Probabilistic Models Characterized by
a Kernel Matrix and Their Learning
Methods

by

Takahiro Kawashima

Dissertation

submitted to the Department of Statistical Science

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

A 1l
|
soKEND §3§“
w J

The Graduate University for Advanced Studies, SOKENDAI

March 2024






il

Acknowledgments

First and foremost, I would like to express my utmost gratitude to Prof. Hideitsu Hino
(ISM), my doctoral supervisor. When I entered the master’s program at the University of
Electro-Communications (UEC), I was unsure about my research direction. However,
Prof. Hino provided me with a highly interesting direction and continued to discuss
with his extensive knowledge. After enrolling in the Ph.D. program, he supported
my research life even more strongly than before. While guiding me in his role as an
educator, I feel that he also acknowledged me as a collaborative researcher. For instance,
when reviewing drafts of my papers, he suggested improvements in nuanced details
while provided constructive comments whenever my scattered ideas needed shaping.
Furthermore, he is someone I deeply respect both as a researcher and an educator, and |
have learned numerous things from him beyond the direct guidance. He also supported
me financially since my master’s program, and I attribute this dissertation to Prof. Hino’s
unwavering support. I may not have been an outstanding student, but I sincerely hope
that this dissertation and research works can serve as a modest way to repay Prof. Hino
for his continuous support.

I would also like to express my gratitude to the members of the thesis examination
committee: Prof. Kengo Kamatani (ISM) , Assoc. Prof. Daichi Mochihashi (ISM),
and Lect. Naoya Takeishi (UTokyo). Prof. Kamatani carefully reviewed this doctoral
dissertation, identifying several crucial points for improvement. Assoc. Prof. Mochihashi,
drawing upon profound knowledge and experience, pointed out multiple discussions
necessary for enhancing this dissertation. Lect. Takeishi took charge of reviewing our
paper for Neural Computation, which corresponds to Chapter 3 of this thesis, and also
provided insightful comments during the thesis examination.

When I transferred from a KOSEN (college of technology) to UEC, I initially chose



iv

a department with the intention of pursuing studies in a field other than machine learning.
However, after a brief period of wandering, I developed an interest in machine learning.
It was truly fortunate for me that Prof. Hayaru Shouno (UEC) had been directing a lab
dedicated to machine learning in that department. For my undergraduate research, Prof.
Shouno provided me with a progressive yet educational theme, and in the master’s
program, he warmly supported me as I ventured to other research institutions, allowing
me the freedom to explore my interests. I am sincerely grateful for the guidance and
support from Prof. Shouno.

During my graduate programs, I concurrently worked as a part-time biostatistician at
National Center of Neurology and Psychiatry, Japan (NCNP). This experience not only
provided financial support but also allowed me to engage comprehensively in projects,
from consulting on data analysis and planning to paper publication. It was an invaluable
opportunity that enriched my skills. I am sincerely grateful to Prof. Hisateru Tachimori
(Keio) at NCNP for accepting me into the team. The five years I spent working in
a different field at NCNP were made possible, primarily due to Prof. Tachimori’s
excellent managerial skills and the depth of understanding he had for me, coming from
an engineering background. Furthermore, I would like to thank my former colleague in
NCNP, Asst. Prof. Yui Tomo (Keio) for advancing data analysis together on several
projects.

I am grateful to the members of Hino lab and my peers at SOKENDAI for their
support not only in studies but also in the daily life as a student. In particular, I appreciate
the advice and support from Mr. Masanari Kimura during my job hunting process, and
Mr. Keishi Sando played a crucial role in revitalizing the student room, which had
become quiet amid and after the COVID-19 pandemic.

Finally, I express my gratitude to everyone I have encountered throughout my
research journey. Thank you to each and every individual who has been a part of my

academic and personal growth.



Abstract

Positive definite kernels play a significant role in modern machine learning. Kernel
methods opened up possibilities for analyzing complex data that may be governed
by nonlinear structure because of the rich representational power and nice theoretical
properties. Intuitively a positive definite kernel realizes nonlinear data processing
on the input space in which data points are located by determining a metric on a
possibly infinite-dimensional space. Related to the kernel methods, probabilistic models
characterized by a positive definite kernel have also attracted attention. Gaussian
processes (GPs) and determinantal point processes (DPPs) fall into these models. These
models offer choices of methodologies for dealing with complex data as well as the
kernel methods. This dissertation addresses the following two topics about probabilistic

models with a positive definite kernel:

(i) We propose a GP-based generative model for multivariate time-series data via a

physics approach and developing an efficient inference method for the model.

(i) We develop a simple and fast learning method for DPPs.

For (i), we propose a nonlinear and probabilistic generative model of Koopman
mode decomposition (KMD) based on the framework of unsupervised GPs. Differential
equations appear in many fields of science, including materials science, geophysics,
epidemiology, and social informatics. In these fields, multivariate time-series data
governed by an unknown differential equation is sometimes obtained, and we may want
to know about the underlying dynamics. One of the factors that make the estimation
problem of the underlying dynamics difficult is nonlinearity. Through KMD, nonlinear
dynamics on a finite-dimensional space is lifted into an infinite-dimensional space in

which the dynamics behaves linearly. That leads concrete algorithms to find the modes
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characterizing the dynamics, such as dynamic mode decomposition (DMD). While
DMD and other related algorithms have been successful in many fields, resulting values
yielded by the algorithms are sometimes not very easy-to-interpret. On the other hand,
our model makes it possible to estimate the physical quantities associated with the
Koopman modes and the (low-dimensional) latent variables simultaneously by taking an
approach of generative modeling. Our model is the first to give a way to estimate KMD
latent variables, and we show the usefulness through some numerical experiments with
both of synthetic and real-world datasets. Moreover, we develop a scheme that reduces
the computational complexity to learn our model for scalability.

For (ii), we develop a fast, stable, and simple learning rule for DPPs on the basis of
MM (minorization-maximization) algorithms, which increases the objective values
monotonically. DPPs are powerful probabilistic models that generate random subsets
with diverse items from a ground set. For example, let us consider a recommender
system on an e-commerce site in which a variety of home appliances are handled. Then,
the purchasing histories can be regarded as samples of a DPP on the finite ground set,
which consists of all the products handled by the site. Now, we may want to assume that
“rarely do consumers buy more than one refrigerator at a time,” or more conceptually:
“a random subset tends not to have similar items simultaneously.” Such a concept
is called negative dependence, and DPPs take it into account. Since the similarities
between items are parameterized as a kernel matrix in DPPs on a finite set, the fitting
problem of DPPs becomes a problem of estimating a positive definite matrix. Although
some existing studies have addressed the problem, there is room for improving the
stability and speed of convergence. In this work, we show that the learning problem of
DPPs can be resulted in iterative solving of a continuous algebraic Riccati equation
(CARE), which is a solvable class of quadratic matrix equations. The monotonicity of
our algorithm follows the property of MM algorithms. We also develop an acceleration
technique for our algorithm by introducing a step size parameter whose value can be
determined adaptively in each iteration. We numerically compare our algorithm and
existing methods with synthetic and real-world data in experiments. Our algorithm
outperforms existing methods in convergence speed for most of the datasets, and we

additionally discuss what contributes the efficiency of our algorithm.

This dissertation is organized as follows. In Chapter 1, we give an introduction

motivating us to study probabilistic models parameterized by a kernel matrix. In Chapter
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2, we present technical preliminaries related to kernel methods, GPs, and DPPs. In
Chapter 3, we develop GPKMD based on Bayesian DMD. We show that Bayesian
DMD can be extended to a GP-based probabilistic generative model naturally. We also
propose a computational scheme to improve the time complexity of learning GPKMD.
Experimental results find that GPKMD can capture important dynamics from observed
data. In Chapter 4, we study an efficient and simple rule to learn full-rank DPPs. We
prove that maximum likelihood estimation of a DPP can be reduced to iterative solving of
some matrix quadratic equation by using MM algorithm. We also develop an accelerated
version of the algorithm which is no longer monotone increasing but possibly converges
faster. Numerical results on both synthetic and real-world datasets show our algorithm

outperforms existing methods. Finally, we give concluding remarks in Chapter 5.
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Introduction

The remarkable and rapid progress of information technology in recent years is beyond
dispute. One crucial factor contributing to this progress is the concept of “data
accumulation,” which has become a pillar alongside the evolution of hardware and
infrastructures and the sophistication of software for information processing over the
past quarter century. As a result, technological possibilities have taken a significant leap
forward. For instance, being stored diverse data, including multivariate time-series
histories for weather forecasting, purchase histories on e-commerce sites, and videos,
images, and texts shared on social media, a mathematical foundation for extracting
non-trivial knowledge from such complex-structured data becomes necessary. This
social background has driven the development of machine learning methodologies that

go beyond classical statistics.

What kind of data are difficult to handle using classical statistics? Now consider the

following three sentences:

* Seeing an aquarium is one of my hobbies.
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* [ would like to see aquatic life.
» Tokyo is the greatest prefecture in Japan.

When we imagine a hypothetical space in which pairs of sentences with similar meanings
are placed closer together, it is guessed that “Seeing an aquarium is one of my hobbies”
and “I would like to see aquatic life” are closely located, while “Tokyo is the greatest
prefecture in Japan” is farther away from them. And we can have an intuition that
a difficulty lies in determining an appropriate origin in the space, namely, treating
natural languages as vectors (i.e., elements of a vector space) may not be appropriate.
This is one of the reasons that classical statistics is not applicable to modern complex
data. On the other hand, many machine learning algorithms essentially depend on only
pairwise similarities between data points. Even if an appropriate origin is undetermined,
quantifying similarities can suffice. In the example above, we may know that “Seeing
an aquarium is one of my hobbies” is similar to “I would like to see aquatic life,” but
dissimilar to “Tokyo is the greatest prefecture in Japan.”

Methods based on kernel functions explicitly leverage this concept of similarity. A
kernel function maps a pair of data points to the non-negative similarity value. Its shape
can be specified flexibly according to the structure of the problem. To be precise, this is
equivalent to determining the reproducing kernel Hilbert space (RKHS) which associates
with the feature map of the data points. The Gaussian kernel

, I — x|2
k(x,x") =exp|— 57
where x, x’ € X are the inputs in the input space X and ¢ > 0 is the hyperparameter, is
one of the most representative kernel functions. In the Gaussian kernel, the data points x
and x” contribute to the value solely through their difference x — x’, implying that the
input space X can be an affine space, which has no origin. Furthermore, by choosing
such a kernel which induces a nonlinear metric, we can handle nonlinear-structured data
with taking the higher moments into account. This is because by “kernelizing” linear
methods, data points are mapped to an infinite-dimensional feature space and then the
linear processing is applied in the feature space.

Methods associated with a kernel function are called kernel methods, and they have



been used to nonlinearize many machine learning algorithms since around 2000. Kernel
methods find application in various problem types including supervised/unsupervised
learning and classification/regression like support vector machines [Cortes and Vapnik,
1995], ridge regression [Shawe-Taylor and Cristianini, 2004, Chapter 7], and principal
component analysis [Scholkopf et al., 1997]. Nowadays the scope of kernel methods
extends beyond primitive extensions of linear algebraic techniques. Nonparametric
statistical tests of independence [Gretton et al., 2005], two-sample tests [Gretton et al.,
2012], and nonparametric variational inference [Liu and Wang, 2016] are the excellent
examples that exploit good mathematical properties of RKHSs.

Gaussian processes (GPs) are one of the probabilistic models characterized by
kernel functions. GPs are nonparametric stochastic processes on a function space
and can be seen as the probabilistic models of kernel methods in a sense. GPs can
be, therefore, seemlessly integrated into probabilistic modeling frameworks. While
functions following GPs take the value range (—oo, 00) in general, they can be flexibly

incorporated into probabilistic models in various ways:

* predict probabilities within (0, 1) through a logistic likelihood [Rasmussen and
Williams, 2008, Chapter 3]

* model intensity functions in Poisson point processes with exponential transforma-

tion which ensures non-negative values [Samo and Roberts, 2015].

Another notable advantage of GPs lies in their ability to quantify prediction uncertainty,
supporting many applications in engineering such as Bayesian optimization [Shahriari
et al., 2016].

Determinantal point processes (DPPs) are alternative probabilistic models character-
ized by a kernel function. A DPP generates random subsets from a universal set, and the
kernel function controls how the items co-occur within the subsets. Originating in the
field of statistical physics, DPPs have been introduced to describe the probabilistic
behavior of fermions in [Macchi, 1975]. While they initially piqued the interest of
mathematical physicists and probability mathematicians, DPPs later caught the attention
of mathematical engineers due to their attractive property called negative dependence,
which makes the random subsets tending not to have similar items simultaneously. Now
DPPs have gained attention in many application fields, including the machine learning

community inspired by the excellent review article [Kulesza and Taskar, 2012].
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Based on the background, we develop probabilistic methods stand on a kernel
matrix. As complexity of data increases, machine learning methods need to be more
interpretable. In this sense, probabilistic modeling has an advantage over deterministic
kernel methods. Since we usually build probabilistic models based on some prior
knowledge, the learning results may provide meaningful insight about the data. In

particular, this dissertation addresses the following two topics:

* We propose a GP-based generative model for multivariate time-series data via a

physics approach and an efficient inference method for the model.

* We develop a simple and fast learning method for DPPs.

We discuss these two topics based on the published papers [Kawashima and Hino, 2022,
2023], after presenting a technical introduction about kernel methods, GPs, and DPPs in
Chapter 2.

We propose a probabilistic generative model of multivariate time-series data with an
unsupervised GP in Chapter 3. Triggered by neural ODEs [Chen et al., 2018], many
researchers are addressing data-driven identification problems of unknown differential
equations, and these studies continue to evolve as part of physics-informed machine
learning (PIML) [Karniadakis et al., 2021]. Because differential equations and related
complex data appear in various fields of science, PIML methods have a wide range of
applications, including plasma physics [Mathews et al., 2021], materials science [Lu
et al., 2020], and geophysics [Zhu et al., 2021]. In particular, an approach known as
operator-theoretic data analysis aims to describe data generation processes dependent
on unknown differential equations using an operator such as a Koopman operator
[Mezic, 2005, Rowley et al., 2009, Schmid, 2010]. This approach transforms the
problem of finding a solution to the differential equation into a task of estimating
quantities characterizing the operator. Operator-theoretic data analysis starts with
viewing the nonlinear time evolution on a finite-dimensional space as a linear time
evolution on an infinite-dimensional space. This concept resembles the kernel methods
that perform nonlinear data processing by lifting the finite-dimensional data into an
infinite-dimensional RKHS. In fact, Kostic et al. [2022] have found a kind of duality
between Koopman operator regression and conditional kernel embedding. Inspired
by this similarity, we propose a nonlinear and probabilistic generative model for

operator-theoretic data analysis based on GPs.



In Chapter 4, we develop an inference method for DPPs on a finite ground set on the
basis of MM (minorization-maximization) algorithms [Hunter and Lange, 2004, Sun
et al.,, 2017]. DPPs on a finite ground set are generally parameterized by a positive
semidefinite kernel matrix (Gram matrix) consists of pairwise similarities of the items.
From this tractable property, a finite ground set is likely to be considered while DPPs can
also be defined on an infinite set (possibly uncountable). Because DPPs have negative
dependence, by which dissimilar items tend to be yielded in random subsets, such an
approach can be applied to recommender systems for example; we may assume “rarely
do consumers buy more than one refrigerator at a time.” Currently the learning problem
of DPPs arises in somewhat limited applications such as recommendation [Gillenwater
et al., 2014], image search [Kulesza and Taskar, 2011], and document summarization
[Dupuy and Bach, 2018], but it is expected to have wider applications as DPPs become
more widespread in the machine learning community. Although some structure is often
assumed to a kernel matrix for reducing the computational cost [Gartrell et al., 2017,
Mariet and Sra, 2016, Dupuy and Bach, 2018], it may be preferred to give no specific
structure if we have no prior knowledge. We thus develop an algorithm for learning
DPPs without specific structure for the kernel matrix.

Chapter 5 concludes this dissertation. While our methods developed in this
dissertation show certain levels of effectiveness with numerical experiments, there is still
future work to be considered. The future directions of our study are also discussed in
Chapter 5.






Preliminary

In this dissertation, we consistently consider probabilistic models characterized by a
kernel matrix. In this section, we introduce kernel methods and probabilistic models

associated with a kernel: Gaussian processes and determinantal point processes.

