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Abstract

Applying machine learning to real-world tasks is often constrained due to the limited
number of labeled data. Domain adaptation is a practical approach to mitigate the issue.
However, conventional domain adaptation methods do not work well when a large gap
exists between the source and target domains. Gradual domain adaptation is one of
the approaches used to address the problem. This method utilizes the intermediate
domains that are arranged to connect the source domain to the target domain. In previous
studies, it is assumed that the number of intermediate domains is large and the gap
between adjacent domains is small; hence, the gradual domain adaptation algorithm,
involving self-training with unlabeled datasets, is applicable. In practice, however,
gradual self-training will fail because the number of intermediate domains is limited and
the discrepancies between adjacent domains is large.

For example, automatic driving systems require high object recognition accuracy
not only during the daytime but also in the evening and nighttime. If the labeled data
are obtained only from the daytime, the object recognition accuracy for the evening
and nighttime will deteriorate. Gradual self-training will be effective when we have
images that are captured continuously from day to night. However, when the interval of
capturing images is long, the gaps between adjacent domains is also large, and gradual
self-training may not be effective.

When the applicability of gradual self-training is constrained due to the limited
number of available intermediate domains, one option is to discard these intermediate
domains and apply conventional domain adaptation only to the source and target domains.
We argue that given intermediate domains are valuable and should be used, even when
the gaps between adjacent domains are large. In this dissertation, to address this issue,
we propose two gradual domain adaptation methods that do not use self-training.
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First, we consider a problem setting of semi-supervised gradual domain adaptation,
in which we can query the label of a sample from the intermediate domains and the target
domain. As a practical problem setting, we consider that querying the label of a sample
in each domain comes with some cost, which is not uniform. While a simple query
strategy is to devote the entire budget to queries from the target domain, we propose to
utilize the notion of multifidelity learning and query from both the intermediate and
target domains. Our experimental results demonstrate that the proposed query strategy is
more suited to our problem setting, where the query cost of each domain is not uniform,
than this simple query strategy.

Next, we propose a method that addresses the issue of large discrepancies between
adjacent domains while maintaining the framework of unsupervised domain adaptation.
We utilize the normalizing flow, which is one of the generative models, to capture
the continuous change between domains. In general, normalizing flows learn the
transformation between the distribution that the given data follows and a parametric
distribution, such as the Gaussian distribution. To realize gradual domain adaptation
without gradual self-training, we develop a non-parametric transformation method
between distributions using normalizing flows. We evaluate the effectiveness of our
proposed method on real-world datasets and confirm that it mitigates the problem,
in which there are large discrepancies between adjacent domains, and improves the
classification performance.
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1
Introduction

1.1 Machine learning methods for handling small dataset

Machine learning is a subset of the research area of artificial intelligence. It aims to
implement human-like learning and cognitive abilities in computers without explicit
programming. In the learning process of machine learning, it attempts to extract
meaningful patterns from the data automatically.

Machine learning methods are broadly classified into three categories: supervised
learning, unsupervised learning, and reinforcement learning. In supervised learning,
annotators assign outputs (i.e., labels) to inputs (such as images), and a machine learning
algorithm learns a map from inputs to outputs. The goal of unsupervised learning is to
identify distinctive patterns or structures in unlabeled data. Reinforcement learning
is suitable for decision-making tasks. A reinforcement learning algorithm learns the
optimal behavior within a given environment to obtain the maximum reward. In this
section, we focus on supervised learning and consider its advantages and issues.

Supervised learning enable the automation of tasks and the enhancement of decision-
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making processes by predicting labels of inputs on specific tasks. Machine learning is
widely used across many real-world tasks. We show examples as follows:

• Based on the purchase history of an individual, a machine learning model predicts
the products that the person is likely to purchase next.

• A machine learning model uses the lifestyle habits of an individual as input to
predict the possibility that the person will contract a specific disease.

• By inputting the cultivation conditions, such as the amount of pesticide, a machine
learning model predicts the yield of crops.

A huge number of input-output pairs allows machine learning to model complex events
accurately. Recently, there has been a significant increase in the number of parameters of
deep learning models. GPT-3 is a well-known large-scale language model that utilizes up
to 175 billion parameters, and executing GPT-3 requires a significant memory capacity
of 700 GB.1 Even when a large number of input-output pairs are available, only a limited
number of organizations can perform the training since training a large model also
requires substantial computational resources.

In practical problem scenarios, the number of available input-output pairs is often
limited. We can consider the situation where the number of input-output pairs is limited,
but the number of inputs is large. For example, we consider training a model that
predicts the yield of crops using the cultivation conditions. It is not realistic to obtain a
large number of input-output pairs from a single farmer because crops require several
months to mature before they can be harvested. In contrast, we can prepare a large
number of inputs by listing controllable cultivation conditions and considering their
combinations. Applying machine learning to real-world tasks is often constrained due to
the limited number of labeled data. Therefore, there is a strong demand for machine
learning algorithms that can mitigate the problem of limited labeled data.

By leveraging past experiences, humans can tackle tasks even if they have not
previously encountered them. For example, we consider the process of learning a
programming language. It is commonly said that people who have mastered some
programming language can learn other programming languages easily. Transfer
learning (Zhuang et al., 2021) is inspired by the learning process of humans, aiming to

1See https://lambdalabs.com/blog/demystifying-gpt-3.

https://lambdalabs.com/blog/demystifying-gpt-3
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apply the rich knowledge gained from one task to another. When the number of labeled
data is limited, it is hard to construct a large-scale model with numerous parameters
from scratch. We utilize the rich knowledge from a pre-trained large-scale model for
the task where the number of labeled data is limited. Transfer learning is a practical
approach to mitigate the problem setting where the number of labeled data is limited.

In transfer learning, the problem setting in which the task of machine learning is the
same but the probability distributions of the inputs are different is known as domain
adaptation (Redko et al., 2019). In domain adaptation, the source domain is rich in
labeled data, and we extract the knowledge for the task from this domain. The target
domain has limited labeled data, and we transfer the knowledge extracted from the
source domain. The problem setting, in which a limited number of labeled samples are
available from the target domain, is called semi-supervised domain adaptation (Wang and
Deng, 2018), while the problem setting with no labeled samples is termed unsupervised
domain adaptation (Wilson and Cook, 2020).

1.2 Applicability of domain adaptation

Domain adaptation is promising for real-world tasks since it can leverage limited labeled
data. When the discrepancy between the source and target domains is small, domain
adaptation performs well. However, in practical situations, the discrepancy between the
source and target domains might not be small. In order to extend the applicability of
domain adaptation methods, it is necessary to develop domain adaptation algorithms that
can handle cases with a large discrepancy between the source and target domains. To
mitigate the problem of a large discrepancy between the source and target domains,
Kumar et al. (2020) proposed gradual domain adaptation (GDA), which is categorized
as unsupervised domain adaptation. They assumed that there is a gradual change
from the distribution of the source domain to that of the target domain, and that the
intermediate domains are arranged to connect the source domain to the target domain.
A large discrepancy between the source and target domains is divided into several
smaller discrepancies using the intermediate domains. We show a schematic of GDA in
Figure 1.1.

We argue that the assumption that there is a gradual change from the distribution of
the source domain to that of the target domain is realistic. For example, automatic
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GDA Settings

Labeled Positive Data Unlabeled DataLabeled Negative Data

Source Domain Target DomainIntermediate Domain

Figure 1.1: Schematic of GDA. The intermediate domains are arranged to connect the
source domain to the target domain.

driving systems require high object recognition accuracy not only during the daytime but
also in the evening and nighttime. If the labeled data are obtained only from the daytime,
the object recognition accuracy for the evening and nighttime will deteriorate. Gradual
domain adaptation will work when images are taken continuously throughout the day
and night.

We can effectively utilize the rich knowledge gained from the source domain by
applying GDA when the sequence of intermediate domains is given. Kumar et al.
(2020) assumed that the discrepancies between adjacent domains are sufficiently small
and proposed a GDA algorithm that utilizes self-training (Amini et al., 2022). We
revisit the task of object recognition in automatic driving systems. Suppose that the
self-training-based GDA method is applicable when the images are taken every minute.
Namely, the discrepancies between adjacent domains are sufficiently small when the
images are captured every minute. When the capture interval of the images increases
from every minute to every hour, the gaps between domains become larger, and the
self-training-based GDA method will not be effective.

When the applicability of self-training-based GDA methods is constrained due to
the limited number of available intermediate domains, one option is to discard these
intermediate domains and apply conventional domain adaptation only to the source and
target domains. We argue that given intermediate domains are valuable and should be
used, even when the gaps between adjacent domains are large. In this dissertation, we
study a GDA problem in which there are large discrepancies between adjacent domains
since the number of accessible intermediate domains is limited. To address this issue, we
propose two GDA methods that do not use self-training.

First, we consider a problem setting of semi-supervised GDA, in which we can query
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Multi-fidelity

Labeled Positive Data Unlabeled DataLabeled Negative Data

Source Domain Target DomainIntermediate Domain

Figure 1.2: Extending the applicability of GDA with multifidelity learning.

the label of a sample from the intermediate domains and the target domain (Sagawa and
Hino, 2023). In reality, querying the label of a sample in each domain comes with some
cost, which is not uniform. In our problem setting, the query cost is highest in the target
domain, and the query cost in the intermediate domain is higher when it is closer to the
target domain and lower when it is closer to the source domain. Figure 1.2 shows a
schematic of our problem setting. Since we are considering a situation where querying
the label of a sample comes with some cost, we use active learning (Settles, 2009; Hino,
2020) for efficient queries. If we obtain abundant labels from the target domain or from
the intermediate domains that are close to the target domain, we can expect acquiring a
model that can precisely predict the label of a sample in the target domain. As queries
from these domains are costly, there is a trade-off between the predictive performance
and query cost. Multifidelity learning (Peherstorfer et al., 2018) aim to determine the
query sample by considering both its query cost and the usefulness of the label. In this
dissertation, we apply multifidelity learning to GDA. One simple query strategy is to
devote the entire budget to queries from the target domain. Our experimental results
show that utilizing the source domain and the intermediate domains is more effective
than using only the target domain.

Next, we propose a method to deal with the problem of large discrepancies
between adjacent domains while maintaining the framework of unsupervised domain
adaptation (Sagawa and Hino, 2022). Our primary focus is to learn the transition from
the source domain to the target domain through intermediate domains. We utilize the
normalizing flow (Papamakarios et al., 2021), one of the generative models, to capture
the change between the distributions of the source and target domains. A schematic
of our proposed method is shown in Figure 1.3. Generally, normalizing flow learns
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the transformation between the distribution that the given data follows and a known
distribution, such as the Gaussian distribution. In this dissertation, our flow-based model
is designed to learn the transformation between the distribution of one domain and that
of another domain. While our main purpose is GDA, as a byproduct, our proposed
method can generate synthetic samples from any intermediate domain even when no
sample from the domain is observed. The results of experiments show that the proposed
method mitigates the problems with large gaps between domains while maintaining the
framework of unsupervised domain adaptation.Normalizing Flow

𝑡 = 3𝑡 = 2𝑡 = 1𝑡 = 0

Time
Index

Gaussian Mixture

Labeled Positive Data Unlabeled DataLabeled Negative Data

Source Domain Target DomainIntermediate Domain

Figure 1.3: The continuous change between domains are captured using normalizing
flows.

The rest of this dissertation is organized as follows. In Chapter 2, we provide an
overview of conventional domain adaptation and explain in detail the GDA algorithm
proposed by Kumar et al. (2020). We also introduce related work of GDA in this chapter.
In Chapter 3, we consider a problem setting of semi-supervised GDA, in which we can
query the label of a sample from the intermediate domains and the target domain. Note
that we also suppose that querying the label of a sample in each domain comes with
some cost, which is not uniform. To tackle the trade-off between the query cost of a
sample and the usefulness of the label of the sample, we propose to utilize the notion of
multifidelity learning. In Chapter 4, we address the problem of large gaps between
adjacent domains while maintaining the framework of unsupervised domain adaptation.
We propose the use of normalizing flows to capture the continuous change between
domains. Chapter 5 is devoted to the conclusion of our study.
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2
Preliminary

2.1 Domain adaptation

Domain adaptation aim to transfer the knowledge extracted from the source domain
to the target domain, and to obtain a model with high predictive performance in the
target domain. Domain is a notion that includes a dataset, the features extracted from
the dataset, and the models trained on the dataset. We can broadly categorize domain
adaptation methods based on what we transfer from the source domain.

Importance weighting (Sugiyama et al., 2012) is a well-known example of unsuper-
vised domain adaptation methods that transfer the dataset in the source domain. This
method mitigates the effect of covariate shift (Shimodaira, 2000). Covariate shift assume
that while the marginal distribution of the input differs between the source and target
domains, the conditional distribution of the output given the input remains unchanged.
The discrepancy between the source and target domains is represented as the density
ratio of the input distribution. The importance of each sample is determined by the
estimated density ratio. In order to estimate the density ratio, input data from both
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the source and target domains are used. Then, the model is trained with the weighted
input-output pairs from the source domain.

In semi-supervised domain adaptation, it is effective to transfer the trained model in
the source domain. The limited labeled samples from the target domain are utilized to
fine-tune the model trained with the source dataset. When labels provided by annotators
are not available, self-training can be performed as an alternative. The technique
of self-training is frequently used in semi-supervised learning (Sohn et al., 2020),
which does not account for changes in the probability distribution. Liu et al. (2021)
experimentally demonstrated that pseudo-labels are ineffective under the condition
where the distributions followed by the training data and the test data are different.
Furthermore, they propose a cycle self-training method that is suitable for domain
adaptation. Two classifiers are prepared for both the source and target datasets. During
the model training process, penalties are imposed when the outputs from the two
classifiers disagree.

Lastly, we review domain adaptation methods that aim to extract features from
the source and target datasets that are invariant across domains. In order to extract
domain-invariant features, it is important to measure the discrepancy between domains.
Several definitions of discrepancy have been proposed, and domain adaptation methods
have been designed to extract features that reduce the discrepancy between the source
and target domains. We briefly describe well-known unsupervised domain adaptation
algorithms that extract domain-invariant features.

DANN (Domain Adversarial Neural Network): To develop a domain adaptation
method, Ganin et al. (2016) focused on theH -divergence (Ben-David et al., 2010).

Definition 2.1 (H -divergence (Ben-David et al., 2010)). The distributions of the source

and target domains over input space X are denoted as 𝑝𝑆 and 𝑝𝑇 , respectively. Let

H = {ℎ | ℎ : X → {0, 1}} be a hypothesis space. TheH -divergence between 𝑝𝑆 and 𝑝𝑇
is

𝑑H (𝑝𝑆 , 𝑝𝑇 ) = 2 sup
ℎ∈H

��Prx∼𝑝𝑆 [ℎ(x) = 1] − Prx∼𝑝𝑇 [ℎ(x) = 1]
�� .

Ganin et al. (2016) proposed a domain adaptation method that uses adversarial training
to extract features such that theH -divergence between the source and target domains
becomes small. Specifically, DANN extracts features from the datasets that make it
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difficult for the domain discriminator to distinguish between the source and target
domains.

MMD (Maximum Mean Discrepancy): The technique of kernel mean embed-
ding (Smola et al., 2007) projects samples from an arbitrary distribution into a Re-
producing Kernel Hilbert Space (RKHS) using a kernel function, and computes their
average within the RKHS. The MMD (Gretton et al., 2012) is the distance between two
probability distributions in an RKHS. Li et al. (2018) proposed a domain adaptation
method that extracts domain-invariant features by adding the MMD regularization term
to the loss function of the feature extractor.

CORAL (Correlation Alignment): Sun and Saenko (2016) proposed a simple domain
adaptation method that uses the second-order statistics of distributions of the source and
target domains. The CORAL loss is the square of the Frobenius norm of the difference
between the covariance matrices of each domain. By adding the CORAL loss to the loss
function of the feature extractor, domain-invariant features are extracted from the source
and target datasets.

WDGRL (Wasserstein Distance Guided Representation Learning): In WD-
GRL (Shen et al., 2018), the discrepancy between the source and target domains is
measured as the Wasserstein distance (Villani, 2009) between the distributions of the
source and target domains. The Wasserstein distance is defined as follows.

Definition 2.2 (Wasserstein distance (Villani, 2009)). Let 𝜈1 and 𝜈2 be the probability

measure on input space X, and 𝜋 ∈ Π(𝜈1, 𝜈2) be a coupling between 𝜈1 and 𝜈2. For any

𝑝 ≥ 1, given a distance function 𝑑 : X × X → R≥0, the 𝑝-Wasserstein distance is defined

as

𝑊𝑝 (𝜈1, 𝜈2) =
(

inf
𝜋∈Π(𝜈1,𝜈2)

∫
X×X

𝑑 (x′, x̃)𝑝𝑑𝜋 (𝜈1, 𝜈2)
)1/𝑝

,

where x′ ∼ 𝜈1 and x̃ ∼ 𝜈2. Moreover, the∞-Wasserstein distance is defined as

𝑊∞(𝜈1, 𝜈2) = lim
𝑝→∞

𝑊𝑝 (𝜈1, 𝜈2).

As a result of the visualizing the features extracted by WDGRL, it is confirmed that a
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cluster structure is formed for each label. Consequently, it is suggested that WDGRL
can learn features suitable for domain adaptation.

KL (Kullback–Leibler divergence): The KL divergence (Kullback and Leibler,
1951) is a popular measure of discrepancy between two probability distributions. The
definition of the KL divergence is shown as follows.

Definition 2.3 (KL divergence (Kullback and Leibler, 1951)). Given two distributions

𝑝1 and 𝑝2 over input space X. The KL divergence between 𝑝1 and 𝑝2 is

KL[𝑝2 |𝑝1] =
∫
X
𝑝2(x) log

𝑝2(x)
𝑝1(x)

𝑑x.

Nguyen et al. (2022) proposed to utilize the KL divergence between the distributions of
the source and target domains as a regularization term. To simplify the measurement
of KL divergence, it was assumed that the extracted features are sampled from the
Gaussian distribution. In the comparison of prediction performance, their proposed
method outperformed the above mentioned DANN, MMD, CORAL, and WDGRL.

2.2 Gradual domain adaptation (GDA)

In this section, we provide a detailed description of GDA. The formulation of self-
training-based GDA method (Kumar et al., 2020) is shown in Section 2.2.1. We review
some related work in Section 2.2.2 that have been inspired by Kumar et al. (2020). Other
problem settings similar to GDA are introduced in Section 2.2.3.

2.2.1 Formulation of gradual self-training

Consider a multiclass classification problem. Let X = R𝑑 and Y = {1, 2, . . . ,𝐶} be the
input and label spaces, respectively. In GDA, multiple domains are available, and
each domain is represented by the superscript ( 𝑗), 1 ≤ 𝑗 ≤ 𝐾 . The source domain
corresponds to 𝑗 = 1, the target domain corresponds to 𝑗 = 𝐾 , and the others correspond
to the intermediate domains. We denote the source dataset as 𝐷 (1) = {(x(1)

𝑖
, 𝑦
(1)
𝑖
)}𝑛1
𝑖=1,

and 𝑈 ( 𝑗) = {x( 𝑗)
𝑖
}𝑛 𝑗
𝑖=1 represents the intermediate and the target datasets. The subscript

𝑖, 1 ≤ 𝑖 ≤ 𝑛 𝑗 indicates the 𝑖-th observed datum. We note that {𝑈 ( 𝑗)}𝐾−1
𝑗=2 are the
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intermediate datasets and 𝑈 (𝐾) is the target dataset. When 𝑗 is small, the domain is
considered to be similar to the source domain. In contrast, when 𝑗 is large, the domain is
considered to be similar to the target domain. The intermediate domains are arranged to
connect the source domain to the target domain, and their order is known or index is
given.

