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Abstract

Cyclic proof systems, or circular proof systems, are proof systems which allow proof figures to
contain cycles. Some cyclic proof systems are alternative proof systems for induction. Such
systems are regarded as the formalisation of infinite descent. Since there is no induction rule
in such proof systems, the formulas to apply induction need not to be found. This point
is an advantage of cyclic proof systems for proof search. Since every cyclic proof is finite,
every cyclic proof can be simulated on computers. Therefore, it can be used for automated
reasoning. Indeed, cyclic proofs are useful for software verification.

The application of cyclic proof systems has been widely studied. However, more is needed
to know about the theoretical property of cyclic proof systems involving predicate logic. The
aim of this thesis is to investigate cyclic proof systems from a view point of proof theory.
More precisely, this thesis focuses on the cut-elimination property and the equivalence between
a cyclic proof system and the corresponding ordinary proof system with induction.

The cut-elimination property of a proof system is the following property: any provable
sequent in the system is provable without the cut-rule in the system. The property is fun-
damental and desirable for proof systems. If the cut-elimination property of a cyclic proof
system holds, formulas in each proof can be restricted. Therefore, the cut-elimination prop-
erty of a cyclic proof system suggests that there is an efficient way for proof search in the
cyclic proof system.

Generally, the provable sequent in the system with induction is provable in the correspond-
ing cyclic proof system. However, the converse is not obvious when the systems do not include
Peano Arithmetic. The known cases where a proof system with induction is equivalent to the
corresponding cyclic proof system are those where the systems involve Peano Arithmetic or
do not involve predicate logic.

This thesis describes three results and discusses issues around them. The first and second
results are about the cut-elimination property of cyclic proof systems. The third results is
about the equivalence between a cyclic proof system and the corresponding ordinary proof
system with induction.

Firstly, this thesis gives a counterexample to cut-elimination in CLKID¥, a cyclic proof
system for first-order logic with inductive definitions. In other words, this thesis shows that
the cut-elimination property of CLKID“ does not hold. It had been an open problem for 15
years whether or not the cut-elimination property of CLKID¥ holds. The counterexample is
the sequent representing that an addition predicate implies the other addition predicate with
a different definition. In order to show that it is not cut-free provable, under the assumption
that it is cut-free provable, an infinite sequence of nodes in a finite proof figure is constructed,
which leads to a contradiction.

Secondly, this thesis gives a simpler counterexample to cut-elimination in CLKID* with only
unary predicates. The proof for the simpler counterexample is similar to the first one.

Thirdly, this thesis defines a cyclic proof system for Presburger Arithmetic, called Cyclic
Presburger Arithmetic, and show the equivalence between Presburger Arithmetic and Cyclic
Presburger Arithmetic. It is a complete and decidable theory. Since Presburger Arithmetic
does not involve Peano Arithmetic, the equivalence between Presburger Arithmetic and Cyclic
Presburger Arithmetic was not known. The equivalence is proved by using the completeness
of Presburger Arithmetic.
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1 Introduction

1.1 Cyclic proof system

Every proof figure in ordinary proof systems is a finite tree. However, there are proof systems
that prevent proof figures from being a finite tree. For example, any proof with the w-rule is
an infinite tree since the assumptions of the w-rule are infinitely many [22].

A proof containing no infinite path is called a well-founded proof. Each proof in ordinary
proof systems and the sequent calculus with the w-rule is well-founded.

On the other hand, a proof containing infinite paths is called a non-well-founded proof.
A proof figure with infinite paths seems strange since there is no axiom on the paths, and
therefore, we may have the conclusion without axioms. Indeed, there is a derivation tree with
infinite paths for a contradiction. For this reason, each non-well-founded proof must satisfy
the condition of soundness.

Cyclic proof systems, or circular proof systems, are one of non-well-founded proof systems
which allows any proof figure to contain cycles. Almost all cyclic proof systems are alternatives
to proof systems with induction; they are regarded as the formalisation of infinite descent,
a proof technique for propositions that can be proved by induction. Such a proof system
is obtained by replacing induction rules with other rules and some conditions for soundness
and by allowing proof figures containing cycles. Since there is no induction rule in the proof
systems, we do not have to find formulas to apply induction. This point is an advantage of
cyclic proof systems for proof search.

Because of the finiteness of each cyclic proof, we can simulate cyclic proofs on computers.
Therefore, it can be used for automated reasoning. Indeed, cyclic proofs are useful for software
verification, such as verifying properties of concurrent processes [16], termination of pointer
programs [5], and decision procedures for symbolic heaps [7, 9, 20, 21].

The application of cyclic proof systems has been widely studied. However, more is needed to
know about the property of cyclic proof systems involving predicate logic from the standpoint
of proof theory. We aim to investigate cyclic proof systems from this standpoint. More
precisely, we have researched the cut-elimination property and the equivalence between a
cyclic proof system and the corresponding ordinary proof system with induction. The former
clarifies a fundamental property of each cyclic proof system, whereas the latter pertains to
the power of each cyclic proof system. Both issues are important from the standpoint of proof
theory. We hope that our investigation will not only develop the proof theory for non-well-
founded and cyclic proofs but also contributes to the study of automated inductive theorem
proving.

1.2 Cut-elimination

The cut-elimination property of a proof system is the following property: if a sequent is prov-
able in the proof system, then the sequent is provable without the cut-rule in the system. The
property is fundamental and desirable for proof systems. For example, the cut-elimination
theorem for first-order logic immediately implies consistency of the proof system, the subfor-
mula property, and Craig’s interpolation theorem [8].
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Suppose the cut-elimination property of a cyclic proof system holds. In that case, there is
no logical rule in which an arbitrary formula can occur as the principal formula, and therefore,
we can restrict formulas in each proof to those obtained from the goal sequent. It means there
is an efficient way to search for proof in the cyclic proof system.

Despite its importance, it was an open problem whether the cut-elimination property in the
cyclic proof system CLKIDY for first-order logic with inductive definitions holds. In Conjecture
5.2.4. of [4], Brotherston has conjectured that the cut-elimination property in the system does
not hold.

This thesis provides a counterexample to cut-elimination in CLKID*. In other words, we
show that the conjecture is correct.

The research community, including ourselves, thought that the cut-elimination property
might hold if we restrict the language, such as the arity of predicates. However, we show that
the cut-elimination property of CLKID“ does not hold even if we restrict the arity of predicates
to one.

1.3 Equivalence between cyclic proof system and ordinary proof
system

A provable sequent in the system with induction is generally provable in the corresponding
cyclic proof system. However, whether the converse holds is not obvious when the systems do
not include Peano Arithmetic.

Brotherston and Simpson [6] conjectured that an ordinary system for first-order logic with
inductive definitions, written by LKID, might be equivalent to the corresponding cyclic proof
system, written by CLKID¥. However, Berardi and Tatsuta [3] refuted the conjecture by giving
a sequent provable in CLKID¥ but not in LKID. In other words, they showed that CLKIDY is
more powerful than LKID.

On the other hand, Berardi and Tatsuta [2] showed that the system obtained by adding
Peano Arithmetic to CLKIDY is equivalent to that obtained by adding Peano Arithmetic to
LKID.

Presburger Arithmetic is a subsystem of Peano Arithmetic obtained by removing multipli-
cation from Peano Arithmetic. It is a complete and decidable theory [11, 19]. We show that
Presburger Arithmetic is equivalent to the corresponding cyclic proof system. The equivalence
is proved by using the completeness of Presburger Arithmetic.

1.4 Our contributions

In this section, we discuss our contributions. We research cyclic proof systems from the cut-
elimination property and the equivalence between a cyclic proof system and the corresponding
ordinary proof system with induction. Our first and second contributions are about the cut-
elimination property. Our third contribution is about the equivalence between a cyclic proof
system and the corresponding ordinary proof system with induction.

1.4.1 Counterexample to cut-elimination in cyclic proof system

We provide a counterexample to cut-elimination in the cyclic proof system CLKID“ for first-
order logic with inductive definitions.

Our counterexample is the sequent representing that an addition predicate implies another
addition predicate with a different definition. It is easy to give a proof of the counterexample
with the cut-rule in CLKID¥. In order to show that it is not cut-free provable, we assume it
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is cut-free provable for contradiction. Then, we construct an infinite sequence of nodes in the
cyclic proof, which contradicts the finiteness of occurring sequents.

1.4.2 The cut-elimination property in cyclic proof system and the arity of
predicates

Our counterexample we discuss in the previous section includes ternary predicates. We inves-
tigate whether there is a simpler counterexample.

We conjectured the cut-elimination property held if we restricted the arity of predicates
to one, but this conjecture is wrong; there is a counterexample with only unary predicates,
which we show in this thesis.

1.4.3 Cyclic proof system for Presburger arithmetic

In this thesis, we define a cyclic proof system for Presburger Arithmetic, called Cyclic Pres-
burger Arithmetic, and show that Presburger Arithmetic is equivalent to Cyclic Presburger
Arithmetic. Since Presburger Arithmetic does not include Peano Arithmetic, we show the
equivalence between Presburger Arithmetic and Cyclic Presburger Arithmetic. The equiva-
lence is proved by the completeness of Presburger Arithmetic.

For the equivalence between Presburger Arithmetic and Cyclic Presburger Arithmetic, the
completeness of Presburger Arithmetic seems to be essential. Indeed, we can show the equiv-
alence between a proof system for the theory of successor and order, obtained by removing
addition from Presburger Arithmetic, and the corresponding cyclic proof system in the same
way as this thesis since the theory is complete [11, 19]. However, in some cases the equivalence
holds for incomplete theories, as discussed later in Section 5.5.

1.5 Synopsis
This section outlines the remainder of this thesis.

Chapter 2: We define the syntax and semantics of the language for first-order logic with
inductive definitions (Section 2.1). Then, we define the derivation tree (Section 2.2) and
three proof systems for first-order logic with inductive definitions, LKID (Section 2.3),
LKID¥ (Section 2.4), and CLKIDY (Section 2.5). They are an ordinary proof system with
induction, a non-well-founded infinitary proof system, and a cyclic proof system. At
the end of this chapter, we show the property of CLKIDY, called the cycle-normalisation
property (Section 2.6).

Chapter 3: We give a counterexample to cut-elimination in CLKID¥. The counterexample is
a sequent that says an addition predicate implies the other addition predicate with a
different definition. We show that there is a CLKID“-proof of the counterexample with
the cut-rule (Section 3.1), We outline the proof (Section 3.2). To show the unprovability,
we define CLKID¥ (Section 3.3). After the proof (Section 3.4), we discuss related work
and the reason why the cut-elimination property does not hold in some cyclic proof
systems.

Chapter 4: We discuss the cut-elimination property and the arity of predicates. First, we pro-
vide a simpler counterexample to cut-elimination in CLKID“ than in the previous chapter
(Section 4.1). After the proof, we discuss the cut-elimination property of CLKID“and
the arity of inductive predicates (Section 4.2).
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Chapter 5: We discuss a cyclic proof system for Presburger Arithmetic. First, we define
Presburger Arithmetic (Section 5.1) and show its completeness (Section 5.2). Then,
we define two non-well-founded proof systems, Infinitary Presburger Arithmetic and
Cyclic Presburger Arithmetic (Section 5.3). We show the equivalence of three systems,
Presburger Arithmetic, Infinitary Presburger Arithmetic, and Cyclic Presburger Arith-
metic (Section 5.4). After the proof, we discuss the equivalence between ordinary and
cyclic proof systems and the cut-elimination property of Cyclic Presburger Arithmetic
(Section 5.5).

Chapter 6: We conclude (Section 6.1) and give ideas for future work (Section 6.2).



2 Background: inductive definitions,
non-well-founded proof system, cyclic proof
system

This chapter introduces first-order logic with inductive definitions and describes its three proof
systems, LKID, LKID“, and CLKID“. These systems are the same as LKID, LKID“ and CLKID®
in [4, 6].

LKID is an ordinary proof system obtained by adding the rules for induction to the sequent
calculus for first-order logic with equality. Someone guesses that the cut-elimination property
of this system does not hold because there are rules for induction, but it is wrong. In return
for the cut-elimination property, the subformula property of this system does not hold.

LKIDY is a non-well-founded infinitary proof system. Each proof figure in this system is a
possibly infinite tree where an infinite path can exist. The rules in this system are the same
as in LKID except for the induction rule. The induction rule is replaced by the case-split rule.
Since there is an infinite derivation tree of a contradiction, each proof in this system must
satisfy the condition for soundness, the global trace condition. We note that the cut-elimination
property of this system holds.

CLKID" is a cyclic proof system. This system allows any proof figure containing cycles. The
rules in this system are the same as in LKIDY. We can understand CLKID¥ as a subsystem
of LKID¥obtained by restricting proof figures to regular trees, that is to say, possibly infinite
trees, each of which has finitely many subtrees. In Chapter 3, we show that the cut-elimination
property of this system does not hold as opposed to LKIDY.

Section 2.1 describes the language for first-order logic with inductive definitions. Section 2.2
defines the derivation tree. Section 2.3 gives an ordinary proof system LKID. Section 2.4
introduces LKID¥. In Section 2.5, we define CLKID“. Section 2.6 shows the cycle-normalisation
property for CLKIDY.

2.1 Language for first-order logic with inductive definitions

This section defines the language for first-order logic with inductive definitions and its seman-
tics. This language is the same as given in [6].

2.1.1 Syntax

We give the syntax of the language for first-order logic with inductive definitions.
In this thesis, we write N for the set of natural numbers and N+ for the set of positive
natural numbers.

Definition 2.1 (Ranked alphabet). A ranked alphabet of the language for first-order logic
with inductive definitions is a tuple (3, #) satisfying the following conditions:

(1) X denotes a set of symbols including

« an infinite set of variable symbols (we assume they are ordered),
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e a set of function symbols,
e a set of predicate symbols constructed by
— a set of ordinary predicate symbols and
— a set of inductive predicate symbols,
o the set of logical symbols {—, A\,V,—,V,3} and

o the set of parentheses {(,)}.
2) The set of inductive predicate symbols in ¥ is finite.
3) The ordinary predicate symbol = belongs to 3.

(2)
3)
(4) # denotes a function from 3 to N. #(a) is called the arity of the symbol a.
()
(6)

5) #(=) =

6) #(R) > 0 for every predicate symbol R in X.

As usual, we call a symbol whose arity is 0,1,2,3,...... a nullary symbol, a unary symbol,
a binary symbol, a ternary symbol, . ..... respectively. A function symbol whose arity is 0 is

called a constant symbol.
Throughout the remainder of this section, we use “ranked alphabet” as a shorthand for
“ranked alphabet of the language for first-order logic with inductive definitions.”

Definition 2.2 (Term). The set of terms is defined inductively as follows:
(1) A variable symbols v as a string is a term.

(2) If ty, ta, ..., t, are terms for n € N, then the string ftita...t, is a term for a function
symbol f with #(f) =

Var(t) denotes the set of variables occurring in t. For a tuple of terms u, Var(u) denotes
the set of variables occurring in u.

We sometimes write u(x) for a tuple of terms, where x denotes a tuple of variable symbols
and all variable symbols in Var(u) occur in x.

Definition 2.3 (Atomic formula). An atomic formula is defined as a string whose form ¢; = to

or Rtits...t,, where t1, tg, ..., t, denote terms and R denotes a predicate symbol except for
= with #(R) =

For readability, we sometimes write R(t1,...,t,) for the atomic formula Rt;...t,. For
simplicity, we sometimes write Rt with t = (¢1,...,¢,) for the atomic formula Rt ...t,. We

call an atomic formula with an inductive predicate symbol an I-atomic formula.

Definition 2.4 (Formulas). The set of formulas for first-order logic with inductive definitions
is defined inductively as follows:

1) An atomic formula is a formula.

2) If ¢ is a formula, the string —p is a formula.

(1)
(2)
(3) If ¢ and ® are formulas, the three strings (¢ A ), (¢ V1), and (¢ — ) are formulas.
(4)

4) If ¢ is a formula, the two strings Vaxe and Jzp are formulas.
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For simplicity, we sometimes write ¢ x 1) with x € {A,V, —} for the formula (¢ x ). We
sometimes abbreviate (¢ — 1) A (Y — ¢) to ¢ <> 1.

Definition 2.5 (Bound occurrence, free occurrence). Let ¢ be a formula in which a formula
Q1) occurs as a substring with Q € {V,3}.

We call each occurrence of x in ¢ a bound occurrence.

Each occurrence of a variable in ¢ which is not a bound occurrence is called a free occurrence.
We say that a variable occurs freely if the occurrence of it is a free occurrence. We define a
free variable in ¢ to be a variable occurring freely in ¢. FV(¢) denotes the set of free variables
in .

We define FV(I') = U,ep FV(¢p) for a set of formulas I'.

Definition 2.6 (Substitution of terms). Let ¢ be a term.

The term tlx := u| obtained by substituting a term w for a variable symbol x is defined

inductively as follows:

(1) If t = z, then t[z := u] = u.

(2) If t =y with a variable symbol y, where y # z, then t[x := u| = y.

(3) If t = fty...t, with a function symbol f and terms ti, ..., t,, then t[x:=u] =
ftilx =] ...tz = u].

The term tlxy :=u1,..., Ty := uy] obtained by substituting terms uy,...,u, for variable
symbols x1,...,x, is defined similarly.

tlzy == wu,...,p i =uy]  with  t = (t1,...,tm)  denotes  the  tuple
(t1]z1 == U1, ..., Ty = Upl, ..otz == U, ..., Ty = uy]). For a tuple of terms t(x1,...,z,),
we sometimes write t(ui, ..., u,) for t[zy == u1,..., zy = up).

We call a substitution a sequence of expressions whose each form is x := ¢ for a variable

symbol z and a term t.

Definition 2.7 (Substitution of formulas). Let ¢ be a formula.
The formula p[x := u| obtained by substituting a term u for a variable symbol z is defined
inductively as follows:

(1) If ¢ = Rt with a predicate symbol R and a tuple of terms t, then ¢z := u] = Rt[x := u].

(2) If ¢ = =1 with a formula v, then [z := u] = =[x := u].

(3) If ¢ = (11 *1p2) with formulas 1, 19 and * € {A,V, =}, then [z :=u] = (Y1[z := u] x
volx = ul).

(4) If ¢ = Qutp with a variable symbol y and a formula ¢, y = x and Q € {V, 3}, then
ol = u] = Qyy.

(5) If ¢ = Qutp with a variable symbol y and a formula v, where y ¢ Var(u) and Q € {V, 3},
then ¢z := u] = Qyypx = ul.

(6) If ¢ = Qutp with a variable symbol y and a formula v, where y € Var(u), y # = and
Q € {V,3}, then [z :=u] = QzY[y := z|[x := u], where z is the first variable symbol
in the order for the set of variable symbols does not occur in ¢, z, u.

The formula plx1 := uq,. .., Ty := uy] obtained by substituting terms uq, . .., u, for variable
symbols x1,...,x, is defined similarly.
For a set of formulas I', we write T'[x1 := 1, ..., 2Ty := up] for {Plz1 :=u1,..., 20 :=uy] | ¢ €T}
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Definition 2.8 (Inductive definition set). A production is defined to be a pair of a finite set
of atomic formulas (empty set possibly) and an I-atomic formula.
We sometimes write

Qiur - Qpup Pty - Pty
Pt

for a production ({Qiu1,...,Qpup, ..., Pit1,..., Ppty}, Pt).

We call the finite set of atomic formulas of a production the assumption of the production.
We call the I-atomic formula of a production the conclusion of the production. We call a
production whose conclusion is an I-atomic formula with an inductive predicate symbol P a
production of P.

An inductive definition set is a finite set of productions.

We defined a language for first-order logic with inductive definitions as a pair of a ranked

alphabet and an inductive definition set.
m

For simplicity, with a unary function symbol s, we write Ss---sx for s"z.

Example 2.9 (Productions for N, E, and O). Let N, E, and O be a unary inductive predicates.
Let 0 be a constant symbol, and s be a unary function symbol.
Define the productions of N, E, and O by

N(z) E(z) O(x)

N(sz) E(0) O(sz) E(sz)

N(0)

I

N, E, and O intuitively represent the set of natural numbers, even numbers, and odd
numbers, respectively.

Definition 2.10 (Sequent). A sequent is a pair of finite sets of formulas denoted by I' = A,
where ', A are the finite sets of formulas. T is called the antecedent of I' = A and A is called
the succedent of I' = A.

2.1.2 Semantics

In this section, we introduce the semantics of the language for first-order logic with inductive
definitions. Like the second-order logic, there are at the least two different semantics of
the language for first-order logic with inductive definitions, Standard semantics and Henkin
semantics.

Complete lattice, fixed point

To introduce the semantics of the language for first-order logic with inductive definitions, we
define some concepts and show a theorem.

Definition 2.11 (Complete lattice). For a poset (P,<p) and its subset S C P, we define
the supremum and infimum of S as the least upper bound and greatest lower bound of S,
respectively.

