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Chapter 1

Introduction

1.1 Exploring String Landscape

String phenomenology [1] is one of the most challenging corners of modern physics.
String theory, which is the theory including one-dimensional “string” as perturbatively fun-
damental dynamical objects, is an anticipated candidate for the theory of everything. The
theory is presumed to reside at an ultraviolet energy scale as high as the reduced Planck scale
Mpl ∼ 1018 GeV and to complete low energy effective theories into the ultraviolet scale. On
the other hand, there is the Standard Model (SM) for particle physics as the best knowl-
edge established by exceptionally precise experiments [2]. Regarding the electro-weak scale is
around 102 GeV, one has to develop theories that fill the vast “dessert” spanning as much as
∼ 1016 GeV. This attempt to find the theories beyond SM has been performed from both
bottom-up and top-down approaches. The latter one, which pursues SM or its extension from
string theory viewpoints, is called string phenomenology. Since superstring theory predicts 10-
dimensional (10d) spacetime, one often starts phenomenology by compactifying the extra 6d
space to focus on the 4d spacetime. If the geometrical treatment is possible, one may obtain the
4d field theory via the usual Kaluza-Klein method [3, 4]. The resultant 4d theory is expected
to include SM or its extension in a higher energy scale.

Then, is it easy to obtain SM from string theory? Has the rigorously phenomenological the-
ory already been extracted from string theory? The answer is simply no. It requires strenuous
efforts to be made, and indeed relevant studies date back to the 1980s (see for the milestones,
e.g., [5–14]) with a focus on heterotic theory. Although significant progress including the dis-
covery of D-brane [15] and the success of type II flux compactifications (see for very early works,
e.g., [16, 17], for type IIB/F-theory flux compactifications, [18–21], and for reviews, [1, 22–24])
but there is still no known theory that is completely reliable and consistent with the experimen-
tal results while being originated from string theory. The set of low-energy effective theories
which can be embedded in string theory is called the string landscape. The field of study is
still aiming to state that the landscape contains the theory of our world.

What makes matters worse is the fact that the landscape is estimated to be tremendous.
As there exist several types of string theory, namely heterotic E8 ×E8, heterotic SO(32), type
I, type IIA, and type IIB, one studies compactifications and resultant low energy effective field

2



1.1. EXPLORING STRING LANDSCAPE 3

theories for each of them while the different corners of string theory are connected via the duality
web [25]. Even if it is limited to discussions of effective theories based on a particular string
theory, one still finds enormous degrees of freedom in choosing the topology of extra dimensions,
brane configurations, and other external backgrounds including fluxes. Indeed, in the context of
type II intersecting D-brane models (see early work of [26], and for reviews, [1,23,27,28]),
massless spectra of chiral fermions are determined by the brane configurations. The fluxes
on backgrounds are also introduced to stabilize moduli fields, which are originally massless
scalar fields, and parameterize deformations of the backgrounds. Since such massless scalar
fields can mediate a fifth force that is severely constrained by experiments [29, 30], one has to
stabilize them and give appropriate masses, i.e., in the context of flux compactifications, the
string landscape is associated with a set of vacua of stabilized moduli fields and fluxes. The
well-known result for counting the number of flux vacua predicts O(10272,000) vacua emerge
from F-theory on a single elliptic four-fold [31]. Furthermore, it is only a fraction of the whole
moduli space which can be addressed in general string compactification approaches. Although
the recent studies on the swampland conjectures (see for a review, [32]) have proposed and
partially proved that the string landscape is finite [33–35], the question of how we can choose a
theory corresponding to our world in a natural way1 [37] (see for relevant reviews, [38,39]) from
the string landscape remains since the fundamental degrees of freedom which label elements of
the landscape e.g., fluxes cannot be fixed in the current framework.

Under these circumstances, one of the appropriate attitudes to deal with the landscape
is to rely on statistics. Investigating what theories are contained in the vast landscape and
clarifying the structures of the landscape through statistics will shed light on the study of string
phenomenology. Indeed, many studies have been accomplished in this way (see for early works,
e.g., [40–43] and an early review paper, [44]). Our contributions which will be summarized in
this thesis are also aiming to be a part of those statistical studies, especially focusing on the
type IIB flux landscape and type IIA intersecting D-brane models. In the latter models, we
will challenge ourselves to partially go beyond traditional statistical research methods by using
machine learning (see for a review of its applications on string phenomenology, [45]) and
indeed find that a physical quantity characterizes the landscape.

We would like to close this section by noting a new notion for beyond SM physics suggested
in recent bottom-up literature, namely modular flavor symmetry [46] (see [47–55] for other
earlier studies and reviews, [56,57]). The flavor symmetry has been discussed since the 1970s to
explain the origin of mixing angles and mass hierarchies among fermions. Traditionally, non-
Abelian symmetries are pointed out to be confident candidates for those symmetries, which
include S3, S4, A4, and A5 for example. Notice that these finite non-Abelian symmetries are
obtained as finite subgroups of the SL(2,Z) modular symmetry. Indeed, the author of [46] in-
vestigated the possibility of describing the neutrino masses by assuming the modular symmetry
as the flavor sector, and found the assumption brought a systematic framework for the flavor
physics and strong predictive power. It is indeed surprising. The low-energy effective field the-
ories from string theory often exhibit modular symmetry, which is associated with the moduli
fields. Let us recall that the moduli fields can be stabilized by introducing the background

1Although there are criticisms, it is claimed that the numerous landscape does not mean the loss of predic-
tivity [36].



4 CHAPTER 1. INTRODUCTION

fluxes. The stabilization indicates a breaking of the modular symmetry. Then, an important
question arises: Is it possible to embed the modular flavor symmetric models into the string
landscape? If this is the case, one shall find a bridge between the bottom-up and top-down ap-
proaches. Note that the modular flavor symmetry indeed happens in Super Yang-Mills theory
with magnetized extra tori2, and it has been intensively studied (see for recent study, e.g., [65]).
For string compactifications, there are systems [66,67] where the Yukawa matrices are described
using the theta functions on type II orientifold and it supports the embeddings. Indeed, many
modular flavor symmetric models are also derived in the context of magnetized D-brane models.
Although we do not address the concrete embeddings and incorporation with other problems
e.g., moduli stabilizations in this thesis, we simply assume that the embedding can be done
and discuss the implications on the modular flavor symmetry from the string landscape as one
of the main topics.

This thesis is mainly based on our four studies [68–71]. The first three studies investigate
distributions of moduli vacuum expectation values on toroidal orientifolds, within the frame-
work of type IIB flux compactifications. In particular, by constructing the whole flux vacua
yields a concept of the probability on the landscape. As long as the flux quanta are effectively
treated as free parameters, the higher probability predicts that the corresponding vacuum is
likely to be chosen among the landscape. Type IIA perspectives are considered in the last
one. There, a certain machine learning approach is adopted to analyze hidden structures in
the landscape of Intersecting D-brane models. While we briefly touched on those topics in
Section 1.1, we will address them again in each corresponding section. Conclusions are added
at the end of each chapter in order to avoid possible duplication. Besides the main papers, as
our other papers [58, 59, 69, 72–75] are related to our topic of interest, we sometimes refer to
them.

2On the higher dimensions tori or Calabi-Yau three-folds, the modular symmetry is promoted to the sym-
plectic group. Correspondingly, the modular form is promoted to the Siegel modular form. See for this kind of
discussion, e.g., [58–64].



Chapter 2

Type IIB Finite Flux Landscape,
Symmetry, and Statistics

In this chapter, we start Section 2.1 with a short review of the status of type IIB flux
compactifications by focusing on string phenomenology. Formulations that are relevant to our
work are summarized in Section 2.1.1 and Section 2.1.2 while we concentrate on orientifold
compactifications with Calabi-Yau three-folds in the latter section. We also mention known
difficulties and recent progress relevant to our purpose in Section 2.1.3. Then we briefly review
the earlier work on the statistics of flux landscape in Section 2.1.4. We see a quantity that is
called tadpole charge as well as the modular symmetry plays a key role in these sections.

After that, we move to describe our works [68–70] which are relevant to the statistical ap-
proach. We focus on the toroidal orientifolds and obtain the finite flux landscape explicitly
for each orientifold we consider. In Section 2.2, we consider the type IIB flux compactification
on T 6/(Z2 × Z′

2) orientifold, which is the simplest example of the toroidal orientifolds. The
distributions of moduli vacuum expectation values (VEVs) are shown there, and we discuss
their implications on the modular flavor symmetric models and the CP violation in low energy
effective field theory. Taking into account that the deviations from the fixed points are phe-
nomenologically important, in Section 2.3 we further consider the KKLT-type non-perturbative
effect and the uplifting term to stabilize the Kähler moduli. One of the drawbacks of the pro-
cedure is that the complex-structure moduli and the axio-dilaton slightly deviate their values
from the initial VEVs, but we treat the deviations as the source of the residual flavor symmetry.
We observe the distributions of moduli VEVs are slightly modified by these effects, and obtain
an explicit distributions of the deviations. Finally, we consider other toroidal orientifolds in
Section 2.4, namely T 6/Z6−II and T

6/Z2 × Z4 orientifolds on certain lattices. We again show
the distributions of VEVs and compare them to the previous cases. This discussion implies that
criteria for choosing toroidal orientifolds must exist if the modular flavor symmetric models are
the case and they are embedded into string theory.
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6 CHAPTER 2. IIB FINITE FLUX LANDSCAPE, SYMMETRY, AND STATISTICS

2.1 Type IIB String Landscape from Flux

Compactifications

NOTE: This section (Section 2.1) is fully dedicated for a review.

2.1.1 Type IIB Flux Compactifications

Preliminaries: type IIB string theory
Before describing the type IIB flux compactifications, let us firstly review type IIB superstring
theory itself [1, 76–79]. Superstring theory is formulated in terms of supersymmetric confor-
mal field theory (SCFT) on a two-dimensional (2d) worldsheet. The worldsheet represents the
trajectory of a string X(τ, σ), which is the fundamental 1d dynamical object with its unde-
termined scale denoted as ls = 2π

√
α′. For string theory which contains open strings as well

as closed strings, the worldsheets of free strings are classified into two types depending on its
topology, while it can take more complex forms when interactions of the strings are considered.
A coupling constant of strings, namely gs is the other free parameter of string theory. As strings
propagate in a background spacetime, the worldsheet of them and superstring theory as a 2d
SCFT are embedded into the spacetime, i.e., the worldsheet is considered as its submanifolds
and string theory describes the physics of submanifolds in the target space. It is well-known but
very surprising that superstring theory itself requires its target space to be a ten-dimensional
(10d) spacetime by consistency.

In 10d spacetime, superstring theory has several consistent formulations including type
IIA/IIB superstring theory which we concentrate on in this thesis. Let us turn back to the
worldsheet description where the action of string theory is defined to clarify the differences
between them. Since we assume superstring theory, both bosonic and fermionic degrees of
freedom (d.o.f.) for closed strings exist there (type II string theory is peturbatively formulated
by closed strings on the worldsheet). The equation of motion for them turns out to be a
set of 2d wave equations (Dirac equation for fermionic ones). Hence, as usual, the solution
for it decomposes into independent left-moving and right-moving sectors. By analogy with
quantum mechanics, one can expand each mode and impose quantization conditions. Then, we
can define Hamiltonian and quantum states in terms of the oscillation modes and oscillation
mass as well as energy. The states transform into representations of SO(8) when the state is
massless and of SO(9) when it is massive, and we can relate the states to 10-dimensional fields
in the target space. The effect of the formulation on a worldsheet appears a severe constraint
on the partition function, namely modular invariance from the worldsheet topology. Indeed,
the modular invariance plays a crucial role in the formulation of string theory, e.g., anomaly
cancellation.

In this procedure, there remains some unconstrained d.o.f. in boundary conditions of
fermionic partners of closed strings, which are classified into periodic (Ramond: R) condi-
tion and anti-periodic (Neveu-Schwartz: NS) one. As one can treat the left-moving and the
right-moving sector independently, the states are decomposed into four sectors, namely NS-NS,
NS-R, R-NS, R-R ones. The difference between type IIA and type IIB superstring theory is
determined by the difference in the way of building the modular invariant partition function.
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The modular invariance indeed requires the four sectors to co-exist but leaves two ways to
define the invariant partition function for each chirality. Modding out by the reflection, there
remain exactly two consistent formulations of the theory, and those correspond to type IIA/IIB
superstring theory. This assembly of the left- and right- states are interpreted in terms of the
Gliozzi-Scherk-Olieve (GSO) projection [80, 81] on the Hilbert space, and it leads spacetime
fermions and eliminates possible tachyons from the theory.

The resultant bosonic part of the massless spectrum for type IIB superstring theory is
summarized as follows in terms of the 10d fields:

{ϕ,BMN , GMN , C0, CMN , CMNPQ}, (2.1)

where ϕ is a dilaton scalar field, BMN is a rank two antisymmetric tensor, GMN is also a rank
two tensor (which is called a graviton) but traceless and symmetric, and C0, CMN , CMNPQ are
a pseudo-scalar, rank two, and rank four antisymmetric tensors, respectively. The tensors we
introduced are naturally associated with differential forms, such as G,B2, C0, C2, and C4. A
field strength of the four-form C4 is defined to be self-dual in the Hodge star sense. Note that,
ϕ,BMN , GMN are in NS-NS sector and C0, C2, C4 are in R-R sector. Hence, in this thesis, we
call fluxes induced by B2 and C2 NS-NS-(NS) and R-R-(RR) fluxes, respectively. Note that,
we can safely concentrate on these massless states for our purpose since the string scale is
considered to be very massive and only the massless states contribute to low-energy effective
field theory.

For later convenience, let us mention also the massless spectrum for type IIA superstring
theory. Instead of that for type IIB, we have odd-rank antisymmetric tensors in its R-R
sector, namely CM and CMNP . Thus corresponding field strengths have always even orders as
differential forms. Note that 10d N = 2 supersymmetry corresponds to the both spectra.

Type IIB string theory on Calabi-Yau orientifolds
So far, we shortly reviewed the world-sheet formulation of type IIB superstring theory and its
10-dimensional massless spectrum. While string theory is a consistent theory in the sense of
mathematics, we expect it to be a physical theory which is a candidate for quantum gravity.
Hence, the predicted 10d spacetime must include our 4d spacetime, nevertheless, the current
experimental results do not observe the existence of such extra dimensions. One should deal
with the extra dimensions in accordance with the experimental observation. Compactifying
the extra dimensions into space as tiny as experimentally undetectable is one of the candidate
treatments, and that is called string compactification. The number of supersymmetries (SUSYs)
is also an important constraint on the compactification. The breaking of SUSY is known to
be related to the holonomy of compactified space, as follows. In the 10d theory, a supercharge
of the 4d supersymmetry is defined globally on the extra dimensions. As the supercharge has
an index of 6d spinor, it means the supercharge must be a Killing spinor of the 6d space.
Note that the Killing spinors are defined as exactly constant spinors with regard to parallel
transportations in the literature. In particular, a parallel translation along a closed curve is
characterized by the holonomy (group) of the extra dimensions. When type II string theory is
compactified on 6d tori, the so-called maximal N = 8 supersymmetries remain in the resultant
4d effective action. In the following, we concentrate on the type IIB string theory that is
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compactified on a (complex) three-dimensional Calabi-Yau manifold [8], which equips SU(3)
holonomy and its orientifold projected theory, which is known to give a 4d chiral N = 1 theory.
Our starting point is the bosonic part of 10d type IIB low-energy effective action from the
massless states, which is represented in the 10d Einstein frame [1] (see also [21]):

SIIB,10d = SNS,R + SCS + Slocal

=
1

2κ210

∫
d10x

√
−g
(
R− ∂MS∂

M S̄

2ImS
− 1

2
|F1|2 −

|G3|2

2ImS
− 1

4
|F̃5|2

)
+

1

2κ210

1

4iImS

∫
C4 ∧G3 ∧ Ḡ3 + Slocal, (2.2)

with 2κ210 = (2π)7α′4 and non-vanishing NS-, RR- fluxes H3 and F3. Initially, they are defined
as F3 = dC2 and H3 = dB2. Other notations are as follows. The complexified axio-dilaton S
is determined as S := a+ ie−ϕ where a := C0 is axionic scalar and ϕ is the dilaton field. G3 is
a linear combination of the background three-form fluxes, G3 = F3 − SH3. We do not specify
Slocal at this time, but it is a set of contributions from possible localized sources. The p-form
fields Cp have their gauge transformations Cp → Cp + dλp−1 and thus these fields are actually
the generalized versions of gauge potential. Then, we may consider the electrical coupling
between Cp and a submanifold of 10d spacetime. | · |2 is defined with the Hodge operator, while
it includes the factorial 1/n!. F̃5 is defined as a self-dual five-form as mentioned i.e., ⋆10dF̃5 = F̃5

with ⋆ being a 10d Hodge star operator, and F̃5 is not a F5 = dC4 but

F̃5 := F5 −
1

2
C2 ∧H3 +

1

2
B2 ∧ F3. (2.3)

S-duality
One may find that there is a universal SL(2,R) symmetry where S and F3, H3 in 2.2 transform
as:

S → aS + b

cS + d
,

(
F3

H3

)
→
(
a b
c d

)(
F3

H3

)
(2.4)

with a, b, c, d ∈ R which satisfies ad− bc = 1. In fact, a certain subgroup of SL(2,R), namely
SL(2,Z) is considered to be a self-duality of type IIB string theory itself and is called S-duality
(see also [82]). Under the duality, the string coupling gs is transformed into g−1

s , i.e., the duality
connects the weak and the strong coupling limits of the theory.

Since this symmetry exactly matches that of a complex-structure modulus on a torus, which
parameterizes its “shape”, thus it leads to a certain geometrical unification in the theory. It is
called F-theory, and it turns out to provide a certain non-perturbative description of type IIB
string theory.

Orientifold projection
Let us move to review the orientifold projections on Calabi-Yau (CY) in type II context [1,23].
As we mentioned in Chapter 1, we have to compactify the theory, and the favorableN = 1 SUSY
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requires internal manifolds to equip SU(3) holonomy. The CY threefolds and toroidal orbifolds,
which are the tori modded by some appropriate discrete symmetries [9, 10] are the known
candidates as the extra dimensions. However, it is known that 4d N = 2, 8 SUSY remains for
CY and toroidal compactifications, respectively. One should find a remedy to truncate the extra
SUSYs. Indeed, the orientifold compactifications, which are the compactifications modded out
by an additional so-called orientifold projection, enable us to truncate them desirably. Although
we skipped the description of fermionic massless states, the identification under the worldsheet
parity halves the number of gravitino (as states in the NS-R and R-NS sectors linearly combined
to be invariant). Furthermore, it also leads to a new local and non-dynamical object which is
known as the orientifold plane (O-plane). The O-planes have opposite charges in their signs
compared with that of D-branes, and they crucially contribute to a consistency condition, which
is known as the tadpole cancellation condition. Although we consider only toroidal orientifolds,
which are the orientifold-projected versions of the toroidal orbifold compactifications, let us
focus on the CY compactifications at first since the former ones are considered as a certain
(orbifold) limit of the latter ones.

The orientifold projection is defined as a “dressed” group action, Ω̂R(−1)FL . The symbols
are defined as follows. First, Ω̂ is a worldsheet parity operator, which interchanges the left-
moving and right-moving sectors of a closed string and does two endpoints of an open string.
R is defined as a second-order cyclic group Z2 action on the CY geometry. The definition of the
group action R is defined up to restrictions imposed so that one can obtain 4d N = 1 SUSY.
For our purpose, R is understood as an Z2 isometry of the internal space. Note that the R is
not even needed to be a holomorphic operation on M , where M denotes a CY threefold. FL

is the number of left moving fermions in spacetime, and the additional phase factor (−1)FL is
included if one determines the projection using a relation between type IIA/IIB orientifolds,
namely the T-duality but it ensures the square of projection is exactly an identity.

Corresponding to the concrete action of R, there emerges a set of fixed points (or, loci)
under R on M . The fixed locus is called the Op-plane, where p denotes its spatial dimensions.
Since R is defined as an action on M , the remaining 4d spacetime, which is expected to be
our 4d Minkowski spacetime, is automatically invariant under the action. Thus, the Op-planes
with p ≥ 3 span the whole of our spacetime and are interpreted as p− 3-dimensional object on
M .

In this chapter, we focus on the type IIB orientifold with O3-planes and D3-branes. The
models can be obtained by setting R as the reversal of all complex coordinates of M 1. Then
the concrete actions of R on geometric quantities on M :

RJ = J, RΩ = −Ω (O3 orientifold projection), (2.5)

where J denotes a Kähler form of M and Ω without a hat does a unique holomorphic three-
form on M . It is also known that the 10d dynamical objects in the action (2.2) transform

1More precisely, under the orientifold action the Dolbeault cohomology group Hp,q remains invariant. As
a result, one gravity multiplet, h2,1

+ vector multiplets, h2,1
− + h1,1 + 1 chiral multiplets remain in the spectrum

for the case. Note that the systems with both O3/O7 (and D3/D7) also exist. For the IIA case, it transforms
Hp,q → Hq,p.
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under the Ω′(−1)FL as (nicely summarized in [83]):

Ω′(−1)FLB = −B, Ω′(−1)FLC2p = (−1)pC2p,

Ω′(−1)FLG = +G, Ω′(−1)FLϕ = +ϕ. (2.6)

We would like to emphasize again that the theory is indeed projected out by this symmetry,
but not the internal space itself. Hence, we can introduce the gauge field strengths of these
odd potentials.

Introducing three-form fluxes
The background three-forms, F3 and H3, are quantized on cycles of an internal manifold as

1

(2π)2α′

∫
C

F3 = fC ∈ Z,
1

(2π)2α′

∫
C

H3 = hC ∈ Z. (2.7)

If there are no sources, the equations

dF3 = 0, dH3 = 0 (2.8)

become the equations of motion. We consider the compactifications with these equations (which
are consistent with d2 = 0, hence F3, H3 can be expanded by a cohomology basis) and F1 = 0
throughout this thesis. However, the presence of Chern-Simons action SCS leads us to the 10d
condition which is known as the tadpole cancellation condition, as follows. With no Slocal, the
Bianchi identity for F̃5 turns out to be

dF̃5 = H3 ∧ F3, (2.9)

and we define

Nflux =
1

(2π)4α′2

∫
M

H3 ∧ F3. (2.10)

M denotes an internal 6d manifold. Here and in what follows, we set ls =
1

(2π)
√
α′ = 1 (or we

can change the mass dimensions of F3, H3 alternatively) and Mpl = 1, κ4 = 1. The integral
of the Bianchi identity makes Nflux to be zero. In the moduli stabilization with Nflux = 0 at
least SUSY Minkowski vacua cannot be achieved [72]. Then, we would like to consider the
theory including sources to cancel Nflux nontrivially. Indeed, the orientifold compactifications
provide a natural source of (RR) charge which enters in the Bianchi identity dF̃5, and that is
the O-plane (and D-branes).

D-branes and O-planes
Although type II string theory is constructed by the worldsheet closed strings, the theory
turns out to possess a certain object where open strings whose boundaries are tied, which
are called D-branes [15]. We skip the detail, but one can define a state of D-brane as a
coherent state in terms of Boundary CFT (BCFT) [84], and it consists of oscillators and modes
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associated with closed strings. Then one can define an open string X(τ, σ) whose length of
l and both endpoints are on the Dp-brane (spanning (p + 1)-spacetime), with imposing the
Neumann-Neumann (NN) boundary condition (this is satisfied by a free open-string with no
presence of D-branes) ∂σX

I(τ, σ)|σ=0,l = 0 and the Dirichlet-Dirichlet (DD) boundary condition
∂τX

T (τ, σ)|σ=0,l = 0 on each of the 2d worldsheet string with its indices directing spanned space
(I) and transverse space (T ). From the equation of motion, one finds that the open string can
be exactly defined and propagates the (p+1)-spacetime (worldvolume) spanned by the D-brane.
Thus, the usual procedure leads us to the massless spectrum of the open strings, but the GSO
projection allows only odd p for type IIB string theory whereas only even p is allowed for type
IIA. The massless spectrum contains a gauge boson, (real) scalar fields, and fermions, and
importantly, the massless spectrum forms a U(1) vector multiplet in the worldvolume. The
presence of D-branes is a key point in considering phenomenology from type II string theory.

The effective action of D-branes is split into two pieces, where the first one called the
Dirac-Born-Infeld (DBI) action describes couplings to the NS fields while the other, the Chern-
Simons (CS) action describes those to the RR fields, which becomes the source of the RR
charge. Indeed, this CS action includes the term (we use the notation in [1])

SCS,Dp ⊃ µp

∫
Wp+1

Cp+1, (2.11)

and p = 3 case this contributes to the Bianchi identity. Wp+1 represents worldvolume spanned
by the Dp-brane, and µp denotes the RR charge of the Dp-brane.

The Op-plane is known to have its CS action SCS,Op , and the CS action is the same as that
of Dp brane, up to constant multiplication in the charge µp. It turns out the constant factor
is negative compared to the charge if there remains a spacetime supersymmetry, and it is a
constant depending on p.

RR tadpole cancellation condition
The Nflux is called the D3 charge of fluxes since localized sources such as D-branes and O-planes
contribute to this Bianchi identity as follows. Suppose there are ND3 D3-branes and NO3-planes
in 4d spacetime. Since the four form C4 can couple to such objects, we obtain the following
contribution

Slocal ⊃
∫
M

1

2

(
ND3 −

1

2
NO3

)
C4, (2.12)

with M being R1,3. Here, the numerical factors reflect the relative factor mentioned above.
This is just a generalization of the electric coupling of a gauge field. Then the Bianchi identity
becomes

dF̃5 = H3 ∧ F3 − 2

(
ND3 −

1

2
NO3

)
δ(M) (2.13)
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with δ(M) being a Poincaré dual of M . Integrating both sides of the equation, we obtain the
cancellation condition of RR charges, which is called the RR tadpole cancellation condition2.
Indeed, this important consistency condition plays a key role in the whole of our thesis.

Warped compactification ansatz
Before moving to 4d discussion, we review the compactification ansatz for supergravity solution
with the presence of the flux background in the manner of Giddings-Kachru-Polchinski (GKP)
[20]. We concentrate on the solution which maintains N = 1 SUSY. The favorable 4d Poincaré
invariance leads us to parameterize the Einstein frame metric as

ds2 = e2A(y)ηµνdx
µdxν + e−2A(y)g̃mndy

mdyn, (2.14)

where A(y) is called a warp factor, and we consider a compactification with a warped product
based on M ×M . x and y are the coordinates for M and M , respectively. g̃mn is a metric on
the internal manifold M . Although this discussion holds without specifying M , in this thesis,
we mainly focus on the case M is a CY orientifold (or, toroidal orientifold). The 4d Poincaré
invariance also requires F̃5 to take the form:

F̃5 = (1 + ⋆10d)(dα ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3), (2.15)

where α = α(y) is a function on the internal space and is defined up to a constant. Then the
Einstein equation and the Bianchi identity for F̃5 are reduced to a pair of Laplace equations for
A and α. These Laplace equations contain the contributions from the fluxes G3, and thus the
warped factor generally depends on the fluxes and the fluxes control the warp factor. From an
integrability condition, one finds

α = e4A. (2.16)

The physical meaning of this equation is that the tension and charge of fluxes are coincide
if (2.16) is satisfied. Moreover, under this circumstance one find that the three-form flux is
imaginary self-dual (ISD), namely

⋆6dG3 = iG3. (2.17)

The ISD condition (2.17) restricts Nflux to be nonnegative and thus negatively-charged objects
are needed. This motivates us to introduce O3-planes, and the cancellation condition is obtained
as we reviewed above. Note that, derivation of the above results indeed needs the detail of
localized sources. The authors of [20] pointed out that O5 planes can violate an assumption
needed. We further restrict ourselves to a large-volume regime of the CY where the effective
field theory is trusted and the compactification is nearly identified with the compactification
on the exact CY.

2Of course, the considered condition here is only for the charge carried by the D3-branes. In general, one
finds the tadpole cancellation conditions for each possible Dp-branes.
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Four-dimensional effective action and moduli
Next, we move to the four-dimensional properties of the effective theory (see for details, [21,85]).
Since there remains the N = 1 SUSY, the resulting theory can be described in terms of N =
1 SUGRA. The ingredients that constitute the SUGRA are (i) the Kähler potential K, (ii)
the superpotential W and (iii) gauge kinetic functions f . These are the functions of chiral
superfields Φ, but dependencies differ from each other. The superpotential and gauge kinetic
functions are holomorphic functions of Φ and thus, complex functions. On the other hand,
the Kähler potential is not a holomorphic function but a real function of Φ. As usual, the
Kähler potential and the superpotential control kinetic terms and mass terms of Φ in the 4d
Lagrangian, respectively. By using K and W , the (F -term) scalar potential of 4d N = 1
SUGRA can be summarized in the form

V = eK(KIJ̄DIWDJ̄W − 3|W |2), (2.18)

where indices I, J correspond to the chiral superfields, and KIJ̄ , DI are introduced later. The
term −3eK |W |2 is the SUGRA effect, which does not exist in a global supersymmetric theory
without gravity. This scalar potential can stabilize moduli fields, which we introduce in the
following.

Again, we turn back to the 10d description. Initially, the moduli fields are massless scalar
fields. After compactifications, these fields appear anywhere in the resulting Lagrangian reflect-
ing the internal manifold’s geometry. Precisely speaking, the moduli parameterize continuous
deformations of the internal manifolds. If we adopt a CY space as an internal space, this pa-
rameterization continuously changes its form. Since CYs are defined as Kähler and Ricci-flat
with vanishing first Chern class, we can formulate the condition as

Rmn(g̃) = 0 = Rmn(g̃ + δg̃), (2.19)

under the small transformation of the metric δg̃ → g̃ + δg̃ (see for details, [86]). By using
the knowledge of Kähler geometry, this turns out to be an equation which is known as the
Lichnerowicz equation and indices of δg̃ are restricted to pure-type or mixed-type deformations.
For the mixed-type deformation, namely δg̃mn̄, we can associate an element of H1,1(M ) and
for the pure-type deformation, namely δg̃m̄n̄, we can do so an element of H2,1(M ), where
H1,1 and H2,1 denote the Dolbeault cohomology groups of CY. The moduli parameterize the
former space and latter space are called the Kähler moduli Ti and the complex structure moduli
Ui. The geometrical meanings of these moduli are that the Kähler moduli parameterize the
size of CY and the complex-structure moduli does the deformations of CY. The Kähler form
J of CY transforms under the pure-type metric transformation. On the other hand, we can
associate the holomorphic coordinate transformations and the complex structure moduli, hence
it parameterizes the deformations. For example, some of the complex structure moduli appear
as degrees of freedom of defining equations of CY. In this thesis, we mainly focus on the complex
structure moduli as well as the axio-dilaton.

Let us introduce the holomorphic three-form Ω which is no-where vanishing and uniquely
(up to Kähler transformations which we introduce later) defined three-form. It is known that
certain period integrals of Ω on CY three-cycles give well-defined coordinates of CY moduli
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space. Since we defined the complex structure moduli as parameters of the deformations, or
equivalently, parameters of the complex structure moduli space, the complex structure moduli
appear in the period integrals. Thus, Ω is an intrinsic quantity that characterizes the complex
structure moduli space. Note that,

∫
Ω ∧ Ω̄ is proportional to CY volume, which can be

expressed by the Kähler form as V ∼
∫
J ∧ J ∧ J . Then, the superpotential of moduli is given

by the following Gukov-Vafa-Witten type superpotential [18]

WGVW =

∫
M

G3 ∧ Ω. (2.20)

This form of the superpotential can be obtained in the dimensional reduction of the 10d action.
We can alternatively say, if we consider the (2.20), the resulting scalar potential of moduli is
organized as a form of N = 1 SUGRA potential (2.18). The Kähler potential is also given by

K = Kad +Kcs +Kvol = − log
(
−i(S − S̄)

)
− log

(
−i
∫

M

Ω ∧ Ω̄

)
− 2 logV , (2.21)

with V being the volume of CY and it can be expressed as a function of Kähler moduli. At large
volume region, V has an expression V = 1

6
κijkT

iT jT k where κijk denotes a Yukawa coupling
between moduli. This leads us to the no-scale structure, where F -term the scalar potential
reduces to

VF, no-scale = eK(KIJ̄DIWDJ̄W ), (2.22)

with I, J being axio-dilaton and complex-structure moduli only. This is a positive-definite
potential, and its minima are Minkowski, as we can see. However, since the Kähler moduli is
unstabilized with the no-scale potential, we have to seek other mechanisms which stabilize that.
In type IIB flux compactifications, many studies include stabilizations with non-perturbative
effects [87] and α′-corrections [88, 89], and non-geometric fluxes [90, 91] have been made. For
the D-term potential, we assume that is canceled via the tadpole cancellation condition.

The Kähler metric KIJ̄ is defined as

KIJ̄ = ∂I∂J̄K, (2.23)

with I, J being all moduli we consider. KIJ̄ denotes the inverse of Kähler metric. Note that,
the Kähler potential (2.21) does not contain real-parts of moduli, since those moduli enjoy the
axionic symmetry. Then KI = ∂IK becomes pure imaginary.

2.1.2 Details of The Formulation: Moduli Space with Special
Geometry

We start this section by describing the moduli space of CY [86,92] and the special geometry
in detail for general purposes. The fact that we will explain below also holds on toroidal
orientifolds as they are considered singular limits of smooth CYs. Then, we also review the
type IIB flux compactifications with the special geometry on which the chapter is based.
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Special geometry on Calabi-Yau threefolds
CY threefolds and CFT whose central charge c = 9 admit the geometrical description of their
moduli space, which is called special geometry [86, 93]. Since those backgrounds play crucial
roles in string compactifications, we need to understand the structure of special geometry.

With special geometry, there exists the symplectic basis (Aa, Bb) ∈ H3(M ,Z) which satisfies

Aa ∩Bb = δab , Bb ∩ Aa = −δab , (2.24)

Aa ∩ Ab = 0, Ba ∩Bb = 0, (2.25)

where a, b = 0, 1, . . . , h2,1. h2,1 denotes the dimension of H2,1(M ) i.e. one element of the
Hodge numbers. Then we can define a cohomology basis (αa, βb) of H3(M ,Z) so that the basis
becomes the dual of (Aa, Bb) as follows.∫

Aa

αb =

∫
CY

αb ∧ βa = δab,

∫
Ba

βb =

∫
CY

βb ∧ αa = −δba, (2.26)

i.e. {αa} and {βb} are Poincaré dual. As we mentioned, the nowhere-vanishing three form Ω
is uniquely defined on each of the CY manifolds. We can think Ω as a function of the complex
structure moduli and space coordinates of CY. In other words, Ω should transform under the
holomorphic coordinate transformations, which are parameterized by the complex structure
moduli. It is even known that the (half of) period integrals of Ω span the moduli space:

Fa :=

∫
Ba

Ω, Ua :=

∫
Aa

Ω, (2.27)

where we take {Ua} as coordinates of the moduli space. The number of {Ua} is one more than
the dimension of the moduli space, h2,1. Indeed, {Ua} are projective coordinates of the moduli
space i.e. only the ratios between {Ua} matter. Note that, derivatives by these moduli and
integrals on CY coordinates (which we write M explicitly) are interchangeable. We gather
these period integrals into one vector:

Π ≡
(
Fa

Ua

)
≡
(∫

Ba
Ω∫

Aa Ω

)
. (2.28)

Π is called the period vector and its length is (2h2,1 + 2). Then, Ω is expanded as

Ω = Uaαa − Faβ
a. (2.29)

Since we can consider {Ua} as coordinates of the moduli space, Fa must be functions of
{Ua}. We can introduce the prepotential, which is defined as

F =
1

2
UaFa, (2.30)

thus Fa are expressed as Fa = ∂aF . Note that u0F0 = 2F − uiFi holds by the definition. The
prepotential has an expansion around the large complex structure (LCS) regime (ImUa ≫ 1)
as [94]

F

(U0)2
=

1

6
κ∗abc

UaU bU c

(U0)3
+

1

2
κ∗ab

UaU b

(U0)2
+ κ∗a

Ua

u0
+

1

2
κ0 + Finst., (2.31)
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where the coefficients are given by

κ∗abc =

∫
M ∗

J∗
a ∧ J∗

b ∧ J∗
c , κ∗ab =

1

2

∫
M ∗

J∗
i ∧ J∗

j
2, (2.32)

κ∗a = − 1

24

∫
M ∗

c2(M
∗) ∧ J∗

i , κ0 = −ζ(3)χ(M
∗)

(2πi)3
. (2.33)

Here, the symbol ∗ denotes a mirror manifold of M , and J∗
i are (1, 1)-forms on M ∗. c2 and

χ are the second Chern class and the Euler number, respectively. Finst. contains geometrical
corrections and it is expressed as a power series of qa = e2πiUa . Note that on a toroidal orientifold
that is at its orbifold limit and has no twisted moduli contributions, the first term of the above
expansion only contributes to the exact prepotential.