2.1 Kernel Methods

2.1.1 From Linear to Nonlinear: an Example on Kernel Ridge

Regression

We start from finite-dimensional multivariate analysis with an example on ridge
regression. Let {(x;, yi)}ﬁ\i , be the data consisting of N pairs of points in X X Y, where
X C RP is the input space (including intercepts) and Y C R is the output space. Ridge
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regression learns a linear function f(x) = w'x by solving

N
min " (y; —w"x)” + A, @1
i=1

weRD £

where A > 0 is the regularization parameter which controls the smoothness of f. The

problem (2.1) has an analytic solution. With the input matrix X = (xy,...,xy)T € RV*P
and the output vector y = (y1,...,yn) " € RV, the solution is
w=(X"X+AD)"'XTy=X"(XXT +AI)" 'y, (2.2)

where the second equality holds from the following identity (see Lemma 2 in [Welling,
2010])

(P"'+B"R'B)B'R' = PB"(BPB" +R)"".

By plugging-in the solution (2.2), we can predict an output value y. corresponding to a

new input x, as
Yo =w' x. =y (XX + )" Xx.. (2.3)

Since the prediction (2.3) depends only on the Euclidean inner products of the input

points, it can be rewritten as

v =y (K +AD) 7'k, (2.4)
where
(x1,x1)  (x1,x2) -0 (x1,xN)
| ) ) ot | o5
<xN;x1) <xN;x2> <xN;‘xN>
ki = ((x1, %), (X2, %), (v, X)) T, (2.6)

with the Euclidean inner product (-, -).
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The inner product view of the ridge regression (2.3) motivates us to consider its
nonlinear generalization; kernel ridge regression uses a generally nonlinear similarity
measure k : X X X — R, which is called the kernel function, in (2.5) and (2.6). By
choosing an appropriate kernel function and the regularization parameter A, the kernel

ridge regression produces a good nonlinear predictor f : X — V.

2.1.2 Fundamentals of Kernel Methods

In the previous subsection, we saw that the ridge regression is naturally generalized to be
nonlinear by the “kernelization.” Many other linear machine learning methods can also
be kernelized in similar manners. However, we need to introduce some mathematical
preparations to understand why, when, and how the kernel methods work.

A kernel method does not work with any kernel function. As seeing later, a kernel

function satisfying the following properties induces an appropriate inner product space.

Definition 2.1 (Positive definite kernel). A kernel k : X X X — R is positive definite if
k(x,x") = k(x', x) for any x, x’ € X and

N

Z cicik(xi, x) > 0

i,j=1
forany N € N, cq,...,cy € C, and x1,...,xy € X, where c* denotes the complex

conjugate of c.

Definition 2.1 is equivalent to the kernel matrix (or Gram matrix)

k(xy,x1)  k(xy,x2) -+ k(x1,xN)
_ k(x2.>x1) k(xz', x2) o k(xz,xN) 27
k(xn,x1) k(xn,x2) -+ k(xn,%N)
being positive (semi-) definite for any N € N and x1,...,xy € X. Given x € X, we

denote k(-, x) as the function on X with the fixed second argument: k(-,x) : x"
k(x', x).

An inner product space H is called a Hilbert space if it is complete, that is, every
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Cauchy sequence in H has its limit also in H. In particular, the following reproducing

kernel Hilbert spaces are the stages on which kernel methods are based.

Definition 2.2 (Reproducing kernel Hilbert space [Saitoh and Sawano, 2016]). Let H be
a Hilbert space consisting of functions whose input space is X and denote the inner
product on H as (f, g)4 for f,g € H. If there exists k(-,x) € H for any x € X that

satisfies

(fo k(%) = f(x)

for an arbitrary f € H, H is called the reproducing kernel Hilbert space (RKHS), and k

is called the reproducing kernel.

The following theorem states about the indivisible connection between a positive
definite kernel and an RKHS.

Theorem 2.3 (Moore—Aronszajn [Aronszajn, 1950, Berlinet and Thomas-Agnan, 2004,
Theorem 3]). For a positive definite kernel k : X X X — R, there exists a unique RKHS
H of functions on X with the reproducing kernel k.

Conversely, the reproducing kernel k of an RKHS H is also a positive definite kernel

since
N N N N 2
Z CiC;k(xi,xj) = Zcik(',xi),zcjk(',xj)> = Zcik('sxi) >0
ij=1 i=1 =1 Y i=1 H
holds for any N > 0, cy,...,cy € C, and x3,...,xy € X, where ||f]|4, is the norm of

f € H defined as || f|4 = V{f, ) These results states that we can equate positive
definite kernels and reproducing kernels.
Let us define amap ¢ : X > x — k(-,x) € H. Given a positive definite kernel k, the

value at (x, x’) is

k(x,x") = k(. x), k(X)) gy = (P(x), p(x)) gy - (2.8)

In general, an inner product is said to give a similarity measure on the space, since the

value takes zero iff the parameters are orthogonal and becomes larger if the parameters
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point in similar directions. The value of the kernel function (2.8), therefore, can be
regarded as the similarity between x and x” on the high-dimensional space /. In this
sense, ¢ and H are often called a feature map and a feature space, respectively. If
the representation power of k(-, x) is enough, kernel methods using the kernel k may

perform well even for complex and nonlinear data.

2.1.3 Nystrom Approximation

As we see in Subsection 2.1.1, kernel methods based on a positive definite kernel
k depend on the N x N kernel matrix K (defined in (2.7)) and involve some O(N?)
operations such as matrix inverses. This implies that kernel methods do not scale for
problems with large samples. One conceivable approach to address this problem is
low-rank approximation of K. For example, if we have R € RN, N 5 P < N such that
K ~ RRT, the inverse of K + AI in (2.3) is approximated by

(K+AD)™ '~ (RRT +A) ' =2 I-R(R"TR+AI)'R")

and the computational cost reduces down to O(N?P) (and O(NP?) for approximating
(K + A y).

One favorable approach to get R is Nystrom approximation. The Nystrom approx-
imation was first introduced in [Williams and Seeger, 2000], and its variation and
theoretical analysis were proposed in [Drineas and Mahoney, 2005]. Drineas and

Mahoney [2005] showed that we can obtain a rank-P approximation of K € S¥ by:
1. Choose N € N such that P < N < N.
_2/yN 2 ;
2. Compute p; = Kj;/ X1, Kj; fori=1,...,N.

3. Sample N times from the set {1,..., N} with replacement and with respect to the

probabilities {p, ..., pn}, and let 7 be the set of the sampled indices'.
: NxN NxN . 7 -1
4. Assign C = (Kjj)ieq1,. N} jer € RV, W = (Kij)ijer € RYY, and D = diag({(Np;) ™2 }ie1).

5. Obtain K ~ Kp = CW;;CT, where Wp denotes the best rank-P approximation of
DWD and W7 is its pseudoinverse.

"We allow duplication of elements within the set 7. Thus I is precisely a tuple.
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The following theorem justifies the Nystrom approximation.

Theorem 2.4 (Drineas and Mahoney [2005], Theorem 3). Let ¢ > 0,6 € (0,1),5 =
1++/810og(1/3), and Kp be the best rank-P approximation to K. If N > 64P/¢*, then

N
E[|IK - Kpllr] < K - Kpllr+¢ Y KZ,.

n=1

And if N > 64n%P/¢*, then

N
P|IIK - Kpllr < K- Kpllp+e y K2,| 21-6

n=1

also holds.

Note that a similar result has also shown in the sense of the spectral norm in [Drineas
and Mahoney, 2005]. The advantage of Nystrom approximation is that we need not
to compute and store the large matrix K. Once the sampling probabilities {pi}ﬁ | are
computed from the diagonal elements {Kii}f\i , and the set of the sampled indices 7
is obtained, our requirements are the submatrices of K: C € RN xN and W € RN xN .
This leads to a remarkable reduction in both computational and space complexity. The
computational complexity of the Nystrom approximation is O(N* + NNP) and the
space complexity is also reduced to O(NN) from O(N?).

2.2 Gaussian Processes

A Gaussian process (GP) is an infinite-dimensional distribution on a function space. GPs
are often understood to be probabilistic variants of kernel methods. This subsection

gives a brief introduction to GPs.

2.2.1 From Bayesian Linear Regression to GP Regression

Consider a Bayesian linear regression problem from the input space X € RP to the

N

output space Y C R with given observations {(x;,y;)}:Y,, where x;; = 1 fori =1,...,N.
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The Bayesian linear regression problem is to find the posterior p(wl{xi}ﬁ 1, y) from the

following Bayesian model:

p(yilxi,w; o?) = N(w'x;, 0'2) fori=1,...,N,
pw;o2) = N(0p, oIp).

Denoting X = (x,...,xn)", the posterior is yielded analytically as
pwl{xi}, y) = N(EX Ty, 0%%), (2.9)

where ¥ = (XX + ;’—ZZI )~l. Note that the mean vector in (2.9) has the same form as

the solution of the ridge regression (2.2) and the noise ratio % is corresponding to the

regularization parameter A. The marginal likelihood is also obtained analytically:

pyllx Yo%) = / Py}, ws 0D p(ws o2 )dw

= N(0,62XX" + o°I)

= N(0,K +o°I), (2.10)
where
(xi,1)  (x1,x2) o (X, xN)
K=ol (x2,1)  (x2,%2) -+ (x2,%N) @.11)
(N, x1) (XN, x2) o0 (XN, XN)

is the Gram matrix with the Euclidean inner product. GP regression replaces the
inner product in the Gram matrix (2.11) with a positive definite kernel k(-, -) to capture

nonlinear relationship between x; and y; (the positive coefficient o2

+ > 0 can be

incorporated into the kernel k).

In Bayesian linear regression, the predictive distribution of y. € Y, the output value
of a new input x, € X, is obtained easily as /p(y*|x*,w)p(w|{xi}f\il, y)dw, which is
analytically treatable. On the other hand, the GP regression requires an additional

assumption to construct the predictive distribution because the marginal likelihood
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(2.10) says nothing about relationships between y and y.. In the next subsection, we
see that the assumption “the regression function f : X — Y follows a GP” suffices to

determine the predictive distribution of the GP regression.

2.2.2 Bottom-Up View of GP Modeling

To obtain the predictive distribution of the GP regression, we restart from the definition
of GPs.

Definition 2.5 (Gaussian process). Let f : X — Y be a random function. f is said to
follow a Gaussian process (GP) if the marginal distribution p(f(x1),..., f(xN)) isa

multivariate Gaussian for any N € N and x1,...,xN € X.

If f follows a GP, the marginal distribution p(f(x1),..., f(xn)) is characterized by
the values of a mean function my(x) := E[ f(x)] and a covariance function kx (x, x") :=
E[f(x)f(x)] - E[f(x)]E[f(x)]. Thatis, denoting f = (f(x1),..., f(xx)) T, my =
(mx(x1),...,mx(xn)) 7, and Kx = (kx(x;, xj))f’vjzl, the marginal distribution is p(f) =
N (my, Kx). We often denote f ~ GP (mx, kx) when f follows a GP with the mean
function my and the convariance function kx.

The covariance function kx should yield a positive (semi-) definite covariance
matrix Ky forany N € N and x1,...,xy € X. Since positive definite kernels satisfy
this property from Definition 2.1, we can use a positive definite kernel k to define the
covariance function kx as k = ky. In practice, GPs are expressive enough even without
explicit modeling for the mean function my. We thus assume f ~ GP (0, k) usually.

Let us review the GP regression discussed in the previous subsection with a latent

function f ~ GP (0, k). Consider the Bayesian generative model with a GP prior:

p(y(x)|f(x);06%) = N(f(x),0%) forany x € X,
p(f) = GP(0,k).

If observations {(x;, yi)}fi , are given, the model becomes

p(yilfi; 0% = N(f,,6%) fori=1,...,N,
p(fI{xiHY,) = N(0,K),
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where f = (f(x1),..., f(xn))" and K = (k(x;, xj))fj.:l. By marginalizing f, we have

Pyl o) = / Pl Dp(flix N df

- N(0,K + 6°I).

This is exactly Equation (2.10), the marginal likelihood of the Bayesian linear regression.

We now reconsider the predictive distribution p(y.|x., y, {x,}l 50%). Letyny =

Ui, XN+1 = X, and fyi1 = f(xn+1). The generative model then becomes

|

where k. = (k(x1, xn+1), k(x2, XN41), - - -, k(xN, xN31)) T and kuw = k(xN4+1, XN41). The

p(yilfi;0?) = N(fi,o?) fori=1,...,N+1,

p(f, fusal{xi )01 = (( f K k.,

0,
fN+l k* k**

predictive distribution is derived as

p(y, yN+l|{xl i= ,0-2)
p(ynaly, {xi} i 0%) = =
p(yl{xl i= 1’0- )

fp(y, yn+1lfs Faers 0P (f, fuaal{xi }N+1)df
p(yl{xi}Y ;0?)
=Ny (K+ D)7k ke — k] (K+0%)7k,).  (2.12)

The predictive mean of GP regression coincides with the prediction of kernel ridge

regression (2.4).

2.2.3 Some Topics about GPs
Efficient Computation for GPs

Computational costs of GP methods is the key issue as in kernel methods. While the
Nystrom approximation is also effective for GPs, a sparse variational Gaussian process
(SVGP) approach has been developed in [Titsias, 2009]. SVGP has an equivalence to the
Nystrom approximation Wild et al. [2021] but can take a fully Bayesian approach to
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obtain posterior predictive distributions.

Unsupervised Learning

The GP regression can be extended to unsupervised dimensionality reduction. Consider
D-dimensional outputs Y = (y, ..., y®) € RN*P and P-dimensional latent variables
X = (x1,...,xn)" € RM where P < D. From a similar procedure as the GP

regression, the marginal likelihood

D
p(Y1X) = [ N@ 10K + 1)

d=1
can be obtained. The posterior of the latent variables p(X|Y) « p(Y|X)p(X) is then
learnable with an appropriate prior p(X). This method is called the Gaussian process
latent variable model (GPLVM) approach [Lawrence, 2005]. We can apply a SVGP-like
method for learning GPLVM [Titsias and Lawrence, 2010, Damianou et al., 2016]
while a scaled conjugate gradient algorithm is used in the original GPLVM paper
[Lawrence, 2005]. Wang et al. [2005, 2008] have developed a Gaussian process
dynamical model (GPDM), which incorporates temporal dynamics to GPLVM. GPDM
employs a GP-based vector auto-regressive prior for p(X) (see Subsection 3.3.1 for
details).

Connection to Kernel Methods

The equivalence of kernel ridge regression (2.4) and GP regression (2.12) implies close
connections between kernel methods and GP methods. While GPs are often said to be
probabilistic versions of kernel methods, the kernel methods and the GP methods have
been developed separately due to their historical background; the kernel methods have
been studied in the context of RKHS theory, and the GP methods have been studied via
theory of stochastic processes and perspectives from probabilistic modeling. In recent
years, theoretical connections between kernel methods and GPs were systematized
[Kanagawa et al., 2018].

Although the connections between the kernel methods and GPs are being understood,
we should be aware of differences of them sometimes. One of the phenomena specific to

GPs is Driscoll’s zero-one law [Driscoll, 1973], which states about the question: “do
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sample paths f ~ GP (0, k) belong to the RKHS induced by the covariance function k?”

The Driscoll’s zero-one law says:

* If the covariance function k is finite-dimensional (e.g., Euclidean inner product), a
stochastic process f which satisfies that f(x) = f(x) holds for any x € X and f
belongs to the RKHS induced by k exists, with probabilty 1.

e If k is infinite-dimensional (e.g., Gaussian kernel), f does not belong to the RKHS

induced by k almost surely.

2.3 Determinantal Point Processes

A determinantal point process (DPP) is a kind of point processes and produces random
subsets with diverse elements of a ground set. DPPs are alternative probabilistic models

associated with positive definite kernels. We present an introduction to DPPs.

2.3.1 Point Processes

First of all, we introduce point processes without mathematical rigor. Consider a possibly
uncountable ground set Q and let n € N U {0} be a random integer and x1, ..., x, € Q be

random points. We denote the random collection as Z = {xy,..., x,}.

Definition 2.6 (Point process’). A point process n on Q is a random measure such that

n= i 5xi;
i=1

where 6 is the Dirac measure.

For any compact A C Q we have

n(A) = Z 5x,(A) = |ZU Al

2Although such 7 is called a proper point process in [Last and Penrose, 2017], we use this as the
definition of general point processes for simplicity.
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which means a number of x;s that belong to A. In other words, a point process
determines which (at most countable) random point configurations on € tend to be

realized. For example, we can consider the intensity measure defined by

Pr(A) = E[n(A)].

