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Abstract

This study concerns a data assimilation process that simultaneously estimates states
and parameters using collected observations. Because parameters in a numericalmodel
are representations in the model and are unobserved quantities, parameter estimation
plays an important role in obtaining accurate and reliable forecasts. Data assimilation
is a procedure for incorporating observations into numerical models and obtaining the
posterior distribution of the state variables, especially in high-dimensional dynamical
systems. While data assimilation often focuses on generating optimal initial condi-
tions and predicting time evolution, it is often combined with parameter estimation for
model calibration. However, simultaneous estimation of states and parameters com-
plicates the handling of nonlinearity and is challenging, especially for nonlinear high-
dimensional numerical models. Furthermore, it is also important to detect changes in
the characteristics of the actual system as a parameter change, but estimating time-
varying parameters is even more difficult than estimating static parameters.

Therefore, this study investigated resilient estimation methods for states and time-
varying parameters applicable to geophysical, climatological, and other high-dimensional
applications. We focus on particle filter-based methods, considering their adaptability
to nonlinearity due to the characteristics of the model and the inclusion of parame-
ter estimation. However, particle filters have a well-known problem of the so-called
degeneracy, where one particle may have a much higher weight than all the others,
resulting in identical particles and a loss of diversity. Thus, we use the implicit equal-
weights particle filter (IEWPF). This method eliminates the need for resampling in
general particle filters by equalizing all particles, thus avoiding the degeneracy prob-
lem. In this study, we first combined the parameter vector with the state vector using
an augmented state space model. Then, for resilient estimation of time-varying pa-
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rameters, a machine learning-inspired nudging algorithm was incorporated into the
time-evolution model for the parameters. This algorithm "nudges" model parameters
toward their plausible values. Next, we established an adaptive determination method
for the coefficient specific to IEWPF. This method makes it unnecessary to give the
pre-set values and is resilient to nonlinearity and parameter errors. Finally, the pro-
posed method was validated using a linear model and a nonlinear Lorenz 96 model.
The proposed method achieved simultaneous, degeneracy-free estimation for 1000-
dimensional state variables and 3-dimensional time-varying parameters with only 20
particles.
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1
Introduction

1.1 Background and motivation

1.1.1 Data assimilation

In recent years, extreme weather events, such as unusually high temperatures, heavy
rainfall, and crop failures, which are believed to be caused by climate change, have be-
come a global threat. Climate change is a long-term shift in weather patterns from the
tropics to the poles, which stresses not only habitats and agriculture but also various
other sectors.

To scientifically understand the effects of climate change and to predict its future
impacts, it is useful to use numerical models for the processes that govern the climate
system. Many aspects of the Earth’s climate system are chaotic, and their time evolu-
tion is sensitive to small perturbations to the initial conditions. In addition, modeling
errors (i.e., model uncertainties) must be taken into account due to the limitations of
representing the climate system in numerical models. Therefore, medium- to long-
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term predictions of climate are challenging. To make reliable forecasts and estimate
forecast errors in the presence of both initial conditions andmodel uncertainty, ensem-
ble prediction [PMM+93], a method of making several different forecasts from different
initial conditions, is used.

Then, data assimilation is used to incorporate observed data into model-based
ensemble prediction e.g., [Eve94]. Broadly defined, data assimilation is a statistical
method that combines past knowledge about a system as a numerical model with
present information about the system as observed data. From a statistical perspec-
tive, data assimilation is based on Bayes’ theorem. Past knowledge can be expressed
in the form of a state space model, taking into account uncertainties in the model and
initial conditions. Bayes’ theorem then tells us how the observations update the prob-
ability density function (pdf). Data assimilation is operationally used in numerical
weather forecasting, but its other uses are much more extensive, including oceanog-
raphy, hydrology, and seismology (i.e., geosciences). Specific uses of data assimilation
in geosciences are summarized in [CBBE18]. One aspect of the difficulty of data as-
similation in geosciences is computational difficulty due to the high dimensionality of
variables and nonlinear dynamics. Therefore, because the number of ensemble mem-
bers used for forecasting is often limited by computational resources, an important
research question is how to improve forecasting accuracy using fewer ensemble mem-
bers.

1.1.2 Parameter estimation in data assimilation

Although data assimilation usually focuses on generating an optimal initial state and
forecasting the temporal evolution of time-varying model state variables, parameter
estimation is often combined to calibrate the models (i.e., to estimate the appropriate
model characteristics). Parameters here refer to model parameters expressed as tuning
terms in the modeled system, which must be estimated (i.e., calibrated) to match real-
world characteristics. In the following, we discuss three issues regarding parameter
estimation in data assimilation.

First, because most parameters cannot be measured directly, they can only be es-
timated from the relationship between the parameter and the state variable. If the co-
variance between the observed variable and the parameter is significant, the parameter
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can be estimated accurately because it strongly influences the observed variable. Con-
versely, if the observed variable is not strongly correlated with the parameter value,
the parameter cannot be estimated well. Thus, it can be seen that parameter estimation
depends on the relationship between the variables and parameters as determined by
the simulation model and the error covariance set by the data assimilation process.

Second, aswith variables, the parameters to be estimatedmay also be high-dimensional.
According to [RPM13], the typical number of parameters that can be adjusted in a geo-
physical numerical model is at leastO(102) evenwithout considering spatial variability.
Thus, because the cost of exploring the entire parameter space is prohibitive, in many
cases, most parameters are fixed to preset values, and only a few are subjectively ad-
justed manually. In other words, it is assumed to estimate parameters with sufficiently
low dimensions compared to the dimensions of the variables.

Finally, it is important to estimate changes in the characteristics of the real system
as changes in parameters, that is, parameters are considered not only static but also
time-varying. An example of the purpose of introducing time-varying parameters is
to find when the operating conditions for the system change or when some failure oc-
curs, as a change in the model parameters. To detect system changes, it is important to
be able to detect abrupt changes in certain parameter values. According to [ZMC+17],
state and parameter estimation plays an important role in the application of process
monitoring, online optimization, and process control. The difficulty of these applica-
tions is identifying changes inmodel parameters when the operating conditions for the
processing system have changed, or some faults have occurred in the processing sys-
tem. As another example, in hydrological modeling, parameters are usually assumed
to be constant and calibrated using a particular data record to obtain an optimal pa-
rameter set or stationary parameter distributions. However, it has been reported that
calibration (i.e., data assimilation) over a specific time period, assuming time-varying
parameters, improves accuracy [DLG+16]. The above examples show that estimating
time-varying parameters improves forecast accuracy and plays an important role in
determining when model characteristics change abruptly. However, when parameters
may change abruptly, it is challenging to estimate them as rapidly and stably as pos-
sible after the observation. This is due to the potential trade-off between the ability to
follow abrupt changes and achieve robustness. From the above examples, simultane-
ous estimation of state and time-varying parameters is expected to play an important
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role in applications. However, even when the model itself has linear dynamics, the
problem is complex because the introduction of parameters as additional variables can
make the problem nonlinear [EDS98].

1.1.3 Motivation

Given the above background, this study investigated a method for simultaneously
estimating variables and parameters that can be applied to geophysical, climatolog-
ical, and other high-dimensional cases, focusing on nonlinear time-varying systems
with large state-vector dimensions. Among the many data assimilation methods, we
focus on particle filter-based methods, considering their adaptability to nonlinearity
due to the characteristics of the model. Below, the advantages of using particle fil-
ters for parameter estimation in data assimilation are presented. Because the parti-
cle filter considers a general pdf without the Gaussian assumption, it can overcome
the limitations of the four-dimensional variational method (4DVar) and the ensemble
Kalman filter (EnKF) when the model response to the parameters is strongly nonlinear.
In fact, [VvL07] found that methods other than particle filters may produce subopti-
mal estimates. Also, [Kiv03] and [AT11] showed that, in experiments using a simple,
highly nonlinear model, the particle filter outperformed EnKF in terms of estimating
model parameters. Furthermore, particle filters are also useful for change detection
and system control, as described above, because they can be applied to nonlinear, non-
Gaussian state-spacemodels [ADST04]. Therefore, particle filters are promising in that
they better represent the uncertainty of parameters, especially in strongly nonlinear
systems.

The effectiveness and challenges of particle filter-basedmethods for high-dimensional
geoscience applications are summarized in [vLKN+19]. One of the key challenges in
particle filters is the suppression of filter degeneracy. In the process of particle fil-
tering, especially when the dimension of the observation is high, a particular particle
may have a much higher weight than all other particles. When resampled in propor-
tion to this weight, the replication of a particular particle becomes dominant, and the
diversity of particles is lost. This is the so-called degeneracy problem. Typically, many
particles (i.e., model calculation) are required to suppress the effects of degeneracy and
diversify the particles. This further increases the computational cost of data assimila-
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tion and parameter estimation in high-dimensional systems. Therefore, it is beneficial
if degeneracy can be suppressed even with a small number of particles (i.e., with a
small amount of calculation). Among the several methods proposed to prevent filter
degeneracy, this study uses the implicit equal-weights particle filter (IEWPF) proposed
by Zhu et al. [ZvLA16]. This method weights all the particles evenly, eliminating the
need for resampling in typical particle filters and avoiding the degeneracy problem.
However, it does not support parameter estimation, and there are several settings that
need to be tuned (e.g., hyperparameters). Note that "parameters" in this thesis refer
to the parameters of the numerical model, and other values that must be preset are
referred to as hyperparameters.

1.2 Objectives and approach

The purpose of this study is to achieve simultaneous estimation of variables and pa-
rameters based on IEWPF and to set guidelines for the values that require prior setup
or tuning. The parameters here are assumed to be initially uncertain and to vary over
time, and the dimension of the parameter to be estimated is assumed to be sufficiently
smaller than the dimension of the variable. The estimation of variables and parameters
is based on the observation values obtained online sequentially. In other words, the
aim is to improve the accuracy of the next prediction while modifying the characteris-
tics of the system under the current observation values. Figure 1.1 shows a schematic
diagram of the sequential estimation of variables and parameters in the typical data
assimilation process assumed in this thesis. The top and bottom figures show the time
series changes in the variables and parameters, respectively, and show how the values
of the variables and parameters are updated based on the observations that are input
sequentially.

In particular, the key point is whether it is possible to appropriately estimate the
value of a parameter that cannot be observed and how quickly this can be done (i.e.,
in a few time steps). In addition, it is assumed that parameters change over time. To
summarize the above, the requirements for the simultaneous estimation of variables
and parameters in this study are as follows:

1. Estimation is applicable to high-dimensional and nonlinear models for geophys-
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Parameter
Change in model 

characteristics

Time step

Observation data

…Variable

Time step

Figure 1.1: Schematic diagram of sequential estimation of variables and parameters in
a typical data assimilation process. The top and bottom plots show the time series of
the variable and parameters, respectively, and the green squares represent observation
data. The change in model characteristics is shown for the parameters.

ical, climatological, and other high-dimensional applications.

2. The variables and parameters are estimated sequentially every time that new
time series observation data are obtained.

3. Parameters that are uncertain or change over time are quickly estimated.

4. Guidelines or methods are provided for setting values that require prior setup or
tuning.

To achieve the above objectives, we propose an IEWPF-based parameter estimation
method. First, we combine the parameter vector with the state vector of the IEWPF
using an augmented state space model for simultaneous estimation. To improve the
estimation efficiency by relating variables and parameters, we introduce a covariance
matrix with correlations between variables and parameters. We then incorporate an
optimization algorithm from machine learning into the time evolution model of the
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parameters by taking advantage of the flexibility of the proposal density in particle
filtering. Specifically, this is a method of nudging parameters toward plausible values,
or high likelihood.

Then, we show the guidelines for setting the inherent coefficients in IEWPF. IEWPF
has a specific coefficient that determines the spread of particles, which is obtained by
solving an equation to make the weight of all particles equal. However, it is not com-
putationally appropriate to numerically solve this equation at each time step for each
particle. Therefore, Zhu et al. [ZvLA16] used an analytical solution based on the so-
called Lambert W function [CGH+96], but because this is a multivalued function, the
solution cannot be uniquely determined. This thesis presents a method for estimat-
ing appropriate values without making prior assumptions or settings regarding this
coefficient.

1.3 Outline

The thesis is structured as follows. Chapter 2 briefly summarizes particle filters for
data assimilation. In general, data assimilation methods can be broadly divided into
the following three categories: sequential, variational, and hybrid. All of thesemethods
update the values of the state variables based on Bayes’ theorem using observed data,
but they are used differently depending on factors such as the linearity/nonlinearity
of the problem, the number of dimensions, the cycle of observations and estimations,
and the allowable computational load. We also introduce methods for estimating pa-
rameters in state space models.

Chapter 3 shows how to extend IEWPF to parameter estimation. For sequential
and quick estimation, we introduce an augmented state-space model, and the param-
eter nudging scheme inspired by an optimization algorithm in machine learning. The
validity of the method was verified under high dimensionality (1000 dimensions) and a
small number of particles (20 particles) using the linear and Lorenz 96 models [Lor96].

Chapter 4 shows how to estimate the inherent coefficient in IEWPF from the per-
spective of eliminating the need for prior assumptions and tuning. Although the ana-
lytical solution of the Lambert W function is used, the factor can be determined adap-
tively by iterative calculations with low computational load. Experiments with the
linear and Lorenz 96 models were performed to validate the proposed method. It is
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also demonstrated that accuracy is equal to or better than that of the case with a priori
assumptions (i.e., preset).

Chapter 5 reports the conclusions and discusses possible future work.
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2
Review of data assimilation and
parameter estimation method

This chapter presents an overview of data assimilationmethods based on particle filters
(PFs). Then, an overview of parameter estimation methods that can be combined with
PFs is presented.

2.1 Data assimilation methods

2.1.1 Introduction

Data assimilation is used to incorporate observations into prior information obtained
through numerical model simulations, and it produces the best possible description of
the target system and its uncertainties. The purpose of using data assimilation is often
to compute the most plausible estimate of the model states or model parameters. In
some cases, we would like to find the best descriptions of combinations of uncertain
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state variables, parameters, or all of them together [EVvL22]. In a broader sense, or
mathematically, data assimilation is a method of combining past knowledge according
to Bayes’ theorem [Bay63]:

p(x |y) = p(y |x )
p(y)

p(x ), (2.1)

wherex represents the state of the system andy denotes the observations. According to
Bayes’ theorem, the pdf of the state variable given observations p(x |y) can be obtained
by knowing the pdf for the state variable p(x ), the conditional pdf for the observations
given the current state of the system p(y |x ), and the pdf for the observations p(y).

Data assimilation methods can be broadly divided into the following three cate-
gories: variational approach [TC87], sequential approach based on an ensemble Kalman
filter (EnKF) [Eve94], [HM98] and Monte Carlo methods, and hybrid approaches that
combine these, such as [HS00] and [CLB13]. These methods are used differently de-
pending on factors such as the linearity/nonlinearity of the problem, the number of
dimensions, the cycle of observations and estimations, and the allowable computa-
tional load.

The sequential Monte Carlo method is also known as a PF [Kit96], and it is intended
to achieve complete nonlinear data assimilation without requiring any assumptions
(see e.g., [RC15], [vLKN+19]). Applying PFs to realistic high-dimensional data assim-
ilation problems is not easy. In general, a PF requires a much larger number of parti-
cles than the variable dimension to estimate the state properly. The reason for this is
that the high dimensionality of the observation vectors causes the weights to be con-
centrated on a single particle during resampling, the so-called degeneracy problem.
In addition, nonlinear models and complex non-Gaussian distributions may require
more particles to represent the probability distribution of states properly. However,
the number of particles may be limited because the time integration of the simulation
model to calculate the time evolution of each particle is typically computationally ex-
pensive. Therefore, an important research question is how to prevent degeneracy and
improve forecasting accuracy using fewer particles.

For this reason, research, such as [vLKN+19], is being carried out on various ap-
proaches to suppress the problem of degeneracy and apply PFs to data assimilation.
One example is to add a process that mitigates the degeneracy and prevents the loss of
particle diversity (e.g., the merging PF [NUH07], summarized in [vL09]). Another ap-
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proach is to use the so-called proposal density freedom, which controls the particles in
the state space so that they obtain very similar weights, such as [DDFG+01]. Examples
include an implicit PF [CMT10], equivalent-weights PF (EWPF) [vL10], and implicit
equal-weights PF (IEWPF) [ZvLA16], summarized in [vLKN+19]. Another approach
is localization [BSN03], [vL03], which is a standard technique in the EnKF. Localiza-
tion can suppress degeneracy by limiting the impact of each observation to a localized
region that is much smaller than the entire model domain.

This section focuses on methods based on PFs due to their potential application to
nonlinear models and simultaneous model parameter estimation. First, the standard
PF and the method using the proposal density are explained. After that, EWPF and the
implicit PF are introduced, and finally, IEWPF and its revised version are explained.

In data assimilation, we consider the following state-space model in conjunction
with the system and observation model:

xn = f
(
xn−1

)
+ βn,

yn = h (xn ) + ϵn,
(2.2)

where xn andyn are the state variable and the observation vector at time stepn, respec-
tively. The function f constituting the system model is a known nonlinear operator
that maps the state from step n − 1 to n. The function h constituting the observation
model is a known nonlinear observation operator. Then, βn and ϵn are random pertur-
bations in the system and observation model, respectively.

2.1.2 Standard particle filter

The standard PF can be described as follows. First, consider a general state-space
model, which is a generalization of Eq. (2.2), expressed as a conditional distribution as
follows:

xn ∼ p
(
xn |xn−1

)
,

yn ∼ p (yn |xn) ,
(2.3)

where xn andyn are the state variable and the observation vector at time stepn, respec-
tively. Sequential estimation of the states represented in the state space model in Eq.



24 Chapter 2. Review of data assimilation and parameter estimation method

(2.3) yields the prior and filtered (posterior) distributions. Given the pdf p(xn−1 |y1:n−1)
for the state xn−1, the forecast distribution for state xn at time n is expressed as follows:

p
(
xn |y1:n−1

)
=

∫
p

(
xn |xn−1

)
p

(
xn−1 |y1:n−1

)
dxn−1. (2.4)

Then, the posterior distribution is obtained from Bayes’ theorem in Eq. (2.1), and we
find

p
(
xn |y1:n

)
=

p (yn |xn)
p(yn |y1:n−1)p

(
xn |y1:n−1

)
=

p (yn |xn) p
(
xn |y1:n−1

)∫
p (yn |xn) p (xn |y1:n−1) dxn

,

if yn ⊥⊥ yn−1 |xn .
(2.5)

Next, a realization of model state xni ∈ RNx with dimension Nx is called a particle,
and the prior pdf p

(
xn |y1:n−1

)
is expressed with N particles as follows:

p
(
xn |y1:n−1

)
≈ 1

N

N∑
i=1

δ
(
xn − xni

)
, (2.6)

where δ is a delta function. Then, by substituting this particle representation into Eq.
(2.5), the posterior distribution is obtained as

p
(
xn |y1:n

)
≈

N∑
i=1

wiδ
(
xn − xni

)
, (2.7)

in which the particle weightswi are given by

wi =
p

(
yn |xni

)∫
p (yn |xn) p (xn |y1:n−1) dxn

≈
p

(
yn |xni

)
∑

j p
(
yn |xnj

) . (2.8)

Note that, to express the pdf properly, the sum of the weightswi of each particle i from
i = 1 to N is equal to one. This makes the integral of the entire state space in the
particle representation of the pdf equal to one.

The typical operation of a standard PF is as follows. First, each particle is transi-
tioned from time step n − 1 to n using the time evolution model. Then, at time step n
of the observation, each weight is determined based on the observation. Assimilating
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an observation at time n leads to a modification of the previous weights as follows:

wn
i = wn−1

i

p
(
yn |xni

)
∑

j p
(
yn |xnj

) . (2.9)

In the case of the sequential importance sampling, one of the PF algorithms, as the
number of assimilation steps increases, the variation in weights also increases, and the
weight of a certain particle can become much higher than that of all other particles.
Therefore, resampling is usually performed before the next propagation to generate
equally weighted particles to prevent this. Such an algorithm is called sequential im-
portance resampling (SIR). The resampling process can simply be accomplished by
duplicating the high-weight particles and discarding the low-weight particles. After
resampling, some particles may have the same value, but particle diversity is restored if
themodel includes a stochastic component and random perturbations for each particle.
Figure 2.1 schematically illustrates the operation of the SIR PF.
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Figure 2.1: Schematic diagram of operation of standard PF. Each bar represents a par-
ticle, and the length of the bar represents the particle weight. Step n − 1 represents
equally weighted particles. Step n represents particles weighted by the weight wi ex-
pressed in Eq. (2.7). The red bars represent the same number of particles replicated by
resampling based on these weights, and ‘×’ represents particles discarded. Note that
step n + 1 represents the particles of the forecast distribution and is shown partially
overlapping due to degeneracy.