In this thesis, it is sufficient to introduce only the relationship between relevant differential
forms of CY. Indeed, the Kodaira theory [86,95] leads

∂Ω

∂ũa
∈ H3,0(M ,C)⊕H2,1(M ,C). (2.34)

Here, {Ũa} are defined as

Ũa =
Ua

U0
(a ̸= 0) (2.35)

on the local patch U0 ̸= 0 and are called flat coordinates and usually called the complex-
structure moduli fields3. This implies that Ω can be expressed as

∂Ω

∂Ũa
= kaΩ + χa, (2.36)

where χa ∈ H2,1(M ,C) denotes a harmonic (2, 1)- form of CY. The term kaΩ is a result of the
uniqueness of Ω. Note that this yields an alternative expression of the Kähler metric,

Kab̄ = −
∫
χa ∧ χ̄b̄∫
Ω ∧ Ω

. (2.37)

Precisely speaking, the Ω is not exactly unique, but a holomorphic section of H⊗L. Here, H is
a Sp(2n+2,R) vector bundle which is associated with the degree of freedom of choosing basis.
L denotes a line bundle which is associated with the Kähler transformation:

Ω → f(U)Ω. (2.38)

3In toroidal compactifications, the flat coordinates are exactly τ -parameters, which characterize the lattice
constitutes the torus. However, on general CY, the flat coordinates do not take simple forms but are expressed
as functions of several variables. Then the variables are often called moduli fields, thus the flat coordinates do
not always correspond directly to physical moduli fields.
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Then, the {Ω, χa, χ̄b̄,Ω} with a, b = 1, . . . , h2,1 constitute the harmonic basis of H3(M ,C).
There are relationships between the elements of this basis by differentiation. One of the rela-
tionships is (2.36). Since Ω is defined only up to the bundle, it is more natural to introduce
Kähler covariant derivatives:

DaΩ = (∂a +Ka)Ω, (2.39)

with ∂a :=
∂

∂ua and Ka := ∂aK. The covariant derivative of Ω transforms as

DaΩ → f(U)DaΩ (2.40)

under the Kähler transformation, hence this is exactly the covariant derivative. This covariant
derivative is generalized as usual,

Daψ
(m,n) = (∂a +mKa)ψ

(m,n), (2.41)

Db̄ψ
(m,n) = (∂b̄ + nKb̄)ψ

(m,n), (2.42)

where (m,n) means that the quantity with that indices transforms as

ψ(m,n) → fmf̄nψ(m,n), ψ(m,n) → fmf̄nψ(m,n) (2.43)

under the Kähler transformation. For tensors, we replace ∂a by ∇a, where connections are
given by Christoffel symbols on Kähler manifolds. Note that only Γa

bc and Γā
b̄c̄

are nonzero on
Kähler manifolds. We also impose the usual metric condition on the Kähler metric Kab̄ as

DcKab̄ = 0. (2.44)

We summarize the relationships between the basis {Ω, χa, χ̄b̄,Ω} in terms of the Kähler
covariant derivatives, as follows. As we can see, (2.36) is equivalent to

DaΩ = χa. (2.45)

Since Ω is a holomorphic function of the complex structure moduli,

DaΩ̄ = ∂aΩ̄ = 0 (2.46)

also follows. To obtain the remaining expressions, we have to introduce the Yukawa coupling
[86,96] of moduli

κabc =

∫
M

Ω ∧DaDbDcΩ. (2.47)

The (0, 3)-part of DaDbDcΩ can contribute to the integration and this reduces to

κabc =

∫
M

Ω ∧ ∂a∂b∂cΩ, (2.48)
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and hence κabc is totally symmetric quantity with respect to the change of its indices.
It is convenient to introduce the inner product ⟨α, β⟩ which is defined as

⟨α, β⟩ = −i
∫

M

α ∧ β. (2.49)

Then the expression of Yukawa coupling reduces to

κabc = i⟨Ω, ∂a∂b∂cΩ⟩. (2.50)

Eq. (2.45) means that, Da : H3,0 → H2,1 holds. This is also the case for Daχb, Daχ̄b̄ i.e.
Da : H

2,1 → H1,2 and Da : H
1,2 → H0,3, respectively. Following the lines of Ref. [86], we obtain

Daχb = −ieKcsκab
c̄χ̄c̄, (2.51)

Daχ̄b̄ = Kab̄Ω̄. (2.52)

2.1.2.1 Type IIB flux compactification with special geometry

Similarly, the background fluxes F3, H3 are also expanded as

F3 = faαa − faβ
a, (2.53)

H3 = haαa − haβ
a, (2.54)

thanks to the special geometry4. Here, we defined integral quanta by

fa :=

∫
Aa

F3, fa :=

∫
Ba

F3, (2.55)

ha :=

∫
Aa

H3, ha :=

∫
Ba

H3. (2.56)

From these quantities, we can determine the explicit form of K and W in terms of the cycles.
Here, let us consider the Kähler potential as an example. Recall that the complex structure
sector of Kähler potential K is given by

Kcs = − log

(
−i
∫

Ω ∧ Ω̄

)
, (2.57)

and this reduces to

Kcs = − log (−iΠΣΠ) , (2.58)

with

Σ =

(
0 1h2,1+1

−1h2,1+1 0

)
. (2.59)

4In this thesis, we use the notation different from the literature where F3 = faαa+ faβ
a as well as H3. Our

notation matches the expansion of Ω: Ω = uaαa − Faβ
a.
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Here, we used ∫
α ∧ β = −

∑
I

(∫
AI

α

∫
BI

β −
∫
AI

β

∫
BI

α

)
(2.60)

=
(
(
∫
BI
α) (

∫
AI α)

)
Σ

(
(
∫
BI
β)

(
∫
AI β)

)
(2.61)

holds for α, β ∈ H3(M ,Z).
Note that the Kähler potential is invariant under the symplectic transformation of the

cohomology basis. We can obtain the explicit form ofKcs by using the period (2.28). In general,
the explicit form of the period vector highly depends on geometry (see for example [97,98] where
the integral is explicitly calculated).

The D3-charge of fluxes Nflux is now given by

Nflux =

∫
M

H3 ∧ F3 = −hafa + faha. (2.62)

Now we consider the scalar potential V (2.18) as a function of the axio-dilaton, the complex
structure moduli, and the Kähler moduli. Then the moduli stabilization can be achieved by
solving extremum conditions of V . For stable minima, we impose them to have positive masses
(which are eigenvalues of Hessian matrices). Let us introduce a special class of minima, the
SUSY minima with DIW = 0 (the F-term flatness). If this condition and its complex conjugate
are satisfied by all the moduli, the scalar potential is minimized. If we denote W = WRR−WNS

with

WRR =

∫
F3 ∧ Ω, (2.63)

WNS =

∫
H3 ∧ Ω, (2.64)

the N = 1 SUSY conditions i.e. the F-term flatness DIW = 0 for the axio-dilaton and the
complex structure moduli reduce to

DSW = KSW −WNS, (2.65)

DaW =

∫
G3 ∧ χa, (2.66)

where DS = ∂S +KS and a runs all of the complex structure moduli.

2.1.3 General Limitations Constrain Our Studies

We have reviewed the formulation of type IIB flux compactifications. Since this formulation
can address the moduli stabilization as well as configurations of D-branes and O-planes, it has
attracted the interest of many studies. Nevertheless, as mentioned in Section 1.1, we have
not obtained any theory from the compactifications that are completely consistent with the
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experiments. This problem is often related to the fundamental difficulties that are almost
inevitable. In this section, we briefly review the current difficulties and the swampland program
which has attempted to make the boundary of string landscape clear. Since the issues are
diverse, we will discuss them only as they pertain to our thesis.

Let us first refer to the problem of the non-existence of de Sitter vacua (see for reviews,
[32, 99, 100]). Currently, it is a well-known fact that the cosmological constant has a tiny
but positive value [101]. Since it is also known that type IIB flux vacua favors Minkowski or
anti-de Sitter (AdS) vacua, many studies have been devoted to constructing a de Sitter (dS)
vacuum in the string landscape. Methods considered there include the KKLT scenario, which
uses non-perturbative effects on the superpotential [87], the Large Volume Scenario, which uses
both non-perturbative effects and perturbative α′ corrections [89], so-called F-term uplifting
where spontaneous SUSY breaking occurs and matter fields possibly contribute to the F-term
as a correction [102–104], and D-term uplifting based on magnetized D-brane models [105].
However, due to the numerous critical points of view which are summarized in [99], we may
understand that there is no established consistent dS construction. This is one of the central
topics of the swampland program [32,106] that aims to theoretically characterize the boundary
of string landscape. In this thesis, we will adopt the KKLT scenario to investigate the resultant
deviations of already-stabilized moduli VEVs, but we do not consider further the dS property
of those vacua.

Even if we tentatively escape from the dS constructions as well as Kähler moduli stabiliza-
tions, still we must be careful whether the resultant vacua are consistent in the formulation.
Indeed, moduli VEVs associated with some vacua should reside in the sufficiently weak coupling
regime, the large volume regime which may ensure separation between the KK scale and moduli
masses, and the regime where the expansion of prepotential is reliable. The tree-level vacua
always suffers from non-perturbative and perturbative corrections. The tadpole cancellation
conditions need to be satisfied while it turns out to be severe. Indeed, anyone who has tried
to fix moduli may find that it is difficult to stabilize many complex-structure moduli due to
the tadpole conditions. This general observation is precisely formulated as the tadpole conjec-
ture [107]. The conjecture states the (D3) tadpole charge Nflux which is contributed by flux is
bounded as Nflux > α · h2,1, where α = 1/3 is conjectured and h2,1(−) complex-structure moduli
are stabilized. As one can see from this criterion, it is difficult to analyze flux landscape with
large h2,1. In this thesis, we only consider the toroidal orientifolds whose h2,1 is sufficiently
small.

Other contributions may originated from unstabilized moduli including not only Kähler
moduli but also twisted moduli and open-string moduli (see also [100]). These various contri-
butions make it almost impossible to have a crystal clear discussion on the four-dimensional
vacua. In this thesis, we indeed ignore some needed checks of these consistencies, and sometimes
we intentionally violate them. This paper purely aims to investigate the structure of solutions
to the F-term equations, but in a rigorous phenomenological discussion, we have to keep in
mind that we need to be sufficiently careful when we would like to discuss phenomenology
rigorously.

In this chapter, we will concentrate on the moduli sector of theory. As mentioned in Chap-
ter 1, the modular flavor symmetric models attract great interest from both bottom-up and
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top-down perspectives. However, while we can independently design the flavor symmetry in
the framework of magnetized D-brane models and stabilize the moduli, it is pointed out that
performing those simultaneously turns out to be very difficult, due to the tadpole cancellation
condition [108]. It is interesting to pursue that point. Indeed, a relation between generations
of chiral fermions and the moduli VEVs via the tadpole cancellation condition is also found
in [75].

2.1.4 Statistics of Flux Landscape

As stated in Section 1.1, we consider the statistics to be one of the safest ways to handle the
vast string landscape. Indeed, many studies have been performed, and they have revealed some
important structures of the flux landscape. In this section, we briefly review the established
progress and check whether our direction of study in the following is correct or not.

Due to the Dirac quantization, the flux landscape is discretized and can be labeled. Then
one naturally hopes to reveal distributions of some physical quantities and count the number
of flux vacua. Roughly speaking, there are three ways to study statistics of flux landscape:
(i) continuous flux approximation, (ii) random sampling, and (iii) exactly obtaining whole flux
vacua. For the method (i), which was suggested in [109] and extensively studied in [40,42,43],
one obtains analytic expressions formulae for the number of flux vacua, with a certain bound on
the flux quanta and the continuous approximation. The bound is understood as the flux tadpole
charge Nflux. Note that the assumption of the continuous approximation only holds on a regime
Nflux ≫ h2,1, while it matches the claim of tadpole conjecture. The validity of the results based
on the method (i) have been explicitly checked in e.g., [110–113]. The method (ii) has been
evolved along with the evolution of computational machinery. In general, it is very difficult
to numerically solve the F-term equations or ∂IV = 0 itself when the number of moduli is
large besides the tadpole problem. Even if one assumes Minkowski vacua, then one has to solve
∂I Ṽ = 0 with V = eK Ṽ for all moduli, but one cannot expect an analytic solution at all. For one
of the simplest toroidal orientifolds with h2,1 = 3, the equations become non-linear simultaneous
sextic equations. If the superpotential is not a polynomial, the problem would be even worse.
Hence there are many studies based on random sampling, and a more sophisticated framework
is recently proposed [114]. At last, the method (iii) is the most fundamental approach, but it
is also the hardest one. One might wonder whether the number of vacua is finite in the first
place. It has been believed that it is the case [115, 116] at least for vacua consistent with the
experiments. Let us recall that Nflux has a quadratic form: Nflux ∼ h · Σ · f . If either the RR
or the NS flux is turned off for a direction, the pair of the flux seems to be allowed to take an
infinite number of choices. Nevertheless, the recent progress [33–35] proved that the number is
indeed finite5,6. Note that the above observation with zero directions is inconsistent with the
tadpole conjecture. Then the next obstruction is: could we construct the finite vacua explicitly?
This is actually a difficult problem, but it can be obtained at least on the toroidal orientifolds
(a constructive method is exhibited in [83, 111]). More recently, the study that completely
scanned the flux vacua on a certain CY appeared [113]. The method (iii) has of course the

5To the best of our knowledge, the finiteness is proven for SUSY vacua.
6For finiteness of CY three-folds, see e.g., [117,118].
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advantage that it does not need the assumption made in the continuous approximation nor
does the random sampling reflect the exact structure of landscape. We adopt method (iii) to
analyze the distributions of moduli VEVs and their degeneracy in the following.
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2.2 Distributions and Dualities in Flux Landscape:

T 6/(Z2 × Z′
2) orientifold

Note: The whole discussion and results in this chapter are based on our work [68]. The
figures and tables would be shown are already shown in Ref. [68] whence we will cite them
constantly.

The introduction for this chapter is given in Chapter 1. We study the distribution of
vacua in T 6/(Z2 × Z′

2) toroidal orientifold compactification, where T 6 is factorizable i.e. T 6 =
T 2
1 × T 2

2 × T 2
3 . If we denote the complex coordinates of T 6/(Z2 × Z′

2) as z1, z2, z3, the orbifold
action is defined as θ : (z1, z2, z3) → (−z1,−z2, z3), θ′ : (z1, z2, z3) → (z1,−z2,−z3) and R of the
orientifold action is given by (z1, z2, z3) → (−z1,−z2,−z3). Note that, the orientifold action
also makes the flux quanta be multiples of 8. In this orientifold, there survive three complex
structures τi (i.e. the dimension of H2,1

− is three) under the orbifold and orientifold action where
i denotes each torus. This section is organized as follows. In Section 2.2.1, we briefly review
geometry of the T 6/(Z2×Z′

2) toroidal orientifold. There is a simple modular group that relates
different points in modular space. In Section 2.2.2, we solve SUSY conditions on the orientifold
and obtain analytic solutions that are already known. Then, in Section 2.2.3, we utilize the
modular transformation of moduli to count independent vacua and show the exact distributions
of the number of vacua in the moduli space. Finally, we compare our results with the modular
flavor symmetric models for illustrative purposes in Section 2.2.4.

2.2.1 Modular symmetry in the T 6/(Z2 × Z′
2) orientifold

The toroidal orientifolds have a similar structure of moduli space as the CY. The modular
group SL(2,Z)i (i = 1, 2, 3) appears for each i-th torus T 2 corresponding to the symplectic
group of CY complex structure moduli space. Thus, it is easier to describe the geometry of
tori than to describe it of CY. Let us summarize the modular group on tori since it plays an
important role in the following sections.

Suppose there is a torus T 2. Since we consider the factorizable torus, it is sufficient to
consider only one T 2. The torus is defined as a quotient space C/Λ with Λ being a lattice.
The lattice is defined to cover the whole C by its repeating, hence they are defined up to the
modular transformation. Thus, the effective action must be invariant under the modular group
SL(2,Z)7. We define the basis of the lattice as (ex, ey) where the complex coordinates of torus
z is expressed as

z = ex + Uey. (2.67)

Here, U denotes the complex structure modulus of T 2 and it is defined as the ratio of ey to ex:

U =
ey
ex
. (2.68)

7Since general background fluxes can break the invariance, we must impose it by hand.
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If we denote z by u which is a complex coordinates of the original C at the same point, z is
also expressed as

z =
u

ex
. (2.69)

We always define U and z by the same expressions. On the other hand, the modular transfor-
mation of lattice is represented as (

e′y
e′x

)
=

(
a b
c d

)(
ey
ex

)
, (2.70)

where ad− bc = 1 i.e. (
a b
c d

)
∈ SL(2,Z). (2.71)

Hence the modular transformations of U and z are given by

U =
ey
ex

→ U ′ =
e′y
e′x

=
aU + b

cU + d
, (2.72)

z =
u

ex
→ z′ =

u′

e′x
=

z

cU + d
, (2.73)

where we use the convention of Ref. [119–121]. Thus, the complex structure modulus U trans-
forms under the modular group SL(2,Z) as U → R(U), with the action R(U) being

R(U) =
aU + b

cU + d
. (2.74)

Precisely speaking, the exact group that we consider is PSL(2,Z) = SL(2,Z)\{1,−1} since
the change {a, b, c, d} → {−a,−b,−c,−d} has no effect on the transformation (2.74). Note
that under the modular transformations, a holomorphic function fk(w) which transforms as

fk

(
aw + b

cw + d

)
= (cw + d)kf(w) (2.75)

is called a modular form of modular weight k, and the complex coordinates z itself is a modular
form of modular weight k.

The modular group is generated by S, T ∈ SL(2,Z) which satisfy the algebra

S2 = 1, (ST )3 = 1. (2.76)

We can also represent S, T as8

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
, (2.77)

8Although this matrix representation of S leads to S2 = −1, this makes no problem since we identify −1
with 1 i.e., actually we do not consider SL(2,Z) but PSL(2,Z) = SL(2,Z)/{1,−1}.
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and these generators correspond to

S : U → − 1

U
, T : U → U + 1, (2.78)

respectively.
In group theory, a set of group elements {g · x|g ∈ G} is called the orbit of x ∈ G, where

G denotes a group. Then, the transformation of U (2.72) through the change of lattice basis
relates different points in the moduli space and defines the orbit of U . Since a change of basis
does not affect the effective action, we focus on the quotient space M\R = MR (R denotes
the moduli space). In other words, it is sufficient to consider only a set of representatives. A
domain where each orbit intersects only once is called the fundamental domain and it is what
we are interested in here. The fundamental domain FD of the complex structure modulus space
is given by

FD =

{
U

∣∣∣∣−1

2
≤ ReU ≤ 0, |U |2 ≥ 1

}⋃{
U

∣∣∣∣0 < ReU <
1

2
, |U |2 > 1

}
. (2.79)

In general, it is possible to define the fundamental domain in this way for any field that
transforms under the SL(2,Z). Indeed, we consider distributions of the axio-dilaton as well as
complex structure moduli in their fundamental domains in the later sections.

Next, we describe the invariance of the effective action on T 6 = T 2
1 × T 2

2 × T 3
3 . The Kähler

potential K and the superpotential W which we reviewed in Section 2.1.1 are determined by
the symplectic cohomology basis. In the tori T 6, the basis is given by

α0 = dx1 ∧ dx2 ∧ dx3, β0 = dy1 ∧ dy2 ∧ dy3,
α1 = dy1 ∧ dx2 ∧ dx3, β1 = −dx1 ∧ dy2 ∧ dy3,
α2 = dy2 ∧ dx3 ∧ dx1, β2 = −dx2 ∧ dy3 ∧ dy1,
α3 = dy3 ∧ dx1 ∧ dx2, β3 = −dx3 ∧ dy1 ∧ dy2,

(2.80)

where we normalized the volume of T 6 to one. Moreover, the holomorphic three-form Ω takes
the simple form

Ω = dz1 ∧ dz2 ∧ dz3. (2.81)

Then the Kähler potential K becomes

Kcs = − log
(
i(U1 − Ū1)(U2 − Ū2)(U3 − Ū3)

)
, (2.82)

and the superpotential W is also determined by the background fluxes F3, H3 and Ω in (2.81).
To assure the invariance of the scalar potential, it is enough to impose the invariance on

eK |W |2. Note that, this implies the change of overall sign W → −W has no effect on the
effective action. First, the Kähler potential transforms as

K → K +
∑
i

log |cUi + d|2. (2.83)
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Thus the superpotential must transform as

W →
∏
i

(cUi + d)−1W, (2.84)

i.e. W is a modular function of weight −1 for each SL(2,Z).
In the following sections, we use the notation in Section 2.1.1. The superpotential is given

by

W = (f 0 − Sh0)U1U2U3 − ((f 1 − Sh1)U2U3 + (f 2 − Sh2)U3U1 + (f 3 − Sh3)U1U2)

+ (f0 − Sh0) + (f1 − Sh1)U1 + (f2 − Sh2)U2 + (f3 − Sh3)U3, (2.85)

and the scalar potential takes the no-scale structure

Vno-scale = eK(KIJ̄DIWDJ̄W ), (2.22)

where I, J denotes the axio-dilaton S and U1,2,3.
Furthermore, we assume the isotropic torus where the complex structure moduli and fluxes

are identified as

U ≡ U1 = U2 = U3 (2.86)

and

f 1 ≡ f 1 = f 2 = f 3, f1 ≡ f1 = f2 = f3, h1 ≡ h1 = h2 = h3, h1 ≡ h1 = h2 = h3 (2.87)

to simplify our discussion. Thus, the superpotential reduces to

W = (f 0 − Sh0)U3 − 3(f 1 − Sh1)U2 + 3(f1 − Sh1)U + (f0 − Sh0). (2.88)

In the isotropic torus, the modular invariance of the effective action requires that the back-
ground fluxes transform as

• S : S → − 1
S

f 0 → −h0, f 1 → −h1, f1 → −h1, f0 → −h0
h0 → f 0, h1 → f 1, h1 → f1, h0 → f0.

(2.89)

• T : S → S + 1

f 0 → f 0 + h0, f 1 → f 1 + h1, f1 → f1 + h1, f0 → f0 + h0
h0 → h0, h1 → h1, h1 → h1, h0 → h0.

(2.90)

for the SL(2,Z)S transformation of the axio-dilaton S, which we mentioned in (2.4). Next,
for the SL(2,Z)U transformation of the complex structure modulus U the flux quanta must
transform as



2.2. DISTRIBUTIONS AND DUALITIES IN FLUX LANDSCAPE:
T 6/(Z2 × Z′

2) ORIENTIFOLD 27

• S : U → − 1
U

f 0 → −f 0, f 1 → −f1, f1 → f 1, f0 → f 0,
h0 → −h0, h1 → −h1, h1 → h1, h0 → h0.

(2.91)

• T : U → U → U + 1

f 0 → f 0, f 1 → f 1 + a0, f0 → f0 + 2f 1 + f 0, f0 → f0 − 3f1 − 3f 1 − f 0,
h0 → h0, h1 → h1 + h0, h1 → h1 − 2f1 + h0, h0 → h0 − 3h1 − 3h1 − h0.

(2.92)

These transformations can be found in Ref. [91,111]. Note that, in the previous research [122],
the distributions of vacua is already determined. The authors showed the distributions for
various maximum values of the D3-flux charge Nflux, which we denote Nmax

flux . However, in this
thesis, we focus on distributions of the degrees of degeneracy whereas the authors of Ref. [122]
studied the distributions of moduli VEVs. The reason to study it is that we would like to
study points in the moduli space which are chosen naturally as we mentioned in Chapter 1.
Henceforth, we call distributions of the degrees of degeneracy just distributions of vacua.

2.2.2 Analytic solutions of SUSY conditions

Next, we describe analytic solutions of the SUSY conditions. More concretely, we consider
the following equations:

∂SW = 0, ∂UW = 0, W = 0. (2.93)

The last equation is a consequence of DTW = 0, where T denotes an unstabilized Kähler
modulus9. The known method to solve W = 0 is as follows. First of all, the conditions require
that the following cubic polynomials vanish at minima:

WRR =

∫
F3 ∧ Ω = f 0U3 − 3f 1U2 + 3f 1U + f0 ≡ 0, (2.94)

WNS =

∫
H3 ∧ Ω = h0U3 − 3h1U2 + 3h1U + h0 ≡ 0. (2.95)

Since the positive VEV of ImU is needed, each equation must have a pair of roots which are
complex conjugate with each other. The remaining root must be real, thus we can factorize
these polynomials

WRR = (rU + s)P (U), (2.96)

WNS = (uU + v)P (U), (2.97)

with P (U) is a quadratic polynomial and a common factor of WRR,NS. Hence the relevant VEV
of U is a root of P (U) with a positive imaginary part. Here, we followed the lines of [83, 111]
where {m, l, n, u, v, s, r} are real integers which are determined by the flux quanta.

9Although we solved the SUSY condition for T , T is still unstabilized and we have to consider a mechanism
which stabilizes the T modulus.
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Then, the SUSY condition for the complex structure modulus can be solved immediately.
Indeed, ∂UW = 0 reduces to

P (U)∂U{(rU + s)− S(uU + v)}+ {(rU + s)− S(uU + v)}∂UP (U) = 0 (2.98)

and P (U) vanishes for the VEV of U10. It leads to the VEV of axio-dilaton

S =
rU + s

uU + v
. (2.99)

The VEV of complex structure modulus U is determined as

U =
−m+

√
m2 − 4ln

2l
(l, n > 0), (2.100)

U =
−m−

√
m2 − 4ln

2l
(l, n < 0), (2.101)

for a general quadratic polynomial P (U) = lU2+mU+n. Thus, VEVs of moduli are determined
analytically. Furthermore, these vacua are automatically stable except for the unstabilized
Kähler modulus since SUSY remains at vacua. However, there remain equivalence relations in
the moduli space, namely SL(2,Z)S,U . We have to get rid of the degeneracy in counting the
vacua. Note that, since the flux quanta are multiple of 8, the D3 flux charge Nflux becomes a
multiple of 64. Moreover, as discussed in Ref. [83], there is an additional factor 3 so that Nflux

is a multiple of 192.

2.2.3 Distributions of flux vacua

In the previous section, we obtained the analytic expressions of moduli VEV. In this section,
we show the distributions of the degrees of degeneracy in the moduli space. To compare with
known results, we follow the lines of Ref. [122] and change values of upper bound for Nflux.
Furthermore, we set the lower bound for ImS, which gives the inverse of the string coupling gs.

We set the maximum value Nmax
flux

11 as

Nmax
flux = 192× {10, 100, 250, 500, 1000} (2.102)

and take into account all the possible configurations which satisfy each upper bound. The
vacua are all physically-distinct from each other i.e., no possible double count remains. The
number of such vacua is summarized in Table 2.1 and the number behaves against Nmax

flux as

# of stable vacua ≃ 2.89527

(
Nmax

flux

192

)2

, (2.103)

which is different from the result in Ref. [122]. This is because our procedures for counting the
vacua are different from the previous research.

10We omit the symbol of VEV for simplicity here and what in follows.
11We omit the factor 192 in the following discussion.
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Nmax
flux = 10 Nmax

flux = 100 Nmax
flux = 250 Nmax

flux = 500 Nmax
flux = 1000

# of stable vacua 312 29218 178191 720710 2896221

Table 2.1: Number of stable vacua for each upper bound Nmax
flux determining the range of flux

quanta [68].

2.2.3.1 Distribution on the complex structure modulus plane

First, we show the distributions of the complex structure modulus without fixing the VEV
of axio-dilaton i.e. we analyze the vacua in the complex structure plane. The distributions
are drawn in Figure 2.1 for the cases Nmax

flux = 10 (left panel) and Nmax
flux = 10 (right panel).

The dark color point indicates that there exist many degenerated vacua at that point. We find
that most of the vacua are clustered in the region with small values of ImU . Since we can find
this tendency more clearly in the left panel, the cluster is a result of the tadpole cancellation
condition. If we restrict our discussion to the region with small Nflux, we cannot obtain U that
resides at U ∼ i∞.

There are specific points in the moduli space that are favored in the Landscape. It is known
that the SL(2,Z) has its stabilizer, namely the fixed points under its action. There are three
stabilizers in the fundamental domain FD, as

U = i, ω, i∞ (2.104)

with ω = e2πi/3. We call the i and i∞ Z2 fixed points and ω Z3 fixed points, respectively.
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Figure 2.1: The numbers of SUSY vacua on (ReU, ImU) plane for Nmax
flux = 10(left) and Nmax

flux =
1000(right), respectively [68].
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Probability (%) 62.3 7.55 7.55 7.55 5.66 1.89 1.89 1.89 1.89 1.89

Table 2.2: Probabilities of SUSY vacua as functions of (ReU, ImU) in the descending order,
the Nmax

flux = 10 case [68].
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) (0,
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√
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2
) (−1
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√
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4
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,
√
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2
) (0,

√
6) (0,

√
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2
) (0,

√
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2
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√
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2
)

Probability (%) 40.3 7.55 4.85 4.85 3.79 2.43 1.88 1.88 1.88 1.49

Table 2.3: Probabilities of SUSY vacua as functions of (ReU, ImU) in the descending order,
for the Nmax

flux = 1000 case [68].

The results of the probabilities of SUSY vacua are shown in Table 2.2 and 2.3 12. From
12Although the lines ReX = 1

2 (X = S,U) are identified with the lines ReX = − 1
2 (X = S,U), we add these

lines to our figures. In the calculation of probabilities, these lines are excluded. In the histograms, the size of
bin is set to (0.01× 0.01)
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these results, we can understand the cluster at Z3 fixed point quantitatively. The tendency
becomes clear for small Nflux, which is more favorable since the large Nflux leads to considerable
backreactions through gravitated fluxes. Let us comment the other clustered point in the
Landscape. First, (ReU, ImU) = (0,

√
k) (k = 1, 2, 3, 6) points are statistically favored. Note

that, since the fundamental region of GL(2,Z) is half of FD, these points are on edge of the
fundamental region of GL(2,Z). Next, we focus on the absolute values of U . These points
satisfy

|U |2 = l

2
, (2.105)

with l being a positive integer. There are other points

(ReU, ImU) =

(
±1

4
,

√
8k − 1

4

)
=

(
±1

4
,

√
23

4

)
,

(
±1

4
,

√
31

4

)
,

(
±1

4
,

√
39

4

)
, · · · , (2.106)

which are not listed on Table 2.2 and 2.3 with O(0.1− 1)% are found. The absolute values of
these points are again expressed as (2.105).

Why the VEVs with their absolute values satisfying (2.105) are favored? It is also unclear
why these discrete points are selected from those semicircles. Through the analytic expressions,
we find that U satisfies

|U |2 = n

l
, (2.107)

where n, l are integers in (2.100) and (2.101). Thus, all the VEVs of U are on the (semi)circles
whose radii are given in (2.107). Although this does not imply directly that each semicircle
itself becomes a set of vacua since the vacua are discrete at the first point, we can discuss
some tendency through the fact. Suppose the vacua distributions are given by (2.107). Then,
the parts of those semicircles that extend beyond the boundary of FD are folded back through
T -transformations. The patterns that are generated by this phenomenon can be seen in Figure
2.1. Since such folded back semicircles intersect other semicircles, the intersection points are
statistically favored.

We also compared our exact results with the results which are obtained in the statistical
methods in Ref. [40–42] and the methods predict [111]

Nvacua ∼
π2

108

(Nmax
flux )

2

(t(m2 − 4ln))2
, (2.108)

for the SUSY Minkowski vacua that we consider in the thesis. Here, l,m, n are integers that
parameterize the VEV of U . t(x) is defined as

t(x) =

{
x (x ≡ 0),

3x (otherwise)

(2.109)

(2.110)

modulo 3. The predicted values through this equation (2.108) is listed on Table 2.4. One can
see the Z3 point is also selected out in this method. Note that, the point (0,

√
3) is again
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predicted with O(1)% probability. On the other hand, the statistical method predicts a too
large probability for the Z2 point. In our exact results, we can see that the probability of Z2

is lower than (−1
4
,
√
15
4
) which does not possess any additional symmetry. Furthermore, Eq.

(2.108)implies the smaller number of vacua in the LCS regime. Thus, the statistical method
roughly matches our results, but our results describe the structure of the landscape in more
detail.
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,
√
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2
) (0,

√
3) (0, 1) (−1
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,
√
15
4
) (−1

2
,
√
15
2
) (−1

2
,
√
7
2
) (0,

√
6) (0,

√
3
2
) (0,

√
2) (−1

2
, 3

√
3

2
)

Probability (%) 63.9 3.99 3.99 2.56 2.56 1.30 1.00 1.00 1.00 0.79

Table 2.4: Probabilities of SUSY vacua as functions of (ReU, ImU) shown in Table 2.3, pre-
dicted by the statistical approach [123] [68].

The resulting vacua included all of the VEVs for the axio-dilaton S. Since our discussion is
restricted to the perturbative framework, it is important to fix S in the weak coupling regime
ImS ≫ 1 for consistency. Moreover, the known non-perturbative corrections often take the
form which is suppressed in the weak coupling regime. Then, we impose the lower bound for
ImS and summarize the distributions in Table 2.5 and 2.6. We find that in the Nmax

flux = 10 case
which gives a strict upper bound for Nflux, the Z3 point is selected exclusively as ImS becomes
larger. It implies that the Z3 point is only an allowed point in the well-controlled landscape.
On the other hand, the probabilities are distributed uniformly for the Nmax

flux = 1000 case. Note
that, even with Nmax

flux = 1000 the probability of Z2 point is less than one-tenth of the probability
of Z3 point. The result suggests that even if a large number of vacua exist (see Table 2.1), only
those with a specific VEV exist in the well-controlled landscape. Then the string landscape
would have predictive power.

From a phenomenological point of view, the result that we find would affect bottom-up
research. Indeed, there are many modular flavor symmetric models around Z3,Z2 fixed points
in FD (see for, e.g. [46,51,55,124–126]). These fixed points are preferred in such models because
there remain the residual symmetries on those fixed points and one can utilize the residual
symmetries to obtain Yukawa couplings whose forms are phenomenologically preferred. Then,
our results which indicate such fixed points are statistically favored support those models.
Furthermore, the statistical advantage of Z3 fixed point over Z2 fixed point may constrain the
construction of such models.
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(ReU , ImU)
ImS

All
√
3
2

1 2 3 4 5

(−1
2
,
√
3
2
) 62.3 62.3 63.4 77.8 77.8 100 100

(0,
√
3) 7.55 7.55 7.32 5.56 11.1 0 0

(−1
2
,
√
15
2
) 7.55 7.55 7.32 0 0 0 0

(−1
4
,
√
15
4
) 7.55 7.55 4.88 5.56 11.1 0 0

(0, 1) 5.66 5.66 7.32 5.56 0 0 0

(−1
2
,
√
7
2
) 1.89 1.89 2.44 0 0 0 0

(0,
√
6) 1.89 1.89 2.44 0 0 0 0

(0,
√

3
2
) 1.89 1.89 2.44 5.56 0 0 0

(0,
√
2) 1.89 1.89 2.44 0 0 0 0

(−1
2
, 3

√
3

2
) 1.89 1.89 0 0 0 0 0

Table 2.5: Probabilities (%) of the SUSY vacua as functions of (ReU, ImU) and ImS in the
descending order with respect to (ReU, ImU) in the Nmax

flux = 10 case. Note that the column in
“All” corresponds to the probability of Table 2.2 (i.e. no bound) [68].
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All
√
3
2

1 2 3 4 5
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(0,
√
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2
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√
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2
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4
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√
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4
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(0, 1) 3.79 3.79 3.82 3.85 3.86 3.89 3.90

(−1
2
,
√
7
2
) 2.44 2.44 2.44 2.45 2.47 2.46 2.50

(0,
√
6) 1.88 1.88 1.89 1.90 1.90 1.90 1.92

(0,
√

3
2
) 1.88 1.88 1.89 1.90 1.89 1.92 1.90

(0,
√
2) 1.88 1.88 1.89 1.90 1.91 1.92 1.91

(−1
2
, 3

√
3

2
) 1.49 1.49 1.49 1.50 1.51 1.52 1.49

Table 2.6: Probabilities (%) of the SUSY vacua as functions of (ReU, ImU) and ImS in the
descending order with respect to (ReU, ImU) in the Nmax

flux = 1000 case. Note that the column
in “All” corresponds to the probability of Table 2.3 (i.e. no bound) [68] .