We consider training the model ℎ(1) by minimizing the loss on the source dataset

ℎ(1) = arg min
ℎ∈H

1
𝑛1

𝑛1∑︁
𝑖=1

ℓ (ℎ(x(1)
𝑖
), 𝑦 (1)

𝑖
), (2.1)

where H = {ℎ | ℎ : X → Y} and ℓ : Y × Y → R≥0 are a hypothesis space and a
loss function, respectively. The classifier of the current domain ℎ( 𝑗) is used to make
pseudo-labels on the unlabeled dataset 𝑈 ( 𝑗+1) in the next domain. A self-training
algorithm selects the hypothesis that minimizes the loss on the pairs of input and
pseudo-labels. Let ST(ℎ( 𝑗),𝑈 ( 𝑗+1)) be a function that returns the self-trained model for
x( 𝑗+1) ∈ 𝑈 ( 𝑗+1) by inputting the current model ℎ( 𝑗) and an unlabeled dataset𝑈 ( 𝑗+1):

ST(ℎ( 𝑗),𝑈 ( 𝑗+1)) = arg min
ℎ∈H

1
𝑛 𝑗+1

𝑛 𝑗+1∑︁
𝑖=1

ℓ (ℎ(x( 𝑗+1)
𝑖
), ℎ( 𝑗) (x( 𝑗+1)

𝑖
)) .

Self-training is only applied between adjacent domains. The output of GDA is the
classifier for the target domain ℎ(𝐾). Gradual self-training is a special case of self-
training where the self-training process is applied along a sequence of unlabeled datasets.
The classifier ℎ(𝐾) is obtained by applying gradual self-training to the model of the
source domain ℎ(1) along the sequence of unlabeled datasets𝑈 (2), . . . ,𝑈 (𝐾) denoted as
ℎ(2) = ST(ℎ(1),𝑈 (2)), · · · , ℎ(𝐾) = ST(ℎ(𝐾−1),𝑈 (𝐾)). Gradual self-training is categorized
as a domain adaptation method that transfers the trained model in the source domain.
The categorization of domain adaptation methods was described in Section 2.1.

In Kumar et al. (2020), it is assumed that the discrepancy between adjacent domains
is sufficiently small, and the discrepancy between domains is defined based on the
Wasserstein distance. Let 𝑝 ( 𝑗) be the probability density function of the 𝑗-th domain.
Kumar et al. (2020) defined the discrepancy between adjacent domains as

max
𝑠∈Y

𝑊∞(𝑝 ( 𝑗−1)
x|𝑦=𝑠 , 𝑝

( 𝑗)
x|𝑦=𝑠).
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To discuss a generalization error bound for gradual self-training, we introduce big O
notation.

Definition 2.4 (Big O notation). Given two functions 𝑓 and 𝑔, there exist two positive

constants 𝑛0 and 𝑀 such that 𝑓 (𝑛) ≤ 𝑀𝑔(𝑛) always holds for 𝑛 > 𝑛0. This is denoted as

𝑓 (𝑛) = O(𝑔(𝑛)), indicating that the computational cost of 𝑓 (𝑛) is of the order of 𝑔(𝑛).
Moreover, 𝑓 (𝑛) = Õ(𝑔(𝑛)) means 𝑓 (𝑛) = O(𝑔(𝑛) log𝑐 (𝑔(𝑛))), where 𝑐 is a constant.

Kumar et al. (2020) derived the first generalization error bound for gradual self-training.
For the joint distribution 𝑝 ( 𝑗)x,𝑦 , the expected loss with the classifier ℎ( 𝑗) is defined as

𝜖 ( 𝑗) (ℎ( 𝑗)) = E
x,𝑦∼𝑝 ( 𝑗 )x,𝑦

[ℓ (ℎ( 𝑗) (x), 𝑦)] .

For simplicity, Kumar et al. (2020) assumed that the sample size in each domain is
the same, i.e., 𝑛2 = · · ·=𝑛𝐾 =𝑛. The expected loss of ℎ(𝐾), obtained through gradual
self-training, is bounded as

𝜖 (𝐾) (ℎ(𝐾)) ≤ 𝑒O(𝐾−1)
(
𝜖 (1) (ℎ(1)) + O

(√︂
log(𝐾 − 1)

𝑛

))
.

2.2.2 Related work of gradual domain adaptation

The topic of GDA has been actively researched in recent years. Here, we review some
studies of GDA. The summary of related work is shown in Table 2.1.

Chen and Chao (2021) considered a problem setting where the intermediate domains
are available, but their indices are unknown. In their problem setting, the sequence of
intermediate datasets𝑈 (2), . . . ,𝑈 (𝐾−1) is merged into one large dataset𝑈 . They proposed
a method that decomposes the large dataset 𝑈 into a sequence 𝑈 (2), . . . ,𝑈 (𝐾−1). To
simplify the decomposition of 𝑈 , they assumed that the sample size in each domain is
equal 𝑛2= · · ·=𝑛𝐾−1=𝑛. Their proposed method consists of two steps. First, it utilizes a
domain discriminator, which is trained on the input data from both the source and target
domains, to output the probability that a sample in 𝑈 belongs to the source domain. The
samples in𝑈 are sorted by this probability value. Finally, the result of the sorting is
adjusted to reduce the loss of cycle consistency. The cycle consistency loss ensures that
the outputs from the two classifiers ℎ( 𝑗) and ℎ̂( 𝑗) match. The classifier ℎ̂( 𝑗) is obtained by
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updating ℎ( 𝑗) from domain 𝑗 to 𝑗 + 1 using self-training and then updating it again from
domain 𝑗 + 1 to 𝑗 using self-training.

Wang et al. (2022) considered gradual self-training from an online learning perspec-
tive and conducted a theoretical analysis. Their assumptions are more general than
those of the previous work (Kumar et al., 2020). They defined the discrepancy between
adjacent domains as 𝑝-Wasserstein distance instead of the per-class∞-Wasserstein
distance. The average of discrepancies between consecutive domains is defined as

𝜌 =
1

𝐾 − 1

𝐾∑︁
𝑗=2
𝑊𝑝 (𝑝 ( 𝑗−1)

x,𝑦 , 𝑝
( 𝑗)
x,𝑦). (2.2)

To simplify the theoretical analysis, they assumed 𝑛2 = · · · =𝑛𝐾 =𝑛, and derived an
improved generalization bound:

𝜖 (𝐾) (ℎ(𝐾)) ≤ 𝜖 (1) (ℎ(1)) + Õ
(
𝜌 · (𝐾−1) + 𝐾−1

√
𝑛
+ 1√︁

𝑛(𝐾−1)

)
. (2.3)

He et al. (2023) considered a scenario where, similar to ours, the available intermedi-
ate domains are limited. They propose generating a pseudo-intermediate domain using
optimal transport (Villani, 2009) and use self-training to propagate the label information
of the source domain.

Zhou et al. (2022a) assumed that they have access to the labels of the intermediate
and target domains, and they proposed a semi-supervised GDA method. Their proposed
method utilizes self-training and requests of queries. When updating the hypotheses,
pseudo-labels are used for the less uncertain samples, while queries are requested for the
more uncertain samples. They also provided a new dataset suitable for GDA.

The key idea of Kumar et al. (2020) is to update the classifier gradually through
self-training. Zhang et al. (2021) and Abnar et al. (2021) proposed to apply the idea to
conventional domain adaptation. Since the intermediate domains are unavailable in their
problem setting, they use pseudo-intermediate domains, which are generated by mixing
the samples from the source and target domains. Huang et al. (2022) proposed the
application of the key idea of Kumar et al. (2020) to reinforcement learning. They
proposed a method, following a similar concept to curriculum learning (Bengio et al.,
2009), that starts with simple tasks and gradually introduces more challenging problems
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for learning.

2.2.3 Other problem settings

Several methods have been proposed to gradually transfer the knowledge extracted from
the source domain to the target domain (Gadermayr et al., 2018; Gong et al., 2019; Hsu
et al., 2020; Choi et al., 2020; Cui et al., 2020; Dai et al., 2021). These methods are
categorized as domain adaptation methods that extract domain-invariant features from
the source and target datasets. The interest of these methods is image recognition or
image classification. A sequential domain adaptation is realized by using data generated
by mixing the data from the source and target domains.

Liu et al. (2020) proposed evolving domain adaptation in which a target domain
evolves over time. In contrast to GDA, which has only one target domain, the evolving
domain adaptation assumes that the sequence of the target domains is given and aims at
achieving accurate prediction over all the target domains. They proposed a method to
use the notion of meta-learning (Hospedales et al., 2022) for this problem setting and
demonstrate its feasibility.

Wang et al. (2020) considered the problem where there are multiple source domains
with indices, which corresponds to the GDA problem where all labels of the intermediate
domains can be accessed. Dong et al. (2022) considered a supervised GDA problem
where all the labels of the intermediate domains are given, and they derived the first
generalization upper bound on the expected loss of ℎ(𝐾). In multi-source domain
adaptation (Zhao et al., 2020), it is considered that labeled data are collected from
multiple different distributions. One simple approach to utilizing multiple source datasets
is combining the source datasets into a single source dataset. Since this simple approach
does not provide good prediction performance, various approaches have been studied.
One of the standard approaches of the multi-source domain adaptation assumes that the
target distribution can be approximated by a mixture of multiple source distributions.
Therefore, a combination of classifiers with weight is used for multi-source domain
adaptation.

A problem setting where samples are continuously available, such as online learning,
is similar to that of GDA. In online learning, the model is required to adapt to the latest
samples while maintaining the long-term trend learned in the past. Ye et al. (2022)
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proposed a method for temporal domain generalization in online recommendation
models. While GDA aims to reduce the loss in one target domain, their goal is to reduce
the losses in all domains. The availability of labeled data from all domains also differs
from GDA. Zhou et al. (2022b) proposed a domain generalization method for online
settings. To reduce the number of labeled samples from each domain, they utilize
self-training and requests of queries.

Table 2.1: Summary of related work

Reference Intermediate domains Unsupervised domain adaptation # of domains to be adapted
Ours (Chapter 3) limited available No single
Ours (Chapter 4) limited available Yes single
Kumar et al. (2020) available Yes single
He et al. (2023) limited available Yes single
Abnar et al. (2021) unavailable Yes single
Zhang et al. (2021) unavailable Yes single
Liu et al. (2020) available Yes multiple
Dong et al. (2022) available No single
Zhou et al. (2022a) available No single
Wang et al. (2020) available No single
Ye et al. (2022) available No multiple
Zhou et al. (2022b) available No multiple
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3
Gradual domain adaptation with
multifidelity learning

3.1 Contributions

Our subject concerns a GDA problem characterized by large discrepancies between
adjacent domains due to the limited number of accessible intermediate domains. In
this chapter, we consider a problem setting of semi-supervised GDA, in which we can
query the label of a sample from the intermediate domains and the target domain. We
refer to the proposed method as a semi-supervised GDA method since it utilizes the
information of unlabeled samples through the querying and annotation of x( 𝑗)

𝑖
∈ 𝑈 ( 𝑗) .

As described in Chapter 1, the query cost is highest in the target domain, and the query
cost in the intermediate domain is higher when it is closer to the target domain and
lower when it is closer to the source domain. While we can obtain a reliable model
by querying the labels of numerous samples from the target domain, this approach is
not cost-effective, and there is a strong demand for methods to utilize the knowledge
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of the source domain. Rai et al. (2010) proposed Domain-Separator based Active
Online Domain Adaptation (DS-AODA) which combines domain adaptation with active
learning. Their proposed method can utilize both the knowledge extracted from the
source domain and the informative samples from the target domain, which are selected
by an active learning algorithm. We can implement DS-AODA as GDA by executing
them sequentially. However, during the process of sequential domain adaptation, the
budget may be exhausted because DS-AODA does not consider the query cost across all
domains. To address this issue, we propose to use the notion of multifidelity learning
which aim to determine the number of query samples by considering both its query cost
and the usefulness of the label. We use multifidelity active learning, which combines
active learning and multifidelity learning, to collect labeled samples efficiently. The
contributions of this chapter are as follows.

• We develop a GDA method for sequential domains that have different query costs.

• We utilize the notion of multifidelity learning to mitigate the issue of exhausting
the budget before querying from the target domain, which is observed when a
conventional domain adaptation method is executed sequentially.

• We propose to combine multifidelity learning with active learning to efficiently
collect labeled samples since a multifidelity learning algorithm only distributes the
budget to each domain.

• We demonstrate that the proposed method achieves a higher prediction performance
than a method that uses a model trained only with the target data.

3.2 Multifidelity learning

We consider evaluating a function 𝑓 that requires a high cost to obtain the output of 𝑓 ,
and we call this function a high-fidelity model. In real-world tasks, it is important to
obtain a surrogate model of 𝑓 or to find the input where the output of 𝑓 is maximized
(or minimized). However, due to the high cost of evaluating 𝑓 , the necessary budget
becomes substantial. Multifidelity learning aim to reduce the necessary budget by using
the low-fidelity models, which have lower evaluation costs than 𝑓 and whose outputs are
less reliable.
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Here, we show a concrete example of multifidelity learning. In materials science, it
is known that experimental costs are high, and computational simulations, such as
density functional theory (DFT) (Kohn and Sham, 1965), are utilized to accelerate the
design of new materials. A chemical structure is input into DFT, which then simulates
the properties of the chemical compound. The accuracy and computational cost of
DFT are determined by the functional used. For instance, the Perdew-Burke-Ernzerhof
(PBE) (Perdew et al., 1996) functional has low accuracy and low computational cost,
while the Strongly Constrained and Appropriately Normed (SCAN) (Sun et al., 2015)
functional has high accuracy and high computational cost. Additionally, real-world
experiments are considered the most accurate and the most costly method to obtain labels.
Gong et al. (2022) demonstrated the feasibility of predicting the formation enthalpy, a
fundamental property determining the thermodynamic stability of materials, by utilizing
both DFT results (low-fidelity data) and experimental results (high-fidelity data). In the
multifidelity learning considered by Gong et al. (2022), it is not assumed that low-fidelity
and high-fidelity data follow different probability distributions. Moreover, Gong et al.
(2022) did not propose to increase the number of the input-output pairs for each fidelity
through active learning in a multifidelity setting. It is known that compounds with a
large number of atoms require high computational costs to obtain the calculation results
of DFT, and using a functional with lower computational costs, such as PBE, for these
compounds is reasonable. As shown in Figure 3.1, when the low-fidelity dataset is
composed of compounds with a large number of atoms and the high-fidelity dataset
is composed of compounds with a small number of atoms, the change in fidelity can
be seen to change the probability distribution. We consider a semi-supervised GDA
problem under the assumption that the probability distribution changes gradually as the
fidelity changes. Table 3.1 summarizes the difference in problem settings.

Table 3.1: Summary of problem settings

Reference Probability distribution Query cost
Multifidelity learning (Peherstorfer et al., 2018) no change consider
Active domain adaptation (Rai et al., 2010) change not consider
Ours change consider

In multifidelity learning, the training dataset consists of various pairs of inputs and
outputs with different fidelities. To collect training dataset efficiently, active learning and
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Bayesian optimization are applied to multifidelity learning (Takeno et al., 2020; Li et al.,
2020, 2022). While the acquisition functions proposed in these studies are designed to
improve the performance of the high-fidelity model, our acquisition function is designed
to improve the performance of the classifier in each domain.
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Figure 3.1: A concrete example of our considered problem.

3.3 Proposed method

3.3.1 Semi-supervised gradual domain adaptation

In our problem setting of semi-supervised GDA, we have a few labeled samples from
both the intermediate and target domains. When a sample x( 𝑗)

𝑖
from the unlabeled pool

dataset 𝑈 ( 𝑗) is queried and annotated 𝑦 ( 𝑗)
𝑖

, the labeled dataset in each domain is updated
as

𝐷 ( 𝑗) ← 𝐷 ( 𝑗) ∪ {(x( 𝑗)
𝑖
, 𝑦
( 𝑗)
𝑖
)}. (3.1)

In this chapter, 𝑛̃ 𝑗 labeled samples from each domain are initially given, and we add
more labeled samples by using the notion of multifidelity active learning. We describe
the details of multifidelity active learning in Section 3.3.2. The proposed method
sequentially updates the model of the source domain ℎ(1) using the sequence of labeled
datasets 𝐷 (2), . . . , 𝐷 (𝐾) to obtain a model for each domain ℎ(2), . . . , ℎ(𝐾). We consider
updating the model for the current domain ℎ( 𝑗) with the labeled samples 𝐷 ( 𝑗+1) from the
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adjacent domain, and SL(𝐷 ( 𝑗+1)) denotes the output of model training:

SL(𝐷 ( 𝑗+1)) = arg min
ℎ∈H

1
𝑛̃ 𝑗+1

𝑛̃ 𝑗+1∑︁
𝑖=1

ℓ (ℎ(x( 𝑗+1)
𝑖
), 𝑦 ( 𝑗+1)

𝑖
). (3.2)

We update the model of the source domain ℎ(1) using 𝐷 (2) to obtain ℎ(2) , and sequentially
update the model ℎ( 𝑗) using 𝐷 ( 𝑗+1) until ℎ(𝐾) is obtained:

ℎ(2) = SL(𝐷 (2)), . . . , ℎ(𝐾) = SL(𝐷 (𝐾)).

These models ℎ(1), . . . , ℎ(𝐾) are utilized to determine the number of queries from each
domain. When training the model ℎ( 𝑗+1) , we use the parameters of ℎ( 𝑗) as initial values
for the parameters of ℎ( 𝑗+1). This technique is known as warm-starting (Erhan et al.,
2010). While self-training-based GDA methods use pseudo-labels to transfer knowledge
from the source domain to the target domain via the intermediate domains, we transfer
the knowledge by utilizing warm-starting. Since labeled data from the intermediate and
target domains are limited, we aim to efficiently train a non-convex model by utilizing
warm-starting. We demonstrate the effectiveness of using warm-starting in Section 3.4.3.

Generally, in semi-supervised learning, both unlabeled data and labeled data are used
during the model training. We prepared the pseudo-labels using the inputs x( 𝑗+1) ∈ 𝑈 ( 𝑗+1)

and attempted to utilize both unlabeled and labeled data. However, the performance of
our proposed method did not improve. It is known that pseudo-labels do not work in
our considered situation where the discrepancies between the adjacent domains are
large (Liu et al., 2021).

3.3.2 Multifidelity active learning

We are considering a problem setting where querying needs some cost 𝑐 ( 𝑗) ∈ R+, c =

(𝑐 (2), . . . , 𝑐 (𝐾))⊤. Moreover, the cost of obtaining a label from the intermediate domain is
higher when it is closer to the target domain and lower when it is closer to the source
domain 𝑐 (2) < · · · < 𝑐 (𝐾) . Let𝑚( 𝑗) ∈ N, m = (𝑚(2), . . . ,𝑚(𝐾))⊤ be the number of query
samples from the unlabeled dataset in the 𝑗-th domain. The cost c is given according to
the problem, while the number of query samples m is determined from the dataset as
explained later. Finally, there is a pre-fixed budget 𝐵 ∈ R, and the total cost cannot
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exceeds the budget, m⊤ c ≤ 𝐵.

