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Abstract

Network link bandwidth has increased to 400Gbps or higher through high-density
optical integration, e.g., Co-Packaged Optics (CPO) and onboard silicon-photonics
transceivers. The high bandwidth enables the design of high-radix interconnection
networks, reducing their network diameter to as few as two or three in parallel
computer systems, including cloud data centers and supercomputers. This dissertation
focuses on Kautz network topology with a diameter of two and the two-dimensional
fully connected (2dfc) network topology, which also has a diameter of two. Connecting
the maximum number of nodes for a given degree while maintaining a diameter
is an open graph problem, known as the degree-diameter problem (DDP). Among
the well-known strong candidates for this problem, we select the Kautz graph. The
Kautz graph has 𝑑𝑘−1(𝑑 + 1) nodes, where 𝑘 and 𝑑 denote the diameter and degree,
respectively. We apply the Kautz graph as the interconnection network topology.
This dissertation presents multi-port message-combine collective communications
to fully exploit the large number of links in Kautz networks. Our main idea is the
design of “multi-port” operations, that utilize all outgoing links of a source node in
collective communication. We evaluate the multi-port message-combine collective
communication using version 3.28 of the SimGrid framework. In the simulation, the
startup latency for each communication and link bandwidth are set to 1𝜇s and 100
Gbps, respectively. Then, we measure the execution time for various messages sizes.
SimGrid evaluation results illustrate that the proposed algorithm achieves substantial
performance gains over an existing competitor, being up to 11× faster in alltoall
benchmarks.

Although the proposed multi-port message-combine collective communication
algorithm performs well on the Kautz network topology, existing large parallel
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computer systems have not employed uni-directional interconnection networks,
including Kautz. This limitation arises from practical concerns, such as the absence of
efficient switch-by-switch flow control. To address this issue more practically, this
dissertation also presents multi-port message-combine collective communication in a
bi-directional 2dfc network topology. In a 2dfc, the number of dimensions equals two.
In each dimension, all nodes are fully connected. When the number of dimensions
equals two, the topology corresponds to HyperX and Generalized Hyper Cube (GHC).
Thus, the proposed multi-port message-combine operation on a 2dfc can be leveraged,
further enhancing its applicability to state-of-the-art parallel computer systems.
SimGrid evaluation results demonstrate that the proposed multi-port message-combine
operations improve throughput by up to 1.38x compared with a competitor. Although
the proposed multi-port message-combined collective communication can, in principle,
be applied to other high-radix network topologies, the latency overhead of the message-
combine operation is significant at each network interface. Therefore, the proposed
multi-port message-combine collective communications particularly well suited for
diameter-two topologies such as Kautz and 2dfc network topologies.
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1
Introduction

1.1 Overview

High-performance computing (HPC) systems, such as supercomputers or cloud data
centers, have become a critical infrastructure of our digital society. The increasing
scale and computational complexity of HPC applications (e.g., big data analytics and
deep learning) demand continuous performance improvements, especially in collective
communications. Several large scale systems have been designed with these workloads
in mind. For example, ABCI and NVIDIA Selene target deep learning applications,
while Fugaku supports AI, big data analysis, and scientific computing. These systems
have hundreds of thousands of nodes to solve a common big problem. When the size of
systems increase, efficient use of system resources has become a crucial challenge.

In parallel with the development of cutting-edge high-throughput and low-latency
hardware components, interconnection networks and communication algorithms play
a crucial role in determining system performance. An interconnection network is the
infrastructure that connects computing components within a system. It represents the
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physical connections between devices. A well-designed interconnection network
significantly contributes to the performance of an HPC system. A clear example is that
if a ring interconnection were used for El Capitan (currently the largest supercomputer
[1]), running applications on this hypothetical system would be nearly impossible due
to excessively high latency, with hop counts reaching tens of thousands.

While an interconnection network provides the physical connections between
processing components, communication algorithms determine the logical connections
among these components. These algorithms decide the placement and ordering of
packet transmissions within the system. Applying an inappropriate communication
algorithm to a given topology can drastically degrade performance. In particular,
collective-communication performance becomes more crucial in the system. Collective
communication involves a group of nodes and require coordination among all members
of the group, such as reduce, scatter, and all-to-all. A large-scale analysis of two years
of log data from the Mira supercomputer [2], involving over 100,000 production jobs,
was reported in [3]. The results indicate that collective communications play a more
prominent role than point-to-point communications in real supercomputer workloads.
Interestingly, the applications that consume the most core-hours frequently exhibit
high message-passing time fractions. About half of all applications spend one third of
their execution time in collective communications on the supercomputer. Further, 15%
of jobs spend more than 60% of their time in MPI. These observations suggest that
improving the efficiency of collective communication can shorten execution time by
reducing the amount of time processes spend waiting for communication to complete.

Many HPC systems in the Top500 [1] have used Fat-tree [4] network topology.
However, recent work shows the performance limitation of Fat-tree when optimizing
the collective communication algorithm for emergent application’s workloads, whose
performance is frequently dominated by the collective communication [5, 6]. For
example, Dragonfly [7] and HyperX [8] network topology together with customized
communication algorithms can challenge to outperform traditional Fat-Trees [5, 9].
Borrowing the theoretical foundations of graph theory to design interconnection
networks is a promising approach. Slim Fly [10] is a representative system that uses
theoretical results from graph theory. Slim Fly is built on the McKay–Miller–Šir’aň
(MMS) graph, which is a well-known construction in graph theory.

Kautz graphs are well known in the study of degree–diameter problems [11, 12].
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These graphs are attractive for network design because of their low diameter, high
number of nodes per degree, and regular structure. To fully exploit the potential of the
Kautz graph, we need to design a communication library that efficiently supports
collective communication patterns on the underlying topology. In this dissertation,
with the aim of optimizing resource utilization in HPC systems, we leverage the
properties of the Kautz graph to build an efficient communication library for Kautz
graph.

Kautz graphs share limitations with many theoretically attractive network topolo-
gies, such as Jellyfish [13], expander-based networks [14], and Xpander [15]. Although
these topologies offer excellent theoretical properties, evaluating their performance
at large scale is challenging due to the significant financial cost and engineering
complexity involved in building such systems. This dissertation focuses on validating
the underlying principle of optimizing resource utilization in collective communication
algorithms.

In this dissertation, we introduce Kautz graphs as an interconnection network
for HPC systems and develop a collective communication library that exploits their
structural properties. To further validate the proposed ideas and avoid topology-specific
conclusions, we apply the same resource-aware communication principles to the
two-level fully connected (2dfc) topology, a well-known and widely used network
topology in practical HPC systems.

1.2 Challenges and Motivation

The primary challenge addressed in this dissertation is the efficient utilization of
available network resources. In high-radix network topologies, a large number of links
are available at each node, but exploiting this parallelism efficiently remains difficult.
At the same time, collective communication must maintain low end-to-end latency.
Our goal is to improve end-to-end communication performance by designing collective
communication operations that explicitly consider resource utilization. In particular,
we focus on pre-scheduled communication schemes that enable a source node to
concurrently leverage multiple outgoing links. This leads to the concept of “multi-port”
collective communication operations, in which all available links of a node are utilized
to increase communication parallelism and reduce overall latency.
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1.2.1 Kautz Network Topology

Low latency in HPC networks strongly depends on low hop counts, yet many existing
network topologies have hop counts much larger than the theoretical lower bounds,
known as Moore’s bound. To alleviate this problem, network topologies based on
Kautz graphs are attractive.

The Kautz graph is one of the best-known solutions to the degree–diameter
problem [12]. In other words, given a uniform degree of switches and a fixed diameter,
the Kautz graph is the largest graph that has been found. Given a fixed degree and
diameter, the degree–diameter problem seeks to construct the largest possible graph.
These constraints are defined by the degree and the diameter of the graph.

For a graph with degree 𝑑 and diameter 𝑘 , the number of vertices is upper bounded.
This upper bound, known as the Moore bound, is given by 1 + 𝑑∑𝑘−1

𝑖=0 (𝑑 − 1)𝑖 for
bidirectional graphs and 1 +∑𝑘

𝑖=0 𝑑
𝑖 for unidirectional graphs. Kautz graphs achieve a

high percentage of the Moore bound. For example, with degree 𝑑 = 8 and diameter
𝑘 = 4, a Kautz graph reaches 98% of the Moore bound with 4,608 vertices. This property
makes Kautz graphs particularly attractive for designing low-diameter, high-radix
interconnection networks for large-scale HPC systems.

Despite their attractive structural properties, Kautz graphs are directed networks.
This unidirectional nature makes them difficult to directly adopt in HPC systems,
where collective communication typically assumes bidirectional communication
capabilities. As a result, Kautz graphs have not been widely used as interconnection
networks in practical HPC environments. This motivates the need for novel collective
communication algorithms that can effectively operate on directed network topologies.

1.2.2 Two-Dimensional Fully Connected (2dfc) Network Topol-
ogy

Uni-directional Kautz network topology has attractive statistics of low diameter, low
average shortest path length, and regularity. However, existing HPC systems have
rarely adopted uni-directional interconnection networks because of their practical
concerns, such as the lack of efficient switch-by-switch flow control. From a practical
perspective, we therefore target a 2dfc network topology. In a 2dfc network topology,
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the number of dimensions equals two. In each dimension, all nodes are fully connected,
thus the network diameter is two. When the dimension count is two, HyperX and
Generalized Hyper Cube (GHC) [16] variants become isomorphic to 2dfc under
appropriate link configurations. The 2dfc structure therefore serves as a useful baseline
in state-of-the-art HPC systems.

A 2dfc offers the following advantages for building a supercomputer inherited from
its super-sets (Dragonfly and HyperX). Firstly, it boasts a low-latency attribute because
of its diameter-two nature, ensuring low-latency data communication. Secondly,
because each node has a direct connection to other nodes in all dimensions, a 2dfc
provides high path diversity. This property aids in load balancing and fault tolerance
by providing multiple data transmission routes [8, 6]. Finally, it shares an isomorphic
relationship with existing topologies like Dragonfly and HyperX. This means that
the research and development of collective communications efforts done in these
network topologies can be leveraged, further enhancing the appeal of this network for
state-of-the-art HPC systems.

In this dissertation, we first analyze classical collective communication algorithms
commonly used on 2dfc. By examining their communication patterns and resource
utilization, we identify inefficiencies in how available links are exploited. Based on this
analysis, we propose an improved collective communication algorithm that explicitly
leverages the multi-port capability of the 2dfc topology. This approach allows us to
demonstrate how careful algorithm design can further improve performance, even on a
well-studied and widely deployed network topology.

1.3 Contributions

This dissertation contributes not only new collective communication algorithms, but
also a systematic design perspective that emphasizes maximizing network resource uti-
lization through topology-aware, multi-port communication. Based on this perspective,
we make the following contributions.

Proposal of multi-port message-combine collective communication for Kautz
topology We design topology-aware, multi-port message-combine collective algo-
rithms that fully exploit the multiple outgoing links of each node in diameter-two
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Kautz networks. SimGrid evaluation results illustrate that the proposed algorithm
achieves substantial performance gains over an existing competitor, being up to 11×
faster in alltoall benchmarks.

Multi-port message-combine collective communication for 2dfc topology
We adapt the proposed multi-port message-combine approach to the 2dfc network,
which is widely used in state-of-the-art HPC systems such as HyperX and Dragonfly
variants. The proposed multi-port message-combine operations were shown to improve
throughput by up to 1.38x over a competitor at 32MB data size, confirming its practical
applicability.

Comprehensive performance evaluation Using the SimGrid simulation frame-
work (v3.28), we evaluate the proposed algorithms under micro-benchmarks (Allgather,
Alltoall, Allreduce). The results demonstrate significant reductions in execution time
and improved scalability compared with existing competitor algorithms.

1.4 Dissertation Organization

The remainder of the dissertation is organized as follows. Chapter 2 presents back-
ground information. Chapter 3 proposes multi-port message-combine collective
communications on Kautz network topology, while Chapter 4 extends the multi-port
message-combine collective communications to 2dfc network topology. Chapter 5
draws our conclusions with a summary of our findings.

Figure 1.1 illustrates the outline of this dissertation.
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Figure 1.1: Outline of the Dissertation.
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2
Background Information and Related

Work

2.1 Interconnection Networks

An interconnection network is the infrastructure that connects computing elements
within a system. It determines how data flows between devices and significantly
impacts network performance, scalability, and reliability. There are four performance
factors: network topology, routing, switching, and arbitration. Network topology
refers to the static arrangement of channels and nodes in an interconnection network,
as stated in a textbook[17]. The remaining network performance factors, routing,
arbitration, and switching, rely heavily on the chosen network topology [18]. Routing
provides a function to determine the allowable (valid) paths for packets. Arbitration
provides a function to determine paths available for packets. Switching provides a
function to determine paths allocated to packets.

In this subsection, we focus on network topology. We first introduce the concept
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and classification of network topology. Then, we review related works on network
topology for current HPC systems. Finally, we pick up two network topologies used in
this dissertation: the Two-Dimensional Fully Connected (2dfc) network and the Kautz
network.

2.1.1 Categories of Interconnection Networks

Many network topologies have been proposed in the literature. However, only a few of
them have ever been implemented in supercomputers. A network topology connects a
number of endpoints which can be a processor, a server, or a switch node. If every
node plays both roles as an endpoint and forward point (switch), it is known as direct
network. On the other hand, if at least a switch has no endpoints, it is called indirect
network. In this dissertation, we consider only the direct network for the sake of
simplicity.

A direct network can be expressed by a bi-directional or uni-directional graph, in
which vertices and edges correspond to endpoints and network links, respectively. To
understand the statics of a direct network, graph property is helpful. In this dissertation,
two terms graph and direct-network topology are interchangeable.

