can achieve
low resonance frequencies and Atomic interferometer [11–13] that use free-falling
atom are being considered. On the other hand, space detectors essentially solve
this problem and provide high sensitivity at low frequencies.
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Figure 3.13: Suspended mass
point.

Figure 3.14: Transfer function from sus-
pension point to mass point.

3.4.2 Thermal noise

The thermal noise is caused by the Brownian motion of the mirror substrate,
mirror coatings, and suspension wires. The main methods to reduce the thermal
noise are to cooling the mirrors and suspension wires or to use coatings and
suspension wires with high Q factors. In this case, the temperature dependence
of the Q factor should be taken into account.

3.4.3 Quantum noise

Here, we introduce the shot noise and radiation pressure noise derived from the
quantum nature of light.

Shot noise

The interferometer detects the phase shift, and the shot noise is the quantum
fluctuation of this phase. The shot noise can be determined from the fact that
the variation of the number of photons follows the Poisson distribution and is
proportional to the square root of the number of photons or the power of the
light.

The shot noise for gravitational wave signals in the Michelson interferometer
hmich shot and the Fabry-Perot cavity hFP shot can be written as follows, respec-
tively [46,59]. The shot noise is proportional to the square root of the light power,
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and the gravitational wave signal is proportional to the light power. Therefore,
the signal-to-noise ratio improves in proportion to the square root of the power.
In the case of a Fabry-Perot cavity, the phase shift to the gravitational wave
is π/2F times (i.e., N times) larger than the Michelson. In addition, a factor
of 2 is added because a single Fabry-Perot cavity is considered, as compared
to Michelson. Eq. 3.10 and 3.35 were used for the Michelson and Fabry-Perot
frequency responses.

hMI shot =
1

2πL|HMI(ω)|

√
hλc

2P
[1/

√
Hz]. (3.63)

hFP shot =
2

2πL|HFP(ω)|
π

2F

√
hλc

2P
[1/

√
Hz]. (3.64)

Radiation pressure noise

The mirror receives radiation pressure as a reaction when it reflects light. At the
same time, due to quantum fluctuations in the number of photons, the radiation
pressure also fluctuates, generating displacement noise, which is called radiation
pressure noise [46,59]. The effect of noise is smaller when the mass of the mirror
receiving the force is large. In addition, the acceleration term in the equation of
motion makes the factor of ω−2 in the frequency domain. Unlike shot noise, the
noise increases as the power in the cavity increases. Therefore, the noise is lower
with lower laser power and finesse.

hMI rad =
|HMI(ω)|
mω2L

√
32hP

cλ
[1/

√
Hz]. (3.65)

hFP rad =
2|HFP(ω)|
mω2L

2F
π

√
32hP

cλ
[1/

√
Hz]. (3.66)

3.4.4 Gravitational wave foreground noise

In order to observe the primordial gravitational waves (PGW), the gravitational
waves from a large number of binary stars are expected to be noise [60, 61].
Multiple gravitational wave signals in one frequency bin result in the foreground
noise that cannot be resolved. In particualar, in the region below 0.01 Hz, the
effect of the gravitational waves from binary white dwarf systems is expected.
There are plans such as DECIGO to observe the 0.1-10 Hz region with high
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sensitivity where these effects are minimal. However, even in the 0.1 Hz band,
there is a possibility of foreground noise effects from binary neutron stars [50,51].
One of the purposes of B-DECIGO is to probe the effects of such foreground
noise.

3.5 Sensitivity of GW detectors

This section summarizes the sensitivity of the major laser interferometric detec-
tors. Figure 3.15 shows the sensitivity curves for the major laser interferometric
gravitational wave detector projects design sensitivity for each gravitational wave
frequency band [24, 57, 61] with the gravitational waves from CBC (1.4 M⊙-1.4
M⊙ in 40 Mpc and 1000 M⊙-1000 M⊙ in 1 Gpc) and PGW (ΩGW ∼ 10−16),
and foreground waves from WD binaries. The vertical axis is the detector noise
calibrated to the gravitational wave amplitude, which can detect gravitational
waves with amplitudes above the detector’s sensitivity curve. Also, the noise
budget of the sensitivity curve of KAGRA is shown in Fig. 3.16 [57], and the
noise budget of DECIGO is shown in Fig. 3.17 [24].
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Figure 3.15: Sensitivity curves of major detectors.
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Figure 3.16: sensitivity curve of KAGRA.

Ground-based detectors, represented by KAGRA, are limited in their sen-
sitivity in the low-frequency band by the seismic noise. Therefore, they ob-
serve high-frequency bands above ∼ 10 Hz. Expected observation targets in-
clude CBCs just before coalescence and supernova explosions. Advantages of
the ground-based detector include better maintainability and the high feasibility
of achieving high-power, complex interferometer configuration.

Space detectors are unaffected by seismic noise and can take longer baseline
lengths, suitable for low-frequency band observations. It can detect heavier CBCs
than observed on the ground or CBCs in the mass range observed on the ground
at an earlier stage of the inspiral.

LISA consists of three spacecraft, each placed at the apex of a triangle with
about 2.5 × 109 m sides to optimize for 0.1-100 mHz observation. Due to the
long baseline length, the emitted laser spreads out due to diffraction, and the
laser diameter becomes several tens of kilometers at the receiver side of the
spacecraft, which can only receive a portion of the light. Therefore, LISA employs
a method called an optical transponder. The spacecraft that receives the light
phase locks the light to its own laser source and hits it back, making it behave like
a pseudo-mirror. The spacecraft that first emitted the laser then interferes with
the returned laser and its own laser and extracts the effects of gravitational waves.
The sensitivity of optical transponders can basically be regarded as equivalent
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Figure 3.17: sensitivity curve of DECIGO.

to that of Michelson interferometers. LISA is expected to reveal the history of
galaxy formation through observations of supermassive BH binary and verify the
general theory of relativity in strong gravitational fields through observations
of stellar BH orbiting supermassive BHs, called Extreme mass ratio inspiral
(EMRI) [15].

DECIGO has a baseline length of about 1000 km (B-DECIGO is 100 km),
optimized for observing the 0.1-10 Hz band. With this length, the laser diameter
in the receiver side spacecraft is about 1 m and can be received mostly by a
realistically sized mirror. This means that Fabry-Perot cavities can be imple-
mented, and in fact, DECIGO utilizes a cavity with finesse 10 (finesse 100 with
B-DECIGO). Since the sensitivity of DECIGO is largely limited by the shot
noise, thus the introduction of cavities significantly improves the sensitivity. In-
stead, sensitivity in the low-frequency band worsens due to increased radiation
pressure noise associated with increased laser power. Since the 0.1-10 Hz band
is not affected by WD foreground, there is a possibility of direct observation
of PGW by high-sensitivity observations in this band. In Fig. 3.15, the DE-
CIGO sensitivity seems not to reach the expected amplitude of PGW, but it is
estimated that it is possible to reach the PGW level with 3 years of correlated
observations [24].
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3.6 Comparison of Fabry-Perot cavity and op-

tical transponder

In this section, we compare the Fabry-Perot cavity method and the optical
transponder method for space detectors.

A representative detector that uses the Fabry-Perot cavity method is DE-
CIGO. The properties of the Fabry-Perot cavity have already been summarized
in Sect. 3.3.

On the other hand, the optical transponder is the method used in LISAL-
ISA [15], TianQin [17], Taiji [16] and BBO [18]. The schematic view of the optical
transponder-type gravitational wave detector is shown in Fig. 3.20. First, space-
craft 1 illuminates light to spacecraft 2. Spacecraft 2 then phase-locks an internal
light source to the received light. The light is then returned to spacecraft 1. In
this way, spacecraft 2 acts as a pseudo-mirror. Finally, spacecraft 1 extracts the
gravitational wave signal from the heterodyne beat signals of the light returned
from spacecraft 2 and the outgoing light. The response of the optical transpon-
der to the gravitational wave is similar to that of the Michelson interferometer.