On the basis of the multifidelity Monte Carlo (MFMC) method (Peherstorfer
et al., 2016), we determine the number of query samples m in each domain by
distributing budgets considering cost and fidelity. The goal of MFMC is to estimate
𝑢 = Ex∼𝑝x [𝑓 (𝐾) (x)], where 𝑓 (𝐾) : R𝑑 ⊃ X → Z ⊂ R is the high-fidelity model
that requires the highest cost 𝑐 (𝐾) to obtain the output. In multifidelity learning, the
functions 𝑓 (2), . . . , 𝑓 (𝐾−1) : X → Z with lower evaluation cost than 𝑐 (𝐾) are available,
and the number of evaluations of each function satisfies 𝑚(2) ≥ · · · ≥ 𝑚(𝐾). Let
𝑧 (𝑓 ,𝑚) = 1

𝑚

∑𝑚
𝑖=1 𝑓 (x𝑖) be the empirical estimator of Ex∼𝑝x [𝑓 (x)] and 𝜎2

𝑠 be the
variance of 𝑓 (𝑠) (x). By utilizing the low-fidelity models 𝑓 (2), . . . , 𝑓 (𝐾−1), the MFMC
estimator 𝑢 is defined as

𝑢 = 𝑧 (𝑓 (𝐾),𝑚(𝐾)) +
𝐾−1∑︁
𝑠=2

𝛼𝑠 (𝑧 (𝑓 (𝑠),𝑚(𝑠)) − 𝑧 (𝑓 (𝑠),𝑚(𝑠+1))),

where 𝛼2, . . . , 𝛼𝐾−1 ∈ R are coefficients that weight the differences 𝑧 (𝑓 (𝑠),𝑚(𝑠)) −
𝑧 (𝑓 (𝑠),𝑚(𝑠+1)). Note that while 𝑧 (𝑓 (𝑠),𝑚(𝑠)) and 𝑧 (𝑓 (𝑠),𝑚(𝑠+1)) evaluate the same low-
fidelity model, they have different numbers of samples. We denote Pearson’s correlation
coefficient between the outputs of 𝑓 (𝐾) and 𝑓 (𝑠) as 𝜆𝑠 . Furthermore we define 𝜆𝑠 = 0 for
𝑠 < 2. The MFMC estimator 𝑢 is an unbiased estimator of 𝑢 (Peherstorfer et al., 2016,
Lemma 3.1) and Peherstorfer et al. (2016) derived the mean squared error of 𝑢 with
respect to 𝑢 as

E[(𝑢 − 𝑢)2] =
𝜎2
𝐾

𝑚(𝐾)
+
𝐾−1∑︁
𝑠=2

(
1

𝑚(𝑠+1)
− 1
𝑚(𝑠)

)
(𝛼2
𝑠 𝜎

2
𝑠 − 2𝛼𝑠𝜆𝑠𝜎1𝜎𝑠). (3.3)

We define the vector m̃ = (𝑚̃(2), . . . , 𝑚̃(𝐾))⊤, 𝑚̃(𝑠) ∈ R and solve the following optimiza-
tion problem to determine the number of query samples 𝑚̃(2), . . . , 𝑚̃(𝐾) and coefficients
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𝛼2, . . . , 𝛼𝐾−1 that minimize Eq. (3.3) without exceeding the budget 𝐵:

min
𝑚̃ (2) ,...,𝑚̃ (𝐾 )∈R,
𝛼2,...,𝛼𝐾−1∈R

𝜎2
𝐾

𝑚̃(𝐾)
+
𝐾−1∑︁
𝑠=2

(
1

𝑚̃(𝑠+1)
− 1
𝑚̃(𝑠)

)
(𝛼2
𝑠 𝜎

2
𝑠 − 2𝛼𝑠𝜆𝑠𝜎1𝜎𝑠)

subject to 𝑚̃(𝑠) − 𝑚̃(𝑠+1) ≤ 0, 𝑠 = 2, . . . , 𝐾 − 1,

− 𝑚̃(𝐾) ≤ 0,

m̃⊤ c = 𝐵.

(3.4)

When the models 𝑓 (2), . . . , 𝑓 (𝐾) and the costs 𝑐 (2), . . . , 𝑐 (𝐾) satisfy the following assump-
tion, the optimization problem given by Eq. (3.4) has an analytic solution.

Assumption 3.1 (Peherstorfer et al. (2016)). The models 𝑓 (2), . . . , 𝑓 (𝐾) satisfy

|𝜆2 | < · · · < |𝜆𝐾 | (3.5)

and the costs 𝑐 (2), . . . , 𝑐 (𝐾) satisfy the ratios

𝑐 (𝑠+1)

𝑐 (𝑠)
>
𝜆2
𝑠+1 − 𝜆2

𝑠

𝜆2
𝑠 − 𝜆2

𝑠−1
, 𝑠 = 2, . . . , 𝐾 − 1. (3.6)

The optimal coefficients are given by 𝛼𝑠 = 𝜆𝑠𝜎𝐾/𝜎𝑠, 𝑠 = 2, . . . , 𝐾 − 1. The optimal
numbers of query samples are

𝑚̃(𝐾) =
𝐵

r⊤c
, 𝑚̃(𝑠) = 𝑟 (𝑠)𝑚̃(𝐾), 𝑠 = 2, . . . , 𝐾 − 1, (3.7)

where the components of the vector r = (𝑟 (2), . . . , 𝑟 (𝐾−1), 1)⊤ are given by

𝑟 (𝑠) =

√︄
𝑐 (𝐾) (𝜆2

𝑠 − 𝜆2
𝑠−1)

𝑐 (𝑠) (1 − 𝜆2
𝐾−1)

, 𝑠 = 2, . . . , 𝐾 − 1. (3.8)

We round down 𝑚̃(2), . . . , 𝑚̃(𝐾) to obtain an integer number and denote the optimal
number of queries as

m = (𝑚(2), . . . ,𝑚(𝐾))⊤ = (⌊𝑚̃(2)⌋, . . . , ⌊𝑚̃(𝐾)⌋)⊤.
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We discuss the details of Eq. (3.8). When 𝑐 (𝐾)/𝑐 (𝑠) is large, in other words, when 𝑐 (𝑠) is
small, 𝑟 (𝑠) becomes large. Moreover, when 𝑠 = 2, 𝜆𝑠 − 𝜆𝑠−1 is large since 𝜆𝑠−1 = 0, which
results in 𝑟 (𝑠) also becoming large. Since 𝑐 (2) < · · · < 𝑐 (𝐾) , the number of query samples
to the function with the lowest fidelity 𝑓 (2) becomes the largest.

While our subject differs from that of MFMC, it is reasonable to determine the
number of query samples based on the correlations between models ℎ(2), . . . , ℎ(𝐾) and
costs 𝑐 (2), . . . , 𝑐 (𝐾) in our problem setting. We determine the number of query samples
from each domain according to Eqs. (3.7) and (3.8). Since our classifier ℎ : X → Y is
different from the function 𝑓 : X → Z used in MFMC, we use Matthews correlation
coefficient (Matthews, 1975) instead of Pearson’s correlation coefficient. The Matthews
correlation coefficient aims to evaluate a confusion matrix. Gorodkin (2004) derived
Matthews correlation coefficient for multi-class classification from the definition of
Pearson’s correlation coefficient (see Appendices for details). While a confusion matrix
is generally calculated using the true labels and the predicted labels, our confusion
matrix is calculated using the predicted labels ℎ(𝐾) (x(𝐾)) and ℎ(𝑠) (x(𝐾)). The confusion
matrix is denoted as

𝑀 =


𝑀11 . . . 𝑀1𝐶
...

. . .
...

𝑀𝐶1 . . . 𝑀𝐶𝐶

 ,
where 𝑀𝑖 𝑗 corresponds to the total number of samples that ℎ(𝐾) predicts as the 𝑖-th class,
while ℎ(𝑠) predicts them as the 𝑗-th class. To simplify the notation of the definition of
Matthews correlation coefficient, we introduce the following variables.

• The total number of samples where the predicted labels of the two classifiers
match: 𝑇 =

∑𝐶
𝑖=1𝑀𝑖𝑖 .

• The total number of elements in 𝑀: 𝑁 =
∑𝐶
𝑖=1

∑𝐶
𝑗=1𝑀𝑖 𝑗 .

• The sum of the elements in the 𝑘-th row of 𝑀: 𝑅𝑘 =
∑𝐶
𝑖=1𝑀𝑘𝑖 .

• The sum of the elements in the 𝑘-th column of 𝑀: 𝐴𝑘 =
∑𝐶
𝑖=1𝑀𝑖𝑘 .

We calculate Matthews correlation coefficient as

𝑇 × 𝑁 −∑𝐶
𝑘=1 𝑅𝑘 ×𝐴𝑘√︃

(𝑁 2 −∑𝐶
𝑘=1 𝑅

2
𝑘
) (𝑁 2 −∑𝐶

𝑘=1𝐴
2
𝑘
)
.
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Finally, we determine the query sample from the unlabeled pool dataset𝑈 ( 𝑗) by
active learning (Settles, 2009; Hino, 2020). The samples to be queried are determined on
the basis of uncertainty (Ramirez-Loaiza et al., 2017), which is a standard measure in
active learning. To calculate the uncertainty of a sample, we use a classifier ℎ which
outputs the conditional probability 𝑝 (𝑦 = 𝑙 | x), 𝑙 ∈ Y and predicts the class label of the
sample as 𝑦 = arg max

𝑙∈Y
𝑝 (𝑦 = 𝑙 | x). The uncertainty of a sample is computed as

unc(x( 𝑗)) = 1 −max
𝑙∈Y

𝑝ℎ ( 𝑗 ) (𝑦 = 𝑙 | x( 𝑗)), (3.9)

where 𝑝ℎ ( 𝑗 ) represents the conditional probability under the classifier ℎ( 𝑗). Then, we
query for the sample x( 𝑗)∗ with the largest uncertainty:

x( 𝑗)∗ = arg max
x( 𝑗 )
𝑖
∈𝑈 ( 𝑗 )

unc(x( 𝑗)
𝑖
). (3.10)

We describe the outline of our algorithm below, and the details of our algorithm are
described in Algorithm 3.1.

1. We train the model ℎ(1) with the source dataset.

2. We update the model ℎ(1) with the sequence of labeled datasets 𝐷 (2), . . . , 𝐷 (𝐾) and
obtain the models for all domains ℎ(2), . . . , ℎ(𝐾) .

3. Until the budget runs out, we query labels. We update all models ℎ(2), . . . , ℎ(𝐾) and
recalculate the optimal number of queries𝑚(2), . . . ,𝑚(𝐾) whenever one sample is
queried from all domains. For an ablation study, we use random sampling instead
of uncertainty sampling.

3.4 Experiments

We evaluate the efficiency of the proposed method on four real-world datasets, and
Pytorch (Paszke et al., 2019) is used for all implementation. All experiments are
conducted on our server with Intel Xeon Gold 6354 processors and NVIDIA A100
GPU. For image datasets, the classifier ℎ was composed of three convolutional layers,
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Algorithm 3.1 Gradual domain adaptation with multifidelity active learning

Input: datasets 𝐷 (1), . . . , 𝐷 (𝐾) , and𝑈 (2), . . . ,𝑈 (𝐾) , budget 𝐵, cost c
Output: models ℎ(1), . . . , ℎ(𝐾) , updated datasets 𝐷 (2), . . . , 𝐷 (𝐾)

1: train the model ℎ(1) as Eq. (2.1)
2: initialize the number of queried samples from each domain 𝑚̄(2), . . . , 𝑚̄(𝐾) ← 0
3: while 𝐵 > 0 do
4: for each 𝑗 ∈ {2, . . . , 𝐾} do
5: train the model on the next domain 𝑗 + 1 with warm-starting
6: minimize the loss given by Eq. (3.2)
7: end for
8: compute the optimal number of queries from each domain𝑚(2), . . . ,𝑚(𝐾)

9: for each 𝑗 ∈ {2, . . . , 𝐾} do
10: if 𝑚̄( 𝑗) < 𝑚( 𝑗) and 𝐵 > 𝑐 ( 𝑗) then
11: compute the uncertainty of the samples in𝑈 ( 𝑗) as Eq. (3.9)
12: select the sample for query x( 𝑗)∗ by Eq. (3.10)
13: query the label of x( 𝑗)∗ , and obtain 𝑦 ( 𝑗)∗
14: update labeled dataset as Eq. (3.1)
15: 𝐷 ( 𝑗) ← 𝐷 ( 𝑗) ∪ {(x( 𝑗)∗ , 𝑦 ( 𝑗)∗ )}
16: 𝑚̄( 𝑗) ← 𝑚̄( 𝑗) + 1
17: 𝐵 ← 𝐵 − 𝑐 ( 𝑗)
18: end if
19: end for
20: end while
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one dropout, and one batch normalization layer. For tabular datasets, the classifier ℎ
consisted of two fully connected layers, one dropout, and one batch normalization layer.

3.4.1 Self-training-based GDA

We demonstrate that the existing GDA method (Kumar et al., 2020), which is based on
self-training, is ineffective when there are large discrepancies between the adjacent
domains. The two-moon dataset is used as the source dataset, and the target dataset is
prepared by rotating the source dataset by 𝜋/2. The size of the source dataset 𝑛1 is
2,000. We adjust the discrepancies between adjacent domains by varying the number
of intermediate domains. For example, when the number of intermediate domains is
two, the rotation angles of the intermediate domains are 𝜋/6 and 𝜋/3. We assign the
minimum and the maximum number of the intermediate domain to one and nineteen,
respectively. In Eq. (2.2), the average of discrepancies between consecutive domains is
defined as

𝜌 =
1

𝐾 − 1

𝐾∑︁
𝑗=2
𝑊𝑝 (𝑝 ( 𝑗−1)

x,𝑦 , 𝑝
( 𝑗)
x,𝑦).

When the number of intermediate domains is changed, we compute 𝜌 .

Table 3.2 shows the results of twenty repetitions with different initial weights of
neural networks. The prediction performance of the previous method deteriorates
when 𝜌 is large. In Table 3.2, the 𝜌 of the maximum and the minimum number of the
intermediate domains are shown as one and zero, respectively. The purpose of this
experiment is to confirm that the accuracy of the self-training-based method deteriorates
when 𝜌 is large. We can confirm that self-training-based GDA is unsuitable when 𝜌 is
higher than approximately 0.3.

3.4.2 Datasets

The existing datasets are modified to emulate a GDA situation. Most of the datasets used
in this chapter are adopted from existing work (Kumar et al., 2020). We describe the
details of the datasets.
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Table 3.2: The prediction performance of the self-training-based GDA method deterio-
rates when the average value of the distances between adjacent domains is large.

# of intermediate domains 𝜌 Accuracy
3 1.000 0.459 ± 0.024
6 0.343 0.457 ± 0.024
9 0.173 0.537 ± 0.092
12 0.094 0.631 ± 0.095
15 0.050 0.717 ± 0.033
18 0.021 0.775 ± 0.123
21 0.000 0.901 ± 0.127

Two Moon: The two-moon dataset is used as the source dataset, and the intermediate
dataset and the target dataset are prepared by rotating the source dataset by 𝜋/4 and 𝜋/2,
respectively. All datasets have 2,000 samples.

Rotating MNIST (Kumar et al., 2020): We use 2,000 unrotated images from
the MNIST dataset as the source dataset. The intermediate dataset of 42,000 samples
gradually adds rotations from 𝜋/63 – 𝜋/3.15. Then, the intermediate dataset is divided
into twenty parts. We prepare the target dataset of 2,000 samples with added rotations of
𝜋/3.

Portraits (Ginosar et al., 2015): A dataset of actual photos of American high
school students taken from 1905 to 2013 is used, and the task is to guess the gender from
the images. The dataset is sorted in descending order by year, with source, intermediate,
and target datasets beginning with the newest. Each dataset has 2,000 samples, and the
intermediate has six domains.

Cover Type (Blackard and Dean, 1999): The task is to guess the type of plants in
a group from 54 features. Following the previous work (Kumar et al., 2020), we consider
the binary classification problem by extracting only Spruce/Fir and Lodgepole Pine,
which are the majority of the seven objective variables. The source, intermediate, and
target datasets are created in descending order of distance from the water body. There
are eight intermediate domains, and each dataset has 50,000 samples except for the
target dataset. The target dataset has 30,000 samples.
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Gas Sensor (Vergara et al., 2012; Rodriguez-Lujan et al., 2014): This dataset
contains the measurements from the 128 sensors exposed to different concentrations of
gases, and the task is to guess the six types of chemicals from the responses of the
sensors. This dataset is divided into batches based on the time the gas is exposed. The
degradation of the sensors causes a change in the distribution of the input. The last 3,600
samples are excluded because they are measured in very different environments.1 In
ascending order of batch, the source, intermediate and target datasets are used. Each
dataset has 3,000 samples, and we set the number of intermediate domains as one.

Since these datasets are used in the previous work (Kumar et al., 2020), except the
Two Moon and the Gas Sensor, the discrepancies between the adjacent domains are
significantly small. Hence, we can apply self-training-based GDA method. On the other
hand, we consider the problem where the discrepancies between the adjacent domains
are large. Thus, we restrict the number of accessible intermediate domains in each
dataset. In practice, we cannot select arbitrary intermediate domains for GDA. The
sequence of intermediate domains is only given.

In this chapter, we randomly select an arbitrary number of intermediate domains from
each dataset. The arbitrary number is determined by 𝜌 . For example, when the number
of accessible intermediate domains is five, we select five intermediate domains randomly
and calculate 𝜌. We show the calculation result with various numbers of accessible
intermediate domains for each dataset in Figure 3.2. Note that the distances are scaled
between zero and one for each dataset. In Section 3.4.1, we already confirmed that
𝜌 ≃ 0.5 is unsuitable for gradual self-training. The number of accessible intermediate
domains for each dataset is selected as two or three, which leads to 𝜌 ≃ 0.5. We should
select the intermediate domains that satisfy Eq. (3.5). In Figure 3.3, we show the
calculation result of the correlation coefficient between the outputs of models ℎ(𝐾), ℎ(𝑠) ,
which are trained on the input-output pairs in each domain. In Section 3.4.3 and 3.4.4, we
randomly select two or three intermediate domains which satisfy Eq. (3.5). During the
training of the proposed method, sometimes the value of 𝑟 given by Eq. (3.8) becomes
negative. In such cases, we query one sample to all domains. Recall that the proposed
method recalculates the number of query samples𝑚(2), . . . ,𝑚(𝐾) each time the labeled
datasets 𝐷 (2), . . . , 𝐷 (𝐾) are updated.

We set the costs 𝑐 (2), . . . , 𝑐 (𝐾) to satisfy Eq. (3.6) after selecting the intermediate
1See Vergara et al. (2012) for details.
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Figure 3.2: The average value of the distances between adjacent domains varies with the
number of accessible intermediate domains. We randomly select an arbitrary number of
intermediate domains from each dataset and calculate 𝜌 .
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Figure 3.3: Calculation results of Matthews correlation coefficients between the outputs
of models ℎ(𝐾), ℎ(𝑠) .
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domains. It is unnatural to assume that we can obtain the same number of labeled
samples from the target domain as that of the source domain since we consider the
scenario that the query cost is highest in the target domain. We set the maximum
number of labeled samples from the target domain 𝑛̃𝐾 as 50 and set the budget 𝐵 as
𝑛̃𝐾 ×𝑐 (𝐾) . Apart from the budget, we randomly select initial samples from each unlabeled
dataset. We can consider various situations and settings of the number of initial samples.
Supposing that the number of labeled initial samples is limited, we set the number of
initial samples to 1% of the size of the source dataset 𝑛1. In Cover Type, we assign
the number of initial samples to 0.1% of the source dataset size 𝑛1/1000 since the size of
the source dataset is large.