A complete lattice (L, <r) is defined as a poset, where for any subset S C L there exist the
supremum and infimum of S.
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We note that the supremum of () is the minimum of (L, <y), and the infimum of @ is the
maximum of (L, <p). Then, for each complete lattice, there exist its maximum and minimum
by the definition. For simplicity, we sometimes write L for a complete lattice (L, <p).

For a complete lattice (L, <p) and a function f: L — L, a pre-fized point and a fized point
of f are defined as an element = € L, where f(x) < x and f(z) = =z, respectively. The
least fized point of a function f is defined as the minimum of {x € L | f(x) = x}. For posets
(L,<p) and (L', <p/), a function f: L — L’ satisfying that < y implies f(x) <p f(y) is
called a monotone function.

We show Knaster—Tarski theorem.

Theorem 2.12 (Knaster—Tarski theorem). For a complete lattice (L, <) and a monotone
function f: L — L, there is the least fixed point of f.

Proof. Let (L, <) be a complete lattice and f: L — L be a monotone function.

For a set S C L, we write [|S for the infimum of S i.e. the greatest lower bound of S.
We define a set PreFix; by PreFix; = {z € L| f(z) <z}. We define lfp; by Ifp, =
[ |PreFix;.

We show that f(lfpf) is a lower bound i.e. f(lfpf) < z holds for all € PreFixy. Let
r € PreFixy. By the definition of lfp;, we have lfp; < z. Since f is a monotone function,
we have f(lfpf) < f(z). By x € PreFixy, we have f(lfpf) < f(z) < =x.

Since f(lfpf) is a lower bound, we have f(lfpf) < lfp;. Then, lfp; € PreFix;.

Since f(lfpf) < 1fp; and f is a monotone function, we see f(f (lfpf)) < f(lfpf). Hence,
f(lfpf) € PreFix;. Since f(lfpf) is the greatest lower bound of PreFix;, we have f(lfpf) =
Ifp;. Therefore, lfp; is a fixed point of f. Since any fixed point of f belongs to PreFixy,
Ifp; is the least fixed point of f. O

Standard semantics

We give Standard semantics. In Standard semantics, the interpretation of the inductive
predicates is the least fixed point of a monotone operator constructed from the inductive
definition set of the considered language.

For simplicity, throughout the remainder of this section, fix ((X, L, #), ®) be a language for
first-order logic with inductive definitions with a ranked alphabet (3, L, #) and an inductive
definition set. Let Pi,..., P, be all inductive predicates of . Let k; be the arity of F;.

We define ®; = {¢ € & | The conclusion of ¢ is an atomic formula with P;}.

For a set X, we write P(X) for the power set of X i.e. the set of subsets of X.

Definition 2.13 (First-order structure). We define a first-order structure as a pair of non-
emptyset |M| and a function M satisfying the following conditions:

(1) For a constant symbol ¢, M(c) € |M]|.

(2) For a natural number n > 0 and an n-ary function symbol f, M (f) is a function whose
domain is |[M|" and range is |M]|.

(3) For a natural number n > 0 and an n-ary predicate symbol R which is not =, M (R) is
a subset of |M|".

(4) M(=) is the set {(m,m) | m € |M|}.

For a first-order structure (|M|, M), |M]| is called the underlying set of (|M|, M). For a symbol
C and a first-order structure (|M|, M), M(C) is called the interpretation of C' in (|M|, M).



2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

We define a valuation on a first-order structure (|M|, M) as a function from the set of variable
symbols to the underlying set of (|M|, M).

For a term ¢, a first-order structure (|M|, M), and a valuation p on a first-order structure
(|M|, M), we inductively define the interpretation of t in (|M|, M) with p as follows:

(1) If ¢ is a constant symbol, the interpretation of ¢ in (|M|, M) with p is M ().
(2) If t is a variable symbol, the interpretation of ¢ in (|M|, M) with p is p(t).

(3) If t is the form ft;...t, with an n-ary function symbol f and terms t1,...,t,, and d; is
the interpretation of ¢; in (|M|, M) with p for each i = 0,...,n, then the interpretation
of t in (|M|, M) with pis M(f)(d1,...,dyn).

For a first-order structure M and a predicate symbol Q, we write QM for the interpretation
of @ in M. For a first-order structure M, a valuation p and a term ¢, we write tf)w for the
interpretation of ¢ in M with a valuation p. For a first-order structure M, a valuation p and
a tuple of terms t = (t1,..., %), we write tf,\/[ for (tly, e ,tmf‘f). For a function p, we write
plx + d] for the function which maps z to d and y to p(y) with y # «.

Definition 2.14 (,). For a first-order structure M, a valuation p on M, and a formula ¢,
we inductively define the ternary relation M =, ¢ as follows:

(1) M [=, t1 =ty holds if and only if tljpw = tzg/f.

2) M |, Rty ...ty holds if and only if (t1),t2)) € RM.

3) M =, = holds if and only if M =, ¢ does not hold.

4) M =, 11 Ao holds if and only if both M =, 11 and M =, 1 hold.

5) M =, 11 V 12 holds if and only if either M |=, ¢1 or M =, 1 holds.

(
(
(
(
(6) M [=) 11 — 19 holds if and only if either M =, 1)1 does not hold or M |=, 1 holds.
(

)
)
)
)
)
)

7) M [, Vay holds if and only if M |=p[q) ¥ holds for all elements d € | M|, where |M|
is the underlying set of M.

(8) M =, 3¢ holds if and only if M [=p[;q % holds for some elements d € |M|, where
| M| is the underlying set of M.

Definition 2.15 (Definition set operator). Let M be a first-order structure with the domain
D. For a production 7

Qiur -+ Qpup Pjty - Pty
Pit ’

we define a function ¢r: P(D*) x --- x p(D*) — P (DF) by

on( X1y, Xp) = {t% } ulfy eQM,. .. ,uh/]y € QhM,tlf)V[ € Xj,.. .tmé\/[ € Xj,,pisa Valuation}.

Then, for each ¢ =1,...,n, we define a function ;: P(Dkl) X - X P(Dk”) — P(Dki) by
0i(X1,. . Xn) = | en(X1,. .0, X0).
TED;

We define the definition set operator g : P(Dkl) X e X ’P(Dk“) — P(Dkl) X+ X P(Dk")
by
Q)O(p(Xl, e ,Xn) = (Sal(Xla .. .,Xn), . aSOn(Xl» .. ,Xn))

10



2.1 Language for first-order logic with inductive definitions

We write (Ay,...,A4,) C (B1,...,By,) for A; C B; foreach i =1,...,n.

Then, we note that (73 (Dkl) X - X P(Dk"), Q) is a complete lattice, and g is a monotone
function on C ie. @g(Xi,...,Xn) C vo(Y1,...,Y,) if (X1,...,X,) € (Y1,...,Y,). By
Theorem 2.12, Knaster—Tarski theorem, we see that there is the least fixed point of pgs. We
write lIfp,,, for the least fixed point of p¢ For i =1,...,n, we define a function m;: P(Dkl) X
.- x P(DF) — P(DF) by mi(X1,...,Xn) = X;.

Definition 2.16 (Standard model). A first-order structure M is said to be a standard model
for (2, L, #), ®) if P,M = Wi(lfpwq)) for each i =1,...,n.

Henkin semantics

We give Henkin semantics. In the semantics, the interpretation of the inductive predicates is
the least fixed point of the definition set operator in the special class of tuples of sets, called
Henkin class.

Definition 2.17 (Henkin class). Let M be a first-order structure with the domain D. H =
{Hl C P(Dl) ‘ le N} is called a Henkin class for M if H satisfies the following conditions:

(H1) {(d,d)| d € D} € Hs.
(H2) If @ is any predicate symbol of arity I, then {(dl, - | (di,...,d)) € QM} € H,.
(H3) IfRe Hl+1 and d € D, then {(dl, R ,dl) ‘ (dl, R ,dl,d) S R} € H,.

(H4) If R € H; holds, ty,...,t; are terms, and x1,...,x,, are all variable symbols, then
{(P(:cl), cey P(Tm)) ‘ (tlf}”, .. ,tkf)\/[) € R, p is a valuation on M} € H,,.

(H5) If R € H;, then D'\ R € H,.

(H6) If Ri,Rs € Hj, then Ry N Ry € Hj.

(H7) If R € Hpyq, then {(dy,...,d;)| There exists d € D such that (dy,...,d;,d) € R} €
H,.

Remark. We note that Henkin classes contain enough sets of tuples to interpret any formula of
the language for first-order logic with inductive definitions [4, 6]. It means that the following
statement holds: If H = {Hk - P(Dk) ‘ ke N} is a Henkin class for a structure M, p is a
valuation, F' is a formula, and x4, ...,z are distinct variables, then

{(dla e 7dk) | M ':P[m1'—>d1,~--,wk’—>dk} F} € Hy
holds, where play = di, ..., @y, = di)(¢7) = di holds for i = 1.,k and play v di, ... oy > di](y) =
p(y) holds with y # 1,...,y # xy.

Definition 2.18 (H-point). Let M be a structure, H be a Henkin class for M. (X1,...,X,) €
P(Dkl) X oo X P(Dk") is said to be an H-point if X; € Hy, for each i =1,...,n.

Remark. H-points are under the definition set operator [4, 6]. It means that the following
statement holds: If (Xy,...,X,,) is an H-point, then so is pe(X1,...,X,).

A pre-fized H-point is defined as a pre-fixed point of g which is also an H-point. We define
the least pre-fixed H-point as the minimum of the set of pre-fixed H-points.

Definition 2.19 (Henkin model). Let M be a structure, H be a Henkin class for M. (M, H)
is called a Henkin model if the following conditions hold:

(1) There exists the least pre-fixed H-point py.¢¢.
(2) PM = m;(p.pa) for each i =1,...,n.

We note that a standard model is a Henkin model.

11



2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

2.2 Derivation tree
In this section, we define a derivation tree.

Definition 2.20 (Derivation tree). Let Rule be the set of names for the inference rules of each
proof system. Let Seq be the set of sequents. N* denotes the set of finite sequences of natural
numbers. We write (nq,...,ny) for the sequence of the numbers nq,...,ng. We write o109
for the concatenation of o1 and o9 with o1, o9 € N*. We write on for o(n) for o € N* and
n € N. We define a derivation tree to be a partial function D: N* — Seq x (Rule U {(BuD)})
satisfying the following conditions:

(1) Dom(D) is prefix-closed, that is to say, if o102 € Dom(D) for o1, o9 € N*, then o1 €
Dom(D).

(2) If on € Dom(D) for o € N* and n € N, then om € Dom(D) for all m < n.

(3) Define D(0) = (I'y = Ay, Ry).
(a) If R, = (BuD), then 00 ¢ Dom(D).
(b) If R, # (BuD), then

FO’O = AO’O e Fan = Aan

is a rule R, and o(n + 1) ¢ Dom(D).

We write concp(o) and rulep(o) for I' = A and (R), respectively, where D(o0) = (I' = A, (R)).
An element in the domain of a derivation tree is called its node. The empty sequence as a
node is called the root. The node o is called a bud if rulep(o) is (BuD). The node o is called
a leaf if o is not a bud and ¢0 ¢ Dom(D). The node which is not a bud and a leaf is called an
inner node. A derivation tree is called infinite if the domain of the derivation tree is infinite.

For each derivation tree D and each sequence o € Dom(D), we define a derivation tree D(?)
as D9 (1) = D(ooy). Tt is called the subtree of D from o. We say that the derivation tree D
is regular if the set of subtrees {D(") | o € Dom(D)} is finite.

We sometimes identify a node o with the sequent concp(o).

Definition 2.21 (Path). We define a path in a derivation tree D to be a (possibly infinite)
sequence {0;}y<;., of nodes in Dom(D) such that o;1; = oyn for some n € N and a €
NsoU{w}, where Ny is the set of positive natural numbers and w is the least infinite ordinal.
A finite path 09,01, ..., 0, is called a path from oy to o,. The length of a finite path {oi}y<; 0
is defined as a. We define the height of a node as the length of the path from the root to the
node.

We sometimes write {I'; = A;},,_, for the path {0 }(-;_,, in a derivation tree D if D(0;) =
(I = A, Ry).

Definition 2.22 (Parent, child, ancestor, descendant). Let D be a derivation tree.

(1) For each node o of D, on with n € N is called a child of o if on € Dom(D). In the case,
we call o is a parent of on.

(2) For nodes o1, o2 of D, we call o1 an ancestor of oo if there exists the path from o; to
o9. In the case, o9 is called a descendant of o1.

12



2.3 LKID: ordinary proof system for first-order logic with inductive definitions

Logical Rules:

(TNA # () ——— (AXIOM) '=p A L= A
I'=a I=p=A (= L) I'=s—-p A (= R)
Ne=A ry=A
L
Tovisa VD =9 b8 ()
'=epvy A
Lov =48 ) Fj?’i ml;:AM/}A (A R)
oAy =A $ ’
=g A Ly=A (> 1) o= A
Lp—=yv=A I’:7>g0—>7jDA (= R)
Lolz:=t=A I'= ¢lz:=yl,A
! FV(TruAu VR
FVio = A (VL) (y & FV( {¢}) T = Vap. A (VR)
ez =y = A I'= ez :=t],A
WPV UAU{eh) s LS @) A E Rt aGw)
Olx == u1,y = us] = Alr = u1,y := ug y (= R)
D[z = w2,y = u1],u1 = ug = Alr := ug,y := u] I'st=tA
Structural Rules:
= A I'= ¢, A e=A
F,F/:>A/7A (WEAK) 90 F:}A SO (CUT)
I'= A (SUB)
Dz = Uty ..oy Ty 2= U] = AT = UL, - ooy T 2= Uy

Figure 2.1 Rules for first-order logic with equality

2.3 LKID: ordinary proof system for first-order logic with inductive
definitions

In this section, we define an ordinary proof system LKID for first-order logic with inductive
definitions.

The inference rules of LKID except for rules of inductive predicates are the same as that
of first-order logic with equality. They are in Figure 2.1. The principal formula of a rule is
the distinguished formula introduced by the rule in its conclusion. We use the commas in
sequents for a set union. We note that the contraction rule is implicit.

We present the two inference rules for inductive predicates. Let Py, ..., P, be all inductive
predicates of the language we consider.

First, for each production

Qrui(x) - Qpup(x) Pjti(x) - P tn(x)
Pjt(x)

13



2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

there is the inference rule

I'= Q1U1<u),A e I'= Qhuh(u),A I'= le tl(l,I),A e I'= Ijjm tm(u),A
Fint(u),A

(P R) -

Next, we introduce induction rule as the left introduction rule for the inductive predicate
symbol. To formulate the rule, we define some concepts.

Definition 2.23 (Mutual dependency). We define

Prem = {(le , Pj,)

P;,, P;, are inductive predicate symbols, and }

Pj, occurs in the assumptions of a production of P;, in ®

We define a binary relation Prem* to be the smallest reflexive-transitive closure on inductive
predicate symbols including the binary relation Prem.

For two inductive predicate symbols P;, and P},, we say that P}, is mutually dependent on
P;, if both Prem*(Pj,, Pj,) and Prem*(P},, Pj,) hold.

To introduce induction rule (IND P;), for each i = 1,...,n, we fix an arbitrary formula Fj,
called an induction hypothesis.

For an inductive predicates P; and induction hypotheses {F;},. (m}> @ minor assumption
of I', Pju = A for a production

Qrui(x) - Qpup(x) Pjti(x) - Py tn(x)
PZt(X)

is defined as a sequent

L, ul(}’), o Qp uh(Y)a Gjl [Zjl = tl(Y)]> REE Gjm [ij = tm(Y)] = Fi[zi = t(Y)]’ A

where z;, is a tuple of distinct variables of the same length as the arity of P, forallk =1,...,n,
y is a tuple of distinct variables of the same length as x, y € FV(I'U AU {Pju}) for all y
occurring in y, and for each 1 =1,...,n,

G {E if P; is mutually dependent on P;,
/L‘ pr—

P;z;, otherwise.

-----

All minor assumptions of I', Pju = A for produc-
tions each of whose conclusion is an atomic formula
with an inductive predicate which is mutually de- ’ ,
pendent on P;

T, Pu= A (IND F3)

where z; is a tuple of distinct variables of the same length as the arity of P;. We call the
assumption of (IND P;) whose form is I', F}j[z; := u] = A the major assumption.

Example 2.24 (Rules for N, E; and O). Let N, E, and O be the same predicates in Exam-
ple 2.9. The rules for N, E, and O are

14



2.4 LKID¥: non-well-founded infinitary proof system for first-order logic with inductive definitions

E(y) = E(sy), E(y), E(z) V O(2) O(y) = O(y), O(sy), E(z) V O(z)
E(y) = E(sy), O(sy), E(z) V O(x) O(y) = E(sy), O(sy), E(z) v O(=)
= E(0), 0(0), E(=) V O(=) E(y) = E(sy) V O(sy), E(z) V O(@) O(y) = E(sy) V O(sy), E(z) V O(z)
= E(0) V 0(0), E(z) V O(z) E(y) V O(y) = E(sy) V O(sy), E(z) V O(=) E(z) V O(z) = E(z) V O(z)

N(z) = E(z) V O(=)

Figure 2.2 LKID proof

I'= A,N(¢)
——— (N Ry) , —— (N Rp) ,
I = A,N(0) (N Ra) I = A, N(st) (N Ra)
I'=A,0(%) I'= AVE(?)
— (ERy) ——— F— (E R»y) , OR) ,
I' = A,E(0) (E Ry I'= A,E(st) (E Ry) I' = A,0(st) (OR)
I'= Flv:=0],A I, Flv:=2z] = Fv:=sz],A OFv:=t=A (INp N)
I'N(t) = A
I' = Fglv:=0],A T, Fglv:=y] = Fo[v:=sy|,A I, Fo[v:=y] = Fglv:=sy],A I, Fglv:=t] = A (Inp E) ’
I E(t) = A
I' = Fglv:=0],A I, Fg[v := 2] = Fo[v:=sz],A I', Fo[v := z] = Fgv:=sz],A I', Folv:=t] = A (150 0)

r,o(t) = A

where x ¢ FVITUAU{N()}), y ¢ FV(TUAU{E(t)}), and z ¢ FV(I'UA U{O(t)}).

Definition 2.25 (LKID proof). We define an LKID proof to be a finite derivation tree without
buds.

Example 2.26. The derivation tree in Figure 2.2 is a LKID proof (labels of rules are omitted
for limited space).

The soundness of LKID for the Henkin models holds. To be more accurate, if there exists
an LKID proof of a sequent I' = A, then I' = A is valid in all Henkin models. Moreover,
the cut-free completeness of LKID for the Henkin models holds, but completeness of LKID for
the standard models does not hold. In other words, if I' = A is valid in all Henkin models,
there exists an LKID cut-free proof of I' = A, and there is a sequent not provable in LKID
but valid in all standard models. The soundness and cut-free completeness of LKID imply the
cut-elimination property of that, i. e. all provable sequents in LKID are cut-free provable in
LKID [4, 6].

2.4 LKIDY: non-well-founded infinitary proof system for first-order
logic with inductive definitions

In this section, we introduce a non-well-founded infinitary proof system LKID“ for first-order
logic with inductive definitions.

The inference rules of LKID* are the same as that of LKID except for (IND P;). The induction
rule is replaced by the case-split rule.

To define the case-split rule, we define some concepts. A case distinctions of T', Pu = A
for a production

Ql ul(x) te Qh uh(x) P1 tl(X) cee Pm tm(X)
Pt(x)
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2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

=— (e

Figure 2.3 Infinite derivation tree of the empty sequent

is defined as a sequent

Fu=t(y),Qrui(y), .., Qrun(y), Piti(y), ., Pntmn(y) = A,

where y is a tuple of distinct variables of the same length as x and y € FV(I'U A U {Pu})
forall y € y.
The case-split rule (Case P) is

All case distinctions of I', Pu = A for productions of P
I''Pu= A

(CASE P) .

The formulas P; t1(y),..., Pntm(y) in case distinctions are said to be case-descendants of
the principal formula Pu.

Example 2.27 (The case-split rules for N, E, and O). Let N, E, and O be the same predicates
in Example 2.9. The case-split rules for N, E, and O are

It=0=A It =sz,N(z)= A
I'N(t) = A
It=0= A It=sy,0(y) = A
I'VE(t) = A
I't=sz,E(z) = A
o) = A

where 2 ¢ FV(TUAU{N(t)}), y ¢ FVITUAU{E(t)}), and z ¢ FV(TUAU{O(t)}).

(Case N) ,

(CASE E) )

(CASE O) )

There is an infinite derivation tree of the empty sequent, representing a contradiction (Fig-
ure 2.3), and therefore each proof in this system must satisfy the condition for soundness, the
global trace condition. To describe the condition, we define the following concepts.