Figure 3.18: Schematic view of the optical transponder-type gravitational wave
detector.

The emitted light spreads over a wider area with increasing distance due
to diffraction. Therefore, when the distance between spacecraft increases, it is
difficult toreflect the large portion of the light with a realistically sized mirror.
The optical transponder method works even if a small portion of the radiated
light is received. Therefore, it is possible to design very long baseline lengths.

Let us consider the following three cases of conditions as shown in Fig 3.19.
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I. Base line length is 109 m and optical transponder method.
II. Base line length is 106 m and optical transponder method.
III. base line length is 106 m and a Fabry-Perot cavity method.

The power of the light source is set to 10 W. It is assumed that all light can
be received at a baseline length of 106 m. Although detailed studies have been
performed for diffraction loss [62], for simplicity, it is assumed that at distances
above 106 m, the received light power decreases in proportion to the square of
the distance. In other words, the optical power that can be received in Condition
I is 10−5 W. The finesse of the Fabry-Perot cavity was set to 10.

The sensitivity curve of the gravitational wave detector for each condition
is shown in Fig. 3.19. Here, only the shot noise and radiation pressure noise
given by Eq. (3.63-3.66) were considered for noise. Note that sensitivity curves
such as DECIGO and LISA in Sect. 3.5 simplify the response of Michelson and
Fabry-Perot. In addition, in the case of actual LISA and B-DECIGO, the low
frequency band is limited by acceleration noise [22,63].

Consider the sensitivity based on Condition I. Radiation pressure noise is low
because the received light is very weak. Due to the long light travel time associ-
ated with the long arm, it is not suitable for high-frequency gravitational wave
detection. In Condition II, where the arm is shortened from Condition I, the re-
ceived light power increases from Condition I. As a result, the radiation pressure
noise increases and the low frequency band is limited. The shot noise decreases
proportionally to the distance. However, the gravitational wave signal also de-
creases proportional to the distance. Thus, the noise floor remains the same. On
the high frequency side, the cutoff frequency shifts to a higher frequency due to
the shorter travel time of the light. In condition III, the phase change obtained
for the gravitational wave is greater than 2F/π times than the transponder.
Thus the sensitivity is increased correspondingly. On the other hand, radiation
pressure noise worsens further as the amount of light is amplified by the cavity.

As described above, the optical transponders are suitable for low-frequency
band observations due to the long baseline length and small radiation pressure
noise. On the other hand, for the distance where sufficient amount of light can
be received, higher sensitivity can be obtained at the same optical power by
introducing a Fabry-Perot cavity.
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Figure 3.19: Schematic view of each condition. It is assumed to be a single arm
in all cases.



3.6. Comparison of Fabry-Perot cavity and optical transponder 51

10 6 10 5 10 4 10 3 10 2 10 1 100 101 102 103

Frequency [Hz]

10 24

10 23

10 22

10 21

10 20

10 19

10 18

G
W

 a
m

pl
itu

de
 [1

/H
z1/

2 ]

OTP 1 Gm Shot noise
OTP 1 Gm RP noise
OTP 1 Mm Shot noise
OTP 1 Mm RP noise
FP 1 Mm Shot noise
FP 1 Mm RP noise
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Chapter 4
BACK-LINKED FABRY–PEROT
INTERFEROMETER

In this chapter, we explain the working principle of Back-Linked Fabry–Perot
Interferometer (BLFPI), and then summarize the mechanism of the frequency
noise reduction method in the post-process, called the subtractive method.

4.1 Working principle of Back-Linked Fabry–Perot

Interferometer as a gravitational wave de-

tector

A schematic view of the entire laser interferometric space detector utilizing the
BLFPI and the schematic view of the internal structure of each spacecraft are
shown in Fig. 4.1.

BLFPI consists of three spacecraft deployed at the apex of a triangle. Each
of the three spacecraft has two mirrors that act as test masses against the gravi-
tational waves and constitute three Fabry-Perot cavities in the orbit. The cavity
resonance is maintained by feeding back the error signal acquired by the PDH
scheme to the frequency actuators of the lasers. Since BLFPI is equipped with
two lasers in one spacecraft, all resonant degrees of freedom can be controlled by
the laser frequency only i.e., in principle, it is not required to control the cavity
length. In addition, since each laser follows the cavity independently, BLFPI has
the advantage that it can be realized with a simple control system.

I briefly explain the working principle of BLFPI and set the definitions of
parameters relevant to the experiment. While the proposal paper [35] handles
frequency noises in terms of phase in rad, I treat them in terms of frequencies
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Figure 4.1: (a) Schematic view of the BLFPI. Three inter-satellite interferometers
are constructed by three S/C (spacecraft). Each spacecraft is equipped with
two laser sources so that all lasers can be locked to the cavities by frequency
locked loops without controlling the position of test masses. (b) Schematic of
the internal optical system of each S/C. The heterodyne beat signals as δνb and
δν ′

b are acquired at each end of the back-link path with two photodetectors. The
combination of the two heterodyne signals can subtract phase noises introduced
in the back-link fiber in the post-process. The reflected light from each cavity is
monitored by two photodetectors, one for laser frequency control and the other
out-of-loop photodetectors for obtaining the y1 and y2 signals for the subtraction.

in Hz such that they can be easily translated to the measurement values in the
experiment.

Figure 4.2 illustrates the block diagram for a single interferometer of the
BLFPI constellation. The frequency of each laser source is converting frequency
into voltage with a sensing transfer function Sj with j = 1, 2. The each laser
source is locked to the corresponding cavity length via a liner servo filter Fj. The
frequency of each laser comes with fluctuations or frequency noise denoted by
δνj. The frequency locking servo then suppresses frequency noises by feeding the
signal back to a frequency actuator Aj. Consequently, the laser frequency tracks
the cavity length fluctuation δLj.

The back-link path optically combines the two laser beams before they are
incident on the Fabry-Perot cavities, producing heterodyne beatnote signals. Due
to the frequency-locked loops, the beatnote signals contain the frequency noises
of laser sources as well as the length fluctuation of the Fabry-Perot cavities. The
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Figure 4.2: Block diagram of the control system for the BLFPI. The system is
composed of two laser control loops. The control loops lock the laser frequency
to the resonant frequency of respective cavities. The difference frequencies of
the controlled lasers are acquired as the beat signal by the backlink heterodyne
interferometer.

beat signal in terms of its frequency shift δνb can be expressed as

δνb =
1

1 +G1

δν1 −
G1

1 +G1

ν1
L1

δL1 −
1

1 +G2

δν2 +
G2

1 +G2

ν2
L2

δL2. (4.1)

where Gj describe a open loop gain defined by Gj ≡ SjFjAj.
Here, assuming infinity for the control gain Gj, δνb can be written as

δvb =
δL1

L1

ν1 −
δL2

L2

ν2. (4.2)

The relative change in length is equal to gravitational waves amplitude, h ∼
δL/L, as derived in Eq. (2.18),

δvb = (h1 − h2) ν. (4.3)

where hj is the amplitude of gravitational waves through Lj and we used the
fact that the laser frequencies can be approximated as ν1 ∼ ν2 ∼ ν as we will
show later. In this way, the beat signal provides a measurement of gravitational
waves. This is the basic principle of operation of BLFPI as a gravitational wave
detector.
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Figure 4.3: Block diagram of the control system and post process for the BLFPI.
The system consists of the experimental system for signal acquisition and the
post process system to subtract laser frequency noises. The experimental system
is further divided into the control system to lock the lasers to a cavity resonance,
the back-link part to monitor the heterodyne beat signals, and the frequency
readout part to monitor the time evolution of the beatnote frequency.