3.4.3 Ablation study

The effectiveness of our proposed method is verified by the ablation study. We describe
the details of each ablation study below.

• w/o active learning (AL): The query sample is determined at random.

• w/o intermediate: Our algorithm runs only with the source and the target dataset.

• w/o AL/intermediate: Our algorithm runs without intermediate datasets, and the
query sample is determined randomly. We apply the warm-starting when the
training of models.

• w/o warm-starting: We do not utilize warm-starting during model training, and
instead initialize the model parameters with a random value. This approach is
tantamount to training the model exclusively on the target dataset without using
any domain adaptation techniques.

We show the result of the ablation study in Figure 3.4. The prediction performances
deteriorated in the cases of w/o AL, w/o intermediate, and w/o AL/intermediate on the
Two Moon dataset. It suggests that the contribution of the intermediate domains is
significant. In contrast, the deterioration of prediction performance of w/o warm-starting
is slight. We consider that the prediction performance of w/o warm-starting on the Two
Moon dataset does not deteriorate due to the simplicity of predicting the Two Moon

dataset.
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The prediction performances of w/o warm-start deteriorated on real-world datasets.
Since real-world datasets are not easy to predict, the proposed method, which utilizes
the knowledge of the source domain and the intermediate domains, achieves better
prediction performance than w/o warm-starting. It is a reasonable result that the
prediction performance of w/o AL is comparable or inferior to that of our proposed
method on real-world datasets. Especially on the Portraits dataset, w/o intermediate
has comparable or superior accuracy to our proposed method. The experimental result
suggests that the given intermediate domains are not arranged to connect the source
domain to the target domain, and the intermediate domains are unsuitable for GDA.
Chapter 5 provides further discussion on the intermediate domains that are not suitable
for GDA.
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Figure 3.4: The result of the ablation study on synthetic and real-world datasets. In the
Two Moon dataset, we confirm the degradation of prediction performance in three
ablation studies. In real-world datasets, the prediction performance of w/o warm-starting
degrades.

For further discussion, Figure 3.5 shows the number of queried samples from each
domain on the maximum budget. As shown in Eq. (3.8), the multifidelity algorithm
sets the number of queries from each domain by considering the correlation between
the output of the classifier for the target domain ℎ(𝐾) (x(𝐾)) and the output of the
classifier for the arbitrary intermediate domain ℎ(𝑠) (x(𝐾)). While the MFMC algorithm
ensures 𝑚(2) ≥ · · · ≥ 𝑚(𝐾), in the Rotating MNIST, Portraits, and Cover
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Type datasets,𝑚(𝐾) is larger than𝑚(𝐾−1) . This is because 𝑟 given by Eq. (3.8) becomes
negative during the training of the proposed method, and the proposed method queries
one sample to all domains. Running our algorithm without warm-starting increases the
number of cases where 𝑟 is negative. Consequently, the number of queries from the
target domain becomes large.

Intermediate1

Target

0

0.2

0.4

0.6

Intermediate1

Intermediate2

Intermediate3

Target

0

0.1

0.2

0.3

0.4

Intermediate1

Intermediate2

Target

0

0.1

0.2

0.3

0.4

Intermediate1

Intermediate2

Intermediate3

Target

0

0.1

0.2

0.3

Intermediate1

Target

0

0.2

0.4

0.6

w/ warm-starting
w/o warm-starting

Two Moon Rotating MNIST Portraits

Cover Type Gas Sensor

R
at

e 
of

 q
ue

rie
d 

sa
m

pl
es

Figure 3.5: The number of queried samples from each domain with the maximum
budget. When we run our algorithm without warm-starting, the number of queries from
the target domain is large since the correlations between the models are small.

3.4.4 Comparison with baseline method

Finally, we show that the proposed method can make more accurate predictions than
existing baseline methods. DS-AODA (Rai et al., 2010), which is a previous work on
active domain adaptation, is not a method for GDA, but it is used for comparison by
updating the model step by step. While GradualSelfTrain (Kumar et al., 2020) is an
unsupervised domain adaptation method, we include it in the comparative study since
our algorithm is inspired by this work. Zhou et al. (2022a) also proposed a GDA method.
Although their proposed method requires four hyperparameters, it is not clear how those
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hyperparameters should be selected.

The experimental setup for each baseline method is shown below.

• TargetOnly: We randomly select data from the target dataset and train a model.

• DS-AODA (Rai et al., 2010): Update the model by querying labels from the
neighboring domains in order from the source domain to the target domain. The
process ends when the budget is exhausted.

• GradualSelfTrain (Kumar et al., 2020): Apply gradual self-training with the
initially given domains. It does not depend on the budget.

All the settings of experiments, such as model composition, query cost, and accessible
intermediate domains, are the same as those of the proposed method. The baseline
methods, except for TargetOnly, also utilize a technique of warm-starting as in the
proposed method. We show the results of twenty repetitions, varying the selected
intermediate domain, initial samples from each domain, and initial weights of the neural
network. The DS-AODA requires the probability for querying as a hyperparameter. We
evaluate three levels of different hyperparameters and show the results with the highest
performance.

We show the result with various budgets for each dataset in Figure 3.6. The proposed
method achieves better prediction performance than TargetOnly on all datasets, and we
confirm that our proposed method is suitable for a problem with query cost.

Figure 3.7 shows the comparison results between the proposed and the baseline
methods. In the case of the method that requests a query, we show the results with the
maximum budget. We see that the proposed method is comparable to or superior to
the baseline methods on all datasets. On the Rotating MNIST, Portraits, and
Cover Type datasets, the predictive performance of DS-AODA is inferior to that
of the proposed method. This is because the budget is depleted before a query can
be issued to label a sample from the target domain, consequently compromising the
dataset’s accuracy. Conversely, DS-AODA achieves superior results on the Two Moon

and Gas Sensor datasets, where it is able to request queries from the target domain.
GradualSelfTrain produces reasonable results on the Portraits and Cover Type

datasets, but does not achieve reasonable results on all datasets.
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3.5 Discussion

In this chapter, we studied a problem setting of semi-supervised GDA, in which we
can query the label of a sample from the intermediate domains and the target domain.
The characteristic of our problem setting is that the query cost from each domain is
not uniform. The query cost is highest in the target domain, and the query cost in
the intermediate domain is higher when it is closer to the target domain and lower
when it is closer to the source domain. Our query strategy is determined based on the
mulitifidelity algorithm. Figure 3.6 shows that our query strategy is more suitable for
our problem setting than a simple query strategy, which devotes the entire budget to
queries from the target domain. The proposed method has demonstrated stable and
reasonable performance, making it a strong candidate for semi-supervised GDA under a
multifidelity setting. In our experiments, we employed a sequential application of the
DS-AODA algorithm for GDA. However, this approach risks running out of budget
before requesting queries from the target domain, as it lacks control over the number of
queries per domain. The proposed method can avoid the risk by distributing the budget
to each domain.
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4
Gradual domain adaptation with
generative model

4.1 Contributions

In this chapter, we develop a method to deal with the problem of large discrepancies
between adjacent domains while maintaining the framework of unsupervised domain
adaptation. A simple approach to address the issue is to interpolate the large gaps
between adjacent domains with pseudo-intermediate domains and then apply gradual
self-training to the dense sequence of unlabeled datasets. The generation of pseudo-
intermediate domains is realized by mixing the samples from the source and target
domains (Zhang et al., 2021). Optimal transport is also a promising method for realizing
interpolation between domains (He et al., 2023). However, as shown in Figure 4.1, the
pseudo-intermediate domains generated by these methods might not be suitable for
self-training.

We attempt to capture the continuous change between domains. We focus on the
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Figure 4.1: Examples of interpolations between domains utilizing pseudo-intermediate
domains. Ineffective pseudo-intermediate domains deteriorate the performance of
gradual self-training.

normalizing flow (NF), which learns the transformation between two distributions.
Assuming that the transformation process of the distribution by trained NFs corresponds
to the continuous change between the domains. Normalizing flows can achieve a more
natural and direct transformation between domains compared to other generative models,
such as generative adversarial networks (Pan et al., 2019).

In general, NFs learn the transformation between the distribution that the given data
follows and a parametric distribution, such as the Gaussian distribution. Our flow-based
model is designed to learn transformations between multiple distributions, and it can
convert a non-parametric distribution in one domain into a non-parametric distribution
in another domain. To the best of the authors’ knowledge, there has been no study
on NF designed for sequential domains and transformations between non-parametric
distributions.

Since NF is a generative model, we can generate pseudo-intermediate domains using
the trained NF and subsequently apply gradual self-training to the sequence of unlabeled
datasets. However, this two-step method is complicated due to the need to adjust the
hyperparameters of both NF and self-training. Moreover, it is not easy to determine the
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appropriate number of pseudo-intermediate domains to be generated. We propose a
method that can predict the label of a sample from the target domain without using
either interpolation between domains or self-training. Izmailov et al. (2020) proposed to
utilize an NF for semi-supervised learning. Inspired by this work, in order to predict
the label of a sample with NF, our proposed method transforms the distribution of the
source domain into a Gaussian mixture distribution instead of the Gaussian distribution.
Figure 1.3 shows a schematic of the proposed method. Our trained NF predicts the class
label of a sample from the target domain by transforming the sample to a sample from
the Gaussian mixture distribution via the source domain. The transformation between
the distribution of the source domain and the Gaussian mixture distribution is learned by
leveraging labeled data from the source domain. The contributions of this chapter are as
follows.

• We propose a GDA method, which does not use either interpolation between
domains or gradual self-training, by capturing the continuous change between
domains with NFs.

• While conventional normalizing flows are not designed to learn the transformation
between non-parametric distributions, our flow-based model can do so by utilizing
a non-parametric likelihood estimator.

• We demonstrate the effectiveness of the proposed method by experiments using
both toy and real-world datasets.

4.2 Normalizing flow

Recently, there has been active research on the topic of normalizing flow. In this section,
we discuss a few of these studies. A summary of the related work is shown in Table 4.1.

Normalizing flows are reversible generative models that use invertible neural
networks to transform samples from a known distribution, such as the Gaussian
distribution. Normalizing flows are trained by the maximum likelihood estimation,
where the probability density of the transformed random variable is subject to the change
of variable formula.
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The architecture of the invertible neural networks is constrained (e.g., coupling-based
architecture) so that its Jacobian matrix is efficiently computed. Normalizing flows
with constrained architectures are called discrete NFs (DNFs), and examples include
Real-valued Non-volume Preserving (RealNVP) (Dinh et al., 2017), Generative Flow
(Glow) (Kingma and Dhariwal, 2018), and Flow++ (Ho et al., 2019). Several theoretical
analyses of the expressive power of DNFs have also been reported. Kong and Chaudhuri
(2020) studied basic flow models such as planar flows (Rezende and Mohamed, 2015)
and proved the bounds of the expressive power of basic flow models. Teshima et al.
(2020) conducted a more generalized theoretical analysis of coupling-based flow models.

Chen et al. (2018) proposed continuous normalizing flow (CNF), mitigating the
constraints on the architecture of the invertible neural networks. Continuous normalizing
flows describe the transformation between samples from the Gaussian to the observed
samples from a complicated distribution using ordinary differential equations (ODEs).
Grathwohl et al. (2019) proposed a variant of CNF called Free-form Jacobian of
Reversible Dynamics (FFJORD), which exhibited improved performance over DNF. The
FFJORD was followed by studies to improve the computational efficiency (Huang and
Yeh, 2021; Onken et al., 2021) and on the representation on manifolds (Mathieu and
Nickel, 2020; Rozen et al., 2021; Ben-Hamu et al., 2022). Several normalizing flow
models have been proposed with the goal of learning a low-dimensional manifold on
which data are distributed and estimating the density on that manifold (Brehmer and
Cranmer, 2020; Caterini et al., 2021; Horvat and Pfister, 2021; Ross and Cresswell,
2021).

Normalizing flows have been applied to several specific tasks, for example, data
generation [images (Lu and Huang, 2020), 3D point clouds (Pumarola et al., 2020),
chemical graphs (Kuznetsov and Polykovskiy, 2021)], anomaly detection (Kirichenko
et al., 2020), and semi-supervised learning (Izmailov et al., 2020). NFs are also used to
compensate for other generative models (Mahajan et al., 2020; Yang et al., 2019; Abdal
et al., 2021; Huang et al., 2021) such as generative adversarial networks and variational
autoencoders (VAEs) (Zhai et al., 2018).

Normalizing flows have been utilized for a domain adaptation method to extract
domain-invariant features. Grover et al. (2020) proposed a domain adaptation method
that combines adversarial training and NFs. The method separately trains two NFs for
the source and target domains and uses adversarial training to obtain domain-invariant
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Table 4.1: Summary of related work of normalizing flow

Subject Type Reference

performance improvement DNF
(Rezende and Mohamed, 2015; Dinh et al., 2017; Kingma and
Dhariwal, 2018; Ho et al., 2019)

CNF
(Chen et al., 2018; Grathwohl et al., 2019; Huang and Yeh, 2021;
Onken et al., 2021)

theoretical analysis DNF (Kong and Chaudhuri, 2020; Teshima et al., 2020)

representation on manifolds DNF
(Brehmer and Cranmer, 2020; Caterini et al., 2021; Horvat and
Pfister, 2021; Ross and Cresswell, 2021)

CNF
(Mathieu and Nickel, 2020; Rozen et al., 2021; Ben-Hamu et al.,
2022)

data generation DNF
(Lu and Huang, 2020; Pumarola et al., 2020; Kuznetsov and
Polykovskiy, 2021; Huang et al., 2021)

CNF (Yang et al., 2019; Abdal et al., 2021)

domain adaptation DNF (Grover et al., 2020; Askari et al., 2023)
CNF Ours

features. These features, existing in a common latent variable space, make it difficult for
the domain discriminator to distinguish between the source and target domains. Askari
et al. (2023) proposed a domain adaptation method using NFs and VAEs. The encoder
converts samples from the source and target domains into latent variables. The latent
variables of the source domain are constrained to follow the Gaussian distribution. NFs
transform latent variables of the target domain into latent variables of the source domain
and predict the class label of the target data. While the above-explained methods only
learn the transformation between the distribution that the given data follows and the
Gaussian distribution, our proposed method is developed for sequential domains and is
designed to transform between non-parametric distributions.

4.3 Proposed method

Our key idea is to utilize NFs to capture the continuous change between domains, as
detailed in Section 4.3.1. Conventional NFs only learn the transformation between
the distribution that the given data follows and a parametric distribution, such as the
Gaussian distribution. To realize GDA without gradual self-training, we develop a
non-parametric transformation method between distributions using NFs. Section 4.3.2
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introduces a non-parametric likelihood estimator and shows how the likelihood of
transformation between samples from adjacent domains is evaluated. We consider a
multiclass classification problem and propose a method that can predict the labels of
target data without the need for any post-processing after the training of NFs. Our
proposed method learns the transformation between the distribution of the source
domain and a Gaussian mixture distribution as detailed in Section 4.3.3. We discuss the
theoretical aspects and the scalability of the proposed method in Sections 4.3.4 and 4.3.5,
respectively.

4.3.1 Capturing continuous change with normalizing flows

To represent continuous changes between domains, we introduce a time index 𝑡 ∈ R≥0.
We regard the index of each domain 𝑗 as a continuous variable and consider it as a
particular time point. We set 𝑡 = 𝑗 for the distribution of domain 𝑗 , and 𝑡 =0 corresponds
to the Gaussian mixture distribution, and we describe the details of the Gaussian mixture
distribution in Section 4.3.3. The probability density function 𝑝 ( 𝑗) is a special case of
𝑝 (𝑡) when 𝑡 = 𝑗 . The DNF uses an invertible function 𝑓 : R𝑑 → R𝑑 to transform a sample
x( 𝑗) ∼ 𝑝 ( 𝑗) to a sample x( 𝑗−1) ∼ 𝑝 ( 𝑗−1) . The log density of x( 𝑗) = 𝑓 (x( 𝑗−1)) satisfies

log𝑝 ( 𝑗) (x( 𝑗)) = log𝑝 ( 𝑗−1) (𝑓 −1(x( 𝑗))) + log
���det∇𝑓 −1(x( 𝑗))

��� ,
where ∇𝑓 −1(x( 𝑗)) is the Jacobian of 𝑓 −1. Our aim is to capture the continuous change
by using NFs. We can consider a continuous transformation by using multiple DNFs.
However, our preliminary experiments indicate that CNFs are better suited for capturing
continuous transitions between domains than DNFs. Further details of these experiments
are elaborated upon in Section 4.4.3.

The CNF 𝑔 : R𝑑 × R≥0 → R𝑑 outputs a transformed variable dependent on time 𝑡 ,
and we denote the output corresponding to 𝑡 as 𝑔(·, 𝑡), following the standard notation of
CNF. When the time assigned to the variable and the time input into 𝑔 are the same, 𝑔
does not perform any conversion, i.e., x( 𝑗) = 𝑔(x( 𝑗), 𝑗). Let 𝑣 : R𝑑 × R≥0 ∋ (x, 𝑡) ↦→
𝑣 (x, 𝑡 ;𝜔) ∈ R𝑑 be a neural network parameterized by 𝜔 that represents the change in 𝑔
along 𝑡 . Since the input and output of the functions 𝑔 and 𝑣 are both R𝑑 , we denote the
output of each function as g and v. Following Chen et al. (2018) and Grathwohl et al.
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(2019), we express the ODE with respect to 𝑔 using the neural network 𝑣 as

𝜕g

𝜕𝑡
= 𝑣 (𝑔(·, 𝑡), 𝑡 ;𝜔).

The parameter 𝜔 of the neural network 𝑣 implicitly defines the CNF 𝑔. When we
specifically refer to the parameter of 𝑔, we denote it as 𝑔𝜔 .

A DNF requires an explicit computation of the Jacobian, and in a CNF, it is calculated
by integrating the time derivative of the log-likelihood. The time derivative of the
log-likelihood is expressed as 𝜕 log𝑝 (𝑔𝜔 (x, 𝑡))/𝜕𝑡 = −Tr(𝜕v/𝜕g) (Chen et al., 2018,
Theorem 1), where 𝜕v/𝜕g ∈ R𝑑×𝑑 . We assign 𝑡0= 𝑗 − 1 and 𝑡1= 𝑗 , and the outputs of the
CNF for the input x( 𝑗) are obtained by solving the following initial value problem:[

x(𝑡0) − x(𝑡1)

Δ1

]
=

∫ 𝑡0

𝑡1

[
𝑣 (𝑔𝜔 (x( 𝑗), 𝑡), 𝑡 ;𝜔)

Tr(𝜕v/𝜕g)

]
𝑑𝑡,[

𝑔𝜔 (x( 𝑗), 𝑡1)
Δ0

]
=

[
x( 𝑗)

0

]
,

(4.1)

where Δ1= log𝑝 (𝑡1) (x(𝑡1))−log𝑝 (𝑡0) (x(𝑡0)) and Δ0= log𝑝 (𝑡1) (x(𝑡1))−log𝑝 (𝑡1) (𝑔𝜔 (x( 𝑗), 𝑡1)).
Note that the range of integration is from time 𝑡1 to 𝑡0 since the CNF transforms time 𝑡1
to 𝑡0. The initial value problem can be addressed using numerical ODE solvers. The
CNF transforms a sample x( 𝑗) ∼ 𝑝 ( 𝑗) to a sample x( 𝑗−1) ∼ 𝑝 ( 𝑗−1) , and the likelihood of
the model satisfies

log𝑝 ( 𝑗) (𝑔𝜔 (x( 𝑗), 𝑗)) = log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗 − 1)) −
∫ 𝑗

𝑗−1
Tr

(
𝜕v

𝜕g

)
𝑑𝑡 .