Definition 2.1.1 (Graph). We state graph G and G’ as follows.

• A bi-directional graph 𝐺 (𝑉 , 𝐸) has a vertex set 𝑉 and a bi-directional edge set 𝐸.
Two vertices 𝑢, 𝑣 ∈ 𝑉 are adjacent if there is an edge 𝑒 (𝑢, 𝑣) ∈ 𝐸.

• A uni-directional graph𝐺′(𝑉 ′, 𝐸′) has vertices set𝑉 ′ and uni-directional edge set
𝐸′. Two vertices 𝑢′, 𝑣′ ∈ 𝑉 ′ are adjacent if there is an edge 𝑒 (𝑢′, 𝑣′) or an edge
𝑒 (𝑣′, 𝑢′) ∈ 𝐸′.

The number of links connecting to/from a given vertex is the 𝑑𝑒𝑔𝑟𝑒𝑒 of that vertex,
which can refer to the radix of a switch.

Definition 2.1.2 (Degree and Regular Graph). We state the degree and regular graph
G and G’ as follows.

• Degree of a vertex 𝑢, 𝑑𝑒𝑔(𝑢), is the number of neighbors of 𝑢. In the case of a
unidirectional graph, 𝑑𝑒𝑔𝑜𝑢𝑡 (𝑢) is equal to the number of outgoing links from 𝑢,
𝑑𝑒𝑔𝑖𝑛 (𝑢) equals the number of incoming links to 𝑢.
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• Degree of a graph𝐺 ,𝑑𝑒𝑔(𝐺), is themaximumvalue of vertices’ degree, max𝑢∈𝑉 (𝑑𝑒𝑔(𝑢)).

• 𝐺 is a (bi-directional) regular graph if 𝑑𝑒𝑔(𝑢) ∀𝑢 ∈ 𝑉 is constant. If 𝑑𝑒𝑔𝑜𝑢𝑡 (𝑢′) =
𝑑𝑒𝑔𝑖𝑛 (𝑢′) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∀𝑢′ ∈ 𝑉 ′, 𝐺′ is a (uni-directional) regular graph.

The network topology was created with the aim to connect the nodes inside
the network (or vertices inside the graph). Typically, there are more than one path
𝑝𝑖 (𝑢, 𝑣) between a pair of nodes (𝑢, 𝑣). The length of a shortest path between (𝑢, 𝑣) is
considered as the distance between them. In this dissertation, we consider regular
graphs because existing supercomputers usually use regular or semi-regular graphs.

The following definitions are used as characteristics of a network topology.

Definition 2.1.3 (Path, Length, and Distance). We state graph’s path, length, and
distance as follows.

• A path 𝑝𝑖 (𝑢, 𝑣) between a pair of nodes (𝑢, 𝑣) is a sequence of consecutive edges,
𝑝𝑖 (𝑢, 𝑣) = 𝑒1(𝑢, 𝑣1), 𝑒2(𝑣1, 𝑣2), ..., 𝑒𝑛 (𝑣𝑛−1, 𝑣)

• The length or hop count of a path 𝑝 (𝑢, 𝑣) is the number of edges inside the path,
𝑙𝑒𝑛(𝑝𝑖 (𝑢, 𝑣)) = |𝑝𝑖 (𝑢, 𝑣) |.

• Distance between vertices 𝑢 and 𝑣 , dist(u,v), is the shortest joining 𝑢 and 𝑣 ,
𝑑𝑖𝑠𝑡 (𝑢, 𝑣) =𝑚𝑖𝑛𝑖∈𝑁 (𝑙𝑒𝑛(𝑝𝑖 (𝑢, 𝑣))).

• Diameter of a graph 𝐺 is the maximum distance between any pair of vertices,
𝑚𝑎𝑥𝑢,𝑣∈𝑉 (𝑑𝑖𝑠𝑡 (𝑢, 𝑣)).

Definition 2.1.4 (Cut, Bisection, Bisection Bandwidth). We state Cut, Bisection, and
Bisection Bandwidth as follows.

A cut of a network,𝐶 (𝑁1, 𝑁2), is a set of channels (links) that partitions the network
into two disjoint sets, 𝑁1 and 𝑁2 [17]. The number of channels in the cut is |𝐶 (𝑁1, 𝑁2) |,
therefore the total bandwidth of the cut is

𝐵(𝑁1, 𝑁2) =
∑︁

𝑐∈𝐶 (𝑁1,𝑁2)
𝑏𝑐

in which 𝑏𝑐 is the bandwidth of each channel. A bisection of a network is a cut that
partitions the entire network nearly in half, such that|𝑁2 | ≤ |𝑁1 | ≤ |𝑁2 | + 1.



12 Chapter 2. Background Information and Related Work

The channel bisection of a network, 𝐵𝐶 , is the minimum channel count over all
bisections of the network [17].

𝐵𝐶 = min
bisections

|𝐶 (𝑁1, 𝑁2) |

The bisection bandwidth of a network, denoted by 𝐵𝐵 , is the minimum bandwidth over
all bisections of the network [17]:

𝐵𝐵 = min
bisections

𝐵(𝑁1, 𝑁2).

For networks with uniform channel bandwidth b, 𝐵𝐵 = 𝑏𝐵𝐶

In the next sub-section, we will present a survey of popular network topologies and
their basic properties.

2.1.2 Existing Network Topologies

As mentioned in Section 1.1, network topology is a critical topic to research especially
for SAN1. Research on LAN and WAN tends to be more ad hoc due to long distance
and connecting across different communication subnets.

Many recent efforts [4, 20, 7, 8, 21, 22, 23, 24, 25, 26, 27, 28, 13, 29, 30, 15, 31] have
been made to create an efficient network topology for data centers and HPC systems.
Recent HPC systems frequently use fat-tree network topologies [4]. In the fat tree
network topology, all the endpoints are connected at the bottom level of the trees.
The number of links going down to its siblings is equal to the number of links to its
parent in the upper level. Therefore, the link becomes “fatter” towards the top of the
tree. The design of fat tree ensures all nodes in the network communicate with the
same bandwidth and slightly different latency (for nodes at different distances). It was
reported that fat tree was the cost burden for a big system with up to 33% of the system
cost [20].

To mitigate the cost problem, some network topologies [20, 7, 8] have been proposed
thanks to the emergence of high radix switch. However low radix networks, such as

1The network domain is classified follow appendix F of the textbook [19]. There are four categories.
OCN: On-Chip Network. SAN: System/storage Area Network, LAN: Local Area Network, WAN: Wide
Area Network. The classification depends on the distance and the number of devices in the network.
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𝑘-ary 𝑛-cubes, were unable to take the advantage of high radix technology. Thus,
there are some recent studies on high-radix network topologies.. There are some
researches to reduce the hardware cost while maintaining the performance of fat
tree network. Flattened Butterfly [20] was proposed based on an observation that fat
tree has a building cost nearly double butterfly network while butterfly has no path
diversity. Thanks to high-radix switch, Flattened Butterfly can achieve low hop count
and construction cost compared to fat tree. In addition, it can achieve higher path
diversity, and improves the performance of adversarial traffic, when compared to
conventional butterfly.

More recently, optical technology has had breakthrough improvements leading to
the development of network equipment. A number of topologies based on photonics
equipment have been born [21, 22, 23, 24, 25, 26, 27]. Optical technologies, such as
Reconfigurable Optical Add-drop Multiplexers (ROADMs), can add or drop wavelength
between data channels without optical-to-electrical conversion. This provides an
opportunity to flexibly adjust bandwidth for different data sources. In other words,
bandwidth for each data channel and the route between source and destination can be
reconfigured.

Proteus [21] and OSA [22] use Micro-Electro-Mechanical Switch (MEMS) to
reconfigure (bandwidth and topology) between Top-of-Rack switches (ToR). MEMS
adjusts the angle of micromirrors to alter the connection relationship. Flexfly [23] can
reconfigure either bandwidth or topology based on Silicon Photonic (SiPh). Bandwidth
in Flexfly is redirected from idle links to the links with larger traffic. This method can
provide more transfer capacity to under-utilized links and increase the communication
bandwidth. Flexspander [24], 3D-Hyper-FleX-LION [25], Opera [26], Sirius [27] are
some recent works about the network topology that are based on the advantage of
technology, which is in conjunction with a network topology from graph-theory field.
Flexspander applies xpander [15] network in the context of the new reconfigurable
switch. 3D-Hyper-FleX-LION proposes a topology for multi-dimension connectivity
for ToR switches. Opera extends Rotornet [32] and research on the context of expander
graph rotation [14].

More recently, OCSes are used in real systems, such as Google TPUv4 supercom-
puters and datacenters. The former uses OCSes as improving job embeddability, while
the latter uses OCSes as high expandability and low communication latency. Both of
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them take a single interconnection network, which use OCSes and EPSes.
Optical technologies with reconfigurable functionality hold great promise for the

future of HPC networks. However, at present, they suffer from high reconfiguration
latency and significant costs, making them unsuitable for building supercomputers
[33].

Besides technology, graph theory evolves independently and gains interesting
achievements. Scientists in computer science also take this achievement to network
topology [28, 13, 29, 10, 30, 15, 31]. Koibuchi et.al. [28] first introduced random topology
to the HPC network. Singla et.al [13] introduced random topology to data center
network. The advantage of random topology is that they have a larger number of
nodes, and smaller average shortest path length when using the same amount of
hardware as non-random topologies. The studies also show that random topology is
easy to extend. Following Jellyfish of Singla et.al., Long hop networks [29] and Slimfly
[10] were proposed based on expander graphs, despite that they use different build
methods. Long hop networks are built based on Cayley graphs [34] while Slim Fly is
based on a group of graphs called McKay–Miller–Širáň (MMS) [35]. 2015, Valadarsky
et.al. found the commonality of a good random graph and called it “expander” [15].

Random topologies have theoretical advantages. However, they are not used in
current supercomputers [1] because their randomness makes implementation difficult.
Slimfly [10] is a topology based on MMS graphs from graph theory. It has been tested
at scale. The results show that it performs better than non-blocking fat-tree networks
for deep neural network (DNN) workloads. It also reduces costs [36].

2.1.3 Target Network Topology: Kautz

In this dissertation, we focus on yet another network topology: uni-directional Kautz
graphs [37] and 2dfc.

Kautz graph (see Figure 2.1) was invented by W.H. Kautz in [37, 38]. Kautz graph is
characterized by degree 𝑑 and diameter 𝑘 , denoted 𝐾 (𝑑, 𝑘). Vertices of 𝐾𝑎𝑢𝑡𝑧 (𝑑, 𝑘) are
labeled with words of length k (𝑥1, 𝑥2, ..., 𝑥𝑘) 𝑤ℎ𝑒𝑟𝑒 𝑥𝑖 ∈ [0..𝑑]. Two continuous letters
in (𝑥1, 𝑥2, ..., 𝑥𝑘) cannot be identical 𝑥𝑖 ≠ 𝑥𝑖+1∀𝑖 ∈ [1..𝑑 − 1]. There is an (unidirectional)
edge from a vertex 𝑥 to vertex 𝑦 iff the last 𝑘 − 1 letters of 𝑥 are identical to the first
𝑘 − 1 letters of 𝑦. Some properties of 𝐾 (𝑑, 𝑘), for a Kautz graph degree 𝑑 , diameter 𝑘 :
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Figure 2.1: Examples of Kautz graph.

• There are (𝑑 + 1) × 𝑑𝑘−1 vertices.

• There are 𝑑 disjoints paths from any node 𝑥 to any other node 𝑦 (prove can be
found in [39]).

• Because one node connects to 𝑑 neighbors, there are 𝑑 × ((𝑑 + 1) × 𝑑𝑘−1) =
(𝑑 + 1) × 𝑑𝑘 edges.

In the field of graph theory, scientists try to create a graph as large as possible -
degree/diameter problem. The problem can be stated is that: find the largest graph
𝐺 (𝑉 , 𝐸) (𝑚𝑎𝑥 ( |𝐸 |)) that ∀𝑣 ∈ 𝑉 ,𝑑𝑒𝑔(𝑣) ≤ 𝑑 and 𝑑𝑖𝑎𝑚(𝐺) ≤ 𝑘 , in which 𝑑 and 𝑘 are
given degree and diameter respectively. The upper bound for this problem was first
mentioned in [40]. The bound is as follows. For a given graph 𝐺 (𝑉 , 𝐸) has degree 𝑑
and diameter 𝑘

|𝐸 | =
{

2𝑘 + 1 𝑖 𝑓 𝑑 = 2
1 + 𝑑 (𝑑−1)𝑘−1

𝑑−2 𝑖 𝑓 𝑑 > 2
(2.1)

In the case of a unidirectional graph:

|𝐸 | =
{
𝑘 + 1 𝑖 𝑓 𝑑 = 1
𝑑𝑘+1−1
𝑑−1 𝑖 𝑓 𝑑 > 1

(2.2)
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Kautz graph is famous for the fact that it is the best-known solution for degree/diameter
problem. When 𝑘 and 𝑑 are large enough Kautz can achieve over 99% of Moore bound.
For example, in the case of diameter 2, the ratio between the number of vertices of
Kautz and Moore bound is as follows:

|𝑉𝐾𝑎𝑢𝑡𝑧 |
𝑀𝑜𝑜𝑟𝑒 𝐵𝑜𝑢𝑛𝑑

=
𝑑 (𝑑 + 1)
𝑑2+1−1
𝑑−1

=
𝑑 (𝑑 + 1) (𝑑 − 1)

𝑑3 − 1 =
𝑑2 + 𝑑

𝑑2 + 𝑑 + 1 (2.3)

The difference between theoretical bound and the Kautz is just (𝑑2+𝑑+1) − (𝑑2+𝑑) = 1
vertex. In this dissertation, we target to diameter two Kautz graphs. We use the
following notations and definitions:

Definition 2.1.5 (Path, in_neighbor, out_neighbor). Let 𝐾 (𝑑, 2) be a Kautz graph with
degree 𝑑 and diameter two. Choose two arbitrary nodes from 𝐾 . They are source and
destination nodes, denoted 𝑎 = 𝑥𝑦 and 𝑏 = 𝑧𝑡 respectively.

