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Abstract

In this doctoral dissertation, we compute observational quantities arising from multi-field
inflation with the production of primordial black holes, and discuss theoretical constraints
from the Swampland Conjectures. As a proposed solution to the problems of the standard
Big Bang cosmology, a phase of exponential expansion of spacetime, known as inflation,
has been introduced and is now widely accepted. While various specific mechanisms for
inflation have been proposed, they have not yet been uniquely determined, and these are
crucial for understanding the origin of the universe. In this research, we demonstrate that,
from a bottom-up perspective, computing observable quantities predicted by a concrete
inflation model helps identify viable inflationary scenarios. On the other hand, from a top-
down perspective, we show that the Swampland Distance Conjecture imposes constraints
on the parameters of inflationary models, thereby providing an alternative route toward
their identification. First, as a bottom-up perspective, we show that resonant processes
during multi-field trapped inflation can generate a large curvature perturbation on small
scales without fine-tuning. This perturbation naturally leads to the formation of primordial
black holes that may constitute dark matter, as well as to the production of stochastic
induced gravitational waves in the deci-Hz band. Such waves are within the reach of future
space-based interferometers, such as LISA, DECIGO and BBO. Furthermore, primordial
black hole binaries formed at late times produce merger gravitational waves that can be
probed by the resonant cavity experiments in addition to interferometers. Next, as a
top-down perspective, we impose constraints on inflation models from the Swampland
Distance Conjecture and the Lyth Bound. In the case of large field models, a quantitative
relation is established between the field distance A¢ and the tensor-to-scalar ratio r. Based
on these, we plot the relationship between the field distance A¢ and the tensor-to-scalar
ratio r for specific inflation models by running the e-folding number from 47 to 62. The
two bounds play complementary roles in assessing the viability of inflationary scenarios.
We demonstrate that, for certain representative large field inflation models, the Swampland
Distance Conjecture alone can impose more stringent upper limits on the tensor-to-scalar

ratio than current observational constraints from the cosmic microwave background.
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Introduction

In the past, the standard Big Bang theory described by the cosmological principle and
general relativity, had long been believed to provide a theory explaining the origin and
evolution of the Universe. However, the standard Big Bang theory suffers from several
problems, among which representative examples include the horizon problem, the flatness
problem, the monopole problem, and the origin of primordial density perturbations [1]. For
instance, taking the flatness problem as an example, in the standard Big Bang theory the
Hubble horizon increases monotonically, and hence in the early Universe the () parameter
of curvature must be fine-tuned to an extremely small value. The origin of these difficulties
lies in the fact that the cosmic expansion caused by radiation or matter is decelerated.
Inflationary cosmology, characterized by a stage of accelerated expansion [2-5], provides
elegant resolutions to several fundamental problems in standard cosmology, including the
flatness problem. At present, it is widely accepted as a framework that accounts for the
current state of the universe from more general initial conditions.

However, revealing the underlying mechanism responsible for inflation still remains
one of the most urgent and central issues in modern cosmology. In addition, despite its
theoretical successes, the precise nature of the scalar field ¢, commonly referred to as
the inflaton field, has not yet been established. Furthermore, neither the energy scale
at which inflation occurred nor its precise epoch in cosmic history has been directly
probed by current observational data. Although many inflationary models consistent with
observational data, have been proposed, no model has been uniquely identified. Therefore,
in order to constrain the precise nature of the inflaton field and, ultimately, to identify a
specific inflation model, we impose constraints from both a bottom-up perspective based
on observations and a top-down perspective based on UV-complete theories at high energy
scales.

We first consider the bottom-up perspective, which is provided by observations of
the cosmic microwave background (CMB) [6]. Inflation can explain the origin of quan-
tum perturbations. This means inflation generates curvature perturbations, and spatial
variations of these curvature perturbations lead to temperature anisotropies in the CMB.
Therefore, comparing the physical quantities theoretically predicted by inflation with

current CMB observations provides a means to test inflation. In particular, its tempera-
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ture anisotropies and polarization patterns have so far yielded only an upper bound on
the energy scale of inflation, constraining it to be below approximately 10'¢ GeV. This
constraint is rewritten in terms of the tensor-to-scalar ratio r, and the most stringent
current bound is r < 0.036 [7, 8].

On the other hand, from a top-down perspective, there exist complementary efforts to
constrain the energy scale of inflation based on internal consistency relations derived from
purely theoretical considerations. One such relation is the Lyth bound, which applies to
slow-roll models with super-Planckian field excursions and provides a model-independent
lower bound on r. However, even when both the observational bounds and the theoretical
lower bounds discussed above are taken into account, substantial uncertainties remain
regarding the model-dependent functional form of the inflaton potential V' (¢) and the
total field excursion A¢ during inflation.

Furthermore, recent developments in quantum gravity, particularly in string theory,
have motivated theoretical constraints on effective field theories through what are known
as the Swampland Conjectures [9]. The Swampland Distance Conjecture [10] proposes
that effective field theories with trans-Planckian field excursions are incompatible with
a consistent UV completion in quantum gravity, and that, in order to remain within
the Landscape, which is the regime of EFT control, the Hubble scale H must decrease
accordingly. ! At present, among the Swampland Conjectures, the Swampland Distance
Conjecture is supported by a substantial amount of evidence comparing with other
conjectures, and if it is valid, it would impose nontrivial theoretical constraints and yield
new exclusions that could not be obtained from previous observations. In this paper,
unlike previous studies, we successfully impose constraints on the parameter space of the
inflationary potential by applying these constraints to concrete inflationary models. The
new results obtained from this theoretical aspect are more restrictive than the conventional
Planck2018 data and provide specific footholds for inflation models, as demonstrated in
Section VI.3.

In addition to the above constraints on general inflationary models, theoretical models
beyond the standard model, such as supergravity or superstring theory, generically predict
many light scalar fields. Therefore, it is more natural to consider multi-field inflation [12],
in which multiple scalar fields contribute to the inflaton dynamics, rather than single-field
inflation. Within such multi-field inflationary scenarios, there exist possibilities that obser-
vational signatures arising during inflation or from transitions may provide specific clues for
model discrimination. In several multi-field inflationary scenarios, the Universe undergoes
multiple-field transitions during inflation, analogous to phase transitions. Identifying the
role of these transitions through observations could provide decisive information about the

ultimate theory to describe the early Universe.

1See also Ref. [11] for bounds on the field excursion from the UV /IR mixing motivated by the holography
and entropy bounds.
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In some of these models, interactions between fields can cause resonant field excitations
during inflation. A classical example is the so called "Trapped Inflation" [13, 14]. But
resonances during inflation and their impact on the primordial perturbation had been
studied even earlier, for example, in Ref. [15-17] (for some later works see Ref. [18-21]).
Many of the works are based on the mechanism suggested in Ref. [13], where moduli fields
of string theory are stabilised by the backreaction of resonantly produced particles. As
moduli field(s) pass through or close to (in the case of multi-field inflation) a critical point
in field space, some real scalar field x is rendered massless. Thus, this point was naturally
denoted by the name "Enhanced Symmetry Point" (ESP) in Ref. [13]. Around ESP the
effective mass of x is changing non-adiabatically, which induces resonant excitations. The
excitations backreact onto the motion of the inflaton, modifying its dynamics.

In this work, we consider a somewhat modified scenario. Instead of the field x becoming
massless at the critical point, we allow it to become tachyonic, i.e., its mass squared to
become negative. Hence, for some parameter values, the resonance resembles the one
studied in Ref. [22], which they called "Tachyonic Resonance'. To emphasise this difference,
we name the critical point as the "Symmetry Breaking Point" (SBP). The idea for such a
scenario is inspired by the tachyonic trap mechanism, employed to provide an alternative
method of reheating for non-oscillatory potentials and to prevent the scalar field of the
quintessential inflation scenario from reaching superplanckian values [23, 24].

The current scenario is explored in the context of the supersymmetry-inspired multi-
field running-mass model [25]. Augmenting the running-mass-inflation (RMI) with the
tachyonic trap mechanism provides a concrete scenario by which inflation can end in a
form similar to hybrid inflation [26, 27]. The current treatment, however, differs from
the usual considerations of hybrid inflation. First, we take the waterfall phase, i.e., the
evolution in the y direction in field space, to last more than 10 e-foldings, which requires
a very flat potential. In such a setup, the tachyonic trap becomes essential to redirect the
field evolution from the RMI direction into the waterfall one, at least for parameter ranges
considered in this work.

The tachyonic resonance at SBP has another important effect: it generates a sharp
peak in the spectrum of the primordial perturbation P; at small scales. The amplitude of
that peak can be enhanced by several orders of magnitude relative to the slow-roll result
on large scales. Combined with the large spectral running of RMI, the spectrum can reach
as high values as Pr ~ 107 [25, 28-34]. The resulting large curvature perturbation at
the small scales have distinct observational consequences.

Later, upon horizon reentry in the early Universe, the large curvature perturbation
can trigger gravitational collapse, leading to the formation of the primordial black holes
(PBHs). As argued in Ref. [35] (for reviews, see also Refs. [36-38]), PBHs with masses in
the range 10'7g [39] — 1023g [40, 41] can serve as dark matter candidates. This scenario can

be constrained or confirmed by future gamma-ray observations and related astrophysical
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probes [35]. In this paper, we examine in Section IV.3 how the current multi-field
trapped inflation model, which satisfies observational constraints, can produce a sufficient
abundance of PBHs with masses that potentially explain nearly all dark matter.

Second, the same perturbations generate stochastic induced gravitational waves (SIGWs)
through nonlinear second-order effects [42-50]. These SIGWs, peaking in the deci-Hz band,
provide promising targets for future gravitational-wave detectors such as LISA, DECIGO,
and BBO. In the analysis in this paper, we incorporate recent refinements accounting for
the dissipation of small-scale fluctuations [51, 52], yielding state-of-the-art predictions for
the SIGW spectrum in Sec. V.1.

Third, PBHs formed in the early Universe can assemble into binaries through many-
body gravitational interactions [53-55]. The mergers of these binaries also generate a
stochastic background of gravitational waves. Remarkably, such merger signals may be
detectable not only by DECIGO and BBO but also through resonant cavity experiments
exploiting the inverse Gertsenshtein effect [56, 57|, originally proposed in the context of
axion searches. In general, in conventional studies of gravitational waves (GWs) generated
from binaries, the abundance of PBHs has often been assumed to be nearly 100%. In
contrast, in this paper, we compute not only the GW spectra generated from PBH binaries
arising from generic PBH mass distributions, but also the GW spectra predicted within
the specific inflationary model considered here. As mentioned above, these signals may
be detectable by future observations, and moreover, since different inflationary models
generate distinct GW spectra, they can serve as a means to distinguish inflationary models
in Sec. V.2.

The structure of this thesis is organized as follows. In Chapter I, we point out the
problems of the standard Big Bang cosmology, motivate the currently widely accepted
inflation theory, and provide an outline of its basic framework. In addition, we briefly
introduce the specific inflationary models that are constrained by the Swampland Distance
Conjecture in Chapter VI. In Chapter II, we introduce linear perturbation theory and
define the physical quantities that play a central role in inflation. In particular, one
of these quantities is the curvature perturbation, because we show that the curvature
perturbation consistent with CMB observations on large scales is enhanced on small scales
in the subsequent Chapter III. Along with the curvature perturbation, we also show other
important physical quantities such as the spectral index and the tensor-to-scalar ratio. In
Chapter III, we study a hybrid inflation model involving two scalar fields. As mentioned
earlier, current research on inflationary models proceeds not only from a bottom-up
approach based on observations, but also from a top-down approach based on UV-complete
theories such as string theory and quantum gravity, which suggest that inflation may be
driven by multiple inflatons. In particular, inflationary models accompanied by a waterfall
phase exhibit a rich variety of interesting physical phenomena, and we focus on these

features. In Chapter IV, we show that the curvature perturbations enhanced on small
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scales in Chapter III can lead to the formation of primordial black holes, which may serve
as candidates for dark matter. In Chapter V, we investigate induced GWs generated from
second-order tensor perturbations of the metric, as well as GWs produced by mergers of
PBHs formed in Chapter IV. In particular, we demonstrate that these signals lie within
the sensitivity ranges of future planned interferometric GWs observations, and thus can
contribute to identifying inflation from a bottom-up perspective. In Chapter VI, we
examine constraints on inflationary models from a top-down perspective arising from the
Swampland Distance Conjecture. These constraints can be stronger than the current lo
limits on the tensor-to-scalar ratio imposed by CMB observations, and thus may provide a
foothold for identifying a specific inflation model. Finally, in Chapter VII, we present our
conclusions.

Throughout this paper, we adopt natural units where the reduced Planck constant, the
speed of light, and the Boltzmann constant are set to h = ¢ = kg = 1. Greek indices u, v, o
denote four-dimensional spacetime coordinates and run over 0, 1, 2, 3, while Latin indices
i, J, k denote three-dimensional spatial coordinates and run over 1,2,3. Repeated indices
are implicitly summed over according to the Einstein summation convention. Therefore,
dimensions of time [T, length [L], and mass [M] are related to the dimension of energy [E]
as [L''] =[T'] = [M] = [E]. Also, temperature has units of energy, and it is measured
in terms of eV. G is Newton’s gravitational constant, planck mass is My = \/1/7G ~

1.2 x 10" GeV, and reduced planck mass is my = 1/1/87G ~ 2.4 x 10'® GeV.






Chapter I
Inflation

In this Chapter I, we present an outline of inflation [58-62] and describe specific models of
single-field inflation that will be discussed in the following. Inflationary models resolve
various problems that have been identified in hot Big Bang cosmology, such as the flatness
problem and the horizon problem. In addition, inflation can generate the origin of
primordial density perturbations that serve as the seeds for the large-scale structures
observed today, including galaxies and galaxy clusters, and thus can reproduce the present
Universe through the formation of large-scale structure from more general initial conditions.
The realization of such a phase of inflation, during which spacetime undergoes exponential
accelerated expansion in the early Universe, was first proposed by Alexei Starobinsky [4].
Subsequently, in the early 1980s, Katsuhiko Sato [2] and Alan H. Guth [5], who it is named
as “inflation,” proposed that inflation can be realized as a first-order phase transition in the
context of grand unified theories. Later, Andrei Linde [3] proposed a class of inflationary
models that smoothly connect to hot Big Bang cosmology through reheating. In contrast
to the old scenarios, these are referred to as new inflation. Since then, inflationary theory

has been widely accepted.

I.1 Einstein equation

In modern cosmology, one adopts the principle known as the cosmological principle,
which states that the Universe is homogeneous and isotropic on large scales. Since this
homogeneity and isotropy are consistent with observations of the CMB, adopting this
principle is well motivated. Accordingly, we consider the homogeneous and isotropic
Friedmann—Lemaitre-Robertson-Walker (FLRW) metric [63-66]

ds* = g, dz*dx” (L1.1)
dr?

_ 342 2
dt“ +a (15)(1_[(702

+ 72 (d6? + sin® 6d¢2)> : (1.1.2)
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where a is the scale factor characterizing the relative size of spatial hypersurfaces at a
given time ¢. The parameter K is the curvature parameter, which typically takes the
values —1,0, 41, corresponding to an open, flat, and closed Universe, respectively. From

the metric g, we first define the connection as

1 o}
FA,LU/ = §g>\ (.gO'M,V + Jov,p — g,u,y,o') y (I].?))
where ¢,,» = 0g,,,/0x?. From the connection, the Riemann tensor is defined by

o _ o a4 o A o A
R Wp_F Hpsv r /JV7P+F AVF pp r ApF I

from which the Ricci tensor R, and the Ricci scalar R = Rﬁ are obtained as

. . .2 K
ROO = —39, ROi = 0, Rij = (a + 2% + 2) gija (114)
a a a a
a a® K
R=6(-+—=+—|. I.1.5
(a + a? + a2> ( )
The Einstein tensor G, is then defined as
1
G,uu = R,uzx - §g,uuR~ (116)
and its components are given by
a> K a a® K
The Einstein equations
G = 81GT,,, (1.1.8)

characterize the spacetime and the matter, and determine the dynamics of the Universe.
Here, although details will be discussed later, T},, denotes the stress-energy tensor. From
the (0,0) component and the diagonal (i,47) components of the Einstein equations (I.1.8),

one obtains the Friedmann equation and the acceleration equation,

1 K
2
Feomgr=o_ 1 (p+ 3p), (1.1.10)
a 6m12)1

respectively. Here, an overdot denotes differentiation with respect to the cosmic time ¢.

The quantities p and p correspond to the (0,0) and (,7) components of the stress-energy
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tensor, respectively, and represent the energy density and pressure. The Hubble parameter
H is defined as H = (%) and characterizes the expansion rate of the Universe. The
present value of the Hubble parameter, Hy, is given by Hy = 100hkms~' Mpc~!. Here,
the uncertainty in the observational determination of Hy is absorbed into the dimensionless
parameter h [6]. We introduce this notation here since it will appear later in the discussion
of gravitational-wave spectra. Since its dimension is [T~!] = [L™!], the inverse Hubble
parameter H ! has the dimension of length and can be interpreted as a characteristic size
of the Universe, often referred to as the Hubble horizon. The scale factor a is dimensionless.

Taking the time derivative of the Friedmann equation (I1.1.9), we obtain

1

e (L.1.11)

pl

OHH =

Substituting H from the acceleration equation (I.1.10) into this expression, we arrive at
the continuity equation,
p+3H(p+p)=0. (1.1.12)

Multiplying both sides of this equation by a*, we find

d(a’p) | da’
a P

— 0, (L1.13)

takes the same form as the first law of thermodynamics, dE + p,dV = 0. This indicates
that the energy and momentum of the Universe are conserved within any comoving region.
This result is consistent with the spatial homogeneity assumed at the beginning.

In the following, we examine the different epochs of the Universe according to the
evolution of the energy density. We consider a Universe dominated by a fluid characterized
by the equation of state

w=", (1.1.14)

p

Depending on which component dominantly contributes to the energy density of the
Universe, the cosmic evolution can be broadly classified into three types. In the first case,
relativistic particles such as radiation provide the dominant contribution, and this epoch
is referred to as the radiation-dominated (RD) era. In the second case, non-relativistic
particles such as matter dominate, and this epoch is called the matter-dominated (MD)
era. Finally, when dark energy, such as the cosmological constant A, dominates the energy
density of the Universe, the corresponding epoch is referred to as the dark-energy-dominated
(AD) era. Substituting the equation of state (I.1.14) into the continuity equation (I1.1.12),

and recalling the definition of the Hubble parameter H = (a/a) = dIna/dt, we obtain

dlnp
dlna

—3(1+w), (L.1.15)
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p oc a0+, (I.1.16)

For the radiation-dominated case with w = 1/3 and the matter-dominated case with

w = 0, this relation yields

a4 RD; w=1/3),
p= | Proa /3) (L1.17)
pmoa”®  (MD; w = 0),

where p,.o and p,,o are integration constants of Eq. (I.1.17), representing the energy
densities of radiation and matter at the present temperature Ty. From this, we see that
the energy density of matter is diluted inversely with the volume expansion a®, while that
of radiation is further diluted by an additional factor of a due to the redshift-induced

stretching of wavelengths, resulting in an overall scaling proportional to a*.

Furthermore, substituting Eq. (I.1.15) into the Friedmann equation H = 3%2 p (1.1.9),
pl

we obtain
H o \/p oc a30Fw)/2, (L.1.18)

For the case w = —1, the Hubble parameter becomes H ~ const.. Using the definition of

the Hubble parameter, we can integrate dt/a = da/a*H to obtain

a o ——. (I.1.19)

a o el (I.1.20)

which shows that during this period the Universe undergoes exponential expansion. Such
a spacetime is referred to as de Sitter spacetime.
In contrast, for the radiation-dominated case with w = 1/3 and the matter-dominated

case with w = 0, the scale factor and the conformal time evolve as

a oc q”20430), (I.1.21)
a (RD; w =1/3),

7o qz1H3w) = (I1.1.22)
a'/?  (MD; w = 0).

The results obtained so far are summarized in Table. I.1.
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epoch energy density p scale factora(r) scale factor a(t)
Radiation(w = 1/3) a™* ! t1/2
Matter(w = 0) a3 72 t2/3
Alw = —1) a® = const. —1/Ht el

Table 1.1 Dependence of the energy density p on the scale factor a in each cosmological
epoch, as well as the relation between the scale factor a and the conformal time 7 and
their time evolution.

To grasp these results visually, a schematic picture is shown in Fig. I.1. As can be seen
from this figure, the Universe initially undergoes a RD epoch, which transitions to a MD at
the matter-radiation equality time, when the energy density of matter becomes dominant.
Subsequently, after the dark energy-matter equality time, dark energy becomes dominant
and the Universe enters the AD epoch, which continues until the present time. Strictly
speaking, prior to the RD epoch, there may exist an early MD realized by oscillations
of the inflaton around the minimum of its potential. However, since we consider prompt
preheating in the hybrid inflation scenario discussed later in Chapter III, this early MD is

not shown in the schematic picture I.1.

Inp

Ina
aEw Qeq Qo

Fig. I.1 Schematic picture of the energy density. The vertical axis represents the energy
density p, while the horizontal axis denotes the scale factor a, illustrating Eqs. (I.1.15)
and (1.1.17). In the RD era (w = 1/3), p oc a™* (blue); in the MD era (w = 0), p oc a3
(orange); and in the AD era (w = —1), p o< a® = const. (green). Here, agw denotes the
scale factor at the temperature of the electroweak (EW) phase transition, Tgw ~ 100 GeV;
aeq denotes the scale factor at the matter-radiation equality time, corresponding to the
temperature 1o, ~ 0.8€eV; and ay denotes the scale factor at the present temperature
To~ 27K~ 2.4 x 107%eV.
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1.2 Big Bang cosmology

In the 1940s, George Gamow, together with Hans Bethe and Ralph A. Alpher, proposed
the so-called a3y theory, which explains the origin of the abundances of light elements
such as hydrogen H, helium He, and lithium Li observed in the present Universe not by
nuclear fusion inside stars, but by Big Bang nucleosynthesis (BBN) [67]. Subsequently, the
redshifted thermal radiation theoretically predicted from this hot Big Bang was discovered
as CMB, leading to the great success of Big Bang cosmology. However, within the standard
Big Bang cosmology, the energy content of the Universe is dominated by either matter or
radiation, and it turns out that extremely special and finely tuned initial conditions are
required for the Universe to evolve into its present state. Inflation provides a qualitative
resolution to these problems. In inflationary cosmology, an accelerated phase of cosmic
expansion is introduced in the early Universe, allowing the present Universe to emerge from
generic initial conditions. In this Sec. 1.2, after briefly reviewing the thermal history [68-70],
of the Universe in the standard Big Bang model based on the Standard Model of particle
physics, we pick up two representative problems in the standard Big Bang cosmology,
namely the flatness problem and the horizon problem, and explain the associated what is

the problem.