Definition 2.28 (Trace). For a path {I'; = A;},;_, in a derivation tree D, we define a trace
following {I'; = A}, to be a sequence of formulas {;},,_,, such that the following hold:

(1) 7 is an I-atomic formula in T';.
(2) If I'; = A, is the conclusion of (SUB) with 6, then 7; = 7;41[6)].

(3) If T'; = A; is the conclusion of (= L) with the principal formula ¢t = w and 7; =
Flz :=t,y :=u|, then 7,41 = Flz := u,y := t].
(4) If I'; = A, is the conclusion of (CASE F;), then either
e 7; is the principal formula of the rule and 7,11 is a case-descendant of 7;, or
e Tiy1 is the same as 7;.

In the former case, 7; is said to be a progress point of the trace.
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2.4 LKID¥: non-well-founded infinitary proof system for first-order logic with inductive definitions

N(@n+1) = E(Znt1), O(¥n+1)
N(#nt1) = E(sn 1), E(@ni1) ((]i)RP:))
= E(0),0(0) (E R(Q 0 N(zp+1) = E(snt1), O(snt1) o

Ty = STn+41, N(xTH-l) = E(an), O([En)

N(zn) = E(zn), O(z,) (Case N)
Figure 2.4 A derivation tree m,
T
1
N(z1) = E(z1), O(z1)
(E Ry) N(z1) = E(sz1), E(21) ((EOR};))
= E(0),0(0) (:1 L) N(z1) = E(sz1),O(sx1) (= L)
r=0= E(z),0(z) x = sz1,N(z1) = E(2),0 (Cask N)
N(z) = E(z),0(z)

Figure 2.5 LKID¥ proof

(5) If I'; = A, is the conclusion of any other rule, then 7,11 = 7;.

Definition 2.29 (Global trace condition). If a trace has infinitely many progress points, we
call the trace an infinitely progressing trace. For a derivation tree, if, for every infinite path
{I'i = A;},~o in the derivation tree, there exists an infinitely progressing trace following a
tail of the path {I'; = A;}.~, with some k > 0, we say the derivation tree satisfies the global
trace condition. B

Definition 2.30 (LKID¥ pre-proof). We define an LKID“ pre-proof to be a (possibly infinite)
derivation tree D without buds. When the root is I' = A, we call I' = A the conclusion of
the proof.

Definition 2.31 (LKID“ proof). We define an LKID“ proof to be an LKID pre-proof that
satisfies the global trace condition.

Example 2.32. Let N, E, and O be the same predicates in Example 2.9.

The derivation tree in Figure 2.5 is a LKID* proof of N(z) = E(z) V O(z) (m, in Figure 2.5
is a derivation tree in Figure 2.4). We use the underlined formulas to denote the infinitely
progressing trace for some tails of any infinite path.

Because of the global trace condition, the soundness of LKID¥ for the standard models hold.
In other words, if there exists an LKID“ proof of a sequent I' = A, then I' = A is valid in
any standard model. Moreover, cut-free completeness of LKID“ for the standard models hold.
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2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

(V) = —p Ao (V) = Ay (WEAK)
= WA p,p = WA P, (/\R)
s (V) = o Ao ¢

Figure 2.6 CLKID“ pre-proof of a contradiction

(WEAK)

(%) N(z) = E(z), O(z) 505

N(z1) = E(z1), O(z1)

N(z1) = E(sz1), E(z1) (E Re)
: (O R)

S E0.00)
z=0= E(z),0(x) x = sy, N(z1) = E(z),0(x)

Figure 2.7 CLKID“ proof

In other words, if I' = A is valid in any standard model, there exists an LKID“ cut-free proof
of I' = A. Soundness and cut-free completeness of LKID* imply the cut-elimination property
of it, i. e. all provable sequents in LKID“ are cut-free provable in LKID“ [4, 6].

2.5 CLKID¥: cyclic proof system for first-order logic with inductive
definitions

This section gives a cyclic proof system CLKIDY for first-order logic with inductive definitions.

Definition 2.33 (Companion). For a finite derivation tree D, we define the companion for a
bud p as an inner node o in D with concp(o) = concp(p).

Definition 2.34 (CLKID“ pre-proof). We define a CLKID“ pre-proof to be a pair (D, () such
that D is a finite derivation tree and C is a function mapping each bud to its companion.
When the root is I' = A, we call ' = A the conclusion of the proof.

The graph of a pre-proof (D, C), written G (D, C), is the graph obtained from D by identifying
each bud p in D with its companion C(u).

Definition 2.35 (CLKIDY proof). We define a CLKID¥ proof of a sequent I' = A to be a
CLKID¥ pre-proof of I' = A whose graph satisfies the global trace condition. If a CLKID¥
proof of I' = A exists, we say I' = A is provable in CLKID¥. A CLKID“ proof in which (CuT)
does not occur is called cut-free. If a cut-free CLKID¥ proof of I' = A exists, we say I' = A
is cut-free provable in CLKID.

Since there is a CLKID“ pre-proof of a contradiction (Figure 2.6), the global trace condition
is necessary for soundness.

Example 2.36. Let N, E, and O be the same predicates in Example 2.9.

The derivation tree in Figure 2.7 is a CLKID“ proof of N(z) = E(z)V O(x), where (&)
indicates the pairing of the companion with the bud. We use the underlined formulas to
denote the infinitely progressing trace for some tails of any infinite path.

To see the relation between LKID“ and CLKID“, we define the following concept.
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2.6 Cycle-normalisation

Definition 2.37 (Tree-unfolding). For a CLKID“ pre-proof (D,(C), a tree-unfolding T (D,C)
of (D,(C) is recursively defined by

T(D.0)(0) = {D(a), if 7 € Dom(D) \ Bud(D), ) )
T (D,C)(0201), if 0 ¢ Dom(D) \ Bud(D) with o = 0901, 09 € Bud(D) and o2 = C(0y),

where Bud(D) is the set of buds in D.

The tree-unfolding of a CLKID“ pre-proof is a LKID¥ pre-proof whose the set of subtrees is
finite. It is straightforward to show that, for a cyclic pre-proof (D, (), the graph of (D,(C)
satisfies the global trace condition if and only if the tree-unfolding of (D, C) satisfies the global
trace condition. Then, we can understand CLKID“ as a subsystem of LKID“.

Recall that an infinite tree is regular if the set of its subtrees is finite. Then, we say that
CLKID is the subsystem LKID“ whose the underlying tree of each proof is restricted to a
regular tree.

Brotherston [6] showed that each sequent provable in LKID is provable in CLKID“ and conjec-
tured that the converse holds. However, Berardi and Tatsuta [3] showed that the conjecture
is incorrect i.e. there is a sequent provable in CLKID“ but not in LKID. Moreover, Berardi
and Tatsuta [2] showed that the system obtained by adding Peano Arithmetic to CLKID is
equivalent to that obtained by adding Peano Arithmetic to LKID. The semantics, in which
both soundness and completeness of CLKID hold, is unknown.

2.6 Cycle-normalisation

This section shows the cycle-normalisation property for CLKID¥. It is proved in [4]. If each
companion is an ancestor of the corresponding bud in a CLKID“ pre-proof, we say that the pre-
proof is cycle-normal. The following proposition states that the cycle-normalisation property
for CLKID® holds.

Proposition 2.38. For a CLKID“ pre-proof (D,(C), we have a CLKID* cycle-normal pre-proof
(D',C") such that the tree-unfolding of (D',C’) is that of (D,C).

To show Proposition 2.38, we show a lemma, which is called Koénig’s lemma.

Lemma 2.39 (Koénig’s lemma). There exists an infinite path in a finitely branching infinite
tree.

Proof. Let D be a finitely branching infinite tree.
We show that there exists a sequence of nodes {o;},.y, which satisfies the following condi-
tions:

(1) oy is a child of 0;_1 for 1 <.
(2) The set of descendants of o; is infinite.

We inductively construct {o;};cy-

We consider the case i = 0. Define oq as the root. It satisfies (1) and (2), obviously.

We consider the case ¢ > 0. Since the set of descendants of ¢;_1 is infinite and the children
of g;_;1 are finitely many, there exists a child o of ¢;_1 such that the set of descendants of o
is infinite. Let o; be o. It satisfies (1) and (2), obviously.

We complete the construction. Then, we have the infinite path {o;},y- O
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2 Background: inductive definitions, non-well-founded proof system, cyclic proof system

For o, 0/ € N*, we write 0 < ¢/ when o is an initial segment of ¢/. We write o < ¢’ when
o =o' and o # o’/. We write |o| for the length of a sequence o. For a set of finite sequences
S,let S={o| 0 2o’ €S}and S°={o| 0 <0’ € S}.

Proof of Proposition 2.38. Let (D,C) be a CLKID“ pre-proof.
For simplicity, we write Dy, for 7 (D, C).
Define

There exists 0 < o such that Deo(?) = D7),
S1 =40 €Dom(Dx) | for all 01 < o and 0 < 7, Dao ™) # Do (72) and

for all n € N, there exists o1 > o such that o; € Dom(Dy), and |o1]| > n
Sy = {0 € Dom(Ds) | 60 ¢ Dom(Ds), and o’ ¢ Sy for all o’ < o}

S1 is the set of nodes each of which is on some infinite path, and which is of the smallest
height on the path among nodes each of which has some inner node of the same subtree. Sy
is the set of leafs of which any ancestor is not in Si.

We show that, for & € Dom(Dy), either o belongs to S1° U S, or there exists og € S such
that og < 0.

Let 0 € Dom(Dy). If there exists og € Sy such that oy < o, we have done. Assume o¢ A o
for all og € 5.

If there exists no infinite path through o, then there exists o’ such that 00’0 ¢ Dom(Dy).
Assume there exists o(, € S7 such that o(, < oo’. Since we assume o A o for all g € Sy, we
have o < ¢(. Then, o € S1°. Assume o(, ¢ S for all o) < o0’, then we have oo’ € Sy. Then,
o€ S,.

Assume there exists an infinite path through o. Let {o;},. be an infinite path in D,
where 0 = oy,

Since Do, is regular, the set {DOO(UZ') ‘ 1€N } is finite. Hence, there exist j < k such that

Do) = Do (@), Let kg the smallest k among such k’s. By the definition of S7 and that of
ko, we have oy, € S1. Since o9 A o for all oy € S, we have o < oy,. Then, we have o € 5;°.

Now, we see either o belongs to S1° U Ss, or there exists og € S; such that oy < 0.

We define D’ by

D/( ) DOO(O-)a ifJESlOU?Q,
g) =
(I'= A,(Bup)), ifoe S;,Dc(o) =T = A,(R)),

and C' by C'(0) = ¢’ for a bud of D’ where ¢’ < o, and Do (?) = D (),

We show that Dom(D’) is finite. Assume Dom(D’) is infinite, for contradiction. Since
Dom(D’) = S; U Sy, We have Dom(D’) C Dom(Ds). Since there is no inference rule of
CLKID¥ whose assumptions are infinitely many, D, is finite branching. Hence, is also finite

branching. From the assumption, D’ is a finite branching infinite tree. By Lemma 2.39,
Konig’s lemma, there exists an infinite path {o;};cy in D'. By Dom(D’) € Dom(Dy), the

infinite path {o;};cy is also a path in D. Since Dy is regular, the set {Doo("i) ’ i€ N} is

finite. Hence, there exist j < k such that Dy (73) = Do (@*) . Let ko the smallest k among such
k’s. By the definition of S and that of ko, we have o, € S1. Hence, 0,11 & S1. Since o, 12
is a child of ok,41, we see 41 ¢ Sy. Therefore, Oko+1 ¢ D'. This contradicts the definition
of o;’s.

Since Dom(D’) is finite and C’(0) is an ancestor of o, we see that (D’,C’) is a CLKIDY
cycle-normal pre-proof.

We show that the tree-unfolding of (D, C) is that of (D',C’).
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2.6 Cycle-normalisation

For simplicity, we write D', for 7 (D’,C’).

We show that D'« (0) = Dao(0) on o € Dom(D' ).

Let 0 € Dom(D's ). We show the statement by induction on |o].

Assume o € S1° U Sy. By the definition of D' and D', D' oo(0) = D'(0) = Doo(0).

Assume o ¢ S1° U Sy. By the definition of D', there exists o9 < o such that o¢ € Si.
Let 0 = ogo1 and C'(0g) = o9. By the definition of D’ o, D' oo(0) = D' (0001) = D' o (0201).
Since o9 < 0(, we have 0201 < 0po1. By the induction hypothesis, D'« (0201) = Doo(02071).
Thus, D' o(0) = Deo(0201) = Do (0).

We show that Dom(D’+) = Dom (D). Since we have Dom (D’ ) C Dom(Dy), it suffices
to show Dom(D’ ) 2 Dom(Dy).

We show that o € Dom(Dy,) implies o € Dom(D’ ) by induction on |o]|.

Assume o € Dom(Dq).

Assume o € S1°U S;. Then, o € $1° U Sy C Dom(D’). Hence, 0 € Dom(D',).

Assume o ¢ S1° U S,. Since we assume 0 € Dom(Dy,), there exists o9 € S; such that
o9 = 0. Let 0 = 0goy for a sequence o1 and C'(0¢) = 2. By the induction hypothesis, o901 €
Dom(D’ ). By the definition of D', D'« (0001) = D' oo(0201). Hence, opo1 € Dom (D’ ).

Therefore, Dom(D’,) 2 Dom(Ds,). Thus, Dom (D’ ) = Dom(Dy).

Now, we have Dy = D' . O

Proposition 2.38 implies the following proposition, immediately.

Proposition 2.40. For a CLKID¥ proof (D,C), we have a CLKID¥ cycle-normal proof (D',C")
such that the tree-unfolding of (D',C’) is that of (D,C).

Proof. Let (D,C) be a CLKID“ proof. By Proposition 2.38, there exists a CLKID“ cycle-
normal pre-proof (D’,C’) such that the tree-unfolding of (D’,C’), is that of (D,C). Since
(D, C) satisfies the global trace condition, the tree-unfolding of (D, C) satisfies the global trace
condition. Hence, (D',C’) satisfies the global trace condition. Thus, (D',C’) is a CLKIDY
cycle-normal. O
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3 Counterexample to cut-elimination in
first-order logic with inductive definitions

In this chapter, we prove the following theorem.

Theorem 3.1. Let 0 be a constant symbol, s be a unary function symbol. Let Add; and Adds
be ternary inductive predicates with the following productions:

Addy (z,vy, 2) Addy(z, sy, 2)
Add;(0,y,y) Addy (sz,y,82) Addy(0,y,y) Addy(sz,y, z)

(1) Adda(z,y,z) = Addi(z,y, z) is provable in CLKIDY.

(2) Adds(x,y,z) = Addi(x,y, z) is not cut-free provable in CLKID.

This theorem means that Adds(z,y, 2) = Add;(z,y, 2) is a counterexample to cut-elimination
in CLKID".

In Section 3.1, we give a CLKID¥ proof of Addy(z,y,2) = Add;(x,y,z) with (CuT), and
therefore we have Theorem 3.1 (1). Section 3.2 outline the proof of Theorem 3.1 (2). Sec-
tion 3.1 gives another cyclic proof system CLKIDY to show Theorem 3.1 (2). Section 3.4
shows Theorem 3.1 (2). Section 3.5 discusses related work and the reason the cut-elimination
property in the cyclic proof systems does not hold.

3.1 A CLKIDY proof of the counterexample with (Cut)

In this section, we show Theorem 3.1 (1).

We give the inference rules for Add; and Adds in Figure 3.1.

The derivation tree in Figure 3.3 is a CLKID® proof of Adds(zx,y, 2z) = Add;(z,y, z), where
(¢) indicates the pairing of the companion with the bud, and D; is the CLKID¥ proof in
Figure 3.2, where ({<>) indicates the pairing of the companion with the bud, (some applying
rules and some labels of rules are omitted for limited space). We use the underlined formulas
to denote the infinitely progressing trace for some tails of any infinite path.

Since there is a CLKID“ proof of Adda(z,y,2) = Addi(zx,y, z), we have Theorem 3.1 (1).
We henceforth prove Theorem 3.1 (2).

3.2 The outline of the proof

We outline our proof of Theorem 3.1 (2).

Assume there exists a cut-free CLKID* proof of Adds(z,y,2) = Addi(z,y, z), for contra-
diction. By the cycle-normalization property of CLKIDY, there exists a cut-free cycle-normal
CLKID® proof of Adda(z,y,2) = Addi(z,y,z). Let (D}, CY) be the CLKID* proof.

The key concepts for the proof are an index sequent, a switching point, and an idling path.
To define these concepts, we define the relation = for a finite set of formulas I'" to be the
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3 Counterexample to cut-elimination in first-order logic with inductive definitions

I'= A,Add;(a,b,c)

Add
I' = A, Add;(sa, b, sc) ( 1 Ro)

Add
T = Add;(0,b,b),A (Add; Ry)

la=0b=y,c=y=A Ia=sx,b=y,c=sz,Addi(x,y,2) = A
I'yAdd;(a,b,c) = A
(z,y, 2z FV(I'UA U {Add;(a,b,c)}) and z, y, z are all distinct )

(CASE Addl)

I' = A, Adds(a, sb, c)
I' = A, Adds(sa,b,c)

(Add; Ry) (Addy Ry)

T = Adds(0,b,0), A

IlNa=0,b=y,c=y=A I'a=sx,b=y,c=zAdds(z,sy,z) = A
I', Adda(a,b,c) = A
(x,y, z¢ FV(I' UA U{Addz(a,b,c)}) and z, y, z are all distinct)

(CASE Adds)

Figure 3.1 The rules for Add; and Adds

smallest congruence relation on terms containing ¢t; = t2 € I' (Definition 3.4) and the index
of Adds(a,b,c) in a sequent T' = A (Definition 3.12). If there uniquely exists n — m such
that n, m € N and s"b 2p ™' for some Add;(a’,¥',) € A, then the index of Addy(a,b,c)
is defined as m —n. If s"b %y s™b for each Add;(d’,b',c’) € A and all n, m € N, the index
of Adds(a, b, c) is defined as L. The index of Addy(a, b, c) may be undefined, but the index is
always defined in a special sequent, called an index sequent (Definition 3.13). A switching point
is defined as a node that is the conclusion of (CASE Addsy) with the principal formula whose
index is L (Definition 3.15). An idling path is defined as a path {T'; = A}, of T (D, Ck)
such that I'g = Ag is an index sequent and I'; = A; is a switching point if I';11 = A;4q is
the left assumption of I'; = A; (Definition 3.16). Then, the following statements hold:

1) The root is an index sequent;

(1)
(2) Every sequent in an idling path is an index sequent (Lemma 3.17);

(3) There exists a switching point on an infinite idling path (Lemma 3.19); and
(4) The rightmost path from an index sequent is infinite (Lemma 3.21).

At last, we show there exist infinite nodes in the derivation tree D.;.. Because of (1) and (4),
the rightmost path from the root is an infinite idling path. By (3), there exists a switching
point on the path. Let g be the node of the smallest height among such switching points.
Let ap be the left assumption of 6. By (2), the sequent of ag is an index sequent. By (4),
the rightmost path from aq is infinite. Therefore, there exists a bud pg in the rightmost path
from ag. By (3) and the definition of ¢, there exists a switching point between ag and pyg.
Let &1 be the node of the smallest height among such switching points. The nodes 6y and &1
are distinct by their definitions. By repeating this process as in Figure 3.4, we get a set of
infinite nodes {5; | i € N}. It is a contradiction since the set of nodes of D, is finite.

3.3 Another cyclic proof system CLKIDY

We give some definitions and lemmas for proving (2) of Theorem 3.1.
We consider a cyclic proof system CLKIDY, which is obtained by changing the left introduc-
tion rule for “=" slightly.
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3.3 Another cyclic proof system CLKIDY

= Add;(0,y1, 1) (Add; Ry) (O) Addy(x1, sy1,21) = Add;(sx1,y1,21) .
= Add;(s0,y1, sy1) (Add; R,) Addy (22, sy1, 22) = Addi(s72, Y1, 22) Add
sy1 = y2 = Addy(s0,1,v2) Add; (22, 5y1,22) = Addy (s522, 91, 522) (Addy Ra)
7 =0, Ty = 512,
sy1 = Y2, = Addy(sz1,y1,21) SYy1 = Y2, wi Add, (sz1,y1,21)
21 = Y2 21 = S29,
(OO) Addy (1, sy1,21) = Addi(sz1,y1,21) < (Case Addy) )

Figure 3.2 CLKIDY proof D;

(<>) Addg(x,y,z) = Addl(%%z) D1

Adda(x1, sy1,21) = Addi(z1, sy1, 21) Addy (21, sy1, 21) = Addi(sz1,y1,21)

Cut
= Addi(0,y1,91) (Addy Ra) Adda (21, sy1, 21) = Addi(sz1, 91, 21) (Gur)
z =0, T = sx1,
y=y1, = Addi(z,y, 2) y =y1, Adda(z1,s91,21) = Addi(z,y, 2)
Z =1 zZ =z,

(Case Add»)

)(0) Add2(1‘7y7 Z) = Add, (.1‘7y, Z)

Figure 3.3 CLKID¥ proof of Addy(z,y, 2z) = Addy(x,y, 2)

Definition 3.2 (CLKID¥). CLKID¥ is the cyclic proof system obtained by replacing (= L)
with

Mz :=uy =t t=u= Alz :=u,y =t
Mz :=ty:=ul,t =u= Alz:=t,y :=u]

(: La)

The principal formula of the rule of (= L,) is defined as t = u.
Definitions of derivation trees, companions, pre-proofs, proofs for CLKIDY are similar to
CLKIDY.