However, for nonlinear higher-dimensional problems, the weights can be signifi-
cantly imbalanced even for a few observations, and one particle may receive a much
higher weight than all the others. This problem, namely, degeneracy, is likely to be-
come significantly pronounced as the dimension of the observation increases, and
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the number of particles required has been shown to increase exponentially [SBBA08],
[SBM15]. Figure 2.1 shows the case of degeneracy, which appears as an example. The
weights at time step n are concentrated on particles that are close to the observation,
and resampling results in all particles being identical, causing loss of particle diversity
at the next time step n + 1. From the above example, for the PF to work, the weights
must remain similar and degeneracy must be suppressed.

2.1.3 Proposal density particle filter

Ideally, by drawing independent samples directly from the posterior pdf, all samples
would have equal weight. However, this is only the case when the shape of the poste-
rior pdf is known, and sampling from it is easy. For example, when the posterior pdf is
Gaussian, and the mean and covariance can be calculated from the prior distribution
using the Kalman update equations. The EnKF uses this property, so the weights of all
ensemble members are equal.

The standard PF described above draws particles from the prior distribution. Then,
these particles are replaced by particles representing the posterior distribution byweight-
ing them according to their likelihood. This is a general procedure in statistics called
importance sampling, which weights samples generated from a different distribution
rather than the distribution of interest. The introduction mentioned that drawing from
the prior data may lead to a weight that varies too much, causing the degeneracy prob-
lem. Here, the proposal density PF applies the idea of importance sampling to the tran-
sition from one time step to the next. Assuming that the numerical model is stochastic
rather than deterministic gives us the freedom to modify the model equations to move
the particles to those parts of the state space that we want to approach, that is, closer to
the observations. Consider the forecast distribution represented as Eq. (2.4). Suppose
that at time n − 1, there is a set of weighted particles such that

(2.10)p
(
xn−1 |y1:n−1

)
≈

N∑
i=1

wn−1
i δ

(
xn−1 − xn−1i

)
,

where N is the ensemble size and wn−1
i is the weight of particle i . Then, the forecast

distribution in Eq. (2.10) can be expressed as a weighted mixture of transition densities
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as follows:

(2.11)p
(
xn |y1:n−1

)
≈

N∑
i=1

wn−1
i p

(
xn |xn−1i

)
.

Asmentioned above, we know that drawing once fromp
(
xn |xn−1i

)
for each particle

i leads to filter degeneracy in high-dimensional systems with numerous independent
observations y. Independent observation means that the off-diagonal term of the ob-
servation error covariance matrix is zero. Here, particles at time n are allowed to arise
according to an alternative transition density, as expressed in the following equation:

(2.12)p
(
xn |y1:n−1

)
=

N∑
i=1

wn−1
i

p(xn |xn−1i )
q(xn |xn−1i ,y

n)
q(xn |xn−1i ,y

n),

where q
(
xn |xn−1i ,y

n
)
is the proposal density. By Bayes’ formula, the posterior distri-

bution can then be written as

p
(
xn |y1:n

)
=

N∑
i=1

wn−1
i

p(yn |xn)
p(yn |y1:n−1)

p(xn |xn−1i )
q(xn |xn−1i ,y

n)
q(xn |xn−1i ,y

n),

=
N∑
i=1

wn−1
i

p(yn |xn−1i )
p(yn |y1:n−1)

p(xn |xn−1i ,y
n)

q(xn |xn−1i ,y
n)
q(xn |xn−1i ,y

n),

(2.13)

where the second line follows Bayes’ theorem. Here, we define the following weights:

ŵn−1
i = wn−1

i

p(xni |xn−1i )
q(xni |xn−1i ,y

n)
, wn

i = ŵn−1
i

p(yn |xni )
p(yn |y1:n−1) , (2.14)

where the former is a proposal weight and the latter is a likelihood weight. If xni repre-
senting particles is drawn from the alternative model q(xn |xn−1i ,y

n), Eq. (2.12) and Eq.
(2.13) can also be written as follows, respectively:

p
(
xn |y1:n−1

)
≈

N∑
i=1

ŵn−1
i δ

(
xn − xni

)
, (2.15)

p
(
xn |y1:n

)
≈

N∑
i=1

wn
i δ

(
xn − xni

)
. (2.16)

In other words, the prior and posterior distributions can each be expressed using the
proposal weight and likelihood weight defined in Eq. (2.14). Note that the two weights
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are related and have opposite effects on each other. A proposal density that brings
model transitions closer to the observations has larger likelihood weights because
the difference between observations and model states is small. However, because the
model transitions move away from the original transitions, the weights of the propos-
als are smaller. However, a weak approach to observations keeps the proposal weight
high but the likelihood weight low. Therefore, this implies that there is an optimal
weight corresponding to the optimal position xni of each particle.

Based on this concept, a method of minimizing the variance of the particle weight
is described below. First, the weight of particle i as a function of the state xni can be
expressed from Eq. (2.13) as follows, when an equally weighted ensemble is obtained
at time step n − 1:

wi
(
xni

)
=

p(yn |xni )
Np(yn |y1:n−1)

p(xni |xn−1i )
q(xni |xn−1i ,y

n)

=
p(yn |xn−1i )

Np(yn |y1:n−1)
p(xni |xn−1i ,y

n)
q(xni |xn−1i ,y

n)
.

(2.17)

Next, consider the pair of random variables (I ,Xn) such that Prob (I = i ) = 1/N for
particles and Xn ∼ q(xn |xn−1i ,y

n) is conditional on I = i . Then, the variance of the
particle weight is obtained from Var (W ), whereW is defined as

W = wI (X
n ) =

p(yn |xn−1I )
Np(yn |y1:n−1)

p(Xn |xn−1I ,y
n)

q(Xn |xn−1I ,y
n)
. (2.18)

From Eq. (2.18), a lower bound for Var (W ) that is determined by the variance of
p(yn |xn−1i ) over i can be obtained with equality if and only if

q(xn |xn−1i ,y
n) = p(xn |xn−1i ,y

n), (2.19)

which is known as the optimal proposal density e.g., [DDFG+01]. The proof of opti-
mality was later given by [SBM15].

In the following, we consider a state-space model represented by Eq. (2.2). If the
model error is assumed to be Gaussian βn ∼ N (0,Q), the time evolution of state x in
Eq. (2.3) is obtained by

p(xn |xn−1) = N
(
f (xn−1),Q

)
. (2.20)
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Furthermore, if we assume a linear observation operatorH instead ofh and assume the
observation error to be Gaussian, ϵ ∼ N (0,R), the likelihood in Eq. (2.3) is as follows:

p(yn |xni ) = N
(
Hxni ,R

)
. (2.21)

A specific design of the proposal distribution is to add a relaxation or nudging term to
the original equation to direct particles to the observations and to make their weights
more similar, as presented in [vL10]. When the model transition p(xn |xn−1) is given by
Eq. (2.20), we can consider the following transition:

xni = f (xn−1i ) +T
{
yn − H f

(
xn−1i

)}
+ β̂ni , (2.22)

where T is a relaxation matrix and β̂n is a random perturbation. In this case, the fol-
lowing is assumed as the proposal distribution:

q(xn |xn−1i ,y
n) = N

(
f (xn−1i ) +T

{
yn − H f

(
xn−1i

)}
, Q̂

)
, (2.23)

where β̂ni ∼ N
(
0, Q̂

)
. Here, β̂ni and Q̂ are for the proposal distribution, so we used a

notation that is distinct from Eq. (2.20).

In the case of the optimal proposal density defined as Eq. (2.19), the matrix T be-
comes the Kalman-like gainT = QHT

(
HQHT + R

)−1
. Therefore, the optimal proposal

density is expressed as
p(xn |xn−1i ,y

n) = N
(
µ, Q̂

)
, (2.24)

where

µ = f (xn−1i ) +T
{
yn − H f

(
xn−1i

)}
,

Q̂ = (I −TH )Q .
(2.25)

In this case, the likelihood is expressed as follows:

p(yn |xn−1i ) = N
(
H f

(
xn−1i

)
,HQHT + R

)
. (2.26)

Comparing Eq. (2.26) with Eq. (2.21) for the standard PF, we can organize the error and
covariance that characterize the likelihood function as shown in Table 2.1. From this
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Table 2.1: Differences between standard and optimal proposal density PFs with respect
to likelihood.

Metric Standard PF Optimal proposal density PF
Distance yn − Hxni yn − H f (xn−1i )

Covariance R HQHT + R

table, the dependence of the distance between predictions and observations on the like-
lihood is similar, but the difference is that the optimal proposal distribution depends
on Q . In other words, in the optimal proposal distribution, the larger Q is, the smaller
the variance of each particle weight, but the weights are not equal. For comparison,
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Figure 2.2: (a) Reproduction of Figure 2.1 and (b) Schematic diagram of operation
of proposal density PF. Each of the orange bars represents a particle sampled from
the proposal distribution q(xn |xn−1i ,y

n). The blue bars in step n represent particles
weighted by the weight w expressed in Eq. (2.16), and the red bars represent particles
after resampling as in (a).

Figure 2.2 (a) is a reproduction of Figure 2.1 and Figure 2.2 (b) shows schematically the
operation of the proposal density PF. Each particle is allowed to transition closer to
the observation by the proposal distribution q(xn |xn−1i ,y

n), rather than by the original
model-based transition p(xn |xn−1i ) shown in Figure 2.2 (a). Therefore, the variation in
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the weights among particles (i.e., the length of the bars in Figure 2.2) of the transition
with the proposal distribution is smaller than the variation with the model transition.
This indicates that the diversity of particles is relatively well maintained after resam-
pling. Hence, the particles are less degenerate in the next forecast step and can still
represent a distribution.

Particle filters using the proposal density provide flexibility for designing the pro-
posal density. However, the optimal proposal distribution described above cannot pre-
vent degeneracy, essentially, and the weights of the particles cannot be equal [vL10].

2.1.4 Implicit particle filter

The implicit PF [CMT10] is an indirect way to individually lead particles to high-
probability posterior regions based on the optimal proposal density. In particular, even
if the observation operator is nonlinear or proposals are used over multiple model time
steps, one can draw from a Gaussian distribution and apply a transformation to that
drawing to draw samples from the optimal proposal density.

The scheme draws from a Gaussian proposal q(ξn) = N (0, I ), and then performs a
transformation using the following equation:

q(ξ ) = q
(
xn |xn−1i ,y

n
)
J , (2.27)

where ξ is a random perturbation and J = 


 ∂xn∂ξ 


 is the absolute value of the Jacobian
of the transformation from xn to ξ . This transformation is found implicitly as follows.
First, we define the following function:

Fi (xn) = − log
[
p (yn |xn) p

(
xn |xn−1i

)]
. (2.28)

Then, after drawing ξi for each particle, we solve for xn in

Fi (xn) =
1
2
ξTi ξi + φi (2.29)

for each particle. Here,

φi = min
xn

Fi (xn) ∝ logp
(
yn |xn−1i

)
. (2.30)
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As a result, the weight of the particle can be expressed based onwn−1
i in Eq. (2.13):

wn
i = wn−1

i

exp
[
−Fi

(
xni

)]
exp

[
−1

2ξ
T
i ξi

] J = wn−1
i

exp
[
−Fi

(
xni

)]
exp

[
−Fi (xni ) + φi

] J = wn−1
i exp [−φi] J . (2.31)

Note that the implicit mapping makes the weights dependent on the states xni at the
current time step n via the Jacobian of the transformation between ξ and x .

However, because it is generally not easy to solve Eq. (2.29), a method using a
random map was proposed by [MTAC12] as follows:

xni = ζ ni + λi (ξi )P1/2ξi , (2.32)

where ζ ni is argmin Fi (xn), λi is a scalar factor, and P is a covariance matrix, ideally the
covariance of the posterior pdf. The key to this method is that it converts the difficult
problem of directly finding xni into solving a scalar equation for λi . Hence, it is useful
when the proposal distribution cannot be obtained analytically as in Eq. (2.24), that is,
when the errors in both the original model and proposal density are not Gaussian or
when the observation operator H is nonlinear. However, this filter also cannot avoid
degeneracy in principle because it uses a sampling scheme for the optimal proposal
density.

2.1.5 Equivalent-weights particle filter

In the EWPF [vL10] [AvL13], the idea is not to sample from an exact posterior distri-
bution, but to allow for a small error, resulting in a more equally weighted particle set.
Although a single time step is described here, an extension to multiple time steps is
also possible. As expressed in Eq. (2.14), because the particle weights are represented
by likelihood weights and proposal weights, we can design the proposal distribution
to achieve a certain weight (i.e., target weight wtarдet ). In other words, because the
particle weight is also a function of the particle position expressed as Eq. (2.17), the
particle xni that can realize the target weight satisfies

wi (xni ) = wtarдet . (2.33)
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Setting the target weight to a value that all particles can achieve means matching it
to the particle with the lowest likelihood. So, this target weight w is chosen so that a
certain ratio ρ of particles reaches that weight. Specifically, the weights of each particle
are sorted from high to low in an array w∗i , i = {1, 2, . . . ,N } and set wtarдet = w∗N ρ .
Because there is some flexibility in setting the ratio ρ, we introduce how to set the
target weight to the minimum weight and align all particles to this minimum weight
later.

For instance, Eq. (2.33) can be solved as follows. First, the specific function of Eq.
(2.33) is defined from the numerator of Eq. (2.13):

wi (x∗i ) = wn−1
i p

(
yn |x∗i

)
p

(
x∗i |xn−1i

)
= wtarдet , (2.34)

where x∗i is a deterministic part of the above solution, and a stochastic part must still
be added. So, the final particle position is determined by adding a very small random
perturbation ξni from the selected position as follows:

xni = x∗i + ξni . (2.35)

The addition of the above perturbation ξni is based on the constraint that the support
of the proposal density must contain the support of the model prior distribution. This
cannot be satisfied by a deterministic part x∗i alone.

Under the conditions of Gaussian model and observation errors and a linear obser-
vation operator H , x∗i in Eq. (2.35) can be expressed as

x∗i = f
(
xn−1i

)
+ α∗i K

{
yn − H f

(
xn−1i

)}
, (2.36)

where K = QHT (HQHT + R)−1 is a Kalman-like gain. Substituting Eq. (2.36) into Eq.
(2.34) for the constant weight wtarдet , we obtain a quadratic equation for α∗i . As its
solution, α∗i is expressed as

α∗i = 1 +
√
1 − bi/ai , (2.37)
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where

ai =
1
2
dTi R

−1HKdi ,

bi =
1
2
dTi R

−1di − logwn−1
i + logwtarдet ,

di = yn − H f
(
xn−1i

)
.

(2.38)

Finally, the full weights of the new particles are computed, and the entire ensemble
is resampled, including particles that cannot reachwtarдet (but whose weights are very
close to zero). Then, because the particle weights become very similar, filter degener-
acy is avoided.

Let us now consider the variance of the weights. According to [vLKN+19], the
variance of the weightsw can be estimated by the following equation:

Var (w) ≈ 1
N 2

1 − ρ
ρ
. (2.39)

That is, the variance of the weights depends on the number of particles and the ratio
ρ (i.e., the tuning parameter). For example, to keep the variance of the weights close
to zero, we choose a tuning parameter ρ that is close to one, that is, we let all particles
reach the target weights. This represents setting of the lowest target weight, which
moves particles further away from the mode of optimal proposal density and widens
the posterior pdf. In contrast, as the disturbance in Eq. (2.35) is reduced, the pdf nar-
rows. This is a limitation of this approach because we do not know what the width of
the posterior pdf should be.

2.1.6 Implicit equal-weights particle filter

IEWPF proposed by [ZvLA16] uses implicit sampling, as in the implicit PF, to ensure
that all particles have equal weight, as in EWPF. Because the weight of all particles is
equal, it is possible to obtain particles that represent the posterior distribution without
resampling. In IEWPF, the target weights are set equal to the minimum of the optimal
proposal weights for all particles. Each particle is set to the mode of optimal proposal
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density plus a scaled random perturbation, expressed as

xni = ζ ni + α1/2
i P1/2ξni , (2.40)

where ζ ni represents the mode of q
(
xn |xn−1i ,y

n
)
and P is a metric of the width of that

pdf. The important point here is that we are not directly drawing from the proposal
density q

(
xn |xn−1i ,y

n
)
but from the standard Gaussian proposal density q(ξn). Here,

q(ξ ) is obtained by the transformation

q(ξn) = q(xn |i,xn−11:N ,y
n)





dx

n

dξn






 , (2.41)

where xn−11:N is defined as the collection of all particles at the previous step, n − 1. This
expression of the proposal distribution shows the general case where each particle has
its own proposal distribution and is allowed to depend on all previous particles. This
idea is similar to the implicit PF [CMT10] in that we obtain a set of particles from
Eq. (2.40) instead of sampling from the posterior distribution. The key difference with
regard to the IEWPF is thatαi is a particle-specific scale factor chosen so that theweight
of each particle equals the target weightwtarдet . The scalar factor αi is determined for
each particle from

wn
i (αi ) = wn−1

i

p(xni |xn−1i ) p(yn |xni )
q(ξni )






dx
n
i

dξni






 = wtarдet . (2.42)

Under the assumption of a linear observation model and Gaussian error, we can
choose the optimal proposal density expressed in Eq. (2.24) as q

(
xn |xn−11:N ,y

n
)
. Then,

Eq. (2.41) can be rewritten as follows:

q(ξn) = p(xn |xn−1i ,y
n)





dx

n

dξn






 . (2.43)

Also, we can rewrite p(yn |xni ) p(xni |xn−1i ) = p(xni |xn−1i ,y
n) p(yn |xn−1i ), and each distribu-
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tion can be expressed as follows:

p(xni |xn−1i ,y
n) ∝ exp

[
−1
2

(
xni − x̂ni

)T P−1 (
xni − x̂ni

)]
p(yn |xn−1i ) ∝ exp

[
−1
2
φi

]
,

(2.44)

where
P =

(
Q−1 + HTR−1H

)−1
, (2.45)

x̂ni = f
(
xn−1i

)
+ PHTR−1

[
yn − H f

(
xn−1i

)]
, (2.46)

φi =
[
yn − H f

(
xn−1i

)]T (
HQHT + R

)−1 [
yn − H f

(
xn−1i

)]
. (2.47)

Then, taking the logarithm of Eq. (2.42) and using the above assumptions, we find

(2.48)−2 logwn
i = −2 logwn−1

i +
[
−2 log

(
p(xni |xn−1i ,y

n) p(yn |xn−1i )
q(ξni )






dx
n
i

dξni







)]
.

By substituting Eq. (2.44), we obtain

(2.49)−2 logwn
i = −2 logwn−1

i +
(
xni − x̂ni

)T P−1 (
xni − x̂ni

)
+φi − ξni

T ξni − 2 log
(




dx

n
i

dξni







)
.

Here, if we assume that ζ ni in Eq. (2.40) is the mode of p(xn |xn−1i ,y
n), given by ζ ni = x̂ni ,

then xni = x̂ni + α
1/2
i P1/2ξni . Thus, Eq. (2.49) can be written as

−2 logwn
i = −2 logwn−1

i + αiξni
T ξni + φi − ξni

T ξni − 2 log *,αNx /2
i




P1/2


 ������I +
ξni

α1/2
i

∂α1/2
i

∂ξni
T

������+- .
(2.50)

Setting the weight of all particles to the desired weight is equivalent to making all
values of logwi constant. Therefore, if we write the constant term asC , we can rewrite
Eq. (2.50) as follows:

(2.51)(αi − 1) ξni
T ξni − 2Nx logα1/2

i − 2 log *,
������1 +
∂α1/2

i

∂ξni
T

ξni

α1/2
i

������+- = C − φi .

The right-hand side of Eq. (2.51) expresses the log-weight offsets from the target
weight for each particle i and can practically be obtained from ci ≡ C −φi = maxj[φj]−
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φi . Note that the likelihoodp(yn |xn−1i ) ∝ exp(−φi/2) of the previous state of the i-th par-
ticle differs for each particle. Therefore, the log-weight offsets ci = C −φi (i = 1, ...,N )
are required for all particles to reach the target weight, and ci ≥ 0 from the definition.