2.2.3.2 Distribution of the complex structure modulus with the fixed
axio-dilaton

Next, we study whether there exist correlations between the VEVs of two moduli or not in
the Landscape. Namely, we take into account the VEV of axio-dilaton in this section. As a
result, there exist strong correlations between them.

First, we showed the distribution of the axio-dilaton VEV on the axio-dilaton plane for each
Nmax

flux in Figure 2.2. The black dots indicate that a large number of vacua degenerate at that
point. As in Figure 2.1, we find that black dots cluster in the region with small imaginary part.
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Figure 2.2: The numbers of the SUSY vacua on (ReS, ImS) plane for Nmax
flux = 10 (left) and

Nmax
flux = 1000 (right), respectively [68].

However, compared to Figure 2.1, it can be seen that the distributions are not limited to
the fixed points but rather, it is uniformly dispersed. In fact, we can see that the probabilities
of Z3 point shown in Table 2.7 and 2.8 are only about 1

4
for the Nmax

flux = 10 case and 1
400

for
the Nmax

flux = 1000 case compared to the corresponding probabilities in the complex structure
modulus space.

To find out whether there are correlations between the VEVs of two moduli or not, we
selected 10 points in the descending order of the probability and extracted the distribution of
the complex structure modulus by selecting only those that have each of the selected S as a
pair. The results are listed on Table 2.9 and 2.10. We can find that unique distributions can
appear when the distributions are cut by a specific S-plane. For example, let us consider the
Z2 fixed point in the Nmax

flux = 10 case. Although we concluded the previous section with a
statement that claims Z2 is not a natural point in the landscape, the result shows that if we
fix the axio-dilaton to specific values the Z2 fixed point is selected out exclusively. It is still
nontrivial from a viewpoint of the string landscape since we need to fix the axio-dilaton to such
specific values, but there remains a possibility to adopt phenomenological models around the
Z2 fixed point. Thus, we have to consider a mechanism that stabilizes the axio-dilaton at such
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points.

(ReS, ImS) (−1
2
,
√
3
2
) (0,

√
3) (−1

2
,
√
15
2
) (−1

4
,
√
15
4
) (−1

2
, 3

√
3

2
) (0,1) (0, 2

√
3) (0, 2√

3
) (0, 5

√
3) (0, 5√

3
)

Probability (%) 15.1 7.55 5.66 5.66 3.77 3.77 3.77 3.77 1.89 1.89

Table 2.7: Probabilities of the SUSY vacua as functions of (ReS, ImS) in the descending order
for Nmax

flux = 10 [68].

(ReS, ImS) (−1
2
,
√
3
2
) (0,

√
3) (−1

2
,
√
15
2
) (−1

4
,
√
15
4
) (−1

2
,
√
7
2
) (0, 2

√
3) (0, 2√

3
) (−1

2
, 3

√
3√
2
) (0, 1) (0, 2)

Probability (%) 0.12 0.12 0.073 0.073 0.069 0.066 0.066 0.063 0.061 0.057

Table 2.8: Probabilities of the SUSY vacua as functions of (ReS, ImS) in the descending order
for Nmax

flux = 1000 [68].

(ReU , ImU)
(ReS, ImS)

All (−1
2
,
√
3
2
) (0,

√
3) (−1

2
,
√
15
2
) (−1

4
,
√
15
4
) (−1

2
,
√
7
2
) (0, 2

√
3) (0, 2√

3
) (−1

2
, 3

√
3√
2
) (0, 1) (0, 2)

(−1
2
,
√
3
2
) 62.3 75 75 0 0 0 50 50 100 0 0

(0,
√
3) 7.55 12.5 25 0 0 0 50 50 0 0 0

(−1
2
,
√
15
2
) 7.55 0 0 66.7 33.3 0 0 0 0 0 0

(−1
4
,
√
15
4
) 7.55 0 0 33.3 66.7 0 0 0 0 0 0

(0, 1) 5.66 0 0 0 0 0 0 0 0 100 100

(−1
2
,
√
7
2
) 1.89 0 0 0 0 100 0 0 0 0 0

(0, 6) 1.89 0 0 0 0 0 0 0 0 0 0

(0,
√

3
2
) 1.89 0 0 0 0 0 0 0 0 0 0

(0,
√
2) 1.89 0 0 0 0 0 0 0 0 0 0

(−1
2
, 3

√
3

2
) 1.89 12.5 0 0 0 0 0 0 0 0 0

Table 2.9: Probabilities of the SUSY vacua as functions of (ReU, ImU) and (ReS, ImS) in the
descending order with respect to (ReU, ImU) in the Nmax

flux = 10 case. Note that the column in
“All” corresponds to the probability of Table 2.2 (i.e. no cut) [68].

(ReU , ImU)
(ReS, ImS)

All (−1
2
,
√
3
2
) (0,

√
3) (−1

2
,
√
15
2
) (−1

4
,
√
15
4
) (−1

2
,
√
7
2
) (0, 2

√
3) (0, 2√

3
) (−1

2
, 3

√
3√
2
) (0, 1) (0, 2)

(−1
2
,
√
3
2
) 40.3 73.0 36.8 0 0 0 33.6 33.6 100 0 0

(0,
√
3) 7.56 9.01 27.5 0 0 0 25.4 25.4 17.6 0 0

(−1
2
,
√
15
2
) 4.85 0 0 33.3 32.7 0 0 0 0 0 0

(−1
4
,
√
15
4
) 4.85 0 0 32.7 33.3 0 0 0 0 0 0

(0, 1) 3.79 0 0 0 0 0 0 0 0 47.6 25.8

(−1
2
,
√
7
2
) 2.44 0 0 0 0 35.7 0 0 0 0 0

(0, 6) 1.88 0 0 0 0 0 0 0 0 0 0

(0,
√

3
2
) 1.88 0 0 0 0 0 0 0 0 0 0

(0,
√
2) 1.88 0 0 0 0 0 0 0 0 0 0

(−1
2
, 3

√
3

2
) 1.88 8.17 12.1 0 0 0 10.6 10.6 16.2 0 0

Table 2.10: Probabilities of the SUSY vacua as functions of (ReU, ImU) and (ReS, ImS) in
the descending order with respect to (ReU, ImU) in the Nmax

flux = 1000 case. Note that the
column in “All” corresponds to the probability of Table 2.3 (i.e. no cut) [68].
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2.2.3.3 Distributions of CP-breaking vacua in Landscape

As discussed in [58], the CP-breaking vacua are characterized by the non-vanishing VEVs
of the axionic fields: ReS and ReU . In this case, there are additional VEVs which do not
break CP. Indeed, the boundaries of fundamental domains are CP-invariant since there is a
T -transformation:

ReU = ±1

2

CP−→ ∓1

2

T−→ ±1

2
. (2.111)

Hence, the ReS = 0 = ReU and the boundaries of SL(2,Z)S,U are CP-conserving regions. Note
that these regions are known as the fundamental domain of GL(2,Z). We have the analytic
expressions of VEVs and we can utilize them to search the distributions of CP-breaking vacua
with the general scalar potential which is not invariant under CP i.e. we do not restrict our
discussion to the spontaneous CP violation. We summarized our results on this search in Figure
2.3, Table 2.11 , 2.12 and 2.13. We find that the regions ReU = 0,±1

2
are statistically favored

in FD. For example, the sum of the probabilities of CP-conserving vacua excesses 92% of the
landscape with Nmax

flux = 10. Thus, CP-violation is not likely to happen in the complex structure
modulus, which is consistent with [127] where it was pointed out that there is no spontaneous
CP violation in the toroidal backgrounds.

We also find that ReU = ±1
4
are statistically favored among the CP-breaking vacua. These

correspond to the O(1)% points in the distribution of the complex structure modulus (2.106).
Moreover, the specific values of ReS = ±1

4
leads to statistically favored CP-breaking vacua at

ReU = ±1
4
. We can also see this effect in Table 2.9 and 2.10. Thus, a mechanism of stabilizing

the axio-dilaton to specific values is needed to achieve a natural CP-breaking distribution in
the landscape.

The above correlation is not a phenomenon that is realized only on the particular points in
the moduli space. Indeed, we can find the lines

ReU = ±ReS (2.112)

are favored in the right panel of Figure 2.3. As we mentioned in Chapter 1, the VEVs of ReS, U
contribute to different CP violations in SM. However, from a viewpoint of the string landscape,
the VEVs are correlated; If ReU violates CP, then ReS tends to violate CP. Thus, it suggests
that the different CP-violating phases in SM may have a common origin at a high energy scale.
We can find a scenario that leads to this conclusion in Ref [128]. It is interesting to construct
a concrete CP-violating scenario that is consistent with the correlations we observed here.
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Figure 2.3: The numbers of SUSY vacua on the (ReU,ReS) plane for Nmax
flux = 10 (left) and

Nmax
flux = 1000 (right), respectively [68].

(ReU,ReS) (−1
2
,−1

2
) (−1

2
, 0) (0, 0) (−1

2
,−1

4
) (−1

2
, 1
4
) (−1

4
,−1

4
) (0,−1

2
) (−1

2
, 3
7
) (−1

2
,−3

7
) (−1

2
,− 3

14
)

Probability (%) 34.0 20.8 17.0 5.66 3.77 3.77 1.89 1.89 1.89 1.89

Table 2.11: Probabilities of the SUSY vacua as functions of (ReU,ReS) in the descending
order, for the Nmax

flux = 10 case [68] .

(ReU,ReS) (0, 0) (−1
2
,−1

2
) (−1

2
, 0) (0,−1

2
) (−1

2
,−1

4
) (−1

2
, 1
4
) (0,−1

3
) (0, 1

3
) (−1

4
,−1

2
) (0,−1

4
)

Probability (%) 2.74 2.18 1.98 1.02 0.830 0.801 0.468 0.447 0.380 0.355

Table 2.12: Probabilities of the SUSY vacua as functions of (ReU,ReS) in the descending
order, for the Nmax

flux = 1000 case [68] .

Nmax
flux 10 100 250 500 1000

ReS 22.6 66.3 78.7 85.3 90.0
ReU 7.55 12.4 15.0 16.5 17.6

Table 2.13: Probabilities (%) of the CP-breaking VEV with respect to ReS,ReU for various
Nmax

flux [68].

2.2.4 Modular symmetric flavor models in Landscape

So far, we have explored the distributions of moduli VEVs with degeneracy explicitly shown
in the Landscape on T 6/Z2 × Z′

2 orientifold. As already mentioned, such distributions of de-
generacy are important in the sense of naturalness. However, as mentioned in Section 1.1, the
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other approach which is called modular flavor symmetry, has been developed recently in the
context of the bottom-up approach. There, originally of the lepton sector, matter fields and
Yukawa couplings are taken to be functions of a ”modulus” field, which transforms under a
(P )SL(2,Z) group action. In particular, the functions are assumed to be modular forms. Since
transformation properties of modular forms can easily be classified by their weights and there
exists a finite basis for such functions, it provides ones a powerful tool to construct theory.
Then, one can construct models with Lagrangian of the lepton sector being invariant under the
modular group SL(2,Z). Symmetries in those models are controlled by the modulus field.

A notable phenomenological benefit does emerge in this approach originates, from the fact
that the modular group has certain non-Abelian discrete groups as its subgroups. Indeed,
they have been considered as candidates for groups of flavor symmetry for a decade. Then, as
shown later explicitly, such traditional flavor symmetries are unified into models with modular
symmetry. In that sense, the modular symmetry in the models is called the modular flavor
symmetry.

Of course, those flavor symmetries must be broken in the end. The existence of modular
symmetry of the models also implies that if the modulus field is stabilized to acquire a suitable
VEV, then the flavor symmetries are broken at least partially. The framework by which flavor
symmetries become controllable and systematically constructive is realized by the modular
flavor symmetry.

2.2.4.1 Brief Review of Modular Flavor Symmetry

2.2.4.2 Modular A4 models

In this section, we introduce concrete modular A4 models in Ref. [129] as examples.
One of the reasons why the modular group is preferred in phenomenological models is that

the modular group has finite non-Abelian subgroups in it, as mentioned in Section 1.1. It is
known that the following principal congruence subgroup Γ(N) is a subgroup of Γ ≡ SL(2,Z):

Γ(N) =

{(
a b
c d

)
∈ Γ | a = f ≡ 1, b = c ≡ 0(modN)

}
,

Γ′
N ≡ Γ/Γ(N) =

〈
S, T | S4 = (ST )3 = TN = I, S2T = TS2

〉
,

(2.113)

where Γ′
N is defined to be a quotient group of the principal congruence subgroup. As we

commented in Section 2.2.1, the exact group that transforms the complex structure modulus
is Γ̄ = Γ\{±1}. Hence we define the following quantities

Γ̄ ≡ Γ\±1,

Γ̄(N) ≡ Γ(N)\±1, (2.114)

ΓN ≡ Γ̄/Γ̄(N).

Note that, ΓN is generated as

ΓN ≡
〈
S2 = (ST )3 = TN = 1

〉
, (2.115)
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and TN = 1 appears to close this subgroup. Moreover, it holds that [130]

Γ2 ≃ S3 ,Γ3 ≃ A4, Γ4 ≃ S4, Γ5 ≃ A5, (2.116)

and these non-Abelian discrete groups S3, A4, S4, and A5 have geometrical interpretations. For
example, A4 is a group of tetrahedrons. These groups are associated with the SM particles
(those particles transform as an irreducible representation of corresponding ΓN).

As we mentioned, in the modular symmetric flavor models the Yukawa couplings are modular
forms of the complex structure modulus U . In the following, we focus on the modular A4 models
which we compare with our results in Section 2.2.4.3. We follow the lines of Ref. [129].

First, we have to generalize the modular form f to have a level N as

f

(
aU + b

cU + d

)
= (cU + d)kf(U) (2.117)

with γ being an element of Γ(N):

γ =

(
a b
c d

)
. (2.118)

Thus, what we have done is just replacing SL(2,Z) by Γ(N). One of the main features of
the modular form is that it spans a linear space. Then, by choosing the appropriate basis,
we can define the following multiplet of the modular forms which transforms as an irreducible
representation of ΓN :

F(γU) = (cU + d)kρ(γ)F(U), (2.119)

where γ ∈ Γ̄(3), F = (f1, f2, . . . , )
T and ρ(U) is a unitary representation matrix.

It is known that the A4 ≃ Γ3 group has three singlet representations 1,1′,1′′ as well as a
triplet representation 3. Here, these three singlet representations correspond to S, T transfor-
mations as follows:

1 ↔ S = 1, T = 1, 1′ ↔ S = 1, T = ω2, 1′′ ↔ S = 1, T = ω. (2.120)

On the other hand, the triplet representation gives the explicit form of S, T as

S =
1

3

−1 2 2
2 −1 2
2 2 −1

 , T =

1 0 0
0 ω2 0
0 0 ω

 , (2.121)

where the basis is chosen as [129].
Then, the authors of Ref. [129] introduced the (global) SUSY modular A4 models, where

chiral superfields ΦI which constitute the action transform as

ΦI → (cU + d)−kIρI(γ)ΦI . (2.122)
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The chiral field transforms as in (2.122) is called a chiral superfield of weight kI where the sign
of kI is opposite of our original definition. The superpotential of the modulus and the chiral
fields is determined as

W =
∑
n

YI1...InΦIi . . .ΦIn (2.123)

where n denotes the number of chiral superfields. Since the action must be invariant under
the transformations, we can assign the allowed weights for chiral superfields. If the Yukawa
couplings transform as

Y (γU) = (cU + d)kY ρY (γ)Y (U), (2.124)

kY =
∑

i kIi is required. The product of unitary representation is also constrained. Then, in
Ref. [129] the charge assignment which respects these requirements is performed as following
Table 2.14.

L N c Ec
1, E

c
2, E

c
3 Hu Hd

SU(2) 2 1 1 2 2
A4 3 3 all combinations of 1,1′, 1′′ 1 1
−kI −kL −kNc −kE1 ,−kE2 ,−kE3 0 0

Table 2.14: Charge assignment of the lepton sector and Higgs doublets which is performed in
Ref. [129] [68].

The models which we utilize to compare with our results are all based on these configura-
tions. The concrete allowed region in the moduli space is given in the next section.

2.2.4.3 Comparison between modular A4 models and landscape

Finally, we compare our results and the models B9,B10,D5,6,7,8,9,10 in Ref. [129] which re-
produces tiny neutrino masses through the type-I seesaw mechanism. At first, we summarize
the allowed regions for the modulus U in reproducing favorable values of phenomenological
quantities for each of those models in Table 2.15. Note that, the unit semicircle in the moduli
space was outside the scope of the study in Ref. [129]. Thus, the most statistically favorable
points in the landscape are excluded from the beginning. We summarized our results in Figure
2.4, Table 2.16 and 2.17. There, we do not consider the parts of the allowed regions that are
out of the fundamental domain reflecting the method which is utilized in Ref. [129]. In Figure
2.4, we find the broad allowed region does not always mean that the corresponding model is
statistically favored due to the clustered structure. It is phenomenologically interesting to focus
on the small Nflux case i.e. Nmax

flux = 10. As one can see in Table 2.16, models D5,8,9,10 are com-
pletely excluded in the landscape. Thus, we conclude that B9,10 and D6,7 models are natural
models in the landscape. Note that, the other models become the candidates again with the
large Nflux case i.e. Nmax

flux = 1000. If, conversely, a model that is discarded with the small Nflux

is confirmed experimentally, the result means the framework of our discussion is not sufficient
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for phenomenology since we neglected the flux backreactions entirely. Note that the models
D5,6,8 and B10 contain the excluded semicircle in their allowed region. Therefore, it indicates
that we may not be able to discard these models, but usually, the deviation from those fixed
points is important in phenomenological models and we consider the above selection valid.

Allowed regions
Models for ReU for ImU

ModelB9 [0, 0.368] [1.351, 1.856]
ModelB10 [0, 0.431] [0.905, 1.168]

⋃
[1.305, 1.861]

ModelD5 [0.248, 0.300] [0.957, 1.056]
ModelD6 [0, 0.300] [0.957, 1.394]
ModelD7 [0.026, 0.5] [1.468, 3.006]
ModelD8 [0.424, 0.5] [0.872, 0.964]
Model D9 [0.033, 0.056]

⋃
[0.440, 0.469] [0.887, 0.908]

⋃
[2.0, 2.282]

ModelD10 [0.0307, 0.1175] [1.996, 2.50]

Table 2.15: Phenomenologically allowed regions of (ReU, ImU) [129]. [68]



42 CHAPTER 2. IIB FINITE FLUX LANDSCAPE, SYMMETRY, AND STATISTICS

-0.50 -0.25 0.00 0.25 0.50
0.87

1.12

1.37

1.62

1.87

2.12

2.37

2.62

2.87

3.12

3.37

3.62

3.87

Reτ

Im
τ

1

10

33

ℬ9

ℬ10

5

6

7

8

9

10

-0.50 -0.25 0.00 0.25 0.50
0.87

1.12

1.37

1.62

1.87

2.12

2.37

2.62

2.87

3.12

3.37

3.62

3.87

Reτ

Im
τ

1

10

100

1000

2807

ℬ9

ℬ10

5

6

7

8

9

10

-0.50 -0.25 0.00 0.25 0.50
0.87

1.12

1.37

1.62

1.87

2.12

2.37

2.62

2.87

3.12

3.37

3.62

3.87

Reτ

Im
τ

1

10

100

1000

10000

100000

274765

ℬ9

ℬ10

5

6

7

8

9

10

-0.50 -0.25 0.00 0.25 0.50
0.87

1.12

1.37

1.62

1.87

2.12

2.37

2.62

2.87

3.12

3.37

3.62

3.87

Reτ

Im
τ

1

10

100

1000

10000

68829

ℬ9

ℬ10

5

6

7

8

9

10

Figure 2.4: Phenomenologically predicted moduli values vs. the complex structure modulus
from the string landscape for Nmax

flux = 10, 100, 500, 1000, clockwise from top left. [68]
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Probabilities (%)
Models Favorable (ReU , ImU) (i) (ii) (iii)

ModelB9 (0,
√
3) 80.000 7.547 9.434

ModelB10 (0,
√
3) 80.000 7.547 9.434

ModelD5 None - - 0.000

ModelD6 (0,
√

3/2) 100.000 1.887 1.887

ModelD7 (1/2,
√
15/2) 80.000 7.547 9.434

ModelD8 None - - 0.000
Model D9 None - - 0.000
ModelD10 None - - 0.000

Table 2.16: The theoretically favored VEVs of (ReU, ImU) within each region for the Nmax
flux =

10 case. We also show the probabilities of: (i) the favorable value in each model, (ii) the
favorable value in the whole fundamental domain of SL(2,Z), and (iii) the allowed moduli
region in the string landscape. [68]

Probabilities (%)
Models Favorable (ReU , ImU) (i) (ii) (iii)

ModelB9 (0,
√
3) 64.560 7.556 11.704

ModelB10 (0,
√
3) 54.506 7.556 13.863

ModelD5 (3/10,
√
111/10) 58.133 0.0886 0.152

ModelD6 (0,
√

3/2) 4.927 1.885 4.495

ModelD7 (1/2,
√
15/2) 38.170 4.850 12.706

ModelD8 (1/2,
√

11/12) 56.216 0.0597 0.106

Model D9 (1/22,
√
2331/22) 4.762 0.000 0.003

ModelD10 (1/10,
√
399/10) 16.466 0.006 0.037

Table 2.17: The theoretically favored VEVs of (ReU, ImU) within each region for the Nmax
flux =

1000 case. We also show the probabilities of: (i) the favorable value in each model, (ii) the
favorable value in the whole fundamental domain of SL(2,Z), and (iii) the allowed moduli
region in the string landscape. [68]
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2.3 Breaking Enhanced Symmetries in Landscape with

Non-Perturbative Effects

Note: The whole discussion and results in this chapter are based on our work [69]. The
figures and tables would be shown are already shown in Ref. [69] whence we will cite them
constantly.

In the previous section, we investigated the toroidal landscape only with a tree scalar poten-
tial. There are SL(2,Z) dualities in the complex-structure modulus space and the axio-dilaton
space. With fixed Nflux, the Landscape becomes finite, and thus probability is defined on vacua.
Then, we also discussed compatibility between the predicted VEVs of the complex-structure
modulus and the concrete modular flavor models.

However, there exist possible corrections for the scalar potential as mentioned in Sec-
tion 2.1.1, and they may change our result drastically. For this reason, we must clarify the
tolerance of moduli VEVs under such corrections. One possible yield is stabilized Kähler mod-
uli, which has been neglected so far due to the no-scale structure of the scalar potential 2.22.
In this section, we introduce KKLT-type non-perturbative effects [87] (see for a review, e.g.,
Section 5.6 in [23]) into the scalar potential, and show changes in Landscape statistics.

In the original set-up of KKLT, the superpotential is assumed to take the form

W = Wflux(S, U) + CeiaT , (2.125)

where the latter term is introduced by D-brane instanton effects or gaugino condensation on
D7-branes. Here, C and a are numerical constants which are originated from the above effects
and we do not determine their concrete origins. In this setup, we need a sufficiently small
vacuum expectation value W0 := ⟨Wflux(S, U)⟩ in terms of the flux compactifications. Naively,
it is difficult to realize such a small flux superpotential in that context, but several strategies
have been proposed. (See for relevant studies, e.g., [131, 132].) We adopt a more generalized
superpotential, which is written as

W = Wflux(S, U) +Wnp(S, T ), (2.126)

where Wnp takes the form

Wnp =
∑
m

Cme
iamT+ibmS, (2.127)

which is pointed out in [133] and further studied in [134]. There are D-brane instanton effects
which lead am, bm = 2π and strong dynamics on D7-branes which lead am = 2π/N for the rank
of the relevant gauge group N (see for details, [133]). In the following, we do not consider their
concrete origins, but we assume there is only one effect i.e., no summation, for simplicity.

KKLT setup originally assumes that the flux superpotential already has a vacuum expec-
tation value (VEV), and it effectively integrates out the complex-structure moduli and the
axio-dilaton. In that process, the VEVs of them are postulated to be nearly invariant, but we
are interested in the small deviations of their VEVs in this study.

In the above and in what follows, it is assumed that internal space is approximated by the
single Kähler modulus T whose Kähler potential is given by K = −3 log

(
−i(T − T̄ )

)
in the

large volume regime.
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2.3.1 Stabilization of volume moduli by non-perturbative effects

In this section, we discuss the deviations due to the Kähler moduli stabilization via the
non-perturbative effect. The starting point is our previous study: the SUSY Minkowski vacua.
Since we have the whole dataset of the flux landscape, we can determine a distribution of the
deviations around the original SUSY Minkowski VEVs.

Hence, ⟨Wflux⟩ = 0, and the KKLT procedure gives an effective superpotential, which is
written by

Weff = Wnp(⟨S⟩ , T ) (2.128)

where ⟨S⟩ is given by Eq. (2.99). Although it is absent here, ⟨U⟩ is similarly given by Eqs.
(2.101) and (2.100). Henceforth, Wnp is assumed to be the exponentially suppressed quantity

Wnp ≃ ⟨eibS⟩+ CeiaT , (2.129)

in the large volume regime. This yields the F -term of T as

DTWeff := ∂TWeff +KTWeff = 0, (2.130)

and the vacuum expectation value of T at this level is given by

a ⟨T ⟩ ≃ log
C

W0

, (2.131)

where W0 is defined as W0 := ⟨eibS⟩. In the following, we further assume that C = 1 is a typical
value.

As mentioned, the true vacuum is given as a solution for

DIW = 0, (2.132)

whereW is a sum of the flux superpotential and the non-perturbative effect. Here, I runs S, U ,
and T . Thus we have deviations:

U = ⟨U⟩+ δU,

S = ⟨S⟩+ δS,

T = ⟨T ⟩+ δT, (2.133)

where the VEVs are given by Eqs. (2.99), (2.101),(2.100), and (2.131). Furthermore, these
deviations are exponentially suppressed as

δΦI

ΦI

∣∣∣∣
⟨⟩
≃ O(Weff). (2.134)

So far, we considered the SUSY vacua which satisfies the F -term equations DIW = 0. Then
the broken no-scale structure leads to anti-de Sitter (AdS) vacua. Following the lines of the
KKLT scenario, we introduce the SUSY-violating uplifting term via an anti-D3-brane. Note
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that, the other uplifting scenarios, such as F -term uplifting, might be incorporated into the
discussion here. The uplifting term is given by

Vup =
D

(−i(T − T ))3
, (2.135)

where the constant D depends on the number of the anti-D3-branes and the warp factor of the
flux compactification. As the number of D3-branes should be changed by Nflux via the tadpole
cancellation condition and the warp factor is controllable by varying some fluxes a là GKP
solution, the constant D can be tuned to realize an ideal uplifting.

In the following, we numerically calculate these deviations from their initial VEVs, where
the parameters are chosen as a = b = 2π for concrete calculations, and D is chosen to realize
Minkowski vacua.

2.3.2 Moduli values at nearby fixed points

In this section, we show our results of the numerical calculation. To analyze the deviations,
we concentrate on the VEVs of U at ⟨U⟩ = ω, i, 2i where the first two VEVs are statistically
favored as observed in the previous section. Here, to see the vast distribution, the maximum
value of Nflux is set as Nmax

flux = 1000. Then, the solutions for ∂IV = 0 with

V = eK
(
KIJDIWDJW − 3|W |2

)
+ Vup (2.136)

are shown in Figures 2.5 to 2.7 [69] (because we cite the figures from our paper, the notation
is slightly different from this thesis: τ denotes U i.e., the complex-structure modulus.). There,
we show the absolute deviations and their angular dependencies. As shown, all the reference
points favor ∼ O(10−5) absolute deviations, with regard to their peaks. On the other hand,
there seems no radial dependency of the deviations. This means the CP symmetry U → −U
is violated at vacua (if arg δU is favored at 0 or π, we have CP-conserved vacua since the
scalar potential is invariant under SL(2,Z)U .) We additionally calculated the gravitino mass
m3/2 := eK/2W , and showed them in those figures with the box plots. We observe the typical
SUSY breaking scale depends on the deviations linearly.

In our original paper [69], a concrete (but, bottom-up) A4 modular flavor symmetric model
is constructed. However, given the purpose of this paper, we will not go into the details
here. In short, as far as we focus on the concrete model which is fitted to the observational
and typically favored data (see for details of the fitting, [69] (our paper) and [135–137]), the
observed deviations around τ = ω (Figure 2.5) is not suitable for matching the deviations in
the model. Furthermore, the deviation of U around ⟨U⟩ = i is also important to introduce
a quasi-stable candidate of dark matter (DM) [138]. There, the natural upper bound of the
allowed deviations |δU | ≲ 5.57× 10−19 is obtained with regard to the age of the universe 1017

sec, and this resides in the region that we obtained.
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Figure 2.5: The number of vacua around ⟨U⟩ = ω. In the left panel, we show the absolute
values |δU |, while the radial dependence Arg(δU) is shown in the right panel. We also show the
gravitino mass in the left panel as a function of |δU |. Note that we cite these figures from [69],
the notation is slightly different, where τ denotes U .
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Figure 2.6: The number of vacua around ⟨U⟩ = i. In the left panel, we show the absolute
values |δU |, while the radial dependence Arg(δU) is shown in the right panel. We also show the
gravitino mass in the left panel as a function of |δU |. Note that we cite these figures from [69],
the notation is slightly different, where τ denotes U .
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Figure 2.7: The number of vacua around ⟨U⟩ = 2i. In the left panel, we show the absolute
values |δU |, while the radial dependence Arg(δU) is shown in the right panel. We also show the
gravitino mass in the left panel as a function of |δU |. Note that we cite these figures from [69],
the notation is slightly different, where τ denotes U .
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2.4 Exploring Other Toroidal Orientifolds

Note: The whole discussion and results in this chapter are based on our work [70]. The
figures and tables would be shown are already shown in Ref. [70] whence we will cite them
constantly.

So far, we have focused on the toroidal orientifold which probably has the simplest structure
with the presence of complex-structure moduli as its factorizability indicates. We have explored
the explicit distributions of moduli VEVs in the finite flux landscape and obtained some im-
plications on the bottom-up modular flavor symmetric studies. For instance, the T 6/(Z2 × Z′

2)
orientifold admits ⟨U⟩ = ω and ⟨U⟩ = i in its flux landscape (henceforth, we omit the VEV
symbol ⟨⟩). These values have been playgrounds of the bottom-up models, while the string
landscape favors the former point statistically. To obtain U = i in a natural way, we would
have to find some specific mechanisms that lead to stabilizations of S on certain points, due to
the correlation which was observed in Table 2.9.

However, we can naturally ask a question: do these results also hold for other background
orientifolds? This is a fairly difficult question. Although we may have the finiteness theorem
with regard to flux compactifications on general CY three-folds, it does not yield an explicit
method for obtaining the whole flux landscape, as mentioned. The explicit distributions of
flux landscape can only obtained when we know its geometrical details, especially its period
integral. Thus, it is difficult to guess the flux landscape on general CY threefolds, while it is
known that modular symmetry is usually promoted to symplectic symmetries, and the resultant
fundamental functions will be given in terms of the Siegel modular forms. It is surely interesting
to study the explicit distribution of moduli VEVs on CY three-folds. (See for an example on
the mirror-dual of P11114, [113].)

On the other hand, the toroidal orientifolds, which have been studied for decades, have
suitably fruitful geometrical structures while having highly controllable properties. Since the
T 6/(Z2 × Z′

2) has a highly symmetric structure as its orbifold group suggests, we depart for
a space with a more general orbifolding group. With this philosophy in mind, we decide
to analyze T 6/Z6−II and T 6/(Z2 × Z4) orientifolds with certain lattices in this study (see for
relevant papers, [14, 139–144]). Indeed, they are the simplest toroidal orientifolds as it has
h2,1 = 1 i.e., only one complex-structure modulus. Analyzing flux vacua on these orientifolds
has another advantage that we can stabilize all of the moduli (except for Kähler moduli)
analytically. Furthermore, the former orientifold is non-factorizable whereas the latter one is
factorizable. Thus, we can compare three orientifolds also in that point of view. As a result,
the T 6/Z6−II orientifold turns out not to have the SL(2,Z) modular symmetry with regard to
U . Instead, the symmetry is partially broken into its certain subgroup, as its S-transformation
disappears. Nevertheless, the finiteness of the flux landscape turns out to be ensured due to
the presence of symmetry under a S-like transformation, S ′, which satisfies S ′3 = 1. Thus,
we consider this orientifold a good starting point to discuss more general toroidal orientifolds
and possible CY threefolds. In this study, we again ignore the strict satisfaction of the tadpole
cancellation condition as the flux vacua have been studied in the same way [68,122]. We assume
the existence of F-theory uplifting or some other justifications. However, it does not mean that
the tadpole cancellation condition is irrelevant to our study at all. Indeed, the quantity which
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measures the flux contribution Nflux appears in the moduli stabilization in a manner of [83,111]
(more generally, [72]), and VEVs of the axio-dilaton and the complex-structure modulus are
related to Nflux. Nflux generically appears in the proof of the finiteness, as we will see later.
Studying flux vacua on more general toroidal orientifolds is left for future work, but the quantity
must appear in the constructive method of obtaining the vacua.

Moreover, this generalization to other toroidal orientifolds in this study seems to make
new implications for the modular flavor symmetric models. As we will see later, the toroidal
orientifolds with h2,1 yields a linear superpotential with regard to the modulus (while there are
couplings with the axio-dilaton). Then, the nontrivial orbifold group gives rise to complexified
integer coefficients in the superpotential. Thus the SUSY Minkowski vacua do not exist on
U = ω and U = i simultaneously, because the modulus VEV takes its value in a quadratic field
Q(

√
n). In terms of modular symmetry, this structure forbids the simultaneous realization of

two elliptic points in the landscape. Since there have been proposed many bottom-up studies
around these elliptic points, this study implies that we can choose one of them by fixing the
background orientifold. Furthermore, the modular symmetry can be broken, as we will see later
on T 6/Z6−II orientifold. As a result, the most favored point in the landscape, which has the
highest degeneracy of vacua, is not an elliptic point of SL(2,Z) modular group. Nonetheless,
the favored point is still an elliptic point, but that of the broken certain congruence subgroup.
Furthermore, on that favored point, a Z2 enhanced symmetry is observed and it might be
related to some phenomenological studies. We will also see that an outer semidirect product
of the congruence subgroup is the entire symmetry of the moduli space, and it will lead to a
generalization of the usual modular flavor symmetric models which use the modular functions
and their symplectic generalizations as fundamental building blocks. Constructing modular
forms and modular flavor symmetric models on the orientifolds is beyond the scope of our
current study, but we expect that our results will provide new insights into the context.

This section is organized as follows. In section 2.4.1, we review the geometry of the T 6/Z6−II

orientifold with a certain lattice and the flux compactification on it. Throughout this study, we
concentrate on the SUSY Minkowski solutions, and we reveal all the dualities that the F-term
equations possess. There, we show that the symplectic basis of the orientifold is only consistent
with the certain congruence subgroup and its outer semidirect product, as mentioned. Note
that, we call symmetries of equations of motions dualities (in the sense it does not mean a sym-
metry of the action or the theory). The modular symmetry is a symmetry in this sense since we
fix the backgrounds as orientifolds whose geometries respect the modular symmetry. The finite-
ness of the landscape is also shown, via the S-duality and the “broken-and-enlarged” symmetry
of the complex-structure modulus. Then, in section 2.4.2, we show the whole flux landscape
on the orientifold, which is physical in the sense that they are modded by the symmetries. As
mentioned, the most favored point is at an elliptic point which is not of the modular group
SL(2,Z). Rather, that is an elliptic point of the outer semidirect product. In section 2.4.4, we
analyze the T 6/(Z2 × Z4) orientifold whose geometry is factorizable. On the orientifold, the
usual modular group SL(2,Z) for the complex-structure modulus turns out to be realized, and
it is compared with the landscape of the former orientifold. Note that, both orientifolds yield
nontrivial liner superpotentials, where two elliptic points cannot be obtained simultaneously.
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2.4.1 Flux compactifications on T 6/Z6−II

For the moment, we concentrate on the orientifold theory of T 6/Z6−II with SU(6)× SU(2)
lattice. The flux compactification on this orientifold gives rise to nontrivial flux quanta.

