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Identification of Importance-Weighting and Geodesics on Statistical
Manifolds

by Masanari Kimura

It is known that the set of probability distributions forms a Riemannian manifold, namely
the statistical manifold, and the research area that explores the geometric properties of
such manifolds is called information geometry. In the framework of information geom-
etry, several statistical concepts can be identified with geometric objects. Such identi-
fications can lead to a deeper understanding of statistical procedures, improvements to
existing methods, and geometrically natural generalizations of algorithms. In this study,
we consider the identification of the importance-weighting for probability distributions
with the selection of curves on the statistical manifold, following this framework. We
introduce that this identification leads to generalization of two statistical concepts. One
is the generalization of a family of algorithms called importance-weighted empirical risk
minimization, designed to adapt to covariate shifts where the marginal distributions
of input variables in the training and test data differ. We also demonstrate that, by
appropriately choosing the parameters introduced by the generalization, the proposed
method can outperform existing algorithms by numerical experiments. The other is a
generalization of a function measuring the difference between two probability distribu-
tions called skew divergence. We explore various properties of this generalized divergence
and introduce its inclusion of several existing divergences. In particular, the value of the
generalized divergence maintains continuity with respect to the parameters introduced
during generalization. Therefore, it is expected that by optimizing these parameters,
existing algorithms dependent on skew divergence can be improved.
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Chapter

1
Introduction

Our interest lies in considering the geometric properties of a manifold constructed by
a set of probability distributions. On the basis of such a geometric framework, it is
possible to identify statistical concepts with geometric objects. It is known that this
identification allows us to achieve a deeper understanding of statistical procedures, im-
provements to existing methods, and the induction of geometrically natural generalized
algorithms. In this study, we demonstrate the equivalence between the weighting of
probability distributions and the selection of curves on a manifold. Furthermore, we
show that this identification leads to the following generalizations: i) a generalization of
algorithms designed to handle differences in the distribution of input variables between
training and testing data, that is the covariate shift adaptation, and ii) a generalization
of a stable version of a divergence, namely the skew divergence, used to measure dif-
ferences between probability distributions. The first generalization concerns a problem
setting in which the probability distributions of the data during training and testing
are different in machine learning tasks, which have attracted a great deal of attention
in recent years. In particular, the validity of the framework called supervised learning
is supported by the identity of these distributions, and it is very important to con-
sider shifts in the distributions. The second generalization is about a function called
divergence that evaluates differences between probability distributions, which is used
very often in statistics and machine learning. Skew divergence takes into account the
numerical instability of the most commonly used divergence called Kullback–Leibler di-
vergence or KL-divergence, which has many known applications. We expect that the
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Chapter 1. Introduction

identification of these important concepts with geometrical concepts could lead to the
realization of various beneficial applications.

1.1 Background

1.1.1 Identification of Statistical Concepts and Geometric Objects

A set of probability distributions forms a Riemannian manifold, namely, the statistical
manifold. Indeed, when a probability distribution with a parameter θ denoted as p(·; θ)
is uniquely determined with a specific θ, the set {p(x; θ) | θ ∈ Θ} forms a Rieman-
nian manifold with θ values as coordinates. By studying the geometric properties of
this statistical manifold, we can expect to gain various insights. The framework for
analyzing the geometric properties of statistical manifolds, known as information ge-
ometry [8, 9, 14, 19], is notably used in various applied studies. See Appendix C for
more details of information geometry. Within the framework of information geometry
when considering statistical procedures, we can identify several statistical concepts with
geometric objects, which leads to a deeper understanding of statistical procedures, im-
provements to existing methods, and geometrically natural generalizations of algorithms.
Examples of the identified statistical and geometric concepts are as follows.

• The E- and M-steps of the EM algorithm can be identified with special projec-
tions called the e- and m-projections between the data manifold and the model
manifold [10, 116].

• Natural gradient descent characterizes the steepest direction on a statistical man-
ifold using the inverse matrix of the Fisher information matrix [11].

• Jeffreys prior is one of the non-informative priors that remain invariant under
parameter transformations, and it can be considered as the volume element of
statistical manifolds. Furthermore, Jeffreys’ prior can be generalized within the
framework of information geometry [194, 282].

In this study, we demonstrate the equivalence between the weighting of probability
distributions and the selection of curves on a manifold. Furthermore, we show that this
identification leads to the following two generalizations:

• a generalization of algorithms designed to handle differences in the distribution
of input variables between training and testing data, known as the covariate shift
adaptation, and
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• a generalization of a stable version of a divergence, known as the skew divergence,
used to measure differences between probability distributions.

In the following, we introduce the background for each problem setting.

1.1.2 Generalization of Covariate Shift Adaptation Methods

Machine learning [37, 134, 140, 209] is a subfield of artificial intelligence that involves the
use of algorithms and statistical models to enable computer systems to learn and improve
their performance on a specific task or problem from data without being explicitly
programmed. More formally, machine learning refers to the process in which a computer
program learns from experience to improve its performance on tasks [134, 165, 201,
343]. Machine learning has advanced markedly over the past two decades and involves
numerous applications such as computer vision [80, 103, 126, 200, 268], natural language
processing [70, 225, 272, 332], and recommender systems [198, 239, 338]. Especially
in recent years, there has been a growing interest in advanced applications such as
generative models capable of producing images and artwork that are indistinguishable
from those created by humans [64, 335], as well as high-capacity chat systems capable
of information retrieval, question answering, and text generation [190, 342].

Machine learning tasks are categorized into the following three groups on the basis of
their learning approach and behavior; Supervised learning is an approach that uses
pairs of input data and output labels to learn the rules between inputs and outputs.
Many fundamental learning tasks are classified under supervised learning [48, 217]. Un-
supervised learning aims to extract a certain structure form solely from input data.
For example, clustering [43, 127, 319], dimensionality reduction [117, 249], and self-
organizing maps [149, 150] are categorized into unsupervised learning. Reinforcement
learning allows an agent to acquire knowledge within an interactive environment through
experimentation and learning from the feedback generated by its own actions and en-
counters [16, 138, 281]. Furthermore, there exists a paradigm called semi-supervised
learning [296, 345], which is a combination of supervised and unsupervised learning. In
this study, we particularly focus on supervised learning.

Supervised learning aims to acquire a function that best approximates the relationship
between input vectors and outputs using pairs of input vectors and corresponding out-
puts as labeled training data. The goal of supervised learning is to predict outputs
for novel data using a model that has been trained on a labeled dataset. The learn-
ing algorithms most commonly used are, for example, support vector machines [113],
linear regression [204], logistic regression [119], decision trees [251] and neural net-
works [98, 105, 112] for classification and regression.

3
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The procedures of these machine learning algorithms all depend on the provided training
dataset. In particular, all approaches of supervised, unsupervised, and reinforcement
learning rely on input vectors. Here, we consider why the fit to the training data leads
to a fit to the test data. This involves considering the assumptions necessary for learning
from the given data to enable predictions of unknown data. Intuitively, this assumes
that the tendencies of instances present in the test dataset are similar to those of present
in the training dataset. For example, consider the task of predicting the risk of a certain
disease based on information about a patient. If the disease is more likely to occur in
older individuals than in younger ones, it is desirable that the distribution of patient
ages in the training dataset is similar to that in the test dataset. Alternatively, if the
disease is more prone to affect males than females, a similar expectation about patient
gender can also be made. Intuitively, an algorithm trained on a predominantly female
dataset might not be reliable for making predictions on unfamiliar datasets in which
males constitute the majority.

From the above example, the similarity in distribution between the training and test data
seems to be a necessary assumption in supervised learning. As a stronger assumption, the
well-known independent and identically distributed (i.i.d.) assumption is often imposed,
requiring the independence of each instance.

Supervised learning, which optimizes with respect to the empirical risk of the training
data, is often formulated within the framework of empirical risk minimization (ERM).
The reason why it can be concluded that ERM works well is that this framework exhibit
statistically desirable properties namely consistency and unbiasedness (see Chapter 2).
These properties are based on the i.i.d. assumption between the training and test data.

However, such assumptions are often violated in real-world problem settings. We con-
sider the task of disease risk prediction again as an example. For instance, when the
hospital providing the training dataset differs from that holding the data for prediction,
it can be anticipated that the identical distributions assumption is more likely to be
violated. In one hospital, owing to its geographical location, there might be a higher
proportion of elderly patients, whereas in another hospital, the presence of a renowned
female physician might result in a larger number of female patients. In such situations,
it is common for patient distributions to vary between hospitals, often leading to the
violation of the i.i.d. assumption. As another example, we consider chat systems based
on large-scale language models, which are currently attracting significant attention. Al-
though these chat systems exhibit high performance, they have been reported to lack
political neutrality [196, 197], have ethical bias [156, 244], or have performance gap
among languages [163, 180]. These reports also stem from differences in the distribution
of data. The behavior of such chat systems relies on the dominant presence of political
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and ethical biases within the training dataset, as well as the proportion of English text
within the dataset.

The situation where the distributions of the training and test datasets differ is referred
to as distribution shift, also known as dataset shift [159, 206, 236, 241]. Similar problem
formulations include out-of-distribution (OOD) generalization [212, 259, 328], distribu-
tionally robust optimization (DRO) [75, 91, 242], domain adaptation [25, 232, 304],
transfer learning [226, 289, 307, 346], active learning [115, 257, 258], continual learn-
ing [187, 228], and sampling bias correction [28, 122] among others. These related
studies are reviewed in Appendix B.

The covariate shift assumption [260] is one of the problem settings within the context of
distribution shift. Covariate shift assumes that the marginal distributions of input vec-
tors between the training and test data are different. The phenomenon of covariate shift
can frequently occur owing to factors such as limited resources during data collection,
sampling bias, and experimental design. See Chapter 2 for the detailed definition of the
covariate shift assumption. An illustrative example involves a model aimed at classi-
fying and distinguishing images of dogs from those of other animals. During training,
the model learns to identify distinct dog features using labeled datasets. However, the
training data might lack a full spectrum of dog breeds, leading to gaps in knowledge.
Consequently, when the model is used, it may struggle to accurately identify dog breeds
not encountered in the training data owing to the covariate shift phenomenon. Other ex-
amples are emotion recognition [109], image generation [254], 3D pose estimation [321],
sleep stage classification [141], and other tasks [110, 256, 270, 294, 302, 306].

The most fundamental strategy for covariate shift adaptation is importance weight-
ing [260, 277, 322]. The key idea behind importance weighting is to adjust the weights
of data points, assigning lower weights to the data generated from the training distri-
bution and higher weights to the data generated from the test distribution, to perform
parameter estimation effectively. The most typical weighting is based on the density
ratio between the training distribution and the test distribution. Moreover, for reasons
such as stability and model constraints, several variants exist [82, 179, 192, 322].

In Chapter 3, we focus on the observation that a certain group of these covariate shift
adaptation methods can be identified with a collection of geometric objects on the sta-
tistical manifold formed by sets of probability distributions. We demonstrate that the
selection of covariate shift adaptation methods can be identified with the choice of curves
that connects the training and test distributions. Through this identification, we intro-
duce the pair of parameters that determine the shape of the curve and its position on
the curve. This enables us to generalize multiple covariate shift adaptation methods.
Furthermore, we experimentally demonstrate that the performance of the trained model
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changes relatively smoothly with variations in these parameters. On the basis of these
observations, we show that through appropriate parameter optimization, our generalized
covariate shift adaptation outperforms existing methods in terms of performance.

1.1.3 Generalization of Skew Divergence

In Chapter 4, we introduce that the equivalence between weighting and curves on the
manifold leads to a generalization of divergence. Here, in statistics, divergence refers to
a type of pseudo-distance used to evaluate the differences between probability distribu-
tions. The term pseudo-distance is used because divergence does not satisfy symmetry
or triangle inequality. In particular, one of the most important divergences in statistics
and machine learning is the KL-divergence [160]. The KL-divergence plays a central
role in many contexts. For instance, cross-entropy [67, 243], which commonly appears
as an objective function in machine learning, is closely related to the KL-divergence. As
another example, in more modern machine learning approaches, it has been reported
that the regularization term based on the KL-divergence contributes to improving the
performance of models [95, 229, 333]. Moreover, in the framework of PAC-Bayes learn-
ing, which is used for the analysis of generalization bounds for machine learning models,
the KL-divergence plays a pivotal role [7, 100, 195].

Mathematically, the KL-divergence is given as the expectation of the logarithm of the
density ratio of two probability distributions with respect to one of the distributions (
see Chapter 2 for the definition of the KL-divergence). Owing to the inclusion of the
density ratio in its definition, the KL-divergence has the potential to diverge to infinity if
there is a discrepancy in the supports of the two probability distributions. Furthermore,
there are cases in which the asymmetry of the KL-divergence becomes problematic. To
address these limitations, there are various variants and symmetrizations of the KL-
divergence [23, 224, 303].

The skew divergence [49, 59, 94, 168, 247] is one of the variants of the KL-divergence
and has numerous applications. The skew divergence addresses the issue of the KL-
divergence by using a weighted average of the densities of the two distributions as the
denominator, which alleviates the problem of divergence to infinity that was present in
the KL-divergence. Here, we introduce how the generalization of the skew divergence can
also be derived through the equivalence between averaging operations and the selection
of curves on the manifold. This generalization exhibits the properties that the divergence
should satisfy.
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Figure 1.1: Identification of weighting and geodesics leads to two generalizations.

1.2 Contributions

Our contributions are summarized as follows:

• We show that the selection of covariate shift adaptation methods can be identified
with the choice of curves on the statistical manifold that connect the training and
test distributions.

• We suggest that this identification leads to the introduction of a pair of parameters
that determine the shape of the curve and its position on the curve. This enables us
to generalize covariate shift adaptation methods from the viewpoint of information
geometry.

• Furthermore, we consider that the equivalence between importance weighting and
curve selection leads to a new class of generalizations for the KL-divergence (see
Fig. 1.1).

Our generalization provides a deeper understanding of algorithms or divergences and,
increases the existing algorithms through better selection of parameters to be introduced.
Furthermore, we can expect to derive generalizations of various other existing statistical
procedures in a framework similar to these generalizations.

The organization of this thesis is as follows. In Chapter 2, we review the related lit-
erature. In addition, Appendix B provides additional related work. In Chapter 3, we
introduce the generalization of covariate shift adaptation methods from the viewpoint
of information geometry. In Chapter 4, we generalize the skew-divergence family on the
basis of the identified weighting and geodesics. Finally, in Chapter 5, we provide the
conclusion and possible future work. We would also like to mention that the content of
this work is based on previously published journal articles [145, 146].
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Chapter

2
Preliminaries

This chapter introduces the notation required throughout this study, as well as related
research. First, we define the notation for basic random variables and probability dis-
tributions. Second, we summarize prerequisites for the framework of Empirical Risk
Minimization and the assumptions of distribution shift, which are the focus of Chap-
ter 3. Third, we define a notation for divergence, which is the main topic of discussion
in Chapter 4. Finally, we introduce a preparation on the information geometry com-
monly used in these chapters. We also introduce known examples of the identification of
statistical concepts with geometric objects and define the tools we focus on in particular.

2.1 Statistical Models

First, let us review the definitions of statistical models. For more details, please refer to
textbooks on probability and statistics [29, 36, 230].

2.1.1 Discrete and Continuous Random Variables

Let F be a set of measures. A discrete random variable X takes finite or at most
countably infinite values. Its probability is described by a probability mass function
p : X → [0, 1] as

p(x) = P (X = x), (2.1)
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satisfying ∑x∈X p(x) = 1, where X is the support of X and p ∈ F .

A continuous random variable X is a random variable taking a continuous range of
values. Its probability distribution has a probability density function p : X → R+

satisfying p(x) ≥ 0, (∀x ∈ X ) and
∫

X p(x)dx = 1. Note that for two probability
densities p1(x) and p2(x), the convex combination

p(x) = λp1(x) + (1 − λ)p2(x), λ ∈ [0, 1] (2.2)

is also a probability density. Note that for some S ⊆ X ,
∫

S p(x)dx = P(x ∈ S).

It is worth noting that any discrete distribution can be seen as having a probability
density function p̃(x̃) as

p̃(x̃) =
∑
x∈X

p(x)δ(x̃ − x), (2.3)

where p(x) is a probability mass function and δ is the Dirac delta function.

2.1.2 Parametric Models

Let Θ ⊂ Rn be the parameters space and p(·; θ) ∈ F be a probability distribution
parameterized by θ ∈ Θ. We consider a family of probability distributions on X as

S = {p(·; θ) | θ = (θ1, . . . , θn) ∈ Θ} (2.4)

where n ∈ N is the dimension of Θ. The set S is called a statistical model or a parametric
model of dimension n.

2.1.3 Exponential and Mixture Family

Here, we introduce two distinguish families of probability distributions, called the expo-
nential family and the mixture family. For i = 1, . . . , n, consider n+ 1 smooth functions
k(x), Ti(x) on X such that Ti(x) is linearly independent. Consider the following prob-
ability density

p(x; θ) = exp
{
k(x) + θiTi(x) − ψ(θ)

}
, (2.5)

where x ∈ X and

ψ(θ) = log
(∫

X
ek(x)+θiTi(x)dx

)
(2.6)
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is the normalization function. In Eq. (2.5), and hereafter the Einstein summation con-
vention will be assumed, so that summation will be automatically taken over indices
repeated twice in superscript and subscript of the term, e.g., aibi = ∑

i a
ibi. The sta-

tistical model S = {p(x; θ) | θ ∈ Θ}, with p(x; θ) is given by Eq. (2.5), is called an
exponential family and θ is its natural parameter. Note that Eq. (2.5) can be written
equivalently as

p(x; θ) = h(x) exp
{
θiTi(x) − ψ(θ)

}
, (2.7)

with h(x) = ek(x).

Example 2.1. For X = [0,∞), Θ = (0,∞), k(x) = 0, T1(x) = −x, θ1 = θ and
ψ(θ) = − log θ, p(x; θ) is the exponential distribution with parameter θ as

p(x; θ) = θe−θx. (2.8)

Example 2.2. For X = R, Θ = R × (0,∞), k(x) = 0, T1(x) = x, T2(x) = x2, θ1 = µ
σ2 ,

θ2 = − 1
2σ2 and

ψ(θ) = −(θ1)2

4θ2 + 1
2 log

(
− π

θ2

)
,

p(x; θ) is the Gaussian distribution with parameter θ and (µ, σ) ∈ R × (0,∞).

Let Fi : X → R be n smooth functions, linearly independent on X , satisfying∫
X
Fi(x)dx = 0, 1 ≤ i ≤ n. (2.9)

Let C(x) with
∫

X C(x) = 1, and consider the following family of probability densities.

p(x; θ) = C(x) + θiFi(x). (2.10)

The statistical manifold S = {p(x; θ) | θ ∈ Θ}, with p(x; θ) given by Eq. (2.10), is
called a mixture family and θ is its mixture parameter.

Example 2.3. Consider n+1 probability densities p1, p2, . . . , pn, pn+1, which are linearly
independent on X . Let Θ = {θ ∈ Rn |

∑n
i=1 θ

i < 1, θi > 0}. The following weighted
average is also a probability density

p(x; θ) = θipi(x) +
(

1 −
n∑

i=1
θi

)
pn+1(x) (2.11)

= pn+1(x) +
n∑

i=1
θi(pi(x) − pn+1(x)), (2.12)

11
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which becomes a mixture family with C(x) = pn+1(x) and Fi(x) = pi(x) − pn+1(x).

The operation of weighted averaging of probability distributions in Example 2.3 becomes
crucial in the subsequent chapters when generalizing algorithms and divergences.

Definition 2.1. The set of the strictly positive probability measure P is defined as

P :=
{
p ∈ F | p(x) > 0 (∀x ∈ X ),

∫
X
p(x)dx = 1

}
, (2.13)

and the set of nonnegative probability measure P+ is defined as

P+ :=
{
p ∈ F | p(x) ≥ 0 (∀x ∈ X ),

∫
X
p(x)dx = 1

}
, (2.14)

2.2 Empirical Risk Minimization and Covariate Shift

First, we formulate the problem of supervised learning. We denote by X ⊂ Rd the
d-dimensional input space, where d ∈ N. The output space is denoted by Y ⊂ R (re-
gression) or Y ⊂ {1, . . . ,K} (K-class classification). We assume that training examples
{(xtr

i , y
tr
i )}ntr

i=1 are independently and identically distributed (i.i.d.) according to some
fixed but unknown distribution ptr(x, y), which can be decomposed into the marginal
distribution and the conditional probability distribution, i.e., ptr(x, y) = ptr(x)ptr(y|x).
We also denote the test examples by {(xte

i , y
te
i )}nte

i=1 drawn from a test distribution
pte(x, y) = pte(x)pte(y|x). Here ntr ∈ N and nte ∈ N are training and test sample
size, respectively.

Let H be a hypothesis class. The goal of supervised learning is to obtain a hypothesis
h : X → R (h ∈ H) with the training examples that minimizes the expected loss over
the test distribution.

Definition 2.2 (Expected error). Given a hypothesis h ∈ H and probability distribution
p(x, y) the expected error R(h; p) is defined as

R(h; p) := E(x,y)∼p(x,y)
[
ℓ(h(x), y)

]
, (2.15)

where ℓ : R × Y → R is the loss function that measures the discrepancy between the
true output value y and the predicted value ŷ := h(x).

The expected error of a hypothesis h is not directly accessible since the underlying distri-
bution p(x, y) is unknown. Then, we have to measure the empirical error of hypothesis
h on the observable labeled sample.
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Definition 2.3 (Empirical error). Given a hypothesis h ∈ H and labeled sample Sn =
{(xi, yi)}n

i=1, the empirical error R̂(h;Sn) is defined as

R̂(h;Sn) := 1
n

n∑
i=1

ℓ(h(xi), yi), (2.16)

where ℓ : R × Y → R is the loss function.

This procedure, known as Empirical Risk Minimization (ERM), is known to be useful
in learning with i.i.d. settings [37, 111, 128, 276, 298, 299]. For example, we assume
that the labeled sample S is a set of i.i.d. examples according to distribution p(x, y).
Then, the empirical error R̂(h;S) is an unbiased estimator of the expected error R(h; p)
as follows.

Ep(x,y)
[
R̂(h;S)

]
= 1
n

n∑
i=1

Ep(x,y) [ℓ(h(x), y)]

= 1
n

n∑
i=1

R(h; p)

= R(h; p). (2.17)

Moreover, ERM has the following property.

Proposition 2.4. We assume that the labeled sample Sn is a set of i.i.d. samples
according to distribution p(x, y). We also assume that the empirical error R̂(h;Sn)
convergence uniformly to the expected error R(h; p). Then, the empirical error R̂(h;Sn)
is a consistent estimator of the expected error R(h; p).

Proof. Let hSn = arg min
h∈H

R̂(h;Sn) and h∗ = arg min
h∈H

R(h; p). For all h ∈ H, we have

R(h; p) −R(h∗; p) ≥ 0, (2.18)

R̂(h;Sn) − R̂(hSn ;Sn) ≥ 0. (2.19)

Since h in Eq. (2.18) and (2.19) can be taken to be hSn and h∗, respectively, we obtain
the following.

R(hSn ; p) −R(h∗; p) ≥ 0, (2.20)

R̂(h∗;Sn) − R̂(hSn ;Sn) ≥ 0. (2.21)
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From Eq. (2.20) and (2.21),

0 ≤ R(hSn ; p) −R(h∗; p) + R̂(h∗;Sn) − R̂(hSn ;Sn)

= R(hSn ; p) − R̂(hSn ;Sn) + R̂(h∗;Sn) −R(h∗; p)

≤ sup
h∈H

(
R(h; p) − R̂(h;Sn)

)
+ R̂(h∗;Sn) −R(h∗; p). (2.22)

Due to the law of large numbers, the second half of the right hand side converges in
probability as

∣∣∣R̂(h∗;Sn) −R(h∗; p)
∣∣∣ P−→ 0 as n → ∞. (2.23)

and

sup
h∈H

∣∣∣R(h; p) − R̂(h;Sn)
∣∣∣ P−→ 0 as n → ∞, (2.24)

Then, we have

R(hSn ; p) −R(h∗; p) P−→ 0 as n → ∞, (2.25)

R̂(h∗;Sn) − R̂(hSn ;Sn) P−→ 0 as n → ∞. (2.26)

From Eq. (2.24) to (2.26), we have the proof.

As discussed above, ERM has desirable properties when training and test data are gen-
erated from the identical distribution. However, in real-world scenarios, this assumption
is frequently violated. This is because the data used to train a model is often collected
under different conditions or at a different time than the data that the model is expected
to predict. For example, a model trained on images of faces captured in a controlled
environment may not perform well when applied to images of faces captured in the
wild, due to differences in lighting, pose, and background. Similarly, a model trained
on financial data collected during a period of economic stability may not generalize well
to a period of economic uncertainty, where the underlying distribution of the data has
shifted. This mismatch between the training and test data distributions is known as dis-
tribution shift, and it is a common problem in real-world machine learning applications.
Failing to account for distribution shifts can lead to models that perform poorly on new
data, reducing their effectiveness in practice. This assumption, where the training dis-
tribution and the test distribution differ, is referred to as distribution shift. Specifically,
the following definitions of distribution shift are known.
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Definition 2.5 (Covariate shift [260]). We consider that the two distributions ptr(x, y)
and pte(x, y) satisfy the covariate shift assumption if the following conditions hold:

ptr(x) ̸= pte(x),

p(y|x) = ptr(y|x) = pte(y|x).

Covariate shift refers to a situation where the distribution of the input features (also
known as covariates) changes between the training and testing phases of a machine
learning problem. This means that the statistical properties of the input features used
to train a model are different from those of the features used to test the model.

Definition 2.6 (Target shift [337]). We consider that the two distributions ptr(x, y)
and pte(x, y) satisfy the target shift assumption if the following conditions hold:

ptr(y) ̸= pte(y),

p(x|y) = ptr(x|y) = pte(x|y).

Target shift, also known as label shift, occurs when the distribution of the target variable
changes between the training and testing phases of a machine learning problem.

Definition 2.7 (Concept drift [309]). We consider that the two distributions ptr(x, y)
and pte(x, y) satisfy the concept drift assumption if the following conditions hold:

ptr(y|x) ̸= pte(y|x),

ptr(x|y) ̸= pte(x|y).

Concept drift refers to a situation where the underlying relationship between the input
features and the target variable changes over time. This means that the relationship
that the model learned during training is no longer valid or accurate in the testing phase.
All three phenomena can lead to a mismatch between the training and testing phases of
a machine learning problem, which can result in poor model performance.

Definition 2.8 (General distribution shift [274]). Let Z ⊂ {X ,Y} be a set of immutable
variables whose marginal distribution should remain fixed, W ⊂ {X ,Y} \ Z be a set of
mutable variables whose distribution can be shifted, and V = {X ,Y} \ (W ∪ Z) be the
remaining dependent variables. This partition of the variables defines a factorization of
ptr into

ptr(v|w, z)ptr(w|z)ptr(z), (2.27)
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where z ∈ Z, w ∈ W and v ∈ V. We consider that the two distributions ptr(x, y) and
pte(x, y) satisfy the general distribution shift assumption if the following hold:

ptr(w|z) ̸= pte(w|z). (2.28)

Note that this formulation generalizes other distribution shifts. For example, if we let
Z = ∅ and W = X , then this corresponds to the covariate shift assumption.