The provability of CLKID“ is the same as that of CLKIDY, since (= L) is derivable in CLKIDY
by

Pz :=u,y:=t] = Alx :==u,y :=1]
Mz :=u,y:=t,t=u= Az :=u,y =1
Mz :=ty:=u,t=u= Al =1ty :=u]

(WEAK)
(= La)

CLKIDY is necessary because of Lemma 3.18 (3). For CLKID“, Lemma 3.18 (3) does not
hold.

Proposition 3.3. If there exists a cut-free CLKIDY proof of I' = A, then there exists a cut-free
cycle-normal CLKIDY proof of I' = A.

Proof. Let &y be a cut-free CLKID¥ proof of I' = A. By Proposition 2.40, there exists a
cycle-normal CLKID“ pre-proof &7 whose tree-unfolding is the same as that of &2;. Since the
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3 Counterexample to cut-elimination in first-order logic with inductive definitions

M1
(5]
———— (CASE Adds)
02
Ho
a1
= (CASE Addy)
g1
0
o%;)

(CASE Addy)

Adda(z,y, z) =Add;(x,y, 2)

Figure 3.4 Construction of {5;};cy

tree-unfolding of &7 satisfies the global trace condition, £ is a cycle-normal cut-free CLKID¥
proof of I' = A.

A cut-free cycle-normal CLKID¥ proof of I' = A is transformed into the CLKIDY proof
of I' = A by replacing all applications from (= L) to (= L,)and weakening. Since this
replacement does not change the rules except (= L) in the CLKID¥ proof and the sequents of
buds and companions, the obtained CLKIDY proof is cut-free and cycle-normal. ]

3.4 The proof of Theorem 3.1 (2)

In this section, we prove Theorem 3.1 (2).

Throughout the remainder of this chapter, we assume there exists a cut-free CLKID“ proof
of Addy(z,y,2) = Addi(z,y, z) for contradiction. By Proposition 3.3, there exists a cut-free
cycle-normal CLKID¥ proof of Adds(x,y, z) = Add;(z,y,z). We write (Dgf, Cgf) for a cut-free
cycle-normal CLKIDY proof of Addsa(x,y, z) = Add;(x,y, 2).

Remark. Let I' = A be a sequent in (Dgf, Cgf). By induction on the height of sequents in Dgf,
we can easily show the following statements:

(1) T consists of only atomic formulas with =, Add,.
(2) A consists of only atomic formulas with Add;.
(3) A term in I" and A is of the form s"0 or s"x with some variable x.

(4) The possible rules in (D}, Cl) are (WEAK), (SUB), (= L), (CASE Addy), (Add; Ry)
and (Add1 RQ).

By (3), without loss of generality, we can assume terms are of the form s"0 or s"x with
some variable x throughout the remainder of this chapter.

To define the key concept of the proof, called an index, we define the equality =r in a
sequent I' = A and show some properties.
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3.4 The proof of Theorem 3.1 (2)

Definition 3.4 (=r). For a set of formulas I', we define the relation = to be the smallest
congruence relation on terms which satisfies the condition that ¢ = t9 € I" implies t1 = to.

Definition 3.5 (~r). For a set of formulas I' and terms t1, to, we define t; ~r to by s"t; =p
sty for some n, m € N.

For a term ¢, we define Var(t) as a variable or a constant in t. Note that ~r is a congruence
relation and also note that ¢ ~r u if Var(¢) = Var(u).

Lemma 3.6. Let I' be a set of formulas and 0 be a substitution.
(1) For terms t1 and t2, t1]0] Zppg t2[0] if t1 =r 2.
(2) For terms ty and ta, t1 o1 to if t1]0) 71(0) to[6].

Proof. (1) We prove the statement by induction on the definition of =r. We only show the
base case. Assume t; =ty € I'. Then, t1[0] = t2[0] € T'[¢]. Thus, t1[0] =rjg t2[0].
(2) By Definition 3.5 and (1), we have the statement. O

Lemma 3.7. Let I' be a set of formulas, ui, us be terms, vi, vo be wariables, I'y =
(T[vy := w1, v9 := ug|,u1 = uz), and 'y = (T[vy 1= ug,va := u1],u; = ug).

(1) Fortermsty andts, t1[v1 := ui,ve := ug] =, to[vy 1= uy,ve := ug] ift1[v1 := w2, ve := u1] =p,
to[vy := ug, vy := uq].

(2) Fortermsty andta, t1[vy := ug,va := uy| %1, talvr := ug,ve := u| if ti[v1 1= u1, va := ug] %r,
talvy = up, vy = ug.

Proof. (1) We prove the statement by induction on the definition of =p,. We only show the

base case. Assume t1[v] := ug, v2 1= ui] = ta[v1 := ug2,ve 1= u1] € I's toshow t1[v1 := uy, ve 1= ug] =r,

tg[vl = U1,V = 'LLQ]. Iftl[vl = U9,V = ul] = tQ[Ul = U2,V = ul] is Uuyp = ug, then tl = tg is

V2 = V1, Uy = ug, U1 = v1, or u; = ug. Therefore, t1[vy := w1, vy := ug| =r, talvr := uy, vo = ug).
Assume t1[v1 := ug,ve 1= u1] = ta[vy := ug, vy := uy] is not u; = uy. By case analysis, we

have t; = to € T'. Hence, t1[v] := u1,v9 := ug| = to[v] := u1,ve := ug] € I';. Therefore, we

have tl[vl = U1,V9 = UQ] grl tQ[Ul = U1,V = UQ].
(2) By Definition 3.5 and (1), we have the statement. O

Lemma 3.8. For a set of formulas I, the following statements are equivalent:
(]) Ul 21‘ ug.

(2) There exists a finite sequence of terms {t;}o<;<,, with n >0 such that to = u1, tn, = uz
and t; = tiy1 € [I'] for 0 < i <n, where

[[] = {s"t1 = s"t2 | n €N and eithert; =ty €' orta =t; € '}

Proof. (1) = (2): Assume u; = ug to prove (2) by induction on the definition of =p. We
consider cases according to the clauses of the definition.

Case 1. If u; = ug € I, then we have u; = ug € [[']. Thus, we have (2).

Case 2. If u; = ug, then we have (2).

Case 3. We consider the case where us =r u;. By the induction hypothesis, there exists
a finite sequence of terms {t;},<;<, such that to = us, t, = w1 and t; =t;11 € [I'] with
0 <i<mn. Let t; = t,_;. The finite sequence of terms {ti}o<i<,, satisfies ty = uq, t;, = up and
t; = t;., € [[']. Thus, we have (2).
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3 Counterexample to cut-elimination in first-order logic with inductive definitions

Case 4. We consider the case where w1 = us, ug =r us. By the induction hypothesis, there

exist two finite sequences of terms {t;}o<;<,, 1 oeic such that to = w1, t, = t{, = us,
<i< <j<m

t = u2, ti=tiy1 € [[Tand =1, € [[] with 0 < i < n, 0 <j < m. Define ty as ty
if 0 <k <nand t;e_n if n < k < n+m. The finite sequence of terms {fk}ogkgn satisfies
to = u1, t, = ug and ty = tp41 € [I']. Thus, we have (2).

Case 5. We consider the case where 11 = g, u; = ufv := 41] and uy = uf[v := 4g|. By the
induction hypothesis, there exists a finite sequence of terms {¢;},-,~,, with n € N such that
toEﬂl,tnEﬂg,ti:ti_;,_lE[F]With0§i<n. o

Assume v does not occur in u. In this case, we have u; = uf[v := 1]
Hence, (2) holds.

Assume v occurs in u. In this case, we have u = s™v for some natural numbers m. Let
t; = s™t; for 0 < i < n. The finite sequence of terms {t{},,,, satisfies t{ = u1, ;, = uz and
ti =ty € [I].

(2) = (1): Assume (2) to show (1). By the assumption, there exists a finite sequence of
terms {t;}y<;<,, with n € N such that tqg = w1, t, = up and t; = t;41 € [[] with 0 < i < n.
If t; = tiy1 € [[], then t; = t;,1 is s"f; = sy, where {; = {5 € T or {5 = #; € I'. Therefore,

11
S
Il
=
<
I
<
>,
|
<
no

t; =71 t;+1. Because of the transitivity of =, we have u; = us. O
Lemma 3.9. For a set of formulas T1 and T'y = (T, u1 = uf, ..., uy = ul,) with a natural
number n, if Var(u,) (i = 1,...,n) do not occur in I'i,u1,...,uy,t,t'" and are all distinct

variables, then t =p, t' implies t =p, t'.

Proof. Let Var(u;) = v; for each ¢ = 1,...,n. Assume t =p, t/, t op, v; foralli =1,...,n.
By Lemma 3.8, there exists a sequence {t;}(_,,, with m € N such that to =¢, t,, =’ and
tj =tj41 € [['y] with 0 < j < m. We show ¢ =p, ¢’ by induction on m.

For m = 0, we have t p, ¢’ immediately.

We consider the case where m > 0.

If ¢; %slu; foralli=1,...,n,0<j<mand!l€N,thent; =t;1; € [['1] with 0 <i <m.
By Lemma 3.8, we have ¢t &, .

Assume that there exists jo with 0 < jo < m such that ¢;, = slug for some ¢ =1,...,n and
! € N. Since any formula of [[';] in which u} occurs is either sloy,; = slou; or slou; = sloy,; with
lo € Nand Var(u;) (i = 1,...,n) do not occur in ¢, ', we have tj,—1 = tj11 %Slui; Define tj,
as tg if 0 < k < jp and Th+1 if jo <k <m—1. Then, tg =t, t;,—1 = t’ and tr =try1 € [Fz]
with 0 < k < m — 1. By the induction hypothesis, we have t =p, ¢’ O
Lemma 3.10. For a set of formulas Ty and Ty = (T'1,u1 =), ..., u, = ul) with a natural
number n, if t 4, u; and t p, ui withi=1,...,n, then t =p, t' implies t =p, t'.
Proof. Assume t or, u;, t otp, u) fori=1,...,n, and t =p, t’. By Lemma 3.8, there exists a

sequence {¢;} <, with m € Nsuch that to =, t, =’ and t; = tj11 € [I'g] with 0 < j <m.

Assume, for all 0 < j < n, 7 =1,...,n, t; # slu; and tj # slu; with all [ € N. Then,
tj =tj11 € [I'1] with all 0 < j < m. By Lemma 3.8, we have ¢t =p, t'.

Assume that there exists j with 0 < j < n, such that t; = stu; or tj = slu; fori=1,...,n,
and some [ € N. Let jg be the least number among such j’s. Since jj is the least, we have
tj=tj11 € [[4] for all 0 < j < jo. By Lemma 3.8, we have t =p, slu; or t =, s'u}. This
contradicts ¢ o4p, u; and ¢ olr, ). O

)

We call the assumption of (CASE Addy) whose form is

I'a=sx,b=y,c=zAdds(z,sy,z) = A
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3.4 The proof of Theorem 3.1 (2)

the right assumption of the rule. The other assumption is called the left assumption of the
rule.

Lemma 3.11. Let I' = A be in Dgf and

AT = A) ={a| Addz(a,b,c) € T',Add;(a,b,c) € A, or a =0} and
BC(I' = A) = {b| Adda(a,b,c) €T or Addi(a,b,c) € A} U{c| Addz(a,b,c) €T or Addi(a,b,c) € A}.

Ifte A= A) and u € BC(I' = A), then t ot u.

Proof. We prove the statement by induction on the height of the node I' = A in Dgf.

The root of D) satisfies the statement.

Assume I" = A is not the root. Let IV = A’ be the parent of I' = A. We consider cases
according to the rule with the conclusion IV = A’.

Case 1. In the case (WEAK), we have the statement by I' C I".

Case 2. In the case (SUB), we have the statement by Lemma 3.6 (2).

Case 3. In the case (= L,), we have the statement by Lemma 3.7 (2).

Case 4. We consider the case where the rule is (CASE Addy) and I' = A is the right
assumption of the rule. Let Adda(a,b,c) be the principal formula of the rule. There exists
IT such that TV = (I1, Adda(a, b,c¢)) and T' = (Il,a = sz,b = y,c = z, Adds(x, sy, z)) for fresh
variables z, vy, z.

Assume t € A(I' = A) and u € BC(I' = A) and ¢ ~r u for contradiction.

Define  as a if t = x and t otherwise. We also define @ as b if u = sy, ¢ if u = 2z and
u otherwise. Since t ~p u holds, we have ¢ ~p 4. By Lemma 3.9, we have { ~p 4. Since
t € A(I" = A’) and @ € BC(I” = A’) hold, this contradicts the induction hypothesis.

Case 5. We consider the case where the rule is (CASE Adds) and I' = A is the left
assumption of the rule.

Let Adds(a,b,c) be the principal formula of the rule. There exists II such that " =
(I, Adds(a, b,¢)) and T = (II,a = 0,b = y, ¢ = y) for a fresh variable y. Let IT' = (I[,b = y, ¢ = y).

Let t € A(I' = A) and u € BC(I' = A). Since A(T' = A) C A(I" = A’) holds, we have t €
A(I" = A’). By BC(I' = A) C BC(I" = A’), we have u € BC(I" = A’). By the induction
hypothesis, t s u, t o4p b and t s . Since the set of formulas with = in II is the same as
the set of formulas with = in IV, we have t 11 u, t 11 b and t 11 ¢. By Lemma 3.10, ¢ 1 u.

By the induction hypothesis, u +4rr a, a 1 b and a +pr c. Since the set of formulas with
= in IT is the same as the set of formulas with = in IV, u %51 a, a #11 b and a %y ¢. By
Lemma 3.10, u %1 a.

By the induction hypothesis, u v 0, 0 %1 b and 0 4 ¢. Since the set of formulas with
= in II is the same as the set of formulas with = in IV, u 7 0, 0 11 b and 0 #p c¢. By
Lemma 3.10, u oy 0.

By Lemma 3.10 and these three facts, ¢t +r w.

Case 6. In the case (Add; Rg), I' = I implies the statement by the induction hypothesis.

O

We define a key concept, called an index.

Definition 3.12 (Index). For a sequent I' = A and Adda(a, b, c) € T', we define the index of
Adda(a,b,c) inT' = A as follows:

(1) If b £p V for all Add;(a/,V, ) € A, then the index of Adds(a,b,c) in ' = Ais L, and

(2) if there exists uniquely m — n such that n, m € N, s"b =p s and Add;(d/,V, ) € A,
then the index of Adda(a,b,c) in I' = A is m — n (namely the uniqueness means that
s"b2=p s for m';n’ € N and Add, (a”, V", ") € A imply m —n =m/ —n/).
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Note that if there exists n,m € N such that s"b = s™V for some Add;(a/,V',¢') and m —n
is not unique, then the index of Adds(a,b,c) in I' = A is undefined.

Definition 3.13 (Index sequent). The sequent I"' = A is said to be an index sequent if the
following conditions hold:

(1) Ifte Bi(I' = A) and w € C(I' = A), then ¢ %p u, and

(2) if s"b =p ™V with b, b/ € B1(I' = A), then n = m, where

Bi(I'=A)={b| Addi(a,b,c) € A}, and
C(T'= A) ={c| Adda(a,b,c) €T or Add;(a,b,c) € A}.

This condition (2) guarantees the existence of an index, as shown in the following lemma.
We will use (1) to calculate an index in Lemma 3.18 (1) and an infinite sequence in Lemma 3.21.

Lemma 3.14. If " = A is an index sequent, the index of each Adda(a,b,c) €T in ' = A
is defined.

Proof. 1t b p b for all Add;(d’,¥,) € A, then the index is L.

Assume b ~p bj for some Add;(ay, by, ¢f) € A. By Definition 3.5, there exist ng and my
such that s"0b 2p s™0b;. To show the uniqueness, we fix Add;(a},b],c}) € A and assume
s"b &p s, Since s"0TMp 2 gm0ty and "1T0) Xp gMtN0R, - we have s0TMp 2

s™Fnoy, - From (2) of Definition 3.13, mg + ny = my + ng. Thus, mg — ng = my — n1. O

Definition 3.15 (Switching point). A node o in a derivation tree is called a switching point
if the rule with the conclusion o is (CASE Adds) and the index of the principal formula for
the rule in the conclusion is L.

Definition 3.16 (Idling path). A path {T'; = A}, in T (D, Cly) with some a € NU{w}
is said to be an idling path if the following conditions hold:

(1) T'o = Ap is an index sequent, and

(2) if the rule for I'; = A; is (CASE Addz) and I';11 = A;41 is the left assumption of the
rule, then I'; = A, is a switching point.

Lemma 3.17. Fvery sequent in an tdling path is an index sequent.

Proof. Let {I'i = A;}y<;., be an idling path. We use B1(I' = A) and C(I' = A) in Defini-
tion 3.13. We prove the statement by the induction on 1.

For i =0, 'y = Ay is an index sequent by Definition 3.16.

For i > 0, we consider cases according to the rule with the conclusion I';_1 = A;_1.

Case 1. The case (WEAK).

(1) Assume that ¢t € Bl(Fi = Az) andu € C(FZ = Al) Since Bl(l“i = Az) - Bl(l“i_l = Ai—l)
holds, we have t € B1(I'i1 = A;—1). By C(I; = 4;) € C(T-1 = A;—1), we have u €
C(Ti—1 = A;_1). By the induction hypothesis (1), we have ¢ %p, | u. By I'; C T';_;, we have
t oy, u.

(2) Assume that s"b 2p, s™b with b, v/ € Bi(I'; = A;) for n, m € N. By I'; C I';_4,
we have s"b =p, | s™V. Since Bi(I'; = A;) C Bi(I'i-1 = A;—1) holds, we have b, b/ €
Bi(Ti—1 = A;_1). By the induction hypothesis (2) , we have n = m.

Case 2. The case (SUB) with a substitution 6.
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(1) Assume that t € By(I'; = A;) and v € C(I'; = A;). Since I';_; = I';[0] and Ay =
A;[0] hold, we have t[f] € B1(I';—1 = A;—1) and u[f] € C(I';—1 = A;—1). By the induction
hypothesis (1) , we have t[0] %, , u[f]. By Lemma 3.6 (2), we have t »%p, u.

(2) Assume that s"b =p, s™b with b, b’ € B1(I'; = A;) for n, m € N. By Lemma 3.6 (1),
s"b[0] =p,_, s™Y'[6]. Since A;—1 = A;[f] holds, we have b[f], V'[0] € B1(I';—1 = A;_1). By the
induction hypothesis (2), we have n = m.

Case 3. The case (= Ly).

Let u1 = us be the principal formula of the rule. There exist I' and A such that

Loy = (Tvr := up,v2 := ug], u; = ug),
A1 = (Avr := up,vg 1= ug),u; = ug),
I = (T[vr := ug,v2 := u1),u; = ug), and
A; = (Afvy := ug2,v9 1= uy], u1 = ug).

(1) Assume that ¢t € B1(I'; = A;) and v € C(I'; = A;). From the definition of T'; and
A;, there exist terms #, @ such that t = f[v] 1= ug, v := u1] and u = Gfvy = ug, va := u1).
Then, f[vl = U,V = UQ] S Bl(I‘i_l = Ai—l) and ﬁ[vl = U,V = UQ] S C(Fi—l = Az’—l)-
By the induction hypothesis (1), we have t[v; := uy,vo := us] obr, | ulvy :=ug, vy == ug. By
Lemma 3.7 (2), we have t[v; := ug,vo := uy] o, U[vr == ug, vy := u]. Thus, t ¢, u.

(2) Assume that s"b =p, s™b with b, ¥/ € B1(I'; = A;) for n, m € N. From the defini-
tion of I'; and A, there exist terms b, Y € A such that b = s”g[vl = ug,v9 :=wu1| and b =
sm?)’[vl := ug,v2 := uy]. By Lemma 3.7 (1), 8"13[1)1 = up, vy 1= ug) =, sm(;’[vl = Uy, U2 1= ug).
From the definition of Fi—l and Ai—l; B[Ul = U1,V = 'LLQ], I;/[Ul = U,V = UQ] € Bl(Fi—l = Ai—l)-
By the induction hypothesis (2), we have n = m.

Case 4. The case (CASE Adds) with the right assumption I'; = A;.