4.2 Frequency noise subtraction

In reality, Gj has a finite value. Thus, the frequency noise is still very large
relative to the expected gravitational wave signal. In order to subtract the fre-
quency noise in BLFPI, a post-process called the subtraction method has been
proposed. The block diagram of BLFPI, which is closer to the actual operation,
is shown in Fig. (4.3). In this diagram, in addition to the experimental setup, the
signal acquisition using data loggers and the subtraction method using estimated
values are considered.

The error signals for the j-th laser source with respect to the length of cavity
can be expressed in the frequency domain as

yj =
Sj

1 +Gj

δνj +
Sj

1 +Gj

νj
Lj

δLj. (4.4)

In the subtraction method, the frequency noise is subtracted from the heterodyne
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beat signal using this error signal leaving the effect of the gravitational wave.
The frequency shift has to be read out and converted to a voltage by a phase

meter, in practice. The transfer function from frequency to voltage is given by
GFR.

Once the three measurement data yj and νb are recorded at the same time,
one can obtain the synthesized signal X as

X = δνb FRS1 estS2 est − (y1S2 est − y2S1 est) ,

=

[
1

1 +G1

{(
GFR

GFR est

− S1

S1 est

)
δν1 −

(
GFR

GFR est

G1 +
S1

S1 est

)
ν1
L1

δL1

}
− 1

1 +G2

{(
GFR

GFR est

− S2

S2 est

)
δν2 −

(
GFR

GFR est

G2 +
S2

S2 est

)
ν2
L2

δL2

}]
S1 estS2 est.

(4.5)
The quantities with the subscript “est” represent the estimated parameters for
the subtraction method. Assuming that S1, S2, and GFR can be estimated with
sufficiently high accuracy so that S1 est → S1, S2 est → S2, and GFR est → GFR,
one can arrive at

X =

(
− ν1
L1

δL1 +
ν2
L2

δL2

)
S1S2,

=

{(
− ν1
L1

+
ν2
L2

)
δL+ −

(
ν1
L1

+
ν2
L2

)
δL−

}
S1S2,

≈
{

−∆L

L1 (L1 +∆L)
δL+ − 2L1 +∆L

L1 (L1 +∆L)
δL−

}
S1S2ν,

(4.6)

with δL± being the common and differential components of two lengths defined
by

δL± ≡ δL1 ± δL2

2
. (4.7)

In addition, we have approximated the laser frequencies as ν ≈ ν1 ≈ ν2. This is
valid as long as the beatnote frequency is approximately 100 MHz or smaller for
the laser frequency of several 100 THz, as mentioned in Sect 5. In this case, the
relative difference between the two laser frequencies should be less than 1 ppm.
Two cavity lengths are related via L2 ≡ L1 +∆L where ∆L is the macroscopic
difference.

The synthesized output now contains only the displacement of the cavity
length. In the event of gravitational waves passing through the Fabry-Perot cav-
ity, they appear as the differential mode of the lengths with the laser frequency
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noises subtracted. This is the working principle of the BLFPI and frequency
noise subtraction. As is apparent from Eq. (4.5), the success of frequency noise
subtraction largely depends on the accuracy in the estimation of the interferom-
eter responses S1 and S2. Additionally, the transfer function for the frequency
readout GFR also affects the subtraction performance. However, it can be inde-
pendently calibrated with an oscillator of known amplitude and frequency.
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Chapter 5
EXPERIMENTAL SETUP

For the practical application of the BLFPI, it is necessary to conduct the experi-
mental test to demonstrate the frequency noise subtraction and possibly identify
issues associated with the implementation.

In this chapter, we summarize the layout for the demonstration experiment
and the implementation method of the subtraction process.

First, it summarizes the requirements and design of the experimental setup.
Second, the configuration of the optical and control systems are described. Third,
I summarize the evaluation of the constructed experimental system. Finally, I
summarize the implementation of the subtraction process.

5.1 Requirements and design of the experimen-

tal setup

The requirements for the experimental layout are as follows.

· The experimental setup shall be to perform demonstrations under conditions
as relevant as possible to the actual implementation.
· It shall be capable of demonstrating the reduction of frequency noise by the
subtraction method in a laboratory environment.

From the first condition, the experimental setup consisted of two uncorrelated
lasers and two Fabry-Perot cavities. This corresponds to simulating a BLFPI
consisting of the three spacecraft shown in the red framed area of Fig. 5.1. In
the laboratory, it is difficult to conduct the demonstration with the same scale
and frequency bandwidth as a actual implementation due to the limitation in
available space. In this time, we focused on the cavity pole, which is the char-
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Figure 5.1: The red boxed area of BLFPI is simulated in the experimental setup.

Table 5.1: Comparison of the experimental setup and space detectors for the
main parameters of the optical cavity.

Experimental setup DECIGO

Cavity length [m] 0.46 1.0× 106

Free spectral range [Hz] ∼ 3.3× 108 1.5× 102

Finesse ∼ 104 10
Cavity pole [Hz] ∼ 104 7.5
Frequency band [Hz] 100− 5.0× 104 0.1− 10
Laser
wave length [nm]

1064 515

Cavity Incident
Laser Power [W]

∼ 2.5× 10−3 10

acteristic frequency point of Fabry-Perot cavities. Detectors such as DECIGO
include cavity poles in their observation band. Therefore, it is important to
demonstrate the subtraction method in the frequency band around the cavity
pole. We adopted an experimental setup that enables us to demonstrate the sub-
traction method in the band, including the cavity pole. Specifically, the cavity
finesse was set to a high value to increase the travel time of light in the cavity so
that the cavity pole is included in the realistic measurement bandwidth. Table 1
shows a comparison of the main cavity of DECIGO and the experimental setup.

To achieve the second condition, the following two designs were employed.
One is a design with two Fabry-Perot cavities incorporated into a single spacer, as
shown in Fig. 5.2. In a laboratory environment, disturbances such as acoustics,
vibrations, and temperature changes are expected. In this design, the two cavity
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Figure 5.2: Spacer design with two cavities incorporated.

lengths are expected to displace in common. As a result, the disturbances are
expected to be common-mode rejected from the heterodyne beat signal of the
laser following the two cavity lengths.

The other is the excitation of laser frequency noise. Despite the cavity design
described above, technical noise remains in the beat signal, as will be shown later.
To achieve a demonstration in this situation, we excited the laser frequency noise
with a known signal and measured the reduction of the elevated frequency noise.

5.2 Layout of the experimental system

The experimental setup for our demonstration is illustrated in Fig. 5.3 where
an equivalent of the single BLFPI miniature is built on a tabletop under the
atmospheric pressure. Details of the actual layout and the model numbers of the
components used are summarized in Appendix D. Two independent laser sources
at a wavelength of 1064 nm are employed. Each laser field is divided into two
paths by an unpolarized beam splitter with a splitting ratio of 50:50. One is the
optical path to the cavity, and the laser field is phase-modulated by an Electro
Optic Modulator (EOM) at a radio frequency before the Fabry-Perot cavity,
allowing for the Pound- Drever-Hall readout scheme [58]. The other backlink
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Cavity

Cavity Spacer

Error Signal 1 (y1)
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PDrefl1

PDtrans1

PDtrans2
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Back-Link (Optical Fiber)

EOM

Error Signal 2 (y2)

Phase
Locked Loop

Delay-Line
Readout

Phase Locked
RF Signal

PDrefl2
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Beat Readout 
Signal

(δνb)

Laser1 (δν1)

Control 
filter

Laser2 (δν2)

Figure 5.3: Experimental setup for demonstration. It consists of the laser
frequency locked loops using the Pound-Drever-Hall readout and the back-link
part for producing the heterodyne beatnote signals. The frequency fluctuation of
the heterodyne beatnote signal is converted to voltage signals by the combination
of the phase locked loop and delay line. The frequency fluctuations is then
recorded by the data logger along with the error signals (200 kHz sampling rate
with 64 kHz aliasing filter). The difference from the spacecraft layout shown in
Fig. 4.1b is that the error signal used for subtraction process is shared with the
in-loop signal used for laser frequency lock. Since the phase noise expected to
be introduced from the 1 m length backlink optical fiber [64] is almost negligible
compared to the expected noise floor shown in Fig. 5.7, the heterodyne beat
signal is acquired with only one photodetector. In addition, square waves to
excite the frequency noise are injected for the demonstration at a point before
the control filter of the frequency locked loop for laser 1.

optical path is implemented by a 1 m of optical fiber sending the light of a laser
source to the other, producing the heterodyne beatnote. Each laser light has a
power of about 5 mW before the beamsplitter.