A CNF is formulated as a problem of minimizing the expectation of the minus of the
log-likelihood function

Ex( 𝑗 )∼𝑝 ( 𝑗 ) [− log𝑝 ( 𝑗) (𝑔𝜔 (x( 𝑗), 𝑗))] (4.2)

with respect to the parameter 𝜔 .

In order to represent continuous changes between domains, the initial value problem
given by Eq. (4.1) is sequentially solved. When 𝑗 > 1, the initial value problem is solved
sequentially with decreasing values of 𝑡1 and 𝑡0 until 𝑡1 = 1 and 𝑡0 = 0. For instance,
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when 𝑗 =2, we solve the initial value problem given by Eq. (4.1) and retain the solutions.
In the next iteration, we decrease the values of 𝑡1 and 𝑡0 and utilize the retained values as
initial values. We define our flow-based model as a problem of maximizing the following
log-likelihood with respect to the parameter 𝜔:

log𝑝 ( 𝑗) (𝑔𝜔 (x( 𝑗), 𝑗)) =
𝑗∑︁
𝑡=1

log𝑝 (𝑡−1) (𝑔𝜔 (x( 𝑗), 𝑡−1)) −
∫ 𝑗

0
Tr

(
𝜕v

𝜕g

)
𝑑𝑡 . (4.3)

4.3.2 Non-parametric estimation of log-likelihood

We introduce 𝑘 nearest neighbor (𝑘NN) estimators for the log-likelihood (Kozachenko
and Leonenko, 1987; M. N. Goria and Inverardi, 2005), following the derivation in Hino
et al. (2015). Our aim is to estimate 𝑝 (a) from the observed dataset {x𝑖}𝑛𝑖=1, where
a ∈ R𝑑 is called an inspection point. Let 𝑏 (a, 𝛿) = {x ∈ R𝑑 | ∥x − a∥ < 𝛿} be a
𝑑-dimensional ball of radius 𝛿 centered at a. The volume of the ball is |𝑏 (a, 𝛿) | =
𝛿𝑑𝜋𝑑/2/Γ(1 + 𝑑/2), where Γ(·) is the gamma function. We denote the probability mass
of the ball centered at a as 𝑉 (𝛿) =

∫
𝑏 (a,𝛿) 𝑝 (x)𝑑x. Assuming that 𝛿 is sufficiently small,

we obtain the following approximation formula by Taylor’s expansion:

𝑉 (𝛿) =
∫
𝑏 (a,𝛿)

{𝑝 (a) + (x − a)⊤∇𝑝 (a) + O(𝛿2)}𝑑x

= |𝑏 (a, 𝛿) | (𝑝 (a) + O(𝛿2)) ≃ 𝑝 (a)𝛿𝑑𝜋𝑑/2/Γ(1 + 𝑑/2),

where the term with first derivative of the density function vanishes due to symmetry.
We consider 𝛿 = 𝛿𝑘 , the Euclidean distance between a and its 𝑘-th nearest neighbor
in {x𝑖}𝑛𝑖=1. When the radius of the ball is 𝛿𝑘 , 𝑘 out of 𝑛 observations are included in
𝑏 (a, 𝛿𝑘), and the probability mass can be approximated as 𝑉 (𝛿) ≃ 𝑘/𝑛. Therefore,
𝑘/𝑛 ≃ 𝑝 (a)𝛿𝑑𝜋𝑑/2/Γ(1 + 𝑑/2) and we obtain a 𝑘NN estimator for the log-likelihood as
follows:

log𝑝 (a) = log
𝑘

𝑛
+ log Γ

(
1 + 𝑑

2

)
− 𝑑

2
log𝜋 − 𝑑 log𝛿𝑘 .

The transformation of a sample from the distribution of 𝑗-th domain to a sample
from the adjacent domain using a CNF requires the computation of the log-likelihood
log𝑝 𝑗−1(𝑔𝜔 (x( 𝑗), 𝑗−1)). We use the 𝑘NN estimators for the log-likelihood. We compute
the Euclidean distances between among all samples in {x( 𝑗−1)

𝑖
}𝑛 𝑗−1
𝑖=1 and 𝑔𝜔 (x( 𝑗), 𝑗−1),
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with 𝑔𝜔 (x( 𝑗), 𝑗 −1) kept fixed. Let 𝛿𝑘,𝑗−1(𝑔𝜔 (x( 𝑗), 𝑗 −1)) be the Euclidean distance
between 𝑔𝜔 (x( 𝑗), 𝑗−1) and its 𝑘-th nearest neighbor in {x( 𝑗−1)

𝑖
}𝑛 𝑗−1
𝑖=1 . We obtain the 𝑘NN

estimator of the log-likelihood of the sample 𝑔𝜔 (x( 𝑗), 𝑗−1) as follows:

log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)) = log
𝑘

𝑛 𝑗−1
+log Γ

(
1 + 𝑑

2

)
−𝑑

2
log𝜋−𝑑 log𝛿𝑘,𝑗−1(𝑔𝜔 (x( 𝑗), 𝑗−1)) .

We estimate the log-likelihood for all samples in the 𝑗-th domain {x( 𝑗)
𝑖
}𝑛 𝑗
𝑖=1 and maximize

its sample average

− 𝑑
𝑛 𝑗

𝑛 𝑗∑︁
𝑖=1

log𝛿𝑘,𝑗−1(𝑔𝜔 (x( 𝑗)𝑖 , 𝑗−1)))

with respect to 𝜔 .

For simplicity, we consider the case 𝑛 𝑗 =𝑛 𝑗−1=𝑛. The cost of computing the log-
likelihood by the 𝑘NN estimators is O(𝑛2). During the training of 𝑔𝜔 , the computation
of log-likelihood by the 𝑘NN estimators is required each time 𝑔𝜔 is updated. We use the
nearest neighbor descent algorithm (Dong et al., 2011) to reduce the computational cost
of the 𝑘NN estimators. The algorithm can be used to construct 𝑘NN graphs efficiently,
and the computational cost is empirically evaluated to be O(𝑛1.14).

Another way to estimate the log-likelihood log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)) is to approximate
𝑝 ( 𝑗−1) using a surrogate function. Our preliminary experiments show that the 𝑘NN
estimators are suitable for capturing continuous changes between domains, and the
details of the experiments are described in Section 4.4.4.

4.3.3 Gaussian mixture model

In Sections 4.3.1 and 4.3.2, we have discussed a method that captures continuous changes
between domains using NFs. Normalizing flows trained with log-likelihood based on
𝑘NN can transform samples from the target domain to samples from the source domain
via the intermediate domain. While we can generate pseudo-intermediate domains using
trained NFs and subsequently apply gradual self-training to the sequence of unlabeled
datasets, this two-step approach is complicated. We develop a method that predicts the
labels of target data without any post-processing after the training of NFs. Since we
consider a multiclass classification problem, we assign one Gaussian distribution for
each class label. Therefore, the proposed method learns the transformation between the
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distribution of the source domain and a Gaussian mixture distribution. It is inspired by
the previous work (Izmailov et al., 2020), which proposed a semi-supervised learning
method using DNFs and a Gaussian mixture distribution. In this subsection, we
explain the Gaussian mixture model (GMM) suitable for our proposed method and the
log-likelihood of the flow-based model with respect to the GMM.

Following Izmailov et al. (2020), we make two assumptions.

• The distribution 𝑝 (0) , conditioned on the label 𝑠, is modeled by a Gaussian with
the mean µ𝑠 and the covariance matrix Σ𝑠 , 𝑝 (0) (x|𝑦=𝑠)=N(x|µ𝑠, Σ𝑠).

• The classes {1, 2, . . . ,𝐶} are balanced, i.e., ∀𝑠 ∈ {1, 2, . . . ,𝐶}, 𝑝 (𝑦=𝑠)=1/𝐶, and
the Gaussian mixture distribution is 𝑝 (0) (x)= 1

𝐶

∑𝐶
𝑠=1N(x|µ𝑠, Σ𝑠).

Empirically, it is known that the second assumption is effective in learning the transfor-
mation between the distribution that data follows and the Gaussian mixture distribution
by NFs (Izmailov et al., 2020). We set an identity matrix as the covariance matrix for all
classes, Σ𝑠 = 𝐼 . The Gaussian distributions for different labels should be distinguishable
from each other, and it is desirable that the appropriate mean vector µ𝑠 is assigned to
each Gaussian distribution. We propose to assign the mean vector µ𝑠 = (𝜇𝑠1, . . . , 𝜇𝑠𝑑 )⊤

using the polar coordinates system. Each component of the mean vector is given by

𝜇𝑠𝑖 =


𝑟 cos𝜃𝑠 (sin𝜃𝑠)𝑖−1, (𝑖 = 1, . . . , 𝑑 − 1),

𝑟 (sin𝜃𝑠)𝑑−1, (𝑖 = 𝑑),
(4.4)

where 𝑟 is the distance from the origin in the polar coordinate system and the angle
𝜃𝑠 =2𝜋 (𝑠−1)/𝐶,∀𝑠 ∈ {1, 2, . . . ,𝐶}. Note that 𝑟 is a hyperparameter. Figure 4.2 shows an
intuitive description of 𝑟 . If 𝑟 is too small, as shown in Figure 4.2 (e) and 4.2 (f), it is
difficult to identify the class labels of samples. As shown in Eq. 4.4 and Figure 4.2 (d),
the mean vectors are set at equal intervals.
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Class Label 1 2

(a) Two Moon: source domain

Class Label 1 2 3 4 5

(b) Block: source domain

r mean vector 1 mean vector 2

r

(c) Gaussian mixture (𝑟 =3.0).

r mean vector 1

r

(d) Gaussian mixture (𝑟 =10.0).

r mean vector 1 mean vector 2

r

(e) Gaussian mixture (𝑟 =0.5).

r mean vector 1

r

(f) Gaussian mixture (𝑟 =2.0).

Figure 4.2: Schematic of hyperparameter 𝑟 , (left): Two Moon and (right): Block.
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Since the source domain has labeled data, by using Eq. (4.3), we can obtain the class
conditional log-likelihood of a labeled sample as

log𝑝 (1) (𝑔𝜔 (x(1), 1) |𝑦 = 𝑠) = logN(𝑔𝜔 (x(1), 0) |µ𝑠, Σ𝑠) −
∫ 1

0
Tr

(
𝜕v

𝜕g

)
𝑑𝑡 . (4.5)

The intermediate domains and the target domain have no labeled data. Thus, log𝑝 (0) (𝑔𝜔 (x( 𝑗), 0))
is estimated as log

{ 1
𝐶

∑𝐶
𝑠=1N(𝑔𝜔 (x( 𝑗), 0) |µ𝑠, Σ𝑠)

}
. As described in Section 4.3.2, we

compute log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)) as −𝑑 log𝛿𝑘,𝑗−1(𝑔𝜔 (x( 𝑗), 𝑗−1)). Using Eq. (4.3), the
log-likelihood of an unlabeled sample is given by

log𝑝 ( 𝑗) (𝑔𝜔 (x( 𝑗), 𝑗)) =
𝑗∑︁
𝑡=1

log𝑝 (𝑡−1) (𝑔𝜔 (x( 𝑗), 𝑡−1)) −
∫ 𝑗

0
Tr

(
𝜕v

𝜕g

)
𝑑𝑡

= log𝑝 (0) (𝑔𝜔 (x( 𝑗), 0)) +
𝑗∑︁
𝑡=2

log𝑝 (𝑡−1) (𝑔𝜔 (x( 𝑗), 𝑡−1)) −
∫ 𝑗

0
Tr

(
𝜕v

𝜕g

)
𝑑𝑡

= log

{
1
𝐶

𝐶∑︁
𝑠=1
N(𝑔𝜔 (x( 𝑗), 0) |µ𝑠, Σ𝑠)

}
−

𝑗∑︁
𝑡=2

𝑑 log𝛿𝑘,𝑡−1(𝑔𝜔 (x( 𝑗), 𝑡−1))

−
∫ 𝑗

0
Tr

(
𝜕v

𝜕g

)
𝑑𝑡 . (4.6)

Namely, to capture the continuous change between domains, we maximize the log-
likelihood of 𝑔𝜔 on all the data from the given domains. The algorithm minimizes the
following objective function with respect to 𝑔𝜔 :

L(𝜔 ;𝐷 (1), {𝑈 ( 𝑗)}𝐾𝑗=2) = −
1
𝑛1

𝑛1∑︁
𝑖=1

log𝑝 (1) (𝑔𝜔 (x(1)𝑖 , 1) |𝑦𝑖)−
𝐾∑︁
𝑗=2

1
𝑛 𝑗

𝑛 𝑗∑︁
𝑖=1

log𝑝 ( 𝑗) (𝑔𝜔 (x( 𝑗)𝑖 , 𝑗)) .

We show a pseudocode for our proposed method in Algorithm 4.1.

Our method has two hyperparameters, 𝑘 and 𝑟 : 𝑘 affects the result of the computation
of log-likelihood by the 𝑘NN estimators, whereas 𝑟 controls the distance between the
Gaussian corresponding to each class. We discuss how to tune these hyperparameters in
Section 4.4.5.

We consider making predictions for a new sample by using our flow-based model.
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The predictive probability that the class of the given test sample x being 𝑠 is

𝑝 (𝑦=𝑠 |x)= 𝑝 (x|𝑦=𝑠)𝑝 (𝑦=𝑠)∑𝐶
𝑠′=1 𝑝 (x|𝑦=𝑠′)𝑝 (𝑦=𝑠′)

=
N(𝑔𝜔 (x, 0) |𝜇𝑠, Σ𝑠)∑𝐶

𝑠′=1N(𝑔𝜔 (x, 0) |𝜇𝑠′, Σ𝑠′)
. (4.7)

Therefore, the class label of a new sample x is predicted by

𝑦 = arg max
𝑠∈{1,...,𝐶}

𝑝 (𝑦 = 𝑠 |x) .

Algorithm 4.1 Gradual domain adaptation with CNF

Input: labeled dataset 𝐷 (1) and unlabeled datasets𝑈 (2) , . . . ,𝑈 (𝐾 )

Output: trained CNF 𝑔𝜔
1: 𝑗 ← 𝐾 ⊲ start training from the target domain
2: while 𝑗 > 0 do
3: 𝑡0 ← 𝑗 − 1, 𝑡1 ← 𝑗 .
4: initial values are set to x( 𝑗 ) and 0.
5: while 𝑡0 > 0 do ⊲ the initial value problem is solved sequentially
6: solve the initial value problem Eq. (4.1).
7: retain the solutions. ⊲ these values will be used as initial values in the next iteration
8: 𝑡0 ← 𝑡0 − 1, 𝑡1 ← 𝑡1 − 1.
9: end while

10: if 𝑗 = 1 then ⊲ update CNF 𝑔𝜔
11: maximize the log-likelihood of labeled data as Eq. (4.5) with respect to 𝜔 .
12: else
13: maximize the log-likelihood of unlabeled data as Eq. (4.6) with respect to 𝜔 .
14: end if
15: 𝑗 ← 𝑗 − 1 ⊲ training on the adjacent domain
16: end while

4.3.4 Theoretical aspects of flow-based model

Our proposed method maximizes the log-likelihood of labeled data with respect to 𝜔
given by Eq. (4.5). We utilize NFs to model the distribution of inputs 𝑝 (x|𝑦), and via
Eq. (4.7), our proposed method also implicitly models the distribution of outputs 𝑝 (𝑦 |x).
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We denote the expected loss on the source domain as follows:

L1(𝑔𝜔 )=Ex,𝑦∼𝑝 (1)x,𝑦
[− log𝑝 (𝑦 |x)]

=E
x,𝑦∼𝑝 (1)x,𝑦

[
− log

N(𝑔𝜔 (x, 0) |𝜇𝑦, Σ𝑦)∑𝐶
𝑠=1N(𝑔𝜔 (x, 0) |𝜇𝑠, Σ𝑠)

]
.

Similarly, the expected loss on the 𝑗-th domain is denoted as Lj(𝑔𝜔 )=Ex,𝑦∼𝑝 ( 𝑗 )x,𝑦
[− log𝑝 (𝑦 |x)].

For notational simplicity, we omit the argument of the expected loss and denote it as L1

and Lj. Note that 𝑝 (𝑦 |x) is a probability mass function, and we consider the following
natural assumption.

Assumption 4.1 (Nguyen et al. (2022)). For some 𝑀 ∈ R≥0, the loss satisfies 0 ≤
− log𝑝 (𝑦 |x) ≤ 𝑀 , where ∀x ∈ X,∀𝑦 ∈ Y .

Nguyen et al. (2022) derived an upper bound for the loss L2 on the basis of the source
loss L1 and the Kullback-Leibler (KL) divergence between 𝑝 (2) and 𝑝 (1) . Note that in the
standard domain adaptation, there is no intermediate domain and 𝐾 = 2.

Proposition 4.1 (Nguyen et al. (2022)). If Assumption 4.1 holds, we have

L2 ≤ L1 +
𝑀
√

2

√︃
KL[𝑝 (2)x,𝑦 |𝑝 (1)x,𝑦]

= L1 +
𝑀
√

2

√︂
KL[𝑝 (2)x |𝑝 (1)x ] + E𝑝 (2)x

[KL[𝑝 (2)
𝑦 |x |𝑝

(1)
𝑦 |x]], (4.8)

where KL[·|·] denotes the KL divergence.

Proof. See Appendices. ⊓⊔

In the theoretical analysis of conventional domain adaptation, an upper bound for the
target loss is derived based on the source loss and the divergence. From a practical
point of view, a divergence that is easy to compute would be preferred. Although the
bound using the total variation (Ben-David et al., 2010) is well-known, evaluating the
total variation might be challenging in practice since it requires the computation of a
supremum. In contrast, Proposition 4.1 depends on the KL divergence, which is easier to
compute than the total variation.
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In Eq. (4.8), we note that it is impossible to calculate the conditional misalignment
term E

𝑝
(2)
x
[KL[𝑝 (2)

𝑦 |x |𝑝
(1)
𝑦 |x]] since the labels from the second domain are not given. We

make the following covariate shift assumption: 1

Assumption 4.2 (Shimodaira (2000)). For any 𝑡 ∈ {2, . . . , 𝐾}, 𝑝 (𝑡)
𝑦 |x = 𝑝

(𝑡−1)
𝑦 |x , ∀x ∈

X,∀𝑦 ∈ Y.

Using Proposition 4.1, we introduce the following corollary that gives an upper
bound of the target loss LK.

Corollary 4.1. If Assumptions 4.1 and 4.2 hold, we have

LK ≤ L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︃
KL[𝑝 ( 𝑗)x,𝑦 |𝑝 ( 𝑗−1)

x,𝑦 ]

= L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︂
KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)

x ] + E
𝑝
( 𝑗 )
x
[KL[𝑝 ( 𝑗)

𝑦 |x |𝑝
( 𝑗−1)
𝑦 |x ]]

= L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︃
KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)

x ] . (4.9)

Proof. Since the ordered sequence of the intermediate domains is given, we extend
Proposition 4.1 until the target loss LK as follows:

L2 ≤ L1 +
𝑀
√

2

√︃
KL[𝑝 (2)x,𝑦 |𝑝 (1)x,𝑦]

L3 ≤ L2 +
𝑀
√

2

√︃
KL[𝑝 (3)x,𝑦 |𝑝 (2)x,𝑦]

...