This represents the expected number of points, or the density, in A.
Definition 2.6 implies that the space of all possible 5 is too large to write probability
distributions on the space directly. Instead, we consider another way to characterize the

randomness of 7.

Definition 2.7 (Moment measure and joint intensity). Let n € N and Ay, Az, ... A, be
disjoint and compact subsets of Q. Then, the n-th moment measure of a point process n

is the measure B, defined by

Pn(Ar, Ag, ..., An) = E[n(ADn(Az) - - - (A

Specifically, if p, : Q X Q X -+ X Q — R exists such that

n times
Pn(Ay, Ay, Ay) = / Pn(x1, X2, .., xp)dxydxy - - - dxp,  (2.13)
A XA X XAy

pn Is called an n-th joint intensity function of the point process 1.

Intuitively, moment measures work like moments of a probability distribution. If we
know the forms of p, for all n € N, we may know the underlying point process.
For example, let us consider Poisson point processes, the most representative point

processes, according to the above preparation.

Definition 2.8 (Poisson point process [Last and Penrose, 2017]). Let n be a point process
and B be the intensity measure (or the first moment measure). If n satisfies the following

two properties, n is said to be a Poisson point process:

(i) For every n € N and disjoint and compact subsets Ay, ..., A, C Q, the random
variables n(Ay), . ..,n(A,) are independent.
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(ii) For every compact A C Q, n(A) ~ Poisson(f;(A)).

In addition, if f1(A) = cVol(A),c > 0 for any compact A C Q, n is said to be a

homogeneous (or stationary) Poisson point process with the intensity c.

For a homogeneous Poisson point process we can immediately see that the n-
th joint intensity is p,(x,...,x,) = ¢" for every n € N. This is because assuming

pn(x1,...,x) =c" forn =1,2,..., the left-hand side of (2.13) becomes

Bn( A Ay, ..., Ap) = E[n(ANn(Ay) -+ - n(Ay)] (from Definition 2.7)

=E[n(ADIE[n(A)]---E[n(A,)] (from (i) in Definition 2.8)

=c" 1—[ Vol(A;) (from the homogeneity)
i=1

and the right-hand side is

/ Pn(x1, X2, . . ., Xp)dx1dxs - - - dxp = " / dxidx, - - - dx,
ﬂlxﬂszxﬂn ﬂlxﬂ2x~~~x.7ln

n
=c" l—[ Vol(A;),
i=1
for every n € N and every compact and disjoint Ay, ..., A, C Q.

2.3.2 Determinantal Point Processes

Definition 2.9 (Determinantal point process [Hough et al., 2009]). Letk : Q X Q — R,
be a positive definite kernel. A determinantal point process (DPP) with the kernel k is a

point process on Q whose joint intensities are formed as

Pn(x1, %2, ..., Xp) = det(Kyp)

n

foranyn € N, x1,xs,...,x, € Qand K, = (k(x,-,xj))i’jzl.
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The following theorem gives a sufficient condition for the existence and uniqueness
of DPP:

Theorem 2.10 (Soshnikov [2000], Shirai and Takahashi [2000]). Let K be a self-adjoint
integral operator determined by a kernel function k and be of locally trace class. Then,
the kernel function k(-, -) determines a DPP if and only if all the eigenvalues of ‘K are in
[0, 1].

If the restriction of an operator K to an arbitrary compact subset of Q is of trace
class, K is said to be locally trace class. Roughly speaking, Theorem 2.10 states that a
positive definite kernel k(-, -) defines a DPP under appropriate scaling which ensures the
resulting probabilities in [0, 1].

In the context of machine learning, DPPs on a finite ground set Y = {1,2,..., N} are
typically considered. On the finite ground set Y, a point process P(-) is a DPP with a
kernel matrix K € S¥ if

P(S € A) = det([K]s)

for arandom subset A C Y drawn by P and an arbitrary S C Y. [K]s = (Kjj); jes € S|+S|
denotes the principal submatrix of K and the kernel matrix K must be O < K < I from
an analogy with the DPPs on a general ground set”.

For instance, the inclusion probability of i € Y is
P({i} € A) = det(Ky;) = K;; = k(i 0).

For |S| = 2, we have

Kii  Kij
P({i, j} € A) = det ( ' = KuK;; — K (2.14)

ij Njj

=P({i} ¢ AP({j} € A) - K.

A DPP on a finite ground set has an alternative representation called the L-ensemble

[Borodin and Rains, 2005], which defines the occurrence probability of a random subset

3We use <, <, >, and > in the sense of positive (semi-)definite ordering.
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ACY as

det([L]#)

PL(A) = L+ D)

(2.15)
where L € S¥ is a positive semidefinite kernel matrix. We can commute between K
and L using the equation K = L(L + I)~! or its inversion L = K(I — K)"1if I — K is

invertible.

2.3.3 Properties of DPPs

Negative Dependence

One of the most notable properties of DPPs is negative dependence, which encourages
inter-element repulsion within the random subsets. Borcea et al. [2009] introduced
strongly Rayleigh measures, which include DPPs, as a class of measures that suffice for
negative dependence. The Ph.D. thesis by [Mariet, 2019] provides a good review about
negative dependence.

Some characterizations exists for negative dependence. When
P({i} € A)P{j} € A) >P{i,j} CA) foralli,je VY

holds, one is said to satisfy the pairwise negative correlation. The negative lattice

condition
P(A)P(Ay) > P(A; UA)P(A; NAy) forall Ay, A, C Y

is also defined other than the pairwise negative correlation. The negative lattice condition

is equivalent to the log-submodularity of the distribution over 2.

Because DPPs satisfy both the pairwise negative correlation and negative lattice
condition, the sampled subsets from a DPP tend to contain diverse items. In fatc,
Equation (2.14) represents the negative dependence of DPPs with the inter-element

repulsion K, > 0.
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Y

>

Figure 2.1: Geometry of DPPs. Larger norms and larger angles of feature vectors
increase the occurrence probability.

Geometric Interpretation

We can see the negative dependence of DPPs from a geometric view. Now, we consider
the L-ensemble (2.15). Without loss of generality, we write the kernel matrix as L = VV'T
with some V € RM*P D e N,

Denoting the i-th row vector of V as v;, we can regard v; as the feature vector
of i € Y and L;; = (v;, v;) means the similarity of i-th and j-th feature vectors. The

occurrence probability of A C Y is
PL(A) e det([L]z) = VoI’ ({vi}icq),

where Vol({v;}ic#) is the | A|-dimensional volume of the parallelepiped spanned by the
feature vectors {v; };c#. Figure 2.1 illustrates the geometry of the L-ensemble in the case
|A| = 2. The realization A = {i, j} is more likely to appear as the norms ||o;|| and ||o]|
become larger. Additionally, we can find that the closer v; and v; are to orthogonal, the
larger P({i, j}) is induced. This is considered to be the mechanism that results in the

negative dependence of DPPs.

Other Properties

Notably DPPs support analytic expressions about some elementary probabilistic op-
erations. For example, suppose that A; C Y and A, C Y are disjoint, and let A,
be observed. Then, the conditional probability of A; U Aj is Pr(A; U Ay|Ay) «
det([L]#,ua,), and this is also the DPP [Borodin and Rains, 2005]. Marginal probabili-
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ties can also be computed with K as done in (2.14). See [Kulesza and Taskar, 2012] for
the other operations.

Sampling from a DPP on a possibly infinite ground set can be done by a simple
algorithm [Hough et al., 2006, Theorem 7]. MCMC samplers have also been developed
[Anari et al., 2016, Li et al., 2016, Derezinski et al., 2019] while a neural network-based
fast approximate sampler for DPPs is proposed [Mariet et al., 2019b]. We also note that
DPPy, the sampling toolbox for DPPs in Python, is developed by [Gautier et al., 2019].
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Gaussian Process Koopman Mode

Decomposition

3.1 Background

Many real-world phenomena are observed as multivariate (time) series data. Although
they sometimes appear to be disorderly, the obtained data may be governed by some
intrinsic law. Because such laws are expressed as dynamical systems in many fields, the
development of data-driven approaches to understand unknown dynamical systems is
probably inevitable.

One data-driven strategy for dynamical systems is to employ state space models,
classically represented by the Kalman filter [Kalman, 1960], ensemble Kalman filter
[Evensen, 2003], particle filter [Gordon et al., 1993, Kitagawa, 1996], and 4D-Var
[Lewis and Derber, 1985, Dimet and Talagrand, 1986]. An alternative approach
is mode decomposition, which extracts some oscillating components from data. If

some background knowledge validates the assumption of a dynamical system, we can
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comprehend the data by estimating time-invariant parameters, including the modes.
Koopman mode decomposition (KMD) enables us to specify the quantities to
be estimated on the basis of the Koopman operator theory [Mezic, 2005, Rowley
et al., 2009]. Although only limited special systems enable analytic calculations of
the quantities, dynamic mode decomposition (DMD) provides a general data-driven
algorithm to approximate them [Rowley et al., 2009, Schmid, 2010]. DMD is primitively
divided into two types: the Arnoldi type [Rowley et al., 2009] and SVD-based type
[Schmid, 2010]. Both types give a simple linear approximation of the dynamics on an
observation space, thus various DMD extensions have been developed in the last decade
[Jovanovi¢ et al., 2014, Dawson et al., 2016, Le Clainche and Vega, 2017, Héas and
Herzet, 2020]. To overcome the limitations of linear approximations, some nonlinear
extensions of DMD have been proposed on the basis of user-defined bases [Williams
et al., 2015a], kernel methods [Williams et al., 2015b, Kawahara, 2016], or neural
networks [Takeishi et al., 2017a]. Nonetheless, nonlinear probabilistic generative models

of KMD have not yet been studied, as mentioned in Section 3.1.2.

3.1.1 Contributions

In this chapter, we develop a nonlinear generative model for KMD with an unsupervised
Gaussian process (GP) named Gaussian process Koopman mode decomposition
(GPKMD). An existing unsupervised GP method for dynamical systems known
as Gaussian process dynamical model (GPDM) [Wang et al., 2005] already exists.
The GPDM was derived from the Gaussian process latent variable model (GPLVM)
[Lawrence, 2005], which is the GP form of probabilistic principal component analysis
(probabilistic PCA), and can be viewed as a GP-based extension of an autoregressive
model. Whereas GPLVM and GPDM only focus on dimensionality reduction or learning
nonlinear mappings from a latent space to an observation space, our method can be used
to estimate the latent variables and quantities of KMD simultaneously.

This work has the following main contributions:

* We provide a novel perspective of KMD through the GP-based nonlinear generative
model named GPKMD. The generative modeling enables us to estimate not only
the quantities specified by KMD but also the latent variables and enables us to

obtain richer information from estimands.
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* We propose an efficient computing strategy for GPKMD using low-rank ap-
proximations of Gram matrices and matrix diagonalization. We show that the

complexity of our strategy is markedly superior to the existing one.

* We demonstrate our proposed method on synthetic data generated from a nonlinear
limit cycle and a real-world epidemiological dataset. We show the usefulness of

the proposed method for interpreting the data from various viewpoints.

3.1.2 Related Works

3.1.3 Gaussian Processes and KMD

In previous works, researchers have attempted to connect KMD and GP regressions.
Masuda et al. [2019] proposed a GP-based algorithm for Arnoldi-type DMD. This
algorithm determines the coefficients of the companion matrix based on the prediction by
GP regression, which is conditioned by past observations. Although the method employs
GP regression, it requires a posteriori deterministic matrix factorization processes to
obtain the Koopman eigenvalues and modes. Therefore, the advantages of probabilistic
methods and interpretability are limited. Lian and Jones [2020] studied a model
predictive control method based on Koopman operator theory. Because the work focused
on control design, they did not discuss an inference framework for Koopman quantities.

Estimating Koopman quantities can be regarded as an inverse problem. This
perspective implies that KMD is essentially an unsupervised task; therefore, as a

complementary to the existing works, we take an unsupervised approach.

3.1.4 Bayesian Models of KMD

In some Bayesian models, KMD (or DMD) is treated as unsupervised learning. Takeishi
et al. [2017b] proposed Bayesian DMD and an efficient sampling algorithm for the
posterior. In the Bayesian DMD model, each output of the Koopman eigenfunction is
parameterized as a scalar-valued i.i.d. random variable as seen in Subsection 3.2.3.
However, this simplification may discard important structures in the eigenfunctions and
latent variables. To alleviate this shortcoming, the Bayesian DMD with variational
matrix factorization (BDMD-VMF) model was developed [Kawashima et al., 2021], in
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which an explicit treatment of the eigenfunctions is avoided. Moreover, BDMD-VMF
employs VMF [Lim and Teh, 2007, Nakajima and Sugiyama, 2011] to determine its prior
and marginalize its higher-dimensional parameters; thus, the computational stability is
improved even for incomplete observations.

In this chapter, we develop a GP-based generative model of KMD as an extension of
Bayesian DMD. Whereas both Bayesian DMD and BDMD-VMF are based on linear
parameterizations of the output of the Koopman eigenfunctions, not the latent variables
{x:}, our model explicitly incorporates the latent variables as model parameters (i.e.,
random variables). To the best of our knowledge, this is the first work enabling the latent

variables to be directly estimated from observations in the framework of KMD.

3.2 Koopman Mode Decomposition and Computational
Methods

We give a brief introduction of existing methods in relation to our proposal.

3.2.1 Koopman Mode Decomposition

Koopman mode decomposition (KMD) is a framework to transform multidimensional
series data into a tractable sum-of-modes representation. We provide a brief introduction
to KMD.

Let the latent variables x; € X C R be evolved deterministically by an unknown
map f: X — X,

xre1 = f(x1). (3.1)

Observations that we can treat are obtained through an observable G 3 g : X — C as
g(x;), where G is an appropriate complex-valued function space. The Koopman operator
K : G — G is defined as an operator that maps the observable at ¢ to that at ¢ + 1:

(Kg)(x1) = (g0 f)(x1) = g(xt41)-

Although we considered the latent dynamics f above, the Koopman operator K can also
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describe the evolution of a system on the function space G. Despite the nonlinearity of f,
the Koopman operator is linear owing to its lifting to the infinite-dimensional space.
This property permits the spectral decomposition of K,

Kb = Aedr, (3.2)

where A € C and ¢ : X — C are the k-th Koopman eigenvalue and the corresponding
Koopman eigenfunction, respectively. Suppose that there are D distinct observables
g1,--.,gp such that gy € G,d =1,..., D, then we define a D-dimensional observation
y, = g(x;) = (g1(x1),...,gp(x;))T € CP. Assuming that the D-dimensional observable

g is expanded by Koopman eigenfunctions {¢}, we obtain
Y =9g(x) = ) plxw, (3.3)
k=1

where w; € CP is the k-th coefficient called the Koopman mode. By applying spectral

decomposition (3.2) to (3.3), observations can be transformed recurrently as

Y, = g(x)) = (Kg)(xi1) = D (K) (xi-1)wi
k=1

Z ki (x1-1 )W
k=1

= ) M (o) (3.4)
k=1

Note that the Koopman operator K has not only the discrete spectra but also continuous
spectra because of the infinite dimensionality. Roughly speaking, discrete and continuous
spectra represent the quasi-periodic and chaotic parts of the evolving process, respectively
[Mezic, 2005, Colbrook et al., 2023, Colbrook and Townsend, 2024]. Given observations
(Y9, )Yy, - - -, yp, we can unravel the hidden quasi-periodic dynamics governing the
system by estimating the Koopman quantities {Ax}, {¢x }, and {w} in (3.4), instead of f.
KMD is the framework used to understand the data-generating system with this scheme.
The inferable quantities depend on the algorithm; for example, DMD approximates f by

low-rank linear dynamics and provides the finite sets {Ax} and {wy}.
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3.2.2 Dynamic Mode Decomposition

Dynamic mode decomposition (DMD), proposed in [Rowley et al., 2009, Schmid,
2010], is the representative method to obtain Koopman quantities from a data series. By

defining by := ¢ (x() and truncating the infinite sum up to K, Equation (3.4) becomes
K
Yy, = leltcwkbk = WAtb
k=1

fort =0,...,T, where W := (wy,...,wk), A := diag(Ay,...,Ag), and b := (by,...,bx)".
We then define

A= WAW™, (3.5)

where W+ indicates the pseudo-inverse of W. When K < D and W € CP*K s full-rank:
rank(W) = K, we have A" = WA'W* and A'W = WA". Now, recalling Wb ~ y,, we
can confirm that

y, ~ WA'b = A'Wb ~ Ay, (3.6)

holds for t = 0,...T. Equation (3.6) implies that the solution of

T
. _ 2
mmin ;Hyt Ay, || (3.7)
has entire information about the (approximated) system. Indeed, we can see that the
eigenvalues and eigenvectors of A can be regarded as estimated Koopman eigenvalues
{)Lk}lk(zl and Koopman modes {wk}Ik(:l, respectively, from (3.5). The DMD algorithm
provided in [Schmid, 2010] produces an efficient numerical method to find the dominant

K eigenvalues and corresponding eigenvectors of the solution matrix of (3.7).