The frequency of each laser is locked to the cavity length by feeding the
Pound-Drever-Hall signals with a linear control filter. Therefore, two Fabry-
Perot cavities are locked at resonance points.

The two Fabry-Perot cavities have an identical design length value of 46 cm.
The finesse of cavity 1 was measured to be approximately 11000, and 14000 for
cavity 2 from the open loop transfer function fitting. The fitting results are
described later. We estimated the cavity pole frequency to be approximately
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15 kHz and 12 kHz, for cavities 1 and 2, respectively based on the measurement
values for finesse. A dedicated spacer accommodating the two Fabry-Perot cavi-
ties is designed and implemented. The spacer is made of a super invar, IC-36FS,
from Shinhokoku Material Corporation with a dimension of 80× 460× 40 mm3.
The thermal expansion coefficient is expected to be 0.8 ppm/K so that the effect
from ambient temperature is small. The cavity mirrors are attached to the spacer
with a combination of acrylic plate and rubber ring. Additionally, we installed
an aperture mask in both intra-cavities to suppress the excitation of high-order
spatial modes.

Since, as shown later, the laser frequency noises are far below the technical
noises across the frequency band, a function generator was hooked up to laser 1
to deliberately increase the magnitude of the frequency noise. The square waves
at a fundamental frequency of 113 Hz are applied to increase the laser frequency
noise in a broad frequency range. The excitation can be switched off whenever
necessary.

5.3 Evaluation of the experimental setup

5.3.1 Open loop transfer function of frequency lock loop

The measured open-loop transfer functions (OLTF) for each loop and their fitting
results are shown in Figs 5.4 and 5.5. The unity gain frequency for both loops
is approximately 40 kHz and the phase margin is approximately 45-50 deg. The
following model function Eq. 5.1 was used for the fitting. Here, Sj is the sensing
transfer function. aj, τj, and fc,j are all constants of real values representing the
optical gain in V/Hz, relative time delay in sec, and cavity pole frequency in Hz,
respectively. Since the free spectral range of the cavity is a sufficiently high value
of ∼326 MHz comparing to the frequency band of interest, the single-pole model
is accurate enough for our purpose as confirmed by Fig. 3.8. The servo-filter
transfer function Fj and the laser frequency actuator efficiency Aj are known
values obtained from another measurement.

The obtained parameters for each sensing transfer function as a result of the
fitting are summarized in Table 5.2. The results show that the cavity finesse
satisfies the requirement mentioned above. The values of these parameters fluc-
tuate several percent depending on the time the measurements are performed.
This may be related to the temporal variation of the system, discussed in later
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chapters.

Gj(f) = Sj(f)Fj(f)Aj,

=
aj exp(−2πfτji)

1 + if/fc,j
Fj(f)Aj.

(5.1)
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Figure 5.4: Measured OLTF and fitting results for Frequency Locked Loop 1.
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Figure 5.5: Measured OLTF and fitting results for Frequency Locked Loop 2.
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Table 5.2: Parameters of the sensing transfer function obtained by OLTF fitting

loop 1 loop2
aj [V/Hz] 4.78± 0.02× 10−6 2.40± 0.01× 10−6

fc,j [Hz] 1.43± 0.03× 104 1.11± 0.02× 104

τj [sec] 1.54± 0.22× 10−6 1.71± 0.19× 10−6

5.3.2 Signals measured from the control system

Control signal

The control signals of the frequency-locked loops were measured to evaluate
the system. The control signal is the feedback signal from the control filter
to the frequency actuator of the laser. The control signal corresponds to the
level of disturbance that the frequency actuator compensates for maintaining
the resonance. From the control signal, the cavity length fluctuations and laser
frequency noise can be mainly evaluated.

The top panel of Fig. 5.6 shows the control signal without 113 Hz excitation
measured at each loop and the laser frequency noise during the free run. The
control signal is calibrated to the frequency noise by multiplying the laser actu-
ator efficiency. The laser frequency noise during the free run was obtained by
measuring the heterodyne beat signal in the uncontrolled state with the phase
meter. The bandwidth of the phase-locked loop of the phase meter is approx-
imately 10 kHz. The bottom row of Fig. 5.6 shows the coherence of the two
control signals.

The bands where the laser frequency noise is not dominant in the control
signal are considered to be dominated by cavity length variations. In fact, high
coherence is obtained in such bands. This means that the cavity design assuming
common mode length variation as described above is functional.

Heterodyne beat signal and error signals

Two types of signals are recorded in the measurements for demonstrate the sub-
traction method. One is the error signals derived by the Pound-Drever-Hall
scheme, representing the relative measure of laser frequency with respect to the
cavity length. The setup contains two such signals, y1 and y2, introduced in the
previous chapter. The other type is the frequency variations of the beatnote
generated by the back-link heterodyne. It corresponds to νb introduced in the
previous chapter. This beatnote signal is designed to produce a monochromatic
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noise during the free run (upper panel) and their coherence (lower panel). The
control signals are calibrated to frequency noise by multiplying the actuator
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oscillative signal at 10-160 MHz. The center frequency of the beatnote signal can
change depending on the resonant conditions of the Fabry-Perot cavities. The
beatnote signal is then fed to a commercial phasemeter which tracks the phase
evolution via the digital phase-locked loop. The phasemeter then produces an
analog copy of the input signal with a fixed amplitude to reduce the adverse ef-
fect from amplitude fluctuations and higher harmonics. Finally, the analog copy
of the beatnote signal is converted into the voltage signal in proportional to the
beatnote frequency via the delay line fequency discreminator [65]. Although the
phasemeter has the function of recording the phase evolution, we did not use it.
The use of the phase record function will require an additional system to synchro-
nize the phasemeter and data logger. The details of the response measurements
for the phase meter and delay line are shown in the Appendix B.

The spectrum of the beatnote frequency without the subtraction was deter-
mined to be dominated by technical noises as summarized in Fig. 5.7. Unex-
pected acoustic noise exists in a broad band up to several kHz. Since these
acoustic noises are not present when the cavities are not resonant, they are likely
be associated with the frequency locked loops. Possible noise sources include the
residual of the differential cavity fluctuation and the sensing noise of the control.
The ADC noise of the data logger, which is dominant at high frequencies, can
be reduced by introducing a preamplifier if lower noise is required in future.

The noise budgets and measurements of the error signal in both loops are
shown in Figs. 5.8 and 5.9. On the high frequency side, the error signal is
consistent with the budget, indicating that laser frequency noise is dominant.
On the other hand, on the low frequency side, there is unexpected acoustic noise
similar to the beatnote signal.

The budget in Fig. 5.7 assumes a perfect common-mode fluctuation in the
length of the two cavities.

5.4 implementation of the subtraction process

The subtraction process was implemented in the frequency domain as opposed to
the time domain. As pointed out in time-delay interferometry for LISA [37], the
frequency domain subtraction introduces undesired residuals due to the finite-
length Fourier transform. Nonetheless, in our demonstration the subtraction
ratio is not limited by that and therefore adopted the frequency domain treat-
ment for simplicity.