Let Adds (a, 3, c) be the principal formula of the rule. There exists II such that I';_; =
(H, Add, (a, b, c)) and ['; = (H, a=sz,b= y,c = z, Adda(z, sy, z)) for fresh variables x, ,
z.

(1) Assume that ¢t € B1(I'; = A;) and v € C(I'; = A;). Assume that ¢ ~p, u for contra-
diction. Define @ as c if u = z and u otherwise. Since ¢t ~r; u holds, we have ¢t ~r, 4. By
Lemma 3.9, we have ¢t ~r, | 4. Since t € B1(I'i1 = A;—1) and @ € C(I';—1 = A;_1) hold,
this contradicts the induction hypothesis (1).

(2) Assume that s"b =p, s™b with b, b’ € By(I'; = A;) for n, m € N. By Lemma 3.9,
s"b =p, , ™. Since A;_1 = A; holds, we have b, V' € B1(I';—1 = A,;_1). By the induction
hypothesis (2), we have n = m.

Case 5. The case (CASE Adds) with the left assumption I'; = A;. In this case, I';_1 = A; 4
is a switching point.

Let Adds (a, 3, c) be the principal formula of the rule. There exists II such that I';_; =

(H, Add, (a, b, c)) and I'; = (H, a=0b=y,c= y) with a fresh variable y.

(1) Assume that t € Bl(I‘z = AZ) andu € C(FZ = Az) Since Bl(l—‘l = Az) = Bl(Fi—l = Ai—l)
holds, we have t € Bi(I'i-; = A;—1). By C(I = A;) € C(T—1 = A;_1), we have u €
C(T';—1 = Aj_1). By the induction hypothesis (1), t o, , v and ¢ ¢r, , ¢. By Lemma 3.11,

t or, , aand t oy, | 0. Since y is fresh, we have t #p, | y. Since I';_1 = A;_; is a switching
point, we have ¢ op, | b. By Lemma 3.10, t o, u.

(2) Assume that s"b =p, sV with b, ¥’ € B1(I'; = A;) for n, m € N to show n = m. By
Lemma 3.11, s™b ¢, a and s"b «#r, 0. Since I';_; = A;_; is a switching point, we have
s"b or,_, b. By the induction hypothesis (1), s"b 4r,_, ¢. Since y is fresh, we have s™b Lr,_,
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y. By Lemma 3.10, we have s"b 2p, | s™b'. Because of B1(I'; = A;) = B1(I'i1 = A1), we
have b, b' € B1(T';—1 = A;_1). By the induction hypothesis (2), we have n = m.

Case 6. The case (Add; Rg). Let Add; (sa, b, sc) be the principal formula of the rule.

(1) Assume that t € B;(I'; = A;) and v € C(I'; = A;) and t ~p, u for contradiction. Define
4 as sc if u = ¢ and u otherwise. Since ¢ ~r, v holds, we have ¢ ~r, @. Since I';_; = I'; holds,
we have t ~p, | 4. Since t € B;(I';_; = A;—1) and @ € C(I';—1 = A;_1) hold, this contradicts
the induction hypothesis (1).

(2) Assume that s"b =p, s™b" with b, b’ € B1(I'; = A;) for n, m € N. Because I';_; = T,
we have s"b =p, | s™b. Since the second argument of a formula with Add; in A; is that in
A;_1, we have b, V) € B1(I";_1 = A;_1). By the induction hypothesis (2), we have n = m. O

Lemma 3.18. For an idling path {I'; = A}y, and a trace {7y}~ following {I'; = A;}
if d, is the index of T, the following statements holds:

12p’

(1) If dp, = L, then di11 = L.

2) If the rule with the conclusion I'y1, = Apyy is (WEAK) or (SUB), then dyy1 = dy or
P P
djr = L.

(8) If the rule with the conclusion T'py, = Apiy is (= Lg)or (Addy Ra), then diy1 = dy.

(4) Assume the rule with the conclusion T'p, = Apyy s (CASE Addy).
(a) If Tpirt1 = Apikt is the left assumption of the rule, then dy1 = d.

(b) If Tpiis1 = Apiryr is the right assumption of the rule and 13, is not a progress
point of the trace, then dii1 = dy.

(¢) If Tpyry1 = Dpiit1 is the right assumption of the rule and Ty, is a progress point
of the trace, then di1q1 = d + 1.

Proof. Let 1, = Adds(ag, b, ck)-

(1) Tt suffices to show that bgy1 o1, ,,, V' holds for all Addy(a’,V',¢’) € Apypyr if by, #r,,, b
holds for all Add;(a,b,c) € Apyr. We consider cases according to the rule with the conclusion
Fp—i—k = Ap—i—k-

Case 1. If the rule is (WEAK), we have the statement by I'y1 11 C 'y and Apypyq C
Apii

Case 2. If the rule is (SUB), we have the statement by Lemma 3.6 (2).

Case 3. If the rule is (= L,), we have the statement by Lemma 3.7 (2).

Case 4. The case (CASE Addp) with the right assumption I'pypy1 = Apipyr. Let
Adds(a, b, c) be the principal formula of the rule. There exists IT such that I', 1, = (II, Adda(a, b, ¢))
and I'pypp1 = (II,a = sz, b =y, c = z,Adda(x, sy, 2)) for fresh variables z, y, z.

We prove this case by contrapositive. To show by, ~r,, V', assume by ~r, ., ,, b for some
Addy(a’,V',¢") € Apygy1- Define t as b if byy1 = sy and by otherwise. Since b1 ~r, ., V'
holds, we have t ~p ., 0. By Lemma 3.9, t ~p,, b'. By by =t, we have by ~r,, 0.

Case 5. The case (CASE Addy) with the left assumption 'y x11 = Apip41. In this case,
ok = Apik is a switching point. Let Adda(a,b,c) be the principal formula of the rule.
There exists II such that 'y, = (II, Adda(a, b,¢)) and I'py 1 = (ILa = 0,b = y, ¢ = y) with
a fresh variable y.

Assume by o#r,,, b" for all Addy(a”,b",c") € Apyy. Fix Addy(a’,V,¢) € Apipyr to show
b1 #Ty oy U By b1 = b and Ay = Apygp1, we have by #r,,, V. From Lemma 3.11,
V' %r,., aand b’ or, . 0. Since y is fresh, we have b’ £r , y. Since Ipyp = Apyy is
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a switching point, o’ #r,., b- By Lemma 3.17, I'y1x = Apiy is an index sequent. By
Definition 3.13 and Ay = Apipqr, b o1, ¢ By Lemma 3.10, bgy1 o1, ., V-

Case 6. The case (Add; Ra).

In this case, I', 4 is the same as I', 11 and the second argument of a formula with Adds or
Add; in T'y1y, = Apyg is the same as that in I'yy 11 = Apiry1. We thus have the statement.
(2) Let di, = n.

Case 1. The case (WEAK).

If bk—i—l 76Fp+k+1 b for all Addy (a, b, C) S Ap+k+17 then dk—i—l =1.

Assume byy1 ~r,,,,, b for some Addi(a,b,c) € Apipy1. By Definition 3.5, there exist m,
I € N such that s"bg1 & slb. By I'ptkt1 € Ipyr, we have s™bp4q =ik slb. Since
br. = b1, we have s™by =, stb. Since Apik+1 € Apyg holds, we have Addi(a,b, c) € Apyp.
By dy, = n, we have | — m = n. Thus, dg11 = n.

Case 2. The case (SUB) with a substitution . Note that by = by1[0].

If bk+1 76Fp+k:+1 b for all Add; (a, b, C) S Ap+k+17 then dk+1 =1.

Assume that bgi1 ~r,,,,, b for some Addi(a,b,c) € Apigy1. By Definition 3.5, there
exist m, | € N such that s™bx1 =r,,, ., s'b. By Lemma 3.6 (1), s™bgy1[0] &k stb[e].
Since by, = bg41[0] holds, we have s™by =p s'b[f]. Since Apir = Apik+1]0] holds, we have
Add (al0],b0], c[0]) € Apyk. By d, =n, we have | —m =n. Thus, dp41 =n.

(3) Let dj, = n.

Case 1. The case (= Lg)with the principal formula u; = us.

Let by = b[v1 := u1, vy := ug| and b1 = blvy := ug, vy := uq| for variables vy, vo.

By di, = n, there exist m, [ € N such that s™b[v; 1= uy, vy := ug] =k slblvy := uy, v 1= us)]
for some Add;(afvy := w1, va 1= ug], blvg := ui,v2 := ug), clvr = u1, v := ua)|) € Apyp and | —
m = n. From Lemma 3.7 (1), s"b[v := ug, ve := uq] = slblvy := ug, v := uy]. More-
over,

Addi (afvr := ug, v := u1],blvr == ug,v2 := w1}, clvr = ug,v2 :=u1]) € Apypy1. Thus, dppq =
I —m=n.

Case 2. The case (Add; Ra).

Since Tpyg41 = Tp4k holds, I'pyy is the same as I'pyp11 and the second argument of a
formula with Add; in A,y is the same as that in A, 441, we have dp1 = di.

(4) Let d, = n. Let Adda(a,b, c) be the principal formula of the rule (CASE Addg) with the
conclusion 'y, = Apii.

(4)(a) The case where I'pir41 = Apyps1 is the left assumption of the rule. In this case,
Iy = Apii is a switching point.

There exists IT such that 'y, = (II, Adda(a, b,¢)) and I'pypp1 = (ILa=0,b=y,c =y)
with a fresh variable y. By dy = n, there exist m, | € N such that s™by =r s for
some Add;(a’,0',c') € Apyi and | — m = n. Since the set of formulas with = in T'pipqg
includes the set of formulas with = in I'y1x, we have s™b; =p ., ., s, By 1pp1 = T3, we
have s"b11 =, ., s'b/. Since Apip = Apikr1, we have Add;(a',V,¢’) € Apyigi1. Thus,
digy1 =1—m=n.

(4)(b) The case where I'y 41 = Apypy1 is the right assumption of the rule and 7 is not a
progress point of the trace.

Since 7 is not a progress point of the trace, we have 7,11 = 7. By di = n, there exist
m, | € N such that s™bj, =, s'b for some Addi(a,V',¢') € Ay and [ —m = n. Since
the set of formulas with = in I',4 includes the set of formulas with = in I'p; 141, we have
s"™b =, s, By Tpy1 = Tk, we have s™by iy & s s'b'. Since Apik = Apygy1 holds,
we have Add;(a/,V, ) € Apipt1. Thus, dgy1 =1 —m = n.

(4)(c) The case where I'pypy1 = Apigtr is the right assumption of the rule and 7 is a
progress point of the trace.
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There exists IT such that 'y, = (II, Adda(a, b,¢)) and T'pypy1 = (I, a = sz, b =y, c = z, Adda(z, sy, 2))
for fresh variables x, y, z. Since 7} is a progress point of the trace, we have 7, = Addy(a, b, ¢)
and 7,11 = Adda(x, sy, z). Therefore, by = b and b1 = sy. By dx = n, there exist m,
[ € N such that s™b = s'o’ for some Add;(a’,V,c') € Ay and [ —m = n. Since
the set of formulas with = in I'); 44 includes the set of formulas with = in I'j ., we have
s™b =p s/ By b =r o en Y, We have s™y =p s/, Hence, s™by 11 S I+
Thus, dg41 =1+1—m=n+1. O

Lemma 3.19. For an infinite idling path {U; = A}~ in T (DY, CY), there exists | € N
such that the following conditions hold: B

(1) Ty = Ay is a switching point in T (Dcf, ) and
(2) T141 = Aysq is the right assumption of the rule with the conclusion I'y = A;.

Proof. Since {I'; = A;},~ is an infinite path and 7 (Dif, Cclf) satisfies the global trace condi-
tion, there exists an infinitely progressing trace following a tail of the path. Let {71}, be an
infinitely progressing trace following {I'; = A; }Z> Let dj, be the index of 73, in I'p 1, = Apyp.

We show that there exists [ € N such that d; = L. The set {d | k > 0} is finite since the
set of sequents in {I'; = A;},5 is finite and we have a unique index of an atomic formula with
Addy in I'; = A;. Since {Tk}k>0 is an infinitely progressing trace following {I'; = A}, ,
if there does not exist k' € N such that dy = L, Lemma 3.18 implies that {dj | k> 0} is
infinite. Thus, there exists &’ € N such that dy =

Since {7x};>o is an infinitely progressing trace following {T; = Ai}in’ there exists a
progress point 7; with [ > k/. By Lemma 3.18, d; = L. Since 7, is a progress point,
Ipir = Apir is a switching point and I'pypy1 = Apipyr is the right assumption of the
rule. O

Definition 3.20 (Rightmost path). For a derivation tree 2 and a node o in 2, we define
the rightmost path from the node o as the path {o;},,, satisfying the following conditions:

(1) The node oy is o.
(2) If 0; is the conclusion of (CASE Adds), the node 0,4 is the right assumption of the rule.

(3) If 0; is the conclusion of the rules (WEAK), (SUB), (= L), or (Add; Rs), the node ;41
is the assumption of the rule.

Lemma 3.21. The rightmost path from an index sequent in T (Dgf,cgf) is infinite.

Proof. By Definition 3.16, the rightmost path from an index sequent in T (Dif, C(}f) is an idling
path. By Lemma 3.17, every sequent on the path is an index sequent. By Definition 3.13,
(Add; Rq) does not occur in the path. Thus, the path is infinite. O

Remark. For an infinite path in 7~ (Dcf, ) the corresponding path in D1 has a bud.

We have proved all lemmata for Theorem 3.1 (2).
We show that there exists a sequence {7;},. of switching points in D!, which satisfies the
following conditions:

(i) The height of &; is greater than the height of &;_1 in DY for i > 0.

(ii) For any node o on the path from the root to ; in Dclf excluding &;, o is a switching
point if and only if the child of o on the path is the left assumption of the rule (CASE
Addy).

34



3.5 Discussion

We construct {6;},.y and show (i) and (ii) by induction on 1.

We consider the case i = 0.

The rightmost path in 7~ (Dgf, Cclf) from the root is an infinite idling path since Adds(z, y, 2) =
Add;(x,y, z) is an index sequent and there exists no node which is the left assumption of (CASE
Adds) on the path. By Lemma 3.19, there exists a switching point on the path. Hence, there
exists a switching point on the rightmost path from the root in Déf. Let 6¢ be the switching
point of the smallest height among such switching points. (i) and (ii) follow immediately for
00.

We consider the case 7 > 0.

Let « be the left assumption of the rule with the conclusion &;_;. Because of (ii), the path
from the root to ;_1 is also an idling path. Since &;_1 is a switching point, the path from the
root to « is also an idling path. By Lemma 3.17, « is an index sequent. By Lemma 3.21, the
rightmost path from « in T (Dgf,cclf) is infinite. Therefore, there is a bud on the rightmost
path in Déf from «. Let p be the bud.

Let 7 be the path from the root to p in DY and 72 be the path from CL(b) to u in DL.
We define the path 7 in 7 (D}, C}) as mm®. Let {0;},<; be 7. Because of (ii), 7 is an idling
path. By Lemma 3.19, there is a switching point o; and o741 is the right assumption of the
rule. Hence, there is a switching point on w7y in Dgf such that its child on the path is the
right assumption of the rule. Define &; as the switching point of the smallest height among
such switching points.

We show &; satisfies the conditions (i) and (ii).

(i) By the definition of G;, ; is on the path from the root to u. By the condition (ii), ; is
not on the path from the root to ;1. Hence, the height of G; is greater than that of 5;_1.

(ii) Let o be a node on the path from the root to &; excluding &;. We can assume o is on
the path from &;_1 to 7; excluding &; by the induction hypothesis.

The “only if” part: Assume that o is a switching point. By the definition of &;, we see that
o is 6;_1. The child of &;_1 on the path from the root to &; is «, which is the left assumption
of the rule.

The “if” part: Assume that the child of ¢ on the path is the left assumption of the rule.
Since there is not the left assumption of a rule on the path from « to ;, we see that o is 6;_1.
Thus, o is a switching point.

We complete the construction and the proof of the properties.

Because of (i), &g, 1, ... are all distinct in DY. Hence, {G; | i € N} is infinite. This is a
contradiction since the set of nodes in D, is finite. Thus, we have Theorem 3.1 (2). O

3.5 Discussion

We discuss related work and why the cut-elimination property in the cyclic proof systems
does not hold.

3.5.1 Related work

Kimura et al. [12] gave a counterexample to cut-elimination in cyclic proofs for separation logic.
They also suggested that their proof technique cannot be applied to show a counterexample
to cut-elimination in a cyclic proof system with contraction and weakening rules [12].

We discuss why we cannot apply the proof technique. In order to show that their coun-
terexample is not provable without a cut rule, they have assumed that there exists a cut-free
proof of it. Then, they have proven that the rightmost path from the root has no infinitely
progressing trace following a tail of the path if the path has a companion.
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3 Counterexample to cut-elimination in first-order logic with inductive definitions

(V) Adda(x1, sy1,21),Adda (2, y, z) = Add; (z, vy, 2)
Adda(za, sy2, 22), Adda(z, y, 2) = Addy(z,y, 2)
X1 = STa, SY1 = Yo, 21 = 22, Adda (e, sy2, 22), Adda(z,y, 2) = Add;(z,y, 2)
(©) Adda(x1, sy1,21), Adda (2, y, 2) = Addy (z,y, 2)

T =811,y = Y1,z = 21, Adda (21, sy1, 21), Adda (2, y, 2) = Addy(,y, 2)
Addy(z,y,2) = Addy(z,y, 2)

(CaskE Add,)

(CASE Add2)

Figure 3.5 An example to which the technique in [12] cannot be applied

In contrast, the rightmost path from the root in a cut-free CLKID“ pre-proof of Adds(z,y, 2) =
Add;(z,y, z) might have a companion and an infinitely progressing trace following a tail of
the path that might use contraction and weakening rules. For example, pay attention to
the rightmost path from the root in Figure 3.5. It has both a companion and an infinitely
progressing trace following a tail of the path. Thus, we cannot use their proof technique.

Das [10] showed that the cut-elimination property of Cyclic Arithmetic, a cyclic proof
system for Peano Arithmetic, does not hold, which is the conclusion of Gédel’s incompleteness
theorem. It seems to be unable to use providing a counterexample to cut-elimination in CLKID¥
since CLKID“ does not include arithmetic. Nevertheless, since Peano Arithmetic theorems can
be shown in CLKIDY by adding some finitely many axioms, the counterexample in Cyclic
Arithmetic might be transformed into the one in CLKID“.

Saotome, Nakazawa, and Kimura [15] provided a counterexample to cut-elimination in the
cyclic proof system for bunched logic with inductive definitions. It is extraordinary that the
counterexample includes only nullary predicates. Their proof technique, called proof unrolling,
may be used to show that our counterexample is not provable, but this topic is reserved for
future work.

3.5.2 The cut-elimination property in cyclic proof systems

Why does not the cut-elimination property hold in the cyclic proof systems? The reason is
not yet fully understood, but we will discuss it briefly. In common, the proofs in [12, 15]
and this thesis have used the finiteness of sequents occurring in the proof figure. The more
important fact is that the cut-elimination property of LKID*, the infinitary proof system,
holds [6]. These facts suggest that the cut-elimination property does not hold in the cyclic
proof systems because of the finiteness. This observation is interesting to compare with the
following fact: the cut-elimination property of a sequent calculus for Peano Arithmetic does
not hold, but the system obtained from the system by replacing the schema for induction
with the w-rule whose assumptions are infinitely many, can eliminate the cut-rule [14]. The
finiteness also seems to relate to the cut-elimination property of first-order arithmetic.
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4 The cut-elimination property and the arity
of predicates

This chapter discusses the cut-elimination property in cyclic proof systems and the arity of
predicates.

In Chapter 3, we gave the counterexample to cut-elimination of CLKID¥ with ternary pred-
icates. Is there any simpler counterexample? If there is, the counterexample may suggest
something to find out why the cut-elimination property in CLKID“ does not hold.

Actually, there is a counterexample with predicates whose arity is less than three. In this
chapter, we give the counterexample with only unary predicates. By the counterexample we
give in this chapter, we see that we cannot eliminate the cut rule in first-order logic with
inductive definitions if we restrict predicates in the language to unary predicates and =.

Section 4.1 provides a counterexample to cut-elimination with only unary predicates. Then,
we discuss the cut-elimination property in cyclic proof systems and the arity of predicates in
Section 4.2.

4.1 Counterexample to cut-elimination with only unary predicates

In this section, we prove the following theorem.

Theorem 4.1. Let £, 1 be a constant symbol, s be a unary function symbol. Let F£T and
T1F be unary inductive predicates with the following productions:

FfT(z) T1F (sx)
FfT(sz) TiF(1) T1F ()

7

F£T(f)

(1) T1F(f) = F£T(1) is provable in CLKID“.
(2) T1F(f) = F£T(1) is not cut-free provable in CLKID“.

This theorem means that T1F(f) = F£T(1) is a counterexample with only unary inductive
predicates to cut-elimination in CLKID®.