In this study, we particularly focus on the covariate shift assumption. The covariate shift
assumption has several known aliases and variants and has been studied extensively. For
example, while closely related to the covariate shift assumption, many studies also treat
similar problem settings as sample selection bias [28, 291, 300, 311]. Several studies [292,
334] introduced a random variable s to model sample selection bias, and considered the
construction of the test distribution as follows:

pte(x, y) = p(x, y) =
∑

s

p(x, y, s), (2.29)

where s = 1 means the example is selected, and s = 0 means the example is not selected.
As another variant, the subpopulation shift [255, 326] in machine learning refers to a
situation where the statistical properties of a particular subset or subpopulation of data
change between the training and testing phases. This means that the distribution of data
within a specific subgroup, such as a certain demographic, location, or any other defined
subset, is different in the training and testing datasets. For more specific applications
in the advertising industry, predicting how many clicks are associated with purchases is
crucial. However, in the real world, it is known that there is a time lag between clicks
and actual purchases. This problem is referred to as a feedback shift or delayed feedback
problem. Delayed feedback was initially researched by Chapelle [52] and has since led
to the proposal of numerous techniques to address this problem [157, 250, 283, 330].
Furthermore, several studies have explored the concept of delayed feedback in the context
of bandit problems [135, 237, 301].

As noted above, there are many assumptions associated with covariate shift. In the fol-
lowing, we provide a concise review of related research on the covariate shift assumption.

2.2.1 Covariate Shift Adaptation

Covariate shift is one of the assumptions originally proposed by Shimodaira [260]. Co-
variate shift adaptation is a research area focused on methods to acquire models that
achieve good performance in datasets where covariate shift is assumed. Numerous ap-
proaches for covariate shift adaptation have been proposed to ensure the performance of
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machine learning models under the assumption of covariate shift. From the definition of
covariate shift (Definition 2.5), it is clear that ordinal ERM fails under covariate shift.
Specifically, in the ordinal ERM approach, the expected value of empirical risk under
the training distribution does not match the expected risk under the test distribution.

Importance weighting has been shown to be effective in mitigating the effect of covariate
shift [260, 277, 302]:

min
h∈H

1
ntr

ntr∑
i=1

w(xtr
i )ℓ(h(xtr

i ), ytr
i ), (2.30)

where w : X → (0,∞) is a certain weighting function.

Definition 2.9 (Importance-Weighted ERM (IWERM) [260]). The Importance-Weighted
ERM (IWERM) is defined as a modified ERM by using the density ratio pte(x)/ptr(x)
as the weighting function:

min
h∈H

1
ntr

ntr∑
i=1

pte(xtr
i )

ptr(xtr
i )ℓ(h(xtr

i ), ytr
i ). (2.31)

IWERM is known to have unbiasedness and consistency under the covariate shift as-
sumption. For example, the unbiasedness of IWERM can be proved as follows.

Eptr(x,y)

[
pte(x)
ptr(x)ℓ(h(x), y)

]
=
∫

X ×Y

pte(x)
ptr(x)ℓ(h(x), y) · ptr(x, y)dxdy

=
∫

X ×Y

pte(x)
ptr(x)ℓ(h(x), y) · ptr(x)ptr(y|x)dxdy

=
∫

X ×Y
pte(x)ℓ(h(x), y) · ptr(y|x)dxdy

=
∫

X ×Y
pte(x)ℓ(h(x), y) · pte(y|x)dxdy

=
∫

X ×Y
ℓ(h(x), y) · pte(x, y)dxdy

= Epte(x,y) [ℓ(h(x), y)] . (2.32)

However, IWERM tends to produce an estimator with high variance. We can reduce
the variance by flattening the importance weights, which is called Adaptive Importance-
Weighted ERM (AIWERM).

Definition 2.10 (Adaptive Importance-Weighted ERM (AIWERM) [260]). Let λ ∈
[0, 1]. The Adaptive Importance-Weighted ERM (AIWERM) is defined as a modified
IWERM by using (pte(x)/ptr(x))λ as the weighting function:

min
h∈H

1
ntr

ntr∑
i=1

(pte(xtr
i )

ptr(xtr
i )
)λ
ℓ(h(xtr

i ), ytr
i ). (2.33)

17



Chapter 2. Preliminaries

Relative Importance-Weighted ERM (RIWERM), a stable version of AIWERM, has also
been proposed.

Definition 2.11 (Relative Importance-Weighted ERM (RIWERM) [322]). Let λ ∈
[0, 1]. The Relative Importance-Weighted ERM (RIWERM) is defined as a modified
IWERM by using pte(x)/λptr(x) + (1 − λ)pte(x) as the weighting function:

min
h∈H

1
ntr

ntr∑
i=1

pte(xtr
i )

λptr(xtr
i ) + (1 − λ)pte(xtr

i )ℓ(h(xtr
i ), ytr

i ). (2.34)

All of the above methods are considered as different weighting methods for each point
of the training data. More generally, the method of covariate shift adaptation can be
essentially rephrased as a weighting strategy for training distribution. In Chapter 3,
we demonstrate that the weighting of probability distribution geometrically corresponds
to the selection of curves connecting ptr and pte, and we geometrically generalize these
covariate shift adaptation methods.

2.3 Divergences between Probability Distributions

In statistics and information theory, divergences are a powerful tool for quantifying the
difference between two probability distributions [22, 71]. Divergence is a mathematical
function that takes two probability distributions as input and outputs a scalar value.

Definition 2.12 (Divergence). The divergence D : P+ × P → [0,∞] is defined between
two probability distributions p and q, and satisfies the following properties:

(1) D[p∥q] ≥ 0;

(2) D[p∥q] = 0, if and only if p = q;

(3) At every p, D[p∥p + dp] is a positive-definite quadratic form for infinitesimal dis-
placements dp from p.

There are several different types of divergences, each with its own unique properties and
applications.

Definition 2.13 (Kullback–Leibler divergence [160]). The Kullback–Leibler divergence
or KL-divergence DKL : P+×P → [0,∞] is defined between two probability distributions
p and q by

DKL[p∥q] :=
∫

X
p(x) log p(x)

q(x)dx. (2.35)
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KL-divergence is a measure of the difference between two probability distributions in
statistics and information theory [92, 253, 266, 333]. This is also called the relative
entropy, and is known not to satisfy the axiom of distance.

Since the KL-divergence is asymmetric, several symmetrizations have been proposed in
the literature [175, 199, 220].

Definition 2.14 (Jensen–Shannon divergence [175]). The Jensen–Shannon divergence
or JS-divergence DJS : P × P → [0,∞) is defined between two probability distributions
p and q by

DJS [p∥q] := 1
2

(
DKL

[
p
∥∥∥p+ q

2
]

+DKL
[
q
∥∥∥p+ q

2
])

= 1
2

∫
X

(
p(x) log 2p(x)

p(x) + q(x) + q(x) log 2q(x)
p(x) + q(x)

)
dx

= DJS [q∥p]. (2.36)

The JS-divergence is a symmetrized and smoothed version of the KL-divergence, and it
is bounded as

0 ≤ DJS [p∥q] ≤ log 2. (2.37)

This property contrasts with the fact that KL-divergence is unbounded.

Definition 2.15 (Jeffreys divergence [129]). The Jeffreys divergence DJ [p∥q] : P ×P →
[0,∞] is defined between two probability distributions p and q by

DJ [p∥q] := DKL[p∥q] +DKL[q∥p]. (2.38)

Such symmetrized KL-divergences have appeared in various literatures [23, 35, 54, 219,
222, 224, 303].

Although the KL-divergence is a core concept in statistics and information theory, it is
known to have computational difficulty. To be more specific, if q(x) takes a small value
relative to p(x), the value of DKL[p(x)∥q(x)] may diverge to infinity. The simplest idea
to avoid this is to use very small ϵ > 0 and modify DKL[p(x)∥q(x)] as follows:

D+
KL[p∥q] :=

∫
X
p(x) log p(x)

q(x) + ϵ
dx.

However, such an extension is unnatural in the sense that q(x) + ϵ no longer satisfies
the condition for a probability measure:

∫
X ϵ+ q(x)dx ̸= 1.
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As a more natural way to stabilize KL-divergence, the following skew divergence has
been proposed:

Definition 2.16 (Skew divergence [167, 175]). The skew divergence D(λ)
S [p(x)∥q(x)] :

P × P → [0,∞] is defined between two probability distributions p and q by

D
(λ)
S [p∥q] := DKL[p∥(1 − λ)p+ λq]

=
∫

X
p(x) log p(x)

(1 − λ)p(x) + λq(x)dx, (2.39)

where λ ∈ [0, 1].

Skew divergences have been experimentally shown to perform better in applications
such as natural language processing [168, 315], image recognition [49, 247] and graph
analysis [5, 125]. In addition, there is research on the quantum generalization of skew
divergence [17].

Skew divergence can be viewed as calculating a value by weighting one probability dis-
tribution towards another and approaching it. In this study, we introduce the gener-
alization of skew divergence, similar to the generalization of covariate shift adaptation
methods, through the identification of statistical concepts and geometric procedures.

2.4 Identification of Statistical Concepts and Geometric
Objects

In this section, we provide background knowledge on the identification of statistical
concepts and geometric objects. The flow of this section is as follows.

• First, we introduce the construction of a Riemannian manifold by a set of probabil-
ity distributions. This is a core concept in the framework of information geometry.

• Next, we explain how weighting probability distributions and selecting curves on
a statistical manifold can be identified. For this identification, we introduce the
generalized means, encompassing various averaging operations, and the concept
of α-geodesics, which are generalized version of straight curves on the statistical
manifold. In Chapters 3 and 4, we discuss generalized algorithms and divergences
using this identification.

• Finally, we briefly introduce known examples where the identification of statistical
concepts and geometric objects is useful.
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Figure 2.1: Definitions of geometric concepts needed in this study.

2.4.1 Statistical Manifolds

Here, we first discuss the motivation for considering statistical manifolds. Next, we
introduce the definitions of the geometric concepts needed for this study.

We consider the parametric model S defined in Eq. (2.4). Since the probability dis-
tribution p ∈ S is uniquely determined when the parameter θ ∈ Θ is determined, the
parameter space can be regarded as a coordinate system, and it is called the θ-coordinate
system. A simple example is shown below.

Example 2.4. Consider a normal distribution on Rn with parameter θ = (µ,Σ):

p(x; µ,Σ) = 1√
det 2πΣ

exp
{

−1
2(x − µ)⊤Σ−1(x − µ)

}
.

Let S be a set of these distributions. The KL-divergence between two points p0 =
p(x; µ0,Σ0) and p1 = p(x; µ1,Σ1) within S is given by

DKL[p0∥p1] = 1
2(µ1 − µ0)⊤Σ−1

0 (µ1 − µ0) + 1
2tr

(
Σ−1

0 Σ1 − I
)

+ 1
2 log det

(
Σ−1

0 Σ1
)
.

In particular, when the variance is fixed as Σ0 = Σ1 = σ2I with some fixed σ2, we can
write:

DKL[p0∥p1] = 1
2σ2 (µ1 − µ0)⊤(µ1 − µ0).

From the fact that KL-divergence can be written as

DKL[p(·; θ + dθ)∥p(·; θ)] = 1
2gijdθ

idθj +O(∥dθ∥3), (2.40)
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for the Fisher metric (see Section 2.4.1.5), the µ-coordinate system can be regarded as
a Cartesian coordinate system in n-dimensional Euclidean space when the variance is
fixed.

From Example 2.4, we can see that the manifold constructed by a set of normal distribu-
tions with fixed variance can be regarded as a Euclidean space, but this is not necessarily
true for the manifold constructed by a general probability distribution. The definition of
a curve in such a non-Euclidean space depends on the coordinate system that the man-
ifold has. In particular, a straight curve on a manifold is called a geodesic. This study
considers the identification of weighting probability distributions with the selection of
geodesics. Therefore, in the following we introduce the background knowledge necessary
to define a generalized concept of geodesics, called α-geodesics. Figure 2.1 provides an
overview of these geometric concepts.

2.4.1.1 Manifolds

A manifold is a multidimensional space that can be locally regarded as a Euclidean
space. A point within a manifold can be identified by multiple parameter sets, where
these parameters can be interpreted as local coordinate systems.

Let (M, d) be a metric space, where M is a set of points and d is a metric.

Definition 2.17. Let U ⊂ M be an open set. Then the pair (U, ϕ) is called a coordinate
system on M, if ϕ : U → ϕ(U) ⊂ Rn is a homeomorphism of the open set U in M onto
an open set ϕ(U) of Rn. The coordinate functions f on U are defined as xj : U → R, and
ϕ(p) = (x1(p), . . . , xn(p)), namely xj = uj ◦ ϕ, where uj : Rn → R, uj(a1, . . . , an) = aj

is the j-th projection.

The integer n is called the dimension of the coordinate system.

Definition 2.18. An atlas A of dimension n associated with the metric space (M, d)
is a collection of coordinate systems {(Uα, ϕα)}α such that

i) Uα ⊂ M, ∀α, ⋃α Uα = M. That is, Uα covers M.

ii) If Uα ∩ Uβ ̸= ∅, the restriction to ϕα(Uα ∩ Uβ) of the map

Fαβ = ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ) → ϕβ(Uα ∩ Uβ) (2.41)

is differentiable from Rn to Rn.
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There exist several atlases on a given metric space M in general. Two atlases A and
A′ are called compatible if their union is an atlas on M. The set of compatible atlases
with a given atlas A can be partially ordered by inclusion, and its maximal element is
called the complete atlas Ā.

Definition 2.19. A differentiable manifold M is a metric space endowed with a com-
plete atlas. The dimension n of the atlas is called the dimension of the manifold.

2.4.1.2 Tangent Space and Vector Field

Let F(M) be the set of all differentiable functions on the manifold M. The tangent
vectors on M is defined as follows. A tangent vector of M at a point p ∈ M is a function
Xp : F(M) → R such that

i) Xp is R-linear

Xp(af + bg) = aXp(f) + bXp(g), ∀a, b ∈ R, ∀f, g ∈ F(M). (2.42)

ii) The Leibniz rule is satisfied

Xp(fg) = Xp(f)g(p) + f(p)Xp(g), ∀f, g ∈ F(M). (2.43)

Definition 2.20. For a differentiable curve γ : (−ϵ, ϵ) → M on the manifold M, with
γ(0) = p, the tangent vector

Xp(f) = d(f ◦ γ)
dt

(0), ∀f ∈ F(M) (2.44)

is called the tangent vector to γ(−ϵ, ϵ) at p = γ(0) and is denoted by γ̇(0).

Here, consider the i-th coordinate curve γ. That is, there exists a coordinate sys-
tem (U, ϕ) around p = γ(0) in which ϕ(γ(t)) = (x(0)

1 , . . . , xi, . . . , x
(0)
n ), where ϕ(p) =

(x(0)
1 , . . . , x

(0)
i , . . . , x

(0)
n ). Then, the tangent vector to γ

γ̇(0) = ∂

∂xi

∣∣∣∣
p

(2.45)

is called a coordinate tangent vector at p. This can be defined equivalently as a derivation

∂

∂xi

∣∣∣∣
p

(f) = ∂(f ◦ ϕ−1)
∂ui

(ϕ(p)), ∀f ∈ F(M), (2.46)

where ϕ = (x1, . . . , xn) is a coordinate system around p and u1, . . . , un are the coordinate
functions on Rn.
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Definition 2.21. The set of all tangent vectors at p to M is called the tangent space
of M at p, and is denoted by TpM.

The tangent vector Xp acts on differentiable functions f on M as

Xpf =
n∑

i=1
Xi(p)

∂f

∂xi

∣∣∣∣
p
. (2.47)

Definition 2.22. A vector field X on M is a smooth map X that assigns to each point
p ∈ M a vector Xp in TpM. For any functions f ∈ F(M) we define the real-valued
function (Xf)p = Xpf .

The set of all vector fields on M is denoted by X (M). In a local coordinate system, a
vector field is given by X = ∑

Xi
∂

∂xi
, where the components Xi ∈ F(M) because they

are given by Xi = X(xi), where xi is the i-th coordinate function.

2.4.1.3 Riemannian Manifolds

Let TpM be the tangent space of M at p.

Definition 2.23. A Riemannian metric g on a differentiable manifold M is a symmetric,
positive definite 2-covariant tensor field. A Riemannian manifold is a differentiable
manifold M endowed with a Riemannian metric g.

A Riemannian manifold is denoted by the pair (M, g). The Riemannian metric g can
be considered as a positive definite scalar product gp : TpM × TpM → R that depends
differentially on the point p ∈ M. In local coordinate systems, the Riemannian metric
g is written as

g = gijdx
idxj , (2.48)

with gij = g(∂i, ∂j), where ∂i = ∂
∂xi

.

The Fisher information matrix is defined as

gij(θ) = Eθ

[
∂

∂θi
log p(x; θ) ∂

∂θj
log p(x; θ)

]
(2.49)

=
∫

X

∂

∂θi
log p(x; θ) ∂

∂θj
log p(x; θ) · p(x; θ)dx. (2.50)

Here, it is known that the Fisher information matrix on any statistical model is sym-
metric, positive definite, and non-degenerate. That is, the Fisher information matrix is
a Riemannian metric.
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2.4.1.4 Linear Connections and Levi-Civita Connection

A linear connection allows the differentiation of a function, a vector field, or a tensor
with respect to a given field.

Definition 2.24. A linear connection ∇ on a differentiable manifold M is a map ∇ :
X (M) × X (M) → X (M) with the following properties:

i) ∇XY is F(M)-linear in X;

ii) ∇XY is R-linear in Y ;

iii) it satisfies the Leibniz rule:

∇X(fY ) = (Xf)Y + f∇XY, ∀f ∈ F(M). (2.51)

For fixed vector fields X and Y , ∇XY is also a vector field on M. In a local coordinate
system (x1, . . . , xn) we can write

∇∂i
∂j = Γk

ij∂k, (2.52)

where Γk
ij are the coordinates of the connection with respect to the local base {∂i},

where ∂i = ∂
∂xi . For X = Xi∂i and Y = Y j∂j , we have

∇XY = (∇XY )k∂k, (2.53)

where (∇XY )k = Xi(∂iY
k + Y jΓk

ij).

The differentiation of r-covariant tensor field T along a vector field X with respect to
the linear connection ∇ as

(∇XT )(Y1, . . . , Yr) = XT (Y1, . . . , Yr) −
n∑

i=1
T (Y1, . . . ,∇XYi, . . . , Yr). (2.54)

Definition 2.25. Let g be the Riemannian metric tensor. A linear connection ∇ is
called metric connection if g is parallel with respect to ∇,

∇Xg = 0, ∀X ∈ X (M). (2.55)

Equivalently,

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇ZY ), ∀X,Y, Z ∈ X (M). (2.56)

A linear connection is described by two other tensors, torsion and curvature.
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Definition 2.26. For a linear connection ∇, the torsion is defined as

T : X (M) × X (M) → X (M)

T (X,Y ) = ∇XY − ∇Y X − [X,Y ]. (2.57)

The torsion measures the noncommutativity of the derivation with respect to two vector
fields. From the fact that T (X,Y ) = −T (Y,X), T is a 2-covariant skew-symmetric
tensor. In the local coordinate system, we have

Tij = T (∂i, ∂j)

= ∇∇i∂j − ∇∂j
∂i − [∂i, ∂j ]

=
(
Γk

ij − Γk
ji

)
∂k,

and the torsion coordinates are given by T k
ij = Γk

ij − Γk
ji. A connection ∇ is called

torsion-free if T = 0, or Γk
ij = Γk

ji.

Definition 2.27. The curvature of the linear connection ∇ is given by

R : X (M) × X (M) → X (M)

R(X,Y, Z) = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z. (2.58)

Definition 2.28. The Ricci curvature associated with the linear connection ∇ is given
by

Ric : X (M) × X (M) → F(M), (2.59)

Ric(Y, Z) = Trace (X → R(X,Y )Z) . (2.60)

It is known that there exists a unique metric connection with zero torsion on the Rie-
mannian manifold. This metric connection ∇(0) is called the Levi-Civita connection of
the Riemannian manifold (M, g). The coordinates Γl

ij of the Levi-Civita connection are
called the Christoffel symbols of the second kind. The Christoffel symbols of the first
kind are obtained as

Γij,k = Γl
ijglk. (2.61)

2.4.1.5 Dual Connections and Dualistic Structure

Here, we introduce the concept of dual connections. Dual connections were first in-
troduced by A.P. Norden in affine differential geometry literature under the name of
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conjugate connections [261]. They had also been independently introduced by Nagaoka
and Amari in the context of information geometry [9].

Definition 2.29. Let (M, g) be a Riemannian manifold. Two linear connections ∇ and
∇∗ are called dual, with respect to the metric g, if

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇∗
ZY ), ∀X,Y, Z ∈ X (M). (2.62)

In local coordinate system (x1, . . . , xn), the duality condition can be expressed as

∂xkgij = Γki,j + Γ∗
kj,i, (2.63)

where Γki,h = gjmΓm
ki and Γ∗

kj,i = gimΓ∗m
kj are the coordinate components of connections

∇ and ∇∗. The triple (g,∇,∇∗) is called a dualistic structure on M. A statistical man-
ifold is a Riemannian manifold endowed with a dualistic structure, and it is a quadruple
(M, g,∇,∇∗).

Consider the one-parameter family of connections given by the convex combination of
two dual torsion-free connections ∇ and ∇∗ with respect to the metric g,

∇(α) = 1 + α

2 ∇∗ + 1 − α

2 ∇, α ∈ R. (2.64)

The connection ∇(α) is called the α-connection.

2.4.1.6 Geodesics

Definition 2.30. An equation
∇γ

d
dt

dγ

dt
= 0 (2.65)

is called the geodesic equation, and the curve satisfying this equation is called a geodesic.

Note that if Γij,k = 0 ∀i, j, k, the geodesic equation is of the form d2γk
dt2 = 0, hence the

geodesic is a straight line. Here, a connection ∇ is called flat in a given coordinates if
its components vanish, i.e., Γk

ij = 0.

Consider an exponential family with α connection ∇(α). The Christoffel symbols are

Γ(α)
ij,k = Eθ

[{
∂i∂jlθ + 1 − α

2 (∂ilθ)(∂jlθ)
}

(∂klθ)
]
, (2.66)

and
∂ilθ = Fi(x) − (∂iψ)(θ), (∂i∂jψ)(θ). (2.67)
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So, when α = 1, we have

Γ(1)
ij,k = Eθ[(−(∂i∂jψ)(θ))(∂klθ)] = 0, (2.68)

namely, the exponential family is flat with the Fisher metric and α = 1 connection. This
implies that in exponential family, for the 1-connection ∇(1) associated with the Fisher
metric, the geodesic between two points correspond to natural parameters θ1 and θ2 is
of the form tθ1 + (1 − t)θ2 with t ∈ [0, 1].

2.4.2 Identification of Statistical Concepts and Geometric Objects:
Known Examples

Below are some known examples of the identification of statistical concepts with geo-
metric objects.

Example 2.5 (EM Algorithm). Let N be a statistical manifold, and M be a submanifold
of N . Given p ∈ N , the point in M that minimizes the α-divergence (Definition 2.32)
from p to M is called the α-projection of p to M [13]. Here, we consider the identifi-
cation of EM algorithm (Expectation-Maximization algorithm) procedure and geometric
concepts. Let M and D be a model manifold and a data manifold consisting of the
distributions of candidate models and candidate data, respectively. In the E-step of the
EM algorithm, we calculate the conditional expectation of log likelihood to evaluate the
likelihood of a new candidate of model parameter. It is known that this procedure is
equal to the α-projection with α = 1, and it is especially called exponential projection or
simply e-projection. In the M-step of the EM algorithm, we maximize the conditional
expectation of log likelihood to obtain a new candidate of model parameter. It is also
known that this procedure is equal to the α-projection with α = −1, and it is especially
called mixture projection or simply m-projection. Thus, the EM algorithm can be iden-
tified with the iterative projection of the two types between the model manifold and the
data manifold.

Example 2.6 (Natural Gradient). In the Euclidean space, the direction of the steepest
change of a function L(θ) is given by the gradient

∇L(θ) = ∂

∂θ
L(θ).

However, in a Riemannian manifold, it is known that we need to modify that gradient
as G−1(θ)∇L(θ), where G(θ) = (gij) is a Riemannian metric tensor. This modified
gradient is called the natural gradient [11]. Since a Riemannian metric tensor is equal
to the Fisher information matrix in a Riemannian manifold, we can see that the natural
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gradient characterizes the steepest direction on the statistical manifold by the inverse of
the Fisher information matrix.

Example 2.7 (α-Parallel Prior). In Bayesian statistics, the situation in which there is
no prior information about the parameter θ can be expressed by considering an unin-
formative prior distribution π(θ). In particular, the uniform distribution is one of the
commonly used uninformed prior distributions. For example, when x = (x1, . . . , xn)⊤ ∼
Ber(θ), then π(θ) = U(0, 1) is one of the candidates. However, if we consider a pa-
rameter transformation such as η = θ2, then π(η) = 1

2√
η = Be(0.5, 1). This means

that we know nothing about θ but we know something about η. One such candidate that
addresses this is Jeffreys’ uninformative prior, which is known as a prior invariant to
parameter transformations.

π(θ) ∝
√

detG(θ),

where G(θ) is the Fisher information matrix. Here, it is known that the determinant
of the Fisher information matrix corresponds to a volume element parallel to the Levi-
Civita connection in a Riemannian manifold. Takeuchi and Amari [282] and Matsuzoe
et al. [194] have proposed a generalized α-parallel prior, which corresponds to Jeffreys’
uninformative prior distribution with α = 0.

As in the examples above, the framework of information geometry may be used to iden-
tify statistical concepts with geometric objects. In this study, we follow this framework
and consider generalizations of the algorithm and divergence by identifying the weighting
of the probability distribution with the selection of the curve.

2.4.3 Identification of Weighting Probability Distributions and Select-
ing Curves

For the generalization of Chapters 3 and 4, we prepare the following generalized mean.

Definition 2.31 (f -interpolation [145]). For any a, b,∈ R, some λ ∈ [0, 1] and some
α ∈ R, we define f -interpolation as

m
(λ,α)
f (a, b) = f−1

α

{
(1 − λ)fα(a) + λfα(b)

}
, (2.69)

where

fα(a) =

a
1−α

2 (α ̸= 1)

log a (α = 1)
(2.70)

is the function that defines the f -mean [108].
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We can easily see that this family includes various known weighted means including the
e-mixture and m-mixture for α = ±1 in the literature of information geometry [13]:

m
(λ,1)
f (a, b) = exp{(1 − λ) log a+ λ log b},

m
(λ,−1)
f (a, b) = (1 − λ)a+ λb,

m
(λ,0)
f (a, b) =

(
(1 − λ)

√
a+ λ

√
b
)2
,

m
(λ,3)
f (a, b) = 1

(1 − λ) 1
a + λ1

b

.

Also, for any u,v ∈ Rd (d > 0), we write

m = m
(λ,α)
f (u,v),where mi = m

(λ,α)
f (ui,vi).

We can relate the above function to the following generalization of probability distribu-
tion weighting.

Example 2.8. For two probability distributions p, q ∈ P and λ ∈ [0, 1], consider the
weighting function w(x) = (q(x)/p(x))λ as

p(x)w(x) = p(x)
(
q(x)
p(x)

)λ

log {p(x)w(x)} = λ (log q(x) − log p(x)) + log p(x)

= (1 − λ) log p(x) + λ log q(x)

p(x)w(x) = exp {(1 − λ) log p(x) + λ log q(x)}

= m
(λ,1)
f (p(x), q(x)).

On the other hand, the divergence and the coordinate system it induces, which is often
used in the framework of information geometry, are given as follows.

Definition 2.32 (α-divergence [12]). Let α be a real parameter. The α-divergence
between two probability distributions p and q is defined as

Dα[p∥q] = 4
1 − α2

(
1 −

∫
X
p(x)

1−α
2 q(x)

1+α
2
)
dx. (2.71)

Definition 2.33 (α-geodesic [13]). The α-geodesic connecting two probability distribu-
tions p(x) and q(x) is defined as

ri(λ) = c(t)f−1
α

{
(1 − λ)fα(p(xi)) + λfα(q(xi))

}
,

c(λ) =
(∑

i=1
ri(λ)

)−1

, (2.72)
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where xi is the i-th element of x.