The data streams y1, y2 and νb FR are divided into 2n − 1 data chunks each



68 Chap.5 Experimental setup

Figure 5.7: Amplitude spectral densities of measured frequency fluctuation at
the heterodyne beatnote δνb and various estimated noise contributions. (Dashed
blue) Measured noise without an excitation. (Thick blue curve) Quadrature sum
of all known noise contributions. (Red dashed) digitization noise of ADC or
analog-to-digital converter for the logger used for recording the heterodyne beat-
note. (Dashed yellow) Suppressed laser frequency noise from laser 1. (Dashed
purple) the same for laser 2. (Dashed green) ADC digitization noise for the dig-
ital phase-locked loop in the phasemeter.
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Figure 5.8: Amplitude spectral densities of measured frequency fluctuation at
the error signal y1 and various estimated noise contributions. (Dashed red)
Measured noise without an excitation. (Thick blue curve) Quadrature sum of all
known noise contributions. (orange dashed) digitization noise of ADC or analog-
to-digital converter for the logger used for recording the signal. (Dashed purple)
Suppressed laser frequency noise from laser 1. (Dashed green) Circuit noise in
servo filter. (Dashed yellow) Optical fiber noise in input optics.
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Figure 5.9: Amplitude spectral densities of measured frequency fluctuation at
the error signal y2 and various estimated noise contributions. (Dashed red)
Measured noise without an excitation. (Thick blue curve) Quadrature sum of all
known noise contributions. (orange dashed) digitization noise of ADC or analog-
to-digital converter for the logger used for recording the signal. (Dashed purple)
Suppressed laser frequency noise from laser 2. (Dashed green) Circuit noise in
servo filter. (Dashed yellow) Optical fiber noise in input optics.
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with a 50% overlap so that Welch’s method [66] can be applied. The data length
of each chunk NC is N/n whereas the overall data length is N . We estimate the
power spectral density S(f) of the synthesized output X referred to the beatnote
frequency by

S(f) =
2C

T

2n−1∑
k=1

∣∣∣∣ X(k)

S1 estS2 est

∣∣∣∣2

=
2CTS

(2n− 1)NC

2n−1∑
k=1

∣∣∣∣∣ y(k)1

S1 est

− y
(k)
2

S2 est

− δν
(k)
b FR

∣∣∣∣∣
2

,

(5.2)

where superscript (k) denotes the Fourier-transformed quantity using k-th chunk,
T is a measurement duration, TS is a sampling duration, and C is a correction
factor specific to the window function. In our case, the Hann window was applied
and the correction C = 8/3 was used.
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Chapter 6
DEMONSTRATION OF SUBTRAC-
TION

6.1 Demonstration of subtraction

Two sets of data were recorded at different times. One is without the frequency
noise excitation for estimating the noise floor as shown in Figs. 5.7 and 5.8. The
other is with the frequency noise excitation enabled as shown by the blue plots
in Figs. 6.1 and 6.2. In both cases, the frequencies of lasers were locked to the
Fabry-Perot cavities all the time, producing a continuous train of time series
data.

To obtain an accurate estimation of the sensing transfer function Sj, we
experimentally measured the transfer functions between the beatnote and the
error signals. The sensing transfer function was modeled by a single-pole system,

Sj est(f) =
aj exp(−2πfτji)

1 + if/fc,j
, (6.1)

as same as in Eq. 5.1. The measurement of the transfer functions includes also
the response of the frequency readout GFR. However, GFR was measured inde-
pendently and the effect was removed by applying its inverse in the frequency
domain.

The measurements of the sensing transfer functions were performed in-situ by
utilizing the data set with the excitation enabled. The measured transfer function
and the result of fitting to the model (6.1) are shown in Figs. 6.3 and 6.4. The
models Sj est with the fitted parameters are used in the subtraction.

Fig. 6.5 shows the amplitude spectral densities of the beatnote signals with
and without the offline subtraction. The red curve was obtained while keeping
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Frequency (Hz)

beat (injection)

beat (without injection)

Figure 6.1: The amplitude spectral density of measured beatnote signal with fre-
quency noise excitation (blue) and without frequency noise excitation (orange).

Frequency (Hz)

error1 (injection)

error1 (without injection)

Figure 6.2: The amplitude spectral density of measured error signal 1 with fre-
quency noise excitation (blue) and without frequency noise excitation (orange).
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Figure 6.3: The measured transfer function between beat and error signal 1
(blue dots) and the fitted transfer function (orange solid). The dots indicate
the values at the fundamental and harmonic frequencies of the excitation signal.
The fit was performed using that portion of the signal.
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Figure 6.4: The measured transfer function between beat signal and the error
signal 2 (blue solid) and the fitted transfer function (orange solid). No signal
injection was performed on this side of the loop. However, as shown from the
budget in Fig. 5.7, the transfer function is obtained with a relatively high signal-
to- noise ratio in the high frequency band above about 30 kHz, where laser
frequency noise is expected to dominate. The fitting was performed using the
30-50 kHz measurement results.
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Figure 6.5: The subtraction results. In the top panel, (Blue) spectrum with
the offline subtraction applied. (Red) without the subtraction applied. (Yellow)
when no excitation was applied. (Green) The ADC noise of the data logger for
the beatnote frequency. In the bottom panel, the ratios of spectra are shown.
(Blue) Ratio of the spectra with the subtraction applied over the one without
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the square wave excitation enabled. As expected, the higher order harmonics at
frequencies of odd integer multiples of 113Hz are clearly visible in the spectrum.

As seen in Fig. 6.5, the excitation peaks were successfully subtracted to the
levels as low as the ambient noise floor not only in the low frequency region,
where the sensing transfer functions Sj are almost constant, but also at around
the cavity pole and frequencies above. In particular, a reduction of a broad
continuum is confirmed at frequencies above 10 kHz by a factor of two at most
compared to the spectrum without the excitation. In this region, the laser fre-
quency noises are expected to be the dominant components as summarized in
Fig. 5.7. This means that, albeit limited, the subtraction has been achieved
without the aid of a deliberate excitation in this frequency region.

Figure 6.6 shows the subtraction ratio and the residuals at each excitation
peak. The error bars in these plots are given by the 1-sigma uncertainties in the
estimate of the power spectral density.

In the top panel of Fig. 6.6, the best noise subtraction ratio of 188 ± 29 is
achieved at 113 Hz where the peak height is the highest relative to the ambient
noise floor. The middle and bottom panels show respectively the residuals and
the relative residuals normalized by the ambient noise floor. If the relative resid-
ual is 0, it means that the excitation is reduced to the noise floor. For example,
some peaks, including the first to third and the fifth peaks at 113 Hz, 339 Hz,
565 Hz, and 1017 Hz, respectively, have significant residuals relative to the noise
floor. On the other hand, in the high frequency region above 10 kHz, where
frequency noise is expected to be predominant, not only the injection peaks but
also the noise floor itself were reduced to the half of the original noise floor at
best.

In Appendix A, we have verified that the subtraction can be performed in
a different region from that used for the fitting. However, as discussed below,
subtraction cannot be performed with sufficient accuracy if the transfer function
of the system varies significantly after fitting.

6.2 Limiting factors in subtraction

The residuals in the subtraction can be primarily caused by features that were
not modeled in the transfer function implemented to the subtraction in numerous
peaks. At the same time, temporal variations in the system parameters could be
critical for the peaks with fine subtraction ratios, such as the first peak.

