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Sparse regression methods have been widely used in many fields for their sta-
tistical effectiveness and high interpretability. However, there are few sparse re-
gression methods with skew noise, although statistical modeling using skewness
is becoming more important, e.g., in the medical field. Azzalini’s skew-normal
distribution and its extensions are well-used for skew noise. Such skew regres-
sion methods have a severe problem with statistical interpretability because they
model neither mean, median, nor mode. To overcome this problem, we propose
a novel sparse regression method based on mode-invariant skew-normal noise.
The regression model is easy to interpret in the proposed method because it al-
ways models a mode regardless of skewness. The proposed method is simple to
implement and optimize, suggesting it is highly scalable to other machine learn-
ing methods. We also provide theoretical guarantees of the proposed method
for the average excess risk and the estimation error. Numerical experiments on
artificial and real-world data demonstrate that the proposed method performs
significantly better and is more stable than other existing methods for various
skew-noise data.

https://www.soken.ac.jp/en/
https://www.ism.ac.jp/senkou_eng/
https://www.ism.ac.jp/senkou_eng/


iii

Acknowledgements
I would like to express my heartfelt gratitude to my supervisor, Dr. Hironori Fuji-
sawa, for his unwavering support throughout my doctoral journey. His thought-
ful guidance has greatly contributed to my growth, both academically and per-
sonally. I am certain that I would not be where I am today without his mentor-
ship. Once again, I offer my deepest thanks for all his contributions.

I would like to extend my sincere gratitude to the members of my doctoral com-
mittee, Dr. Hideitsu Hino, Dr. Keisuke Yano, and Dr. Toshihiro Abe. Their con-
structive comments have greatly enhanced the quality of my research. I deeply
appreciate their time, effort, and expertise in evaluating my work.

To all the students and alumni of the Fujisawa Lab, I am deeply thankful for their
support and advice. Their encouragement and fellowship, not only in research
but also in various aspects, have been invaluable. I sincerely hope for the contin-
ued success of their research and careers.

To my colleagues and superiors in my previous job, I am deeply grateful for
the opportunity to pursue my doctoral studies. Although I had to resign due
to personal circumstances, the values we cultivated together on social issues still
greatly influence my current research. My experience with this wonderful team
is an irreplaceable asset in my career.

Lastly, I must express my heartfelt appreciation to my family, especially my wife,
who has always been there and stood by me. Although our circumstances dra-
matically changed during my doctoral journey, my wife’s steadfast belief in me
has been a guiding light. Her unwavering support and love have been my con-
stant source of strength. I am profoundly grateful for everything she has done.



iv

Contents

Abstract ii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Our Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Preliminary 5
2.1 Sparse Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Problem Description . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.2 The Lasso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Sparsity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Interpretability . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Variable Selection . . . . . . . . . . . . . . . . . . . . . . . . . 8
Prediction Accuracy . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 Convex loss and ℓ1 regularization . . . . . . . . . . . . . . . 9
2.1.4 Non-convex loss and ℓ1 regularization . . . . . . . . . . . . . 13

2.2 Skew-Symmetric Distribution . . . . . . . . . . . . . . . . . . . . . . 16
2.2.1 Family I: Azzalini-type . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Family II: Transformation of Scale . . . . . . . . . . . . . . . 18
2.2.3 Other Families . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Family III: Two-piece . . . . . . . . . . . . . . . . . . . . . . . 19
Family IV: Transformation of Random Variable . . . . . . . . 20
Family V: Probability Integral Transformation . . . . . . . . 20

2.2.4 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Proposed Method 23
3.1 Skew Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2 Problem Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4.1 Quantile Regression . . . . . . . . . . . . . . . . . . . . . . . 26



v

3.4.2 Modal Regression . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.4.3 Regularized Regression with Skew Distributions . . . . . . . 29

3.5 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.5.1 Upper Bounds on |Hα(v)| and |rα(u)| . . . . . . . . . . . . . 29
3.5.2 Proof of Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . 34
3.5.3 Derivation of MM Algorithm . . . . . . . . . . . . . . . . . . 35
3.5.4 Proof of Theorem 5 . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Theoretical Results 41
4.1 Basic Properties of Likelihood . . . . . . . . . . . . . . . . . . . . . . 41
4.2 Excess Risk and Margin . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3 Convergence Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.4 Feature Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.5 Reasonable Success Probability . . . . . . . . . . . . . . . . . . . . . 45
4.6 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.6.1 Proof of Propositions . . . . . . . . . . . . . . . . . . . . . . . 46
Preliminary Propositions . . . . . . . . . . . . . . . . . . . . 46
Proof of Proposition 5 . . . . . . . . . . . . . . . . . . . . . . 53
Proof of Proposition 6 . . . . . . . . . . . . . . . . . . . . . . 53
Proof of Proposition 7 . . . . . . . . . . . . . . . . . . . . . . 56
Proof of Proposition 8 . . . . . . . . . . . . . . . . . . . . . . 56

4.6.2 Proof of Theorem 6 . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6.3 Proof of Theorem 7 . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6.4 Proof of Theorem 8 . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Experimental Results 59
5.1 Skew-Noises with Mode Zero . . . . . . . . . . . . . . . . . . . . . . 59
5.2 Normal and Azzalini’s Skew-Noises . . . . . . . . . . . . . . . . . . 62
5.3 Real-World Medical Data . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.4 Additional Experimental Details and Results . . . . . . . . . . . . . 64

5.4.1 Definition of Sparsity . . . . . . . . . . . . . . . . . . . . . . . 64
5.4.2 Comparison with Other Methods . . . . . . . . . . . . . . . . 64
5.4.3 Real-World Financial Data . . . . . . . . . . . . . . . . . . . . 66

6 Conclusion 69

References 70



vi

List of Figures

1.1 The difference between Azzalini’s skew-normal distribution and
the mode-invariant skew-normal distribution. . . . . . . . . . . . . 2

5.1 Comparison of four methods with four different types of simula-
tion noises (Data 1, Data 2, Data 3, and Data 4) in terms of five
evaluation measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.2 Box plots of MSEs for Data 2 with P = 100 fixed and various sam-
ple sizes N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.3 Comparison of four methods with four different types of simula-
tion noises (Data 5, Data 6, Data 7, and Data 8) in terms of five
evaluation measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.4 Comparison of six methods with four different types of simulation
noises (Data 1, Data 2, Data 3, and Data 4) in terms of four evalua-
tion measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.5 Box plots of the estimated coefficients for EGS. . . . . . . . . . . . . 67



vii

List of Tables

5.1 Results of PDGFR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Results of MTP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.3 Results of EGS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.4 Description of features in EGS data. . . . . . . . . . . . . . . . . . . 68





1

Chapter 1

Introduction

1.1 Background

Starting with the Lasso (Tibshirani, 1996), an ℓ1 regularization regression method
is becoming popular for predictive modeling with relevant features. It has gained
significant attention in many fields because of its ability to handle high-dimen-
sional data efficiently and its exhaustive studies of methodological extensions
and theoretical properties. (For details, e.g., see Bühlmann and Geer (2011); Hastie,
Tibshirani, and Wainwright (2015).) As we have more data available and need
more reasonable models, an ℓ1 regularization regression method will likely con-
tinue to be more essential for high-dimensional data analysis.

The Lasso is based on the squared error; in other words, it focuses on a symmetric
noise. In real-world data analysis, however, we need to treat skewness. For ex-
ample, statistical modeling using skewness is indispensable in the medical field.
Hossain and Beyene (2015) explored an application of the skew-normal distri-
bution in the analysis of microRNA (miRNA) data, which often does not follow
a normal distribution. Their findings, derived from both simulations and real
miRNA dataset analyses, demonstrated that the skew-normal distribution could
enhance the detection of differentially expressed miRNAs. This enhancement
is particularly noticeable when the data is significantly skewed. Shafiei, Safar-
poor, Jamalizadeh, and Tizhoosh (2020) introduced an automated stain normal-
ization framework for histopathology images that uses a mixture of multivariate
skew-normal distributions to capture both symmetric and non-symmetric obser-
vations. The method can model multi-modal and multiple correlated distribu-
tions, regardless of their non-symmetry, and has shown consistent and superior
performance compared to existing methods. How to treat skewness is also a topic
of interest in other fields, including financial, meteorological, and industrial data
(Adcock, Eling, and Loperfido, 2015; Hao, Yang, and Berenguer, 2019; Simola,
Dumusque, and Cisewski-Kehe, 2019).
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↩︎

FIGURE 1.1: The difference between Azzalini’s skew-normal distribution (upper row)
and the mode-invariant skew-normal distribution (lower row) with the location param-
eter µ and the different skewness parameter α. The scale parameter is set to σ = 1. The
blue and black dashed lines in the upper row represent the positions of the mode and
µ in the former distribution, respectively. The mode of the former distribution depends
complicatedly on the skewness parameter as well as the location and scale parameters.
As α increases, the mode goes first to the right and then back to the left (to the original
location). This behavior makes it difficult to interpret the former distribution. The red
dashed line in the lower row represents the positions of both the mode and µ in the latter
distribution. The mode of the latter distribution is invariant for any α. As α → ∞, both
asymptotically approach half-normal distributions. The former is stretched vertically, but
the latter is stretched horizontally.

Skew distributions have been studied extensively (Azzalini and Capitanio, 1999;
Branco and Dey, 2001; Sahu, Dey, and Branco, 2003; Liseo and Loperfido, 2003;
González-Farías, Dominguez-Molina, and Gupta, 2004; Arellano-Valle, Gómez,
and Quintana, 2005; Arellano-Valle and Genton, 2005; Arellano-Valle and Azza-
lini, 2006). However, despite the intense need for skewness in real-world data
analysis, there currently exist few relevant ℓ1 regularization regression methods.
The most significant study is Chen, Pourahmadi, and Maadooliat (2014), who as-
sumed a regression model for the location parameter of the well-used Azzalini’s
skew-normal distribution (Azzalini, 1985) and then proposed an ℓ1 regularization
regression method with an efficient parameter estimation algorithm. Even if we
move away from the ℓ1 regularization, there exist few regularization methods;
e.g., Cao, Wang, and Wu (2023) recently proposed the ridge regularization re-
gression method for the mode of Azzalini’s skew-normal distribution. This lack
of attention may be because we would generally deal with skewed data using
non-linear pre-processing with a power transform such as the Box–Cox trans-
formation (Box and Cox, 1964) and Yeo–Johnson transformation (Yeo and John-
son, 2000). However, these non-linear transformations may not be suitable for a
regression model with skewed noise because such transformations can provide
symmetric distributions of outcomes but not symmetric noises due to asymmetric
feature distributions. Furthermore, non-linear transformations can make it diffi-
cult to interpret a regression model since the non-linearity changes the meaning
of an observation unit.
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1.2 Our Contribution

In this thesis, we focus on a regression model whose noise is assumed to follow
the mode-invariant skew-normal distribution introduced by Fujisawa and Abe
(2015), and then we propose the regression estimator of the mode (location pa-
rameter) that is defined as the minimizer of the negative log-likelihood plus the
ℓ1 regularization, aiming to achieve both skewness modeling and statistical in-
terpretability. The mode-invariant skew-normal distribution is a subclass of the
Transformation-of-Scale (ToS) distribution (Jones, 2014; Jones, 2016) and is con-
sistent with a normal distribution when not skewed. As the name implies, its
mode is invariant regardless of skewness, where its location parameter coincides
with its mode. Therefore, the proposed method always models a mode regard-
less of skewness, making it easy to interpret the statistical role of sparse features.
This is equivalent to the reasonable assumption that a noiseless situation has the
highest probability. Despite its helpful properties, there are few studies with the
mode-invariant skew-normal distribution besides the basic maximum likelihood
estimation (Fujisawa and Abe, 2015).

The proposed method differs significantly from Chen, Pourahmadi, and Maadoo-
liat (2014)’s regression model for the location parameter of Azzalini’s skew-nor-
mal distribution. Figure 1.1 illustrates different shapes between Azzalini’s skew-
normal distribution and the mode-invariant skew-normal distribution. Note that
the location parameter of Azzalini’s skew-normal distribution is neither mean,
median, nor mode, which means that the role of Chen, Pourahmadi, and Maadoo-
liat (2014)’s regression model is uncertain and difficult to interpret.

Our main contributions are as follows:

• Highlighting the attractiveness of the mode-invariant skew-normal distri-
bution and assuming noise to follow it, we propose a novel ℓ1 regulariza-
tion regression method having both skewness modeling and statistical in-
terpretability.

• Revealing partial convexity, we indicate that its optimization and imple-
mentation are relatively straightforward, although the proposed method
involves complicated non-linear transformations.

• The proposed method is theoretically guaranteed in terms of its excess risk
and estimation error by non-asymptotic analysis under mild assumptions
usually adopted in the theoretical analysis of Lasso-type problems.
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1.3 Outline

This thesis is organized as follows. In Chapter 2, we review sparse regression
methods and skew distributions. In Chapter 3, the proposed method is intro-
duced. In Chapter 4, the theoretical guarantees of the proposed method are pro-
vided by non-asymptotic analysis in terms of the excess risk and the estimation
error. Such theoretical studies for skew regression models have not been shown
so far. In Chapter 5, numerical experiments on artificial and real-world data
are demonstrated. The results obtained in that study indicate that the proposed
method can serve as a viable alternative to the Lasso. In Chapter 6, concluding
remarks are given.

The main results of this thesis are based on the following journal paper:

• Kazuki Koyama, Takayuki Kawashima, and Hironori Fujisawa. “Sparse
modal regression with mode-invariant skew noise”. Transactions on Machine
Learning Research, 2024.
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Chapter 2

Preliminary

2.1 Sparse Regression

2.1.1 Problem Description

Let X ⊂ RP be the domain of input vector X. Let Y ⊂ R be the domain of output
sample y. Suppose that we are given N independent and identically distributed
(i.i.d.) samples DN := {(yn, Xn) ∈ Y ×X}N

n=1.

We consider the following linear regression problem for an output y ∈ Y and a
P-dimensional feature vector X ∈ X :

y = X⊤β + e, (2.1)

where β ∈ RP is a parameter vector and e ∈ R is a noise.

Let y := [y1, . . . , yN]
⊤ and X := [X1, . . . , XN]

⊤. In this thesis, unless otherwise
specified, we assume that X is standardized such that 1

N ∑N
n=1 X2

np = 1 and that
y and X are centralized such that ∑N

n=1 yn = 0 and ∑N
n=1 Xnp = 0. This standard-

ization for X ensures that each feature variable contributes equally to the output
and prevents feature variables with larger scales from dominating the output. In
addition, this centralization for y and X allows us to treat the intercept term as
zero in regression models.

The most well-known approach to solving (2.1) is the least-squares method. In
this method, we minimize the squared loss

β̂OLS := argmin
β

1
2N
∥y− Xβ∥2

2. (2.2)
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If N > P and rank(X) = P, we can analytically obtain the optimal solution of
(2.2) as

β̂OLS = (X⊤X)−1X⊤y. (2.3)

Let β0 be the true parameter. Suppose that e follows the normal distribution and
that the variance is known. In this case, the following excess risk of the squared-
error estimator follows the chi-square distribution χ2

P with P degrees of freedom
(Montgomery, Peck, and Vining, 2021):

1
σ2∥X(β̂OLS − β0)∥2

2 ∼ χ2
P. (2.4)

Hence, we can obtain the following evaluation for (2.3):

1
2N

E
[
∥X(β̂OLS − β0)∥2

2

]
= O

(
P
N

)
. (2.5)

Let S0 := {p : β0
p ̸= 0} and SC

0 := {1, . . . , P}\S0. Suppose s0 < N with s0 := #S0.
In contrast to the case where N > P, if N < P, we always have rank(X) ̸=
P. Therefore, the optimal solution of (2.2) is not unique since X⊤X is a singular
matrix. If we completely know S0, we can employ a strategy to optimize (2.2)
using the least-squares method with only the features corresponding to S0, such
as

β̂ :=

 argmin
β∈Rs0

1
2N∥y− XS0 β∥2

2 (p ∈ S0)

0 (p ∈ SC
0 )

. (2.6)

In this case, following the same theory in this section, we have

1
2N

E
[
∥X(β̂− β0)∥2

2

]
= O

( s0

N

)
. (2.7)

However, we typically can not know S0. Therefore, we need other techniques to
estimate S0 from DN directly beyond the least-squares method.

2.1.2 The Lasso

The Lasso (or the Least Absolute Shrinkage and Selection Operator) (Tibshirani,
1996) is a regression method to estimate a sparse model. Moreover, it helps in
both variable selection and regularization and enhances the prediction accuracy
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and interpretability of the statistical model. It is widely used in statistics and
machine learning, in particular, for high-dimensional (N < P) data.

The Lasso adds an ℓ1 regularization term to the squared loss. In response to (2.2),
it optimizes

β̂ := argmin
β

1
2N
∥y− Xβ∥2

2 + λ∥β∥1, (2.8)

where λ ≥ 0 is a regularization parameter. In this way, the ℓ1 regularization term
can be applied to various regression models, including linear regression, logistic
regression, and generalized linear models.

The Lasso offers several attractive properties. This section briefly describes some
of them. In Sections 2.1.3 and 2.1.4, we will introduce theoretical guarantees for
the excess risk and estimation error in detail.

Sparsity

The ℓ1 regularization term in the Lasso has the effect of shrinking some of the
estimated coefficients exactly to zero when λ is sufficiently large. This property
makes the Lasso particularly useful for variable selection in high-dimensional
settings.