Then, we can obtain each αi by solving Eq. (2.51). However, this equation is non-
linear and complex, and it is inefficient to solve it numerically for each particle. In the
high-dimensional case, Eq. (2.51) can be approximated as

дni (αi − 1) − Nx logαi = ci , (2.52)

where дni = ξni
T ξni . Here, we note that the Lambert W function [CGH+96] gives the

solution to the following equation:

Ax + log(B + x ) = logCw , (2.53)

as
x =

1
A
W [ACw exp(AB)] − B, (2.54)

whereW (·) denotes the Lambert W function. Hence, by setting αi − 1 = x in Eq. (2.52),
the solution αi can be obtained from the analytical solution expressed in Eq. (2.54) as
follows:

αi (дi ) = −
Nx

дni
W

[
−
дni
Nx

exp
(
−
дni
Nx

)
exp

(
− ci
Nx

)]
. (2.55)

Note that the Lambert W functionW (·) has two real solutions: a positive real solution
given by theW−1 branch and a negative real solution given by theW0 branch. Figure
2.3 shows example of the analytical solutions αi (дi ) expressed in Eq. (2.55) as a function
of дi with varying the log-weight offsets ci values. The dimension Nx of the state is set
to 1000, and the branchesW0 andW−1 are plotted in the neighborhood of дi = 1000.

Figure 2.4 schematically illustrates the operation of IEWPF. Each particle is moved
from its original position to a position of equal weight according to the proposal dis-
tribution q(xn |xn−1i ,y

n). Because the weights of each particle are equal, the next prior
distribution is generated without resampling.

Finally, we discuss the limitations of this approach. First, this method equalizes
the weights of all particles by matching them to the minimum weight of the optimal
proposal density. Therefore, the posterior pdf may spread, as in the case of ρ = 1 in the
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Figure 2.3: Example of the analytical solutions αi (дi ) expressed in Eq. (2.55) as a func-
tion of дi with varying the log-weight offsets ci : 0, 10, 100, and 300. The two branches
are shown asW0 (dashed line) andW−1 (dotted line).

EWPF described above. Next, to use the analytical solution for α , the posterior pdf is
affected by the gap between its two branches (i.e., there is a forbidden area for α ). The
ratio of the width of the gap Rдap to the width of the area allowed with high probability
R0 is given by

dRдap

dR0
≈
√
2c
√
Nx

, (2.56)

where ci = maxj[φj] − φi and Nx is the dimension of the state. Therefore, the relative
gap width is smaller when the difference between particles in φi expressed in Eq. (2.47)
is small and high-dimensional. If the bias caused by the above is smaller than theMonte
Carlo error, then this bias does not have a direct impact.
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Figure 2.4: Schematic diagram of IEWPF operation. Each bar represents a particle, and
the length of the bar represents the particle weight. No resampling is required because
each particle is moved to equal weights rather than the original model transition.

2.1.7 Revised implicit equal-weights particle filter

A revised IEWPF was proposed by [SEvLA19]. In the original formulation of the
IEWPF, there is a gap in the proposal distribution, as discussed above, resulting in
systematic bias. The revised version uses the following two-stage proposal method,
introducing a new parameter β :

xni = ζ ni + β1/2P1/2ηni + α
1/2
i P1/2ξni , (2.57)

which is the same as Eq. (2.40) except for the β1/2P1/2ηni term. Note that the scalar coef-
ficient β is independent of the particle, and the newly introduced perturbation vector
ηi satisfies E

(
ξTi ηi

)
= 0. Then, the equal-weight equation using the transformation

expressed in Eq. (2.57) replaces Eq. (2.51):

(2.58)(αi − 1) ξni
T ξni − 2Nx logα1/2

i − 2 log *,
������1 +
∂α1/2

i

∂ξni
T

ξni

α1/2
i

������+- = C − φi − (β − 1)ηni
Tηni .

This equation is equivalent to the original IEWPF equation, with the offset defined as

ci = max
j
[Dj] − Di , Di = φi − (1 − β)ηTi ηi . (2.59)

The additional perturbation ηi and the common scale factor β control the updated
particle spread to be appropriate while maintaining equal weights. In practice, β is
considered a tuning parameter. Skauvold et al. [SEvLA19] provided an example of
using particle ranks or coverage probabilities to determine the appropriate value of β .
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2.2 Parameter estimation

Although data assimilation usually focuses on generating an optimal initial state and
forecasting the temporal evolution of time-varying model state variables, parameter
estimation is often combined to calibrate the models (i.e., to estimate the appropriate
model characteristics). Several methods for estimating model parameters using data
assimilation techniques exist, are effective for large, complex models (e.g., climate sys-
tem models), and have positive effects on forecasts. The four-dimensional variational
(4D-Var) method, the Kalman filter (KF), the EnKF, and PFs as representative examples
of the algorithms are shown in [RPM13]. 4D-Var optimizes the model state within a
time window to match the observations. It can account for the spatial and temporal
dependence of parameters, but the high computational cost due to iterations can be an
issue. The extended KF, which is an extension of KF for nonlinear models, may reduce
the accuracy of estimation when nonlinearities are strong. EnKF may also be effec-
tive for nonlinear parameter estimation and can be easily parallelized, but its accuracy
degrades when the number of ensemble members is insufficient. Particle filters can
handle nonlinear and non-Gaussian distributions, but computational cost is an issue
for high-dimensional systems. Another difficulty is that there is not necessarily only
one local optimal value for a parameter, especially in time-varying nonlinear models
[Mee01].

The difficulty in such parameter estimation is mainly due to the following points.
First, model parameters are virtual variables that depend on modeling and parameter-
ization, and their true values cannot be observed. Second, the influence of parameters
can only be obtained through errors between model predictions and observed values,
that is, it depends on the degree of influence (sensitivity) of the parameters. Finally, in
terms of data assimilation, it is difficult to distinguish between errors in variables and
errors in parameters. Therefore, many studies have been reported, such as [EVvL22]
and [RPM13]. Particle filter-based parameter estimation methods are summarized in,
for example, in [CGM07].

This section focuses on parameter estimation methods that can be combined with
PFs. The basic methods are presented: the maximum likelihood (ML) method and the
method with an augmented state vector (i.e., the state augmentation method).
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2.2.1 Maximum likelihood method

There are two main ways of estimating model parameters: offline (batch) estimation,
which is a method of estimating parameters for a specific period all at once, and online
sequential estimation. The typical ML method is used for the former. First, the log-
likelihood, which is a function of the parameter θ , is expressed as follows:

logp
(
y1:T |θ

)
=

T∑
n=1

logp
(
yn |yn−1,θ

)
. (2.60)

By maximizing this likelihood, we can find the optimal parameters. Note that here it is
assumed that the parameters do not change during the period, that is, they are static.

Typically, the maximization of the log-likelihood in Eq. (2.60) is carried out nu-
merically, but this becomes difficult when the parameters become high-dimensional.
Optimization methods such as the gradient descent method can be used if the like-
lihood is differentiable with respect to the parameters. In particular, with the recent
development of machine learning and deep learning, many optimization methods have
been developed and are summarized in [SCZZ19]. For example, there are first-order
methods that include gradient descent, high-order methods such as Newton’s method,
and a derivative-free method. Generally, in learning system applications, optimization
is often expressed as a problem of finding the parameter that minimizes (or maximizes)
the objective function. Therefore, these methods can be applied by considering likeli-
hood as the objective function. When the likelihood function is multimodal and local
solutions exist, heuristic search methods, such as the greedy algorithm, or collective
optimization, such as genetic algorithms [Hig97], can be considered. However, the
computational cost is an issue for high-dimensional systems.

2.2.2 State augmentation method

This section describes an online sequential method using an augmented (or extended)
state vector, namely, the state augmentation approach. The following equation defines
the augmented state vector, including the state variables xn and the parameters θn at
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time step n:

zn = *, xn

θn
+- . (2.61)

Then, the system model included in Eq. (2.2) can be extended as follows:

zn = *, xn

θn
+- = *, f

(
xn−1,θn−1, βn

)
θn−1 + ηn

+- . (2.62)

Here, the time evolution of the parameters is assumed to be a randomwalk, also known
as artificial dynamics, and η is a random parameter perturbation drawn from the pdf
N (0,Qη). Thus, as an estimation problem for the augmented state vector z, the param-
eters can be estimated simultaneously with the variables. Although applying PFs and
other methods to estimate the state z is possible, it has been pointed out that such a
simple approach does not sufficiently explore the parameter space [Kit98].

The following assumes the application of PFs. If a random walk for parameters
is assumed, as in Eq. (2.62), the parameter estimation performance also depends on
the setting of the model-error covariance matrix Qη . This becomes more pronounced
in the estimation of time-varying parameters. If this variance is set large, it becomes
easier to follow the parameter changes, but this may result in overfitting. In contrast,
when the variance is small, the parameter distribution becomes narrower, that is, de-
generacy occurs for the parameters, and parameter estimation may not be optimal.
However, it is not always known in advance whether the parameters are time-varying.
Note that the method of assuming a random walk for parameters is also used in static
parameter estimation. In the case of general nonlinear and non-Gaussian state-space
models, PF-based methods have difficulty even estimating time-invariant static pa-
rameters due to the degeneracy problem [ADT05]. In the past, due to this degeneracy
problem, many methods were computationally inefficient, but for static parameters,
computationally efficient methods are summarized in, for example, [KDS+15]. For ex-
ample, the ML methods using gradient-based or expectation-maximization algorithms
were cited as an online method that sequentially updates parameters as observations
become available. This suggests that parameter estimation for data assimilation can
be combined with algorithms developed primarily for machine learning, such as the
gradient method.
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2.3 Stochastic gradient descent

As described above, the ML method is used not only for batch (i.e., offline) estimation
but also online estimation, as in [ADT05], [ADST04]. The key point is to incorpo-
rate the gradient descent method in the ML method into the stochastic approximation
framework. This section summarizes the typical stochastic gradient method as a prob-
abilistic approach that allows online estimation.

For example, particle filtering combined with a gradient algorithm and parameter
estimation by recursive ML (RML) methods was proposed [DT03]. RML can also be
described as a gradient-based method that maximizes the mean log-likelihood and is
widely used in automatic control and signal processing [LS83]. Generally, a gradient
descent method under a stochastic approximation is called a stochastic gradient de-
scent (SGD)method. In SGD, the gradient computed from the entire data set is replaced
by the gradient computed from a randomly selected data subset, which is considered a
stochastic approximation of the gradient descent method. This method can iteratively
optimize a differentiable objective function and has a lower computational load than
that for the gradient descent method. While the gradient descent method is a batch
(offline) estimation based on a data set, SGD is an online estimation method because it
can be adapted to input data sequentially. Examples of the SGD method and its effect
on large-scale learning problems are summarized in [Bot10].

The following is an example of a machine-learning framework. First, based on the
loss function l (θ ,x ) obtained from the parameters to be estimated θ and the state x ,
and the pdf of the state p(x ), the expected loss L(θ ) is defined as follows:

L(θ ) =
∫

l (θ ,x ) p(x )dx . (2.63)

Then, instead of the gradient of the expected loss ∇θL(θ ), SGD uses its unbiased es-
timator, the stochastic gradient ∇θl (θ ,x ), to update parameters using the following
formula:

θ t = θ t−1 − λ∇θl (θ t−1,x ), (2.64)

where t is the number of iterations and λ is the learning rate (step size factor). Eq. (2.64)
shows that SGD only uses one gradient of the loss function, that is, only one dataset,
for each parameter update (i.e., iteration). In the case of machine learning, using dif-
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ferent data for each update can prevent convergence to a local solution and reduce
computational complexity. Here, for the gradient of the loss function, the loss func-
tion must be differentiable, or the gradient must be calculated numerically. Note that
[Fu15] summarizes a method for estimating stochastic gradients from stochastic sim-
ulations to optimize the parameters in a simulation model. Specifically, this includes
finite difference methods (including simultaneous perturbation), perturbation analysis
methods, likelihood ratio/score function methods, and the use of weak derivatives.

However, the SGD in Eq. (2.64) is sensitive to the learning rate or prone to over-
shoot, which can lead to a trade-off between convergence speed and convergence sta-
bility. Therefore, many improved algorithms have been proposed [SCZZ19]. Below is
a brief introduction to the basic concepts of the moving-average (momentum) method,
the method using root mean square propagation (RMSProp), and finally, adaptive mo-
ment estimation (Adam) [KB14], which is a combination of the two.

Momentum method

In the typical momentum method, the parameters are updated with the following for-
mula:

mt = µmm
t−1 + (1 − µm)∇θl (θ t−1,x ),

θ t = θ t−1 − λmt ,
(2.65)

wherem expresses the moving average (i.e., momentum) and µm is a hyperparameter.
This means that the parameters are updated using a moving average of the gradient.
A large amount of updating at one time can cause overshooting, which can cause the
positive and negative values of the gradient to switch, forming so-called oscillations.
In this momentum method, moving averages are used to suppress sudden fluctuations
in gradient values.



2.4 Summary 45

Root mean square propagation (RMSProp)

In the method using RMSProp, the parameters are updated as follows:

vt = µvv
t−1 + (1 − µv )




∇θl (θ t−1,x )


2 ,
θ t = θ t−1 − λ

√
vt + ϵv

∇θl (θ t−1,x ),
(2.66)

wherev expresses the moving average for the squared gradient, µv is the hyperparam-
eter, and ϵv is a small value that prevents zero division. Here,

√
vt represents the L2

norm of the gradient of the loss function based on the past gradient via vt−1 term and
the current gradient. This term scales the gradient, that is, it automatically adjusts the
learning rate λ according to the magnitude of the gradient.

Adaptive moment estimation

Basically, the Adam method is a combination of momentum and RMSProp, and the
parameters are updated as follows:

mt = µmm
t−1 + (1 − µm)∇θl (θ t−1,x ),

vt = µvv
t−1 + (1 − µv )




∇θl (θ t−1,x )


2 ,
θ t = θ t−1 − λ mt

√
vt + ϵv

.

(2.67)

Therefore, the Adam method combines the best parts of momentum and RMSProp.
Because µm and µv are usually chosen to be close to one, the moving averagesm and
v are biased toward zero. Therefore, m̂ and v̂ are often used with the bias canceled in
the following equation:

m̂t =
mt

1 − µm
, v̂t =

vt

1 − µv
. (2.68)

2.4 Summary

This chapter first presented an overview of PF-based methods with application to non-
linear high-dimensional models and parameter estimation. It introduced previous ap-
proaches to solving the problem of degeneracy, which is a particular challenge in high
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dimensions. Then, the potential of IEWPF, which can equalize the weights of all par-
ticles, was presented. Next, we provided an overview of typical parameter estimation
methods in state-space models and introduced optimization methods developed in ma-
chine learning in recent years. It was suggested that degeneracy is also an obstacle in
parameter estimation. Based on a review of existing methods, we found that compu-
tationally efficient parameter estimation in nonlinear high-dimensional models with
time-varying parameters is challenging. In the following chapters, we describe a time-
varying parameter estimation method, which is an extension of IEWPF.
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3
Online state and time-varying parameter
estimation using implicit equal-weights

particle filter

This chapter describes an extension of the implicit equal-weights particle filter (IEWPF)
[ZvLA16] to sequential parameter estimation. For resilient and quick estimation, we
introduce an augmented state-space model with a correlated covariance matrix and a
parameter nudging scheme inspired by an optimization algorithm inmachine learning.
This chapter is based on a previously published paper [SvLN24].

3.1 Introduction

Because parameters in numerical models are simplified representations of the modeled
characteristics, parameter estimation plays an important role in obtaining accurate and
reliable predictions. Also, the parameters can be considered time-varying as well as
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static (see Section 1.1.2).

A typicalmethod for time-varying state and parameter estimation in high-dimensional
dynamical systems is the state augmentation technique, in which the parameter vec-
tor is incorporated into the state vector. This technique is also called joint estimation.
According to [SJ15], the state augmentation method may become ineffective when
the impact of parameters on the state is weak, and they propose a two-stage filter
that combines a PF and an ensemble Kalman filter (EnKF). This method estimates the
static parameters and tracks the dynamic variables alternatively. Although similar
approaches using independent dual PFs [CP18] and a nested hybrid filter [PVMM18]
have been proposed, they are only applicable to the estimation of static parameters.
Extending the method to time-varying parameters requires identifying whether the
change in observed states originates from state variables or parameters, but its utility
in practical contexts depends on the cross-covariance between states and parameters.
Particularly, detecting abrupt changes in characteristics in high-dimensional and par-
tially observed nonlinear systems may be problematic because of the relatively low
correlation between the observed state and parameters. Another issue concerns non-
linearities due to the temporal evolution of the system and augmented state vector.
A parameter estimation method combined with a PF can deal with nonlinearities, but
filter degeneracy might be a critical obstacle for high-dimensional systems such as
geophysical and climate systems. To overcome this problem, several approaches have
been proposed, including a hybrid PF and EnKF method [SJ15], as mentioned above.
See Chapter 2 for other approaches.

In this chapter, we focus on a nonlinear time-varying system where the dimension
of the state vector is large, while that of the model parameters is comparatively small,
with a view to application in geophysical, climate, and other high-dimensional con-
texts. Then, we present a new PF-based parameter estimation method and assess the
capability of detecting abrupt changes in characteristics by applying it to the above
system. We provide a methodology and results based on IEWPF of [ZvLA16] as an
example of avoiding filter degeneracy.
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3.2 Methodology

3.2.1 Correlated perturbation in augmented state-space model

A typical state-space model for a nonlinear system containing model parameters is
described as

xn = f
(
xn−1,θn−1

)
+ βn,

yn = h (xn) + ϵn,
(3.1)

where xn is the state variable at time step n, yn is the observation vector at time step n,
f is a known possible nonlinear function that maps the state from time tn−1 to tn, h is
a known nonlinear observation operator, θn is the vector of model parameters whose
true values are unknown and possibly time-varying, βn is a randommodel perturbation
drawn from the model error probability distribution function (pdf) N (0,Qβ ), and the
observation error ϵ is drawn from the observation error pdfN (0,R). To estimate time-
varying parameters sequentially, the state vector is updated according to the following
dynamical system by augmenting parameters as artificial states:

*, xn

θn
+- = *, f

(
xn−1,θn−1

)
θn−1

+- + *, βn

ηn
+- , (3.2)

where ηn is a random parameter perturbation drawn from the pdf N (0,Qη) and we
require f to be a differentiable function with respect to the parameter. Then, the above
state-updating function f can be approximately expressed by a first-order Taylor series
expansion for the previous parameter θn−2:

f
(
xn−1,θn−1

)
≃ f

(
xn−1,θn−2

)
+
∂ f

∂θ

�����θn−2
(
θn−1 − θn−2

)
. (3.3)

This extracts the term that expresses the contribution of the parameter to the time
evolution of the variable. This term is incorporated into the model error covariance
matrix as the correlation between the variable and the parameter. By using the time
evolution model in the previous time step n − 1,

θn−1 = θn−2 + ηn−1, (3.4)
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we can rewrite Eq. (3.2) as

(3.5)

zn ≡ *, xn

θn−1
+-

= *, f
(
xn−1,θn−2

)
θn−2

+- + *,
∂ f
∂θ
���n−2 ηn−1 + βn

ηn−1
+-

≡ f̃
(
zn−1

)
+ ρ̃n,

where we introduce the augmented vector zn = [xnT ,θn−1T ]T , model f̃ , and pertur-
bation ρ̃n representation. We also rewrite the observation operator h in Eq. (3.1) as
follows:

yn = hz (z
n ) + ϵn . (3.6)

The augmented perturbation ρ̃ can be drawn from the error pdf N (0, Q̃n), which is
expressed as

Q̃n = *.,
cov [β′n, β′n] cov

[
β′n,ηn−1

](
cov

[
β′n,ηn−1

] )T
cov

[
ηn−1,ηn−1

] +/- , (3.7)

where β′n = (∂ f /∂θ ) ηn−1 + βn. Because model perturbation βn and parameter per-
turbation ηn−1 are independent of each other and both have zero means, each matrix
element in Eq. (3.7) can be calculated as follows:

cov
[
β′n, β′n

]
= E


(
∂ f

∂θ
ηn−1 + βn

) (
∂ f

∂θ
ηn−1 + βn

)T 
= E

∂ f∂θ ηn−1
(
ηn−1

)T (
∂ f

∂θ

)T
+ βn (βn)T


=
∂ f

∂θ
Qn−1
η

∂ f

∂θ

T

+Qn
β ,

(3.8)

cov
[
β′n,ηn−1

]
= E

[(
∂ f

∂θ
ηn−1 + βn

) (
ηn−1

)T ]
= E

[
∂ f

∂θ
ηn−1

(
ηn−1

)T ]
=
∂ f

∂θ
Qn−1
η ,

(3.9)
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cov
[
ηn−1,ηn−1

]
= E

[
ηn−1

(
ηn−1

)T ]
= Qn−1

η .
(3.10)

Then, Eq. (3.7) can be expressed as

Q̃n = *.,
∂ f
∂θQ

n−1
η
∂ f
∂θ

T
+Qn

β
∂ f
∂θQ

n−1
η(

∂ f
∂θQ

n−1
η

)T
Qn−1
η

+/- . (3.11)

Note that the Taylor expansion in Eq. (3.3) is used up to the first-order term, so the
augmented perturbation ρ̃ from Q̃ includes the linear impact of the parameters on the
model evolution over one time step.