3.2.3 Bayesian Dynamic Mode Decomposition

Takeishi et al. [2017b] proposed a Bayesian variant of DMD. Let (Y;, Y/ ) be a pair
of CP-valued random vectors for t = 1,...,T. Given observations y,, ...,y € CP,
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Bayesian DMD models its likelihood as:

Py A e At Wit o)

1
= = pvy, e 5l khe {Grdie Wik ) 1(y, = ),

where Z is an appropriate normalizing constant and

~

K
3 geom 1)
k=1

K
Py, (YA e Pk Yoo Widi 0%) = CN (yt Z AP t—1Wr, 2021) ,
k=1

Py, Yok e Wites 0%) = CN (y
(3.8)

are conditionally independent densities for t = 1,...,T'. Note that CN (-, -) denotes
a complex normal distribution. Takeishi et al. [2017b] developed an efficient Gibbs

sampler for the Bayesian DMD under appropriate prior distributions.

‘What does the likelihood (3.8) mean? Now, we can find that

Py {0 e Bt Y Wit 0°)

K
Z ¢k,twk: 20-21

k=1

=CN |y, CN |y,

K
Z Akd)k,t—lwk» 20"21) ,

k=1

1 K K
o« CNly, 2 (kz_; Pk Wk + kz_; /1k¢k,t—1wk) , 0T |, (3.9)

where we used the following relation:

2 2 2,2
oyl + o7, 070,

CN (x|py, 6i)CN (x|py, 031) o« CN | x

2 2 2 2 2
O'1+O'2 O'1+0'2

IThe scaling of the variances are different with the original paper, but this does not lose generality.
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Equation (3.9) implies that the expectation of the likelihood (3.8) is

1 K K
Ely, { Ak} {9kt ks Wit 07 = 2 Z Pr Wi + Z AkPr-1Wk |5
k=1 k=1
and it encourages to be
K K
Yy, = Z PriWk * Z Me@ri—1w, for t=1,...,T. (3.10)
k=1 k=1

The approximation (3.10) has the similar form with the KMD (3.4). We can see that
Bayesian DMD truncates the infinite sums in KMD by finite ones as in DMD, and each
value of the eigenfunction ¢ (x;) is treated as a random variable ¢y ;. While {¢y;}, are
1.i.d. random variables in Bayesian DMD, some structural assumption is considered to
be more suitable rather than i.i.d. modeling. That is, ¢y ; and ¢ ;41 may take close values
if the underlying eigenfunction ¢ (-) is not ill-shaped. We introduce Gaussian processes

to overcome this issue in the next section.

3.3 Gaussian Process Koopman Mode Decomposition

Gaussian processes (GPs) are representative nonparametric methods for learning
nonlinear mappings from an input space X to an output space Y. By formulating KMD

as an unsupervised GP, we establish a nonlinear generative model of KMD.

LetY = (y,,...,y7) € CP*T be the data matrix and X = (xy,...,x7) € RPXT+D be
the latent variables. We start by assuming that the value of each Koopman eigenfunction
¢y evaluated as any x € R” is represented as the inner product (-, -)& on a reproducing
kernel Hilbert space (RKHS) H. We then expand as

Br(x) = (b ()3 = ) brayi(x)
I

using coefficients by = (bg1, iz, .. .) € H and the feature map ¢ = (1, ¢,...) : X — H.
We define the likelihood of KMD by incorporating the equalities (3.3) and (3.4) up to
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the first-order,

1
Py {xeh Ak}, Awie} {bii}, 0°) = ECN Y,

K
Z (Z bkl%(xt)) Wi, 621)
1

k=1

K
Z Ak (Z bkll//l(xt—1)) Wi, 0'21) (3.11)
]

k=1

X CN |y,

which coincides with Bayesian DMD (3.9), and Z denotes a normalizing constant. In

3.11), the countably infinite summations of the modes are truncated at K. The expansion
coefficients {by;} can be marginalized out from each CN (-, -) in the likelihood (3.11):
with the i.i.d. prior p(bx;) = CN (b0, 07 /2) o< CN (b]0, 7). We then obtain the
following marginalized likelihood (see Section 3.7 for derivation details):

p(YIX, AW, 0% 0;) o« CN(vec(Y)]0,6°I + 07 (K1 @ WW™))
X CN (vec(Y)[0,0°I + 0} (Ko ® WAA'WY)), (3.12)

where W = (wy,...,wg)and A = diag({)tk}llle). K, and K are TxT Gram matrices con-
sisting of {x,}7_, and {x,}/_! with a positive definite kernel k(x, x") = (g (x), p(x) ),
respectively. W* denotes the Hermitian transpose of W. The marginalized likelihood
(3.12) appears unnatural because it is divided into two terms, but we can merge them into
a single zero-mean CN (-, -). Since the covariance matrices of the joint likelihood (3.12)
are formed by the Gram matrices of latent variables, we obtain the GP formulation for
KMD. We define (3.12) as the likelihood of our proposal, Gaussian process Koopman
mode decomposition (GPKMD).

3.3.1 Prior Distributions for GPKMD

We should also consider rational priors for the parameters X, W, A, 62, and og. Similar to
the configuration of KMD (3.1), GPKMD should incorporate latent dynamics explicitly
as its prior in a probabilistic sense. Thus, we adopt a GPDM-inspired prior for the latent
variable X [Wang et al., 2005]. That is, denoting X; = (x1,...,x7) € RPT and a Gram
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matrix consisting of {xt}th_O1 with a kernel function k. (-, -) by Kx, we use
P(X) = N(x]0, S MN (X1]0, I, Kx + s21) (3.13)

for the prior p(X). Here, MN (-, -, -) denotes a matrix normal distribution. Note that the
prior can be regarded as a GP extension of the first-order autoregressive model. Unless
there is a particular reason, it is reasonable to employ simple priors for other parameters,

such as

p(war) = CN (war|0, 53,),
p(&) = CN (A0, s3),
p(0?) = InvGamma(c?|a, f),

p(of) = InvGamma(aﬂab, Bp).

3.4 Scalable Inference

In theory, the posterior or its point estimates of the GPKMD parameters can be obtained
using the marginal likelihood (3.12) with appropriate priors. However, the GPKMD
likelihood contains very large DT X DT-sized covariance matrices, which inhibit scalable
inference. Straightforward computations of the GPKMD likelihood (3.12) and its
gradients require an extremely high computational cost of O (D*T?). Hereafter, we tackle
the scalability of GPKMD. We only consider the first CN (-, -) in (3.12) for simplicity in
this section, but the same approach applies to the second CN (-, -).

3.4.1 Stegle’s Method

Multioutput or multitask GPs often have Kronecker-structured covariance matrices, and
are sometimes called Kronecker GPs [Stegle et al., 2011]. GPKMD can be considered
a type of Kronecker GP. Stegle et al. [2011] and Rakitsch et al. [2013] proposed an
efficient inference method for Kronecker GPs using an eigendecomposition-based trick.
First, consider the eigendecomposition K; = UgS KU}, WW* = Uy SwUy,. Following
Stegle’s method, the inversion of the GPKMD covariance matrix is exactly transformed
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into

(0’I + 0} (K; @ WW*) ™!

= (Ug® Uw)(O'ZI + O'E(SK ® Sw))_l(UK QUW)™
S—— S——
DTxDT DTxDT (diagonal) DTxDT

Because the matrix to be inverted is reformed into a diagonal matrix, the complexity of
the inversion is reduced to O(D? + T?), which is dominated by the eigendecomposition

for K; and WW™. log det(-) is similarly computed as

log det(o°T + ai(Kl ® WW™)) = log det(c’I + O’;(SK ® Sw)),

DTxDT (diagonal)

and the gradients of the likelihood can also be converted to reduced forms.
Stegle’s method is effective for GPKMD; however, we still have some considerations:

* For the interpretability, we often use a small number of Koopman modes, K,
typically about 5-30. For K < D, the diagonal elements of the eigenvalue matrix
Sw are sparse since rank(WW™) = K. This implies the possibility of further

reducing in the computational cost.

e The space complexity of Stegle’s method is O(D? + T?). For large D or/and T

(e.g., > 100, 000), ordinary computers may run out of memory.

3.4.2 Low-rank Approximations

In kernel methods, Gram matrices can be well approximated by low-rank matrices in
many practical cases. Bonilla et al. [2007] proposed an efficient prediction strategy for
multitask GPs by applying low-rank approximations to Gram matrices. We propose a
considerably more efficient strategy for various computations of GPKMD by combining
the above-explained Stegle’s method and low-rank approximations.

By applying an appropriate algorithm (e.g., incomplete Cholesky decomposition
or the Nystrom method [Drineas and Mahoney, 2005]), we can approximate the
Gram matrix as K; ~ RRT, where R € R™*S for § < T. If the Nystrom method

(described in Subsection 2.1.3) is employed, we can obtain C € R™*S and Q € R5*S
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such that K; ¥ CQC'. Then, the eigendecomposition of the symmetric matrix Q
enables us to obtain the desired matrix R. Subsequently, by using the thin SVD
R =Ug> KVIT<, W = UWZWV*W and the Woodbury identity, the inverse covariance matrix

of GPKMD is approximated as

(6’T+ 0} (K1 @ WW")) ' ~ (6’I + 0/ (RR" @ WW*)) ™!
=0 I -0 %0, (UxZk ® UyZw)

DTxKS
X (O'ZI + O'E(Zi ® Z‘Z/V-))_l U2k 9UywZy)".

KSxKS (diagonal) KSxDT

On the other hand, the log det(-) of the covariance matrix can be transformed by the

Weinstein—Aronszajn identity [Kato, 1995],

log det(c”’I + o} (K1 @ WW™))
~ log det(c*I + O'Z(RRT QWWY))
= (DT - KS) log o® + log det (oI + 0';(2% ® Z‘ZA,)) .

KSxKS (diagonal)

Since the computational complexity of our approach is dominated by the Nystrom
method (or incomplete Cholesky decomposition) and SVD, it is markedly reduced to
O(DK?+TS?) for K < D and S < T. Notably, it is unnecessary to store the T X T matrix
K; (and Kj) in memory in both the Nystrom and incomplete Cholesky decomposition
algorithms. Therefore, the space complexity of GPKMD can be reduced to O(DK + TS).

The gradients of GPKMD can also be evaluated in a short time, as shown in Section 3.8.

3.5 Experiments

In this section, we demonstrate GPKMD in two experimental settings, one with a
synthetic dataset and one with a real-world dataset. Through the experiments below, we
show that a wide range of information about given data is available from the estimated

parameters of GPKMD. We employed MAP estimation by the conjugate gradient method
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Figure 3.1: Latent variables estimated by PCA and GPKMD for P = 2 and different
noise levels, o, = 0,0.01,0.2.

for learning GPKMD. The estimation of GPKMD parameters is sensitive to the initial
values since the posterior defined with (3.12) and (3.13) is non-convex. For the initial
values of GPKMD, we used PCA results for the latent variables X and standard DMD
results for the Koopman eigenvalues {1} and modes {wy }. For the kernel functions of
GPKMD, we employed an RBF kernel for k(, -) in (3.12) and an RBF+linear kernel for
ky(-,-) in (3.13).

3.5.1 Stuart-Landau Equation

First, we applied GPKMD to a synthetic dataset that follows the Stuart-Landau equation.
The Stuart-Landau equation is a well-known nonlinear dynamical system that has the

discretized form

ree1 = re + (Ory — r?)At

9t+1 = 9t + (y—ﬁrtz)At

in polar coordinates. The behavior of the system is determined by the parameters 4, y,

and . For example, § > 0 induces the limit cycle.
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Figure 3.2: Eigenvalues {Azont} estimated by DMD and GPKMD.

Table 3.1: Absolute errors of the estimated eigenvalues ||[Re(A*t — A°M)]|.

| 0=0 0=001 0=02

DMD 0.49 1.06 4.32
GPKMD | 0.37 0.71 3.61

We generated data with § = 0.5, f = y = 1, At = 0.05, and data length T = 751. As

the observed data Y = (y,;) obtained through an observable, we employed

Yar = 9a(r1,01) + €qr = exp(id'0;) + €4y
yo {d’ =d-[D/2] (d is odd)
d=d/2 (d is even)

esr ~ CN(0, 0';),

with input dimension D = 35 and noise levels o, = 0,0.01,0.2. We used K = 16 modes,
P = 2 latent dimensions, and S = 50 as the rank of the Gram matrices. Figure 3.1 shows
the latent variables estimated by PCA and GPKMD. Although PCA and GPKMD
estimates nearly the same trajectories for oy = 0,0.01, at the higher noise level o, = 0.2,
the latent variables of PCA are buried in the noise around the origin x; = (0,0)". In
contrast, GPKMD captures a contiguous and periodic trajectory around the origin
for o, = 0.2. The estimated Koopman eigenvalues corresponding to the continuous

system /IZOM = log(Ax)/At are shown in Figure 3.2. Note that the exact eigenvalues of
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the continuous system are known:

Afr’faCt = =215 + inw,,

wo =y — Pé,

wherel e Nandn € Z [Crnjaric’—Zic et al., 2020]. As seen in Figure 3.2 and Table 3.1 2
GPKMD estimates the Koopman eigenvalues more accurately than DMD. The estimates
of DMD tend to shrink as the noise level increases. Meanwhile, though depending
on initial values and hyperparameters, GPKMD is more robust than DMD for this

dynamical system.

3.5.2 Google Flu Trends

Google has attempted to predict weekly spatiotemporal flu activity from query data
from its search engine. The project Google Flu Trends has been discontinued, but the
predicted results are available’. Proctor and Eckhoff [2015] analyzed the Google Flu
Trends data by DMD, and we take a similar approach here. We focus on the values in
the US and extracted the interval from 2007-12-02 to 2015-08-09 to avoid missing
data, so that the input size was D = 51, T = 402. Considering the nature of the data, we
applied log-transformation before statewise standardization as preprocessing. In the
preprocessed input shown in Figure 3.3a, a rough periodicity can be observed. We set
K = 6 modes, P = 2 latent dimensions, and S = 50 as the rank of the Gram matrices.
Figures 3.3b and 3.3c show the latent variables estimated by PCA and GPKMD,
respectively. Note that the latent variables estimated by PCA are used as the initial
values of those estimated by GPKMD. The latent variables estimated by GPKMD clearly
show anomalous behavior at ¢ = 74, unlike those estimated by PCA. An anomalous spike
at t = 74 can also be observed in the original input (Figure 3.3a), but it does not appear
to be outlying in the sense of i.i.d. observation. ¢t = 74 indicates the period between
2009-04-26 to 2009-05-02. At the time, interestingly, the US was in turmoil due to the

?Because Im()t,‘iont) is equal for DMD and GPKMD in our setting, as discussed in Section 3.6, we only
consider the real parts to obtain the errors.

3The estimates can be accessed at https://www.google.com/publicdata/explore?ds=z3bsqef7ki44ac_
&hl=en&dl=en, and the raw data is archived at http://web.archive.org/web/*/http://www.google.org/
flutrends/.


https://www.google.com/publicdata/explore?ds=z3bsqef7ki44ac_&hl=en&dl=en
https://www.google.com/publicdata/explore?ds=z3bsqef7ki44ac_&hl=en&dl=en
http://web.archive.org/web/*/http://www.google.org/flutrends/
http://web.archive.org/web/*/http://www.google.org/flutrends/
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Figure 3.3: (a) Input from Google Flu Trends in the US. (b) Latent variables estimated
by PCA. (c) Latent variables estimated by GPKMD.
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Figure 3.4: Phases of 1, 3, and 5-th modes estimated by (2) DMD and (b) GPKMD. Each
phase indicates the time of a year between 0 and 1.

pandemic by the new influenza A (HIN1). In fact, WHO has raised the level of influenza
pandemic alert to phase 4 on 2009-04-27, and again raised to phase 5 on 2009-04-29
[World Health Organization, 2013]. The spike may reflect this social situation. It
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is considered that the temporal structure and nonlinearity of GPKMD increase the
sensitivity to such temporally anomalous behavior. In addition, the estimated modes
{w} provide information about the phase shifts, that is, the phase of the k-th mode in
the d-th state is computed from arg wgx. Suppose that arg wy is wrapped to [0, 27),
then arg wgi / 27 € [0, 1) expresses the shift within a year. Figure 3.4 shows the phases
of the modes corresponding to the indices k = 1, 3, 5, estimated by DMD and GPKMD.
The modes indexed by even numbers are omitted because they have conjugate elements
of odd numbers. The first modes of DMD and GPKMD indicate some state clusters. We
also find a clustered relationship in the northern states at k = 3 and a gradual slope from
the southeast to the northwest at k = 5. Such phase structures are considered to reflect
seasonal transitions of flu trends. Notably a similar smooth phase transition of a dynamic
mode has also been reported in a previous work [Proctor and Eckhoff, 2015], but the

transition is more pronounced for our method.