2.4.1.1 Geometry

We first briefly review the geometry (see for details, [142,144]). The Hodge numbers of the
orientifold are known to be (h1,1, h2,1) = (25, 1), and there are only untwisted contribution to
h2,1.

Although we have already studied T 6/(Z2 × Z′
2) orientifold in the previous sections, we

have some knowledge of the moduli space of toroidal orientifolds. Nevertheless, we need its
details in order to construct a well-defined cohomology group on the orbifold. Therefore, let us
summarize the basic geometry once again.

On the underlying tori T 6, we have 20 real three-forms which are elements of a third-
cohomology basis,

α0 = dx1 ∧ dx3 ∧ dx5, β0 = dx2 ∧ dx4 ∧ dx6,
α1 = dx2 ∧ dx3 ∧ dx5, β1 = −dx1 ∧ dx4 ∧ dx6,
α2 = dx1 ∧ dx4 ∧ dx5, β2 = −dx2 ∧ dx3 ∧ dx6,
α3 = dx1 ∧ dx3 ∧ dx6, β3 = −dx2 ∧ dx4 ∧ dx5,

γ1 = dx1 ∧ dx2 ∧ dx3, δ1 = −dx4 ∧ dx5 ∧ dx6,
γ2 = dx1 ∧ dx2 ∧ dx5, δ2 = −dx3 ∧ dx4 ∧ dx6,
γ3 = dx1 ∧ dx3 ∧ dx4, δ3 = −dx2 ∧ dx5 ∧ dx6,
γ4 = dx3 ∧ dx4 ∧ dx5, δ4 = −dx1 ∧ dx2 ∧ dx6,
γ5 = dx1 ∧ dx5 ∧ dx6, δ5 = −dx2 ∧ dx3 ∧ dx4,
γ6 = dx3 ∧ dx5 ∧ dx6, δ6 = −dx1 ∧ dx2 ∧ dx4.

(2.137)

Then, we fix the orientation of the toroidal space by∫
T 6

dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6 = −1. (2.138)

The above basis satisfies ∫
T 6

αi ∧ βj = δij,

∫
T 6

γi ∧ δj = δij, (2.139)

under the orientation. To define the unique holomorphic three-form Ω, we need coordinates.
Indeed, the real coordinates are defined via the lattice vectors, which are transformed by the
orbifold group Γ = Z6−II (we call it a twist). In other words, the lattice vector space equips
nontrivial representations under the orbifold group, and we can find the survived singlets among
them. The orbifold group is characterized via the Coxeter element Q of the corresponding root
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lattice. For the SU(6)× SU(2) case, it is given by the following actions:

Q(ei) = ei+1 (i = 1, 2, 3, 4),

Q(e5) = −e1 − e2 − e3 − e4 − e5,

Q(e6) = −e6,
(2.140)

where ei (i = 1, 2, . . . , 6) are the lattice vectors of the orientifold. To illustrate the orbifold
group, we define a matrix representation by Q(ei) := Qjiej (thus, the contravariant vectors
(1-forms) dxi are transformed as dx′ = Qdx). The representation is written by

Q =


0 0 0 0 −1 0
1 0 0 0 −1 0
0 1 0 0 −1 0
0 0 1 0 −1 0
0 0 0 1 −1 0
0 0 0 0 0 −1

 . (2.141)

while the Z6 property is seen as Q6 = 1.
Having fixed the orbifold group actions, we can move to the complex coordinates as13

dz1 = dx1 + e−
2πi
6 dx2 + e−

2πi
3 dx3 − dx4 + e

2πi
3 dx5,

dz2 = dx1 + e−
2πi
3 dx2 + e

2πi
3 dx3 + dx4 + e−

2πi
3 dx5,

dz3 =
1

2
√
3

[
1

3
(dx1 − dx2 + dx3 − dx4 + dx5) + Udx6

]
.

(2.142)

by requiring that the complex coordinates transform as diagonally, i.e., zi → e2πiv
i
zi with

(v1, v2, v3) =
(
−1

6
,−2

6
, 3
6

)
, where v1 + v2 + v3 = 0 is a result of the N = 1 SUSY condition on

toroidal orientifolds14. We see in Eq. 2.142 that a single complex-structure modulus U is not
fixed by the orbifold action and remains as a dynamical d.o.f. The non-vanishing and unique
holomorphic three-form Ω is defined as

Ω := dz1 ∧ dz2 ∧ dz3, (2.143)

for the complex coordinates, as usual. Note that our notation yields

−i
∫

Ω ∧ Ω̄ = 2ImU, (2.144)

while the overall constant does not make sense due to the Kähler transformation.
The orientifold action Ω̂R(−1)FL is defined in the same way as in the previous studies, i.e.,

R : (z1, z2, z3) → −(z1, z2, z3) as Z2 isometry of the orbifold. Then, the cohomology group H2

and H3 are decomposed into their even/odd parts. In the orientifold which we consider, we
have only h1,1untw.,+ and h2,1untw.,−. In the following, we constantly suppress the labels ± and untw.

13We do not normalize in the form which respects a so-called volume factor and adopt the normalization
of [142]. See for a review of the former normalization, [145].

14The vanishing summation of the twists vi is a not result, but rather a result of our requirement.
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2.4.1.2 Three-form flux G3 and the scalar potential

Next, we summarize the details of the flux compactification on the orientifold. The N = 1
SUGRA ingredients are defined as we explained in Sec. 2.1.1, and Ω is given by Eq. (2.143).

The flux quanta and G3 need some calculations. Because of the Dirac quantization, F3, H3

are expanded by the basis of H3
−
15. Following the lines of [142], we define the coefficients of the

superpotential by

W = A+BS + U [C +DS] :=

∫
G3 ∧ Ω. (2.145)

This can be done since there is only one complex-structure modulus. Note that this is equivalent
to the definitions

A+ CU :=

∫
F3 ∧ Ω, −(B +DU) :=

∫
H3 ∧ Ω, (2.146)

where C,D are defined as the derivatives of WRR and WNS, with respect to U . As explicitly
checked via the basis, we have the Hodge decomposition of the Dolbeault cohomology. Thus
G3 can be expanded as

G3 =
i

2ImU
[− (A+BS + U(C +DS))ωA0

+ (A+BS + U(C +DS))ωB0

+ (A+BS + U(C +DS))ωA3

− (A+BS + U(C +DS))ωB3 ], (2.147)

for the complex basis

ωA0 = dz1 ∧ dz2 ∧ dz3,
ωA3 = dz1 ∧ dz2 ∧ dz3,
ωB3 = ωA3 ,

ωB0 = ωA0 .

(2.148)

Note that the above integrals are defined on the ambient (underlying) tori, but this only
affects the results by an overall constant. However, the flux quantization conditions become
more subtle. We define the flux quanta as integrals on the ambient space:∫

T 6

(F3, H3) ∧ αi ≡ (−bi,−di),
∫
T 6

(F3, H3) ∧ βi ≡ (ai, ci)∫
T 6

(F3, H3) ∧ γi ≡ (−fi,−hi),
∫
T 6

(F3, H3) ∧ δi ≡ (ei, gi).

(2.149)

15We would like to emphasize the total parity of fluxes becomes eventually even, since there is another
contribution from the intrinsic parity Ω′(−1)FL (see for a nice summary, [83]).
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The domain of the integration is important. Since there are no twisted contributions, we do not
have to care about a problem which occurs in the presence of them (see for details, [146]). On
the other hand, since we consider the orbifolding, cycles with shorter lengths naturally arise on
the orbifold (such cycles are called fractional). Then let us define the cycles on the orbifold16

in the following.
As mentioned, there are certain combinations of the cohomology basis (or, equivalently, the

homology basis) that transform as singlets under the twist. To obtain singlets, we need to
simply sum up each orbit of the orbifold group, as follows17:

11 :=
∑

Γ(α0),

12 :=
∑

Γ(α1),

13 := −
(∑

Γ(β1) +
∑

Γ(β0)
)
,

14 :=
∑

Γ(β0),

(2.150)

where G(x) := {gx | g ∈ G} denotes an orbit of x ∈ X under a group G and the action of Γ
on the three-forms is induced by Q (2.141). Note that, sometimes the term “orbit” means a
length |G| collection of all gx (not a set), or it’s summation in physics literature. Then, the
resultant cycles are inherited from the ambient space, and the fractional cycles are defined as
the “orbits” with possible normalization factors. These cycles can exist when the intersection
matrix between the “orbits” is not unimodular since we can define an integral (co-)homology
group on the orbifold.

Indeed, the singlets satisfy∫
T 6

11 ∧ 14 = 6,

∫
T 6

12 ∧ 13 = −6, (2.151)

where other intersections are zero. Thus, those singlets form an unimodular matrix when they
are measured on the orbifold (the integrals are divided by six). In other words, the singlets form
a symplectic basis of the cohomology group on the orbifold. Since there is the identification
under the twist, all the three-forms that belong to the same singlet must give rise to the same
flux number. Thus, the expansion of G3 in this singlet basis is given by

G3 =
1

3
(a0 − c0S)11 + [(a1 − c1S) +

1

3
(a0 − c0S)]12 −

1

2
(b1 − d1S)13 + (b0 − d0S)14, (2.152)

where the representatives are chosen as (a0, a1, b0, b1, c
0, c1, d0, d1). Here, the coefficients are

determined via the lengths of the orbits:

|Γ(α0)| = 6, |Γ(α1)| = 3, |Γ(β0)| = 2, |Γ(β1)| = 6, (2.153)

16We first find well-defined cycles on the orbifold. Since there is no h2,1
+ d.o.f. on the orientifold, the orientifold

projection is almost trivial.
17The relative signs among the definitions are chosen to replicate the result of [142], and the representatives

can be chosen freely.
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and their intersection matrix.
The relation of the singlets to the real basis and the complex basis are as follows:

11 = 3α0 − α1 − α2 + β3 − δ5 + δ6 + γ1 − γ2 − γ3 + γ4,

12 = α1 + α2 + β3 − δ6 − γ2 − γ3,

13 = −2β1 − β2 − δ1 + δ2 + 2δ3 + δ4,

14 = −α3 + β0 + γ5 − γ6,

(2.154)


ωA0

ωA3

ωB3

ωB0

 =
1

6


i

√
3

√
3U −3iU

i
√
3

√
3U −3iU

−i
√
3

√
3U 3iU

−i
√
3

√
3U 3iU



11

12

13

14

 . (2.155)

Thus, the coefficients A,B,C,D of the superpotential are expressed in terms of the flux
quanta as

A = −ib0 −
√
3

2
b1, C = −ia0 −

(√
3a1 +

1√
3
a0
)
,

B = id0 +

√
3

2
d1, D = ic0 +

(√
3c1 +

1√
3
c0
)
.

(2.156)

We need to quantize the fluxes on the orbifold due to the identification. Then, the fun-
damental cycles are the singlets, and the fluxes are quantized on those cycles. Further, we
follow [83,144,147,148] and consider only even flux quanta since it is pointed out that the odd
quanta may lead to exotic O3-planes. Besides the factor of 2 from this requirement, there are
additional factors N/|Γ(ξ)| that come from the definition of the flux quanta (2.149). Here, N
is the order ZN and ξ is a three-form whose Poincaré dual is the cycle where the considering
flux is quantized18. For the Z6−II orbifold with SU(6)× SU(2) lattice, we obtain

(b0, d0) ∈ 2Z, (b1, d1) ∈ 4Z, (a0, c0) ∈ 6Z, (a1, c1) ∈ 2Z. (2.157)

Note that these non-aligned quantization conditions come from the nontrivial twist and do not
occur on the Z2 × Z′

2 orbifold.
This quantization condition implies

Nflux =

(∫
Ω ∧ Ω

)−1 [(∫
F3 ∧ Ω

)(∫
H3 ∧ Ω

)
− (KUU)

−1

(
DU

∫
F3 ∧ Ω

)(
DU

∫
H3 ∧ Ω

)]
= −2Re(AD) + 2Re(BC) (2.158)

= 2b0c
0 + b1c

0 + 3b1c
1 − 2a0d0 − a0d1 − 3a1d1 ∈ 24Z, (2.159)

where Nflux > 0 follows by the ISD condition19, and it implies a large contribution to the tadpole
cancellation condition.

18The factor is ensured to be an integer via the Lagrange’s theorem.
19Nflux = 0 is not allowed at SUSY Minkowski vacua in general [72].
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2.4.1.3 Dualities in the F -term equations

Having obtained the fluxes, we can discuss the F -term equations. Besides the manifest
dualities of the theory, we have several dualities by which we do not mod out the landscape, as
discussed below. We need to clarify the dualities to obtain the finite landscape, as pointed out
in [40]20.

Manifest Dualities
The overall signs of the fluxes do not make sense:

F3 → −F3, H3 → −H3. (2.160)

We mod out the landscape by this symmetry. Indeed, all relevant solutions and distributions of
quantities are simply doubled by this symmetry, except for the trivial case where all the fluxes
vanish.

As mentioned in Section 2.1.1, there is manifest S-duality in the effective action21. Consid-
ering integer fluxes, this appears as the modular group SL(2,Z)S under which the axio-dilaton
and the flux quanta transform as

S → S ′ =
aS + b

cS + d
,

(
F3

H3

)
→
(
F ′
3

H ′
3

)
=

(
a b
c d

)(
F3

H3

)
, (2.161)

where the integers a, b, c, d satisfies ad − bc = 1. Under the transformation, the coefficients of
W (2.145) transform as(

A′

B′

)
=

(
a −b
−c d

)(
A
B

)
,

(
C ′

D′

)
=

(
a −b
−c d

)(
C
D

)
. (2.162)

Broken SL(2,Z) for U
On the Z2 × Z′

2 orbifold, there is the apparent modular SL(2,Z)U symmetry in the complex-
structure moduli space. However, this symmetry turns out broken on the orbifold as shown in
the following. To see this, consider the F -term equation with respect to U:

DUW = − 1

U − U

(
A+BS + U(C +DS)

)
= 0, (2.163)

20In the context, one often uses the term “duality” referring to a symmetry by which one mods out the
landscape. In principle, one cannot mod out by dualities since they connect different theories. For example,
the theory has a manifest S-duality but we cannot discuss the strong coupling regime in this context. Thus, we
do not mod out by the S-duality but simply ignore inside the unit circle in the first place (and we will discuss
sufficiently weak coupling regimes later). Although the use of the term might be misleading, we call symmetries
of the action or equations of motion simply dualities. However, we will mod out the landscape by only the
symmetries of the theory.

21Note that, we do not consider the non-geometric fluxes in this thesis. See [149] for details of self S-dual
theory in the compactifications with the non-geometric fluxes.
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and the transformation of the equation under SL(2,Z)U transformation

U → U ′ =
aU + b

cU + d
. (2.164)

Then, one finds that the equation is invariant when the flux quanta are transformed as22(
A′

C ′

)
=

(
a −b
−c d

)(
A
C

)
,

(
B′

D′

)
=

(
a −b
−c d

)(
B
D

)
, (2.165)

where A,B,C,D again refer to the coefficients of W .
In terms of the real flux quanta(2.149), we have the following transformations under above

dualities:
For SL(2,Z)S,

• S =

(
0 −1
1 0

)
∈ SL(2,Z)S

a0 → −c0, b0 → −d0,
a1 → −c1, b1 → −d1,
c0 → a0, d0 → b0,

c1 → a1, d1 → b1.

(2.166)

• T q =

(
1 q
0 1

)
∈ SL(2,Z)S

a0 → a0 + qc0, b0 → b0 + qd0,

a1 → a1 + qc1, b1 → b1 + qd1,

c0 → c0, d0 → d0,

c1 → c1, d1 → d1.

(2.167)

For SL(2,Z)U ,

• S =

(
0 −1
1 0

)
∈ SL(2,Z)U

a0 → −b0, b0 → a0,

a1 → b0
3
− b1

2
, b1 → 2a1 +

2

3
a0,

c0 → −d0, d0 → c0,

c1 → d0
3

− d1
2
, d1 →

2

3
c0 + 2c1.

(2.168)

22Since this is a duality of the equation, there is a d.o.f. of an overall factor. As a result, the transformation
rules are defined up to the undetermined factor. To determine it, one has to consider the period vector since
the Kähler transformation of Ω would explain the factor.
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• T q =

(
1 q
0 1

)
∈ SL(2,Z)U

a0 → a0, b0 → b0 − qa0,

a1 → a1, b1 → b1 − q

(
2

3
a0 + 2a1

)
,

c0 → c0, d0 → d0 − qc0,

c1 → c1, d1 → d1 − q

(
2

3
c0 + 2c1

)
.

(2.169)

One can see that non-trivial rational numbers appear as coefficients in the transformation rules
for SL(2,Z)U , as shown in in Eqs. (2.205) and (2.169). As the flux quanta are integers,
this means the F -term equation with respect to U is not invariant under the whole modular
SL(2,Z)U group. Indeed, one can check that the flux quantization condition (2.157) is violated
by the S ∈ SL(2,Z)U .

One possible workaround is assuming only the flux quanta that are sufficiently large to
cancel out the denominators. However, it is peculiar from the viewpoint of fundamental cycles.
Indeed, both the flux quanta and the complex-structure modulus are defined in terms of the
integrals on the cycles. Thus, it is more natural to review this symmetry at the period vector
level.

The period vector is given by

Π =


∫
A0 Ω∫
A1 Ω∫
B0 Ω∫
B1 Ω

 =


∫
T 6/Z6−II

Ω ∧ 14∫
T 6/Z6−II

Ω ∧ (−13)∫
T 6/Z6−II

Ω ∧ 11∫
T 6/Z6−II

Ω ∧ 12

 = −1

6


i√
3

3iU√
3U

 , (2.170)

where the Poincaré dual cycles form the corresponding symplectic basis. For convenience, we
switch to the basis where the definition of U and the derivative of the prepotential become
clear. After a Kähler transformation and the symplectic transformation Sp(b3,Z), we obtain
Π′ = (1,−

√
3iU, 3U,

√
3i)T . Then, its transformation under the modular SL(2,Z)U is given by

Π′ → (cU + d)−1


d 0 c

3
0

0 a 0 −b
3b 0 a 0
0 −c 0 d

Π′ =: (cU + d)−1MΠ′. (2.171)

One can see the fractional coefficient also enters in the transformation matrix of the period
vector. For general c we have M ∈ Sp(b3,Q) instead of Sp(b3,Z) and the fractional coefficient
in the flux transformation rules (2.168, 2.169) are come from the matrix M as∫

G3 ∧ Ω = G′T
3 ΣΠ : invariant ⇒ G′

3 →MTG′
3, (2.172)

where Σ is given by Eq. (2.59) and G′
3 denotes the period integral of G3 on this basis (’). Since

the basis is constructed to be symplectic, for a symmetry we would have found M ∈ Sp(b3,Z).
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Thus, the transformation implies that H3(T
6/Z6−II,Z) is not compatible with the modular

symmetry, and it is more natural to postulate that c ≡ 3 (mod 3) is required for the symmetry.
This subgroup of the modular symmetry has its own name, the Hecke congruence subgroup of
level n with n = 323, where the family is defined as

Γ0(n) ≡
{(

a b
c d

)
∈ SL(2,Z)

∣∣∣∣ c ≡ 0 mod n

}
. (2.173)

Although S-transformation is not contained in the congruence subgroup, the Γ0(3) is generated
by its two generators24, T and S ′:

T =

(
1 1
0 1

)
, S ′ =

(
−1 1
−3 2

)
. (2.174)

Here, T is the unbroken usual T -transformation and S ′ = S−1T−3S−1T−1 satisfies (S ′)3 =
−12×2. Note that,

U = ω′ := −1

2
+ i

1

2
√
3

(2.175)

is the fixed point under S ′. Since the modular transformation of U is actually realized as PSL
transformation, the residual symmetry at a fixed point is Z3. The transformation rules of the
flux quanta for Γ0(3) is summarized as follows: For the S ′-transformation of Γ0(3)U ,

• S ′ =

(
−1 1
−3 2

)
∈ Γ0(3)U

a0 → 2a0 + 3b0, b0 → −b0 − a0,

a1 → 2a1 − b0 +
3

2
b1, b1 → −b1 −

2

3
a0 − 2a1,

c0 → 2c0 + 3d0, d0 → −d0 − c0,

c1 → 2c1 − d0 +
3

2
d1, d1 → −d1 −

2

3
c0 − 2c1,

(2.176)

and the transformation rules for the T -transformation is given by Eq. (2.169). Indeed, for
arbitrary fluxes, the flux quantization condition (2.157) is preserved under these transforma-
tions. Moreover, the combination of (S ′)3 = −1 and the overall sign reversion of fluxes becomes
consistent with the Γ0(3) symmetry that effectively acts on the complex-structure modulus.

Note that, under the flux transformations which are compatible with the symplectic trans-
formations, the tadpole charge Nflux remains invariant.

23Note that it was pointed out in [150] that the Hecke congruence subgroups and similar ones appear in the
partition functions for T 6/ZN with N = 4, 6, while the authors of [150] chose a different lattice for N = 6.

24The generators and corresponding presentations of the Fuchsian subgroup Γ0(N) of PSL(2,Z) are shown
in [151], The GAP system [152] also gives the explicit generators.
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“Scaling” duality S(3) := U → − 1
3U

Besides Γ0(3), we find that another duality is realized on the complex-structure modulus space,
namely “scaling” duality. We denote it by S(3) in the following and it acts on U as

S(3) : U → − 1

3U
, (2.177)

i.e., it induces a Z2 action. Indeed, Nflux remains invariant, and G3 transforms appropriately to
preserve the flux quantization condition. At the period vector level, this symmetry comes from a
d.o.f. in constructing the transformation matrix (2.171) in terms of integers a, b, c, d. Although
the original transformation matrix is not an element of SL(2,Z), by arranging the integers
in different positions, up to a Kähler transformation, we obtain a symplectic transformation
∈ Sp(b3,Z) as

Π → (cU + d)−1(i
√
3)


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

Π′. (2.178)

Thus, S(3) is a symmetry by which we mod out the landscape. Nevertheless, the S(3) is
exceptional from the view point of SL(2,Z), as S(3) /∈ SL(2,Z). Rather, it can be interpreted

as an element of SL(2,R): a, d = 0 and b = − 1√
3
, c =

√
3 25. For general SL(2,R) elements,

Sp(4,Z) would not be compatible. However, since we have a d.o.f. to include an overall factor
in the linear transformation of U , a specific element might be compatible when there exists a
number which yields integers by multiplying with the real-valued parameters. The S(3) is thus
an example of such cases.

We can also show that these two dualities, Γ0(3) and S(3), are the most general dualities that
the landscape equips. As they are non-commutable, the resultant symmetry is the semi-direct
product:

Γ0(3)⋊ϕ(S(3)) Z2, (2.179)

with ϕ being a group conjugation of Γ0(3) by S(3). We emphasize again that the nontrivial
symmetry originated from the Z6 twist.

The flux transformations under the S(3) is summarized as

• S(3) =

(
0 − 1√

3√
3 0

)
∈ Γ0(3)U

25Thus, the center of the isometric circle is at origin, and we call S(3) the scaling group. Note that, S(3) is
classified as an elliptic transformation, as 0 = |a+d| < 2 for a, d ∈ R (a+d = 0 leads Z2). The finite fixed points
under an elliptic transformation are called elliptic points, and U = ± 1√

3
i for the case. See for details, [153]
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a0 → −3

2
b1, b0 → a1 +

1

3
a0,

a1 → b0 +
1

2
b1, b1 → −2

3
a0,

c0 → −3

2
d1, d0 → c1 +

1

3
c0,

c1 → d0 +
1

2
d1, d1 → −2

3
c0.

(2.180)

Other dualities and symmetries
So far, we have shown the symmetries by which we mod out the landscape. On the other hand,
there are other symmetries and dualities on the landscape, by which we do not mod out the
landscape further. Those dualities and symmetries are summarized in the following list:

• Orientifold action
Since the overall sign flipping of the fluxes can be regarded as the orientation reversion
of the integrated cycles, the orientifold action Ω̂R(−1)FL on the orbifold geometry will
be absorbed by the flipping. In fact, the total action sends Ω → −Ω, F3 → −F3, and
H3 → H3. Thus, the superpotential W transforms as W → −W while G3 → −G3, and
Ω is invariant. Hence the landscape which we consider is already modded out by the
flipping.

• “pseudo-S transformation” on U
As explained, the sufficiently large fluxes cancel the denominators of the fractional coef-
ficients in Eq. (2.168). Then, the flux quantization condition is also satisfied after the
transformation, i.e., we can define a “pseudo”-S transformation on U : U → − 1

U
. How-

ever, as explained, this transformation corresponds to a Sp(4,Q) transformation of the
period vector as Eq. (2.171). Since the underlying cohomology basis must be symplectic
with integer coefficients, we do not consider this transformation as a symmetry.

• Rescaling of the fluxes
Since the F -term conditions have a trivial d.o.f. of an overall factor, we can freely change
the flux quanta as

(F3, H3) → k(F3, H3). (2.181)

When the rescaling is originated from the fluxes, k must be an integer and Nflux transforms
as

Nflux → k2Nflux, (2.182)

reflecting its quadratic form. This is indeed a useful duality because the solutions with a
small Nflux are embedded in the solutions with a larger N ′

flux, if the two charges differ by
a factor of k2. Of course, it is not a symmetry of the theory which is also characterized
by the incompatibility with Sp(4,Z2). The duality is used in a possible option of the way
to construct all flux vacua on the Z6−II orbifold.
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• Different transformations for each of F3 and H3

In the transformation of G3: G3 →MTG3, the assumption that the (period of) two fluxes
F3, H3 are transformed with the sameM . However, in principle, we can consider the case
that they transform in an independent way, but their linear combination transforms as
G3 →MTG3 in some specific cases. On the other hand, the symplectic transformation is
a change of basis and F3, H3 are invariant. Thus, we have a uniform transformation of
the integrals

∫
X3 ∧ (αI , β

J) for arbitrary X. Hence, this is not a symmetry.

• Any other transformations which cannot be interpreted as symplectic matrices
If there are some additional symmetries in the period vector, we might obtain an incidental
symmetry in the theory. Since the symplectic transformation is the most fundamental
symmetry, we do not further mod out the landscape.

• GL(2,Z)U and its congruence subgroups
As a result of the stabilization, the distribution of vacua may become symmetrical under
U → −Ū on the U -plane. This requires additional transformations of the fluxes and the
axio-dilaton, but let us focus on the transformation of U . If there is modular symmetry,
the corresponding group is given by GL(2,Z) ≃ SL(2,Z) ⋊ Z2, and the fundamental
region is halved due to the additional transformation (if this is a symmetry). For the
current congruence subgroup, we can construct its generalized group in the same way.
The additional Z2 is generated by the matrix:

R =

(
1 0
0 −1

)
. (2.183)

Then, one can check that under R the period vector is transformed by M which satisfies

MTΣM = −Σ = ΣT , (2.184)

while the Z2 is not a normal subgroup of the symplectic group: Z2 ⋪ Sp(b3 = 2h2,1+2,Z).
Thus, M is the element of the group

GSp(2h2,1 + 2,Z) = Sp(2h2,1 + 2,Z)⋊ Z2, (2.185)

as obtained in [58,59]. Indeed, theGSp group is linked to the generalized CP -transformation
(see for details, [96, 111,154,155]).

Since this is not the symmetry of the moduli space, we do not mod out the landscape by
the duality, and we do not discuss the CP in the following of this thesis.

2.4.1.4 Moduli stabilization

Since the superpotential is linear in U , the F -term equations are easily solved. As in the
previous sections, we additionally impose the SUSY condition on the Kähler moduli TA as
DTA

W = 0. Due to the no-scale structure, we have the following equations:
DUW = ∂UW +KUW= 0

DSW = ∂SW +KSW = 0

W = 0

⇒


C +DS = 0

B +DU = 0

A+ CU = 0

, (2.186)
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and thus we obtain an overdetermined system:

⟨S⟩ = −C
D
, ⟨U⟩ = −B

D
, AD −BC = 0. (2.187)

Here, B,C → −B,−C does not change Nflux and the quantization condition. Thus, in the
landscape, we will have the solution with −S,−U , but we do not consider this is a symmetry
by which we should mod out the theory.

Furthermore, at SUSY minima we have a relation of Nflux to ImS, ImU in general IIB
compactifications (see [72]), and indeed

Nflux = 4ImSImU |D|2. (2.188)

Note that the correlation between ImS and ImU that is observed in Section 2.2 and in [122]
might be originated from this relation.

2.4.1.5 Identifications under the dualities

As in Section 2.2, we identify the sets of (flux, VEVs) via the symmetries we discussed in
Section 2.4.1.3.

Schematically, the definition of the physically-equivalent solutions is,

∃A ∈ PSL(2,Z)S × (Γ0(3)U ⋊φ(S(3)
Z2) s.t. (fluxes

′,VEVs′) = (A(fluxes),A(VEVs))

⇔ (fluxes,VEVs) ∼ (fluxes′,VEVs′), (2.189)

where A(fluxes) denotes the group action on the flux space and the overall sign-flipping is also
modded out since we consider the PSL group.

Nflux is the invariant constant under the symmetries, as it represents the charge contribution
of the fluxes. Then, we obtain the whole physically-distinct landscape for given Nflux. We also
summarize the technical details in Section 2.A.1. Indeed, the number of the whole vacua turns
out finite also in this case, and thus we can define the probabilities on each VEV as we performed
in Section 2.2.

2.4.2 Distributions of the moduli VEVs and degeneracies in the
finite landscape on the T 6/Z6−II orientifold

As in the previous analysis in Section 2.2, we simply ignore the tadpole cancellation condi-
tion and focus on the analysis of the solutions of the F -term equations. All of our analysis is
analogous to that in Section 2.2, but due to the nontrivial symmetry in the complex-structure
modulus space, the fundamental region has changed. Sine the modular symmetry is partially
broken, the fundamental region indeed expanded to include ImU ≥ 1

2
√
3
. Therefore the non-

trivial distributions are observed, and the most favored point is not one of the elliptic points
of SL(2,Z) on this landscape.
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2.4.2.1 Distributions of solutions projected on the U-plane

In the actual procedure of obtaining the dataset, we fix the flux bound as Nmax
flux ≤ 24× 100,

and we start the next section by focusing on the Nmax
flux ≤ 24× 20 case. We find 229 solutions,

and the VEVs are also found in the enlarged region as shown in Figure 2.9. As for the points
which are favored by the modular flavor symmetric models, we have no solution on U = i for
all Nflux, whereas U = ω is found. We also there are some solutions with ImU ≫ 1 where
q = e2πiU becomes sufficiently small.

Next, we also clarified the degeneracy of the solutions on each point. As in Section 2.2, the
solutions are projected onto the U -plane, and thus different S and flux quanta are associated
with the same point. We illustrate the degeneracy in Figure 2.9 and in Table 2.18. As one can
see, the most favored point is U = 1√

3
i, which is not the elliptic point of SL(2,Z). Instead, it is

the elliptic point of the outer automorphism group, S(3). This result is quite different from the
previous T 6/(Z2 × Z′

2) case in that the most preferred points appeared in the extended region
and were not the elliptic points of the modular group. For the elliptic point of Γ0(3) , we find
only U = ω′ with the second highest probability. On the other hand, the ω, which is the elliptic
point of SL(2,Z) has the third highest probability, whereas there are three other points that
have the same probability. Note that, these four points with the probability of 3.49% are placed
on the same circle around its center at U = 2√

3
i. We can see from Table 2.18 that ReU = 0 is

statistically favored. This suggests the well-known “void” structure (see e.g., [42]) does exist
again in this case.

We also varied the maximum flux contribution Nmax
flux where as the small Nmax

flux is reliable
due to the tadpole cancellation condition. We summarize the number of solutions for various
Nmax

flux in Table 2.19 and in Figure 2.10. We again clearly observe # ∼ (Nmax
flux /24)

2 where
this quadratic behavior is predicted by the continuous approximation method. For the small
Nmax

flux , only a few solutions are obtained as in Section 2.2. Thus, the landscape becomes more
predictive in such cases. Note that the solutions only for Nflux ≥ 48 whereas the quantization
condition makes Nflux ≥ 24Z. In [144], there are also listed the solutions with Nflux ∈ 24Z, but
they are AdS solutions that we have not considered here.

We also summarize the most preferred VEVs and their probabilities for each bound Nmax
flux

on Table 2.20. In particular, for the smallest bound, there are only two solutions and one is
the elliptic point of the scaling duality S(3), while the other is the elliptic point of Γ0(3). The
usual playgrounds U = ω and U = i did not appear in that landscape. Instead, the only one
point which is in the fundamental region of SL(2,Z) is U = 2√

3
i. Thus, we can conclude that

the elliptic points are favored in the landscape of SUSY Minkowski solutions as usual, but the
favored points turn out different from those of the modular SL(2,Z) group.
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Figure 2.8: The distribution of ⟨U⟩ (left panel) and that of ⟨S⟩ (right panel) for the Nmax
flux =

24× 20 case. Here, the boundary of the fundamental region of Γ0(3)⋊φ(S(3)) Z2 is highlighted
in green. The dashed curves denote the boundaries which we do not include. [70]
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Figure 2.9: The distribution of physically-distinct solutions on ⟨U⟩-plane, with the degeneracy
as labeled for the Nmax

flux = 24× 20 case. Note that this is an enlarged view that concentrates on
the region ImU ≤ 3.0. We added the labels for the points whose probabilities are greater than
5.0 %. As the boundary, we colored the half of the isometric circle in green, which is given by
|U | = 1

3
and U = −1

2
(a line). [70]
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Ratio 38.0% 14.4% 9.17% 3.49% 1.75%

U

1√
3
i −1

2
+ 1

2
√
3
i 2√

3
i 1

3
+ 1√

3
i −1

2
+ 1√

3
i√

3i −1
4
+ 5

4
√
3
i

−1
3
+ 1√

3
i 5√

3
i

−1
2
+

√
3
2
i 4√

3
i

1
4
+ 5

4
√
3
i

−1
2
+ 5

2
√
3
i

Table 2.18: The probability of each VEV on U -plane, for the case of Nmax
flux = 24× 20. and we

have included the probabilities up to the fifth largest. [70]

Nmax
flux 24× 2 24× 4 24× 10 24× 20 24× 40 24× 80 24× 100

# of solutions 2 7 44 229 1053 4823 7818

Table 2.19: The number of solutions for each bound Nmax
flux . [70]
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Figure 2.10: The number (#) of the whole solutions with Nflux ≤ Nmax
flux . The fitting curve with

# = 0.738(Nmax
flux /24)

2. is colored in yellow. [70]
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U
Nmax

flux 24× 2 24× 4 24× 10 24× 20 24× 40 24× 80 24× 100

1√
3
i 50% 57.1% 47.7% 38.0% 32.2% 27.8% 26.6%

−1
2
+ 1

2
√
3
i 50% 28.6% 20.5% 14.4% 11.5% 9.62% 9.13 %

2√
3
i 14.3% 9.09% 9.17% 8.26% 7.03% 6.68 %

Table 2.20: The probabilities of several dominant (> 5 %) VEVs. Here, Nmax
flux = 20. For the

small bounds, we see that the elliptic point of S(3) is the most favored point. On the other
hand, for the smallest bound we have two choices with the same probability. [70]

2.4.3 Distributions of solutions with specific S

Then, let us focus on the projection of the solutions onto the S-plane. As usual, larger
ImS = g−1

s is required for consistency. Nevertheless, we first illustrate all the solutions of the
F -term equations, then we restrict ourselves to more reliable regions.

The whole solution is illustrated in Figure 2.11. There, one can see that S =
√
3i is the most

preferred point in the landscape. On the S-plane, S = ω has the second highest probability
while it is not favored from the viewpoint of its strong coupling. In general, one finds that
ReS = 0 is favored. One can also observe the solutions with relatively large ImS and with
probabilities as high as the solution on S = ω.