From Definitions 2.31 and 2.33, we see that f -interpoloation is the unnormalized version
of the α-geodesic. We write m̃

(λ,α)
f for a suitably normalized f -interpolation. The

important properties of α-geodesics are

• the α-geodesic is a geodesic in the α-coordinate system derived from α-divergence,

• the −α-geodesic is linear in the −α-representation.

Chapters 3 and 4 show how the identification of f -interpolation and α-geodesic gener-
alizes covariate shift adaptation methods and skew divergences, respectively.
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Chapter

3
Information Geometrically

Generalized Covariate Shift
Adaptation

In this chapter, we show that the well-known family of covariate shift adaptation meth-
ods is unified in the framework of information geometry. Furthermore, we show that
parameter search for geometrically generalized covariate shift adaptation method can
be achieved efficiently. Numerical experiments show that our generalization can achieve
better performance than the existing methods it encompasses.

3.1 Recapitulate the Covariate Shift Assumption

Here, we consider the covariate shift assumption in Definition 2.5, a type of distribution
shift. Recall that for training and test distributions ptr and pte, the covariate shift
assumes

ptr(x) ̸= pte(x),

ptr(y|x) = pte(y|x) = p(y|x).

Since ptr(y|x) = pte(y|x) = p(y|x) from the covariate shift assumption, what we are
interested in is the model manifold (M, g(θ)) to which the marginal distribution p(x; θ)
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belongs:
M =

{
p(x; θ) | θ ∈ Θ

}
. (3.1)

Here, ptr(x; θ), pte(x; θ) ∈ M. We note that elements in M is specified by its parameter
θ and we identify the parameter vector θ to the density function p(x; θ) if necessary. In
this study, we assume that M is an exponential family (2.5). In the exponential family,
the natural parameter θ forms the affine coordinate system, i.e.,

θ(t) = (1 − t)θ1 + tθ2 (∀θ1,θ2 ∈ Θ, ∀t ∈ [0, 1]) (3.2)

is a geodesic on M. As a dual coordinate of θ, which is a coordinate system induced
by the dual connection (Definition 2.29), the expectation parameter η is defined by the
Legendre transformation

η =∇ψ(θ), θ = ∇φ(η),

where φ(η) = max
θ′

{
θ′ · η − ψ(θ′)

}
.

Existing weights for covariate shift adaptation are geometrically characterized, and then
a generalized weight function is designed based on this geometric formulation.

3.2 Information Geometrically Generalized IWERM

In order to derive a generalized covariate shift adaptation method, we utilize the gener-
alized mean in Definition 2.31. Using this function, we generalize the existing methods
of covariate shift adaptation.

Lemma 3.1 (f -representation of AIWERM). The marginal positive measures generated
by the weighting of AIWERM can be expressed by using the f -interpolation function as

p
(λ)
A (x) = m

(λ,1)
f (ptr(x), pte(x)). (3.3)

Proof. From Eq. (2.33), we consider its expectation as

ĥ = min
h∈H

∫
X ×Y

(pte(x)
ptr(x)

)λ
ℓ(h(x), y)ptr(x, y)dxdy

= min
h∈H

∫
X ×Y

ℓ(h(x), y)p(λ)
A (x)ptr(y|x)dxdy.
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Here,

p
(λ)
A (x) =

(pte(x)
ptr(x)

)λ
ptr(x)

log p(λ)
A (x) = λ(log pte(x) − log ptr(x)) + log ptr(x)

= (1 − λ) log ptr(x) + λ log pte(x)

p
(λ)
A (x) = exp{(1 − λ) log ptr(x) + λ log pte(x)}

= m
(λ,1)
f (ptr(x), pte(x)).

Lemma 3.2 (f -representation of RIWERM). The marginal positive measures generated
by the weighting of RIWERM can be expressed by using the f -interpolation function as

p
(λ)
R (x) = m

(λ,3)
f (ptr(x), pte(x)). (3.4)

Proof. From Eq. (2.34),

p
(λ)
R (x) = pte(x)ptr(x)

λptr(x) + (1 − λ)pte(x)

= 1
λ 1

pte(x) + (1 − λ) 1
ptr(x)

= m
(λ,3)
f (ptr(x), pte(x)).

From the above discussion, the following generalized method of covariate shift adaptation
is derived using the f -representation. For λ ∈ [0, 1] and α ∈ R, AIWERM and RIWERM
is generalized as

ĥ = arg min
h∈H

∫
X ×Y

w(λ,α)(x)ℓ(h(x), y)ptr(x, y)dxdy, (3.5)

where

w(λ,α)(x) =
m

(λ,α)
f (ptr(x), pte(x))

ptr(x) . (3.6)
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Indeed, let hA be a hypothesis generated by AIWERM. From Lemma 3.1, we can write

ĥA = min
h∈H

∫
X ×Y

ℓ(h(x), y)p(λ)
A (x)ptr(y|x)dxdy

= min
h∈H

∫
X ×Y

ℓ(h(x), y)m(λ,1)
f (ptr(x), pte(x))ptr(y|x)dxdy

= min
h∈H

∫
X ×Y

ℓ(h(x), y)
m

(λ,1)
f (ptr(x), pte(x))

ptr(x) ptr(x, y)dxdy. (3.7)

From Lemma 3.2, we also have

ĥR = min
h∈H

∫
X ×Y

ℓ(h(x), y)
m

(λ,3)
f (ptr(x), pte(x))

ptr(x) ptr(x, y)dxdy. (3.8)

Then, we consider

ĥ = min
h∈H

∫
X ×Y

w(λ,α)(x)ℓ(h(x), y)ptr(x, y)dxdy, (3.9)

where

w(λ,α)(x) =
m

(λ,α)
f (ptr(x), pte(x))

ptr(x) . (3.10)

Then, we can see that AIWERM is a special case when α = 1 and RIWERM is a special
case when α = 3.

From Definition 2.31, we can confirm that

m
(0,α)
f (ptr(x), pte(x)) = ptr(x),

m
(1,α)
f (ptr(x), pte(x)) = pte(x),

for all α ∈ R, and this means that we can obtain the set of all curves that connect
ptr(x) and pte(x). We note that Zhang et al. [339] proposed a method based on basis
expansion to estimate a flexible importance weight. It is similar to our proposal in
the sense that improves the degree of freedom for designing the importance weight.
However, our method considers the parametric form of weight, which enables us to
achieve information geometric insight.

In many studies of covariate shift problems using the density ratio weighting includ-
ing Yamada et al. [320], the direct estimation of the density ratio is often employed [279].
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Our proposed weight function in (3.6) is also represented as density ratio:

w(λ,α)(x) =

[
(1 − λ)ptr(x) 1−α

2 + λpte(x) 1−α
2
] 2

1−α

ptr(x)

=

1 − λ+ λ

(
pte(x)
ptr(x)

) 1−α
2

 2
1−α

, (α ̸= 1).

It is then also possible to apply the direct estimation of the density ratio using, for
example kernel expansion. In our implementation, we simply use the given density ratio
pte(x)/ptr(x) by the construction of the training and the test datasets as explained
in Section 3.4.1. In the practical application of the proposed method in which the
generative processes of the covariates of training and test data are unknown, direct
density estimation would be a promising approach.

3.2.1 Geometric Bias

AIWERM and RIWERM connect two distributions ptr and pte in different ways. Sta-
tistical bias and variance of IWERM, AIWERM, and RIWERM are discussed in the
respective papers. In this subsection, we study the geometric bias of these methods to
have a deeper understanding of these methods from the geometric viewpoint. The pro-
posed generalization of IWERM is independent of a specific parametrization of density
functions. In this subsection, for theoretical treatment, the exponential model manifold
which contains ptr(x; θ) and pte(x; θ) are considered, hence geodesics can be described
by a linear combination of parameters as explained in Appendix C. With this assump-
tion, specifying λ and α is equivalent to selecting a point on the geodesic connecting ptr

and pte.

Let γc be the geodesic connecting two distributions parameterized by θtr and θte. Now,
we define two types of geometric biases to characterize the dispersion of θtr from θte

with respect to the direction along the α-geodesic and to the direction orthogonal to the
α-geodesic.

Definition 3.3 (Geodesic bias and curvature bias). We write the unit vector along the
α-geodesic direction as e1 and any unit vector in the orthogonal direction to e1 as e2.
Then, we define two notion the biases relative to the test distribution due to weighting:

i) geodesic bias: bg = (1 − λ)e1,

ii) curvature bias: bc = (1 − λ)Traceg(Ric)e2,
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AIWERM

RIWERM

Figure 3.1: Geometry of covariate shift adaptation methods on the statistical man-
ifold. In the θ-coordinate system, the dashed line corresponds to AIWERM and the
dotted line corresponds to RIWERM. We write a unit vector along the α-geodesic di-
rection as e1 and any unit vector in the orthogonal direction to e1 as e2. Here, λ = 0
and λ = 1 correspond to θtr (ERM) and θte (IWERM), respectively, and α = 1 and
α = 3 correspond to the AIWERM and RIWERM curves, respectively, in the figure.

where Traceg is the trace operation on the metric tensor g as

Traceg(A) =
∑
ij

Aijgij , (3.11)

for some A = (Aij), and Ric is the Ricci curvature of the curve connecting the two
points generated by the weighting:

Ric = Rikjdθi ⊗ dθj . (3.12)

Here, Rikj is the Riemannian curvature tensor.

For more detail on the geometric concepts, see textbooks on Riemannian manifolds [164,
166] and Appendix C. This definition of geometric biases is consistent with the fact that
IWERM, which corresponds to λ = 1, leads to an unbiased estimator of the risk in the
test dataset.

Proposition 3.4. For AIWERM, the geometric bias bA(λ) is given by

bA(λ) = (1 − λ)e1. (3.13)
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For RIWERM, the geometric bias bR(λ) is given by

bR(λ) = (1 − λ)
{
e1 + Traceg

(
− 4Λikjdθi ⊗ dθj

)
e2
}
. (3.14)

Here, Λ is a tensor that depends on the connection.

Proof. Let
θ(λ,α) = m

(λ,α)
f (θtr,θte), (3.15)

and let R(α) be the Riemann curvature tensor with respect to the α-connection ∇(α).

We define the relative curvature tensor as

R(α,β)(X,Y, Z) =
[
∇(α)

X ,∇(β)
Y

]
Z − ∇(α)

[X,Y ]Z (3.16)

and the difference tensor as

K(X,Y ) = ∇∗
XY − ∇XY. (3.17)

For any α ∈ R and β ∈ R, we have

∇(α)
X ∇(β)

Y Z =
(1 + α

2 ∇∗
X + 1 − α

2 ∇X

)(1 + β

2 ∇∗
Y + 1 − β

2 ∇Y

)
Z

= (1 + α)(1 + β)
4 ∇∗

X∇∗
Y Z + (1 + α)(1 − β)

4 ∇∗
X∇Y Z

+ (1 − α)(1 + β)
4 ∇X∇∗

Y Z + (1 − α)(1 − β)
4 ∇X∇Y Z. (3.18)

∇(β)
Y ∇(α)

X Z =
(1 + β

2 ∇∗
Y + 1 − β

2 ∇Y

)(1 + α

2 ∇∗
X + 1 − α

2 ∇X

)
Z

= (1 + α)(1 + β)
4 ∇∗

Y ∇∗
XZ + (1 − α)(1 + β)

4 ∇∗
Y ∇XZ

+ (1 + α)(1 − β)
4 ∇Y ∇∗

XZ + (1 − α)(1 − β)
4 ∇Y ∇XZ. (3.19)

∇(α)
[X,Y ]Z = 1 + α

2 ∇∗
[X,Y ]Z + 1 − α

2 ∇[X,Y ]Z. (3.20)

Then

R(α,β)(X,Y, Z) = ∇(α)
X ∇(β)

Y Z − ∇(β)
X ∇(α)

Y Z − ∇(α)
[X,Y ]Z

= (1 + α)(1 + β)
4 (∇∗

X∇∗
Y − ∇∗

Y ∇∗
X)Z

+ (1 + α)(1 − β)
4 (∇∗

X∇Y − ∇Y ∇∗
X)Z

+ (1 − α)(1 + β)
4 (∇X∇∗

Y − ∇∗
Y ∇X)Z

+ (1 − α)(1 − β)
4 (∇X∇Y − ∇Y ∇X)Z
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− 1 + α

2 ∇∗
[X,Y ]Z − 1 − α

2 ∇[X,Y ]Z

= (1 + α)(1 + β)
4

{
R∗(X,Y, Z) + ∇∗

[X,Y ]Z
}

+ (1 + α)(1 − β)
4

{
R(1,−1)(X,Y, Z) + ∇∗

[X,Y ]Z
}

+ (1 − α)(1 + β)
4

{
R(−1,1)(X,Y, Z) + ∇[X,Y ]Z

}
+ (1 − α)(1 − β)

4
{
R(−1,−1)(X,Y, Z) + ∇∗

[X,Y ]Z
}

− 1 + α

2 ∇∗
[X,Y ]Z − 1 − α

2 ∇[X,Y ]Z (3.21)

4R(α,β) = (1 + α)(1 + β)R∗ + (1 − α)(1 − β)R

+ (1 + α)(1 − β)R(1,−1) + (1 − α)(1 + β)R(−1,1). (3.22)

We also have

K(α,β)(X,Y ) = ∇(β)
X Y − ∇(α)

X Y

=
{1 + β

2 ∇∗
XY + 1 − β

2 ∇XY
}

−
{1 + α

2 ∇∗
XY + 1 − α

2 ∇XY
}

= β − α

2 ∇∗
XY − β − α

2 ∇XY

= β − α

2 K(X,Y ), (3.23)

K(α,β)
(
X,K(α,β)(Y,Z)

)
= β − α

2 K
(
X,K(α,β)(Y,Z)

)
= (β − α)2

4 K
(
X,K(Y,Z)

)
. (3.24)

Combining them, the following relations hold:

K(β,α)
(
X,K(β,α)(Y, Z)

)
= K(β,α)

(
X,∇(α)

Y Z − ∇(β)
Y Z

)
(3.25)

= K(β,α)
(
X,∇(α)

Y Z
)

−K(β,α)
(
X,∇(β)

Y Z
)

= ∇(α)
X ∇(α)

Y Z − ∇(β)
X ∇(α)

Y Z − ∇(α)
X ∇(β)

Y Z + ∇(β)
X ∇(β)

Y Z,

(3.26)
(α− β)2

4 K
(
X,K(Y, Z)

)
= ∇(α)

X ∇(α)
Y Z − ∇(β)

X ∇(α)
Y Z − ∇(α)

X ∇(β)
Y Z + ∇(β)

X ∇(β)
Y Z.

(3.27)

Swapping X and Y , we have

(α− β)2

4

{
K
(
X,K(Y, Z)

)
−K

(
Y,K(X,Z)

)}

= R(α)(X,Y, Z) +R(β)(X,Y, Z)

−
{[

∇(α)
X ,∇(β)

Y

]
Z − ∇(α)

[X,Y ]Z
}
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−
{[

∇(β)
X ,∇(α)

Y

]
Z − ∇(β)

[X,Y ]Z
}

= R(α)(X,Y, Z) +R(β)(X,Y, Z) −R(α,β)(X,Y, Z) −R(β,α)(X,Y, Z). (3.28)

Making α = β, we have

4R(α) = (1 + α)2R∗ + (1 − α)2R+ (1 − α2)R(1,−1) + (1 − α2)R(−1,1)

= (1 + α2)R∗ + (1 − α)2R+ (1 − α2)
(
R(1,−1) +R(−1,1)

)
. (3.29)

Making α = 1 and β = −1, we also have

R(1,−1)(X,Y, Z) +R(−1,1)(X,Y, Z) = R∗(X,Y, Z) +R(X,Y, Z)

−
{
K
(
X,K(Y,Z)

)
−K

(
Y,K(X,Z)

)}
. (3.30)

From Eq. (3.29) and (3.30), we obtain

4R(α) = (1 + α)2R∗(X,Y, Z) + (1 − α)2R(X,Y, Z)

+ (1 − α2)R∗(X,Y, Z)

+ (1 − α2)
{
K
(
X,K(Y, Z)

)
−K

(
Y,K(X,Z)

)}

= 2(1 + α)R∗(X,Y, Z) + 2(1 − α)R(X,Y, Z)

+ (1 − α2)
{
K
(
Y,K(X,Z)

)
−K

(
X,K(Y,Z)

)}
. (3.31)

Since the exponential family is dually flat, that is R = 0 and R∗ = 0, and the Riemann
curvature tensor with respect to ∇(α) is

R(α)(X,Y, Z) = 1 − α2

4 Λ, (3.32)

Λ =
(
K(Y,K(X,Z)) −K(X,K(Y,Z))

)
. (3.33)

Then, the geometric bias vector of θ(λ,α) is

b(α, λ) = (1 − λ)
{
e1 + Traceg

(1 − α2

2 Λikjdθi ⊗ dθj
)
e2
}
, (3.34)

where Traceg is the trace operation on the metric tensor g, and Λikj is the element of
Λ in Eq. (3.33). Since AIWERM and RIWERM are two special cases for α = 1 and
α = 3, we have

b(1, λ) = (1 − λ)e1, (3.35)
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b(3, λ) = (1 − λ)
{
e1 + Traceg

(
− 4Λikjdθi ⊗ dθj

)
e2
}
. (3.36)

Intuitively, the geometric bias reveals in which direction the two parameters are mis-
aligned. IWERM, which corresponds to AIWERM and RIWERM with λ = 1, is optimal
when the sample size is large enough, but in real problems with limited sample size, it
is often desirable to adopt a point between θtr and θte. AIWERM and RIWERM con-
sider distinct curves and specify a point on them by the parameter λ. Our geometric
analysis revealed that these curves are included in the set of curves represented by dual
f -representation of the parameter coordinate system, and the geometric biases of these
particular cases (AIWERM and RIWERM) are identified. The results presented in this
subsection do not claim the superiority of a particular method and are of importance in
their own right as a geometric analysis of the covariate shift method.

3.3 Hyper-parameter optimization of the generalized IW-
ERM

The existing covariate shift adaptation methods described above can be regarded as
having determined a good “weighting direction” in some sense in advance and then the
“weighting magnitude” is adjusted according to the parameter λ. This approach is very
convenient in terms of computational efficiency since the only optimized parameter is
λ ∈ [0, 1].

However, geometrically, these methods only consider certain curves on the manifold as
candidate solutions, as can be seen from Figure 3.1, which means that the solution space
is very small.

Our information geometrically generalized IWERM (IGIWERM) can handle all curves
γα(λ) that connect ptr(x) and pte(x), by adding only one parameter. For example,
by setting α ∈ [1, 3], the shaded area in Figure 3.1 can be used as the solution space.
Although a good choice of this parameter pair is expected to yield a good solution, the
problem of how to determine λ and α remains.

3.3.1 Information criterion

When the predictive model is of a simple parametric form, information criterion derived
in [260] is available (see appendix of [260] for the proof.)
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Algorithm 1 Bayesian optimization for IGIWERM
Input: range Iα of parameter α, acquisition function a(λ, α|D), target function
L(h;λ, α), initial points Dinit compose of a set of parameters Ξ = {(λ, α)} and corre-
sponding values of the target function

Output: (λ∗, α∗) that minimizes minh∈H L(h;λ, α)
Initialize D = Dinit

while Not converge do
(λ̂, α̂) = arg min

λ∈[0,1],α∈Iα

a(λ, α|D), Ξ = Ξ ∪ {(λ̂, α̂)}

ê = L(h; λ̂, α̂), D = D ∪ {(λ̂, α̂, ê)}
end while
(λ∗, α∗) = arg min

(λ,α)∈Ξ
{minh∈H L(h;λ, α)}

Corollary 3.5 (Information criterion for IGIWERM). Let the information criterion for
MWLE (Maximum Weighted Likelihood Estimator) of IWERM be

ICGW := −2L1(θ̂) + 2tr(JwH
−1
w ), (3.37)

where L1(θ) = ∑ntr
i=1 dr(xtr

i ) log p(ytr
i |xtr

i ,θ), dr(x) = pte(x)
ptr(x) and

Jw = −Eptr

[
dr(x)∂ log p(y|x,θ)

∂θ

∣∣∣∣∣
θ∗

w

×
∂
(mλ,α

f
(ptr(x),pte(x))

ptr(x) log p(y|x,θ)
)

∂θ′

∣∣∣∣∣
θ∗

w

]
,

Hw = Eptr

[
∂2
(mλ,α

f
(ptr(x),pte(x))

ptr(x) log p(y|x,θ)
)

∂θ∂θ′

]
.

The second term is the bias correction term for the weighted likelihood. Here, θ∗
w is the

minimizer of the weighted empirical risk. The matrices Jw and Hw may be replaced by
their consistent estimates. Then, ICGW /2n is an unbiased estimator of the expected loss
up to O(n−1) term:

Eptr

[
ICGW /2n

]
= Eptr

[
ℓ1(θ̂w)

]
+ o(n−1). (3.38)

3.3.2 Bayesian optimization

The information criterion in Corollary 3.5 does not work for complicated nonparamet-
ric models. As a method that can be applied in general situations, we consider using
Bayesian optimization [85, 265] to find optimal weighting by IGIWERM. Bayesian op-
timization assumes that the target function is drawn from a prior distribution over
functions, typically a Gaussian process, updating a posterior as we observe the target
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function value in new places. We use the validation loss as the target function:

L(h;λ, α) = 1
nval

nval∑
i=1

pte(xval
i )

ptr(xval
i )

ℓ(hλ,α(xval
i ), yval

i ), (3.39)

where nval is the validation sample size and hλ,α is given by IWERM with λ and α. Note
that validation sample is a hold-out subset of the training data. This validation pro-
cedure is based on the importance weighted cross-validation used in [277]. In Bayesian
optimization, an acquisition function a(λ, α|D) is used for measuring the goodness of
candidate point (λ, α) based on the current dataset D. As the acquisition function, we
adopt the expected improvement [133, 202]. In this strategy, we choose the next query
point which has the highest expected improvement over the current minimum target
value (Algorithm 1). In our numerical experiments, we set the range of parameter α as
Iα = [1, 3] in Algorithm 1. In the expected improvement strategy, the (t + 1)st point
(λt+1, αt+1) is selected according to the following equation.

(λt+1, αt+1) = arg min
(λ,α)

E
[

max
(
0, ht+1(λ, α) − L(λ†, α†)

)∣∣∣Dt

]
,

where L(λ†, α†) is the maximum value of empirical risk that has been encountered so
far, ht+1(λ, α) is the posterior mean of the surrogate at the (t + 1)st step and Dt =
{(λ, α)i, L(λi, αi)}t

i=1. This equation for Gaussian process surrogate has an analytical
expression:

aEI(λ, α) = (µt(λ, α) − L(λ†, α†))Φ(Z) + σt(λ, α)ϕ(Z),

Z = µt(λ, α) − L(λ†, α†)
σt(λ, α) ,

where Φ(·) and ϕ(·) are normal cumulative and density functions, respectively, and µt

and σt are mean and standard deviation of {(λ, α)i}t
i=1.

3.3.3 Learning guarantee

Generalization bounds of the weighted maximum likelihood estimator for the target
domain are derived in [62], and our weight function is compatible with their bound. The
gap between the expected (with respect to test distribution) loss R(h) and empirical
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risk L(h;λ, α) is bounded as

|R(h) − L(h;λ, α)| ≤
∣∣∣∣Eptr

[{
pte(x)
ptr(x) − w(λ,α)(x)

}]∣∣∣∣ ℓ(h(x, y(x)))

+25/4 max
(√

Eptr

[
w(λ,α)(x)2ℓ(h(x), y(x))2],√Ep̂tr

[
w(λ,α)(x)2ℓ(h(x), y(x))2])

×
(
p log 2ntr

p + log 4
δ

ntr

) 3
8

. (3.40)

In the above inequality, p is the pseudo-dimension of the function class

{wλ,α(x)ℓ(h(x), y(x))|h ∈ H},

where y(x) is the ground truth function of connecting x and y as y = y(x). The first
term of the r.h.s. of the above inequality is the bias introduced by using wλ,α instead of a
standard density ratio, and the second term reflects the variance. It is worth mentioning
that the term Eptr (w(λ,α)(x))2ℓ2(h(x, y(x))) is further bounded by

d2(pte||ptr) =
∫

x∈X

p2
te(x)
ptr(x)dx.

Then, the weight defined by Eq. (3.6) is bounded when α ̸= 1 and achieves a standard
rate O(n−1/2

tr ). When α = 1, the weight is unbounded and its rate is O(n−3/8
tr ). Details

are shown in Appendix A.1.

3.4 Numerical Experiments

In this section, we present experimental results of domain adaptation problems under
covariate shift using both synthetic and real data1. Since the main purpose of the
experiments is to see the effect of our generalization of the importance weighted ERM
and comparison to the proposed and conventional IWERM methods, in all experiments,
we assume that the density ratio pte/ptr is known as detailed in Section 3.4.1.

3.4.1 Induction of Covariate Shift

Since each dataset is composed of data points generated from independent and identical
distributions, we need to artificially induce covariate shifts. We induce the covariate
shift as follows [61]:

1. As a preprocessing step, we perform Z-score standardization on all input data.
1Source code to reproduce the results is available from https://github.com/nocotan/IGIWERM
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Figure 3.2: Plot of covariate shifts using the method of Cortes et al. [61]. Each
dataset is included in LIBSVM and mapped to two dimensions by PCA.

2. Then, an example (x, y) is assigned to the training dataset with probability

exp(v)/(1 + exp(v)),

and to the test dataset with probability

1/(1 + exp(v)),

where v = 16wT x/σ with σ being the standard deviation of wT x determined
by using the given dataset, and w ∈ Rd is a given projection vector. Here, the
projection vector w is given randomly for each experimental process.
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Figure 3.3: Left: generated data from y = x2 + ε. We see that ptr(x) and pte(x) are
different. Right: results of fitting by ERM, IWERM, and IGIWERM.

Table 3.1: Mean squared errors of covariate shift adaptation methods in regression
problems over 10 trials. Here, IGIWERM (bopt) is the Bayesian optimization based,

and IGIWERM (IC) is the information criterion-based strategy.

Weighting strategy MSE
ERM 160.19(±4.25)
IWERM 33.76(±3.82)
AIWERM 31.14(±2.97)
RIWERM 30.03(±2.74)
IGIWERM (bopt) 28.89(±2.42)
IGIWERM (IC) 28.38(±2.12)

By this construction of the training and test datasets, the density ratio pte/ptr are
explicitly determined as

pte(x)
ptr(x) = 1

exp(16wT x/σ) ,

where the projection vector w ∈ Rd is given. Although density ratio estimation could
be employed in our experiments, we assume that the distribution is known in order to
compare the performance of the proposed method without relying on the accuracy of
the density or density ratio estimation.

Figure 3.2 shows a plot by PCA of each dataset split into the training set and test set.
This figure shows that we are able to induce a covariate shift by partitioning the dataset.

3.4.2 Illustrative Example in Regression

Here, we predict the response y ∈ R using ordinary linear regression: y = β0 + β1x +
ε, ε ∼ N (0, σ2), where N (a, b) denotes the normal distribution with mean a and b. In
the numerical example below, we assume the true p(y|x) given as y = x2+ε, ε ∼ N (0, 5).
The ptr(x) and pte(x) of the covariate x are U(−6, 6) and U(−6,−4), respectively. The
training sample size is ntr = 1000 and the test sample size is nte = 300. The left-hand
side of Fig. 3.3 shows the data to be generated. We can see that ptr(x) ̸= pte(x).
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Figure 3.4: Bayesian optimization for IGIWERM. The coordinates of the purple
circles are the parameters explored by Bayesian optimization, and the size of the purple

circles indicates the goodness of the parameters (inverse of the MSE).