• A path 𝑃 (𝑎, 𝑏) is a sequence 𝐸 = ⟨𝑒1, .., 𝑒𝑛⟩ of letters, where 𝑒𝑖 ∈ [0..𝑑] ∀𝑖 ∈
[0..𝑛], 𝑒𝑖 ≠ 𝑒𝑖+1 ∀𝑖 ∈ {0..𝑛}. First two letters of 𝐸 are equal to source 𝑥𝑦. Last
2 letters of 𝐸 are equal to destination 𝑧𝑡 . Each pair of consecutive letters
from the second letter in 𝐸 is an intermediate node from the source 𝑎 to the
destination 𝑏. For example, the shortest path between 10 and 32 in Figure 2.1b is
𝑃 (10, 32) = ⟨1032⟩ i.e. 10→ 03→ 32. One other alternative path having length
3 is 𝑃 (10, 32) = ⟨01232⟩ or 10→ 12→ 23→ 32

• The intermediate node whose pair of letters starts from the second letter of
𝑃 (𝑎, 𝑏) is called 𝑜𝑢𝑡_𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟 𝑜𝑛𝑃 of source 𝑎. Similarly, The node whose pair of
letters ends before the last letter of 𝑃 (𝑎, 𝑏) is called 𝑖𝑛_𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟 𝑖𝑛𝑃 of 𝑏.

In addition to the shorter diameter, Kautz graph has some unique interesting
properties such as:

• High connectivity and Fault tolerance: because a node 𝑎 = 𝑥𝑦, in a degree 𝑑
diameter 2 Kautz graph, guarantees 𝑑 disjoint paths from/to 𝑎.

• Regular and Symmetric Structure: the symmetry of Kautz graph simplifies the
design of routing algorithms and communication protocols, because each node
holds uniform connectivity characteristics. We can easily prove the symmetry of



2.1 Interconnection Networks 17

Kautz graph by changing the notation of each vertex (e.g., swap two symbols).
After the changing, the structure of the graph remains unchanged.

• Deterministic Construction: Kautz graphs are derived from numerical defini-
tion in graph theory. Therefore, it can be constructed deterministically. The
deterministic structure enables for precise performance analysis and implemen-
tation. This is beneficial for designing scalable and efficient HPC interconnection
networks.

The three properties make Kautz graph a promising topology for HPC interconnection
networks but it is not widely used in network topology. One reason we can explain is
that there is no efficient communication algorithm for it. In this dissertation, we will
present a contention-less collective communication on Kautz graph diameter two.

2.1.4 Target Network Topology: Two-Dimensional Fully Con-
nected (2dfc)

A Two-Dimensional Fully Connected (2dfc) Network Topology is expressed by a
bidirectional graph, consisting of 𝑁 nodes, represented as a Cartesian product:

𝑁 =𝑚2 ×𝑚1, (2.4)

where𝑚2 and𝑚1 represent the sizes along the Y-axis and X-axis, respectively.
Each node is addressed by a 2-tuple:

𝐴 = (𝑎2𝑎1), where 0 ≤ 𝑎𝑖 < 𝑚𝑖,∀𝑖 ∈ {1, 2}. (2.5)

A node 𝐴 = (𝑎2𝑎1) is connected to all other nodes along its two coordinate axes in a
2dfc network topology. That is, node 𝐴 connects to all nodes 𝐴′ = (𝑎′2𝑎′1) satisfying

𝑎′𝑖 ∈ {0, 1, . . . ,𝑚𝑖 − 1} \ {𝑎𝑖}, ∀𝑖 ∈ {1, 2}. (2.6)

Totally, each node has (𝑚1 − 1) + (𝑚2 − 1) neighboring nodes and the edge set is
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defined as:

𝐸 = {(𝐴,𝐴′) | 𝐴,𝐴′ ∈ 𝑉 ,∃𝑖 ∈ {1, 2} such that 𝑎′𝑖 ≠ 𝑎𝑖 and 𝑎′𝑗 = 𝑎 𝑗 for 𝑗 ≠ 𝑖}. (2.7)

Figure 2.2 illustrates both a 3 × 3 and an 𝑛 ×𝑚 2dfc network. In the topology, each
node is directly connected to all other nodes along the same coordinate axis. For
instance, in Figure 2.2a, node (00) is directly connected to nodes (01) and (02) along
the X-axis. Similarly, node (00) has direct connections to nodes (10) and (20) along
the Y-axis.

00

10

20

01

11

21

02

12

22

(a) 3 × 3 2fdc
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21
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2m

nm

(b)𝑚 × 𝑛 2dfc

Figure 2.2: Two examples of 2dfc.

Each node is connected to all other nodes along its coordinate axes:

𝑑 (𝐴) = (𝑚1 − 1) + (𝑚2 − 1) =𝑚1 +𝑚2 − 2. (2.8)

Each node contributes𝑚1 +𝑚2 − 2 edges, but each edge is counted twice (once for
each endpoint). Thus, the total number of unique edges in the network is:

|𝐸 | = 𝑁 (𝑚1 +𝑚2 − 2)
2 =

𝑚1𝑚2(𝑚1 +𝑚2 − 2)
2 . (2.9)

Since each node can reach directly any other node in the same row or column, the
diameter of the network is always two.
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Table 2.1: Summary of properties for (3 × 3) and (𝑚 × 𝑛 ) 2dfc network topologies.

3 × 3 2dfc 𝑚 × 𝑛 2dfc

Number of Nodes 9 𝑁 =𝑚 × 𝑛
Node Degree 4 𝑑 (𝐴) = (𝑚 − 1) + (𝑛 − 1)
Total Edges 18 |𝐸 | = 𝑚𝑛(𝑚+𝑛−2)

2

Network Diameter 2 2

Table 2.1 lists the properties and characteristics of 3 × 3 2dfc and𝑚 × 𝑛 2dfc.

Bisection bandwidth of 2dfc

Consider a “line” of switches along dimension𝑚, in this “line” there are𝑚𝑖 switches.
Divide the switches on this “line” into two groups, each group will have𝑚𝑖 ÷ 2 switches
(assuming that𝑚𝑖 is even, bandwidth of each link is equal and equal to 1). The number
of links that cross this channel bisection within this single “line” is

𝑚𝑖

2 ×
𝑚𝑖

2 =
𝑚2
𝑖

4 (2.10)

Entire 2dfc network can be thought as 𝑚2×𝑚1
𝑚𝑖

such “line” of switches, each fully
connected along dimension𝑚. The total channel bisection 𝐵𝐶 for dimension𝑚 is

𝐵𝐶𝑚 =
𝑚2 ×𝑚1
𝑚𝑖

×
𝑚2
𝑖

4 =
𝑚2 ×𝑚1 ×𝑚𝑖

4 (2.11)

Therefore the channel bisection bandwidth of the network is the min𝐵𝐶𝑚 , equal to:

𝐵𝐶 =
𝑚2 ×𝑚1 ×min(𝑚2,𝑚1)

4 (2.12)

Consider a 2dfc with 𝑇 terminal per node, a 2dfc network needs at least half the
number of terminal links (𝑇 ×𝑚2×𝑚1/2) crossing any bisection 𝐵𝐶𝑚 to be non-blocking.
Therefore, the bisection bandwidth of 2dfc is

𝐵𝐵 =
𝐵𝐶

𝑇 ×𝑚2 ×𝑚1/2
=

min(𝑚2,𝑚1)
2𝑇 (2.13)
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Comparison with Similar Direct Network Topologies

The 2dfc can be regarded as a family of HyperX, Dragonfly, and Hammingmesh
network topologies. Here, we describe their difference in detail.

(a) HyperX network in a dual planes system (Figure 2c from [9]).

(b) Cray Aries network (page 7 From [41]).
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(c) Hammingmesh network (Figure 3 from [42]).

Figure 2.3: The widespread presence of 2dfc in HPC Networks.

Figure 2.3 shows the 2dfc topology used in HPC systems. Many interconnection
applications in HPC systems use this structure.

It can serve as the primary interconnection topology for an entire system [8, 9, 6].
For instance, Figure 2.3a depicts the network topology of a supercomputer at the
Tokyo Institute of Technology, which utilizes a 12 × 8 HyperX topology, which is
isomorphic to a 2dfc network. HyperX considers a floor-layout and a rack-layout with
high-radix network switches. By contrast, 2dfc does not care about the floor layout.
This is a main difference between HyperX and 2dfc network topologies.

Alternatively, 2dfc can be used to connect local node groups, as seen in the Cray
Aries interconnect [43]. This interconnect is deployed in the Piz Daint [44] and Trinity
[45] supercomputers. Both Piz Daint and Trinity utilize a 16 × 6 2dfc topology for local
interconnects.

Furthermore, 2dfc also serves as a global topology for linking multiple node groups,
as demonstrated in HammingMesh [42]. In this case, HammingMesh employs a 2dfc
structure to interconnect 𝑛 × 𝑛 mesh networks. HammingMesh considers a two-
dimensional floor-layout for a machine-learning parallel computer. By contrast, 2dfc
does not care about the floor layout. This is a main difference between HammingMesh
and 2dfc.
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(a) Dragonfly 𝑎 = 3, 𝑔 = 4, ℎ = 1
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(b) Dragonfly 𝑎 = 3, 𝑔 = 4, ℎ = 2
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(c) Dragonfly 𝑎 = 3, 𝑔 = 4, ℎ = 3

Figure 2.4: Dragonfly Network with Varying Global Link Configurations (𝑎 = 3, 𝑔 = 4, ℎ =

{1..3}). Nodes are organized in a two-dimensional layout.
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(c) Dragonfly 𝑎 = 3, 𝑔 = 4, ℎ = 3

Figure 2.5: Dragonfly with different global link configurations. (𝑎 = 3, 𝑔 = 4, ℎ = {1, 2, 3})
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(a) 3 × 4 2dfc
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(c) 3 × 4 Mesh

Figure 2.6: The 3 × 4 2dfc, Torus and Mesh network. By selective removing some certain links
of 2dfc, we can obtain Torus and Mesh.

Compared with the other topologies, the 2dfc network maintains a similar funda-
mental structure. By selectively removing specific links from a 2dfc, different HPC
topologies can be derived, such as Dragonfly, Torus, and Mesh networks. Figures 2.4
and 2.5 show various global link configurations of a 3 × 4 Dragonfly network. Figure
2.4(a)-(c) are isomorphic to Figure 2.5(a)-(c), respectively. The Dragonfly network with
parameters 𝑎 = 3, 𝑔 = 4, ℎ = 3 (shown in Figure 2.5c) is isomorphic to the 3 × 4 2dfc
network. Additionally, by removing more links from a 2dfc, we can obtain Torus and
Mesh topologies, as shown in Figure 2.6.

2.2 Collective Communication

2.2.1 Outline

After selecting the network topology, the next critical component in optimizing
communication performance is the communication algorithm. It determines how
messages are traveled across the network. Currently,Message Passing is the widely
used programming model to exchange messages inside distributed systems. This can
be categorized into two types:

• Point-to-Point (P2P) communication, where messages are exchanged between
exactly two processes.
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• Collective communication, where communication involves a group of processes
simultaneously.

P2P communication serves as the fundamental building block, with efforts focused
on achieving performance close to the raw bandwidth and latency of the hardware.
Collective communication, in contrast, involves all processes within a communicator.
Typical operations include broadcast, reduce, allreduce, gather, scatter, and barrier,
each designed for a specific communication pattern. For instance, broadcast distributes
data from one process to all others, while allreduce combines values from all processes
and then shares the result with every process in the communicator.

Due to their global scope, the performance of collective operations is influenced by
multiple factors such as network conditions, network topology, and the collective-
communication algorithm. In large-scale HPC systems, the execution time of collective
operations often dominates overall application performance.

Two factors mainly influencing collective performance are latency (time to send
zero byte message) and the bandwidth [46].

To model the performance of collective communication, the well-known 𝛼–𝛽
model (or Hockney model) is commonly employed [47]. The total communication time
is estimated as:

𝑇 = 𝛼 + 𝛽 ·𝑚

where 𝛼 represents the fixed latency overhead (e.g., connection setup, synchronization),
𝛽 is the inverse of the available bandwidth, and 𝑚 is the message size in bytes.
Communication algorithms are typically designed to minimize 𝑇 by reducing the
number of communication rounds (to minimize latency) and optimizing data paths (to
maximize bandwidth usage).

As the increasing complexity of network topologies in modern supercomputers,
achieving low latency and high bandwidth in collective communication becomes more
challenging. A naive algorithm that ignores the topology can result in significant
performance degradation due to traffic contention and unbalanced communication
schedules. In terms of using topology information, we can divide the communication
algorithms into two categories:

• Topology-unaware, which assume uniform communication cost between any
pair of nodes, and are thus portable but suboptimal on modern systems.
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• Topology-aware, which co-design the communication schedule and the topology,
minimizing long-distance traffic and improving locality.

In this section, we provide a comprehensive review of communication algorithms for
collective operations in HPC systems, with a focus on those designed for or adapted to
Kautz graph or 2dfc.

2.2.2 Collective Communication Pattern

In this section, we will introduce the purpose, the communication pattern of common
used collective communications. TheMessage Passing Interface (MPI) [48, 49, 50] is
the most widely use standardized system [51] that supports the Message Passing
paradigm. It enables communication between processes running in parallel across
distributed memory systems. This dissertation borrows the terms of collective
communication operations in the MPI document [50] to call collective operations.