There are the inference rules for T1F and F£T in Figure 4.1.

A CLKID¥ proof of T1F(f) = F£T(1) is the derivation tree given in Figure 4.2, where (7)
indicates the pairing of the companion with the bud and the underlined formulas denotes the
infinitely progressing trace for some tails of any infinite path (some applying rules and some
labels of rules are omitted for limited space). Thus, Theorem 4.1 (1) is correct.

In the remainder of this section, we prove Theorem 4.1 (2) by the way similar to Theorem 3.1
(2).

Throughout the remainder of this section, we assume there exists a cut-free CLKID“ proof of
T1F(f) = F£T(1), for contradiction. By Proposition 3.3, there exists a cut-free cycle-normal
CLKIDY proof of T1F(f) = FfT(1). We write (D%,C%) for a cut-free cycle-normal CLKIDY
proof of T1F(f) = F£T(1).
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4 The cut-elimination property and the arity of predicates

(F£T Ry) I'= AF£T(¢t)
I'= A, F£T(st)

[ = A, F£T(f) (F£T Ry)

Mt=1=A 't =sz, T1F(z) = A
T, TIF() = A
(x ¢ FV(LUAU{T1F(t)}))

I = A, FT(st)

(Case F£T)

FfT R4 FfT Ro
I'= A, T1F(1) ( ) I'= AJFET(t) ( )
't=1=A I't =2, T1F(sz) = A
’ ’ - (s2) (Case T1F)
[, T1F(t) = A
(z ¢ FV(TUAU{T1F(t)}))
Figure 4.1 The rules for T1F and F£fT
FfT(sz) = FfT(sz) (1) TiF(sz), FfT(sz) = FfT(1)
FfT(sx) = FfT(ssx) T1F (ssx), FfT(ssz) = F£T(1)
- Cu
F£T(1) = FET(1) T1F(ssz), F£T(sz) = FrT(1) (Cur)
T’T(f) sz = 1,FfT(sz) = FfT(1) sz =y, T1F(sy), FfT(sz) = FfT(1) (Gase T1F)
= PFfT(st) (1) T1F(sz), F£T(sz) = F£T(1) ¢
= FfT(f) f =a = FfT(sx) f =z, T1F(sz), FfT(sz) = F£fT(1) (cur)
uT

f=1= FfT(1) f =2, T1F(sz) = FfT(1)
T1F(f) = F£T(1)

(Case T1F)

Figure 4.2 The CLKIDY proof of T1F(f) = F£T(1)

Remark. Let I' = A be a sequent in fo. By induction on the height of sequents in Dgf, we
can easily show the following statements:

1) T consists of only atomic formulas with =, T1F.

2) A consists of only atomic formulas with F£T.

(1)
(2)
(3) A term in I" and A is of the form s"f, s"1, or s"z with some variable z.
(4)

4) The possible rules in (D%, %) are (WEAK), (SUB), (= L), (F£T Ry), (F£T Ry), and
(Case T1F).

Without loss of generality, we can assume terms are of the form s"f, s"1, or sz with some

variable x throughout the remainder of this section.

We define an index, which is a concept similar to Definition 3.12. 2 and ~r in the following
definition is the same relation as Definition 3.4 and Definition 3.5, respectively.

Definition 4.2 (Index). For a finite set I" and T1F(t) € I', we define the index of T1F(t) in
I' as follows:

(1) If t o £, then the index of T1F(¢) in I' is L, and

(2) if there uniquely exists m — n such that n, m € N, and st = s™f, then the index of
T1F(t) in T is m — n (namely the uniqueness means that s™'t p s™'f for n, m € N
implies m —n =m' —n').
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4.1 Counterexample to cut-elimination with only unary predicates

Note that if there exists ng, mg, ni1, m1 € N such that s™0t =Zp §™0f, g™t Zp $™1f and
mo — ng # my1 — ni, then the index of T1F(¢) in I' is undefined.

Definition 4.3 (Index sequent). The sequent I' = A is said to be an indezr sequent if the
following conditions hold:

(1) £r1,
(2) t #p £ for all FT(t) € A, and
(3) if s"f =p §"'f, then n = m.

An index sequent does not occur as a conclusion of (FfT R;) by the first and second
conditions. The third condition guarantees the existence of an index, as shown in the following
lemma.

Lemma 4.4. IfT' = A is an index sequent, the index of all T1F(t) in T is defined.

Proof. Let T1F(t) € I'. If t or £, then the index is L.

Assume t ~p f. By Definition 3.5, there exist ng and mg such that s™0t =p g"0f, To
show the uniqueness, assume st = s™1f for n; and my . Since s™0 "¢ 2 gMoFTNf and
SN0t o §MIFTN0E e have s™MOTME p ¢M1tN0f . From (3) of Definition 4.3, mg + ny =

mq + ng. Thus, mg — ng = m1 — nq. ]

Definition 4.5 (Switching point). A node o in a derivation tree is called a switching point if
the rule with the conclusion o is (CASE T1F) and the index of the principal formula for the
rule in the conclusion is L.

We call the assumption of (CASE T1F) whose form is I',t = x, T1F(sx) = A the right
assumption of the rule. The other assumption is called the left assumption of the rule.

Definition 4.6 (Idling path). A path {I'; = A}, in T (D%, %) with some o € NU{w}
is said to be an idling path if the following conditions hold:

(1) Ty = Ag is an index sequent, and

(2) if the rule for I'; = A, is (CASE T1F) and I';11 = A4 is the left assumption of the
rule, then I'; = A, is a switching point.

The following lemma corresponds to Lemma 3.17.
Lemma 4.7. Every sequent in an idling path is an index sequent.

Proof. Let {I'; = A;}<;.o be an idling path. We prove the statement by the induction on 4.

For i =0, 'y = Ay is an index sequent by Definition 4.6.

For i > 0, we consider cases according to the rule with the conclusion I';_1 = A;_;.

Case 1. The case (WEAK).

(1) By the induction hypothesis (1), we have £ »%p, , 1. By I'; CI';_1, we have £ #p, 1.

(2) Let F£T(t) € A;. By A; € A1, we have F£T(¢) € A;_1. By the induction hypothesis
(2), t o, , £. By I'; CT';_1, we have t «r, £.

(3) Assume s"f =p, s™f. By I'; C I';_1, we have s"f =, | s™f. By the induction
hypothesis (3), n = m.

Case 2. The case (SUB) with a substitution 6.

(1) By the induction hypothesis (1), we have £ %p, , 1. By Lemma 3.6 (2), we have £ ¢, 1.

(2) Let F£T(t) € A;. By Aj—1 = A;[0], FET(¢[0]) € A;—1. By the induction hypothesis (2),
t[0] #r,_, £. By Lemma 3.6 (2), ¢ or, f.
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4 The cut-elimination property and the arity of predicates

(3) Assume s"f =, s™f. By Lemma 3.6 (1), we have s"f =p, , s"f By the induction
hypothesis (3), n = m.

Case 3. The case (= Ly).

Let w1 = us be the principal formula of the rule. There exists I' and A such that

D[y := ug,v2 1= ug],u1 = ug),

(
(Afvr == u1,v2 := ual,ur = ug),

i

AV
T; vy := ug, vy := uq],u; = ugz), and
A

(
(

Alvr = ug, vz == u1],u; = uz).

(1) By the induction hypothesis (1), we have £ #p, , 1. By Lemma 3.7 (2), we have f +p, 1.

(2) Let F£T(t) € A;. By the definition of A, there exists a term # such that t =
t[vr := ug, v := uy]. Then, FfT(f[vl = Uy, v 1= ug]) € A;_1. By the induction hypothe-
sis (2), tlvr = uy,v2 = ug] or,_, £. By Lemma 3.7 (2), tlvr == ug, va = 1] op, £. Thus,
t 741"1. f.

(3) Assume s"f =, s™f. By Lemma 3.7 (1), we have s"f =p, , s"f By the induction
hypothesis (3), n = m.

Case 4. The case (CASE T1F) with the right assumption I'; = A;.

Let T1F(¢) be the principal formula of the rule. There exists IT such that I';_; = (II, T1F(¢))
and I'; = (I, ¢t = z, T1F(sx)) for a fresh variable x.

(1) If £ ~p, 1, then we have f ~r, | 1 by Lemma 3.9. It contradicts the induction hypothesis
(1). Thus, £ %p, 1.

(2) Let F£T(t') € A;. If t' ~p, £, then we have t’ ~p, | f by Lemma 3.9. It contradicts the
induction hypothesis. Thus, ¢’ p, £.

(3) Assume s"f =p, s™f. By Lemma 3.9, s"f =, | s™f. By the induction hypothesis (3),
n=nm.

Case 5. The case (CASE T1F) with the left assumption I'; = A;. In this case, I'i_1 = A,
is a switching point.

Let T1F(t) be the principal formula of the rule. There exists II such that I';_; = (II, T1F(¢))
and I'; = (II,t = 1).

Since I';_1 = A;_1 is a switching point, we have ¢t %, | f. By the induction hypothesis
(1), £ #r,, 1.

(1) Assume f ~p, 1 for contradiction. By ¢ o, , £, £ oy, , 1 and Lemma 3.10, we have
f ~p, , 1. It contradicts the induction hypothesis (1). Thus, £ #p, 1.

(2) Let F£T(t') € A;. Assume t' ~p, £ for contradiction. By ¢ ¢, | £, £ %p,_, 1 and
Lemma 3.10, we have ¢’ ~p,_, £. It contradicts the induction hypothesis (2). Thus, ¢’ %, £.

(3) Assume s"f =, s"f. By t o, , £, £ #p, , 1 and Lemma 3.10, we have s"f =p, | s"'f.
By the induction hypothesis (3), n = m.

Case 6. The case (F£fT Rg). Let F£T(st) be the principal formula of the rule.

(1) By the induction hypothesis (1), we have £ o, | 1. Since I';_; =I';, we have £ o, 1.

(2) Let F£T(t') € A;. Define t as st if t' =t and ¢’ otherwise. By the induction hypothesis
(2), we have # r, £. Since I';_1 = I';, we have ¢, £. Then, ¢’ £r, £.

(3) Assume s"f =p, s™f. Since I',_; = I';, we have s"f =, | s"f. By the induction
hypothesis (3), n = m. O

The following lemma corresponds to Lemma 3.18.

Lemma 4.8. For an idling path {I'; = A;}o; ., and a trace {7y}, following {I'; = A;}
if dy, is the index of T, the following statements holds:

12>p’

(1) If dp, = L, then di11 = L.
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4.1 Counterexample to cut-elimination with only unary predicates

(2) If the rule with the conclusion I'py, = Apyy is (WEAK) or (SUB), then diyq = dj, or
dk+1 = 1.

(8) If the rule with the conclusion I'piy, = Apiy is (= Lq) or (F£T Ry), then diiq = dy.

(4) Assume the rule with the conclusion I'pyy, = Apqy ts (CASE T1F).
(a) IfTpint1 = Apprt1 is the left assumption of the rule, then dyy1 = dy.

(0) If Tpyrs1 = Dpikyr is the right assumption of the rule and Ty is not a progress
point of the trace, then di4+1 = dy.

(¢) If Tpypy1 = Dpiitr1 is the right assumption of the rule and 1y, is a progress point
of the trace, then di+1 = di + 1.

Proof. Let 7, = T1F (ty).
(1) It suffices to show that #41 r, ., £ holds if ¢ #r, , £. We consider cases according
to the rule with the conclusion 'y = Apyp.

Case 1. If the rule is (WEAK), we have the statement by I'y 51 C Ipp.

Case 2. If the rule is (SUB), we have the statement by Lemma 3.6 (2).

Case 3. If the rule is (= L,), then we have the statement by Lemma 3.7 (2).

Case 4. The case (CASE T1F) with the right assumption I'yi 511 = Apjpti.

Let T1F(t) be the principal formula of the rule. There exists II such that I',, 1, = (II, T1F(¢))
and I'py 1 = (II t = 2, T1F(sz)) with a fresh variable .

We prove this case by contrapositive. To show ty ~r  , £, assume tx41 ~r, ., £. Define

f. By

tastif t+1 = sx and tgy1 otherwise. Since tx4q1 ~1 £ holds, we have ¢ ~r

R R p+k+1
Lemma 3.9, t ~p ., f. By tx, =1, we have t;. ~r,. I

Case 5. The case (CASE T1F) with the left assumption I'pj 411 = Apigs1. In this case,
Iyt = Apty is a switching point.

Let T1F(¢) be the principal formula of the rule. There exists IT such that I', 4, = (II, T1F(¢))
and T'pyp1 = (I1, 6 = 1).

We prove this case by contrapositive. To show ~r,., f,assume tgy1 ~p ., f. Since
Lpik = Apy is a switching point, we have t £r ., £. Since 'y = Ap4 is an index sequent,
we have £ #r . 1. By Lemma 3.10, we see that ¢ ~p ,, £.

Case 6. The case (F£T Ra).

In this case, since I', 4 is the same as I'p, 41, we have the statement.

(2) Let d, = n.

Case 1. The case (WEAK).

If te g 76Fp+k:+1 f, then di1 = L.

Assume tgi1 ~r,,,,, . By Definition 3.5, there exist m, [ € N such that st q = .,
s™f. By I'pyk+1 C Ipig, we have s™0%; 1y =p s f. Since ¢ = tg41, we have s™0t; =p
s™tf. By dx = n, we have m; — mg = n. Thus, dx+1 = n.

Case 2. The case (SUB) with a substitution 6. Note that t; = tx1[6].

If te g 76Fp+k:+1 f, then diy1 = L.

Assume that tgi1 ~r,,,,, f. By Definition 3.5, there exist mg, m; € N such that
s"0tk 41 =1, 8T E. By Lemma 3.6 (1), 80 tg1[0] =r,,, s™£. Since ty = t;41[0] holds,
we have s0¢;, - s™tf. By dx = n, we have m; — mo = n. Thus, dx+1 = n.

(3) Let di, = n.
Case 1. The case (= L,)with the principal formula u; = us.

p+k+1

p+k

In this case, there exists a term ¢ such that t;, = t[v; := u1, ve 1= ug] and tg41 = t[vr = ug,ve :

for variables vy, vs.

41
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4 The cut-elimination property and the arity of predicates

By di = n, there exist mg, m; € N such that s t[vy := uy, vy := ug) =p ., s™f and
my — mg = n. From Lemma 3.7 (1), s™° t[vy := ug, vy := uy] =p s™f. Thus, dxy1 =
mip —mgo=n.

Case 2. The case (F£T Ra).

Since Tpyr+1 = Tp+k holds and I'y 4y is the same as I'p 411, we have dj4q1 = d.

(4) Let d, = n. Let T1F(¢) be the principal formula of the rule (CASE T1F) with the
conclusion I'y1 1, = Apig.

(4)(a) The case where I'yp11 = Apypyr is the left assumption of the rule. In this case,
I'pik = Apty is a switching point. There exists IT such that 'y, = (II, T1F(t)) and T'py 41 =
(IT,t =1).

By dj = n, there exist mg, m1 € N such that s"0¢; =04 s™f and mq1 — mg = n.

Since the set of formulas with = in I',; 441 includes the set of formulas with = in I'p 4,
we have s™0t;, = s™f. By 7 = Tgy1, we have 80t s™if. Thus, dy41 =
mip —mgo=n.

(4)(b) The case where I'py ;11 = Apypy is the right assumption of the rule and 7 is not a
progress point of the trace.

Since 7 is not a progress point of the trace, we have 7,11 = 7. By di = n, there exist my,
m1 € N such that s™0¢; - s™f and mqy — mg = n.

Since the set of formulas with = in I',1; includes the set of formulas with = in I'p 41,
we have ™0t =p s™tf. Thus, dp41 =
mi1 —mgo=n.

(4)(c) The case where I'py 11 = Apipq1 is the right assumption of the rule and 7 is a
progress point of the trace.

There exists II such that 'y, = (II, T1F(¢)) and I'py 41 = (II, £ = 2, T1F(s2)) for a fresh
variable z. Since 7 is a progress point of the trace, we have 7, = T1F(¢) and 7341 = T1F(sx).
Therefore, t, = ¢ and tx41 = sz. By dy = n, there exist mg, m1 € N such that s™0¢ =p  , s™f
and m; —mg = n. Since the set of formulas with = in I'j;;11 includes the set of formulas

ptk+1

~J
Pkt “Lpikta

s™f. By Tgy1 = Tk, we have ™0t =rp

ptk+1 p+k+1

] — 3 mo4 2 mi ~J, mo [ mi
with = in I'pig, we have s™°t =p . s"™f. By £ =, z, we have s"0z =p , s"f.
Hence, s"'sz =p ., ., s"'sf. Therefore, s"tg11 =,y stlf Thus, dpyg =my+1—mg =
n .

+1 O

The following lemma, corresponds to Lemma 3.19.

Lemma 4.9. For an infinite idling path {T'; = A;};5q in T (D%, C%), there exists | € N such
that the following conditions hold:

(1) Ty = Ay is a switching point in T (sz,cgf), and
(2) T141 = Ay4q is the right assumption of the rule with the conclusion I'y = A;.

Proof. We have the statement in the same way as proving Lemma 3.19.
O

Definition 4.10 (Rightmost path). For a derivation tree 2 and a node o in %, we define
the rightmost path from the node o as the path {o;},,, satisfying the following conditions:

(1) The node oy is o.
(2) If 0; is the conclusion of (CASE T1F), the node 041 is the right assumption of the rule.

(3) If 0; is the conclusion of the rules (WEAK), (SUB), (= L,), or (F£T Ra), the node ;41
is the assumption of the rule.

The following lemma corresponds to Lemma 3.21.

42



4.2 Discussion about the arity of predicates and the cut-elimination property

N-ary
nullary unary
redicates redicates v = 2)
P P predicates
CLKID¥ with function symbols Yes? No! No!
CLKID¥ without function symbols Yes?* ? ?
Separation Logic No? No? No3
Bunched Logic No? No? No?

1By this chapter. 2By [15]. 3By [12]. “By [13].

Table 4.1 Arity of inductive predicates and the cut-elimination property in each cyclic proof
system for some logics

Lemma 4.11. The rightmost path from an index sequent in T (sz,cgf) is infinite.
Proof. We have the statement in the same way as proving Lemma 3.21. O

We have proved the lemmata to show Theorem 4.1 (2).
In the same way as the construction in the last part of Section 3.4, we can construct a
sequence {7;},cy of switching points in D2 which satisfies the following conditions:

(i) The height of &; is greater than the height of &;_1 in D% for i > 0.

(ii) For any node o on the path from the root to &; in D% excluding &;, o is a switching
point if and only if the child of o on the path is the left assumption of the rule (CASE

T1F).
Because of (i), 69,01,... are all distinct in D%. Thus, {5; | ¢ € N} is infinite. It is a
contradiction since the set of nodes in D% is finite. We have Theorem 4.1 (2). O

4.2 Discussion about the arity of predicates and the
cut-elimination property

Since T1F(f) = F£T(1) is a counterexample to cut-elimination in CLKID“, the cut-elimination
property in CLKID“ does not hold even if we restrict predicates in the language to unary
predicates and =.

Table 4.1 shows the results we obtained about the cut-elimination property of each cyclic
proof system for some logics. “Yes” means that the cut-elimination property holds. “No”
means that the cut-elimination property does not hold. The second and third column re-
sults in the “Separation Logic” row are easily obtained from the result in [15] because the
counterexample for the cyclic proof system of bunched logic also works for separation logic.

In Section 3.5, we have guessed that the reason the cut-elimination property does not hold
in cyclic proof systems is the finiteness of sequents in each proof. By our observation, with
“?” in Table 4.1, it can restrict possible occurring sequents in each proof to finitely many.
Therefore, we conjecture that the cut-elimination property of CLKID¥ holds in the case.

We also conjecture that the cut-elimination property of CLKIDY does not hold with “?”
in Table 4.1, i.e. if we restrict the arity of each predicate to two and restrict the term of
language to variables. There is one possibility for a counterexample to cut-elimination in the
case: RTL(z,y) = RTR(z,y) with productions

- S(z, 2) RTL(z,y)
RTL(z,z) RTL(z,y)
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4 The cut-elimination property and the arity of predicates

- RTR(z,2)  S(z,¥)
RTR(z,z) RTR(z,y)

where S is a binary ordinary predicate. We guess this sequent might be a counterexample to
cut-elimination in the case, but we have not proved it because we have never come up with
the definition of “index” for the sequent. An issue of our proof technique is that the “index”
is defined for each counterexample. Can the definition of “index” be generalised?
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5 Cyclic proof system for Presburger
Arithmetic

Chapters 2—4 discussed the cut-elimination property of the cyclic proof system for first-order
logic with inductive definitions. This chapter discusses a first-order arithmetic, Presburger
Arithmetic, and its cyclic proof system.

This chapter aims to define a cyclic proof system for Presburger Arithmetic and to show
the equivalence between Presburger Arithmetic and the cyclic proof system.