LK ≤ LK−1 +
𝑀
√

2

√︃
KL[𝑝 (𝐾)x,𝑦 |𝑝 (𝐾−1)

x,𝑦 ] .

1This assumption can be slightly relaxed by setting KL[𝑝 (𝑡 )
𝑦 |x |𝑝

(𝑡−1)
𝑦 |x ] ≤ 𝜀𝑡 with small constants

𝜀𝑡 ≥ 0,∀𝑡 ∈ {2, . . . , 𝐾}.
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Summing up both sides of the above inequalities, we have

LK ≤ L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︃
KL[𝑝 ( 𝑗)x,𝑦 |𝑝 ( 𝑗−1)

x,𝑦 ]

= L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︂
KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)

x ] + E
𝑝
( 𝑗 )
x
[KL[𝑝 ( 𝑗)

𝑦 |x |𝑝
( 𝑗−1)
𝑦 |x ]] (∵ 𝐸𝑞. (4.8)).

If Assumption 4.2 holds, we have

LK ≤ L1 +
𝑀
√

2

𝐾∑︁
𝑗=2

√︃
KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)

x ] .

⊓⊔

We consider reducing the marginal misalignment term KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)
x ] in Eq. (4.9), and

introduce the following proposition derived by Onken et al. (2021).

Proposition 4.2 (Onken et al. (2021)). The minimization of Eq. (4.2) is equivalent to the

minimization of the KL divergence between 𝑝 ( 𝑗−1)
x and 𝑝 ( 𝑗)x transformed by 𝑔𝜔 .

Proof. See Appendices. ⊓⊔

By Proposition 4.2, we can reduce the marginal misalignment term KL[𝑝 ( 𝑗)x |𝑝 ( 𝑗−1)
x ] in

Eq. (4.9) by transforming 𝑝 ( 𝑗)x to 𝑝 ( 𝑗−1)
x with NFs.

Compared to the upper bound for the self-training-based GDA Eq. (2.3), which
depends only on the loss in the source domain and the number of the intermediate
domains, our bound is adaptive since the KL-divergence term can be reduced by
the training of CNF. The self-training procedure contains hyperparameters such as
the number of epochs and learning rates, and how to determine those appropriate
hyperparameters based on Eq. (2.3) is non-trivial. In contrast, Corollary 4.1 is free from
self-training.

4.3.5 Scalability

Grathwohl et al. (2019) discussed the details of the scalability of a CNF. Evaluating
a CNF costs O(𝑑𝐻 ), where 𝑑 is the dimension of the input and 𝐻 is the size of the



53

largest hidden unit in 𝑣 (Grathwohl et al., 2019). They derived the cost of computing the
likelihood as O(𝑑𝐻𝑁 ), where 𝑁 is the number of evaluations of 𝑣 in the ODE solver. In
general, the training cost of CNF is high because the number of evaluations 𝑁 of 𝑣 in the
ODE solver is large. When 𝐾 domains are given, we have to solve the initial value
problem 1

2𝐾 (𝐾 + 1) times in our proposed method, resulting the computational cost
O(𝑑𝐻𝑁𝐾2), which is computationally expensive when the number of intermediate
domains is large. When we can access many intermediate domains and the distances
between the intermediate domains are small, the conventional self-training-based GDA
algorithm (Kumar et al., 2020) will be suitable.

The solution obtained from the ODE solver contains numerical errors. In order to
reduce these errors, it is necessary to increase the number of evaluations for the function
𝑣 . Chen et al. (2018) experimentally demonstrated the trade-off between error and the
number of evaluations of the function 𝑣 , and they also provided heuristic settings for
ODE solvers. In Section 4.4, we use the settings of ODE solvers provided by Chen et al.
(2018).

4.4 Experiments

We use the implementation of the CNF provided by Huang and Yeh (2021). 2 PyN-
NDescent provides a python implementation of the nearest neighbor descent (Dong
et al., 2011). 3 PyTorch (Paszke et al., 2019) is used to implement all procedures in our
proposed method except for the procedure of CNF and nearest neighbor descent. Our
flow-based model 𝑔𝜔 consists of one CNF block. One CNF block consists of two fully
connected layers with 64 nodes in each layer. We use WILDS (Koh et al., 2021) and
MoleculeNet (Wu et al., 2018) to load pre-processed datasets. All experiments are
conducted on our server with Intel Xeon Gold 6354 processors and NVIDIA A100 GPU.

Our aim is to capture the continuous change between domains. In our experiments
using toy datasets, we generate pseudo-intermediate domains from trained NFs to verify
whether the trained NFs accurately capture the continuous change between domains.
Generating pseudo-intermediate domains is just a sanity check. Recall that the proposed
method does not generate pseudo-intermediate domains when predicting the label of a

2https://github.com/hanhsienhuang/CNF-TPR
3https://github.com/lmcinnes/pynndescent/tree/master

https://github.com/hanhsienhuang/CNF-TPR
https://github.com/lmcinnes/pynndescent/tree/master
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sample.

4.4.1 Datasets

We use benchmark datasets with modifications for GDA. Since we are considering the
situation that the discrepancies between the adjacent domains are large, we prepare only
one or two intermediate domains. We describe the details of the datasets.

Two Moon: A toy dataset. We use the two-moon dataset as the source domain. The
intermediate and target domains are prepared by rotating the source dataset by 𝜋/4 and
𝜋/2, respectively.

Block: A toy dataset. The number of dimensions of the data is two, and the number
of classes is five. We prepare the intermediate and target domains by adding horizontal
movement to each class. Note that only the Block dataset has two intermediate
domains.

Rotating MNIST (Kumar et al., 2020): We add rotations to the MNIST dataset.
The rotation angle is 0 for the source domain, 𝜋/6 for the intermediate domain, and 𝜋/3
for the target domain. We normalize the image intensity to the range between 0 and 1 by
dividing by 255.

Portraits (Ginosar et al., 2015): The Portraits dataset includes photographs
of U.S. high school students from 1905 to 2013, and the task is gender classification. We
sort the dataset in ascending order by year and split the dataset. The source dataset
includes data from the 1900s to the 1930s, and the intermediate and target datasets
contain data from the 1940s to 1950s and from the 1960s, respectively. We resize the
original image to 32 × 32 and normalize the image intensity to the range between 0 and 1
by dividing by 255.

Tox21 (Thomas et al., 2018): The Tox21 dataset contains the results of measuring
the toxicity of compounds. The dataset contains twelve types of toxicity evaluation
with a number of missing values. We merge these evaluations into a single evaluation
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and consider a compound as toxic when it is determined to be harmful in any of the
twelve evaluations. Because the Tox21 dataset does not have a domain indicator such
as year, we introduce an indicator for splitting the entire dataset into domains. It is a
reasonable method from the chemical view point to divide the entire dataset into domains
by the number of arbitrary substituents in the compound. We select the following three
chemically representative substituents and use the number of substituents as a domain
indicator.

• NHOHCount: Number of NHOH groups in the compound.

• RingCount: Number of ring structures in the compound.

• NumHDonors: Number of positively polarized hydrogen bonds in the compound.

The zeroth, first, and second substituents are assigned to the source domain, the
intermediate domain, and the target domain, respectively. We use 108-dimensional
molecular descriptors as features used in the previous work (Drwal et al., 2015). Each
descriptor is normalized by subtracting the mean of the samples and then dividing the
result by the standard deviation of the samples.

SHIFT15M (Kimura et al., 2021): The SHIFT15M dataset consists of 15 million
fashion images collected from real fashion e-commerce sites. We estimate seven
categories of clothes from image features. The SHIFT15M dataset does not provide
images but provides VGG16 (Simonyan and Zisserman, 2015) features consisting of
4,096 dimensions. The dataset contains fashion images from 2010 to 2020, and the
passage of years causes changes in distributions. The number of samples from 2010 is
significantly smaller than that from other years, and we merge samples from 2010 with
those from 2011. We consider the datasets from 2011, 2015, and 2020 as the source
domain, the intermediate domain, and the target domain, respectively. Owing to the
significant number of samples, we randomly select 5,000 samples from each domain.

RxRx1 (Taylor et al., 2019): The RxRx1 dataset consists of three channels of cell
images obtained by a fluorescence microscope. We resize the original image to 32 × 32
and normalize the image intensity to the range between 0 and 1 by dividing by 255.
We estimate the cell type used in the experiment from image features. The change in
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distributions of each batch occurs due to slight changes in temperature, humidity, and
reagent concentration during experiments. We consider batch numbers one, two, and
three as the source domain, the intermediate domain, and the target domain, respectively.

4.4.2 Experimental settings

The manifold hypothesis (Fefferman et al., 2016) posits that real high-dimensional data
lies on a low-dimensional manifold embedded in a high-dimensional space. Brehmer and
Cranmer (2020) mentioned that NFs are unsuitable for data that agree with the manifold
hypothesis. UMAP (McInnes et al., 2018) is a dimensionality reduction method based on
the manifold hypothesis, which embeds high-dimensional data into a low-dimensional
space. Empirically, it is demonstrated that UMAP provides a suitable low-dimensional
representation for each task (Ali et al., 2019; Becht et al., 2019). We apply UMAP to
each dataset as preprocessing. As in semi-supervised learning, UMAP can use labeled
and unlabeled data simultaneously. To determine the appropriate embedding dimension,
we train a CNF 𝑔𝜔 on the dimension-reduced source dataset by maximizing Eq. (4.5)
with respect to 𝜔 . After the training, we evaluate the accuracy on the dimension-reduced
source dataset. We select the embedding dimension with which the result of mean
accuracy of three-fold cross-validation in the dimension-reduced source dataset is the
best. All parameters in UMAP are set to their default values.

Our proposed method is designed for datasets where the intermediate domains are
arranged to connect the source domain to the target domain. To verify the configuration
of the intermediate domains, we introduce an evaluation metric for each dataset. Our
evaluation metric based on the KL divergence since Corollary 4.1 shows that the

target loss LK is bounded by
∑𝐾
𝑗=2

√︃
KL[𝑝 ( 𝑗)x,𝑦 |𝑝 ( 𝑗−1)

x,𝑦 ]. However, we note that our simple
evaluation metric cannot explain all the reasons why the proposed method works since
real-world datasets include various factors not considered in this study (e.g., class
imbalance). Wang et al. (2022) mentioned that the sequence of intermediate domains
should be placed evenly along the geodesic between the source and target domains.
When only one intermediate domain is given, intuitively, a preferable intermediate
domain lies near the midpoint of the geodesic between the source and target domains.
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Here, we introduce the JS divergence (Lin, 1991) as

JS[𝑝 ( 𝑗−1)
x,𝑦 |𝑝 ( 𝑗+1)x,𝑦 ] = 0.5KL[𝑝 ( 𝑗−1)

x,𝑦 |𝑝 ( 𝑗)x,𝑦] + 0.5KL[𝑝 ( 𝑗+1)x,𝑦 |𝑝 ( 𝑗)x,𝑦], (4.10)

where 𝑝 ( 𝑗)x,𝑦 = 0.5𝑝 ( 𝑗−1)
x,𝑦 + 0.5𝑝 ( 𝑗+1)x,𝑦 . We suppose that 𝑝 ( 𝑗) in Eq. (4.10) is an ideal

intermediate domain connecting 𝑝 ( 𝑗−1) and 𝑝 ( 𝑗+1) . If 𝑝 ( 𝑗) is an ideal intermediate domain,
we can use 𝑝 ( 𝑗) instead of 𝑝 ( 𝑗) in Eq. (4.10). We define the computation method that
uses 𝑝 ( 𝑗) instead of 𝑝 ( 𝑗) as

𝛽 ( 𝑗) = 0.5KL[𝑝 ( 𝑗−1)
x,𝑦 |𝑝 ( 𝑗)x,𝑦] + 0.5KL[𝑝 ( 𝑗+1)x,𝑦 |𝑝 ( 𝑗)x,𝑦] .

Finally, we define an evaluation metric for each intermediate domain as

𝐸 ( 𝑗) =
𝛽 ( 𝑗) − JS[𝑝 ( 𝑗−1)

x,𝑦 |𝑝 ( 𝑗+1)x,𝑦 ]

KL[𝑝 (1)x,𝑦 |𝑝 (𝐾)x,𝑦 ]
. (4.11)

To make comparisons between different datasets, the numerator is divided by the KL
divergence between the source and the target domains. Figure 4.3 shows a schematic
of the evaluation metric given by Eq. (4.11). In practice, we cannot calculate the
discrepancies between consecutive domains since the labeled data from the intermediate
domains and the target domain are not available. Moreover, we cannot select arbitrary
intermediate domains for domain adaptation, and a sequence of intermediate domains is
only given.

Source domain
Target domain

KL ∙ | ෤𝑝(𝑗)

KL ∙ | 𝑝(𝑗)𝐸(𝑗 = 5)

𝐸(𝑗 = 9)

𝑝(1)

𝑝(2)

𝑝(3)
𝑝(4) 𝑝(5)

𝑝(6)

𝑝(7)
𝑝(8)

𝑝(9)

𝑝(10)

෤𝑝(𝑗)

෤𝑝(𝑗)

Figure 4.3: A schematic of the evaluation metric for each intermediate domain.
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Using the toy dataset shown in Figure 4.4, we check the correlation between the
performance of our proposed method and 𝐸 ( 𝑗). We assign class labels 1 and 2 to
the samples from the Gaussian distributions with mean vectors (3, 1)⊤ and (−3, 1)⊤,
respectively, and use these samples as the source domain. The target domain consists of
samples from the Gaussian distributions with mean vectors (3, 5)⊤ and (−3, 5)⊤. We
use only one intermediate domain for training and evaluate the intermediate domain
by computing 𝐸 ( 𝑗 = 2). The evaluation was repeated five times using different initial
weights of neural networks. As shown in Table 4.2, when the absolute value of the
first component of the mean vector of the intermediate domain is large, 𝐸 ( 𝑗 = 2) also
increases, leading to poorer performance of the proposed method.

Figure 4.4: A schematic of the toy dataset evaluated in Table 4.2.

Table 4.2: Experimental results on the toy dataset with various intermediate domains.
The column labeled “mean vector” refers to the absolute value of the first component of
the mean vector in the intermediate domain.

mean vector 𝐸 ( 𝑗 = 2) Accuracy
3 0.242 0.996 ± 0.0003
6 0.783 0.992 ± 0.0040
8 1.162 0.705 ± 0.2627
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4.4.3 Capturing continuous change with discrete normalizing flows

We aim to capture the continuous change between domains using NFs. In principle, the
DNFs, which are trained with log-likelihood based on 𝑘NN as described in Section 4.3.2,
can convert a non-parametric distribution into another non-parametric distribution.
However, it is empirically shown that DNFs are unsuitable for capturing the continuous
change between domains.

We use RealNVP (Dinh et al., 2017) as a DNF. One DNF block consists of four fully
connected layers with 64 nodes in each layer. To improve the expressive power of the
flow-based model, we stack three DNF blocks. In the stacked DNF model, the input data
are processed by each DNF block sequentially. Specifically, the input of the second
DNF block is the output from the first DNF block. The output from each DNF block
should vary continuously. We train the DNFs with the source and the intermediate
datasets on the Two Moon dataset. Note that the CNF only uses label information
when transforming samples from the source domain to samples from the Gaussian
mixture distribution and does not use label information when transforming samples
from the intermediate domain to samples from the source domain. Figure 4.5 shows
the transformation of the intermediate data to the source data. We see that the CNF
continuously transforms the intermediate data into the source data. On the other hand,
in the DNFs, the path of transformation from the intermediate data into the source
data is not continuous. From this preliminary experiment, we adopt CNF to realize the
proposed GDA method.

4.4.4 Estimation of log-likelihood by fitting Gaussian mixture distri-
bution

Our proposed method learns the transformation of a sample from the 𝑗-th domain to a
sample from the adjacent domain, and it requires the estimation of the log-likelihood
log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)). We proposed a computation method for the log-likelihood
by using the 𝑘NN estimators in Section 4.3.2. Here, as another way of estimating
the log-likelihood, we consider the approximation of 𝑝 ( 𝑗−1) by a Gaussian mixture
distribution. Let 𝑄 and 𝑤 ( 𝑗−1)

𝑞 be the number of mixture components and a mixture
weight, respectively. The subscript 𝑞 indicates the 𝑞-th component of a Gaussian mixture
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Figure 4.5: Comparison between the discrete and the continuous NFs. Whereas
continuous NF is suitable for capturing continuous change, discrete NFs are unsuitable
for capturing continuous change.

distribution, and the superscript indicates the domain. We approximate 𝑝 ( 𝑗−1) with the
Gaussian mixture distribution

𝑝 ( 𝑗−1) (x) =
𝑄∑︁
𝑞=1

𝑤
( 𝑗−1)
𝑞 N(x( 𝑗−1) |µ( 𝑗−1)

𝑞 , Σ( 𝑗−1)
𝑞 ),

𝑄∑︁
𝑞=1

𝑤
( 𝑗−1)
𝑞 = 1,

where µ( 𝑗−1)
𝑞 and Σ( 𝑗−1)

𝑞 are the mean vector and the covariance matrix, respectively. We
fit the Gaussian mixture distribution for each domain and distinguish the mixture weight,
mean vector, and covariance matrix with superscripts. We assign a sufficiently large
value to 𝑄 since our aim is an estimation of the log-likelihood log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)).

We compare the log-likelihood estimation by the fitted Gaussian mixture distributions
with that by the 𝑘NN estimators on the Two Moon dataset, and conclude that the 𝑘NN
estimators are suitable for our proposed method. Since our toy dataset is a simple
two-moon forms, 𝑄 = 30 should be enough for modeling its distribution with high
precision. Figure 4.6 shows the comparison of the transformation by the CNF trained
with 𝑘NN estimators and that trained with the Gaussian mixture distributions for
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evaluating the log-likelihood. Whereas the CNF trained with the 𝑘NN estimators
transforms the target data to the source data as expected, the CNF trained with the fitted
Gaussian mixture distributions fails to do so.
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Figure 4.6: Comparison of the methods of estimating log𝑝 ( 𝑗−1) (𝑔𝜔 (x( 𝑗), 𝑗−1)). The
CNF trained with the 𝑘NN estimators transforms the target data to the source data as
expected

4.4.5 Hyperparameters

The proposed method has two hyperparameters, 𝑘 and 𝑟 . These hyperparameters are
introduced in Sections 4.3.2 and 4.3.3, respectively. The hyperparameter 𝑘 affects the
result of the computation of log-likelihood by the 𝑘NN estimators, and the hyperpa-
rameter 𝑟 controls the distance between the Gaussian distributions corresponding to
each class. In this section, from a practical view point, we discuss how to tune these
hyperparameters.

First, we discuss the tuning method of 𝑘 . The hyperparameter 𝑘 controls the trade-off
between bias and variance of the estimate of the log-likelihood. The parameter 𝑘 is
similar to the kernel bandwidth parameter in the kernel density estimation (Sugiyama
et al., 2012), in which large 𝑘 results in larger bias and smaller variance and vice versa.
We suppose that an appropriate 𝑘 can be determined by fitting a kNN classifier on the
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source dataset. We change the font to emphasize that the 𝑘NN estimator and the kNN
classifier are different notions. We train the kNN classifier with only the source dataset
and determine k from the result of three-fold cross-validation.