Collective communication refers to communication operations that involve a
group of processes working together. This group is organized into a structure called a
communicator. All processes within a communicator must call the same collective
operation simultaneously.

In this section, we revisit seven important collective operations commonly used in
HPC applications. These operations can be grouped into two main categories:

• One-to-All: A designated root process either sends data to or receives data from
all other processes in the communicator.

• All-to-All: All processes in the communicator exchange data symmetrically
with each other, and all have equal roles.

The following presents the communication patterns of these seven collective
operations.

Broadcast

One process sends the same data to all processes in the same communicator, as shown
in Figure 2.7a.
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Scatter

One process sends different data to all other processes in the communicator, as shown
in Figure 2.7b.

Gather

All other processes in the communicator send different data to one process. as shown
in Figure 2.7b.

Reduce

It combines data from all processes in a communicator using a reduction operation
(e.g., sum, max) and returns the result to a root process, as shown in Figure 2.7c.

Allgather

It is the same as Gather except that all processes in the communicator receive the
result, as shown in Figure 2.7d.

Alltoall

Scatter/Gather data from all processes/to all processes of a communicator. Each process
have a distinguish data to send to other process, as shown in Figure 2.7e.

Reduce-Scatter

It is a combination operation of reduction and scatter, as shown in Figure 2.7f.

Allreduce

It is a series of a reduction operation (such as sum, max, min or user-defined functions)
where the result is returned to all processes of the communicator, as shown in Figure
2.7g. We can obtain the result of Allreduce operation by doing the Reduce-Scatter
follow by an Allgather (same as Rabenseifner algorithm [52]).
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(f) Reduce-Scatter: Performs a reduction of data across all processes, then distributes segments of the
reduced result to each process.
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(g) Allreduce: Combines data from all processes using a reduction operation (e.g., sum, max) and then
distributes the final result to all processes. Each process receives the same complete reduced result.

Figure 2.7: Communication pattern for common collective operations. Subfigures show
examples for six processes.

2.2.3 Collective Communication Algorithms

Collective communication algorithms define how all processes in a communicator
coordinate to execute collective operations using the resources of the network topology.
The goal of these algorithms is to minimize latency [53, 54, 5, 55], maximize global
bandwidth [53, 56, 57, 58, 59], and avoid contention. In essence, all these efforts aim to
minimize the total communication time.

Early works on collective communication centered on optimizing algorithms for
specific architectures such as hypercube [60], mesh [60], or fat-tree [4] to reduce the
network contentions [61, 62, 63]. State-of-the-art communication libraries, e.g., MPI
MPICH [64], and MVAPICH [65] select the best-suited algorithms for each collective
operation depending on the message size and the number of involved computing nodes
[66]. For example, the recursive doubling [67], binomial tree [64], and 2Tree [68]
algorithms are optimized for small messages with a power-of-two number of nodes.
The Bruck algorithm [69] is optimized for a non-power-of-two number of nodes 𝑛. It
has been reported that these algorithms reach the lower bound of the latency factor,
i.e., O(log(𝑛)) communication steps [67]. In contrast, the vector halving and distance
doubling algorithm [64] and the ring-based algorithm [70] are optimized for large
messages and reach the lower bound of the bandwidth factor, i.e., O(𝑛−1

𝑛
𝑀) [67] units

of data. Most of these works assume that the node’s network interface is single-ported,
i.e., one node sends and receives only one message simultaneously.
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In recent years, there have been extensive efforts to improve the performance
of collective communication by leveraging the underlying emerging hierarchical
heterogeneous architectures that could be modeled as multi-port systems. When
each computing node has 𝑑 > 1 ports (degree-𝑑), it can send and receive at most 𝑑
messages in every communication step. Several collective communication techniques
have been reported to achieve better resource utilization [71, 72, 73] by taking into
account the hierarchy of the network architecture. On the other hand, there is an
alternative that utilizes the custom network architecture to minimize the network
contention [74, 5, 75]. The MULTITREE algorithm [75], for example, can deliver
contention-free communication. By scheduling communication patterns based on
the available network resources, the algorithm conducts communication only over
links that are not yet occupied. The MULTITREE algorithm exploits the topology
information and makes the schedule for collective communication.

In the later part of this section, we will present the operation of five collective
communication algorithms that work on HPC systems. They can be used in the
production libraries as in the case of Pairwise, Bruck and Ring algorithm. Another one
is a state-of-the-art algorithm to design bandwidth-optimal communication as in the
case of MULTITREE algorithm.

Pairwise-Exchange Algorithm

The Pairwise-Exchange (or pairwise for short) algorithm is one of the early techniques
used to implement efficient collective communication operations. It is particularly
well-suited for alltoall, allgather, and allreduce operations. Because of its simple logic,
symmetric structure, and ability to fully utilize point-to-point communication, the
pairwise algorithm is especially attractive for systems with uniform topologies (e.g.,
mesh, torus, fat-tree). Early studies of the algorithm can be found in the works of
Gropp et al. [64, 49].

Pairwise remains a key algorithm in production MPI implementations including
MPICH [65], OpenMPI [76] and Intel MPI [77]. It is typically selected when:

• The message size is large.

• The number of processes is a power of two, enabling XOR partner logic.
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• Hardware supports multi-ported communication for overlapping send/receive.

In a communicator of 𝑃 processes, the algorithm finishes in 𝑃 − 1 steps. Each
process communicates directly with a unique partner in every step. For power-of-two
case (𝑃 = 2𝑘 ) partners are computed using the bitwise XOR. In step 𝑘 :

𝑝𝑎𝑟𝑡𝑛𝑒𝑟 = 𝑟𝑎𝑛𝑘 ⊕ 𝑘

For non-power-of-two case (𝑃 ≠ 2𝑘 )m, a modular scheme is used. In step 𝑘 :

𝑠𝑒𝑛𝑑𝑡𝑜 = (𝑟𝑎𝑛𝑘 + 𝑘) mod 𝑃

𝑟𝑒𝑐𝑣 𝑓 𝑟𝑜𝑚 = (𝑟𝑎𝑛𝑘 − 𝑘 + 𝑃) mod 𝑃
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(a) Power-of-Two Case (XOR Pattern)

P0 P1 P2 P3 P4

P0 P1 P2 P3 P4

P0 P1 P2 P3 P4

P0 P1 P2 P3 P4

(b) Non-Power-of-Two Case (Modular Shift)

Figure 2.8: Pairwise algorithm.

Figure 2.8 shows the communication pattern of pairwise exchange in two cases:
four processes (power-of-two) 2.8a and five processes (non-power-of-two) 2.8b.

Despite the simplicity of pairwise algorithm, it is an index-based algorithm. This
means that the algorithm ignores the topology information that can cause a collision
for a specific topology. Since it only uses rank indices, it does not optimize message
routing based on how nodes are physically or logically connected. If many processes
try to send messages over the same network links at the same time, network congestion
or link contention can occur.
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Bruck Algorithm

Bruck’s algorithm was originally proposed for alltoall (index) and allgather (con-
catenation) [78, 69]. It was designed to minimize communication steps. It has since
become a standard method in many MPI implementations. Libraries that include Bruck
or Bruck-like implementations: MPICH [49], OpenMPI [76], Intel MPI [77]. Bruck
algorithm implements an alltoall or allgather in log2 𝑃 communication steps.

Bruck algorithm proceeds in two local rotations and log2 𝑃 communication in a
𝑃-process communicator. Steps of the algorithm:

1. Local Rotation: Each process logically rotates its local data buffer to align
destination offsets.

2. Logarithmic Communication: In step 𝑘 = 0 to log2 𝑃 − 1, each process 𝑖
sends data to process (𝑖 + 2𝑘) mod 𝑃 and receives data from process (𝑖 − 2𝑘 + 𝑃)
mod 𝑃

3. Final Rotation: rotate back to restore the correct order.
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P0 P1 P2 P3

P0 P1 P2 P3

P0 P1 P2 P3

3210 3210 3210 3210

0 1 2 3

Send bu�er

Receive bu�er
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Init

Step 1

Local
shift

Figure 2.9: Bruck algorithm.

Figure 2.9 shows the communication pattern of the Bruck algorithm2 with four
processes. Each process starts with its own data, and the goal is for every process

2This communication pattern can be applicable for alltoall or allgather.
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to gather data from all other processes. The algorithm completes in log2 4 = 2
communication steps.

It begins with a local rotation (omitted in in the figure) during which each process
copies its local data to the result buffer. Next, two communication rounds are performed,
where the sender and receiver are determined based on the current step, following the
principle of logarithmic communication. Finally, the algorithm finishes with a local
shift.

The Bruck algorithm does not take network topology into account. Thus It faces
the same issues as the pairwise algorithm. When many processes attempt to send
messages over shared network links concurrently, it can lead to congestion or link
contention. However, the algorithm completes in log 𝑃 communication steps, which is
particularly efficient for small message exchanges. Because, the small message size
introduces little contention, and the overhead from the local rotation is also small.

Ring Allreduce Algorithm

Ring Allreduce algorithm was proposed to optimize the bandwidth utilization in HPC
systems by minimizing redundant data movement and avoiding network congestion.
The ring algorithm is bandwidth-optimal for large messages, making it ideal for
applications where data size per process is large and uniform, such as deep learning. It
became especially well-known through its implementation in NVIDIA’s NCCL [79]
(used in GPU collectives), and has also been adopted by OpenMPI [76], Intel MPI [77],
and Horovod [80] for distributed training.

Let:

• 𝑃 be the number of processes in the communicator.

• Every process has a local buffer size 𝑁 . The process partition the buffer into 𝑃
smaller chunks.Each chunk has size 𝑁 /𝑃

• The goal of the algorithm is combining the data of all processes into a global
result. Then distribute the result to all processes.

The Ring Allreduce operates in two phases reduce-scatter and allgather as Raben-
seifner algorithm [52]. Phase 1: Reduce-Scatter: each process send one chunk to the
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next process, and receives one chunk from the previous process. Reduction operation
(e.g., sum, max, etc.) is performed between the received chunk and the local one for
that segment. The reduction is repeated 𝑃 − 1 times. After this phase, each process
holds one chunk of the final result. Phase 2: Allgather: each process sends its reduced
chunk to the next process and receives a different chunk from the previous process.
This continues for 𝑃 − 1 steps. After this phase, all processes have gathered all the
reduced chunks — completing the allreduce.
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Figure 2.10: Ring Allreduce algorithm.

Figure 2.10 shows an example or ring allreduce in a four-node setup. Because there
are four processes in the communicator, each phase of the algorithm has 4− 1 = 3 steps.

In summary, the Ring Allreduce algorithm finishes in 2 × (𝑃 − 1) steps. This high
number of steps is not good for latency-sensitive applications. Ring allreduce is proved
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bandwidth optimal [70, 81, 82](see Section 2.4). Bandwidth optimal algorithms are
especially for applications exchanging large message size. In addition to the limitation
of high number of step, the performance of the Ring Allreduce algorithm depends on
finding a contention-free ring [70]. The method for finding a contention-free ring is
presented in [81].

MULTITREE Algorithm

MULTITREE algorithm [75] was originally proposed for enhancing the efficiency of
allreduce operations for deep learning training. The research proposes co-designing
the allreduce communication algorithm with the interconnection architecture. The
co-design has three core ideas:

• Spanning Trees instead of rings: aims to reduce algorithmic steps to 2 log𝑘 𝑛
for k-ary trees, improving latency compared to 𝑛 − 1 steps in ring.

• Topology awareness: message scheduling is embedded to tree construction by
using topology information.

• Balanced communication: iteratively choosing the links to build the schedule
trees make the algorithm face no contention.

Briefly, the algorithm operates in two phases . Phase one, done once, build the schedule
trees. The trees store the topology information. In addition, they are also the instructor
for doing the operation. The tree will provide the sender/receiver and the data to send
in each communication step. Phase two, do the collective operation based on the
schedule trees.

Main idea of the tree construction (phase one): given a network graph𝐺 (𝑉 , 𝐸)
MULTITREE creates |𝑉 | spanning trees. The trees are built from their roots in a
top-down fashion, making the higher level denser and balancing communication
across all tree level 3. Link Allocation and Scheduling:

• For each time step (one tree level), a topology graph is used to allocate links to
connect remaining nodes to the spanning trees.

3Using tree level to indicate communication step is a great way to save the schedule information, but
this limits the flexibility of the construction of the trees. We will give example of this limitation in
Chapter 3 and Chapter 4
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• Once allocated, links are removed from the graph.

• When no more links are available for the current time step’s connections or all
the links in the topology graph are used, a new topology graph is used, and a
new time step begins.
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Figure 2.11: Tree building of MULTITREE algorithm for 2 × 2 Mesh.

Figure 2.11 shows the construction of schedule trees for 2 × 2 Mesh network. The
algorithm starts with the initiation for four roots. For each time step a full copy of the
topology graph𝐺′(𝑉 ′, 𝐸′) is used. Trees take turn to add a new node 𝑐 by connecting it
to an already added predecessor node 𝑝 . Then the 𝑝 → 𝑐 edge is removed from 𝐺′ and
scheduled for communication at the current time step. For example, in step one, links
are removed from the graph and added to trees in round robin order. The number in
the figure shows the order of links that added to the trees. After all links of𝐺′ are used,
a new time step begins. For example, after all eight links of 2 × 2 Mesh are removed
from the graph, a new graph are used. In Figure 2.11, links (8) to (11) belongs to the
second time step. The process of adding links continues until nodes are connected
to their respective trees. In static systems, phase one only runs once. In dynamic
systems, it runs every when a new node allocated for the workload. After building the
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schedule trees, now we can do the collective operations based on the network-topology
information on the trees.
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Figure 2.12: Allreduce using the schedule from MULTITREE algorithm.