3.2.2 State and parameter update with IEWPF

In this section, we explain how to apply IEWPF to update equation Eq. (3.5) and how
to avoid filter degeneracy. When a Markovian system has observational errors that are
independent from one time to another, the forecast pdf can be written as

p
(
zn |y1:n−1

)
=

∫
p

(
zn |zn−1

)
p

(
zn−1 |y1:n−1

)
dzn−1. (3.12)

Then, after Eq. (3.12) is plugged into Bayes’ theorem as a prior pdf, the posterior pdf
for the model state given observations can be written as

(3.13)p
(
zn |y1:n

)
=

p (yn |zn)
p(yn |y1:n−1)

∫
p

(
zn |zn−1

)
p

(
zn−1 |y1:n−1

)
dzn−1.

Suppose we run a PF, and the particle weight for the ensemble at the previous time
step n − 1 is given by

(3.14)p
(
zn−1 |y1:n−1

)
=

1
N

N∑
i=1

δ
(
zn−1 − zn−1i

)
.

Then, by plugging Eq. (3.14) into Eq. (3.13), we can obtain

p
(
zn |y1:n

)
=

1
N

N∑
i=1

p(yn |zn)p(zn |zn−1i )
p(yn |y1:n−1) . (3.15)
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Introducing the proposal density q(zn |zn−11:N ,y
n) that is conditioned on all particles at

time n − 1, indicated by the zn−11:N , we can express Eq. (3.15) as

(3.16)p
(
zn |y1:n

)
=

1
N

N∑
i=1

p(yn |zn)p(zn |zn−1i )
p(yn |y1:n−1)q(zn |zn−11:N ,y

n)
q(zn |zn−11:N ,y

n).

The well-known problem of filter degeneracy means that the weights are concen-
trated on only some particles, and most particles have a negligible weight after a few
propagations. [SBM15] reports that a PF using the optimal proposal yields minimal
degeneracy and provides performance bounds. This could be a serious obstacle to
implementing a PF when the number of states and observations increase, as in a high-
dimensional system. Therefore, we use IEWPF [ZvLA16], which can avoid this filter
degeneracy problem. From Eq. (3.14), Eq. (3.16) can be expressed as

p
(
zn |y1:n

)
=

1
N

N∑
i=1

wn
i δ

(
zn − zni

)
, (3.17)

where wn
i is the weight for particle i and is expressed as follows using the proposal

density given in Eq. (3.16):

wn
i =

p(yn |zni )
p(yn |y1:n−1)

p(zni |zn−1i )
q(zni |zn−11:N ,y

n)
. (3.18)

Instead of drawing directly from the proposal density q, we can draw particles from a
standard Gaussian distribution proposal density q(ξ ), which is related by

q(ξn) = q(zn |zn−11:N ,y
n)





dz

n

dξn






 , (3.19)

where 

dz/dξ 

 denotes the absolute value of the determinant of the Jacobian matrix,
which expresses the following transformation:

zni = ζ ni + α1/2
i P1/2ξni , (3.20)

where ζ ni represents the mode of q(zn |zn−11:N ,y
n), P is a measure of the width of that pdf,

and αi is a scalar factor. The specific method of giving the matrix P is described below.
Note that this expression is similar to the original IEWPF [ZvLA16], but zni denotes
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the augmented vector zn = [xnT ,θn−1T ]T . This means that the transformed variable ξ
also has the dimension of the augmented vector. Then, Eq. (3.18) can be expressed as
follows:

wn
i =

p(yn |zni )
p(yn |y1:n−1)

p(zni |zn−1i )
q(ξni )






dz
n
i

dξni






 . (3.21)

In general, ζ ni can be obtained via a minimization of − logq
(
zn |zn−11:N ,y

n
)
, similar to,

for example, a three-dimensional variational scheme, and also the equal weights can
be obtained numerically. In this chapter, we follow [ZvLA16] and assume a linear
observation operator, which allows for an analytical solution for equal weights.

3.2.3 Linear observation model and Gaussian error

In the following discussion, we assume the linear observation operator H̃ and the
Gaussian model and observation error as given in Eq. (3.5) and Eq. (3.6).Then, by
choosing the proposal density as the optimal proposal density, that is, q(zn |zn−11:N ,y

n) =
p(zn |zn−1i ,y

n), ζ ni in Eq. (3.20) can be expressed as follows:

ζ ni = f̃
(
zn−1i

)
+ K

{
yn − H̃ f̃

(
zn−1i

)}
, (3.22)

where
K = Q̃H̃T

(
H̃Q̃H̃T + R

)−1
. (3.23)

Also, in this case, the matrix P in Eq. (3.20) is analytically given by

P =
(
Q̃−1 + H̃TR−1H̃

)−1
, (3.24)

where Q̃ is the model error covariance matrix described in Eq. (3.11) and R is the
observation error covariance matrix. Therefore, from Eq. (3.20) and Eq. (3.22), equal-
weight particle zi sampled from posterior pdf Eq. (3.16) can be constructed using the
scalar factor αi . Note that the matrix P can also be given by an analysis covariance
matrix, for example, as obtained from the ensemble perturbations used in an ensemble
transform Kalman filter (ETKF) [BEM01].

The factor αi needs to be determined so that the weight of each particle i repre-
sented by Eq. (3.21) is the same target weight for all particles. The update from the
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weightwn−1
i of the previous time step is expressed from Eq. (3.21) as

wn
i = wn−1

i

p(yn |zni )p(zni |zn−1i )
q(ξni )






dz
n
i

dξni






 . (3.25)

With the Gaussian assumption, we can write

p(yn |zn)p(zn |zn−1i ) ∝

exp
[
−1
2

(
yn − H̃zn

)T
R−1

(
yn − H̃zn

)
− 1
2

(
zn − f̃

(
zn−1i

))T
Q̃−1

(
zn − f̃

(
zn−1i

))]
= exp

[
−1
2

(
zn − zai

)T P−1 (
zn − zai

)]
exp

(
−1
2
φi

)
,

(3.26)

where
(3.27)φi =

[
yn − H̃ f̃

(
zn−1i

)]T (
H̃Q̃H̃T + R

)−1 [
yn − H̃ f̃

(
zn−1i

)]
.

Taking the logarithm of Eq. (3.25) leads to

(3.28)−2 logwn
i = −2 logwn−1

i +
[
−2 log

(
p(yn |zni )p(zni |zn−1i )

q(ξni )






dz
n
i

dξni







)]
.

Substituting Eq. (3.26) and Eq. (3.20) into Eq. (3.28), we find

(3.29)−2 logwn
i = −2 logwn−1

i + αiξni
TP1/2P−1P1/2ξni + φi − ξni

T ξni − 2 log
(




dz

n
i

dξni







)
.

Using Eq. (3.20) and the simplified expression for the Jacobian in [ZvLA16] Eq. (19),
we can rewrite the above equation as

(3.30)

−2 logwn
i = −2 logwn−1

i + (αi − 1) ξni
T ξni + φi

− 2 log *,αNx /2
i




P1/2


 ������1 +
∂α1/2

i

∂ξni

ξni

α1/2
i

������+-
= −2 logwn−1

i + (αi − 1) ξni
T ξni + φi − 2Nx logα1/2

i

− 2 log
(


P1/2


) − 2 log *,

������1 +
∂α1/2

i

∂ξni
T

ξni

α1/2
i

������+- ,
whereNx is the dimension of themodel state. Setting the weights for all particles to the
target weight is equivalent to setting all logwi equal to the constant −C2 + log

(


P1/2


) ,
which leads to the following equation for αi :

(3.31)(αi − 1) ξni
T ξni − 2Nx logα1/2

i − 2 log *,
������1 +
∂α1/2

i

∂ξni
T

ξni

α1/2
i

������+- = C −
(
φi − 2 logwn−1

i

)
,
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in which the constant value 2 log
(


P1/2


) is included in C . Here, let ci denote the

log-weight offsets for each particle i from the target weight C as

ci = C −
(
φi − 2 logwn−1

i

)
. (3.32)

In practice, this ci can be determined using the values of φ for all particles as

ci = max
j
{φj } − φi . (3.33)

Therefore, αi is obtained as a solution satisfying Eq. (3.31) with ci determined by Eq.
(3.33).

Further assuming that the factor αi depends on ξni only through дi = ξni
T ξni , we can

simplify Eq. (3.31) to

exp
(
−αiдi

2

)
(αiдi )

Nx /2−1





d (αiдi )

dдi






 = exp
(
−дi
2

)
дNx /2−1
i exp

(
−ci
2

)
, (3.34)

(see the Appendix in [ZvLA16]). For every particle to reach the target weight, ci ≥ 0
should be satisfied; therefore, 0 < exp (−ci/2) ≤ 1 in Eq. (3.34). Furthermore, because
the function exp (−αдi/2) (αдi )Nx /2−1 on the left side has an extremum at αi = (Nx −
2)/дi , it is suggested that the solution αi of Eq. (3.34) allows two values. According to
[ZvLA16], Eq. (3.34) can be integrated from Nx/2 to∞ to yield the following equation:

Γ
(Nx

2
,
αiдi
2

)
=


exp

(
−ci
2

)
Γ

(Nx

2
,
дi
2

)
if

d (αiдi )

dдi
> 0 ,

exp
(
−ci
2

)
γ

(Nx

2
,
дi
2

)
if

d (αiдi )

dдi
< 0 ,

(3.35)

where Γ is a monotonically decreasing upper incomplete gamma function, while γ
is a monotonically increasing lower incomplete gamma function. Figure 3.1 shows
examples of functions on the left and right-hand side of Eq. (3.35) under the numerical
experimental conditions (i.e., Nx = 1000) in Section 3.3.1. Note that because Nx/2 =
500, the neighborhood of дi/2 = 500 are drawn. For the log-weight offsets ci of each
particle, the intersection of graph (a), representing the left-hand side of Eq. (3.35), and
graph (b), representing the right-hand side, is the solution αi . Therefore, the solution αi
for every particle i that satisfies Eq. (3.35) is allowed to be both α ≤ 1 and α ≥ 1. Note
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Figure 3.1: Examples of the functions shown in Eq. (3.35) for the numerical experimen-
tal conditions (Nx = 1000) in Section 3.3.1: (a) the left-hand side of Eq. (3.35) when αi is
set to 0.90, 0.95, 1.00, 1.05, 1.10, (b) in the right-hand side of Eq. (3.35) when ci = 0, 1.0,
and 2.0, the upper incomplete gamma function (Γ ) and the lower incomplete gamma
function (γ ).

that in the following calculation examples, αi is not obtained from the intersection,
but an approximate expression under higher dimensions is used. Although α ≥ 1
solutions are known to lead to systematic bias [ZvLA16], the bias decreases when the
state-space dimension Nx increases in high-dimensional cases. As another solution,
[SEvLA19] proposed a two-stage IEWPF that can eliminate this bias.

In practice, the following should be considered when generating the posterior dis-
tribution by calculating αi that satisfies Eq. (3.35). The first point is the computational
cost of finding αi numerically for each particle. To avoid this calculation, [ZvLA16]
proposed an approximation under the limiting case of Nx → ∞. Then, the solution α

can be expressed analytically using the Lambert W function [CGH+96], as expressed
in Eq. (2.55). This function has two branches: α > 1, which gives a large ensemble
spread, and α < 1, which gives the opposite effect. Therefore, it is proposed to adjust
the ratio of sampling αi for each particle i from either branch to bring the shape of the
distribution closer to the ideal one. The results for the α dependency are shown later.
The second point is the guarantee of convergence to the posterior distribution. IEWPF
can equalize the weights of all particles, but the convergence of the filter distribution
to the posterior distribution was only confirmed experimentally by [ZvLA16] and not
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shown theoretically.

3.2.4 Parameter nudging with proposal density

The effectiveness of the method proposed in the previous section, which augments
parameters as artificial states, depends on the cross-covariance between states and
parameters. To improve the accuracy and resilience of time-varying parameters, we
introduce an optimization algorithm from machine learning into the parameter time
evolution model using the flexibility of the proposal density in particle filtering. Us-
ing the model error covariance matrix Q̃ in Eq. (3.11), the model transition density is
expressed as

p
(
zn |zn−1

)
= N

(
f̃

(
zn−1

)
, Q̃n

)
. (3.36)

The forecast pdf expressed in Eq. (3.12) is allowed to both divide and multiply the
model transition density by a proposal transition density q, leading to

(3.37)p
(
zn |y1:n−1

)
=

∫ p
(
zn |zn−1

)
q

(
zn |zn−11:N ,y

n
)q (

zn |zn−11:N ,y
n
)
p

(
zn−1 |y1:n−1

)
dzn−1.

Drawing from p
(
zn |zn−1

)
corresponds to using the original model transition density

Eq. (3.36). Still, we could instead draw from q
(
zn |zn−11:N ,y

n
)
, which would correspond

to any other model transition that we choose. This allows us to control the transition
of both state and parameters by choosing proposal density q.

Sequential observation data can be considered as samples for the stochastic gradi-
ent descent (SGD) algorithm based on the similarity between sequential data assimila-
tion and online learning or stochastic optimization in that the data are given sequen-
tially. The ideas in stochastic optimization have advanced in recent years in machine
learning and deep learning with large-scale data. The basic problem structure classifi-
cation and associated solutions are summarized in [Han15]. The effectiveness of SGD
for large-scale learning problems, that is, cases with large-scale data, is also described
in [Bot10]. The optimization algorithm used in the present IEWPF method is described
in the next section. We assume an objective function Lni (θ ) and consider the problem of
minimizing this function. The parameter θn can be updated by the following iteration:

θn ← θn−1 − λдn, (
e .д., дn ∈ ∇Lni (θ )

)
, (3.38)
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where λ is the step size, sometimes called the learning rate in machine learning con-
texts. The function дn expresses the update rule for the parameter.

Here, we consider introducing the above parameter update analogy to the transi-
tion density modification. In the next step of the last observation n, that is, n + 1, we
give the proposal density q at time step n + 1 for augmented state z as

q
(
zn+1i |zni ,yn

)
= N *, f̃ (

zni
)
+ *, 0
−λд

(
θn−1i ,y

n
) +- , Q̃n+1+-

≡ N
(
f̃

(
zni

)
+ д̃n, Q̃n+1

)
,

(3.39)

where the augmented nudging term is denoted as д̃n. Therefore, the step size λ and
the function д(θn−1i ,y

n) have the same role as Eq. (3.38) and together express the nudg-
ing term, forcing estimated model parameters towards true values, and yn is the last
observed data vector. Q̃n+1 is the same augmented model error covariance matrix as
described in Eq. (3.11) with correlated perturbation. Then, updating the augmented
state vector after the last observation step n is given as follows, instead of the original
updating expressed in Eq. (3.5):

zn+1i = f̃
(
zni

)
+ ρ̂n+1i , (3.40)

where
(3.41)p

(
ρ̂n+1

)
= N

(
д̃n, Q̃n+1

)
.

This corresponds to only modifying the augmented perturbation ρ̂n+1, which shifts
the mean value of the parameters. Note that sampling from this proposal transition
density instead of the original model is compensated by an extra weight as described
in [AvL15]:

(3.42)

p
(
zn+1i |zni

)
q

(
zn+1i |zni ,yn

) ∝ exp
[
− 1
2

(
zn+1i − f̃ (zni )

)T
Q̃−1

(
zn+1i − f̃ (zni )

)
+
1
2

(
zn+1i −

(
f̃ (zni ) + д̃

n
))T

Q̃−1
(
zn+1i −

(
f̃ (zni ) + д̃

n
)) ]

= exp
[
− 1
2

(
ρ̂n+1i

)T
Q̃−1 ρ̂n+1i +

1
2

(
ρ̂n+1i − д̃n

)T
Q̃−1

(
ρ̂n+1i − д̃n

) ]
.
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3.2.5 Adam method-based parameter nudging

As discussed above, we introduced a nudging term for the parameters by taking ad-
vantage of the flexibility of the proposal density in particle filtering. One of the main
points of this thesis is that we can choose any term that forces the parameters to-
ward the true value. Therefore, our scheme is combined with a well-known gradient
descent optimization algorithm that has evolved in recent years as deep learning pro-
gresses [ATY+18]. In general, a task in machine learning and deep learning is often ex-
pressed as the problem of finding parameters that minimize (ormaximize) the objective
function, and the key is to quickly find the optimal parameters. Typical optimization
formulations and algorithms are summarized in [SCZZ19].

Regarding gradient-based optimization algorithms, [Rud16] showed a classifica-
tion of algorithms and a description of typical examples. Momentum-based algorithms
accumulate a decaying sum of the previous gradients into a momentum vector and
use that instead of the true gradients. This method has the advantage of accelerating
optimization along dimensions where the gradient remains relatively consistent and
slowing it along turbulent dimensions where the gradient is significantly oscillating.
Another approach is norm-based algorithms, which divide a portion of the gradient
by the L2 norm of all previous gradients. This has the advantage of slowing down
optimization along dimensions that have already changed and accelerating it along di-
mensions that have only changed slightly. In our method, we use the adaptive moment
estimation (Adam) proposed by [KB14], which combines the above two approaches.

Our proposed formulation of the function д(θn−1i ,y
n) for the parameter nudging

term in Eq. (3.39) is as follows. First, f̃ (zn−1i ) can be regarded as the expected value of
zni given zn−1i and is defined by

z̄ni = E[zni |zn−1i ] = f̃ (zn−1i ). (3.43)

Next, we chose the log-likelihood ofp
(
yn |z̄ni

)
as the aforementioned objective function

Lni in Eq. (3.38) as follows:

Lni ≡ −2 log
[
p

(
yn |z̄ni

)]
. (3.44)

Here, Eq. (3.44) can be calculated from the likelihood with respect to the observed
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value yn at observation step n and ensemble member i , given z̄ni , as follows:

(3.45)p
(
yn |z̄ni

) ∝ exp
[
−1
2

(
yn − H̃z̄ni

)T
R−1

(
yn − H̃z̄ni

)]
.

Then, we define the function д(θn−1i ,y
n) in Eq. (3.39) by using the gradient of the ob-

jective function Lni as follows. Following [KB14], we introduce the moving averages
of the gradient and the squared gradient, and denote them asmn

i and v
n
i , respectively.

Their update equations are expressed using the gradient of Lni as follows:

mn
i = µmm

n−1
i + (1 − µm)∇θLni ,

vni = µvv
n−1
i + (1 − µv ) 

∇θLni 

2 , (3.46)

where the hyperparameters µm and µv control the decay rate for these moving aver-
ages. Note that the gradient ∇θLni requires computing the partial derivatives of the
likelihood with respect to the parameters in Eq. (3.45). Because these moving averages
are initialized (as a vector of zeros), the moment estimates are biased toward zero, es-
pecially during the initial time step and especially when the decay rates are low (i.e.,
µm and µv are chosen to be close to 1). According to [KB14], mn

i and vni in Eq. (3.46)
are modified as follows to cancel these biases:

m̂n
i =

mn
i

1 − µm
, v̂ni =

vni
1 − µv

. (3.47)

Finally, the function д(θn−1i ,y
n) expressed in Eq. (3.39) is obtained as follows:

д(θn−1i ,y
n) =

m̂n
i√

v̂ni + δ
. (3.48)

Here, the factor
√
v̂ni represents the L2 norm of the past gradients via thevn−1i term and

current gradient in Eq. (3.46), and scales the gradient. Note that δ is a factor to prevent
dividing by zero and is set to 1.0 × 10−8 in the following experiment.

The present method contains two procedures dependent on the observation: (1)
state and parameter update by the IEWPF and computation of the likelihood gradient
at the observation step, and (2) parameter nudging with proposal density between
observations. The algorithm is summarized as follows:

(1) State and parameter update at the observation step
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• Sample initial particle for state x0i and parameter θ 0i , i = 1, . . . ,N .

• For every model time step k :

– Perform a forecast based on model transition.

– Differentiate the state-updating function f by the parameter θ , and then
update the augmented covariance matrix Q̃k .

• When the model reaches the observation time n, for each particle i:

– Compute φi for all particles with Eq. (3.27), and then determine ci from Eq.
(3.33).