To consider these effects, Sj is replaced to Sj + δSj by the stationary com-
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middle panel is the amplitude noise residual for the without injection state of
the after subtraction, and the bottom panel is the corresponding relative value.
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error.
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ponents Sj and fluctuating components δSj. Similarly, the estimated value Sj est

is replaced to Sj + ∆Sj by the stationary component of the true value Sj and
the stationary deviation ∆Sj. In addition, δνb is replaced with δνb + δnsen to
account for the sensing noise δnsen. Plugging these into Eq. (4.5), the residual of
frequency noise can be expressed as

∆Xν residual

S1 est S2 est

=
1

1 +G1

∆S1 − δS1

S1 +∆S1

δν1 −
1

1 +G2

∆S2 − δS2

S2 +∆S2

δν2 + δnsen. (6.2)

Here, we assumed GFR est = GFR since the calibration with a known signal was
performed, and the frequency readout response estimation is sufficiently accurate.
The calibration details for GFR are shown in appendix B.

Moreover, As an effect not taken into account in the Eq. (6.2), the residuals
may be worse due to the nonlinear effects as mentioned below at the frequencies
which are integer multiple of the peaks with large subtraction.

We now discuss the limiting factors with special attention to the first to third
and fifth peaks at 113 Hz, 339 Hz, 565 Hz, and 1017 Hz, respectively, which have
significant residuals. The main limiting factors and these contributions for each
peak are summarized in Table 6.1. In what follows, we detail each factor.

6.2.1 Unmodeled features in transfer function

The sensing transfer function Sj was estimated by fitting the measurement as
shown in Fig 6.3. To confirm the accuracy of the transfer function model, the
phase and amplitude of the transfer function were tuned to minimize the resid-
uals at the peak frequencies where there had been residuals. If there is a large
improvement in the noise residual, it could indicate that there exist some fea-
tures such as peaks and notches that are not taken into account in the model
and implies that ∆Sj in Eq. (6.2) is significant. It is relatively difficult to find
such unmodeled features in the regions where the signal-to-noise ratio of the
measurement is low.

The residual noises after tuning are shown in the row 6 of Table 6.1. There
was no significant improvement in the fundamental peak at 113 Hz and the second
peak at 339 Hz. On the other hand, the residuals improved by approximately
half for the third peak at 565 Hz and the fifth peak at 1017 Hz. Therefore, it
is possible that a local feature in the transfer function is the main cause of the
deterioration in the subtraction ratio for the third and fifth peaks whereas the
residuals in the first and second peaks seem to be due to other factors.
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Figure 6.7: The measured RIN and corresponde RMS of the trans transmitted
beam of cavity 1

6.2.2 Temporal variation in system

Temporal variations in the system parameters represented by δSj in Eq. (6.2)
alter the sensing transfer function Sj as a function of time. This could limit
the subtraction ratio, too. To study the stability of the parameters associated
with the sensing transfer function, the transmitted light of the cavities have been
monitored.

As shown in Fig. 6.7, The RMS (root mean square) of the RIN (Relative
Intensity Noise) was measured to be 0.81 % for cavity 1. This transmitted light
RIN could be attributed to the variation of the incident laser power into the
cavity or the variation of the optical gain. The latter is caused by changes in the
transmittances of the cavity mirrors or the internal loss of the cavity. However,
it was difficult to distinguish which parameter dominated in the RIN. Therefore,
we consider the case where one of them is dominant.

The amplitude variation of the PDH signal can be directly regarded as the
variation of the sensing transfer function amplitude δaj. Therefore, we evaluated
δaj as a function of the RIN for the transmitted light. For convenience, we
introduce the relation δaj/aj = αRIN with α being a constant of real value. We
show that the coefficient α takes different values depending on what parameter
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is the cause for the variations.

In the case where the cause of the variation is either the power of the incident
light, the transmittance of the cavity input mirror, or the loss in the cavity,
the coefficient becomes α = 1. These parameters affect the PDH signal and
the transmitted light intensity in the same way. On the other hand, in the
case where the variation of the PDH signal is caused by the variation in the
transmittance of the end mirror, the coefficient takes a value much smaller than
unity or α ≪ 1. This is confirmed by performing the partial differentiation of
the expression for the PDH signal and the transmitted light with respect to the
end mirror transmittance. We find that the coefficient can be approximated to
be Te/L where L is the loss in the cavity and Te is the power transmittance of the
end mirror. Assuming Te = ∼ 10−5 and L = ∼ 10−2 for our experimental setup,
we estimated the coefficient α to be on the order of 10−3. In this case, the PDH
signal is almost unaffected even when the transmitted light power fluctuates.

Since sub-percent levels of variations are unlikely to occur in the mirror trans-
mittance, the variations may be mainly due to the incident laser power and the
loss in the cavity. Thus, the relative variations in the PDH signal should equal
the transmitted light RIN or α = 1.

Although the RMS value of 0.81 % for RIN represents the typical value of
variability, this measurement suggests that the amplitude of the sensing transfer
function a1 fluctuates at the sub-percent level. Given the fact that the subtrac-
tion ratio at the first injection peak at 113 Hz was about 0.5 % in accuracy, time
variations of a1 may be the main factor for the residuals. Further investigation
is necessary to achieve a more stable system in the future.

A similar RIN of about 1.1 % is also observed for cavity 2. However the
influence of laser 2 on the injection peaks is negligible and does not affect the
subtraction ratio.

For the peaks at the second harmonic and higher, the subtraction accuracies
are about 4 % at best. Thus, the effect of temporal variation is not critical.

6.2.3 Sensing noises

Noise coupled after the laser light is split into the back-link and cavity sides
becomes an uncorrelated component between the beatnote and error signals.
Therefore, such noises, expressed as δnsen in Eq. (6.2), cannot be subtracted
and contaminate the detector sensitivity directly. The main candidates for such
sensing noises are phase noise introduced by mirror reflections, optical fibers, air
disturbances in the free space region, etc., or noise introduced from the phaseme-
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ter, and ultimately shot noise in the backlink heterodyne.

As shown in Fig 5.7, the unidentified noise below 4 kHz and ADC noise of
the data logger at high frequencies are examples. Although these noises were
not a problem in our demonstration because of the relatively high excitation
peaks, they would be critical factors if a lower noise level is pursued. Even if an
excitation is applied to the laser frequencies, the sensing noise must be sufficiently
reduced because the excitation with a too high amplitude would worsen the state
of resonance and lead to an enhancement of the nonlinear effects.

For phase noise, there are ideas for common-mode rejection of fiber phase
noise by acquiring beat signals at two photodetectors, as shown in Fig 4.1b. An
alternative is to lock the length of the back-link heterodyne path to some stabi-
lized reference. Additionally, it is essential to develop a low noise phasemeter.
Shot noise can be reduced without reducing the light power sent to the cavity
using the heterodyne squeezing scheme [67].

6.2.4 Nonlinearities

The PDH signal is known to come with nonlinearity. The response is not a mere
linear line but exhibits an S-shaped curve with respect to the laser frequency.
This directly means that the error signal contain higher order terms together
with the linear. When the subtraction is performed for a specific frequency,
noises are expected to worsen at the multiplier frequency.

The PDH signal VPDH can be expressed as follows based on Fig 3.55, assum-
ing that the modulation sidebands are sufficiently far apart from the resonant
frequencies of the cavity.

VPDH ∝ sinϕ

1 +R2 − 2R cosϕ
, (6.3)

where ϕ is the phase deviation from a resonance point and R is the product of
the amplitude reflectivities of the input and output mirrors of the cavity. R is
given as follows using the cavity finesse F .

R =
2F2 + π2 − π

√
4F2 + π2

2F2
. (6.4)

Figure 6.8 shows the values of the higher-order components normalized by the
linear-order component when Eq. (6.3) is expanded by the power series of ϕ.
We have assumed that the operating point is at a perfect resonance without
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Figure 6.8: The contribution of the higher-order terms relative to the first-order
term in the Pound-Drever-Hall signal. The horizontal axis is the deviation from
resonance normalized by the cavity linewidth.

considering the effect of offsets for simplicity. Note that this effect would be
larger and the even-order contents would appear in the presence of offsets.