Figure 2.12 shows the allreduce operation based on the tree information. Allreduce
operation in the figure consist of two phases: reduce-scatter and allgather. Reduce-
scatter on 2 × 2 Mesh has 2 communication steps. It uses the topology information
from the in-coming trees. After two communication steps, reduce-scatter results are
available in each process. After two steps allgather using the schedule information of
outgoing trees, the allreduce completes.

For more information, formal definition and procedure of the algorithm can be
found in the original paper [75].

As HPC systems become larger and more complex, collective communication has
to evolve. Modern algorithms like MULTITREE help achieve fast and efficient data
exchange by considering both hardware port capabilities and the network structure.
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2.3 Network Interface Porting Capabilities on Collec-

tive Communication
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Figure 2.13: Single-ported system vs Multi-ported system.

In addition to algorithmic design and network topology, the characteristics of the
underlying hardware play a crucial role in collective communication performance. In
particular, the porting capability of network interfaces is one of the most important
factors. Single-ported network interfaces can transmit or receive only one message
at a time, as shown in Figure 2.13a. The limitation in concurrency may lead to
the communication serialization when multiple messages are sent to the network.
Multi-ported interfaces, on the other hand, allow a node to send and receive multiple
messages concurrently, as shown in Figure 2.13b, improving aggregate bandwidth.
Multi-porting is especially important in collective operations when each process
communicates with every other process. It enables overlapping of communications,
which helps reduce the total communication time. Research on multi-ported technology
and related tools has been ongoing for several decades[83, 84]. To the best of my
knowledge, many HPC systems listed in the Top500 [1] currently use multi-ported
switches as their network infrastructure. But research seen forgot this capability of the
switch. This dissertation will analyze the port utilization of a conventional collective
communication algorithm to propose an improvement of a conventional collective
communication algorithm in 2dfc. Detail will be presented in Chapter 4.
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2.4 Network Cost Model and Bandwidth Optimality

in Collective Operation

Understanding the cost of communication between processes is important for designing
efficient parallel algorithms. To analyze and predict communication performance, an
effective model is necessary.

The 𝛼 − 𝛽 cost model, also known as the Hockney model [47], is one of the most
widely used abstraction for qualifying the time to send𝑚 bytes between two processes.
It models two fundamental components of communication cost: latency and bandwidth.
The model give use the insights into how message size and network characteristics
influence the communication performance.

The definition is as follows: the communication time 𝑇 (𝑚) for sending𝑚 bytes
message is given by:

𝑇 (𝑚) = 𝛼 +𝑚𝛽 (2.14)

Where:

• 𝛼 is the start-up latency. It is independent of message size. It is typically depended
on hard/software overhead and propagation delay.

• 𝑚 denotes the message size in bytes

• 𝛽 is the per-byte transmission time. 𝛽 is also understand as the inverse of
bandwidth. It captures the time to transmit each additional byte of data.

The 𝛼-𝛽 model is simple and well-suited for analytical purposes; however, it does
not account for network contention in its formula. In this dissertation, we examine
only contention-free algorithms, so the 𝛼-𝛽 model remains sufficiently accurate.

Two most important factors contribute to the communication time is latency
and bandwidth. This is shown in the widely accepted 𝛼 − 𝛽 model in Section 2.4,
only the start up latency and the invert of the bandwidth shown in the formula. For
large data sizes, the𝑚𝛽 term (related to bandwidth) dominates the 𝛼 term (related to
latency). Bandwidth optimal algorithms aim to minimize the influence of𝑚𝛽 to the
total communication time. A key aspect of such algorithms is that each node transmits
only the necessary data needed to complete the operation [70]. An algorithm achieving
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bandwidth optimality communicates an amount close to the theoretical minimum
which leads to the communication time close to the data size. Under the 𝛼 − 𝛽 model:

𝑇 (𝑚) =𝑚𝛽

ignore the contribution of start-up latency. Another attention to bandwidth optimal
algorithms is that network contention should be avoided. Contention can significantly
reduce the available bandwidth and increase communication time [70]. Algorithm like
Ring-based Allreduce [85, 86] for ring embedded topologies such as Torus and Mesh
achieves contention-free communication, allowing them to use the network bandwidth
efficiently.

Two conditions of bandwidth optimality that state in the work of Patarasuk et.al.
[70] (which is widely used in HPC community)

• Each node sends the minimum amount of data required to complete the operation,

• All communications are contention free.

This dissertation will use these two conditions to design my algorithms.
Bandwidth optimal algorithms are typically preferred and shown their performance

advantage when the message size are sufficiently large. This is because, for large
messages, transfer time (𝑚𝛽) is the dominant factor in total communication time.

Note that the two conditions of bandwidth optimal algorithms do not specify how the
links are used. As a result, two different bandwidth optimal collective communication
algorithms on the same topology may still have different communication time. This is
because they utilize the network links differently.
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3
Collective Communication for Kautz

Network Topology

In this chapter, we explore efficient collective communication in Kautz network topology.
The selection of Kautz network topology is motivated by their favorable properties
for large network, including low diameter, high connectivity, and deterministic
construction. Kautz network topology is also known as the best known solution for
degree-diameter graph problem. While Kautz network topology is promising for HPC
interconnection network, their widespread adoption has been hindered by the lack of
efficient communication algorithms. To address this problem, we develop a collective
communication algorithm for the topology. We focus on two key ideas: multi-port
operations and message-combine strategy. We design communication strategies
that utilized all available links of a source node for collective communications. This
approach aim to maximize network resource utilization. In addition to using multiple
network port, we employ message-combine technique to aggregate multiple messages
into a single larger message. This is important for reducing the communication latency
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by minimizing startup overhead, especially for small message size.

3.1 Multi-port Collective Communication

Collective communication involves all the process in a communicator. The global
behavior can lead to a bottleneck in some place in the network. Our objective here
is to design a contention-free collective communication algorithm. In addition we
also avoid indirect communication at each step of the collective communication
process. Specifically, collective communication is built-up from multiple point-to-point
communication between adjacent nodes. For example, the broadcast communication
from one node to all other nodes can be performed along the Breadth First Search
tree of the source node. Network contention can occur at any point throughout the
collective communication process, e.g., when 𝜃 flows pass through node 𝐴 and one of
its nearby links at the same time. One of the strategies to avoid the contention is
inspired by the MULTITREE algorithm [75]. Node 𝐴 only sends one message over the
link and saves the rest in its memory buffer, and as a result, contention communication
is divided into 𝜃 sub-steps. Although this strategy ensures contention freedom, it raises
the delay factor due to the increased number of communication steps. The collectives
will be depended on the schedule trees of MULTITREE algorithm. We will take the
procedure of building schedule trees for 𝐾𝑎𝑢𝑡𝑧 (2, 2) as an example.
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Figure 3.1: Procedure of building incoming schedule trees of MULTITREE algorithm for
𝐾𝑎𝑢𝑡𝑧 (2, 2).

The procedure follows the instructions of the MULTITREE algorithm, which can be
summarized as follows.

Given a topology 𝐺 (𝑉 , 𝐸) with |𝑉 | nodes and |𝐸 | edges, the goal is to build |𝑉 |
trees, each containing all |𝑉 | nodes.

• Initialize |𝑉 | root nodes. Initialize a topology 𝐺 .

• For each tree, if it is not complete (i.e., the number of nodes < |𝑉 |), add an edge
to the current tree and remove the corresponding edge from the topology 𝐺 .
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Table 3.1: Type of trees used in different collective operations.

Kind of Tree Collective
Incoming Tree reduce, gather, reduce-scatter
Outgoing Tree broadcast, scatter, allgather, alltoall

• When the topology 𝐺 has no remaining edges, reset𝐺 and proceed to the next
communication step until all trees are complete.

Figure 3.1 shows the procedure for building the incoming trees of the MULTITREE
algorithm for 𝐾𝑎𝑢𝑡𝑧 (2, 2). Six root nodes are initiated corresponding to six nodes of
the topology. In the first step, black links in Figure 3.1a are added to the trees. The
numbers beside the links indicate the order in which they are added. When all links in
the topology are removed, a second topology is used. The blue links are added to the
trees in the second step. In the last step, the orange links are added to the trees. Note
that in the last step, only six per twelve links of the topology are used. Compared to
the original MULTITREE algorithm, we simplify the building procedure. Instead of
using the tree level to indicate the communication step, we use a separate table to store
the order of links used in each communication step. By removing the constraint “each
tree level is a communication step”, we can build the schedule trees simpler. The
additional table to store the link can be simplified by finding the rule of communication
in each step. Therefore, we successfully remove the overhead from the table.

The procedure for building the the out-going trees is the same as the procedure for
building the incoming trees. However, the order of used links is different.

Depending on the type of collective operation, either incoming or outgoing trees
are used. Table 3.1 presents which type of tree is used in each collective.

We, therefore, propose a concatenate strategy to reduce the number of commu-
nication steps. Node 𝐴 aggregates 𝜃 messages and sends them as a single message
of size 𝑀 × 𝜃 (assume that all messages have the same size 𝑀). This operation,
message-combine, can significantly reduce the communication latency because the
startup communication latency is not trivial, especially when the message size is small.

We discuss the details of each collective communication with the analytical model.
It is worth noting that the algorithms used in reduce, gather, and reduce-scatter are
comparable to those used in bcast, scatter, and allgather, respectively, but utilize a
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different subset of links. For example, the bcast from one node uses the outgoing
links while reduce uses the incoming links, as the links are unidirectional and not
symmetrical. Furthermore, it is possible to implement the allreduce operation as a
combination of reduce-scatter followed by allgather (or reduce followed by bcast). We
thus present only bcast, scatter, allgather, and alltoall in this study.
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Figure 3.2: Collective communication on degree-2, diameter-2 Kautz(2,2) network.

Assumptions and costmodel Weuse the𝛼−𝛽 model to estimate the communication
cost (see Section 2.4). Ideally, in the absence of network contention, the unicast
communication (or point-to-point communication) time to transfer a message of size
𝑀 between two adjacent nodes is modeled as𝑇𝑢𝑐 = 𝛼 +𝑀𝛽 , where 𝛼 is the startup time
or the time it takes to send a small amount of data from source to destination and 𝛽 is
the time to inject one byte of data into the network (the inverse of the link bandwidth).
We further assume that the startup time 𝛼 is independent of message size, the number
of nodes and the pair of two adjacent sender-receiver. As mentioned, the indirect
point-to-point communication between two nodes of distance 𝑡 is separated into 𝑡
steps. Its cost is calculated as:

𝑇𝑢𝑐 (𝑡) = 𝑡 ×𝑇𝑢𝑐 = 𝑡 (𝛼 +𝑀𝛽) (3.1)

When using the message-combine operation at a given step 𝑖 , an node 𝐴 aggregates
𝜃𝑖 messages and sends them as a single message of size 𝑀𝐴,𝑖 × 𝜃𝑖 . In this case, the
communication time of this step can be modeled by (𝑇 𝜃𝑖𝑢𝑐 )𝑖 = 𝛼 + (𝑀𝑖𝛽) × 𝜃𝑖 , in which
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𝑀𝑖 = max(𝑀𝐴,𝑖) is the maximum message size transferred from one node at step 𝑖.
When the message-combine is introduced, the total communication time becomes:

𝑇𝑚𝑐 (𝑡) =
𝑡∑︁
𝑖=1
(𝑇 𝜃𝑖

𝑢𝑐 )𝑖 =
𝑡∑︁
𝑖=1
(𝛼 + (𝑀𝑖𝛽) × 𝜃𝑖) (3.2)

One-to-all broadcast (bcast) One root node has a piece of data (of size𝑀) that it
needs to convey to every other nodes in the Bcast operation. We utilize a tree-based
algorithm in which the outgoing broadcast tree is construct using the Breadth First
Search (BFS) algorithm to prevent network contention during multiple one-hop data
transfers1. Because a node can send and receive 𝑑 messages simultaneously the Bcast is
carried out in 𝑘 steps for a specified diameter-𝑘 network. In one step, a node sends out
a message of size𝑀 to all its child nodes simultaneously. The cost of Bcast is:

𝑇𝑏𝑐𝑎𝑠𝑡 =𝑇𝑟𝑒𝑑𝑢𝑐𝑒 = 𝑘 × (𝛼 +𝑀𝛽) (3.3)

One-to-all personalized (scatter) In the Scatter operation, a single node has a piece
of data𝑀 that it needs to send to 𝑛 − 1 other nodes. Unlike the Bcast operation, which
transmits the same piece of data to all the compute nodes, Scatter delivers distinct
chunks of data (of size 𝑀

𝑛
) to different nodes. Despite this fundamental difference,

the algorithmic structure is similar, it follows the BFS broadcast tree, except for the
differences in communication message size at each step. Specifically, the message size
for communication between a given node with depth 𝑖 to its 𝑗 th child node in the
BFS tree is proportional to the total number of compute nodes 𝑛𝑖, 𝑗 of this branch, i.e.,
𝑛𝑖, 𝑗 × 𝑀

𝑛
where 𝑖 = 0→ (𝑘 − 1) and 𝑗 = 1→ 𝑑 . For example, the root node 𝐴 needs to

transmit messages of size 2𝑀
𝑛

and 3𝑀
𝑛

to its child nodes 𝐷̄ and 𝐶 , respectively, in the
first step, (as illustrated in Figure 3.2d). The communication cost of Scatter is:

𝑇𝑠𝑐𝑎𝑡𝑡𝑒𝑟 =𝑇𝑔𝑎𝑡ℎ𝑒𝑟 =

𝑘∑︁
𝑖=1
(𝛼 + 𝑑max

𝑗=1
(𝑛𝑖, 𝑗 )

𝑀

𝑛
𝛽) (3.4)

All-to-all broadcast (allgather) A node broadcasts the same piece of data to all the
other nodes in an allgather operation, but distinct nodes broadcast different pieces of

1For the all-to-one reduction (Reduce) operation, we also construct a BFS tree from the root node
using the incoming links (Figure 3.2b) and then performs in reverse order (Figure 3.2c)
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data. We assume that the message size at each node is𝑀 without loss of generalization,
i.e., the total buffer size of 𝑛 ×𝑀 . We first construct 𝑛 outgoing BFS trees separately
and then free the contention at one step by using the message-combine operation
or MULTITREE algorithms based on the data size (or message size). For example,
at the second step, the link 𝐶𝐸 is used by the BFS tree of both 𝐴 and 𝐹 as shown in
Figure 3.2f. If the message size is small enough, the node 𝐶 will send one message that
is a combination of 𝐴1 and 𝐹6 data chunks. The allgather operation, for example, is
done in two steps, as indicated in Figure 3.2f. In the degree-𝑑 network, since each
node has 𝑑 incoming links and 𝑑 outgoing links, a given node 𝑢 appears at the depth
𝑖 (𝑖 = 0 → 𝑘 − 1) of all the BFS trees at most 𝑑𝑖 times. Therefore, an outgoing link
between 𝑢 and its neighbor 𝑣 should be shared by at most 𝑑𝑖 different flows. Thus, the
communication time of allgather is:

𝑇𝑎𝑙𝑙𝑔𝑎𝑡ℎ𝑒𝑟 =𝑇𝑟𝑠 =

𝑘−1∑︁
𝑖=0
(𝛼 + 𝑑𝑖𝑀𝛽) (3.5)

It is important to note that the cost of using the MULTITREE technique to avoid
contention is

∑𝑘−1
𝑖=0 𝑑

𝑖 (𝛼 +𝑀𝛽).