– Calculate αi that satisfies Eq. (3.35) using the analytical solution of the
Lambert W function expressed as Eq. (2.55).

– Update the state and parameter using Eq. (3.20) and Eq. (3.22).

– Normalize and update the weight.

• In preparation for the next forecast step:

– Compute likelihood p
(
yn |z̄ni

)
from observation yn and observation error

covariance R with Eq. (3.45), and then obtain likelihood gradient ∇θLni from
Eq. (3.44).

– Compute parameter nudging term λд
(
θn−1i ,y

n
)
from Eq. (3.48), by using

hyperparameters µm and µv and step-size factor λ.

(2) Parameter nudging at the forecast step

• At the time step n + 1 in the next step after observation, for each particle i:

– Generate parameter perturbation using the computed parameter nudging
term λд

(
θn−1i ,y

n
)
from Eq. (3.41).

– Compute the extra weight in Eq. (3.42).

– Perform a forecast using Eq. (3.40).
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3.3 Numerical experiments

The effectiveness of the proposed method was demonstrated through two synthetic
test cases as follows. The first case is a linear model with additive parameters, where
all model states are observed directly at every time step. Although this thesis focuses
on a nonlinear system, we use a linear model to verify that the shape of the posterior
pdf is close to the true one. The second case is the Lorenz 96 model ([Lor96]) with pa-
rameterized forcing, where only the model states are observed directly at every fourth
step.

3.3.1 Linear model with unknown parameter

To compare the estimates of the present method with the analytically calculated true
values, we use the following linear model:

*, xn

θn
+- = *, Fx Fxθ

O I
+- *, xn−1

θn−1
+- + *, βn

ηn
+- , (3.49)

where x ∈ RNx is a model state vector with dimension Nx and θ ∈ RNθ is a parameter
vector with dimension Nθ . βn and ηn are random perturbations drawn from the model
error pdf N (0,Qβ ) and parameter error pdf N (0,Qη), respectively. The matrices Fx ∈
RNx×Nx and Fxθ ∈ RNx×Nθ represent the linear model. Here, we define the following
matrices:

F̃ = *, Fx Fxθ

O I
+- , G̃ = *, I Fxθ

O I
+- . (3.50)

Then, Eq. (3.49) can be rewritten by using Eq. (3.4) as follows:

(3.51)*, xn

θn−1
+- = F̃ *, xn−1

θn−2
+- + G̃ *, βn

ηn−1
+- ,

When the initial prior pdf is Gaussian, the true posterior pdf should also be Gaussian. If
the posterior pdf at timen−1 is Gaussian with covariancematrix Pn−1|n−1, the predicted
covariance matrix Pn |n−1 of the prior pdf expressed in Eq. (3.51) can be calculated as
follows:

Pn |n−1 = F̃Pn−1|n−1F̃
T + G̃Q̃G̃T , (3.52)
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where

G̃Q̃G̃T = *,
FxθQηF

T
xθ

+Qβ FxθQη(
FxθQη

)T
Qη

+- , (3.53)

and this term is equivalent to Eq. (3.11) when using the linear model F̃ defined in Eq.
(3.50) and Eq. (3.51).

In the following experiments, we choose the dimension of the model state Nx =
1000 and the parameter Nθ = 1 to consider a simple high-dimensional system with one
parameter. To set the model, Fx = I , Fxθ = 0.1, and the time evolution model described
in Eq. (3.51) and observation model are expressed as

zn = *, xnj
θn−1

+- = *, xn−1j + 0.1 θn−2

θn−2
+- + *, βn + 0.1ηn−1

ηn−1
+- ,

yn = H̃zn + ϵn,

(3.54)

where index j = 1, . . . ,Nx indicates the elements of the model state x . Here, the obser-
vationmodel H̃ = ( I 0 )when all variables are observed, and ϵ is the observation error
drawn from the observation error pdfN (0,R). Because we assume a time-independent
state transition matrix F̃ , the covariance matrix satisfying the linear system defined by
Eq. (3.54) converges to the steady-state matrix P such that Pn |n−1 = Pn−1|n−2 ≡ P , and
satisfies the discrete-time Riccati equation [Won68] as follows:

(3.55)P = F̃P F̃T − F̃PH̃T
(
H̃PH̃T + R

)−1
H̃PF̃T + G̃Q̃G̃T .

Therefore, the shape of the true posterior pdf in Eq. (3.54) can be obtained by solving
Eq. (3.55) numerically and comparing to the distribution obtained from our IEWPF.

The procedure for the comparison using synthetic data is as follows. Let us assume
the initial ensemble members z0i are sampled from the background errorN (0,B). First,
one member from the ensemble generated under the model error covariance matrixQ
and the background error covariance matrix B is used as the “truth.” Observations are
then created from this “truth” and the observation error defined by covariance matrix
R. In the following experiments, the true value of the parameter is 0. The background
error covariance matrix for the states Bx and the parameter Bθ are chosen as a diagonal
matrix with the main diagonal values of 1 and 0, respectively. The true model error
covariancematrix for the stateQβ and the parameterQη are chosen as a diagonalmatrix
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with the main diagonal values of 0.04 and 0, respectively. The observation error matrix
R is diagonal, and the main diagonal value is set to 0.01.

Next, for the assimilation, we choose the same matrices Qβ , Bx , and R as when
the observation was generated. The main diagonal values for matrices Qη and Bθ for
parameters are set to be 0.04 and 0.001, respectively. The number of particles is set to
N = 20 to demonstrate the validity of the estimation with a sufficiently small number
of particles compared to the dimension of the state (i.e., Nx = 1000). In the experiment,
all model state variables x are observed at every step. Note that the step size λ in Eq.
(3.39) is set to zero to evaluate the parameter augmentationmethod of IEWPF described
in Section 3.2.2. To investigate the dependency of aforementioned αi on the shape of
the posterior pdf, we compare the variance of pdfs estimated with the values sampled
from the αi ≥ 1 branch at three sampling percentages: 0%, 50%, and 100%. Note that
50% means sampling from both branches of αi ≥ 1 and αi ≤ 1, which is the closest to
the true pdf according to [ZvLA16]. Thus, 0% and 100% mean sampling only from the
αi ≤ 1 branch and αi ≥ 1 branch, respectively.

Figure 3.2 shows an example of the calculated αi from the Lambert W function,
which is the approximate analytical solution of Eq. (3.35). The calculated αi is the
accumulation of 1000th steps with 20 particles, showing bothW0 andW−1 branches.
The analytical solutions αi (дi ) as a function of дi with different log-weight offsets ci
shown as Figure 2.3 in Chapter 2 are also drawn. From this figure, one can read off the
log-weight offset ci corresponding to the calculated αi .

Figure 3.3 shows histograms of the variance accumulated from steps 20 to 1000
for comparing the two sampling cases of α with the diagonal value of R = 0.01. The
variances of both (a) state Var (x ) and (b) parameter Var (θ ) are averaged over the di-
mension, that is, Nx = 1000 and Nθ = 1, for the variables and parameter, respectively,
and the number of particles N for each dimension, as follows:

Var (xn) =
1
Nx

Nx∑
j=1

1
N

N∑
i=1

(
xni − xn

)2
j
,

Var (θn) =
1
N

N∑
i=1

(
θni − θn

)2
,

(3.56)

where the index j denotes the elements of state x and xn and θn are the ensemble
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Figure 3.2: Examples of the calculated αi and the analytical solutions using the Lam-
bert W function. Calculated values represent an accumulation of 1000th steps, divided
intoW0 branch (blue points) andW−1 branch (red points). The analytical solutions are
shown as a function of дi with different log-weight offsets ci = 0, 10, 100, and 300.

means. Note that the dimension of parameter θ is one. The true variances based on
the solution of Eq. (3.55) are shown as “True.” From these comparisons, both the state
and parameter variances are close to the “True” value when sampling 50% from the
αi ≤ 1 branch. In contrast, when sampling from only the α ≤ 1 branch and only the
α ≥ 1 branch, we see that the variance becomes smaller and larger, respectively, with
the same trend as for [ZvLA16].

Figure 3.4 compares the posterior pdf obtained in the 50% sampling case with the
true pdf for the diagonal value of R = 0.01. Because the ensemble size is too small
compared to the number of model dimensions, both of the estimated pdfs are shown
as histograms accumulated over the time evolution from steps 20 to 1000 for the state
and parameter. From Figure 3.4 (a) and (b), we see that the obtained pdfs for state x1
and parameter θ are close to the true pdf.

These results indicate that the method of combining the parameter vector with the
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Figure 3.3: Histograms of cumulative variance comparing diagonal values of R = 0.01
for (a) state and (b) parameter, respectively. Three sampling percentages from the
α ≤ 1 branch – 100%, 50%, and 0% – are compared with the true variance (dashed line).

state vector of IEWPF using an augmented state space model is effective. Then, the
variance and shape of the posterior pdf for the parameter are also close to those of the
true pdf under the condition that the variance and shape of the posterior pdf for the
state are close to those of the true pdf.

3.3.2 Lorenz 96 model with parameterized forcing

The Lorenz 96model [Lor96] has a chaotic (i.e., nonlinear) behavior thatmimicsweather
phenomena with advection, dissipation, and forcing terms. It is widely used for testing
and benchmarking data assimilation algorithms as a toy model because of its dimen-
sional extensibility and ease of implementation. From this perspective, this study uses
the Lorenz 96 model with a parameterized forcing term as the time evolution model
expressed in Eq. (3.1) to explore the validity of the IEWPF method with nudging in a
nonlinear high-dimensional system. The model equation is given by

d

dt
xj = (xj+1 − xj−2)xj−1 − xj + Fj , (3.57)
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Figure 3.4: Posterior pdfs represented by particles using 50% sampling case compared
with true pdf (full line) for (a) state x1 of element one and (b) parameter θ .

where index j = 1, . . . ,Nx with cyclic indices, xj is the state variable for the model at
position j, Nx is total dimension, and Fj is the forcing term parameterized by

Fj (θ0,θ1,θ2) = c0θ0 + c1θ1 sin
(
2π
c2θ2

j

)
, (3.58)

for which c0, c1, and c2 are true values and θ0,θ1, and θ2 are their respective scale pa-
rameters that have to be estimated. For the evaluation of nonlinearity, the value of Fj ,
which is typically chosen to be 8 or more to generate chaotic behavior, is set as follows.
The values of c0 and c1 are set to 8 and 4 respectively, and c2 is set to the same value
as the dimension of the model state: Nx . Then, the scale parameters θ0,θ1, and θ2 are
estimated, and their true values are found to be 1 each. By introducing this parame-
terized forcing term Fj(θ0,θ1,θ2), each state variable xj exhibits parameter-dependent
chaotic behavior. This model is numerically solved by the fourth-order Runge-Kutta
scheme with a time step of ∆t = 0.05.

The procedure for the following experiment is the same as for the previous linear
model. The true model error covariance matrixQβ for states is chosen as a tridiagonal
matrix, themain diagonal value being 0.10 and both sub- and super-diagonal values be-
ing 0.025. The background error covariance matrix for the states Bx and the parameter
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Table 3.1: Summary of conventional and proposed methods shown in Section 3.2.

MH1 MH2 MH3
Conventional augmented
method expressed as Eq.
(3.2)

Proposed state-space model
expressed as Eq. (3.5) with
the covariance matrix Q̃

MH2 and Adam method-
based nudging described
in Section 3.2.5

Bθ are chosen as a diagonal matrix with the main diagonal values 1 and 0, respectively.
In the experiments below, the true observation error matrix R is diagonal, with main
diagonal values of 0.02. For the assimilation, we choose the same matricesQβ , Bx , and
R as when the observation was generated, namely, the true one. The matrices Qη and
Bθ for parameters are diagonal matrices with main values of 5.0 × 10−6 and 0.001, re-
spectively. The step size λ for the Adam method is set to 0.001. As in the linear model,
the number of particles is set to N = 20. To consider high-dimensional cases, Nx is
chosen as 1000, as in the linear model experiment.

In contrast to the previous evaluation using the linear model and a static parameter,
this experiment investigates the ability of the present method to estimate time-varying
(i.e., dynamic) parameters in nonlinear high-dimensional systems. In the experiment,
all model states are observed every fourth step (i.e., the assimilation interval is 4).
Moreover, this 1000-dimensional evaluation with only 20 particles can validate its ap-
plicability to realistic geophysical, climate, and other problems. First, we compare the
methods outlined in Section 3.2 in terms of the root mean square error (RMSE) and the
ensemble spread. Table 3.1 summarizes the three comparison methods. Next, we com-
pare the impact of the parameter error covarianceQη and the step-size factor λ on the
ensemble. The performance indicator for parameter estimation is not only the RMSE
but also the ratio of the RMSE to the spread in the ensemble, and it is preferable that
their ratio become one for Gaussian variables. This indicates that the RMSE, which
represents the forecast error, and the spread, which represents the uncertainty of the
forecast, are in agreement, i.e., the forecast is neither under- nor overestimated, which
is appropriate. Note that for non-Gaussian variables, this is only true for the forecast
ensemble [FAAT14].



3.3 Numerical experiments 69

1360 1380 1400 1420 1440 1460 1480 1500
Time step

5

0

5

10

x 1

(a) MH1

Ensemble
Truth

1360 1380 1400 1420 1440 1460 1480 1500
Time step

5

0

5

10

x 1

(b) MH2

Ensemble
Truth

1360 1380 1400 1420 1440 1460 1480 1500
Time step

5

0

5

10

x 1

(c) MH3

Ensemble
Truth

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

0

Ensemble
Truth

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

0
Ensemble
Truth

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

0

Ensemble
Truth

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

1

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

1

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

1

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

2

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

2

0 200 400 600 800 1000 1200 1400
Time step

0.6

0.8

1.0

1.2

1.4

2

Figure 3.5: Comparison of estimated state and parameter trajectories between (a) the
conventional augmented method (MH1), (b) the new method without nudging (λ =
0) (MH2), and (c) the new method with nudging (λ = 0.001) (MH3). The solid lines
(blue) show each of the 20 ensemble members, and the dashed lines (red) show the
true parameter value. Only steps 1350–1500 are shown for the state, and each true
parameter is increased by 30% at step 200.

Comparison of the methods

Figure 3.5 compares the true values and particle trajectories for the three methods
described above for the state x1 and the three scale parameters θ0,θ1, and θ2. All vari-
ables are observed every four steps, setting the main diagonal value of matrix R to 0.02.
Each true parameter is increased by 30% at step 200, as the dashed red line shows. The
figure shows the difference in tracking performance of the three methods for abrupt
parameter changes and the advantage of the present method. Method MH1 shown in
Figure 3.5 (a) is the conventional augmented method expressed as Eq. (3.2). There are
some steps where the trajectories of each ensemble deviate from the true trajectory
in the state, and the ensemble spreads out greatly and cannot track abrupt changes in
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all three parameters. Then, both methods MH2 and MH3 shown in Figure 3.5 (b) and
(c), respectively, are based on the proposed state-space model expressed as Eq. (3.5)
with the covariance matrix Q̃ . Method MH3 shown in Figure 3.5 (c) further applies the
Adammethod-based nudging described in Section 3.2.5 with step-size factor λ = 0.001.
The results for the state show that the trajectories of each ensemble are close to the
true trajectory. Although both methods tend to approach the true values for θ0 and θ2,
the Adam method-based nudging is more accurate and responsive to abrupt changes,
especially for θ1.
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Figure 3.6: Comparison of time series RMSE after an abrupt parameter change (step
200 step) between augmented method MH1, method MH2 without nudging (λ = 0),
and method MH3 with nudging (λ = 0.001), as per Figure 3.5. The third step after the
filtering for the (a) state and all steps for the (b) parameter are shown. Each value is
averaged over all elements.

Figure 3.6 (a) and (b) shows comparisons of the time series RMSE for the states and
parameters, respectively. The horizontal axis indicates time steps 100–600, where the
difference between methods is significant in Figure 3.5. For the state, because the as-
similation interval is four, each value represents the average of all elements (i.e., 1000)
for the third step, which has the largest prediction error after filtering. For the param-
eter, the average values of all elements (i.e., 3) for all steps are shown. The results show
that the estimation error for the parameters after the abrupt parameter change (step
200) increases the error in the forecast step of the model states, and the estimation er-
ror of method MH3 decreases the fastest for both states and parameters. Figures 3.7(a)
and (b) show the RMSE and spread comparisons for the states and parameters, respec-
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Figure 3.7: Box plots showing comparisons of RMSE and spread for forecast and filtered
ensembles between augmented method MH1, method MH2 without nudging (λ = 0),
and method MH3 with nudging (λ = 0.001), as per Figure 3.5. Each IQR indicates the
dispersion of the (a) state and (b) parameter elements averaged over the forecast and
filtering in steps 100–1500. Outliers are not plotted.

tively. Each box plot shows the time-averaged RMSE and spread at the forecast and
filtering steps 100–1500 shown in Figure 3.5, including the abrupt change (at step 200).
Therefore, the interquartile range (IQR) of the box plot indicates the dispersion across
the dimensions of the model states (1000) and parameters (3). Note that outliers are not
plotted to exclude estimation errors immediately after the abrupt changes at step 200.
From the result for the states shown in Figure 3.7 (a), the new methods (i.e., MH2 and
MH3) have smaller RMSE values and dispersion than those of the conventional method
(i.e., MH1), especially in the forecast step. The result for the parameters shown in Fig-
ure 3.7 (b) clearly shows that both the RMSE values and dispersion of MH3 (i.e., with
nudging) are smaller than the others, and the spread is also smaller. The fact that the
RMSE dispersion for MH3 is smaller than that for MH2 means that the difference in
RMSE in the three parameters is small. Thus, the Adam-based nudgingmethod reduces
differences in estimation accuracy for each parameter, which shows the effectiveness
of combining IEWPF with Adam.
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Table 3.2: Summary of experimental conditions

Conditions exp1 exp2 exp3 exp4
σ 2
η 1.0 × 10−6 5.0 × 10−6 1.0 × 10−5 5.0 × 10−5
λ 0.001 0.001 0.001 0.001
R 0.02 0.02 0.02 0.02

Observation all all all all
Conditions exp5 exp6 exp7 exp8 exp9

σ 2
η 5.0 × 10−6 5.0 × 10−6 5.0 × 10−6 5.0 × 10−6 5.0 × 10−6
λ 0.0005 0.002 0.004 0.004 0.004
R 0.02 0.02 0.02 0.08 0.02

Observation all all all all half

Dependence of parameter error covariance and step-size factor

In the following, we investigate the impact of the parameter error covariance Qη and
the step-size factor λ on the estimation accuracy (RMSE) and the ensemble spread.
Table 3.2 summarizes the conditions of the subsequent experiments.

Figure 3.8 and Figure 3.10 show the true values and the particle trajectories for the
scale parameter θ0 under the combination of different values ofQη and λ, respectively.
Note that Qη is chosen as a diagonal matrix and is denoted as Qη = σ 2

η I . The graph
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Figure 3.8: Comparison of estimated parameter trajectories between different values of
σ 2
η : 1.0×10−6 (exp1), 5.0×10−6 (exp2), 1.0×10−5 (exp3), and 5.0×10−5 (exp4) under the
same value of λ = 0.001. The solid lines (blue) show each of the 20 ensemble members,
and the dashed lines (red) show the true parameter value. Each true parameter is
increased by 30% at step 200.

labeled exp2 in Figure 3.8 is the reference condition with σ 2
η = 5.0 × 10−6 and λ =

0.001; it is the same graph shown in Figure 3.5 (c) θ0. The other graphs exp1, exp3, and
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exp4 in Figure 3.8 show the cases where σ 2
η is 1.0 × 10−6, 1.0 × 10−5, and 5.0 × 10−5,

respectively, under the same value of λ = 0.001. These graphs show that the larger the
parameter covariance, the larger the ensemble spread and the less overshoot after the
abrupt parameter change.

Next, we quantitatively evaluate the impact of the parameter error covariance Qη

on the ensemble. Figure 3.9 shows the dependence of the parameter error covariance
Qη on the RMSE and spread for (a) states and (b) parameters. Each box plot shows
the time-averaged RMSE and spread at the forecast and filtering steps 100–1500. The
forecast RMSE and spread include three cycles of forecast steps because the filtering
interval is four. The four values of σ 2

η shown on the horizontal axis are for exp1, exp2,
exp3, and exp4 in Figure 3.8. Note that outliers are not plotted to exclude estimation
errors immediately after abrupt changes in step 200. For the states, we can see from

1.0 × 10 6 5.0 × 10 6 1.0 × 10 5 5.0 × 10 5

Diagonal value 2 of Q

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

RM
SE

(a) State

forecast RMSE
forecast Spread

filtering RMSE
filtering Spread

1.0 × 10 6 5.0 × 10 6 1.0 × 10 5 5.0 × 10 5

Diagonal value 2 of Q

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

RM
SE

(b) Parameter
forecast RMSE
forecast Spread

filtering RMSE
filtering Spread

Figure 3.9: Box plots showing comparison of RMSE and spread for each of forecast and
filtered ensembles between different values of σ 2

η = 1.0×10−6, 5.0×10−6, 1.0×10−5, and
5.0 × 10−5, as for Figure 3.8. Each IQR indicates the dispersion of the (a) state and (b)
parameter elements averaged over the forecast and filtering steps 100–1500. Outliers
are not plotted.