Consider the mechanism for achieving a sparse optimal solution. We can replace
the optimization problem (2.8) with the following equivalent optimization prob-
lem:

β̂ := argmin
β

1
2N
∥y− Xβ∥2

2, s.t. ∥β∥1 ≤ t, (2.9)

where t is some positive constant which depends on λ. The contours of the resid-
ual sum of squares are ellipsoids centered around the least squares solution. The
ℓ1 constraint forms a diamond shape in the coefficient space. Therefore, the opti-
mal solution occurs at the intersection of the ellipsoid contours and the diamond-
shaped constraint region. Due to the shape of the ℓ1 norm constraint, the inter-
section often appears on the axes, which leads to some coefficients being exactly
zero. Hence, the Lasso achieves sparsity (Bishop, 2006; Hastie, Tibshirani, and
Friedman, 2009).

Interpretability

A simpler model with fewer variables is easier to interpret and understand. This
is particularly important in fields where understanding the relationship between
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variables is crucial. For example, in the medical field, identifying key biomarkers
can lead to better diagnostic tools. In the financial field, understanding the impact
of specific factors on economic outcomes can help inform policy decisions. In this
sense, the ℓ1 regularization term leads to high interpretability since it can produce
sparse solutions.

Moreover, the ℓ1 regularization term can help to handle multicollinearity. When
feature variables are highly correlated, it tends to select one variable from a group
of correlated variables and shrink the others to zero. This process not only re-
duces the complexity of the model but also enhances its interpretability by re-
taining only the most significant predictors.

In related studies, for example, the Independently Interpretable Lasso (IILasso)
method (Takada, Suzuki, and Fujisawa, 2018; Takada, Suzuki, and Fujisawa,
2020) further improves interpretability by ensuring that each selected variable in-
dependently affects the objective variable. In addition, a critical review highlights
the limitations and practical challenges of the Lasso when there are dependence
structures among covariates (Freijeiro-González, Febrero-Bande, and González-
Manteiga, 2022). This review provides insights into various derivatives and al-
ternatives of the Lasso that can be more effective in different scenarios. These
advancements in the Lasso methodologies underscore the importance of select-
ing appropriate regularization techniques to enhance model interpretability and
performance.

Variable Selection

The irrepresentable condition is key to ensuring that the Lasso can consistently se-
lect the true model (Meinshausen and Yu, 2009; Bühlmann and Geer, 2011; Hastie,
Tibshirani, and Wainwright, 2015). It involves the covariance structure of the pre-
dictors. Formally, the irrepresentable condition can be stated as follows:

∥X⊤SC
0

XS0(X
⊤
S0

XS0)
−1sgn(βS0)∥∞ ≤ 1− c1, (2.10)

where c1 ∈ (0, 1]. This condition essentially means that the features not in the
true model XSC

0
should not be too correlated with those in the true model XS0 .

Another key is the beta-min condition (Leeb and Pötscher, 2003; Leeb and Pötscher,
2005; Bühlmann and Geer, 2011). It focuses on the magnitude of the true coeffi-
cients β. The beta-min condition can be stated as follows:

min
j∈S0
|β0

j | > c2

√
log P

N
, (2.11)
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for some positive constant c2. This condition ensures that the true non-zero coef-
ficients are large enough to be distinguished from zero, even in noise.

These conditions provide a framework for the consistency of the Lasso in variable
selection. The irrepresentable condition ensures that the model structure is iden-
tifiable, while the beta-min condition ensures that the signal is strong enough to
be detected. Both conditions must be satisfied so that the Lasso can reliably select
the correct model (Zhao and Yu, 2006; Lahiri, 2021).

Prediction Accuracy

The Lasso improves prediction accuracy by balancing the trade-off between bias
and variance through regularization. The regularization term in the objective
function helps to reduce the variance of the model by shrinking some coefficients
to zero. This can be understood through the following bias-variance trade-off
(Hastie, Tibshirani, and Friedman, 2009; James, Witten, Hastie, and Tibshirani,
2013):

• Bias: Regularization introduces some bias into the model by shrinking the
coefficients.

• Variance: By reducing the number of predictors (or setting some coefficients
to zero), the Lasso reduces the model’s complexity, which in turn reduces
variance.

Moreover, the regularization term also helps to prevent overfitting by discour-
aging the model from becoming too complex. This leads to more robust models
which better generalize to new data. The optimal value of λ is typically chosen
through cross-validation.

2.1.3 Convex loss and ℓ1 regularization

This section reviews the excess risk and the estimation error for general convex
loss and ℓ1 regularization. In particular, we focus on non-asymptotic analysis.
As shown in Section 2.1.1, the order in (2.7) can be regarded as the excess risk
of the Lasso under an ideal situation where we completely know S0. However,
since such a situation usually does not occur, we need to consider the theoretical
guarantees described here.

Let f : X → R be a regression function. Let ℓ f (y, X) : Y × X → R be a loss
function for f . For example, the squared loss corresponds to ℓ f (y, X) := (y −
f (X))2.
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Let F be the set of all regression functions f such that the map f → ℓ f (y, X) is
convex for any (y, X). We define the true regression function f 0 as the minimizer
of the theoretical risk

f 0 := argmin
f∈F

1
N ∑

(yn,Xn)∈DN

E
[
ℓ f (yn, Xn)

]
. (2.12)

Moreover, for any f ∈ F , let the excess risk between f and f 0 be denoted by

E( f | f 0) :=
1
N ∑

(yn,Xn)∈DN

(
E
[
ℓ f (yn, Xn)

]
−E

[
ℓ f 0(yn, Xn)

])
. (2.13)

We focus on a linear regression function fβ(X) := X⊤β. The best linear approxi-
mation of the true regression function f 0 is given by

β0
linear := argmin

β∈RP

1
N ∑

(yn,Xn)∈DN

E
[
ℓ fβ

(yn, Xn)
]

. (2.14)

The Lasso corresponds to solving the following optimization problem:

β̂ := argmin
β∈RP

 1
N ∑

(yn,Xn)∈DN

ℓ fβ
(yn, Xn) + λ∥β∥1

 . (2.15)

In this section, we are interested in the excess risk E( fβ̂ | f 0) and the estimation

error of β̂. To evaluate them, we need to introduce the margin condition and the
restricted eigenvalue condition. We define these conditions sequentially.

Definition 1 (Margin Condition). Let Flocal := {∥ f − f 0∥∞ ≤ η} ⊂ F . We say that
the margin condition holds with strictly convex function G, if for any f ∈ Flocal, we have

E( f | f 0) ≥ G(∥ f − f 0∥). (2.16)

In particular, we say that the quadratic margin condition holds if G(u) = cu2 with some
positive constant c.

The margin condition evaluates the behavior of the theoretical risk near its min-
imizer (Bühlmann and Geer, 2011; Hastie, Tibshirani, and Wainwright, 2015). It
means that the excess risk E( f | f 0) in the neighborhood Flocal of f 0 is bounded
below by a strictly convex function. This condition holds in many cases. For ex-
ample, in the case of the squared loss with a fixed design, the quadratic margin
condition holds.
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Definition 2 (Restricted Eigenvalue Condition). Let SN := 1
N ∑N

n=1 XnX⊤n . We say
that the (L,S)-restricted eigenvalue condition holds with L > 1, if

κ̃2(L,S) := inf
∥βSC∥1≤L∥βS∥1

β⊤SN β

∥β∥2
2

> 0. (2.17)

The restricted eigenvalue condition is crucial in analyzing the ℓ1 penalized method,
particularly in high-dimensional statistics. (Bickel, Ritov, and Tsybakov, 2009;
Bühlmann and Geer, 2011; Hastie, Tibshirani, and Wainwright, 2015). For ex-
ample, in the typical low-dimensional (N > P) setting, the least-squares loss is
strongly convex since X⊤X is positive definite and its smallest eigenvalue is not
zero. However, in the high-dimensional (N < P) setting, X⊤X is always rank-
deficient. For this reason, we need to relax the strong convexity of the loss func-
tion.

If the parameter vector β0
linear is sparse, it is known that for appropriate choices of

λ, the error β̃ := β̂− β0
linear satisfies a cone constraint such that ∥β̃SC∥1 ≤ L∥β̃S∥1

(Hastie, Tibshirani, and Wainwright, 2015). This condition ensures the imposition
of strong convexity for this restricted set ∥βSC∥1 ≤ L∥βS∥1.

We set L = 3 in this section, but this constant is quite arbitrary. We can replace
it with any constant greater than one by adjusting other constants, which influ-
ences, for example, how to determine the lower bound for λ (Bühlmann and Geer,
2011).

Instead of the restricted eigenvalue condition, the following compatibility condition
may be assumed (Geer and Bühlmann, 2009; Bühlmann and Geer, 2011). This
condition is sufficient for the restricted eigenvalue condition.

Definition 3 (Compatibility Condition). Let s := #S . We say that the (L,S)-
compatibility condition holds with constant κ̃(L,S) > 0, if for any β ∈ RP satisfying
∥βSC∥1 ≤ L∥βS∥1, we have

∥βS∥2
1 ≤

sβ⊤SN β

κ̃2(L,S) . (2.18)

Based on the margin condition and the restricted eigenvalue condition, we have
the following theorem, which leads to evaluating the excess risk and the estima-
tion error (Bühlmann and Geer, 2011).
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Theorem 1. Fix X1, . . . , XN. Let the empirical process of the loss function ℓ fβ
be denoted

by

VN(β) :=
1
N ∑

(yn,Xn)∈DN

(
ℓ fβ

(yn, Xn)−E
[
ℓ fβ

(yn, Xn)
])

. (2.19)

Let S0 := {p : β0
linear,p ̸= 0} and s0 := #S0. Suppose that the (3,S0)-restricted

eigenvalue condition holds for S0. Suppose that the margin condition holds with strictly
convex function G. Let H be the convex conjugate of G. Let

ϵ0 :=
3
2
E( fβ0

linear
| f 0) + H

(
4λ
√

s0

κ̃(3,S0)

)
. (2.20)

Fix λ0 > 0. Suppose fβ0
linear
∈ Flocal. Suppose fβ ∈ Flocal for any ∥β− β0

linear∥1 ≤ ϵ0
λ0

.
Let

J :=

 sup
∥β−β0

linear∥1≤
ϵ0
λ0

|VN(β)− VN(β0
linear)| ≤ ϵ0

 . (2.21)

If the regularization parameter λ is chosen to satisfy λ ≥ 8λ0, then we have on J ,

E( fβ̂ | f 0) + λ∥β̂− β0
linear∥1 ≤ 6E( fβ0

linear
| f 0) + 4H

(
4λ
√

s0

κ̃(3,S0)

)
(2.22)

( = 4ϵ0).

In particular, if the quadratic margin condition holds with G(u) = cu2, then we have

E( fβ̂ | f 0) + λ∥β̂− β0
linear∥1 ≤ 6E( fβ0

linear
| f 0) +

16λ2s0

cκ̃2(3,S0)
. (2.23)

For practical purposes, we need to choose λ0 so that the event J occurs with high

probability. For this λ0, we generally can take λ0 = O
(√

log P
N

)
. If we take λ0 =

O
(√

log P
N

)
and assume that the quadratic margin condition and the restricted

eigenvalue condition hold, the estimation error H
(

4λ
√

s0
κ̃(3,S0)

)
behaves O

(
s0 log P

N

)
.

As an example of this case, we consider a typical situation corresponding to the
ordinary Lasso. The ordinary Lasso has the squared loss with a fixed design, and
the quadratic margin condition holds. Moreover, if the true regression function
f 0 is linear, the approximation error E( fβ0

linear
| f 0) is zero since f 0 = fβ0

linear
. In

this case, Theorem 1 gives a bound for both the excess risk E( fβ̂ | f 0) and the
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estimation error ∥β̂− β0
linear∥1 as follows (Bühlmann and Geer, 2011).

Corollary 1. Suppose the conditions of Theorem 1 with quadratic margin behavior. Sup-

pose that the true regression function f 0 is linear. If we take λ0 = O
(√

log P
N

)
, then we

have on J ,

E( fβ̂ | f 0) = OP

(
s0 log P

N

)
, (2.24)

∥β̂− β0
linear∥1 = OP

(
s0

√
log P

N

)
. (2.25)

From (2.7), we see that even if we completely knew S0, we could not take the
order of the excess risk smaller than O( s0

N ). Corollary 1 shows that the excess risk
(2.24) of the ordinary Lasso is only O(log P) worse than such an ideal situation.

2.1.4 Non-convex loss and ℓ1 regularization

In this section, we extend convex loss treated in Section 2.1.3 to non-convex loss.
In particular, we address ℓ1 penalized likelihood problems. In such non-convex
optimization problems, it is difficult to compute a global optimum. On the other
hand, as shown in this section, the non-asymptotic theory is given for estimators
defined by a global optimum.

We consider ℓ1 penalized smooth likelihood problems, which are generally non-
convex. The proposed method in this thesis belongs to this class, as described
later. Suppose that the parameter space Ψ is a bounded subset of RPψ . Suppose
that the true conditional probability density of y given X depends on X only
through the true parameter function ψ0(X) ∈ Ψ.

Let the probability density of y parametrized by ψ ∈ Ψ be denoted by fψ(y). With
minus the log-likelihood as a loss function, we define the excess risk between fψ

and fψ0 by

E(ψ | ψ0) :=E f
ψ0

[
− log fψ(y)

]
−E f

ψ0

[
− log fψ0(y)

]
=E f

ψ0

[
log

fψ0(y)
fψ(y)

]
. (2.26)

This excess risk is equivalent to the Kullback–Leibler divergence (Kullback and
Leibler, 1951) between fψ and fψ0 . For fixed X1, . . . , XN, we define the average
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excess (Kullback–Leibler) risk between fψ and fψ0 by

Ẽ(ψ | ψ0) :=
1
N

N

∑
n=1
E(ψ(Xn) | ψ0(Xn)). (2.27)

As shown in Section 2.1.3, the margin condition is key to evaluating the excess
risk and the estimation error. In ℓ1 penalized smooth likelihood problems, we can
prove that the quadratic margin condition holds if the following three conditions
hold (Bühlmann and Geer, 2011).

Condition 1. Let lψ(y) := log fψ(y). There exists some function G3(y) such that

sup
ψ∈Ψ

max
(i1,i2,i3)∈{1,...,Pψ}3

∣∣∣∣ ∂3

∂ψ1∂ψ2∂ψ3
lψ(y)

∣∣∣∣ ≤ G3(y), (2.28)

sup
X∈X

∫
G3(y) fψ0(X)(y)dy < ∞. (2.29)

Condition 2. Let the Fisher information matrix of fψ(X)(y) be denoted by I(ψ(X)). It
holds that

inf
X∈X

Λmin(I(ψ(X))) > 0, (2.30)

where Λmin(A) is the smallest eigenvalue of A.

Condition 3. For any ϵ > 0, there exists some constant δϵ > 0 such that

inf
X∈X

inf
∥ψ−ψ0(X)∥2>ϵ

E(ψ | ψ0(X)) ≥ δϵ. (2.31)

Theorem 2. If Conditions 1, 2, and 3 hold, the quadratic margin condition holds such
that

inf
X∈X
E(ψ | ψ0(X)) ≥ 1

c2∥ψ−ψ0(X)∥2
2, (2.32)

with some positive constant c.

We now focus on the special case where the true conditional probability density
of y given X linearly depends on X. Let ψ0(X) be composed of β0 ∈ RP and
ξ0 ∈ RPξ satisfying ψ0(X) = [X⊤β0, ξ0⊤ ]⊤. We assume that β0 is sparse. Then,
we define a new parameter vector θ := [β⊤, ξ⊤]⊤ and assume that its parameter
space Θ is a bounded subset of RP+Pξ .
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Letting fθ(y | X) := fψ(X)(y), we consider the following ℓ1 penalized optimiza-
tion problem:

θ̂ := argmin
θ∈Θ

− 1
N

N

∑
n=1

log fθ(yn | Xn) + λ∥β∥1, (2.33)

where λ ≥ 0 is a regularization parameter. For this optimal solution θ̂, we have
the following theorem, which leads to evaluating the average excess risk and the
estimation error (Bühlmann and Geer, 2011).

Theorem 3. Suppose that Conditions 1, 2, and 3 hold. Let S0 := {p : β0
p ̸= 0}

and s0 := #S0. Suppose that the (6,S0)-restricted eigenvalue condition holds. Fix
X1, . . . , XN. Let the average excess risk and the empirical process for θ ∈ Θ be denoted
by

Ẽ(θ | θ0) :=
1
N

N

∑
n=1
E(ψ(Xn) | ψ0(Xn)), (2.34)

VN (θ) :=
1
N

N

∑
n=1

(− log fθ(yn | Xn)−E [− log fθ(yn | Xn)]) . (2.35)

Let ∥θ∥∗ := ∥β∥1 + ∥ξ∥2. Fix γ ≥ 1 and λ0 > 0. Let

J :=

{
sup
θ∈Θ

∣∣VN (θ)− VN
(
θ0)∣∣

∥θ̂− θ0∥∗ ∨ λ0
≤ γλ0

}
. (2.36)

If the regularization parameter λ is chosen to satisfy λ ≥ 2γλ0, then we have on J

Ē(θ̂ | θ0) + 2(λ− γλ0)∥β̂− β0∥1 ≤ 9(λ + γλ0)
2c2κ2s0, (2.37)

where c is the constant defined in Theorem 2, κ−1 := κ̃(6,S0).