Presburger Arithmetic is a theory obtained by removing multiplication from Peano Arith-
metic. It is known as a complete theory [11, 19].

Generally, the cyclic proof system is more powerful than the corresponding proof system
with induction, but the converse is not obvious when they do not include Peano Arithmetic.

In this thesis, we show that Presburger Arithmetic is equivalent to the corresponding cyclic
proof system. The equivalence is proved by the completeness of Presburger Arithmetic.

Section 5.1 introduces Presburger Arithmetic. Section 5.2 shows the completeness of Pres-
burger Arithmetic. Section 5.3 provides Infinitary Presburger Arithmetic, a non-well-founded
infinitary proof system for Presburger Arithmetic. Section 5.4 defines Cyclic Presburger Arith-
metic, a cyclic proof system for Presburger Arithmetic, and shows the equivalence between
Presburger Arithmetic and Cyclic Presburger Arithmetic. Section 5.5 discusses related work.

5.1 Presburger Arithmetic

In this section, we introduce Presburger Arithmetic. Presburger Arithmetic is usually defined
as the set of formulas in the language of Presburger Arithmetic which is valid in the standard
interpretation in the set of natural numbers [11, 19], but, our aim is to study the proof
system of Presburger Arithmetic, so we define Presburger Arithmetic as a subsystem of Peano
Arithmetic, PA.

We write Lpy for the first-order language with equality, with signature (0,s, +, -, <), where
0 is a constant, s is a unary function symbol, 4, - are binary function symbols, and < is a
binary predicate symbol. We write Lp, for the first-order language obtained by removing the
binary function symbol - from Lpy.

We call Lp, and Lpy the language of Presburger Arithmetic and Peano Arithmetic, respec-
tively. We use infix notation for +, -, and < .

Peano Arithmetic, PA, is the theory in the language Lp, axiomatised by the following eight
axioms and one axiom scheme:

(A1) Vz—(sz = 0),

(A2) Va1Vao(sry = sz — o1 = 12),
(A3) Vz(x + 0 =z),

(A4) YV Voo (xy + sxe = sx1 + x2),

(A5) Vz(z - 0=0),
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5 Cyclic proof system for Presburger Arithmetic

I' = A, One of the axioms of theory
'=A

(AXIOM OF THEORY)

Figure 5.1 The axiom rule for first-order theory

(A6) VYV Vra(zy - sxe = x1 + (21 - x2)),

(A7) Va—(z <0),

(A8) Vz1Vra(z1 < sze ¢ (x1 < z2V 1 = 22)),

(A9) »(0) AVz(p(z) = P(sz)) = Vo p(z) for any first-order formula ¢(x).

We sometimes call (A9) induction scheme.

Presburger Arithmetic, P, is the theory in the language Lp, axiomatised by six axioms,
(A1), (A2), (A3), (A4), (A7) and (A8), and one axiom scheme (A9). You see that Presburger
Arithmetic is a theory obtained by removing the multiplication from Peano Arithmetic.

We define a proof in first-order theory as a finite derivation tree with rules in Figures 2.1 and
5.1 and without buds. A proof for first-order theory whose root is assigned to (I' = A, (R))
with a rule (R) is called a proof of I' = A. For first-order theory T, we write T+ T' = A if
there is a proof of I' = A in T. For simplicity, we write T - ¢ for T F= ¢.

The following theorem is known [11, 19]. For self-containedness, we include its proof in the
next section.

Theorem 5.1 (Completeness of Presburger Arithmetic). Presburger Arithmetic is complete
i.e. for any closed formula @, either PL F ¢ or Py —p.

5.2 Completeness of Presburger Arithmetic

In this section, we show Theorem 5.1. To show the completeness of Presburger Arithmetic,
we define Presburger Arithmetic extended with modulo, Py =, which admits the quantifier-
elimination property. Then, we show the completeness of P =, and it implies the completeness
of Presburger Arithmetic.

5.2.1 Quantifier-elimination property

In this section, we define the quantifier-elimination property and introduce a condition for
first-order theory admitting the quantifier-elimination property.

Definition 5.2 (Quantifier-elimination property). We say that a first-order theory T admits
quantifier-elimination if, for any formula ¢, there exists a quantifier-free formula 1 such that
TF @< .

The following proposition gives a condition for first-order theory admitting the quantifier-
elimination property. It is used to prove the quantifier-elimination property of Presburger
Arithmetic extended with modulo.

Proposition 5.3. Let T be a first-order theory. Assume, for any atomic formula o, there
exists a quantifier-free formula o where = and — do not occur and T F -« < o'. If, for
atomic formulas «,...,an, where a variable x occurs freely, there exists a quantifier-free
formula 1 such that T+ 3x(ag A -+ A ay) <> 1, then T admits quantifier-elimination.
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5.2 Completeness of Presburger Arithmetic
To prove this proposition, we show some lemmata.
A literal is defined as an atomic formula or its negation.

Lemma 5.4 (Disjunctive normal form). Let T be a first-order theory. For any quantifier-free
formula 9, there exist literals o j such that TH O < (apo A+ Aagg,) V(oA ANagg )V
eV (amp A /\am,km)-

Proof. We show the statement by induction on construction of 9.
Case 1. If ¥ is an atomic formula, then T F ¢ <> 9. Thus, we have the statement.
Case 2. Assume 9 is the form of —g. By the induction hypothesis,

THY) < (oA Nagk) V(oA ANoqg) VeV (amo A Ao k,,)
for literals «; ;. Then,
TE = ¢ = ((a0o A Aagig) V(oA Aarg) VeV (Qmo A Admg,,))-
By De Morgan’s law,
THE =y < (oo V- Vo) A(maag Ve Vaog ) A A (2o VeV =00 k)

By the distributive law T+ (o V ¢1) A < (pg A1) V (p1 A1), we have the statement.
Case 3. Assume ¥ is the form of ¥g A ¢1. By the induction hypothesis,

T|—190<—>((a070/\‘-~/\a0,k0)\/(04170/\"‘/\al,kl)\/~~V(am,0/\---/\am,km)),
T < ((apg A ANagg,) V(g A= AN )V V(g g A A, )

m,km

for literals a; ;, o ;. Thus,
T E oAt < ((ao,0A - A ko) V- V(0 - ~/\am7km))/\((a670/\- . -/\ozf)’k,o)\/- V(A o/ - -/\a;nykm)).

By the distributive law T F (g0 V ¢1) A <> (po A1) V (91 A1), we have the statement.
Case 4. Assume 9 is the form of ¥ V 9¥1. By the induction hypothesis,

Tl_’l90<—>((Ozo,g/\'-'/\aQ,kO)\/(06170/\"'/\OéLkl)\/"'\/(Oém’(]/\'--/\amﬁm)),
THEO < ((apg A ANagg,) V(g A= ANad g ) Ve V(ag oA A, )

m,km,

. L. /
for literals o j, a; ;- Thus,

T F 9oVi1 < ((@0,0A - A kg) V- - V(Um0 - A g, )V (g oA - -AG g )V - V(0 oA Ay ).

m,km,

Case 5. Assume 9 is the form of ¥g — /1. Then, T+ 99 — 91 < gV I1. By the induction
hypothesis,

TE -9y < ((a(),o/\-"/\0107;60)\/(a170/\"‘/\Oq)kl)\/"‘\/(Oém,()/\"'/\am,km)),
THO < ((agg A ANagg,) V(g A Ao )V V(ag g Ao Adp, )

mkm

for literals a; ;, o ;. Thus,
TH 99 = V1 < ((0,0A - Ak ) V-V (Qm,0A - Ak, )V (@ oA - A g )V V(g oA - A ).

m,km,

O
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5 Cyclic proof system for Presburger Arithmetic

Proposition 5.5. Let T be a first-order theory. Assume, for any atomic formula «, there
exists a quantifier-free formula o/ where = and — do not occur and T+ —a <> o'. For any
quantifier-free formula ¥, there exist atomic formulas «;j such that T F ¥ < (oo A -+ A
aO,ko) V (011,0 VANCEIWAN O‘L]ﬂ) VeV (Oém,[) VANRIERIVAY am,km)-

Proof. Assume, for any atomic formula «, there exists a quantifier-free formula o/ where —
and — do not occur and T - =« <+ o’. Because of the distributive law T F (¢ V 1) A Y
(Lo ANY)V (p1AY), the form of o is (a0 - -Aag gy) V(1,0 At oy )V -V (@m0 A+ Ao i)
for atomic formulas «; ; without loss of generality.

Let ¥ be a quantifier-free formula. By Lemma 5.4, there exist literals «; ; such that T
U (ago N ANagk) V(aoA-- Ao, ) V-V (amo A Ak, ). By the assumption,
there exists a formula ¢ where V, A and atomic formulas only occur and T F ¢ <+ (a0 A
e ANagg) V(oA Aarg) VoV (amo A A Qo g, ). Because of the distributive law
TF (po V1) A< (o AY) V (p1 Ap), we have the statement. O

Proposition 5.6. Let T be a first-order theory. If, for any quantifier-free formula ¥, there
exists a quantifier-free formula v such that T F Jx¥ <> 1, then T admits quantifier-elimination.

Proof. Assume that, for any quantifier-free formula ¢, there exists a quantifier-free formula
such that T F Jzd < .

Let ¢ be a formula. It suffices to show that there exists a quantifier-free formula ¢qg such
that T F ¢ <> . Since T - Vxx < —3-x for any formula y, we can assume V does not
occur in ¢ without loss of generality. We show the statement by induction on the number of
occurrences of 3 in .

If the number of occurrences of 3 in ¢ is 0, then ¢ is ¢ itself.

Let ¢ be the number of occurrences of 3 in ¢ and assume ¢ > 0. Then, a formula whose
form is dx# where 6 is a quantifier-free formula occurs in ¢. By the assumption, there exists a
quantifier-free formula v such that T F 3z6 <> 1. Let ¢’ be the formula obtained by replacing
3260 with . Then, T F ¢ <+ ¢'. The number of occurrences of 3 in ¢’ is less than the number
of occurrences of 3 in . By the induction hypothesis, there exists a quantifier-free formula
o such that T+ ¢ <+ pg. Because of TF ¢ <+ ¢, we have T+ ¢ < . O

We show Proposition 5.3.

Proof of Proposition 5.3. Assume, for atomic formulas ay, ..., a,, where a variable x occurs
freely, there exists a quantifier-free formula ¢ such that T F Jz(agA--- Aay,) < . By
Proposition 5.6, it suffices to show that, for a quantifier-free formula ¢, there exists a quantifier-
free formula ¢ such that T - 3z < .

Let ¥ be a quantifier-free formula. By Proposition 5.5, there exist atomic formulas «; ; such
that

THEY < (o N Nagg) V(oA ANagg) V-V (mo A Amk,,)-
Then,
TH 32 < Fz((o A Aaog) V(oA ANagg) Ve V(amo A Aamk,,))-
Hence,
TE 320 < (Fz(aoo A ANagr) V Iz(arg A Aogg) VeV Iz(amo A Aok, ))-

By the assumption, for ¢ = 0,...,m there exists a quantifier-free formula 1; such that T
Jx(cio A+ Aag,) < ;. Thus,

Th 329 P V- V P
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5.2 Completeness of Presburger Arithmetic

5.2.2 Presburger arithmetic extended with modulo

In this section, we define Presburger arithmetic extended with modulo and show that it admits
the quantifier-elimination property.

Presburger Arithmetic does not admit quantifier-elimination since there does not exist
quantifier-free formula v such that P4 F Jz(y = x + x) <> ¥, but Presburger arithmetic ex-
tended with modulo, Py =, admits the quantifier-elimination [11].

We write Lp, _ for the first-order language obtained by adding infinitely many binary
relation symbols =2,=3,..., to Lp,. We abbreviate

m

(..(z4+2)+2)+-+2)

to m x z. We define Presburger Arithmetic extended with modulo, Py =, as the theory in the
language Lp, _ axiomatised by six axioms, (Al), (A2), (A3), (A4), (A7) and (A8), and two
axiom schemes (A9) and

(Mod,,,) Vz1Vza(z) = 2o <> Jz(xr=m X 24+ 29 Vo2 =m X 2+ x1)).

We note that Py = is a conservative extension of Presburger Arithmetic since each =,, is
definable in Presburger Arithmetic.
For simplicity, we write s”0 for m.

Lemma 5.7. Py = admits quantifier-elimination.

Sketch of proof. We can show

PiFa(t=u) e t<uVu<t,
PiFa(t<u)et=uVu<t,
Pi=b-(t=pu) o t=,u+1V---Vi=,u+m—1foralm>1.

Then, by Proposition 5.3, it suffices to show that, for atomic formulas aq, ..., a7, where a vari-
able z occurs freely, there exists a quantifier-free formula ¢ such that Py = - 3z(a1 A -+ - A ay) >
.

Let a1, ..., a; be atomic formulas where a variable x occurs freely.

Since we can show Py = (t; +to) +t3 =11 + (to +13),PL Ft +u=u+t,P, Fsft =t + k
forallk e NP Fti=torti +tu=ts+u, Py Ftg <torti +u<ty+wu, and Py = F
t1 =m to & t1 + u =, to + u, we can assume that the form of each oy is

nXT+itp =10, nXxXr+i1<ty, Hh<nXxXx+1i, ornxuxz+t; =, i,

where x does not occur in 1, to and n > 0 without loss of generality. Since
PiFti=toekXxti=kX1ly, PrFt1 <lae kXt <k Xy,

and Py = Ft1 =, t2 <> k X t1 =g k X to, for all k € N5, without loss of generality, we can
assume that the number of occurrences of x in each «; equals that of each other.

We consider the case n > 1. Let B; be an atomic formula obtained by replacing the
occurrence of n X z in «; with a fresh variable y for each ¢ = 1,...,l. Then, we can show
Py = I—Elx(al/\-"/\al) HHy(yEnOAﬁl/\"'/\ﬁl).

Thus, we can assume the form of each «; is

T+t =1, T+t <ts, t1<xT+12 orx+it =t

where z does not occur in t;, to without loss of generality.
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5 Cyclic proof system for Presburger Arithmetic

Assume there exists j € {1,...,l} such that the form of o is x + u; = up. Define &; by
setting

uy < Sug, Z:],
ug + t1 = uq + to, if the form of «; is x + t1 = to;
Qi = S us + 1t < up + ta, if the form of o is & + t1 < to;

up + t1 < ug + to, if the form of o is t1 < = + t9;

Uy + t1 =y ug + to, if the form of «; is x + t1 =, to,

where x does not occur in 1, to and n > 0. Then, we can show P = - Jz(a1 A--- Aay)
dxz(é1 A -+ - A d;). Since z does not occur in ¢y, 2, ui, and ug, we have Py = = 3z (dg A - - A dy)
a1 A -+ Adp. Thus, P, = |—E|{L'(041/\---/\al> S AN NQy.

Assume the form of each atomic formula «; is not « + ¢t; = t9. Then, the form of each «; is

T+t <te, t1 <x+tg, orx+t =t

where x does not occur in t1, to and m > 0.
Assume the form of each «y is either x + t1 < t5 or t1 < x + to, where x does not occur in
t1, ta. Then, the form of Jx(a; A -+ A y) is

v I
Jx </\ ti<a+ t2,i) A /\ T+t <la

i=1 j=U+1

Then, we can show

4 l
P,-Fdx (/\ tiy <x+ tgﬂ') N /\ T+t <t >
i=1 j=l+1

ll
3%((/\1&1) <z +tagr+ - Floy+tipg+ -+ tl,l) A\
=1

l
/\x+t271++t27l/+t1,l,+1++t1’l<u%7) ,
j=v

where ugl) =t + -+ toi1 HligFtog + o+ t27l’ + tl,l’—i—l + -ty and

uéj) =tog1+ -ty i+ Tt Htey i+ Then, we can show
U l ) )
P, = Fdx (/\ iy <x+ t2,i> AN /\ x+ 115 <to; <~ dx /\ Sugz) < ugﬂ)
=1

J=+1 ic{l,...,l'}
je{l'+1,...,1}

Since = does not occur in ug) and ugj ), we have

U l
Py—Fdx (/\ t1; <+ t27i> A /\ r+t; <t > /\ Sugl) < ugj).
=1 g=t'+1 ie{l,...,l'}
je{l+1,...,1}
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5.2 Completeness of Presburger Arithmetic

Assume there exists the form of z + t; =,,, t2 among «;’s. Then, the form of Jz(a; A -+ A ayy1)
is

l l2 l
dx (/\ thy <x+ t2,i> A /\ r+t; <to; | A /\ T+l Emy, tok
i=1 j=li41 k=la4+1

Let M be the least common multiple of my,41, ..., my. Intuitively, the solution of 1 ; < = + t2,;/A
(/\L:lzJrl T+ t1 ) =m, t27k> is among sty g —to;+1, st1g—to;+2, ..., 8t 4—t2;+ M. Indeed,

we can show

I lo l
Py—Fdx (/\ 1y <x+ t27i> A /\ T+t <to; | A /\ T+t g =my, ok >
i=1 g=l1+1 k=la+1

i M l1 lo
dz \/ \/ (/\ t1; +toqg <stiqg+DpP+ tgﬁ') A /\ St1,g + P+ t1; <to; +itaq|A
g=1p=1 \u=1 j=l1+1

l

/\ Sti,q + P+ lik =my, lok + l2g
k=la+1

Since z does not occur in the right-hand side, we have

Il l2 l
P, = Fdx (/\ tiy<x+ tQ’Z') VAN /\ T+t <to; | A /\ T+t Emy, Lok >
i=1 j=li+1 k=ly+1

lo

h M I
VYV ( t1; 4 tag <stig+D+ t27i> AN st P4ty <tay +tag | A
1

q=1p=1 \i= Jj=li+1

l

I\ stig + D+ tik =m, ok + t2g
k=la+1

5.2.3 Completeness

In this section, we show the completeness of Presburger Arithmetic. To show the completeness,
we show that the completeness of Presburger Arithmetic extended with modulo.

Lemma 5.8. The following statements hold:
(1) For any variable-free Lp, _ term, there exists n € N such that Py = -t =7n.
(2) For any variable-free atomic formula «, either Py = F a or P4 = F —a.
(8) For any quantifier-free variable-free formula ¥, either P, = =19 or P = F —.

Sketch of proof. (1) We show the statement by induction on the construction of t.

If ¢t is 0, then we have the statement.

Assume ¢t is of the form st’ with a term ¢'. By the induction hypothesis, P4 = ¢’ =@ for
n € N. Then, we have P, = Ht =n+ 1.
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5 Cyclic proof system for Presburger Arithmetic

Assume t is of the form st’ with a term ¢ + t5. By the induction hypothesis, P,-Fti=n
and P, = - t9 =m for n, m € N. Then, we have P = - t; + to =7 + m. Since we can show
P,=Fn+m=n+m, weseethat P = Ft; +to =n+m.

(2) By (1), without loss of generality, we can assume that the form of o is @ = m, 7 < m, or
n =; m. We can show the following statements:

o If n =m, we have P, = - = T; otherwise we have P, = - —(7 = m).
o If n <'m, we have P, = -7 < m; otherwise we have P = - —(7 < m).

o If there exists an integer k such that n —m = [ -k, we have P = - 7 =; m; otherwise
we have Py = - =(7 =, m).

Then, we have the statement.
(3) We show the statement by induction on the construction of ¥.

In the case where ¥ is an atomic formula, we have the statement by (2).

Assume 9 is of the form —;. Assume P, = I 1. By the induction hypothesis, we have
Py = 1. Because of Py = 1 <+ ==, we have P = = .

Assume 9 is of the form ¥ A ¥2. Assume P, = I/ ¥1 A¥2. Then, we have P, = I/ ¥ or
P, = 7/ ¥2. We consider the case P, = I/ ¥1. By the induction hypothesis, P, = F —7.
Hence, we have Py = F =11 V =2. Because of Py = = =1 V =)y <> =(¥1 A ¥2), we see that
P, = F =(¥1 A¥2). In the case P4 = I/ U2, we can show Py = = —(¢; A ¥2) in the similar way.

Assume ¢ is of the form ¥ V ¥2. Assume P = I/ Y1 V2. Then, we have P = I/ ¥y
and Py = I# ¥2. By the induction hypothesis, P, = = =91 and P4 = F —93. Hence, we have
P, = F —U1 A —5. Because of Py = = 1)y A g <> (U1 V ¥2), we see that P = F —(¥ V 9).