1.3 Thermal History

First, the thermal history of the Universe strongly depends on its temperature. In the hot
environment immediately after the Big Bang, often referred to as the fireball Universe,
the cosmic temperature is extremely high. In such an epoch, all particles in the Standard
Model are relativistic (m — p < T'), and hence many species of particles are excited in
the system. As the Universe expands, the temperature gradually decreases, and some
of the Standard Model particles become non-relativistic. Once a given particle becomes
non-relativistic (m — p > T'), its energy and entropy are transferred to other particle
species that remain relativistic. In this manner, as the Universe expands and cools down,
the number of relativistic particle species decreases. When these particle species are in

thermal equilibrium at temperature 7', the distribution function is given by

1

fle) = ee—m/ksT £ 1 (13.1)

where € denotes the energy of each particle species, p is the chemical potential, and
kg ~ 8.6 x 107°eV/K is the Boltzmann constant. The sign + corresponds to +1 for
fermions and —1 for bosons. Hereafter, we set kg = 1. In this case, since the energy
density p depends only on the magnitude of the momentum |P| through e = /| P|* + m2,
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it can be written as

N _ [dIP|_[PPYIPE 4 m?
Pi = 91/ (27T)3€f(6) - / 272 6( /—\P\ - M)/T N 1 (132>

where the integral is rewritten in momentum space. Here the subscript ¢ denotes each
particle species, and g; represents the number of internal degrees of freedom. By introducing

the dimensionless variable x = |P|/T, this expression becomes

GTi [~ P (/T
x .
272 0 e 24+ (m; /T;)2—p/T; +1

pi = (1.3.3)

Here, the effective number of relativistic degrees of freedom g, [69, 70] is introduced,
since it will later appear in discussions of the abundance of PBHs and the spectrum of
GWs. The evolution of g, is defined as

p(T) __s(D)

= oy Oxs = e 1.3.4
P = erize T T opers a5 (134)
where s(7T") denotes the entropy density of the Standard Model plasma, given by
T T
S(T) = p”;p(). (1.3.5)

In the case of complete thermal equilibrium where the chemical potential ;1 can be neglected,
substituting the energy density of each particle species in Eq. (I1.3.3) into the definition of

the effective relativistic degrees of freedom yields

T 4 poo 12 l‘2+ m; 7"1 2
=2 __15 Z ( ) / dz kb (1.3.6)
27430 7 0 eVEREm/T? 4

Furthermore, for non-relativistic particles with m; > T;, their contributions are exponen-
tially suppressed and can be neglected. On the other hand, for relativistic particles with
m; < T;, the distribution function can be approximated by the Boltzmann distribution,
and by repeated partial integration the integral term evaluates to 6. In this case, one

obtains the approximate expression

- Ea® s )

i(boson) i(fermion)
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In the Standard Model, the heaviest particle is the top quark, whose mass is 174 GeV.
Therefore, all particles lighter than this are thermally excited for T > O(100) GeV, and
in such an epoch one has g. = g, + g4 + gew + %(gq + ¢;) = 106.75. Here, the internal
degrees of freedom are given by g, = 1 for the Higgs boson, g, = 16 for gluons, gpw = 11
for the electroweak gauge bosons, g, = 72 for quarks, and g; = 18 for leptons. However,
since there may exist heavy new particles that have not been experimentally confirmed in
the high-energy regime far above O(100) GeV, it is also conventional to use an effective
value of 150 for the relativistic degrees of freedom. After the spontaneous symmetry
breaking of the electroweak interaction at Tgw ~ 100GeV, the gauge bosons mediating
the weak force, W and Z, acquire masses. This is referred to as the electroweak phase
transition, during which H°(125GeV), W*(80 GeV), Z(91 GeV), and t, (174 GeV) become
non-relativistic. As a result, g, = 1, gw = 6, gz = 3, ¢, = 12 no longer contribute to
the effective degrees of freedom, leading to g. = g, + g, + %(60 + g;) ~ 86.25. When
the temperature drops below Tqcp ~ 150 MeV, quarks, which had previously behaved as
effectively massless free particles, become confined by gluons and form baryons and mesons
through hadronization. This corresponds to a phase transition from the quark phase to the
hadron phase, known as the QCD transition. Just before the QCD phase transition, the
effective number of particle degrees of freedom is g, ~ 61.75. After the QCD transition,
the thermal bath of the cosmic plasma is populated by baryons and pions, while quarks
and gluons no longer contribute to the effective degrees of freedom. Between this epoch
and neutrino decoupling as well as electron-positron annihilation, only photons, electrons,
and neutrinos contribute, yielding g, = g, + %(g6 +q) =2+ §(2 -2+2-3) =10.75.
At T ~ 1MeV, neutrinos decouple from the other particles. Among these species, e*
possess a relatively large mass, m, ~ 0.5 MeV, and thus electron—positron annihilation
begins around 7" ~ 0.5 MeV. During this annihilation process, photons are emitted and
entropy is transferred into the photon. As a consequence, a temperature difference arises
between neutrinos and photons at present. As a result, only photons and neutrinos remain
as relativistic degrees of freedom, leading to g, = g, + gg,, ~ 3.38. As the temperature

decreases further, protons and neutrons that were hadronized during the QCD transition

! Here, the factor 7/8 represents the correction for fermionic particles. 2

4

> 1 * e? > - — 6 ™
3 _ _ 3 —nr __ _ —
/0 dzx =1 7/0 dxl—e—x 7/0 dzx ge fzﬁfGC(él)fﬁ, (Boson), (1.3.8)

where ¢ denotes the Riemann zeta function, with ¢(4) = 7/90.
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undergo nuclear reactions and begin to form light nuclei. This process is known as Big
Bang nucleosynthesis (BBN). During this light elements up to Li are produced. At even
lower temperatures, the nuclei formed by BBN bind with free electrons to form electrically
neutral hydrogen atoms. This process is called recombination. As a result, the number
of free electrons that had previously interacted with photons via Thomson scattering is
drastically reduced, and photons undergo decoupling. Since photons can then propagate
freely, this epoch is referred to as the last scattering or photon decoupling, and the photons
scattered just before this epoch, redshifted to the present, are observed as the CMB.
The equal-time hypersurface corresponding to the moment when the CMB photons last
scattered is called the last scattering surface, which will again play an important role in
the discussion of the horizon problem. Subsequently, around 5meV, the first generation of
stars, galaxies, and quasars form in the Universe and begin to emit high-energy photons.
These photons reionize the previously electrically neutral atoms, leading to the epoch of

reionization.
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Fig. 1.2 Temperature evolution of g, (1.3.4) (left panel) and of g./g.s (1.3.4) (right
panel) [69, 70]. Typical values are, as described above, T' > O(100) GeV with g, = 106.75,
Tew ~ 100 GeV with g, ~ 86.25, Toep ~ 150MeV with g, = 10.75, and T' ~ 0.5 MeV
with g, ~ 3.38.
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event temperature T' cosmic time ¢
EW transition 100 GeV 1071s
QCD transition 150 MeV 107%s
Neutrino decoupling 1 MeV 107ts
e® annihilation 500 keV 38
BBN 100 keV 3 min
Matter-radiation equality 0.8eV 60 kyr
Recombination 0.3eV 280 kyr
Photon decoupling 0.26 eV 380 kyr
Reionization 5 meV 250 kyr
Dark energy-matter equality 0.33 meV 9 Gyr
Present 0.24 meV 13.8 Gyr

Table 1.2 Thermal history [69, 70] of the standard Big Bang model. For each event, the
corresponding temperature and cosmic time are summarized.

We now turn to two representative problems in the standard Big Bang cosmology,

namely the flatness problem and the horizon problem, and explain these inconsistencies.

1.3.1 Flatness problem

In a cosmological model with cosmological constant A and spatial curvature K equalt
to 0, the energy density is referred to as the critical density. From the Friedmann
equations (I1.1.9), it is defined as

pe = 3mZ H?. (1.3.10)

The Omega parameter for each component ¢, defined as the ratio of its energy density to
the critical density, is given by

Pi Pi
Q; = p— = Sm? 2 (I.3.11)
¢ p

Similarly, if the curvature parameter K is formally interpreted in terms of an effective

energy density and pressure, it can be defined as

3m? K m2 K
The corresponding curvature Omega parameter is then defined by
—-K
Oy = PK — (1.3.13)

pe  a*H?
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We normalize the scale factor at the present cosmic time g as ag = a(tp) = 1. Dividing
the Friedmann equations (1.1.9) by H?

-K

et (1.3.14)

11— 0= Qg =

is obtained, where the time evolution of the scale factor given by Eq. (I.1.21), namely

ﬁ = ?12 oc a3 implies that Qx is extremely small in the early Universe, as illustrated

in Fig. (I.3). Within the standard Big Bang cosmology, no mechanism is provided to

explain the origin of this fine-tuning.

IHQK

— RD
MD

Inflation

Ina

Qeq

Fig. .3 Schematic illustration of the flatness problem. The horizontal axis represents the
scale factor a, while the vertical axis denotes the curvature Omega parameter Qg oc a(l+3%),
In RD era, the equation of state is w = 1/3, corresponding to Q o< a® (blue), whereas in
MD era, the equation of state is w = 0, corresponding to Qx o a (orange). Here, aeq and
ag denote the scale factors at the matter-radiation equality time and at the present epoch,
respectively. Thus, within the Big Bang cosmology, the curvature Omega parameter must
be fine-tuned to an extremely small value in the early Universe.

I.3.2 Horizon problem

Here, with respect to the cosmological time ¢, the conformal time 7, which takes into

account the cosmic expansion, is defined as

boat * da

In this context, the causal horizon, namely the maximum distance that light can travel

between times ¢; and ¢, is referred to as the particle horizon. Since the null geodesic traced
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by light is given by 0 = ds? = —dt? + a(t)*dx? = —dt* + a?(t) 1_C1;<2T2, the particle horizon

is defined as

/’T‘max(t) T’max(t) Ch,1 t dt/ ( )
Ty = d’r\/grr = / — = / — =T — T, 1.3.16
! 7(ti) 7(ts) V1-—Kr? t; @ (t)

which characterizes the region that can be in causal contact. The corresponding physical

distance is given by
dy(t) = a(t)x,(t). (1.3.17)

We discuss the horizon problem. Here, 14+2 = aq/a(t) = 1/a(t) denotes the cosmological
redshift, and zge. ~ 1100. The epoch after the last scattering surface, 0 < 2z < zgec, consists
of a MD era followed by a dark-energy-dominated era; however, since the onset of the
dark-energy-dominated era occurs at zpeq = (2a0/ Qo) '/? — 1 < 0.29 [6], the era after
the dark-energy matter equality time can be well approximated as MD era. In this era,

—3/2

a o t?/3 and a o< /3, leading to H o< t~' o< a=%/2. The horizon size at the time of last

scattering is then given by

1 1

- —3/2
Hdec 1'—’[0&(16C

it (taee) = = H7' (14 2ae) 2. (1.3.18)
The angular diameter distance to the last scattering surface, which is currently located at
a comoving distance rqe. = 1/H; ! is defined as the ratio of the physical size of a source

to the angle, it subtends for the observer and is given by

Hyt
1 + Zdec ‘

dA(tdec) = ATdec = (1319>
Therefore, the fraction of the two-dimensional celestial sphere covered by a single horizon

patch at last scattering is

dH (tdec)

= (1 + 2qec) % & 1/33, 1.3.20
T (face) (1 + 2dec) / ( )

which implies that the number of causally disconnected horizon patches on the two-
dimensional sky is
4
——— ~ 4.4 x 10° 1.3.21
m(1/33)? ’ ( )

Nevertheless, observations of the CMB indicate that these numerous patches exhibit an

extremely uniform temperature, with fluctuations 1075 K. This is the horizon problem.
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I.4 Overcoming the problems about Big Bang cosmol-

ogy

Summarizing the issues of the standard Big Bang cosmology discussed so far, in the
flatness problem the horizon scale (1/aH)? increases monotonically, which implies that
the curvature density parameter (1x must be extremely small in the early Universe. No
explanation has been provided for this fine-tuning. In the horizon problem, the comoving
horizon also increases monotonically, so that when go back to the time of CMB decoupling,
the Universe is composed of many causally disconnected regions outside the horizon.
This makes it impossible to explain why regions that cannot have interacted causally
nevertheless exhibit almost identical temperatures with extremely small fluctuations, as
observed in the CMB.

In other words, in order to resolve these problems, it suffices to have a period during
which the Hubble horizon becomes a decreasing function of time. As a mechanism to
achieve this, inflation is introduced. Inflation is a period during which the scale factor a
grows exponentially while the Hubble parameter H remains nearly constant. As a result,
two points that were initially in causal contact in the early Universe are rapidly separated
by inflation, allowing the observed homogeneous and isotropic Universe inferred from CMB
observations to be explained. Moreover, even if the curvature had not been extremely
small in the early Universe, rapid accelerated expansion would strongly suppress it, thereby
reproducing observations. As explained above, to resolve the problems of the standard

Big Bang cosmology, it is sufficient that during inflation the comoving Hubble horizon

satisfies 41
——— < 0. 4.1
dt aH ( )
Proceeding further, since -1 = —i/(aH)?, this condition is equivalent to
a >0, (1.4.2)

namely, a positive second derivative of the scale factor, which implies accelerated expansion.
The origin of this acceleration lies in negative pressure. From d > 0 and the Friedmann

equations (I.1.10), one obtains
1
p < —3p (1.4.3)

Furthermore, since the Hubble parameter H is approximately constant during inflation,

the scale factor can be expressed as

a(T) o g (1.4.4)
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In the Big Bang cosmology, the singularity at 7 = 0, where a(7) = 0, does not allow
for causal contact. However, once inflation is introduced, this singularity is shifted to
T = —00, so that the horizon at the time of CMB decoupling can be causally connected
within a finite interval of time.

However, when we go back in time during inflation, resolving the problems of the
standard Big Bang cosmology requires that during inflation the comoving horizon 7 or the
Hubble horizon 1/aH exceeds the CMB scale. This condition is conveniently expressed in

terms of the e-folding number, which is often used as a time variable during inflation,

Qend b
N(t) = In dend _ / Hat' (1.4.5)
a(t) t

AN = Hadt, (1.4.6)

and it plays an important role in determining the parameters of hybrid inflation discussed
in chapter III, as well as in identifying the parameter regions where inflationary parameters
evolve under theoretical constraints in chapter VI. Strictly speaking, this condition depends
on the details of reheating and the post-inflationary thermal history, so an order-of-
magnitude estimate typically yields values from 40 to 60. More precise values will be
discussed in individual sections. Here, the subscript end denotes quantities evaluated at
the end of inflation, t = t,q. Furthermore, expressing this in terms of the scalar field ¢,

one obtains

¢V

N (@) = / o, (1.4.7)
Pena V09

where the subscript , ¢ denotes differentiation with respect to ¢.

Here we briefly discuss an estimate of the e-folding number required to solve the
horizon and flatness problems [71]. When inflation is going backward, resolving the horizon
problem requires that during inflation the comoving horizon 7 or the Hubble horizon 1/aH
at horizon crossing exceeds the CMB scale. This ensures that the horizon at the time of
CMB decoupling can be causally connected within a finite time, thereby explaining the

observed homogeneity of the CMB. Namely,

o kCMB o aCMBHCMB o aCMBHCMB aendHend a'rehHreh aequq (I 4 8)

1 = =
aH, aH, aendHend a'rehHreh a'equq a,H,

Here, the subscript CMB denotes the CMB scale. From the definition of the e-folding

N(k)

number, the first term satisfies “ac—MdB = ¢ "W and since the Hubble parameter H is

nearly constant during inflation, one has Hoymp/Hena ~ 1. The subscript reh denotes
the end of reheating, which is a brief MD era following inflation. Since this epoch is

MD, Eq. (1.1.18) gives ¢exd = (2end)=1/3 - After reheating, during the RD era until matter-

Preh
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—-1/4

radiation equality, one similarly finds < = (%) . Finally, since the Hubble parameter
eq eq

H can be expressed in terms of p via Eq. (I.1.18), one obtains

e He
N =1n (piﬁpﬂﬁgpe‘ql/ 4aaqu) : (L.4.9)

Moreover, since H ~ const. during inflation, p oc H? allows us to estimate peng ~ PoMB-

For the other epochs, using Eq. (1.3.4), one finds

2. 10°GeV 2 1. 10°GeV 720 (Tren)
S M . I S RT) Y PO I M. A MY R AL
gy Ty e m g +n< 30
71—29*(Te ) 1 Aoq He
— hl Teq + hl (30q + g ln 109GeV + ln ﬁ, (1410)
2 101°GeV 1. 10°GeV
~56—-In——F—F— — —In——. [.4.11
T Y

Here, the comoving horizon at horizon crossing is a,H, = 0.05 Mpc~!. We also evaluate
AeqHeq at matter-radiation equality, where To, = Tp/aeq ~ 0.8€V. At equality time,

Pr = ,orvocf4 and p,, = pmoa > are equal, yielding the scale factor

o Pr,0
Pm,0

(1.4.12)

Qeg

The Hubble parameter is then obtained from the total energy density pi(Geq) = Pr.eq + Pm.eq

—4 -3
1 1 Pr,0 Pr,0
He pr— —_— e pr— —_— r 2 m ! . 1.4.13
4 3m2 pt(a q) 3m21 (p ! <pm,0> " prm0 <pm,0 ( )

pl P

as

Therefore, the scale at matter-radiation equality is given by

2 P%n,o
3m}2)1 Pr,0

eqHeq = ~ 1.0 x 1072 Mpc 1, (1.4.14)

which we have used here. Consequently, although the precise value depends on details
such as reheating, one finds that an e-folding number of approximately N ~ 60 is sufficient

to solve the horizon problem and to account for the observed homogeneity of the CMB.
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Inl/aH
— RD MD

Inflation — Reheating

Ina
Qexit Qend  Ureh Qeq Q.

Fig. [.4 Schematic picture of the comoving Hubble scale illustrating the resolution of the
horizon problem. The CMB scale (black line) exits the horizon during inflation (green
line) at aey¢ and becomes superhorizon. Inflation ends at aenq, followed by a brief MD era
as reheating era (red line) until a,e,. Subsequently, a RD era (blue line) continues until
the matter-radiation equality time aeq, after which the Universe enters another MD era
(orange line). The CMB scale re-enters the horizon at recombination.

Turning to the flatness problem, considering the curvature Omega parameter associated
with curvature K, avoiding fine-tuning requires only that it be of order O(1) in the early

Universe. One finds

27172 2 2 27172
‘QKO| _ K _ K a; Hi aendHend CL*H*
VT 20712 = 27172 .2 2 2172 27172
aOHO a; Hi a’endHend CL*H* aOHO
2
_ a,H,
= Q4] (e Nelnor 22 (1.4.15)
aoHy

where Ny, denotes the minimum e-folding number required to solve the horizon problem,
corresponding to the right-hand side of Eq. (1.4.10). Even if the curvature Omega parameter
at the onset of inflation satisfies Qg ,; ~ O(1), as long as N exceeds Ny, the present
curvature Omega parameter |{1 | is exponentially suppressed. Thus, the flatness problem
can be resolved without requiring extreme fine-tuning in the early Universe. In other
words, once inflation solves the horizon problem, the flatness problem is automatically

resolved as well.
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1.5 Inflation

So far, we have reviewed the problems inherent in the standard Big Bang cosmology. In
this section, we examine how inflation, a period of accelerated expansion that resolves
these issues, can be realized. During this inflationary epoch, quantum fluctuations are
generated on all length scales, i.e., for all wavenumbers k, on subhorizon scales inside the
horizon (k > aH). Owing to inflation, quantum fluctuations originating on extremely
small scales are stretched to large scales. When the Hubble horizon 1/aH becomes smaller
than the comoving wavelength associated with the quantum fluctuation characterized by
k, and the mode exits the horizon, it behaves as a classical fluctuation. Subsequently,
when the mode re-enters the horizon after the Big Bang, cosmological perturbations that
is curvature perturbations ¢ and R, which serve as the seeds of all large-scale structures
and inhomogeneities in the Universe, are generated from vacuum quantum fluctuations.
Furthermore, combinations of cosmological perturbations generate curvature perturbations,
namely fluctuations of the spatial curvature of the Universe around the homogeneous
and isotropic FLRW background. These curvature perturbations significantly affect the
temperature anisotropies of the CMB and eventually develop into density perturbations
that seed large-scale structures such as galaxies and galaxy clusters. Details of the curvature
perturbations ¢ and R will be discussed in the next chapter (Ch. II).

1.5.1 Scalar field

Next, we consider a scalar field as the inflaton that drives inflation. As the simplest
model of inflation, we focus on the case in which a single scalar field ¢ plays the role of
the inflaton. Here, we do not impose specific restrictions on the physical nature of the
inflaton, but rather regard it as a parameterization of the time evolution of the energy
density during inflation. The action of the scalar field ¢, minimally coupled to gravity, i.e.,
without any direct coupling between the inflaton field and the metric, is given in terms of
the scalar potential V' (¢) by

S = / diz/—gL = / dizy/ =g Bm;}z + ;g‘“’ﬁﬂqﬁ&,qﬁ _ V(gzﬁ)} . @5

from which the energy-momentum tensor is obtained as

_ 2 08, oL B B 1.,
Tuld) = =5 =~ gy O+ I = 0,009 ( 0 ¢ao¢+V(¢)). (15.2)
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If the metric g, is taken to be the FLRW metric, the energy-momentum tensor of the

scalar field takes the same form as that of a perfect fluid. Accordingly,

p(6) = ~Tf = S5 + V() (153)

p(6) = ~Ti = 58 ~ V(o). (15.4)

and therefore the equation of state of the scalar field ¢ is given by

(o) 3P —V(9)
w(¢) = o) (1.5.5)

From this expression, if the potential energy V' (¢) dominates over the kinetic energy %gﬁz,
the equation-of-state parameter wy becomes negative, leading to inflationary negative
pressure and hence accelerated expansion. Accelerated expansion will be discussed in more
detail in the next Sec. (I.5.2). Furthermore, substituting Eqgs. (I.5.3) and (1.5.4) into the
continuity equation (I.1.12) and the Friedmann equations (I1.1.9), one obtains

dV(9)

3mi H? = ;Q's? +V (o), (1.5.7)

which constitute the fundamental equations of the inflaton field.

1.5.2 Slow-roll inflation

When we examined the problems of the standard Big Bang cosmology, we found that
introducing a period during which the Hubble horizon decreases resolves these issues,
leading to an epoch known as inflation as a resolution. The decrease of the Hubble horizon
is equivalent to the condition for accelerated expansion, @ > 0. By reconsidering this
condition in terms of the scalar field ¢, one can introduce the slow-roll parameters and
rewrite the condition in terms of constraints on these slow-roll parameters.

As parameters characterizing the evolution of the Hubble parameter H, the first,
second, and third slow-roll parameters are defined as

H $? é 7

‘TTm T aE” T H S= (158)

respectively. In particular, the third slow-roll parameter plays an important role in solving
the Mukhanov—Sasaki equation discussed later in Ch. II, and therefore we define the

slow-roll parameters up to third order in this paper. Using the slow-roll parameters, the
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Friedmann equations (I1.1.10) can be rewritten as

i

H2(1—e):a:—

L.5.
o 4 39) (15.9)

which implies that accelerated expansion @ > 0 occurs when ¢ < 1. Furthermore, the de
Sitter limit, characterized by H = 0 and w = —1, corresponds to ¢ — 0. The second slow-
roll parameter indicates whether the accelerated expansion is sustained for a sufficiently

long period. From Eq. (I.5.6), when |n| < 1, one obtains

o < fors

Vs, (1.5.10)

and thus the fundamental equations during slow-roll inflation reduce to

3H + vie) _ 0, (1.5.11)

do
3m2H? =V (¢), (1.5.12)
Moreover, using the e-folding number (1.4.5), the slow-roll parameters can be expressed as

_dlnH

_ 15.1
€ v (1.5.13)
1 do dln|H,, | 1 de
_ Q0 _dmiel 1 de 1.5.14
T=7gaN dN 7 2dN’ (L5.14)

which represent the fractional rates of change of the Hubble parameter and its derivatives.

In addition, one may define the potential slow-roll parameters as

ev(¢) = ;mgl (‘(’/“5)2, (15.15)
m(¢) = mp V"}z’d’, (L5.16)
& (0) = mélw, (15.17)
wi(¢) = m&W, (15.18)

and the relations between these parameters are approximately given by
e ey, NRNy —€y. (I.5.19)

Finally, we briefly comment on ultra slow-roll inflation. In regions where the potential
is extremely flat, V(¢) = V,, inflation enters an ultra slow-roll regime, and the slow-roll

approximation discussed above breaks down, requiring special care. In this case, the
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fundamental equations become
d+3H =0, (1.5.20)

1.
3m2 H? = (2¢2 + vc) , (I.5.21)

respectively.