The right panel of Fig. 3.3 shows the results of fitting by unweighted ERM, IWERM, and
IGIWERM. Here, the parameters of IGIWERM are explored by using Algorithm 1, as
shown in Fig. 3.4. In this figure we plot some of the points obtained during the Bayesian
optimization search process. The coordinates of the purple circles are the parameters
explored by Bayesian optimization, and the radius of the purple circles is proportional
to the goodness r(β) of the parameters (inverse of the MSE):

r(β) =
(

1
n

n∑
i=1

(yi − h(xi,β))2
)−1

. (3.41)

By choosing the size r(β) of the plot for each point in this manner, the better-evaluated
parameters can be plotted in larger circles. From this figure, it can be seen that our
generalized weighting is not restricted to lying just on two curves corresponding to
AIWERM and RIWERM.

For the normal linear regression, the information criterion (3.37) is calculated from

ICGW (λ, α) = 1
2

ntr∑
i=1

dr(xtr
i )
{

ϵ̂21
σ̂2 + log(2πσ̂2)

}
+

ntr∑
i=1

dr(xtr
i )
{
ϵ̂2i
σ̂2 ĥi +

mλ,α
f (ptr(xtr), pte(xtr))

2ĉwptr(xtr)
( ϵ̂2i
σ̂2 − 1

)2
}
.
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Table 3.2: Mean misclassification rates averaged over 10 trails on LIBSVM benchmark
datasets. The numbers in the brackets are the standard deviations. For the methods
with (optimal), the optimal parameters for the test data are obtained by linear search.

Dataset #features #data unweighted IWERM AIWERM (optimal) RIWERM (optimal) ours
australian 14 690 33.46(±23.65) 22.13(±3.37) 21.98(±3.36) 21.73(±3.82) 18.85(±3.99)

breast-cancer 10 683 38.28(±10.98) 41.23(±15.39) 36.41(±9.68) 36.13(±10.81) 31.65(±8.49)
heart 13 270 45.17(±6.98) 39.94(±8.55) 39.76(±8.49) 39.76(±8.92) 35.37(±6.84)

diabetes 8 768 33.19(±5.69) 37.22(±6.63) 33.11(±6.45) 33.38(±5.74) 32.83(±5.62)
madelon 500 2, 000 47.78(±1.53) 47.28(±2.20) 47.10(±2.13) 47.12(±1.65) 46.56(±2.12)

Here,

ĉw =
n∑

i=1

mλ,α
f (ptr(xtr

i ), pte(xtr
i ))

ptr(xtr
i ) , (3.42)

σ̂2 =
n∑

i=1

mλ,α
f (ptr(xtr

i ), pte(xtr
i ))

ptr(xtr
i ) ϵ̂2i /ĉw, (3.43)

and ϵ̂i is the residual. Table 3.1 shows that the IGIWERM outperforms existing methods.

3.4.3 Experiments on binary classification

We show the results of our experiments on the LIBSVM dataset2. In the experiments,
we randomly generate a mapping vector w for each trial and perform 10 trials for each
dataset. We use SVM with the Radial Basis Function (RBF) kernel as the base classifier.
In this experiment, the parameters λ of AIWERM and RIWERM are chosen optimally
by linear search using the test data. The experimental results on benchmark datasets are
summarized in Table 3.2. The table shows that the proposed IGIWERM outperforms
the conventional methods even when the parameters of those methods are optimized by
using the test dataset.

3.4.4 Experimental results on LIBSVM dataset

We show that for the LIBSVM dataset, IGIWERM is effective even for multiple models.
Table 3.4 shows the results for each model. We use the scikit-learn [234] implementation
of the models, and the hyperparameters of each model are the default values of this
library. Figure 3.6 also shows the relationship between the two parameters of IGIWERM
and the errors that can be achieved. For this visualization, we explore the parameter
pairs by grid search and evaluate their performance at that time. From this figure, it is
seen that the best performance is often achieved when α ̸= 1 and α ̸= 3, showing the
sub-optimality of conventional methods.

2https://www.csie.ntu.edu.tw/˜cjlin/libsvmtools/datasets/
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Table 3.3: Mean misclassification rates averaged over 10 trails on scikit-learn [234]
multi-class classification benchmark datasets. The numbers in the brackets are the
standard deviations. For the methods with (optimal), the optimal parameters for the
test data are obtained by the linear search. The lowest misclassification rates among

the five methods are shown in bold.

Dataset model unweighted IWERM AIWERM (optimal) RIWERM (optimal) ours
digits Logistic Regression 6.92(±2.25) 7.10(±1.76) 6.90(±1.81) 6.89(±1.80) 6.79(±1.82)

SVM 4.21(±2.04) 3.94(±1.14) 4.20(±1.22) 4.02(±1.18) 3.88(±1.11)
AdaBoost 67.98(±12.35) 71.77(±6.25) 71.26(±8.21) 70.47(±6.46) 65.20(±8.20)

Naive Bayes 19.07(±2.45) 18.68(±2.61) 19.31(±2.64) 18.78(±2.68) 18.58(±2.66)
Random Forest 6.85(±2.40) 6.30(±1.80) 6.23(±1.53) 6.27(±1.64) 6.17(±1.90)

iris Logistic Regression 54.69(±20.51) 36.49(±22.39) 45.78(±18.09) 35.37(±23.19) 28.89(±20.54)
SVM 55.16(±22.60) 36.65(±22.56) 33.21(±20.25) 30.46(±21.14) 29.04(±20.02)

AdaBoost 27.19(±22.56) 26.00(±22.98) 26.00(±22.98) 26.00(±22.98) 19.62(±21.36)
Naive Bayes 35.88(±23.24) 35.97(±26.79) 37.99(±23.55) 33.84(±25.64) 27.52(±21.00)

Random Forest 26.16(±22.86) 32.17(±21.21) 26.00(±22.98) 28.47(±22.63) 22.77(±21.74)
covtype Logistic Regression 45.36(±13.08) 32.04(±5.833) 30.62(±4.64) 25.20(±8.99) 19.99(±5.56)

SVM − − − − −
AdaBoost 47.53(±14.51) 25.55(±12.27) 25.47(±14.14) 27.86(±10.37) 18.96(±7.29)

Naive Bayes 41.13(±15.65) 30.66(±15.09) 28.48(±15.66) 27.20(±15.79) 19.64(±15.62)
Random Forest 23.51(±3.31) 18.18(±2.01) 17.28(±2.05) 17.13(±2.26) 16.42(±2.08)

Table 3.4: Mean misclassification rates averaged over 10 trails on LIBSVM benchmark
datasets. The numbers in the brackets are the standard deviations. For the methods
with (optimal), the optimal parameters for the test data are obtained by the linear
search. The lowest misclassification rates among the five methods are shown in bold.

Dataset model unweighted IWERM AIWERM (optimal) RIWERM (optimal) ours
australian Logistic Regression 22.76(±9.53) 22.75(±7.73) 22.19(±9.35) 22.39(±7.76) 21.47(±8.91)

SVM 33.46(±23.65) 22.13(±3.37) 21.98(±3.36) 21.73(±3.82) 18.85(±3.99)
AdaBoost 10.20(±5.09) 16.35(±10.67) 11.23(±3.49) 15.47(±2.72) 9.15(±3.93)

Naive Bayes 17.04(±6.02) 14.92(±5.96) 16.33(±6.07) 15.49(±6.07) 14.74(±5.84)
Random Forest 8.89(±3.72) 8.64(±3.20) 8.29(±3.21) 8.38(±3.47) 8.61(±3.73)

breast-cancer Logistic Regression 32.32(±3.08) 32.87(±3.56) 32.32(±3.08) 32.32(±3.08) 32.26(±3.04)
SVM 38.28(±10.98) 41.23(±15.39) 36.41(±9.68) 36.13(±10.81) 31.65(±8.49)

AdaBoost 5.09(±1.65) 5.63(±1.38) 6.01(±1.13) 5.95(±1.50) 4.84(±1.50)
Naive Bayes 11.27(±4.09) 19.65(±15.14) 10.36(±5.14) 18.00(±14.24) 10.03(±3.53)

Random Forest 3.32(±1.23) 3.19(±1.10) 3.19(±1.13) 3.18(±1.04) 3.13(±1.04)
heart Logistic Regression 39.68(±7.90) 40.55(±9.10) 39.96(±7.40) 39.94(±6.93) 36.56(±8.29)

SVM 45.17(±6.98) 39.94(±8.55) 39.76(±8.49) 39.74(±8.92) 35.37(±6.84)
AdaBoost 30.87(±12.04) 29.24(±6.47) 29.37(±12.19) 31.27(±8.37) 26.96(±13.12)

Naive Bayes 22.79(±6.17) 24.78(±7.99) 22.87(±6.02) 24.58(±7.98) 21.97(±6.41)
Random Forest 20.87(±6.64) 20.98(±6.62 20.96(±6.67) 21.96(±6.70) 19.95(±6.61)

diabetes Logistic Regression 37.62(±4.35) 40.22(±4.10) 38.38(±3.85) 40.11(±3.74) 36.86(±4.81)
SVM 33.19(±5.69) 37.22(±6.63) 33.11(±6.45) 33.38(±5.74) 32.83(±5.62)

AdaBoost 37.69(±4.28) 40.13(±5.28) 40.76(±4.31) 41.26(±5.16) 33.45(±4.35)
Naive Bayes 39.29(±3.98) 39.21(±3.18) 39.26(±2.97) 39.35(±2.85) 38.10(±4.02)

Random Forest 30.09(±3.03) 30.90(±3.52) 31.07(±3.10) 30.51(±3.67) 29.46(±2.99)
madelon Logistic Regression 47.31(±1.80) 47.80(±1.57) 47.16(±1.68) 46.81(±1.56) 46.31(±1.69)

SVM 47.78(±1.53) 47.28(±2.20) 47.10(±2.13) 47.12(±1.65) 46.56(±2.12)
AdaBoost 42.92(±1.40) 42.91(±1.68) 43.36(±1.81) 42.90(±1.40) 40.64(±7.32)

Naive Bayes 41.90(±1.05) 41.43(±8.76) 41.79(±8.05) 41.62(±7.43) 41.03(±8.32)
Random Forest 35.90(±0.83) 35.42(±1.75) 35.13(±1.30) 34.79(±1.75) 35.56(±2.03)

3.4.5 Experimental results on regression

In this section, we present experimental results for the regression problem. All the
datasets used in this experiment are available in the scikit-learn [234] dataset collection.
We use SVR with the Radial Basis Function (RBF) kernel as the base regressor. Ta-
ble 3.5 shows the results of this experiment. In this experiment, we use MSE as a metric,
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boston

diabetes

california housing

Figure 3.5: Visualization of grid search for α and λ on scikit-learn regression dataset.
For the sake of visualization, we apply a moving average.

Table 3.5: Mean squared errors averaged over 10 trails on scikit-learn [234] regression
benchmark datasets. The numbers in the brackets are the standard deviations. For the
methods with (optimal), the optimal parameters for the test data are obtained by the

linear search. The lowest mean squared errors are shown in bold.

Dataset #features #data unweighted IWERM AIWERM (optimal) RIWERM (optimal) ours
boston 13 506 83.22(±5.72) 69.87(±2.31) 69.68(±1.46) 69.96(±1.84) 68.36(±1.20)

diabetes 10 442 0.049(±0.007) 0.0501(±0.009) 0.049(±0.008) 0.049(±0.009) 0.048(±0.007)
california housing 8 20, 640 1.432(±0.095) 1.3214(±0.345) 1.260(±0.125) 1.261(±0.086) 1.232(±0.095)

and this table shows that IGIWERM is superior to existing covariate shift adaptation
methods. Figure 3.5 shows the relationship between the two parameters of IGIWERM
and the mean squared errors that can be achieved. This figure shows that, as in the
case of binary classification, the optimal parameters do not necessarily match those of
existing methods.

3.4.6 Experimental results on multi-class classification

We also introduce the additional experimental results for the multi-class classification
problem. All the datasets used in this experiment are available in the scikit-learn [234]
dataset collection. We also use the scikit-learn [234] implementation of the models, and
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Table 3.6: Computational cost of ERM and IGIWERM.

Method Computation time [sec]
ERM 1.130(±0.238)

IGIWERM 9.887(±0.845)

the hyperparameters of each model are the default values of this library. We note that
the number of training sample for covtype is so large hence the results with SVM for
this dataset are omitted. Table 3.3 shows the experimental results, and we see that our
proposed generalization outperforms existing methods. Figure 3.7 shows the relationship
between the two parameters of IGIWERM and the errors that can be achieved. This
figure also shows the sub-optimality of conventional methods.

3.4.7 Computational Cost

Here, we investigate the computational cost of our IGIWERM. The experimental setup
is the same as in Section 3.4.2. The mean and standard deviation of the computation
time obtained in the 10 trials are shown in Table 3.6. From this table, we can see that
our IGIWERM takes constant times longer to compute than the vanilla ERM.

3.5 Role of Parameters

In this section, we discuss the role of the parameter pair (α, λ) introduced by our gener-
alization. Geometrically, the parameter α determines the shape of the curve connecting
the training and test distributions, and the parameter λ determines the position on the
curve.

Recall that, from Eq. (3.40), the gap between the expected error and empirical error is
upper bounded by two terms of the form

C1

(
pte(x)
ptr(x) − w(λ,α)(x)

)
+ C2

( 1
ntr

)
, (3.44)

for the IGIWERM under the covariate shift assumption. Here C1(·) and C2(·) are terms
that depend on pte(x)

ptr(x) − w(λ,α)(x) and 1
ntr

, respectively. The first term depends on the
difference between the density ratio and the generalized weighting, while the second term
depends on the size of the training sample. Here, the generalized weighting w(λ,α)(x)
is equal to the density ratio when λ = 1. Therefore, when the training sample size is
large, the effect of the second term vanishes asymptotically, and λ should be close to 1.
In fact, a major cause of the instability of importance-weighted ERM is the difficulty of
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computing the density ratio. For example, considering the case with small λ = 1 and
0.1 in AIWERM with ptr(x) = 0.001 and pte(x) = 1, we have pte(x)/ptr(x) = 1000 and
(pte(x)/ptr(x))0.1 ≃ 2, which shows that the weighting can be smoothed with a small λ.

We have not obtained any analytical conclusions regarding the parameter α. However,
since RIWERM by [322] achieves stabilization by using a large α, we can conjecture
that a large α induces stability.

Finally, we consider the behavior of the parameters from a comparison of the two opti-
mization strategies: information criterion and Bayesian optimization. Figure 3.8 shows
the results of the comparison of the two optimization strategies in the experimental
setup of Section 3.4.2, with the dimensionality of the input vectors set to 1, 2, and 4.
From this figure, we can see the following.

• There is a correlation between parameter pairs obtained by two optimization
strategies.

• The correlation with respect to the parameter λ is strong when the dimensionality
is small and decreases as the dimensionality increases. Also, the information cri-
terion is more likely to choose a larger value of λ than Bayesian optimization, and
as the dimensionality increases, a smaller λ is more likely to be chosen for both
optimization methods.

• The correlation with respect to the parameter α is weak when the dimensionality is
small and increases as the dimensionality increases. Also, Bayesian optimization
is more likely to choose a larger value of α than the information criterion, and
as the dimensionality increases, a larger α is more likely to be chosen for both
optimization methods.

In general, we can expect the greater the dimension of the input vector, the less confi-
dence we have in the importance weighting. Thus, from the results in Figure 3.8, we can
conjecture that λ is small and α is large when the importance weighting is unreliable.

3.6 Further Discussion

We generalized existing methods of covariate shift adaptation in the geometrical frame-
work. By our information geometrical formulation, geometric biases of conventional
methods are elucidated. Unlike the dominant approaches restricted to a specific curve
on a manifold in the literature, our generalization has a much larger solution space with
only two parameters. Our experiments highlighted the advantage of our method over
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previous approaches, suggesting that our generalization can achieve better performance
than the existing methods. A drawback of our proposed method is its relatively high
computational cost for optimizing parameters α and λ. We used Bayesian optimization
for efficient parameter search, and further sophisticated approaches will be explored in
our future work.

As mentioned in the introduction, the importance weighting is used with deep neu-
ral network models [82], in which the importance weight in the feature representation
obtained by DNN is considered. It is also worth mentioning that Sakai and Shimizu
[252] used RIWERM in the study of covariate shift on the learning from positive and
unlabeled data. Our generalization will be applicable to their methods to improve the
performance under a small sample regime. In particular, in a standard approach for
optimizing the implicit weight function w(x), it is common to add a regularization term
(w(x) − ptr(x)/pte(x))2 to the optimization objective. The use of the derived geodesic
and curvature biases to regularize the optimal weight function will be investigated in
connection with the modern weight learning approach using deep neural network models.
The relation between geometric bias and statistical bias should be explored. In addition,
the development of a method for choosing good initial values for the parameter pairs α
and λ is expected to significantly reduce the computational cost.
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heart
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Figure 3.6: Visualization of grid search for α and λ on LIBSVM dataset. For the
sake of clarity, we apply a moving average.
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digits

iris

covtype

Figure 3.7: Visualization of grid search for α and λ on scikit-learn multi-class classi-
fication dataset. For the sake of visualization, we apply a moving average.

Figure 3.8: Comparison between Bayesian optimization and information criterion.
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4
α-Geodesical Skew Divergence

The asymmetric skew divergence smooths one of the distributions by mixing it, to a
degree determined by the parameter λ, with the other distribution. Such divergence
is an approximation of the KL divergence that does not require the target distribution
to be absolutely continuous with respect to the source distribution. In this chapter, an
information geometric generalization of the skew divergence called the α-geodesical skew
divergence is proposed, and its properties are studied.

4.1 Definition of α-geodesical skew divergence

Consider the skew divergence of Definition 2.16, which is restated below:

D
(λ)
S [p∥q] := DKL[p∥(1 − λ)p+ λq]

=
∫

X
p(x) log p(x)

(1 − λ)p(x) + λq(x)dx, (4.1)

where p, q ∈ P and λ ∈ [0, 1]. The skew divergence is a modified version of the KL-
divergence that solves numerical difficulties and has many known applications.

The skew divergence is generalized based on the f -interpolation (Definition 2.31). From
Definition 2.33, the f -interpoloation is considered as an unnormalized version of the
α-geodesic. Using the notion of geodesics, skew divergence is generalized in terms of
information geometry as follows.
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Definition 4.1 (α-Geodesical Skew Divergence). The α-geodesical skew divergence
D

(α,λ)
GS : P × P → [0,∞] is defined between two probability distributions p and q by:

D
(α,λ)
GS

[
p∥q

]
:= DKL

[
p∥m(λ,α)

f (p, q)
]

=
∫

X
p(x) log p(x)

m
(λ,α)
f (p(x), q(x))

dx, (4.2)

where α ∈ R and λ ∈ [0, 1].

Some special cases of α-geodesical skew divergence are listed below:

(∀α ∈ R, λ = 1) D(α,1)
GS [p∥q] = DKL[p∥q]

(∀α ∈ R, λ = 0) D(α,0)
GS [p∥q] = DKL[p∥q] = 0

(α = 1,∀λ ∈ [0, 1]) D(1,λ)
GS [p∥q] = λDKL[p∥q] (scaled KL-divergence)

(α = −1,∀λ ∈ [0, 1]) D(−1,λ)
GS [p∥q] = D

(λ)
S [p∥q] (skew divergence)

(α = 0,∀λ ∈ [0, 1]) D(0,λ)
GS [p∥q] =

∫
X
p(x) log p(x)

{(1 − λ)
√
p(x) + λ

√
q(x)}2dx

(α = 3,∀λ ∈ [0, 1]) D(3,λ)
GS [p∥q] = D

(λ)
S [p∥q] +H(p) +H(q)

(α = ∞,∀λ ∈ [0, 1]) D(∞,λ)
GS [p∥q] =

∫
X
p(x) ln p(x)

min{p(x), q(x)}dx

(α = −∞,∀λ ∈ [0, 1]) D(−∞,λ)
GS [p∥q] =

∫
X
p(x) ln p(x)

max{p(x), q(x)}dx

Here, H(p) is the entropy of p. Also, α-geodesical skew divergence is a special form of
the generalized skew K-divergence [220, 223], which is a family of abstract means-based
divergences. In this paper, the skew K-divergence touched upon in [220] is characterized
in terms of α-geodesic on positive measures, and its geometric and functional analytic
properties are investigated. When the Kolmogorov-Nagumo average (i.e., when the
function f−1 in Definition 2.31 is a strictly monotone convex function) the geodesic has
been shown to be well-defined [78].

4.1.1 Symmetrization of α-Geodesical Skew Divergence

It is easy to symmetrize the α-geodesical skew divergence as follows.

Definition 4.2 (Symmetrized α-Geodesical Skew Divergence). The symmetrized α-
geodesical skew divergence D̄(α,λ)

GS : P×P → [0,∞] is defined between two Radon–Nikodym
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densities p and q of µ-absolutely continuous probability measures by:

D̄
(α,λ)
GS [p∥q] := 1

2

(
D

(α,λ)
GS [p∥q] +D

(α,λ)
GS [q∥p]

)
, (4.3)

where α ∈ R and λ ∈ [0, 1].

It is seen that D̄(α,λ)
GS [p∥q] includes several symmetrized divergences.

D̄
(α,1)
GS [p∥q] = 1

2

(
DKL[p∥q] +DKL[q∥p]

)
, (half of Jeffreys divergence)

D̄
(−1, 1

2 )
GS [p∥q] = 1

2

(
DKL

[
p∥p+ q

2
]

+DKL

[
q∥p+ q

2
])
, (JS-divergence)

D̄
(−1,λ)
GS [p∥q] = 1

2

(
DKL

[
p∥(1 − λ)p+ λq

]
+DKL

[
q∥(1 − λ)q + λp

])
.

The last one is the λ-JS-divergence [218], which is a generalization of the JS-divergence.

4.2 Properties of α-geodesical skew divergence

In this section, the properties of the α-geodesical skew divergence are studied.

Proposition 4.3 (Non-negativity of the α-geodesical skew divergence). For α ≥ −1 and
λ ∈ [0, 1], the α-geodesical skew divergence D(α,λ)

GS [p∥q] satisfies the following inequality:

D
(α,λ)
GS [p∥q] ≥ 0. (4.4)

Proof. When λ is fixed, the f -interpolation has the following inverse monotonicity with
respect to α:

m
(λ,α)
f (p, q) ≥ m

(λ,α′)
f (p, q), (α ≤ α′). (4.5)

From Jensen’s inequality,
∫

X
p(x) log q(x)

p(x)dx ≤ log
(∫

X
p(x)q(x)

p(x)dx

)
= log

∫
X
q(x)dx

= log 1 = 0. (4.6)

We also have∫
X
p(x) log q(x)

p(x)dx =
∫

X
p(x) log q(x)dx −

∫
X
p(x) log p(x)dx. (4.7)
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From Eqs. (4.6) and (4.7),∫
X
p(x) log q(x)dx −

∫
X
p(x) log p(x)dx ≤ 0

−
∫

X
p(x) log p(x)dx ≤ −

∫
p(x) log q(x)dx. (4.8)

From Eqs. (4.8) and (4.5), one obtains

D
(α,λ)
GS [p∥q] =

∫
X
p(x) log p(x)

m
(α,λ)
f (p(x), q(x))

dx

≥
( ∫

X
p(x)dx

)
log p(x)

m
(α,λ)
f (p(x), q(x))

≥ 1 · log 1 = 0.

Proposition 4.4 (Asymmetry of the α-geodesical skew divergence). α-Geodesical skew
divergence is not symmetric in general:

D
(α,λ)
GS [p|q] ̸= D

(α,λ)
GS [q∥p]. (4.9)

Proof. For example, if λ = 1, then ∀α ∈ R, it holds that

D
(α,1)
GS [p∥q] −D

(α,1)
GS [q∥p] = DKL[p∥q] −DKL[q∥p],

and the asymmetry of the KL-divergence results in an asymmetry of the geodesic skew
divergence.

When a function f(x) of x ∈ [0, 1] satisfies f(x) = f(1 − x), it is referred to be cen-
trosymmetric.

Proposition 4.5 (Non-centrosymmetricicy of the α-geodesical skew divergence with re-
spect to λ). α-Geodesical skew divergence is not centrosymmetric in general with respect
to the parameter λ ∈ [0, 1]:

D
(α,λ)
GS [p∥q] ̸= D

(α,1−λ)
GS [p∥q]. (4.10)
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Figure 4.1: Monotonicity of the α-geodesical skew divergence with respect to α. The
α-geodesical skew divergence between the binomial distributions p = B(10, 0.3) and

q = B(10, 0.7) has been calculated.

Proof. For example, if λ = 1, then ∀α ∈ R, we have

D
(α,λ)
GS [p∥q] −D

(α,1−λ)
GS [p∥q] = D

(α,1)
GS [p∥q] −D

(α,0)
GS [p∥q] (4.11)

=
∫

X
p ln p

q
−
∫

X
p ln p

p

=
∫

X
p ln p

q
≥ 0.

Proposition 4.6 (Monotonicity of the α-geodesical skew divergence with respect to α).
α-Geodesical skew divergence satisfies the following inequality for all α ∈ R, λ ∈ [0, 1].

D
(α,λ)
GS [p∥q] ≥ D

(α′,λ)
GS [p∥q], (α ≥ α′).

Proof. Obvious from the inverse monotonicity of the f -interpolation (4.5) and the mono-
tonicity of the logarithmic function.

Figure 4.1 shows the monotonicity of the geodesic skew divergence with respect to α.
In this figure, divergence is calculated between two binomial distributions.

Proposition 4.7 (Subadditivity of the α-geodesical skew divergence with respect to α).
α-Geodesical skew divergence satisfies the following inequality for all α, β ∈ R, λ ∈ [0, 1]

D
(α+β,λ)
GS [p∥q] ≤ D

(α,λ)
GS [p∥q] +D

(β,λ)
GS [p∥q].
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Figure 4.2: Continuity of the α-geodesical skew divergence with respect to α and λ.
The α-geodesical skew divergence between the binomial distributions p = B(10, 0.3)

and q = B(10, 0.7) has been calculated.

Proof. For some α and λ, m(λ,α)
f takes the form of the Kolmogorov mean [151], and

obvious from its continuity, monotonicity and self-distributivity.

Proposition 4.8 (Continuity of the α-geodesical skew divergence with respect to α and
λ). α-Geodesical skew divergence has the continuity property.

Proof. We can prove from the continuity of the KL-divergence and the Kolmogorov
mean.

Figure 4.2 shows the continuity of the geodesic skew divergence with respect to α and
λ. Both source and target distributions are binomial distributions. From this figure, it
can be seen that the divergence changes smoothly as the parameters change.

Lemma 4.9. For all λ ∈ (0, 1), we have

lim
α→∞

D
(α,λ)
GS [p∥q] =

∫
X
p(x) log p(x)

min {p(x), q(x)}dx. (4.12)

Proof. Let u = 1−α
2 . Then limα→∞ u = −∞. Assuming p0(x) ≤ p1(x) for some x ∈ X ,

it holds that

lim
α→∞

m
(λ,α)
f (p0(x), p1(x)) = lim

u→−∞

(
(1 − λ)p0(x)u + λp1(x)u

) 1
u

= p0(x) lim
u→−∞

(
(1 − λ) + λ

(p1(x)
p0(x)

)u
) 1

u

= p0(x) = min {p0(x), p1(x)}.
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Similarly,

lim
α→−∞

m
(λ,α)
f (p0(x), p1(x)) = max{p0(x), p1(x)} (4.13)

and

min{p0(x), p1(x)} ≤ m
(λ,α)
f (p0(x), p1(x)) ≤ max{p0(x), p1(x)}, (4.14)

for all α ∈ R and p0(x), p1(x) ∈ (0, 1]. Let Cm(x) = min{p0(x), p1(x)} and CM (x) =
max{p0(x), p1(x)}, we can write

Cm(x) ≤ m
(λ,α)
f (p0(x), p1(x)) ≤ CM (x)

0 ≤ Cm(x) ≤ m
(λ,α)
f (p0(x), p1(x)) ≤ CM (x) ≤ 1

∣∣∣m(λ,α)
f (p0(x), p1(x))

∣∣∣ ≤ 1.