On the other hand, S = i does not realize because of the correlation (2.188) with ImU .
Indeed, one can check that the F -term equations have no solutions at S = i or U = i, and
this result is completely different from that in Section 2.2, where we observed that all of the
elliptic points appeared on both the S and U -planes. We would like to emphasize that this
phenomenon occurs even if the symmetry group of the axio-dilaton is usual SL(2,Z).

Next, in order to analyze the weak coupling regime, we impose some bounds for ImS on the
solutions. The result is summarized in Table 2.21 and fig. 2.12. Interestingly, we see that the
dominant VEVs become more dominant as the bound increases. In particular, U = i√

3
is the

only solution which is allowed in the sufficiently weak region ImS ≥ 9, as shown in Figure 2.12.

Although we see that there is the exclusive VEV of U with gs ≪ 1, there might be other
acute correlations. Indeed, in Section 2.2 (in particular, see 2.9), we saw that the specific VEV
of U was realized exclusively when the VEV of axio-dilatation was chosen to a specific VEV. To
study this phenomenon, we list the probabilities of some dominant pairs of VEVs in Table 2.22
for the Nmax

flux = 20 case. As a result, we cannot observe any strong correlations among the list,
in contrast to the T 6/(Z2 × Z′

2) case.

On the other hand, it is worthwhile to note that one might obtain U = i√
3
exclusively in

another way. Indeed, there are 41 specific VEVs of the axio-dilaton, which gives only U = i√
3
.

They are not listed on the Table 2.22 because each of them has only a ratio of 0.44% among
the landscape. However, the total is 17.9%. Therefore, U = i√

3
is automatically obtained if one

finds a natural mechanism for obtaining such specific VEVs of S. For other Us, no value has a
ratio greater than 25%, even if certain VEVs S are chosen. This result is completely different
from the T 6/(Z2 × Z′

2) case.
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Figure 2.11: The distribution of physically-distinct solutions on ⟨S⟩-plane, with the degeneracy
is colorized for the Nmax

flux = 24× 20 case. Note that this is an enlarged view which concentrates
on the region ImS ≤ 5.0. We added the labels for the points whose probabilities are greater
than 5.0 %. The boundary of the region is colorized in green. [70]
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U
ImSbound

√
3
2

(All) 1 2√
3

√
3 2

√
3 3

√
3

1√
3
i 38.0% 41.3 % 39.3% 36.0% 52.2 % 47.6 %

−1
2
+ 1

2
√
3
i 14.4% 12.9 % 12.6% 12.7% 15.2% 23.8%

2√
3
i 9.17% 9.45% 9.95% 9.86% 8.70% 14.3%

Table 2.21: The probabilities of several dominant (> 5 %) VEVs, for the Nmax
flux = 20 case. For

the small bounds, we see that the elliptic point of S(3) is the most favored point. [70]
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Figure 2.12: The dependency of the ratios which is associated with the three dominant (> 5
%) VEVs: U = i√

3
, −1

2
+ 1

2
√
3
i and 2i√

3
, on the certain bounds with respect to ImS (solid line).

The number of solutions above certain ImSbound is represented by the dashed line. Note that
the initial point of the lines is located on ImSbound =

√
3
2

(corresponds to all regions). [70]

U
Ssection

√
3i −1

2
+

√
3
2
i 2

√
3i 2√

3
i

1√
3
i 13.1% 12% 33.3% 33.3%

−1
2
+ 1

2
√
3
i 4.92 % (*) 24 % 6.67 % (*) 6.67 % (*)

2√
3
i 8.20% 4.0 % (*) 6.67 % (*) 6.67 % (*)

ω = −1
2
+

√
3
2
i 4.92 % 8.0% 0 % 0%

Table 2.22: The ratios of several dominant (> 5%) VEVs where the values are measured on
the certain section of S, Ssection. N

max
flux is chosen as 24 × 20. (*) denotes that there are other

VEV(s) which have the same or higher probabilities. For example, all 6.67% in the list are
strictly equal. [70]
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At last, we mention the void structure in the landscape. As the fundamental region enlarged,
the void structure which has been observed on the other simple toroidal orientifolds [40, 122].
We illustrate the vacua pattern with Nmax

flux = 24×100 in Figure 2.13. One can see that the void
structure is also seen, and is widened to include the enlarged regions of the fundamental region.
There, the radii of the voids are related to Nflux. Hence, this is phenomenologically interesting
since it controls the deviations around points and small deviations are needed to explain the
bottom-up modular flavor symmetric models. We will not study this point any further in this
thesis.
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Figure 2.13: The distributions of the two moduli within ImU ≤ 3 and ImS ≤ 3. Nmax
flux is chosen

as 24× 100. One can see that the clustering occurs even in the enlarged region. [70]
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2.4.4 Other orientifolds: Z2 × Z4 orientifold

So far, we analyzed the T 6/Z6−II orientifold with SU(6) × SU(2) lattice, and found many
new features of the landscape in terms of the distributions of the moduli VEVs. Since it is
straightforward to extend the discussion to another toroidal orientifold as long as it has only
one complex-structure modulus (h2,1untw. = 1). In the following, we study the T 6/(Z2 × Z4)
orientifold with SU(2)2 × SO(5)2 as such example (it has (h1,1, h2,1) = (61, 1)). The notation is
the same with Sec. 2.4.1, and we start the discussion again by constructing a proper basis of
the cohomology.

2.4.4.1 Flux compactification on the T 6/(Z2 × Z4) orientifold

In this case, the Coxeter element Q which corresponds to the Lie algebra is given by

Q1(ei) = ei (i = 1, 2),

Q1(ei) = ei (i = 3, 4),

Q2(ei) = ei + 2ei+1 (i = 3),

Q2(ei) = −ei−1 − ei (i = 4),

Q2(ei) = −ei − 2ei+1 (i = 5),

Q2(ei) = ei−1 + ei (i = 6),

(2.190)

where Q = Q1Q2 as indicated by the two orbifold groups.
Then, its representation Q : ei → Qjiei is written by

Q(SU(2))2×(SO(5))2 =


−1

−1
1 −1
2 −1

−1 1
−2 1

 , (2.191)

and the complex diagonal basis zi → e2πiv
i
azi (a = 1, 2, no sum) satisfies

v1 =
1

2
(1, 0,−1), v2 =

1

4
(0, 1,−1). (2.192)

Then the complex basis takes the explicit form of

dz1 = dx1 − Udx2,

dz2 = dx3 − 1

2
(1− i)dx4,

dz3 = dx5 − 1

2
(1 + i)dx6,

(2.193)

with
∫
Ω ∧ Ω = U − U for Ω := dz1 ∧ dz2 ∧ dz3.
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The procedure to find well-defined cycles is the same as in the previous case. It turns out
that the four independent orbits of length two exist and the intersection matrix becomes an
unimodular matrix up to a multiplied factor 1

4
Then, we obtain the well-defined symplectic

basis on the orbifold as

11 = 2
∑

Γ(β2)

12 = 2
∑

Γ(α2)

13 = 2
∑

Γ(α1) + 2
∑

Γ(β2)

14 = 2
∑

Γ(α0) = −Γ(β1).

(2.194)

Here, Γ = Z4 ×Z2 and Γ(X) is an orbit of X under the Γ as defined in the previous case. The
basis satisfies the correct normalization:∫

T 6

11 ∧ 14 = 8,

∫
T 6

12 ∧ 13 = 8. (2.195)

Then, the fluxes F3, H3 become the elements of H3(T 6/(Z2 × Z4),Z), and they are quantized
on the Poincaré dual cycles.

The flux quanta measured on the orbifold are given by∫
T 6/(Z2×Z4)

(F3, H3) ∧ 11 =
1

8

∫
T 6

(F3, H3) ∧ 11 =
1

4

∑∫
T 6

(F3, H3) ∧ Γ(β2) =
1

2
(a2, c2),∫

T 6/(Z2×Z4)

(F3, H3) ∧ 12 =
1

2
(−b2,−d2),∫

T 6/(Z2×Z4)

(F3, H3) ∧ 13 =
1

2

{
(−b1,−d1) + (a2, c2)

}
,∫

T 6/(Z2×Z4)

(F3, H3) ∧ 14 =
1

4
(−a1,−c1),

(2.196)

where we chose the representative of 14 as −β1. The expansion of the three-form flux G3 is

G3 = −1

4
(a1 − Sc1)11 +

1

2
[(−b1 + a2)− S(−d1 + c2)]12 +

1

2
(b2 − Sd2)13 −

1

2
(a2 − Sc2)14,

(2.197)

and the flux quantization condition is written by

(b1, d1) ∈ 4Z, (b2, d2) ∈ 4Z, (a1, c1) ∈ 8Z, (a2, c2) ∈ 4Z, (2.198)

where we require even fluxes on the orientifold.
The relevant quantities are as follows:
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• Nflux

Nflux = a2c1 − a1c2 + 2b2c
2 − 2b2d1 − 2a2d2 + 2b1d2 ∈ 32Z. (2.199)

• The period vector

Π ≡


∫
Ω ∧ 14∫
Ω ∧ 13∫
Ω ∧ 11∫
Ω ∧ 12

 =
1

8


2U
2i

−2 + 2i
(2 + 2i)U

 , (2.200)

where integrals are performed on the orbifold.

• Complexified flux quanta in Eq. (2.145)

A =
−1 + i

2

[
a1 + (−1 + i)b2

]
, C =

−1 + i

2

[
(−1 + i)a2 + (−2i)b1

]
,

B =
−1 + i

2
(−1)

[
c1 + (−1 + i)d2

]
, D =

−1 + i

2
(−1) [(−1 + i)c2 + (−2i)d1] .

(2.201)

The F -term equations are again linear due to h2,1 = 1. Thus, in terms of the quadratic
field, it is impossible to obtain U = ω and U = i in the landscape. Indeed, this leads that the
solutions S, U should be rational numbers on the Z2 × Z4 orientifold.

Moreover, on the Z2 × Z4 orientifold the modular transformation is indeed realized:

Π → (cU + d)−1


a b −b 0
−c d 0 c
−2c 0 d c
0 2b −b a

Π ≡ (cU + d)−1MΠ, (2.202)

where M ∈ Sp(b3,Z) is the most general symmetry of the cohomology.
The flux transformation rules for the real flux quanta are summarized as follows:

Under the SL(2,Z)S,

• S =

(
0 −1
1 0

)
∈ SL(2,Z)S

a1 → −c1, b0 → −d1,
a2 → −c2, b1 → −d2,
c1 → a1, d0 → b1,

c2 → a2, d1 → b2.

(2.203)
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• T q =

(
1 q
0 1

)
∈ SL(2,Z)S

a1 → a1 + qc1, b1 → b1 + qd1,

a2 → a2 + qc2, b2 → b2 + qd2,

c1 → c1, d1 → d1,

c2 → c2, d2 → d2.

(2.204)

Under the SL(2,Z)U ,

• S =

(
0 −1
1 0

)
∈ SL(2,Z)U

a1 → −2b1, b1 →
1

2
a1,

a2 → a1 − b2, b2 → a2 − 2b1,

c1 → −2d1, d1 →
1

2
c1,

c2 → c1 − d2, d2 → c2 − 2d1.

(2.205)

• T q =

(
1 q
0 1

)
∈ SL(2,Z)U

a1 → a1 + 2qb1, b1 → b1,

a2 → a2, b2 → b2 − q(a2 − 2b1),

c1 → c1 + 2qd1, d1 → d1,

c2 → c2, d2 → d2 − q(c2 − 2d1).

(2.206)

2.4.4.2 Distributions and Degeneracies in the Finite landscape

Following the lines of the Z6−II case, we can obtain the whole SUSY Minkowski flux vacua
on the Z2 × Z4 orientifold in an explicit way (which is analogous to the method in Appendix
2.A.1). The upper bound of Nflux is defined as Nflux ≤ 32 × 100. There, we again define
the probability for each point in the moduli space. Having generated the dataset, we find
that the smallest Nflux that yields a solution turns out 64, which typically exceeds the tadpole
cancellation condition. Nevertheless, our first aim is to analyze the solutions of the F -term
equations and we continue the discussion. Note that even if a certain F-theory uplifting on the
orientifold turns out possible, the possible back-reaction makes the smaller Nflux a more reliable
region.

We start our discussion with Nmax
flux = 32× 20. Then, the number of solutions turns out 123.

As in the previous case, we illustrate the projections of the solutions onto U - and S-plane in
Figure 2.14, and one immediately finds that they are the same distributions.
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This phenomenon originated from a duality in the superpotential, which interchanges U
and S with a suitable flux transformation. Indeed, the flux transformation

{c1, c2, d1, d2, a1, a2, b1, b2} → {2b1, c2, d1,−a2 + 2b1, a
1, c1 − d2,

1

2
c1, b2} (2.207)

is incorporated, while it does not contradict the flux quantization condition (2.198). The
transformation also keeps Nflux invariant, thus one might think this is a symmetry of the theory.
However, it turns out that there is no compatible way to induce an appropriate symplectic
transformation of the cycles. Thus, as claimed in 2.4.1.3, we do not mod out the landscape via
the duality. Let us focus on the projection on U -plane using this duality.

The results of the projection are summarized in Table 2.23 and fig. 2.15. The most favored
point turns out U = i, and this is one of the elliptic points of SL(2,Z). Taking into account
U = ω, i∞ cannot be realized on the framework, we can conclude that U = i is the only fixed
point which can be obtained on the orientifold.

Next, we vary Nmax
flux as in the previous case. We illustrate the resultant number of solutions

in Table 2.24 and fig. 2.16. As predicted by the continuous approximation, we again observe
the quadratic behavior with regard to Nmax

flux .

Note that U = i naturally induces S = i, although this is inconsistent with the field-
theoretic discussion. Hence, let us discuss the correlation between S and U in the landscape.
In Figure 2.17, we illustrate the dependence of U on certain bounds on ImS.

As shown, although there are only O(10) solutions but if there are some natural mechanisms
to stabilize the axio-dilaton in the weak-coupling limit gs ≪ 1, the VEV U = i becomes
exclusive among the landscape. Although we do not investigate such mechanisms, if there is
such a compactification (more generally, on a different orientifold), the flux contribution |D|2
in Eq. (2.188) should be suppressed in a natural way.

Ratio 39.0% 17.1% 6.50% 3.25%

U

i 2i 3i 4i
−1

2
+ 3

2
i −1

2
+ i

5i
−1

2
+ 5

2
i

Table 2.23: The probability of each VEV on U -plane, for the case of Nmax
flux = 32× 20. and we

have included the probabilities up to the fourth largest. [70]
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Figure 2.14: The distribution of ⟨U⟩ (left panel) and that of ⟨S⟩ (right panel) for the Nmax
flux =

32 × 20 case. The boundaries of the fundamental region are colored green, while the dashed
curves denote the boundaries which we do not include. Apparently, these two distributions are
exactly the same. Note that the illustrated ranges are Im(U, S) ≥

√
3
2
. [70]

Nmax
flux 32× 2 32× 4 32× 10 32× 20 32× 40 232× 80 32× 100

# of solutions 1 4 23 123 589 2784 4562

Table 2.24: The number of the solutions for each bound Nmax
flux . [70]
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Figure 2.15: The distribution of physically-distinct solutions on ⟨U⟩-plane with the figure
cropped to ImU ≤ 3.25 is illustrated. Here, Nmax

flux is 32 × 20. The colors are determined
by the associated number of degeneracies among the physically-distinct solutions. Here, we
additionally listed the positions and ratios of the points whose ratio > 5.0%. [70]
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Figure 2.16: The number (#) of the whole solutions with Nflux ≤ Nmax
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2 is colored in yellow. [70]
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The void structure exists also on the toroidal orientifold, as illustrated in Figure 2.18 where
Nmax

flux = 32× 100 is chosen. One can see the elliptic point U = i appears as one of the centers
of many circles.
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Figure 2.18: The distribution of ⟨U⟩ with Nmax
flux = 32 × 100. The region illustrated is ImU ≤

3.25. One can see many circles emerge around the points which have high degeneracies. [70]
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2.5 Conclusions of the Chapter 1

In this chapter, we have studied the explicit distributions of the moduli VEVs on the toroidal
orientifolds. In particular, we have also clarified the degeneracy of the flux vacua, which leads a
concept of the probability on the moduli space. Each discretized vacuum is possibly identified
with another vacuum due to the symmetries, which mainly refer to modular symmetries. Since
we study the compactifications on the modular invariant spaces, we can safely mod out the
resultant landscape by those symmetries.

To be specific, we have chosen three toroidal orientifolds to analyze the landscape. The first
one, namely the T 6/Z2 × Z′

2 orientifold, was studied in Sections 2.2 and 2.3.

In Section 2.2, we analyzed the SUSY Minkowski vacua without any corrections. There,
we explicitly obtained the whole flux vacua, and we defined the probabilities (the ratios in
the landscape) on the moduli space. As a result, we found that U = ω generically had a
high probability, while U = i is not favored when it is compared to the ratio of U = ω. Since
these two points, which are the elliptic points of SL(2,Z), are favored in the bottom-up modular
flavor symmetric models, it is interesting that a difference between the probabilities of those two
points is predicted from the viewpoint of string theory. The other interesting result was about
CP -violation. Due to the fact [96, 156, 157] that 4d CP -transformation and the orientation-
reversing action on the 6d space are incorporated into the 10d proper Lorentz symmetry, we
interpreted the 4d CP symmetry in terms of the VEVs of the real parts of the complex-structure
moduli and the axio-dilaton. Then, in the vacua, the characteristic correlation between those
two fields was observed. Indeed, it yields an interesting implication that different CP phases
may have a common origin, while such a scenario is studied in [128]. Finally, we compare the
landscape and a concrete A4 model for illustrative purposes, without any concrete embedding.

So far, we have focused on the no-scale scalar potential. However, there are in general
several possible corrections, where we have considered the KKLT-type non-perturbative effects
in Section 2.3. Although the original KKLT scenario simply assumes that the complex-structure
moduli and the axio-dilaton are effectively integrated out when the Kähler modulus is stabilized,
it generally leads to small deviations from the original VEVs. We further considered the
uplifting term which is generated by an anti-D3 brane, and numerically evaluated the typical
order of the deviations around their VEVs. As a result, the absolute values of the deviations
had their peak around O(10−5), while they have no radial dependence. It is interesting that
the deviations do not depend on the point where the moduli are originally stabilized. Although
we omitted the whole section, comparing this result with a concrete A4 model, the initial VEV
U = ω turns out not compatible with the A4 model that is fitted to observational values.

Having intensively studied the landscape of the simplest toroidal orientifold, it is a natural
direction to consider more nontrivial toroidal orientifolds. For example, the conclusions in the
above studies claim that U = ω is statistically favored. However, the details of the F -term
equation originated from the period vector, i.e., geometry. Therefore, we had to extend our
study and discuss the robustness of our previous studies.

Then, we investigated in Section 2.4 the flux landscape of the T 6/Z6−II orientifold and
the T 6/Z2 × Z4 orientifold with certain lattices. We explicitly constructed the invariant cycles
and found a period vector, although the results have been already known, e.g., [142, 143].
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Nevertheless, we carefully classified the symmetries and the dualities, and found the whole
symmetry in the complex-structure modulus space is a certain semi-direct product group of a
congruence subgroup. Then, under the whole group, the fundamental region was defined and
the finite flux vacua was obtained. On the orientifold with h2,1 = 1, we cannot obtain U = ω
and U = i simultaneously due to the linearity of the F -term equations. Thus, it is naturally
expected that the resultant landscape is different from that of T 6/Z2 × Z′

2 orientifold. Indeed
this is the case, we found the most favored point is at an elliptic point of the outer automorphism
group, which can be interpreted as an enhanced symmetry. Furthermore, we have the large
degeneracy at an elliptic point, but not of the modular group SL(2,Z), due to the fact that
the outer automorphism group is not an element of SL(2,Z).

To compare the landscape further, clarifying the landscape of T 6/Z2 × Z4 orientifold is also
important since it has a nontrivial combination of the orbifold groups while it has a factorizable
structure. Then, we found that the exact modular group SL(2,Z) is realized there, but U = i
is the only allowed VEV among the elliptic points. Therefore, we conclude that the situation
highly depends on the toroidal orientifold.

There are two directions which we are interested in:

1. Systematic classification of symmetries/dualities in the landscape
As we discussed, to find the symmetries by which we mod out the landscape it is sufficient
to study the period vector. Since the period vector is determined through the Coxeter
element (or, equivalently, the root lattice), we may systematically classify all possible
symmetries or dualities in the landscape. All of the examples exhibit the high degeneracy
on the fixed point, or more specifically, on the elliptic point. Thus we expect that we can
roughly grasp the landscape by knowing its symmetry. It is of our interest and we will
report the result in the upcoming paper.

2. Void structure and its implications on the modular flavor symmetric models We mentioned
the appearance of the void structure in several examples. From the theoretical point of
view, the mathematics under the structure is surely interesting. On the other hand, the
fact that the voids form around a point with high degeneracy forbids direct stabilization
at a point close to the fixed point (since the fixed point has typically high degeneracy).
Thus, in the context of moduli stabilization, we have to include some corrections to
explain the deviations. The quantity that controls the radii of the voids is likely to be the
tadpole charge (see for the numerical relation between the voids and the tadpole charge,
e.g., [122]). The tadpole charge is also related to D-branes, i.e., it governs both moduli
stabilization and D-brane configurations. To discuss this point further, considering some
D-brane models such as the magnetized D-branes is quite an interesting direction.

We consider our work as a first step to study further the string landscape from the phenomeno-
logical point of view.



Appendix

2.A Appendices For This Chapter

2.A.1 Finite physically-distinct vacua on T 6/Z6−II

Algorithm 1
The scaling duality enables us to adopt the method that is essentially equivalent to the method
of [40,42,111]. Henceforth, we discuss a concrete method that generates all physically-distinct
solutions of the F -term equations (2.186) on the Z6−II orientifold.

As the continuous approximation method implies, let us define the maximum flux contri-
bution to the tadpole cancellation condition as

Nflux ≤ Nmax
flux . (2.208)

Here and in what follows, the term physically-distinct is defined via the identification (2.189).
Then, as a result, it turns out that the landscape is finite.

To fix the identification, we choose some representatives of the flux quanta appropriately.
The T -transformation of the fluxes is summarized in 2.A.1 for convenience. Then, T ∈ Γ0(3)
is fixed by choosing

1

2
d0 = 0, 1, . . . ,

1

2
|c0| − 1, (2.209)

1

4
d1 = 0, 1, . . . ,

1

4
|2c1| − 1 (c0 = 0), (2.210)

where the second line is for the c0 = 0 case. Since there is a symmetry under the overall
sign-flipping of the fluxes, we can choose c0 = 0 or c0 = 0, c1 > 0. Note that c0 = c1 = 0 is
forbidden since it leads D = 0.

Analogously, we can fix T -transformation of SL(2,Z)S by choosing

1

6
a0 = 0, 1, . . . ,

1

6
|c0| − 1, (2.211)

1

2
a1 = 0, 1, . . . ,

1

2
|c1| − 1 (c0 = 0). (2.212)

As mentioned, strictly speaking, we do not mod out the landscape by the S-transformation
of SL(2,Z)S. Instead, we simply ignore the inside of (all translations of) unit-circle and consider
only T -connected regions and mod out by T .

82
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fluxes T q ∈ SL(2,Z)S T q ∈ Γ0(3)U mZ
a0 a0 + qc0 a0 6
a1 a1 + qc1 a1 2
b0 b0 + qd0 b0 − qa0 2
b1 b1 + qd1 b1 − q

(
2
3
a0 + 2a1

)
4

c0 c0 c0 6
c1 c1 c1 2
d0 d0 d0 − qc0 2
d1 d1 d1 − q

(
2
3
c0 + 2c1

)
4

Table 2.A.1: The flux transformation rules under the T -transformation mZ denotes the flux
quantization. [70]

The fundamental region FSL(2,Z)S is chosen as

FSL(2,Z)S :=

{
S

∣∣∣∣−1

2
≤ ReS ≤ 0, |S|2 ≥ 1

}⋃{
S

∣∣∣∣0 < ReS <
1

2
, |S|2 > 1

}
. (2.213)

On the other hand, the fundamental region of Γ0(3) also exists and is constructed as follows.
Since S-transformation is broken and the generator S ′ is given by S ′ := S−1T−3S−1T−1, we have
four independent actions which map the SL(2,Z) fundamental region into another independent
region, and the fundamental region of Γ0(3) is thus given by

FΓ0(3)U = FSL(2,Z)U

⋃
SFSL(2,Z)U\{−ω̄}

⋃
(ST )FSL(2,Z)U

⋃
(ST−1)FSL(2,Z)U . (2.214)

Here, U = −ω̄ is excluded, to clarify that T ∈ Γ0(3) and Sω = Tω = −ω. The number of
independent regions is in general described in terms of the index of the group in PSL(2,Z),
which reads

[PSL(2,Z) : Γ0(n)] = n
∏
p|n

(
1 +

1

p

)
. (2.215)

(See for details, [158].)

The fundamental region of Γ0(3) (strictly speaking, the projected one Γ0(3)) is illustrated
in Figure 2.A.1. There are two cusps 0, i∞, and the region inevitably includes U ≃ 0 regime.
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Figure 2.A.1: The fundamental region of Γ0(3). We colored the boundaries in green. The blue
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2
, where (naturally) the boundary is split. The point is an image of i under

S. On the other hand, the red star denotes 1
2
+ i

2
√
3
. This is the fixed point under S ′, where

Z3 enhanced symmetry occurs. The bottom right green arc is |U − 1
3
| = 1

3
within the region

0 < ReU ≤ 1
2
. [70]

The whole group is not the Γ0(3) but its outer semidirect product group with the outer
automorphism, which we call the scaling duality: U → − 1

3U
.

Then, suppose the outer semi-direct product group and mode out the landscape by the
scaling duality. Indeed, the fixed cycles under the duality are written by two26 one-parameter
families:

(ReU − α)2 + ImU2 =
1

3
+ α2, (2.216)

ReU2 + (ImU − α)2 = −1

3
+ α2. (2.217)

Here, α ∈ R takes the all possible values. Among those cycles, the cycle |
√
3U | = 1 which is

obtained by defining α = 0, is called the isometric cycle. Here, the term isometric refers to the
fact that the length of a line element is transformed by multiplying |cU + d|2 under a general
linear transformation: U → aU+b

cU+d
. Thus, this cycle behaves like a mirror and the resultant

fundamental region is illustrated in Figure 2.A.2. Note that ImU ≃ 0 region is excluded by the
additional identification.

26For general elliptic transformations, there is only one such family. The first one emerges in this case since
a+ d = 0.
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Figure 2.A.2: The boundary of the fundamental region of the total group, Γ0(3) ⋊ Z2 (left
panel). Here, the blue dot denotes i√

3
that is the fixed point of the scaling duality: U → − 1

3U
.

On the other hand, the red star denotes −1
2
+ i

√
3
6
, which is the fixed point of S ′. Respectively,

Z2 and Z3 enhanced symmetries are realized on those points. In the right panel, we show the
correspondences between the detailed small regions, under the scaling duality. The integers
label the small regions. Two regions with the same label are identified. Furthermore, the
identified edges are shown in the same color. [70]

By solving the F -term equations, we obtain

ImS = −Im(CD)

|D|2
, ImU = −Im(BD)

|D|2
(2.218)

in terms of A,B,C and D in Eq. (2.156). In the beginning, we impose

ImS ≥
√
3

2
(2.219)

since it is easier than ignoring the inside of the unit circle precisely.
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Indeed, this assumption works well; First, we obtained all T -independent solutions on S-
plane since we fixed the T -transformation. Then, we can choose only the solutions with ImS ≥√

3
2

without loss of generality. For the solutions with ImS <
√
3
2
, we can map them into the

solutions with ImS ≥
√
3
2
, by an appropriate sequence of S- and T -transformations. Since we

have all T -independent solutions with ImS ≥
√
3
2
, the newly obtained ones are already included

in the former set. Then, we map the remaining solutions with ImS ≥
√
3
2

into the solutions
within −1

2
≤ ReS < 1

2
. Since we have not fixed S-transformation yet, we can simply ignore the

solutions which are outside of the SL(2,Z) fundamental region.
However, without the scaling duality, we cannot make an analogous assumption on U , since

the fundamental region of Γ0(3) contains all ImU > 0. Then, in this procedure, the finiteness
is not ensured This difficulty comes from the fact that there are infinite regions which are
equivalent to the FSL(2,Z) within |ReU | ≤ 1

2
. Thus, the scaling duality is necessary to ensure

finiteness if we rely on this method, as it gives the bound

ImU ≥ 1

2
√
3
. (2.220)

Let us call the region F := |ReU | ≤ 1
2
∧ImU ≥ 1

2
√
3
. The bound on ImS implies |D|2 ≤ Nflux

via Eq. (2.188). Then, together with the quantization condition, it implies that c0 and c1 are
multiples of 6 and 2 respectively, and satisfy

6

⌈
−1

6

√
Nflux

⌉
≤c0 ≤ 6

⌊
1

6

√
Nflux

⌋
, (2.221)

2

⌈
−1

2

√
3
√
Nflux − (c0)2 + c0

3

⌉
≤c1 ≤ 2

⌊
1

2

√
3
√
Nflux − (c0)2 − c0

3

⌋
. (2.222)

Here, we generate the possible values of c0 from the first line. Then, we substitute each possible
value into the second line, and we obtain the possible values of c1.

On the other hand, due to the quantization condition and the definitions of the complexified
fluxes, we see that − 1√

3
Im(CD) and −2

√
3Im(BD) are positive integers in this region. Then,

from the relationship between the tadpole charge and moduli VEVs, we have

3|D|2Nflux

6
=

(
− 1√

3
Im(CD)

)(
−2

√
3Im(BD)

)
. (2.223)

Thus, we can determine B by the inequality

3|D|2 ≤ ImD(2
√
3ReB)− ImB(2

√
3ReD) ≤ 3|D|2Nflux

6
. (2.224)

Note that D is already determined in terms of c0,1.

Next, we fix C via Eq. (2.223). Of course, −2
√
3Im(BD) must divide out 3|D|2Nflux

6
. Then,

requiring also ImS ≥
√
3
2

yields



2.A. APPENDICES FOR THIS CHAPTER 87

• c0 > 0 case
d0, a0: fixed. We obtain

4

⌈
1

4

|D|2 + ImB2
√
3ReD

3ImD

⌉
≤ d1 ≤ 4

⌊
1

4

3|D|2Nflux

6
+ ImB2

√
3ReD

3ImD

⌋
, (2.225)

and

a1 = − 1

c0

(
3|D|2Nflux

6

1

−2
√
3Im(BD)

− a0c1
)
. (2.226)

Here, a1 ∈ 2Z must be checked due to the quantization condition.

• c0 = 0, c1 > 0 case
d1, a

1: fixed. We obtain

2

⌈
−1

2

3|D|2Nflux

6
− 2

√
3ImDReB

2
√
3ReD

⌉
≤ d0 ≤ 2

⌊
1

2

−|D|2 + 2
√
3ImDReB

2
√
3ReD

⌋
, (2.227)

and

a0 =
1

c1

(
|D|2Nflux

6

1

−2
√
3Im(BD)

+ a1c0
)
, (2.228)

Here, a0 ∈ 6Z must be checked due to the quantization condition.

Finally, A can be fixed via the F -term equation (2.187) AD −BC = 0 as

b0 = −Im
CB

D
=

−1

|D|2
(ImBImCImD − ReBReCImD +ReBImCReD + ImBReCReD) ,

(2.229)

b1 = − 2√
3
Re
CB

D

=
−2√
3|D|2

(ReBImCImD + ImBReCImD − ImBImCReD +ReBReCReD) . (2.230)

Here, b0 ∈ 2Z and b1 ∈ 4Z must be checked due to the quantization condition.
Thus, we have generated the whole flux vacua within F for given Nflux. They are represen-

tatives of T -transformation, but we have to deal with d.o.f. which is relevant to S ′. It is surely
easy, due to the correspondences in Figure 2.A.2. Thus we can simply drop the solutions which
are inside the isometric circle.
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Algorithm 2
Although we have not used that, but there is another algorithm to generate all possible flux
vacua that does not need the scaling duality S ′ and is explained in the following for reference.
For the fundamental region of SL(2,Z), we can obtain the whole flux vacua in the region via
Algorithm 1. As explained, the symmetry under the S-transformation is broken, and if one
virtually transforms flux quanta by S, one would obtain fractional quanta. However, one can
transform them to integral quanta by multiplying an appropriate integer factor k. Of course,
the transformed fluxes have k2Nflux as their charge when the original fluxes have Nflux. On the
other hand, the symmetry under T -transformation is not broken. Hence, one can associate a
set of solutions (Nflux) in the other parts of the fundamental region for Γ0(3): SFSL(2,Z)\−ω,
STFSL(2,Z), and ST

−1FSL(2,Z) with the set of solutions in FSL(2,Z) whose charge is k
2Nflux. Since

it has been proven that the number of physically-distinct solutions in FSL(2,Z) is finite, we can
conclude that the number of those solutions in the whole fundamental region FΓ0(3)

is also
finite.

More concretely, we may obtain the whole vacua by the following procedure:

1. Obtain all solutions in FSL(2,Z) for some 32Nflux.

2. From the above solutions, one may find the solutions with

(b0, d0) ∈ 18Z, (b1, d1) ∈ 12Z, (a0, c0) ∈ 6Z, (a1, c1) ∈ 2Z. (2.231)

3. Then, the S image of the selected solutions can satisfy the correct quantization condition
(see Eq. (2.205)) and their complex-structure moduli VEVs are in the SF . Since this is
not a sufficient condition, one must check if the obtained solutions are indeed quantized
correctly.

4. For other regions, similar embeddings can be found.

This algorithm is apparently inefficient. Indeed, for the increase of Nflux, the maximum
allowed values of c0, c1 behave as ∼

√
Nflux, while that of d1 behaves ∼ N

3/2
flux. Nevertheless, we

can show the finiteness of the landscape without the scaling duality S(3), though the lack of the
additional duality seems to make the discussion which is based on the bound for ImU invalid.

Counting the solutions
In counting the physically-distinct solutions with their degeneracy, one should be careful not
to count the same solution more than once. This overcounting can happen when there is an
additional symmetry on the VEV concerned. The additional symmetries are called the enhanced
symmetries, and an enhanced symmetry emerges as a stabilizer subgroup of the background
(modular) group. We call a point of the upper half-plane H a fixed point if there is a non-trivial
stabilizer subgroup on the point. As for the modular PSL(2,Z) group, there are three fixed
points: ω, i, and i∞ in the fundamental region. In particular, the former two points are named
the elliptic points since they are the fixed points under elliptic transformations. Since we can
stabilize the complex-structure moduli at these elliptic points exactly (i∞ is only approximately
realized in terms of q = e2πiU), we focus on them.
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The Γ0(3)⋊ Z2 also has two elliptic points: ω′ := 1
2
+ i

√
3
6

and i√
3
. We denote an enhanced

symmetry by adding the corresponding point to its subscript. Hence we have Z(ω)
3 and Z(i)

2 for

the PSL(2,Z), Z(ω′)
3 and Z

(
i√
3

)
2 for the Γ0(3) ⋊ Z2. Note that, either of S, U = i cannot be

realized on the landscape as pointed out. In fact, the solutions to the F -term equations (2.187)
are

⟨S⟩ = −C
D

=

(√
3a1 + 1√

3
a0
)
+ ia0(√

3c1 + 1√
3
c0
)
+ ic0

⟨U⟩ = −B
D

=

√
3
2
d1 + id0(√

3c1 + 1√
3
c0
)
+ ic0

.

(2.232)

Thus, taking into account the quantization condition (2.157), we see the solutions are in the
quadratic field Q(

√
−3). This phenomenon occurs only in the orientifolds with h2,1 = 1.