3.6 Discussion

In this chapter, we developed a nonlinear probabilistic generative model of KMD based
on unsupervised GP, and we also proposed its efficient inference scheme via low-rank
approximations of covariance matrices. Our method, named GPKMD, is advantageous
in terms of the comprehensiveness of the parameter set to be estimated. Since each
quantity in KMD (3.4) is physically meaningful, the comprehensiveness of GPKMD
directly means that rich information can be obtained. We also examined the scalability
of GPKMD in Section 3.4. By exploiting the properties of the Kronecker product
and low-rank approximations of matrices, we markedly reduced the computational
complexity from O(D? + T?) to O(DK? + TS?), where K < D and S < T.
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3.7 Derivation of the Marginal Likelihood

Properties of Kronecker Product and Vec Operator

We introduce some properties of the Kronecker product and vec operator for simplicity

in the calculations below:

(A® B)(C® D) = (AC) ® (BD), (3.14)
vec(ABC) = (CT ® A)vec(B), (3.15)
tr(A ® B) = tr(A)tr(B), (3.16)

vec(A)*vec(B) = tr(A*B).

Derivation of the Marginal Likelihood

From each CN (-, ) in (3.11) and the prior p(by;) = CN (0, alf), we can marginalize out
the coefficients {by;} analytically. Considering the joint marginal likelihood for the first
CN(--)in (3.11), we have

T
p(YIX,W,0%) = / | [ @il A}, fwik {biad, o) - | | p(Bro)dbi
t=1 )
= / CN (vec(Y)|vec(WBWY,), a’I)CN (vec(B)|0,0.1)dB, (3.17)

where W1 = (¢ (x1), p(x2),...) and B is the matrix whose (k, [)-th element is by;. Using
the relations (3.14) and (3.15), we find that the integrand in (3.17) is proportional to

CN (vec(Y)|vec(WBWY,), 62 I)CN (vec(B)|o, afI)
oc exp (—a_2||vec(Y) - Vec(WB‘I’l))H2 - a§||vec(B)||2)

= exp { =07 (IIvee(V)|? + [[vec(B) + vec(B)I , - ||Vec(B)||§El)}, (3.18)
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where

T = (1Y) @ (W'W) + 60,
vec(B) = Zpvec(W*YW¥]),

IIzII%I =2'3;'z.

Since (3.18) is the squared exponential form w.r.t. vec(B), the integral (3.17) can be

evaluated as
/ CN (vec(Y)|vec(WBW,), c*I)CN (vec(B)|0, O'ZI)dB
o exp { -7 ([[vee (V) - ||Vec(1_3)||;gl)}, (3.19)

and this should also be Gaussian w.r.t. vec(Y). Here, applying the Woodbury identity

and (3.15), we obtain

5= ((P1¥]) ® (W'W) + 0?0, °I)™"
=0 2o {l - o, (Y1 @WH)E, (Y] @ W)},

where we define

Ty =’ I +0,K; ® (WW?),
K1 = \Il;rllll
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Then, ||vec(B) ||;,1 in (3.19) can be simplified to
B

Ivec(B)IL
= vec(W*'Y¥] )" Tpvec(WYV])
= cr_zcrg||Ve(:(W*Y‘I’]—)||2 - G_ZGEH(‘I’I ® W)vec(W*YW])|?

a2yt
beY
_ 22 * * T -2 2 % 2
= o 2optr (W Y WW'YW]) — 67207 [[vec(WW'YK )2,
beY
=0 2opvec(WW'Y)*vec(YK,) — 0 %01 || (K1 ® (WW™))vec(Y)||?

oixy!
= G_ZJvaec(Y)*

X [K1 ® (WW") - 0/(K; ® (WW™))Z' (K; ® (WW™))]vec(Y)
= vec(Y)*(I - 0°Zy" )vec(Y),

where we use the exact relation A — A(A+ B)"!A = B — B(A + B)™!B for the rightmost

transform. Now, the (unnormalized) marginal likelihood (3.19) becomes

PYIXW, o) o exp {072 (Ilvee ()| = Ivec(B)IIZ., ) |

= exp {—0? (vec(Y)*vec(Y) — vec(Y)*(I — 6°Zy")vec(Y))}
= exp (—vec(Y)*X} vec(Y)),

so that p(Y|X, W, 6% 07) = CN (vec(Y)|0,Xy). Applying a similar manner to the second
CN (-, -) in (3.11), we can finally obtain the marginal likelihood of GPKMD (3.12).

3.8 Derivatives of the Marginal Likelihood

In Section 3.4, we show that the low-rank approximations for the covariance matrices
reduce the computational cost of evaluating the GPKMD likelihood. Similarly, we can
evaluate derivatives of the likelihood efficiently. For the complex-valued parameters of
GPKMD, we define the complex gradient of f : C° — R w.r.t. 8 € CP as

of (6)  9f(0)

Vol (0) = Re(@) T 'oim(0)’
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In general, we consider the cost function

£(09,0") = log det(c*I + G(89) ® H(6"))
—vec(Y)*(c*I + G(67) ® H(6"))'vec(Y),

where G and H are positive semidefinite and 69 and 0" are the parameter vectors to be
learned. As introduced in Section 3.4, suppose that we obtain low-rank representations
such that G ~ UgZLU}, and H ~ UyX, U}, by SVD. Then, the Woodbury identity

enables the following approximation:

(e’ I+G®H)™!
~ o HI - [(UsZg) ® (UnZm)](c’I + 2% @ £5) ' [(UsZs) ® (UnZu)]*}.

Derivatives w.r.t. 69

The derivative of the cost function £(89, 8") w.r.t. Hig is

Vot = —tr{(c’ I +G® H) (VG ® H)}
+vec(Y)* (o I +G ® H) ' (VG ® H)(6*I + G ® H) 'vec(Y). (3.20)

The first term in (3.20) can be approximated by

tr{(c’T+G ® H)—I(VQ?G ® H)}
~ U_Ztr(Vel_gG ® H) — o *tr{[(UgXZg) ® (UpZgn)]
X (P I+25025) ' [(UsZs) ® (UnZm)]" (VoG ® H)}
= a_ztr(VgigG)tr(H) — o %tr{(c’I + Zé ® leq)_l
x [(ZcU5VgrGUGZc) ® >4}
= a_ztr(VefG)tr(Z%I)
— o *diag{(d* I + 2% ® zﬁ,)—l}Tdiag{(zGUEVQ?GUGZG) ® 3}
= J_Ztr(VgigG)tr(Zf{)
— o *diag{(c’ I +2% ® leq)_l}T{diag(ZgUZVQigGUGZG) ® diag(X3)},



46 Chapter 3. Gaussian Process Koopman Mode Decomposition

where we use (3.16) and tr(DA) = diag(D)"diag(A) for any diagonal matrix D.
Note that if G is a Gram matrix of latent variables X = (x, xo,...,x7)", i.e., G =
(k(xi,x;))ij (= K1 in (3.12)), then the elements of V,,,G become zeros except for the

i-th row and column, and tr(priG) = 0. In such a case, further simplification is possible:

tr{(c’I+G ® H)™'(V,,G ® H)}
~ =20 *diag{(c*I + X% ® %)} T
X {[(U; Vs, G) © Ug,; © diag(33)] ® diag(Zf)},

xpi

where © denotes the Hadamard product and priG:i and Ug_; are the i-th column vectors

of VG and Ug, respectively.

We next consider the second term in (3.20). By defining the transformed data onto

the lower dimension
vec(Y) = (6’1 + 32 ® 32) 'vec(ZpUsYUGY6),
we obtain the following approximation:

vec(Y) (c’ I +G ® H)_I(VQ?G ® H)(6°I + G ® H) vec(Y)

~ o Hvec(Y) ~ [(UsZ6) ® (UnZm)lvec(Y)} [V G ® (UnZ{U)]
x {vec(Y) - [(UcZs) ® (UpZy)]vec(Y)}

= o *vec(Y)* [VefG ® (UyXiUj)]vec(Y)
— o *vec(Y)* [(ZgUgVQigG) ® (Z?{U;})]Vec(Y)
— o 4vec(Y)* [(VerGUGZc) ® (Ugx3)]vec(Y)
+ o tvec(Y)* [(ZgUZVQ?GUng) ® Z;)]Vec(?)

= o Mr(CHULY VG Y Un) - 0 tr(SULY VG UGZ6Y)
- o' (YEqUG VG Y UnE)) + a—4tr(z;1?zgugVG?GTU_GZG?*),

where Uy denotes the conjugate matrix without the transpose of Ug. Furthermore, in the
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particular case where G is a Gram matrix consisting of X = (x1, x,...,x7) ", we have

G® H)(c*I +G® H) 'vec(Y)
GIY'UySiUyY, — Vs, GIUGEGY ZHULY

GIUGZGY*Z?_IYZGUGJ; }.sleigoalssigma0

vec(Y)* (e’ I +G ® H)_I(pr
~ 20_4Re{pri
— UL, 36Y SHURY V.G +V

xpi

Derivatives w.r.t. 0"

The derivative of the cost function £(89, 8") w.r.t. 9!’ is

Vont = —tr{(c* I+G® H) ' (G® VorH)}
+vec(Y) (6’ I+G® H) ™ (G® VyuH) (o’ I + G® H) 'vec(Y). (3.21)

We can approximate the first term in (3.21) as

tr{(c’I+GH) ' (G® VorH)}
~ o tr(G® VorH) ~ o 2tr{[(UgXg) ® (UpZp)]
X (P I+2% ®%%)  [(UsZs) ® (UnZn)]* (G ® VorH)}
= a_ztr(G)tr(VG?H) — o 2tr{(o* I+ 3L ® 327!
X [Z5 ® (ZHU;IVQ?HUHZH)]}
= o_ztr(Zé)tr(Veth)
— o *diag{(c’I + 2% ® 27) '} "diag{Z;, ® (ZnUp Vg HURZH)}
= O'_Ztr(ZzG)tr(VelgLH)
— o *diag{(c’I + 2% ® 27) '} {diag(T}) ® diag(SnU} Vs HURZEn) }.

Consider H = WW™ and the derivative with respect to wgy in the first CN (-, -) in (3.12).

In this case, a more computationally inexpensive form is available:

tr{(c*I+G® H)"'(G® V,,, H)}
~ 20_2tr(2é) — 20 *diag{(o*I + ZZG ® Zz)_l}T
x {diag(Z4) @ [(Upwi) © Upg. © diag(%3)]}.
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For the second term in (3.21), the following approximation is similarly obtained:

vec(Y)* (6’I+G ® H) ™' (G ® V. H)(0°I + G ® H) 'vec(Y)

X

oH{vec(Y) ~ [(UcZs) ® (UnZp)lvec(Y)} [(UsZEUG) ® Vg H]
x {vec(Y) - [(UgZ) ® (UyZy)]vec(Y)}
o *vec(Y)*[(UGZEUL,) ® VH?H]Vec(Y)

— o vec(Y)*[(ZLUL) ® (ZHU;IVeihH)]Vec(Y)
— o tvec(Y) [(UnZ}) ® (VQ;,HUHZH)]Vec(l?)
+ o tvec(Y)* X ® (ZHU;}VQI_;,HUHZH))]Vec(l?)
= o u(ZFUGY Vg HYUg) - o~ tr(YERUV g HYUGE)
— o ' (BFULY Y HULERY) + 0~ tr(BEY ZhULV p HURZRY ).

When H = WW* and taking derivative with respect to wyy.,

vec(Y)* (6’ I+G® H) ' (G® VY, H)(c’I + G® H) 'vec(Y)
~ 20 (Y JUGSEULY 'wi — YIUGEEY SHU s wi
— U}, SuYSEULY "wy + U SV SEY SUswy).

These derivative approximations of £(6, 8") imply the effectiveness of our low-rank
approximation in terms of computational costs, which are lower than those of the
Stegle’s method [Stegle et al., 2011, Rakitsch et al., 2013].

3.9 Invariance Under Shuffling Snapshot Pairs

We sometimes know how (y,_;,y,),t = 1,..., T are paired, but we do not know the
correct order of the timepoints. More formally, let 7 : {1,...,T} — {1,...,T} bea

permutation map. We have the pairs

(Ye(t-1) Yo(ry)» Tor t=2,....T,
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as observed data, but the permutation 7 is unknown. In other words, the shuffled

observation matrices Yo, Y; € CP*(T-1 is obtained as

YO = (yT(1)3 yf(g), ceey yT(T—l))’
Y, = (yT(Z)’ Yr3) -+ -syT(T)),

and there exists a (T — 1) x (T — 1) permutation matrix P such that Y, = Y,P and
?1 = Y1P

DMD even works in this setting. The solution of (3.7) is Y, Y| = A in general.

Recall that the pseudo-inverse is given by

Yo(YoYy)™h for D<T-1
Yy =4Y,! for D=T-1 (3.22)
(Y;Yo)'Yy;  for D>T -1,

if Yo € CP*(T-1 i full-rank”. For every case in (3.22), we can confirm that A = YlYf)' =
?1?3 holds. This means that the DMD procedure with the shuffled observation matrices
Y, and 17; produces the same result as the unshuffled observations.

Let us see the invariance of GPKMD under shuffling snapshot pairs. Before
marginalizing {by;}, GPKMD has the joint likelihood

(Y H{xe} A} (wieh, {bua}, o)

T K
= rl CN Y. Z (Z bkllﬁl(xr(t))) Wi, 621)
=1 k=1 1
K
XCN |y Z Ak (Z bkll//l(xr(t—l))) Wk, 621) ,
k=1 ;

from (3.11). After the marginalization, the permutation 7 effects the GPDM prior as:

p(x1,...,x7) = MN(X1P|O,I, PTKxP + sI).

“*In this subsection we use t = 1,.. ., T for timepoints while t =0, .. ., T are used in (3.7).
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This reformulation preserves the original value because
p(x1,...,x1) = MN(XP|O,I, PTKxP + s°I)

1
oc exp —Etr((PTKXP +s2I)'PTX] X, P)

1
oc exp —Etr(PPT(KX +s2I)7'PPTX] X))

1
oc exp —Etr((KX +s2D) 7' X] X)) | o« MN(X1|O, I, Ky + s2I)

holds.
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Minorization-Maximization for

Determinantal Point Processes

4.1 Background

A determinantal point process (DPP) is a probabilistic model that represents the
occurrence probability of random subsets of a ground set. Initially, DPPs introduced in
statistical mechanics to describe the probabilistic behavior of fermions [Macchi, 1975].
In recent years, broader applications of DPPs have been developed in the machine
learning community [Kulesza and Taskar, 2012].

An important feature of DPPs is the presence of negative dependence [Borcea et al.,
2009]. There exist some characterizations of negative dependence [Mariet, 2019],
and here we consider (pairwise) negative correlation as an example. Letting A be a
random subset, P({i, j} C A) < P(i € A)P(j € A) holds for any pair of items i, j in a
ground set when P(-) is defined as a DPP. This means that DPPs can take into account

inter-element repulsion, which encourages the occurrence of diverse subsets. This feature
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aligns with a variety of machine learning applications, such as diversity-promoting
image search [Kulesza and Taskar, 2011], recommender systems [Gillenwater et al.,
2014], base station configuration for cellular networks [Miyoshi and Shirai, 2014],
random design regression [Derezinski et al., 2022], and locating inducing points of
sparse variational Gaussian process regression [Burt et al., 2020].

A natural problem on DPPs is efficient learning of the parameters. Since a DPP
defined on a finite ground set is parameterized by a positive semidefinite kernel matrix,
the learning methods are roughly classified into three approaches: (a) assuming the
kernel matrix is full-rank and having no additional structure (full-rank DPPs), (b)
assuming the kernel matrix is low-rank (low-rank DPPs), or (c) assuming other tractable
structure for the kernel matrix.