1.6 Example of Inflation model

Here we consider concrete models of inflation and the overall shapes of their potentials.
These models will be discussed in the context of the multi-field hybrid inflation model in
chapter III, as well as in the top-down theoretical constraints examined in chapter VI.
Inflation models can be broadly classified into two types according to the field excursion of
the inflaton, and the constraints discussed in chapter VI are imposed on this field excursion
and the tensor-to-scalar ratio r.

In the first class, the large field models, the inflaton field starts from a large field value
and evolves toward a minimum located at the origin, ¢ = 0. The field excursion between
the point ¢y, at which the CMB fluctuations are generated, and the end of inflation at

®ena 1s larger than the Planck scale, namely,

A(b = |¢CMB - (bend‘ > My, (161)

as shown above.
In contrast, the second class, the small-field models, is characterized by field evolution

over a short distance below the Planck mass scale,
Ap < my, (1.6.2)

in contrast to the large field case. Potentials that give rise to such small-field evolution
often emerge from mechanisms of spontaneous symmetry breaking, where the field rolls

from an unstable plateau toward a vacuum.

1.6.1 Example

We first consider the Chaotic Inflation model [72], one of the simplest forms of inflationary
potentials, in which a single term dominates the potential. It is referred to as “chaotic”
because it does not require special initial conditions: inflation can start from a point

randomly distributed by quantum fluctuations, with the energy scale around V/* ~ Mpl.
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The potential (Fig. 1.5) is given by

¢ p

Vet =vi (2] 163

Mpi

where p is a parameter. The concrete range of this parameter will be discussed later in
chapter VI. In the model originally proposed by Linde, for example in the case p = 2,
the relation V4 = (Vy(¢/mp)?)/* ~ my, implies an initial value of the inflaton field
¢ ~ mf’)l > mp. Thus, the inflaton can start from a very large initial value, and its
evolution can take place over a super-Plankian field range. In this case, the tensor-to-scalar

r:8< ¢ )27 (L6.4)

pmp)

ratio r is given by

— 4/3

¢

Fig. 1.5 Chaotic Inflation Model. This is one of the simplest models described by a simple
potential, in which the initial conditions are chaotic. The horizontal axis represents the
field ¢, while the vertical axis represents the potential V' (¢). The parameter p is taken to
be representative values often used, such as 4/3,2, and 3, which lie within the parameter
range considered in this paper and presented in chapter VI.

Next, we consider the Natural Inflation model [73]. This model, proposed by Freese
and Adams, employs a pseudo-Nambu—Goldstone boson as the inflaton. The Natural

Inflation potential (Fig. 1.6) is given by

W(9) =V <1 — cos (?)) : (L6.5)
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where F' is a parameter (a decay constant). The potential has a periodicity ¢ — ¢ + 27 F,
which naturally realizes the shallow slope of the potential required for inflation. As
before, the concrete range of parameters will be discussed in Sec. VI. In this case, the

tensor-to-scalar ratio r is given by

S e

where ¢ depends on F and N, i.e., ¢ = ¢(F, N).

V(o)

¢

Fig. 1.6 Natural Inflation Model. This is one of the simplest potentials in which a gentle
slope is naturally realized. The horizontal axis represents the field ¢, while the vertical
axis represents the potential V(¢). The parameter F is taken to be of order the Planck
mass mp and lies within the parameter range considered in this paper and presented in
chapter VL.

Next, we consider the Starobinsky inflation model (Fig. I.7). When the potential energy
V' dominates over the kinetic energy %ng, the Universe undergoes accelerated expansion,
and inflation ends at ¢.,q when the kinetic energy becomes comparable. The potential is
given by
3 _ )2
Vg(9) = Zm2m§1 (1 — e V2/39/ pl) : (1.6.7)

where m denotes the inflaton mass. The CMB fluctuations are generated by quantum

fluctuations d¢ approximately 60 e-foldings before the end of inflation [74],

N / L s 60 (1.6.8)
CMB — ~ , .0.
d)end 26‘/
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Furthermore, we consider the a attractor models [75, 76], which include the Starobinsky
inflation model as a special case. These models have been proposed and extensively studied
in the context of supergravity. Depending on the functional form of the potential V', they
are classified into the F-mode and the T-mode. The T-mode of the a attractor model
(Fig. 1.7) is given by

Va(8) = Vj tanh? <¢£%> : (1.6.9)

where, in this paper, we adopt ¢ = 2 as a representative value.

V(o)

¢

Fig. 1.7 « attractor Model T-mode. By transforming to a canonically normalized field, a
flat region of the potential is obtained. The horizontal axis denotes the field ¢, and the
vertical axis denotes the potential V(¢). The parameter « is a free parameter and lies
within the parameter range considered in this paper, as presented in chapter VI.

In the Einstein frame, transforming to a canonically normalized field yields an exponen-
tially flat region of the potential. Here, o is a parameter. In this case, the tensor-to-scalar

ratio r is given by

64 (. . ¢ o\
= — h h : [.6.1
r=a (sm T cos Ozmp1> (1.6.10)

The E-mode of the « attractor model (Fig. 1.8) is given by

Val(g) =V (1 — 72/ Vome) (L6.11)
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where, in this paper, we adopt ¢ = 2 as a representative value. In this case, the tensor-to-

scalar ratio r is given by

64 e—2V20/V3amy,
r=— ;
&1(1__€fvﬁﬁﬂﬁamm>2

(1.6.12)

where ¢ depends on o and N, i.e., ¢ = ¢(ar, N).

V(o)

¢

Fig. .8 a attractor Model E-mode. By transforming to a canonically normalized field, a
flat region of the potential is obtained. The horizontal axis denotes the field ¢, and the
vertical axis denotes the potential V(¢). The parameter « is a free parameter and lies
within the parameter range considered in this paper, as presented in Sec. VI.

Next, we consider the running-mass-inflation (RMI) model. When the inflaton mass is
renormalized by quantum corrections, it evolves according to the renormalisation group
equation. In this case, the potential of the running-mass-inflation model (Fig. 1.9) is given
by

2
_;ﬁg_ A¢ i (1.6.13)
pl ( 14+ aln m—pl)

VRMmI(@) = Vo |1

where «, A, and B are parameters. Further details will be discussed in the next chapter

when explaining the potential of hybrid inflation. In this case, the tensor-to-scalar ratio r
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is given by

o — 4424 o
s Pl <1+aln%m> (1+alnm%1> (16.14)
102 _ A
! ;mf’l b (l—i—aln %)

where ¢ depends on o, A, B, and N, i.e., ¢ = ¢(a, A, B, N).

V(o)

¢

Fig. .9 Running-mass-inflation Model. By following the renormalisation group equation,
the inflaton mass can be kept sufficiently small. The horizontal axis denotes the field ¢,
and the vertical axis denotes the potential V' (¢). The parameters are a, A, and B.

Next, we consider Hilltop Inflation [77]. This model, proposed by Boubekeur and
Lyth, realizes inflation near the maximum of the potential. It has been shown that hilltop
potentials can be easily obtained from conventional F-term and D-term models, while

requiring little fine-tuning. The Hilltop Inflation potential (Fig. 1.10) is given by

Vi(e) = Vo(1 — ¢"/ ), (1.6.15)

where iy is a parameter. As before, the concrete range of this parameter will be discussed

in chapter VI. In this case, the tensor-to-scalar ratio r is given by

2
s (:Zn Efbi) / (1.6.16)
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V(o)

¢

Fig. 1.10 Hilltop Inflation Model. This model realizes inflation near the maximum of
the potential. The horizontal axis denotes the field ¢, and the vertical axis denotes the
potential V' (¢). The parameter is j4, which lies within the parameter range considered in
this paper and presented in Sec. VI.

As mentioned at the beginning, inflation can successfully explain the origin of fluctua-
tions that later became the seeds of the present large-scale structure. In the next chapter,

we will discuss in detail the calculation of concrete physical quantities derived from these

fluctuations.






Chapter 11
Curvature perturbation

First, we utilize cosmological perturbation theory to calculate the spectrum of primordial
fluctuations generated by quantum fluctuations during inflation. This provides a qualitative
explanation of the fundamental mechanism through which inflation transforms microscopic
quantum fluctuations into macroscopic seeds for cosmic structure formation. We consider
quantum fluctuations about the classical background evolution. These fluctuations d¢
lead to local variations in the timing of the end of inflation, resulting in slightly different
evolutionary histories across various regions of the universe. Consequently, spatially
dependent relative density fluctuations dp are produced. Comparing the primordial
curvature perturbations theoretically predicted by these calculations with cosmic microwave
background (CMB) observations has become one of the most powerful methods for testing
a number of inflation models proposed by today.
All quantities X (¢, ) are decomposed into a homogeneous and isotropic background
X (t) that depends only on cosmic time, and a small spatially dependent perturbation
0X(t,x),
X(t,x) = X(t) +0X(t, ), (I11.0.1)

where the perturbations are assumed to be sufficiently small compared to the background.

Consequently, the Einstein equations can be expanded to linear order as
0G ,, = 8mGOT,,. (11.0.2)

The perturbed left-hand side G, will be discussed in Sec. I1.2, while the right-hand side
0T, will be done in Sec. 11.3.

The decomposition into background and perturbations performed here is not unique
and depends on the choice of coordinates and gauge. In order to make a meaningful
comparison of tensors at two different points on a manifold, one must specify a prescription
to identify points in two different spacetimes, which corresponds to a gauge choice. In

other words, since the background spacetime and the physical spacetime have different
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geometries, a gauge choice is required as a mapping that uniquely relates points between
them. This fixes a slicing of the four-dimensional spacetime into spatial hypersurfaces
of constant time ¢ = const. and a threading of worldlines with x = const.. For example,
if one chooses a slicing orthogonal to the threading, it corresponds to a homogeneous
Universe, and the expansion defined by comoving observers, for whom the momentum
density vanishes at their location, becomes isotropic. In general, however, unless a quantity
X is gauge-invariant, the value of its perturbation at a given spacetime point is subject to
arbitrariness under gauge transformations. Thus, the choice of slicing and threading of

the perturbed spacetime is not unique.

II.1 SVT decomposition

The perturbed Einstein equations, which relate metric perturbations to perturbations
of the energy—momentum tensor, constitute a coupled system of second-order partial
differential equations and are nonlinear, that is, highly complex. Assuming an FLRW
background and restricting to the spatially flat case, perturbations can be expanded in
Fourier modes with plane waves as eigenfunctions. As a consequence, since different Fourier
modes do not interact and evolve independently at linear order, it is convenient to work in

Fourier space for a simpler description. Our convention is

Xk(t) = A/dSXX(t,X)e_ik'x, (IL.1.1)
X(t,x) =B / PPk X (t)e™ ™, (I11.1.2)
which implies the constraint
1
AB = . I1.1.3

Therefore, there is some arbitrariness in the choice of A and B, and in this work we take
_ _ 1
A =1 and B = W
Furthermore, by decomposing perturbations into independent scalar (.S), vector (V),
and tensor (7T') components, each type evolves independently and can be treated separately,
leading to a significant simplification. When a single Fourier wave vector k is rotated
by an angle 1, a perturbation whose amplitude is multiplied by e is said to have
helicity m. When ey, e, ez is an orthonormal basis, the basis is taken as the helicity basis
et = &\/3627 €3. .
Xy — €™ X (I11.1.4)

The helicities m = 0,+1, £2 correspond to the scalar (5), vector (V'), and tensor (1)

components, respectively.
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The linear evolution of perturbations 0(); from time t; to t5 can then be written as

0Q(ty, k' Z PrTyy(ty, t, K k)6Q (11, kY, (IL.1.5)

where T7; is the transfer matrix derived from the Einstein equations, and the indices
I, J label the species of perturbations and run from 1 to N. Under spatial translations

2" = ' + Az’ and rotations characterized by e ¥ the transfer matrix transforms as

T (ta, tr, K B) = B R)AT T () 40 K R, (11.1.6)
N

T),(ta, tr, K k) = ™Yy (Lo, t, K k). (I1.1.7)
J=1

For translational and rotational invariance to hold for all ¢ and m;, respectively, there
can be no coupling between different £ modes at linear order. This implies that modes
with different helicities do not mix in linear perturbation theory, demonstrating that the

SVT decomposition is valid.

II.2 Metric perturbation

We now investigate the right-hand side 0G,,, of the perturbed Einstein equations. Here,
our aim is to determine the evolution of an inhomogeneous and anisotropic spacetime by
tracking the evolution of the difference between the physical spacetime and the background
spacetime. We consider the background spacetime to be a homogeneous and isotropic
FLRW universe, and treat perturbations around the homogeneous background spacetime
and the stress-energy tensor of the universe. Specifically, we define perturbations around

the homogeneous background solutions of the inflaton ¢(¢) and the metric g as

O1,%) = B(1) + 06(6,%), Gyt %) = Guu (1) + 05 (2, ), (IL2.1)
and the individual components of the metric are given by

goo = — (1 +2®), goi = aB;, gij = a*[(1 — 2V) 6;; + 2E;5] . (IL.2.2)

Taking the most general linear perturbation of a spatially flat FLRW metric, the metric

becomes

ds* = g, dz"dz” (11.2.3)
—(1+42®)dt* + 2aB; dz' dt + a® [(1 — 2V)6;; + 2E;;] da’ da’. (11.2.4)
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Here, ® is the three-scalar lapse function, B; is the shift vector of three-vector, U is
the three-scalar spatial curvature perturbation, and FEj; is a symmetric and traceless
three-tensor representing the spatial shear. We choose slices to be the three-dimensional
hypersurfaces of constant time ¢ = const. and threading to be spatial constant x; = const..

The intrinsic Ricci scalar curvature of the constant-time hypersurfaces is then given by
4 o
Rz = ?V v, (11.2.5)

The shift vector B;, which is the metric perturbation in real space, can be decomposed via

the SVT decomposition as

into a scalar part B and a vector part S;, where 9'S; = 0. Similarly, the spatial shear F;;

can be decomposed as

into a scalar part E, a vector part F}, and a tensor part h;;, with the conditions 0'F; = 0

and hi = 9'h;; = 0. Therefore, the metric for scalar perturbations takes the form
ds? = —(1 +2®)dt* + 2aB,; dz' dt + a® [(1 — 2V)d; + E,;;]da’ da?, (11.2.8)

where the subscript , ¢ denotes a partial derivative ;. The metric for tensor perturbations
is given by
d82 = —dtQ + CL2 [5” + hl]] dZL‘Z dl’j. (1129)

I1.2.1 Gauge transformation

We consider gauge transformations of scalar perturbations of the metric. Let us consider

the gauge transformation associated with the coordinate transformation

t—=t+a, (I1.2.10)
' — '+ 698, (I1.2.11)

where o and 3 are arbitrary functions, since general relativity requires invariance under
general coordinate transformations. Under this gauge transformation, the metric transforms

as
- oz 0z
Guv — guu($> = Oih %gaﬁ(l‘)- (11212)




I1.2 Metric perturbation 39

Here, & denotes the coordinate transformation (I1.2.10), which can be written compactly

as
ot — =t 4 gF, (I1.2.13)
with & = (a, 6" ;). In this case, one finds

g;w(x) - guv(m) = g#l/@ —§) — g;w(x)
= (53 - 52)(55 - fi)gab’(x) - guu,a(m)fa - g;w(l')- (11214)

Approximating this expression to the first order in infinitesimal quantities yields,

G (%) = 9 (T) = = Gua ()€, — Gual(T)E5, — GuvalT)E™. (11.2.15)

From this result, calculating each individual component leads to

Joo(z) — goo(w) =~ —QOa(ﬂf)f% - goa(fl?)f% — Go0,a(7)&" (IL.2.16)
& (=1 -20) — (=1 —2®) ~ —2(—1 — 2d)a, (I1.2.17)
Goi(z) = goi(7) =~ —g0a(®)EF — Gia ()G — Goi,a(T)E” (11.2.18)
Gij(2) = 9i5(7) = = gia(2)E5 — Gja(T)EF — Gija(T)E” (I1.2.20)
= CL2 (2('¢ — 1;)52] -+ 2<E,ij — E,ij)) ~ —20125’1‘]' — d25ija — a?kéij§kl57l, (11221)
which leads to the transformation laws of the scalar perturbations of the metric,
d— P —a, (I1.2.22)
B— B+a'a—ap, (I1.2.23)
E— FE -3, (I1.2.24)
¥ — ¥+ Ha. (I1.2.25)

From these relations, one can construct two gauge-invariant quantities, the Bardeen
variables [78],

Op=0— (i (B - B/a)|, (11.2.26)

Up =V —a?H(E — B/a), (11.2.27)
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which are indeed gauge-invariant. Explicitly, under a gauge transformation one finds

By by = (8- ) — < [((E - )~ (B +a/a - af)a)

dt
= — ;t [*(E - B/a)], (11.2.28)
Up = Ug= (V4 Ha)—a*H(E - ) — (B+a/a—af)/a)
=V — a®’H(E — B/a), (11.2.29)

are indeed gauge-invariant.

1I.3 Matter perturbation

We now turn to the right-hand side of the perturbed Einstein equation, 67),,. During
inflation, the energy content of the Universe is dominantly described by its energy—
momentum tensor. Imposing the cosmological principle of homogeneity and isotropy,
together with Lorentz invariance, uniquely leads to the same form as that of a perfect

fluid. The corresponding matter perturbations are defined as

Sp(t,x") = p(t, 2") — p(t), (I1.3.1)
Sp(t,x") = p(t,x") — p(t), (I1.3.2)

which are related to the metric perturbations through the Einstein equations discussed

above. After inflation, the total energy—momentum tensor of the Universe takes the form
™™ = (p + p)uru” + g"'p + XH, (I1.3.3)

and hence the matter perturbations can be written as

Ty = —(p+dp), (I1.3.4)
T = (p + p)av;, (I1.3.5)
Ti=—(p+p) (v' = B) /a, (11.3.6)
T! = 65(p + 0p) + X, (I1.3.7)

where v is defined in terms of the spatial components of the normalized four-velocity u*

as v' = u'/u’. Explicitly, the four-velocity is given by
u, = (1=, av;), v = (1 - @, (v' — B')/a), (11.3.8)

and Y denotes the anisotropic stress components of the energy-momentum tensor.
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I1.3.1 Gauge transformation

In the same way before, when the coordinate transformation is given by Eq. (I1.2.10), the

energy—momentum tensor transforms as

- O+ 02
ks TH(x) = — o 11.3.9
Pa) = Th@) = 5 ST TS () (113.9)
and hence, in complete analogy with the case of metric perturbations, one finds
Ti(x) — Th(x) = T (2)eh, — TH)ES — Thy (2)E", (11.3.10)

where £ denotes the gauge transformation. Evaluating each component explicitly, we
obtain

T9(x) = Tp (x) =~ Ty ()€), — TH(x)EG — Tp o ()€ ( )
& —0p — (—=0p) ~ (p + 0p)a, ( )
TP (x) = T (x) = T (2)€5, — T(x)E5 — TP, ()€ ( )
& (p+pa(v; — vi) = ((p+6p)oF + F) ax + (5 + dp)av;, (11.3.14)
Tj(x) = T} (x) = T} ()€, — To(x)EG = T) ,(2)€° ( )
& 0pot + B — 6pst — Bk o pet 6" By — PO B — PadiE”, ( )

from which the gauge transformation properties of each perturbation variable follow as

dp — 6p — pa, (I1.3.17)
dp — 6p — pa, (I1.3.18)
dq — dq+ (p+p)a, (I1.3.19)
5% — 6%, (I1.3.20)

Here §¢' = (p + p)av’. Therefore, similarly to the metric sector, the gauge-invariant

quantities are

Spen = Sp — 26p, (I1.3.21)
0

dpm = 0p — 3Hdq, (I1.3.22)
which are indeed gauge-invariant quantities. Explicitly, under a gauge transformation,

OPen — OPen = (0p — Par) — Ii)((Sp — pa), (I1.3.23)
0

0pm — 0pm = (0p — pa) — 3H(8q + (p + p)av), (I1.3.24)
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demonstrating their gauge invariance. In deriving these expressions, we have used the fact

that p is a background quantity and satisfies the Bianchi equation, p = 3H (p + p).

II.4 Linear Einstein equation and gauge fixing

Up to this point, in Sec. I1.2 we have expanded, at linear order, the metric perturbations
associated with the left-hand side of the Einstein equation, dG,,,, while in Sec. I1.3 we
have similarly expanded the matter perturbations associated with the right-hand side,
0T, In this section, building on these results, we derive the linearized perturbed Einstein
equations and reduce them to four partial differential equations. In addition, we derive
the perturbed continuity equations and reduce them to two partial differential equations.

From the metric perturbation (I1.2.2), the Christoffel symbols are obtained as

1 )
Too = 5901/ (901/,0 + Jov,o — goo,u) =9, (I1.4.1)
1 .
o = 5901/ (901/,@' + Giv0 — gow) =o,;+abB,, (I1.4.2)
1 14
ng = 590 (giu,j + Gjui — gij,u> (11.4.3)
= —a B +aa((1 - 2V — 20)5;; + 2E;;) — a*(¥ 6,5 — Ej),
. 1 .
Lo = 59“’ (901/,0 + 9ov,0 — goo,u) (I1.4.4)
1 . .. 1 ...
— - (HB’ LB+ 5”<1>7j),
a a
. 1 .
Ly = 59” (gom + Gjv0 — ng,u) (11.4.5)
1 .. . . ..
— a 5ZkB(k7j) -+ Hézj — v 52]' + Ezj,
7 1 v
I = 59 (gju,k + Gkvj — gjk,y) (I1.4.6)
= —0 B0 — 2600 gy + 2 iy + 0" (W 1650 — Byt ). (11.4.7)

From these expressions, one can straightforwardly compute the Ricci tensor R, the
Ricci scalar R, and hence the Einstein tensor G,. On the other hand, from the matter

perturbations (II.3.4), one finds

0Too = op, (I1.4.8)
0Ty = — (dq+ (p+P)B'), (11.4.9)
5Ty = —0q, (I1.4.10)
0Tij = a*(0pdij + 6%4), (I1.4.11)
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and therefore the linearized perturbation Einstein equations are given by
3H (W + HO) + s [qf +H(a’E — aB)] 1 Sp (11.4.12)
a? 2m2
U+ HO=——56 11.4.13
+ 22, 00 ( )
. . . . 1 2
4+ 3HY + H + (3H 4+ 2H)® = — <5p - k262), (I1.4.14)
2mg, 3
. v—0 1
(01 +3H)(E - B/a) + & = 5. (11.4.15)
Furthermore, the linearized perturbed continuity equations are obtained as
. k2 . .
0p+3H(bp+0p) = —0q+ (p+p)[3Y + K*(E + B/a)], (I1.4.16)
: 2
6q+3Héq = —p + 5/&52 —(p+p)®. (11.4.17)

II.5 Vector perturbation

For completeness, we also derive here the gauge transformation of the vector part of the

metric perturbations for £&# = (0, 3"). The metric of the vector part is given by

ds? = —df* + 2aS;da’dt + a |3y, + 2F; )| da'da’,
and, in same with the scalar case, computing each component yields

(67

Goi(z) — goi(w) =~ _90a<x)€? - gia(x)€% — Goi,a(T)§
& 2a(S; — S;) ~ —a? (5ij + 2F(i,j)) 5 By,

(67

Gij(2) = 9i5(7) = —Gia(2)E5 — Gja(T)EF — Gija(T)E
& 20 (03 Fy) — 0uFy)) = —20°(Bi; — Bjs) — (a%65) ",

from which the vector-type metric perturbations transform as

SZ'—>S1'+O(B¢,
Fy = F;— b

In this case, a gauge-invariant quantity is given by

Fi+Sifa— Fy+ Sija=F,— B+ (S; + aB) /a,

(11.5.1)

(I1.5.8)
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and indeed this quantity is found to be gauge-invariant. The linearized perturbed Einstein

equations for the vector modes are then

8q; + 3Hdq; = k20%; (I1.5.9)
: )
E*(F; + S;/a) = — 5q; . (I11.5.10)
pl

In the case 6%; = 0, the right-hand side of the first equation vanishes, implying that dq =
Exp {—3 | H dt} = a3, and hence it decays due to the cosmic expansion. Consequently,
the right-hand side of the second equation also decays with the same a2 scaling, and
therefore the vector gauge-invariant quantity on the left-hand side also approaches — 0 as
the universe expands and never becomes dominant. For this reason, vector perturbations

are not important and will not be considered further here.