(4.15)

From the Lebesgue’s dominated convergence theorem, we have the following equality
almost surely

lim
α→∞

D
(α,λ)
GS [p∥q] =

∫
X
p(x) log p(x)

limα→∞m
(λ,α)
f (p(x), q(x))

dx

=
∫

X
p(x) log p(x)

min {p(x), q(x)}dx

holds.

Lemma 4.10. For all λ ∈ (0, 1), we have

lim
α→−∞

D
(α,λ)
GS [p∥q] =

∫
X
p(x) log p(x)

max {p(x), q(x)}dx. (4.16)

Proof. We obtain a proof similar to Lemma 4.9.

Proposition 4.11 (Lower bound of the α-geodesical skew divergence). α-Geodesical
skew divergence satisfies the following inequality for all α ∈ R, λ ∈ (0, 1).

D
(α,λ)
GS [p∥q] ≥

∫
X
p(x) log p(x)

max{p(x), q(x)}dx. (4.17)

Proof. It follows from the definition of the inverse monotonicity of f -interpolation (4.5)
and Lemma 4.10.

Proposition 4.12 (Upper bound of the α-geodesical skew divergence)). α-Geodesical
skew divergence satisfies the following inequality for all α ∈ R, λ ∈ (0, 1).

D
(α,λ)
GS [p∥q] ≤

∫
X
p(x) ln p(x)

min{p(x), q(x)}dx. (4.18)
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Proof. It follows from the definition of the f -interpolation (4.5) and Lemma 4.9.

Theorem 4.13 (Strong convexity of the α-geodesical skew divergence). α-Geodesical
skew divergence D

(α,λ)
GS [p∥q] is strongly convex in p with respect to the total variation

norm.

Proof. Let r := m
(α,λ)
f (p, q) and fj := pj

r (j = 0, 1), so that ft = pt

r (t ∈ (0, 1)). From
Taylor’s theorem, for g(x) := x ln x and j = 0, 1, it holds that

g(fj) = g(ft) + g′(ft)(fj − ft) + (fj − ft)2
∫ 1

0
g′′((1 − s)ft + sfj)(1 − s)ds.

Let

δ := (1 − t)g(f0) + tg(f1) − g(ft)

= (1 − t)t(f1 − f0)2
∫ 1

0

(
t

(1 − s)ft + sf0
+ 1 − t

(1 − s)ft + sf1

)
(1 − s)ds

= (1 − t)t(f1 − f0)2
∫ 1

0

(
t

fu0(t, s) + 1 − t

fu1(t, s)

)
(1 − s)ds,

where

uj(t, s) := (1 − s)t+ jt,

fµj (t, s) := (1 − s)ft + sfj .

Then,

∆ := (1 − t)H(p0) + tH(p1) −H(pt)

=
∫
δdr

= (1 − t)t
∫ 1

0
(1 − s)ds

[
tI(u0(t, s)) + (1 − t)I(u1(t, s))

]
,

where

∥p1 − p0∥ :=
∫

X
|dp1(x) − dp0(x)|dx,

H(p) := D
(α,λ)
GS [p∥r] =

∫
X
p(x) log p(x)

r(x)dx,

I(u) :=
∫ (f1 − f0)2

fu
dr.
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Now, it is suffice to prove that ∆ ≥ t(1−t)
2 ∥p1 − p0∥2. For all u ∈ (0, 1), it is seen that p1

is absolutely continuous with respect to pu. Let gu := p1
pu

= f1
fu

. One obtains

I(u) = 1
(1 − u)2

∫ (f1 − fu)2

fu
dr

= 1
(1 − u)2

∫
(gu − 1)2dpu

≥ 1
(1 − u)2

(∫
|gu − 1|dpu

)2

= 1
(1 − u)2 ∥p1 − pu∥2 = ∥p1 − p0∥2,

and hence, for j = 0, 1,
∆ ≥ t(1 − t)

2 ∥p1 − p0∥2.

4.3 Natural α-geodesical skew divergence for exponential
family

In this section, the exponential family is considered in which the probability density func-
tion is given by Eq. (2.5). In skew divergence, the probability distribution of the target
is a weighted average of the two distributions. This implicitly assumes that interpolation
of the two probability distributions is properly given by linear interpolation. Here, in
the exponential family, the interpolation between natural parameters rather than the
interpolation between probability distributions themselves is considered. Namely, the
geodesic connecting two distributions p(x; θp) and q(x; θq) on the θ-coordinate system
is considered:

θ(λ) = (1 − λ)θp + λθq, (4.19)

where λ ∈ [0, 1] is the parameter. The probability distributions on the geodesic θ(λ) are

p(x;λ) = p(x; θ(λ))

= exp
{
λ(θq − θp) · x + θp · x − ψ(λ)

}
. (4.20)

Hence, a geodesic itself is a one-dimensional exponential family, where λ is the natural
parameter. A geodesic consists of a linear interpolation of the two distributions in the
logarithmic scale because

ln p(x;λ) = (1 − λ) log p(x; θp) + λ log p(x; θq) − ψ(λ). (4.21)
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Figure 4.3: The geodesic between two probability distributions on the α-coordinate
system.

This corresponds to the case α = 1 on the f -interpolation with normalization factor
c(λ) = exp {−ψ(λ)},

p(x; θ(λ)) = m
(λ,1)
f (p(x; θp), p(x; θq)). (4.22)

This induces the natural geodesic skew divergence with α = 1 as

D
(1,λ)
GS [p∥q] =

∫
X
p(x) log

(
p(x)

m
(λ,1)
f (p(x), q(x))

)
dx

=
∫

X
p(x) log p(x) − p(x) log

(
m

(λ,1)
f (p(x), q(x))

)
dx

=
∫

X
p(x) log p(x) − p(x) log

(
exp{(1 − λ) log p(x) + λ log q(x)}

)
dx

=
∫

X

(
p(x) log p(x) − (1 − λ)p(x) ln p(x) − λp(x) log q(x)

)
dx

=
∫

X

(
λp(x) log p(x) − λp(x) log q(x)

)
dx

= λ

∫
X
p(x) log p(x)

q(x)dx

= λDKL[p∥q],

and this is equal to the scaled KL divergence.

More generally, let θ(α)
P and θ

(α)
Q be the parameter representations on the α-coordinate

system of probability distributions P and Q. Then, the geodesics between them are
represented as in Figure 4.3 and it induces the α-geodesical skew divergence.

66



Function space associated with the α-geodesical skew divergence

4.4 Function space associated with the α-geodesical skew
divergence

To discuss the functional nature of the α-geodesical skew divergence in more depth,
the function space it constitutes is considered. For an α-geodesical skew divergence
f

(α,λ)
q (p) = D

(α,λ)
GS [p∥q] with one side of the distribution fixed, let the entire set be

Fq =
{
f (α,λ)

q | α ∈ R, λ ∈ [0, 1]
}
. (4.23)

For f (α,λ)
q ∈ Fq, its semi-norm is defined by

∥∥∥f (α,λ)
q

∥∥∥
p

:=
∫

X

(∣∣∣f (α,λ)
q

∣∣∣pdµ) 1
p
. (4.24)

By defining addition and scalar multiplication for f (α,λ)
q , g

(α,λ)
q ∈ Fq, c ∈ R as follows,

Fq becomes a semi-norm vector space:

(f (α,λ)
q + g(α,λ)

q )(u) := f (α,λ)
q (u) + g(α,λ)

q (u) = D
(α,λ)
GS [u∥q] +D

(α′,λ′)
GS [u∥q], (4.25)

(cf)(u) := cf (α,λ)
q (u) = c ·D(α,λ)

GS [u∥q]. (4.26)

Theorem 4.14. Let N be the kernel of ∥ · ∥p as follows:

N := ker(∥ · ∥p) =
{
f (α,λ)

q | f (α,λ)
q = 0

}
. (4.27)

Then the quotient space V := (Fq, ∥ · ∥p)/N is a Banach space.

Proof. It is sufficient to prove that f (α,λ)
q is integrable to the power of p and that V

is complete. From Proposition 4.12, the α-geodesical skew divergence is bounded from
above for all α ∈ R and λ ∈ [0, 1]. Since f (α,λ)

q is continuous, we know that it is p-power
integrable.

Let {fn} be a Cauchy sequence of V:

lim
n,m→∞

∥fn − fm∥p = 0.

Since n(k), k = 1, 2, . . . , can be taken to be monotonically increasing and

∥fn − fn(k)∥p < 2−k
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Figure 4.4: α-geodesical skew divergence between two normal distributions. The
reference distribution is Q = N (0, 0.5). For P1, P2, . . . , Pj , (j = 1, 2, . . . , 10), let their
mean and variance be µj and σ2

j , respectively, where µj+1−µj = 0.5 and σ2
j+1−σ2

j = 0.2.

with respect to n > n(k), let

∥fn(k+1) − fn(k)∥p < 2−k.

If gn = |fn(1)| +∑n−1
j=1 |fn(j+1) − fn(j)| ∈ V, it is non-negatively monotonically increasing

at each point, and from the subadditivity of the norm, ∥gn∥p ≤ ∥fn(1)∥p + ∑n−1
j=1 2−j .

From the monotonic convergence theorem, we have

∥∥∥ lim
n→∞

gn

∥∥∥
p

= lim
n→∞

∥gn∥p ≤ ∥fn(1)∥p + 1 < ∞.

That is, limn→∞ gn exists almost everywhere, and limn→∞ gn ∈ V. From limn→∞ gn <

∞, we have

fn(1) +
n−1∑
j=1

(fn(j+1) − fn(j)) = lim
n→∞

fn(1)

converges absolutely almost everywhere to | limn→∞ fn(n)| ≤ limn→∞ gn, a.e.. That is,
limn→∞ fn(n) ∈ V. Then ∣∣∣ lim

n→∞
fn − fn(n)

∣∣∣ ≤ lim
n→∞

gn

and from the superior convergence theorem, we can obtain

lim
m→∞

∥∥∥ lim
n→∞

fn − fn(m)

∥∥∥
p

= 0

We have now confirmed the completeness of V.

Corollary 4.15. Let

F+ =
{
f (α,λ)

q | α ∈ R, λ ∈ (0, 1], q ∈ P
}
. (4.28)

Then the space V+ := (F+, ∥ · ∥p) is a Banach space.
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Figure 4.5: Coordinate system of Fq or F+. Such a coordinate system is not Eu-
clidean.

Proof. If we restrict λ ∈ (0, 1], D(α,λ)
GS [u∥q] = 0 if and only if u = q. Then, V+ has the

unique identity element, and then V+ is a complete norm space.

Consider the second argument Q of D(α,λ)
GS (P ||Q) is fixed, which is referred to as the

reference distribution. Figure 4.4 shows values of the α-geodesical skew divergence for a
fixed reference Q, where both P and Q are restricted to be Gaussian. In this figure, the
reference distribution is N (0, 0.5) and the parameters of input distributions are varied
in µ ∈ [0, 4.5] and σ2 ∈ [0.5, 2.3]. From this figure, one can see that a larger value of
α emphasizes the discrepancy between distributions P and Q. Figure 4.5 illustrates a
coordinate system associated with the α-geodesical skew divergence for different α. As
seen from the figure, for the same pair of distributions P and Q, the value of divergence
with α = 3 is larger than that with α = −1.

4.5 Discussion and Possible Applications

In this chapter, we considered a generalization of the skew divergence and studied several
properties of the generalized skew divergence. We presented that our generalization has
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several known divergences as special cases. Moreover, as mentioned in Section 4.2, we
see that our generalized skew divergence has desirable properties as a divergence, such
as non-negativity.

In our generalization, we introduced a new parameter pair α and λ. From Figs. 4.1
and 4.2, we can confirm that the value of the generalized skew divergence varies mono-
tonically and smoothly with respect to changes in these parameters. Optimizing these
parameters could improve existing algorithms that rely on skew divergence, similar
to the generalized covariate shift adaptation (Chapter 3). For example, the effec-
tiveness of skew divergence has been reported for segmentation [49], disease detec-
tion [247], and natural language processing [315]. Furthermore, since the skew di-
vergence is a modification of the KL-divergence by stabilizing its numerical difficul-
ties, it is expected to be improved by replacing existing algorithms using the KL-
divergence [6, 60, 92, 143, 144, 205, 262, 323]. The implementation of our generalized
skew divergence in PyTorch [231], one of the automatic differentiation frameworks, is
available on GitHub 1. We hope that with our implementation, the possible applications
discussed above will be realized.

1https://github.com/nocotan/geodesical_skew_divergence
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5
Conclusion and Future Work

In this study, we considered a manifold constructed by a set of probability distributions.
In particular, this manifold is generally a non-Euclidean space and is known to be a
Riemannian manifold. The framework that focuses on the geometric properties of a
Riemannian manifold created by a set of probability distributions is called information
geometry, and has many known applications. One of the advantages of using information
geometry for discussion is that some statistical concepts can be identified with geometric
objects. The identification of these two types of concepts has several benefits, such as a
deeper understanding of statistical procedures and the induction of geometrically natural
generalizations of existing algorithms. In this study, we considered a generalization of
algorithms for handling covariate shift, a type of distribution shift, and a generalization
of the skew divergence, one of the variants of the KL-divergence. Our generalizations
are obtained by identifying the generalized mean with the selection of the curves. In
particular, this curve is determined by a certain real parameter α and corresponds to
a special curve called the α-geodesic. Since the α-geodesic is a straight curve in the
α-coordinate system, our identification can be viewed as an identification of the choice
of weighting strategy and the coordinate system in which the curve connecting two
probability distributions is straight. This identification is discussed in Chapter 2.

The covariate shift assumes that the distributions of the input variables in the train-
ing and test data are different, and is one of the important research topics in machine
learning. This is because the validity of most supervised learning is supported by the
consistency of the ERM, and this property is not satisfied under the covariate shift
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assumption. Generalized covariate shift adaptation (Chapter 3) is a generalization of
importance-weighted ERM and its variants by introducing a new parameter pair. In
this parameter pair, α corresponds to the shape of the curve connecting the two prob-
ability distributions and λ to the position on the curve. We experimented with two
different optimization strategies for optimizing these parameters, Bayesian optimization
and information criterion, and observed that in some cases their behavior differed. Our
conjecture is that the stability of each optimization strategy is related, but there is still
insufficient analysis to support this. Also, the theoretical properties of our generalized
covariate shift adaptation for a given parameter pair have not yet been fully analyzed.
Based on existing research and our numerical experiments, it can be expected that the
parameter λ, which determines the position on the curve connecting the two proba-
bility distributions, corresponds to the confidence of the weighting. However, the role
of the parameter α, which determines the shape of the curve, in optimization is still
under discussion. The investigation of the differences in the behavior of optimization
strategies and the properties of the generalized method depending on the parameters is
a subject for future work. Our implementation of generalized covariate shift adaptation
is available on GitHub 1 and more extensive experimentation is expected.

Finally, we considered a generalization of the skew divergence, one of the variants of the
KL-divergence, in Chapter 4. The KL-divergence is known to be subject to numerical
instability because of the inclusion of the density ratio between probability distributions
in the integral. One idea to overcome this difficulty is skew divergence, which is achieved
by replacing the denominator of the density ratio with the weighted average of two
probability distributions. Our generalized skew divergence is based on α-geodesics, as
is the generalization of the covariate shift adaptation above, and a similar parameter
pair is introduced. We confirmed that generalized skew divergence has several desirable
properties as divergence. However, its specific applications are still future issues to
be addressed. We confirmed that the value of the generalized skew divergence varies
monotonically and smoothly with respect to changes in these parameters, and it is
expected to improve existing algorithms that rely on skew divergence by optimizing
these parameters. The implementation of our generalized skew divergence in PyTorch
is available on GitHub 2.

1https://github.com/nocotan/IGIWERM
2https://github.com/nocotan/geodesical_skew_divergence
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Appendix

A
Details for IGIWERM

This section describes the technical details of Chapter 3. In particular, we describe
material here that would be too verbose to be included in the main body of the thesis.

A.1 Learning guarantee

We note the derivation of the learning bounds introduced in Eq. (3.40), following the
paper by Cortes et al. [62]. First, we introduce the definition of the Rényi divergence, a
necessary tool for theoretical analysis.

Definition A.1 (Rényi divergence [246]). For α > 0, the Rényi divergence D(α)
R [p∥q]

between two probability distributions p and q is defined by

Dα
R[p∥q] := 1

α− 1 log2

∫
X
p(x)

(
p(x)
q(x)

)α−1
dx. (A.1)

Next, the required theorems and their proofs are reproduced below. Here, following the
paper by Cortes et al. [62], we use the notation P̂ to denote the empirical distribution
based on a finite sample of size n, and Ê to denote the expectation based on P̂.

Lemma A.2 ([62]). For all α > 0 and w(x) = pte(x)
ptr(x) ,

E(x,y)∼ptr

[
w2(x)ℓ2(h(x), y)

]
≤ 2Dα+1

R [pte∥ptr]E(x,y)∼pte
[ℓ(h(x), y)]1− 1

α . (A.2)
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Proof.

E(x,y)∼ptr

[
w2(x)ℓ2(h(x), y)

]
=
∫

X

(
pte(x)
ptr(x)

)2
ℓ2(h(x), y)ptr(x)dx

=
∫

X
pte(x)

1
α

(
pte(x)
ptr(x)

)
pte(x)

α−1
α ℓ2(h(x), y)dx

≤
(∫

X
pte(x)

(
pte(x)
ptr(x)

)α

dx

) 1
α
(∫

X
pte(x)ℓ

2α
α−1 (h(x), y)dx

)α−1
α

= 2Dα+1
R [pte∥ptr]

(∫
X
pte(x)ℓ(h(x), y)ℓ

α+1
α−1 (h(x), y)dx

)
≤ 2Dα+1

R [pte∥ptr]E(x,y)∼pte
[ℓ(h(x), y)]1− 1

α .

Theorem A.3. For any loss function ℓ and hypothesis class H such that 0 < E(x,y)∼p [ℓ(h(x), y)] <
+∞ for all h ∈ H and a probability distribution p,

P
[

sup
h∈H

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]√
E[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ

]

≤ P
[

sup
h∈H,t∈R

P[ℓ(h(x), y) > t] − P̂[ℓ(h(x), y) > t]√
P[ℓ(h(x), y)]

> ϵ

]
,

and

P
[

sup
h∈H

ˆE[ℓ(h(x), y)] − E[ℓ(h(x), y)]√
Ê[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ

]

≤ P

 sup
h∈H,t∈R

P̂[ℓ(h(x), y) > t] − P[ℓ(h(x), y) > t]√
P̂[ℓ(h(x), y)]

> ϵ

 .
Proof. The proof of the first statement is provided. The second statement can be shown
in very similar way. Fix ϵ > 0 and assume that for any h ∈ H and t ≥ 0, the following
holds.

P[ℓ(h(x), y) > t] − P̂[ℓ(h(x), y) > t]√
P[ℓ(h(x), y)]

≤ ϵ. (A.3)

We show that this implies that for any h ∈ H,

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]√
E[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ
.

By the properties of the Lebesgue integral, we can write

E[ℓ(h(x), y)] =
∫ +∞

0
P[ℓ(h(X), y) > t]dt, (A.4)
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and

Ê[ℓ(h(x), y)] =
∫ +∞

0
P̂[ℓ(h(x), y) > t]dt, (A.5)

and similarly,

E[ℓ2(h(x), y)] =
∫ +∞

0
P[ℓ2(h(x), y) > t]dt (A.6)

=
∫ +∞

0
2tP[ℓ(h(x), y) > t]dt. (A.7)

In what follows, we use the shorter notation

I = E[ℓ2(h(x), y)].

Let t1 =
√

1
2

1
ϵ . To bound E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)], we simply bound P[ℓ(h(x), y) >

t] − P̂[ℓ(h(x), y) > t] for large values of t > t1, and use Eq. (A.4) for smaller values of t.

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)] =
∫ +∞

0
P[ℓ(h(x), y) > t] − P̂[ℓ(h(x), y) > t]dt (A.8)

≤
∫ +∞

0
ϵ
√
P[ℓ(h(x), y) > t]dt+

∫ +∞

0
P[ℓ(h(x), y) > t]dt.

(A.9)

For relatively small values of t, P[ℓ(h(x), y) > t] is close to one. Thus, if we define t0 by
t0 =

√
1
2 , we can write

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]

≤
∫ t0

0
ϵdt+

∫ t1

t0
ϵ
√
P[ℓ(h(x), y) > t]dt+

∫ +∞

t1
P[ℓ(h(x), y) > t]dt (A.10)

=
∫ +∞

0
f(t)g(t)dt, (A.11)

with

f(t) =


(2I)1/4ϵ (0 ≤ t ≤ t0)√

2tP[ℓ(h(x), y)] > tϵ (t0 ≤ t ≤ t1)√
2tP[ℓ(h(x), y)]ϵ (t1 ≤ t),

(A.12)

and

g(t) =


1

(2I)1/4 (0 ≤ t ≤ t0)
1√
2t

(t0 ≤ t ≤ t1)√
P[ℓ(h(x),y)>t]

2t
1
ϵ (t1 ≤ t).

(A.13)
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Now, by the Cauchy-Schwarz inequality,

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)] ≤

√∫ +∞

0
f(t)2dt

√∫ +∞

0
g(t)2dt. (A.14)

The first integral on the right-hand side can be bounded as follows.
∫ +∞

0
f(t)2dt =

∫ t0

0

√
2Iϵ2dt+

∫ +∞

t0
2tP[ℓ(h(x), y)]ϵ2dt (A.15)

≤
√

2It0ϵ2 + ϵ2I (A.16)

= 2ϵ2I, (A.17)

and since t1/t0 = 1/ϵ, the second one can be computed and bounded as

∫ +∞

0
g(t)2dt =

∫ t0

0

1√
2I
dt+

∫ t1

t0

1
2tdt+

∫ +∞

t1

P[ℓ(h(x), y) > t]
2tϵ2 (A.18)

= 1
2 + 1

2 log 1
ϵ

+
∫ +∞

t1

2tP[ℓ(h(x), y)]
4t2ϵ2 dt (A.19)

≤ 1
2 + 1

2 log 1
ϵ

+
∫ +∞

t1

2tP[ℓ(h(x), y) > t]
4t21ϵ2

dt (A.20)

≤ 1
2 + 1

2 log 1
ϵ

+ 1
4t21ϵ2

(A.21)

= 1 + 1
2 log 1

ϵ
. (A.22)

Combining the bounds obtained for these integrals yields directly

E[ℓ(h(x), y)] − ˆE[ℓ(h(x), y)] ≤
√

2ϵ2I
(

1 + 1
2 log 1

ϵ

)
(A.23)

= t

√(
2 + log 1

ϵ

)√
I, (A.24)

which concludes the proof of the theorem.

Theorem A.4 (Anthony and Shawe-Taylor [15]). Let ℓ be the binary classification loss.
Then, for any hypothesis class H of real-valued functions, the following holds.

P
[

sup
h∈H

R(h; p) − R̂(h;Sn)√
R(h; p)

> ϵ

]
≤ 4ΠH(2n) exp

(
−nϵ2

4

)
, (A.25)

where ΠH(n) is the value of the growth function (maximum number of classifications)
for a sample of size n, using the hypothesis class H.
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From this theorem,

P
[

sup
h∈H

R̂(h;Sn) − R(h; p)√
R̂(h;Sn)

> ϵ

]
≤ 4ΠH(2n) exp

(
−nϵ2

4

)
. (A.26)

Combining these results with Theorem A.3 yields directly the following.

Theorem A.5. Let H be a hypothesis class of real-valued functions and ℓ a loss function
(not necessarily bounded) such that for all h ∈ H, 0 < E[ℓ2(h(x), y)] < +∞. Then, the
following holds.

P
[

sup
h∈H

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]√
E[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ

]
≤ 4ΠH(2n) exp

(
−nϵ2

4

)
, (A.27)

and

P
[

sup
h∈H

Ê[ℓ(h(x), y)] − E[ℓ(h(x), y)]√
Ê[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ

]
≤ 4ΠH(2n) exp

(
−nϵ2

4

)
. (A.28)

Theorem A.6. Let H be a hypothesis class of real-valued functions and ℓ a loss function
(not necessarily bounded) such that for all h ∈ H, 0 < E[ℓ2(h(x), y)] < +∞. Assume
that Pdim({ℓ(h(x), y) | h ∈ H}) = d < ∞. Then, the following holds.

P
[

sup
h∈H

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]√
E[ℓ2(h(x), y)]

> ϵ

√
2 + log 1

ϵ

]
≤ 4 exp

(
d log 2ϵn

d
− nϵ2

4

)
(A.29)

Proof. The results follows immediately by Sauer’s lemma and the fact that the VC
dimension of the family {sgn(ℓ(h(x), y) − t) | h ∈ H, t ∈ R} is precisely the pseudo-
dimension of {ℓ(h(x), y) | h ∈ H}.

Corollary A.7. Let H be a hypothesis class of real-valued functions and ℓ a loss function
(not necessarily bounded) such that for all h ∈ H, 0 < E[ℓ2(h(x), y)] < +∞. Assume
that Pdim({ℓ(h(x), y) | h ∈ H}) = d < ∞. Then, the following holds.

P
[

sup
h∈H

E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]√
E[ℓ2(h(x), y)]

> ϵ

]
≤ 4 exp

(
d log 2ϵn

d
− nϵ8/3

45/3

)
(A.30)

Corollary A.8. Let H be a hypothesis class of real-valued functions and ℓ a loss function
(not necessarily bounded) such that for all h ∈ H, 0 < E[ℓ2(h(x), y)] < +∞. Assume
that Pdim({ℓ(h(x), y) | h ∈ H}) = d < ∞. Then, for any δ > 0, with probability at least
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1 − δ, for any h ∈ H, the following holds.

∣∣∣E[ℓ(h(x), y)] − Ê[ℓ(h(x), y)]
∣∣∣

≤ 25/4 max
{√

E[ℓ2(h(x), y)],
√
Ê[ℓ2(h(x), y)]

}
3/8

√
p log 2me

p + log 4
δ

n
. (A.31)

Theorem A.9. Let H be a hypothesis class such that Pdim({ℓ(h(x), y) | h ∈ H}) =
p < ∞. Assume that 2Dα

R[pte∥ptr] < +∞ and w(x) ̸= 0 for all x. Then, for any δ > 0,
with probability at least 1 − δ,

R(h; pte) ≤ R̂w(h;Sn) + 25/4
√

2Dα
R[pte∥ptr] 3/8

√
p log 2me

p + log 4
δ

n
, (A.32)

where R̂w = E[w(x)ℓ(h(x), y)].

Proof. Since 2Dα
R [pte∥ptr] < +∞, the second moment of w(x)ℓ(x, y) is finite and upper

bounded by 2Dα
R [pte∥ptr]. Thus, by Corollary A.7,

P

sup
h∈H

R(h; p) − R̂w(h;Sn)√
2Dα

R [pte∥ptr]
> ϵ

 ≤ 4 exp
(
d log 2ϵn

d
− nϵ8/3

45/3

)
, (A.33)

where d is the pseudo-dimension of the function class H′′ = {w(x)ℓ(h(x), y) | h ∈ H}.
We now show that d = Pdim({ℓ(h(x), y) | h ∈ H}). Let H′ denote {ℓ(h(x), y) | h ∈ H}.
Let A = {x1,x2, . . . ,xk} be a set shattered by H′′. Then, there exist real numbers
r1, r2, . . . , rk such that for any subset B ⊆ A there exists h ∈ H such that

∀xi ∈ B, w(xi)ℓ(h(xi), y) ≥ ri, (A.34)

and

∀xi ∈ A \B, w(xi)ℓ(h(xi), y) < ri. (A.35)

Since by assumption w(xi) > 0 for all i ∈ [1, k], this implies that

∀xi ∈ B, ℓ(h(xi), y) ≥ ri/w(xi), (A.36)

and

∀xi ∈ A \B, ℓ(h(xi), y) < ri/w(xi). (A.37)

Thus, H′ shatters A with the witness si = ri/w(xi). Using the same observations, it is
straightforward to see that conversely, any set shattered by H′ is shattered by H′′.
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B
Other Related Literature

In this chapter, we introduce additional related literature. In particular, this chapter
summarizes research related to distribution shift, density ratios, and importance weight-
ing. Figure B.1 shows the overview of applications of importance weighting. We can see
that importance weighting has a wide range of applications, including distribution shift
adaptation, active learning, model calibration, and label noise correction. Therefore, we
provide a cross-disciplinary literature review with importance weighting as the central
focus.