Figure 3.9 (a) that neither the RMSE value nor the spread value depends on the diagonal
value for the parameter error covariance Qη . In addition, the values of the forecast
RMSE and spread are close, that is, their ratio is close to one. In contrast, for the
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parameters, Figure 3.9 (b) shows that as the diagonal values σ 2
η increase, the spread

values also increase, and the RMSE values decrease. Especially in the case of σ 2
η =

5.0 × 10−5, the values of the forecast RMSE and spread are close, that is, their ratio is
close to one.
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Figure 3.10: Comparison of estimated parameter trajectories between different values
of λ: 0.0005 (exp5), 0.001 (exp2), 0.002 (exp6), and 0.004 (exp7) under same value of
σ 2
η = 5.0× 10−6. The solid lines (blue) show each of the 20 ensemble members, and the
dashed lines (red) show the true parameter value. Each true parameter is increased by
30% at step 200.

The graph shown in Figure 3.10 exp2 is the same graph in Figure 3.8 exp2 for the
reference condition with σ 2

η = 5.0 × 10−6 and λ = 0.001. In cases exp5, exp6, and
exp7 in Figure 3.10, λ = 0.0005, 0.002, and 0.004, respectively, under the same value of
σ 2
η = 5.0 × 10−6. These graphs show that the larger the step-size factor, the faster the
value approaches the true value after the abrupt change, but the more likely it is to
overshoot.

Figure 3.11 shows the dependence of the step-size factor λ on the RMSE and spread
for (a) states and (b) parameters. Each box plot shows the time-averaged RMSE and
spread at the forecast and filtering steps 100–1500, and the forecast RMSE and spread
include three cycles of forecast steps, as in Figure 3.9. The four values of λ shown
on the horizontal axis are for exp5, exp2, exp6, and exp7 in Figure 3.10. Note that
outliers are not plotted, as in Figure 3.9. Similar to the trend shown in Figure 3.9, there
is almost no dependence of the step-size factor λ on the RMSE and spread for states.
For parameters, the spread does not increase even as the step-size factor λ increases,
but the RMSE decreases, that is, the ratio of the forecast RMSE to the spread gradually
approaches one.
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Figure 3.11: Box plots showing comparison of RMSE and spread for each of forecast
and filtered ensembles between different values of λ = 0.0005, 0.001, 0.002, and 0.004,
as for Figure 3.10. Each IQR indicates the dispersion of the (a) state and (b) parameter
elements averaged over forecast and filtering steps 100–1500. Outliers are not plotted.

Dependence of observation error and number of observations

To evaluate the dependence of the observation error and number of observations, we
compare the large step size condition, λ = 0.004 (exp7), with two additional experi-
ments (exp8 and exp9). In case exp8, the main diagonal value for the matrix R is large,
and in the following, the value is set to 0.08. Note that experiment exp8 uses observa-
tion data generated at R = 0.08. Hence, R for data generation and assimilation are the
same value. In the second case exp9, the state is observed at every other grid point,
so that h(xn) =

(
xn1 ,x

n
3 , . . .

)T
. In both the additional experiments, the step size and the

diagonal value for the parameter error covariance are the same as for exp7: λ = 0.004
and σ 2

η = 5.0 × 10−6.
Figure 3.12 shows a comparison of the RMSE and spread for different observation

conditions for the (a) state and (b) parameter. The description of the box plot is the same
as in Figure 3.11. In Figure 3.12, exp7 shows the results of the reference condition, R =
0.02, and all model states are observed. From the comparison of the exp7 and exp8 cases
in Figure 3.12 (a), the change in R from 0.02 to 0.08 increases both the RMSE and spread,
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Figure 3.12: Box plots showing comparisons of the RMSE and spread for forecast and
filtered ensembles between the large step size condition (exp7) and two large obser-
vation error cases: R = 0.08 (exp8) and partially observed (exp9). Each IQR indicates
the dispersion of the (a) state and (b) parameter elements averaged over forecast and
filtering steps 100–1500. Outliers are not plotted. “Ob” and “Uo” represent observed
and unobserved states, respectively.

but the spread increase is somewhat more pronounced. For the parameter in Figure
3.12 (b), RMSE values and dispersion tend to increase compared to the spread. From
comparison of cases exp7 and exp9 in Figure 3.12 (a), because the number of observed
variables was reduced to half, both the RMSE and spread are increasing except for the
filtering value of the observed variable. As for the parameters, both the RMSE and
spread show a small increase in their median value, but an increase in dispersion. The
results indicate that increasing the observation error and decreasing the observation
density increase the differences in estimation accuracy between parameters. In other
words, the decrease in observed information reduces the estimation accuracy for the
parameters with little impact (i.e., low sensitivity) on the model state. Since the RMSE
was reduced by increasing the step size and parameter error covariance in the previous
experiment, a reduction in the error difference between parameters can be expected
even at this low observation density.
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3.4 Conclusion

This chapter described a resilient and efficient state and time-varying parameter esti-
mation method for nonlinear high-dimensional systems through a sequential data as-
similation process. First, we introduced an extension of IEWPF to an augmented state-
space model with a correlated covariance matrix. We then presented an IEWPF-based
method that incorporates a nudging technique inspired by optimization algorithms in
machine learning into the parameter time evolution model by using the flexibility of
the proposal density in particle filtering.

The performance of the method is examined in a 1000-dimensional linear model
and the nonlinear Lorenz 96 model. Experiments on the linear model with the static
parameter indicate that the impact of the scalar factor α on the variance of the param-
eter is similar to that on the variance of the state. Numerically, under the condition
that the variance and shape of the posterior pdf for the states are close to the true ones,
those for the parameter are also close to the true ones.

The experimental results for the nonlinear Lorenz 96 model with time-varying pa-
rameters show the following points. First, the presented state augmentation method
successfully estimates states and parameters simultaneously, even when the number
of ensemble members is much smaller than the model dimension. This result indicates
that filter degeneracy is avoided when extended to an augmented state-space model.
Second, the parameter nudging method inspired by optimization algorithms acceler-
ates the tracking of abrupt parameter changes and reduces the difference in estimation
accuracy for each parameter. This result suggests the effectiveness of combining the
IEWPF with the Adam optimization algorithm. Third, from evaluating the impact of
the parameter error covariance and the step-size factor on the time-averaged RMSE
and the ensemble spread, the former increases the spread and decreases the RMSE,
while the latter decreases the RMSE. Properly determining these values so that the ra-
tio of the RMSE to the spread approaches one will allow for good ensemble generation.
However, a systematic method for this determination is a subject of future research.
Finally, from evaluating the dependence of the observation error and the number of
observations, the decrease in observed information reduced the estimation accuracy
for parameters with little impact (i.e., low sensitivity) on the model state. This could
potentially be mitigated by adjusting the step-size factor and the parameter error co-
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variance. Alternatively, it may be beneficial to narrow the parameters to be estimated
to those with high sensitivity through a preliminary sensitivity analysis.

In the numerical experiments in this chapter, the Lorenz 96 model with parameter-
ized forcing was used mainly to evaluate the nonlinearity of the time evolution of the
model states, but further investigation of the nonlinearity of the parameters is needed.
Adam optimization is a first-order gradient-based method, and it is widely used to
learn the weights in deep neural networks, that is, nonlinear functions. Thus, our
Adam-based nudging term can work theoretically in nonlinear problems. However,
even for nonlinear convex problems, there are conditions and limits to convergence,
and new methods have been proposed [RKK19]. Furthermore, convergence for non-
convex problems is still an open question, though [CLSH18] developed an analysis
framework and a set of sufficient conditions that guarantee convergence. Therefore,
the applicability of the IEWPF method with nudging to various nonlinear problems in
data assimilation needs to be investigated. In particular, future research topics include
how well the first-order approximation of the parameters introduced in Eq. (3.3) and
the gradient method used for parameter nudging can handle the nonlinearity associ-
ated with the parameters.

In this chapter, we applied the new online parameter estimation scheme to IEWPF
as an example of a PF that can avoid filter degeneracy. The method is shown to be ca-
pable of resilient and efficient parameter estimation for time-varying parameters. The
results lead to the conjecture that the newmethod is applicable to realistic geophysical,
climate, and other problems. Because several approaches have been proposed to avoid
filter degeneracy (e.g., [SEvLA19]), the evaluation of another combination is a subject
of future research.
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Posterior distribution estimation in
implicit equal-weights particle filter

The previous chapters described an extension of the implicit equal-weights particle
filter (IEWPF) to parameter estimation. This chapter shows how to estimate inherent
coefficients (factors) in IEWPF from the perspective of eliminating the need for prior
assumptions and tuning. We propose a method for adaptively determining the factor
by iterative computation using analytical solutions of the Lambert W function and the
Kullback-Leibler (KL) divergence.

4.1 Introduction

A simple way to solve the filter degeneracy problem is to ensure that all particle
weights are equal. IEWPF, which sets the target weights to the minimum of the opti-
mal proposal weights of all particles, was proposed by [ZvLA16]. An extension of this
method to parameter estimation was also presented in Chapter 3. In these methods,
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each particle is sampled from a mode of optimal proposal density and scaled random
perturbations. The scalar factor here is chosen so that theweight of each particle equals
the target weight. In other words, the factor must be determined so that each particle
reaches the target weight. There are two issues in determining this factor. First, this
structure is known to exclude part of the state space for all particles except one (i.e.,
the particle with the target weight) [vLKN+19]. Specifically, because the size of the
random vector is found deterministically, the proposal density misses one degree of
freedom for all particles except one, which is the smallest weighted particle. In a typi-
cal high-dimensional system, the effect of missing one degree of freedom can usually
be tolerated but leads to bias.

The second issue is the computational difficulty of determining the factor to sat-
isfy the equation that makes the weights of all particles equal to the target weight.
This equation can be solved iteratively, but computation time can be an issue. There-
fore, [ZvLA16] used analytical solutions based on the so-called Lambert W function
[CGH+96]. Note that because the Lambert W function is a multivalued function, the
solution must be uniquely determined. In the methods described in [ZvLA16] and
Chapter 3, 50% of each is selected from the two branches based on the results of com-
parison with the true probability density function (pdf) in the linear model. However,
its validity has not been theoretically proven or demonstrated, especially for nonlinear
models and parameter estimation applications. As an alternative approach, a revised
IEWPF was proposed [SEvLA19], in which only one branch of the Lambert W function
is adopted as a solution of the factor. However, there are additional parameters that
need to be adjusted appropriately.

In light of the above, it is challenging to apply IEWPF to cases where prior assump-
tions or prior adjustment of values using cases with known true values is not possible,
that is, for real problems. Therefore, this chapter presents posterior distribution esti-
mation in IEWPF using KL divergence. Although the analytical solution of the Lambert
W function is used, no prior assumptions are made as to which branch to select (e.g.,
50% selection), and the decision is made adaptively through iterative calculation. This
chapter makes three main contributions to distribution estimation in IEWPF:

• We describe a sequential estimation method for the scalar factor α that deter-
mines the variance of the posterior distribution in IEWPF.
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• Converting the particle distribution into a histogram makes it possible to mini-
mize the KL distance with a low computational load.

• Evaluation using the linear model confirmed that the variance value for the es-
timated posterior distribution was almost the same as the analytical value. Also,
evaluation using the nonlinear Lorenz 96 model confirmed that the same or bet-
ter accuracy and ensemble quality (i.e., the ratio of RMSE and spread) could be
obtained without making any prior assumptions about the scalar factor α .

4.2 Preliminaries

4.2.1 Proposal density particle filter

This section discusses the need to introduce the proposal density and its methodology.
A conventional PF draws particles from the prior distribution. These are then modi-
fied to be particles of the posterior distribution by weighting based on likelihood. The
extreme increase in the weights of certain particles compared to the weights of others
(i.e., filter degeneracy), described in the introduction, is due to a discrepancy between
the prior and posterior distributions. The idea of the proposal density particle filter is
to freely change the model equations to move the particles of the prior distribution to
the necessary part of the state space. This is possible because the numerical model is
stochastic rather than deterministic. For a detailed explanation of the proposal den-
sity particle filter, see Section 2.1.3. We assume that xn ∈ RNx are model states and
p

(
xn |xn−1

)
is the transition density, which is the pdf for the state at time n when the

state at time n − 1 is given. When the proposal density q
(
xn |xn−1i ,y

n
)
is introduced,

particles at time step n are allowed to arise according to different models as expressed
in Eq. (2.12). Then, the posterior distribution can be rewritten as in Eq. (2.13). Using
the particle expression in Eq. (2.6), the posterior distribution is represented as in Eq.
(2.16).

If the optimal proposal distribution in Eq. (2.19) is chosen as the specific design
of the proposal distribution q

(
xn |xn−1i ,y

n
)
, the variance of the weights is minimized

[SBM15]. We further assume a Gaussian model; model and observation error with
mean zero and covariance Q and R, respectively; and the linear observation operator
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H̃ . This allows us to express the optimal proposal density as

p(xn |xn−1i ,y
n) = N (

ζ ni , P
)
, (4.1)

where

ζ ni = f (xn−1i ) +QH̃T
(
H̃QH̃T + R

)−1 {
yn − H̃ f

(
xn−1i

)}
,

P =
(
I −QH̃T

(
H̃QH̃T + R

)−1
H̃

)
Q .

(4.2)

Then, the particle i sampled from the optimal proposal density is obtained by

xni = ζ ni + P1/2ξni , ξni ∼ N (0, I ). (4.3)

4.2.2 IEWPF

In IEWPF proposed by [ZvLA16], the target weights are set equal to the minimum
of the optimal proposal weights for all particles. Each particle is set to the mode of
optimal proposal density plus a scaled random perturbation, expressed as

xni = ζ ni + α1/2
i P1/2ξni , (4.4)

where ζ ni represents the mode of q
(
xn |xn−1i ,y

n
)
, P is a measure of the width of that

pdf, and αi is a particle-specific scalar factor chosen so that the weight of each particle
equals the target weight wtarдet . Specifically, the factor αi determined to satisfy Eq.
(2.42). Note that the only formal difference here compared to Eq. (4.3) is the factor αi .

Under the assumption of a linear observation model and Gaussian error, the equa-
tion that the factor αi of the particle i must satisfy is as follows:

(4.5)(αi − 1) ξni
T ξni − Nx logαi − 2 log *,

������1 +
∂α1/2

i

∂ξni

ξni

α1/2
i

������+- = C − φi ,

where C denotes a constant term and φi is obtained from Eq. (2.47). The right side
of Eq. (4.5) expresses the log-weight offsets from the target weight for each particle i
and can be obtained practically from ci = maxj {φj } − φi . For the weights based on the
different likelihoods of each particle to reach the target weights, theweight offset ci (i =
1, ...,N ) requires ci ≥ 0. Because solving the equations numerically for each particle
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is inefficient, each αi is obtained by an analytical solution of the Lambert W function
under a high-dimensional approximation. For a detailed explanation, see Section 2.1.6.

4.3 Methodology

4.3.1 Problem statement

To evaluate state and time-varying parameter estimations in nonlinear high-dimensional
systems, we consider the same state-space model as in Chapter 3. The system model
is expressed as follows:

zn ≡ *, xn

θn−1
+- = *, f

(
xn−1,θn−2

)
θn−2

+- + *,
∂ f
∂θ
���n−2 ηn−1 + βn

ηn−1
+-

≡ f̃
(
zn−1

)
+ ρ̃n,

(4.6)

where the notation of the augmented vector zn =
[
xnT ,θn−1

T
]T
, model f̃ , and pertur-

bation ρ̃ are introduced. Here, the augmented perturbation ρ̃ can be drawn from the
error pdf N

(
0, Q̃n

)
expressed as in Eq. (3.11). When the linear observation model H̃ is

assumed, Eq. (4.4) can be rewritten as

zni = ζ ni + α1/2
i P1/2ξni , (4.7)

where ζ ni and P are obtained from the optimal proposal density shown in Eq. (4.1) as
follows:

ζ ni = f̃
(
zn−1i

)
+ Q̃H̃T

(
H̃Q̃H̃T + R

)−1 {
yn − H̃ f̃

(
zn−1i

)}
,

P =
(
Q̃−1 + H̃TR−1H̃

)−1
.

(4.8)

The objective is to optimally determine the scalar factor αi for each particle. The Lam-
bert W function gives an analytical solution under a high-dimensional approximation,
which has two branches: α ≥ 1 solutions that give a large ensemble spread and α < 1
solutions that give the opposite small spread. For each particle at each time step, it is
necessary to choose which solution to employ.



84
Chapter 4. Posterior distribution estimation in implicit equal-weights

particle filter

4.3.2 α estimation with a reverse KL

This section explains an α estimation method by minimizing a reverse KL (RKL) di-
vergence. First, because choosing a solution for α corresponds to determining the
posterior distribution based on Eq. (4.7), we define a distribution q (zn |α ) with α as
the hyperparameter. However, because the desired distribution of q (zn |α ) cannot be
known in advance, estimating α based on some metric is difficult, especially if the
model f is nonlinear. Thus, when it is difficult to evaluate the posterior function di-
rectly, approximate inference methods such as variational inference [BKM17] are ef-
fective. The advantage of using variational inference is that the inference problem
can be reformulated as an optimization problem, and various optimization techniques
can be applied. In variational inference, we typically define the distribution q to be
estimated and minimize the RKL divergence from the desired distribution p, that is,
KL(q | |p).

Next, the target distribution p̂(zn) is obtained as follows. As discussed for Eq. (4.5),
the log-weight offsets ci ≥ 0 are required for all particles to reach the target weight.
Here, ci = 0 when φi = maxj {φj }, in other words, when the weight is at its minimum.
When ci = 0, αi = 1 is obtained from the Lambert W function that gives the approx-
imate solution of Eq. (4.5), which represents the optimal proposal density expressed
in Eq. (4.1). In the IEWPF concept, IEWPF is adjusted by an offset from the minimum
weight so that all particles have equal weight. The distribution then approaches αi = 1
distribution, or the optimal proposal distribution, when the log-weight offset ci of all
particles approaches zero. In other words, the following relationship holds:

∀i ≤ N , ci → 0 ⇒ ∀i ≤ N ,αi → 1. (4.9)

Therefore, we assume that the distribution when αi = 1 in Eq. (4.7) is the target distri-
bution p̂(zn).

Figure 4.1 shows an example of 20 particle positions representing the forecast and
posterior for the linear model case in Section 4.4.1. Also shown are the observation
yn, the position ζ ni +α

1/2
i P1/2ξni with αi obtained from the analytical solution expressed

as Eq. (2.55), and the particles with αi = 1, i.e., ζ ni + P1/2ξni . Figure 4.1 (a) shows par-
ticles sampled from the forecast pdf, i.e., f̃ (zn−1i ) + ρ̃ni . Figure 4.1 (b) shows particles
with equivalent weights sampled from the posterior distribution, i.e., ζ ni + α1/2

i P1/2ξni .
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:  Observation

: Particle (forecast)  

:  Particle (posterior)

:  Analytical solution

:  Particle (�� � 1)

Figure 4.1: Example of 20 particle positions in the case of the linear model in Section
4.4.1:(a) particles representing the forecast f̃ (zn−1i ) + ρ̃ni (black dots), (b) particles with
equivalent weights representing posterior ζ ni +α

1/2
i P1/2ξni (blue dots), with the observa-

tionyn (star), the positions ζ ni +α
1/2
i P1/2ξni with αi obtained from the analytical solution

expressed as Eq. (2.55) (light blue circle), and particles with αi = 1 (red dots).

Because there are analytical solutions from two branches for each particle, the equiv-
alent weights are satisfied by taking the position of one of them. It can be seen that
the position of each particle is selected to be close to the particle with αi = 1 among
the positions of the analytical solution. Note that when αi = 1, the position of each
particle is different from the position of each analytical solution because the weight of
each particle is not equal. In other words, the αi = 1 distribution can be considered the
distribution obtained from the particles ignoring the weights.