We also need to choose λ0 so that the event J occurs with high probability. For

this λ0, we generally can calculate λ0 = O
(

MN log N
√

log(N∨P)
N

)
, where the

rate for MN depends on the model of interest. For example, for finite mixture
regression models with ℓ1 regularization, the rate is MN = O(

√
log N) (Städler,

Bühlmann, and Geer, 2010), and for linear mixed effects models with ℓ1 regular-
ization, the rate is MN = O(log N) (Schelldorfer, Bühlmann, and Geer, 2011).

If we take λ0 = O
(

MN log N
√

log(N∨P)
N

)
, we can obtain convergence rates re-

garding the average excess risk Ē(θ̂ | θ0) and the estimation error of β̂ from
Theorem 3 (Bühlmann and Geer, 2011).
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Corollary 2. Suppose the conditions in Theorem 3. Suppose λ = 2γλ0 with λ =

O
(

MN log N
√

log(N∨P)
N

)
. Then, we have

Ē(θ̂ | θ0) = OP

(
s0M2

N(log N)2 log(N ∨ P)
N

)
, (2.38)

∥β̂− β0∥1 = OP

(
s0MN log N

√
log(N ∨ P))

N

)
. (2.39)

Corollary 2 shows that the average excess (Kullback–Leibler) risk achieves the

optimal convergence rate up to the factor OP

(
M2

N(log N)2 log(N∨P)
N

)
as if we knew

which s0 features were active. This order can be regarded as only O(M2
N(log N)2)

worse when compared to (2.24) for the ordinary Lasso.

2.2 Skew-Symmetric Distribution

In this section, we will review the skew-symmetric distributions. The term “skew-
symmetric” may sound contradictory at first. This is based on the fact that these
distributions are extensions of a simple, symmetric, unimodal distribution on R

(e.g., the normal distribution). This concept was initially focused on by Azza-
lini (1985). However, as shown later, several alternative families of the skew-
symmetric distributions have also been proposed.

Throughout this section, let g be a symmetric and unimodal probability density
function on R. Let G be its cumulative distribution function. In practical appli-
cations, we often consider this distribution as a location-scale family, defined as
g(x | µ, σ) := 1

σ g
(

x−µ
σ

)
. However, since this form is unnecessary for the review

of this section, we simplify it by setting µ = 0 and σ = 1. Then, we implicitly
assume that g(x) is symmetric and unimodal at x = 0.

For g, we usually use a simple two-parameter distribution consisting of location
and scale, such as the normal distribution. On the other hand, we can employ a
distribution with a third parameter to control tail-weight, such as the t distribu-
tion (Theodossiou, 1998).

We define a transformation function q (or r) to extend g to a skew-symmetric
distribution as follows: let q : R→ R be a monotonically increasing function; let
r : R→ R be the inverse function of q. The definition of q (or r) will be added as
necessary in each subsection.
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In the remaining subsections, we will define the families of the skew-symmetric
distributions sequentially and then compare their strengths and weaknesses. Al-
though many of these families are closely related, their statistical properties are
greatly different. To highlight these relationships, we sometimes use differen-
tial functions, which may seem unnecessary. This is because the transformation
function in one family can be interpreted as the Jacobian in another family.

2.2.1 Family I: Azzalini-type

The density of the Azzalini-type skew-symmetric distributions can be defined
in the following general way (Azzalini and Capitanio, 2003; Wang, Boyer, and
Genton, 2004).

Definition 4 (Family I: Azzalini-type).

fI(x) := 2g(x)q′(x), (2.40)

where q′(x) + q′(−x) = 1.

For q′ of this family, we often employ a cumulative distribution function of a
symmetric distribution. This cumulative distribution function does not necessar-
ily have to match G. Moreover, we often use the form q′(αx) for α ∈ R. This is
because α can act as a skewness parameter for fI. The ordinary Azzalini’s skew
normal (Azzalini, 1985) corresponds to g(x) = ϕ(x) and q′(x) = Φ(αx), where ϕ

and Φ are the probability density function and the cumulative distribution func-
tion of the standard normal distribution, respectively.

Formally, we can obtain the following stochastic representation (Azzalini, 2013):
let X0 ∼ g(x); let XS be a random variable such that XS = 1 with probability
q′(|X0|) or XS = −1 with probability q′(−|X0|); then XI := XS|X0| ∼ fI(x).

Family I and its multivariate generalizations have become the most popular in the
literature on the skew-symmetric distribution, partly due to the comprehensive
overviews provided by Azzalini and Capitanio (2003), Genton (2004), Azzalini
(2005), Azzalini and Genton (2008), and Azzalini (2013).

In addition, one reason why this family is well-known is that it appears fre-
quently in various simple modeling mechanisms. For example, densities fI can
be obtained as the marginal distribution of an untruncated variable when another
(hidden) variable in a bivariate distribution is truncated. This leads to a weighted
distribution, which arises from biased sampling mechanisms.
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2.2.2 Family II: Transformation of Scale

Jones (2014) has proposed the following noteworthy framework for developing
flexible families of skew-symmetric distributions, which is directly related to the
proposed method in this thesis.

Definition 5 (Family II: Transformation of Scale).

fII(x) := 2g (r(x)) , (2.41)

where q(x)− q(−x) = x.

The form (2.41) is generally not a valid probability density function without the
Jacobian. However, as long as the condition q(x)− q(−x) = x holds, it is always
a valid probability density function. We can unravel the reason from the linkage
between fI and fII: XII ∼ fII can be derived from XI ∼ fI using the transforma-
tion XII = q(XI). That is why the derivative of the condition on q in Definition 5
is equivalent to the condition on q in Definition 4.

Family II is characterized by their densities of the form g(r(x)), and then r(x)
may be regarded as a transformation of scale for g. However, according to Jones
(2014), “transformation of scale” refers to modifying the evaluation point x of
a probability density function g rather than transforming the random variable
associated with g. In that sense, Jones (2014) states that this approach is distinct
from the more common method of transforming the random variable.

Family II has several attractive properties. The distribution fII(x) is unimodal
if g(x) is unimodal and its mode is explicitly taken at x = q(0). This results
from fII(x) maintaining the same values as g(x) in the same order as x increases.
The skewness properties of fII can be interpreted in terms of the density-based
skewness (Critchley and Jones, 2008) as opposed to the quantile-based skewness
(Groeneveld and Meeden, 1984). For the distributions in this family, entropy re-
mains invariant to the used transformation (Jones, 2014). Further details are given
in Section 2.2.4.

As a subclass of Family II, Fujisawa and Abe (2015) has proposed the mode-
invariant skew-normal distribution, which is assumed in the proposed method.
This distribution has the attractive property that the mode is always invariant at
x = 0 regardless of skewness. This property is achieved by satisfying q(0) = 0
in Definition 5. Specifically, they have introduced the following specific case for
q (or r):

qα(x) := x + ρα

√
1 + α2x2 − 1

α
, (2.42)
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where α ∈ R and ρα := 1 − exp(−α2). The inverse function r with mode-
invariance can be calculated as follows:

rα(x) :=

{
1

α(1−ρ2
α)

(
αx + ρα − ρα

√
(αx + ρα)2 + (1− ρ2

α)
)

(α ̸= 0)

x (α = 0)
. (2.43)

The form (2.42) has other favorable properties besides mode-invariance. As shown
in (2.43), it has a closed form for r, which makes it tractable both analytically and
computationally. For α = 0, since r0(x) = x corresponds to the identity trans-
formation, f̃II(x) := g(rα(x)) is equivalent to the base distribution g(x). As α

increases, the skewness increases monotonically. For α → ∞, f̃II(x) asymptoti-
cally approaches a half-normal distribution. The behavior for α < 0 is symmetric
at α = 0 with it for α > 0 (see Figure 1.1 for details). Again, for any α, the mode
of f̃II(x) is invariant at x = 0.

2.2.3 Other Families

Family III: Two-piece

As an alternative approach to generating a skew distribution on R, we can ap-
ply different scale factors to the half-lines x < 0 and x > 0. Such a distri-
bution is called the two-piece distribution (or the split distribution), which has
been revisited and parametrized in various forms over time. Hansen (1994) used
this approach to introduce an asymmetric form of Student’s t distribution, while
Hinkley and Revankar (1977) independently developed a similar construction for
an asymmetric Laplace distribution. Mudholkar and Hutson (2000) provides an
overview and a variant of this concept. Here, we define the following form, in-
troduced in Arellano-Valle, Gómez, and Quintana (2005).

Definition 6 (Family III: Two-piece).

fIII(x) :=
2

c−(α) + c+(α)

(
g
(

x
c−(α)

)
1{x < 0}+ g

(
x

c+(α)

)
1{x ≥ 0}

)
,

(2.44)

where c−(α), c+(α) > 0 with a skewness parameter α, and 1{A} is the indicator func-
tion, which means 1{A} = 1 if A is true and 1{A} = 0 if A is false.

Family III includes several subclasses which have been actively studied. For ex-
ample, if setting c−(α) = 1

α and c+(α) = α for α > 0, (2.44) corresponds to the
class in Fernández and Steel (1998); if setting c−(α) = 1−α

2 and c+(α) = 1+α
2 for

α ∈ (−1, 1), it has been discussed in Jones (2014).
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Jones (2014) has revealed that the latter example in the previous paragraph is in-
cluded in Family II. Indeed, it is also unimodal if g is unimodal and its mode is
explicitly taken at x = 0. For this example, we can obtain the following transfor-
mation function:

r(x) = 2x
(

1
1− α

1{x < 0}+ 1
1 + α

1{x ≥ 0}
)

. (2.45)

Since Family II includes many smooth transformation functions for x, such as
(2.43), it is a serious drawback that (2.45) is generally non-smooth. However, it
exhibits excellent tractability due to the simple nature of its transformation func-
tion. Moreover, the following stochastic representation, which Family III has,
is also a strength of (2.45): let X0 ∼ g(x); let XS be a random variable such
that XS = c− with probability c−

c−+c+ or XS = c+ with probability c+
c−+c+ ; then

XIII := XS|X0| ∼ fIII(x).

Family IV: Transformation of Random Variable

Family II is a valid probability density function without the Jacobian because of
the condition q(x)− q(−x) = x. Conversely, by incorporating the Jacobian, we
can remove this constraint.

Definition 7 (Family IV: Transformation of Random Variable).

fIV(x) := g (r(x)) /q′ (r(x)) . (2.46)

The linkage between g and fIV is given by XIV := q(X) ∼ fIV(x) for X ∼ g(x),
which is similar to the linkage between fI and fII. Moreover, Family IV has a
cumulative distribution function G(r(x)) and a quantile function q(G−1(x)). For
a comprehensive treatment of this transformation, we can refer to Ley and Pain-
daveine (2010).

Family V: Probability Integral Transformation

If a random variable U follows the continuous uniform distribution on [0, 1], then
X = G−1(U) ∼ g(x). This is called the (inverse) probability integral transforma-
tion. Using a different random variable V from U, we can obtain a skew distri-
bution based on g. If a random variable V follows q(x) on [0, 1], X = G−1(V)

follows the following distribution.
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Definition 8 (Family V: Probability Integral Transformation).

fV(x) := g(x)q′(G(x)). (2.47)

Family V has a cumulative distribution function q(G(x)) and a quantile function
G−1(r(x)). This shows that Family V essentially has the same analogy as Family
IV with the roles of the transformation function and the initial random variable
reversed: in Family IV, the initial random variable follows g, and the transfor-
mation function is any function; in Family V, the transformation function is G−1,
and the initial random variable is any random variable. For a comprehensive
treatment of this transformation, we can refer to Ferreira and Steel (2006).

2.2.4 Comparison

We will compare the properties of the above five families, particularly focusing on
the relationship between Family I and Family II. For a comprehensive comparison
of all families, we can see Jones (2015).

Unimodality: Families II and III are unimodal if g is unimodal and its mode is
explicitly given. As shown in Fujisawa and Abe (2015), these families in-
clude the mode-invariant skew-normal distribution, which means that the
mode is always invariant regardless of skewness. On the other hand, Fam-
ilies I, IV, and V require case-by-case verification and typically lack explicit
expressions for unimodality and their modes. For example, Azzalini (2013)
demonstrates that fI(x) := 2ϕ(x)Φ(x3) becomes a multi-modal distribu-
tion. Although the ordinary Azzalini’s skew-normal distribution (Azzalini,
1985) has unimodality, its mode has no analytic expression and depends on
all the distribution parameters (see Figure 1.1).

Skewness: Family II can have a monotonic skewness parameter in the density-
based sense (Critchley and Jones, 2008; Jones, 2014). In other words, if
q1(x) ≥ q2(x) for any x with f 1

II(x) := 2g (r1(x)) and f 2
II(x) := 2g (r2(x)),

f 1
II has a larger skewness in the density-based sense. Family I does not gen-

erally exhibit this type of skewness in both the quantile-based (Groeneveld
and Meeden, 1984) and the density-based senses.

Tail-weight: In Families IV and V, we can control the tail-weight by choosing q
(or r). In Family I, if q′ is a cumulative distribution function or a survival
function on R, we can take different tail-weights. In Families II and III, we
are always given the same tail-weight as g (Jones, 2015).
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Physical Mechanism: Family I has strong generating mechanisms, especially in
cases involving truncation and selection mechanisms, as described in Sec-
tion 2.2.1. These mechanisms are actively studied and justified in many
works (e.g., Genton (2004), Azzalini (2005), Marchenko and Genton (2012),
and Azzalini (2013)), which makes Family I a potentially reasonable choice
in many real-world situations. In this respect, Family I is significantly ahead
of Family II. However, the mode-invariant skew-normal distribution (Fuji-
sawa and Abe, 2015) may provide a new perspective on Family II. As in the
proposed method, a regression model whose noise is assumed to follow this
distribution can express a reasonable assumption that a noiseless situation
has the highest probability. This is because we can utilize the fact that the
regression estimator of the location parameter is completely equivalent to
that of the mode. We can not achieve this type of modeling with Family I.

Interpretability: We use the term “interpretability” to refer to how easily the
roles of these parameters can be understood. Specific parameters corre-
sponding to particular features of distributions make it easier to understand
these features. Families II and III have the attractive property that the mode
is explicitly taken at x = q(0). This leads to the mode-invariance in Fujisawa
and Abe (2015) and allows us to model the mode with a single (location) pa-
rameter, as in the proposed method. However, Family I does not have such
a property. Indeed, in the ordinary Azzalini’s skew-normal distribution, the
location parameter is neither mean, median, nor mode; these statistics (as
well as variance and skewness) have complicated combinations of all the
location, scale, and skewness parameters.
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Chapter 3

Proposed Method

3.1 Skew Distribution

We use the mode-invariant skew-normal distribution (Fujisawa and Abe, 2015)
with the parameter vector ψ := [µ, σ, α]⊤ ∈ R×R+ ×R:

f (y | ψ) :=
1
σ

ϕ

(
rα

(
y− µ

σ

))
, (3.1)

where ϕ is the probability density function of the standard normal distribution,
rα is a specific transformation function of scale, described later, and µ, σ, and α

are the parameters of location, scale, and skewness, respectively. The function rα

must satisfy

r′α(u) > 0, (3.2)

q′α(v) + q′α(−v) = 2, (3.3)

where qα is the inverse function of rα. Note that the condition (3.2) ensures a
monotone-increasing property of rα(u). The model (3.1) is unimodal with the
mode-invariant property Mode [ f (y | ψ)] = µ for any σ and α.

Let Hα(v) := qα(v)− v. While Hα (or rα) can be freely designed if it satisfies the
above conditions, this thesis employs the following specific function Hα because
of its better analytical treatment:

Hα(v) :=ρα

√
1 + α2v2 − 1

α
, (3.4)

where ρα := 1− 1
2 exp(−α2).

Remark 1. The above function ρα slightly differs from that proposed in Fujisawa and
Abe (2015) because the Fisher information matrix is non-singular at α = 0 when we use
the above function but singular when we use the function proposed in Fujisawa and Abe
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(2015). The non-singularity is usually necessary to obtain some theoretical properties. A
related proposition appears in Proposition 6.

3.2 Problem Description

We consider the linear regression model with the skew-unimodal noise, given by

y = X⊤β + e, (3.5)

where y ∈ R is an output, X ∈ RP is a P-dimensional feature vector, β ∈ RP is
a parameter vector, and e follows a skew-unimodal distribution f (e | 0, σ, α). Let
ψ(X) := [X⊤β, σ, α]⊤. The distribution of y can be expressed by f (y | ψ(X)),
and the mode is X⊤β.

Let the log-likelihood function be denoted by l(θ | X, y) := log f (y | ψ(X)) with
the parameter vector θ := [β⊤, σ, α]⊤. Let DN := {(yn, Xn)}N

n=1 be the i.i.d. data.
We define the loss function by

ℓ(θ | DN) :=− 1
N

N

∑
n=1

l(θ | Xn, yn)

=− 1
N

N

∑
n=1

log f (yn | ψ(Xn)). (3.6)

Since we are interested in sparse regression, this thesis focuses on the Lasso-type
problem

min
θ

ℓ(θ | DN) + λ∥β∥1, (3.7)

where λ ≥ 0 is the regularization parameter.

3.3 Optimization

The loss function (3.6) is non-convex for θ but convex for β when σ and α are
fixed, as described in the following theorem.

Theorem 4. The loss function ℓ(θ | DN) is convex with a Lipschitz continuous gradient
for β. In particular, if SN := 1

N ∑N
n=1 XnX⊤n is positive definite, ℓ(θ | DN) is strongly

convex for β.