B.1 Distribution Shift Adaptation

B.1.1 Covariate Shift

The covariate shift assumption was reported by Shimodaira [260] and is formulated as
follows:

ptr(x) ̸= pte(x),

ptr(y|x) = pte(y|x).

Under this assumption, we can see that the unbiasedness of Empirical Risk Minimization
is not satisfied. This issue is known to be solvable by utilizing the density ratio between
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Figure B.1: Applications of importance weighting.

the learning distribution and the testing distribution, as follows.

Eptr(x,y)

[
pte(x)
ptr(x)ℓ(h(x), y)

]
=
∫

X ×Y

pte(x)
ptr(x)ℓ(h(x), y) · ptr(x, y)dxdy

=
∫

X ×Y

pte(x)
ptr(x)ℓ(h(x), y) · ptr(x)ptr(y|x)dxdy

=
∫

X ×Y
pte(x)ℓ(h(x), y) · ptr(y|x)dxdy

=
∫

X ×Y
pte(x)ℓ(h(x), y) · pte(y|x)dxdy

=
∫

X ×Y
ℓ(h(x), y) · pte(x, y)dxdy

= Epte(x,y) [ℓ(h(x), y)] . (B.1)

This is called the Importance Weighted Empirical Risk Minimization (IWERM) [260].
IWERM is theoretically valid, but it has been reported to be unstable in numerical exper-
iments. To stabilize IWERM, Adaptive Importance Weighted Empirical Risk Minimiza-
tion (AIWERM) [260], which replaces importance weighting with

(
pte(x)
ptr(x)

)λ
, λ ∈ [0, 1],

has been proposed, and its effectiveness has been demonstrated. Relative Importance
Weighted Empirical Risk Minimization (RIWRM) [322] is another alternative to IW-
ERM, achieving stability by using

(
pte(x)

(1−λ)ptr(x)+λpte(x)

)
as importance weights, where

λ ∈ [0, 1].

Importance weighting is also known to be effective in model selection. Cross-validation
is an essential and practical strategy for model selection but is subject to bias under
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covariate shift. Let

R(n) := ESn,(x,y) [ℓ(hSn(x), y)] , (B.2)

where hSn is a hypothesis trained by a sample Sn of sample size n. The Leave-One-Out
Cross Validation (LOOCV) estimate R̂(n)

LOOCV of the risk R̂(n) is

R̂(n)
LOOCV := 1

n

n∑
j=1

ℓ(h
Sj

n
(xj), yj), (B.3)

where Sj
n = {(xi, yi)}n

i ̸=j . It is known that, if ptr = pte, LOOCV gives an almost unbiased
estimate of the risk [191, 264] as

ESn

[
R̂(n)

LOOCV

]
= R(n−1) (B.4)

≈ R(n). (B.5)

However, this property is no longer true under the covariate shift. Importance Weighted
Cross Validation (IWCV) [277], a variant of the cross-validation that applies importance
weighting, overcomes this problem. The Leave-One-Out Importance-Weighted Cross
Validation (LOOIWCV) is given as

R̂(n)
LOOCV := 1

n

n∑
j=1

pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj). (B.6)

We can see that the validation error in the cross-validation procedure is weighted ac-
cording to the importance of input vectors. For any j ∈ {1, . . . , n}, we have

ESn

[
pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj)

]
= E

Sj
n,xj ,yj

[
pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj)

]

= E
Sj

n,yj

[∫
X

pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj)ptr(xj)dxj

]

= E
Sj

n,yj

[∫
X
pte(xj)ℓ(h

Sj
n
(xj), yj)dxj

]
= E

Sj
n,y

[∫
X
pte(x)ℓ(h

Sj
n
(x), y)dx

]
= E

Sj
n,X,y

[
ℓ(h

Sj
n
(x), y)

]
= R(n−1)

≈ R(n),
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and

ESn

[
R̂(n−1)

LOOIWCV

]
= ESn

 1
n

n∑
j=1

pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj)


= 1
n

n∑
j=1

ESn

[
pte(xj)
ptr(xj)ℓ(hSj

n
(xj), yj)

]

= 1
n

n∑
j=1

R(n−1)

= R(n−1)

≈ R(n).

Then, we can see that LOOIWCV gives an almost unbiased estimate of the risk even
under the covariate shift. The above proof can be easily extended to an importance-
weighted version of k-fold cross validation.

In contrast to IWERM, which weights the training data by the density ratio pte(x)/ptr(x),
robust algorithms, derived from the context of Distributionally Robust Optimization,
weight the test data by ptr(x)/pte(x) [56, 178, 179]. Martin et al. [192] proposed Double-
Weighting Covariate Shift Adaptation, which performs weighting by considering a trade-
off between both of these weighting strategies.

For another problem setting, Tibshirani et al. [286] demonstrated the effectiveness of
importance weighted conformal prediction under covariate shift.

However, Kouw and Loog [154] experimentally report that they examined various es-
timates of IWERM, and all of them underestimate the expected risk. Also, classical
results reported the utility of importance weighting for the case when the model is para-
metric. Gogolashvili et al. [90] demonstrated the necessity of importance weighting even
in cases where the model is non-parametric and misspecified.

B.1.2 Target Shift

Target shift [337] scenario assumes that the target marginal distribution changes between
the training and testing phases, while the target-conditioned covariate distribution re-
mains unchanged.

ptr(y) ̸= pte(y),

ptr(x|y) = pte(x|y).
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When the target variable is continuous, further challenges and research directions are
being considered. Chan and Ng [51] uses the Expectation-Maximization (EM) method
to infer the distribution p(y), but their approach also involves the estimation of p(x|y).
Nguyen et al. [213] propose a method for estimating importance weights pte(y)/ptr(y) to
address the shift in continuous target variables in a semi-supervised setting. Black Box
Shift Estimation (BBSE) [177] estimates importance weights by solving the equation
Cw = b using the confusion matrix C of a black box predictor f (where b represents
the predictor’s average output).

B.1.3 Sample Selection Bias

While closely related to the covariate shift assumption, many studies also treat similar
problem settings as sample selection bias [28, 291, 300, 311].

Several studies [292, 334] introduced a random variable s to model sample selection bias,
and considered the construction of the test distribution as follows:

pte(x, y) = p(x, y) =
∑

s

p(x, y, s), (B.7)

where s = 1 means the example is selected, and s = 0 means the example is not
selected. Under such assumptions, they demonstrate the effectiveness of importance
weighting where w(x) = P (s=1)

P (s=1|x) .

However, in scenarios with significant sample selection bias, Liu and Ziebart [178] point
out that the errors associated with importance weighting can become excessively large.

B.1.4 Subpopulation Shift

Subpopulation shift [255, 326] in machine learning refers to a situation where the sta-
tistical properties of a particular subset or subpopulation of data change between the
training and testing phases. This means that the distribution of data within a spe-
cific subgroup, such as a certain demographic, location, or any other defined subset, is
different in the training and testing datasets.

Many studies propose to reweight the sample inverse proportionally to the subpopu-
lation frequencies [47, 66, 185]. Alternatively, UMIX [107] is a variant of mixup data
augmentation to estimate importance weights and achieve improved performance of the
over-parameterized model under subpopulation shift.
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B.1.5 Feedback Shift

In the advertising industry, predicting how many clicks are associated with purchases is
crucial. However, in the real world, it is known that there is a time lag between clicks
and actual purchases. This problem is referred to as a feedback shift or delayed feedback
problem. Delayed feedback was initially researched by Chapelle [52] and has since led
to the proposal of numerous techniques to address this problem [157, 250, 283, 330].
Furthermore, several studies have explored the concept of delayed feedback in the context
of bandit problems [135, 237, 301].

Due to feedback shift, there are often cases where data that should have received positive
labels is treated as negative. For example, due to delayed feedback, at the time the
training instances were collected, purchases had not yet occurred. Yasui et al. [327]
apply importance weighting to tackle the problem of feedback shift, called feedback
shift importance weighting (FSIW).

B.2 Domain Adaptation

Domain adaptation [25, 65, 83, 232, 304, 310] in machine learning refers to the pro-
cess of adapting a machine learning model trained on one domain (source domain) to
make accurate predictions on another, often related but different, domain (target do-
main). Domains can differ in various ways, such as the distribution of data, feature
representations, or the underlying data generation processes.

There is a substantial body of research that leverages the importance of weighting for
domain adaptation. The main idea among these is to assign high weights to source
domain data that are close to the target domain data. Lee et al. [169] proposed a
method that approximates importance weighting using a distance kernel and applies
it to domain adaptation. Mashayekhi [193] proposed estimating importance weighting
through adversarial learning, where a generator is trained to assign weights to learning
instances that deceive the discriminator. Xiao and Zhang [316] also proposed importance
weighting that takes into account the difference in sample sizes between the source
domain and the target domain. Azizzadenesheli et al. [20] derived a generalization error
bound for domain adaptation using importance weighting.

Jiang and Zhai [132] utilize importance weighting for domain adaptation in NLP tasks.
However, there have been reports of negative results in NLP tasks where domain adap-
tation based on importance weighting did not perform well [238]. This is suspected to
be due to the nature of NLP task data, such as word occurrence rates and other fac-
tors. In light of these negative results, Xia et al. [314] pointed out that existing domain
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adaptation strategies based on importance weighting primarily address sample selection
bias but do not effectively resolve sample selection variance. To address this issue, they
proposed several weighting methods that take into account the trade-off between bias
and variance.

Additionally, there are subfields within general domain adaptation, such as the following:

• Multi-source domain adaptation: utilizes multiple source domains to achieve do-
main adaptation.

• Partial domain adaptation: the target domain has less number of classes compared
to the source domain.

• Open-set domain adaptation: there exist unknown classes in both domains.

• Universal domain adaptation: requires no prior knowledge of the label sets.

B.2.1 Multi-Source Domain Adaptation

The goal of multi-source domain adaptation is to leverage the information from the
multiple source domains to adapt the model to perform well on the target domain, even
though the target domain may have a different data distribution. Sun et al. [280] pro-
pose a two-stage multi-source domain adaptation framework that computes importance
weights for the instances from multiple sources to reduce both marginal and conditional
probability differences between the source and target domains. Wen et al. [308] de-
veloped an algorithm that automatically explores the importance weights of data from
multiple source domains.

B.2.2 Partial Domain Adaptation

Traditional domain adaptation techniques address the domain discrepancy in one of
three ways: by acquiring feature representations that are invariant across domains, by
producing features or samples specifically for target domains, or by converting samples
between domains using generative models. They suppose that label sets are identical
across domains. Partial domain adaptation problem [45, 47, 174] assumes that the target
domain has less number of classes compared to the source domain. In partial domain
adaptation, the target domain class space is a subspace of the source domain class space.
Thus, aligning the whole source domain distribution ptr and target domain distribution
pte is difficult.
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Zhang et al. [336] proposed that introducing importance weighting into adversarial nets-
based domain adaptation (IWAN) is effective for the partial domain adaptation problem.
Domain adaptation methods based on adversarial neural networks [63, 93] utilize the
discriminator which classifies whether input examples are from real distribution or gen-
erative distribution [186, 293]. The weighting function of IWAN is given as

w(x) = 1 −D∗(x) = 1
ptr(x)/pte(x) + 1 , (B.8)

where D∗(x) is the optimal discriminator, ptr(x) is the source distribution and pte(x)
is the target distribution. We can see that this weighting function is the unnormalized
version of relative importance weighting (Eq. (2.34), [322]). Example Transfer Network
(ETN) [46] extends IWAN by simultaneously optimizing domain-invariant features and
importance weights for useful source instances. Selective Adversarial Network (SAN) [44]
utilizes multiple adversarial networks with an importance weighting mechanism to se-
lect outsource examples in the outlier classes. There is also an extension of IWAN for
regression and general domain adaptation[68].

B.2.3 Open-set Domain Adaptation

Recent works try to relax the assumption of identical label sets across domains by propos-
ing open-set domain adaptation. Panareda Busto and Gall [227] introduced unknown
classes in both domains while assuming that the shared classes between the two domains
are identified during the training phase.

Liu et al. [183] pointed out that it is important to take into account the openness of
the target domain, which is measured by the proportion of unknown classes in all target
classes. Their proposed method uses a coarse-to-fine weighting mechanism to gradually
distinguish between samples of unknown and known classes while assigning importance
to their role in aligning feature distributions. Kundu et al. [162] proposed a metric called
model inheritability to quantify how well a model trained on the source domain can per-
form on the target domain, and they suggest using this metric in importance weighting
for the open-set domain adaptation. Garg et al. [88] also developed a method for open-set
domain adaptation using the concept of Positive-Unlabeled (PU) learning [24, 148].

B.2.4 Universal Domain Adaptation

Universal domain adaptation is the most challenging problem setting in domain adapta-
tion as it requires no prior knowledge about the label sets in the target domain. You et al.
[331] have proposed the Universal Adaptation Network (UAN), which performs instance
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weighting based on domain similarity and prediction uncertainty. Fu et al. [87] leverage
model calibration techniques to enhance the effectiveness of importance weighting on
source domain data based on the uncertainty in universal domain adaptation.

B.3 Active Learning

Active learning [115, 257] is a framework based on the belief that if a learner can select
instances for labeling, the required sample size to achieve sufficient performance can be
reduced. There are numerous methods within the realm of active learning, based on
uncertainty [171, 172, 324, 344], diversity [4, 39, 325], representativeness [72, 124, 147],
reducing expected error [136, 210] or maximizing expected model changes [41, 86, 137].
Among them, there is a subset of techniques that particularly focus on density ratios
and importance weighting.

Importance Weighted Active Learning (IWAL) [33] is a seminal work that integrates
importance weighting into the framework of active learning. IWAL assigns labels to
unlabeled instances xt based on their features and the history of labeled data, with a
probability pt. The weight of the instance is then regarded as 1/pt during the learning
process. In this strategy, the probability pt is determined using the hypothesis space
that includes the most divisive f and g in terms of achieving reasonable accuracy on the
training data at time t, denoted as Ht. That is,

pt = max
f,g∈Ht+1

max
y

σ(ℓ(f(xt), y) − ℓ(g(xt), y)), (B.9)

Ht+1 = {h ∈ Ht;Lt(h) ≤ L∗
t + ∆t}, (B.10)

where Lt(h) and L∗
t are the empirical loss and the achievable minimum loss at time t,

and ∆t stands for some small quantity. IWAL has been proven to exhibit consistency
through such importance weighting. Additionally, experimental results have shown its
effectiveness. This framework has been reported to be effective in a wide range of
applications, including image recognition [313], point cloud segmentation [312], sleep
monitoring [120], and battery health management [55]. Beygelzimer et al. [34] proposed
practical instantiations of IWAL by introducing a rejection threshold based on a devi-
ation bound and reported that the IWAL framework can produce the reusable sample.
Here, sample reusability [287, 288] is a concept that considers whether a labeled sample
created in an active learning framework using one classifier can successfully train an-
other classifier. However, Van Tulder [297] reported that it is impossible for the IWAL
framework to produce reusable samples in later work.
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In the context of model misspecification, similar discussions have been raised. Sugiyama
[275] demonstrated that existing active learning methods can tolerate slight model mis-
specification and that importance weighting can handle larger misspecifications. Bach
[21] investigated the asymptotic properties of active learning in generalized linear models
under model misspecification and proposed efficient instance selection based on impor-
tance weighting according to their findings.

Active Learning by Learning (ALBL) [121] combines various instance selection algo-
rithms for active learning using the multi-armed bandit framework to choose the most
appropriate one for a given task. ALBL extends the IWAL for providing a proper reward
function, called Importance Weighted Accuracy, for the multi-armed bandit algorithm
within it.

One common challenge in active learning is the difficulty of performance evaluation.
Active learning algorithms continuously select the most informative instances at each
step to label, which can lead to a labeled dataset with a distribution that differs from
the original data distribution. This is indeed a case of sampling bias. Kottke et al.
[153] reported that the reweighted cross-validation, naturally induced by IWAL, cannot
completely resolve these distribution differences. Zhao et al. [340] demonstrate that com-
bining importance weighting with class-balanced sampling can reduce sample complexity
for arbitrary label shifts. Mohamad et al. [203] proposed a stream-based active learning
method using importance weighting under concept drift assumption. Su et al. [273] in-
troduce the domain adaptation method that combines domain adversarial learning and
active learning. In this method, importance weighting is utilized by approximating the
density ratio using the output of the discriminator in adversarial learning. Furthermore,
active testing [84, 152] is a known method for model evaluation using loss-proportional
sampling.

Moreover, in active learning, it is crucial to consider the variability in annotator quality.
In scenarios like crowdsourcing, where annotators may have varying levels of expertise,
addressing the issue of annotator quality is indeed crucial. Zhao et al. [341] have proposed
a pool-based active learning approach based on the concept of IWAL, which is robust
to annotation noise.

Another challenge in active learning is the issue of computational cost. Agarwal et al.
[3] utilize the IWAL framework to parallelize the exploration of data that should be
labeled.
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B.4 Distributionally Robust Optimization

Distributionally Robust Optimization (DRO) [31, 69, 75, 91, 170, 242] aims to reduce
the expected loss under the worst-case scenario, considering a probabilistic uncertainty
set U(p0) derived from observed samples and characterized by specific known properties
of the actual data-generation distribution. That is, the goal of the DRO problem is

minimizeh∈H R(h; p0) := sup
q∈U(p0)

E(x,y)∼q(x,y)
[
ℓ(h(x), y)

]
, (B.11)

for the hypothesis class H and the uncertainty set U(p0) for training distribution p0. The
literature considers several uncertainty sets [26, 30, 38, 81], and aims to learn the model
providing good performance against perturbations to the data-generating distribution.
The problem of DRO can also be viewed as considering a worst-case evaluation for
unknown distribution shifts.

One interpretation of the worst-case formulation in DRO is as importance-weighted
loss minimization without a known target domain. For instance, by using some set of
weighting functions W , we can construct the uncertainty set as

Uw(p0) = {w(x) · p0(x);w ∈ W}. (B.12)

Duchi and Namkoong [76] provided the DRO framework by upweighting tail values of
ℓ(h(x), y) and giving a worst-case objective that focuses on hard regions of input domain
X . Awad and Atia [18] constructed an uncertainty set using the importance weighted
source domain distribution as its center and demonstrated that it has a high probabil-
ity of encompassing the true target domain distribution. As a practical optimization
method for deep neural network models under data imbalance, a variant of momentum
SGD called Attentional-Biased Stochastic Gradient Descent (ABSGD) [240] has been
proposed. ABSGD applies importance weighting to each sample in the mini-batch and
inherits many assets of the theoretical analysis of DRO.

Additionally, Agarwal and Zhang [2] have introduced Minimax Regret Optimization
(MRO) as a variant of the DRO problem formulation. They have proven that for both
DRO and MRO, the upper bound of their error is determined by the variance of the
weighting.
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B.5 Model Calibration

In many machine learning models, the output probabilities can be interpreted as confi-
dence in their predictions. However, these probabilities are not always well-calibrated,
meaning they may not accurately reflect the likelihood of the predicted outcomes. For
example, a model might assign a probability of 0.7 to an event, but the true frequency of
that event occurring is closer to 0.9. Model calibration typically involves adjusting the
output probabilities through various techniques that aim to bring the predicted proba-
bilities in line with the observed frequencies of events in the data [32, 77, 104, 114, 295].

One of the most famous methods for model calibration is focal loss. Focal loss was
originally proposed for object detection [173, 176, 208, 290] in computer vision and was
shown to be effective for model calibration in subsequent studies [207]. Focal loss tackles
the model calibration problem by down-weighting the easy-to-classify examples (those
with high confidence predictions) during training, effectively giving more emphasis to
the difficult-to-classify examples. This is achieved through a modulating factor that
is applied to the standard cross-entropy loss. This procedure can be viewed as an
importance weighting w(xi) = (1 − pi)γ that depends on the predictive probabilities pi

of the model for an instance xi and γ ∈ [0, 1].

The simplicity of the idea has led to the existence of many variants of focal loss.
Cyclical focal loss [263] is a variant of the focal loss inspired by curriculum learn-
ing [27, 96, 106, 305], which applies weighting to each instance based on its classification
difficulty during each epoch. AdaFocal [89] leverages the calibration characteristics of the
focal loss and dynamically adjusts the parameter γ parameter for various sample groups
in response to the model’s previous iteration and its tendency to be over-confidence, as
observed on the validation set. Dual focal loss [284] improves upon the focal loss by in-
corporating a balance between over-confidence and under-confidence. Adversarial Focal
loss (AFL) [182] utilizes a separate adversarial network to produce a difficulty score for
each input.

In addition, some theoretical results on focal loss have been reported. Charoenphakdee
et al. [53] proved that the optimal classifier trained with the focal loss can achieve
the Bayes-optimal classifier. Another study [212] showed that focal loss reduces the
curvature of the loss surface of the model.
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B.6 Positive-Unlabelled (PU) learning

PU learning, which stands for Positive-Unlabeled learning, is a type of machine learning
paradigm where the goal is to build a classifier when you have a dataset with positive
examples and unlabeled examples [24, 148]. The key challenge in PU learning is that you
don’t have labeled negative examples, which are typically used to train binary classifiers.
In PU learning, the positive class is well-defined, but the negative class is composed of
both true negatives and unlabeled examples. The main objective is to develop algorithms
that can learn a reliable classifier despite the absence of labeled negatives. This is
particularly useful in situations where obtaining a representative sample of negatives is
difficult or costly.

Elkan and Noto [79] who first proposed the concept of PU Learning built their algorithm
based on the following lemma.

Lemma B.1 ([79]). Let x be an example and let y ∈ {0, 1} be a binary label. Let s = 1 if
the example x is labeled, and let s = 0 if x is unlabeled. Then, for the selected completely
at random unlabeled example x, we have

p(y = 1|x) = p(s = 1|x)
p(s = 1|y = 1) . (B.13)

Proof. From the assumption, we have

p(s = 1|y = 1,x) = p(s = 1|y = 1). (B.14)

We also have

p(s = 1|x) = p(y = 1 ∧ s = 1|x)

= p(y = 1|x)p(s = 1|y = 1,x)

= p(y = 1|x)p(s = 1|y = 1). (B.15)

By dividing each side by p(s = 1|y = 1), we can obtain the proof.

91



Appendix B. Other Related Literature

For the unlabeled example,

p(y = 1|x, s = 0) = p(s = 0|x, y = 1)p(y = 1|x)
p(s = 0|x)

= (1 − p(s = 1|x, y = 1)) p(y = 1|x)
1 − p(s = 1|x)

= (1 − c)p(y = 1|x)
1 − p(s = 1|x)

= (1 − c)p(s = 1|x)/c
1 − p(s = 1|x)

= 1 − c

c

p(s = 1|x)
1 − p(s = 1|x) , (B.16)

where c = p(s = 1|y = 1). Then,

Ep(x,y,s) [h(x, y)] =
∫

X ×Y×S
h(x, y)p(x, y, x)dxdyds

=
∫

X
p(x)

(
p(s = 1|x)h(x, 1)

+ p(s = 0|x)
(
p(y = 1|x, s = 0)h(x, 1) + p(y = 0|x, s = 0)h(x, 0)

))
.

The plugin estimator of Ep(x,y,s)[h(x, y)] is

1
ntr

 ∑
x,s=1

h(x, 1) +
∑

(x,s=0)
w(x)h(x, 1) + (1 − w(x))h(x, 0)

 , (B.17)

where

w(x) = p(y = 1|x, s = 0)

= 1 − c

c

p(s = 1|x)
1 − p(s = 1|x) . (B.18)

Thus, PU learning can be regarded as importance weighting according to the probability
of labeling unlabeled data.

Because of this theoretical justification, many PU Learning studies have adopted this
weighting strategy [57, 73, 74, 148, 181]. Gu et al. [99] propose Entropy Weight Allo-
cation (EWA), which is an instance-dependent weighting method. EWA constructs an
optimal transport from unlabeled instances to labeled instances and uses the transport
distance to perform weighting. Acharya et al. [1] are applying the recently popularized
learning framework called contrastive learning [142, 285] in the PU learning setting.
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B.7 Label Noise Correction

Label noise correction [215, 216, 267] in machine learning refers to the process of identify-
ing and rectifying errors or inaccuracies in the labeled training data used for supervised
learning tasks. Label noise correction methods can be especially useful when dealing
with datasets where manual labeling is error-prone or when using data from diverse
sources with varying levels of accuracy.

As one of the most prominent methods for label noise correction, Patrini et al. [233]
proposed a technique that uses a matrix corresponding to the probability of label noise
occurrence to weight the loss function. This method can be viewed as applying im-
portance weighting that downweights instances with a high probability of label noise
occurrence. Noise Attention Learning [188] automatically models the probability of la-
bel noise using attention and employs it for weighting during gradient updates. In a
similar vein, Attentive Feature Mixup (AFM) [235] combines an attention mechanism
with mixup, a well-known data augmentation technique, to perform weighting based on
the probability of label noise occurrence.

B.8 Density Ratio Estimation

Density ratio estimation is a method in machine learning employed to measure the dis-
tinction between the distributions of two sets of data. Its objective is to calculate the
density ratio, denoted as r(x), which expresses the ratio of the probability density func-
tions between the test distribution pte(x) and the training distribution ptr(x), defined
as r(x) = pte(x)/ptr(x). The estimated density ratio obtained in this manner plays a
central role in the importance of weighting-based methods.

One of the most commonly used frameworks in density ratio estimation is moment
matching. The core concept of moment matching involves aligning the moments of two
distributions, p̂te(x) = r̂(x)ptr(x) and pte(x). One common example is matching their
means, as shown by the equation:∫

x · r̂(x)ptr(x)dx =
∫

x · pte(x)dx. (B.19)

However, it is important to note that matching a finite number of moments does not
necessarily lead to the true density ratio, even in asymptotic scenarios. Kernel mean
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matching [97, 122] offers a solution by efficiently aligning all moments within the Gaus-
sian Reproducing Kernel Hilbert Space (RKHS) H:

min
r̂∈H

∥∥∥∥∫ K(x, ·)r̂(x)ptr(x)dx −
∫
K(x, ·)ptr(x)dx

∥∥∥∥2

H
. (B.20)

Kullback–Leibler Importance Estimation Procedure (KLIEP) [214, 278] minimize KL-
divergence from pte(x) to p̂te(x) = r̂(x)ptr(x) as

min
r̂
DKL[pte(x)∥p̂te] = min

r̂

∫
pte(x) pte(x)

r̂(x)ptr(x)dx.

Least-Squares Importance Fitting (LSIF) [139] minimize squared loss:

min
r̂

∫
(r̂(x) − r(x))2 ptr(x)dx.