On those elliptic points, we have to divide the number of solutions further by some constant
factors, even after we obtained all solutions using Algorithm 1 or Algorithm 2 since we fixed
the d.o.f of the modular groups only partially. Basically, the factor is given by the order of the
enhanced group as it indicates the length of the orbit of the stabilizer group. Thus, we have to
divide the numbers of solutions on (S, U) = (ω, ·) and (·, ω) by three. However, (S, U) = (ω, ω′)
must be divided by three, not nine. This is because ω and ω′ are SL(2,Z) equivalent points
and h2,1 = 1. More concretely, ⟨W ⟩ on (ω, ω′) is written by

⟨W ⟩ = A+Bω + ω′[C +Dω] = 0, (2.233)

but a SL(2,Z)S transformation maps it into

⟨W ⟩ = A′ +B′ω′ + ω′[C +Dω′] = 0. (2.234)

Apparently, there emerges the symmetry B′ ↔ C ′. Then, let us recall that each of (A,C) (RR)
and (B,D) (NS) forms a doublet under the modular transformation of U . Schematically, under
the g ∈ Γ0(3) transformation, we have(

A′

C ′

)
→ ρ(g)

(
A′

C ′

)
,

(
B′

D′

)
→ ρ(g)

(
B′

D′

)
, (2.235)

for the representation matrix ρ(g) (2.165). Then, let us suppose that g ∈ Γ0(3)
(ω′). The

B′ ↔ C ′ symmetry implies that the above transformation is also written by(
A′

B′

)
→ ρ(g)

(
A′

B′

)
,

(
C ′

D′

)
→ ρ(g)

(
C ′

D′

)
. (2.236)

(A,B) and (C,D) form doublets under the S-duality. Indeed, ρ(g) is also the representa-
tion of SL(2,Z). The two stabilizer groups Γ0(3)

(ω′) and SL(2,Z)(ω′) are equivalent, i.e., we
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have Γ0(3)
(ω′) ≃ SL(2,Z)(ω′)(≃ Z3) on ω′. This can be checked via the relation S ′

Γ0(3)U
=

(T−1S)SL(2,Z)S (up to a sign) that is satisfied at (ω, ω′). Therefore, the dividing factor is three,
not nine.

This is in contrast to the other elliptic point i√
3
, which is not equivalent to the other elliptic

points of PSL(2,Z). On the other hand, the overall sign-flip (F3, H3) → −(F3, H3) is equivalent

to Γ0(3)
( i√

3
)
on the elliptic point U = i√

3
. Since we have already modded out the landscape by

the sign-flip in Algorithm 1, we do not have to divide the solutions on U = i√
3
further.

2.A.2 The most general duality in reparametrizations of U

In this section, we give an explicit proof of the fact that the most general symmetry of the
Z6−II period vector (2.170) is the Γ0(3) ⋊ S(3). Here, a symmetry is considered as a candidate
when the symplectic transformation Sp(b3 = 4,Z) of the third-cohomology is compatible with
the symmetry. Since we assume that such symmetries act on the complex-structure modulus,
we begin the discussion by determining the most general action in terms of the symplectic
transformation.

A pair of a G3 flux and a period matrix, (G3,Π), forms an orbit under the Sp(b3,Z) up to
a Kähler transformation:

(G3,Π) → (MG3, kMΠ), (2.237)

with k := k(U) being a factor which is independent of the background coordinates and M ∈
Sp(4,Z). The pairs (G3,Π) which enter the same orbit are identified under the symmetry. If
we write a representative of the pairs as (G3,Π), the two pairs (G3,Π) and (MG3,Π) are not
in the same class (M is again an arbitrary Sp(4,Z) matrix). G3 is independent of the complex-
structure modulus U . Then, the compatibility means that these different classes can be further
identified by a reparameterization of U : U → U ′ := f(U). The action of Γ0(3) and the scaling
duality S(3) are examples of the case. In other words, the reparameterization U ′ = f(U) and
the basis transformation of the third cohomology Sp(b3,Z) are compatible if and only if

∃f : U ′ = f(U),
(∃M ∈ Sp(4,Z), ∃k = k(U) ∈ C s.t. Π(U ′) = Π (f(U)) = k(U)MΠ(U)

)
.

(2.238)

If this is the case, the two orbit classes are identified as [MG3,Π(U
′)] = [MG3, k(U)MΠ(U)].

This reparameterization connects the two solutions with U and U ′ on the VEVs plane, and we
have to choose one representative from each total orbit. Note that the reparametrizations and
Sp(b3,Z) do not need to be in one-to-one correspondence.

Then, what is the most general reparameterization of U where there is a possibility to be
compatible with the basis transformation Sp(4,Z)? In fact, the reparameterization has to be
a simple linear fractional transformation with integer coefficients27,

U → aU + b

cU + d
. (2.239)

27Although we can choose the coefficients to satisfy ad − bc = 1 and to be real (i.e., SL(2,R)), we do not
redefine a, b, c, d so because we can discuss the following argument when the parameters are integers.
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This comes from the definition of U :

U ∝

∫
B

Ω∫
A

Ω
. (2.240)

Then, one can see the linear fractional transformation is induced via the basis transformation(∫ ′
A
Ω∫ ′

B
Ω

)
=M

(∫
A
Ω∫

B
Ω

)
, (2.241)

with M ∈ Sp(4,Z). Hence, we can find the most general transformation U that is compatible
with the basis transformation by finding conditions28 on a, b, c, d to make M an appropriate
symplectic matrix.

To derive the identities, it is important to note that the factor k = k(U) can be factorized
as k(U) = (cU + d)−1k′, where k′ is a numerical factor that is independent of U . This can
be shown as follows. The compatibility of the linear fractional transformation and the basis
transformation and a possible Kähler transformation leads

cU + d

−i
√
3(aU + b)

3(aU + b)

i
√
3(cU + d)

 = k′


x11 + i

√
3x14 + U(−x12i

√
3 + 3x13)

x21 + i
√
3x24 + U(−x22i

√
3 + 3x23)

x31 + i
√
3x34 + U(−x32i

√
3 + 3x33)

x41 + i
√
3x44 + U(−x42i

√
3 + 3x43)

 , (2.242)

where k′ = (cU + d)k and (xij)s are matrix elements of X ∈ Sp(4,Z) if the transformation of
U is a symmetry. The basis of the period matrix is chosen to be Π = (1,−

√
3iU, 3U,

√
3i)T . As

Eqs. (2.242) must hold everywhere of the complex-structure modulus space, it is sufficient to
assume that k′ ∼ U or k′ ∼ 1

U
if it depends on U . For each dependence, the resultant identities

imply that −xi2i
√
3 + 3xi3 = 0 and xi1 + i

√
3xi4 = 0 (∀i) respectively. Both of these relations

make the determinant of X vanish, hence it contradicts the assumption. Henceforth, we denote
the numerical part k′ as k.

Therefore, we are left with the following identities:

x14 =
1√
3k

(
−i(cU + d) + ik(x11 + 3Ux13) +

√
3kUx12

)
,

x24 =
1

3k

(
−3(aU + b) + ik

√
3(x21 + Ux23) + 3kUx22

)
,

x34 =
1

3

(
3(x21 + 3Ux23 + Ux32) + i

√
3(x31 − 3Ux22 + 3x24 + 3Ux33)

)
,

x44 =
1√
3

(√
3(x11 + 3Ux13 + Ux42) + i(x41 + 3x14 − 3Ux12 + 3Ux43)

)
,

(2.243)

28Since the reparameterization must be defined on the whole modulus space, we obtain the conditions as
identities with regard to U .
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where the last two identities make the form of X

X =


x44 x43 −x42

3
−x41

3

x34 x33 −x32

3
−x31

3

x31 x32 x33 x34
x41 x42 x43 x44

 . (2.244)

On the other hand, the first two identities imply that

−
√
3x12
c

=

√
3x14
d

=
x21√
3b

=

√
3x23
a

= Im
1

k
,

3x13
c

=
x11
d

= −x24
b

=
x22
a

= Re
1

k
.

(2.245)

when a, b, c, d do not vanish. If some of them are zero, the identities force the (xij)s that enter
the corresponding numerators to be zero. The argument is divided into cases according to
which of a, b, c, or d are 0, as follows.

Case I. a, b, c, d ̸= 0
In this case, X becomes

X =


d
a
x33

c
3a
x32

c
3a
x33 − d

3a
x32

− b
a
x32 x33 −x32

3
− b

a
x33

3b
a
x33 x32 x33 − b

a
x32

d
a
x32 − c

a
x33

c
3a
x32

d
a
x33

 . (2.246)

where all elements must be integers. The condition that X is symplectic: XTΣX = Σ leads

(ad− bc)
x232 + 3x233

3a2
= 1. (2.247)

Since a, b, c, d are all integers and (xij)s are real, we have ad− bc ≥ 1.
The case ad− bc = 1 is rather simple. (xij)s are all integers and we have x32 =

3a
c
m,x33 =

3a
c
n (m,n ∈ Z) and

3(m2 + 3n2)

c2
= 1. (2.248)

Therefore c must be c ∈ 3Z and the linear fractional transformation forms Γ0(3). Since we
have proven a linear fractional transformation with non-vanishing a, b, c, d and ad − bc = 1 is
an element of Γ0(3) and Γ0(3) is compatible with the basis transformation in Section 2.4.1.3,
the whole Γ0(3) is the most general symmetry in this case.

Let us next consider ad− bc > 1 case. Following the previous lines, we have

3(m2 + 3n2)(ad− bc) = c2, (2.249)
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and thus c ∈ 3Z. For the case x33 ̸= 0 i.e., n ̸= 0, Eq. (2.247) leads

x232 + 3x233 =
3a2

ad− bc

=
3

d
a
− (− b

a
)3(− c

3a
)

=
3x233(

d
a
x33
)
x33 −

(
− b

a
x33
)
3
(
− c

3a
x33
) (x33 ̸= 0). (2.250)

Here, all e := d
a
x33, f := − b

a
x33, g := − c

3a
x33 must be integer due to the explicit form of X

(2.246). It implies that

ex33 − 3fg =
3x233

x232 + 3x233
(2.251)

must be an integer. Both side of the above equation are integers i.e. x232 + 3x233 ≤ 3x233, and it
leads x32 = 0. Similarly, we have x33 = 0 when x32 ̸= 0 is assumed. Hence the following two
cases are left:

Case I-i. ad− bc > 1 and x33 ̸= 0, x32 = 0
Here, X is given by

X = x33


d
a

0 c′

a
0

0 1 0 − b
a

3b
a

0 1 0

0 −3c′

a
0 d

a

 (2.252)

with c′ := c
3
∈ Z and XTΣX = Σ gives

|x33| =
|a|√
ad− bc

. (2.253)

The requirement that X is an integral matrix implies that the following four quantities

ã =
a√

ad− bc
, b̃ =

b√
ad− bc

, c̃′ =
c′√

ad− bc
, d̃′ =

d√
ad− bc

(2.254)

are all integers and these satisfy ãd̃− 3b̃c̃′ = 1. However, the existence of these integers implies
gcd(a, b, c, d) ≥

√
ad− bc > 1 and a redefinition of a, b, c, d can reduce the problem to the

ad− bc = 1 case. Hence, we have again Γ0(3) for the case x32 = 0.

Case I-ii. ad− bc > 1 and x32 ̸= 0, x33 = 0
In this case, X becomes

X =
x32
3


0 c

a
0 −d

a

−3b
a

0 −1 0
0 3 0 −3b

a
3d
a

0 c
a

0

 . (2.255)
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The requirement thatX is an integral matrix implies that the four quantitiesm1 :=
c
3a
x32,m2 :=

d
3a
x32,m3 :=

b
a
x32,m4 :=

x32

3
are all integers. On the other hand, the condition XTΣX = Σ:

|x32| =
√
3|a|√

ad− bc
(2.256)

gives

m4 =
1 +m1m3

3m2

, b =
a

3m4

, c = −3(bm2
1 − am1m2), d = −3(bm1m2 − am2

2) (2.257)

and a2 = 3m2
4(ad− bc). Therefore a, c, d are multiples of three and we have

X =
1√

3a′d′ − bc′


0 c′ 0 −d′
−b 0 −a′ 0
0 3a′ 0 −b
3d′ 0 c′ 0

 (2.258)

for a := 3a′, c := 3c′, d := 3d′. Therefore

ã′ =
a′√

3a′d′ − bc′
, b̃ =

b√
3a′d′ − bc′

, c̃′ =
c′√

3a′d′ − bc′
, d̃′ =

d′√
3a′d′ − bc′

. (2.259)

must be integers and these satisfy 3ã′d̃′ − b̃c̃′ = 1. Using these variables X is rewritten by

X =


0 c̃′ 0 −d̃′
−b̃ 0 −ã′ 0

0 3ã′ 0 −b̃
3d̃ 0 c̃′ 0

 , (2.260)

which is an integral symplectic matrix. This X can be expressed as a product of a Γ0(3)

transformation and the scaling duality U → − 1
3U

. Let

(
v w
3x y

)
a matrix in Γ0(3). Then, the

consecutive transformation on the period matrix leads
y 0 x 0
0 v 0 −w
3w 0 v 0
0 −3x 0 y



0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 =


0 y 0 x
v 0 −w 0
0 3w 0 v

−3x 0 d 0

 , (2.261)

or 
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0



y 0 x 0
0 v 0 −w
3w 0 v 0
0 −3x 0 y

 =


0 v 0 −w
y 0 x 0
0 −3x 0 y
3w 0 v 0

 . (2.262)
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In the former equation, we can put

v = −b̃, w = ã′, x = −d̃′, y = c̃′ (2.263)

and obtain the X in Eq. (2.260). Similarly, the latter one reduces to the X.

Since Γ0(3) and the scaling duality are independent, the most general symmetries of U in
this case are Γ0(3) and the scaling duality, and the total symmetry is given by their outer
semidirect product.

Case II. a, d = 0, b, c ̸= 0
In the usual SL(2,Z), we will find the S-transformation in this case. Now, X is written by

X =


0 − c

3b
x34

c
9b
x31 0

x34 0 0 −x31

3

x31 0 0 x34
0 − c

3b
x31 − c

3b
x34 0

 , (2.264)

and there must be integers m,n such that x31 = 9b
c
m,x34 = 3b

c
n, (m,n ∈ Z). The condition

XTΣX = Σ:

−3b(3m2 + n2) = c (2.265)

leads c ∈ 3Z and bc < 0.

Let us denote 3b
c
by q−1, where q = −(3m2 + n2) ∈ −N. Then, x31 = 3m

q
, x34 = n

q
and we

find that x31 ∈ 3Z. This is consistent with the definition of q if and only if m = 0, n = 1. We
have b = − c

3
, and X is reduced to the scaling duality. Hence, S-transformation is broken and

the scaling duality remains.

Case III. b, c = 0 , a, d ̸= 0 X is written by

X =


d
a
x33 0 0 − d

3a
x32

0 x33 −x32

3
0

0 x32 x33 0
d
a
x32 0 0 d

a
x33

 . (2.266)

Putting x32 = −3a
d
m and x33 =

a
d
n,

a

d
(3m2 + n2) = 1 (2.267)

is imposed by XTΣX = Σ. Hence, q := d
a
= 3m2+n2 ∈ N and x32 ∈ 3Z, x33 ∈ Z hold. The case

m = 0, n = 1 is only consistent with the definition of q, and it gives the trivial transformation
X = 1, U → U .
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Case IV. a = 0, b, c, d ̸= 0

X =


d
3b
x31

c
3d
x41 − c

9b
x31 −x41

3

− b
d
x41 0 0 −x31

3

x31 0 0 − b
d
x41

x41
c
3b
x31

c
3d
x41

d
3b
x31

 (2.268)

holds and XTΣX = Σ implies

x31x41 = 0,

c

9b
x231 −

bc

3d2
x241 = 1.

(2.269)

Hence we have x31 = 0 or x41 = 0. When x41 vanishes, we have a product of two integers:

c

9b
x231 =

(
− c

3b
x31

)(
−x31

3

)
= 1. (2.270)

However, this contradicts the requirement c
9b
x31 is an integer.

Let us assume x31 = 0. Similarly, we have

− bc

3d2
x241 =

( c
3d
x41

)(
− b

d
x41

)
= 1, (2.271)

which implies b = − c
3
. d2 = b2x241 and x41 ∈ 3Z imply that d ∈ 3Z. Then, the reparameteriza-

tion becomes

U → − m

3(mU + n)
, (2.272)

where c = 3m and d = 3n, m,n ∈ Z. From (−x41

3
)2 = d2

c2
∈ Z, we also find n

m
∈ Z and the

reparameterization is reduced to

U → U = − 1

3(U + q)
q ∈ Z, (2.273)

which is a product of the T -transformation and the scaling duality.

Case V. b = 0, a, c, d ̸= 0
X is written by

X =


d
a
x33

c
3a
x32

c
3a
x33 − d

3a
x32

0 x33 −x32

3
0

0 x32 x33 0
d
a
x32 − c

a
x33

c
3a
x32

d
a
x33

 , (2.274)

and one can show that XTΣX = Σ implies

U → U

3qU + 1
q ∈ Z, (2.275)

in the same manner as case III. Hence we have again Γ0(3) on U .
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Case VI. c = 0, a, b, d ̸= 0
Following the lines of the previous cases, one obtains U ′ = U + q, q ∈ Z. Thus, we find the
usual T -transformation.

Case VII. d = 0, a, b, c ̸= 0
Similarly, one finds U ′ = 3qU−1

3q
= − 1

3U
+ q, q ∈ Z. Thus, U ′ is a composition of the T -

transformation and the scaling duality.



Chapter 3

Machine Learning on Landscape

In the previous chapter, we obtained the whole flux landscape on the toroidal orientifolds
and discussed its statistical properties. However, there is another approach that can analyze
structures of the landscape, namely machine learning. In this paper, machine learning refers
to the use of neural networks that are highly expressive with a non-linear structure, including
contributions from activation functions. Among them, neural networks with many layers called
deep neural networks, have become easily accessible due to recent improvements in the compu-
tational power of computers. Although machine learning has become ubiquitous in the modern
era, it is not limited to real-world applications such as industrial applications. In fact, machine
learning can be used for more general tasks. In other words, it can also be used in theoretical
physics. The actual use of machine learning in particle physics has been more broadened (see for
reviews, e.g., [159, 160] in particle physics and [161] in more general physics.). We analyze the
string landscape via the machine learning approach in this chapter and find some observations.

We start with a brief review of type IIA intersecting D-brane models in Section 3.1. Then,
in Section 3.2, we shortly mention the previous studies on this topic and explain an archi-
tecture that we will consider later. After the reviews, we have the motivation to study a
machine-learning-based analysis on the landscape of intersecting D-brane models and discuss
our observations there via the so-called autoencoder models in Section 3.3.

98
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3.1 Some Basic Ingredients in Intersecting D-brane

Models and Applications of Machine Learning

NOTE: This section (Section 3.1) is fully dedicated for a review.
In this section, we first outline some basic ingredients of intersecting D-brane models (see

for reviews, [1, 23,27]).

3.1.1 Parallel and Coincident D-branes

For the later sections, we start with an overview of a certain class of D-brane configurations,
where the D-branes are aligned in parallel and possibly coincident with each other. At first
glance, it seems peculiar since D-branes are charged objects. Nevertheless in the supersym-
metric case the gravitational (attractive) interaction where the DBI action plays a role and the
Coulomb (repulsive) interaction where the CS action plays a role exactly cancel each other.

As a single D-brane leads a U(1) vector multiplet, a set of N parallel (but separated) D-
branes lead to U(1)n gauge bosons in the massless spectrum. If we label the parallel D-branes
by a, b, . . . , the gauge bosons come from open strings connecting between a-th and a-th D-
branes (aa-sector). For the ab-sector, the open strings become massive as we expected by their
tension, and they are charged by U(1)a × U(1)b as (+1,−1).

On the other hand, the coincident N parallel D-branes cannot be distinguished from each
other. Then the U(1)×U(1) gauge group enhances to a single U(n) group. Note that superstring
theory has a virtue in this point, since in bosonic string theory one cannot obtain a conserved
charge associated with the endpoints of open strings.

Furthermore, the flat potential between parallel but separated D-branes and coincident ones
naturally explains the Higgs mechanism, as the above gauge groups imply.

3.1.2 Intersecting D6-branes

Next, we discuss a system of D-branes intersecting at angles, where broad phenomenological
models have been constructed. In the following, we restrict ourselves to consider configurations
only of D6-branes which wrap three-cycles of type IIA CY orientifolds (again, the results are
the same also for the N = 1 toroidal orientifold), as these will be the focus of our interest.

For illustrative purposes, let us assume two intersecting D6-branes at a nonzero angle in a
flat 10d space whose 6d space is decomposed into triple R2 planes. When the angle between two
D6-branes on a plane is θ, we have an open string of length l satisfying the following boundary
conditions (which is simply obtained by setting direction i to be parallel to the first D6-brane
and θ to be oriented from the first one to the second one):

∂σX
i
∣∣
σ=0

= 0,
(
cos θ∂σX

i + sin θ∂σX
i+1
)∣∣

σ=l
= 0, (3.1)

∂τX
i+1
∣∣
σ=0

= 0,
(
− sin θ∂τX

i + cos θ∂τX
i+1
)∣∣

σ=l
= 0, (3.2)

where (τ, σ) are coordinates of the worldsheet and (i, i+1) are directions which we now consider.
Each line comes from the aforementioned NN and DD boundary conditions, respectively. The
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Polyakov action with the above action gives the usual 2d wave equation (−∂2τ+∂2σ)X i,i+1(τ, σ) =
0, and the solutions are independently obtained for their left- and right-moving d.o.f. Following
the lines of [26], we complexify them into Zi = X i + iX i+1 and obtain its mode expansion.
Recasting the boundary conditions into those of Z makes it easy to guess the mode expansion:

∂σReZ
i
∣∣
σ=0

= 0, ∂σ
[
Re(eiθZi)

]∣∣
σ=l

= 0, (3.3)

∂τ ImZ
i
∣∣
σ=0

= 0, ∂τ
[
Im(eiθZi)

]∣∣
σ=l

= 0. (3.4)

Due to the definition, for θ = 0, the real part and the imaginary part satisfy NN (∼ cos) and
DD (∼ sin) conditions respectively. In the presence of θ, to explain the phase shift, the mode
n is shifted as n + θ/π (in general it is not a (half-)integer). The same is true for the fermion
part. The linear terms which appear in the usual NN open string are absent, and the motion
of the center of mass is frozen to the intersecting point of the D-branes. Thus they are local-
ized at 4d intersecting region, and corresponding states include fermions in the bifundamental
representation (Na,Nb) of U(Na) × U(Nb) (U(1) charges are implicitly understood as +1,−1
respectively) when the intersecting two D-branes promote to two stacks of Na, Nb D-branes.
Here, the relative sign comes from the fact the endpoints have opposite orientations to each
other while it can be already seen in bosonic string theory. Since these states are associated
with each intersection point, we have a multiplicity of Iab, where Iab denotes the intersection
number of two stacks a, b. Considering the initial (R2)3, the N = 1 SUSY condition is given
by θ1 + θ2 + θ3 = 0 (mod 2π), where θ1,2,3 are angles in each R2. In the orientifold com-
pactifications on general CY three-folds, the SUSY condition imposed on a stack of D6-brane
to wrap a certain class of three-cycles, which is called special Lagrangian (sLag) cycles. The
compactifications also require the tadpole cancellation condition as in the type IIB O3/D3 case.

Although our aim is not to construct a concrete model, we note that there are additional
representations in the presence of O-planes, due to the appearance of a mirror stack under R
for each stack of D-branes. On the T 6/Z2 × Z′

2 toroidal orientifold with no discrete torsion
(there is an ambiguity in the definition of the torsion, see for the concrete discussion [162]), a
stack of N D-branes coincident with an O6-plane yields USp(2N) (which also has an ambiguity
in its definition, and we define USp(2) ≃ SU(2)). The other intersections with a mirror stack
can be used to introduce fermions in (anti-)symmetric representation.

Further details including the consistency conditions will be summarized in the actual study
on the T 6/(Z2 × Z′

2) orientifold.
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3.2 Some Machine Learning Techniques and Its

Applications in String Theory

NOTE: This section (Section 3.2) is fully dedicated to a review.

The birth of the concept of machine learning (ML) in the modern sense dates back more
than 60 years ago (for a historical review, see [163], and for a review of fundamental concepts,
see a textbook [164]). These early studies gave rise to the concept of ML based on neural
networks, the most promising candidate for a paradigm shift in the 21st century while ML is
a very broad term. Here, a neural network is usually defined as a sequence of pairs of a linear
map and a nonlinear function which is called an activation function. The method based on the
neural networks is supported by the so-called universal approximation theorem (see, e.g., [165]
which is a monumental paper in this context)1. Indeed, even a shallow one, a neural network
is claimed to be able to express almost any functions (at least continuous functions in the Lp

(1 ≤ p < ∞) space are included). In our analysis, we use the neural-network-based method in
certain type IIA intersecting D-brane models.

As ML becomes more widely used, it is indeed becoming increasingly applied to string
theory. See for very early works based on genetic algorithms (a different notion from ML based
on the neural network), e.g., [169, 170], and those based on the neural networks, [171–173].
Furthermore, the combination of two methods is performed in [174]. In this section, we give a
brief review of some ML techniques. Due to the large number of studies in this context, only
a few comprehensive reviews are available. See for more reviews of ML-based studies in string
theory, e.g., [45, 175–178] and Section 2 in [179].

3.2.1 Methods based on Machine Learning

As mentioned, the term machine learning has very broad meanings. In general, it is classified
into three major paradigms i.e., supervised learning, unsupervised learning, and reinforcement
learning [180]. While there are other paradigms including semi-supervised learning, let us focus
on these main paradigms and explain them shortly. The actual use cases in string theory are
comprehensively surveyed in [45].

Supervised learning
Supervised learning is perhaps the simplest concept in machine learning. Indeed it includes
classification problems and regression problems, as its central uses. Basically, supervised learn-
ing requires a “labeled” dataset, which means one already knows a correspondence between
two variables, or observed values (x, y), and one of them is interpreted as a label of another.

For example, let us assume there is a collection of handwritten numbers. We can tell which
number it is by looking at it, but if we combine it with the image data as a label, we have

1Note that these discussions depend on the choice of activation functions. The paper which we cited assumes
the sigmoid function for it, but our work will be based on mainly the SeLU (stands for Scaled Exponential Linear
Unit) function [166] which is a generalization of the ReLU function (Rectified Linear Unit, which was firstly
used in [167]). For the ReLU function, the universal approximation property is also proven [168].
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the dataset. Then, the supervised learning architecture attempts to learn the correspondence.
In terms of the neural networks, the matrices of linear maps, which are called “weights” are
adjusted to predict the label data, if the given input data is the set of handwritten images in
the example.

A simple regression problem is another example. Since data which is obtained by experi-
ments contains noise intrinsically, one often guesses a relation between variables via regression.
The simplest case is that there are only two variables (x, y), then finding a relation y = f(x) is
solved by the supervised learning, and it is generalized to higher dimensions.

In this concept, the performance of machine learning will be measured by its generalization
ability. The ability is closely related to the notion of overfitting. Suppose that the learning
reproduces the correspondences by 100% accuracy in the first example. Then, when fed with
a new handwritten image, does the learned model correctly tell us the correct label? In cases
where training data can be trained with high accuracy, extra details of the training data have
been learned, often resulting in poor prediction performance for new data. Methods such
as artificially adding noise to the data, terminating the learning process itself at an early
stage, or cross-validation are possible workarounds. In regression problems, there are two
approaches: maximum likelihood estimation and Bayesian estimation. The former method
usually incorporates a regularization term, which adds a negative bias when the weights take
somewhat large values (they often indicate overfitting), while the latter method assumes a prior
probability distribution on the weights and restricts the range of weights.

Unsupervised learning
Learning with no valid labels is called unsupervised learning. The important areas of appli-
cations are dimensional reduction and clustering. We will perform unsupervised learning as a
method for dimensional reduction and clustering in the following sections via an autoencoder
model, so let us mention these frameworks briefly.

Dimensional reduction in this context is a procedure that reduces d.o.f. in given data by
neglecting its unnecessary parts. Principal component analysis (PCA) which finds a basis
where variations of data are effectively explained along its few axes is also included in this
category as a typical classical method. The autoencoder2, which is a model based on a neural
network, may approach this kind of problem in a more sophisticated way. Their input data and
output data are the same. Then, by configuring the dimensions of its inner layers to be small,
the autoencoder attempts to extract the necessary features of given data. In principle, such
features are accumulated in its inner layers. The dimensions of the innermost layer, which is
called the latent layer, are usually made very small, such as two or three dimensions. An ideal
autoencoder model which learns the needed features will exhibit the extracted features in its
latent layer. If the dimensions of the latent layer are sufficiently small, one can even visualize
the features as a distribution of output data from that layer. The distribution often forms a set
of discrete islands, which are called clusters, and it explains the differences in the data (e.g.,
cats and dogs are classified in two different islands when the given data is a collection of their

2As using the input data as its label, it may classified into supervised learning, but the way the autoencoder
attempts to learn in its latent layer is often classified into unsupervised learning. See for a review, [181]
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images). Due to these properties of autoencoder models, the first part of an auto-encoder is
called the encoder, the middle part is called the latent layer, and the latter part is called the
decoder. The clustering method is also used to classify the islands not by humans, but by
an automatic and not arbitrary way, which is based on some statistical and geometrical data
e.g., densities of islands, distances between points, and averages over some regions. However,
there is a large set of clustering methods, and they often have hyperparameters. Therefore, in
the following sections, we will modify the results of the automatic clustering by hand, but we
assume that the main points of discussion will not be lost.

Reinforcement learning
Reinforcement learning (abbreviated as RL, and see for a review, [182]) is completely different
from the previous two methods in point that the data is not need to be prepared and fixed
already, i.e., RL has the concept of “environment” and the process of interacting with the
environment.

Suppose there is a set of whole “states” of a system, S. On S, a set A is defined as a
collection of all possible “actions” A, where A acts on S and maps to S ′ ∈ S. Then a transition
matrix TS′S := ⟨S ′ |A |S⟩ is a set of probabilities, where ⟨S ′ |A |S⟩ gives a probability of
transition from a state S to a state S ′ via an action A. On the other hand, a random quantity
called “reward” RA which has an expectation value ⟨S ′ |RA |S⟩ ∈ R is also given after the
action. Then let us consider a process consisting of sequential actions, states, and rewards
labeled by time t. Basically, RL is formulated on the Markov decision process (MDP), and the
aim of learning is finding a process which maximizes an expected value of total reward over the
process.

RL is also employed in string theory, while the genetic algorithm which is first used in this
context [169] is also similar to RL in that both are formulated on a process. Since RL is not
performed below, further details are omitted.
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3.3 Autoencoder-Driven Clustering of IIA Intersecting

D-brane Models via Tadpole Charge

NOTE: This section (Section 3.3) is fully based on our results in [71]. In particular, the
figures and tables exhibited in this section are the same as those in [71], and we simply cite
them from the paper.

In this section, we present an application of a certain type of machine learning method,
which is called autoencoder, in type IIA intersecting D-brane model. The section is organized
as follows. In Section 3.3.1, we first give an introduction for this research and motivate the
following analysis. Then in Section 3.3.2, we explain the explicit procedure to obtain the whole
set of D-brane configurations, within a bound on the complex-structure moduli U . Further
constraints which are not explained in Section 3.1 will be also given explicitly there. Specifically,
we use concrete models in [183] which is cited in Section 3.3.2.3 to generate the dataset. Then
in Section 3.4.1, we define the autoencoder models with some modifications and train them
for the dataset in the following sections. Finally, we attempt to extract features hidden in the
landscape from the latent layer of the autoencoder models and find a certain quantity that
characterizes the observed clusters. We conclude this topic in Section 3.5.

3.3.1 Motivation

Extracting features of intersecting D-branes landscape
As explained, type IIA string theory provides us with a phenomenologically useful framework
with intersecting D6-branes. One can directly construct a minimal supersymmetric Standard
Model (MSSM)-like model or its generalization and many studies have been built phenomeno-
logical models (see for early works, e.g., [1,23,27,28]). Although these models are phenomeno-
logically interesting, but we emphasize that there are usually large d.o.f. to configure D-branes.
As the D6-branes wrap three-cycles of internal 6d space, one may wonder if the number of
configurations is infinite. In fact, the number of configurations preserving N = 1 SUSY on
the T 6/Z2 × Z2 orientifold turns out to reach 134 billion [184]. It is fairly said a huge number.
Nevertheless, the authors of [183] reported that for given concrete models, the probability of
obtaining a three-family MSSM model among general configurations is only 10−9, or one in a
billion. Hence, it means we may obtain only O(10) three-family models on the vast landscape
of intersecting D-brane models on the orientifold. Moreover, due to the Diophantine-type na-
ture of constraints, it is hard to obtain those phenomenological configurations concretely. It
naturally motivates a study based on the statistical approach (see, e.g., [185]) while brute-force
scanning is also performed (see, e.g., [186]).

Machine-learning-based approaches have also been studied. So far, the reinforcement learn-
ing (RL) and the genetic algorithm mentioned in Section 3.2.1 are used to find a new configu-
ration which is phenomenologically interesting in [187, 188]. While the deterministic approach
is computationally difficult, these machine-learning-based nonlinear approaches enable one to
know more broader string landscape.

Although we are also interested in finding new configurations satisfying some models, we
have another viewpoint for this string landscape at present. If the three-family configurations
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are rare in the landscape, we wonder which physical properties or physical quantities associated
with the configurations, are distinct compared to other configurations. In fact, the number
three is different from other integers, but the number of generations is a nonlinear function
of the wrapping numbers of D-branes with many nonlinear constraints, which are explicitly
shown later. Thus, controlling the number of generations by positioning D6-branes is very
difficult and we wonder if there are other characterizations of the phenomenological models in
terms of some physical quantities. Indeed, when it is compared to other family numbers, the
three-family model has considerably smaller probabilities [183], which may suggest that there
are hidden properties unique to the three-family model. In the first place, the same hidden
structure may be suggested for configurations where the number of generations is well-defined.
As shown later, it is highly nontrivial that the numbers of generations of quarks and leptons are
aligned. Moreover, those of left-handed and right-handed fermions are not aligned in general.
Characterizing the phenomenological configurations in terms of some physical quantities is
interesting, and this is the goal of this research.

Indeed, there already exist statistical studies on this topic [183, 185]. The authors of [183]
focused on the phenomenological models and studied distributions of some physical quantities.
However, this study further considers non-phenomenological configurations in order to find the
characteristics of phenomenological ones, and uses machine learning-based techniques rather
than statistical methods. One problem with the statistical approach is that it is vague about
which quantity should we focus on. In this study, we avoid this problem by using autoencoder
models, which extract important features of input data into their latent layers. We define several
concrete autoencoder architectures and feed them with the D-brane configurations, whether
they are phenomenological or not. Then ideal autoencoder models should extract features
which are necessary to reproduce from their small latent layers, and we will observe them as
a set of discrete islands. Indeed, the autoencoder-based method is already used to visualize
the clustering of type IIA intersecting D-brane models (but different models) [189, 190]. Our
goal is to go beyond the visualization and find differences between those clusters in terms of
more fundamental physical quantities3. Note that an autoencoder model whose latent layer has
sufficiently small dimensions should focus on the most important features of given data. Thus,
we can conclude that a physical quantity characterizes the data if we can explain differences
between clusters by that quantity, and this is one of the big differences from statistical studies.

Limitations and possible workarounds
It is fair to note the possible disadvantages of this method at this level. We have to keep in
mind these limitations and find workarounds for each limitation.

1. The three-family model configuration is not obtainable.
Unfortunately, we could not find a three-family configuration for models in [183] in this
study, as suggested by its extraordinarily small probability. Thus, our initial goal of
characterizing the three-family configurations has already failed. On the other hand, a
configuration where the numbers of generations of quarks and leptons are the same (we

3This methodology is utilized on different phenomenological corners of string theory, in particular heterotic
string theory. See [191–194] for this kind of studies.
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will call it “aligned”) is already a nontrivial one, thus we decide to weaken the goal of
this study. Our goal in this study is to characterize the aligned configurations among the
whole configurations.

2. “Curse of dimensionality”
This term refers to several nontrivial phenomena which occur due to the nature of higher-
dimensional space. The mass distribution of a higher-dimensional sphere is an example,
since its center is not a center of the mass distribution, i.e., almost all mass is concentrated
in its outer shell. This nature of higher-dimensional space makes it difficult to quantify
clustering. Thus, we restrict the dimensions of latent layers to be sufficiently small. As a
result, only a few important features will be extracted.