We vary the hyperparameter 𝑘 and train our flow-based model 𝑔𝜔 . After the training,
we evaluate the accuracy on the target dataset. The evaluation of 𝑔𝜔 was repeated ten
times using different initial weights of neural networks. In Figure 4.7, the red dashed line
denotes the k determined using the result of the kNN classifier fitting. The appropriate
value of 𝑘 for the 𝑘NN estimator can be determined roughly by the fitting of the kNN
classifier on the source dataset. However, for the Tox21 RingCount dataset, the
appropriate 𝑘 is not determined by this method, and there is room for improvement.
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Figure 4.7: Experimental result of the training of our flow-based model with various
hyperparameter 𝑘 values. The appropriate 𝑘 can be determined roughly by the fitting of
the kNN classifier on the source dataset.

Next, we discuss a tuning method for 𝑟 . In Eq. (4.7), the label of a sample from
an arbitrary domain is predicted by transforming the sample into the sample from
the Gaussian mixture distribution. If the setting of 𝑟 is inappropriate, as shown in
Figure 4.2 (e) and (f), it is hard to predict the label of a sample. The Gaussian distributions
for different labels should be distinguishable from each other.

The hyperparameter 𝑟 can be roughly determined by considering the number of
classes and the number of dimensions of data. Our idea is simple. We evaluate the
distance between the mean vectors of two adjacent Gaussian distributions. When the
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distance is large, the Gaussian distributions for different labels are distinguishable
from each other, as shown in Figure 4.2 (c) and (d). Let m(𝑟 ) be the midpoint vector
of the mean vectors µ𝑠 and µ′𝑠 of two adjacent Gaussian distributions. Since the
mean vectors are set at equal intervals (see Eq. (4.4) and Figure 4.9 (d)), any pair is
acceptable when they are adjacent. We propose a method to determine 𝑟 by calculating
max(N (m(𝑟 ) |µ𝑠, Σ𝑠),N(m(𝑟 ) |µ′𝑠, Σ′𝑠)), and for simplicity, we denote it as𝑈 (𝑟 ). When
the distance between the two mean vectors is sufficiently large, the likelihood of the
midpoints is almost zero, regardless of which Gaussian distribution is assumed. We
select a sufficiently small 𝑟 such that 𝑈 (𝑟 ) ≃ 0 since the Gaussian distributions for
different labels should be separable. As shown in Figure 4.8, the 𝑟 that satisfies𝑈 (𝑟 ) ≃ 0
varies depending on the number of classes and the number of dimensions of data. Note
that this is not an experiment with a specific dataset. In Figure 4.8 (a), when the number
of dimensions is fixed at 2, it can be seen that a larger 𝑟 is required with a large number
of classes. In Figure 4.8 (b), the number of classes is fixed at 10, and we see that𝑈 (𝑟 )
becomes sufficiently small even for a small 𝑟 when the number of dimensions is large.
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Figure 4.8: Determination method of hyperparameter 𝑟 . We can roughly determine the
hyperparamter 𝑟 by considering the number of classes and the number of dimensions of
data.

We vary the hyperparameter 𝑟 and train the proposed flow-based model 𝑔𝜔 with
only the source dataset, i.e., we maximize the log-likelihood given by Eq. (4.5) with
respect to 𝜔 . The performance of our flow-based model is evaluated using three-fold
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Figure 4.9: Experimental results of the training of our flow-based model with various
hyperparameter 𝑟 values on the source dataset only. When the hyperparameter 𝑟 is
sufficiently large, the accuracy on the source dataset does not change significantly. The
embedding dimension for all dataset is four.

cross-validation on the source dataset. Figure 4.9 shows the result of mean accuracy of
three-fold cross-validation. The red dashed line in Figure 4.9 represents the smallest
𝑟 , which induces 𝑈 (𝑟 ) < 0.001. We see that the accuracy on the source dataset does
not change significantly with a sufficiently large 𝑟 , which means that the Gaussian
distributions for different labels are distinguishable from each other. Therefore, we can
determine the hyperparameter 𝑟 by calculating𝑈 (𝑟 ).

4.4.6 Necessity of intermediate domains

Here, we show the necessity of the intermediate domains for the training of the CNF.
In Figure 4.10, using the Block dataset, we show the transformation from the target
data to the source data by the CNF trained with and without the intermediate datasets.
Visually, the CNF trained with the intermediate dataset transforms the target data to the
source data as expected. The accuracy on the target dataset is 0.999 when the CNF is
trained with the intermediate datasets. In contrast, the accuracy on the target dataset is
0.181 when the CNF is trained without intermediate datasets. From these results, we
conclude that it is important to train a CNF with datasets from the source, intermediate,
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and target domains to capture continuous change between domains.

In the Rotating MNIST dataset, the source dataset consists of samples from the
MNIST dataset without any rotation, and the target dataset is prepared by rotating images
of the source dataset by angle 𝜋/3. We suppose that a suitable rotation angle for the
intermediate domain is 𝜋/6. To study the effect of the intermediate domains, we prepare
various intermediate domains with different rotation angles. Note that the number of
intermediate domains used for training is always one. We compute 𝐸 ( 𝑗 = 2) as Eq. (4.11)
and train our flow-based model. After the training, we evaluate the accuracy on the
target dataset. The evaluation of our flow-based model was repeated ten times using
different initial weights of neural networks. Table 4.3 and Figure 4.11 show the results
of the experiments. We confirm that 𝐸 ( 𝑗 = 2) tends to decrease for rotation angles near
𝜋/6 and to increase when the rotation angle is either small or large. Additionally, we see
that the accuracy tends to be higher when 𝐸 ( 𝑗 = 2) is small. The model trained without
intermediate domains performs the worst. The arrangement of the intermediate domains
between the source and target domains affects the results of GDA, but the impact is
relatively small compared to the result obtained without the intermediate domain.

Table 4.3: Summary of the training of CNF with various intermediate domains.

Rotation angle 𝐸 ( 𝑗 = 2) Accuracy
𝜋/21.0 0.299 0.875 ± 0.040
𝜋/10.5 0.276 0.885 ± 0.017
𝜋/7.0 0.269 0.882 ± 0.013
𝜋/6.0 0.278 0.881 ± 0.027
𝜋/5.25 0.297 0.882 ± 0.020
𝜋/4.2 0.306 0.850 ± 0.131
𝜋/3.5 0.308 0.809 ± 0.178

w/o intermediate NA 0.796 ± 0.140

4.4.7 Byproduct of using normalizing flows

While our primary focus lies in GDA, our proposed method can generate synthetic data
from intermediate domains, even in the absence of observed samples from that domain.
Recall that the proposed method does not need to generate pseudo-intermediate domains
when predicting the label of a sample. In principle, the proposed method is applicable to
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Figure 4.10: Necessity of intermediate domains. The total number of domains with and
without the intermediate datasets is four and two, respectively. We consider the index of
each domain 𝑗 as a particular time point. Thus, the times 𝑡 represented in the second and
third rows of the figure are different. The CNF trained with the intermediate dataset
transforms the target data to the source data as expected.
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Figure 4.11: Experimental results of the training of CNF with various intermediate
domains.
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(a) Originals (b) Samples from CNF

Figure 4.12: Morphing of Rotating MNIST.

any dimensional data as input, such as image data, but the current technology of CNF is
the computational bottleneck. It is difficult to handle high-dimensional data directly due
to the high-computational cost of off-the-shelf CNF implementation. Therefore, as a
preprocessing, it is reasonable to reduce the dimensionality of high-dimensional data. A
combination of the proposed method and VAE is applicable to image data. We can utilize
the trained CNF and VAE for generating artificial intermediate images such as morphing.
We show a demonstration of morphing on Rotating MNIST in Figure 4.12.

4.4.8 Comparison with baseline methods

To verify the effectiveness of the proposed method, we compare it with the baseline
methods. Following the approach described in Section 4.4.5, we assign different values
to the hyperparameter 𝑘 of the proposed method for each dataset. The hyperparameter 𝑟
is set to 𝑟 = 3 and 𝑟 = 10 for binary and multiclass classification, respectively. The
appropriateness of these settings was discussed in Section 4.4.5. We summarize the
baseline methods in Table 4.4 and provide a brief description of the baseline methods as
follows.

• SourceOnly: Train the classifier with the source dataset only.

• GradualSelfTrain (Kumar et al., 2020): Apply gradual self-training with the initially
given domains.
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• Generative Gradual Domain Adaptation with Optimal Transport (GOAT) (He et al.,
2023): Interpolate the initially given domains with optimal transport and apply gradual
self-training.

• Gradual Interpolation of Features toward Target (GIFT) (Abnar et al., 2021): This is a
conventional domain adaptation method, and this method updates the source model by
gradual self-training with pseudo-intermediate domains generated by the source and
target domains.

• Sequential GIFT (Abnar et al., 2021): Apply the GIFT algorithm with the initially
given domains.

• Self-Training of Auxiliary models (AuxSelfTrain) (Zhang et al., 2021): This is
a conventional domain adaptation method, and this method updates the source
model through gradual self-training, which incorporates unsupervised learning, using
pseudo-intermediate domains. The approach of generating pseudo-intermediate
domains from the source and target domains differs from that of GIFT.

• Sequential AuxSelfTrain (Zhang et al., 2021): Apply the AuxSelfTrain algorithm with
the initially given domains.

• Evolution Adaptive Meta-Learning (EAML) (Liu et al., 2020): Apply the meta-
learning algorithm to the initially given domains.

Table 4.4: Summary of the baseline methods

Method Domains to be used Approach # of domains to be adapted
Ours all normalizing flows single
SourceOnly source NA NA
GradualSelfTrain (Kumar et al., 2020) all gradual self-training single
GOAT (He et al., 2023) all gradual self-training single
GIFT (Abnar et al., 2021) source, target gradual self-training single
Sequential GIFT (Abnar et al., 2021) all gradual self-training single
AuxSelfTrain (Zhang et al., 2021) source, target gradual self-training single
Sequential AuxSelfTrain (Zhang et al., 2021) all gradual self-training single
EAML (Liu et al., 2020) all meta-learning multiple

The primary baseline methods are self-training-based GDA methods, as introduced
in Section 2.2. Recall that these methods update the classifier ℎ : X → Y trained on the
source dataset by applying gradual self-training. The key idea of self-training-based



69

GDA is that the classifier ℎ should be updated gradually. We follow the classifier used
by He et al. (2023) since they consider the same problem settings as ours. The classifier
ℎ consists of an encoder and a classifier. The encoder has two convolutional layers, and
the classifier has two convolutional layers and two fully connected layers. Since we
apply UMAP to all datasets as preprocessing, we modify the convolutional layer of the
model to fully connected layers. This classifier is used in all self-training based methods
and in the baseline method which is trained only on the source dataset.

The GIFT (Abnar et al., 2021) and the AuxSelfTrain (Zhang et al., 2021) are methods
that apply the idea of Kumar et al. (2020) to conventional domain adaptation. While
conventional (non-gradual) domain adaptation is beyond the scope of this dissertation,
we limit our comparisons to those methods inspired by Kumar et al. (2020). Although
GIFT and AuxSelfTrain do not utilize intermediate domains, we also show experimental
results using intermediate domains for updating the classifier sequentially (Sequential
GIFT and Sequential AuxSelfTrain).

The EAML (Liu et al., 2020) is a method that uses meta-learning to adapt to a target
domain that evolves over time (i.e., the sequence of the target domain is given). While
the goal of GDA is to achieve accurate predictions for a single target domain, EAML
aims to achieve accurate predictions across a sequence of target domains. In the other
study of GDA (Dong et al., 2022), EAML has been used as a baseline method. Thus, we
also compare the proposed method with EAML. In EAML, the model consists of a
feature extractor and an adapter that predicts the class label of a sample. It is crucial to
adapt to the current domain while retaining knowledge of the previous domain. When
the model adapts from the previous domain to the current domain, penalties are imposed
for significant changes in the parameters of the adapter. In Liu et al. (2020), the feature
extractor consists of two convolutional layers, and the adapter comprises two fully
connected layers. We modify the convolutional layers of the feature extractor to fully
connected layers since we apply UMAP to all datasets as preprocessing. Other necessary
parameters during training are set as specified in Liu et al. (2020).

First, we discuss the performance of the proposed method on the real-world datasets.
We compute 𝐸 ( 𝑗 = 2) as Eq. (4.11) for each dataset. Note that all real-world datasets
have only one intermediate domain, i.e., 𝐾 = 3. We train our flow-based model with and
without the intermediate dataset and evaluate the accuracy on the target dataset. These
accuracies are denoted as 𝐴 and 𝐴′, respectively. The contribution of the intermediate
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domain is computed as
𝐴 −𝐴′
𝐴′

.

When 𝐴−𝐴′
𝐴′ is large, the proposed method is suitable for the dataset. Each evaluation

was repeated ten times using different initial weights of neural networks. In Table 4.5,
we see that 𝐴−𝐴

′

𝐴′ tends to be higher when the value of 𝐸 ( 𝑗 = 2) is small. The behavior
of the Tox21 RingCount dataset is significantly different from the other datasets.
However, as mentioned in Section 4.4.2, it is difficult to explain all the performance of
the proposed method on real datasets with a simple measure.

Next, we show the result of the comparative experiment in Figure 4.13. The perfor-
mance of the proposed method is not particularly high for the Tox21 RingCount

dataset. As shown in Figure 4.7, the appropriate 𝑘 for the dataset was not selected using
the method proposed in Section 4.4.5. We set the hyperparameter of the proposed method
to 𝑘 = 10 and re-evaluate it on the Tox21 RingCont dataset. The experimental
results are shown in Figure 4.14. In the Tox21 RingCont dataset, the performance
of the proposed method is improved. Our proposed method, with the appropriate
hyperparameter 𝑘, has comparable or superior accuracy to the baseline methods on all
datasets. It remains as future work to develop a method for selecting the hyperparameter
𝑘 with broad applicability.

The AuxSelfTrain is the only method among the baseline methods that incorporate
unsupervised learning during self-training. The AuxSelfTrain seems to be suitable
for the Portraits dataset, but it does not appear to be suitable for the SHIFT15M
dataset. The EAML learns meta-representations from the sequence of unlabeled datasets.
In our problem setting, the number of given intermediate domains is limited, which may
be insufficient for learning meta-representations.

Table 4.5: Evaluation results of the proposed method on real-world datasets.

Name
Accuracy 𝐴−𝐴′

𝐴′ 𝐸 ( 𝑗 = 2)
w/ intermediate (𝐴) w/o intermediate (𝐴′)

Rotating MNIST (Kumar et al., 2020) 0.881 ± 0.027 0.796 ± 0.140 0.107 0.278
Portraits (Ginosar et al., 2015) 0.730 ± 0.016 0.720 ± 0.030 0.013 0.581
SHIFT15M (Kimura et al., 2021) 0.871 ± 0.014 0.868 ± 0.016 0.004 0.621
RxRx1 (Taylor et al., 2019) 0.718 ± 0.010 0.689 ± 0.076 0.041 1.166
Tox21 NHOHCount (Thomas et al., 2018) 0.673 ± 0.016 0.679 ± 0.011 −0.009 15.903
Tox21 RingCount (Thomas et al., 2018) 0.494 ± 0.022 0.552 ± 0.022 −0.105 0.756
Tox21 NumHDonors (Thomas et al., 2018) 0.629 ± 0.023 0.631 ± 0.020 −0.002 3.319
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Figure 4.13: Comparison of accuracy on five real-world datasets.
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4.5 Discussion

In this chapter, we tackle the problem of large discrepancies between adjacent domains
using a framework of unsupervised domain adaptation. The self-training-based GDA
methods are not effective in this situation. A naive approach to address the issue is to
interpolate the large gaps between adjacent domains with pseudo-intermediate domains,
and then apply gradual self-training to the dense sequence of unlabeled datasets. We
attempt to capture the continuous change between domains using NFs, instead of
interpolating between domains. Our flow-based model is designed for sequential
domains, with a theoretical guarantee on the prediction error in the target domain. The
proposed method has demonstrated stable and reliable performance, making it a strong
candidate for a GDA problem in which there are large discrepancies between adjacent
domains.
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5
Conclusion

In this dissertation, we focused on a GDA problem in which there are large discrepancies
between adjacent domains since the number of accessible intermediate domains is limited.
As shown in Table 3.2 of Section 3.4, the prediction performance of self-training-based
GDA method deteriorates when the discrepancies of adjacent domains is large. When
the applicability of self-training-based GDA is constrained due to the limited number of
available intermediate domains, one approach is to discard the intermediate domains
and apply conventional domain adaptation only to the source and target domains. We
argue that the intermediate domains are valuable and should be used, even when the
gaps between adjacent domains are large. To address this issue, in Chapters 3 and 4,
we developed two GDA methods that do not use self-training. Both of the proposed
methods have demonstrated reliable performance, making them strong candidates for a
GDA problem in which there are large discrepancies between adjacent domains.

In Chapter 3, we developed a method for a semi-supervised GDA problem setting, in
which we can query the label of a sample from both the intermediate and target domains.
In our problem setting, the query cost is highest in the target domain, and the query cost
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in the intermediate domain is higher when it is closer to the target domain and lower
when it is closer to the source domain. The proposed method distributes the budget to
each domain and requests efficient queries by utilizing the notion of multifidelity active
learning. Since the multifidelity algorithm is only provided with information about
fidelity and cost, it may distribute a budget to domains with low uncertainty, potentially
wasting the budget. A stopping criterion for active learning (Ishibashi and Hino, 2020)
mitigates this issue.

Recall that the goal of GDA is reducing the loss in the target domain. One consider-
able approach is to design an acquisition function that directly reduces uncertainty in
the target domain. However, it is not easy to design the acquisition function since our
problem setting involves changes in distributions.

The proposed method has demonstrated stable and reasonable performance under a
multifidelity setting. However, the proposed method is not theoretically guaranteed
on the prediction error in the target domain. Zhou et al. (2022b) proposed a domain
generalization method for online settings, which aims to reduce the loss across all
domains by utilizing self-training and requests of queries. While Zhou et al. (2022b)
have derived the generalization error bound for their proposed online algorithm, they
have not considered the query costs. It remains as future work to derive a generalization
error bound for our proposed method based on the techniques used in the proof for the
theoretical guarantee of the domain generalization method proposed by Zhou et al.
(2022b).

We considered a problem setting with explicit querying costs, although problem
settings with unknown costs are also possible. In Section 3.2, we introduced the
molecular simulation as a concrete example of semi-supervised GDA, where the number
of carbons in the input compound varies across domains. In reality, the time required
for simulation is different for each compound, and the exact cost is unknown. In the
problem setting where the query costs are unknown, it is necessary to estimate both the
label and the query cost from the input, making it more challenging than the problem
setting considered in Chapter 3.

In Chapter 4, we proposed a method to capture continuous changes between domains
utilizing continuous normalizing flow (CNF). As shown in Figures 4.6 and 4.10, our
proposed method successfully captured the continuous changes between domains. The
limitation of the proposed method is scalability as discussed in Section 4.3.5. Recall
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that the CNF 𝑔 describes the transformation of samples over time 𝑡 using an ordinary
differential equation (ODE), and the ODE is defined as

𝜕g

𝜕𝑡
= 𝑣 (𝑔(·, 𝑡), 𝑡 ;𝜔),

where 𝑣 is a neural network with the parameter 𝜔 and g is the output of 𝑔(·, 𝑡). Generally,
the computational cost of CNF is high since the number of evaluations of the function 𝑣
in the ODE solver is large. The proposed method learns transformations among multiple
distributions using CNF, and the scalability of the proposed method is limited.