The measurement of the transmitted light suggested that the laser frequency
fluctuated around the resonance by 2 kHz at most during the excitation test.
Therefore, we assume a deviation of about 1 kHz from the resonance. This
corresponds to approximately 1/30 of the cavity linewidth. In this case, the
effect of the third-order term, which is the most dominant among the higher-
order terms, is ∼ 4.5 × 10−3 for the first-order term. Therefore, the excitation
can introduce the additional noise of the peak amplitude multiplied by this factor
at a tripled frequency via the nonlinear effect. The effect of the fundamental peak
at 113 Hz on the second peak at 339 Hz and the effect of the second peak at
339 Hz on the fifth peak at 1017 Hz are shown in row 7 of Table 6.1. At the
second peak, this effect could be the main cause of the residual. Also, part of the
residuals in the fifth peak can be caused by this effect. For harmonic peaks higher
than the fifth order, the peak height monotonically decreases by the nature of
the square waves. Therefore, the nonlinear effects are less likely to appear.
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6.3 Implications for the space gravitational wave

antenna and future prospect

Assuming 10−23 /
√
Hz as the target sensitivity like B-DECIGO for the amplitude

of gravitational waves, a noise level of 6× 10−10 Hz/
√
Hz will be required for the

the laser frequency of 6× 1014 Hz with a signal-to-noise ratio of 10 incorporated.
Such a noise levels have to be achieved by allocating the capabilities of the initial
stability of the laser frequency, the suppression gain of the frequency-locked loop,
and the offline noise subtraction, respectively. The reduction by a factor of 108

is necessary even if we assume an excellent initial stability of 0.1 Hz/
√
Hz which

is currently achieved on a laboratory scale [68].

The proposal paper [35] assumed a conservative value of 104 for the suppres-
sion factor in the frequency-locked loop. The rest of the reduction by 104 must
be achieved by the offline noise subtraction. In this scenario, the reduction ratio
of ∼200 achieved in our experiment needs to be improved by another factor of
50. Figure 6.9 shows a comparison of the frequency noise and B-DECIGO sen-
sitivity for several assumed subtraction ratios, including the currently achieved
subtraction ratio of 200. It is assumed here that similar subtraction ratios can
be achieved in all frequency ranges. However, the frequency dependence of the
subtraction ratio needs to be verified in the future. The laser initial frequency
stability was assumed to be 0.1 Hz/

√
Hz with no frequency dependence.For the

frequency-locked loop, a DC gain of 80 dB and a UGF of 3 kHz were assumed.
In Fig. 6.9, only the frequency noise is simply considered. However, in reality, as
summarized in the sensing noise section above, laser intensity noise, phaseme-
ter noise in the beat acquisition, beat shot noise, etc., must also be taken into
account.

A more aggressive control gain in the frequency-locked loop might achieve the
requirement even with the current reduction ratio of the subtraction. However,
in future missions such as DECIGO will require 10−24 /

√
Hz or better in the

sensitivity [24]. Moreover, regardless of the scenario, the relaxation of design
requirements for hardware, such as lasers and control systems, resulting from the
improvement of the reduction ratio of the subtraction, is important for spacecraft.

For these reasons, we are planning to upgrade the experimental setup to
achieve a high reduction ratio of the subtraction over 104. To achieve this, we
have to identify the dominant factors causing time variations and stabilize the
system. It is also important to address nonlinear effects to achieve high reduction
ratio at broad frequencies.
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Possible hardware upgrades include the introduction of a vacuum environ-
ment, a vibration isolation system, and a monolithic optical system. We also
plan to introduce a much tighter frequency-locked loop to reduce nonlinear ef-
fects, as well as an additional system controlling the offset in the operating point
using the transmitted light.

As for improvements to the subtraction process, we plan to implement an
adaptive transfer function that takes into account the temporal variation of the
system [69], an advanced subtraction process that takes into account nonlinear
effects, and a time domain process to avoid the undesirable residuals expected
in the finite-length Fourier transform.
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Chapter 7
CONCLUSION

We have experimentally demonstrated for the first time the laser frequency noise
subtraction in the back-linked Fabry-Perot interferometer. A miniature of the
interferometer was built on a tabletop under atmospheric pressure where two
identical Fabry-Perot cavities simulate a single set of the back-linked Fabry-Perot
interferometer. Deliberately increasing noise in the laser frequency, we succeed
in subtracting laser frequency noises in the broad frequency band, including the
cavity pole frequency. We confirmed that the highest subtraction ratio reached
188 ± 29 at 113 Hz. This marks the experimental proof of the concept for the
noise subtraction for the first time.

Currently, the subtraction performance at the frequency where the highest
subtraction ratio has been achieved seems to be limited by temporal variations of
the system parameters. In addition, a large noise amplitude at a frequency may
exacerbate residuals at frequencies integer multiple to the original through the
nonlinearity of the error signal. Such nonlinear effects could become a critical
issue when performing large subtractions over a broad frequency bandwidth in
future. To demonstrate a higher subtraction ratio, we plan to upgrade the setup
by stabilizing the experimental system and implementing an advanced subtrac-
tion process.
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Appendix A
SUBTRACTION AT A DIFFER-
ENT TIME FROM THE DATA
USED FOR FITTING

It may appear obvious that subtraction can be demonstrated in the same time
region as the time region used for the fitting. In this chapter, we confirm that
subtraction can be performed in a different time region used for the fitting.

A.1 Division and stability of data

As shown in Fig. A.1, the acquired time series data is divided into two regions:
the first half and the second half. Hereafter, the first region is labelled ‘A’ and the
second half region is labelled ‘B’. This is the same data used in the demonstration
in Chapt. 6. The RIN of transmitted light in cavity 1 in each region is shown in
Fig. A.2. In the course of this verification process, it was found that the stability
of the data of B is worse than that of A by a factor of 1.7, as shown in the plot.
This fact is an important clue in the search for the cause of time variability in
the experimental system. A detailed investigation is required in the future.

A.2 Verification of subtraction

I performed a fitting on the transfer function between the beat and error signals
in each region. After the fitting, I performed a subtraction in each region. There
are four possible combinations, including those that use the same data as the
fitting. The results of the subtraction and the residuals of the subtraction for
each combination are shown in Figs. A.3 to A.10.
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Figure A.1: Data divided in the time domain.
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First, we focus on the noise residuals resulting from subtraction in the stable
time region A. Although this is not the original purpose of this verification, the
result of using the fitting parameters obtained in the same region A used for
subtraction is shown in Fig. A.4. This result shows that the residuals of the first
peak, which was not able to reduce to a level below the floor in Chapt. 6, can be
reduced to a level that includes the floor in its error bars. This result supports
that a cause of residual at the first peak is temporal variation. On the other
hand, for the subtraction ratio in Fig. A.3, the highest value is not improved
because the peak height is lower by a factor of 1/

√
2 due to the fact that the

integration time has decreased by a factor of two. It can also be seen that the
subtraction results using the parameters obtained from region B in Figs. A.5 and
A.6 can be reduced to a level comparable to that discussed in Chapt. 6.

Next, the subtraction results in region B shown in Figs. A.7 to A.10, which
has less stability, show that the residuals worsen regardless of the fitting data
used. In particular for the low-order peaks with high subtraction ratios. On the
other hand, the relatively high-order peaks still showed noise reduced to the floor
or lower level. This is because their subtraction ratios are not high enough to be
affected by time variation.
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Figure A.3: Result with fitting region A, subtraction region A.
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Figure A.4: Noise residuals with fitting region A, subtraction region A.
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Figure A.5: Result with fitting region B, subtraction region A.
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Figure A.6: Noise residuals with fitting region B, subtraction region A.
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Figure A.7: Result with fitting region B, subtraction region B.
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Figure A.8: Noise residuals with fitting region B, subtraction region B.
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Figure A.9: Result with fitting region A, subtraction region B.
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Appendix B

RESPONSEMEASUREMENT OF
THE FREQUENCY READOUT

B.1 Phase meter response

In this section, I describe the details of the measurement of the response of the
phasemeter (Moku:Lab, Liquid instruments).