3. Robustness
The machine-learning-based studies usually possess a problem with the robustness of
their results. In the first place, we can almost freely define an ML model. For neural
networks, not only the architecture of nodes and layers but also their activation functions
and hyperparameters relevant to training are chosen freely. Thus, it is natural to ask a
question: are the results robust under changing the used ML model? Although it is true
that we do not have to pursue this kind of robustness strictly, because other ML models
may not be able to solve the given task. However, if clustering (in our case) is observed
in outputs from several ML models, it is not natural to choose only one of them. The
other robustness we have to check is, as explained later, the robustness under certain
permutations. In general, physical data is obtained as a set, at least partially. Assume a
particle moving under gravity. If we measure its 3d velocity over a certain time period and
values of the gravitational field, the labels of the spatial directions must be interchanged
freely. However, general neural networks will not learn these permutation symmetries due
to their structure. As explained in more detail in the later section, we attempt to ensure
the robustness via the so-called positional encoding technique [195].

4. Interpretability
The interpretability is also a major difficulty of ML models. The ML models make
decisions that turn out to be correct or useful, but why the ML models answered the
solutions is highly nontrivial. This black-box nature of ML models also limits our study,
because we have to analyze its latent layer. The clustering will occur in a mysterious
way, thus it is difficult to find a feature between islands systematically. In this study, we
simply take a brute-force approach.

Brief overview of our results in this study
As a result of our analysis, we find that clustering occurs, but it does not distinguish perfectly
the aligned configurations from the others. Rather, the observed clusters gather both config-
urations in a nontrivial way. The rough clustering caused due to the small dimensions of the
latent layer. However, it does not mean a failure of this study. Indeed, we will see that the
tadpole charge of the hidden sector is a characteristic quantity in the landscape as the islands
that contain aligned configurations have distinct distributions for the quantity. Furthermore,
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we observe the islands form a checkerboard-like pattern which suggests that the other quantity
that characterizes the clustering exists.

3.3.2 Generating D-brane configurations

3.3.2.1 Model building constraints

This section is dedicated to an overview of constraints that should be satisfied by D-brane
configurations. (See for a summary of these constraints, [183,196].)

RR Tadpole Cancellation Condition
Due to the CS action, the orientifold compactification generates the tadpole cancellation con-
dition: ∑

a

Na ([Πa] + [Π′
a]) = 4 [ΠO6] , (3.5)

with Na being the number of D6-branes. a, b, . . . label stacks of D-branes. The prime (’) on
[Π′

a] represents the mirror cycle of [Πa] with respect to the orientifold action. Note that we do
not consider any fluxes in the following.

As explained in Section 3.1, open strings which localize at an intersection point of two stacks
of Na, Nb D-branes leads states which transform in the bifundamental representation (Na,Nb).
Together with other representations because of the existence of O6-planes, we summarize the
possible spectrum in Table 3.3.1.

Representation Multiplicity

(Na,Nb) Iab
(Na,Nb) Iab′

Sym2
a (symmetric) 1

2
(Iaa′ − IaO6)

Λ2
a (anti-symmetric) 1

2
(Iaa′ + IaO6)

Table 3.3.1: Massless states and their multiplicities.

To calculate multiplicity, we need a geometric knowledge of an orientifold. As we consider
an orientifold theory invariant under Ωσ̄ on a manifold M with the special geometry, we have
the orientifold-even and -negative parts of H3(M). Let us denote the basis of the three cycles as
αI ∈ H+

3 (M) and βJ ∈ H−
3 (M), as they satisfy αI ◦βJ = δIJ (otherwise zero). Here, ◦ denotes

the intersections of the given two cycles. Then, we can expand three-cycles [Πa] ∈ H3(M,Z)
and those of O6-planes as

[Πa] = X⃗aα⃗ + Y⃗aβ⃗, [Π′
a] = X⃗aα⃗− Y⃗aβ⃗, [ΠO6] =

1

2
L⃗α⃗, (3.6)

where we omit the indices as X⃗aα⃗ =
∑h2,1

I=0X
I
aαI . Using this expansion, the intersection number

Iab is calculated as

Iab = [Πa] ◦ [Πb] = X⃗aY⃗b − Y⃗aX⃗b. (3.7)
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SUSY conditions
The sLag cycles on a general manifold are given by [197]:

J |Πa = 0, Im(eiϕaΩ3)|Πa = 0, (3.8)

where D6-branes need to wrap sLag cycles to preserve 4dN = 1 SUSY. The notation is the same
as in previous sections. X|Πa denotes that restriction on X to [Πa]. The phase ϕa determines a
preserved SUSY for each D-brane, and for the SUSY case it parameterizes the cycle’s volume
as
∫
Πa

Re
(
eiϕaΩ3

)
. In the presence of O6-planes, ϕa = 0 for all a corresponds to N = 1 SUSY.

The sLag condition corresponds to the previous SUSY condition θ1+θ2+θ3 = 0 in a flat space,
and thus it ensures that D6-branes wrap straight lines on each T 2.

Using the definition of the prepotential, phia = 0 leads

Y⃗aF⃗ (U) = 0, X⃗aU⃗ > 0, (3.9)

where F⃗ denotes the vector of the derivatives FI .

K-theory charge cancellation
There is an additional charge cancellation condition, which is called the K-theory condition
which was found in [198]. Beyond the usual tadpole charge cancellation, a charge which is Z2-
valued possessed by D6-branes, and it is fortunately known to be measured by inserting a probe
D6-brane [199]. The probe D-brane is of USp(2) D-brane which is on top of O6-planes in the
toroidal orientifold which we will consider, and the K-theory condition ensures the cancellation
of global USp(2N) anomalies [200]. The explicit form of the condition is:∑

a

Na [Πa] ◦
[
Πprobe Sp(2)

]
≡ 0 (mod 2), (3.10)

where a runs over all stacks which exist in a system.

Gauge Anomalies and Massless U(1)
Apart from the gauge anomalies which are canceled via the tadpole cancellation condition, the
Green-Schwartz mechanism ensures the absence of mixed (and cubic-) abelian gauge anomalies.
In the cancellation, one finds that some U(1) become massive by the Stueckelberg mechanism.
The remaining massless U(1) is given by [201]

U(1)massless =
∑
a

faU(1)a (3.11)

is given by ∑
a

faNaY⃗a = 0. (3.12)
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3.3.2.2 The T 6/(Z2 × Z′
2) orientifold

Further calculations need the explicit structure of H3M,Z. In this section, we outline the
details of the cycle structure of the T 6/(Z2 × Z′

2) orientifold. However, due to its possible tilt
and torsion d.o.f., the complete discussion is beyond the aim of this section. See for detailed
discussions, [162]. Our situation corresponds to the without case (where “without” means
“with” depending on literature) η = 1 case in the reference.

Orbifold Geometry
Basically, the geometry of the orientifold is inherited from that of the underlying orbifold. On
the T 6/(Z2 × Z′

2) orbifold, we have the following orbifold actions:

θ : (z1, z2, z3) → (−z1,−z2, z3), ω : (z1, z2, z3) → (z1,−z2,−z3), (3.13)

where the action of the orientifold action ΩR is given by

ΩR : (z1, z2, z3) → (z̄1, z̄2, z̄3). (3.14)

Note that the cycle structure is equivalently described in terms of the cohomology structure
due to the Poincarè duality. Let us define a basis on each complex plane of T 2. On the i-th
torus, the complex coordinates are expanded as zi = xie

x
i + yie

y
i using the basis exi , e

y
i and have

a periodicity zi ∼ zi + kexi + leyi (k, l ∈ Z). Note that, the basis exi , e
y
i is not needed to be the

orthogonal basis of C, and indeed the relation is given by

exi = 2π(Rx
i + ibiR

y
i ), eyi = i2πRy

i , (3.15)

where Rx, Ry denotes the two directions on C. Here, bi denotes the d.o.f for tilting the i-th
torus and takes values bi ∈ {0, 1

2
}. When bi = 0, the i-th torus is a usual rectangular one

and in the actual training of autoencoder models, we only consider the rectangular tori. The
assumption does not lose much generality because it was pointed out in [183] that the number
of aligned configurations realized on the tilted tori is dominated by that on the non-tilted tori.
In this section, we describe the formulation which is also valid when there are tilted tori.

The next task is to obtain the basis of H±
3 . On T 6, the basis takes the simple form hence

we expect that the orbifold (without torsion) does so. However, due to the orbifold actions,
we need to avoid overcounting of intersections and define cycles which exist on the orbifold
precisely. More details on this kind of problem can be found in [162, 196, 202]. Let us first
define {[π2i−1], [π2i]} as the fundamental one-cycles on the i-th torus along with exi , e

y
i . The

basis satisfies the intersection relations of (αI , βJ). Then, the integral coefficients which appear
in the expansion are called the wrapping numbers (n,m). We assume that they are coprime
by interpreting a common factor as the number of D6-branes on the cycle. The intersection
number Iab is given by these wrapping numbers. The resulting three-cycle is expanded as

[
ΠT

a

]
=

3⊗
i=1

(na
i [π2i−1] +ma

i [π2i]), (3.16)
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where the upper “T” denotes that the cycle is defined on the underlying tori. The correspon-
dences with (αI , βJ) and (XI , Y I) is given by

α0 = [π1][π3][π5], βi = [π2i][π2j−1][π2k−1],

αi = [π2i−1][π2j][π2k], β0 = [π2][π4][π6],
(3.17)

and

X0 = n1n2n3, Y i = minjnk,

X i = nimjmk, Y 0 = m1m2m3.
(3.18)

For the tilted tori, we have another useful basis

[π̃2i−1] = [π2i−1]− bi[π2i], (3.19)

as the definition is motivated by the action

ΩR : [π2i−1] → [π2i−1]− 2bi[π2i], ΩR : [π2i] → −[π2i]. (3.20)

The new basis is {[π̃2i−1] , [π2i]} and reduces to the original one when bi = 0. Then we define
the new wrapping numbers (ni, m̃i) with m̃i = mi + bini as

[
ΠT

a

]
=

3⊗
i=1

(na
i [π̃2i−1] + m̃a

i [π2i]) . (3.21)

To obtain an expansion of the three-cycles with integer coefficients, we modify the definition of
(αI , βJ) as:

α̃0 = [π̃′
1][π̃

′
3][π̃

′
5], β̃i = −[π′

2i][π̃
′
2j−1][π̃

′
2k−1],

α̃i = −[π̃′
2i−1][π

′
2j][π

′
2k], β̃0 = [π′

2][π
′
4][π

′
6].

(3.22)

Here, we re-defined the one-cycles as [π̃′
2i−1] = b̂−

1
3 [π̃2i−1] and [π′

2i] = b̂−
1
3 [π2i]. This basis

satisfies [
π̃′
2i−1

]
◦ [π′

2j] = −[π′
2j] ◦

[
π̃′
2i−1

]
= −b̂−

2
3 δij,

α̃I ◦ β̃J = −β̃I ◦ α̃J = b̂−2δIJ , (3.23)

instead of the usual symplectic intersection. Then we have the expansion of the three-cycle
[ΠT

a ] with integer coefficients [
ΠT

a

]
=

ˆ⃗
Xa

ˆ⃗α +
ˆ⃗
Ya

ˆ⃗
β, (3.24)

where we defined ˆ⃗α = (α̃0, α̃1, α̃2, α̃3), b̂ :=
∏

i(1− bi)
−1, and

X̂0 = b̂n1n2n3, Ŷ i = −b̂m̃injnk,

X̂ i = −b̂nim̃jm̃k, Ŷ 0 = b̂m̃1m̃2m̃3.
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Here, b̂ counts the number (#) of tilted tori as 2#.
Note that (X̂, Ŷ ) satisfies the same algebra with that of (X, Y ):

X̂I Ŷ I = X̂J Ŷ J (∀I, J),
X̂IX̂J = −Ŷ K Ŷ L, X̂L(Ŷ L)2 = −X̂IX̂JX̂K , Ŷ L(X̂L)2 = −Ŷ I Ŷ J Ŷ K ,

(3.25)

where (I, J,K, L) denotes possible permutations of (0, 1, 2, 3). In the following, we denote it by
(I, J,K, L) = (0, 1, 2, 3).

The intersection number ITab is given by

ITab =
[
ΠT

a

]
◦
[
ΠT

b

]
= X⃗aY⃗b − Y⃗aX⃗b = b̂−2(

ˆ⃗
Xa

ˆ⃗
Yb −

ˆ⃗
Ya

ˆ⃗
Xb),

ITaa′ = −X⃗aY⃗a − Y⃗aX⃗a = −b̂−2(
ˆ⃗
Xa

ˆ⃗
Ya +

ˆ⃗
Ya

ˆ⃗
Xa),

(3.26)

where “T” again indicates that the numbers are measured on the underlying tori.

O6-planes
The cycles which are invariant under the orientifold actions correspond to O6-planes. We have
the following four invariant cycles:

ΩR : 23[π̃1][π̃3][π̃5], ΩRω = −23−2(b2+b3)[π̃1][π4][π6],

ΩRθ : −23−2(b1+b2)[π2][π4][π̃5], ΩRθω = −23−2(b1+b2)[π2][π̃3][π6],
(3.27)

where the subscripts indicate the corresponding orientifold action and the relative signs are
introduced to explain the negative charge. Then the total three-cycle wrapped by the O6-plane
[ΠT

O6] is given by[
ΠT

O6

]
= 23([π̃1][π̃3][π̃5]− 2−2(b2+b3)[π̃1][π4][π6]− 2−2(b1+b2)[π2][π4][π̃5]− 2−2(b3+b1)[π2][π̃3][π6]),

(3.28)

where 23 corresponds to the number of orientifold planes.
Thus we have

ˆ⃗
L = 16

(
b̂,

1

1− bi

)
. (3.29)

in Equation (3.6). The intersection number ITaO6 with [ΠT
a ] becomes

ITaO6
= −23b̂−2

(
Ŷ 0
a b̂+

∑
i

Ŷ i
a

1

1− bi

)
. (3.30)

D-branes and O-planes on the orbifold
Let us define three-cycles on the orbifold (not the orientifold). Under general orbifold actions,
a three-cycle is mapped into another one and it is a part of the three-cycle on the orbifold. In
other words, we define a three-cycle on an orbifold as a sum of orbits of the orbifold action.
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For the T 6/(Z2 × Z′
2) case, the wrapping numbers do not change and the “bulk” three-cycle on

the orbifold is given by

[
ΠB

a

]
= 4

[
ΠT

a

]
= 4

3⊗
i=1

(na
i [π̃2i−1] + m̃a

i [π2i]) . (3.31)

The subscript “B” denotes “bulk”, and the cycle is defined on the orbifold. On the other hand,
we should slightly modify the topological intersection operator ◦ to give the intersection number

IBab = Ia ◦B Ib :=
1

4

(
4
[
ΠT

a

])
◦
(
4
[
ΠT

b

])
= 4ITab. (3.32)

The ◦B is defined on the orbifold and the extra factor 1/4 is needed since ◦ counts four times
for each single intersection.

However, Equation (3.32) implies the homology group is not the integral one, and there are
additional shorter cycles on the orbifold. Those cycles are called the fractional cycles and are
defined as [

ΠF
a

]
=

1

2

[
ΠB

a

]
= 2

[
ΠT

a

]
. (3.33)

With these fractional cycles we obtain the correct homology group H3(T
6/(Z2 × Z′

2),Z). The
intersection of the fractional cycles is given by

[
ΠF

a

]
◦B
[
ΠF

b

]
=
[
ΠT

a

]
◦
[
ΠT

b

]
. These fractional

cycles account for the most general cycles on the orbifold without discrete torsion (when there
is torsion, additional “exceptional” cycles also appear).

The O6-planes are already defined as a summation of the fixed cycles, and we do not have
to define their shorter cycles. Thus,

[ΠO6] =
1

4

[
ΠB

O6

]
=
[
ΠT

O6

]
. (3.34)

Intersection numbers on the orientifold
The intersection numbers are defined on the orbifold (which the subscript O below means), and
it is convenient to summarize the result of intersection numbers:

IOab =
[
ΠF

a

]
◦B
[
ΠF

b

]
=

1

4
IBab = ITab = X⃗aY⃗b − Y⃗aX⃗b = b̂−2(

ˆ⃗
Xa

ˆ⃗
Yb −

ˆ⃗
Ya

ˆ⃗
Xb),

IOaa′ = −b̂−2(
ˆ⃗
Xa

ˆ⃗
Ya +

ˆ⃗
Ya

ˆ⃗
Xa) = −2b̂−2 ˆ⃗Xa

ˆ⃗
Ya,

IOaO6 =
1

2
ITaO6 = −22b̂−2

(
Ŷ 0
a b̂+

∑
i

Ŷ i
a

1

1− bi

)
.

(3.35)

In the following, we simply note the explicit forms of the constraints to generate the D-brane
configurations. All results are consistent with the previous literature, in particular, [183].
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Tadpole cancellation condition
The fundamental d.o.f is the fractional cycles. We obtain

∑
a

NaX̂
I
a =

1

2
L̂I , (3.36)

or equivalently, ∑
a

NaX̂
0
a = 8b̂,

∑
a

NaX̂
i
a =

8

1− bi
.

(3.37)

SUSY conditions
The sLag cycle conditions are interpreted as

∑
I

Ŷ I 1

U I
= 0,

∑
I

X̂IUI > 0, (3.38)

via the period integrals. Here, the complex structure moduli are defined as

U0 = Rx
1R

x
2R

x
3 , (3.39)

U1 = (1− b2)(1− b3)R
x
1R

y
2R

y
3, (3.40)

U2 = (1− b1)(1− b3)R
y
1R

x
2R

y
3, (3.41)

U3 = (1− b1)(1− b2)R
y
1R

y
2R

x
3 . (3.42)

K-theory conditions
The probe USp(2) D6-branes are coincident with the O6-planes [162]. Thus invariant cycles
under each of ΩRθkωl k, l ∈ {0, 1}4 are given by Equation (3.27):[

ΠT
ΩR
]
= b̂ [π̃1] [π̃3] [π̃5] ,[

ΠT
ΩRω

]
= − 1

1− b1
[π̃1] [π4] [π6] ,[

ΠT
ΩRθω

]
= − 1

1− b2
[π2] [π̃3] [π6] ,[

ΠT
ΩRθ

]
= − 1

1− b3
[π2] [π4] [π̃5] ,

(3.43)

4As mentioned, the normalization is defined to obtain USp(2N) group by N D6-branes wrapping these
cycles
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where expressed in terms of wrapping numbers,

[
ΠT

ΩR
]
↔ X̂0 = b̂2, X̂1,2,3 = 0,[

ΠT
ΩRω

]
↔ X̂1 =

b̂

1− b1
, X̂0,2,3 = 0,

[
ΠT

ΩRθω

]
↔ X̂2 =

b̂

1− b2
, X̂0,1,3 = 0,

[
ΠT

ΩRθ

]
↔ X̂3 =

b̂

1− b3
, X̂0,1,2 = 0,

(3.44)

and Y I = 0 (∀I).

The prefactors are introduced to define closed cycles for general bi. Note that, the fractional
cycles and the torus cycles of the USp(2) branes are the same since they are invariant under
the orbifold actions.

Thus, the K-theory constraints is given by

∑
a

NaŶ
0
a ≡ 0, (3.45)

(1− bj)(1− bk)
∑
a

NaŶ
i
a ≡ 0, (3.46)

where (i, j, k) is a cyclic permutation of (1, 2, 3) and a runs over the stacks (USp stacks do not
contribute to the condition).

Coprime condition
The coprime condition on (n,m) is implies the following condition on (X, Y ):

(Y 0)2 =
3∏

i=1

gcd(X i, Y 0) (3.47)

for non-vanishing X̂I .

3.3.2.3 Concrete MSSM-like models on T 6/(Z2 × Z′
2)

In this section, we simply cite the MSSM-like models in Ref. [183] to generate the configu-
rations. The authors of [183] constructed four models, but we cite only three of them because
we could generate the aligned (gen(Q) = gen(L)) configurations for only those models.
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• Model 1: U(3)a × USp(2)b × U(1)c × U(1)d in the visible sector with a hypercharge QS
Y

Matter Representation Multiplicity
QL (3,2)0,0 Iab
uR (3, 1)−1,0 + (3, 1)0,−1 Ia′c + Ia′d
dR (3, 1)1,0 + (3, 1)0,1 Ia′c′ + Ia′d′

dR
(
3A, 1

)
0,0

1
2
(Iaa′ + IaO6)

L (1,2)−1,0 + (1,2)0,−1 Ibc + Ibd
eR (1,1)2,0

1
2
(Icc′ − IcO6)

eR (1,1)0,2
1
2
(Idd′ − IdO6)

eR (1,1)1,1 Icd′

Here, the formulae which give generations are

gen(QL) = Iab,

gen(QR) = Ia′c + Ia′d = Ia′c′ + Ia′d′ +
1

2
(Iaa′ + IaO6),

gen(LL) = Ibc + Ibd,

gen(LR) =
1

2
(Icc′ − IcO6) +

1

2
(Idd′ − IdO6) + Icd′ .

(3.48)

• Model 2: U(3)a × U(2)b × U(1)c × U(1)d in the visible sector with a hypercharge QS
Y

QL (3,2)0,0 Iab
QL (3,2)0,0 Iab′

uR (3, 1)−1,0 + (3, 1)0,−1 Ia′c + Ia′d
dR (3, 1)1,0 + (3, 1)0,1 Ia′c′ + Ia′d′

dR
(
3A, 1

)
0,0

1
2
(Iaa′ + IaO6)

L (1,2)−1,0 + (1,2)0,−1 Ibc + Ibd
L (1,2)−1,0 + (1,2)0,−1 Ib′c + Ib′d
eR (1,1)2,0

1
2
(Icc′ − IcO6)

eR (1,1)0,2
1
2
(Idd′ − IdO6)

eR (1,1)1,1 Icd′

Here, the formulae that give generations are

gen(QL) = Iab + Iab′ ,

gen(QR) = Ia′c + Ia′d = Ia′c′ + Ia′d′ =
1

2
(Iaa′ + IaO6),

gen(LL) = (Ibc + Ibd) + (Ib′c + Ib′d),

gen(LR) =
1

2
(Icc′ − IcO6) +

1

2
(Idd′ − IdO6) + Icd′ .

(3.49)
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• Model 3: U(3)a×U(2)b×U(1)c×U(1)d in the visible sector with a different hypercharge

Q
(1)
Y

QL (3,2)0,0 Iab
uR (3A, 1)0,0

1
2
(Iaa′ + IaO6)

dR (3, 1)−1,0 + (3, 1)0,−1 Ia′c + Ia′d
dR (3, 1)1,0 + (3, 1)0,1 Ia′c′ + Ia′d′

L (1,2)−1,0 + (1,2)0,−1 Ibc + Ibd
L (1,2)−1,0 + (1,2)0,−1 Ibc′ + Ibd′

eR (1,1A)0,0 −1
2
(Ibb′ + IbO6)

Here, the formulae that give generations are

gen(QL) = Iab,

gen(QR) =
1

2
(Iaa′ + IaO6) = (Ia′c + Ia′d) + (Ia′c′ + Ia′d′),

gen(LL) = (Ibc + Ibd) + (Ibc′ + Ibd′),

gen(LR) = −1

2
(Ibb′ − IbO6).

(3.50)

For each model, the U(1) hypercharge are defined as

QS
Y =

1

6
Qa +

1

2
Qc +

1

2
Qd, (3.51)

Q
(1)
Y = −1

3
Qa −

1

2
Qb. (3.52)

Correspondingly, the massless U(1)Y conditions are given by

Ŷa + Ŷb + Ŷd = 0, (3.53)

Ŷa + Ŷb = 0. (3.54)

3.3.2.4 Method

Following the lines of [183,203], we generate the D-brane configurations. As shown in [203],
the number of configurations is finite for given complex structure moduli.

Tadpole Cancellation and SUSY
The tadpole cancellation conditions and SUSY conditions are summarized as∑

a

Sa = C, (3.55)

∑
I

1

2
L̂IUI ≥

∑
I

X̂I
aUI > 0 (∀a), (3.56)

∑
I

Ŷa
I 1

UI

= 0 (∀a), (3.57)
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where C and Sa are defined as

C :=
∑
I

1

2
L̂IUI , (3.58)

Sa :=
∑
I

NaX̂
I
aUI . (3.59)

Generally speaking, to obtain the possible configurations we need to find integer partitions
for given C. Then we need bounds on X̂I for given UI , and generate all allowed XI in the
range. For the set of possible {X̂I

a}, we find allowed {Na} which satisfies the integer partition
Equation (3.55). Furthermore, without loss of generality, we can assume that all UI are integers
from Equation (3.57).

Exact expressions of X̂ and Ŷ
Due to the algebra in Equation (3.25), possible (X̂, Ŷ ) are further constrained. For the above
bounds on X̂I , it is related to the finiteness proof in [203], we review the proof in the next
paragraph.

One can see that the algebra and the SUSY condition allow X̂I only in the following cate-
gories (for each a):

• Nonzero X̂I

In this case, we have Ŷ via the algebra as

(Ŷ L)2 = −X̂
IX̂JX̂K

X̂L
, (3.60)

for X̂I , X̂J = 0 for (I, J,K, L) = (0, 1, 2, 3). Hence there must be odd numbers of negative
X̂ and Ŷ s do not vanish. Note Equation (3.60) does not constrain the relative signs among
Ŷ . They are fixed by the algebraic relation

Ŷ i =
X̂0

X̂ i
Ŷ 0, (3.61)

and we put

Ŷ 0 :=

√
−X̂

IX̂JX̂K

X̂L
. (3.62)

• Two X̂Is vanishing
Suppose that X̂I , X̂J = 0 for (I, J,K, L) = (0, 1, 2, 3). Then Ŷ I , Ŷ J ̸= 0 is implied by the
algebraic relation

X̂KX̂L = −Ŷ I Ŷ J . (3.63)
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Contrary to the pairs of vanishing X̂I , those of nonzero X̂I vanish due to the relation

X̂K Ŷ K = X̂I Ŷ I = 0. (3.64)

In this case, the SUSY condition becomes

Ŷ IUJ + Ŷ JUI = 0 (no sum.) (3.65)

Then we obtain

Ŷ I = ±
√
UI

UJ

√
X̂KX̂L,

Ŷ J = ∓
√
UJ

UI

√
X̂KX̂L.

(3.66)

Although we obtained the solutions of the algebra, the intrinsic wrapping numbers impose
the coprime condition on (X̂, Ŷ ). In Equation (3.47), we assumed nonzero X̂I but that
is modified in this case. For general bi it becomes tedious because we need to express
everything in terms of XIs (with no hat). In the following computer search, we assume
non-tilted tori, hence we fix all bi to be zero. Then the coprime condition (Equation (3.47))
is divided into the following two cases:

– X0 = 0 and X i = 0 case
In this case, ni vanishes, and mi is fixed to be one since we impose the coprime
condition to separate wrapping numbers and the number of D-branes on the stack
appropriately. Then we obtain

gcd(Xj, Y 0)gcd(Xk, Y 0) = |Y 0|. (3.67)

– X i = 0 and Xj = 0 case
We have (mk, nk) = (0, 1) for k ̸= i, j. Then we obtain

gcd(X0, Y i)gcd(X0, Y j) = |X0|. (3.68)

Here, we defined gcd to be positive. These conditions turn out to be highly restrictive in
generating the configurations.

• Three X̂Is vanishing
The D6-branes with three zero X̂Is are USp(2) branes. Thus we already know the wrap-
ping numbers in Equation (3.43).

Finiteness of brane configurations
Following the lines of [203], we review the proof of the finiteness5. In the previous paragraph,
we observed there are three types of possible (X̂I , Ŷ I). For each of the cases except for the
USp(2N) case, the finiteness is shown as follows:

5In fact, it was shown in [185] that there are finite configurations which are physically-distinct for all U Is,
but it is sufficient to follow the lines of [203] for our purpose.
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• Nonzero X̂I

The odd numbers of negative X̂Is imply that we can assume (X̂A)(X̂I ̸=A) < 0 for some
A. The SUSY condition 3.57 implies that we have

0 =
Ŷ A

UA

(
1 +

∑
I ̸=A

UAŶ I

UI Ŷ A

)
=
Ŷ A

UA

(
1 +

∑
I ̸=A

UAŶ
I

UI Ŷ A

)
=
Ŷ A

UA

(
1 +

∑
I ̸=A

UAX̂
A

UIX̂I

)
. (3.69)

From the most right-hand side, we obtain

|UAX̂
A|/|UIX̂

I | < 1 (no sum,∀I). (3.70)

Then the SUSY condition on X̂I (3.56) allows only the X̂A < 0 case. Due to the tadpole
cancellation condition,

0 < X̂I ̸=AUI ≤
1

2

∑
J

L̂JUJ (3.71)

follows for arbitrary I (no sum). Thus we can conclude that

1 ≤ X̂I ̸=A ≤ 1

2

∑
J

L̂J UJ

UI

, (3.72)

i.e., there are finite configurations. We use this range to generate X̂I .

• Two X̂Is vanishing
Let X̂K,L to be zero. Then, the SUSY condition and the algebra X̂IX̂J = −Ŷ K Ŷ L lead
Ŷ K Ŷ L < 0. Hence, it follows that

X̂I > 0, X̂J > 0, (3.73)

and the discussion becomes the same as that for nonzero X̂I .

3.3.2.5 The Dataset

As mentioned, the SUSY condition (3.57) implies that it is sufficient to consider integral
complex-structure moduli. Due to technical limitations, we further restrict us to the region
U0 = 1, |U | :=

√
(U1)2 + (U2)2 + (U3)2 ≤ 12 with U1 ≤ U2 ≤ U3, and b1,2,3 = 0. We obtain all

possible configurations in this range by defining the visible sector for each concrete model. The
total numbers of configurations are summarized in Table 3.3.2. Note that we ignore possible
permutation symmetries in generating configurations.

Model Model 1 Model 2 Model 3
Aligned/Total 1350/39551 1030/24336 816/171908

Table 3.3.2: The number of SUSY configurations which we obtained for each model. The
algebra and massless U(1)Y conditions are taken into account. The left-side numbers represent
the number of the aligned configurations, which satisfy gen(Q) = gen(L) whereas the right-side
numbers do that of total configurations.
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For later convenience, we note some technical details here.

• Zero-padding
To fix autoencoder architectures, we need to fix the length of the data. Due to the actual
architectures, the length is related to the maximum number of D-brane stacks in the
dataset. It turns out that those numbers are 13, 11, and 12, for each model. We fill with
zero the configurations whose length is less than the maximum.

• Normalization
Although (X̂, Ŷ ) can be naturally normalized (since they correspond to the direction
of single D-brane), we cannot normalize the number of D-branes Na. Thus, we do not
normalize the dataset in the following.

3.4 Feature Extraction with Autoencoder Models

In the previous sections, we obtained the datasets of D-brane configurations for each model.
In this section, we define autoencoder models for each model in Section 3.4.1 and train them
with the corresponding dataset. We architect the multiple models to ensure the robustness.
As mentioned, we feed the autoencoder models with both the aligned configurations and the
not-aligned ones and attempt to extract features in the configurations from their latent layers.
The first result of training and the comparison of autoencoder models are given in Section 3.4.2.
Section 3.4.3 is dedicated to the actual feature extractions for each model.

3.4.1 The Autoencoder Models and Additional Data
Pre-processing

Model Architectures
In the following, we define three broad categories of models, which are named AE-0, 1, and
2. We also introduce positional encoding for the latter two models, as described later. The
architectures for these models are summarized in Tables 3.4.1 to 3.4.3. All of the layers are
dense layers and the notation in those tables is as follows. The symbols “E” and “D” represent
the encoder part and the decoder part, respectively. The latent layer appears twice in each
table, but they represent the same single layer. The dimensions of the input and output layers
which are shown in the tables are for Model 1 (USp(2) in the visible sector). For other models,
they are changed appropriately depending on the maximum number of D-brane stacks (13, 11,
and 12) for each model while the other layers remain unchanged. In particular, the latent layers
are always defined as 2d dense layers. Since the typical length of each configuration is O(102),
it is impossible to extract all possible features. Rather, as mentioned, the autoencoder models
will extract a few important features, and clustering of them will occur in a nontrivial way to
reproduce the input data efficiently. Note that, in each autoencoder model, there are many
parameters that can be tuned, such as the dimensions of the layers and the activation functions.
For the activation functions, we try several combinations of the activation functions for AE-2,
as shown in Table 3.4.4. We mainly adopt the SeLU function [166] and tanh for the activation
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functions. One reason for employing these activation functions is to prevent saturation. The
SeLU function is a generalization of the well-known ReLU function, as taking nonzero values
also for negative input. The program is coded using TensorFlow and the layers are defined by
tensorflow.keras.

Layer Input E1 E2 E3 E4 E5 Latent
Dimension Z104 + Z13 + Z4 R88 R55 R22 R11 R6 R2

Layer Latent D1 D2 D3 D4 D5 Output
Dimension R2 R6 R11 R22 R55 R88 Z121

Table 3.4.1: The architecture of AE-0. The dimensions of the input layer and the output layer
are set at 121 since we have 13 sets of (Xa, Ya), 13 Nas, and 4 moduli (121 = 13× 8 + 13 + 4).
We adopt tanh for the latent layer and SeLU for the other layers as activation functions.

Layer Input Pre E1 E2 E3 E4 E5 E6 Latent
Dimension Z104 + Z4 R108 R80 R48 R20 R10 R6 R4 R2

Layer Latent D1 D2 D3 D4 D5 D6 Output
Dimension R2 R2 + Z4 R8 R16 R24 R48 R80 Z104 + Z4

Table 3.4.2: The architecture of AE-1 (without positional encoding). The dimensions of the in-
put layer and the output layer are set at 108 since we have the 104 = 8 × 13 sets of (NaXa, NaYa)
and four moduli. We adopt tanh for the latent layer and SeLU for the other layers as activation
functions, except for the “Pre” layer. No activation function is adopted for Layer Pre. As
hints of conditional autoencoder, the four complex-structure moduli are additionally input at
D1 (R2 +Z4). If there is the positional encoding, all of the input and output elements become
R.

Layer Input Pre E1 E2 E3 E4 E5 Latent
Dimension 13Z12 13R4 R52 + Z4 R40 R20 R10 R4 R2

Layer Latent D1 D2 D3 D4 D5 D6 Post Output
Dimension R2 R2 + Z4 R8 R16 R24 R36 R52 13R4 13Z8

Table 3.4.3: The architecture of AE-2 (without positional encoding). The input layer contains
13 sets of (NaXa, NaYa, U), while the outputs contains 13 sets of (NaXa, NaYa). In Layer Pre,
each (NaXa, NaYa, U) is reduced to a four-dimensional vector R4. As hints, the four complex-
structure moduli are given at E1 and D1. If there is the positional encoding, all of the input
and output elements become R.
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Layer E4 E5 Latent D1 D2 Others
“tanh-1” SeLU SeLU tanh SeLU SeLU SeLU
“SeLU-1” SeLU SeLU SeLU SeLU SeLU SeLU
“tanh-2” SeLU tanh tanh tanh SeLU SeLU

Table 3.4.4: The three patterns of the activation functions for AE-2 which we compared.

Among the three models, one will see that the first one (AE-0) is the most simplest and
traditional autoencoder. Unfortunately, we did not observe any clustering in the latent layer
after a sufficiently long training session (set to 100 epochs). Since the purpose of our study de-
pends on some clustering occurring, we decided to define other autoencoders to see if clustering
would occur. This is the motivation for defining AE-1 and AE-2.

AE-1 and AE-2 are defined as a type of conditional autoencoder (but not variational) that
is classified as a semi-supervised auto-encoder. Indeed, a conditional encoder is an autoencoder
that is given a “hint of the correct answer” during the process of a neural network. For
classification questions, the correct answer label should be given as a hint. The question is, in
this case, what to choose as a hint. In this study, we choose the complex-structure moduli as
the label, as a set of quantities that is universal to some extent and restricts the configurations
non-trivially by a small number of variables. In AE-1, the hint is given at Layer D1, and in
AE-2, it is given at Layers E1 and D1. Indeed, these models exhibit the desired clustering as
shown in the following sections.

Embedding symmetries via positional encoding
As explained in Section 3.2.1, usually physical data has some permutation symmetries as its
structure. This is true also for the case since the D-brane stacks (a) and the directions (I) can
be freely interchanged while the autoencoder models do not know that fact and interpret the
configurations as sequences, not sets. Hence, we have to make the autoencoder models learn
the symmetries and there are three options for us to do so:

1. Design a neural network with a set as the input.
In a naive way, a normal neural network cannot learn the properties of a set as a set.
This point has been studied for many years, and a candidate for such neural network
is proposed in [204]. However, our case is slightly more complex, since the permutation
symmetry is not embedded globally in a configuration. Instead, we can interchange a D-
brane stack as a single unit. When interchanging Is, we have to relabel for each direction.
Thus, a configuration is not a set, but it possesses the property of a set partially. To the
best of our knowledge, there is no universal framework where we can freely design neural
networks for partial symmetries. We do not take this option in this study.