I1I.6 Curvature perturbation

Fixing a gauge makes calculations technically simpler, but it carries the risk of including
unphysical gauge degrees of freedom, known as gauge artifacts, which are induced by
coordinate transformations. Therefore, although the computation of gauge-invariant
quantities is technically more complicated, it has the advantage that only physical degrees
of freedom are treated. For this reason, we construct gauge-invariant quantities from
appropriate combinations of the gauge-invariant metric perturbations and the gauge-
invariant matter perturbations.

We first consider an energy-density uniform slicing defined by dp = 0, i.e., a hypersurface
on which there are no fluctuations in the energy density. The curvature fluctuations on
an iso-density hypersurface, which measure the spatial curvature of a uniform-density

hypersurface, are defined as
H
—(=V+ —dp, (I1.6.1)
p
and on a uniform-density hypersurface with dp = 0, it is clear that { coincides with ¥,

which is related to the three-dimensional spatial curvature R (I1.2.5). Under a gauge

transformation, we find

H
0

showing that ( is gauge-invariant.
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Next, we consider a slicing orthogonal to the worldlines of comoving observers, namely
the comoving slicing. In this case, comoving observers are in free fall, and the expansion
defined by them is isotropic. The comoving curvature perturbation, which corresponds to
the spatial curvature on a comoving hypersurface, is defined as

H
RE\I/—__5q:\I/—|—H(;¢, (11.6.3)

p+p
and on a comoving hypersurface with d¢ = 0, R coincides with W. Under a gauge

transformation, we obtain

~ H
-+ o)~ g+ (o o)

H
=V - —§q, (11.6.4)
p+p
and hence R is also gauge-invariant.
Finally, we consider the spatially flat slicing defined by ¥ = 0. In this case, the

fluctuation ) can be defined as

Q=09+ Z\If = f[R, (I1.6.5)

which becomes an important quantity when studying the time evolution of curvature
perturbations in multi-field models. In fact, in the multi-field case, perturbations can be
decomposed into adiabatic and isocurvature components, and one finds that they are not
conserved even on superhorizon scales.

The quantities ¢ and R are related through the linearized Einstein equations. Substi-
tuting the continuity equation (I.1.12) into the definition of the curvature perturbation
on the uniform-density (I1.6.1), and furthermore noting that on superhorizon scales the

inflaton fluctuation is frozen, d¢ = 0, one finds

k2 2p

R LG

Uy, (11.6.6)

which implies that on superhorizon scales (k < aH) the second term is suppressed, so
that —C ~ R and both become time independent.

I1.6.1 Curvature perturbation in the case of single barotropic
fluid

Above, we have seen that on superhorizon scales (k < aH) the uniform-density gauge

curvature perturbation ¢ coincides with the comoving curvature perturbation R. This
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is an important property of curvature perturbations in single-field models. Next, we
show that when there are only adiabatic modes, the curvature perturbation is exactly
conserved on superhorizon scales [79, 80]. For example, in single-field inflationary models,
the perturbation ¢ does not evolve in time outside the horizon (k < aH).

Here, the stress-energy tensor is given by
™ = (p+ p)u'v’ + g"p, (11.6.7)
where the four-velocity u* is defined as
1
ut = = (o + o). (I1.6.8)
a
Furthermore, from the continuity equation V,T,_, = 0, we obtain
0p = —3H(p+ dp) +3¥(p+p), (11.6.9)

where the pressure perturbation is decomposed as

OPa
5p = 5pnad + 03507 C? = b da
op

(I1.6.10)

into an adiabatic component dp,q and a non-adiabatic component dp,.q. Taking the
uniform-density gauge,
op=0, U=, (I1.6.11)

we examine the time evolution of the uniform-density curvature perturbation. From
Eq. (I1.6.9), which follows from the continuity equation, we find
. H
¢ = =———=0Pnad, (I1.6.12)
p+p
and hence, in the adiabatic case dp,.q = 0, it vanishes and ( is exactly conserved in time.
Next, for the comoving curvature perturbation, we choose for simplicity the Newtonian
gauge, in which the perturbations satisfy B = E = 0. In this gauge, the (i, j) components
of the Einstein equations yield
U =0, (I1.6.13)

and by adding the (0,0) and (¢,7) components, we obtain

U+ 6HY + (2H +4H)V — V2 = —a®V'§¢/m?, (11.6.14)

pb

where the prime denotes a derivative with respect to the conformal time 7, and the Hubble

parameter is defined as H = a//a = aH. Adding the background Klein—Gordon equation
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and the (0,7) component of the Einstein equations, we further obtain

09

U+ HY = ¢'d¢/2m2) = 6%25. (I1.6.15)
Therefore, on superhorizon scales,
U~ eHiZS, (I1.6.16)
o ) ) H?
R = \I/+H—.¢ = (1+€)H—.¢ :H—.(Z5 o ——(—7)17%, (I1.6.17)
) ¢ ¢ 2mg
and hence its time evolution is given by
1 dlan . -1 d(—T) B
T @ = —2e+ (n—€)+ (n—3e) (HT) ek 0, (I1.6.18)

showing that, as in the case of (, the curvature perturbation remains conserved in time

for adiabatic perturbations.

I1.6.2 Curvature perturbation in the case of multi-field

Unlike the single-field case discussed above, in the multi-field case one must consider
not only adiabatic perturbations along the inflaton trajectory but also isocurvature
perturbations orthogonal to the trajectory. Let us therefore define the adiabatic condition
in multi-field models [81] as

sx 0
I, =— -y (11.6.19)

z (Y
where the condition I' = 0 characterizes adiabatic. Here x and y denote arbitrary quantities
that can be expressed in terms of the inflaton fields. For example, in the single-field case
discussed above,

Tr,, = 00 _ 99y, (I1.6.20)

¢ @

which manifestly satisfies the adiabatic condition, and consequently the curvature pertur-
bation is conserved and does not evolve in time on superhorizon scales. In contrast, in the
multi-field case one generally finds

Loy = b0 _ X 0, (11.6.21)

¢ X
so that the adiabatic condition is violated and non-adiabatic perturbations must be taken
into account.
In this situation, we introduce perturbations ) on the background trajectory in

field space. In the single-field case, the inflaton simply evolves along a one-dimensional
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background trajectory, and only the adiabatic component (.q along the trajectory is
present. In the multi-field case, however, in addition to the component ).q along the
trajectory, there also appears a component () orthogonal to the trajectory. These can be

decomposed as

Qaq = cos0dp + sinfdx (along), (I1.6.22)
Qs = —sinho¢ + cosfdy  (normal), (I1.6.23)

where 6 denotes the angle between (.4 and the inflaton field perturbation d¢. A schematic

picture illustrating these features is shown in Fig. II.1.

inflaton y Q

Background trajectory

inflaton ¢

Fig. II.1 Schematic picture of the evolution of perturbations in the multi-field case. Here
we consider two fields, ¢ and x, and the phase space spanned by ¢ on the horizontal axis
and x on the vertical axis. When the adiabatic condition is violated in a multi-field setup,
the perturbation @ (black thick arrow) possesses not only a component @,q along the
background trajectory (blue) but also a component @) perpendicular to it (red arrows),
so that the curvature perturbation evolves in time even on superhorizon scales [82].

In this case, choosing the spatially flat gauge ¥ = 0, the curvature perturbation is

given by

et ZH o (11.6.24)
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: 0 ko’
(= —2;+ =Q.+ 0 <aH) : (11.6.25)
Vo' +x

where the first term, which does not appear in the single-field case, arises in the multi-field
scenario. As a result, even on superhorizon scales one finds ¢ # 0, indicating that the

curvature perturbation evolves in time.

I1.7 Tensor perturbation

Tensor perturbations can give rise to gravitational waves. In particular, in scenarios
where curvature perturbations are enhanced on small scales, the curvature perturbations
can source tensor perturbations through the source term in their evolution equations,
potentially leading to a gravitational-wave spectrum with an amplitude large enough to

be observable. Here, we investigate the equations satisfied by tensor perturbations.

I1.7.1 Metric perturbation
The metric for tensor perturbations is given by
ds® = —dt* + a® [0;; + hij] Az’ da’. (IL.7.1)
In this case, the gauge transformation is
hij = hij = hij, (11.7.2)

showing that the tensor perturbation is gauge-invariant. Decomposing it into eigenmodes

of the spatial Laplacian, we write

hiy = h(t)e) (2), (11.7.3)

ij

where + and x denote the two polarization states, e;; are the eigenmodes of the spatial

Laplacian satisfying VZe;; = —k?e;;, and k is the comoving wavenumber.

11.7.2 Matter perturbation

In general, as a good approximation, the anisotropic stress X;; can be neglected. In the

absence of anisotropic stress, the perturbed Einstein equation is given by

2

bt 3Hh+ —5h =0, (IL.7.4)

which describes the evolution of gravitational waves in an expanding universe.
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In general, when photons are scattered, linear polarization is generated in the direction
perpendicular to the scattering plane. However, if the Universe were perfectly homogeneous
and isotropic, such polarization would cancel out on average. In reality, as observed in
the CMB, small temperature fluctuations exist, so that polarization remains and exhibits
spatial variations. Among the vector fields describing the polarization direction, the modes
whose curl vanishes are referred to as E-modes. On the other hand, even if temperature
fluctuations were absent, the presence of gravitational waves would induce different
redshifts, and in this case, as well, polarization would remain and exhibit anisotropies in
the CMB. In this situation, the polarization vector field contains a rotational component
whose divergence vanishes, and such modes are called B-modes. Gravitational waves
generated during inflation decay as the Universe expands. Nevertheless, at the time of

recombination, it may leave imprints characteristic of B-mode polarization of the CMB.

II.8 Power spectrum

Up to this point, we have derived the equations satisfied by the perturbations and the
corresponding gauge-invariant quantities for each component of the SVT decomposition.
In this section, we introduce several physical quantities that are important for the direct
observations. First, assuming statistical isotropy and that the dependence is only on the

distance r, the two-point correlation function is defined as
Er(r) = (R(X)R(x+ 1)), (11.8.1)

and its Fourier transform defines the power spectrum,

Pr(k) = A/dgr&z(r)e"k"". (11.8.2)

I1.8.1 Scalar Power spectrum

As stated at the beginning of this chapter, adopting the convention A =1 and B = (2#,

the power spectrum is defined through
(RiRw) = A? </d3xR(x)6_ik'x/d3X’R(x')6_ik"x/> (I1.8.3)
= (27)%5 (k + k) Pr(k), (11.8.4)

and its variance is given by

oh = (R¥(2)) = &r(0) = / dInkPx (k), (11.8.5)
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from which the power spectrum of curvature perturbations is defined as

Pr(k) = 55 Pr(k). (I1.8.6)

Furthermore, the dimensionless power spectrum of scalar perturbations is obtained as

from which one can see that it is scale independent. The scalar spectral index, which

characterizes the scale dependence of the power spectrum, is defined by

_dInP;
M T = Ak

(11.8.8)

and for ng = 1, P, is independent of k, corresponding to a scale-invariant spectrum. The

running of the spectral index is defined as

dn
S = I1.8.
“= dnk (IL8.9)
and furthermore, in Hybrid inflation III, the running of the running,
g = I _ das (I1.8.10)
T dlnk?  dInk’ o

also appears, so we therefore introduce it here.

I1.8.2 Tensor spectrum

Similarly to the scalar case, when considering the power spectra of the two polarization
modes hy and hy, we discuss them collectively by representing each mode with a single

symbol h without a polarization index.

(hiehie) = (2m)30 (k + k') Py (k), (I1.8.11)
P, — ;;ph<k), (11.8.12)

and hence the power spectrum of tensor perturbations is given by the sum of the dimen-

sionless power spectra of the two polarizations,
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Furthermore, the tensor spectral index is defined as

_ dlnpt
~ dlnk”’

g (I1.8.14)

which is an important physical quantity related to the tilt of primordial gravitational

waves. A more detailed discussion of gravitational waves will be given in Chapter V.

II.9 Gauge choice and curvature perturbation

As discussed in Sec. I1.6, the gauge choice determines which gauge-invariant quantities
are most convenient to work with. Here we introduce several types of gauge fixing. In
particular, the Newtonian gauge and the flat gauge will also be used later in the context
of hybrid inflation.

o The uniform density gauge is defined by imposing dp = 0. For simplicity, one often
additionally sets £ = 0. In this gauge, the gauge-invariant quantity ( is related
to the metric perturbation ¥ as ( = —W¥, which makes this gauge convenient for

describing perturbations on superhorizon scales.

e The comoving gauge is defined by d¢ = 0. In this case, the gauge-invariant quantity
R is related to the metric perturbation ¥ as R = V. As already seen, ( and R are
related by Eq. (I1.6.6). We will study this gauge in more detail in Sec. I1.10, where
we follow the quantization procedure and solve the corresponding equations, and

explicitly derive the scalar power spectrum.

o The flat gauge is defined by ¥ = E = 0. In this case, the gauge-invariant quantities
@ and R are related. As discussed in Sec. I1.6.2, in the multi-field case curvature
perturbations are not conserved even on superhorizon scales due to the presence of
isocurvature components. This gauge will also reappear in the discussion of hybrid

inflation in Chapter III.

o The Newtonian gauge is defined by B = E = 0. This gauge will also be used again
in the discussion of hybrid inflation in Chapter III.

I1.10 Comoving gauge and Quantization

Here we consider a single-field inflationary model, whose action is given by Eq. (I.5.1) as

S— ; / d'oy/ =g [m3R — (Vo) — 2V (9)] (11.10.1)
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and we choose the comoving gauge. The metric g;; and the scalar field ¢ are related to

the curvature perturbation R, thereby fixing the spacetime parameters as
(S(b = 0, 9ij = CL2 [(1 — 27?,)5” + h’l]] , (11102)

As is evident from the definition of the gauge choice, the inflaton field ¢ is unperturbed,
and all scalar perturbations are parameterized by the fluctuation R. Here the tensor
perturbation h;; is transverse, d;h;; = 0, and traceless, h! = 0. An important property
of R is that, as discussed in Sec. 11.6.1, it remains constant outside the horizon in the
adiabatic case, so that it suffices to evaluate the correlation functions of R at horizon
crossing. Moreover, the Einstein equations relate the remaining metric perturbations ®
and B to R via

goo = —(14+2®), go;i =abB;. (I1.10.3)

In this way, all perturbations are related to R, and henceforth we describe the equations

of motion entirely in terms of R.

I1.10.1 Quantization

As discussed in Sec. I1.6.1, in the single-field case, the gauge-invariant curvature perturba-
tion R is conserved outside the horizon. Therefore, a given mode of R can be computed at
horizon exit without considering the physics during reheating or until its re-entry. Using
the gauge-invariant curvature perturbation R, we expand the action of single slow-roll
inflation up to second order, derive the equation of motion for R from the action, and
analyze the slow-roll approximate solution. Furthermore, R is promoted from a classical
quantity to a quantum operator, and by imposing canonical commutation relations on
this operator, boundary conditions for the mode functions are given. By defining the
vacuum state, a unique vacuum is selected, and the mode functions are completely fixed.
Finally, the power spectrum of curvature perturbations at horizon crossing is computed.
Since the inflationary potential considered in this chapter III contains regions where the
slow-roll approximation is violated, the simple slow-roll approximation alone is insufficient.
Therefore, even in the ultra-slow-roll regime, we include second-order slow-roll parameters,
which are often neglected in conventional approximations, to expand the Mukhanov-Sasaki
equation and obtain approximate solutions. Ultimately, the power spectra and scale
dependence of both scalar and tensor perturbations are calculated.

Here we adopt the Arnowitt-Deser-Misner (ADM) formalism [83], which decomposes

spacetime into time and space. The metric is written as

ds® = —N? dt* + 4;; (da’ + N'dt) (da? + Ndt) (11.10.4)
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where N is the lapse function, N* is the shift vector, and 4;; is the three-dimensional

spatial metric. In this decomposition, the metric components are

—N? + N;N* N; ) —N~2 N—2N!
gl‘«l/ = N A ) g/f' = —2ATE  Aij —2 T3 - (IIlO5>

so that /=g = \/—detg,, = N+v/4. This allows one to compute the connection, Ricci

tensor, and Ricci scalar, leading to
R=RY + K;K7 - K?, (I11.10.6)
where Kj; is the extrinsic curvature, i.e., the momentum conjugate of the spatial metric,

Kij = Vin; Oij — f)z‘Nj - ﬁjNi) ; (IL.10.7)

_ ! (
2N

where D; denotes the covariant derivative with respect to 4i; and n; = N; /v N? denotes
the unit normal vector to the hypersurface. In addition to this ADM decompose, the

spatial metric can be decomposed into trace and traceless parts as
’/)\/Z‘j = aQ(t)ewaij, (11108)

where 1) is the scalar perturbation associated with spatial curvature, and «;; is a traceless
tensor.

In the comoving gauge, there is no need to consider perturbations of the inflaton, and
the comoving curvature perturbation R is directly related to W. In the ADM formalism,
Action Eq. (I1.10.1) becomes *

1 .
5=3 /d4a: V=g [NmR® — 2NV + N~' (E,;EY — E?)
AN (6= Now)' = Ngop0i0 - 2V (1110.9)
The Lagrangian is
1 | 1 .
L= =g |NRO + - (B4E7 - E?) + ©.6* = 2NV (9)] (I1.10.10)
with .
Eij =5 (9 = VilN; = Vi), E = E!. (I1.10.11)

- ! We have the action ¢*9,,¢0,¢ = ;,—%gbz +2]J$ é@ifb—&—gij@(é@jfb— %&»gbajgb = ;,—é (qﬁ — ]\VBo(b)2 +
§70;¢0;¢ and /—g = N\/4 where the three-dimensional spatial metric 4;; is relabeled as g;;.



I1.10 Comoving gauge and Quantization 55

To solve the constraint equations, we perform the SVT decomposition

N=1+a, (I11.10.12)
N, =V, + N, (I11.10.13)

where W ; is the scalar part and N; is a vector with ]\Nf” = 0. These are expanded in powers

of R as

=t (I1.10.14)
V=1 by A+, (1I1.10.15)
N, = Ni(l) + NZ@) 4o (I1.10.16)

The Euler-Lagrange equations for N and N give

V,[(E! — E§))/N] = 2HV ;o — 2V, R = 0, (I1.10.17)
1 - 1 .
R —2V — ﬁ(EﬁEw — E%) — ﬁ(f =0, (11.10.18)

which leads to oy = R/H and ¢y = —R/H + a?ey/H, where 6 satisfies R = 0%6.
Substituting the first-order solutions of N and N; into the action (I1.10.9) and performing

integration by parts yields the second-order action for R,

12
Sy = ; / d4xa3[(§2 [R?— a2 (0,R)]. (11.10.19)

The Mukhanov-Sasaki variable are defined

v=2R, (I1.10.20)
¢2
22 = a2ﬁ = 2a’, (11.10.21)

and transforming to conformal time 7, we get the canonical action for the scalar mode

called as the Mukhanov-Sasaki action
1 3 N2 2 2,
Se) = 5 drd’z | (V)" + (Ov)” + —0v7] , (I1.10.22)

where ' denotes differentiation with respect to conformal time. Note that the sec-
ond term vanishes on boundary condition when it was integrated by 7 because R =
a2(V'zt —wi2)? = a2 (v’2 — 22y’ + Z;v?) =a?z7? (v’2 — (Z0?) + %NUQ). The
Fourier expansion

d3k -
v(1,x) = / v (7)e® X, (I1.10.23)
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satisfies equation of motion
"
o+ <k;2 - Z) v =0, (1L.10.24)
z
called as the Mukhanov-Sasaki equation. Hereafter, since the variable depends only on

the magnitude of k, the vector index k is suppressed.

I1.10.2 Boundary condition of Mukhanov-Sasaki equation

Next, we perform quantization in a same manner of the harmonic oscillator [84]. First,

the field v and its momentum conjugate are promoted to operators via a plane-wave

expansion,
dk? , .
v— 0= / 2np [vk(T)&ke’k'x + UZ(T)(AILE_ZI{'X} : (I1.10.25)
Vk — @k = Uk(T)&k -+ Uik(T)CALT_k, (111026)

thus defining quantum operators. These creation and annihilation operators satisfy the

canonical commutation relation

(ko) [, | = (2m)% (k = K). (11.10.27)

If the mode functions are normalized as (v, vx) = § (vivy, — vf'vg) = 1, it becomes
i, | = (27)°0 (k = K). (11.10.28)
In addition to the normalization of the mode functions, the choice of a vacuum state
ax |0) =0, (11.10.29)

defined such that spacetime is Minkowski deep inside the horizon, serves as the boundary
condition for the Mukhanov-Sasaki equation. For example, by selecting the Minkowski
vacuum of a comoving observer in the far past 7 — —oo, the mode functions are fully fixed
across all scales, yielding a unique solution. Alternatively, one may choose the Bunch-
Davies vacuum, defined as the Minkowski vacuum in the initial-time limit 7 — —oo for each
mode. In the hybrid inflation model treated in Chapter I1I, we adopt the Bunch-Davies

vacuum, as will be discussed in detail later.

11.10.3 Srow-roll approximation

The general solution of the Mukhanov-Sasaki equation is generally difficult to obtain

because the function z depends on the background dynamics. Therefore, for a given
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inflationary background, we adopt the slow-roll approximation and solve it numerically.

Using the slow-roll parameters 1.5.8, the Mukhanov-Sasaki variable can be expressed as

Y =aHz (1 et g —i—e) — aHz (1 + ;’) (11.10.30)
1
2 — (aH)’ ((1 et 1o ’27) (1 + ;7) + 2k7]> (I1.10.31)
3 1 1, 1
_ 2 _ - - T2 -
— (aH) z<2 e+ 2= Sen+ g +2k:n>, (I1.10.32)
2 3 1 1, 1
== H2<2— - —nt = ) 11.10.
~ = (afl) €+ on—gen+ g+ ng) (11.10.33)

where, under the slow-roll approximation in de Sitter space with ¢ — 0 and H = const.,
the Mukhanov-Sasaki equation (I1.10.24) reduces to

2
vy + (k2 — 2) vp = 0. (I11.10.34)
T
The general solution is
o <1 ! > P (1 4! ) (I1.10.35)
Vp = O—— - — — — |, .10,
T ok kT V2k kT

where o and [ are arbitrary constants. Imposing the boundary condition of the Minkowski

vacuum and the normalization (v, vx) = 7 (viv, — vi'vy) = 1, the solution is uniquely

fixed as ,
e—sz i
The ensemble average of the curvature perturbation 1/;1{ = a1 is then
PN o (7)[*
(w7 (7)) = (27)% (k +K) o (11.10.37)
H2
= (20’3 (k +K) 5 5 (1+k*7%), (11.10.38)
so that on superhorizon scales |k7| < 1,
~ A H?