So far, some learning methods have been designed for full-rank DPPs. Gillenwater
et al. [2014] pioneered the learning problem of DPPs; they developed an EM algorithm
for full-rank DPPs. Mariet and Sra [2015] later proposed a fixed-point algorithm for
full-rank DPPs. They derived a simple update rule for the kernel matrix and showed
its monotonicity by finding its equivalence with a minorization-maximization (MM)
algorithm. Their experiments also showed that the fixed-point algorithm is more efficient
and stable than the EM algorithm.

Gartrell et al. [2017] introduced low-rank DPPs. Learning low-rank DPPs involves
gradient-based optimization. Mariet et al. [2019a] proposed contrastive estimation as an
alternative of the maximum likelihood estimation (MLE), while Osogami et al. [2018]
incorporated temporal dynamics into low-rank DPPs. A Bayesian extension of low-rank
DPPs was also proposed in [Gartrell et al., 2016].

In principle, without special structures, it is difficult to overcome the O(N?) time
complexity for full-rank DPPs and O (NK?) for low-rank DPPs, where N is the size of
the ground set and K is the rank of the kernel matrix. To go beyond these complexities,
DPPs with special structure are developed, such as Kronecker DPPs [Mariet and Sra,
2016] and the “diagonal+special low-rank™ structure [Dupuy and Bach, 2018].

Our study focuses on learning of full-rank DPPs. While full-rank DPPs are sometimes
not suitable for problems with a large ground set, we often want to conduct an exact
inference for small- to medium-sized problems. For example, consider a hypothetical
application of a DPP. The first step in the data analysis is to assess whether DPP-based
modeling is appropriate for our task or not. Even if our final goal is to handle large data,
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we typically take relatively small data collected provisionally during this assessment
phase. In such a situation, we hope to utilize a ready-made learning algorithm: requiring
less hyperparameter tuning, easily implementable, well-behaved, and good convergence
speed. However, the existing methods for full-rank DPPs have some difficulties; the
EM algorithm [Gillenwater et al., 2014] internally requires optimization on a Stiefel
manifold, making the learning procedure complicated and unstable. In [Mariet and Sra,
2015], the authors introduced a step size in order to accelerate the fixed-point algorithm,

but the step size was fixed throughout the learning.

4.1.1 Contributions

In this chapter, we propose a simple yet powerful learning rule for full-rank DPPs based
on the MM algorithm. Our method increases the log-likelihood monotonically and stably,
and locally provides a tighter minorizer than the fixed-point algorithm. Our minorizer is
concave while the fixed-point algorithm maximizes a non-concave minorizer in the
iteration. This means it has no concern about optimization failure in each iteration.
Moreover, we also develop an accelerated version of the proposed MM algorithm.
Although the accelerated algorithm requires fixed hyperparameters, the step size is
determined adaptively in each iteration. We conduct experiments with both synthetic and
real-world datasets and our method outperforms the existing methods in most settings.

In summary, our main contributions in this chapter are:

* We present an easy-to-implement learning method for full-rank DPPs based on the
MM algorithm. By the property of MM algorithms, our method monotonically

increases the log-likelihood.

* We compare the tightness of the minorizers between the existing and proposed
methods. The fixed-point algorithm for DPPs proposed in [Mariet and Sra, 2015]
can also be viewed as an MM algorithm. Our result indicates that our minorizer
locally provides a tighter lower-bound than the existing method. Moreover, our

method provides a concave minorizer unlike the exsiting method.

* We derive a generalized form of the minorizer and develop an accelerated
algorithm. We also provide an adaptive method to determine the step size values

in iterations for the accelerated algorithm.



54 Chapter 4. Minorization-Maximization for Determinantal Point Processes

* We conduct experiments to evaluate learning algorithms for full-rank DPPs using
both synthetic and real-world datasets. Our empirical results show the superiority

of our method in convergence speed and stability.

4.2 Learning Algorithm

In this chapter, we develop a learning algorithm for L-ensembles (2.15). Given M
samples denoted by A, Ay, ..., Ay C Y, our goal is to solve MLE. That is, to find a

maximizer of the log-likelihood
1 M
flL)=— ; log det([L]4,) — log det(L + I)

1 M
= Z log det(U s, LU, ) —logdet(L +I), (4.1)

m=1

where U g, € {0, 1}mXN js the submatrix of I obtained by keeping the rows corre-

sponding to the elements in A,,.

4.2.1 MM Algorithm

A minorization-maximization (MM) algorithm is a powerful meta-algorithm for finding
a local maximizer of a generally non-concave objective f(8) [Hunter and Lange, 2004,
Sun et al., 2017]. The MM algorithm consists of two steps: (i) find a minorizer g(6|6")
of f(0) that satisfies

* £(6) 2 g(010")
* £(6) = g(0]0)

for all @ and 6 within a feasible region. Then, (i) maximize the minorizer g(8|6")
with respect to # and set #*!) = arg max g(9|6")). Repeating this process, we can
obtain a sequence of the parameters {0 },>, which monotonically increases the

objective value, because

f(e(t+1)) > 9(9(t+1)|9(t)) > g(e(t)w(t)) :f(e(t)) 4.2)
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>

6 6, 6y 7

Figure 4.1: Outline of an MM algorithm. The yielded parameters (shown in pink)
increase the objective function f(6) monotonically.

holds. Figure 4.1 outlines the MM algorithm. We can see that the yielded parameters

0o, 01, 05, . . . increase the objective function f(6) monotonically.

Since log det(+) is concave on S, the objective function (4.1) is a combination of
concave and convex functions. From the concavity of log det(-), the following linear

upper bound is derived with the first-order Taylor expansion
log det(X) < logdet(Y) +tr{Y /(X - Y)} = logdet(Y) +tr(Y'X) —n (4.3)
forany X,Y € S?,,n € N, and by swapping X and Y,

log det(X) > logdet(Y) — tr{X }(Y — X)} = logdet(Y) —tr(X'Y) +n (4.4)

also holds.

From (4.3) with X — L+ I and Y — LU*D + I, we have
—logdet(L+1I) > —logdet(L® + I) — tr{ (L) + I)"Y(L — L)}, (4.5)

which yields a choice for minorizing the objective (4.1). This method is referred to as

the concave-convex procedure (CCCP) [Yuille and Rangarajan, 2001], a special case of
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MM algorithms. However, the minorizer derived by the CCCP has no closed-form

maximizer in our case, therefore, we devise an easy-to-optimize alternative.

4.2.2 Proposed Algorithm

In the proposed minorizer of (4.1), the convex part is lower-bounded linearly by (4.5)
and the concave part log det([L]#, ) = logdet(U#,, LU;[ ) is also lower-bounded. The

following proposition provides the concrete form of our proposed minorizer.
Proposition 4.1. Let f(L) be given by (4.1) and
g(LIL®)

1 M
= =7 2 (LU L) U, LOLT} — (L + 7L} + L(LY), (4.6)
m=1

where

Z(LM)

1
Al}:{mgdaxuﬂmL“hj;m)+kﬂm@-bgdeuL“>+1)+tﬂ(L“>+1y*L“h

m=1
is a constant term. Then, f(L) > g(L|IL") and f(LW) = g(LW|LY) hold for any
LL® e sN.

Proof. For any positive definite P, P; > 0 and any square or broad non-degenerate

matrix A, the following matrix inequality holds [Sun et al., 2016, 2017]:

(APAT)™' < R'AP,P"'P,ATR;",
Rt = APtAT,

and thus we have

tr{(APA")"'S} < tr{R;'AP,P"'P,A"R;'S} 4.7)
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for any appropriately sized and positive semidefinite S > O. Using the lower-bound
(4.4) with the substitutions X — U, LUL , Y — Ug,LOU] and (4.7) with
A—-Ug,P— LP — L® and S — UﬂmL(t)U;I , we have

log det(Un, LU ) > |Ap| +logdet(Ua, LOUY ) - tr{(Uxn, LU )'Un, LOUT }

> |Ap| +logdet(Ua, LYOUT ) —tr{LYUY [LY]ZH Un,LOL}.
(4.8)

Combining the lower-bounds (4.5) and (4.8), we can construct the minorizer of f(L) as
(4.6). O

In order to obtain the maximizer of (4.1), we iteratively optimize the proposed
minorizer g(L|L®) by solving the first-order optimality condition for t = 1,..., T. Since
g(LlL(t)) is concave because of the convexity of tr(X 1) for X > 0, a stationary point of

g(L|L®) is also its global maximizer.

Proposition 4.2. A global maximizer of g(L|L\)) satisfies

~L(LY + DL+ QY =0, (4.9)
where
1 M
](\2) —® MZU;‘m [L(t)];[lmUﬂm LW (4.10)
m=1

Proof. Noting that Vxtr(AX) = AT and Vxtr(AX™ 1) = —(X"'AX™1)T for appropriate

matrices X and A, the optimality condition of (4.6) is
Vig(LIL?) = L7V L — (LW + ) = 0. A.11)

By multiplying both sides of (4.11) by L, we can see that the stationary points of
g(L|L®) satisfy (4.9). From the concavity of g(L|L")), we obtain the result. O

The matrix quadratic equation (4.9) is a special case of the continuous algebraic
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Algorithm 1: Minorization-Maximization (MM)
Input: Training set {{A;, As, ..., Apr}, initial value L > O, and machine epsilon
e=20
Output: L
fort=1t0T do
A« O;

1 M
0, L MZ UL (LI7 Ua, | L+eI;
m=1

G— (L+D)7%
L « SolveCARE(A,Q,,G); // Solve Equation (4.12)
end

Riccati equation (CARE):
ATX+XA-XGX+0Q =0, 4.12)

where X € SN is unknown, and G, Qe SN, A € RN*N are fixed coefficient matrices.
CARE is well-studied in control engineering and is solvable by some numerical methods
such as the Schur method [Laub, 1979] and Newton’s method [Bini et al., 2011,
Benner and Byers, 1998]. It is worth noting that CARE solvers are available in most
programming languages through packages for scientific computation; for example,
SciPy in Python and MatrixEquations. jl in Julia.

In addition, we can confirm the following statement as a corollary of Proposition 4.2.

Corollary 4.1. With the same notation as in Proposition 4.2 and a positive definite
initial value L'®) > 0, we have rank(L®") = rank(Qj(VtI))for t=1,2,...

Proof. Since L' is positive definite, (L(®) + I)~! is non-singular. Therefore, from the

optimality condition (4.9),
rank(L (L + 7' LD) = rank(L™") = rank(Q}}).

By applying similar operations recursively, the result can be confirmed. O

From the assumption in Corollary 4.1, we find that L(”) should be initialized by

some positive definite matrix. See the experimental settings described in Section 4.4
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for examples of the initialization. Corollary 4.1 also says that if Qz(\?

is degenerate,
the solution of (4.9) must also be degenerate. This means that when Q](\? is singular,
the solution of (4.9) falls outside the feasible region SY,. This problem arises when
some elements of Y are never observed in the given data Ay, As, ..., Ay, that is,
UM_, A,, € Y holds. To avoid this issue and stabilize the numerical computation, we

recommend to solve
LY+ D'L+QY +eI =0

with a machine epsilon ¢ > 0 instead of (4.9). We note that the choice of the machine
epsilon ¢ does not affect the estimate significantly; we use ¢ = 1071° throughout this
chapter. The procedure for the proposed MM-based learning is summarized in Algorithm
1.

4.2.3 Relation to the Existing Method

Mariet and Sra [2015] derived the following update rule to maximize (4.1) as a fixed-point

algorithm:
LD — @ 4 aL(t)Vf(L(t))L(t), (4.13)

L& T -1 -1
Vf(L) =+ > Uh [LIZ Ua, ~ (L+D)7,
m=1

where a > 0 is a step size. For a = 1, they also show that the update rule (4.13) can also

be regarded as an MM algorithm with the non-concave minorizer

1 M
h(LILY) = _MZ tr{LOUY [LV]5 Ua, LYLT)

m=1

—logdet(L) — tr{ (LY + DT'LILW} + £(LW), (4.14)

where (L") is a constant term and explicitly given in Section 4.6. Comparing (4.14)
with (4.6), we can see that the lower-bounds for the first term in (4.1) are the same, and
those for the second term only differ. With respect to these minorizers, the following

proposition holds.
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Proposition 4.3. For g(L|L"")) defined in (4.6) and h(L|L®) defined in (4.14), it holds
that g(L|IL®) > h(L|L®) for L in the §-neighborhood of LV : B5(L®) = {L) + 6M :
M is a symmetric matrix whose eigenvalues are all in [—1, 1]} with a sufficiently small
é>0.

Proof. We have the following inequality:
g(LILW) = R(LILW) > tr{(LY + )71 (2L — L - LYL'LD)}, (4.15)
where the derivation is shown in Section 4.6. If L € B5(L"), we have
2L®W — L - LWL'L® » O, (4.16)

Details of the derivation can be found in Section 4.6. Applying the approximation (4.16)

to (4.15), we can conclude the proposition. O

Proposition 4.3 states that the proposed minorizer gives a tighter lower-bound of
the objective than that of the existing method locally. This leads to a tighter leftmost
inequality in (4.2), making it likely that the proposed method will produce better
LY Figure 4.2 shows the behavior of the minorizers in the neighborhood and
non-neighborhood of L®). The proposed minorizer becomes looser as L moves farther
away from L"), but the experimental results in Section 4.4 show that the proposed
method converges faster in most cases. Note that the minorizer of the fixed-point
algorithm is non-convex as seen in Figure 4.2b. This implies that the fixed-point

algorithm is possible to get trapped in poor stationary points of A(L|L®).

4.2.4 Computational Costs

In our method, the total computational cost per iteration is O(Mx® + N?), where
K = maxy,|Ayl|. It is computed as follows; the computation of QI(\Z) in (4.9) requires
O(ZM_ | Anl® + N®) = O(Mx® + N®) operations, including the evaluation of [L(t)];llm
forall m = 1,2,..., M and the matrix multiplications of the N X N matrices. The
inversion (L + I)~! and solving the CARE also cost O(N?).

The computational complexity of our method is equal to that of the fixed-point

algorithm [Mariet and Sra, 2015]. Although our method incurs additional O(N?)
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Figure 4.2: Behavior of minorizers.

computations due to the CARE, the experimental results in Section 4.4 show faster
convergence of our method in computational time. We note that gradient-based learning
of a low-rank factorized DPP also takes the same O(Mx> + N*?) per iteration if the
factorization is full-rank [Gartrell et al., 2017, Osogami et al., 2018].

4.3 Generalization and Acceleration

In this section, we develop generalization of the minorizer (4.6) and the CARE (4.9) for

further acceleration of the algorithm.

4.3.1 Generalizing the Minorizer

By adding a penalty term to the mean log-likelihood (4.1), we can generalize the

objective as
£ (LILY) = (L) = fOd(L|LY), (4.17)

where p(Y) > 0 is a non-negative coefficient and d(-||-) is an appropriate divergence
defined on S¥, x SY,. The additional penalty term p(V'd(L||L") effects to prevent a
big change from L® to L(*V. By the definition of a divergence, d(L||L®")) > 0 for
any L, LY € SY, and the equality holds if and only if L = LY. This means that the
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Algorithm 2: Accelerated MM

Input: Training set { Ay, A, ..., Ar}, initial value L > O, machine epsilon
€ > 0, tolerance 6 € (0, 1), and acceleration steps T,e. € {0,1,...,T}
Output: L

fort=1t0T do
1 M

T -1 .

H«— M;Uﬂm[uﬂmuﬂm ;

if t < T, then
‘ p — min {max {—1/An.x (H(L+1)),—-1}+5,0};
end
else
‘ 1 0;
end
A« O;
Q,, < (1+p)LHL + eI;
G, — pH+(L+I)7™Y
L < SolveCARE(A,Q,,,.Gy); // Solve Equation (4.12)
end

generalized objective f,) (L|L™) also works as the minorizer of f(L). Specifically,
such a scheme is called the proximal point algorithm if the divergence d(-||-) is the
squared Euclidean distance [Parikh and Boyd, 2014]. Or it is also called mirror ascent
(descent) or Bregman minorization (majorization) if d(-||-) is a Bregman divergence

[Nemirovsky, 1983, Beck and Teboulle, 2003, Lange et al., 2021].