2. Feed the autoencoder model with permutated configurations.
This is a more traditional way to make ML models learn such symmetries. However, as
we mentioned there are typically O(10) number of D-brane stacks for each configuration.
This would require about 10! configurations each, which is practically impossible.



3.4. FEATURE EXTRACTION WITH AUTOENCODER MODELS 123

3. Giving up the rigorous consistency under the symmetries.
Then the final option that we can take is simply giving up embedding the symmetries.
Unfortunately, in this study, we generally choose this final option.

Thus, it seems that we should give up embedding the symmetry of D-brane stacks. On
the other hand, there is the other symmetry of Is as mentioned. We attempt to embed this
symmetry via the positional encoding, which was originally invented in [195] in the context of
Natural Language Processing (NLP). Transformer, the model proposed in the paper, aims to
transform an input vector into an output vector to solve linguistic tasks such as translation.
In such NLP models, the order of the input vector must be learned because it corresponds
to a sentence. To embed the order efficiently, the authors of [195] proposed to add periodic
values to the original elements of given data, whose phase corresponds to the position of the
elements (see for a review, [205]). The periodic numerical values are defined to be obtained
by a certain combination of trigonometric functions, respecting their linear property under a
translation. Although the original use of the positional encoding method is to distinguish the
different positions in the data, we consider if the same value is added to positions that are
transformed together by symmetry, the model considers them to belong to the same class and
distinguishes them from positions to which different common values are added. Unfortunately,
we do not know any rigorous mathematical reasons to prove the efficiency of the positional
encoding method. We simply try it, given the fact that Transformer successfully learns the
positional information and is utilized in several services such as the famous ChatGPT.

To examine its effects, we define two ways of the positional encoding, PE-i/ii. For the PE-i,
we also include the information of stacks but for PE-ii, we ignore the symmetry of D6-brane
completely. The concrete values that are added to the original data are as follows:

• PE-i: respecting both of the symmetries of stacks a and I in each stack (AE-1/AE-2).

For pos-th stack, add A sin
(

pos
T 2i/4

)
at position I = 2i and A cos

(
pos

T 2i/4

)
at I = 2i+1. A is

the amplitude and is set to one by default. PE-i is modified for each autoencoder model.
For AE-1, those values with pos = 0 are added to U Is. For AE-2, since it has X̂I , Ŷ I

and U I together in each stack, we add the same value as that for X̂I , Ŷ I to each U I .

• PE-ii: respecting only the symmetry of I (AE-2)
Since AE-2 has the pre-training layer for each stack, giving the information about stacks
may not make sense. Hence we define PE-ii by ignoring the order of D-brane stacks by
setting pos := 1 for all stacks. Later, we also vary the amplitude and compare the results.

In general, it is expected that positional encoding has both advantages and disadvantages.
While it will make it easier for the autoencoder models to learn the information of the positions,
the added values are just noise from the point of view of the algebra and the conditions. Thus,
we have to decide whether to include the positional encoding or not by observing the result
outputs of the latent layers.
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3.4.2 Comparison of Methods (Model 1)

Figure 3.4.1: Loss in training of AE-1/2
with and without PE-i. [71]

Figure 3.4.2: Loss in training of AE-2 with
different activation functions (PE-i). [71]

Figure 3.4.3: Loss in training of AE-2 with different amplitudes for PE-ii. [71]

In order to compare the various autoencoder models that have been defined, we trained
them on the Model 1 data. From the results, we decide which autoencoder model to use from
the perspective of loss and clustering for the following discussion.

Losses
We summarized the losses of training in Figures 3.4.1 to 3.4.3 [71]. Here, the mean squared
error is chosen to be the loss function. From the absolute value of the loss in Figure 3.4.1, one
might consider that AE-1 without positional encoding (PE) is the best model. On the other
hand, the loss of AE-1 with PE-i is not stable during the training process. This is in contrast
to AE-2 cases and implies that AE-2 is more robust than AE-1. In Figure 3.4.2, we vary the
activation functions of AE-2. As a result, the tanh-2 model scored the least loss while the
differences are relatively smaller than those between AE-1 without PE and AE-2. Thus, both
AE-1 and AE-2 with tanh-2 models are candidates. We also illustrate the results of varying
the amplitudes of PE-ii in Figure 3.4.3. We see that there are only small differences between
the losses, but it is interesting that the larger amplitude does not generally lead to the larger
loss. Since the differences are relatively small, we do not choose one amplitude to analyze.
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It is also fair to say that these losses are large in general. Since the smallest nonzero element
in the dataset is naturally one, the O(1) noises may spoil the input data. However, the actual
data will be more complex and we are interested only in the most important features, we
continue the discussion. Therefore, at this level, we were not able to pick up a few desirable
autoencoder models.

Clusters in latent layers
Since our goal is feature extraction, whether we observe clusters or not is another important
criterion. We illustrate the outputs from the latent layers in Figures 3.4.4 to 3.4.18 [71]6.
There, the red dots represent the 2d vectors corresponding to the aligned configurations and
the blue ones do those of the non-aligned configurations. As one can see, the clusters appear
in several models while it does not occur in other models. Since it is sufficient to choose the
models where clusters are observed, we simply ignore the other models such as the saturated
one, which is illustrated in Figure 3.4.15. Taking into account both losses and the clusters, we
decided to choose the model AE-2 with no positional encoding in Figure 3.4.13 at first. Ideally,
if clusters are observed in the several models, the results should be the same regardless of which
one is selected. To ensure robustness, we will also analyze the outputs from AE-2 with PE-ii
(A = 1.0) in Figure 3.4.18 later. As a result, the conclusion turns out to be invariant under the
two choices.

6We omit the citation symbol in those captions, but they are all listed on [71]
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Figure 3.4.4: AE-1 no PE. Figure 3.4.5: AE-1 PE-i. Figure 3.4.6: AE-2 no-PE tanh-
1.

Figure 3.4.7: AE-2 PE-i tanh-1. Figure 3.4.8: AE-2 PE-i tanh-2. Figure 3.4.9: AE-2 PE-i SeLU.

Figure 3.4.10: AE-2 PE-ii tanh-
1.

Figure 3.4.11: AE-2 PE-ii tanh-
2.

Figure 3.4.12: AE-2 PE-ii SeLU.

Figure 3.4.13: AE-2 PE-ii A =
0.0.

Figure 3.4.14: AE-2 PE-ii A =
0.2.

Figure 3.4.15: AE-2 PE-ii A =
0.4.

Figure 3.4.16: AE-2 PE-ii A =
0.6.

Figure 3.4.17: AE-2 PE-ii A =
0.8.

Figure 3.4.18: AE-2 PE-ii A =
1.0.
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3.4.3 Feature Extraction

3.4.3.1 Model 1

Clustering and its modification
The first model which we consider is AE-2 (tanh-2) with no positional encoding where we ob-
serve the clusters in Figure 3.4.13. However, it is difficult to group them in a reasonable way
because the size of the blank space between islands varies, as does the density of points on each
island. One possible way to classify islands is to use existing clustering methods. We tried
several methods which are built-in methods of FindClusters in Mathematica v11.3 and sum-
marize the results in Figures 3.4.19 to 3.4.21 [71]. One can see that the results highly depend on
the adopted method. Indeed, those clustering methods usually have several hyperparameters,
and we tuned them in Figures 3.4.19 to 3.4.21 to reproduce the islands which we observed with
our eyes. It is fair to say that the clustering method does not provide a reasonable way to
group islands in a strict sense. Thus, we will modify the result of the grouping later. In the
following, we choose the JarvisPatrick method whose the radius parameter is tuned to 0.137
(Figure 3.4.20). The resultant number of clusters is 20. The numbers of configurations in each
island are listed on Table 3.4.5.

Figure 3.4.19: MeanShift. [71] Figure 3.4.20: JarvisPatrick

with radius 0.137. [71]
Figure 3.4.21: KMeans with 27
clusters. [71]

Then, we classify the clusters into two categories: containing or not containing the aligned
configurations. The number of the configurations in each cluster is summarized in Table 3.4.5.

Cluster No. 1 2 3* 4* 5 6 7 8 9 10
Aligned/Total 0/1426 137/1449 137/3058 10/2544 297/3211 0/1649 0/2593 0/2745 0/1318 0/1529
Cluster No. 11 12* 13 14* 15 16 17 18 19 20

Aligned/Total 209/2384 86/2186 0/2202 11/1868 56/1344 134/1881 95/1351 75/1877 0/921 93/2015

Table 3.4.5: The numbers of the configurations in each cluster. The notation is the same with
Table 3.3.2. Here, the symbol * is added to the clusters which we modify in the following.

However, if one looks closely, one notices that there are several instances in the inter-island
regions where the grouping differs from the intuition. We separate the islands into two categories
which contain the aligned configurations and do not contain the aligned ones. The categories
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are colorized and shown in Figure 3.4.22. Then, one can see that the borders between Clusters
3, and 4 and Clusters 12, and 14 are different from the intuition (Figure 3.4.23).

The differences caused by this grouping is at most 5.7% of a cluster, but we redefine the
clustering artificially. Indeed, we see a checkerboard pattern in the latent layer and it provides
us a natural way to redefine the clusters, as shown in Figure 3.4.24. This artificial clustering is
justified because we have already tuned the hyperparameters of the clustering methods. The
numbers of the configurations after the modification are summarized in Table 3.4.6.

Figure 3.4.22: The two categories. The
category containing the aligned configura-
tions is colored blue, while the other cate-
gory (which does not contain the aligned
ones) is colored red. In particular, the
aligned configurations are colored green.
The integer labels represent the cluster
numbers, which are listed on Table 3.4.5.
Clusters 4 and 14 are colored red, as they
do not contain the aligned ones after the
modification. [71]

Figure 3.4.23: The outliers due to the clus-
tering. Initially, the green dots were in
Cluster 4, and the red dots were in Clus-
ter 14. We consider them as outliers, and
Clusters 4 and 14 are classified into the cat-
egory not containing the aligned configura-
tions. [71]
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Figure 3.4.24: The modification by drawing a line. The equation of the line is shown in the
figure, where x, y denote the coordinates for horizontal- and vertical-axes. Clusters 4, 14, 3,
and 12 are colored orange, purple, gray, and black, respectively. We define the line as a new
boarder and modify the clustering. [71]

Cluster No. 1 2 3* 4* 5 6 7 8 9 10
Aligned/Total 0/1426 137/1449 147/3140 0/2462 297/3211 297/1649 0/2593 0/2745 0/1318 0/1529
Cluster No. 11 12* 13 14* 15 16 17 18 19 20

Aligned/Total 209/2384 107/2292 0/2202 0/1762 56/1344 134/1881 95/1351 75/1877 0/921 93/2015

Table 3.4.6: The numbers of the configurations in each cluster after the modification.

Distributions of the hidden tadpole charges
In the following section, we will actually perform feature extraction, which is the purpose of
this study. As explained, the autoencoder models that we defined have no interpretability, and
thus we have to extract features in a brute-force way. Taking into account the quantities whose
distributions were studied in [183], we analyzed the distributions of many quantities over the
clusters. Those quantities include the number of hidden gauge groups, their total rank, net
chirality [183], and the generations of quarks or leptons if they are aligned. Nevertheless, we
do not observe characteristic distributions, except for one quantity, namely the tadpole charges
of hidden sectors:

QI
hid :=

∑
a:hidden

NaX̂
I
a = 8−

∑
a:visible

NaX̂
I
a , ∀I. (3.74)

In the following, we call them the hidden tadpole charges. Indeed, 455 different (sets of)
hidden tadpole charges are found among the dataset, but 337 of them are found in the category
containing the aligned configurations, and 206 of them are found in the category that does not
contain the aligned ones. The number of duplicates is only 88, and the distributions of the
hidden tadpole charges for each category are illustrated in Figure 3.4.25 [71].
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There, the horizontal axis denotes the (set of) hidden tadpole charges. Then, the blue bar
chart represents the number of configurations that are included in the category containing the
aligned configurations, with given hidden tadpole charges. On the other hand, the red bar
chart represents the number of configurations that are included in the other category, with
given hidden tadpole charges. The green bar chart represents that of the aligned configurations
(hence it is a part of the blue bar chart).

One can see that those blue and red charts have their peaks at the different points. It means
that the autoencoder model weight on the hidden tadpole charges to reproduce the input data.
Indeed, 69.4% and 73.4% of the configurations respectively in the two categories (blue and
red ones) have unique hidden tadpole charges for their categories. Further, all of the aligned
configurations have the hidden tadpole charges which are unique for them.

Figure 3.4.25: The distributions of the numbers of configurations for given hidden tadpole
charge. The blue bar chart and the red bar chart correspond to the two categories (contain-
ing/not containing the aligned configurations), as shown in the figure. The green bar chart cor-
responds to the aligned configurations (hence it is a part of the blue bar chart). The horizontal
axis represents the hidden tadpole charges. They are sorted in such a way that configurations
in the first category have a higher number. [71]

As for the 88 hidden tadpole charges common to the two categories, we could not explain the
overlap. However, the clustering pattern suggests that there is at least one other feature that is
weighted by the autoencoder models as much as the hidden tadpole charges, as a checkerboard
pattern appeared in the latent layer. This brute-force approach does not have enough power
to find the other feature. Assuming the existence of another feature equally important to the
hidden tadpole charge, we will conclude the discussion. We choose several hidden tadpole
charges and illustrate their distributions in the latent layer in Figures 3.4.26 to 3.4.29 [71].

Note that, as observed in Figure 3.4.26 and Figure 3.4.27, it is likely that multiple straight
belts will contain configurations with the same hidden tadpole charge. The feature is also seen
in the following analysis of the different D-brane models, and it supports the existence of the
checkerboard pattern.
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Figure 3.4.26: Hidden tadpole charge:
Qhid = (1, 7, 6, 5). All 1,005 configurations
with the charge, except for one, are in the
category containing aligned configurations
(blue dots). [71]

Figure 3.4.27: Hidden tadpole charge:
Qhid = (2, 6, 2, 7). All of the 768 configura-
tions are in the same category which does
not contain the aligned configurations (red
dots). [71]

Figure 3.4.28: Hidden tadpole charge:
Qhid = (6, 7, 5, 1). The blue and red
distributions are closely placed, but both
categories have the same hidden tadpole
charge. [71]

Figure 3.4.29: Hidden tadpole charge:
Qhid = (3, 2, 6, 6). The blue and red dis-
tributions appear independent. [71]

Robustness: other methods
In this paragraph, we consider the same Model 1 via the other method, AE-2 (tanh-2) with
PE-ii positional encoding (Figure 3.4.18) so that we ensure the robustness of our result. The
amplitude was chosen to be 1, i.e., the largest value among those employed.

Again, in this case, we observe the clear clusters and the checkerboard pattern. We again
classify them into two groups and the results are illustrated in Figures 3.4.30 and 3.4.31 [71].
Compared to the previous result, the boundaries are more vague, and we have to perform fine-
tuning of the hyperparameters to obtain the clustering which is close to our intuition. Thus,
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the clustering is again obtained in an artificial way. The checkerboard pattern and the fine-
tuning justify an additional modification of the clustering by drawing lines, as in the previous
paragraph. Our discussion in the following is based on the JarvisPatrick with the radius 0.31
(Figure 3.4.31), and its modification which we perform by hand is shown in Figure 3.4.32. The
resultant numbers of the configurations in each cluster are summarized in Table 3.4.7.

Here, the number of clusters is 19. Ideally, 20 clusters should be found, the same as in the
previous paragraph, but this should be reasonably considered within an error margin.

Figure 3.4.30: MeanShift. Figure 3.4.31: JarvisPatrick with radius
0.31.

The data is classified into two categories: those that contain the aligned configurations
and those that do not, as in the previous case. Figure 3.4.33 shows the distributions of the
hidden tadpole charges corresponding to Figure 3.4.25. As before, we can see that the two
distributions peaked at different locations. Therefore, we can conclude that our analysis is
robust to the positional encoding and that the hidden tadpole charge is the crucial factor in
this case as well.

We again choose the hidden tadpole charges in Figures 3.4.26 and 3.4.27 and illustrate
their distributions in the latent layer in Figures 3.4.34 and 3.4.35, respectively. Note that the
configurations with the same hidden tadpole charges are again likely to be placed along the
lines.
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Figure 3.4.32: The modification by drawing a line. The equation of the line is shown in the
figure, where x, y denote the coordinates for horizontal- and vertical-axes. Clusters 3 and 13
are colored orange and gray, respectively. We define the line as a new border and modify the
clustering. The line which we drew also passes through the blank areas between other islands.

Cluster No. 1 2 3* 4 5 6 7 8 9 10
Aligned/Total 136/2329 0/1494 147/3173 297/3171 0/1132 0/1681 0/1326 0/1332 0/1606 0/1048
Cluster No. 11 12 13* 14 15 16 17 18 19

Aligned/Total 0/1720 233/3431 0/2386 189/3412 0/2205 108/2173 147/2214 93/1949 0/1769

Table 3.4.7: The numbers of the configurations in each cluster after the modification. The
symbol * is added to the clusters which we modified.

Figure 3.4.33: The distributions of the numbers of configurations for given hidden tadpole
charge.
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Figure 3.4.34: Hidden tadpole charge:
Qhid = (1, 7, 6, 5). All 1,005 configurations
with the charge are in the category contain-
ing aligned configurations (blue dots). [71]

Figure 3.4.35: Hidden tadpole charge:
Qhid = (2, 6, 2, 7). All of the 768 configu-
rations with the charge are in the category
that does not contain the aligned configu-
rations (red dots). [71]

3.4.3.2 Models 2 and 3

Clustering
Although the hidden tadpole charge is implied to be an important feature of the landscape, the
analysis is restricted to Model 1. In the following, we will see that the quantity again turns out
to be the important feature in both Model 2 and 3 cases, while the clustering becomes vague.
To compare with the previous results, we fix the architecture as AE-2 (tanh-2) and vary the
amplitudes A. We illustrate the losses in Figures 3.4.36 and 3.4.37 [71] for both Model 2 and
3. As in the case of Model 1, the losses did not provide guidance on which model to choose.
The outputs from the latent layers are summarized in Figures 3.4.38 to 3.4.43 for Model 2
and Figures 3.4.44 to 3.4.49 for Model 3 [71]. One can see that the clusters become vague
compared to the previous one, but the red points, which denote the aligned configurations, are
not scattered universally over the 2d spaces. Thus, we observe that the aligned configurations
are distinguished from the others by the autoencoder models as in the previous case.

Figure 3.4.36: Loss in training of AE-2
with the amplitudes for PE-ii. Model 2 is
used.

Figure 3.4.37: Loss in training of AE-2
with the amplitudes for PE-ii. Model 3 is
used.
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Figure 3.4.38: AE-2 PE-ii A=0.0
Model 2.

Figure 3.4.39: AE-2 PE-ii A=0.2
Model 2.

Figure 3.4.40: AE-2 PE-ii A=0.4
Model 2.

Figure 3.4.41: AE-2 PE-ii A=0.6
Model 2.

Figure 3.4.42: AE-2 PE-ii A=0.8
Model 2.

Figure 3.4.43: AE-2 PE-ii A=1.0
Model 2.

Figure 3.4.44: AE-2 PE-ii A=0.0
Model 3.

Figure 3.4.45: AE-2 PE-ii A=0.2
Model 3.

Figure 3.4.46: AE-2 PE-ii A=0.4
Model 3.

Figure 3.4.47: AE-2 PE-ii A=0.6
Model 3.

Figure 3.4.48: AE-2 PE-ii A=0.8
Model 3.

Figure 3.4.49: AE-2 PE-ii A=1.0
Model 3.
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Model 2
For Model 2, we focus on the A = 0.4 case, which exhibits the clusters most clearly. Although
it is vague compared to the previous case, we observe that the checkerboard pattern is weakly
realized. Then we classify the clusters by drawing lines in the first place, instead of tuning the
hyperparameters carefully.

The clustering that we obtained is illustrated in Figures 3.4.50 and 3.4.51. The resultant
numbers of configurations in each cluster in Table 3.4.8.

Figure 3.4.50: The clusters are artificially
classified based on the drawn lines. [71]

Figure 3.4.51: The resultant classifica-
tion. The aligned configurations are col-
ored black.

Cluster No. 1 2 3 4 5 6 7 8 9 10
Aligned/Total 146/1457 4/1617 150/2569 0/475 6/316 122/1512 14/2436 132/2667 24/963 0/393
Cluster No. 11 12 13 14 15

Aligned/Total 179/2072 18/2883 190/3347 39/1270 6/359

Table 3.4.8: The numbers of the configurations in each cluster.

Then, we again classify the clusters into two categories and analyze their differences. As the
boundaries between the clusters become vague, it is difficult to perform the binary classification
in a natural way. In fact, some clusters have only a few aligned configurations. One possible
option is to ignore such outliers in the analysis. The results with and without treatment of
outliers are shown in Figures 3.4.25 and 3.4.33. When we impose the threshold at 2% in the
binary classification, the displacement is also observed in Model 2, but if we rigorously classify
the clusters in the two categories, the two bar charts completely overlap and the displacement
cannot be observed.

Therefore, we can conclude that the autoencoder model also weights the hidden tadpole
charge in this case, but the other feature we did not discover becomes more important than in
the previous case.
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Figure 3.4.52: The distributions of the
number of configurations for given hid-
den tadpole charge. The “not containing
aligned” category is a set of Clusters 2, 4,
5, 7, 10, 12, and 15, with the threshold set
at 2%. [71]

Figure 3.4.53: The distributions of the
number of configurations for given hid-
den tadpole charge. The “not containing
aligned” category is a set of Clusters 4 and
10, with the threshold is strictly set as zero.
We do not observe the displacement for this
classification. [71]

The conclusion that the autoencoder weights the hidden tadpole charge is supported by the
observation that the same hidden tadpole charges are likely to be placed along the lines. To
see this, we define the angular similarity matrix as

Sij := arccos
ni · nj

|ni||nj|
, (3.75)

where ni is a vector of the numbers of different configurations for each hidden tadpole charge
and i labels the clusters. The a-th element of ni is the number of configurations in i-th cluster
that have the a-th hidden tadpole charge (a is a label for the possible hidden tadpole charge as
the horizontal axes of Figures 3.4.25, 3.4.33 and 3.4.52). By the similarity matrix, we quantify
the similarity between the clusters in terms of the hidden tadpole charges.

The angular similarity matrix is shown in Table 3.4.9. The values that are the smallest
to the third in each row have been highlighted in blue to emphasize the near clusters. With
the exception of the position at (14, 4), it can be observed that the blue positions are aligned
diagonally. For instance, in the first row, 1, 6, and 11 are colored blue. To see the meaning
of these colored elements, let us remind Figure 3.4.51. Indeed, Clusters 1, 6, and 11 are
placed diagonally in the latent layer. It is true for other triads, (2, 7, 12), (3, 8, 13), (4, 9, 14) and
(5, 10, 15) as one can see the diagonal pattern in the figure.

Thus, the angular similarity matrix quantifies the diagonal structure, which is also observed
in Model 1. This vertical correlation is likely related to the emergence of the checkerboard
pattern and suggests the presence of other important factors.

It is worth noting the exception at (14, 4), where the element at (14, 12) has a slightly smaller
value. The value at (9, 4) is colored, but it is very close to (9, 12). This irregularity may arise
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because Cluster 4 lacks the aligned configurations that other clusters possess. Therefore, we
can conclude that the absence of aligned configurations reduces the similarity.

No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 0.476 0.361 0.418 0.466 0.340 0.475 0.446 0.428 0.477 0.272 0.473 0.387 0.443 0.479
2 0.476 0 0.48 0.449 0.453 0.47 0.234 0.49 0.474 0.469 0.476 0.263 0.482 0.478 0.469
3 0.361 0.48 0 0.426 0.468 0.42 0.484 0.255 0.457 0.477 0.399 0.477 0.194 0.459 0.463
4 0.418 0.449 0.426 0 0.49 0.44 0.466 0.444 0.399 0.489 0.466 0.455 0.452 0.392 0.494
5 0.466 0.453 0.468 0.49 0 0.41 0.47 0.465 0.472 0.295 0.412 0.473 0.447 0.473 0.279
6 0.340 0.47 0.42 0.44 0.41 0 0.479 0.387 0.467 0.408 0.285 0.462 0.373 0.45 0.421
7 0.475 0.234 0.484 0.466 0.47 0.479 0 0.487 0.415 0.452 0.475 0.165 0.481 0.422 0.463
8 0.446 0.49 0.255 0.444 0.465 0.387 0.487 0 0.464 0.468 0.427 0.478 0.213 0.458 0.471
9 0.428 0.474 0.457 0.399 0.472 0.467 0.415 0.464 0 0.486 0.445 0.4 0.459 0.179 0.481
10 0.477 0.469 0.477 0.489 0.295 0.408 0.452 0.468 0.486 0 0.429 0.464 0.459 0.479 0.256
11 0.272 0.476 0.399 0.466 0.412 0.285 0.475 0.427 0.445 0.429 0 0.48 0.323 0.464 0.415
12 0.473 0.263 0.477 0.455 0.473 0.462 0.165 0.478 0.4 0.464 0.48 0 0.473 0.384 0.459
13 0.387 0.482 0.194 0.452 0.447 0.373 0.481 0.213 0.459 0.459 0.323 0.473 0 0.46 0.449
14 0.443 0.478 0.459 0.392 0.473 0.45 0.422 0.458 0.179 0.479 0.464 0.384 0.46 0 0.486
15 0.479 0.469 0.463 0.494 0.279 0.421 0.463 0.471 0.481 0.256 0.415 0.459 0.449 0.486 0

Table 3.4.9: The angular similarity matrix in units of radian. The rows as well as the columns
correspond to the clusters, as indicated by the numbers of the clusters. The smallest values to
the third nearest cluster in each row are shown in blue.

Model 3
For Model 3, the checkerboard pattern does not appear in Figures 3.4.44 to 3.4.49 while the
aligned configurations cluster at some small regions. Thus, it is impossible to find a clustering
in a natural way, and we simply adopt the automatic methods which are used for Model 1.
Choosing A = 0.2 case, the results with two different methods are shown in Figures 3.4.54
and 3.4.55 [71]. For our purpose, it is important to distinguish the islands that contain the
aligned configurations from the other clusters in a reasonable way. Since Cluster 14 in Fig-
ure 3.4.55 contains the aligned ones and is distinguished clearly, we choose JarvisPatrick

with radius 0.127 as a clustering method.

Figure 3.4.54: MeanShift. Figure 3.4.55: JarvisPatrick with radius
0.127. The numbers label the clusters.
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Then, we study the distributions of the hidden tadpole charges for both categories as in the
previous cases. Since Cluster 14 is the only one that contains the aligned configurations, we
classify in this way and illustrate the result in Figure 3.4.56. As shown, the two distributions
completely overlap again and the displacement is not observed. However, if we assume Cluster
15 and Cluster 14 are in the same category, the result becomes as Figure 3.4.57. In this case,
we observe the displacement again, and the hidden tadpole charge is a characteristic quantity
of the landscape if we adopt this classification.

Figure 3.4.56: The distributions of the
number of configurations for given hidden
tadpole charge. The “containing aligned”
category is Cluster 14, with the threshold
is strictly set as zero. In this case, the dis-
placement of two distributions does not ap-
pear. [71]

Figure 3.4.57: The distributions of the
number of configurations for given hidden
tadpole charge. However, the “containing
aligned” category is a set of Cluster 14 and
15. The reason for choosing them is ex-
plained in the following. [71]

To quantify the situation, we again calculate the angular similar matrix, where the result is
shown in Table 3.4.10. One can see that the elements in each row are clustered into two or three
groups, where we used a typical clustering method DBSCAN with the radius = 0.15. Although
there is no clear checkerboard pattern (thus the diagonal pattern in the matrix vanishes), the
claim remains unchanged: the clusters form new clusters, respecting their associated hidden
tadpole charges. The matrix shows that Cluster 14 and 15 are very similar and this is the reason
why the classification in Figure 3.4.57 exhibits the displacement. Note that Cluster 14 is only
similar to Cluster 15. Additionally, the aligned configurations have unique hidden tadpole
charges. Based on these results, we conclude that the autoencoder model places significant
weight on the hidden tadpole charge.

As in the previous cases, we were unable to identify the other hidden feature implied by
the existence of the clusters of clusters. This feature will explain why Cluster 14 and 15 are
eventually separated into the two different islands.
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No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0 0.264 0.282 0.482 0.473 0.473 0.468 0.479 0.475 0.475 0.206 0.49 0.488 0.499 0.499 0.487 0.485 0.245
2 0.264 0 0.217 0.493 0.464 0.464 0.46 0.478 0.469 0.477 0.459 0.498 0.497 0.499 0.499 0.496 0.497 0.473
3 0.282 0.217 0 0.489 0.473 0.473 0.467 0.478 0.477 0.468 0.458 0.496 0.495 0.498 0.498 0.494 0.494 0.475
4 0.482 0.493 0.489 0 0.499 0.499 0.494 0.496 0.496 0.493 0.482 0.483 0.487 0.500 0.500 0.496 0.00793 0.482
5 0.473 0.464 0.473 0.499 0 0.000 0.48 0.467 0.473 0.472 0.492 0.498 0.498 0.491 0.492 0.498 0.499 0.494
6 0.473 0.464 0.473 0.499 0.000 0 0.48 0.467 0.473 0.472 0.492 0.498 0.498 0.491 0.492 0.498 0.499 0.494
7 0.468 0.460 0.467 0.494 0.480 0.480 0 0.166 0.131 0.117 0.488 0.500 0.499 0.491 0.494 0.499 0.495 0.492
8 0.479 0.478 0.478 0.496 0.467 0.467 0.166 0 0.0639 0.165 0.49 0.500 0.500 0.484 0.486 0.499 0.496 0.493
9 0.475 0.469 0.477 0.496 0.473 0.473 0.131 0.0639 0 0.176 0.491 0.500 0.500 0.487 0.490 0.499 0.497 0.493
10 0.475 0.477 0.468 0.493 0.472 0.472 0.117 0.165 0.176 0 0.487 0.500 0.499 0.490 0.493 0.498 0.493 0.491
11 0.206 0.459 0.458 0.482 0.492 0.492 0.488 0.490 0.491 0.487 0 0.490 0.488 0.500 0.500 0.486 0.483 0.174
12 0.490 0.498 0.496 0.483 0.498 0.498 0.500 0.500 0.500 0.5 0.490 0 0.07 0.500 0.500 0.194 0.483 0.488
13 0.488 0.497 0.495 0.487 0.498 0.498 0.499 0.500 0.500 0.499 0.488 0.070 0 0.500 0.500 0.124 0.487 0.486
14 0.499 0.499 0.498 0.500 0.491 0.491 0.491 0.484 0.487 0.490 0.500 0.500 0.500 0 0.0799 0.500 0.500 0.500
15 0.499 0.499 0.498 0.500 0.492 0.492 0.494 0.486 0.490 0.493 0.500 0.500 0.500 0.0799 0 0.500 0.500 0.500
16 0.487 0.496 0.494 0.496 0.498 0.498 0.499 0.499 0.499 0.498 0.486 0.194 0.124 0.500 0.500 0 0.496 0.485
17 0.485 0.497 0.494 0.00793 0.499 0.499 0.495 0.496 0.497 0.493 0.483 0.483 0.487 0.500 0.500 0.496 0 0.483
18 0.245 0.473 0.475 0.482 0.494 0.494 0.492 0.493 0.493 0.491 0.174 0.488 0.486 0.500 0.500 0.485 0.483 0

Table 3.4.10: The angular similarity matrix in units of radian. The rows as well as the columns
correspond to the clusters, as indicated by the numbers of the clusters. In each row, the clusters
form new clusters, respecting their similarities. Those clusters are indicated by their colors.
Note that the clustering occurs in each row, and clusters with the same color in different rows
do not belong to the same cluster.
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3.5 Conclusions of Chapter 2

This study investigates how neural networks, specifically autoencoder models, learn inter-
secting D-brane models and extract important features of the landscape. Based on the models
in Ref. [183], we generated D-brane configurations that align and do not align with the gen-
erations of quarks and leptons in each specific model. The goal is to classify input data and
extract important features by training autoencoder models on the datasets. The features are
deemed important as they are crucial for replicating the input data from the latent layer, and
those will serve as constraints on the phenomenologically-favored aligned configurations.

Our initial expectation was that the autoencoder models would be able to classify each data
set into aligned and non-aligned configurations. However, due to the difficulty of clustering,
we restrict the dimensions of the latent layers to be small and it makes the expressive abilities
not sufficient to replicate all features, which is constrained by many nonlinear relations, such
as the algebra and the SUSY condition. Then, it is expected that the only important features
are extracted by the autoencoder models.

Indeed, the dataset is separated into many islands, and the aligned and the non-aligned
configurations are clustered together in a nontrivial way, which may respect their macroscopic
properties.

Due to the lack of interpretability, we had to take a brute-force analysis that relied on
statistics. However, we would like to emphasize that this autoencoder-driven method partially
goes beyond the usual statistical studies, because if the characteristic value is found then it will
be one of the most important features of the D-brane configurations.

In fact, we found that the hidden tadpole charge, which is the tadpole charge of the D6-
branes in the hidden sector, has characteristic distributions over the clusters. In particular,
for Models 1 and 3, the hidden tadpole charges of the aligned configurations are unique for
them. The checkerboard pattern and the clusters of the clusters also show the characterization
via the hidden tadpole charge. It is interesting that the non-aligned configurations are also
characterized by the quantity. Thus we concluded that the hidden tadpole charge characterizes
the landscape of type IIA intersecting D-brane configurations.

At the same time, the interesting patterns observed suggest that there is at least one more
important quantity, as well as a hidden tadpole charge. Unfortunately, due to the principal
difficulty, we could not find that feature. It is interesting to find that in future work, but it
seems not efficient to study using these ML models which have no interpretability.

One possible candidate for finding the other feature is explainable artificial intelligence
(XAI) (see for a review, e.g., [206]). However, it is not easy to realize an expedient model for
specific tasks.

Furthermore, it is also interesting to study the roles of tadpole charges in a more general
string landscape. As explained in the previous chapter, and pointed out in our previous work
[72], the tadpole charge usually plays an important role in a general context. Considering
both the flux compactification, which is another source of RR charges, and phenomenological
D-brane models simultaneously may shed light on this kind of problem.

We close this section by discussing our further motivation for studying physics with ML. One
important application which we are currently interested in is a Transformer-based alternative
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approach to solving dynamics. Indeed, there are many studies about analyzing the solutions
of equations of motion without solving them directly. Notice that the dynamical process is
essentially equivalent to a time series data, Transformer can be used to deal with this kind of
task (see, e.g., [207]). We are currently interested in analyzing the moduli stabilization problem
via a Transformer-based approach, and we will report the result in the upcoming paper.



Chapter 4

Conclusion of the Thesis

In this thesis, we have discussed the type II string landscape by focusing on the statistics,
symmetries, and dualities, while all the topics are motivated by phenomenological interest. We
do not mention the details, since we have already concluded in each chapter.

Unfortunately, but rather trivially (since there is no effort to do so), we could not address
the main problem that we mentioned in Chapter 1: Did we obtain a model in this thesis
that is completely consistent with the experiment? To answer this question with yes, we have
tremendous difficulties that we must overcome in the future.

In fact, we have encountered important quantities that we have mostly ignored. One of
those quantities is the tadpole charge with various sources. Indeed, it plays crucial roles in can-
celing anomalies, ensuring the finiteness of the flux vacua and stability of moduli fields, mixing
the axio-dilaton and the complex-structure moduli, controlling the void radius, connecting the
moduli sector with the matter physics, and characterizing intersecting D-brane models. Fur-
thermore, it will be related to the vacuum energy, as it measures the flux contributions.

Of course, we should have considered it for consistency. Moreover, since we will need all of
the machinery to discuss the rigorous phenomenology, the fact that the quantity appears in all
the corners of string phenomenology motivates us to study the relationships between separated
frameworks in terms of the tadpole charge.

We would like to conclude this thesis with a remark that emphasizes the importance of the
tadpole charge and motivates our future work after this thesis.
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