Figure 4.2 shows a schematic representation of the relationship between theweights
in the forecast and posterior particles. Each particle in the forecast distribution shown
on the left side of the figure has a log-weight offset of ci > 0with respect to the particle
at ci = 0 i.e., αi = 1. Here, the range REW of equivalent weights is the range from the
minimum to the maximum of φi obtained from Eq. (3.27) for 2N solutions αi obtained
from the analytical solution of the Lambert W function. Namely,

min
i
{φi (αi )} ≤ REW ≤ max

i
{φi (αi )}, αi ∈ α≥1,α<1, (4.10)

where, the sets of solutions for branches α ≥ 1 and α < 1 are denoted as α≥1 and α<1,
respectively. Each particle in the posterior distribution, shown on the right side of the
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figure, is placed in the range of equivalent weights so that the log-weight offsets from
the particle with αi = 1 are minimized.

��

max
�

��

��

��

�� � 0 → �� � 1

Range of 

equivalent 

weights: ���

:  Particle

�� :  Log-weight offsets

�� � 0

min
�

��

Range of 

equivalent 

weights: ���

Figure 4.2: Schematic representation of the relationship between the weights of the
forecast particles (left side ) and the posterior particles (right side). The two branches
of the analytical solution of the Lambert W function, which is the range of equivalent
weights (filled area), and the particle with the minimum weight (red circle) are shown.

Finally, we define the RKL distance to q(zn |α ) as RKL(α ) = KL[q(zn |α )| |p̂(zn)]. Then,
we determine αi for each particle i by minimizing the RKL distance at each time step
as follows:

arg min
αi∈ α≥1 or α<1

RKL(αi ) = arg min
αi∈ α≥1 or α<1

KL[q(zn |αi )| |p̂ (zn)]. (4.11)

In summary, the factor αi is obtained so that the distribution in Eq. (4.7) approaches
the optimal proposal distribution expressed in Eq. (4.1) while Eq. (4.5) is satisfied.

4.3.3 Approximation of KL calculation

In the following, we describe how to calculate the KL distance from a discrete probabil-
ity distribution represented by a PF with an extremely small number of particles. Here,
a discrete approximate calculation method similar to histogram density estimation is
used due to the small number of particles and to reduce the computational load.

First, let P and Q be the probabilities obtained from the histograms corresponding
to the distributions p̂

(
znj

)
and q

(
znj |α

)
, respectively. Here, znj (j = 1, · · · ,Nx ) denotes

the j-th state variable at time step n. Specifically, these probabilities are obtained from
the value for each particle as follows. When the number of particles in the i-th bin bi
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is n(bi ), the probability of the i-th bin is expressed as

P (bi ) =
n(bi ) + δb∑Nb

i=1 [n(bi ) + δb]
, (4.12)

where Nb is the number of histogram bins and δb is a small constant that prevents
zero values (δb = 1.0 × 10−6). In the following, the number of bins is set equal to the
number of particles, that is, Nb = N . The histogram range is common to p and q; the
lower limit is min

[
p(zj ),q

(
znj |α

)]
, and the upper limit is max

[
p(zj ),q

(
znj |α

)]
at each

time step and for each variable element. The bin width is a constant value obtained by
dividing this range by the number of bins.

Then, the RKL distance for step n and variable zj is obtained by

RKLnj (α ) =
N∑
i=1

Q(bi ) log
(
Q(bi )
P (bi )

)
. (4.13)

Here, Q(bi ) can be calculated in the same way as in Eq. (4.12), from the distribution of
particles when α = 1.

Finally, the value of RKLn at time stepn adds up the RKLnj values in Eq. (4.13) across
all variables.

RKLn(α ) =
Nx+Nθ∑
j=1

RKLnj (α ). (4.14)

4.3.4 Iterative branch selection in original IEWPF

We adopt iterative implementation to find α that minimizes the RKL distance defined
by Eq. (4.13). For each step n, a threshold αn

th
(0 ≤ αth ≤ 1) is defined for choosing

the solution from either branch α < 1 or α ≥ 1. A uniform random number U [0, 1]
can be used to determine αn

i as follows:

αn
i ∈


αn
≥1 if U [0, 1] ≥ αn

th ,

αn
<1 if U [0, 1] < αn

th .
(4.15)

This means that αn
th
determines the proportion of choices from each branch. Note that

αn
i denotes the i-th particle. For instance, when αth = 0, all samples are taken from αn

≥1;
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when αth = 1, all samples are taken from αn
<1; and when αth = 0.5, samples are taken

50% from each branch.

Next, we explain how to determine αn
th
. From the perspective of minimizing the

RKL distance expressed as Eq. (4.13), αth is updated by the following iteration:

αk+1
th ← αk

th − λα
m̂k

√
v̂k + δα

, (4.16)

wherek is the iteration counter, λα is the step-size factor, andδα is a factor that prevents
division by zero (δα = 1.0 × 10−8). Here, m̂k and v̂k represent the moving averages of
the gradient and the squared gradient, respectively, and according to [KB14], they are
calculated as follows:

mn = µmm
n−1 + (1 − µm)

∂RKL(α )
∂αth

, m̂n =
mn

1 − µm

vn = µvv
n−1 + (1 − µv )

(
∂RKL(α )
∂αth

)2
, v̂n =

vn

1 − µv
,

(4.17)

where the hyperparameters µm and µv control the decay rate for these moving aver-
ages. Note that the gradient ∂RKL(α )∂αth

requires computing the partial derivatives of the
RKL distance with respect to the threshold αth . In the following numerical experi-
ments, this derivative is computed by numerical differentiation (forward differencing).
Here, the factor

√
v̂k is calculated based on the norm of the gradient and is responsible

for scaling the momentum m̂k . In iterative updating using Eq. (4.16), the gradient is ob-
tained by determining the value αi for each particle i using Eq. (4.15) for a given value
αth and calculating the RKL distance using Eq. (4.13). This procedure is summarized
in Algorithm 4.1.

4.3.5 Iterative bias estimation with revised IEWPF idea

The need to select the αn
<1 or αn

≥1 branch and the existence of a gap between both
branches is a limitation of the original IEWPF. However, the revised IEWPF [SEvLA19]
solves this issue using the two-stage proposal method, as described in Section 2.1.7.
Therefore, this section shows a method for estimating the bias component of the scalar
factor αi for the original IEWPF using the revised IEWPF concept.
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Algorithm 4.1 Iterative αi Selection Algorithm
Input: Number of particles N , initial value α initial

th
, maximum number of iterations

kmax, step-size factor λα
Output: Scalar factor αi for 1 to N particles
1: Calculate αn

<1 and α
n
≥1 solutions at time step n.

2: Initialize αth: αk=1
th

= α initial
th

.
3: for k = 1, ...,kmax do
4: for i = 1, ...,N do
5: Determine αk

i from αk
th
based on Eq. (4.15).

6: Calculate zni from Eq. (4.7).
7: end for
8: Calculate RKLn(αk

1:N ) based on Eq. (4.12), Eq. (4.13), and Eq. (4.14).
9: Update αk

th
by Eq. (4.16).

10: end for
11: Adopt αkmax

1:N for αn
1:N .

With reference to the revised IEWPF, instead of sampling from the posterior dis-
tribution in Eq. (4.7), we assume the following equation:

zni = ζ ni + α1/2
0 P1/2ξni + α1/2

i P1/2ξni ,

= ζ ni +
(
α1/2
0 + α1/2

i

)
P1/2ξni ,

(4.18)

where α0 is a particle-independent scalar factor, called the bias. Note that the particle-
dependent factor αi , like the revised IEWPF, adopts only the solution of the αn

≤1 branch.
Therefore, it is not necessary here to decide which branch to select from, but only to
estimate the value of α0.

First, as in Section 4.3.2, we define a distribution q(zn |α0) with α0 as the hyper-
parameter. Then, in the same way as we assumed αi = 1 in Eq. (4.7), we define the
distribution that assumes α1/2

0 + α1/2
i = 1 as the target distribution p̂(zn) for the

RKL distance. Finally, similar to Section 4.3.4, α0 is estimated to minimize RKL(α0) =
KL[q(zn |α0)| |p̂(zn)]. Thus, the update corresponding to Eq. (4.16) is as follows:

αk+1
0 ← αk

0 − λ0
m̂k

√
v̂k + δα

, (4.19)
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Algorithm 4.2 Iterative α0 Estimation Algorithm
Input: Number of particles N , initial value α initial

0 , maximum number of iterations
kmax, step-size factor λ0

Output: Particle-independent scalar factor α0
1: Calculate αn

≤1 solution at time step n.
2: Initialize αth: αk=1

0 = α initial
0 .

3: for k = 1, ...,kmax do
4: for i = 1, ...,N do
5: Set α0 as the estimate and αn

i from αn
≤1 branch.

6: Calculate zni from Eq. (4.18).
7: end for
8: Calculate RKLn(αk

0 ) based on Eq. (4.12), Eq. (4.13), and Eq. (4.14).
9: Update αk

0 by Eq. (4.19).
10: end for
11: Adopt αkmax

0 for αn
0 .

where k is the iteration counter and λ0 is the step-size factor. Then, the moving aver-
ages of the gradient m̂k and the squared gradient v̂k are calculated as follows:

mn = µmm
n−1 + (1 − µm)

∂RKL(α0)
∂α0

, m̂n =
mn

1 − µm

vn = µvv
n−1 + (1 − µv )

(
∂RKL(α0)
∂α0

)2
, v̂n =

vn

1 − µv
.

(4.20)

Note that the gradient ∂RKL(α0)∂α0
requires computing the partial derivatives of the RKL

distance with respect to the factor α0. This procedure is summarized in Algorithm 4.2.

4.4 Numerical experiments

The validity of the present method is demonstrated through two synthetic test cases
as follows. In the first case, we evaluate the method using an additive linear model
of parameters, for which we can obtain an analytical solution. We then use the 1000-
dimensional Lorenz 96 model [Lor96] to evaluate its applicability to high-dimensional,
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nonlinear models.

4.4.1 Linear model case

To compare the estimates obtained by our new method with the true values calculated
analytically, we use the same linear model presented below, as in the previous chapter.

zn = *, xn

θn−1
+- = F̃ *, xn−1

θn−2
+- + G̃ *, βn

ηn−1
+-

= *, Fx Fxθ

O I
+- *, xn−1

θn−2
+- + *, I Fxθ

O I
+- *, βn

ηn−1
+- ,

yn = H̃zn + ϵn,

(4.21)

where x ∈ RNx is the model state vector with dimension Nx = 1000 and θ ∈ RNθ is the
parameter vector with dimension Nθ = 1. The matrices Fx ∈ RNx×Nx and Fxθ ∈ RNx×Nθ

define a linear model. In the following, Fx=I and all elements of Fxθ are set to 0.1:
Fxθ = (0.1, 0.1, . . . )T . β and η are random perturbations following the model-error pdf
N (0,Qβ ) and parameter-error pdfN (0,Qη), respectively. We assume that all variables
are observed and ϵ is the observation error obeying the observation error pdfN (0,R).
When the initial prior pdf is Gaussian, the true posterior pdf should also be Gaussian.
When the posterior pdf at time step n − 1 is Gaussian with covariance matrix Pn−1|n−1,
the forecast covariance matrix Pn |n−1 for the prior pdf expressed in Eq. (4.21) can be
calculated as follows:

Pn |n−1 = F̃Pn−1|n−1F̃
T + G̃Q̃G̃T , (4.22)

where Q̃ expresses the covariance matrix for the augmented perturbation. Because we
assume a time-independent state transition matrix F̃ , the covariance matrix satisfying
the linear system defined by Eq. (4.21) converges to the steady-state matrix P such
that Pn |n−1 = Pn−1|n−2 ≡ P , and satisfies the discrete-time Riccati equation [Won68] as
follows:

(4.23)P = F̃P F̃T − F̃PH̃T
(
H̃PH̃T + R

)−1
H̃PF̃T + G̃Q̃G̃T .
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Then, the posterior distribution of the forecast covariance matrix can be obtained ac-
cording to the Kalman filter equations given by

Pn |n = P − KH̃P ,

K = PH̃T
(
H̃PH̃T + R

)−1
.

(4.24)

Therefore, the shape of the true posterior pdf in Eq. (4.21) is obtained numerically by
solving Eq. (4.23) and compared with the distribution obtained from the new method.

The comparison procedure is as follows. First, synthetic data are generated. The
initial ensemble members z0i are sampled from the background error pdfN (0,B). One
member from the ensemble generated from the model error and the background error
pdf is used as the “truth.” Then, observations are generated from this “truth” and the
observation error is defined by the covariance matrix R. In the following experiments,
the true value of the parameter is zero. The background error covariance matrix for the
states Bx and the parameter Bθ are chosen as a diagonal matrix with the main diagonal
values 1 and 0, respectively. The true model error covariance matrix for the states Qβ

and the parameter Qη are chosen as a diagonal matrix with the main diagonal values
0.04 and 0, respectively. The observation error matrix R is diagonal, and the main
diagonal value is set to 0.01.

Then, data assimilation is performed using the generated observations. For the ma-
trices Qβ , Bx , and R, the same respective matrices are chosen as when the observation
was generated. The main diagonal values of matricesQη and Bθ for parameters are set
as 0.04 and 0.001, respectively. The number of particles is set to N = 20 to demon-
strate the validity of the estimation with a few particles. Regarding observations, we
consider the condition that all model state variables x are observed at every step.

The following is about the verification of the two αi estimation methods described
above. First, we show an example of evaluating an iterative estimation method in one
time step by each method. Then, we compare the variance of the estimated pdf with
the analytical solution obtained from Eq. (4.23) and Eq. (4.24), and the solution sampled
from the α ≥ 1 and α < 1 branches.
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Branch selection method

Below are the evaluation results for the iterative branch selection method described in
Section 4.3.4.
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Figure 4.3: Comparison of three step-size factors λα = 1.0 × 10−4, 5.0 × 10−4, and
1.0×10−3 in iterative estimation method: (a) estimated result for αth and (b) RKL value.

Figure 4.3 shows one process of the iterative estimation method described in Algo-
rithm 4.1 at the initial time step and compares the dependence of the step-size factor
λα defined in Eq. (4.16). The horizontal axis indicates the number of iterations, and
for the vertical axis, (a) is the estimated αth and (b) is the RKL value. The initial value
α initial
th

is set to 0.2. The αth value is underestimated when the step-size factor λα is
1.0× 10−4, while overshoot and oscillations are seen when λα is 1.0× 10−3. When λα is
5.0 × 10−4, the RKL distance converges to a smaller value than in other cases. There-
fore, in the following, the factor λα is set to 5.0 × 10−4 and the number of iterations is
set to kmax =1000. Also, αk=1

th
is initialized only at the first time step (i.e., n =1) and set

to αk=1
th
← αk=kmax

th
at subsequent steps.

Figure 4.4 shows a histogram of the sampled or selected αi accumulated from steps
20 to 1000. Graphs (a) α < 1 and (c) α ≥ 1 are the results of sampling from branches
αn
<1 and α

n
≥1, respectively, based on the definition. Graph (b) in the middle is the result

of the iterative branch selection method described in Algorithm 4.1. In this case, the
time-averaged ratio of both branches α<1 : α≥1 is 0.60 : 0.40, which is close to the 50%
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Figure 4.4: Histograms of α1/2 accumulated from steps 20 to 1000 to compare (a) the
α < 1 sampling case, (b) proposed branch selection method, and (c) the α ≥ 1 sampling
case.
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Figure 4.5: Histograms of variance accumulated from steps 20 to 1000 to compare
present branch selection method and two sampling cases: α ≥ 1 and α < 1. The
graphs in (a) and (b) represent states and parameters, respectively, and a dashed line
shows the true variance.

sampling assumption shown in [ZvLA16] and Chapter 3.

Figure 4.5 shows histograms of the variance accumulated from steps 20 to 1000 to
compare the new branch selection method and the two sampling cases: α ≥ 1 and
α < 1. The variances of both (a) state Var (x ) and (b) parameter Var (θ ) are averaged
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Figure 4.6: Posterior pdfs obtained from new branch selection method and two sam-
pling cases: α ≥ 1 and α < 1. The graphs in (a) and (b) represent the state x1 and
parameter θ , respectively, and the solid curves represent the true pdf.

over the dimension and the number of particles as follows:

Var (xn) =
1
Nx

Nx∑
j=1

1
N

N∑
i=1

(
xni − xn

)2
j
,

Var (θn) =
1
N

N∑
i=1

(
θni − θn

)2
,

(4.25)

where the index j denotes the elements of the states x and Nx , the dimension of the
variable is Nx = 1000, the dimension of the parameter is Nθ = 1, and the number
of particles is N = 20. Also, xn and θn are the ensemble means. The true variances
obtained from Eq. (4.24) are shown as “True.” The results show that the variance of
the states and parameters estimated by the new method is closer to the true value than
when sampling from two branches.
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Figure 4.7: Comparison of three step-size factors λ0 = 1.0 × 10−4, 5.0 × 10−4, and
1.0 × 10−3 in iterative estimation method: (a) estimated result of α0 and (b) RKL value.

Figure 4.6 compares the posterior pdf obtained from the new branch selection
method and two sampling cases with the true pdf. The graphs in (a) and (b) repre-
sent the variables and parameters, respectively, and the solid curves represent the true
pdf. Because the ensemble size is too small compared to the number of model dimen-
sions, each estimated pdf is displayed as a cumulative histogramwith the average value
subtracted at each step in steps 20 through 1000. The shape of the pdfs for variables
and parameters estimated by the present branch selection method is close to the true
shape.

Bias estimation method

Below are the evaluation results of the iterative bias estimation method described in
Section 4.3.5.

Figure 4.7 shows one process of the iterative estimation method described in Algo-
rithm 4.2 at the initial time step and compares the dependence of the step-size factor
λ0 defined in Eq. (4.19). The horizontal axis indicates the number of iterations; for the
vertical axis, (a) is the estimated α0 and (b) is the RKL value. The initial value α initial

th
is

set to 0.5. From Figure 4.3, the case of λ0 = 5.0 × 10−4 that converges to the smallest
RKL value is used as the step-size factor α0 in the subsequent experiments. In the fol-
lowing, the number of iterations is set to kmax =1000. Also, αk=1

0 is initialized only at
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Figure 4.8: Comparison of histograms of α1/2 accumulated from steps 20 to 1000: (a) αi
selected by branch selection method, (b) α0 (blue) estimated by bias estimation method
and αi ≤ 1 solution (green), and (c) sum of estimated α0 and αi ≤ 1 solution.

the first time step (i.e., n =1) and set to αk=1
0 ← αk=kmax

0 at subsequent steps.
Figure 4.8 shows histograms of the present bias estimation method accumulated

from steps 20 to 1000, and compares them to the aforementioned (a) branch selection
method. In Figure 4.8 (b), the histogram of the estimated α0 is the result of the iterative
estimation method described in Algorithm 4.2. In addition, the histogram obtained as
a solution to αn

≤1 is also shown. Then, Figure 4.8 (c) shows the histogram of the sum of
the estimated α0 and α≤1 solution (i.e., α1/2

0 +α1/2
i ). It can be seen that the new method,

which incorporates the concept of the revised IEWPF, is able to estimate the α0 value
as a particle-independent bias value instead of using the solution of αn

≥1. As a result,
compared to (a), the branch selection method, the histogram of (c) the bias estimation
method has a narrower distribution with α1/2

0 + α1/2
i = 1 at the top.

Figure 4.9 shows histograms of the variance accumulated from steps 20 to 1000 to
compare the proposed bias estimation method and the two sampling cases: α ≥ 1 and
α < 1, as in Figure 4.5. Comparison with Figure 4.5 shows that the bias estimation
method has a variance close to the true value and a smaller variance dispersion.

4.4.2 Lorenz 96 model case

As in the previous chapter, the Lorenz 96 model [Lor96] is used as the time evolution
model to evaluate the validity of the new method in a nonlinear high-dimensional
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Figure 4.9: Histograms of variance accumulated from steps 20 to 1000 to compare new
bias estimation method and two sampling cases: α ≥ 1 and α < 1. The graphs in (a)
and (b) represent variables and parameters, respectively, and dashed lines show the
true variance.

system. Thus, the time evolution model is as follows:

d

dt
xj = (xj+1 − xj−2)xj−1 − xj + Fj , (4.26)

where index j = 1, . . . ,Nx with cyclic indices, Nx is the total number of dimensions,
and Fj is as follows:

Fj (θ0,θ1,θ2) = c0θ0 + c1θ1 sin
(
2π
c2θ2

j

)
, (4.27)

forwhich c0, c1, and c2 are true values andθ0,θ1, andθ2 are their respective scale param-
eters, which have to be estimated. The values c0 and c1 are set to 8 and 4, respectively,
and c2 is set to the same value as the dimension of the model state Nx .