All-to-all personalized (alltoall) All-to-All is also known as a total exchange
operation, inwhich all the nodes have their own piece of data𝑀 and need to send distinct
chunks of data (of size 𝑀

𝑛
) to different nodes. Similar to the alltoall broadcast operation,

a message-combine operation is applied with a consideration of the differences in
communication message size at each step (Figure 3.2h). The alltoall operation requires
𝑘 steps in which all steps

∑𝑘−1
𝑖=0 𝑑

𝑖 with a message of size max𝑑𝑗=1 (𝑛𝑖, 𝑗 )
𝑀
𝑛
are combined.

In total the communication cost of alltoall operation is:

𝑇𝑎2𝑎 =

𝑘−1∑︁
𝑖=0
(𝛼 + 𝑑𝑖 × ( 𝑑max

𝑗=1
(𝑛𝑖, 𝑗 )

𝑀

𝑛
)𝛽) (3.6)

Communication cost on diameter-2 networks

The communication costs discussed in the this section can be applied to any specific
network topologies. As an example, the costs of collective communications on Fully
Connected (FC), Dragonfly [7] and Kautz networks are summarized in Table 3.2. In the
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Table 3.2: Comparison of collective communication cost on degree-𝑑 network. FC refers to a
Fully Connected network. 𝑑𝑖 = ⌈𝑑/2⌉.

FC Dragonfly Kautz-Mtree Kautz-Combi.

Bcast/Reduce 𝛼 +𝑀𝛽 2(𝛼 +𝑀𝛽) 2(𝛼 +𝑀𝛽) 2(𝛼 +𝑀𝛽)
Scatter/Gather 𝛼 + 𝑀

𝑑+1𝛽 2𝛼 + 𝑀
𝑑𝑖
𝛽 2𝛼 + (𝑑+2)𝑀

𝑑 (𝑑+1) 𝛽 2𝛼 + (𝑑+2)𝑀
𝑑 (𝑑+1) 𝛽

Allgather/
Reduce-Scatter

𝛼 +𝑀𝛽 2𝛼 + (𝑑𝑖 + 1)𝑀𝛽 (𝑑 + 1) (𝛼 +𝑀𝛽) 2𝛼 + (𝑑 + 1)𝑀𝛽

Allreduce 𝛼 + 𝑀
𝑑+1𝛽 4𝛼 + 2𝑀

𝑑𝑖
𝛽 2(𝑑 + 1)𝛼 + 2𝑀

𝑑
𝛽 4𝛼 + 2𝑀

𝑑
𝛽

Alltoall 𝛼 + 𝑀
𝑑+1𝛽 2𝛼 + 2 𝑀

𝑑𝑖+1𝛽 (𝑑 + 1)𝛼 + (2𝑑+1)
𝑑 (𝑑+1)𝑀𝛽 2𝛼 + (2𝑑+1)𝑀

𝑑 (𝑑+1) 𝛽

Kautz(𝑑 ,2) network, because max𝑑𝑗=1 (𝑛1, 𝑗 ) = 𝑑 + 1; max𝑑𝑗=1 (𝑛2, 𝑗 ) = 1 and 𝑛 = 𝑑 (𝑑 + 1),
the cost of our proposed allgather algorithm becomes 2𝛼 + (𝑑 + 1)𝑀𝛽 while that of the
MULTITREE algorithm is (𝑑 + 1) (𝛼 +𝑀𝛽). Our algorithm reaches the lower bound of
latency, i.e., O(log𝑘 (𝑛)), and of bandwidth, i.e., O( 𝑀 (𝑛−1)

min(𝑑,𝑛−1) ) as reported in [69].

3.2 Performance Evaluation

In this section, we measure the performance of collective communications using our
proposed concatenate algorithm in the fully connected (FC), Dragonfly (DF-C), and
Kautz (Kautz-C - our proposed method) networks at a large scale. We also compare the
performance with the algorithm using the MULTITREE technique to avoid network
contention (named as Kautz-M). We first estimate the ideal communication time and
then simulate the targeted collective communication using a discrete-event simulator,
i.e., SimGrid version 3.28 [87].

In this comparison, we assume an node behaves like a network interface of the
CPU server. We fix the number of nodes 𝑛, i.e., network degrees are different for a
distinct targeted network. Specifically, we compare a degree-𝑑 Kautz network with a
degree-(2𝑑 − 1) Dragonfly network. We also fix the total amount of bandwidth 𝐵 per
node, that is, a link from the degree-𝑑 network has a bandwidth of 𝐵

𝑑
. We select the

start-up latency from the real average experiment result, i.e., 𝛼 ≈ 1 microsecond.
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3.2.1 Numerical Analysis
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(b) Kautz(64,2) - 4, 160 nodes

Figure 3.3: Normalized communication time on Kautz and Dragonfly (DF) to those on the
fully connected network.

In this section, we measure the ideal communication time using the theoretical cost
stated in Table 3.2. Note that the cost of Kautz-M and Kautz-C is different in the
number of communication steps only. For example, Kautz-M requires 𝑑 + 1 steps
while Kautz-C requires only 2 steps for the allgather operations. Figure 3.3 shows the
normalized communication time of the targeted collective operations on the Dragonfly
and Kautz network to those on the fully connected network in the case of 272 and
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4, 160 nodes2. The lower values are considered better.

Interestingly, the broadcasting time of both DF-C and Kautz-C is significantly less
than that of FC when the message𝑀 is varied, e.g., only 6% and 3% in the case of 4,160
nodes, respectively. This is because the link bandwidth of FC is much small than that
of FC and Kautz, i.e., a higher number of links per node. For scatter operation, both
Kautz-C and Kautz-M gradually reach the performance of FC while the communication
time of DF-C is about 2× that of FC. Note that, it would be possible to implement the
bcast operation by a combination of the scatter operation followed by an allgather
operation. In this scenario, the relative performance of bcast would likely have the
same behavior as scatter. Similar to scatter, our proposed Kautz-C algorithms have a
performance comparable to FC in allgather (≈ 1×) and alltoall (≈ 2×). It is also up to
2× faster than DF-C when the message size is large enough. Our proposal significantly
improves the performance of Kautz-M, especially when the message size is small,
e.g.,by more than 20× in the case of 100-KB message size.

These findings demonstrate that our proposed collective communication algorithms
can achieve the best performance among the targeted diameter-2 networks and
algorithms.

3.2.2 Micro-Benchmark Simulated Results

We next evaluate the performance of our proposed collective communication algorithms
in real systems. Our targets are the collective operations that may have message
contention such as allgather, alltoall and allreduce. We first implement the operations in
C++ using MPI libraries. We then show that our proposed algorithm is well optimized
for the Kautz network by simulating the MPI algorithms on SimGrid simulator [87]. To
simulate the multi-port collective communication algorithm, we use the non-blocking
MPI, i.e., isend/ irecv, which is supported by SimGrid.

2Kautz network of degree 16, and 64, respectively. There was a similar result for networks of 1, 056
nodes, e.g., Kautz network of degree 32.
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(a) Allgather

(b) AlltoAll.

(c) Allreduce.

Figure 3.4: Execution time of Allgather, AlltoAll, and Allreduce benchmarks on SimGrid (272
nodes).
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The resultant communication times of the targeted operations are shown in
Figure 3.4 when the message size𝑀 ranges from 1KB to 64MB, i.e., when the total data
buffer at each node ranges from 272KB to 17GB, respectively. The environment for the
micro-benchmark showed in Table 3.3.

Table 3.3: Environment setup for collective experimental result.

Host System
Operating System SMP Debian 3.16.64-2
Processor Intel(R) Xeon(R) CPU E5-2667 v4 @ 3.20GHz

Simulation environment
SimGrid v3.28

Topology Kautz(16,2) - 272 nodes, bandwidth 12.5GBps/link
Dragonfly 16x17 - 272 nodes, bandwidth 6.45GBps/link

Startup latency 1µs
Host speed 100Gflops

As expected, the results in Figure 3.4 support our findings on communication
cost discussed in the previous subsection. Both the Kautz-C and Kautz-M algorithms
significantly reduce the communication time of the DF-C algorithm on the Dragonfly
network. Interestingly, when the message is small, e.g., less than 128 KB in the case of
the allgather benchmark, Kautz-C outperforms the DF-C and Kautz-M algorithms.
However, when the message size becomes large, e.g., 2→ 64 MB, the performance of
Kautz-C is around 1.5× and 1.1× slower than Kautz-M in the cases of allgather and
alltoall, respectively. In particular, Kautz-C and Kautz-M are 7× and 11× faster than
DF-C in the case of messages sized 32MB and 64MB, respectively. This is because our
implementation of message-combine operations requires a memcpy at the end of the
communication to re-organize the order of data segments in the combined messages.
The extra overhead of this memcpy is proportional to the message size and could not
be avoided. In this case, we suggest falling back to using our Kautz-M (Tree) algorithm.
Its performance is equivalent to that in the ideal case (no contention, no memcpy
overhead), i.e., the blue dashed line in Figure 3.4.
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3.2.3 Real Workload Simulated Results

In this section, we examine the overall performance of our proposal with a typical
application that requires memory-to-memory communication. We utilize the sharing
averaged parameters application mentioned in [88] which is frequently used in the
training process of recent Deep Learning (DL) workloads in parallel [89]. At the end of
each iteration during the training process, all the computing elements, e.g., GPUs or
FPGAs, have their local trained parameters, or weight gradients of the DL model. The
global parameters are then calculated by averaging all the local parameters using an
allreduce communication.

We utilize a method similar to the one in [5], where the computation time and
communication time are estimated separately. We empirically measure the (average)
computation time for training one batch of samples on the real system with NVIDIA
Tesla V100 and use the result for estimating the total computation time per epoch (the
time for covering all the samples of the dataset). We then simulate the communication
time on SimGrid, i.e., we perform allreduce with a buffer size equal to the size of the DL
parameters (4 bytes/parameter). In this work, we estimate the training time of ResNet50
(25M parameters) [90] with a batch size of 64 and VGG16 (138M parameters) [91] with
a batch size of 32 on the ImageNet-1K dataset [92] (1.28M samples).

Figure 3.5: Simulated training time in one epoch of ResNet50 and VGG16. The label at each
column shows its relative execution time to that of the baseline FC_C.

Figure 3.5 shows the breakdown of training time in one epoch. Overall, the relative
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relation between our targeted system and the collective communication algorithms
does not change. Specifically, the training process with the Kautz networks outperforms
those of the Dragonfly networks because of a significant reduction in communication
time. To this end, the impact of our proposal is stronger when training a bigger model.
For example, the training time of ResNet50 and VGG16 with our proposed Kautz-M
method is only 85% and 79% that of DF-C, respectively.

3.3 Discussion: Point-to-Point Communication

3.3.1 Strategy
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Figure 3.6: Single-path point-to-point communication on degree-3, diameter-2 Kautz(3,2)
network from the source node (gray) to the destination node (dashed border, green).

Conventional approach with a single shortest routing path uses only one single port of
the high radix source node (Figure 3.6). Many links are unused which may lead to
inefficiency in communication. Our objective here is to reduce the communication time
by using multiple routing paths. Specifically, a message can be divided equally and sent
simultaneously via both the shortest routing path and non-shortest alternative routing
paths, i.e., via at most 𝑑 routing paths through its 𝑑 different ports. In this dissertation,
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we only focus on paths whose lengths are less than or equal to 𝑘 + 1 hops, where 𝑘 is
the network diameter, because increasing the routing path length may lead to the
increase of latency, and affect the performance. For example, three partitions of the
message𝑀 are routed via the shortest path and two other alternative length-3 routing
paths as shown in Figure 3.7a. The number of alternative paths is selected based on the
relative position between the source and destination. Three kinds of relative position is
presented as follows.