Accelerating the computation of CNF is an important challenge, and several
approaches have been proposed. Huang and Yeh (2021) added a regularization term to
the objective function of CNF to reduce the number of evaluations of the function 𝑣 in
the ODE solver. Onken et al. (2021) utilized optimal transport theory to accelerate the
computation of CNF. Both of these methods force the trajectory of the ODE to follow a
straight path. We aim to capture the continuous change between domains using CNFs,
and it remains unclear whether the aforementioned accelerated CNFs are suitable for
capturing such continuous changes.

Our proposed method can generate samples since it utilizes normalizing flow, one of
the generative models. An example of interpolative data generation by the proposed
method has been shown in Figure 4.12. When samples from new intermediate domains
are added and the model needs to be retrained, the interpolative data generation is useful.
Since the proposed method can generate samples from the observed domains, there is no
need to store the learned data. The model can be retrained using both the samples from
these new intermediate domains and the samples that are generated by the model prior to
retraining. The technique of using a generative model to generate samples for retraining
is known as generative replay in continuous learning (Wang et al., 2024). In addition
to interpolation, extrapolation is also known as a challenging task in the field of data
generation. Chen et al. (2018) demonstrated an example of extrapolative data generation
using NeuralODE. For instance, a CNF that is trained with images of cars from the past
to the present might suggest designs for future cars.

In GDA, it is assumed that the intermediate domains are arranged to connect the
source domain to the target domain. In previous studies, it has been assumed that
the Wasserstein distances between the adjacent domains are small. However, this
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assumption, based on the Wasserstein distances between the adjacent domains, does
not explicitly describe the configuration of intermediate domains. We argue that an
assumption that describes the configuration of intermediate domains is naturally suited
to the concept of GDA. In previous studies, the discrepancies between adjacent domains
were measured using the Wasserstein distance, while in Chapter 4, we measured these
discrepancies using KL divergence. It remains unclear which metric is suitable for GDA.
Intuitively, as the classifier adapts to each intermediate domain, the accuracy on the
target dataset should improve. However, using the Portraits dataset, Chen and Chao
(2021) showed that the accuracy on the target dataset did not improve gradually when the
pre-defined domain indicator (specifically, the years) was used. The experimental results
suggest that when a sequence of intermediate domains is provided, it is crucial to either
select intermediate domains that are suitable for GDA or to rearrange the sequence. An
unsuitable intermediate domain, which is not arranged to connect the source domain to
the target domain, deteriorates the predictive performance of both of our proposed
methods. There is a demand for a method that selects several appropriate intermediate
domains for GDA from the given sequence. Chen and Chao (2021) proposed a GDA
method that finds a new domain indicator and rearranges the sequence of the intermediate
domains. However the method is based on self-training and might not be effective in our
problem setting, where the number of available intermediate domains is limited.
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Appendices

Here, we provide the details of Matthews correlation coefficient and the proofs of
Propositions 4.1 and 4.2. Gorodkin (2004) derived the Matthews correlation coefficient
for multi-class classification. Propositions 4.1 and 4.2 were originally derived by Nguyen
et al. (2022) and Onken et al. (2021), respectively. For the sake of completeness, we
provide proofs using the notations consistent with those used in this dissertation.

Matthews correlation coefficient (Gorodkin, 2004)

Continuous case: We consider Pearson’s correlation coefficient between the two
matrices 𝑋,𝑌 ∈ R𝑁×𝐶 . Let 𝑋𝑛𝑘 and 𝑌𝑛𝑘 be the elements of the matrices 𝑋 and 𝑌 , and 𝑋𝑘
and 𝑌𝑘 be the 𝑘-th columns of 𝑋 and 𝑌 , respectively. We define the covariance between
𝑋 and 𝑌 as the empirical covariance between the corresponding 𝑘-th columns:

cov(𝑋,𝑌 ) = 1
𝐶

𝐶∑︁
𝑘=1

cov(𝑋𝑘 , 𝑌𝑘)

=
1
𝐶

𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1
(𝑋𝑛𝑘 − 𝑋𝑘) (𝑌𝑛𝑘 − 𝑌𝑘),

where 𝑋𝑘 = 1
𝑁

∑𝑁
𝑛=1𝑋𝑛𝑘 and 𝑌𝑘 = 1

𝑁

∑𝑁
𝑛=1𝑌𝑛𝑘 are the mean values of 𝑘-th columns of 𝑋

and 𝑌 , respectively. The correlation coefficient between 𝑋 and 𝑌 is defined as

cov(𝑋,𝑌 )√︁
cov(𝑋,𝑋 ) cov(𝑌,𝑌 )

. (A.1)

When 𝐶 = 1, Eq. (A.1) reduces to Pearson’s correlation coefficient between two datasets.
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Discrete case: Consider a multiclass classification problem. The 𝑁 ×𝐶 matrix 𝑋
consists of one-hot vectors, where each element 𝑋𝑛𝑘 ∈ {0, 1}. The matrix 𝑋 denotes the
prediction results for 𝑁 samples, with each row representing the categorical prediction
in a one-hot encoded format across 𝐶 possible classes. The actual labels for the 𝑁
samples are shown in the matrix 𝑌 , which also consists of one-hot vectors 𝑌𝑛𝑘 ∈ {0, 1}.
We describe the confusion matrix calculated from 𝑋 and 𝑌 as

𝑀 =


𝑀11 . . . 𝑀1𝐶
...

. . .
...

𝑀𝐶1 . . . 𝑀𝐶𝐶

 ,
where 𝑀𝑖 𝑗 corresponds to the total number of samples where the actual class is the 𝑖-th
class but the predicted class is the 𝑗-th class. We introduce the following variables.

• The total number of samples that are correctly predicted: 𝑇 =
∑𝐶
𝑖=1𝑀𝑖𝑖 .

• The sum of the elements in the 𝑘-th row of 𝑀: 𝑅𝑘 =
∑𝐶
𝑖=1𝑀𝑘𝑖 .

• The sum of the elements in the 𝑘-th column of 𝑀: 𝐴𝑘 =
∑𝐶
𝑖=1𝑀𝑖𝑘 .

Note that the total number of elements in the confusion matrix
∑𝐶
𝑖=1

∑𝐶
𝑗=1𝑀𝑖 𝑗 is equivalent

to 𝑁 , which is the number of rows in the matrices 𝑋 and 𝑌 . We have

cov(𝑋,𝑌 ) = 1
𝐶

𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1
(𝑋𝑛𝑘 − 𝑋𝑘) (𝑌𝑛𝑘 − 𝑌𝑘)

=
1
𝐶

(
𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1

𝑋𝑛𝑘𝑌𝑛𝑘 −
𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1

𝑋𝑛𝑘𝑌𝑘 −
𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1

𝑌𝑛𝑘𝑋𝑘 +
𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1

𝑋𝑘𝑌𝑘

)
=

1
𝐶

(
𝐶∑︁
𝑘=1

𝑁∑︁
𝑛=1

𝑋𝑛𝑘𝑌𝑛𝑘 −
𝐶∑︁
𝑘=1

𝑌𝑘

𝑁∑︁
𝑛=1

𝑋𝑛𝑘 −
𝐶∑︁
𝑘=1

𝑋𝑘

𝑁∑︁
𝑛=1

𝑌𝑛𝑘 + 𝑁
𝐶∑︁
𝑘=1

𝑋𝑘𝑌𝑘

)
.(A.2)

We simplify the notation in Eq. (A.2). The first term
∑𝐶
𝑘=1

∑𝑁
𝑛=1𝑋𝑛𝑘𝑌𝑛𝑘 represents the

total number of correctly predicted samples since the elements 𝑋𝑛𝑘 , 𝑌𝑛𝑘 ∈ {0, 1}. Thus,∑𝐶
𝑘=1

∑𝑁
𝑛=1𝑋𝑛𝑘𝑌𝑛𝑘 = 𝑇 . In the second term,

∑𝑁
𝑛=1𝑋𝑛𝑘 indicates the number of samples

predicted as the 𝑘-th class, and it is equivalent to 𝐴𝑘 . Moreover, 𝑌𝑘 can be calculated as
𝑅𝑘/𝑁 . Therefore, the second term

∑𝐶
𝑘=1𝑌𝑘

∑𝑁
𝑛=1𝑋𝑛𝑘 becomes 1

𝑁

∑𝐶
𝑘=1 𝑅𝑘𝐴𝑘 . Similarly,

the third and fourth terms becomes 1
𝑁

∑𝐶
𝑘=1 𝑅𝑘𝐴𝑘 and 1

𝑁

∑𝐶
𝑘=1 𝑅𝑘𝐴𝑘 , respectively. From
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the above results, we have

cov(𝑋,𝑌 ) =
𝑇 × 𝑁 −∑𝐶

𝑘=1 𝑅𝑘𝐴𝑘

𝐶 × 𝑁 . (A.3)

Furthermore, cov(𝑋,𝑋 ) and cov(𝑌,𝑌 ) are given by

cov(𝑋,𝑋 ) =
𝑁 2 −∑𝐶

𝑘=1𝐴
2
𝑘

𝐶 × 𝑁 , cov(𝑌,𝑌 ) =
𝑁 2 −∑𝐶

𝑘=1 𝑅
2
𝑘

𝐶 × 𝑁 . (A.4)

We obtain the Matthews correlation coefficient for multi-class classification by substitut-
ing Eqs. (A.3) and (A.4) into Eq. (A.1):

𝑇 × 𝑁 −∑𝐶
𝑘=1 𝑅𝑘 ×𝐴𝑘√︃

(𝑁 2 −∑𝐶
𝑘=1 𝑅

2
𝑘
) (𝑁 2 −∑𝐶

𝑘=1𝐴
2
𝑘
)
.

Proof of Proposition 4.1 (Nguyen et al., 2022)

Proof. Recall that the expected losses on the source and 𝑗-th domains are defined
as L1 = E

x,𝑦∼𝑝 (1)x,𝑦
[− log𝑝 (𝑦 |x)] and Lj = Ex,𝑦∼𝑝 ( 𝑗 )x,𝑦

[− log𝑝 (𝑦 |x)], respectively. In the
standard domain adaptation, there is no intermediate domain and 𝐾 = 2. We have

L2 = E𝑝 (2)x,𝑦
[− log𝑝 (𝑦 |x)]

=

∫
−[log𝑝 (𝑦 |x)]𝑝2(x, 𝑦)𝑑x𝑑𝑦

=

∫
−[log𝑝 (𝑦 |x)]𝑝1(x, 𝑦)𝑑x𝑑𝑦 +

∫
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦

= L1 +
∫
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦.

We define sets A and B as

A = {(x, 𝑦) |𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) ≥ 0}, B = {(x, 𝑦) |𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) < 0}.
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If Assumption 4.1 holds, we have∫
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦

=

∫
A
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦+

∫
B
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦

≤
∫
A
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦

=

∫
A
− log𝑝 (𝑦 |x) |𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦

≤ 𝑀
∫
A
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦 ( ∵ − log𝑝 (𝑦 |x) ≤ 𝑀),

where | · | is the absolute value. Note that
∫
A |𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦 is called the total

variation of two distributions. From the identity
∫
𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)𝑑x𝑑𝑦 = 0, we have∫

A
𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)𝑑x𝑑𝑦 +

∫
B
𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)𝑑x𝑑𝑦 = 0

⇔
∫
A
𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)𝑑x𝑑𝑦 =

∫
B
𝑝1(x, 𝑦) − 𝑝2(x, 𝑦)𝑑x𝑑𝑦

⇔
∫
A
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦 =

∫
B
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦

⇔
∫
A
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦 =

1
2

∫
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦.

Therefore,

L2 = L1 +
∫
− log𝑝 (𝑦 |x) [𝑝2(x, 𝑦) − 𝑝1(x, 𝑦)]𝑑x𝑑𝑦

≤ L1 +𝑀
∫
A
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦

= L1 +
𝑀

2

∫
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦.

Using the Pinsker’s inequality, we have(∫
|𝑝2(x, 𝑦) − 𝑝1(x, 𝑦) |𝑑x𝑑𝑦

)2
≤ 2

∫
𝑝2(x, 𝑦) log

𝑝2(𝑥,𝑦)
𝑝1(𝑥,𝑦)

𝑑x𝑑𝑦.
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Therefore,

L2 ≤ L1 +
𝑀

2

√︄
2
∫

𝑝2(x, 𝑦) log
𝑝2(𝑥,𝑦)
𝑝1(𝑥,𝑦)

𝑑x𝑑𝑦

= L1 +
𝑀
√

2

√︃
KL[𝑝 (2)x,𝑦 |𝑝 (1)x,𝑦] .

We decompose the KL divergence between 𝑝 (2)x,𝑦 and 𝑝 (1)x,𝑦 into the marginal and conditional
misalignment terms as follows:

KL[𝑝 (2)x,𝑦 |𝑝 (1)x,𝑦]
= E

𝑝
(2)
x,𝑦
[log𝑝2(x, 𝑦) − log𝑝1(x, 𝑦)]

= E
𝑝
(2)
x,𝑦
[log𝑝2(x) + log𝑝2(𝑦 |x) − log𝑝1(x) − log𝑝1(𝑦 |x)]

= E
𝑝
(2)
x,𝑦
[log𝑝2(x) − log𝑝1(x)] + E𝑝 (2)x,𝑦

[log𝑝2(𝑦 |x) − log𝑝1(𝑦 |x)]

= KL[𝑝 (2)x |𝑝 (1)x ] + E𝑝 (2)x
[E

𝑝
(2)
𝑦 |x
[log𝑝2(𝑦 |x) − log𝑝1(𝑦 |x)]]

= KL[𝑝 (2)x |𝑝 (1)x ] + E𝑝 (2)x
[KL[𝑝 (2)

𝑦 |x |𝑝
(1)
𝑦 |x]] .

Therefore, we have

L2 ≤ L1 +
𝑀
√

2

√︂
KL[𝑝 (2)x |𝑝 (1)x ] + E𝑝 (2)x

[KL[𝑝 (2)
𝑦 |x |𝑝

(1)
𝑦 |x]],

which completes the proof. ⊓⊔

Proof of Proposition 4.2 (Onken et al., 2021)

Proof. Let 𝑝𝑡 be the initial density of the samples x ∈ R𝑑 and 𝑔 : R𝑑 × R≥0 → R𝑑 be the
trajectories that transform samples from 𝑝𝑡 to 𝑝𝑡−1. The change in density when 𝑝𝑡 is
transformed from time 𝑡 to 𝑡 − 1 is given by the change of variables formula

𝑝𝑡 (x) = 𝑝∗𝑡 (𝑔(x, 𝑡 − 1)) |det∇𝑔(x, 𝑡 − 1) |, (A.5)
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where 𝑝∗𝑡 and ∇𝑔(x, 𝑡 − 1) are the transformed density and the Jacobian of 𝑔, respectively.
Normalizing flows aim to learn a function 𝑔 that transforms 𝑝𝑡 to 𝑝𝑡−1. Measuring the
discrepancy between the transformed and objective distributions indicates whether the
trained function 𝑔 is appropriate. The discrepancy between two distributions is measured
using the KL divergence

KL[𝑝∗𝑡 |𝑝𝑡−1] =
∫
R𝑑

log
(
𝑝∗𝑡 (x)
𝑝𝑡−1(x)

)
𝑝∗𝑡 (x)𝑑x. (A.6)

We transform a sample x using 𝑔. By using the change of variable formula, we rewrite
Eq. (A.6) as follows

KL[𝑝∗𝑡 |𝑝𝑡−1] =
∫
R𝑑

log
(
𝑝∗𝑡 (x)
𝑝𝑡−1(x)

)
𝑝∗𝑡 (x)𝑑x

=

∫
R𝑑

log
(
𝑝∗𝑡 (𝑔(x, 𝑡−1))hhhhhhhh|det∇𝑔(x, 𝑡−1) |
𝑝𝑡−1(𝑔(x, 𝑡−1))hhhhhhhh|det∇𝑔(x, 𝑡−1) |

)
𝑝∗𝑡 (𝑔(x, 𝑡−1)) |det∇𝑔(x, 𝑡−1) |𝑑x

=

∫
R𝑑

log
(
𝑝∗𝑡 (𝑔(x, 𝑡−1))
𝑝𝑡−1(𝑔(x, 𝑡−1))

)
𝑝∗𝑡 (𝑔(x, 𝑡−1)) |det∇𝑔(x, 𝑡−1) |𝑑x

=

∫
R𝑑

log
(
𝑝∗𝑡 (𝑔(x, 𝑡−1))
𝑝𝑡−1(𝑔(x, 𝑡−1))

)
𝑝𝑡 (x)𝑑x (∵ 𝐸𝑞. (A.5)).

By using Eq. (A.5), we have

KL[𝑝∗𝑡 |𝑝𝑡−1]

=

∫
R𝑑

log
(
𝑝∗𝑡 (𝑔(x, 𝑡 − 1))
𝑝𝑡−1(𝑔(x, 𝑡 − 1))

)
𝑝𝑡 (x)𝑑x

=

∫
R𝑑

log
(

𝑝𝑡 (x)
𝑝𝑡−1(𝑔(x, 𝑡 − 1)) |det∇𝑔(x, 𝑡 − 1) |

)
𝑝𝑡 (x)𝑑x

= E𝑝𝑡 [log𝑝𝑡 (x) − {log𝑝𝑡−1(𝑔(x, 𝑡 − 1)) + log |det∇𝑔(x, 𝑡 − 1) |}] . (A.7)

Chen et al. (2018) proposed neural ordinary differential equations, in which a neural
network 𝑣 parametrized by 𝜔 represents the time derivative of the function 𝑔, as follows

𝜕g

𝜕𝑡
= 𝑣 (𝑔(·, 𝑡), 𝑡 ;𝜔),



83

where g denotes the output of 𝑔(·, 𝑡). Moreover, they showed that the instantaneous
change of the density can be computed as follows

𝜕 log𝑝 (𝑔(·, 𝑡))
𝜕𝑡

= −Tr
(
𝜕v

𝜕g

)
,

where v is the output of 𝑣 and 𝜕v/𝜕g ∈ R𝑑×𝑑 . Namely, the term log |det∇𝑔(x, 𝑡 − 1) | in
Eq. (A.7) is equivalent to −

∫ 𝑡

𝑡−1 Tr(𝜕v/𝜕g)𝑑𝑡 . Therefore, we rewrite the Eq. (A.7) as
follows:

KL[𝑝∗𝑡 |𝑝𝑡−1] = E𝑝𝑡
[
log𝑝𝑡 (x) −

{
log𝑝𝑡−1(𝑔(x, 𝑡 − 1)) −

∫ 𝑡

𝑡−1
Tr

(
𝜕v

𝜕g

)
𝑑𝑡

}]
.

Recall that the log-likelihood of continuous normalizing flow is given by

log𝑝𝑡 (𝑔(x, 𝑡))= log𝑝𝑡−1(𝑔(x, 𝑡 − 1)) −
∫ 𝑡

𝑡−1
Tr

(
𝜕v

𝜕g

)
𝑑𝑡 .

Therefore, we have

KL[𝑝∗𝑡 |𝑝𝑡−1] = E𝑝𝑡 [log𝑝𝑡 (x) − log𝑝𝑡 (𝑔(x, 𝑡))] . (A.8)

The first term of Eq. (A.8) does not depend on 𝑔, and we can ignore it during the training
of the CNF. Therefore, the minimization of E𝑝𝑡 [− log𝑝𝑡 (𝑔(x, 𝑡))] is equivalent to the
minimization of the KL divergence between 𝑝𝑡−1 and 𝑝𝑡 transformed by 𝑔. ⊓⊔
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