(thu(7) e (7)) = (27)% (k + k) T (11.10.39)

Thus, the dimensionless power spectrum of curvature perturbations is

kS H\?
Py = Pr = 2 Pa(k) = () , (I1.10.40)

272 s
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At horizon crossing a(t.)H (t.) = k, the power spectrum of the curvature perturbation
R = %w 85, 86] is

H? H?

(Ri(t)Ruer () = (2m)30 (k + k') W (27)%6 (k + k') Pr(k), (11.10.41)

where the subscript * denotes evaluation at horizon crossing k = a(t,)H(t.), and the

dimensionless power spectrum is defined as

Pr(k) = o5 Pr(k). (11.10.42)

II.11 Flat gauge

Up to this, we have calculated the scalar power spectrum in the comoving gauge d¢ = 0.

In this section, we will perform the calculation using the flat gauge ¥ = 0.

I1.11.1 Flat gauge and scalar power spectrum

At this stage, the curvature perturbation R is

R = Hif = —Hét, (IL11.1)

so that the power spectrum of R becomes

7\ 2
(RxRy/) = <¢> (0RO i) - (I1.11.2)
In the same way of the comoving gauge and using the slow-roll approximation, we have
2n2 [ H\? H\?
Sdnbdn) = (215 (k + K/ () :() . IL11.
(ondon) = n3 (kK)o (), Pro= (5 (1L11.3)

Therefore, the dimensionless power spectrum of curvature perturbations generated by

quantum fluctuations during inflation is

o} H?
Pr(k) = o (I1.11.4)
From Egs. (I.5.11) and (1.5.12), we have
0:3H<b+d‘ggb) =3H$+3x2HH/¢,

¢* = —2HH, (I1.11.5)
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so that rewriting ¢ in terms of the slow-roll parameter ¢ = —H /H? the dimensionless
power spectrum of scalar perturbation becomes
1 H?1

- — II.11.6
872 mf)l € ( )

which is the well-known result.

I1.11.2 Flat gauge and tensor power spectrum

Similarly to the scalar perturbations, we consider tensor perturbations. First, the second-

order action for tensor perturbations is

2
S =2 [ drdata® [(h,)? ~ (@1hy;)?]. (IL11.7)

Fourier-expanding of the tensor perturbation yields

dgk s S ik-x
hij (1, %) :/W’SZ‘,X e (k)hi(T)e (IL11.8)
- / (2%@2 (ef5 ()t () + 55 (k) i () ) €, (IL11.9)

where € are transverse ¢; = 0, traceless, and normalized as ef](k)efj/(k:) = 204s. For the

basis, let e;(k) and e;(k) form an orthonormal basis orthogonal to the wave vector k, then
(ei(k)ej (k) — e;(k)e;(k)), (I1.11.10)

where the + mode corresponds to the F-mode and the x mode to the B-mode of

gravitational waves. Using this, the action becomes
amiico oo
Sy = Z/drdkllp hi by —k hihi] : (I1.11.12)
Defining the canonically normalized field as

mpihi, (I1.11.13)

the action can be rewritten as

Sia) = Z / dei”k; l(vli')Q - <k2 - “N> (Uf()?] : (I1.11.14)
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Considering the normalized massless field for each polarization s in de Sitter space,
hy = 2 Uy (I1.11.15)
kK - ks AL
where 1§ = vy /a, the power spectrum of 1 is
H 2
Py = () I1.11.16
v =5, ( )
Thus, the power spectrum of tensor polarization with s polarization is
Palk) = - (H*)2 (IL11.17)
M= mfﬂ 2 ) o

and, the total power spectrum of tensor perturbation becomes the summation of each

mode 2Py, (k)
Pulk) = 2Pa(k) = —> (H)2 (IL11.18)
AR T e o) o
Similarly to the scalar case, from Eq. (1.5.12) where V = H?/3m2,, we have
2V
k)= —. Ir.11.1

I1.12 Scale dependence

At this stage, the spectral indices for scalar and tensor perturbations are defined as

_ dInP _dInPy

Here, Ink = N + In H. Evaluating these to first order in the slow-roll parameters gives

_1_d1n73s dN dlnH_dlne dN (1112.2)
BTOT AN Ak \C AN AN ) dlnk o
dlnP; dN dln H dN
"TTAN dlnk - C AN dlnk’ (IL123)
where the derivatives of the slow-roll parameters are

din H

N = e e (I1.12.4)
dlne
dNV ~ dey — 2y, (I1.12.5)
d

SNV ey — €2, (I1.12.6)

dN



I1.12 Scale dependence 61

de?
Ty = devdh = v - wi, (I1.12.7)

where, using Eq. (I.5.13) and evaluating at horizon crossing k = aH, dN/dInk =1/(1—¢),

we obtain

o — 4

ne—1= 717_ 66 ~ 2y, — Geys, (11.12.8)
2

o= _66 ~ ey, (I1.12.9)

expressed in terms of the potential slow-roll parameters. The running of the spectral index

is then
_ dn, 2 2
U= g 16ey.ny . — 24ey,, — 28y, , (I1.12.10)
_ d’ny 3 2 2 2 2 3
Bs = dnie = —192¢y,, + 1926y, v — 32€evnly, — 24€vi&y, + 2nvaly, + 2wy,
(I1.12.11)
as shown in [87]. Furthermore, the tensor-to-scalar ratio is defined as
8 (H.\?
m2 \ 27
r= P ‘1’1 (1{22 ? = 16¢,. (I1.12.12)
S SZml e
pl
Hence, the spectral index and tensor-to-scalar ratio are related by
r = —8ny, (I1.12.13)

which is often referred to as the consistency relation. Moreover, using the Friedmann

2

=1, 7 is also related to the energy scale of inflation,

equation m2 H? = p/3 ~ V/3m

QH?/x?m2  2V/3xm? IR Y
r & ~ /T Mpi /3T Myl ~ 0.01 x < 4 ) . (I1.12.14)

P (ATx 1052 © (47 x 1052 5.2 x 1016GeV

Thus, when the tensor-to-scalar ratio r is of order 0.01, the energy scale of inflation
corresponds roughly to the GUT scale.

In the next chapter, we extend the inflationary models discussed so far to multi-field
scenarios, and examine in detail the physical quantities arising from hybrid inflation models

with a trapping phase.






Chapter 111

Multi-field trapped inflation with

resonant processes

We study a multi-field model of inflation. The basic setup is reminiscent of the hybrid
inflation scenario [26, 27] with some essential modifications. First, we consider the potential
in the direction of the inflaton ¢ to be completely flat at tree level. The slope is generated
by radiative corrections. Such single filed models are known by the name "Running-
Mass-Inflation" (RMI) [88-90]. At one loop level, the shape of the potential is given
by

V() = Ve[l+U(9)], (I11.0.1)

where V, is constant and U (¢) is defined by

Ulg) = ”f(B( A 2), (I11.0.2)

2 My 1+ aln i)
mpl

The shape of U (¢) for several values of a, A and B parameters is shown in Fig. III.1.
In analogy to hybrid inflation scenario we add an additional field x. The potential in
the x direction is of the hilltop type [61]. The simplest form of such a potential can be

written as

1
Vix) = —§m2x2+)\x4. (I11.0.3)

The crucial piece for this scenario is the interaction part of the Lagrangian, which we
take to be [23, 24]

Vit (0, X) = ;92X2 (¢ — dspp)’ - (I11.0.4)
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Fig. III.1 Rescaled RMI potential U (¢) in Eq. (I11.0.2) for several o, A and B values.

¢spp denotes the critical value at which Vi, vanishes. We choose to call this point a
"Symmetry Breaking Point" and denote it by ¢gsgp in order to make the relation to the
mechanism discussed in Ref. [24] more suggestive, but also to emphasise that our scenario
somewhat deviates from the standard hybrid inflation scenario.

The main role of the x field in hybrid inflation scenarios is to terminate inflation. It is
called the waterfall field. In our scenario the main function of y is to trap ¢ at the ¢gspp
value. This is achieved by the backreaction of resonantly produced x particles [13, 24],
hence we also sometimes call x as the "trapping field". Another difference, as compared
to the traditional hybrid scenario, is that the "waterfall" phase in this scenario lasts many
e-foldings. This is needed to extend inflation sufficiently long after ¢ = ¢ggp is reached,
so that the horizon and flatness problems of Hot Big Bang are solved. Finally, as can
be witnessed from Eq. (I11.0.4), the ¢—x interaction includes a trilinear term. Trilinear
interactions can be found in the A term of SUGRA models [91], but it can also be generated
by fermion condensation [92].

Adding all these components together, the full Lagrangian of the model can be written
as

L= @0 V)50~V ~ViuGy) . (105)

The dynamics evolves over three stages. Initially the inflaton ¢ is displaced far away
from the critical value, ¢ > ¢sgp. This makes the trapping field x very heavy and anchored
at the origin. During the first phase, while ¢ rolls down towards the origin, the dynamics
can be well approximated by slow-roll. Once ¢ approaches ¢sgp the second phase starts.
The motion of ¢ induces a non-adiabatic change in the effective mass of the trapping field

via the interaction term in Eq. (IT11.0.4). This results in resonant excitations of x, which
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Fig. I11.2 Numerical solution of homogeneous RMI equations (“Exact”). At the pivot
scale, on the RHS of the plot, inflation is well approximated by slow-roll (cf. Eq. (II1.1.1)),
but eventually it enters the ultra-slow-roll regime (cf. Eq. (II1.1.4)). Conventionally this
transition is taken at 7 = 1 (vertical gray line).

backreact onto the motion of ¢ and anchors it at ¢sgp. In the final phase, the y field rolls
down the potential in Eq. (I11.0.3), which is chosen to be sufficiently flat, so that inflation
lasts for an additional ~ 10 e-foldings in this phase. Bellow we discuss these phases in

more detail.

II1.1 Running-Mass-Inflation

Let ¢, be the inflaton field value when the pivot scale exits the horizon during inflation.
CMB observations allow us to constrain the primordial spectrum roughly 10 e-foldings
around this value. The first task is to find regions in («, A, B) parameter space where the
model generates the primordial perturbation that is consistent with CMB observations.

Generically we take ¢spp < ¢., which, according to Eq. (I11.0.4), makes the y field
heavy and anchored at the origin, leading to an effectively single field inflation, at least
within the 10 e-foldings mentioned above. Another important consequence of y being
heavy is that the isocurvature perturbation is suppressed at CMB scales, which makes the
observational bounds on this parameter [93] easily satisfied.

One of the features of the RMI potential in Eq. (IT1.0.1) is that it becomes ever flatter
as ¢ field approaches the origin. This makes the inflaton dynamics eventually dominated
by the kinetic energy rather than by the slope of the potential. In other words, inflation
enters the ultra-slow-roll regime [94-97] if not terminated earlier. To investigate this issue
we solved the homogeneous equations of motion numerically. One such solution is shown
in Fig. I11.2.
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As can be seen from Fig. II1.2, at larger inflaton values slow-roll provides a good
description of the dynamics. During this period the inflaton equation of motion can be
approximated by Eq. (I.5.11)

Vs

h o~ II1.1.1
¢ S ( )

where V' is given in Eq. (II1.0.1) and the index denotes the derivative with respect to
the field ¢. In this approximation the Hubble parameter is dominated by the potential

energy
3mipH? ~ V(¢)~V,, (I11.1.2)

where V. is defined in Eq. (II1.0.1). This slow-roll approximated solution is denoted by
the dashed curve in Fig. II1.2.

As ¢ decreases, eventually inflation enters the ultra-slow-roll regime. In this regime
the slope of the potential can be neglected, and we obtain an approximate equation of

motion of the form
b ~ —3H¢, (I11.1.3)

where H ~ const. and its value can be computed using the same approximate expression

in Eq. (II1.1.2). It is easy to show that the approximate solution of the above equation is
¢ ~ ¢o—3H (¢ — ¢p) . (I11.1.4)

The ultra-slow-roll approximated solution is represented by the dotted curve in Fig. I11.2.

The approximate location in the potential, where slow-roll gives way to ultra-slow-roll,
is conventionally taken to be n = 1, where 7 is the second slow-roll parameter defined
bellow in Eq. (II1.1.6).

To choose viable models, which do not contradict CMB constraints, we calculate the
properties of the scalar perturbation spectrum and the amplitude of the tensor mode.
Because slow-roll approximates the inflaton dynamics sufficiently well when CMB scales
exit the horizon, we use the well known relations between the slow-roll parameters and the
shape of the primordial spectrum. These parameters are defined in terms of the potential

V' (¢) and its derivatives as

2 2
= I (U’d’ ) 115
T 2 \U+1/) (ITL.1.5)
n = m’ Usgo (II1.1.6)

Pl 417
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2 4 L,¢L,¢¢¢
= m,—, II1.1.7

U L,¢¢¢¢
WP = mgli( 0 TP (II1.1.8)

where U (¢) is given in Eq. (II1.0.2) and the indices denote derivatives with respect to the
inflaton ¢. The spectral properties of the primordial scalar perturbation are related to the

above parameters by the following expressions (see e.g. Ref. [61] or [98])

dln A,
ne= g = O+, (I11.1.9)
dns
0 = gy = 100 — 246 —2¢%, (I1L.1.10)
n
&2n,
=4 nk2 ~ —192€° + 192€°n — 32en” — 24e€” + 2n* + 2w? (I11.1.11)
n

where ng, as and s are the scalar spectral index, its running and the running-of-the-
running respectively. All of these quantities are to be computed when the pivot scale
exits the horizon. Analogously, tensor-to-scalar ratio can also be related to the slow-roll

parameter € by
r = 16e. (II1.1.12)

To find models that are compatible with observations we scan over the parameters «,
A and B and look for regions of ¢, values that result in the primordial spectrum with

values in the range

ny = 0.9743+0.0034, (111.1.13)
a, = 0.0062 =+ 0.0052, (I11.1.14)
B, = 0.01040.013. (111.1.15)

The errorbars correspond to 1o constraints for n, [99], a [100] and S [93]. To constrain
the tensor-to-scalar ratio we adopt the upper bound in BICEP/Keck + WMAP /Planck
data [7]

ro< 0036 (95%C.L). (I11.1.16)

The final PBH abundance is not very sensitive to the precise values of these parameters.
They only determine which model in the (a, A, B) plane will be used to represent the
inflaton direction. The result of the scan over this parameter space is shown in Fig. I11.3

for several values of a.
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a =0.005

Fig. II1.3 Parameter regions for several different a values where the running mass inflation
models are compatible with the CMB constraints on the primordial spectrum at the pivot
scale k, = 0.05 Mpc™! (Eqgs. (I11.1.13)—(I11.1.16)). We also impose two other conditions:
¢, < mp when the pivot scale exits the horizon and that the energy scale of inflation is
larger than the BBN scale.
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Usually all the constraints in Eqgs. (I11.1.13)—(II1.1.16) can be satisfied only for a small
range of ¢ values, if at all. For such models we choose ¢, to correspond to the value that
is closest to the central value of the constraints. Once ¢, is fixed, we can compute the

energy scale of inflation V from the amplitude of the scalar spectral index Ag, given by

v
24m:e

The value of Ay is fixed by the Planck normalisation, A; = 3.044 [93]. Initially ¢ follows

the slow-roll equation of motion in Eq. (ITT.1.1). As the potential flattens out the dynamics

becomes well approximated by ultra-slow-roll in Eq. (I11.1.4). The latter equation is solved

by
¢ x a3, (I11.1.18)

One of the consequences of the flattening of the potential is the rapid increase in the

amplitude of the curvature perturbation P.. On superhorizon scales it can be written as

7\?
Pe (k) = <¢> 10on|” (I11.1.19)
where d¢y, (t) is the Fourier mode of the field perturbation d¢ (z,t). We can see that as
¢ decreases, P¢ rapidly grows. We must make sure that the first phase of inflation is
terminated before P, reaches the value of 1. Otherwise perturbations become non-linear,

which is in conflict with observations [101, 102].

II1.2 The Trapping Phase

To the best of our knowledge, there is no detailed discussion in the literature of a mechanism
to end the RMI phase and provide the remaining e-foldings of inflation. Usually, it is
implicitly assumed that hybrid inflation or some related mechanism terminates the RMI
stage before P (k) becomes too large. Unfortunately, a simplistic implementation of
hybrid inflation is difficult to realise. After observable scales — where P, (k,) is fixed to
satisfy CMB bounds - exit the horizon, the maximum value of P, (k) must be reached
in about 30-35 e-foldings. Only then, the masses of PBHs created by a large curvature
perturbation, which reached approximately 107, are such that they can explain the
observed DM abundance (see Fig. IV.3). But 30-35 fall short from the expected 50-60
e-foldings of inflation, which are required to solve the flatness and horizon problems of

Hot Big Bang (see section II1.3 for a more detailed discussion). Therefore, to solve these
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Fig. I11.4 Schematic depiction of our scenario. At stage 1 the field rolls down along the
RMI direction (blue curve). At tree level, the linear potential (red curve) does not exist.
Once the field reaches SBP (stage 2) it resonantly excites the y field. Excitations backreact
onto the motion of the field, which can be effectively described by a steepening linear
potential. At this stage the trapped ¢ field oscillates around ¢sgp with an exponentially
decreasing amplitude. Eventually the amplitude becomes too small to excite the y field.
At that point the evolution enters the 3rd stage, in which the field rolls down solely in
the direction of the sufficiently flat waterfall potential (brown curve) with ¢ remaining
being fixed at ¢ggp. During stage 2 the metric perturbation is also resonantly amplified
for scales which exit the horizon at that time.

problems inflation must last for an additional ~ 10 e-foldings in the waterfall phase. A
long waterfall phase can be achieved if the potential in this direction is flat enough. But
we found that for a too flat potential the ¢ field just zips through the critical (Symmetry
Breaking) point without destabilising the waterfall field .

Fortunately, as we show, this problem can be circumvented by another effect. For some
parameter values the passage of ¢ through the Symmetry Breaking Point ¢sgp induces
resonant excitations of the x field. This field backreacts onto the motion of ¢ by making
it effectively heavy and stopping it from rolling down the potential. This is the basic
scenario of the tachyonic trap mechanism discussed in Refs. [23, 24]. In this work we make
use of the tachyonic trap mechanism to terminate RMI at the value of P, that results
in the production of PBHs with masses that can explain Dark Matter [35]. A schematic

depiction of our scenario is provided in Fig. I11.4.
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II1.2.1 The Tachyonic Trap

In Refs. [23, 24], where the tachyonic trapping mechanism is analysed, the metric per-
turbations are ignored. These simplifications can no longer be employed for the current
model, where such perturbations play the central role. Nevertheless, before discussing the
model in full detail, including the metric perturbation, bellow we summarize the basic
ideas behind the tachyonic trap mechanism.

For the most part of the RMI stage of inflation the trapping field x is very heavy. This
is the case if the value of the coupling constant ¢ in Eq. (I11.0.4) is not too small, so that
g2 (¢ — ¢spp)’ > H?, where H is the Hubble parameter during inflation. This makes the
homogeneous component of the x field anchored at the origin. The perturbations dy of

the x field obey the following equation of motion:

Oxk + 3HoNw + (wf + 120 (3*)) oxs ~ 0, (I11.2.1)

where

k2
wi = 5 —m’+g" (0~ dsme)” (I11.2.2)

We can rewrite the above equation in the canonical form by defining
X = axsx, (I11.2.3)
and using the conformal time d7 = dt/a. This gives
X+ (W2 +120a? (3)) X = 0, (I11.2.4)
where primes denote derivatives with respect to 7 and
W = dwi— —. (I11.2.5)

Initially, as field ¢ is far away from SBP, the effective mass of the trapping field

satisfies
mZ; = g* (6 — dspp)” — m? ~ g (¢ — dspp)” > 120 (X)) | (I11.2.6)

and Eq. (I11.2.4) reduces to the equation of a harmonic oscillator with an adiabatically
changing mass. We can thus impose the adiabatic vacuum initial conditions, which, at the

lowest order, are given by

Xk vac (n) = ﬁe_ifwkdn- (I11.2.7)
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Up to the same order, the occupation number can be computed using the expression

(I11.2.8)

e — W [|X,;|2

1
+ Xk — =
2 | W2 X ] 2
The 12X\a? (x?) term consists of the Hartree approximation to account for self-interactions,
where the expectation value (x?) can be computed using the equation
—2

(F)=a2(x?) = % dk k2 [yx,f - 2|1Wk|] . (I11.2.9)

As the ¢ field moves towards the origin and comes close to ¢sgp the effective mass
squared m?; vanishes and then becomes negative. Moreover, within some interval of
¢ values the change of m?; is rendered to be non-adiabatic [23, 24]. This causes two
effects. First, the non-adiabaticity of m2g results in the resonant excitations of the y
field, as described in Ref. [103]. Second, as m?; becomes negative, it can lead to an
additional amplification of y field perturbations via the process known as the tachyonic
resonance [104, 22].

Which of the two effects dominates, depends on model parameters [24]. But in both
cases, due to ¢—y interactions, the exponential growth of (x?) backreacts onto the motion of
the ¢ field by creating an effective contribution to its mass term. Indeed, from Eq. (II11.0.4)
we find the effective equation of motion of the homogeneous component of the ¢ field to
be

$+3H)+V (d,x), = 0, (IT1.2.10)

where

Vv (¢7 X),¢ = ‘/CU,¢ + g2 <X2> (¢ - ¢SBP) ) (IIIQll)

and V, and U are defined in Eqgs. (I11.0.1) and (I11.0.2) respectively. Once the second
term in the above expression becomes large enough, g2 (x*) > H?, the field becomes heavy
and stops running towards the origin, but rather oscillates around ¢sgp with a decaying
amplitude.

This process is somewhat similar to the one described in Ref. [13], where the resonant
excitations of the y field traps the ¢ field at SBP. In contrast to that work, we take x to
be tachyonic. This way the trapping of ¢ at ¢sgp initiates the symmetry breaking phase
by releasing the yx field from the origin and allowing it to roll towards the vacuum value.
This gives the name for the subscript ¢sgp, as in "Symmetry Breaking Point" and the

name "tachyonic trap" for the mechanism [24].
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There is another crucial difference in the current model as compared to both Ref. [13]
and [24]. The resonance and the trapping in the latter references are assumed to happen
in a non-accelerating spacetime. In the current application, we make use of the tachyonic
trap during inflation. The idea of resonant field excitations during inflation is not new.
We can find such discussions in, for example, Refs. [15, 105, 20, 106] and many others.
But here again, in contrast to those works, we consider y to be tachyonic. This allows for
the x field to play the role of the waterfall field of the hybrid inflation.

I11.2.2 The Metric Perturbation

As it is well known in the literature of preheating, see e.g. Refs. [107-110, 15, 20],
resonant processes also affect the metric perturbation. The current model is not an
exception. In order to estimate these effects and to compute the final spectrum of the
primordial curvature perturbation we employ semi-analytic computations. To that goal
several simplifications are made. First of all, we will only solve linearised equations. It is
likely that such an approximation provide sufficiently accurate results. In contrast to the
preheating scenarios, perturbations during inflation must remain linear. This also justifies
using the Hartree approximation to estimate the effects of non-linear terms. Due to the
smallness of perturbations, we would expect non-linear k-mode interactions of the metric
perturbation to not change the picture significantly.

At the linear level, we perform the computations in the Newtonian and flat gauges.
The two gauges are used in order to check the consistency of our numerical code. We
present Newtonian gauge equations in this section and analogous expressions in the flat

gauge in Appendix A.1. The line element in the former takes the form
ds’* = —(1+2®)dt* +a®(t) (14 2V) §;;dz’da’ . (I11.2.12)

Since this is a two scalar field model in General Relativity, the anisotropic stress vanishes
and the two metric perturbation variables are related by ¥ = —®. Therefore we can drop
¥ in favour of .