The proof is given in Section 3.5.2. Using this theorem, we develop a problem-
specific optimization method based on the block coordinate descent method. This
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Algorithm 1 Optimization of the proposed method

Require: Hyper-parameter λ and initialized β, σ, α
1: while until convergence do
2: while until convergence (of β) do
3: for n = 1, . . . , N do
4: zn ← α

σ

(
yn − X⊤n β

)
+ ρα

5: wn ←
√

z2
n + 1− ρ2

α

6: ỹn ← X⊤n β + σ
2α

(
zn − ρα

1+ρ2
α

(
wn +

z2
n

wn

))
7: end for
8: β← argmin

β

1+ρ2
α

Nσ2(1−ρ2
α)2 ∑N

n=1
(
ỹn − X⊤n β

)2
+ λ∥β∥1

9: end while
10: σ← argmin

σ: σ>0
ℓ(θ | DN) with L-BFGS-B (or other valid algorithm)

11: α← argmin
α

ℓ(θ | DN) with L-BFGS (or other valid algorithm)

12: end while

method allows us to separate the optimization problem into convex and non-
convex and take advantage of the convenient property described in Theorem 4.

The update algorithm is summarized in Algorithm 1. We update β, σ, and α

alternately. First, we fix (σ, α) and optimize β. We employ the Majorization-
Minimization (MM) algorithm using the Taylor expansion with acceleration tech-
niques (Jamshidian and Jennrich, 1997; Sun, Babu, and Palomar, 2016). The
derivation of this MM algorithm is given in Section 3.5.3. As shown in line 8
of Algorithm 1, we can rewrite the β update as another Lasso-type problem and
then use well-known software, e.g., the sklearn.linear_model package of Python.
Next, we fix (β, α) and optimize σ, and finally fix (β, σ) and optimize α. Al-
though we need to consider the non-convexity for σ and α, their optimization
problems are at most one variable. Hence, we can easily use reliable software,
e.g. the scipy.optimize package of Python. In this thesis, we employ the L-BFGS
algorithm (Liu and Nocedal, 1989), which is an iterative method for solving non-
linear optimization problems. In particular, for the inequality constraint σ > 0,
we can utilize the L-BFGS-B algorithm (Byrd, Lu, Nocedal, and Zhu, 1995; Zhu,
Byrd, Lu, and Nocedal, 1997), which extends the L-BFGS algorithm to handle
bounded constraints.

Let ℓ̃(θ) := ℓ(θ | DN) + λ∥β∥1. Let dom ℓ̃ be the effective domain of ℓ̃. Following
the definition of Tseng (2001), we say that θ ∈ dom ℓ̃ is a stationary point of ℓ̃ if
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for any d ∈ RP+2,

lim inf
a↓0

ℓ̃(θ+ ad)− ℓ̃(θ)

a
≥ 0. (3.8)

Algorithm 1 guarantees convergence to a stationary point, as described in the
following theorem.

Theorem 5. Let {θ(t)}t=0,1,... be a sequence of θ after updating σ in Algorithm 1. Then,
every cluster point of {θ(t)}t=0,1,... is a stationary point of ℓ̃.

The proof is given in Section 3.5.4. In high-dimensional (N < P) settings, SN =
1
N ∑N

n=1 XnX⊤n is typically not positive definite. This makes it difficult to accu-
rately unravel the behavior and convergence of the algorithm. Furthermore,
Algorithm 1 addresses a non-convex optimization problem, which is inherently
more complex to analyze than standard convex optimization problems. Theo-
rem 5 guarantees that all cluster points of {θ(t)}t=0,1,... in Algorithm 1 are locally
convex in the sense of (3.8) without requiring any assumptions of SN. Such theo-
retical results, which do not involve SN, provide particularly valuable insights in
high-dimensional settings.

Here, we describe how to set initial values in this thesis. The regression parame-
ter β started from the estimated coefficients of the Lasso model for the same data.
Using the residuals of its model, we initialized σ with their sample standard de-
viation and α with −1 or 1 corresponding to the sign of their sample skewness.

3.4 Related Work

3.4.1 Quantile Regression

Quantile regression has emerged as a powerful method in place of traditional
mean regression. Since mean regression primarily focuses on the average ef-
fect, it may provide an inadequate representation of the data when assumptions
of normality and homoscedasticity are violated. In contrast, quantile regression
provides a comprehensive analysis of the conditional distribution of the response
variable by estimating the conditional quantiles at each percentile. This allows us
to explore the impact of predictors on various distribution segments, including
the extremes. Several review papers offer valuable insights into quantile regres-
sion methodology and applications (Davino, Furno, and Vistocco, 2013; Huang,
Zhang, Chen, and He, 2017; Koenker, 2017; Koenker, Chernozhukov, He, and
Peng, 2017; Torossian, Picheny, Faivre, and Garivier, 2020; Sun and Lin, 2024).
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Median regression is a specific form of quantile regression that focuses on esti-
mating the 50th percentile (median). In descriptive statistics, measures of central
tendency — such as the mean, median, and mode — serve as fundamental tools
for summarizing large sets of observations into a single representative value. In
unimodal symmetric distributions, the mean, median, and mode coincide. How-
ever, in unimodal skewed distributions, the mean shifts significantly towards the
tail, the median shifts slightly in the same direction, and the mode shifts less than
the mean and median. In other words, the median is typically located between
the mean and mode. While median regression is more extensively studied and
widely used than modal regression, in terms of a robust measure of central ten-
dency, modal regression also deserves equal or greater attention.

3.4.2 Modal Regression

Modal regression offers a robust alternative, particularly when addressing skewed
or heavy-tailed data. Unlike mean and median regression, modal regression
seeks the “most likely” or most frequent value. This makes it less susceptible
to outliers and can reveal trends obscured by skewed distributions. Moreover,
it remains consistent even when applied to truncated data. For more compre-
hensive details, we can refer to (Yao and Li, 2014; Chen, 2018; Xiang and Yao,
2022). In particular, Example 1 in Yao and Li (2014) effectively demonstrates the
difference between the modal and mean regression.

Modal regression can be categorized into three main types (Xiang and Yao, 2022):

Non-parametric modal regression: This approach offers a flexible estimation of
the conditional mode without imposing any specific functional form on
the relationship between the response and the covariates. It directly esti-
mates the conditional density function non-parametrically, often using ker-
nel density estimation, and identifies the mode as the point of maximum
density. This approach can uncover complex relationships and patterns in
the data that might be missed by traditional mean regression. However,
this method can suffer from the “curse of dimensionality” when dealing
with high-dimensional covariates. This leads to slower convergence rates,
increased computational complexity, and a greater need for data (Kemp and
Silva, 2012; Chen, Genovese, Tibshirani, and Wasserman, 2016; Chen, 2018;
Feng, Fan, and Suykens, 2020).

Semi-parametric modal regression: This approach balances the flexibility of non-
parametric methods and the efficiency of parametric methods. It achieves
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this by imposing a certain structure on the conditional mode while allow-
ing some components to be estimated non-parametrically. One example
of a semi-parametric modal regression is the varying coefficient modal re-
gression (Yao and Xiang, 2016). This model assumes that the conditional
mode can be expressed as a linear combination of covariates, but the coef-
ficients can vary smoothly with an index variable. For other examples, we
can see Krief (2017) and Ota, Kato, and Hara (2019). Semi-parametric ap-
proach inherits both the advantages and disadvantages of parametric and
non-parametric approaches, for better or worse.

Parametric modal regression: This approach assumes a specific functional form
for the conditional mode, relying on distributions that can be conveniently
parameterized by the mode, such as the gamma or beta distribution (Bour-
guignon, Leão, and Gallardo, 2020; Zhou and Huang, 2020; Zhou and Huang,
2022; Liu and Huang, 2024). This offers advantages in terms of efficiency
and interpretability but carries the risk of model misspecification. Simi-
lar to mean regression, a link function connects the mode of the response
to a linear predictor of covariates. This allows for modeling the relation-
ship between the most frequent values of the response and the explanatory
variables. The model’s parameters, including the regression coefficients, are
typically estimated using the maximum likelihood method. Standard errors
and confidence intervals can be obtained based on the asymptotic proper-
ties of the maximum likelihood estimators.

The proposed method belongs to parametric modal regression. While Azzalini’s
skew-normal distribution can not accurately parametrize the mode, the proposed
method can precisely formulate regression for the mode as the location parame-
ter. As mentioned above, modal regression often employs the gamma and beta
distributions. However, they may be insufficient to capture the skewness be-
cause, for example, they cannot represent the half-normal distribution. There-
fore, the proposed method is a highly expressive parametric modal regression
for skew distributions.

Furthermore, as discussed above, “flexibility” and “efficiency” are important in
comparing parametric and non-parametric approaches. Regarding flexibility, the
proposed method also carries the risk of model misspecification. However, as
demonstrated later in Sections 5.1 and 5.2, the proposed method outperformed
the comparative methods even in the case of model misspecification. Regarding
efficiency, Theorem 4 shows that the proposed method is a convex function in
terms of β, and the non-convex parameters (σ and α) are only two-dimensional.
Additionally, Theorem 5 guarantees that Algorithm 1 converges to a stationary
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point. These two points make the proposed method quite manageable among
parametric modal regressions.

3.4.3 Regularized Regression with Skew Distributions

The most famous skew distribution is Azzalini’s skew-normal distribution (Az-
zalini, 1985), which is implemented in current standard scientific computing soft-
ware. Many skew distributions were developed using Azzalini’s basic idea (Az-
zalini and Capitanio, 1999; Branco and Dey, 2001; Sahu, Dey, and Branco, 2003;
Liseo and Loperfido, 2003; González-Farías, Dominguez-Molina, and Gupta, 2004;
Arellano-Valle, Gómez, and Quintana, 2005; Arellano-Valle and Genton, 2005;
Arellano-Valle and Azzalini, 2006). The closest method to the proposed method
is Chen, Pourahmadi, and Maadooliat (2014), which assumes a regression model
for the location parameter of Azzalini’s skew-normal distribution and applies an
ℓ1 regularization technique. However, the location parameter in these skew dis-
tributions is neither mean, median, nor mode; the mean, median, and mode have
complicated combinations of all the location, scale, and skewness parameters.
Even if the location is modeled by X⊤β for Azzalini’s skew-normal distribution,
it is difficult to understand the role of features. The proposed modeling makes it
easy to understand the role of features via the modeling of mode. The proposed
modeling is suitable for an interpretable one in high-dimensional settings, but the
modelings using Azzalini’s skew-normal distribution are not.

3.5 Proofs

3.5.1 Upper Bounds on |Hα(v)| and |rα(u)|

Proposition 1. We have |Hα(v)| < ρα|v|, |hα(v)| < ρα, |h′α(v)| < ρα|α|, and
|h′′α(v)| < 3ραα2. From ρα < 1, we also have |Hα(v)| < |v|, |hα(v)| < 1, |h′α(v)| <
|α|, and |h′′α(v)| < 3α2.

Proof. It holds after simple calculation that

hα(v) =
d

dv
Hα(v) =

ρααv√
1 + α2v2

, (3.9)

h′α(v) =
d2

dv2 Hα(v) =
ραα

(1 + α2v2)
3
2

, (3.10)

h′′α(v) =
d3

dv3 Hα(v) = −
3ραα3v

(1 + α2v2)
5
2

. (3.11)
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We clearly see |hα(v)| < ρα and |h′α(v)| < ρα|α|. Since Hα(v) =
∫ v

0 hα(v)dv, we
have |Hα(v)| < ρα|v|. We also have

|h′′α(v)| = 3ραα2 |αv|
(1 + α2v2)

1
2

1
(1 + α2v2)2 ≤ 3ραα2. (3.12)

Proposition 2. Suppose that Assumption 1 holds. Then, r′α(u), r′′α (u), and r′′′α (u) are
bounded and |rα(u)| are bounded by c|u| with some constant c.

Proof. For α = 0, since rα(u) = u, this proposition clearly holds. Hereafter, we
consider the case α ̸= 0. By differentiating u = qα(rα(u)) with respect to u, we
have 1 = q′α(rα(u))r′α(u) and then

r′α(u) =
1

q′α(rα(u))
=

1
1 + hα(rα(u))

. (3.13)

From Proposition 1, we have

0 <
1

1 + ρα
≤ r′α(u) ≤

1
1− ρα

. (3.14)

We can easily see that 1/2 < ρα < c with some constant c < 1 because ρα =

1− (1/2) exp(−α2) and α is bounded from Assumption 1. This implies that r′α(u)
is bounded. From rα(0) = 0, we have rα(u) =

∫ u
0 r′α(s)ds and then

|rα(u)| ≤
1

1− ρα
|u| < c|u|. (3.15)

By differentiating (3.13) with respect to u, we have

r′′α (u) = −
h′α(rα(u))r′α(u)
{1 + hα(rα(u))}2 = −h′α(rα(u)){r′α(u)}3. (3.16)

By differentiating the above with respect to u, we have

r′′′α (u) = −h′′α(rα(u)){r′α(u)}4 − 3h′α(rα(u)){r′α(u)}2r′′α (u). (3.17)

From Proposition 1 and the boundedness of α, we can easily see r′′α (u) and r′′′α (u)
are bounded.

Proposition 3. Fix α ̸= 0. For the definition in (3.4), the upper bounds of
∣∣∣ ∂

∂α Hα(v)
∣∣∣,∣∣∣ ∂2

∂α2 Hα(v)
∣∣∣, and

∣∣∣ ∂3

∂α3 Hα(v)
∣∣∣ can be described by a linear function of |v|. They can also
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be described by a linear function of |u|. For α = 0, the upper bounds of
∣∣∣ ∂

∂α Hα(v)
∣∣∣,∣∣∣ ∂2

∂α2 Hα(v)
∣∣∣, and

∣∣∣ ∂3

∂α3 Hα(v)
∣∣∣ can be described by a quadratic function of |v|, a constant,

and a quartic function of |v|, respectively. They can also be described by a quadratic
function of |u|, a constant, and a quartic function of |u|, respectively.

Proof. Analytically, for fixed α ̸= 0,

∂

∂α
Hα(v) =

(
α exp(−α2)

ρα
+

1
α
√

1 + α2v2

)
Hα(v)

≤
(

α exp(−α2)

ρα
+

1
α

)
Hα(v), (3.18)

∂2

∂α2 Hα(v) =

(
(ρα − 2α2) exp(−α2)

ρ2
α

− v2

(1 + α2v2)
3
2
− 1

α2
√

1 + α2v2

)
Hα(v)

+

(
α exp(−α2)

ρα
+

1
α
√

1 + α2v2

)2

Hα(v)

≤
(∣∣ρα − 2α2

∣∣ exp(−α2)

ρ2
α

+
2
√

3
9α2 +

1
α2

)
Hα(v)

+

(
α exp(−α2)

ρα
+

1
α

)2

Hα(v), (3.19)

∂3

∂α3 Hα(v) =
(
−2α(ρα − 2α) exp(−α2)

ρ2
α

− 2α(ρα − 2α2) exp(−2α2)

ρ3
α

−2α(1 + ρα) exp(−α2)

ρ2
α

)
Hα(v)

+

(
3αv4

(1 + α2v2)
5
2
+

v2

α(1 + α2v2)
3
2
+

2
α3
√

1 + α2v2

)
Hα(v)

+ 3

(
(ρα − 2α2) exp(−α2)

ρ2
α

− v2

(1 + α2v2)
3
2
− 1

α2
√

1 + α2v2

)

×
(

α exp(−α2)

ρα
+

1
α
√

1 + α2v2

)
Hα(v)

+

(
α exp(−α2)

ρα
+

1
α
√

1 + α2v2

)3

Hα(v)

≤
(

2α|ρα − 2α| exp(−α2)

ρ2
α

+
2α|ρα − 2α2| exp(−2α2)

ρ3
α

+
2α(1 + ρα) exp(−α2)

ρ2
α

)
Hα(v)
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+
1
α3

(
48
√

5
125

+
2
√

3
9

+ 2

)
Hα(v)

+ 3

(
|ρα − 2α2| exp(−2α2)

ρ2
α

+
2
√

3
9α2 +

1
α2

)

×
(

α exp(−2α2)

ρα
+

1
α

)
Hα(v)

+

(
α exp(−α2)

ρα
+

1
α

)3

Hα(v). (3.20)

Therefore, since |Hα(v)| < ρα|v| from Proposition 1, it holds that the upper
bounds of

∣∣∣ ∂
∂α Hα(v)

∣∣∣, ∣∣∣ ∂2

∂α2 Hα(v)
∣∣∣, and

∣∣∣ ∂3

∂α3 Hα(v)
∣∣∣ can be described by a linear

function of |v|. Furthermore, from (3.15), their upper bounds can also be de-
scribed by a linear function of |u|.