When the gap between the two distributions is substantial, the accuracy of density ratio
estimation significantly deteriorates. Rhodes et al. [248] propose Telescoping Density
Ratio Estimation (TRE) following a divide-and-conquer framework. TRE first gener-
ates a chain of intermediate datasets between two distributions, gradually transporting
samples from the source distribution p0 to the target distribution q = pm:

p0(x)
pm(x) = p0(x)p1(x)

p1(x)p2(x) · · · pm−2(x)pm−1(x)
pm−1(x)pm(x) . (B.21)

Then, experimental results have shown that density ratio estimation along this chain
leads to good outcomes. Moreover, Yin [329] revealed several statistical properties of
TRE. Featurized Density Ratio Estimation (FDRE) [58] considers the use of invertible
generative models to map two distributions to a common feature space for density ratio
estimation. In this feature space, the two distributions become closer to each other
in a way that allows for easy calculation of the density ratio. Furthermore, because
the generative model used for mapping is invertible, it guarantees that the density ratio
calculated in this common space is identical in the input space as well. Trimmed Density
Ratio Estimation (TDRE) [184] is a robust method that automatically detects outliers,
which can cause density ratio estimation values to become large, and mitigate their
influence. Kumagai et al. [161] utilize a meta-learning framework for relative density
ratio estimation.
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B.9 Importance Weighting and Deep Learning

The behavior of Importance Weighted ERM in over-parametrized deep neural networks
was unknown. In recent research, Byrd and Lipton [40] have reported that the effective-
ness of importance weighting diminishes with prolonged iterative learning. Furthermore,
they experimentally revealed that L2 regularization and batch normalization partially
restore the effectiveness of importance weighting, but the extent of this effect depends
on parameters unrelated to importance weighting.

They also provide an intuitive discussion that connects the experimental results obtained
with the implicit bias [130, 131, 211, 269] of the gradient descent method. Xu et al. [317]
took this argument further, providing theoretical support for their experimental results.
From the theoretical analysis, they characterized the impact of importance weighting on
the implicit bias of gradient descent and provided the generalization bound that hinges
on the importance weights. They reported that, for finite finite-step training, the impact
of importance weighting on the generalization bound depends on how it influences the
margin and its role in balancing the source and target distributions.

Several studies have aimed at implicitly learning importance weightings using neural net-
works. Ren et al. [245] introduced an online meta-learning algorithm aimed at adjusting
the weights of training examples, with the goal of training deep learning models that are
more robust. Through experiments, they empirically demonstrated that their proposed
method outperforms existing explicit weighting techniques. Fang et al. [82] reported
that approximating the weighting function with a neural network induces bias. There-
fore, they proposed addressing this issue by optimizing the weighting neural network and
the classifier alternately. Holtz et al. [118] reported that learning through importance
weighting improves robustness against adversarial attacks [50, 102, 123, 318]. They
propose a method to acquire this weighting through an adversarial learning framework.

As an alternative to importance weighting, Lu et al. [189] propose importance tempering
to enhance the decision boundary of over-parametrized neural networks. The central idea
behind importance tempering is to introduce a temperature parameter into the softmax,
which corresponds to importance weighting. They reported its effectiveness in training
over-parametrized neural networks.
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C
Introduction to Information

Geometry

In this chapter, we begin by providing a brief introduction to Riemannian manifolds and
differential geometry. Then, we provide an overview of statistical manifolds created by
probability distributions, which are Riemannian manifolds with the Fisher information
matrix as their metric. Finally, we introduce the dual structure and provide a concise
overview of information geometry.

C.1 Riemannian Manifolds and Differential Geometry

A manifold is a multidimensional space that can be regarded as locally an Euclidean
space. A point within a manifold can be identified by multiple parameter sets, where
these parameters can be interpreted as local coordinate systems.

Here, tensors serve as valuable tools for describing the geometric properties of the man-
ifold. One of the key properties of tensors regards their behavior under coordinate
transformations. That is, if a tensor vanishes in one coordinate system, then it vanishes
in all coordinate systems. Many geometric objects are tensors, and they are called by
different names, such as metric, curvature, vector field, or 1-form.

In this section, we first provide an overview of manifold definitions and examples, tangent
spaces, and differentiable mappings. Next, we introduce the definition of a Riemannian
manifold and concepts such as linear connections, Levi-Civita connections, and related
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notions. For more details, refer to textbooks on Riemannian manifolds and differential
geometry [42, 101, 155, 158, 164, 166, 271]. The following concepts are the reproduction
of known definitions and results in differential geometry.

C.1.1 Manifolds

For the construction of manifolds, we first start with a concept of metric space.

Definition C.1. Let M be a set of points. A distance function on M is defined as a
mapping d : M × M → [0,∞) with the following properties:

i) non-degenerate: d(x,y) = 0 if and only if x = y, for x,y ∈ M;

ii) symmetric: d(x,y) = d(y,x) for all x,y ∈ M;

iii) satisfies the triangle inequality: d(x, z) ≤ d(x,y) + d(y, z) for all x,y, z ∈ M.

The pair (M, d) is called a metric space.

Example C.1. Let M = Rn for n ∈ N. Consider x,y ∈ M, with x = (x1, . . . , xn), y =
(y1, . . . , yn). Then the space (M, dE) with the distance function dE(x,y) =

(∑n
i=1(xi − yi)2) 1

2

is the metric space, and is called the Euclidean space.

Definition C.2. Let (M, d) be a metric space. Consider x ∈ M and r > 0. The ball
of radius r and centered at x is the set Br(x) = {y ∈ M; d(x,y) < r}. A subset U of
M is called open if for any x ∈ U , there is a r > 0 such that Br(x) ⊂ U .

The following proposition provides the equivalence of function continuity.

Proposition C.3. Let f : (M, dM) → (N , dN ) be a mapping between two metric spaces.
The following are equivalent:

i) For any open set U in N , the pullback f−1(U) = {x ∈ M; f(x) ∈ U} is an open
set in M.

ii) For any convergent sequence x(k) → x in M, we have f(x(k)) → f(x).

A function f : M → N is called continuous if any of i) or ii) in Proposition C.3 holds.
If f is invertible and both f and f−1 are continuous, then f is called a homeomorphism
between M and N .
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Definition C.4. Let U ⊂ M be an open set. Then the pair (U, ϕ) is called a coordinate
system on M, if ϕ : U → ϕ(U) ⊂ Rn is a homeomorphism of the open set U in M onto
an open set ϕ(U) of Rn. The coordinate functions f on U are defined as xj : U → R, and
ϕ(p) = (x1(p), . . . , xn(p)), namely xj = uj ◦ ϕ, where uj : Rn → R, uj(a1, . . . , an) = aj

is the j-th projection.

The integer n is called the dimension of the coordinate system.

Definition C.5. An atlas A of dimension n associated with the metric space (M, d) is
a collection of coordinate systems {(Uα, ϕα)}α such that

i) Uα ⊂ M, ∀α, ⋃α Uα = M. That is, Uα covers M.

ii) If Uα ∩ Uβ ̸= ∅, the restriction to ϕα(Uα ∩ Uβ) of the map

Fαβ = ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ) → ϕβ(Uα ∩ Uβ) (C.1)

is differentiable from Rn to Rn.

There exist several atlases on a given metric space M in general. Two atlases A and
A′ are called compatible if their union is an atlas on M. The set of compatible atlases
with a given atlas A can be partially ordered by inclusion, and its maximal element is
called the complete atlas Ā.

Definition C.6. A differentiable manifold M is a metric space endowed with a complete
atlas. The dimension n of the atlas is called the dimension of the manifold.

Example C.2. Euclidean space Rn is the differentiable manifold, and the atlas has only
one coordinate system, the identity map, Id : Rn → Rn, Id(x) = x.

Example C.3. Any open set U of Rd is a differential manifold, with only one coordinate
system, (U, Id).

C.1.2 Tangent Space

First, we introduce the differentiable function on a manifold.

Definition C.7. A function f : M → R is said to be differentiable if for any coordinate
system (U, ϕ) on M the function f ◦ ϕ−1 : ϕ(U) → R is differentiable. The set of all
differentiable functions on the manifold M will be denoted by F(M).

From F(M), the tangent vectors on M is defined as follows.
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Definition C.8. A tangent vector of M at a point p ∈ M is a function Xp : F(M) → R
such that

i) Xp is R-linear

Xp(af + bg) = aXp(f) + bXp(g), ∀a, b ∈ R, ∀f, g ∈ F(M). (C.2)

ii) The Leibniz rule is satisfied

Xp(fg) = Xp(f)g(p) + f(p)Xp(g), ∀f, g ∈ F(M). (C.3)

Definition C.9. For a differentiable curve γ : (−ϵ, ϵ) → M on the manifold M, with
γ(0) = p, the tangent vector

Xp(f) = d(f ◦ γ)
dt

(0), ∀f ∈ F(M) (C.4)

is called the tangent vector to γ(−ϵ, ϵ) at p = γ(0) and is denoted by γ̇(0).

Here, consider the i-th coordinate curve γ. That is, there exists a coordinate sys-
tem (U, ϕ) around p = γ(0) in which ϕ(γ(t)) = (x(0)

1 , . . . , xi, . . . , x
(0)
n ), where ϕ(p) =

(x(0)
1 , . . . , x

(0)
i , . . . , x

(0)
n ). Then, the tangent vector to γ

γ̇(0) = ∂

∂xi

∣∣∣∣
p

(C.5)

is called a coordinate tangent vector at p. This can be defined equivalently as a derivation

∂

∂xi

∣∣∣∣
p

(f) = ∂(f ◦ ϕ−1)
∂ui

(ϕ(p)), ∀f ∈ F(M), (C.6)

where ϕ = (x1, . . . , xn) is a coordinate system around p and u1, . . . , un are the coordinate
functions on Rn.

Definition C.10. The set of all tangent vectors at p to M is called the tangent space
of M at p, and is denoted by TpM.

The tangent vector Xp acts on differentiable functions f on M as

Xpf =
n∑

i=1
Xi(p)

∂f

∂xi

∣∣∣∣
p
. (C.7)

Definition C.11. A vector field X on M is a smooth map X that assigns to each point
p ∈ M a vector Xp in TpM. For any functions f ∈ F(M) we define the real-valued
function (Xf)p = Xpf .
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The set of all vector fields on M is denoted by X (M). In a local coordinate system, a
vector field is given by X = ∑

Xi
∂

∂xi
, where the components Xi ∈ F(M) because they

are given by Xi = X(xi), where xi is the i-th coordinate function.

Next, given a vector field X, consider the ordinary differential equations

dck

dt
(t) = Xk

c(t), q ≤ k ≤ n. (C.8)

We can see that Eq. (C.8) can be solved locally around any point x0 = c(0).

Theorem C.12. Given x0 ∈ M and a nonzero vector field X on an open set U ⊂ M,
there exists an ϵ > 0 such that Eq. (C.8) has a unique solution c : [0, ϵ) → U satisfying
c(0) = x0.

The solution t → c(t) is called the integral curve associated with the vector field X

through the point x0.

Definition C.13. A function f ∈ F(M) is called a first integral of motion for the vector
field X if it remains constant along the integral curves of X.

Proposition C.14. Let f ∈ F(M). Then f is the first integral of motion for the vector
field X if and only if Xc(t)(f) = 0.

Proof. Consider a local coordinate system (x1, . . . , xn) in which the vector field writes
as X = ∑

j X
j ∂

∂xj
. Then,

Xc(t)(f) =
∑

j

Xj
c(t)

∂f

∂xj

=
∑

j

dcj

dt
(t) ∂f
∂xj

= d

dt
f(c(t)).

Next, we introduce an important operation on vector fields, called the Lie bracket.

Definition C.15. Lie bracket [, ] : X (M) × X (M) → X (M) is defined as

[X,Y ]pf := Xp(Y f) − Yp(Xf), ∀f ∈ F(M), p ∈ M. (C.9)
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The vector fields X and Y are commute if [X,Y ] = 0. In local coordinate systems, the
Lie bracket takes the form

[X,Y ] =
n∑

i,j=1

(
∂Yi

∂xj
Xj − ∂Xi

∂xj
Yj

)
∂

∂xi
. (C.10)

The Lie bracket satisfies the following properties

i) R − bilinearity:

[aX + bY, Z] = a[X,Z] + b[Y,Z],

[Z, aX + bY ] = a[Z,X] + b[Z, Y ], ∀a, b ∈ R.

ii) Skew-symmetry:

[X,Y ] = −[Y,X].

iii) The Jacobi identity:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

iv) The Lie bracket is not F(M) − linear.

v) The Lie bracket satisfies

[fX, gY ] = fg[X,Y ] + f(Xg)Y − g(Y f)X, ∀f, g ∈ F(M).

C.1.3 Differentiable Maps

Definition C.16. A map F : M → N between two manifolds M and N is differentiable
about p ∈ M if for any coordinate systems (U, ϕ) on M about p and (V, ψ) ∈ N about
F (p), the map ψ ◦ F ◦ ϕ−1 is differentiable from ϕ(U) ⊂ Rm to ψ(V ) ⊂ Rn.

Definition C.17. Let F : M → N be a differentiable map. For every p ∈ M, the
differential map dF at p is defined as

dFp : TpM → TF (p)N

(dFp)(v)(f) = v(f ◦ F ), ∀v ∈ TpM,∀f ∈ F(M). (C.11)

The differential of a map satisfies the following properties:

102



Riemannian Manifolds and Differential Geometry

i) dFp is an R-linear between the tangent spaces TpM and TF (p)N :

dFp(v + w) = dFp(v) + dFp(w), ∀v, w ∈ TpM;

dFp(c · v) = c · dFp(v), ∀v ∈ TpM,∀c ∈ R.

ii) Let { ∂
∂xj

∣∣∣
p
} and { ∂

∂yj

∣∣∣
F (p)

} be bases associated with the tangent spaces TpM and

TF (p)N . Let Jkj = ∂Fk
∂xj

be the Jacobian matrix of the function F = (F1, . . . , Fn)
with respect to the coordinate systems (x1, . . . , xn) and (y1, . . . , yn) on M and N .
Then, dFp can be represented locally by

dFp

 ∂

∂xj

∣∣∣∣∣
p

 =
n∑

k=1
Jkj(p) ∂

∂yk

∣∣∣∣
F (p)

(C.12)

iii) If dim M = dim N = n, the following conditions are equivalent:

a) dFp : TpM → TF (p)N is an isomorphism of vectorial spaces;

b) F is a local diffeomorphism in a neighborhood of p;

c) There are two coordinate systems (x1, . . . , xn) and (y1, . . . , yn) on M and
N around p and on N around F (p), such that the associated Jacobian is
non-degenerate: detJkj(p) ̸= 0.

iv) For F : M → N , the differential dF commutes with the Lie bracket:

dFp[v, w] = [dFp(v), dFp(w)], ∀v, w ∈ TpM. (C.13)

The differential of a function f ∈ F(M) is defined at any point p by (df)p : TpM → R
as

(df)p(v) = v(f), ∀v ∈ TpM. (C.14)

In local coordinate system (x1, . . . , xn), this takes the form

df =
n∑

i=1

∂f

∂xi
dxi, (C.15)

where {dxi} is the dual basis of { ∂
∂xi

} of TpM

dxi

(
∂

∂xj

)
= δij , (C.16)
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where δij is the Kronecker delta. The space spanned by dx1, . . . , dxn is called the
cotangent space of M at p, and is denoted by T ∗

p M. The elements of T ∗
p M are called

covectors.

Here, the differential df is an example of a 1-form. The 1-form ω on the manifold M is
a mapping which assigns to each point p ∈ M an element ωp ∈ T ∗

p M. The 1-form can
be written in the local coordinate system as

ω =
n∑

i=1
ωidxi, (C.17)

where ωi = ω( ∂
∂xi

) is the i-th coordinate of the form with respect to the basis {dxi}.
The set of all 1-forms on the manifold M is denoted by X ∗(M).

C.1.4 Tensors

Let TpM and T ∗
p M be the tangent and cotangent spaces of M at p.

Definition C.18. A tensor of type (r, s) at p ∈ M is an F(M)-multilinear function
T : (T ∗

p M)r × (TpM)s → R, where

(T ∗
p M)r = T ∗

p M × · · · × T ∗
p M︸ ︷︷ ︸

r times

, (C.18)

(TpM)s = TpM × · · · × TpM︸ ︷︷ ︸
s times

. (C.19)

A tensor field T of type (r, s) is a differential map, which assigns each point p ∈ M an
(r, s)-tensor Tp on M at the point p.

The tensor field T is written by using local coordinate systems as

T = T iii2...ir
j1j2...js

dxj1 ⊗ · · · ⊗ dxjs ⊗ ∂

∂xj1
⊗ · · · ⊗ ∂

∂xir
, (C.20)

where ⊗ is the usual tensorial product operation, and {dxj1⊗···⊗dxjr }j1<···<jr and { ∂
∂xi1 ⊗

· · · ⊗ ∂
∂xis }i1<···<is are bases in the vectorial spaces (T ∗

p M)r and (TpM)s.

The tensor field T acts on r 1-forms and a vector fields as

T (ω1, . . . , ωr, X1, . . . , Xs) = T i1i2...ir
j1j2...js

dxj1(X1) ⊗ · · · ⊗ dxjs(Xs) ⊗ ∂

∂xi1
(ω1) ⊗ · · · ⊗ ∂

∂xir
(ωr)

= T i1i2...ir
j1j2...js

Xj1
1 . . . Xjs

s ω
1
i1 . . . ω

r
ir
.

We say that the tensor T is s covariant and r contravariant.
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C.1.5 Riemannian Manifolds

Definition C.19. A Riemannian metric g on a differentiable manifold M is a symmet-
ric, positive definite 2-covariant tensor field. A Riemannian manifold is a differentiable
manifold M endowed with a Riemannian metric g.

A Riemannian manifold is denoted by the pair (M, g). The Riemannian metric g can
be considered as a positive definite scalar product gp : TpM × TpM → R that depends
differentially on the point p ∈ M. In local coordinate systems, the Riemannian metric
g is written as

g = gijdx
idxj , (C.21)

with gij = g(∂i, ∂j).

A metric g induces a natural bijective correspondence between 1-forms and vector fields
on a Riemannian manifold M.

C.1.6 Linear Connections and Levi-Civita Connection

A linear connection allows the differentiation of a function, a vector field, or a tensor
with respect to a given field.

Definition C.20. A linear connection ∇ on a differentiable manifold M is a map
∇ : X (M) × X (M) → X (M) with the following properties:

i) ∇XY is F(M)-linear in X;

ii) ∇XY is R-linear in Y ;

iii) it satisfies the Leibniz rule:

∇X(fY ) = (Xf)Y + f∇XY, ∀f ∈ F(M). (C.22)

For fixed vector fields X and Y , ∇XY is also a vector field on M. In a local coordinate
system (x1, . . . , xn) we can write

∇∂i
∂j = Γk

ij∂k, (C.23)
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where Γk
ij are the coordinates of the connection with respect to the local base {∂i},

where ∂i = ∂
∂xi . For X = Xi∂i and Y = Y j∂j , we have

∇XY = (∇XY )k∂k, (C.24)

where (∇XY )k = Xi(∂iY
k + Y jΓk

ij).

The differentiation of r-covariant tensor field T along a vector field X with respect to
the linear connection ∇ as

(∇XT )(Y1, . . . , Yr) = XT (Y1, . . . , Yr) −
n∑

i=1
T (Y1, . . . ,∇XYi, . . . , Yr). (C.25)

Definition C.21. Let g be the Riemannian metric tensor. A linear connection ∇ is
called metric connection if g is parallel with respect to ∇,

∇Xg = 0, ∀X ∈ X (M). (C.26)

Equivalently,

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇ZY ), ∀X,Y, Z ∈ X (M). (C.27)

A linear connection is described by two other tensors, torsion and curvature.

Definition C.22. For a linear connection ∇, the torsion is defined as

T : X (M) × X (M) → X (M)

T (X,Y ) = ∇XY − ∇Y X − [X,Y ]. (C.28)

The torsion measures the noncommutativity of the derivation with respect to two vector
fields. From the fact that T (X,Y ) = −T (Y,X), T is a 2-covariant skew-symmetric
tensor. In the local coordinate system, we have

Tij = T (∂i, ∂j)

= ∇∇i∂j − ∇∂j
∂i − [∂i, ∂j ]

=
(
Γk

ij − Γk
ji

)
∂k,

and the torsion coordinates are given by T k
ij = Γk

ij − Γk
ji.

A connection ∇ is called torsion-free if T = 0, or Γk
ij = Γk

ji.
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Definition C.23. The curvature of the linear connection ∇ is given by

R : X (M) × X (M) → X (M)

R(X,Y, Z) = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z. (C.29)

It can be shown that the curvature R satisfies the following properties:

R(f1X, f2Y, f3Z) = f1f2f3R(X,Y, Z) (C.30)

R(X1 +X2, Y, Z) = R(X1, Y, Z) +R(X2, Y, Z) (C.31)

R(X,Y1 + Y2, Z) = R(X,Y1, Z) +R(X,Y2, Z) (C.32)

R(X,Y, Z1 + Z2) = R(X,Y, Z1) +R(X,Y, Z2), (C.33)

for all f1, f2, f3 ∈ F(M) and X,X1, X2, Y, Y1, Y2, Z, Z1, Z2 ∈ X (M). R is a 3-covariant
tensor field and skew-symmetric in the first pair of arguments: R(X,Y, Z) = −R(Y,X,Z).
The curvature tensor R is also denoted by R(X,Y )Z, and

R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
= Rl

ijk

∂

∂xl
. (C.34)

in a local coordinate system.

Definition C.24. The Ricci curvature associated with the linear connection ∇ is given
by

Ric : X (M) × X (M) → F(M), (C.35)

Ric(Y,Z) = Trace (X → R(X,Y )Z) . (C.36)

It is known that there exists a unique metric connection with zero torsion on the Rie-
mannian manifold. This metric connection ∇(0) is called the Levi-Civita connection of
the Riemannian manifold (M, g). In this section, we omit superscript and denote by ∇.

Theorem C.25. On a Riemannian manifold, there is a unique torsion-free, metric
connection ∇, which satisfies

2g(∇XY,Z) = Xg(Y, Z) + Y g(X,Z) − Zg(X,Y )

+ g([X,Y ], Z) − g([X,Z], Y ) − g([Y,Z], X). (C.37)

Proof. First, we show that connection ∇ defined by formula C.37 is a metric and torsion-
free connection. From the properties of vector fields and Lie brackets, we have

2g(∇fXY,Z) = 2fg(∇XY,Z), ∀Z ∈ X (M), (C.38)
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and ∇fXY = f∇XY, ∀X,Y ∈ X (M). Then, ∇ is F(M)-linear. Also,

2g(∇X(fY ), Z) = Xg(fY, Z) + fY g(X,Z) − Zg(X, fY )

+ g([X, fY ], Z) − g([X,Z], fY ) − g([fY, Z], X)

= X(f)g(Y, Z) + fXg(Y,Z) + fY g(X,Z) − Z(f)g(X,Y ) − fZg(X,Y )

+ fg([X,Y ], Z) +X(f)g(Y,Z) − fg([X,Z], Y )

− fg([Y,Z], X) + Z(f)g(Y,X)

= 2fg(∇XY,Z) + 2X(f)g(Y,Z)

= 2g(f∇XY +X(f)Y,Z).

Therefore, ∇ is a linear connection. Furthermore,

2g(T (X,Y ), Z) = 2g(∇XY,Z) − 2g(∇Y X,Z) − 2g([X,Y ], Z)

= Xg(Y, Z) + Y g(X,Z) − Zg(X,Y )

+ g([X,Y ], Z) − g([X,Z], Y ) − g([Y,Z], X)

− Y g(X,Z) −Xg(Y, Z) + Zg(Y,X)

− g([Y,X], Z) + g([Y,Z], X) + g([X,Z], Y )

− 2g([X,Y ], Z)

= g(2[X,Y ] − 2[X,Y ], Z)

= 0,

for all X,Y, Z ∈ X (M). From Eq. (C.37),

2g(∇Z , X, Y ) + 2g(X,∇ZY ) = Zg(X,Y ) +Xg(Z, Y ) − Y g(Z,X) + g([Z,X], Y )

− g([Z, Y ], X) − g([X,Y ], Z)

+ Zg(Y,X) + Y g(Z,X) −Xg(Z, Y ) + g([Z, Y ], X)

− g([Z,X], Y ) − g([Y,X], Z)

= 2Zg(X,Y ).

Therefore, g(∇ZX,Y ) + g(X,∇ZY ) = Zg(X,Y ), and ∇ is a metric connection.

Next, we prove that any metric and symmetric connection ∇ is given by Eq. (C.37).
It suffices to consider in a local coordinate system (x1, . . . , xn). Let X = ∂i, Y = ∂j ,
Z = ∂k. From Γk

ij = g(∇∂i
∂j , ∂k) and gij = g(∂i, ∂j), we have

2Γp
ijgpk = ∂igjk + ∂jgik − ∂kgij . (C.39)

108



Dual Connections and Dualistic Structure

Since ∇ is a metric connection,

∂igjk = Γl
ijglk + Γr

ikgir

∂jgki = Γl
jkgli + Γr

jigkr

∂kgij = Γl
kiglj + Γr

kjgir.

The symmetry Γk
ij = Γk

ji yields the Eq. (C.37).

From the connection coefficient in Eq. (C.39), we have

Γl
ij = 1

2g
lk (∂igjk + ∂jgik − ∂kgij) , (C.40)

where (glk) denotes the inverse matrix of (gij). The coordinates Γl
ij of the Levi-Civita

connection are called the Christoffel symbols of the second kind. The Christoffel symbols
of the first kind are obtained as

Γij,k = Γl
ijglk. (C.41)

The curvature tensor of type (1, 3) associated with the Levi-Civita connection is called
the Riemannian curvature tensor of type (1, 3). For local coordinate system, we have
R(∂i, ∂j)∂k = Rl

ijk∂l and

Rr
ijk = ∂iΓr

jk − ∂jΓr
ik + Γr

ihΓh
jk − Γr

jhΓh
ik. (C.42)

The (0, 4)-type curvature tensor is given as

R : X (M) × X (M) × X (M) → F(M),

R(X,Y, Z,W ) = g(R(X,Y, Z),W ), (C.43)

for all X,Y, Z,W ∈ X (M). In local coordinate system, R(∂i, ∂j , ∂k, ∂l) = Rijkl, and
Rijkl = Rm

ijklgml.

C.2 Dual Connections and Dualistic Structure

In this section, we describe the concepts of dual connections, dual curvature, or other
geometric objects.
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C.2.1 Dual Connections

In this section, we introduce the concept of dual connections. Dual connections were first
introduced by A.P. Norden in affine differential geometry literature under the name of
conjugate connections [261]. They had also been independently introduced by Nagaoka
and Amari in the context of information geometry [9].

Definition C.26. Let (M, g) be a Riemannian manifold. Two linear connections ∇
and ∇∗ are called dual, with respect to the metric g, if

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇∗
ZY ), ∀X,Y, Z ∈ X (M). (C.44)

In local coordinate system (x1, . . . , xn), the duality condition can be expressed as

∂xkgij = Γki,j + Γ∗
kj,i, (C.45)

where Γki,h = gjmΓm
ki and Γ∗

kj,i = gimΓ∗m
kj are the coordinate components of connections

∇ and ∇∗.

The triple (g,∇,∇∗) is called a dualistic structure on M. A statistical manifold is a Rie-
mannian manifold endowed with a dualistic structure, and it is a quadruple (M, g,∇,∇∗).
Here, we introduce several important results of dual connections.

Proposition C.27. Given a linear connection ∇ on the Riemannian manifold (M, g),
there is a unique connection ∇∗ dual to ∇.

Proof. Let Γij,l be the components of the connection ∇, Γ∗
ij,l = ∂xigij − Γil,j and Γ∗k

ij =
Γ∗

ij,lg
lk. Then, we construct the dual connection as

∇∗
∂xi
∂xj = Γ∗k

ij ∂xk , (C.46)

and this leads to the existence.

Also, from Eq. (C.45), the connection components Γ∗
kj,i of ∇∗ are uniquely determined

by the metric gij and the connection coefficients Γki,j of ∇.

Proposition C.28. The following properties hold:

i) (∇∗)∗ = ∇.

ii) ∇ is a metrical connection on the Riemannian manifold (M, g) if and only if
∇ = ∇∗.
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Proposition C.29. Let R and R∗ be the curvature tensors of ∇ and ∇∗. Then,

i) g(R(X,Y )Z,W ) + g(R∗(X,Y )W,Z) = 0, ∀X,Y, Z,W ∈ X (M).

ii) (M, g,∇) has constant curvature if and only if (M, g,∇∗) has same constant cur-
vature.