Scalar fields ¢ and x are also perturbed such that

o (x,t) = ¢(t)+dp(x,t), (I11.2.13)
and
X (x,t) = x(t)+ox(x,1) . (I11.2.14)

In the case of the ¢ field we have ¢ > d¢, therefore the separation into the homogeneous

value ¢ and the perturbation d¢ is unambiguous. In regards to the y field, an analogous
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separation is more subtle. Initially y is heavy and its VEV vanishes. Hence, we define y
by

X =V, (II1.2.15)
where (x?) is given in Eq. (I11.2.9) and we take dx to be of the same perturbation order as
d¢. Finally, because we have no use of the full fields ¢ (x,t) and x (z,t), we will drop the
overbars from the homogeneous fields and denote them just by ¢ and x in the remaining
part of the text.

The homogeneous components follow the equations

¢+3H)+Vy=0, (I11.2.16)
X+3Hx+V, =0, (111.2.17)

where the Hubble parameter is given by

1. 1
3H? = §¢2 - 5;‘8 +V, (I11.2.18)
and V denotes the full potential
V=V(9)+V(x)+ Viue (¢, x) - (I11.2.19)

In regards to perturbations, the full system of equations in the Newtonian gauge is

given by
. . k2 ..
S + 3HOGy, + <a2 + V¢¢> 0 =2 (200 — V@i ) — Vigybxx, (I11.2.20)
k2 :
Ok + 3HOX, + <a2 + V,xx> Oxk = 2 (2XPx — V@) — Visr 0, (I11.2.21)
) 1,.
by + HO = 5 (d00x + XOxx) (111.2.22)

where d¢y, dxi and @, represent the Fourier modes of perturbation variables d¢, dx and
® respectively. We use Eq. (II1.2.22) in the integral form to inspect numerical solutions.

In this form the equation can be written as

1 )
= o / a (G0¢s + o) dt . (111.2.23)

In addition, the perturbed Einstein equation results in a constraint equation

<¢2 +x* - 2a2> O = G6w + XXk — P0G — KOk - (II1.2.24)
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Similarly to Eq. (IT1.2.1), using the Hartree approximation we replace x? with (x?)
whenever such a term appears in Eqgs. (I11.2.20)—(I11.2.22). For example,

Vi = 8 (6 — dsmp)” —m” + 12X (x°) . (IT1.2.25)

Eq. (II1.2.22) makes it clear that @y, is directly sourced by the trapping field perturbation
Oxk- Hence, if 0y is resonantly amplified, one expects that it also amplifies the metric
perturbation. As we will see bellow, this is exactly what happens during the resonance.

The ultimate goal of solving these equations is to compute the primordial curvature

perturbation (. In terms of the Newtonian metric perturbation it is given by

by + HO, (14 2850)

(o= b +2H R (I11.2.26)
The power spectrum of (; is then computed using
Pe (k) = . 1Cel? (I11.2.27)
¢ - 27_[_2 k . /N

Since we consider the two field model, inevitably the isocurvature perturbation is
also generated at some level. Such a perturbation can be computed using the following

expression [111]

20V [3H (8 +32) + V] + [986x + X0 — @i (¢* + 1) V
F3 (62 +x2) [3H (62 + X2) +2V]

, (I11.2.28)

where 0V = V,d¢ + V, 6x. Similarly to Eq. (II[.2.27) we define the spectrum of the

isocurvature perturbation to be

k?’
Ps (k) = 5 1Sl” - (I11.2.29)

Because the y field is heavy when the pivot scale exits the horizon, Sy is negligible on
those scales (see Fig. II1.7 for an example). On smaller length scales, for modes exiting
the horizon during the trapping phase, this is no longer true. As it is well known (see
for example Ref. [111]) a non-zero isocurvature perturbation can source the curvature
one, even on superhorizon scales. But this depends on the reheating scenario and other
factors. Since we assume prompt reheating for the purpose of this work, we do not include
the contribution from Sy, to (; during the post inflationary evolution. The study of these
effects and their consequences for the mass distribution of PBHs is left for future work.

Furthermore, as pointed out in Ref. [112], under certain conditions in hybrid inflation

with a waterfall transition, quantum fluctuations can dominate over the classical motion
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of the inflaton and the waterfall field, and stochastic effects may become dominant.
Usually, a perturbative expansion is performed about the inflaton quantum fluctuations
around the classical background quantities; however, in the above-mentioned situations,
the perturbative expansion breaks down, and it may become necessary to employ the
stochastic formalism [113-115]. Therefore, we compare the classical contributions in the
Friedmann equation, m2,V,4/V and m2 V., /V, with the quantum contribution H /2w [116].
In this context, the ratios between the classical and quantum effects for the inflaton field
and the waterfall field are defined as

Ay = HV/(2rm2\V,), (I11.2.30)
Ay = HV/(2rm2 V), (I11.2.31)

respectively. Namely, A > 1 indicates that quantum effects are dominant, whereas A < 1
implies that classical effects are dominant. For the hybrid inflation model considered in
this work, we calculate these ratios and plot them in field space, as shown in Fig. IT1.5.
As can be seen from this figure, for the parameter choices adopted in the present hybrid
inflation potential, both Ay ~ 107 and A, ~ 107 are sufficiently small. This result

indicates that stochastic effects are negligible is well justified in this time.

II1.3 The Second Stage and The Total Duration of

Inflation

One of the traditional issues related to RMI is its large spectral running [29, 34]. Usually
it takes only a few tens of e-foldings of inflation before perturbations become non-linear.
Such a short inflation is not sufficient if it is to solve the horizon and flatness problems.
The duration of inflation can be enlarged if the V' (x) part of the potential is flat enough, so
that the waterfall phase can provide the missing number of e-foldings. This is in contrast
to the standard picture of hybrid inflation [26, 27], where the waterfall phase is assumed
to be completed within less than an e-folding.

For this purpose we consider a hilltop type potential in Eq. (II11.0.3), which consists of
two free parameters m and A. Only these two terms are assumed to be significant during
the waterfall. Higher order terms can be added to stabilise the potential, but they are
taken to be inconsequential for the dynamics of inflation.

To estimate the minimum number of e-foldings of inflation that is required to solve
the flatness and horizon problems of Hot Big Bang we assume prompt reheating at the
end of inflation. In this approximation we can write [61]

2 101%GeV 1. 10°GeV

Ne~56—Sln——— — =]
3n Pi/4 3n T‘reh ’

(I11.3.1)
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Fig. ITI.5 Tllustration of stochastic effects. We consider the field space spanned by the
inflaton field ¢ on the vertical axis and the waterfall field x on the horizontal axis. On
this field space, the ratio A between the classical and quantum effects is plotted. The
values on the colorscale of the DensityPlot indicate powers of 10.
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Fig. I11.6 Allowed range of the energy scale of inflation (green shaded region). Orange
and blue lines represent bounds in Eqs. (I11.3.3) and (II1.3.5) respectively. The red dot
marks the value of the model specified in section II1.4.

where N is the number of e-foldings defined by N = Ina/ay, pi/ *is the energy scale of
inflation when the pivot scale leaves the horizon in units of GeV and T, is the temperature

at reheating, also in GeV. We can invert this expression and write

Treh 7 3(N— m21
I 17 x 107 e3WV56) 2L 111.3.2
MoV xave Nk ( )

where V. is defined in Eq. (II1.0.1) and we used the fact that U (¢) < 1. There are (at least)
two conditions that this equation must satisfy. First, the reheating temperature must be
larger than the temperature of the Big Bang Nucleosynthesis, which is Tggy ~ 1 MeV [117-
119]. Tt follows from the above equation that the upper bound on the energy scale of

inflation must be

Vo <3 x 10" eSNV=500d

(111.3.3)

On the other hand, for a given duration and the energy scale of inflation, one must
make sure that blindly applying Eq. (I11.3.2) does not lead to the energy density pen at
reheating to become larger than the energy scale at the end of inflation. For this estimate
it will be sufficient to assume constant energy density during inflation and use the relation

of the thermalised radiation
2

—T I11.3.4
30 reh » ( )

Preh =
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where g, is the effective number of relativistic degrees of freedom. At temperatures
T > 100 GeV this number is g, = O (100). Thus, we find from Eq. (II1.3.2) that the
condition Vgug > pren, where Vg4 is the energy scale at the end of inflation, leads to the

inequality

19 729* %4N 56), 4
Vo> 107190 =2 ) V=500, (I11.3.5)

30 pl>
where we took (VC/Vend)% ~ 1.
Putting Eqs. (I11.3.3) and (II1.3.5) together and taking g. = 150 for concreteness and

a rough estimate, we find

5 x 107194V =56) < L4 < 3 x 10M . SWN=50) (I11.3.6)
my

This bound is easier to appreciate looking at Fig. II1.6. When searching for a viable
parameter space of this model, the above condition, together with Eqs. (I11.1.13)—(I11.1.16),

needs to be satisfied.
The effects of radiative corrections to the dynamics of the waterfall field [120] are
ignored in this study. We don’t expect such corrections to change the picture qualitatively.
But their effect on the space of allowed parameter values should certainly be studied,

which we plan to do in the future.

I1I1I.4 The Primordial Curvature Perturbation

To find models that are compatible with observations and provide large enough primordial
perturbation on small scales, we perform numerical simulations. To do that, we first
estimate the spectrum using slow-roll approximation for all models in the allowed regions
shown in Fig. I11.3. This narrows down the set of models which are likely to produce the
correct amplitude of the spectrum at the required scales.

We next perform numerical simulations of the exact linear equations Eqgs. (I11.2.16)—
(I11.2.22) applied to this narrowed down set of models. Our goal is to find models that give
the spectrum with a sharp peak of amplitude P; (kmax) ~ 1071 at around 35 e-foldings
after the pivot scale exits the horizon. Such values are likely to lead to the correct mass
distribution of PBHs, as discussed in sec. IV.3.

The parameters of one such model, which we continue using for the rest of the
paper, are a = 0.005, A = 4.849, B = 5.859. We found that for this model CMB
constraints in Eqs. (II1.1.13)—(II1.1.16) are best satisfied when the inflaton field value is
¢, = 3.89 x 107%m,. Consequently, this leads to the energy scale of inflation V}/4 =
10762 mpl. N = 35 e-foldings later the inflaton reaches ¢gpp = 6.02 x 10713 mpr. At

this moment the trapping field is resonantly excited and rendered unstable. We ran a
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Fig. II1.7 Left panel: the primordial curvature perturbation spectrum P¢ (k) (see
Eq. (I11.2.27)). The red curve indicates numerical results. For comparison we also
show (the blue curve) the spectrum computed using the slow-roll approximation (see
Eq. (IT1.4.5)). This curve terminates at the scales that exit the horizon when ¢ = ¢gpp.
Right panel: the spectrum of the isocurvature perturbation Ps (k) (see Eq. (I11.2.29))
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number of simulations to search for parameter values of the waterfall potential that give
the right value of P, and guarantee a long enough waterfall phase. One such possible
model resulted in the trapping field mass m = 3.3 x 107"¥m, and ¢*> = 0.81. The
quartic self-coupling strength A is chosen such that the vacuum energy vanishes, i.e.,
A=5/24-m*/V (¢.) = 1.14 x 1072

Furthermore, for this choice of parameters, the respective physical quantities are

obtained
ns = 0.9743, (111.4.1)
o, = 0.0067, (I111.4.2)
B, = 0.00045, (I11.4.3)
r=333x107". (I11.4.4)

The duration of inflation from the moment the pivot scale exits the horizon to the
end of inflation is N = 41.5 e-foldings in this model. It is somewhat shorter than the
conventional range from 50 to 60 e-foldings. Nevertheless this value is sufficient to solve
Hot Big Bang problems, as detailed in section II1.3. Indeed, the discussed model falls
within the green region of Fig. III.6.

The numerically computed spectrum is shown in the left panel of Fig. II1.7. In that
plot we also provide the spectrum (the blue curve) computed using slow-roll approximation
61
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P (k) = (I11.4.5)
where € is defined in Eq. (II1.1.5) and the index 'k’ indicates that € and V' values must
be evaluated at the horizon crossing. As one expects, this expression provides a good
approximation of the spectrum for small k, but it starts deviating from the more accurate,
numerically computed spectrum once the resonant production of y particles commences.

In the right panel of Fig. I11.7 we also show the spectrum of the isocurvature perturba-
tion. As one can see, it is negligible on the CMB scales (small k values), which is required
in order to satisfy the tight bounds on this mode from Planck constraints [93].

In addition to the Newton gauge expressions, we also perform the same simulations
for perturbations in the flat gauge (see Appendix A.1), which provides a check of
our computations. The results of the latter are not shown, because they are virtually

indistinguishable from the Newtonian gauge ones.






Chapter IV

Primordial Black hole

It has been established that dark matter, which interacts only gravitationally and not
electromagnetically, is necessary [121] to explain the galactic rotation curves observed [122]
from the early 1980s to the 1990s and the structure formation of galaxies and clusters [123].
According to observations, dark matter currently accounts for approximately 30% of the
universe, with €, = 0.315 4 0.007 [6]; however, its identity remains one of the greatest
mysteries in modern cosmology. Candidates for dark matter span a wide range of mass
scales, from particles to PBHs, and in this study, we focus on PBHs as the most massive
candidates for dark matter. PBHs, originally proposed by Zeldovich and Novikov in
1967 [124], attracted significant attention after Carr and Hawking took the effects of
cosmic expansion into account in 1974 [125]. Hawking pointed out that black holes, not
limited to PBHs, evaporate through Hawking radiation [126] and therefore possess a finite

lifetime that depends on their mass,

3
o ) (IV.0.1)

TPBH — 138Gyr <52><1015g

Although PBHs with masses mppy < 10%g could in principle lead to several interesting
phenomena [127], such as baryogenesis and nucleosynthesis, PBHs in this mass range
would have already evaporated over the current age of the Universe. Moreover, alternative
explanations exist for such phenomena that do not rely on PBHs. Consequently, Hawking-
evaporated PBHs are typically not considered unless they leave stable Planck-mass relics.
Therefore, we next focus on the mass range of mpgy > 10%g for PBHs. This regime
also yields significant results, such as serving as seeds for supermassive black holes in
galactic nuclei, generating large-scale structure via Poisson fluctuations, and influencing
the thermal and ionization history of the universe. Moreover, they could potentially
account for dark matter, which constitutes approximately 30% of the total energy density
of the universe. Since PBHs were formed during the radiation-dominated era, they are

not subject to the Big Bang nucleosynthesis constraint [128] that "baryons account for at
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most 5% of the critical density." In other words, PBHs are non-baryonic and behave in the
same manner as other forms of cold dark matter. Among these, the following three mass

ranges [129] have attracted particular interest.

o asteroid-mass range  : 10'7g — 10%g
o intermediate-mass range  : 10M, — 102M,,
e Supermassive range : 101 M, and over

For instance, the possibility that binary black holes in the intermediate-mass range
of 10Ms — 50M,, constitute dark matter has attracted significant interest based on
observations from LIGO and Virgo. Here, M, denotes the solar mass, 2 x 1033g. The
current observational constraints on this abundance [35, 39] are illustrated in Fig. IV.1
below. It should be noted that, thus far, it is assumed that PBHs possess a monochromatic
mass function and are clustered within galactic halos in the same manner as cold dark
matter.

In this chapter, we have newly computed the abundance of PBHs produced in the
multi-field trapped inflation scenario discussed in the previous chapter I1I. We have shown
in Sec. IV.3 that the masses of the PBHs generated in this scenario lie within the previously
mentioned unconstrained asteroid-mass range, and that they can account for almost the

entirety of dark matter.

IV.1 Primordial black holes as Dark matter candidate

The formation process of PBHs differs from that of black holes, which result from the
gravitational collapse of massive stars. Instead, PBHs are formed when rare and the
large fluctuations generated during inflation undergo gravitational collapse upon their
re-entry into the horizon. The threshold for this formation, the critical fluctuation d., can
be estimated through the framework of Jeans instability. In this chapter, we will again
add an overbar to the homogeneous background quantity for discussion due to address
fluctuations. First, from the continuity and Poisson equations, the density fluctuation

0= (p—p)/p=0dp/p satisties the equation

YO og?l
o Ty

026 o) D 2k?
P50 )s5=0, (IV.1.1)

2my  a?
where the sound speed is defined as ¢> = 9p/dp. By treating § as a particle’s position,
this can be understood through an analogy with the equation of motion: the first term
represents the acceleration of the particle, the second term represents friction proportional

to velocity (Hubble drag), and the third term acts as the potential. According to this
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Fig. IV.1 Colored curves represent the observational upper bounds on fppy [35, 39]. The
blue curve corresponds to constraints from the evaporation of the PBHs, including the
extragalactic y-ray background (EGB) [35, 39], the Voyager positron flux (V) [130], and
annihilation-line radiation from the Galactic Centre (GC) [131]. The orange curve shows
constraints from gravitational lensing, including those from the supernovae (SN) [132], the
M31 stars observed by Subaru/HSC [41], the Magellanic Clouds by EROS and MACHO
(EM) [133, 134], and the Galactic bulge by the OGLE (O) [135]. The green curve shows
the constraints from accretion, including X-ray binaries (XB) [136] and the spectral
distortions of the CMB measured by Planck (PA) [137]. The purple curve represents the
dynamical constraints, including those from wide binaries (WB) [138], star clusters in
Eridanus II (E) [139], halo dynamical-friction (DF) [140], galaxy tidal-distortions (G) [141],
heating of stars in the Galactic disk (DH) [140], and the CMB dipole (CMB). The cyan
curve indicates constraints from large-scale structure formation [140, 142]. The red curve
represents constraints from the CMB dipole anisotropy.
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evolution equation, if the coefficient of ¢ in the third term is negative, the solution for
tends toward zero, indicating stability. Conversely, if it is positive, the system becomes
unstable. This behavior can be interpreted as follows: in the stable case, a large c;
implies that the repulsive pressure during gravitational compression is strong enough to
attenuate the density fluctuation, thereby suppressing its growth. In addition to this, if k
is sufficiently large, it suggests that matter cannot accumulate effectively on such small
scales, preventing the fluctuation from growing. On the other hand, if the third term is
positive, the force acts in the same direction as the change in §, meaning that gravitational
growth becomes uncontrollable, and the fluctuation could grow. Therefore, by defining
the Jeans length as

Ay = | 23T (IV.1.2)

p

the condition for the third term to be positiv

= 2.2
p cik
2 2

2mg, a

(IV.1.3)

rewriten in terms of the wavelength \ = 27 /p = 2ma/k ~ H~' that’s, the horizon scale,

we obtain
8 2002
o d > ¢y | Bl (IV.1.4)
k p

From this relation, the critical value ¢, is estimated to be

1

Se~ 2=, (IV.1.6)
3
More precise analytical calculations [143]
31+w) , of m/w
5, = ~ 04, IV.1.7
543w <1+3w (1V.1.7)

have previously been researched. When fluctuations exceeding this threshold re-enter the

horizon, they undergo gravitational collapse, leading to the formation of PBHs.

IV.2 Press-Schechter vs Peak

Models have been proposed to analytically describe PBH formation by extrapolating the

linear growth solutions of density fluctuations into the nonlinear regime using a spherical
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Fig. IV.2 Schematic picture of the fluctuation leading to the PBH formation. The vertical
axis represents the density fluctuation §, while the horizontal axis represents the spatial
coordinate z. When the density fluctuation exceeds the threshold §,. and re-enters the
horizon, it undergoes gravitational collapse, resulting in the formation of PBHs.

collapse model. Here, we briefly discuss Press-Schechter theory and peaks theory, which
have been widely utilized in the context of nonlinear astronomical formation.

First, in Press-Schechter theory, the mass function n(M) is determined as the number
of objects formed per unit volume within the mass range M to M + dM. For a sphere of
radius R and mass M = 4rpR*/3, the distribution function of the mass fluctuation &y is
given by

P(6y) = éexp (—512”> , (IV.2.1)

2wo?(M) 20%(M)
which follows a Gaussian distribution even after coarse-grained. Here, o%(M) denotes the
variance of the fluctuations. Since PBHs are formed when the fluctuation d;, at the mass
scale M (calculated from the linear growth solution) exceeds a threshold ., the fraction

exceeding this threshold is expressed as

(IV.2.2)

B(6y) = /5 coo déM\/%;Wexp (-%) |

The mass involved in PBH formation per unit volume corresponds to |pP(M) — pP(M + 6 M),
which is also equivalent to n(M)MdM. Thus, we obtain

dP(M)
dM

nps(M)MdM = Qp‘ ’dM, (IV.2.3)
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where the factor of 2 accounts for contributions from regions where the density is lower
than the average (negative fluctuations). This theory is frequently used in phenomenology
region due to its good agreement with N-body simulations.

In contrast, peak theory considers models where PBHs form at the positions of local
maxima of the density that exceed the threshold J.. Although the relationship between
the number density of PBHs and the distribution of fluctuations is not generally linear,
they are not unlinked due to the density fluctuations when the seed of PBHs re-entry the
horizon. In this framework, the density fluctuations are first smoothed over a specific scale
R, known as the smoothing scale, before identifying the peaks. In the original context of
astronomical formation, the smoothing scale is determined such that the typical mass of
the objects in the region of interest is M ~ pR3, and the threshold 4, is set to reproduce
the observed number density. For a Gaussian distribution, the number density npeaxs [144]

in peak theory is given by

2 3/2 2
Npeaks (0c; Re) = (271r)2 l<k >§RC)] (62 — 1) exp (—Z) (IV.2.4)

and [ is expressed as

(ns + 3)3/2 53
6peaks(5c> = Wfss exp —E . (IV25)

In these expressions, npeax is the number density of peaks, v, represents the upper limit,
and M(R) is the PBH mass formed from a horizon size R, given by M(R) = (27)*?R%p.

Previous studies [145, 146] have already compared Press-Schechter theory with peaks
theory. These works indicated that the difference in S between the two theories is not
significant when compared to the uncertainty associated with the threshold .. Furthermore,
it has been noted that peak theory tends to predict a larger PBH abundance. Consequently,
in this study, we adopt the more conservative Press-Schechter theory regarding the PBH
abundance.

However, it has been also pointed out that non-Gaussianity can potentially have a
significant impact [147, 148] both the abundance and the mass spectrum of PBHs. In
this work, we have employed the Press-Schechter under the assumption that the density
fluctuations follow a Gaussian distribution. Addressing these complexities is beyond the

scope of this paper and remains a subject for future research.

IV.3 Abundance of Primordial black holes

In this section, we focus on PBHs formed during the radiation-dominated era after inflation,

since it has been pointed out that PBHs formed before the end of inflation are diluted
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exponentially and become negligibly small in abundance [129]. We calculate the mass
function (i.e., the mass distribution) of PBHs as predicted by the current model. Roughly
speaking, we need the curvature perturbation to be of order P, (k) ~ O(1071%) [149, 150],
so that during radiation domination PBHs are produced via gravitational collapse. Then,

the relation between the mass of PBHs and the wave number £ can be written by

k‘ —2
~ 102 [ ——2 . IV.3.1
MPBH g (1014Mpc_1> ( )

This corresponds to N ~ 35 e-foldings after the pivot scale exits the horizon. P, has the
peak at the wave number k, approximately.