Next, we consider the case α → 0. Let g(x) :=
√

1 + x2 − 1. Letting the m-th
order derivative of g(x) be denoted by g(m)(x), we have

g(1)(x) =
x√

1 + x2
, (3.21)

g(2)(x) =
1

(1 + x2)
3
2

, (3.22)

g(3)(x) = − 3x

(1 + x2)
5
2

, (3.23)

Then, it holds after simple calculations that

lim
α→0

g(αv)
α

= 0, (3.24)

lim
α→0

∂

∂α

g(αv)
α

= lim
α→0

(
−g(αv)

α2 +
v · g(1)(αv)

α

)

=
1
2

v2, (3.25)

lim
α→0

∂2

∂α2
g(αv)

α
= lim

α→0

(
2g(αv)

α3 − 2v · g(1)(αv)
α2 +

v2 · g(2)(αv)
α

)
= 0, (3.26)

lim
α→0

∂3

∂α3
g(αv)

α
= lim

α→0

(
−6g(αv)

α4 +
6v · g(1)(αv)

α3 − 3v2 · g(2)(αv)
α2 +

v3 · g(3)(αv)
α

)
= −3

4
v4. (3.27)
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It also holds that

lim
α→0

ρα = lim
α→0

(
1− 1

2
exp(−α2)

)
=

1
2

, (3.28)

lim
α→0

∂

∂α
ρα = lim

α→0
α exp(−α2)

= 0, (3.29)

lim
α→0

∂2

∂α2 ρα = lim
α→0

(1− 2α2) exp(−α2)

= 1, (3.30)

lim
α→0

∂3

∂α3 ρα = lim
α→0

2α(2α2 − 3) exp(−α2)

= 0. (3.31)

Note that Hα(v) = ρα
g(αv)

α . Using from (3.24) through (3.31), we have

lim
α→0

∂

∂α
Hα(v) = lim

α→0

(
∂

∂α
ρα ·

g(αv)
α

+ ρα ·
∂

∂α

g(αv)
α

)
=

1
4

v2, (3.32)

lim
α→0

∂2

∂α2 Hα(v) = lim
α→0

(
∂2

∂α2 ρα ·
g(αv)

α
+ 2 · ∂

∂α
ρα ·

∂

∂α

g(αv)
α

+ ρα ·
∂2

∂α2
g(αv)

α

)
= 0, (3.33)

lim
α→0

∂3

∂α3 Hα(v) = lim
α→0

(
∂3

∂α3 ρα ·
g(αv)

α
+ 3 · ∂2

∂α2 ρα ·
∂

∂α

g(αv)
α

+3 · ∂

∂α
ρα ·

∂2

∂α2
g(αv)

α
+ ρα ·

∂3

∂α3
g(αv)

α

)
=

3
2

v2 − 3
8

v4. (3.34)

Therefore, the upper bounds of
∣∣∣ ∂

∂α Hα(v)
∣∣∣, ∣∣∣ ∂2

∂α2 Hα(v)
∣∣∣, and

∣∣∣ ∂3

∂α3 Hα(v)
∣∣∣ as α → 0

can be described by a quadratic function of |v|, a constant, and a quartic function
of |v|, respectively. From (3.15), their upper bounds can also be described by a
quadratic function of |u|, a constant, and a quartic function of |u|, respectively.

Proposition 4. Fix α ̸= 0. For the definition in (3.4), the upper bounds of
∣∣∣ ∂

∂α rα(u)
∣∣∣,∣∣∣ ∂2

∂α2 rα(u)
∣∣∣, and

∣∣∣ ∂3

∂α3 rα(u)
∣∣∣ can be described by a linear function of |u|, a quadratic func-

tion of |u|, and a cubic function of |u|, respectively. For α = 0, the upper bounds of
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∣∣∣ ∂
∂α rα(u)

∣∣∣, ∣∣∣ ∂2

∂α2 rα(u)
∣∣∣, and

∣∣∣ ∂3

∂α3 rα(u)
∣∣∣ can be described by a quadratic function of |u|, a

quartic function of |u|, and a sextic function of |u|, respectively.

Proof. Using the Euler’s chain rule,

∂

∂α
rα(u) = −r′α(u)

∂

∂α
Hα(v), (3.35)

∂2

∂α2 rα(u) = r′′α (u)
(

∂

∂α
Hα(v)

)2

− r′α(u)
∂2

∂α2 Hα(v), (3.36)

∂3

∂α3 rα(u) = −r′′′α (u)
(

∂

∂α
Hα(v)

)3

+ 3r′′α (u)
∂

∂α
Hα(v) ·

∂2

∂α2 Hα(v)− r′α(u)
∂3

∂α3 Hα(v).

(3.37)

Therefore, from Proposition 2 and Proposition 3, the proof is complete.

3.5.2 Proof of Theorem 4

Let f∗(u | α) := ϕ(rα(u)). Let l∗(α | u) := log f∗(u | α). For α = 0, since the
optimization problem can be regarded as an ordinary least squares method, this
theorem clearly holds. Therefore, in the following, we consider the case α ̸= 0.
From u = (y− µ)/σ and µ = X⊤β, since

∂2

∂β∂β⊤
ℓ(θ | DN) =−

1
N

N

∑
n=1

∂2

∂β∂β⊤
l(β, σ, α | Xn, yn)

= − 1
Nσ2

N

∑
n=1

XnX⊤n
∂2

∂u2
n

l∗(α | un), (3.38)

it is sufficient for Theorem 4 to verify the convexity of l∗(α | un) for un. Letting
vn := rα(un), we have

− ∂2

∂u2
n

l∗(α | un) =
1
2

∂2

∂u2
n

r2
α(un)

=
(
r′α(un)

)2
+ rα(un)r′′α (un)

=
1 + hα(vn)− vnh′α(vn)

(1 + hα(vn))
3 , (3.39)

where the last equality holds from the calculation in the proof of Proposition 2.

Since |hα(vn)| < ρα < 1 from Proposition 1, the denominator of (3.39) is bounded
by

0 < (1− ρα)
3 < (1 + hα(vn))

3 < (1 + ρα)
3 < 8. (3.40)
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The numerator of (3.39) is obviously 1 for vn = 0. Consider the case vn ̸= 0. The
numerator of (3.39) is expressed as

1 + hα(vn)− vnh′α(vn) = 1− v2
n

(
hα(vn)

vn

)′
= 1− ρα

(
αvn√

1 + α2v2
n

)3

, (3.41)

and then

0 < 1− ρα <1 + hα(vn)− vnh′α(vn) < 1 + ρα < 2. (3.42)

Combining (3.39), (3.40), and (3.42), we have

0 <
1− ρα

(1 + ρα)3 <
1 + hα(vn)− vnh′α(vn)

(1 + hα(vn))
3 <

1 + ρα

(1− ρα)3 < ∞. (3.43)

Thus, there exist some constants CL := (1− ρα)/(1 + ρα)3 > 0 and CU := (1 +

ρα)/(1− ρα)3 > 0, satisfying

CL

Nσ2

N

∑
n=1

XnX⊤n ≺
∂2

∂β∂β⊤
ℓ(θ | DN) ≺

CU

Nσ2

N

∑
n=1

XnX⊤n . (3.44)

From Assumption 1, α is bounded and then we see that CL is bounded above zero
and CU is bounded below. In particular, if SN is positive definite, the minimum
eigenvalue of ∂2

∂β∂β⊤
ℓ(θ | DN) is positive from (3.44). Hence, ℓ(θ | DN) is strongly

convex for β. The proof is complete.

3.5.3 Derivation of MM Algorithm

Consider fixing (σ, α) and optimizing β. According to Fujisawa and Abe (2015),
the function rα corresponding to (3.4) is

rα(u) =

{
1

α(1−ρ2
α)

(
αu + ρα − ρα

√
(αu + ρα)2 + (1− ρ2

α)
)

(α ̸= 0)

u (α = 0)
. (3.45)

Let ℓF(β) := ℓ(θ | DN) + λ∥β∥1 with fixed (σ, α). For α ̸= 0, the optimize
problem (3.7) is rewritten as

arg min
β

ℓF(β) = arg min
β

− 1
N

N

∑
n=1

log f (yn | X⊤n β, σ, α) + λ∥β∥1
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= arg min
β

1
2N

N

∑
n=1

(
zn − ραwn

α(1− ρ2
α)

)2

+ λ∥β∥1

= arg min
β

1
2N

N

∑
n=1

z2
n − 2ραznwn + ρ2

α(z2
n + 1− ρ2

α)

α2(1− ρ2
α)

2 + λ∥β∥1

= arg min
β

1
2N

N

∑
n=1

(1 + ρ2
α)z2

n − 2ραznwn

α2(1− ρ2
α)

2 + λ∥β∥1

= arg min
β

1 + ρ2
α

2Nα2(1− ρ2
α)

2

N

∑
n=1

(
z2

n −
2ρα

1 + ρ2
α

znwn

)
+ λ∥β∥1,

(3.46)

where zn(β) := α
σ (yn−X⊤n β) + ρα and wn(β) :=

√
z2

n + 1− ρ2
α. Thus, there exists

some constant CF, satisfying

ℓF(β) =
1 + ρ2

α

2Nα2(1− ρ2
α)

2

N

∑
n=1

(
z2

n −
2ρα

1 + ρ2
α

znwn

)
+ λ∥β∥1 + CF. (3.47)

Note that ∂
∂β zn = − α

σ Xn and ∂
∂β wn = − α

σ
zn
wn

Xn. Letting l̂n(β) := z2
n −

2ρα

1+ρ2
α
znwn,

we have

∂

∂β
l̂n(β) = −2α

σ
znXn +

2αρα

σ(1 + ρ2
α)

(
wn +

z2
n

wn

)
Xn

= −2α

σ
znXn +

2αρα

σ(1 + ρ2
α)

(
2wn −

1− ρ2
α

wn

)
Xn, (3.48)

∂2

∂β∂β⊤
l̂n(β) =

2α2

σ2 XnX⊤n −
2α2ρα

σ2(1 + ρ2
α)

(
2 +

1− ρ2
α

w2
n

)
zn

wn
XnX⊤n . (3.49)

Since
(

2 + 1−ρ2
α

w2
n

)
zn
wn
→ ±2 as zn → ±∞ and

∂

∂zn

(
2 +

1− ρ2
α

w2
n

)
zn

wn
=

3(1− ρ2
α)

2

w5
n

> 0, (3.50)

we have
∣∣∣(2 + 1−ρ2

α

w2
n

)
zn
wn

∣∣∣ < 2. Then, using 0 ≤ ρα

1+ρ2
α
< 1

2 from 0 ≤ ρα < 1, we
have from (3.49),

O ≺ ∂2

∂β∂β⊤
l̂n(β) ≺ 4α2

σ2 XnX⊤n . (3.51)

From (3.47) and (3.51), we can construct a surrogate function ℓG(β | β(t)) of ℓF(β)

near β(t) based on the second-order Taylor expansion as follows (see Lemma 12
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of Sun, Babu, and Palomar (2016) for details):

ℓF(β) ≤ 1 + ρ2
α

2Nα2(1− ρ2
α)

2

N

∑
n=1

l̂n(β(t)) +
∂l̂n
∂β

∣∣∣∣∣
β=β(t)

(β− β(t))

+
2α2

σ2 (β− β(t))⊤XnX⊤n (β− β(t))

)
+ λ∥β∥1 + CF

= : ℓG(β | β(t)). (3.52)

Therefore, from (3.48) and (3.52), we can update β(t) at the t-th iteration as fol-
lows:

β(t+1) = arg min
β

ℓG(β | β(t))

= arg min
β

1 + ρ2
α

2Nα2(1− ρ2
α)

2

N

∑
n=1

 ∂l̂n
∂β

∣∣∣∣∣
β=β(t)

(β− β(t))

+
2α2

σ2 (β− β(t))⊤XnX⊤n (β− β(t))

)
+ λ∥β∥1

= arg min
β

1 + ρ2
α

Nσ2(1− ρ2
α)

2

N

∑
n=1

(
ỹn − X⊤n β

)2
+ λ∥β∥1, (3.53)

where ỹn := X⊤n β(t) + σ
2α

(
z(t)n − ρα

1+ρ2
α

(
w(t)

n + z(t)
2

n

w(t)
n

))
with z(t)n := zn(β(t)) and

w(t)
n := wn(β(t)).

For α = 0, the optimize problem (3.7) is rewritten as the ordinary Lasso, i.e.,

arg min
β

1
2Nσ2

N

∑
n=1

(
yn − X⊤n β

)2
+ λ∥β∥1. (3.54)

3.5.4 Proof of Theorem 5

First, we fix (σ, α) and consider the convergence of the MM algorithm for β. We
will prove that the surrogate function ℓG(β | β(t)) in Section 3.5.3 is a first-order
surrogate of ℓF(β) near β(t) based on Definition 2.1 of Mairal (2013).

From (3.52), ℓG(β | β(t)) is obviously a majorant function of ℓF(β). From (3.44)
and (3.51), we have

∂2

∂β∂β⊤
ℓF(β) ≺ CU

Nσ2

N

∑
n=1

XnX⊤n ≺
CU

σ2 Λmax(SN)︸ ︷︷ ︸
=:LF

I, (3.55)
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∂2

∂β∂β⊤
ℓG(β | β(t)) ≺ 2(1 + ρ2

α)

Nσ2(1− ρ2
α)

2

N

∑
n=1

XnX⊤n ≺
2(1 + ρ2

α)

σ2(1− ρ2
α)

2 Λmax(SN)︸ ︷︷ ︸
=:LG

I, (3.56)

where Λmax(SN) is the largest eigenvalue of SN := 1
N ∑N

n=1 XnX⊤n . Hence, ∂
∂βℓF(β)

and ∂
∂βℓG(β | β(t)) are LF-Lipschitz continuous and LG-Lipschitz continuous, re-

spectively. Let ℓH(β | β(t)) := ℓG(β | β(t))− ℓF(β). Then, ∂
∂βℓH(β | β(t)) is also

(LF + LG)-Lipschitz continuous because for any βx and βy,∥∥∥∥ ∂

∂β
ℓH(βx | β(t))− ∂

∂β
ℓH(βy | β(t))

∥∥∥∥
≤
∥∥∥∥ ∂

∂β
ℓG(βx | β(t))− ∂

∂β
ℓG(βy | β(t))

∥∥∥∥+ ∥∥∥∥ ∂

∂β
ℓF(βx)−

∂

∂β
ℓF(βy)

∥∥∥∥
≤ LG∥βx − βy∥+ LF∥βx − βy∥
= (LF + LG)∥βx − βy∥. (3.57)

Moreover, we have ℓH(β(t) | β(t)) = 0 and ∂
∂βℓH(β(t) | β(t)) = 0.

Therefore, ℓG(β | β(t)) is a first-order surrogate of ℓF(β) near β(t). From Propo-
sition 2.2 of Mairal (2013), we have for any t ≥ 1 and some positive constant
R,

ℓ̃(β(t), σ, α)− ℓ̃(β∗, σ, α) ≤ 2(LF + LG)R2

t + 2
, (3.58)

where ℓ̃(θ) := ℓ(θ | DN) + λ∥β∥1 and β∗ is a minimizer of ℓ̃ with fixed (σ, α).
Hence, it holds that β(t) → β∗ as t→ ∞.

Next, we regard Algorithm 1 as the block coordinate descent (BCD) method for
the three blocks (β, σ, α) and consider its convergence based on Theorem 4.1 (c) of
Tseng (2001). When using the cyclic rule (see Section 2 of Tseng (2001)) to update
the BCD method for B blocks, Theorem 4.1 (c) of Tseng (2001) states the following.

Theorem 4.1 (c) of Tseng (2001). Assume that the level set Θ0 := {θ | ℓ̃(θ | DN)

≤ ℓ̃(θ(0) | DN)} is compact and that ℓ̃ is continuous on Θ0. If ℓ̃(θ1, . . . , θB) has at most
one minimum in θb for b = 2, . . . , B− 1, then every cluster point θ† of {θ(t)}t:=(B−1) mod B

is a coordinatewise minimum point of ℓ̃. In addition, if ℓ̃ is regular at θ†, then θ† is a
stationary point of ℓ̃.

We assume that there always exists (yn, Xn) ∈ DN such that yn − X⊤n β > 0 after
updating β by the MM algorithm, and also, there always exists (yn, Xn) ∈ DN

such that yn − X⊤n β < 0. Under this assumption, it holds that ℓ̃(θ | DN) → ∞ as
σ ↓ 0, σ→ ∞, α→ −∞, or α→ ∞.
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Let dom ℓ and dom ℓ̃ be the effective domain of ℓ and ℓ̃, respectively. We can
see that ℓ̃(θ | DN) is continuous in dom ℓ̃ and the level set Θ0 is compact. From
Lemma 3.1 of Tseng (2001), ℓ̃ is regular at any θ ∈ dom ℓ̃ since dom ℓ is open and
ℓ is Gâteaux-differentiable on dom ℓ. Therefore, from Theorem 4.1 (c) of Tseng
(2001), if ℓ̃(θ | DN) has at most one minimum in σ, then Theorem 5 holds. We
will prove that this necessary condition holds.

Let χ(u) := urα(u)r′α(u). We have

χ′(u) = rα(u)r′α(u) + u
(
r′α(u)

)2
+ urα(u)r′′α (u)

= rα(u)r′α(u) + u
((

r′α(u)
)2

+ rα(u)r′′α (u)
)

. (3.59)

Since r′α(u) > 0 from (3.14) and rα(0) = 0 from (3.45), it holds that

sgn(rα(u)r′α(u)) = sgn(r(u))

= sgn(u). (3.60)

Since (r′α(u))
2 + rα(u)r′′α (u) > 0 from (3.39) and (3.43), it holds that

sgn
(

u
((

r′α(u)
)2

+ rα(u)r′′α (u)
))

= sgn(u). (3.61)

Hence, we have

sgn(χ′(u)) = sgn(u). (3.62)

Let un := yn−X⊤n β
σ . For yn − X⊤n β > 0, un ∈ (0, ∞) decreases monotonically as σ

increases. Since χ′(un) > 0 for un ∈ (0, ∞) from (3.62), χ(un) is a strictly decreas-
ing function for σ. For yn − X⊤n β < 0, un ∈ (−∞, 0) increases monotonically as σ

increases. Since χ′(un) < 0 for un ∈ (−∞, 0) from (3.62), χ(un) is also a strictly
decreasing function for σ. For yn − X⊤n β = 0, χ(un) = χ(0) = 0.

