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The systematic construction of multi scalar—tensor theory
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i X H : The systematic construction of multi scalar-tensor theory

Modern cosmology increasingly relies on effective field theories that extend General
Relativity by adding one or more scalar degrees of freedom. Such scalar—tensor theories
provide a unified language for inflation, dark energy, and modified gravity, but they
also face a fundamental consistency constraint: if higher-derivative interactions are
introduced naively, the theory typically propagates an extra ghostly degree of freedom
(the Ostrogradsky instability). A central problem is therefore to identify and organize
the “healthy” classes of scalar—tensor theories in which the dynamical content is
controlled and the equations of motion can be written without introducing pathological
modes. In the single-field case, Horndeski theory occupies a distinguished position: it
1s commonly presented as the most general covariant scalar—tensor theory leading to
second-order field equations. By contrast, systematic multiple-field extensions remain
incomplete. While the general form of the equations of motion for two-field (bi-
Horndeski) theories has been derived, a corresponding general action has not been
established, and for three or more fields neither a general action nor a general set of
equations of motion is available. This situation motivates the search for a new
organizing principle that does not start from a fully constructed action, yet can recover
known single-field results and offer a practical route toward multi-field generalizations.
This thesis develops such a principle by re-characterizing Horndeski theory through
symmetry and closure properties under field redefinitions, rather than through an
explicit enumeration of all allowed Lagrangian terms. The key observation is that
disformal transformations—metric redefinitions involving the scalar field and its first
derivatives—play a structural role in scalar—tensor theories analogous to conformal
transformations in Brans—Dicke—type models. In particular, invertible disformal
transformations map healthy theories to healthy theories, and they partition the space
of scalar—tensor theories into “orbits” under these redefinitions. Building on this
viewpoint, I propose a new definition of Horndeski theory based on two mild axioms:
(i) the theory is closed under invertible pure disformal transformations, and (ii) the
theory contains a specified “minimal Horndeski theory” that serves as an anchor
selecting the appropriate disformal orbit. The minimal theory is taken to be the sum
of a canonical kinetic term, the Einstein—Hilbert term, and a characteristic derivative
coupling to the Einstein tensor. The second axiom is essential: in more general ghost-
free frameworks (such as DHOST), multiple inequivalent theory classes can be

individually closed under invertible disformal transformations, so closure alone does



not uniquely single out Horndeski. The anchor condition resolves this ambiguity by
fixing which closed class is meant.

A main result is that these axioms are sufficiently restrictive to recover the standard
single-field Horndeski action uniquely up to boundary terms. In this perspective,
“having the most general second-order equations of motion” becomes not the defining
principle but a non-trivial property that is recovered once the disformal-closure
definition is imposed. Concretely, starting from the minimal anchor theory and
systematically generating all terms required by invariance under invertible pure
disformal transformations, one reconstructs the familiar Horndeski structure
(equivalently, the generalized Galileon action in covariant form) modulo total
derivatives. The thesis provides an explicit constructive strategy—essentially an
algorithmic procedure—for building the action within this orbit, clarifying how the
conventional Horndeski Lagrangians arise mechanically from the closure requirement
rather than from an a priori classification of equations of motion.

The advantage of this reformulation is that it suggests a direct and scalable way to
attempt multiple-field extensions. Instead of trying to derive or guess a complete multi-
field action (a task that becomes rapidly intractable) or deriving the most general
multi-field equations of motion and then integrating them back to an action, one can
extend the two axioms themselves: generalize “pure disformal transformations” to
“pure multi-disformal transformations” acting on the metric with multiple scalar fields,
and generalize the minimal anchor theory to an appropriate multi-field minimal theory.
This leads to a new definition of multi-Horndeski (and, in particular, bi-Horndeski)
theories as the classes closed under invertible pure multi-disformal transformations
and containing the multi-field minimal anchor. Within this framework, I formulate a
central conjecture: that the multi-field theory class defined in this way yields the most
general equations of motion involving up to second-order derivatives of the metric and
multiple scalar fields. The conjecture is motivated by the single-field reconstruction
result and by the expectation that closure under multi-disformal transformations
organizes the allowed derivative structures in a way that naturally enforces the
requisite constraints.

As an application and non-trivial consistency check, I analyze the emergence of
“antisymmetric structures” that are known to be specific to multi-field theories. In
previous work on extended multi-Galileon and multi-field generalizations, Erwan Allys
identified terms in flat space that exhibit antisymmetry in internal field indices, and
Shingo Akama and Tsutomu Kobayashi constructed covariant counterparts (often
referred to as the Allys—Akama—Kobayashi, or AAK, terms). These terms do not arise
from a straightforward multi-field substitution in the single-field Horndeski action,
yet they are believed to be necessary ingredients to capture the full structure of healthy
multi-field scalar—tensor dynamics. I show that such antisymmetric terms appear

naturally within the present disformal-closure approach: when the minimal multi-field



anchor and the multi-disformal closure condition are implemented (in a tractable setup
focusing on the sector up to the quartic order in the usual Horndeski hierarchy), the
resulting Lagrangian contains the AAK-type structures with the characteristic
antisymmetry in internal indices. This provides concrete evidence that the new
definition is not merely a rephrasing of known single-field results but genuinely
encodes multi-field-specific features that have proven difficult to generate
systematically by other approaches. Moreover, it indicates that the disformal-closure
viewpoint has the potential to account for key features captured by the known bi-
Horndeski equations of motion, while offering a more constructive route toward the
corresponding action.

Overall, the thesis contributes a conceptual and practical reorganization of Horndeski
theory and its multi-field prospects. Conceptually, it shifts the emphasis from “second-
order equations” as a starting definition to “closure under invertible disformal
transformations” plus an anchor condition that selects the correct orbit in the space of
ghost-free theories. Practically, it yields (i) a reconstruction of the standard single-field
Horndeski action up to boundary terms from these axioms, (ii) a blueprint for defining
and exploring multi-field analogues by extending the axioms rather than attempting a
direct brute-force construction, and (iii) explicit evidence—via the appearance of AAK-
type antisymmetric terms—that the approach naturally generates structures known to
be essential in multi-field settings. This framework opens a path toward a systematic
multi-field scalar—tensor theory program in which disformal geometry and orbit
structure guide the construction, classification, and comparison of candidate actions
and their equations of motion, and it suggests concrete next steps toward establishing

or refuting the conjectured completeness of the resulting multi-field class.
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