Having the spectrum of the primordial curvature perturbation P, (see Fig. II1.7) we
can compute the abundance of PBHs following, for example, Ref. [34]. First, let us define
the fraction of the energy density of PBHs relative to that of Cold Dark Matter (CDM)

evaluated at present time

fren = ; (IV.3.2)

where ppgn and pcpy denote energy densities of PBHs and CDM respectively. Here, dark
matter is commonly classified according to the velocity of dark matter particles during the
epoch of structure formation after MD. If their velocities are nearly zero, it is referred to
as CDM, whereas if they are close to the speed of light, it is classified as hot dark matter
(HDM). Since observations of the galaxy distribution, such as those from the Sloan Digital
Sky Survey (SDSS), support the CDM scenario, we focus on CDM in this work. Then the
mass function per logarithmic bin in mass d fegu(mpepn)d In mppy ~ feeu(mpesn) can be
expressed as

fPBH(mpBH) = O g*(T) g*vs(Teq) T(mPBH)
Qcepm | 9+«(Teq) G4,5(T) Teq

where we used the fraction [ of the energy density of PBHs ppgy relative to the total
energy density pyo; at the formation epoch, 8 = pppn/prot- In the above expression, 2y,
and Q¢py denote cosmological density parameters of matter and CDM respectively. For
these parameters, we adopt the values reported by the Planck team in Ref. [93]. Also, g.,
gx.s denote the number of relativistic degrees of freedom that contribute to the energy and
entropy densities respectively. We use their concrete time-dependent values as reported in
Ref. [69]. Temperatures T'(mppn) and T, are evaluated at the formation of PBHs and at

the matter-radiation equality respectively, while constant v denotes the ratio between the

4

mass of the PBHs mppy and the horizon mass My = gﬁ given by

mppn = Y M, (IV.3.4)
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where the energy density p is computed using the Friedmann equation, p = 3m3,H?, and
H is the Hubble parameter evaluated at the time of PBH formation. According to a simple
analytic formula, the value of 7 is estimated to be v = (1/4/3) ~ 0.2 [151].

Assuming that the density perturbation follows Gaussian distribution, we can compute

[ using the Press Schechter theory [152], which gives

© 45 5 1 5,
B(mppn) = /5 ST — exp [202(mPBH)] = 5 Erfe [\/%(WPBH)] . (Iv.3.5)

As it is clear from the above, ( is a function of the PBH mass, similarly to Eq. (IV.3.3). Here

Erfc denotes the complementary error function. The threshold d. represents the critical

value for PBH formation. The analytical expression for this quantity was computed in
Ref. [143]. In this work, we adopt the value d. = 0.45 [153, 129]. The density perturbation
that exceeds this threshold value undergoes gravitational collapse when it re-enters the
Hubble horizon, leading to the formation of PBHs.

Furthermore, applying the asymptotic expansion of the complementary error function
in Eq. (IV.3.5), we obtain

U(mPBH)

_502
B(o) ~ ~Jams. exp [QUQ(WLPBH)] , (IV.3.6)

where o is the coarse-grained density perturbation given by

o2(k) = /_:dln g (Z) m (Z)47>C(q), (IV.3.7)

and weos denotes the equation of state parameter, which is defined by weos = p/p, while
W denotes the window function, which is taken to be W (k) = exp(—k?/2).
Putting all together, the PBH abundance reaches the value fppy ~ O(1) in the current

0'%g which is within the

model. Moreover, the mass of the PBHs peaks at mpgy ~ 1
asteroid-mass range (10'"g < mppg < 10*3g) where the observational upper limits (see the

colored curves in Fig. IV.3) still allow for the possibility of PBHs being 100% of CDM.
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Fig. IV.3 Mass distribution of PBHs (black curve) calculated by the spectrum given in
Fig. II1.7 as a function of the PBH mass. The vertical axis indicates the energy fraction
of PBHs to the CDM (fpgn). The colored curves represent observational upper bounds
on fppy [35, 39]. The blue curve corresponds to constraints from the evaporation of the
PBHs, including the extragalactic v-ray background (EGB) [35, 39], the Voyager positron
flux (V) [130], and annihilation-line radiation from the Galactic Centre (GC) [131]. The
orange curve shows constraints from gravitational lensing, including those from supernovae
(SN) [132], the M31 stars observed by Subaru/HSC [41], the Magellanic Clouds by EROS
and MACHO (EM) [133, 134], and the Galactic bulge by the OGLE (O) [135]. The
green curve shows the constraints from accretion, including X-ray binaries (XB) [136] and
the spectral distortions of the CMB measured by Planck (PA) [137]. The purple curve
represents the dynamical constraints, including those from wide binaries (WB) [138], star
clusters in Eridanus II (E) [139], halo dynamical-friction (DF') [140], galaxy tidal-distortions
(G) [141], heating of stars in the Galactic disk (DH) [140], and the CMB dipole (CMB).
The cyan curve indicates constraints from large-scale structure formation [140, 142].






Chapter V
Gravitational waves

Gravitational waves are often described as ripples propagating through spacetime, car-
rying information about physical phenomena in high-density regions and highly massive
astrophysical objects. The amplitude of primordial GWs generated during inflation is
constrained by CMB observations to be smaller than the tensor-to-scalar ratio r < 0.036 at
the 95% confidence level. However, irrespective of whether such primordial GWs are strong
enough to be directly observable, induced GWs arise through an independent generation
mechanism and are inevitably produced from primordial curvature perturbations. There-
fore, in this section we focus on induced gravitational waves generated from primordial
curvature perturbations. Although second-order induced GWs are typically suppressed
by the square of the curvature perturbations, there exist situations in which they can
become larger than the first-order contribution. For instance, if primordial curvature
perturbations are amplified on small scales compared to the CMB scale, or if density
perturbations grow significantly during a MD era, induced gravitational waves can be
enhanced, for example through resonance effects, and exceed the first-order contribution.
In particular, the enhancement of primordial curvature perturbations on small scales is
realized in several inflationary models, and such enhancement also provides a motivation
to explore the production of DM and PBHs. At the same time, in the present model PBHs
are produced. As the Universe evolves in time, a certain fraction of these PBHs undergo
mergers. During such merger events, GWs with observable amplitudes can be generated
from the large spacetime perturbations. If such GWs are observed, they could provide
indirect evidence for the existence of PBHs.

In this chapter, we have obtained new results for both induced gravitational waves
by tensor perturbations of second order and gravitational waves produced by mergers of
PBHs. For the former, we extend the conventional expressions for the gravitational wave
spectrum derived under the assumption of a perfect fluid by considering an imperfect fluid
that incorporates the viscosity of light particles such as neutrinos. This treatment allows us

to implement recent improvements that include the damping of primordial perturbations
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predicted in the multi-field trapped inflation model, leading to new predictions for the
gravitational wave spectrum. These results are shown in Fig. V.1 of Sec. V.1. On the
other hand, for the gravitational waves originating from merging PBH binaries, although
previous studies have focused on merger spectra in PBH mass ranges capable of explaining
the gravitational wave events observed by LIGO, we present new predictions for the merger
spectrum of PBHs in the asteroid-mass range. that arise in the multi-field trapped inflation
model and can constitute dark matter candidates. As shown in Fig. V.2 of Sec. V.2,
the resulting spectrum depends on the PBH mass and abundance, providing a potential
handle to discriminate among inflationary models. Moreover, these signals are shown to

be testable with the sensitivity of future gravitational wave observations.

V.1 Induced Gravitational Waves

The large amplitude of the curvature perturbation P¢ on small scales, which is responsible
for the formation of PBHs, is also responsible for the (stochastic) induced gravitational
waves (SIGWs) that are generated via nonlinear second-order effects. In this section, we
calculate the spectrum of such GWs that are produced during the radiation-dominated
epoch. For the computation we follow the method detailed in Refs. [49, 53, 154] and adapt
it to the current model. The detailed calculation is presented in Appendix B.1. In the
absence of anisotropic components, the equation satisfied by tensor perturbations is given
in Eq. (I1.7.4). In practice, however, density perturbations generate anisotropic stress,
rendering the right-hand side nonzero. Multiplying both sides by a? and rewriting the

equation in terms of conformal time 7, we obtain
R"(n) + 2aHR (n) + k*h(n) = 4S5(n). (V.1.1)

Here, S(n) denotes the source term originating from anisotropic stress

3
Si(n) = / ér;épeij(k)qiqj (2@q<1>k_q + 3(14+w> (H'®, + ®q) (H' B + <I>k_q)> :
(V.1.2)
where e;; denotes the polarization basis for the 4+, x modes defined in Eq. (I1.11.10), ®y is
the Fourier component of the gravitational potential given in Eq. (I1.2.2), and H = aH is
the conformal Hubble parameter. In this case, using the Green’s function method, the

general solution for hy(n) is given by

a(n)lnc(n) = 4 / " 47 Greln, Ma@) S, (V.13)
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where Gy(n,7) is the Green’s function satisfying Gy.(n,7) + (k* — a”(n)/a(n))Gx(n, 1) =
d(n—mn). From this, the power spectrum of the tensor perturbation h, Pz, can be obtained

Pr(n, k) = 4/000 dv /u_v du (4”2 — (Lt - o) ) 12(v, u, 2)Pe (kv)Pe(ku), (V.1.4)

4ou

where z is the dimensionless variable z = kn, while v = |k — k|/k and v = k/k are
integration variables representing the momentum configuration. The function I(v,u, ) is
an oscillating function from the source information. Then, we can obtain the spectrum of

the gravitational wave

Qaw(n, k) = Pewlm k) _ 1 LN V.15
Gw(na)—pm(n)—%<a(n)[{(n)> (1, k). (V.1.5)
In this expression, the wave number £ is related to the frequency f by k = 27 f. The
quantity paw(n, k) denotes the energy density of GWs per logarithmic interval of the wave
number, and the overline Pr indicates the oscillation average of the tensor perturbation
power spectrum Pr(n, k). This quantity is defined as

From the expression for GWs, the spectrum included the scalar perturbations through
the source term of the tensor perturbation. The mean free path of weakly interacting light
particles such as neutrinos damps the scalar field perturbations on small scales during
the radiation-dominated epoch. In other words, perturbations on scales smaller than the
mean free path are damped because light particles transport energy from regions with

larger fluctuations to those with smaller ones, thereby canceling anisotropies.

(I)k(n) ~ q)k(n),rad(n)eikQ/k%- (V16)

Here, ®y(;)raa denotes the conventional gravitational potential in RD era for a perfect

fluid without dissipation effects, and k% (n) represents the damping scale [155]
g 2k2 vis n
kp?(n) = k=2 / diy 2 () (V.1.7)

where ;5 denotes the shear viscosity [156, 157],

16 4
Vvis = gpthFPq + EpzxtMFP,u@(ny,dec - n)7 (Vlg)

and p is the energy density defined in Eq. (I.3.4) and 7ge. is the time of the decoupling.
Using the number density n and the interaction cross section o, the mean free time is given
by tmrp = (no)~t. In this context, the contribution to the mean free time arising from

the Klein—Nishina cross section of photons 7 is negligibly small compared to that from the
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weak-interaction cross section o, of neutrinos [158, 159]. Substituting the gravitational
potential that includes this damping scale into the source term in Eq. (V.1.2), one can
obtain the kernel function for gravitational waves and this damping effect influences the
induced gravitational waves [51, 155, 160, 52].

Therefore, it also affects induced gravitational waves [51, 155, 160, 52]. Next, in this
section, we present the kernel function that incorporates the dissipative effects obtained
above, and discuss it in comparison with the kernel function without damping, which is

given in Appendix B.1. The effect on the oscillating function I of the source term is given

]J(»O) . ;scg(;t?; v) (1 _1- lec(;uv+ v) [cei[(l —cs(u—0))] + cei[(1 + cs(u — v))]
(V.1.9)
— cei[(1 — ¢s(u+v))] — cei[(1 + cs(u + v))]]) :
10 = (1= i:ci‘;; v?) (Seil(1 = es(u — v))] + Seil(1 + ¢ (u — v))]
— Seil(1 — e(u+v))] — Sei[(1+ cs(u+v))]) (V.1.10)

where ¢ = 1/3 is the sound speed and the subscript j and y denote that the oscillating
function is divided into terms of the spherical Bessel function of order zero. Furthermore,
the superscript (0) on I denotes the term separated by the order of differentiation of
F = (kp(7)/kp(7.)) "2, which is normalized by the damping scale kp(7.) [155, 160] at the

pivot scale. The functions cei and Sei are given by

< d
Cel(y) _ / ﬁe—(u2+v2)R%F[$/ﬂ?*] [1 — Cos(yxﬂ , (Vll].)
0 xz
. *dr — (w4024 Flx/xs] o
Sei(y) = [ —e oFle/lsin(yz), (V.1.12)
0 m

where kp = k/kp(7,) is the dimensionless k& normalized by the damping scale at the pivot
scale. Comparing the kernel function without dissipative effects given in Eq. (B.1.7) in the
appendix with the kernel function including the effects presented in Eq. (V.1.9), we find
that the first and second terms in Eq. (B.1.7) correspond to IJ(O) and IZSO) in Eq. (V.1.9),
respectively. This implies that the difference between the two expressions (B.1.6V.1.11)

u?+v?) kL Fla /o]

arises solely from the exponential factor e~ appearing in Eq. (V.1.11). This
indicates that dissipative effects on the gravitational potential ®, enter the kernel function
I through the source term Sy, specifically via the cei, Sei functions, thereby inducing a

damping effect in the gravitational wave spectrum.
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The result is shown in Fig. V.1. The black solid curve in that figure represents the
spectrum of the induced GWs that are generated by scalar perturbations at second order
in perturbation theory and are computed above, while the dashed black curve is the same
without disspiation effect. As pointed out in Ref. [51, 155, 160, 52], these effect is also
found to dissipate the peak and the low-frequency tail of GWs. The pink line shows
an approximate spectrum of primary GWs that are generated by vacuum fluctuations
during inflation. Other colored curves indicate sensitivity bounds of future planned GW
observations (see the caption of Fig. V.1 for details). The figure shows that it becomes
evident that our model predicts GWs which fall within the detectability limits of LISA,
DECIGO and BBO future observatories.

V.2 Gravitational waves from merging binary PBHs

There is one more source of GWs. As binary PBHs merge they also induce a stochastic
GW background [53-55]. We compute the spectrum of such GWs in this section.
Details of the calculation are provided in Appendix B.2, where it is shown that the

spectrum obeys the following relation

merger A R(z)  dE(f)
Qmers >(f):pc/0 dz O T (V.2.1)
In this expression p. denotes the critical energy density of the Universe. z is the redshift
and zg,p is the upper limit of integration, which is computed as zq,, = f3/f — 1, where f3
is the cutoff frequency of GW at the end of the ringdown phase of BH merger [53].

R(z) represents the PBH merger rate and dE(f;)/dfs denotes the energy spectrum of
the gravitational wave emitted from the source. Detailed expressions of these functions
are provided in Appendix B.2.

As shown in Fig. IV.3, the abundance of PBHs in our model exhibits a pronounced
peak at mppg ~ 3 x 10¥g with fppg ~ O(1). The GW spectrum that is produced by
mergers of such PBHs is shown in Fig. V.2. As can be seen in the figure, GW spectrum

falls within the sensitivity region of resonant cavity detectors [56, 57].
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Fig. V.1 Energy density of gravitational waves Qgwh? as a function of the frequency f in
units of Hz, where h is the dimensionless Hubble constant. The black dashed curve repre-
sents the spectrum of SIGWs, the black solid curve shows GWs with the dissipation, and
the pink curve marks the approximate amplitude of primary GWs. Other colored curves
show the sensitivities of various gravitational wave observatories [161]. They are the Inter-
national Pulsar Timing Array (IPTA) (red) [162-165], the Square Kilometre Array (SKA)
(grey) [166-168], the Laser Interferometer Space Antenna (LISA) (cyan) [169, 170], the
Deci-Hertz Interferometer Gravitational-Wave Observatory (DECIGO) (green) [171-174],
the Big-Bang Observer (BBO) (brown) [174-177], the Hanford-Livingston-Virgo (HLV) (yel-
low) [178-180], the Hanford-Livingston-Virgo-KAGRA (HLVK) (purple) [181, 182], the Ein-
stein Telescope (ET) (blue) [183-186], and the Cosmic Explorer (CE) (orange) [187, 188].
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Fig. V.2 Spectra of the GWs from PBH mergers. The horizontal axis represents the
frequency f in units of Hz, and the vertical axis shows the energy density of gravitational
waves from PBH mergers, Qaus- h?, where h denotes the dimensionless Hubble constant.
The black curve represents the spectrum of the gravitational waves from PBH mergers,
while the pink curve corresponds to the primary gravitational wave spectrum approximately.
The other colored curves indicate the sensitivity curves of future planned gravitational wave
observatories [161]. The red curve is the International Pulsar Timing Array (IPTA), the
gray curve is the Square Kilometre Array (SKA), the cyan curve is the Laser Interferometer
Space Antenna (LISA), the green curve is the Deci-Hertz Interferometer Gravitational-
Wave Observatory (DECIGO), the brown curve is the Big-Bang Observer (BBO), the
yellow curve is the Hanford-Livingston-Virgo (HLV), the purple curve is the Hanford-
Livingston-Virgo-KAGRA (HLVK), the blue curve is the Einstein Telescope (ET), and the
orange curve is the Cosmic Explorer (CE). The dark purple curve is the resonant cavity of
axion detection [56, 57].






Chapter VI

Swampland Distance Conjecture

In this chapter, we examine how the Swampland Conjecture, which imposes consistency
conditions between a UV-complete theory and an effective field theory (EFT), constrains
specific inflation models. An EFT is characterized by a finite energy cutoff within which it
is valid. In other words, a low-energy EFT can always be obtained by integrating out the
UV degrees of freedom from a high-energy theory. Conversely, when approaching from
the low-energy side, the theory remains in the landscape only up to its cutoff scale, or
beyond this scale, it may enter the swampland, where embedding into a UV-complete
theory becomes impossible. By imposing the Swampland Conjecture from this low-energy
perspective, it is believed that one can access quantum gravity or string theory. In
particular, the Swampland Distance Conjecture can also impose constraints on the energy
cutoff scale relevant for inflation. In this chapter, as constraints on inflation models, we
apply both the Swampland Distance Conjecture and the well-known Lyth bound, thereby
restricting the parameter space of specific inflationary scenarios. As shown in Fig. V1.6
of Sec. VI.3, we find that these constraints are in fact more stringent than those derived

from conventional bottom-up observations, such as the Planck 2018 data.

VI.1 Bound from the Swampland distance conjecture

By using SDC, the authors in Refs. [189, 190] argues that the Hubble expansion rate
during the primordial inflation should be smaller than the cutoff scale, H < mple_’\ch‘b/ Mpl,
Here A4 is the exponential rate at which an infinite tower of states becomes light, my,; is
the (reduced) Planck mass (~ 2.4 x 10'® GeV), and A¢ is the excursion distance of the

inflaton ¢ during the inflation. The constraint can be viewed as the upper bound on the

Agb 1 mMp]
= < 1 p) . I.1.1
Mpl ~ Ade Og( H (V )

field excursion




102 Swampland Distance Conjecture

When we rewrite this inequality as a relation between A¢ and the tensor-to-scalar ratio r,

Ao 1 2
— < 1 —— [.1.2
mpl - 2/\dc ©8 (71'21457"> ’ (v )

where A, is the amplitude of the curvature perturbation (~ 2.1 x 107%) produced by

we obtain

the inflation at the horizon crossing of a large scale (e.g., ~ 0.05Mpc™ ') [6]. Based on
the emergent string conjecture [191], the sharpened distance conjecture [192, 193] (see
also [194]) puts lower bound on the parameter \q. to be Age > \/%, where d is the number
of dimensions. For a concrete values of Ay, the following three are chosen in this paper.

(a reference value),

Me =1 o Gas =3 (Kaluza Klein (KK) tower), (VL.1.3)
77172 = % (string tower).

Here D is the dimension before the compactification for the KK tower, and we take
D =d+1 and d = 4. The first one A\q. = 1 is just for reference for simplicity. The second
one is derived naturally from the dimension reduction, and it is the same as the case for
the KK tower. The third one is the minimum value of A\q. and corresponds to the case
where the string tower is the lightest [192-194]. The upper bounds on A¢ as a function of
r are illustrated in Fig. VI.1 for there three cases. We note that, in controlled scenario of
string inflation (see e.g. Refs. [12, 195] for reviews), the KK tower is always lighter than
the string tower. Therefore, it is natural to take the case of the KK tower, which puts the
stringent bound on Adg.

The SDC up to this point provides the upper bounds on the tensor-to-scalar ratio r
as a function of the excursion distance of the field A¢. In the next section, we will look
at the Lyth Bound, which provides the lower bound on the tensor-to-scalar ratio r as a
function of Ag.

V1.2 Lyth Bound

In this section, we consider possible constraints imposed on the model parameters of the
inflation by the Lyth Bound. We discuss typical large field models of the slowroll inflation
in which the inflation is induced by the inflaton field slowly-rolling on a flat potential in
the beginning. In this case, the inflation ends by the breakdown of the conditions for
the slowroll at a late time due to the fast-rolling on the potential which becomes steeper
than the one in the beginning. Then, the Lyth Bound gives an upper bound on the

tensor-to-scalar ratio r as a function of the field excursion A¢. Here, we explicitly state
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Fig. VI.1 Upper bounds on the tensor-to-scalar ratio r as a function of the excursion
distance of the inflaton A¢. Regarding the reference values for \g., we take 1, %, and the
minimum % in the d=4 dimensions. The vertical green dashed line is the observational

upper bound on the tensor-to-scalar ratio, r < 0.036 (95% C.L.) by the observational data
of the Cosmic Microwave Background (CMB) [7, 8§].

the first and second slowroll parameters (1.5.15) again as a function of ¢ as follows.

e(¢) = W;‘Qﬂ <‘;’¢)z, (VI.2.1)
n(¢) = my (V{f(z’) : (V1.2.2)

where the subscript ,¢ denotes the differentiation with respect to ¢. The e-folding
number (1.4.5) during the inflation is explicitly showed similarly by

N(#) = Inled = / da M (V1.2.3)
a(t) aty @ t
where the subscript end represents the value at the end of the inflation ¢ = t..q.

To solve both the horizon problem and the flatness problem, the e-folding number
N(tcus) between a kind of the initial time ¢ = toyp ', and the end of inflation (t = tenq)
must be greater than 47 — 62. The upper limit (N=62) comes from the upper bound on
the energy scale of the potential of the inflation V/4 < 106 GeV, which corresponds to the
upper bound on the tensor-to-scalar ratio r < 0.036 [7, 8]. On the other hand, the lower
limit (N = 47) comes from the most conservative lower bound on the reheating temperature
after inflation (T > 4 MeV [196]). This is obtained from the conditions for the successful

!Correctly, at t = tcump, the mode, which produced the fluctuation of the CMB, exited the horizon.
This is not the initial time. The actual initial time ¢;,;itja1 should be shorter than ¢initia < toms
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Big Bang nucleosynthesis in terms of the thermalization of background neutrino and
keeping the neutron to proton ratio (n/p) unchanged even by the scatterings of the emitted
high-energy particles off the background particles [117, 197, 118, 198, 119, 196].

Furthermore, expressing this relation as a function of the scalar field ¢, we have

¢cMB 1/ (]
N(¢cmB) = / v, njgbl (V1.2.4)
19 Mhp

end

By the definition, the tensor-to-scalar ratio r is also expressed by

— 16¢, (VI1.2.5)

r=

T
Fe

with Pp = - 2V4 is the tensor perturbation, and P = m is the scalar curvature
1 1
perturbation. Regarding the Lyth Bound, expressing the e- foldipngs number (VI.2.4) using

the slowroll parameter (VI.2.1), we obtain

$cMB
N(dcmB) = /¢ L4 (V1.2.6)

end \ / mpl

Inside the integrand, if we took an initial value as the representative of each variable, e.g.,

€(¢) = e(¢pomp) at the beginning t = tcyp, because of the inequality €(dena) > €(dcmB),

we obtain

2
r<22x107? <AN> (A(b> : (V1.2.7)

60 myp)

with AN = Nepya — Noup and A¢ = |pomp — @end|, respectively. This inequality is called
the Lyth Bound In Fig. VI.2, we plot the Lyth bound which gives the lower bound on A¢

as a function of r.