Thus, ∂
∂σℓ(θ | DN) is a strictly increasing function for σ, because

∂

∂σ
ℓ(θ | DN) = −

1
N

N

∑
n=1

∂

∂σ
l(θ | Xn, yn)

=
1

Nσ

N

∑
n=1

(
1− unrα(un)r′α(un)

)
=

1
Nσ

(
N −

N

∑
n=1

χ(un)

)
. (3.63)
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Moreover, there exists only one σ(=: σ̃) satisfying ∑N
n=1 χ(un) = N, because

lim
σ↓0

N

∑
n=1

χ(un) = lim
un→−∞ ∑

un<0
χ(un)︸ ︷︷ ︸

→∞

+ lim
un→∞ ∑

un>0
χ(un)︸ ︷︷ ︸

→∞

= ∞, (3.64)

lim
σ→∞

N

∑
n=1

χ(un) = lim
un↑0

∑
un<0

χ(un)︸ ︷︷ ︸
→0

+ lim
un↓0

∑
un>0

χ(un)︸ ︷︷ ︸
→0

= 0. (3.65)

σ̃ is also the only solution satisfying ∂
∂σℓ(θ | DN) = 0 and the only minimum of

ℓ(θ | DN). The proof is complete.

Note that from Theorem 4, if SN is positive definite, ℓ(θ | DN) is strongly convex
for β and has only one minimum in β. In this case, σ can be optimized first by
swapping lines 2 to 9 and line 10 in Algorithm 1, and then every cluster point in
a sequence of θ after updating β is a stationary point.
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Chapter 4

Theoretical Results

This section provides theoretical guarantees for the proposed method by non-
asymptotic analysis. First, we present some basic properties of the first, sec-
ond, and third derivatives of ℓ(ψ | y) = log f (y | ψ). Next, using them, we
show that the excess risk has a quadratic margin. Finally, we show the upper
bounds of the average excess risk and the estimation error, and then we verify
the favorable properties of the proposed method. All proofs of propositions and
theorems in this section are given in Section 4.6.

4.1 Basic Properties of Likelihood

We present some basic properties of the first, second, and third derivatives of
ℓ(ψ | y). These properties are the basis of non-asymptotic analysis.

Suppose that X = {X} is included in a bounded space of RP. We assume that
the parameter spaces Ψ = {ψ} and Θ = {θ} are bounded in the following sense.
Hereafter, we suppose that the following assumption is satisfied.

Assumption 1. For some positive constant K, we suppose

Ψ ⊂ Ψ̃ = {ψ : |µ| ≤ K, 1/K ≤ |σ| ≤ K, |α| ≤ K}, (4.1)

Θ ⊂ Θ̃ = {θ : ψ(X) ∈ Ψ̃ for any X ∈ X}. (4.2)

The true parameters ψ0 and θ0 are included in Ψ and Θ, respectively.

Let the score function (first derivative) of l(ψ | y) := log f (y | ψ) be denoted by

sψ(y) :=
∂

∂ψ
l(ψ | y). (4.3)
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Proposition 5. We have

∥sψ(y)∥∞ ≤ C1,2|y|2 + C1,1|y|+ C1,0, (4.4)

where C1,2, C1,1, C1,0 are some positive constants.

The score functions of regression parameters µ and σ are bounded by the first
and second-order polynomials of |y|. This is the same property as the normal
linear regression model. We may expect that the score function of skew parame-
ter α is bounded by a third-order polynomial of |y| because the skewness usually
depends on the third moment. However, it is bounded by a second-order poly-
nomial of |y|. Proposition 5 implies that the proposed model is easy to treat α as
well as σ.

Let the Fisher information matrix of fψ(y) := f (y | ψ) be denoted by

I(ψ) := E fψ

[
− ∂2

∂ψ∂ψ⊤
l(ψ | y)

]
. (4.5)

Proposition 6. Let ψ0(X) := [X⊤β0, σ0, α0]⊤. The Fisher information matrix I(ψ0(X))

is uniformly positive definite for any X, in other words, infX Λmin(I(ψ0(X))) > 0,
where Λmin(A) is the smallest eigenvalue of A.

If the model is simple, we can easily prove a similar proposition to Proposition 6
because the Fisher information matrix is easily calculated. However, the model
(3.1) is not simple, and it is not easy to verify Proposition 6, as seen in a devised
proof of Section 4.6.1. We found that the constant factor ρα proposed by Fujisawa
and Abe (2015) does not satisfy Proposition 6 at α = 0. This is why a constant
factor ρα is slightly modified, as described in Remark 1, and then we can prove
Proposition 6.

Proposition 7. There exists some function G3(y) such that

sup
(i1,i2,i3)∈{1,2,3}3

∣∣∣∣ ∂3

∂ψi1∂ψi2∂ψi3
l(ψ | y)

∣∣∣∣ ≤ G3(y),

C3 := sup
X

∫
G3(y) f (y | ψ0(X))dy < ∞. (4.6)
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4.2 Excess Risk and Margin

Let the Kullback–Leibler divergence between fψ0 and fψ, which is called the ex-
cess risk, be denoted by

E(ψ | ψ0) := E f
ψ0

[
log

fψ0(y)
fψ(y)

]
. (4.7)

Proposition 8. For any ϵ > 0, there exists some constant δϵ > 0 such that

inf
X

inf
∥ψ−ψ0(X)∥2>ϵ

E(ψ | ψ0(X)) ≥ δϵ. (4.8)

Proposition 8 shows the identifiability condition, which is usually necessary to es-
timate the true parameter by a statistical method correctly. The identifiability
condition is often assumed implicitly, but it is precisely verified here because the
model (3.1) is complicated due to skew noise.

Theorem 6. There exists some constant C > 0 such that

inf
X

E
(
ψ | ψ0(X)

)
∥ψ−ψ0(X)∥2

2
≥ 1

C2 . (4.9)

Theorem 6 says that the proposed method has a quadratic margin, implying the
error E

(
ψ | ψ0(X)

)
presents a sharper behavior around ψ0(X) than the well-

used squared error ∥ψ−ψ0(X)∥2
2 up to a constant factor.

4.3 Convergence Rate

The following is a well-used condition in non-asymptotic analysis for the ℓ1 pe-
nalized method, which is called the restricted eigenvalue condition.

Assumption 2. Let S0 := {p : β0
p ̸= 0} and SC

0 := {1, . . . , P}\S0. With L > 1,
define the (L,S0)-restricted eigenvalue constant by

κ̃2(L,S0) := inf
∥βSC

0
∥1≤L∥βS0∥1

β⊤SN β

∥β∥2
2

. (4.10)

We set L = 6 and assume 0 < κ̃(L,S0) ≤ 1.
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The squared loss of the simple linear regression model for a low-dimensional
case is strongly convex because the Hessian matrix of the squared loss concern-
ing the regression parameter vector β is SN and it is positive definite. This prop-
erty provides the strength of the least squared estimator. However, for the high-
dimensional case N < P, SN may not be of full rank; in other words, its smallest
eigenvalue may be zero, and then the squared loss is not strongly convex. The
non-asymptotic analysis reveals that if the smallest eigenvalue of SN under the
restricted condition ∥βSC

0
∥1 ≤ L∥βS0∥1 is positive, such as Assumption 2, we can

show theoretical guarantees of the ℓ1 regularized estimator (Bühlmann and Geer,
2011; Hastie, Tibshirani, and Wainwright, 2015).

In Assumption 2, we set L = 6 to simplify later notations. We can replace it
with any constant greater than one by adjusting how to choose the regularization
parameter. Based on this assumption, we have the following important theorem.

Theorem 7. Suppose that Assumption 2 is satisfied. Fix X1, . . . , XN. Let the average
excess risk and the empirical process of the loss function (3.6) be denoted by

Ē(θ | θ0) :=
1
N

N

∑
n=1
E
(

ψ(Xn) | ψ0(Xn)
)

, (4.11)

VN (θ) :=
1
N

N

∑
n=1

(l (ψ(Xn) | yn)−E [l (ψ(Xn) | y)]) . (4.12)

Let ∥θ∥∗ := ∥β∥1 + ∥[σ, α]⊤∥2. Fix γ ≥ 1 and λ0 > 0. Let

J :=

{∣∣VN
(
θ̂
)
− VN

(
θ0)∣∣

∥θ̂− θ0∥∗ ∨ λ0
≤ γλ0

}
. (4.13)

If the regularization parameter λ is chosen to satisfy λ ≥ 2γλ0, then we have on J

Ē(θ̂ | θ0) + 2(λ− γλ0)∥β̂− β0∥1 ≤ 9(λ + γλ0)
2C2κ2s0, (4.14)

where C is the constant defined in Theorem 6, κ−1 := κ̃(L,S0), and s0 := #S0.

Suppose

λ0 = O

(
(log N)2

√
log(N ∨ P)

N

)
. (4.15)

This order is necessary to prove Theorem 8 and is relevant to the following two
corollaries. From Theorem 7, we can obtain convergence rates regarding the av-
erage excess risk Ē(θ̂ | θ0) and the estimation error of β̂.
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Corollary 3. Suppose λ = 2γλ0 with (4.15) and the same assumptions as in Theorem 7.
Then, we have

Ē(θ̂ | θ0) = OP

(
s0(log N)4 log(N ∨ P)

N

)
, (4.16)

∥β̂− β0∥1 = OP

(
s0(log N)2

√
log(N ∨ P))

N

)
. (4.17)

The orders of the average excess risk (4.16) and the estimation error (4.17) are
(log N)4 and (log N)2 larger than those of the ordinary Lasso, respectively. These
are the same as in some well-known complicated models, such as the linear mixed
effects models with ℓ1 regularization (Schelldorfer, Bühlmann, and Geer, 2011).
A similar result is also seen in Corollary 4.

4.4 Feature Selection

When the non-zero coefficients are sufficiently large, which is the so-called beta-
min condition (Bühlmann, 2013), we can show that the estimated set of non-zero
coefficients Ŝ := {p : β̂p ̸= 0} includes the true set of non-zero coefficients S0

with high probability.

Corollary 4. Suppose λ = 2γλ0 with (4.15) and the same assumptions as in Theorem 7.
Suppose the non-zero coefficients of β0 are sufficiently large so that

min
p∈S0
|β0

p| ≫ O

(
s0(log N)2

√
log(N ∨ P))

N

)
. (4.18)

Then, with high probability, it holds Ŝ ⊇ S0.

As in Corollary 3, the order in (4.18) is (log N)2 larger when compared to the
ordinary Lasso.

4.5 Reasonable Success Probability

The statements after Section 4.3 hold when the event J in (4.13) occurs. Finally,
we show that the event J occurs with high probability.

Theorem 8. Suppose λ = 2γλ0 with (4.15) and the same assumptions as in Theorem 7.
The event J occurs with probability at least 1− δ, where with some positive constants
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C4,1, C4,2 > 0,

δ := C4,1 exp

(
−γ2(log N)2 log(N ∨ P)

C2
4,2

)
+

1
N

. (4.19)

4.6 Proofs

4.6.1 Proof of Propositions

Preliminary Propositions

Proposition 9. The M-th order moment of U ∼ f∗(u | α) is finite. The M-th order
moment of Y ∼ f (y | X⊤β, σ, α) is also finite.

Proof. From Proposition 1, it holds that

EU∼ f∗ [U
m] =

∫
umϕ (rα(u)) du

=
∫
(v + Hα(v))mϕ(v)(1 + hα(v))dv

≤
∫
|v + Hα(v)|m|1 + hα(v)|ϕ(v)dv

≤
∫
(|v|+ |Hα(v)|)m(1 + |hα(v)|)ϕ(v)dv

≤
∫
(|v|+ ρα|v|)m(1 + ρα)ϕ(v)dv

= (1 + ρα)
m+1

∫
|v|mϕ(v)dv

= (1 + ρα)
m+1EV∼ϕ [|V|m] < ∞. (4.20)

Furthermore, since y = σu + µ, it obviously holds that

EY∼ f [Ym] = EU∼ f∗

[
(σU + X⊤β)m

]
=

m

∑
k=0

(
m
k

)
σk
(

X⊤β
)m−k

EU∼ f∗

[
Uk
]
< ∞. (4.21)

Proposition 10. Suppose that Assumption 1 is satisfied. Then, the third-order derivative
of the log-likelihood function l(θ | X, y), more precisely,

∣∣∣ ∂3

∂θi1
∂θi2 ∂θi3

l(θ | X, y)
∣∣∣ for any

(i1, i2, i3) ∈ {1, . . . , P + 2}3 are bounded by a polynomial of |y|.
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Proof. The scores of the log-likelihood function l(θ | X, y) is

∂

∂β
l(θ | X, y) =

∂

∂u
∂u
∂µ

∂µ

∂β
l∗(α | u)

=
1
σ

rα(u)r′α(u)X, (4.22)

∂

∂σ
l(θ | X, y) =

∂

∂u
∂u
∂σ

l∗(α | u) +
∂

∂σ
log

1
σ

=
u
σ

rα(u)r′α(u)−
1
σ

, (4.23)

∂

∂α
l(θ | X, y) =

∂

∂α
l∗(α | u)

= −rα(u)
∂

∂α
rα(u). (4.24)

The second-order derivatives of (4.22), (4.23), and (4.24) with respect to θ consist
of

u, rα(u), r′α(u), r′′α (u), r′′′α (u),

∂

∂α
rα(u),

∂2

∂α2 rα(u),
∂3

∂α3 rα(u),
∂

∂α
r′α(u),

∂

∂α
r′′α (u),

∂2

∂α2 r′α(u), (4.25)

as terms involving u. From Proposition 2 and Proposition 4, the second to eighth
functions of (4.25) are bounded by some sextic function of u. Consider the re-
maining last three functions of (4.25). We have

∂

∂α
r′α(u) = −r′′α (u)

∂

∂α
Hα(v), (4.26)

∂

∂α
r′′α (u) = −r′′′α (u)

∂

∂α
Hα(v), (4.27)

∂2

∂α2 r′α(u) = r′′′α (u)
(

∂

∂α
Hα(v)

)2

− r′′α (u)
∂2

∂α2 Hα(v). (4.28)

From Proposition 2 and Proposition 4, the absolutes of the above three functions
are bounded by some quintic function of |u|. Since u = (y− µ)/σ and Assump-
tion 1, the proof is complete.

Proposition 11. Let ξ(qα(v)) := η(v). Then, we have

EU∼ f∗(u|α)[ξ(U)] = EV∼ϕ(v)[η(V)(1 + hα(V))]. (4.29)

Proof. On the basis of integration by substitution,

EU∼ f0(u|α)[ξ(U)] =
∫

ξ(u)ϕ(rα(u))du
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=
∫

η(v)ϕ(v)(1 + hα(v))dv

= EV∼ϕ(v)[η(V)(1 + hα(V))]. (4.30)

For a condition A, let 1{A} be the indicator function, which means 1{A} = 1 if
A is true and 1{A} = 0 if A is false.

Proposition 12. For V ∼ N (0, 1) and a sufficiently large positive constant M, it holds
that

E
[
|V|m 1 {|V| > M}

]
≤

 exp
(
−M2

2

)
(m = 0)(

Mm−1 + O
(

Mm−2)) exp
(
−M2

2

)
(m = 1, 2, 3, 4)

(4.31)

Proof. For m = 0,

E [1 {|V| > M}] = 2
∫ ∞

M
ϕ(v)dv

= 2
∫ ∞

0
ϕ(v + M)dv

≤ 2 exp
(
−M2

2

) ∫ ∞

0
ϕ(v)dv

= exp
(
−M2

2

)
. (4.32)

For m = 1, 2, 3, 4,

E [|V| 1 {|V| > M}] = 2
∫ ∞

M
vϕ(v)dv

=

√
2
π

exp
(
−M2

2

)
≤ exp

(
−M2

2

)
, (4.33)

E
[
|V|2 1 {|V| > M}

]
= 2

∫ ∞

M
v2ϕ(v)dv

=

√
2
π

M exp
(
−M2

2

)
+ E [1 {|V| > M}]

≤
√

2
π

M exp
(
−M2

2

)
+ exp

(
−M2

2

)



4.6. Proofs 49

≤ (M + 1) exp
(
−M2

2

)
, (4.34)

E
[
|V|3 1 {|V| > M}

]
= 2

∫ ∞

M
v3ϕ(v)dv

=

√
2
π

M2 exp
(
−M2

2

)
+ 2E [|V| 1 {|V| > M}]

≤
√

2
π

M2 exp
(
−M2

2

)
+ 2 exp

(
−M2

2

)
≤ (M2 + 2) exp

(
−M2

2

)
, (4.35)

E
[
|V|4 1 {|V| > M}

]
= 2

∫ ∞

M
v4ϕ(v)dv

=

√
2
π

M3 exp
(
−M2

2

)
+ 3E

[
|V|2 1 {|V| > M}

]
≤
√

2
π

M3 exp
(
−M2

2

)
+ 3(M + 1) exp

(
−M2

2

)
≤ (M3 + 3M + 3) exp

(
−M2

2

)
. (4.36)

Proposition 13. For U ∼ f∗(u | α) and a sufficiently large positive constant M, it
holds that

E
[
|U|m 1 {|U| > M}

]
≤

 2 exp
(
−M2

8

)
(m = 0)

4
(

Mm−1 + O
(

Mm−2)) exp
(
−M2

8

)
(m = 1, 2, 3, 4)

(4.37)

Proof. From Proposition 1, we have |qα(v)| ≤ |v| + |Hα(v)| < 2|v| and |1 +

hα(v)| < 1 + |hα(v)| < 2. In addition to this, using Proposition 11 and Propo-
sition 12, it holds that

E
[
|U|m 1 {|U| > M}

]
= E

[
|qα(V)|m (1 + hα(V))1 {|qα(V)| > M}

]
≤ 2m+1E

[
|V|m 1

{
|V| > M

2

}]
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=

 2 exp
(
−M2

8

)
(m = 0)

2m+1
((M

2

)m−1
+ O

((M
2

)m−2
))

exp
(
−M2

8

)
(m = 1, 2, 3, 4)

=

 2 exp
(
−M2

8

)
(m = 0)

4
(

Mm−1 + O
(

Mm−2)) exp
(
−M2

8

)
(m = 1, 2, 3, 4)

(4.38)

Proposition 14. For Y ∼ f (y | ζ) and a sufficiently large positive constant M, it holds
that

E
[
|Y|m 1 {|Y| > M}

]
≤

 2 exp
(
−1

8

(M−K
K
)2
)

(m = 0)

4K
(

Mm−1 + O
(

Mm−2)) exp
(
−1

8

(M−K
K
)2
)

(m = 1, 2, 3, 4)
(4.39)

where K is based on the parameter space (4.1).