Assume 9 is of the form ¥; — 2. Assume Py = I/ 1 — 2. Because of Py = I/ (¥1 — ¥2) <+ (=01 V ¥2),
we have Py = I/ -ty Vi¥y. By the induction hypothesis, P = F ¥; and Py = F -s.
Hence we have P4 = F 91 A =a. Because of P = F 91 A =g < =(¥1 — ¥2), we see that
P, = F ﬂ(ﬁl — ’192). L]

Proposition 5.9. P = is complete i.e. for any closed formula ¢, either Py = = ¢ or Py = F

Proof. Let ¢ be a closed formula. By Lemma 5.7, there exists a quantifier-free formula
1 such that Py = F ¢ <> 1. Let xo,...,2, be all free variables in . Then, we have
Pi=F@xg:=0,...,2, :=0] <> ¢[zg:=0,...,2, := 0]. Since ¢ is a closed formula, we have
Pi=F oo Yxg:=0,...,2, :=0]. Let ¥ = ¢[xg:=0,...,2, :=0]. Then, ¥ is a quantifier-
free variable-free formula where P4 = F ¢ <> 9 and P4 = - —¢ <+ —. By Lemma 5.8 (3),
either P4 — =1 or P = = —=1). Thus, we have either P, = - ¢ or P4 = = —¢. O

Now, we show the completeness of Presburger Arithmetic, Theorem 5.1.

Proof of Theorem 5.1. Assume P, I/ ¢. Since P, = is a conservative extension of P, we have
P, = I/ ¢. By Proposition 5.9, we have P = - —¢. Since P4 = is a conservative extension of
P, we have P4 F —¢. O

5.3 Infinitary Presburger Arithmetic
In this section, we define an infinitary proof system for Presburger Arithmetic PY, called

Infinitary Presburger Arithmetic, and show its soundness. This proof system is inspired by
[18].
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5.3 Infinitary Presburger Arithmetic

(<1) It<u=A Nt=u= A Nu<t=A

It<0=A = A (<2)
Mt<st=A . It=sr=A
= A (<3) (x is fresh) To<i=A (<4)
F,t1:t2:>A (S ) F,t1<t2:>A (S )
F,Stl = sty = A - F,Stl < sty = A <
t+0=t=A it+su=st+u=A
I'=A (+1) '=A (+2)

Figure 5.2 Rules for Infinitary Presburger Arithmetic and Cyclic Presburger Arithmetic

We define a PY -pre-proof as a possibly infinite derivation tree with rules in Figures 2.1
and 5.2 and without buds. A PY -pre-proof whose root is assigned to (I' = A, (R)) called a
P% -pre-proof of I' = A.

To define the global trace condition for P¥, we give the following concepts.

Definition 5.10 (Precursor, trace, progress). Let {I'i - A;};5, be an infinite path through
a PY-pre-proof. For terms ¢, ¢/, a precursor of t at i is defined as t’ satisfying the following
conditions:

(1) T; B A, is the conclusion of (SUB) with a substitution 6, and ¢ is §(¢').

(2) T'; F A; is the conclusion of (= L) with the principal formula u; = ug, and there exists
a term u such that ¢ is u[z := ug,y := u;] and ¢’ is u[x := uy,y := ug] for some variables

x, Y.
(3) T'; = A; is the conclusion of other rules, and t' is ¢.

We say that a term ¢ occurs in a sequent I' H A if it appears within some formula in I', A
(possibly as a subterm of another term). A trace along {I'; - A;},5, is a sequence {t;},5
such that each term t¢; occurs in I'; H A; and one of the following conditions holds:

(1) Either ¢;4; is a precursor of t; at i, or
(2) there exists (tj+1 < t) € I';41 such that ¢ is a precursor of ¢; at 1.

When the latter case holds, we say that the trace progresses at i + 1. We call a trace {t;},
that progresses at infinitely many i an infinitely progressing trace.

Definition 5.11 (Global trace condition). For a derivation tree, if, for every infinite path
{T'i = A}~ in the derivation tree, there exists an infinitely progressing trace following a
tail of the path {I'; = A;},, with some k > 0, we say the derivation tree satisfies the global
trace condition. -

Definition 5.12 (PY-proof). A P4 -proof is a PY-pre-proof that satisfies the global trace
condition.

We show the soundness of P% for the standard interpretation in the set of natural numbers.
It is proved in the same way as proving the soundness for co-proofs in [18].

If there is a P4 -proof of I' = A, we write PY - I' = A. For simplicity, for a formula ¢, we
write PY F ¢ for PY F = ¢. We write N = ¢ to say that formula ¢ is true in the standard
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5 Cyclic proof system for Presburger Arithmetic

interpretation in the set of natural numbers under a valuation p, which is a function mapping
each free variable of ¢ to a natural number. We write N =" TI' = A if N = p for all p € T
implies that there exists ) € A such that N =P ¢. We write NET' = Aif N T' = A for
all valuations p holds.

Theorem 5.13 (Soundness for P{-proofs). If there exists a PY -proof of I' = A, then we
have N =T = A.

Proof. We consider a PY-proof of I' = A. Assume N [~ I' = A with a valuation p, for
contradiction.

We inductively construct an infinite path {I'; = A;},5, from I' = A in the P{-proof and
an associated sequence {p;},~, of valuations such that N [£? I'; = A, on i > 0.

In the case i = 0, we define I'g = Ag to be I' = A, and py to be p.

We consider the case ¢ > 0. By the induction hypothesis, N j£fi-1 T';_; = A;_; for all
i > 0. Hence, the sequent I';_; = A;_1 is not the conclusion of an inference rule with no
assumption. If I';_; = A;_ is the conclusion of (SUB) with a substitution 6, then we define
p;i to be p;—_106. Otherwise define p; to be p;—1. By the soundness of inference rules, there
exists a sequent I'' = A’ which is an assumption of the rule such that N }£Pi TV = A’ holds.
We define I'; = A; to be IV = A/,

By the global trace condition, there is a infinitely progressing trace {t;},., following a
tail of the infinite path {I'; = A;};5,. Consider the sequence of numbers {t? "}isn- Since
N [P Ty = A;, we see that N =i o for every ¢ € T';. By the definitions of precursor and of
pi+1, we see the following statements:

(1) 4 s t77if t41 is a precursor of ¢;.

(2) {4 is less than ¢ if the trace progress at i 4+ 1 i.e. there exists a term ¢ such that

(tix1 <t) € ;41 and ¢ is a precursor of ¢;.
By the global trace condition, the second case applies infinitely often. Thus, {¢? i}i2 N is an
infinite descending sequence of natural numbers. This is a contradiction. O

5.4 Cyclic Presburger Arithmetic is equivalent to Presburger
Arithmetic

In this section, we define a cyclic proof system for Presburger Arithmetic CP¥, called Cyclic
Presburger Arithmetic, and show the equivalence between Presburger Arithmetic and Cyclic
Presburger Arithmetic.

We define a CP% -pre-proof as a P4 -pre-proof whose underlying tree is regular. A CPY -proof
is a CPY-pre-proof that satisfies the global trace condition.

If there is a CP%-proof of I' = A, we write CP{ + I' = A. For simplicity, for a formula ¢,
we write CPY ¢ for CPY F = .

To show the equivalence between P, and CPY, we show the following lemma.

Lemma 5.14. The following rules are derivable without (CUT) in CP¥ :

=0T=A 0<tT=A
= A Z
Proof. Tt is simulated by the proof below without (CuT).

(<1)

t<0,'=A t=0,'=A 0<t,'=A

I'=sA (<2)
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5.4 Cyclic Presburger Arithmetic is equivalent to Presburger Arithmetic

O]

We show the following theorem, which states the equivalence between P, and CPY.

Theorem 5.15. For any formula o, the following statements are equivalent:

(1) P+ - ®,
(9) P2 kg,
(3) PYF o,

(4) NE .

Proof. (1) =(2) It is sufficient to show that (A7) fori =1, 2, 3, 4, 7, 8, 9 are provable in CP¥.

(A1)

(A2)

(A3)

(A4)

(A7)

(<1)

y< 0=
=1L
sy=0,y <sy= E<3))
sy=0= (= R)
= —(sy = 0) v R)
= V- (sz = 0)
(AXI0M)

Y1 =Y2 = Y1 = Y2 (s-)
SY1 = SY2 = Y1 = Y2 (:—>R)
= SY1 = SY2 — Y1 = Y2

vV R
= Vao(syr = swy — y1 = x2) v R)
(V R)
= Vo1V (sx) = sxo — x1 = 22)

(AX)
(+1)
(VR)

y+0=y=y+0=y
=y+0=y
=Vz(zx+0=n2x)

(AX)

Y1 +Sy2 =8y1 + Y2 = Y1 + SYy2 = sy1 + Y2 (+2)

= Y1+ SYy2 = sy1 + 2 (v R)
= Vo (y1 + sxo = sy1 + z2) (¥ R)
= Vx1Vx2(x1 + sx9 =sx1 + xg)

— = (<1)
B
= V- (z < 0) (VR)
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5 Cyclic proof system for Presburger Arithmetic

(A8)
(A8)-1.1 (A8)-2.1
Y1 < SY2 U1 <Y2 VY =1y R Y1 <Yy2 VY =y Y1 < SYy2 % R)
=y <sy2 = (Y1 <y2Vyr=y2) = (11 <2V =1y2) = y1 <sy2 AR)
=y <sy2 < (Y1 <y2Vyr=y2) (v R)
= Vaa(y1 <swa < (y1 <72 VY1 = 72)) (V¥ R)
= Va1Vag(x) < sze ¢ (1 < 22 V21 = 23))
(A8)-1.1
A8)-1.2
(Ax10M) (AxI0M) (A8)
Y1 < sya2, = Y1 < Y2, Y1 < SY2, = Y1 < Y2, Y1 < SY2, = Y1 < Y2,
Y1 < Y2 Y1 = Y2 Y1 = Y2 Y1 = Y2 Y2 < Y1 Y1 = Y2 (<2)
Y1 < Sy2 = Y1 < Y2,T2 = Y2 (V R) <2
Y1 <syz = Y1 < Y2 Vyr =y2
(A8)-1.2
*) Y1 < Sy2, Y2 < Y1 = \
( )y1 Y2, Y2 < Y1 (SUB)
20 < Y2,Y2 < S2p = (s<)
<
Szp < 8Y2,Y2 < Szp = (WEAK)

20 < 820,820 < SY2,Y2 < Sz =
(<1) Y1 = 820, 20 < 820, Y1 < sY2,Y2 < Y1 = (=L)
0 <sy2,y2 <0= (= 1) Y1 =820, y1 < SY2,Y2 < Y1 = (<4

y1 =0,y1 <sy2,92 <y1 = 0<yi,y1 <sy2,y2 <y = (<)
(%) y1 < sy2,y2 < y1 = ¢ (WEAK) - g
Y1 <sy2,Y2 <Y1 = Y1 < Y2,Yy1 = Y2

We identify (x) nodes. The infinitely progressing trace along a tail of each infinite path
that the (x) nodes occur infinitely many times is {y1, y1,v1, ¥1, 20, 20, 20}, and the progress
point is underlined.

(A8)-2.1

AX
Y1 < syz = Y1 < SYy2 E< ))
= yl < Syl (_ 3 ) (AS)_22
Y1 =y2 = y1 <SSy y1 < Y2 = y1 < Sy2
Y1 <y2Vyr=y2 = y1 < sy2

(V L)
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5.5 Discussion

(A8)-2.2
(3x) sy2 < y2 = (WEAK) (kx %) y1 < y2 = y1 < sy2 (WEAK)
SY2 < Y2,Y2 < SY2 = (<) 1 < Yo,
(ox) sy2 < Y2 = Wij) sY2 <Y1, = Y1 < SY2
Sy2 < Y1 = Sy2 < SY2 (WEAK) Y2 < 8y2
i <y B <y =1 i <y (<3)
1 29 1 2 1 25
:> < S :> < S :> < S
Y1 < SYy2 v Y1 = 8Y2 L= s sy2 <1 Y1 < sY2 -
2

(xx%) y1 < Y2 = Y1 < SYa¢

We identify (%) and (* % x), respectively. The infinitely progressing trace along a tail of
each infinite path that the (%*) nodes occur infinitely many times is {y2,sy2,sy2,y2}*, and
the progress point is underlined. The infinitely progressing trace along a tail of each infinite
path that the (xx%) nodes occur infinitely many times is {y1,sy2, y2}“, and the progress point
is underlined.

(A9)
(W) £(0), Vz(P(z) = P(sz)) = P(y)
©(0),Ve(p(xz) = ¢(sz)) = ¥(z)
z < sz,9(0),Ve(e(x) = ¢(sz)) = ¥(2), P(sz)
©(0),Vz(p(z) = ¢(sz)) = P(z), P(sz) ©(0), ¢(sz), Vz(P(z) = P(sz)) = ¥(sz)
©(0), P(z) = P(sz),Vz(p(z) = P(sz)) = ¥P(sz)
y = sz,%(0), P(z) = ¥(s2), Vo (P(z) = ¥(sz)) = #(y)
©(0),Vz(e(z) — ¢(sz)) = ¥(0) y = sz, P(0),Vz(e(z) = P(sz)) = ¢(y)
y = 0,9(0),Ve(e(x) = ¢(sz)) = ¥(y) 0 < y,¥(0),Va(e(z) — ¢(sx)) = ¢(y)

>(#) £(0), Va(p(z) = #(sz)) = #(y)

#(0), Ve (p(z) — P(sz)) = Va P(z)
#(0) AVz(p(x) — P(sz)) = Yz P(x)
= ©(0) AVz(e(z) = ¢(sz)) = Yz P(z)

We identify (#). Labels of rules are omitted for limited space. The infinitely progressing
trace along a tail of each infinite path that the (#) nodes occur infinitely many times is
(¥,9,Y,9,9,82,82, 2, 2)", and the progress point is underlined.

(2) =(3) Obvious.

(3) =(4) By Theorem 5.13.

(4) =(1) We show the statement by contrapositive. Assume P t# ¢. Let @ be the universal
closure of ¢. Then, Py I . By Theorem 5.1, we have P, I —=@. Since N is a model of P, we
have N = =@. Hence, N [~ . Thus, N [~ . O

5.5 Discussion

This section discusses the equivalence between ordinary and cyclic proof systems and the
cut-elimination property of Cyclic Presburger Arithmetic.

5.5.1 The equivalence between ordinary and cyclic proof systems

What is the condition for equivalence between a proof system with induction and the corre-
sponding cyclic proof system? To show the equivalence between Presburger Arithmetic and
Cyclic Presburger Arithmetic, the completeness of Presburger Arithmetic seems to be essen-
tial. Indeed, we can show the equivalence between a proof system for the theory of successor
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5 Cyclic proof system for Presburger Arithmetic

D[s(s(0)] = A[s(s(0))] 0 <z, D[s(s(z2))] = Als(s(z2))]

zy < x1, T[s(s(22))] = Als(s(x2))] )
w1 = s(w2), 22 < s(z2), D[s(z1)] = Als(z1)] (;3)
rs(0)] = A[s(0)] 1 71 = s(2) Dls(en)l = ARG
z1 = 0,T[s(z1)] = Als(z1)] 0 < z1,T[s(z1)] = Als(z1)] (<o)
z1 < t,T[s(z1)] = Als(z1)] (= L)
t =s(z1), = < s(z1), (1] = Alt] (;3;
ool = Al t=s) T = AW
t=0,I[t] = Alt] 0 < t,I[t] = Alt]
(<2/)
r[t] = Alt]

Figure 5.3 A simulation of w-rule in Infinitary Presburger Arithmetic

and order, obtained by removing addition from Presburger Arithmetic, and the corresponding
cyclic proof system obtained by removing addition from Cyclic Presburger Arithmetic in the
same way as this thesis since the theory is complete [11, 19].

However, Peano Arithmetic is not complete, but Cyclic Arithmetic, the corresponding cyclic
system for Peano Arithmetic, is equivalent to Peano Arithmetic [18]. Moreover, Berardi
and Tatsuta [2] showed that the system obtained by adding Peano Arithmetic to CLKID“ is
equivalent to that obtained by adding Peano Arithmetic to LKID.

On the other hand, Berardi and Tatsuta [3] gave a sequent provable in CLKID* but not in
LKID. Das [10] showed that the cyclic proof system for IE, is more powerful than IZ,.

There are some equivalence cases for theories not including Arithmetic. Afshari and Leigh
[1] gave cyclic proof systems and a cut-free ordinary proof system for p-calculus. They also
showed that these proof systems are equivalent by transforming from each proof in one to a
proof in others. Shamkov [17] showed the equivalence between an ordinary proof system and
a cyclic proof system for Gédel-Lob provability logic by transforming each proof in the cyclic
proof system into a proof in the ordinary system.

Someone may consider the issue of equivalence between ordinary and cyclic proof systems
to depend on how to formalise the cyclic proof system. However, we do not imagine a more
natural cyclic proof system for first-order logic with inductive definitions than CLKID¥. For
this reason, we cannot entirely agree with the idea

5.5.2 The cut-elimination property of Cyclic Presburger Arithmetic

The sequent calculus for first-order logic with the w-rule

[z :=0] = Alz := 0] T'[z :=5(0)] = Alz :=s(0)] T'[z :=s(s(0))] = Az :=s(s(0))] ------
Lft] = Alf]

can eliminate the cut-rule [22].

The w-rule is derivable in Infinitary Presburger Arithmetic. It is simulated as in Figure 5.3.
We note that the infinitely progressing trace along the infinite path is
{t,t,t,t,x1,21, 21,21, T2, T2, T2, T2, ...}. Therefore, the cut-elimination property of Infinitary
Presburger Arithmetic holds.

However, it does not implies the cut-elimination property of Cyclic Presburger Arithmetic.
In general, the cut-elimination property of an infinitary proof system does not imply that of
the corresponding cyclic proof system, as we have seen in Chapters 3 and 4.

We conjecture that the cut-elimination property of Cyclic Presburger Arithmetic holds
because of the equivalence between Cyclic Presburger Arithmetic and Infinitary Presburger
Arithmetic. Shamkov [17] showed the equivalence between a cut-free infinitary proof system
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5.5 Discussion

GL for Godel-L6b provability logic and the corresponding cut-free cyclic proof system GLcirc
by giving the transformation of each proof in GLy, to a proof in GL.ir.. We conjecture that
there is such a transformation of each cut-free proof in Infinitary Presburger Arithmetic to a
cut-free proof in Cyclic Presburger Arithmetic.
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6 Conclusions

This section concludes this thesis.
Section 6.1 summarise our contributions. Section 6.2 provides ideas for future work.

6.1 Summary of our contributions

In this thesis, we address three contributions.

Firstly, we have given a counterexample to cut-elimination in CLKIDY¥, a cyclic proof sys-
tem for first-order logic with inductive definitions. In other words, we have shown that the
cut-elimination property of CLKID“ does not hold, which has been an open problem since
Brotherston provided Conjecture 5.2.4. of [4].

Secondly, we have given a simpler counterexample to cut-elimination in CLKID* with only
unary predicates. Therefore, we have shown that the cut-elimination property in CLKID“ does
not hold even if we restrict predicates in the language to unary predicates and =.

Thirdly, we have shown the equivalence between Presburger Arithmetic and Cyclic Pres-
burger Arithmetic, a cyclic proof system for Presburger Arithmetic.

6.2 Future Work

There are five ideas for future work.

Firstly, we will examine the cases of “?” ’s in Table 4.1. As mentioned in Section 4.2, we
conjectured that the cut-elimination property of CLKID holds with “?” in Table 4.1 but does
not hold with “?” in Table 4.1. Through this thesis, we have discussed how to show that the
cut-elimination property of a cyclic proof system does not hold. Now, we discuss how to show
the cut-elimination property of a cyclic proof system. To show the cut-elimination in first-
order logic could be considered only around the cut-rule, but the global trace condition does
not allow it in the cyclic proof system. Moreover, we cannot use a famous cut-elimination
procedure for first-order logic since we cannot assure ourselves that the procedure in the
cyclic proof system terminates and that the transformed proof figure is a regular tree. The
cut-elimination property in cyclic proof systems is probably shown by either transforming
from the corresponding cut-free infinitary proof into a cyclic proof, such as [17], or going
through semantics, such as the proof of LKID¥.

Secondly, we will examine the cut-elimination property of Cyclic Presburger Arithmetic.
As mentioned inSection 5.5, the cut-elimination property of Infinitary Presburger Arithmetic
holds, but it cannot imply that of Cyclic Presburger Arithmetic. We conjecture that the
cut-elimination property of Cyclic Presburger Arithmetic holds, and it may be shown, as
mentioned in the previous paragraph.

Thirdly, we will examine how to restrict cut formulas in CLKID* without changing provabil-
ity. Saotome, Nakazawa, and Kimura [15] showed that we could not restrict the cut formulas
to formulas presumable from the goal sequent in the cyclic proof system for symbolic-heaps,
a fragment of separation logic. The cut formulas in Figures 3.3 and 4.2 are presumable. Can
we restrict the cut formulas to presumable formulas?

61



6 Conclusions

Fourthly, we will examine the efficiency of an algorithm to determine, for each given se-
quent, whether the sequent is provable in Presburger Arithmetic by using Cyclic Presburger

Arithmetic.
Lastly, we will examine a subsystem of LKID“, which includes CLKID“ and satisfies the

cut-elimination property.
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