The measurement was performed by using Moku:Go, a multi-measurement
device. Moku:Go has a function that compares the phase and amplitude of the
output excitation signal and the input signal at each frequency to obtain the
transfer function.

The measurement system is shown in Fig. B.1. First, frequency modulation is
applied to the RF output of the FG (DSG821) by the excitation signal from the
MokuGo. Then the RF signal from the FG is input to the phase meter, and the
frequency fluctuation of RF output, which is phase locked to the input, is read
out by the delay line and returned to MokuGo for transfer function measurement.
In the above measurement, the obtained transfer function includes the response
of the FG and delay line. So the same measurement was performed in the
state without the phase meter (Fig. B.2), and the transfer function of the phase
meter was obtained by dividing the first obtained transfer function by the second
obtained transfer function.

The results of the above two measurements are shown in Fig. B.3, and the
transfer function of the phasemeter obtained from them is shown in Fig. B.4.
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Figure B.1: Measurement includes phasemeter.

Figure B.2: Measurement without phasemeter.
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Figure B.5: The schematic view of the delay line frequency readout.

B.2 Delay-line response

The delay line frequency readout can obtain the DC voltage signal, which is
proportional to the frequency of the RF signal, by splitting the RF signal and
multiplying these signals by a mixer. The schematic view of the delay line
frequency readout is shown in Fig B.5.

Assuming that the relative time delay between the two split paths is τ and
the frequency of the input FR signal is f RF, the output voltage of the delay line
frequency readout V out can be expressed as follows.

V out = ζ cos (2πf RFτ) . (B.1)
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Especially around the linear range,

V out ≈ 2πf RFτζ. (B.2)

Namely, by choosing an appropriate tau for the value of f RF and bringing the
output signal into the linear region, we can obtain an output voltage that is
proportional to the RF signal frequency, and the conversion factor is 2πτζ.

We adjusted the delay so that the around of the beat frequency got in the
linear region and directly obtained conversion factor 2πτζ by applying a known
frequency signal. The results are shown in Fig. B.6.
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Appendix C
CONSIDERATION OF DATA LOG-
GER NOISE

Currently, in the layout of the back-link demonstration, the high-frequency region
of the beat signal is limited by the readout noise of the data logger. The budget
shown in Fig. 5.7 used actual measured value under conditions where the logger
input was terminated with a 50-ohm resistor. The cause of the logger noise
was considered to be ADC noise, but as shown below, the measured noise is
about 27 dB worse than the theoretical value derived from the resolution of A/D
conversion. Although countermeasures such as the introduction of a preamplifier
can be considered, investigation of the essential cause is also necessary in the
future.

C.1 General theory on ADC noise

Let us consider converting the analog signal to a digital signal with a minimum
voltage resolution q. At this time, the converted signal has the deviation voltage
e from the true value before conversion in the range of −q/2 < e < q/2, which
becomes the ACD noise [70]. Assuming that the appearance of the e is constant
over the −q/2 < e < q/2 range, it has the probability density function, as
shown in Fig. C.1. The magnitude of the probability density is 1/q from the
normalization condition. Thus, the expected value of the power of the ACD
noise can be written as

E
(
e2
)
=

∫ q
2

− q
2

1

q
e2de,

=
q2

12
.

(C.1)
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Figure C.1: Probability density function of e.

Therefore, the RMS value of the ADC noise voltage, VADC RMS, by taking the
root of Eq. (C.1) is,

VADC RMS =
q√
12

. (C.2)

On the other hand, the RMS of a sinusoidal signal voltage with full range swing
can be written as

VS (rms) =
2Nq

2
√
2
, (C.3)

where N is the number of bits of the ADC. From Eq. (C.2,C.3), the best signal-
to-noise ratio SNRmax is

SNRmax = 20 log
VS (rms)

VADC RMS

[dB],

= 20 log

(√
6

2

)
+ 20N log 2 [dB],

= 1.76 + 6.02N [dB].

(C.4)

C.2 Measured Noise

The measured noise is shown in Fig. C.2. The RMS value of the noise is approx-
imately 1.4 × 10−5 V. The RMS is taken from 100 kHz, which is the Nyquist
frequency. On the other hand, a 16-bit logger (Yokogawa DL950 with Module
720256) is used for the measurement, with a voltage range of ±70 mV. Thus
the maximum signal RMS is 5 × 10−2 V. By plugging these into the first term
of Eq. (C.4), the SNR can be obtained as approximately 71 dB. This is approx-
imately 27 dB worse than the theoretical value 98 dB assumed from the 16-bit
ADC.
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Appendix D
DETAILS OF THE EXPERIMEN-
TAL SETUP

This chapter presents the details of the BLFPI experimental setup.

D.1 Optical layout

Figure D.1 shows details of the optical layout. Table D.1 shows the model number
of each optic. Figure D.2 shows an external view of the entire optical system.

D.2 Control system

Figure D.3 shows the layout of the BLFPI control system. Table D.2 shows the
model number of each component.
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Figure D.1: The upper part of the figure shows the input optics, and the lower
part shows the Fabry-Perot cavity and backl-inked interferometer. The light
from the input optics is transmitted to the cavity side by the optical fiber. The
’A’ and ’B’ parts in the figure are connected by the same letter of the alphabet.
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Figure D.2: A picture of external view of the optical system.
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Figure D.3: The control system of BLFPI consists of the frequency lock portion
of the laser (blue and red frames), the backlink heterodyne signal acquisition
portion (green frame), and the data acquisition portion (yellow frame).
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Table D.1: Model number list of optical components

symbol property model numbe
Laser1, 2 Laser Mephisto S
M1-14 Mirror BB1-E03 - Ø1
L1-L12 Lens N-BK7 25.4 mm EFL 1064 nm
F.I. 1,2 Faraday Isolator IO-5-1064-VLP

HWP 1,4-10 Half wave plate 10RP02-34
HWP 2,3,5,6 Half wave plate FOCtec 25.4 mm Diameter HWP
QWP 1-6 Quarter wave plate 10RP04-34
PBS 1,2 Polarization beam splitter FOCtec 12.7 mm cube

PBS 3,4,5,6,7 Polarization beam splitter PBS12-1064
BS 1,3,5,6 Beam splitter BSW41-1064
BS 2,4 Beam splitter BS018
C1-6 Fiber collimator PAF2A-A10C

fiber 1,2 Optical fiber P3-1064PM-FC-2
fiber 3 Optical fiber P3-1064PM-FC-1
MC1-4 Cavity mirror layertec 107442
EOM 1,2 EO Phase Modulator EO-PM-NR-C2
dump 1-8 beam dump LB1(/M)
DCPD 1,2 photodetector PDA100A
CCD 1,2 CCD camera MTV-2510EM

Table D.2: Model number list of control components

symbol model numbe
Injection oscillator DSG821 (LF output)

DC Power Supply for Laser temperature tune FG330
PI filter LB1005

Modulation oscillator DSG821 (RF output)
Mixer ZFM-3-S+
Splitter ZMSC-2-1+

LPF (Low pass filter) SLP-1.9+
35 dB amplifier ZX60-100VHX+
26 dB amplifier ZFL-1000LN+
Data logger DL950 (Module 720256) for 200 kS/s
Data logger DL950 (Module 701262) for 10 kS/s
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