Proof. Note that |µ| ≤ K and σ ≤ K from (4.1). Using Proposition 13, it holds that

E
[
|Y|m 1 {|Y| > M}

]
= E

[
|µ + σU|m 1 {|µ + σU| > M}

]
≤ E

[
(K + K |U|)m

1 {K + K |U| > M}
]

= Km
m

∑
i=0

mCiE

[
|U|i 1

{
|U| > M− K

K

}]

≤ 2Km exp

(
−1

8

(
M− K

K

)2
)

+ 4Km
m

∑
i=1

mCi

((
M− K

K

)i−1

+ O

((
M− K

K

)i−2
))

exp

(
−1

8

(
M− K

K

)2
)

=

 2 exp
(
−1

8

(M−K
K
)2
)

(m = 0)

4K
(

Mm−1 + O
(

Mm−2)) (−1
8

(M−K
K
)2
)

(m = 1, 2, 3, 4)
(4.40)

Proposition 15. Let the upper bound of (4.4) be denoted by G5(y). Let

G(y | M) := G5(y)1 {G5(y) > M} . (4.41)
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Then, for Y ∼ f (y | ζ) and a sufficiently large positive constant M, there exist some
positive constants C5,1, C5,2, and C5,3 such that

E [G(Y | M)] ≤ C5,1M
1
2 exp(−C5,3M), (4.42)

E
[

G2(Y | M)
]
≤ C5,2M

3
2 exp(−C5,3M). (4.43)

Proof. From Proposition 5, we know

G5(y) = C1,2|y|2 + C1,1|y|+ C1,0 > M, (4.44)

and then we have

|y| >
−C1,1 +

√
C2

1,1 + 4C1,2(M− C1,0)

2C1,2
≥
√

C5,4M (4.45)

where C5,4 is some positive constant. From Proposition 14,

E [G(Y | M)] ≤ E
[(

C1,2|Y|2 + C1,1|Y|+ C1,0

)
1

{
|Y| >

√
C5,4M

}]
≤ 4C1,2K

(√
C5,4M + O (1)

)
exp

−1
8

(√
C5,4M− K

K

)2


≤ C5,1M
1
2 exp(−C5,3M), (4.46)

where C5,1 and C5,2 are some positive constants.

E
[

G2(Y | M)
]
≤ E

[(
C1,2|y|2 + C1,1|y|+ C1,0

)2
1

{
|Y| >

√
C5,4M

}]

≤ 4C2
1,2K

((√
C5,4M

)3
+ O (M)

)
exp

−1
8

(√
C5,4M− K

K

)2


≤ C5,2M
3
2 exp(−C5,3M), (4.47)

where C5,2 is some positive constant.

Proposition 16. Let G(y) be the function defined by (4.41). Let

F(y | M) := G(y | M) + E [G(Y | M) | X] . (4.48)
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Let MN := 3
C5,3

log N for N ≥ exp
(

27C2
5,2

C3
5,3

)
∨
(

3C2
5,1

C5,3

) 1
4

∨ e. Then, it holds that

P

(
1
N

N

∑
n=1

F(Yn | MN) >
2 log N

N

)
≤ 1

N
. (4.49)

Proof. From N ≥ exp
(

27C2
5,2

C3
5,3

)
∨
(

3C2
5,1

C5,3

) 1
4

∨ e, we have

3
3
2 C5,2

C
3
2
5,3

≤
√

log N ≤ 2
√

log N −
√

3C5,1√
C5,3N2

. (4.50)

Therefore, using Proposition 15, it holds

P

(
1
N

N

∑
n=1

F(Yn | MN) >
2 log N

N

)

≤ P

(
1
N

N

∑
n=1

(G(Yn | MN) + E [G(Y | MN | Xn)]) >
2 log N

N

)

= P

(
1
N

N

∑
n=1

G(Yn | MN) >
2 log N

N
− 1

N

N

∑
n=1

E [G(Y | MN) | Xn]

)

≤ P

(
1
N

N

∑
n=1

G(Yn | MN) >
2 log N

N
− C5,1M

1
2
N exp(−C5,3MN)

)

= P

(
1
N

N

∑
n=1

G(Yn | MN) >

√
log N
N

(
2
√

log N −
√

3C5,1√
C5,3N2

))

≤ P

(
1
N

N

∑
n=1

G(Yn | MN) >
log N

N

)

≤ E
[

G2(Y | MN)
] ( N

log N

)2

≤ C5,2M
3
2
N exp(−C5,3MN)

(
N

log N

)2

=
3

3
2 C5,2

C
3
2
5,3

1
N
√

log N

≤ 1
N

(4.51)
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Proof of Proposition 5

Proof. Note that u = (y−X⊤β)/σ. This proposition is derived immediately from
Assumption 1, (4.22), (4.23), (4.24), Proposition 2, and Proposition 4.

Proof of Proposition 6

Proof. For simplicity of notation, let ω(v) := σ ∂
∂α Hα(v). From the scores (4.22),

(4.23), and (4.24), the Fisher information matrix can be described as follows by
using Proposition 11:

E

[
− ∂2

∂ψ∂ψ⊤
l(ψ | Y)

]

=
1
σ2 EV∼ϕ(v)

 1
1 + hα(V)

 V2 V2Hα −V2ω

V2Hα V2H2
α + V4 −V2Hαω

−V2ω −V2Hαω V2ω2


− 1

σ2

 0 0 0
0 1 0
0 0 0


⪰ 1

2σ2 EV∼ϕ(v)

 V2 V2Hα −V2ω

V2Hα V2H2
α + 3 −V2Hαω

−V2ω −V2Hαω V2ω2

− 1
σ2

 0 0 0
0 1 0
0 0 0


=

1
2σ2 EV∼ϕ(v)

 V2 V2Hα −V2ω

V2Hα V2H2
α + 1 −V2Hαω

−V2ω −V2Hαω V2ω2


=

1
2σ2 EV∼v2ϕ(v)

 1 Hα −ω

Hα H2
α + 1 −Hαω

−ω −Hαω ω2

 . (4.52)

Hereafter, since v2ϕ(v) is a probability density function on v ∈ R, the random
variable V is regarded as V ∼ v2ϕ(v) for notational simplicity. Note that matrix
(4.52) is clearly positive semidefinite, we only need to check that its determinant
is positive. For α→ 0, we have

lim
α→0

Hα(v) = lim
α→0

ρα
αv2

√
1 + α2v2 + 1

= 0, (4.53)

lim
α→0

ω(v) = σ lim
α→0

exp(−α2)
(√

1 + α2v2 − 1
)
+ ρα

v2

√
1 + α2v2

(√
1 + α2v2 + 1

)


=
σv2

4
, (4.54)
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and then we see that the determinant of (4.52) is positive because

det

EV∼v2ϕ(v)

 1 Hα −ω

Hα H2
α + 1 −Hαω

−ω −Hαω ω2




=

∣∣∣∣∣∣∣
1 0 −σ

4 EV∼v2ϕ(v)
[
V2]

0 1 0
−σ

4 EV∼v2ϕ(v)
[
V2] 0 σ2

16 EV∼v2ϕ(v)
[
V4]

∣∣∣∣∣∣∣
=

σ2

16

(
EV∼v2ϕ(v)

[
V4
]
−E2

V∼v2ϕ(v)

[
V2
])

=
3
4

σ2

> 0. (4.55)

Consider the case α ̸= 0. We have

det

EV∼v2ϕ(v)

 1 Hα −ω

Hα H2
α + 1 −Hαω

−ω −Hαω ω2




=

∣∣∣∣∣∣∣
1 E [Hα] −E [ω]

E [Hα] E
[
H2

α

]
+ 1 −E [Hαω]

−E [ω] −E [Hαω] E
[
ω2]

∣∣∣∣∣∣∣
=
(

E
[

H2
α

]
E
[
ω2
]
−E

[
H2

α

]
E2 [ω]−E2 [Hα]E

[
ω2
])

+ 2E [Hαω]E [Hα]E [ω]−E2 [Hαω] + (E
[
ω2
]
−E2 [ω])

> −E2 [Hα]E2 [ω] + 2E [Hαω]E [Hα]E [ω]−E2 [Hαω] + V [ω]

= − (E [Hαω]−E [Hα]E [ω])2 + V [ω]

= V [ω]−Cov2 [Hα, ω] , (4.56)

where the inequality is based on V [Hα]V [ω] = (E
[
H2

α

]
− E2 [Hα])(E

[
ω2] −

E2 [ω]) > 0. To examine the sign of (4.56), we evaluate V [Hα] concretely, starting
with (3.4), i.e.,

VV∼v2ϕ(v) [Hα] = ρ2
αVV∼v2ϕ(v)

[√
V2 +

1
α2

]

= ρ2
α

(
EV∼v2ϕ(v)

[
V2 +

1
α2

]
−E2

V∼v2ϕ(v)

[√
V2 +

1
α2

])

= ρ2
α

(
3 +

1
α2 −E2

V∼v2ϕ(v)

[√
V2 +

1
α2

])
. (4.57)
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Here, we focus on the behavior of EV∼v2ϕ(v)

[√
V2 + 1

α2

]
with respect to α. We

have

∂

∂α

1√
2 + 1
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3
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∫
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3
2

ϕ(v)dv, (4.58)

where the fourth equality is derived by

∫
R

v4
√

1 + α2v2
ϕ(v)dv

= −
∫

R

v3
√

1 + α2v2
(ϕ(v))′ dv

= −2 lim
R→∞

R3ϕ(R)√
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=0

+
∫

R

(
3v2

√
1 + α2v2
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3
2

)
ϕ(v)dv. (4.59)

Hence, ∂
∂α

1
2+ 1

α2
E2

V∼v2ϕ(v)

[√
V2 + 1

α2

]
is monotonically increasing function of α2.

Moreover,

1
2 + 1

α2

E2
V∼v2ϕ(v)

[√
V2 +

1
α2

]
> lim

α2→0

1
2 + 1

α2

E2
V∼v2ϕ(v)

[√
V2 +

1
α2

]
= 1. (4.60)

Thus, we have

E2
V∼v2ϕ(v)

[√
V2 +

1
α2

]
> 2 +

1
α2 , (4.61)
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and VV∼v2ϕ(v) [Hα] < ρ2
α < 1 from (4.57). For α ̸= 0, Hα(v) and ω(v) aren’t

obviously constant functions. Then, VV∼v2ϕ(v) [ω(V)] < ∞ because the upper

bound of
∣∣∣ ∂

∂α Hα(v)
∣∣∣ is a linear function of |u| from Proposition 3. Therefore, since

0 < V [Hα] < 1 and 0 < V [ω] < ∞, it holds that

Cov2 [Hα, ω] < V [Hα]V [ω] < V [ω] . (4.62)

From (4.56) and (4.62), we see that I(ψ) = E
[

∂2

∂ψ∂ψ⊤
l(ψ | Y)

]
is positive definite

for any ψ. Consider the case ψ = ψ0(X) = (X⊤β0, σ0, α0). Since ψ0(X) belongs
to the bounded set Ψ, we have infX Λmin(I(ψ0(X))) > 0.

Proof of Proposition 7

Proof. From Proposition 10, with some natural number M and some positive con-
stant C3,m for m = 0, 1, . . . , M, we have

max
(i1,i2,i3)∈{1,2,3}3

∣∣∣∣ ∂3

∂ψi1∂ψi2∂ψi3
l(θ | X, y)

∣∣∣∣ ≤ M

∑
m=0

C3,m|y|m. (4.63)

Since the m-th order moment of Y ∼ f (y | X⊤β, σ, α) is finite from Proposition 9,
the proof is complete.

Proof of Proposition 8

Proof. Applying the Taylor expansion around the point ψ0 for (4.7), there exists
some parameter vector ψ̃ ∈ {tψ0 + (1− t)ψ ∈ R3 | t ∈ [0, 1]} such that

E(ψ | ψ0) = E(ψ0 | ψ0) +
∂E

∂ψ⊤

∣∣∣∣
ψ=ψ0

(ψ−ψ0)

+
1
2
(ψ−ψ0)⊤

∂2E
∂ψ∂ψ⊤

∣∣∣∣
ψ=ψ̃

(ψ−ψ0). (4.64)

Excess Risk (4.7) satisfies E(ψ0 | ψ0) = 0 and ∂E
∂ψ (ψ

0 | ψ0) = 0 by its defini-
tion. Because I(ψ̃) is positive definite from Proposition 6, its smallest eigenvalue
Λmin(I(ψ̃)) is positive. Thus, the quadratic term of (4.64) is evaluated as

(ψ−ψ0)⊤
∂2E

∂ψ∂ψ⊤

∣∣∣∣
ψ=ψ̃

(ψ−ψ0) ≥ Λmin(I(ψ̃))∥ψ−ψ0∥2
2. (4.65)
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Therefore, letting C2 := infX∈X Λmin(I(ψ̃(X))) > 0, based on

inf
X∈X

inf
ψ∈Θ:∥ψ−ψ0∥2>ϵ

E(ψ | ψ0) ≥ inf
X∈X

inf
ψ∈Θ:∥ψ−ψ0∥2>ϵ

1
2

Λmin(I(ψ̃(X)))∥ψ−ψ0∥2
2

>
ϵ2

2
inf

X∈X
Λmin(I(ψ̃(X)))

>
ϵ2C2

2
, (4.66)

we can take δϵ =
ϵ2C2

2 > 0 as δϵ satisfying Proposition 8.

4.6.2 Proof of Theorem 6

If Condition 1, 2, and 3 in Section 9.4.1.1 of Bühlmann and Geer (2011) holds, the
proposition holds immediately from Lemma 9.1 of Bühlmann and Geer (2011).
These Condition 1, 2, and 3 correspond to Proposition 7, 6, and 8, which were
already shown, respectively. The proof is complete.

4.6.3 Proof of Theorem 7

If Condition 1, 2, and 3 in Section 9.4.1.1 and Condition 4 in Section 9.4.2 of
Bühlmann and Geer (2011) holds, the proposition holds immediately from The-
orem 9.1 of Bühlmann and Geer (2011). These Condition 1, 2, and 3 correspond
to Proposition 7, 6, and 8, which were already shown, respectively. Condition 4
correspond to Assumption 2. The proof is complete.

4.6.4 Proof of Theorem 8

Theorem 8 is similar to Corollary 9.1 of Bühlmann and Geer (2011). The difference
is a model. The former model is a regression model with the mode-invariant
skew-normal noise, but the latter model is a finite mixture model. The proof of
Corollary 9.1 of Bühlmann and Geer (2011) is based on two parts; one is a model-
specific part, and the other is not related to a model. The model-specific part
consists of Proposition 9.4 and Lemma 9.3 of Bühlmann and Geer (2011). We
prove these propositions for the former model. Using them, we can apply the
same proof technique as in Bühlmann and Geer (2011) to prove Theorem 8.

Proposition 9.4 and Lemma 9.3 of Bühlmann and Geer (2011) show how to obtain
an upper bound of the score function and how to set MN. For our sparse regres-
sion model with the mode-invariant skew-normal noise, the upper bound of the
score function is obtained in Proposition 5, which corresponds to Proposition 9.4
of Bühlmann and Geer (2011). In this case, following the approach described
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in Bühlmann and Geer (2011), we set MN = O(log N), and then we can derive
Proposition 16, which corresponds to Lemma 9.3 of Bühlmann and Geer (2011).
The proof is complete.
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Chapter 5

Experimental Results

This section demonstrates the performance of the proposed method with syn-
thetic and real-world datasets.

5.1 Skew-Noises with Mode Zero

The simulation model is y = X⊤β0 + e. The feature vector Xn ∈ RP=100 was gen-
erated randomly with each element following the continuous uniform distribu-
tion on [−1, 1] ∈ R. The true parameter was set to β0 = [1.0,−0.9, 0.8, . . . ,−0.1, 0,
. . . , 0]⊤ ∈ R100 with 10% non-zero coefficients of varying magnitudes and signs.
Let the random variable following (3.1) be denoted by SN (µ, σ, α). Let the log-
normal variable be denoted by lnN (µ, σ). The noise e was generated from four
types of distribution: SN (0, 1, 1) (Data 1), SN (0, 1, 2) (Data 2), lnN (0, 0.5) −
exp(−0.52) (Data 3), and lnN (0, 1)− exp(−12) (Data 4). Data 3 and Data 4 are
the log-normal variable adjusted to mode zero. These are misspecified models.
The noise distributions are depicted in the first column of Figure 5.1.