The procedure for the following experiment is the same as for the previous linear
model. The true model error covariance matrix Qβ for states is chosen as a tridiag-
onal matrix, the main diagonal values being 0.10 and both sub- and super-diagonal
values being 0.025. The background error covariance matrix for the state Bx and the
parameter Bθ are chosen as a diagonal matrix with the main diagonal values 1 and 0,
respectively. The true observation error matrix R is diagonal, with main diagonal val-
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ues of 0.02. For the assimilation, we choose the same matrices Qβ and Bx for the state
equivalent to when the observation was generated. The matricesQη and Bθ for param-
eters are diagonal matrices with main values of 5.0× 10−6 and 0.001, respectively. The
dimension Nx is set to 1000, and the number of particles is set to N = 20, which is the
same setting as in the linear model experiment. The observation condition considers
that all model states are observed every fourth step (i.e., the assimilation interval is
4). Figure 4.10 compares the assimilation results up to step 1500 for state x1 and the
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Figure 4.10: Comparison of estimated state and parameter trajectories between (a)
α < 1, (b) new branch selection method, (c) 50% each from both branches, and (d)
α ≥ 1. The solid curves (blue) show each of the 20 ensemble members, and the dashed
lines (red) show the true parameter value. Only steps 1300–1400 are shown for the
state, and each true parameter is increased by 30% at step 200.

three scale parameters θ0,θ1, and θ2 with the three sampling cases (α < 1, α ≥ 1,
and 50% each from both branches) and the present branch selection method. The true
parameters are increased by 30% each at step 200 to evaluate time-varying parameter
estimation. All cases show that the particles follow the true value after the parameter
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Figure 4.11: Histograms of α1/2 accumulated from steps 20 to 200 to compare (a) sam-
pling case α < 1, (b) proposed branch selection method, (c) the sampling case with 50%
each from both branches, and (d) the sampling case with α ≥ 1.

change, but there is a difference in the particle spread. In the following, we first show
the period before the parameter change (i.e., 200 steps or less), then the period after
the parameter change (i.e., after 200 steps).

Before parameter change

First, the results of the branch selection method described in Section 4.3.4 are pre-
sented. Figure 4.11 shows histograms of the sampled and selected αi accumulated from
steps 20 to 200. Graphs (a) α < 1, (c) 50%, and (d) α ≥ 1 are the results of sampling
from branches αn

<1 and / or αn
≥1. Graph (b) with “Selected αi” is the result of the itera-

tive branch selection method described in Algorithm 4.1. Compared to the case of the
linear model shown in Figure 4.4, it is noticeable that the solutions of the branch αn

≥1
in each method are spread over larger values. This means that the log-weight offsets ci
are large, which may be attributed to the nonlinearity of the function and estimation
error. Comparison of the results of the 50% sampling with those of the new branch
selection method shows that the time-averaged ratio of α<1 to α≥1 in the new method
is 0.67 to 0.33, which, unlike the linear model, deviates from 50%. This means that more
branches of αn

<1 (i.e., the small α value) are selected, and the solution of this branch
αn
<1 narrows the distribution. Thus, it can be seen that choosing α to be close to the

distribution with α = 1 results in the distribution being narrower than that of the 50%
sampling.

Next, the results of the bias estimation method described in Section 4.3.5 are pre-
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Figure 4.12: Comparison of histograms of α1/2 accumulated from steps 20 to 200: (a) αi
selected by branch selection method, (b) α0 (blue) estimated by bias estimation method
and α ≤ 1 solution (green), and (c) sum of estimated α0 and α ≤ 1 solution.

sented. Figure 4.12 shows histograms of α0 estimated by the bias estimation method
accumulated from steps 20 to 200 before the abrupt parameter change. Comparing
with the histogram of αi ≤ 1 solution, we see that the distribution of α0 is shifted to
the right so that the variance is not underestimated. In other words, α0 suppresses the
under-dispersion caused by using only αi ≤ 1 solution. Compared with (a) αi selected
by the branch selection method in the original IEWPF, the histogram of (c) α1/2

0 + α1/2
i

has a narrower distribution with 1.0 at the top.

Figure 4.13 compares the RMSE and particle spread for different α solutions. Note
that α0 estimation and αi selection indicate the results for the bias estimation and
branch selection methods, respectively. Each box plot in the graphs shows the time-
averaged RMSE and spread at forecast and filtering steps 20–200, before the abrupt
parameter change. The IQR of the box plot indicates the dispersion across the dimen-
sions of themodel states (1000) and parameters (3). From the result for the states shown
in Figure 4.13 (a), we can see that the difference in RMSE for different α solutions is
almost negligible, while there is a more noticeable difference in the spread. In the re-
sults for α0 estimation and αi selection, the RMSE and spread values are close, meaning
their ratio is close to one. In general, the ratio of the RMSE and spread is evaluated as a
performance indicator for ensemble forecasting, and this ratio should become one for
Gaussian variables. This is due to the desirability that the RMSE, which represents the
forecast error, and the spread, which represents the uncertainty of the forecast, should
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Figure 4.13: Box plots showing comparisons of RMSE and spread for forecast and
filtered ensembles between different α solutions: α < 1, α0 estimation, αi selection,
50% sampling, and α ≥ 1. Each IQR indicates the dispersion of the (a) state and (b)
parameter elements averaged over the forecast and filtering steps 20–200. Outliers are
not plotted.

be of equal magnitude [FAAT14]. From the result for the parameters shown in Figure
4.13 (b), the spread in α0 estimation and αi selection is smaller than that of the 50%
sampling. Thus, the smaller spread in αi selection is due to the fact that more solu-
tions in the αn

<1 branch are selected, as shown in Figure 4.11. In contrast, the smaller
spread in the α0 estimation is due to the distribution of α with α = 1 as the vertex, as
shown in Figure 4.12.

After parameter change

Below are the results after the parameter change (i.e., 200 steps or more). The results
of the branch selection method are shown first. Figure 4.14 shows histograms of the
sampled and selected α1/2 accumulated from steps 200 to 1500. Compared to the results
before the parameter change shown in Figure 4.11, it can be seen that the distribution
of α<1 branch is approaching zero. On the other hand, the value of α has increased
further in cases (b), (c), and (d), which include α≥1 branch. This is thought to be due
to an increase in the log-weight offsets as a result of an increase in the estimation
error due to parameter changes. However, the time-averaged ratio of α<1 to α≥1 in the
branch selection method is 0.68 to 0.32, and there is no significant change compared
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Figure 4.14: Histograms of α1/2 accumulated from steps 200 to 1500 to compare (a)
sampling case α < 1, (b) new branch selection method, (c) sampling case of 50% each
from both branches, and (d) sampling case α ≥ 1.
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Figure 4.15: Comparison of histograms of α1/2 accumulated from steps 200 to 1500:
(a) αi selected by branch selection method, (b) α0 estimated by bias estimation method
and α ≤ 1 solution, and (c) sum of estimated α0 and α ≤ 1 solution.

to the ratio before the parameter change. In other words, even when the estimation
error is increased, the selection ratio of the two branches remains the same.

Next, the results of the bias estimation method are shown. Figure 4.15 shows his-
tograms of the α0 estimation method accumulated from steps 200 to 1500 after the
abrupt parameter change. Compared to Figure 4.12 (b) before the parameter change,
the distribution of α0 is shifted further to the right because the distribution of α ≤ 1
solution is even closer to zero. As a result, the histogram of (c) α1/2

0 + α1/2
i has a distri-

bution with 1.0 at the top, as it did before the parameter change.

Figure 4.16 shows the time-averaged RMSE and spread at the forecast and filtering
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Figure 4.16: Box plots showing comparisons of RMSE and spread for forecast and
filtered ensembles between different α solutions: α < 1, α0 estimation, αi selection,
50% sampling, and α ≥ 1. Each IQR indicates the dispersion of the (a) state and (b)
parameter elements averaged over forecast and filtering steps 200–1500.

steps in the same way as Figure 4.13. Note that the time-averaged range is 200–1500
steps. This evaluates the accuracy between the parameter change and when the esti-
mated value approaches the true value. From the result for the states shown in Figure
4.16 (a), as before the parameter change, there is almost no difference in the RMSE, but
the difference in the spread is larger for both forecast and filtering. From the result
for the parameters shown in Figure 4.13 (b), the spread of the α0 estimation and αi

selection is shifted to a smaller value compared to 50% sampling. Also, the RMSE in
the α0 estimation tends to be slightly smaller. In other words, both the αi selection and
α0 estimation methods achieve equal or better performance without prior assumptions
about α (e.g., 50% sampling).

4.5 Discussion

The evaluation results using the linear and nonlinear Lorenz 96models described above
suggest the following points. First, for the branch selection method, we see that even
in the linear model, the time-averaged ratio of the branch α<1 is greater than 50%, and
even more in the nonlinear model. From this, it follows that the increase in the log-
weight offsets due to the nonlinearity of the model influences the selection of the scalar
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Table 4.1: Comparison of the time and particlemean values forα1/2 in linear and Lorenz
96 models with 50% sampling, αi selection, and α0 estimation methods.

Model 50% αi selection α0 estimation
Linear 1.02 0.960 1.01

Lorenz 96 (before) 1.22 0.891 1.06
Lorenz 96 (after) 1.32 0.924 1.09

factor αi . Specifically, an increase in the log-weight offsets increases the value of α in
the αn

≥1 branch that spreads the distribution. Then, in order to reduce the KL distance
from the distribution with αi = 1, the selection ratio of the αn

≤1 branch, which narrows
the distribution, increases. As a result, the ratio of the RMSE to the spread can be closer
to one compared to the case where the ratio is fixed at 50%. However, the relationship
between the scalar factor α and the model nonlinearity requires further investigation,
such as an evaluation using a linear model that does not include parameter estimation.

Next, we discuss the differences between the branch selection and bias estimation
methods. As shown in Figure 4.8 (a) and Figure 4.5, the new αi selection method with
the original IEWPF obtained appropriate variance (i.e., particle spread) by mixing the
α < 1 and α ≥ 1 branch solutions. However, as shown in Figure 4.8 (b) and Figure 4.9,
the new α0 estimation method, which incorporates the revised IEWPF idea, obtains
the appropriate variance by adding the particle-independent bias α0 and the particle-
dependent factor αi . In other words, the dispersion of the variance was reduced by
not using the α ≥ 1 branch solution. That is, it is not affected by the gap between
the two branches of the solution αi due to the weight offsets to equalize the weights
of each particle. Therefore, the factor αi does not spread to large values, as shown in
the Lorenz 96 model example above. In fact, the evaluation results for the Lorenz 96
model confirmed that it works as well as the linear model when parameters change
abruptly. Note that it still contains α = 1 solutions; that is, this particle has no degrees
of freedom. It has been pointed out that this one degree of freedom less than the
number of particles may be acceptable for very high-dimensional systems, but it leads
to bias [vLKN+19]. Therefore, constructing the factor for each particle to not include
the αi = 1 solution may be a future study.

Next is a quantitative comparison of the α1/2 values determined by each method.
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Define the time and particle mean of α1/2 as follows:

α1/2 =
1
T

T∑
n=1

1
N

N∑
i=1

(
αn
i

)1/2 . (4.28)

Table 4.1 compares the α1/2 in the linear and Lorenz 96 models with the 50% sampling,
αi selection, and α0 estimationmethods. The results for the Lorenz 96 model are shown
separately before and after the abrupt parameter change. The mean value of α1/2 in
the 50% sampling method is close to one in the linear model, although it does not as-
sume a target distribution p̂(zn)with α = 1. However, it becomes larger than one in the
nonlinear Lorenz 96 model, and even greater with the parameter change. In contrast,
the αi selection and α0 estimation methods minimize the KL divergence with the α = 1
target distribution, so the mean value of α1/2 is close to one for both the linear and
nonlinear Lorenz 96 models. In other words, it is less sensitive to model nonlinearity
and parameter errors. Therefore, the method presented in this chapter allows for re-
silient estimation of time-varying parameters compared to existing IEWPFs applied to
parameter estimation.

Finally, we discuss the validity of estimating the distribution to be close to the
distribution with αi = 1. Assuming that the posterior distribution of the IEWPF given
by Eq. (4.4) is Gaussian, the distribution q (zn |α ) that minimizes the KL distance can
be expressed as follows:

q (zn |αi ) = N
(
ζ ni ,αiP

)
. (4.29)

Similarly, we assume that the target distribution for KL minimization with αi = 1 is
also normal:

p̂ (zn) = N (
ζ ni , P

)
. (4.30)

Then, the KL distance between the normal distributions q (zn |α ) and p̂ (zn) is given by

KL[q(zn |αi )| |p̂(zn)] =
∫ ∞

−∞
q(zn |αi )

q(zn |αi )
p̂(zn)

dz

= log
(
α−1/2i

)
+
1
2
αi −

1
2
.

(4.31)

However, Eq. (4.5) thatαi must satisfy to equalize theweights is given by, under higher-



4.6 Conclusion 107

dimensional approximation (see [ZvLA16] for details):

ξni
T ξni αi + 2Nx logα−1/2i − ξni

T ξni − ci = 0. (4.32)

Here, because ξni
T ξni ∼ Nx , Eq. (4.32) can be rewritten as

log
(
α−1/2i

)
+
1
2
αi −

1
2
− ci
2Nx

= 0. (4.33)

Thus, the following relationship can be obtained from Eq. (4.31) and Eq. (4.33):

ci
2Nx

= KL[q(zn |αi )| |p̂(zn)]. (4.34)

From Eq. (4.34), it can be seen that minimization of the log-weight offsets ci is equiva-
lent to minimization of the KL distance. Therefore, the method of minimizing the KL
distance to the distribution with αi = 1 is a reasonable method for determining the
scalar factor α .

4.6 Conclusion

This chapter described a method for incorporating IEWPF into a sequential estimation
method for the scalar factor α that determines the variance of the posterior distribu-
tion. We assumed that the value of αi for each particle i is determined so that the KL
distance from the optimal proposal distribution is minimized, that is, when all particles
take αi = 1. Then, by converting the particle distribution into a histogram, it became
possible to minimize the KL distance with a low computational load. As a result, the
method can be applied to high-dimensional models and parameter estimation, and it
achieved performance equivalent to or better than the results in Chapter 3 without
making any prior assumptions about factor α .

From evaluating the 1000-dimensional linear model with an unknown parameter,
we confirmed that the variance value for the estimated posterior distribution was al-
most the same as the analytical value. Also, from evaluating the 1000-dimensional
nonlinear Lorenz 96 model with three time-varying parameters, we confirmed that the
same or better accuracy and ensemble quality (i.e., the ratio of the RMSE and spread)
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can be obtained. The above results demonstrate the validity of our assumptions based
on numerical evaluation, but theoretical proof is a subject for future research.

Finally, the method for estimating particle-independent bias values without using
the α ≥ 1 solution, which introduces the idea of the revised IEWPF, was presented.
The advantage of this method is that it can be realized using the same algorithm as
the above method of selecting a solution for αi based on KL minimization. In other
words, the method based on KL minimization described in this chapter is versatile.
Evaluation with the 1000-dimensional linear model confirms that this method has a
variance close to the true value and a smaller variance dispersion. From the evaluation
with the 1000-dimensional nonlinear Lorenz 96 model, both αi selection and α0 esti-
mation methods achieve equal or better performance without prior assumptions about
α (e.g., 50% sampling). Therefore, the method presented in this chapter allows for a
more resilient estimation of time-varying parameters than the existing IEWPF applied
to parameter estimation.



109

5
Conclusion and future work



110 Chapter 5. Conclusion and future work

5.1 Conclusion

This study investigated resilient estimation methods for states and time-varying pa-
rameters applicable to geophysical, climatological, and other high-dimensional ap-
plications. Estimating time-varying parameters plays an important role not only in
improving prediction accuracy but also in determining when model characteristics
change abruptly. To achieve this aim, we used the implicit equal-weights particle fil-
ter (IEWPF), which can prevent degeneracy by equalizing the weights of all particles.
First, we combined the parameter vector with the state vector of the IEWPF using an
augmented state space model with a correlated covariance matrix. This allowed for
the estimation of sequential time-varying parameters in a high-dimensional nonlinear
model. This satisfies requirements 1 and 2 described in Section 1.2.

We then introduced an IEWPF-based method that incorporates a nudging tech-
nique inspired by optimization algorithms inmachine learning into the parameter time
evolution model by using the flexibility of the proposal density in particle filtering.
This improved the tracking performance for abrupt parameter changes and reduced
the estimation accuracy difference for each parameter. This satisfies requirement 3
described in Section 1.2.

Finally, for the coefficient specific to the IEWPF that determines the particle distri-
bution, we proposed an adaptive determination method using analytical solutions of
the Lambert W function and iterative computation with the Kullback-Leibler (KL) di-
vergence. This method makes it unnecessary to give the pre-set values. Furthermore,
when compared to the original method, it was found that this method is more resilient
to model nonlinearity and parameter errors. This satisfies requirement 4 described in
Section 1.2.

5.2 Future work

The application of particle filters to high-dimensional nonlinear models is one of the
major research topics in terms of suppression of degeneracy and computational com-
plexity. The modified IEWPF focused on in this thesis is suitable for solving high-
dimensional models with an extremely small number of particles, that is, with limited
computational resources, but challenges remain.
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Chapter 3 described an online estimation method that performs estimation each
time observation data are available. Therefore, in a real application, the estimation, in-
cluding forecasting and filtering, should be completed by the time the next observation
data are acquired. As an example, one IEWPF step for the 10000-dimensional Lorenz 96
model takes approximately 9.5 minutes for a 20-particle parallel computation [BW15]
with an Intel Core i9-7940X CPU at 3.1 GHz. A list of improvements to be considered
for the current method is

• Ensemble approximation of matrix calculations

• Efficient method of computing parameter gradients

• Further parallelization and other implementation innovations

Note that the above computation time estimates were based on the simple Lorenz 96
model as a time evolution model but depend on the model when used in real appli-
cations. Chapter 3 also assumed a linear observation model and Gaussian error as
the case in which analytical solutions are available. If we do not make the above as-
sumptions, we have to obtain ζ ni in Eq. (3.20) by minimization of − logq

(
zn |zn−11:N ,y

n
)
,

similar to, for example, the three-dimensional variational scheme. Also, because the
Lambert W function cannot be used in general, the solution αi to Eq. (3.25) must be
obtained numerically. Thus, for general problems, the above points cause an increase
in computational complexity. It is also necessary to evaluate the case where a method
other than Adam, which was adopted as the optimization algorithm, is replaced with
the latest optimizer. For example, if [PYHZ24] can be applied, this method eliminates
the tuning of the step-size factor, which was a hyperparameter in this thesis.

In Chapter 4, the method described for determining factor α was validated by as-
suming that the KL distance between the posterior distribution and the optimal pro-
posal distribution is minimized. However, this assumption has not been proven ex-
cept under the assumption of a normal distribution. In addition, from the perspective
of eliminating the need for prior assumptions and tuning, it is necessary to provide
guidelines for setting the hyperparameters that determine the probability distribution
in the IEWPF other than the factor α . Specifically, the factor for parameter nudging
and the diagonal values of the parameter-error covariance matrix are involved. For
example, offline maximum likelihood estimation methods are expected to be applied.
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The issue of time-varying parameter estimation is one of the larger research ques-
tions, and there are many aspects that can still be investigated. Because the method
presented here has only been validated with the Lorenz 96 model, the applicability of
the proposed method to various nonlinear problems in data assimilation should be in-
vestigated. Also, the time-varying pattern of the parameters was assumed to be the
case where abrupt (staircase-like) changes occur simultaneously for all parameters in
this thesis. In particular, it should be verified whether the first-order approximation of
the parameters introduced in Eq. (3.3) account for the nonlinearity associated with the
parameters. Therefore, more realistic time-varying patterns should be assumed and
evaluated depending on the application and model.

Furthermore, the observation density, e.g., the dimension and frequency of obser-
vations, should be considered for real applications. The partially observed experiment
described in Section 3.3.2 showed that the difference in estimation accuracy between
parameters increases as the observation density decreases. Therefore, one possible
countermeasure is to extract and estimate parameters that significantly impact esti-
mation accuracy; for example, sensitivity analysis can be applied. Alternatively, some
approaches investigate the impact of observations or find observations that contribute
to improving estimation accuracy. For example, an observing system simulation ex-
periment (e.g., ensemble-based method [TAFI07]), which builds a virtual observation
system, could be useful.
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