Type 1 (𝑥𝑦 → 𝑧𝑡, 𝑧 ≠ 𝑦): there is no direct link from a source to a destination.
In this case, there are one length-2 shortest path, i.e, 𝑃 (𝑥𝑦, 𝑧𝑡) = ⟨𝑥𝑦𝑧𝑡⟩, and
𝑑 − 1 length-3 alternative paths 𝑃 (𝑥𝑦, 𝑧𝑡) = ⟨𝑥𝑦𝑘𝑧𝑡⟩, 𝑘 ∈ [0..𝑑], 𝑘 ≠ 𝑦, 𝑧.

Type 2 (𝑥𝑦 → 𝑦𝑥): there is a bidirectional link between a source and a destina-
tion. In this case, there are one length-1 shortest path 𝑃 (𝑥𝑦,𝑦𝑥) = ⟨𝑥𝑦𝑥⟩ and
𝑑 − 1 length-3 alternative paths i.e, 𝑃 (𝑥𝑦,𝑦𝑥) = ⟨𝑥𝑦𝑘𝑦𝑥⟩, 𝑘 ∈ [0..𝑑], 𝑘 ≠ 𝑥,𝑦

Type 3 (𝑥𝑦 → 𝑦𝑧, 𝑧 ≠ 𝑥): there is a unidirectional link from a source to a
destination. In this case, there are one length-1 shortest path i.e, 𝑃 (𝑥𝑦,𝑦𝑧) = ⟨𝑥𝑦𝑧⟩,
and 𝑑 −2 length-3 alternative paths i.e, 𝑃 (𝑥𝑦,𝑦𝑧) = ⟨𝑥𝑦𝑘𝑦𝑧⟩, 𝑘 ∈ [0..𝑑], 𝑘 ≠ 𝑥,𝑦, 𝑧.
Noted that, we do not use the length-4 path. Because it increases the startup
latency which can affect the performance of the transmission.
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Figure 3.7: Multi-path point-to-point communication on Kautz(3,2). Source nodes are drawn
in blue. Destination nodes are drawn in orange and dashed border.
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Consider 𝐾𝑎𝑢𝑡𝑧 (3, 2) as an example (Figure 3.7). Figure 3.7a shows an instance of Type
1. The communication is between source node 01 and destination node 02. In this type,
all the outgoing links of the source node is used: one link for shortest path and two
links for alternative paths. The length for the shortest path is equal to two while the
length of two alternative path is three. In Type 2 (Figure 3.7b), all the outgoing links
are also used. The difference is that the shortest path of Type 2 has length one. In the
Type 3 (Figure 3.7c), messages can only be sent in two over three links. The reason is
that the length-four link is not considered in this dissertation.

Notice that in the case of Type 3 in Kautz(2,2) (Figure 3.8), due to the length of the
alternative is equal to four (the purple, dashed link), we do not consider this link.
Therefore the performance of point-to-point communication in this case is equal to
single shortest path.
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Figure 3.8: Multi-path point-to-point communication on Kautz(2,2). Source nodes are drawn
in blue. Destination nodes are drawn in orange.

The summary of two point-to-point communication is as follows.

• Single-path: only the shortest path is used. The shortest path has length no
greater than 2 in the degree 𝑑 diameter 2 Kautz graphs.

• Multi-path: a message is fragmented into a number of partitions that depended on
the relative position of the source and the destination. The partitions will be sent
up to 𝑑 paths simultaneously. This will significantly reduce the communication
time of point-to-point communication, especially for large degree network.
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3.3.2 Performance Evaluation

Numerical Analysis Evaluation

Message inside Kautz network degree 𝑑 diameter 2 - 𝐾𝑎𝑢𝑡𝑧 (𝑑, 2) - can be transferred
by shortest path length ⩽ 2. Between any pair of arbitrary nodes 𝑎 = 𝑥𝑦 and 𝑏 = 𝑧𝑡 ,
if there is a direct link between 𝑎 and 𝑏, a message is sent directly through the
path 𝑃𝑑𝑖𝑟𝑒𝑐𝑡 = ⟨𝑥𝑦𝑡⟩(𝑦 = 𝑧). On the other hand, the message is sent over the path
𝑃𝑖𝑛𝑑𝑖𝑟𝑒𝑐𝑡 = ⟨𝑥𝑦𝑧𝑡⟩ through an intermediate node 𝑦𝑧. From an arbitrary source node 𝑎,
there is 𝑑 nodes that connect to 𝑎 by direct links which cost 𝛼 +𝑀𝛽 time units to send
a message size𝑀 . 𝑑2 − 1 remaining nodes transfer messages to source node 𝑎 through
an indirected path which costs 2𝛼 + 2𝑀𝛽 time units per transfer. Therefore the average
time to send a message when using a single shortest path is equal to:

𝑇
𝑎𝑣𝑔
𝑢𝑐 =

1
𝑑 (𝑑 + 1)) (

∑︁
𝑡𝑖𝑚𝑒 (𝑑𝑖𝑟𝑒𝑐𝑡) +

∑︁
𝑡𝑖𝑚𝑒 (𝑖𝑛𝑑𝑖𝑟𝑒𝑐𝑡))

=
1

𝑑 (𝑑 + 1) (𝑑 × (𝛼 +𝑀𝛽) + (𝑑
2 − 1) × (2𝛼 + 2𝑀𝛽))

=
2𝑑2 + 𝑑 − 2
𝑑 (𝑑 + 1) 𝛼 +

(2𝑑2 + 𝑑 − 2)𝑀
𝑑 (𝑑 + 1) 𝛽

(3.7)

Considering the cost of multi-path routing P2P communication on a Kautz(d,2) network,
we have:

Type 1 since 𝑑 disjoint partitions of the message (with the size 𝑀
𝑑
) are sent

through these 𝑑 routing paths simultaneously, the communication cost, in this
case, is 𝑇𝑚𝑝,1 = max1≤𝑖≤𝑑 (2𝛼 + 2𝑀

𝑑
𝛽, 3𝛼 + 3𝑀

𝑑
𝛽) = 3(𝛼 + 𝑀

𝑑
𝛽).

Type 2 (𝑥𝑦 → 𝑦𝑥 ): similar to the type 1, the communication cost in this case is
𝑇𝑚𝑝,2 = 3(𝛼 + 𝑀

𝑑
𝛽).

Type 3 (𝑥𝑦 → 𝑦𝑧; 𝑧 ≠ 𝑥): the communication cost in this case is 𝑇𝑚𝑝,3 =

3(𝛼 + 𝑀
𝑑−1𝛽).

For a given source node in a Kautz(d,2) network, there are one type-2 destination,
𝑑 − 1 type-3 destination, and 𝑑2 − 1 type-1 destination. Therefore, the average cost of
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point-to-point communication with the multi-path routing is

𝑇
𝑎𝑣𝑔
𝑢𝑐,𝑚𝑝 =

1
𝑑 (𝑑 + 1)

(
3(𝛼 + 𝛽𝑀

𝑑
) + (𝑑 − 1) × 3(𝛼 + 𝛽𝑀

𝑑 − 1 ) + (𝑑
2 − 1) × 3(𝛼 + 𝛽𝑀

𝑑
)
)

= 3(1 − 1
𝑑 (𝑑 + 1) )𝛼 + 3𝑀

𝑑
𝛽 < 𝑇

𝑎𝑣𝑔
𝑢𝑐 for M large enough

(3.8)

Figure 3.9 shows the normalized ideal communication time of multi-path to single-path
point-to-point algorithm. Assume that, common network parameters are used i.e,
𝛼 = 1𝜇𝑠, 𝛽 = 8 × 10−11𝑠 (equivalent to 100Gbps). The figure shows the consistent
results between topology at small scale 3.9a and large scale 3.9b. When message
is small, the startup time is dominant. This leads to the performance of multi-path
algorithm becoming worse (normalized time less than one). When the message size
increases to some certain point, the benefit of multi-path algorithm takes over the
startup latency. Beyond that point, the speed up between single-path algorithm and
multi-path algorithm increases and converges to:

lim
𝑀→∞

𝑇
𝑎𝑣𝑔
𝑢𝑐

𝑇
𝑎𝑣𝑔
𝑢𝑐,𝑚𝑝

= lim
𝑀→∞

(
2𝑑2 + 𝑑 − 2
𝑑 (𝑑 + 1) 𝛼 +

(2𝑑2 + 𝑑 − 2)𝑀
𝑑 (𝑑 + 1) 𝛽

)
÷
(
3
(
1 − 1

𝑑 (𝑑 + 1)

)
𝛼 + 3𝑀

𝑑
𝛽

)
= lim
𝑀→∞

(
(2𝑑2 + 𝑑 − 2)𝑀

𝑑 (𝑑 + 1) 𝛽

)
÷
(
3𝑀
𝑑
𝛽

)
=

(
(2𝑑2 + 𝑑 − 2)
𝑑 (𝑑 + 1)

)
÷
(

3
𝑑

)
=

2𝑑2 + 𝑑 − 2
3(𝑑 + 1)

≈2
3𝑑

(3.9)

Micro Benchmark

In this section, we measure the performance of point-to-point communication strategies
which are multi-path and single-path. We implement two strategies in C/C++ using
MPI libraries. Then, the topology and the network information are simulated inside
SimGrid simulator [87]. The average communication time showed in Figure 3.10
when the message size𝑀 ranges from 1KB to 1GB. The detail of the experimental
environment is described in the Table 3.4.
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(b) Kautz(64,2) - 4160 nodes.

Figure 3.9: Normalized communication time of single-path point-to-point communication
𝑇
𝑎𝑣𝑔
𝑢𝑐,𝑚𝑝 to that of multi-path communication 𝑇𝑎𝑣𝑔

𝑢𝑐 .
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Table 3.4: Environment setup for point-to-point experimental result.

Host System
Operating System SMP Debian 3.16.64-2
Processor Intel(R) Xeon(R) CPU E5-2667 v4 @ 3.20GHz

Simulation environment
SimGrid v3.28
Topology K(4,2) - 20 nodes, K(8,2) - 72 nodes, K(16,2) - 272 nodes
Link Bandwidth 100Gbps
Startup latency 1µs
Host speed 100Gflops

The results, showed in Figure 3.10, support our finding on the communication cost
discussed in the previous section. When the message size is small, the performance of
single-path is a bit better than that of multi-path. However, the time consuming of
single-path increases in a higher order of magnitude than the time of multi-path. To
this end, the performance of multi-path is around 6.1× to 10.3× faster than single-path
when the message size ranges from 2𝑀𝐵 → 500𝑀𝐵 in Kautz(16,2). This confirms the
theoretical analysis on section 3.3.2.
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(a) Kautz(4,2) - 20 nodes. (b) Kautz(8,2) - 72 nodes.

(c) Kautz(16,2) - 272 nodes.

Figure 3.10: Average execution time of point-to-point communication on SimGrid.
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We introduce a multi-path point-to-point communication, which is compared to
shortest single-path, on 𝐾𝑎𝑢𝑡𝑧 (𝑑, 2) graph. The experimental results show that the
multi-path communication can speed up 10× for large message size in Kautz(16,2) with
272 nodes. This result is also close to the theoretical analysis.

3.4 Summary

In this chapter, we focused on developing multi-port message-combine collective
communication algorithms specifically for Kautz network topology. This network
topology has great properties for building collective communications for large networks
such as low diameter and deterministic construction. The core idea was to design
multi-port operations that exploit all available links of a source node during collective
communication. In addition, we employed message-combine strategy to aggregate
messages efficiently. With these improvements, we enhanced the network resource
utilization, avoided contention, and reduced communication latency.

Our main findings through the simulation are listed as follows.

• For small message size (for example less than 128 KB in allgather), the proposed
Kautz-C (message-combine) algorithm significantly outperformed both the
Dragonfly (DF-C) and MULTITREE (Kautz-M) algorithms, achieving more than a
20× improvement over Kautz-M for a 100 KB message size. This advantage
results from Kautz-C’s ability to reduce the number of communication steps. As
a result, it minimizes the impact of startup latency.

• For large message sizes (2 MB to 64 MB), both proposed algorithms, Kautz-C and
Kautz-M, achieved substantial performance gains over DF-C, being up to 7× and
11× faster for 32 MB and 64 MB messages in allgather and alltoall benchmarks,
respectively.

• Simulations of deep learning training workloads (ResNet50 and VGG16) showed
that the multi-port message-combine collective communications on Kautz
network topology reduced training time to 85% and 79% respectively, compared
to the Dragonfly network topology. The improvement shows the algorithm’s
efficiency for parallel applications.
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In essence, we borrowed the Kautz network topology from graph theory to develop
a low-latency collective communication framework. The key techniques underpinning
this design are multi-port and message-combine strategies, which lead to significant
performance improvements particularly for latency-sensitive tasks and large-scale deep
learning workloads in HPC environments. We also discussed the possibility of multi-
path point-to-point communication, with results showing substantial performance
gains for large messages.
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4
Collective Communication for

Two-Dimensional Fully Connected
Network Topology

Uni-directional Kautz network topology has attractive statistics of low diameter and
low average shortest path length. In the previous chapter, we explore efficient collective
communications for the Kautz network topologies. However, existing HPC systems
have not been used uni-directional interconnection networks because of their relevant
practical concerns, such as the lacks of efficient switch-by-switch flow control. In this
context, more practically, we focus on the collective communication in 2dfc network
topologies.
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4.1 Limitations of Conventional and Contemporary

Collective Algorithms for 2dfc

The 2dfc is widely used in the world of HPC networks. It can serve as the primary
topology to connect an entire system as in [8, 9, 6]. Alternatively, it can be used to
connect a local group as in the case of Cray Aries interconnect [43] which is employed
in the Piz Daint [44] and Trinity supercomputers [45]. Furthermore, 2dfc is also used
as the global topology to connect groups of nodes as demonstrated in Hamming Mesh
[42]. Thus, the demand for collective operation in 2dfc is high.