In our case, we consider a logdet divergence:
Dy(X||Y) = —logdet(X) +logdet(Y) +tr{Y (X - Y)},

and define d(-||-) as

1 M
d(LILY) = = Dy([LY Lla,)- 4.18
(L)) Mmz (L9, I[L],.) (4.18)
The defined d(-||-) in (4.18) satisfies the definition of a divergence if and only if
Um Am = Y holds. The divergence (4.18) leads the following minorizer of (L) and

fuo (LILM),
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Proposition 4.4. Let f(L) be defined in (4.1) and f,) (L|L\") be defined in (4.17) with

1D > 0 and the divergence (4.18). Then, the concave function

(t) M

gym(LlL(t)):— Ztr(L(t)UT L(f)]  Un Lop

(t) M
——Ztr( [LO1Z [Lla,) = tr{(LD + DL} + 0 (LY),

where { ) (LMY is a constant term, is the minorizer of f(L) and fuo (L|IL®).

See Section 4.7 for the proof.
We can maximize g, (-|L™) by solving a CARE in the same manner as Proposition
4.2.

Proposition 4.5. A global maximizer of g, (L|IL®) satisfies the CARE
L {,N)H](\? + (L 4 1)—1} L+(1+pMLOHYLY = 0, (4.19)

where

(t) ZUT (t) Uﬂm

H,, () degenerates if U 1 Am S Y holds as well as Q(t) L® H](\?L(t) defined in
(4.10). For p® = 0, we have gy (L|IL®) = g(L|L®) and the update rule (4.19) comes
down to the original CARE (4.9). For ¥ > 0, the update rule (4.19) also works as the

MM iteration but the convergence may become slower by the penalty term.

4.3.2 Acceleration and Hyperparameter Determination

What happens if the coefficient y?) is set to negative? Then, fuo (L|IL®) and 9y (L|IL™®)
can no longer be regarded as the minorizers, but it is expected that the update rule
produces a bigger change from L) to L**) and the learning speed may become faster.
However, similar to the learning rate of a gradient descent, a too large absolute value for

1™ < 0 may lead to bad convergence. Worse still, the solution of the CARE (4.19) can
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even not exist. Our approach to decide the negative ) < 0 is to ensure that there is at
least a feasible solution to the CARE (4.19).

Lemma 4.1. Let G € SN and Q € SY, be fixed coefficients and X € SN be unknown.

Then, the following equation
XGX =0 (4.20)

has a solution in S, if and only if G > O.

Proof. If G is not positive definite, any X does not satisfy (4.20). Taking the
contrapositive, if X is the solution of (4.20), G must be positive definite. Conversely, if G
is positive definite, G? > O exists and the equation (4.20) becomes XG:G:X = Q%Q%.
We thus have XG? = Q% and the equation has the solution X = Q%G_% esh. O

Proposition 4.6. Suppose H](\Z) > O. Then, the CARE (4.19) has a solution in SY, if
p > max{~1,~1/Amax (H\? (LY + 1)}, 4.21)

where Amax(X) denotes the largest eigenvalue of X.

Proof. The right-hand side of the following CARE
L{pOHY + @0+ D L= (4 pOLOHY LY (4.22)

is positive definite by the conditions. For ;*) > 0, the solution of (4.22) immediately
exists by Lemma 4.1. When -1 < ,u(t) < 0, we can see that the solution exists if and

only if

pHY + (LY + D7 >0
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also from Lemma 4.1. Then, we have

(03

1 _1 _1
pOHY + (L0 + D7 >0 e HY 21+ HY 20O+ D HY HHY? <0

1 _1
[+ Y210+ HY T <0
t =3y (¢ 1aa(D-1
PO > —H\)2(LY + D7 H,,)
1O > Ao (=H) (LD + D7)
:u(t) > _1/)Lmax(H](\,tI)(L(t) +1)).

17111

O

In the accelerated algorithm, the inequality (4.21) should be satisfied strictly.
Algorithm 2 shows the entire procedure of our MM-based learning with acceleration on
the basis of Proposition 4.6. In Algorithm 2, we introduce two hyperparameters; one is
a tolerance § > 0 that guarantees the inequality (4.2 1) strictly and T, € {0,1,...,T}
denotes up to how many iterations the acceleration is applied. We can automatically
adjust the step size coefficient ) at each iteration within the algorithm with fixed
d > 0, while user-defined fixed step size coefficients are used in the existing fixed-point
algorithm [Mariet and Sra, 2015]. In the resulting algorithm, we decide the step size by

4 = min {max {—1/Amax (H}?(L“) + 1)) , —1} +6, o}

to ensure (4.21) and prevent x¥ > 0, which may provide monotonic but slower
convergence than p(Y) = 0. Since only the largest eigenvalue of Hz(\? (L™ +1) incorporates
in the inequality (4.21), determining y*) takes less computational time than solving the
CARE.

4.4 Experiments

4.4.1 Experimental Settings

We evaluate performance of the learning methods for full-rank DPPs through experiments

on synthetic and real-world datasets. For references, we take the fixed-point algorithm
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(FP) [Mariet and Sra, 2015] and Adam [Kingma and Ba, 2015] as a representative
gradient-based method. For Adam, we factorize the kernel matrix as L = VV' by
V € RVXN and optimize V with the low-rank DPPs [Gartrell et al., 2017, Osogami et al.,
2018]. We adopt full-batch learning for all the algorithms.

We provide the following two initialization schemes with reference to [Mariet and
Sra, 2015]:

« WISHART: We sample an initial value from the Wishart distribution as L(® ~
W(N,I)/N.

* BASIC: We uniformly sample 05}9) ~ U(0, \/E/N) fori,j = 1,2,...,N and
initialize as L(® = vOyOT,

The WISHART initialization provides a near-identity matrix, while BASIC provides a
unstructured matrix for L.

We adopt the acceleration schemes for each algorithm. We set the step size a = 1.3
for the fixed-point algorithm' and the tolerance § = 0.15 for the proposed MM algorithm.
For T,.. < t, we use the default parameter a = 1 for the fixed-point algorithm, which
monotonically increases the objective but no acceleration is applied, and the same
way is used for the proposed MM. In Adam optimization, we employ the default
values f; = 0.999, B, = 0.9 for the decay rates, and the machine epsilon € = 1078, The
acceleration steps T, of the fixed-point and MM algorithms and the learning rate n
of Adam are set to be different with the initialization schemes: T,.. = 5, = 0.1 for

WISHART initialization and T,.. = 10, = 0.01 for BASIC initialization.
[f(LD)—fFLUD)]
IF(LU=D)]
satisfied. We set 8] = 107* as the relative tolerance for all the experiments reported

In each experiment, we stop learning when the criterion

< 5t01 is

below. We implemented all the experiments in Julia, and all our experiments were run
on a Linux Mint system with 32GB of RAM and an Intel Core i19-10900K CPU @
3.70GHz.

4.4.2 Datasets

We compare the learning algorithms with the following three datasets.

I'This is a possibly large value that does not fail optimization in our datasets.
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Synthetic

We make true parameters as L* = V*V*T with 0;‘]. ~U(0,10/N) fori,j =1,2,...,N,
and sample M realizations from the DPP P+ (-). We consider three different problem
sizes: (N, M) = (32,2,500), (N, M) = (32,10,000), and (N, M) = (128, 2,500). Because
the true parameters are constructed from the uniform distribution, they are likely to have
no clear structure. Using this Synthetic dataset, we test the general applicability of
our method.

In Synthetic, true parameters L* are available; we assess goodness of estimation
using not only log-likelihoods but also the von Neumann divergences Dyn(L, L*) =
tr(Llog L — Llog L* — L + L*), which is a Bregman divergence for positive definite

matrices.

Nottingham

We apply our method to the Not t i ngham music dataset’, which was used in [Boulanger-
Lewandowski et al., 2012, Osogami et al., 2018]. The dataset contains more than 1,000
folk tracks in the ABC format in which a sequence of chords is stored. We treat each
chord in the tracks as an i.i.d. sample of a DPP on the ground set {1, 2,..., 88}, where
N = 88 is the number of keys. We randomly pick 25 tracks and that yields M = 6,364
samples on average.

In Nottingham, there is large disparity in the probability of each item appearing,
with very low- and high-pitched keys being rarely used. Moreover, music theory
prohibits certain key combinations within a chord. From these facts, the optimal L* of

the Nott ingham dataset is expected to have unknown but particular structure.

Amazon Baby Registry

Amazon baby registry has served as a benchmark for learning methods of DPPs
since [Gillenwater et al., 2014]. It contains 13 categories of child care products, including
“feeding” and “‘carseats,” and on average, has N = 71 items and M = 8,585 samples,
respectively. We run our experiment on each of the 13 categories to assess performance

of the learning methods for medium-sized recommender systems.

2 Available at https://abc.sourceforge.net/NMD/.
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Table 4.1: Final mean log-likelihoods, runtimes, and von Neumann divergences
Dyn(L, L*) of the Synthet ic datasets. Each value is computed from the average or
standard deviation of 30 trials with the accelerated settings.

WISHART BASIC

Data Size  Method | Log-likelihood Runtime (s) vN div. Log-likelihood Runtime (s) vN div.
N =32 FP —15.58 £ 0.15 0.39 £0.03 38.22+1.85 —15.61 £ 0.20 1.46 £ 0.31 41.39 +£4.17
M :_2’500 Adam —=15.55+0.16 0.36 £0.23 56.77 £ 9.40 —-15.64 £0.34 0.71+0.37 33.42+3.13
MM —15.58 £ 0.15 0.18 £0.07 42.63 + 2.38 —-15.45+0.20 0.21+0.03 30.16 + 1.97
N =32 FP —-15.58 £0.17 1.32+0.14 38.05 +2.01 —-15.71+0.14 5.59+0.85 40.79 +3.29
M= ;0’000 Adam —=15.58 £ 0.17 1.23+0.56 49.35+4.54 —-15.70 £ 0.22 3.05+1.45 32.50+2.11
MM —-15.58 £0.18 0.48 £0.09 42.53+243 || —15.55+0.14 0.77 £0.09 29.75+ 1.52
N =128 FP —-30.14 £ 0.18 3.36 £0.22 36.17 £0.45 -30.34 £ 0.19 6.37+£0.48 52.62+1.74
M :_2)500 Adam -30.18 £0.22 250 +0.40 44.88 +1.53 —-30.46 £1.08 2.30+0.56 39.44+5.54
MM -30.11 £0.18 0.69+0.05 42.54+0.53 || —30.08 £0.19 1.27+0.21 32.15+0.55

4.4.3 Experimental Results
Synthetic

The final mean log-likelihoods, runtimes, and von-Neumann divergence values of
the Synthetic datasets with the acceleration are presented in Table 4.1. For each
experiment, we conducted 30 trials with different L* and L(*) and calculated the average
and standard deviation. As shown in Table 4.1, our method (MM) achieves the best
runtimes for all the settings. While the final log-likelihood values are almost equivalent
by the algorithms in WISHART initialization, those obtained by the proposed MM
tend to be larger in BASIC initialization. Furthermore, our method also produces
the best von Neumann divergences Dyn with BASIC initialization and moderately
performs with WISHART initialization. The results show good stablity of our method;
the proposed algorithm is considered to be favorable in standard situations. The result of

the Synthetic datasets without the acceleration is also shown in Section 4.8.

In Figure 4.3, we show the learning curves with and without acceleration. While the
fixed-point algorithm convergences stably yet slightly slow without the acceleration,
the accelerated version becomes competitive in WI SHART initialization. The Adam
optimizer may temporarily fall into poor local optima, depending on the initial value. On
the other hand, the proposed MM algorithm consistently indicates stable and rapid
convergence both with and without the acceleration.



4.4 Experiments 69

- —— FP (default) - —— FP (default)
o —— Adam (default) 1<) —— Adam (default)
o —— MM (default) o —— MM (default)
< — - FP (accelerated) < — - FP (accelerated)
o] — - Adam (accelerated) D — - Adam (accelerated)
X —— - MM (accelerated) X 14 — - MM (accelerated)
= 1 — - true param. = 10 1 — -true param.
o 10 (o))
o o
c c
© ©
(9 [
IS S
(D Q
> >
=} =) .
© ©
S ol g |
c 10 - e — —— — c .
0 1 2 3 0 1 2 3
CPU time (s) CPU time (s)
- —— FP (default) - —— FP (default)
el ——— Adam (default) o ——— Adam (default)
o —— MM (default) o —— MM (default)
< — - FP (accelerated) < — - FP (accelerated)
ol —— - Adam (accelerated) ol —— - Adam (accelerated)
X~ — - MM (accelerated) X e — - MM (accelerated)
- — ~-true param. - — =-true param.
D 125 o)
o 10 <]
c c
© ©
[ [
£ €
(4 1 [
2 =
=] : =]
© 1 ©
g il g
g gl 2
A\
0.0 2.5 5.0 7.5 10.0 12,5 0 3 6 9 12
CPU time (s) CPU time (s)
- ——FP (default) - —— FP (default)
> —— Adam (default) 3 10t 70 \ ——— Adam (default)
o 1.8 —— MM (default) o —— MM (default)
< 10 — - FP (accelerated) < — - FP (accelerated)
o] — - Adam (accelerated) @ — - Adam (accelerated)
X — - MM (accelerated) X gl 65 —— - MM (accelerated)
- — -true param. - — - true param.
[ jo))
o o
c c .60
© o 10
(9 (1)
€ €
o 1046 o
2 10 2 10455
=] =]
© ©
b5 b5
c C 1ghs0
0 5 10 15 20 0 2 4 6
CPU time (s) CPU time (s)
(a) WISHART (b) BASIC

Figure 4.3: Learning curves of the Synthet ic datasets. Top: (N, M) = (32, 2,500),
Medium: (N, M) = (32, 10,000), Bottom: (N, M) = (128, 2,500). Results with the default
parameters (T, = 0 for fixed-point and MM, and 1 = 0.001 for Adam) are also shown.

Nottingham

The results of the Nott ingham dataset with the acceleration are presented in Table 4.2,
and the learning curves with and without acceleration are showed in Figure 4.4. The

convergence of Adam is remarkably rapid in the Not t ingham dataset.
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Table 4.2: Final mean log-likelihoods and runtimes of the Nott i gham dataset. Each
value is computed from the average or standard deviation of 30 trials with the accelerated
settings.

WISHART BASIC
Method | Log-likelihood Runtime (s) || Log-likelihood Runtime (s)
FpP —-8.31+0.22 40.68 £2.86 || —10.13 £0.27 33.19 + 8.08
Adam —7.84 +1.02 9.01 + 1.59 —-7.92+0.64 21.05x6.75
MM -951+0.24 19.69 +4.89 —-9.58 £0.21 19.11 £ 5.49
E —hmE |3 — Gl
< — - FP (accelerated) < — - FP (accelerated)
T 10-%° Adam (accelerated) D ! Adam (accelerated)
'A:I‘ — - MM (accelerated) A:I‘ o2kl — - MM (accelerated)
§ 1042 1 §
€ £
g)’ 10100 E)"
0 20 40 60 0 20 40 60 80
CPU time (s) CPU time (s)
(a) WISHART (b) BASIC

Figure 4.4: Learning curves of the Not t ingham dataset. Results with the default
parameters (T, = 0 for fixed-point and MM, and 5 = 0.001 for Adam) are also shown.

Under the BASIC initialization, the fixed-point and MM algorithms get stuck in
poor local optima. Since the optimal L* is considered to have a particular structure, the
BASIC initialization may not be compatible with Nott ingham. We can also find the
acceleration scheme of the MM algorithm does not perform well in Figure 4.4 (see also
the result without the acceleration shown in Section 4.8). This may be because the
assumption Ufle A, = Y for the accelerated MM is not satisfied in the Not t ingham

dataset.

Amazon Baby Registry

In Table 4.3, we show the results with the accelerated algorithms in all the 13 categories
of Amazon baby registry. Overall, our algorithm achieves moderately better

log-likelihood values and outstanding convergence speeds in most categories. Adam
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Table 4.3: Final mean log-likelihoods and runtimes of the Amazon baby registry
dataset. Each value is computed from the average or standard deviation of 30 trials with
the accelerated settings and initialized by WI SHART.