V1.3 Combined limits from Swampland Distance Con-

jecture and Lyth Bound

In this section, we consider the region enclosed by the Swampland Distance Conjecture in
(VI.1.2) and the Lyth Bound in (VI.2.7) in the 2D-plane of the field distance A¢ and the
tensor-to-scalar ratio 7. Among the representative four inflation models described in
Section 1.5, we showed the relationship between the field distance and the tensor-to-scalar
ratio which are related each other through the e-foldings number N given in Eq. (VI.2.6).
We plot the value of r as a function of A¢ predicted in each model on the same plane and

compare it with the region enclosed by the Swampland Distance Conjecture and the Lyth
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Fig. VI.2 Lower bound on A¢ as a function of r from the Lyth bound. Here we put
A¢ = 60 for a representative value in large field models.

Bound. Here, the parameters adopted in this analysis are shown in Table VI.1.  which
refers to the ranges of the parameters studied in the paper of the Planck collaboration in
2018 [93].

Here, taking the chaotic inflation model as an example, we explicitly demonstrate how
these quantities can be mapped onto the » — A¢ plane, which will be plotted next. The
potential of the chaotic inflation model introduced at the beginning, together with its

derivative with respect to ¢, is given by

¢ p
V=1 () , (VI.3.1)
myp)
-1
V=2 (V13.2)
pl

Table VI.1 Parameter ranges for each inflation model.

Inflation Model Parameter Range
Chaotic O<p<4
Natural 0.3 <logo(F/my) < 2.5
Hilltop —2 < logqo(pta/mp) < 2
« attractor —2 < logo(a) < 4

Table V1.2 Parameter ranges for representative inflation models.
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-1 -2
Vs = VOM, (VL.3.3)
mp
respectively. The corresponding slow-roll parameters are then given by
1/V, 21 (pmy
— (= S~ VI1.3.4
‘ 2(vmpl> 2<¢ ’ (VI.3.4)
Vv -1
p= Yooz _PP1) s (VL.3.5)

V pl — ¢2 pl

where we assume that inflation ends when the slow-roll conditions are violated, namely
when € ~ 1 or || ~ 1. Under this assumption, the field value at the end of inflation is

given by
(bend

myp)

= Max l\% p(p — )1, (VL.3.6)

where Max denotes choosing the larger of the two arguments. Since inflation terminates
once either of the conditions € ~ 1 or || ~ 1 is satisfied, the larger value determines ¢epq.
On the other hand, the field value at which perturbations on the CMB scale are generated

can be obtained as follows. Considering the e-folding number, we have

$cMB 1 d(b 1
N = = Penp — D) 5 (V1.3.7)
dond /E(gb) Mmpl 2pmgl ( CMB d)

which can be solved for ¢cyp as

et = \/2pmEN + 62,4 (p). (VL3.8)

Thus, once ¢povp and @eng are determined, the field excursion A¢ = |pemp — Pend| can
be directly evaluated. Meanwhile, since the first slow-roll parameter has already been
obtained, the tensor-to-scalar ratio r = 16¢ can also be computed. Therefore, from
Eqgs. (VI.3.8V1L.3.6), it follows that both r and A¢ depend on the inflationary potential
parameters p and N. By varying these parameters over appropriate ranges, one can thus
plot the allowed region in the r — A¢ plane. The remaining cases, namely the Natural,
Hilltop, and « attractor models, can be treated following an analogous procedure.

The results are shown in Fig. VI.4. The parameter \g. of the Swampland Distance
Conjecture is taken to be 1. For some values within the parameter range of each inflation
model, the number of e-foldings is taken from 47 to 62. For example, p = 1 for the
Chaotic inflation model is the darkest red line plotted traversing the orange Chaotic region
in Fig. VI.4. This red line is obtained by fixing the parameter p = 1 and plotting the
e-foldings number from 47 to 62. The region obtained when the parameter p is varied

within the range of Table VI.1 is the region enclosed by the light orange color. The
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two longest orange curves are obtained by fixing the e-foldings number to be 62 (upper
one) or 47 (lower one), respectively, and varying the parameter p. Similarly, the plot for
Natural Inflation is the black region enclosed by the black curves. The plot for Hilltop
Inflation is the green region enclosed by the green curves. The plot for the « attractor
is the light blue region enclosed by the light blue curves. The regions of the T'—model
and E—model are plotted on extremely close area, so we combined these as the figure

of the a attractor.  As is clear from the figure, the Natural Inflation model and the «

20
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Fig. VI.3 The « attractor T-model (shown in cyan) and the E-model (shown in brown) are
plotted separately. As can be seen from the figure, these two models occupy very similar
positions compared with the other models such as the Chaotic, Natural, and Hilltop cases.
For this reason, in the subsequent figures they are collectively plotted and referred to
simply as the « attractor.

attractor inflation model coincide with the case of p = 2 for the chaotic inflation model in
the large parameter regions of F//my and «, respectively. Similarly, it can be seen that
Hilltop inflation in the large parameter region of x also coincides with the chaotic inflation
model of p =4/3 [199].

In Fig. VL5, we chose A\qe = 1/v/2, which is the case for the tower of moduli space.
On the other hand, in Fig. VI.6, the case of \g. = \/3/72, which corresponds to the case of
the KK tower.

It is interesting that the case for A\q. = \/% gives the most stringent upper bounds
on r and A¢. In this case, it is notable that only the Swampland Distance Conjecture
excluded some regions of r at around r ~ 0.030 — 0.036 and A¢ ~ 9 — 10m,,, which is
stronger than the observational bound from the CMB by the Planck collaboration 2018,
r < 0.036 (the vertical green dashed line) [7, 8]. Only by such a theoretical requirement,
the models of the inflation such as the Natural inflation, the Hilltop inflation and the
a-attractors were killed by the Swampland Distance Conjecture (Fig. VI.6).

The Lyth bound would be a good rough guide for observing the general behavior of

the prediction of r in inflation models. However, it sometimes gives a wrong prediction.
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Fig. VI.4 Allowed regions for four inflation models enclosed by the Swampland Distance
Conjecture (blue) and the Lyth Bound (brown). We adopted the parameter Ag. = 1 for
the Swampland Distance Conjecture. For the theoretical calculations, we plotted the cases
for Chaotic inflation with the red lines for p = 1,4/3,2, 3, Natural inflation (black), Hilltop
inflation (green) and a-attractors (cyan). Two lines mean N=47 (lower one) and N=62
(upper one), respectively. The vertical green dashed line is the observational upper bound
on r by the data of the Cosmic Microwave Background (CMB) [7, 8§].
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Fig. VI.5 The same as that of Fig. V1.4, but for \q. = \/g

The results of this study clearly show that when comparing with observed values, it is

necessary to calculate the concrete predictions for each model, not just by using the Lyth
bound.
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Fig. VI.6 The same as that of Fig. V1.4, but for \q. = 4/3/2.






Chapter VII
Conclusion

In this work, we study a multi-field inflation scenario with a tachyonic trap in the context
of supersymmetric running-mass-inflation models. The scenario is reminiscent of hybrid
inflation with some modifications. Initially, the inflaton field rolls down the running-mass
potential. When the critical point ¢sgp is reached, which we called the symmetry breaking
point, the waterfall field is resonantly excited. Such excitations backreact onto the motion
of the inflaton field anchoring its value at ¢sgp. The remaining e-folding numbers of
inflation are generated during the waterfall phase. To make this phase long enough, the
potential in the waterfall direction must be sufficiently flat.

The proposed scenario enables us to model running-mass-inflation from the time when
observable scales exit the horizon to the end of inflation. It also allows us to compute the
spectrum of the curvature perturbation for the full duration of inflation. We find that
the spectrum exhibits a sharp peak, corresponding to the scales that exit the horizon
around SBP. The enhancement of the spectrum at these scales is due to the shape of
the running-mass potential. Additionally, the resonance amplifies the amplitude of the
spectrum by several orders of magnitude more.

Such a large perturbation gives rise to PBHs with masses in the range 10'7g — 10%g,
which are viable dark matter candidates. In Fig. IV.3 of Sec. IV.3, we obtained new
results showing that PBH abundances capable of explaining nearly all dark matter can be
generated within the currently unconstrained asteroid-mass region. The same perturbation
also sources induced gravitational waves in the deci-Hz range, providing a natural signal
for upcoming space-based interferometers such as LISA, DECIGO, and BBO. This paper
incorporates the latest results that consider the dissipative effect due to the mean free
path of light particles in a more realistic imperfect fluid, differing from the conventional
spectrum of gravitational waves assuming a perfect fluid. As shown by the black solid curve
in Fig. V.1 of Sec. V.1, we obtained results indicating that the gravitational wave spectrum
decays compared to the conventional case without damping. Furthermore, PBHs formed in

this scenario can subsequently assemble into binaries, whose mergers generate gravitational
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waves observable both in resonant cavity experiments via the inverse Gertsenshtein effect
and in future space-based detectors. As shown in Fig. V.2 in Sec. V.2, the results for
the gravitational wave spectrum when PBHs in the asteroid-mass region merge, without
assuming the conventional PBH abundance to be nearly one, suggest that this could
become a specific bottleneck for inflation models.

In this paper, in addition to bottom-up observation, we have studied the Swanpland
conjecture, which has been obtained in the construction of quantum gravity theory, to
address the question of how much we can narrow down the large field inflation models
to those that are quantum gravity-theoretically advantageous. Among the Swanpland
conjectures, the property known as the Swanpland Distance Conjecture provides an upper
bound on the primary gravitational waves produced by large field inflation models. On
the other hand, the Lyth bound, which provides a lower bound on primary gravitational
waves, plays a complementary role to the Swanpland Distance Conjecture. In this paper,
we report the following new points for the first time.

In terms of the upper bound on gravitational waves, some of the major large field
inflation models are more strongly constrained by the Swanpland Distance Conjecture
than that of the CMB constraints. It is interesting that the case for Aq. = 1/3/2 gives the
most stringent upper bounds on 7 as a function of A¢.! In this case, it is notable that
the Swampland Distance Conjecture alone excluded r at around r ~ 0.030 — 0.036 and
A¢ ~ 9 — 10my,, which is stronger than the observational bound from the CMB by the
Planck collaboration 2018, r < 0.036 [7, 8]. Only by such a theoretical requirement, some
parameters in the models of the inflation, such as Natural inflation, the Hilltop inflation
or, the a-attractors are excluded by the Swampland Distance Conjecture.

The latest results from the Atacama Cosmology Telescope (ACT)[99, 100] show a
slightly larger spectral index compared to Planck 2018. At the CMB pivot scale kcup
—=0.05Mpc ', the spectral index was constrained to be n, = 0.974 & 0.003 (68% C.L.).
This result excludes the Natural inflation model at more than the 20 level. Furthermore,
although the a-attractor model showed good agreement with Planck 2018 regarding the
tensor-to-scalar ratio and spectral index, the ACT partially allowed for the e-foldings
number N 2 57. Many other parameter regions are under tension at the 20 level.

In particular, the shift towards a larger spectral index by the latest ACT has opened
up parameter regions where the parameter p of the Chaotic inflation model is less than
one. Interestingly, our results are able to constrain the region where p < 1. This means

that the ACT and our results are complementary to each other.

'As remarked before, this is preferred from a string theory point of view.
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Appendices for Chapter I11&IV

A.1 The Primordial Perturbation in the Flat Gauge

In the flat gauge the scalar part of the spatial curvature perturbation vanishes. This allows

us to write the perturbed line element as
ds* = — (14 2a)dt* — 2a8,dz'dt + a® (6;; + 20,0;7) da'da? (A.1.1)

where « is the perturbation of the lapse, § is the scalar part of the perturbation of the
shift and ~ is a scalar function. In this gauge the equations for the field perturbation can
be written as [61]

. . k? od [ad® .
0prr + 3HOQRr + gégok] + VJJ(ROi = a 3@ <Hg01goj> 6@%, (A.1.2)

where repeated indices imply summation and for brevity we used the notation ¢; = (¢, x)

and similarly for the perturbation. The potential V' (¢, x) is provided in Eq. (I11.2.19). For

the homogeneous value of the y field, we used the same expression as in Eq. (I11.2.15).
Due to spatial homogeneity of the background FRW metric perturbation variables

and 7 come in the combination given by [200] !

\I/k = a(ﬁk —i—aﬁk) . (Al?))

This variable satisfies the equation

k2 . N . ngng . I

I'The ¥ symbol here should not be confused with the metric perturbation in the Newtonian gauge in
Eq. (I1.2.12).
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In terms of these variables the curvature perturbation on the uniform density slice ( is

given by

H (pr00k + 350,

o (A.15)

G o= -

In order to check our numerical computations we run the simulations in the Newtonian
and flat gauges independently and then check if they give consistent results. To perform
the comparison we need the expressions that relate the various quantities in the two gauges.
The final result for ¢ can be checked by comparing Eq. (A.1.5) above with Eq. (I11.2.26).
But we also compare intermediate quantities. For example, the Newtonian curvature
perturbation @y in Eq. (II1.2.12) and ¥y in Eq. (A.1.3) above are related by

o, = HU,. (A.1.6)

We checked numerically that ®; computed solving Newtonian gauge equations coincide

exactly with the flat gauge solution of W, after performing the conversion of the latter to

®,. using the above equation. Similarly, we can compare the scalar field perturbations.
Similar conclusions hold for the field perturbations too. Such perturbations in the two

gauges are related by

Sof = bpp| — . (A.1.7)

i
Newt flat

Again, the LHS of this equation, as computed from Egs. (I11.2.20) and (I11.2.21), coincides
with the RHS, as computed using Eqs. (A.1.2) and (A.1.4).



Appendix B

Appendix for Chapter V

B.1 Detailed calculations of induced gravitational

waves

In this section, we introduce the detailed computations of the spectrum of induced
gravitational waves in the radiation-dominated epoch [48, 49, 154], which were only
summarized in Section V.1. Here we do not consider non-gaussian perturbation for
simplicity [201-203]. As given in Eq. (V.1.5), the spectrum of induced gravitational waves
is expressed to be

paw(n, k) 1 E N 5o
prot(n) 24 \a(n)H(n)

where 7 is the conformal time, the wave number £ is related to the GW frequency f via

k =2nf, and pgw(n, k) is the energy density of gravitational waves per logarithmic wave

number. The overline denotes the oscillation average. Pr(n, k) is the power spectrum of

the tensor perturbation 7" which is expressed by

4ou

Pr(n, k) :4/Ooodv/|1_1|) du <4U —(d+o—u) ) I?(v,u, 7) P (kv) P (ku), (B.1.2)

where x is the dimensionless variable x = kn. The variables u© and v are defined by
u = |k — k|/k and v = k/k, respectively. The function I(v,u,z) is an oscillating kernel

function encoding the source information given by

= ’ ii‘@ n)f(v,u,x
I(v,u,x)—/o d a(n)ka(n,n)f( U, T, (B.1.3)
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where Gy, is the Green’s function, defined by the solution to the differential equation

G (n,0) + (K = a"(n)/a(n) Gr(n,7) = 6(n —7), (B.1.4)

with primes denoting derivatives with respect to 1. The function f(v,u,Z) represents the
source term constructed from second-order scalar perturbations. Since the kernel function
I with dissipation has been presented in Sec. V.1, this Appendix provides the expression
for the kernel function without dissipative effect, which is shown by the black dashed
curve in Fig. V.1. Therefore, by performing the integration using the addition theorem

and integration by parts [204], one obtains

3 4
Irp(v,u,z) = Ty <_x3 (uv (u2 + 0% — 3) 2% sin z — 6uva® cos —= \/_ \/§
—|—6\/_um cos%sm + 6\/_vxs1n ur cosE -3 (6 + ( v?—3 xz)

NERRVE NERE
mi‘/gsmf/g)+(u2+v2—3)2<sinx< ( vou

)
(-7)
(%)
{0+77)

a

+
Qa

o((-:3))
+Ci (1;%):5)01(1”\%“ ) Ci ! x)
+log m>+cosm<—81<<l—v\;§u>x>—8 ( L x)

S5 () )

as shown in Refs. [150, 205]. Here, the sine integral Si and the cosine integral Ci are

defined as
Si(:c):/ dz ST Ci(a:):—/ dz S5 (B.1.6)
0 T

T T

To evaluate the spectrum of GWs observed at present, we take the late-time limit n — oo,

or equivalently x > 1. In addition, if we take the oscillation average in this limit, we

obtain
1 (3(u?+v2—3)\” s 5 3— (u+0)2[\?
IRy (v,u,x — 00) = 5 < RERE. —4uv + (u® + v° — 3) log S T—r
+r?(u? +v* = 3)’0(v +u — \/§)) : (B.1.7)

where © denotes the Heaviside theta function. Furthermore, as pointed out in Ref. [49],
due to the symmetry under the exchange of u and v, we can perform a change of variables

from (u,v) to (t,s) witht = u+v —1 and s = u — v. Under this transformation, the
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oscillation-averaged kernel function becomes

II%LD(tJ S, X —» OO) =

288(=b+ s* +t(2+1))? <7r2
4

20 s 0P s P \ a0 0T S +12+1)°0( — (V3-1)

—2+t(2+1)
3 — 52

(B.1.8)

+(—(t—s+1)(t+8+1)+;(—5+32+t(2+t))10g

Rewriting the power spectrum of the tensor perturbations Pr(n, k) in terms of the new

variables s and ¢, one obtains

[T [t [ 20—
PT(n,k:)_Q/O dt/ld [(

2

P2(t, 5,2 — 00) P <k:t_82+1) P (k
(B.1.9)

1—s+t)(1+s+1)

B.2 Detailed calculations of gravitational waves from
merging binary PBHs

In this section, we discuss the details of the computations of the gravitational wave
spectrum emitted from merging binary PBHs [54, 55, 53] which was only summarized
in Section V.2. The spectrum of gravitational waves from the PBH mergers is given by

Eq. (V.2.1), which we write here again

R(z)  dE(f)

Qmereer) f)= f/ dz = B.2.1

A A (R B2

where the Hubble parameter is given by H(z) = Ho[Q(1 + 2)* + Qu(1 + 2)% + Qx]'/?with
Q. and Q) =1 — Q, — Q,, being the () parameters of radiation, and the present-day
cosmological constant, respectively. The quantity R(z) denotes the rate of the mergers for
the binary PBHs per comoving volume for a PBH mass mpgy, given by

dp, JreuS2cpmpe A

R(z) = nPBHE = S dr

(B.2.2)

where dP,/dt is the probability distribution for a PBH merger occurring at time ¢, given by
We assume that PBHs are randomly distributed in space according to a Poisson distribution
at the time of their formation. In order to form a binary, the comoving distance x to the
nearest PBH must be smaller than the average PBH separation at redshift z

~1/3

1/3 1/3 1
Fotulesr = fo 1P+BI; (B.2.3)

))

t+s+1

2

).
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........... mppg = 1 X 10239
— == mppg = 1 X 10219
- MpBH — 1 x 10199

""" mppa = 1 X 10179

101 107 07 108 107 10

J [Hz|

Fig. B.1 GW spectrum generated by PBH mergers. The horizontal axis represents the
frequency f in units of Hz, while the vertical axis corresponds to the energy density of
the gravitational waves originating from PBH mergers, denoted by Q¢ h%, where h
is the dimensionless Hubble parameter. The black curve represents the spectrum of the
gravitational waves from mergers of PBH with 10'"g(dashed), 10"9g(solid), 10*'g(dot-
dashed), and 10*3g(dashed) respectively within the sensitivity range of resonant cavities of
axion. Furthermore, the signal from PBHs with 10?3g (dotted line) can be observed within
the sensitivity of reach not only the resonant cavities of axion but also DECIGO and BBO.
The pink curve approximately corresponds to the spectrum of primary gravitational waves.
The other colored curves indicate the sensitivity curves of future planned gravitational-wave
observatories [161], and resonant cavities for the axion detection [56, 57].



B.2 Detailed calculations of gravitational waves from merging binary PBHs 119

If this condition is satisfied, the PBH located at the nearest distance y to the binary
exerts a tidal torque on the pair, leading to the formation of a highly eccentric binary with
separation . Assuming that the binary undergoes Keplerian motion after its formation,
the probability dP that the distances lie within the intervals (z,x + dz) and (y,y + dy) is
given by

dpP

_ drrdrdrydy [—‘”_‘7{11 Oy — 7). (B.2.4)
Nppu  "PBH NpBH
These expressions for x and y can be rewritten in terms of the semi-major axis a of the
binary and the eccentricity e = /1 — (x/y)%, and can further be expressed in terms of the
merger time ¢ and the eccentricity e [206]. When the distance y to the third PBH is small,
the tidal torque is strong, resulting in a smaller eccentricity e. This is why the binary orbit
then becomes closer to circular, making binary formation more efficient and enhancing
the merger rate. Conversely, when y is very large, the eccentricity e increases, the orbit
approaches a parabolic trajectory, and binary formation becomes less efficient, leading to
a suppressed merger rate. As y is increased further, once it exceeds the mean separation
of the PBH distribution, the merger rate is expected to decrease even more rapidly. The
corresponding threshold value, expressed in terms of the merger time, is denoted by ¢..
Taking this into account, the probability distribution for a PBH merger occurring at time

t can be rewritten as

. \3/37 . \3/8
@ — i X (Tper>3/8 o (Tlie2rg>/56 —29/8 (t < tc) (B25>
dt &t (T;r) ((i) (47rf:1;BH) _ 1) (t > tc)
with ¢, defined by t. = (4 fpeu/3)>"/ 3Ter and Tyer given by
729
Tper = (B26)

340m%(1 + 2zeq)* (47 fEumppnpe/3)"/?

where z.q is the redshift at the epoch of matter-radiation equality. The typical time ¢ at

which mergers occur is given by

_ / Ty et (B.2.7)
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In Eq. (V.2.1), the GW energy spectrum of a non-spinning PBH binary from the source,
dE(fs)/dfs, is modeled based on the phenomenological waveforms [207] as

£ for f, < f1; inspiral phase
dE(f)  (Gm)¥3M>/3 wy f21* for f; < fs < fo; merger phase
df = 3 u)g¢2 for f2 < fs < fg; ringdown phase (B28)
s (1 4 AU f2)? )
0, for f3 < fs,

where f; = (14 z)f denotes the frequency emitted at the source and M, is the chirp mass
defined by M§/3 = mppp1Mmee2/(MppH1 + mPBH,2)1/3-

Here, the inspiral phase refers to the stage during which the two PBHs emit gravitational
waves, lose energy, and gradually decrease their separation; the merger phase corresponds
to the highly nonlinear gravitational stage. The ringdown phase denotes the stage in which
the merged object undergoes damped oscillations after the merger. The parameters w,
and wq are fitting coefficients chosen to ensure the continuity of the spectrum, given by

wy = f{t and wy = ff1f2_4/3. f1, f2, f3, and o are given

TM,f1 = (1 — 4.455 4 3.521) + 0.6437n — 0.05822n% — 7.092n° (B.2.9)
TM,fy = (1 —0.63)/2 4 0.1469n — 0.0249n* + 2.3257° (B.2.10)
M, f3 = 0.3236 — 0.1331n — 0.2714n% 4 4.922n° (B.2.11)
TM;o = (1 —0.63)/4 — 0.40987 + 1.8297* — 2.871, (B.2.12)

where the total mass M; = mppn 1+mppn 2 and the symmetric mass ratio n = mppn1mppn2/(Mpeu1+
mPBH,2)2-

We now consider the asteroid-mass range (10'7g < mppg < 10%3g), in which an
abundance fppy ~ O(1) is allowed under observational constraints to become the 100%
CDM. Within this mass range, we choose four benchmark values, 10'7g, 10%g, 10*'g, and
10%3g, and compute the corresponding spectra of the gravitational waves from the PBH

mergers. These plots are shown as the black curves in Fig. B.1.
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