A connection ∇ is called flat in a given local coordinate system if its components vanish,
Γk

ij = 0. Therefore, for two vector fields X = Xi∂i and Y = Y j∂j , the covariant
derivative with respect to a flat connection is

∇XY = Xi(∂iY
k + Y jΓk

ij)∂k = Xi∂iY
k∂k = X(Y k)∂k. (C.47)

This suggests that the torsion and the curvature of a flat connection are zero.

A statistical manifold (S, g,∇,∇∗) is called dually flat if both dual connections ∇ and
∇∗ are flat.

Proposition C.30. For a dually flat statistical manifold (S, g,∇,∇∗), we have the
following properties.

i) In any local coordinate system, the metric coefficients gij are constant.

ii) If γ is either a ∇- or ∇∗-autoparallel curve, γk(t) = αkt+βk, with some constants
αk and βk.

The following definition can be seen as an extension of the Levi-Civita connection.

Definition C.31. The connection ∇ is dual to ∇∗ in strong sense, with respect to the
metric g, if

i) Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇∗
ZY ),

ii) ∇XY − ∇∗
Y X = [X,Y ], ∀X,Y, Z ∈ X (M).

For torsion tensors T and T ∗ associated with the connections ∇ and ∇∗, we have

T (X,Y ) + T ∗(X,Y ) = ∇XY − ∇Y X − [X,Y ] + ∇∗
XY − ∇∗

Y X − [X,Y ]

= (∇XY − ∇∗
Y X − [X,Y ]) − (∇Y X − ∇∗

XY − [Y,X])

= 0. (C.48)

Proposition C.32. If ∇ has a dual connection ∇∗ in the strong sense, then its torsion
is zero.
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Proposition C.33. If ∇ and ∇∗ are dual in the strong sense, then T = T ∗ = 0.

The Levi-Civita connection ∇ is a strong auto-dual, that is, ∇∗ = ∇ in the strong sense.

Theorem C.34. If ∇ and ∇∗ are dual connections in the strong sense, then ∇ = ∇∗,
and hence ∇ is the Levi-Civita connection.

C.2.2 Relative Torsion Tensors

Let ∇ and ∇∗ be the two connections, which are not dual in strong sense. Let

U(X,Y ) = ∇XY − ∇∗
Y X − [X,Y ]. (C.49)

Since U is R-linear in both variables, then for any smooth function f ∈ F(M), we have

U(fX, Y ) = ∇fXY − ∇∗
Y (fX) − [fX, Y ]

= f∇XY − f∇∗
Y X − Y (f)X − (fXY − Y (f)X − fY X)

= f (∇XY − ∇∗
Y X − [X,Y ])

= fU(X,Y ), U(X, fY ) = fU(X,Y ).
(C.50)

Then, the mapping U is a (1, 2)-type tensor on M. The dual tensor to U is defined by

U∗(X,Y ) = ∇∗
XY − ∇Y X − [X,Y ]. (C.51)

The tensors U and U∗ are called the relative torsion tensors of connections ∇ and ∇∗.

Proposition C.35. For the relative torsion tensors U and U∗, the following properties
hold.

i) U∗(X,Y ) = −U(Y,X).

ii) U∗∗ = U .

iii) U + U∗ = T + T ∗, where T and T ∗ are the torsions of ∇ and ∇∗.

Proof. For any vector fields X,Y ∈ X (M),
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i)

U∗(X,Y ) = ∇∗
XY − ∇Y X − [X,Y ]

= − (∇Y X − ∇∗
XY + [X,Y ])

= −U(X,Y ).

ii)

U∗ ∗ (X,Y ) = (−U(Y,X))∗

= −U∗(Y,X)

= U(X,Y ).

iii)

U(X,Y ) = ∇XY − ∇∗
Y X − [X,Y ],

U∗(X,Y ) = ∇∗
XY − ∇Y X − [X,Y ],

(U + U∗)(X,Y ) = (∇XY − ∇Y X − [X,Y ]) + (∇∗XY − ∇∗
Y X − [X,Y ])

= (T + T ∗)(X,Y ).

Corollary C.36. We have U + U∗ = 0 if and only if T + T ∗ = 0.

Proposition C.37. For dual connections ∇ and ∇∗ with U = 0, we have ∇ = ∇∗ and
then ∇ is the Levi-Civita connection.

Proposition C.38. Let ∇ and ∇∗ be two dual torsion-free connections, T = T ∗ = 0.
Then the following relation holds

g(U∗(X,Y ), Z) = g(U∗(X,Z), Y )

= g(U∗(Z, Y ), X)

= g(U∗(Y,X), Z).

C.2.3 Dual α-Connections

Consider the one-parameter family of connections given by the convex combination of
two dual torsion-free connections ∇ and ∇∗ with respect to the metric g,

∇(α) = 1 + α

2 ∇∗ + 1 − α

2 ∇, α ∈ R. (C.52)
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The connection ∇(α) is called the α-connection.

Proposition C.39. ∇(α) and ∇(−α) are dual connections with respect to the metric g.

Proof. From the definition and duality of connections, we have

g(∇(α)
Z X,Y ) = 1 + α

2 g(∇∗
ZX,Y ) + 1 − α

2 g(∇ZX,Y )

= 1 + α

2 (Zg(X,Y ) − g(X,∇ZY )) + 1 − α

2 g(∇ZX,Y )

= 1 + α

2 Zg(X,Y ) − 1 + α

2 g(X,∇ZY ) + 1 − α

2 g(∇ZX,Y ).

Similarly,

g(∇(−α)
Z Y,X) = 1 − α

2 Zg(Y,X) − 1 − α

2 g(Y,∇ZX) + 1 + α

2 g(∇ZY,X).

Then, we have

g(∇(α)
Z X,Y ) + g(∇(−α)

Z Y,X) = Zg(X,Y ).

Here, we have the following relations for the connection coefficients

Γ(α)
ij,k = 1 + α

2 Γ∗
ij,k + 1 − α

2 Γij,k

= 1 + α

2 (∂xigjk − Γik,j) + 1 − α

2 Γij,k

= 1 + α

2 ∂xigjk − 1 + α

2 Γik,j + 1 − α

2 Γij,k. (C.53)

For the flat connection ∇ with Γij,k = 0, the coefficients of the α-connection is

Γ(α)
ij,k = 1 + α

2 ∂xigjk. (C.54)

Also, for flat ∇∗, we have Γki,j = ∂xkgij and

Γ(α)
ij,k = 1 + α

2 ∂xigjk − 1 + α

2 ∂xigkj + 1 − α

2 ∂xigjk (C.55)

= 1 − α

2 ∂xigjk. (C.56)
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Proposition C.40. The α-connection can be written in one of the following equivalent
forms

∇(α) = (1 − α)∇(0) + α∇(1) (C.57)

= (1 + α)∇(0) − α∇(−1) (C.58)

= ∇(0) + 1
2α(∇(1) − ∇(−1)). (C.59)

Proof. From a straightforward computation, we have

∇(α) = 1 + α

2 ∇(1) + 1 − α

2 ∇(−1)

= 1 + α

2 ∇(1) +
(1 − α

2 ∇(−1) + 1 − α

2 ∇(1)
)

− 1 − α

2 ∇(1),

= α∇(1) + (1 − α)∇(0)

∇(α) = 1 + α

2 ∇(1) + 1 − α

2 ∇(−1)

=
(1 + α

2 ∇(1) + 1 + α

2 ∇(−1)
)

− 1 + α

2 ∇(−1) + 1 − α

2 ∇(−1)

= (1 + α)∇(0) − α∇(−1),

∇(α) = 1 + α

2 ∇(1) + 1 − α

2 ∇(−1)

= 1
2(∇(1) + ∇(−1)) + α

2 (∇(1) − ∇(−1))

= ∇(0) + α

2 (∇(1) − ∇(−1)).

C.2.4 Difference Tensor and Curvature Vector Field

For two torsion-free dual connections ∇ and ∇∗, the difference tensor is defined as

K(X,Y ) := ∇∗
XY − ∇XY. (C.60)

The difference tensor K is symmetric:

K(X,Y ) −K(Y,X) = (∇∗
XY − ∇∗

Y X) + (∇Y X − ∇XY )

= [X,Y ] + [Y,X]

= 0. (C.61)
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The difference tensor K can be also expressed in terms of the Levi-Civita connection
∇(0) as

K(X,Y ) = 2(∇(0)
X Y − ∇XY ) = 2(∇∗

XY − ∇(0)
X Y ). (C.62)

From

∇(−α) − ∇(α) =
(1 − α

2 ∇ + 1 + α

2 ∇∗
)

−
(1 + α

2 ∇ + 1 − α

2 ∇∗
)

= α(∇∗ − ∇)

= αK,

we can write

K(X,Y ) = 1
α

(∇(−α)
X Y − ∇(α)

X Y ). (C.63)

Taking α → 0 yields

K(X,Y ) = −2 d

dα
∇(α)

∣∣∣∣
α=0

. (C.64)

C.2.5 Skewness Tensor

The skewness tensor on the Riemannian manifold (M, g) with respect to the linear
connection ∇ is defined by C = ∇g, that is

C(X,Y, Z) := (∇g)(X,Y, Z) (C.65)

= Xg(Y, Z) − g(∇XY,Z) − g(Y,∇XZ), (C.66)

and in a local coordinate system, we have

Cijk = ∂xigjk − Γij,k − Γik,j , (C.67)

where Cijk = C(∂xi , ∂xj , ∂xk).

Proposition C.41. The skewness tensor and the difference tensor are related by

C(X,Y, Z) = g(K(X,Y ), Z). (C.68)

Proposition C.42. The skewness tensor is totally symmetric,

Cijk = Cikj = Cjik = Cjki = Ckij = Ckji. (C.69)
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Proposition C.43. We have the following relation

g(∇(α)
X Y,Z) = g(∇(0)

X Y,Z) + α

2C(X,Y, Z). (C.70)

C.3 Statistical Models and Statistical Manifolds

Information geometry aims to geometrically describe statistical models [8, 13, 14, 19,
221]. In this section, we first introduce the two central classes of statistical models,
namely the exponential family and the mixture family. Next, we demonstrate that the
Fisher information matrix becomes the Riemannian metric, and we construct geometric
objects such as connections, skewness tensors, and autoparallel curves on the statistical
manifold.

C.3.1 Statistical Models

C.3.1.1 Exponential Family

Consider n+ 1 real-valued smooth functions C(x), Fi(x) on X ⊂ Rd such that

1, F1(x), F2(x), . . . , Fn(x) (C.71)

are linearly independent. Then, the exponential family of probability distributions is
defined as

p(x; θ) := exp
{
C(x) + θiFi(x) − ψ(θ)

}
, (C.72)

where x ∈ X , and

ψ(θ) = ln
(∫

X
exp

{
C(x) + θiFi(x)dx

})
(C.73)

is the normalization function. Eq. (C.72) can be written equivalently as

p(x; θ) = h(x) exp
{
θiFi(x) − ψ(θ)

}
, (C.74)

with h(x) = eC(x).

The statistical manifold S = {p(x; θ)} is called an exponential family and θi ∈ Θ are its
natural parameters. The parameter space Θ is an open subset of Rn, and the dimension
of Θ is called the order of the exponential family.
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Proposition C.44. Assume Eθ[Fi] < ∞, where Eθ[·] denotes the expectation with re-
spect to pθ. Then, we have

∂

∂θj
ψ(θ) = Eθ[Fj ] (C.75)

Proof. From the normalization
∫

X p(x; θ)dx = 1, we have

∫
X

∂

∂θj
p(x; θ)dx = 0∫

X
p(x; θ)

(
Fj(x) − ∂

∂θj
ψ(θ)

)
dx = 0∫

X
p(x; θ)Fj(x)dx = ∂

∂θj
ψ(θ)

∫
X
p(x; θ)dx

Eθ[Fj ] = ∂

∂θj
ψ(θ).

Since

∂

∂θj
ln p(x; θ) = Fj(x) − Eθ[Fj ], (C.76)

we have

Eθ

[
∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(x; θ)

]
= Eθ [(Fi(x) − Eθ[Fi])(Fj(x) − Eθ[Fj ])] (C.77)

= Covθ(Fi, Fj). (C.78)

Many of the usual probability distributions belong to the exponential family.

Example C.4 (Exponential distribution). For n = 1 and

C(x) = 0,

F1(x) = −x,

θ1 = θ,

ψ(θ) = − ln θ,

we can obtain the exponential distribution

p(x; θ) = θe−θx. (C.79)
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Example C.5 (Gaussian distribution). For

C(x) = 0,

F1(x) = x,

F2(x) = x2,

θ1 = µ

σ2 ,

θ2 = − 1
2σ2 ,

ψ(θ) = −(θ1)2

4θ2 + 1
2 ln

(
− π

θ2

)
,

we can obtain the Gaussian distribution

p(x;µ, σ) = 1
σ

√
2π

exp
{

−(x− µ)2

2σ2

}
. (C.80)

Example C.6 (Poisson distribution). For n = 1 and

C(x) = − ln x!,

F1(x) = x,

θ = lnλ,

ψ(θ) = λ = eθ,

we can obtain the Poisson distribution

p(x;λ) = λx

x! e
−λ. (C.81)

Example C.7 (Gamma distribution). For

C(x) = − ln x,

F1(x) = ln x,

F2(x) = x,

θ1 = α,

θ2 = − 1
β
,

ψ(θ) = ln(βαΓ(α)) = ln
((

− 1
θ2

)α

Γ(θ1)
)
,

we can obtain the Gamma distribution

p(x;α, β) = 1
βαΓ(α)x

α−1e−x/β, (C.82)
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where

Γ(α) =
∫ ∞

0
tα−1e−tdt, α > 0.

Example C.8 (Beta distribution). For n = 2 and

C(x) = − ln(x(1 − x)),

F1(x) = ln x,

F2(x) = ln(1 − x),

θ1 = a,

θ2 = b,

ψ(θ) = lnB(θ1, θ2),

we can obtain the Beta distribution

p(x; a, b) = 1
B(a, b)x

a−1(1 − x)b−1, (C.83)

where

B(a,B) =
∫ 1

0
ta−1(1 − t)b−1dt, a, b > 0.

C.3.1.2 Mixture Family

For linearly independent n smooth functions Fi : X → R with∫
X
Fj(x)dx = 0, 1 ≤ j ≤ n, (C.84)

and a smooth function C(x) with ∫
X
C(x)dx = 1, (C.85)

the mixture family of probability distributions is defined as follows:

p(x; θ) = C(x) + θiFi(x). (C.86)

The statistical manifold S = {p(x; θ)} is called a mixture family, and θi are its mixture
parameters.

Proposition C.45. For the mixture family, the following properties hold:
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i)

∂

∂θj
ln p(x; θ) = Fj(x)

p(x; θ) . (C.87)

ii)

∂

∂θi

∂

∂θj
ln p(x; θ) = −Fi(x)Fj(x)

p(x; θ)

2
. (C.88)

iii)

∂

∂θi

∂

∂θj
ln p(x; θ) = − ∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(x; θ). (C.89)

Example C.9 (Mixture of n+1 distributions). For linearly independent n+1 probability
distributions p1, p2, . . . , pn, pn+1, and Θ = {θ ∈ Rn; θj > 0;∑n

j=1 θ
j = 1}, the following

weighted average is also a probability distribution

p(x; θ) = θipi(x) +
(

1 −
n∑

i=1
θi

)
pn+1(x) (C.90)

= pn+1(x) +
n∑

i=1
θi(pi(x) − pn+1(x)), (C.91)

which becomes a mixture family with C(x) = pn+1(x) and Fi(x) = pi(x) − pn+1(x).

C.3.2 Fisher Metric

Riemannian metric plays a central role in Riemannian manifolds. For example, the
metric tensor induces the length or angle between tangent vectors. In this section, we
introduce how the Fisher information matrix behaves as a Riemannian metric.

The Fisher information matrix is defined as

gij(θ) = Eθ

[
∂

∂θi
ln(x; θ) ∂

∂θj
ln p(x; θ)

]
(C.92)

=
∫

X

∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(x; θ) · p(x; θ)dx. (C.93)

Proposition C.46. The Fisher information matrix can be represented in terms of the
square root of probability densities as

gij(θ) = 4
∫

X

∂

∂θi

√
p(x; θ) ∂

∂θj

√
p(x; θ)dx. (C.94)
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Proof.

gij(θ) =
∫

X

∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(x; θ) · p(x; θ)dx

=
∫

X

1
p(x; θ)

∂

∂θi
p(x; θ) · 1

p(x; θ)
∂

∂θj
p(x; θ) · p(x; θ)

= 4
∫

X

1
2
√
p(x; θ)

∂

∂θi
p(x; θ) · 2

√
p(x; θ) ∂

∂θj
p(x; θ)dx

= 4
∫

X

∂

∂θi

√
p(x; θ) ∂

∂θj

√
p(x; θ)dx.

Proposition C.47. The Fisher information matrix on any statistical model is symmet-
ric, positive definite, and non-degenerate. That is, the Fisher information matrix is a
Riemannian metric.

Proposition C.48. The Fisher information matrix can be written as the negative ex-
pectation of the Hessian of the log-likelihood function

gij(θ) = −Eθ

[
∂

∂θi

∂

∂θj
ℓ(θ)

]
(C.95)

= −Eθ

[
∂

∂θi

∂

∂θj
ln p(x; θ)

]
. (C.96)

Example C.10 (Exponential family). For the exponential family

p(x; θ) = exp
{
C(x) + θiFi(x) − ψ(θ)

}
, (C.97)

the Fisher information matrix is written as

gij(θ) = Eθ

[
∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(x; θ)

]
= Covθ(Fi, Fj),

gij(θ) = −E
[
∂

∂θi

∂

∂θj
ln p(x; θ)

]
= Eθ

[
∂

∂θi

∂

∂θj
ψ(θ)

]
(C.98)

= ∂

∂θi

∂

∂θj
ψ(θ). (C.99)

C.3.3 Geometric Objects on Statistical Manifold

Theorem C.49. The Fisher metric is invariant under reparametrizations of the sample
space.

Proof. Let X be a random variable with the sample space X ⊆ Rn and probability
density function p(·; θ). Consider the invertible transform function f : X → Y ⊆ Rn, and
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denote by p̃(·; θ) the probability density function associated with the random variable
Y = f(X). Then, we have

p(x; θ) = p̃(y; θ)
∣∣∣∣df(x)
dx

∣∣∣∣ . (C.100)

Since

ln p̃(y; θ) = ln p̃(f(x); θ), (C.101)

ln p(x; θ) = ln p̃(y; θ) + ln
∣∣∣∣df(x)
dx

∣∣∣∣ , (C.102)

we have

∂

∂θi
ln p(x; θ) = ∂

∂θi
ln p̃(y; θ). (C.103)

Therefore,

gij(θ) =
∫

X

∂

∂θi
ln p(x; θ) ∂

∂θj
ln p(xlθ)dx

=
∫

X

∂

∂θi
ln p̃(y; θ) ∂

∂θj
(y; θ)p̃(f(x); θ)

∣∣∣∣df(x)
dx

∣∣∣∣ dx

=
∫

Y

∂

∂θi
ln p̃(y; θ) ∂

∂θj
ln p̃(y; θ)p̃(y; θ)dy

= g̃ij(θ).

Theorem C.50. The Fisher metric is covariant under reparametrizations of the pa-
rameters space.

Proof. For two coordinate systems θ = (θ1, . . . , θn) and ξ = (ξ1, . . . , ξn) with the invert-
ible relationship θ = θ(ξ). Let p̃(x; ξ) = p(x; θ(xii)). Then, we have

∂

∂ξi
p̃(x; ξ) = ∂θk

∂ξi

∂

∂θk
p(x; θ), (C.104)

and

g̃ij(θ) =
∫

X

1
p̃(x; ξ)

∂

∂ξi
p(x; ξ) ∂

∂ξj
p(x; ξ)dx

=
(∫

X

1
p(x; θ(ξ))

∂

∂θk
p(x; θ) ∂

∂θr
p(x; θ)dx

)
∂θk

∂ξi

∂θr

∂ξj

= gkr(ξ)|θ=θ(ξ)
∂θk

∂ξi

∂θr

∂ξj
.
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From the above theorems, we can see that

i) gij is invariant under reparametrizations of the sample space X ;

ii) gij is covariant under reparametrizations of the parameters space.

For Fisher metric gij , the Christoffel symbols of first kind are given by

Γij,k = 1
2

(
∂

∂θi
gjk + ∂

∂θk
gik − ∂

∂θk
gij

)
. (C.105)

Proposition C.51. The following equivalent expressions of the Christoffel symbols hold:

i)

2Γij,k(θ) =Eθ

[(
∂

∂θi

∂

∂θj
ln p(x; θ)

)
∂

∂θk
ln p(x; θ)

]
− Eθ

[(
∂

∂θk

∂

∂θj
ln p(x; θ)

)
∂

∂θi
ln p(x; θ)

]
− Eθ

[(
∂

∂θk

∂

∂θi
ln p(x; θ)

)
∂

∂θj
ln p(x; θ)

]
− Eθ

[(
∂

∂θi

∂

∂θj
ln p(x; θ) ∂

∂θk

)]
.

ii)

Γij,k(θ) = Eθ

[(
∂

∂θi

∂

∂θj
ln p(x; θ) + 1

2
∂

∂θi
ln p(x; θ

∂

∂θj
ln p(x; θ)

)
∂

∂θk
ln p(x; θ)

]
.

iii)

Γij,k = 4
∫

X

∂

∂θi

∂

∂θj

√
p(x; θ) · ∂

∂θk

√
p(x; θ)dx.

Fisher metric induces the Riemannian metric on S.

g(Xθ, Yθ) :=
n∑

i,j=1
gij(θ)ai(θ)bj(θ), p(x; θ) ∈ S, (C.106)

where Xθ = ∑n
i=1 a

i(θ) ∂
∂θi p(x; θ) and Yθ = ∑n

j=1 b
j(θ) ∂

∂θj p(x; θ) are vector fields on
S. The tensor g is called the Fisher-Riemannian metric. Its associated Levi-Civita
connection is denoted by ∇(0) and is defined by

g

(
∇(0)

∂p(x;θ)
∂θi

∂p(x; θ)
∂θj

,
∂p(x; θ)
∂θk

)
= Γij,k. (C.107)
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C.3.4 Dually Flat Connection

The Fisher metric g induces the ∇(1)-connection as

g(∇(1)
∂i
∂j , ∂k) = Eθ[(∂i∂j ln p(x; θ))∂k ln p(x; θ)], (C.108)

where ∂i = ∂ ln p(x;θ)
∂θi . Or equivalently,

Γ(1)
ij,k(θ) = Eθ[(∂i∂j ln p(x; θ))∂k ln p(x; θ)]. (C.109)

Proposition C.52. The statistical model given by the exponential family is ∇(1)-flat.

Proof.

Γ(1)
ij,k(θ) = Eθ[(∂i∂j ln p(x; θ))∂k ln p(x; θ)]

= −Eθ[∂i∂jψ(θ)∂k ln p(x; θ)]

= −∂i∂jψ(θ)Eθ[∂k ln p(x; θ)]

= 0.

Then, we can see that the torsion and curvature of an exponential family with respect
to connection ∇(1) vanish everywhere.

Proposition C.53. The mixture family is ∇(1)-flat if and only if is ∇(0)-flat.

The Fisher metric g also induces the ∇(−1)-connection on a statistical model S as

g(∇(−1)
∂i

∂j , ∂k) = Γ(−1)
ij,k = Eθ[(∂i∂j ln p(x; θ) + ∂i ln p(x; θ)∂j ln p(x; θ))∂k ln p(x; θ)].

(C.110)

Proposition C.54. The mixture family is ∇(−1)-flat.

Proposition C.55. The exponential family is ∇(−1)-flat if and only if is ∇(0)-flat.

Proposition C.56. The following relation holds.

∇(0) = 1
2
(
∇(−1) + ∇(1)

)
. (C.111)
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Proposition C.57. The following relations hold

∇(α) = (1 − α)∇(0) + α∇(1) (C.112)

= (1 + α)∇(0) − α∇(−1) (C.113)

= ∇(0) + α

2 (∇(1) − ∇(−1)), (C.114)

∇(0) = 1
2(∇(−α) + ∇(α)). (C.115)

Corollary C.58. For the statistical model S, the following statements are equivalent:

i) S is ∇(α)-flat for all α ∈ R;

ii) S is both ∇(1) and ∇(−1)-flat;

iii) S is both ∇(0) and ∇(1)-flat;

iv) S is both ∇(0) and ∇(−1)-flat.

C.3.5 Skewness Tensor on Statistical Manifold

For two connections ∇(α) and ∇β, the generalized difference tensor is defined as follows:

K(α,β)(X,Y ) = ∇(β)
X Y − ∇(α)

X Y. (C.116)

Proposition C.59. There is a 3-covariant, totally symmetric tensor T such that for
any distinct α, β we have

g(K(α,β)(X,Y ), Z) = α− β

2 T (X,Y, Z), (C.117)

where g is the Fisher metric.

The 3-covariant, symmetric tensor T with components

T (∂i, ∂j , ∂k) = Tijk = Eθ[∂i ln p(x; θ)∂j ln p(x; θ)∂k ln p(x; θ) (C.118)

is called the skewness tensor.

Theorem C.60. The metric g and the skewness tensor T are related by

αT = ∇(α)g. (C.119)

126



Statistical Models and Statistical Manifolds

Corollary C.61. For any ϵ > 0, the skewness tensor T is given by

T = ∇(α+ϵ)g − ∇(α)g

ϵ
. (C.120)

C.3.6 Autoparallel Curves

Consider a smooth curve θ(t) in the parameter space Θ ⊂ Rn, so that each component
θ = (θ1(t), . . . , θn(t)) is smooth. A curve on the statistical manifold S = {p(x; θ)} is
defined as

γ(t) = ι(θ(t)) = p(x; θ(t)), t ∈ [0, T ]. (C.121)

The velocity of the curve γ(t) is given by

γ̇(t) = d

dt
p(x; θ(t)). (C.122)

A curve γ : [0, T ] → S is called ∇(α)-autoparallel if γ̇(t) is parallel transported along
γ(t):

∇(α)
γ̇(t)γ̇(t) = 0, ∀t ∈ [0, T ]. (C.123)
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[292] V.-T. Tran and A. Aussem. Correcting a class of complete selection bias with
external data based on importance weight estimation. In International Conference
on Neural Information Processing, pages 111–118. Springer, 2015.

151



Bibliography

[293] E. Tzeng, J. Hoffman, K. Saenko, and T. Darrell. Adversarial discriminative
domain adaptation. In Proceedings of the IEEE conference on computer vision
and pattern recognition, pages 7167–7176, 2017.

[294] K. Ueki, M. Sugiyama, and Y. Ihara. Perceived age estimation under lighting con-
dition change by covariate shift adaptation. In 2010 20th International Conference
on Pattern Recognition, pages 3400–3403. IEEE, 2010.

[295] J. Vaicenavicius, D. Widmann, C. Andersson, F. Lindsten, J. Roll, and T. Schön.
Evaluating model calibration in classification. In The 22nd International Confer-
ence on Artificial Intelligence and Statistics, pages 3459–3467. PMLR, 2019.

[296] J. E. Van Engelen and H. H. Hoos. A survey on semi-supervised learning. Machine
learning, 109(2):373–440, 2020.

[297] G. Van Tulder. Sample reusability in importance-weighted active learning. 2012.

[298] V. Vapnik. The nature of statistical learning theory. Springer science & business
media, 1999.

[299] V. Vapnik. An overview of statistical learning theory. IEEE transactions on neural
networks, 10(5):988–999, 1999.

[300] F. Vella. Estimating models with sample selection bias: a survey. Journal of
Human Resources, pages 127–169, 1998.
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