Category ~ Method | Log-likelihood Runtime (s) || Category ~ Method | Log-likelihood ~Runtime (s)

Apparel FP ~10.20 + 0.00  24.54 + 0.69 Gear FP —9.27+0.00 30.54 + 0.90
N=100 Adam | —10.08+026 17.99+261 || N=100  Adam | —9.16+0.41 25.85+5.74
M=14970 MM | -10.17+0.00 3.13+030 | M=16823 v —9.2440.00 2.02+0.38
Bath FP ~8.79+0.00 26.51+0.47 | Health FP ~7.59+0.00 13.22 + 0.35
N=100 Adam | —-8.72+079 17.97+484| N=62  Adam | —7.37+027 10.06 + 1.66
M=14542  yM | —875+0.00 2.06+047 | M=14057 MM | —755+000  2.16 + 0.44
Bedding FP ~8.79+0.00 32.23%0.73 || Media FP ~8.56+0.00  4.01+0.67
N=100 Adam | —-859+0.18 2326+131| N=58  Adam | —839+0.16 2.97+1.07
M=16370 MM | -877+0.00 479+1.10 | M=594 MM | -852+001 1.75+0.75
Carseats FP ~518+0.06  5.04 +3.27 Safety FP 476 +0.16  8.93 + 7.46
N=34  Adam | —-4.82+029 2.03+033 || N=36  Adam | —4.30+0.00 2.28+0.10
M=7566 MM | -5.00+005 496+145 | M=8892 MM | -457+005 6.19+2.10
Diaper FP ~10.71£0.00 27.16+0.83 || Strollers FP ~5.66 +0.06  4.58 +3.21
N=100 Adam | —10.61+035 2575+596| N=40  Adam | —5.25+038 2.35+0.39
M=16759 MM | -10.67+0.00 3.21+053 | M=739  MMm —5.46+0.05  6.12 +2.39
Feeding FP —12.17 £ 0.00  28.97 + 0.36 Toys FP —8.10+0.00  7.65+0.71
N=100 Adam | -12.17+0.27 1838+511| N=62  Adam | —7.94+027 577 +1.25
M=19001 MM | —-12.15+0.00 3.11+0.39 || M=10073  pMMm —8.07+£0.00 1.45+0.34
Furniture FP —4.86+0.13  4.93+4.75
N=32  Adam | —4.40+000 1.88 +0.05
M=709 MM | —465+005 537+1.78

tends to produce the best final log-likelihoods but they are not statistically significant in
most cases. Especially, when the sample size is relatively large, such as M > 10,000, our
algorithm outperforms in the convergence speed that is about 5-10 times faster than the
fixed-point algorithm.

Although the convergences of the MM algorithm seems to be slow in some of the
smaller categories in Table 4.3, that is not very serious. In these cases, the MM algorithm
quickly reaches a near optimum value, but takes longer to meet the stopping criterion.

By managing the stopping criterion, we may be able to stop its learning much earlier.

4.5 Discussion

In this chapter, we developed an efficient learning method for full-rank DPPs based

on the MM algorithm. Compared with the existing methods, our algorithm has many
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advantages: it has guaranteed convergence and monotonicity, requires no bothersome
hyperparameters, convergences rapidly and stably, and is easy to implement. Upon
considering the performance of our algorithm, we revealed that our algorithm provides
a locally tighter minorizer than the existing method. We also assessed the empirical
performance of our method through experiments on both synthetic and real-world
datasets, outperforming in terms of convergence speed and reaching a better estimate in

most experimental settings.

4.6 Proof of Proposition 4.3

4.6.1 Derivation of Equation (4.15)

In (4.14), the constant term is given by

1 M
ELY) = ) {logdet(Uaa, LOUT, ) + 170

m=1

+logdet{(L® + DT'LO} + tr{(LY + I)7'}.
By the following inequality from the Taylor expansion
—log det(L") > —logdet(L) — tr{L™' (LY — L)},
we have

g(LILD) = R(LIL®) = tr{ (LY + 1) (L' LO =T - L+ LV}
+log det(L) — log det(L®)
> tr{(LD + D) (LLY - T - L+ LD)} —tr{L (LD - L)}
—te{(LO + D)L LY L+ 2LD)) — e {L LDy - N+ N
=tr{(L® + D712LY — L - LWLLW)}.
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4.6.2 Derivation of Equation (4.16)

Let L = LY + 6M, where § > 0 is a sufficiently small coefficient and M is a symmetric
matrix whose all eigenvalues are in [—1, 1]. Then, we can approximate the matrix inverse
as L™ = (LW + M)™! =~ LO-1 — §LO-IML®-1 by the Taylor expansion. Using this

approximation, we have

oL — L - LYL'L® =20 — (LD + M) — LO (LD + sM)~' LY
~ 2L®) — (L(t) +SM) — L(t)(L(t)—l _ 5L(t)—1ML(f)—1)L(f)
= 0.

4.7 Proof of Proposition 4.4

Proof. f,» (L|L™) can be minorized as:
Fuo (LILM)

1 M
= > (logdet([Ln,) — u log det([L]a,) ~uVtr([L151, [LV]n,)

m=1

majorizing by (4.3) w/
X — [L]a,.
Y > [LW] g,

— logdet(L+1I) +const.
—_——
majorizing by (4.3) w/
X —>L+1,
Y > LY +1

1 M
> = ) logdet([L]n,) —p Ot ([LO1Z [Ln,) - iOtr([L] 7, [L0)7,)
minorizing by (4.4) w/
X — [L]a,,
Y > [LW]a,

—tr{(L+I)"'L} + const.
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>——Z<<1+u<”>tr<[ 17, (L9 ,) +u Ot ([LO]5 [L],)

majorizing by (4.7) w/
APA" — [L] 4,
S— [LW] 4,

—tr{(L +I)"'L} + const.

1+ ,u(t) M
> — > @Oy (L) Ua, LOL)
m=1
(t) M
- —Ztr( [LY]5 [L]a,) — te{ (L) + I)"'L} + const.
= 9,,<t>(L|L( ).

4.8 Additional Experimental Results

Table 4.4 shows the learning result of the Synthet ic dataset with the default (non-
accelerated) settings. We find that the proposed MM algorithm with the default setting
still performs better than the other algorithms with the accelerated settings, shown in
Table 4.1.

Table 4.5 shows the result of the Not t ingham dataset with the default settings. In
contrast to Synthetic, the performance of the MM algorithm with and without the
acceleration is not much different (cf. Table 4.2). This may be due to the absence of the
assumption required in the accelerated MM algorithm. We need J,, A, = Y in Section

4.3, but Nott ingham does not satisfy that as described in Section 4.4.

4.9 Mode Structure of Log-likelihood

While we aimed to reach a local optimum of the (mean) log-likelihood (4.1), the global
structure of the objective may be interested and informative. To seek the modal structure
of the objective, we define a Bayesian model for full-rank DPPs with weakly informative

priors and explore the posterior with a Markov chain Monte Carlo (MCMC) method. We
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Figure 4.5: Posterior marginals of L;; for i, j = 1,.. ., 8 approximated by MCMC samples.
The vertical lines show the ground truth and point estimates by the proposed MM with
WISHART and BASIC initialization schemes.
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Table 4.4: Final mean log-likelihoods, runtimes, and von Neumann divergences
Dyn(L, L*) of the Synthet ic datasets. Each value is computed from the average or
standard deviation of 30 trials with the non-accelerated settings.

WISHART BASIC

Data Size  Method | Log-likelihood Runtime (s) vN div. Log-likelihood Runtime (s) vN div.
N =32 FP —15.58 £ 0.15 0.43 £0.06 38.20+1.84 —15.61 £0.21 1.69 £0.22 42.19 +4.19
M :_2’500 Adam —15.63 £ 0.15 3.29+£0.25 63.07 £5.71 —15.54 £ 0.20 3.41+£0.17 29.51+1.85
MM —15.58 £ 0.15 0.40 £ 0.06 43.94 + 2.62 —15.46 £ 0.20 0.32 +£0.03 30.15+1.99
N =32 FP —15.58 £0.18 1.32 £0.17 38.03 + 2.00 —-15.72 £ 0.14 5.53+£0.96 41.61+3.30
M :;0’000 Adam —15.66 £ 0.17 12.83 +£1.11 61.41+5.40 —15.63 £0.14 14.59 £0.56 29.08 +1.23
MM —15.58 £0.18 1.22+0.16 43.95 +2.58 —15.56 £ 0.14 1.00 £ 0.11 29.74 +1.47
N = 128 FP -30.14 £ 0.18 3.70 £ 0.22 36.20 = 0.44 -30.35 £ 0.19 6.56 £ 0.45 53.47 +1.79
M :_2’500 Adam —=30.05+0.19 24.05+0.78 85.47 £4.02 —-30.12+0.19 5.84+0.23 33.44 +£0.56
MM -30.11 £ 0.18 1.39+0.08 44.68 +0.62 —-30.10 £ 0.19 1.29+£0.07 32.26 £ 0.50

Table 4.5: Final mean log-likelihoods and runtimes of the Not t i gham dataset. Each
value is computed from the average or standard deviation of 30 trials with the non-
accelerated settings.

WISHART BASIC
Method | Log-likelihood Runtime (s) || Log-likelihood  Runtime (s)
FP —8.30 £ 0.22 40.92 £ 3.01 —10.14 + 0.28 33.75+ 6.84
Adam —-7.81 £ 0.25 68.12 + 4.94 —-8.02 £ 0.26 103.27 £ 15.57
MM -9.51+0.25 21.73 £ 6.04 -9.59 £ 0.22 19.95 £ 3.59
use the following Bayesian model:
P(An|L) = PL(Ay) for m=1,...,M,
L = diag(oy,...,on) Q diag(oy, ..., oN),
p(Q) = LKJ(n),
p(o,) = Cauchy, (y), for n=1,...,N,

where LKJ (1) oc (det Q)71 denotes the Lewandowski—Kurowicka—Joe (LKJ) distribution
[Lewandowski et al., 2009] and Cauchy, (y) denotes the half-Cauchy distribution with
the half-width at half-maximum (HWHM) parameter y > 0. We use the hyperparameters

n = 1.001 and y = 100 which ensure weakly informative priors, and obtain 15,000
MCMC samples’ by the No-U-Turn sampler (NUTS) [Hoffman and Gelman, 2014,

3Without the burn-in periods.
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Betancourt, 2018] implemented on Stan [Carpenter et al., 2017]. We generate a synthetic
dataset consisting of M = 1,000 samples from a DPP with the ground truth parameter
L* =V*V*T, where v;; ~ U(-10,10)/16 fori = 1,...,8, j =1,...,16 (i.e., the size of
the ground setis N = | V| = 8).

Figure 4.5 shows the marginal posterior densities p(L;j|Aj, ..., Ay) for i, j =
1,...,8 and the point estimates obtained by the proposed MM algorithm. Notably the
non-diagonal elements of L;; are often bimodal with symmetry around the origin and the
MM reasonably reaches the local optima. As pointed out in [Kulesza, 2012, Section
4.3.1], the kernel matrix L in the likelihood of DPPs (2.15) is unidentifiable because the
map Mp : L — DLD with a diagonal matrix D such that D;; € {-1,+1}fori=1,...,N
does not change the likelihood value: VA C Y, Pr(A) = Py, 1) (A). The symmetric
bimodality shown in Figure 4.5 is led by this unidentifiability.
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Conclusion

In this dissertation, we focused on probabilistic models characterized by a kernel matrix
and their learning algorithms. Specifically, we developed a GP-based generative model

of KMD and an efficient algorithm for learning the full-rank kernel matrix of DPPs.

In Chapter 3, we proposed a Bayesian generative model of KMD based on an
unsupervised GP, and named it GPKMD (which stands for Gaussian process Koooman
mode decomposition). The derivation of the GPKMD likelihood was somewhat similar
to the GP regression, as introduced in Section 2.2. This involved the marginalization
of a countably infinite-dimensional coefficient vector within the mean vector. That
results complex normal distributions of which a very high-dimensional vector, and
whose covariance matrices follow a “diagonal + Kronecker factorizable™ structure.
GPs with such covariance matrices are called Kronecker GPs, and we developed a
faster evaluation method of the likelihood and its derivatives than the existing method
[Stegle et al., 2011]. Notably, we can estimate the latent variables of KMD {x;} due to
the generative modeling. Our GPKMD is the first to address direct estimation of the
latent variables within the context of KMD. In Section 3.5, we applied GPKMD to both
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synthetic and real datasets and interpreted the results from various aspects through the

estimated Koopman eigenvalues {/A; }, Koopman modes {w}, and latent variables {x;}.

This study has some limitations and future work is suggested. In this work, we
did not show the estimated eigenfunctions {¢;}. The eigenfunctions are implicitly
determined by the kernel function and the latent variables in our model, but their explicit
estimates are intractable. There is also difficulty in learning the Koopman eigenvalues
{Ax}. The angle of the k-th eigenvalue, arg Ay, corresponds to the frequency of the k-th
mode. In (3.12), however, the eigenvalues are included in the form AA* = diag(|A¢|?);
hence, the angles {arg A} do not affect the likelihood. In addition, the gradient of the
likelihood (3.12) w.r.t. Ax is proportional to A itself, and the angle remains fixed during
gradient-based learning. In the examples in Section 3.5, we practically use the DMD
estimates of {A;} to alleviate this difficulty. One promising approach for estimating
{¢x} and {Ax} is to use approximated GPs with finite-dimensional features, such as
random Fourier features (RFFs) [Rahimi and Recht, 2007]. Learning GPs with RFFs
reduces to that of a Bayesian linear function model, making it possible to obtain explicit
expressions of the estimated eigenfunctions and the eigenvalues angles. Furthermore,
while we employed gradient-based MAP estimation in Section 3.5, credible interval
estimation of GPKMD could provide more informative results. The sparse variational
Gaussian process (SVGP) is a well-established variational Bayesian method for learning
GPs, which maximizes the evidence lower-bound (ELBO) instead of the marginalized
posterior [Titsias, 2009, Titsias and Lawrence, 2010]. Although Wild et al. [2021] has
explored connections between the Nystrom method and SVGP, the development of a

variational inference method for GPKMD remains a potential area for future work.

In Chapter 4, we proposed a learning algorithm that solves MLE for full-rank DPPs
on a finite ground set. Using the MM algorithm, MLE for DPPs was interestingly
transformed into a iterative process of solving CAREs, which belong to a special class of
quadratic matrix equations. In addition, we developed a generalization of our algorithm
for further acceleration. We also conducted a theoretical comparison between our
algorithm and the existing method [Mariet and Sra, 2015] in the sense of the tightness
of the minorizers. One notable feature of our accelerated algorithm is its ability to
adaptively determine the step size in each iteration, whereas the existing method [Mariet
and Sra, 2015] uses fixed step size hyperparameters. As demonstrated in the experiments

in Section 4.4, our algorithm performs the best runtimes across a variety of settings.
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We believe that our algorithm is a strong candidate for learning full-rank DPPs at the
present moment, but there is still much future work to be considered. First, we need to
deepen our understanding of the performance of our method. Proposition 4.3 partially
addresses this question, but it is just an implication. One considerable future direction
is to establish general recipes for comparing MM with different minorizers. Second,
scaling up our method for large N is a crucial issue. Several numerical algorithms for
solving large-sized CARE (4.12) have been proposed based on some structure of a
problem: low-rank structure and/or sparsity [Bini et al., 2011, Simoncini, 2016]. On
the other hand, our CARE (4.9) formed by full-rank and dense matrices, therefore,
exploring a good CARE solver is considered to be an essential task.

More broadly, there are many open problems about learning DPPs. For example,
incorporating sparsity into the kernel matrix L potentially enhances interpretability and
computational efficiency. Although studies have addressed the sparsity in the context of
(inverse) covariance selection, such as graphical lasso [Banerjee et al., 2008, Friedman
et al., 2008], any existing works have not addressed the sparsity of DPPs. The learning
problem of DPPs on an infinite ground set is also open. While we focused on DPPs on a
finite set in Chapter 4, DPPs on an infinite set become relevant when each item possesses
a feature vector. For example, consider a fashion online store in which each item has a
D-dimensional feature vector extracted from the image. In such cases, the purchasing
behavior of customers could be modeled by a DPP on RP. Dupuy and Bach [2018]
addressed the problem with Fourier bases, but the applicability to general problems is
questionable because low-rank structure is strongly assumed. Multiple kernel learning
[GOnen and Alpaydin, 2011] could offer a promising approach to this challenge. At a
high level, generalizing DPPs to control negative (or positive) dependence is helpful for
further development of random subset models. Although a-DPPs have been developed
to bridge the behavior of bosons (having positive dependence) and fermions (having
negative dependence) [Vere-Jones, 1997, Hough et al., 2006], they have a computational
issue for applying to machine learning problems. We thus believe that a machine

learning-compatible generalization of DPPs is a crucial step forward.
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