In Algorithm 1, we employed the scipy.optimize.minimize(method=’L-BFGS-B’) func-
tion of Python to optimize σ (line 10) and α (line 11). Specifically, the function was
executed with σ > 0 for σ and without any bounds for α. All other settings of the
function were used at their default values.

We compared the proposed method with the ordinary Lasso (Tibshirani, 1996)
(“Lasso”), the ordinary Lasso applied to the Yeo–Johnson transformed output
(“Lasso+YJ”), and another skew-noise Lasso (Chen, Pourahmadi, and Maadoo-
liat, 2014) (“Chen+”) that assumes a regression model for the location parame-
ter of Azzalini’s skew-normal distribution. The tuning power parameter in the
Yeo–Johnson transformation was determined by maximum likelihood estima-
tion. The sample size was set to N = 500. We conducted 50 experiments with
different random seeds. For each trial, the regularization coefficient λ was ad-
justed by 5-fold cross-validation based on the log-likelihood loss, in which the
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FIGURE 5.1: Comparison of four methods with four different types of simulation noises
in terms of five evaluation measures. From top to bottom, each row results from Data 1,
Data 2, Data 3, and Data 4, respectively. The first column plots the probability density
function of the noise. The second through fifth columns are box plots of some scores. The
last column is the mean F1 score for each threshold (horizontal axis). In all figures, the
proposed method, Chen+ (Chen, Pourahmadi, and Maadooliat, 2014), Lasso, and Lasso
with the Yeo–Johnson transformation are in red, green, blue, and yellow, respectively. All
experiments were conducted for 50 runs with different random seeds.

numbers of training and validation data for each trial were set to 400 and 100,
respectively.

Five evaluation measures are shown in the second through six columns of Fig-
ure 5.1. The second column is the Mean Squared Error (MSE) for the prediction:
MSE(ŷ) := ∑n:test(ŷn − y0

n)
2/N, where the MSE was estimated from 2,000 test

data generated under the same conditions. The third column is the MSE of the
estimated coefficients: MSE(β̂) := ∥β̂ − β0∥2

2/P. Since “Lasso+YJ” is based on
the Yeo–Johnson transformed output, the resulting estimator β̂ does not gener-
ally converge to β0. Therefore, MSE(β̂) is expected to be inferior to other meth-
ods. The fourth column is a measure for sparsity by Hurley and Rickard (2009) as
the most robust measure founded on a weighted sum of estimated all coefficients
for evaluating sparsity. The measure range is [0, 1] ∈ R; as a coefficient vector is
sparser, its value is higher (see Section 5.4.1 for details). The fifth column is the
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FIGURE 5.2: Box plots of MSEs for Data 2 with P = 100 fixed and various sample sizes
N. The vertical axis is a logarithmic scale. The horizontal axis is the sample size N. All
experiments were conducted for 100 runs with different random seeds.

size of the estimated model, which is defined as the number of non-zero coeffi-
cients: Model Size(β̂) := #{β̂p ̸= 0 : 1 ≤ p ≤ P}. The last column is the F1 score
(Van Rijsbergen, 2004) defined by

F1 Score := 2× Precision× Recall
Precision + Recall

, (5.1)

where Precision and Recall are defined by TP/(TP + FP) and TP/(TP + FN),
respectively, and TP, FP, and FN mean the true positive, false positive, and false
negative, respectively. The positivity (negativity) of the estimated coefficient is
defined by |β̂p|/∥β̂∥∞ > δT for a threshold δT ∈ [0, 1] (horizontal axis). As the
feature selection is more successful at each threshold, the F1 score is larger. This
means that a better method presents an upper curve.

As a result of Figure 5.1, the proposed method outperformed the comparative
methods in all the cases, indicating better prediction and feature selection with
a smaller number of features. We see that Chen+ is inferior to Lasso in Data 3.
This might be because Azzalini’s skew-normal distribution could not adequately
model such skewed noise.

Figure 5.2 shows box plots of MSEs for 100 trials regarding Data 2 with P = 100
fixed and various sample sizes N. The regularization coefficient λ was tuned by
5-fold cross-validation with 80% training and 20% validation data. The Lasso is a
benchmark against the proposed method. The proposed method presented stable
behaviors for N < P as well as N > P.

In Section 5.4.2, we also show the results with a linear regression model without
regularization, assuming Azzalini’s skew-normal distribution, skew-t distribu-
tion, and skew-Cauchy distribution for noise (Arellano-Valle and Azzalini, 2013;
Azzalini and Arellano-Valle, 2013; Azzalini and Salehi, 2020), on Data 1 through
Data 4.
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FIGURE 5.3: Comparison of four methods with four different types of simulation noises
in terms of five evaluation measures. From top to bottom, each row results from Data 5,
Data 6, Data 7, and Data 8, respectively. The first column plots the probability density
function of the noise. The second through fifth columns are box plots of some scores. The
last column is the mean F1 score for each threshold (horizontal axis). In all figures, the
proposed method, Chen+ (Chen, Pourahmadi, and Maadooliat, 2014), Lasso, and Lasso
with the Yeo–Johnson transformation are in red, green, blue, and yellow, respectively. All
experiments were conducted for 50 runs with different random seeds.

5.2 Normal and Azzalini’s Skew-Noises

We explore both normal and Azzalini’s skew-normal noises under the same con-
ditions as in Section 5.1. Let the random variable following Azzalini’s skew-
normal be denoted by SNA(µ, σ, α). The noise e was generated from additional
four types of distribution: N (0, 1) (Data 5), SNA(0, 1, 2) (Data 6), SNA(0, 1, 4)
(Data 7), and SNA(0, 1, 6) (Data 8). Notably, Azzalini’s skew-normal noise is
not mode-invariant, i.e., its location parameter does not coincide with its mode,
which significantly violates the assumptions of the proposed method.

The results are shown in Figure 5.3. In Data 5, the four methods presented sim-
ilar behaviors, as expected. In Data 6, Data 7, and Data 8, the proposed method
outperformed the other methods with the difference becoming more significant
as α increased. Surprisingly, Chen+ presented similar results to Lasso, although
Chen+ was slightly worse. This would be because the objective function of Chen+
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TABLE 5.1: Results of PDGFR (N = 79, P = 320).

MSE(ŷ) Sparsity(β̂) Size(β̂)

Proposed 7.00× 10−1 (3.16× 10−1) 9.90× 10−1 (3.16× 10−3) 5.30× 100 (1.84× 100)

Chen+ 10.9× 10−1 (2.54× 10−1) 8.18× 10−1 (3.72× 10−1) 8.17× 100 (4.82× 100)

Lasso 7.28× 10−1 (4.79× 10−1) 9.85× 10−1 (9.82× 10−3) 8.90× 100 (5.57× 100)

Lasso + YJ 12.7× 10−1 (4.22× 10−1) 9.85× 10−1 (9.82× 10−3) 8.93× 100 (5.57× 100)

TABLE 5.2: Results of MTP (N = 274, P = 1142).
MSE(ŷ) Sparsity(β̂) Size(β̂)

Proposed 8.43× 10−1 (1.65× 10−1) 9.91× 10−1 (2.05× 10−3) 2.09× 101 (5.45× 100)

Chen+ 10.8× 10−1 (1.88× 10−1) 9.72× 10−1 (4.58× 10−3) 5.93× 101 (7.47× 100)

Lasso 23.4× 10−1 (84.9× 10−1) 9.82× 10−1 (6.66× 10−3) 4.25× 101 (13.9× 100)

Lasso + YJ 11.6× 10−1 (3.84× 10−1) 9.82× 10−1 (6.66× 10−3) 4.25× 101 (13.9× 100)

is hard to optimize due to troublesome non-convexity with complicated combi-
nations of all parameters. Similarly, for Data 3 (skew data), Chen+ was worse
than Lasso. In comparison, the proposed method can present stable behaviors
because the objective function is convex for many variables β ∈ RP, although it
is non-convex for only two variables σ, α ∈ R, as shown in Theorem 1.

5.3 Real-World Medical Data

We applied the proposed method to the following two medical datasets: PDGFR
(Platelet Derived Growth Factor Receptor) consists of N = 79 samples and P =

320 features, where the outcome is the ability to inhibit PDGFR phosphoryla-
tion (Guha and Jurs, 2004). MTP (MelTing Point) includes N = 274 samples
and P = 1142 features, where the outcome is the melting point of drug-like
compounds (Karthikeyan, Glen, and Bender, 2005). These datasets have many
features compared to their sample size and may hold skewed noise, as described
later. We compared the proposed method with “Chen+” (Chen, Pourahmadi, and
Maadooliat, 2014), “Lasso” (Tibshirani, 1996), and “Lasso+YJ”, as in the previous
section.

We used 80% of the samples for training and the remaining 20% for testing. Then,
we tuned each regularization coefficient λ with 5-fold cross-validation using 20%
of the training samples (i.e., 16% of all samples) as validation data. These samples
were generated randomly, and 30 trials were conducted with different random
seeds. We calculated MSE(ŷ), Sparsity of β̂, and Model Size(β̂) and evaluated
their performance.

Table 5.1 and Table 5.2 show the results of PDGFR and MTP, respectively, with
the means and standard deviations (in parentheses) of the evaluation measures.
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For both datasets, the proposed method simultaneously achieved the smallest
prediction error and the smallest model size. In particular, for MTP, the proposed
method reduced the model size to less than half when compared to the other
methods. Regarding the residuals of the test data after training with the Lasso,
the mean of the normalized skewness of the residuals was −0.81 for PDGFR and
0.75 for MTP.

In Section 5.4.3, we also applied the proposed method to more easily interpretable
data, specifically the Engineering Graduate Salary (EGS) prediction data (Aggar-
wal, Srikant, and Nisar, 2016). EGS has fewer features than the two datasets
above, and the meanings of all features are specifically provided. These proper-
ties allow us to consider the validity of the estimated active features. The result
shows that the proposed method outperformed the comparative methods and
could select more reasonable features.

5.4 Additional Experimental Details and Results

5.4.1 Definition of Sparsity

In this chapter, we used the measure for sparsity (denoted by “Sparsity”), as in-
troduced by Hurley and Rickard (2009). In this section, we briefly review its
definition.

Given a vector β ∈ RP, we sort the coefficients from the smallest to largest, i.e.,
β(1) ≤ . . . ≤ β(P), where (p) is the p-th new index after sorting. Then, the “Spar-
sity” of β is defined by

Sparsity(β) = 1− 2
∥β∥1

P

∑
p=1
|β(p)|

(
P− p + 1

2
P

)
. (5.2)

This measure is based on a weighted sum of all coefficients, evaluating how im-
portant a particular coefficient is to an overall sparsity. We have Sparsity(β) = 0
for the least sparse case where all coefficients have the same value, and Sparsity(β)

= 1 for the most sparse case where there exist few non-zero coefficients under the
situation P→ ∞. Therefore, the measure can evaluate sparsity of β.

5.4.2 Comparison with Other Methods

Adding to Section 5.1, we also compared the proposed model with a linear regres-
sion model without regularization, assuming Azzalini’s skew-normal distribu-
tion, skew-t distribution, and skew-Cauchy distribution for noise (Arellano-Valle
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FIGURE 5.4: Comparison of six methods with four different types of simulation noises
in terms of four evaluation measures. From top to bottom, each row results from Data 1,
Data 2, Data 3, and Data 4, respectively. All experiments were conducted for 50 runs with
different random seeds.

and Azzalini, 2013; Azzalini and Arellano-Valle, 2013; Azzalini and Salehi, 2020).
These methods are denoted by “skew-N,” “skew-t,” and “skew-C,” respectively.
The experimental setting and data are the same as in Section 5.1.

Four evaluation measures, i.e., MSE(ŷ), MSE(β̂), Sparsity(β̂), and Model Size(β̂),
are shown in Figure 5.4. The definitions of these measures are the same as in Sec-
tion 5.1. As a result of Figure 5.4, the proposed method outperformed the com-
parative methods in all cases, indicating better prediction with a smaller number
of features. Note that the model size for “skew-N,” “skew-t,” and “skew-C” is al-
ways 100 due to no regularization term, and the results of “Proposed,” “Chen+,”
and “Lasso” are the same as in Figure 5.1.
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TABLE 5.3: Results of EGS (N = 3998, P = 25).

MSE(ŷ) Sparsity(β̂) Size(β̂)

Proposed 2.11× 101 (3.14× 101) 4.62× 10−1 (2.84× 10−2) 2.31× 101 (1.05× 100)

Chen+ 4.97× 101 (7.59× 101) 1.16× 10−1 (16.8× 10−2) 8.33× 101 (12.0× 100)

Lasso 4.89× 101 (7.57× 101) 3.78× 10−1 (3.72× 10−2) 2.44× 101 (0.68× 100)

Lasso + YJ 2.64× 101 (3.86× 101) 3.78× 10−1 (3.72× 10−2) 2.44× 101 (0.68× 100)

5.4.3 Real-World Financial Data

We applied the proposed method to the Engineering Graduate Salary (EGS) pre-
diction data (Aggarwal, Srikant, and Nisar, 2016), which provides engineering
graduates’ employment outcomes with standardized assessment scores. EGS has
fewer features than the two medical datasets in Section 5.3, and the meanings of
all features are specifically given. These properties allow us to consider the valid-
ity of the estimated active features. For simplicity, we used only numerical type
features (see Table 5.4 for details). The data used here consisted of N = 3998 and
P = 25. Other experimental conditions were the same as in Section 5.3.

Table 5.3 shows the result of EGS with the means and standard deviations (in
parentheses) of the evaluation measures. The proposed method simultaneously
achieved the smallest prediction error and the smallest model size. Regarding the
residuals of the test data after training with the Lasso, the mean of the normalized
skewness of the residuals was 2.24.

We also obtained interesting results. Figure 5.5 shows box plots of the estimated
coefficients for each method. The top 10 coefficients are picked out based on the
averaged absolute values over 30 trials. For example, a graduate’s quantitative
ability (“Quant”) ranked first for the proposed method, while a graduation year
(“12graduation”) ranked first for Lasso and Lasso+YJ. In the proposed method,
“12graduation” ranked fourth with about half an effect. It may sound strange
that the most relevant factor for salary is the graduation year. As the box plots
indicate, the coefficient of this feature was sometimes zero. Moreover, an English
score (“English”) and a college tier (“CollegeTier”) ranked second and third in
the proposed method. From these points, the proposed method could select more
reasonable features.
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FIGURE 5.5: Box plots of the estimated coefficients for EGS. In the vertical axis, the top
10 coefficients are picked out based on the averaged absolute values over 30 runs with
different random seeds. Details of each feature are described in Table 5.4.
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TABLE 5.4: Description of features in EGS data (see Table 2 in Aggarwal, Srikant, and
Nisar (2016) for details).

Feature Description
10percentage Overall marks obtained in grade 10 examinations
12graduation Year of graduation (senior year high school)
12percentage Overall marks obtained in grade 12 examinations

CollegeID Unique ID identifying the college which the candidate
attended

CollegeTier Tier of college (computed from the average AMCAT
scores)

CollegeGPA Aggregate GPA at graduation
CollegeCityID A unique ID to identify the city in which the college is

located
CollegeCityTier The tier of the city in which the college is located
GraduationYear Year of graduation (Bachelor’s degree)

English Score in AMCAT’s English section
Logical Score in AMCAT’s Logical ability section
Quant Score in AMCAT’s Quantitative ability section

Domain Score in AMCAT’s Domain module
ComputerProgramming Score in AMCAT’s Computer programming section
ElectronicsAndSemicon Score in AMCAT’s Electronics & Semiconductor Engi-

neering section
ComputerScience Score in AMCAT’s Computer Science section
MechanicalEngg Score in AMCAT’s Mechanical Engineering section

ElectricalEngg Score in AMCAT’s Electrical Engineering section
TelecomEngg Score in AMCAT’s Telecommunication Engineering sec-

tion
CivilEngg Score in AMCAT’s Civil Engineering section

conscientiousness Score in one of the sections of AMCAT’s personality test
agreeableness Score in one of the sections of AMCAT’s personality test

extraversion Score in one of the sections of AMCAT’s personality test
nueroticism Score in one of the sections of AMCAT’s personality test

openess_to_experience Score in one of the sections of AMCAT’s personality test
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Chapter 6

Conclusion

In this thesis, we have proposed a novel sparse regression model whose noise is
assumed to follow the mode-invariant skew-normal distribution. The proposed
method always models a mode regardless of skewness and is highly adaptable
and interpretable to skew noise. We have also shown that the proposed method
is straightforward to implement and optimize, and it has theoretical guarantees
for the average excess risk and the estimation error by non-asymptotic analysis.
The results of numerical experiments demonstrated that the proposed method
achieved both skewness modeling and statistical interpretability simultaneously,
even for high-dimensional data, highlighting its significant effectiveness.

As a next challenge, we focus on extending to the mode-invariant skew-t distri-
bution. To our knowledge, no study has explicitly dealt with this distribution
besides its basic idea being mentioned in Fujisawa and Abe (2015). The first prob-
lem would be to prove the positive definiteness of the Fisher information matrix,
whose proof could be complicated, such as in the proof of Proposition 6. Its opti-
mization algorithm could also be problematic. However, these may be overcome
in terms of t distribution being a scale mixture of normal distribution. It is also in-
teresting to extend from univariate to multivariate noise for some machine learn-
ing algorithms. Fortunately, a multivariate mode-invariant skew-normal distri-
bution has already been proposed by Abe and Fujisawa (2019), suggesting that
we could quickly tackle and formulate models.
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