Collective operation on 2dfc can be approximately classified into two schools of
thought: 1. Topology specific algorithm, such as Dimensional Order (DO) 2. Topology
agnostic algorithm, such as MULTITREE algorithm

This chapter mainly focuses on the alltoall operation, as it captures the essential
communication pattern underlying several other collective operations. Since the
differences among these operations lie only in the data exchanged, the insights obtained
here directly extend to other operations. In this context, we will detail the specific
limitations of two key algorithms: DO and MULTITREE.

4.1.1 The Problem of Dimension Order Algorithm

DO is a naive version of the topology-aware alltoall algorithm for 2dfc. The algorithm
exchanges the data of the alltoall operation in one dimension. Then, in the next
communication step, the algorithm exchanges the remaining data in the remaining
dimension. A similar algorithm is described in 3D torus in [93].

Input for the algorithm is the shape of 2dfc (𝑚2𝑚1) and the process name 𝑎2𝑎1

(illustrated in Figure 4.1). Data in each process is stored in an array 𝐷 which has
𝑁 =𝑚2 ×𝑚1 (the number of processes) data blocks as the notation in Section 2.1.4.
Note that in this section we change the indexing of a process from an integer 𝑖 to
a 2-tuples (𝑎2𝑎1). We can easily convert two kinds of notation by the expression
𝑖 = 𝑎2 ×𝑚1 + 𝑎1.
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Algorithm 1: DO: All-to-All Collective Communication on 2lvfc
Data: Data Array 𝐷
Result: Each process receives data from all other

processes
Input: Topology 2lvfc(𝑚2,𝑚1), process (𝑎2𝑎1)
// All-to-all exchange in the first

dimension

// at the same time send data for

second dimension exchanging

1 for 𝑘 ← 1 to𝑚1 − 1 do
2 𝑎𝑘 ← (𝑎1 + 𝑘) mod 𝑚1; // (𝑎2𝑎𝑘 ) is the

receiver

3 SB appends 𝐷 [𝑎2𝑎1, 𝑎2𝑎𝑘 ]; // init sendbuf

SB

4 for 𝑧 ← 1 to𝑚2 − 1 do
5 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1

6 SB← SB appends 𝐷 [𝑎2𝑎1, 𝑎2𝑎𝑧]

7 Send SB to node (𝑎2𝑎𝑘 )

8 for 𝑧 ← 1 to𝑚1 − 1 do // add data for

second step

9 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1; // (𝑎2𝑎𝑧 ) is the

sender

10 Receive from node (𝑎2𝑎𝑧)
// All-to-all exchange in the second

dimension and finish the algorithm

11 for 𝑘 ← 1 to𝑚2 − 1 do
12 𝑎𝑘 ← (𝑎2 + 𝑘) mod 𝑚2; // (𝑎𝑘𝑎1 ) is the

receiver

13 SB appends 𝐷 [𝑎2𝑎1, 𝑎𝑘𝑎1]; // init sendbuf

SB

14 for 𝑧 ← 0 to𝑚1 − 1 do
15 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1

16 SB← SB appends 𝐷 [𝑎2𝑎𝑧, 𝑎𝑘𝑎1];
// 𝐷 [𝑎2𝑎𝑧 , 𝑎𝑘𝑎1 ] received from the

first step

17 Send SB to node 𝑎𝑘𝑎1

18 for 𝑧 ← 1 to𝑚2 − 1 do
19 𝑎𝑧 ← (𝑎2 + 𝑧) mod 𝑚2; // (𝑎𝑧𝑎1 ) is the

sender

20 Receive from node (𝑎𝑧𝑎1)
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Figure 4.1: Links used by nodes in the topology in two communication steps of DO algorithm.
Example of data sent from node (21) to node (20) in the first step and data sent from node
(00) to node (20) in the second step.

Figure 4.1 and Algorithm 1 show the algorithm and an example of data exchange of
DO algorithm on 3 × 3 2dfc. The algorithm starts with exchanging the data inside an
arbitrary dimension (in this dissertation, we do the exchange in the x-axis first, blue
links in Figure 4.1). In line 3, data appended to sending buffer SB is responsible for the
data exchanged inside the fully connected group. For loop in lines 4-6 in Algorithm 1 is
the preparation of data for the second step. Each node (𝑎2𝑎𝑘) (line 7) will act as an
intermediate node. It will receive𝑚2 chunks of data from a neighbor 𝑎2𝑎𝑧 (where
𝑎𝑧 ≠ 𝑎𝑘 ) in the group, after the first step: one chunk 𝐷 [𝑎2𝑎𝑧, 𝑎2𝑎𝑘] to store to the result,
𝑚2 − 1 chunks to re-transmit in the second step.

In the second step (lines 11-20), data is exchanged in the remaining dimension. In
this step, a node 𝑎𝑘𝑎1 will receive𝑚1 chunks of data from a sender 𝑎𝑧𝑎1. One chunk
𝐷 [𝑎𝑘𝑎1, 𝑎𝑧𝑎1] is the data from (𝑎𝑘𝑎1).𝑚1− 1 chunks 𝐷 [𝑎𝑘𝑥, 𝑎𝑧𝑎1]1 is the re-transmitted
data.

DO algorithm is divided in two almost identical steps. In the first step, the algorithm
exchanges the data in the first dimension. The data for the second step is also prepared
and sent in this step. In the step 2, the algorithm sends the data of second dimension,

1where 𝑥 ∈ [0..𝑚1 − 1], 𝑥 ≠ 𝑎1. We use this notation to present a group of nodes from this point to
the rest of this section.
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forwards the data of the first step, and finishes the algorithm.
Figure 4.1 shows the data transfer on node (20) on 3 × 3 2dfc. In the first step, the

blue solid links are used. Let consider an example of data transmission in node (20). In
this step, nodes inside the group (2𝑥) exchange data with node (20). Node (21) and
(22) sends the data 𝐷 [21, 20] and 𝐷 [22, 20] to node (20) respectively2. In the second
step, node (00) and (10) send 6 chunks of data in the group (0𝑥) and (1𝑥) to node (20).
Note that, only 2 data chunks 𝐷 [00, 20] and 𝐷 [10, 20] originate from nodes (00) and
(10), while the remaining data, such as 𝐷 [0𝑥, 20] and 𝐷 [1𝑥, 20], originate from other
nodes in the groups (0𝑥) and (1𝑥). After two communication steps, node (20) receives
6 data chunks from the other nodes in the topology and finishes the DO algorithm.

We can prove that DO is bandwidth optimal. To achieve bandwidth optimal, an
algorithm must ensure two following conditions:

1. Communicate with the minimum amount of data required.

2. The network contention must be avoided.

Let take alltoall operation as an entity for proving bandwidth optimality of collective
operation on 2dfc. For other algorithm, the prove takes the same idea. In a 2dfc
network, there are 𝑁 =𝑚2 ×𝑚1 nodes, where𝑚1 and𝑚2 are the sizes along the X-axis
and Y-axis, respectively. Each node is addressed by a 2-tuple (𝑎2𝑎1). For an All-to-All
operation, each process has 𝑁 distinct data elements (one for each process, including
itself), each of size 𝑏. Let’s examine how DO fulfills the two conditions.

Minimum Data Transmission

Each packet of DO algorithm is sent once from the origin node. If the packet is
transferred through an intermediate node (because there is no direct link), the packet
only is resent once. DO algorithm proceeds in two sequential steps. First, data is
exchanged within one dimension (e.g., X-axis), and then in the second step, the
remaining data is exchanged in the other dimension (Y-axis). There are some data
cannot reach final destination (because 2dfc is a diameter 2 network topology) will be

2Data for the second step are also sent in this step. For example, (21) also sends 𝐷 [21, 00] and
𝐷 [21, 10] to node (20)
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forwarded to and intermediate node within the same dimension. Then, in the next step
the data will be sent to the destination.

In the first step, a node (𝑎2𝑎1) sends data to (𝑚1 − 1) neighbors in the same row
((𝑎2𝑎𝑘) where 𝑘 ≠ 𝑎1). The amount of data sent to each neighbor is𝑚2 × 𝑏 bytes. The
amount of𝑚2 × 𝑏 includes:

• The original data (1 × 𝑏 bytes) from node (𝑎2𝑎1) which is sent to other nodes
within the same row. Example, 𝐷 [21, 20] in Figure 4.1.

• The data (1 × 𝑏 bytes) from node (𝑎2𝑎1) which is sent to nodes in other𝑚2 − 1
rows. Example, 𝐷 [21, 00] and 𝐷 [21, 10] in Figure 4.1. This amount of data will be
sent to an intermediate node. Then it will be forwarded to the final destination
in the next step. In total, this amount of data equals to (𝑚2 − 1) × 𝑏

Therefore, in the first step the total amount of data sent from each node (𝑚1−1) ×𝑚2×𝑏
bytes.

In the second step, a node (𝑎2𝑎1) sends data to (𝑚2 − 1) neighbors in the same
column ((𝑎𝑘𝑎1) where 𝑘 ≠ 𝑎2). The amount of data sent to each neighbor is𝑚1 × 𝑏
bytes. This data includes:

• The original data (1 × 𝑏 bytes) from node (𝑎2𝑎1) directly sends to nodes in the
same column. Example, 𝐷 [00, 20] in Figure 4.1.

• The data originated from the first step to be forwarded in this step from𝑚1 − 1
nodes. Example, 𝐷 [01, 20] and 𝐷 [02, 20] in Figure 4.1.

Therefore, in the second step the total amount of data sent from each node (𝑚2 − 1) ×
𝑚1 × 𝑏 bytes.

Total data sent by a node over the entire operation: The sum of data sent in both steps
is: (𝑚1−1)𝑚2𝑏+(𝑚2−1)𝑚1𝑏 = (𝑚1𝑚2𝑏−𝑚2𝑏)+ (𝑚1𝑚2𝑏−𝑚1𝑏) = 2𝑚1𝑚2𝑏−(𝑚1+𝑚2)𝑏

= (2𝑚1𝑚2 − (𝑚1 +𝑚2))𝑏 (4.1)

Compare to theoretical minimum, in a 2dfc, a node (𝑎2𝑎1) has (𝑚2 − 1) + (𝑚1 − 1)
=𝑚2 +𝑚1 − 2 distance-1 neighbors, and𝑚2 ×𝑚1 − (𝑚2 +𝑚1) + 1 distance-2 neighbors.
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Therefore, in total the amount of data to be sent is: (𝑚2 +𝑚1 − 2) × 𝑏 + (𝑚2 ×𝑚1 −
(𝑚2 +𝑚1) + 1) × 2 × 𝑏

= (2𝑚1𝑚2 − (𝑚1 +𝑚2))𝑏 (4.2)

Compare Equation 4.1 and Equation 4.2, DO algorithm transfer the minimum amount
of data.

Contention-Free Communication

DO algorithm uses two different set of links sequentially. In the first step, the algorithm
exchanges within 𝑥 − 𝑎𝑥𝑖𝑠 (using blue links in Figure 4.1). In the second step, the
algorithm exchanges within 𝑦 − 𝑎𝑥𝑖𝑠 (using blue links in Figure 4.1). The nodes in each
dimension are fully connected. Therefore, there is no contention.

In summary, DO algorithm satisfies two conditions of a bandwidth optimal
algorithm. Hence DO is bandwidth optimal.

However we can see that DO algorithm uses two set of links sequentially. For
example, Figure 4.1 shows the link usage of DO algorithm in the two steps on 3 × 3
2dfc. DO uses only blue links in the first step and red links in the second step. This
causes resource underutilization because some links are left unused. We will solve this
problem of DO algorithm in the proposed solution.

4.1.2 The Problem of MULTITREE Algorithm

MULTITREE algorithm [75] is a bandwidth optimal, low-latency algorithm, originally
proposed for allreduce operation.

The original algorithm creates 𝑁 spanning trees 𝑇𝑖, 𝑖 ∈ [0..𝑁 − 1] for a 𝑁 -node
directed 𝐺 (𝑉 , 𝐸) network topology. Balance trees with global bandwidth coordination
are ensured by building the trees in parallel. The information of the structure of the tree
𝑇𝑖 is used to schedule the communication in node 𝑖 . The co-design of communication
and design made the algorithm collision-free and bandwidth optimal.

Tree building algorithm also proposes a way to support All-to-All algorithm as in
[94, 95]. The adding method makes the schedule trees denser to the leaves leading to
reduction of fan-out at higher levels, enabling more efficient resource utilization and
lower latency.
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The main takeaway of MULTITREE algorithm is that in each communication step,
the links of the topology must be used as much as possible. Based on this insight, we
can flexibly change the shape of the trees. We do not have to follow the instruction
from the original paper: Each tree level is a communication step. In stead of using tree
level, we use marks that describe the link to be used in a specific communication step.
In this section, we would like to provide a specific way to apply MULTITREE algorithm
to 2dfc (in addition to the general method of MULTITREE algorithm in Section 2.2.3).

In 2dfc, each node connects to𝑚2 +𝑚1 − 2 nodes in two dimensions. Therefore, the
optimal way to built the schedule trees is adding𝑚2 +𝑚1 − 2 each communication step.
This can be easily explained, as each node uses all of its connections. Because building
building the schedule trees for MULTITREE algorithm is not the main contribution of
this dissertation so we will give the construction of schedule trees of MULTITREE
algorithm by an example (instead of formal algorithm).

00 01 02 03 04 05

10 11 12 13 14 15

20 21 22 23 24 25

30 31 32 33 34 35

40 41 42 43 44 45

50 51 52 53 54 55

(a) Connection of schedule tree from node (𝑎2𝑎1) = 00 .
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(b) Shape of the schedule tree from node (𝑎2𝑎1) = 10 .

Figure 4.2: Schedule tree from node (𝑎2𝑎1) = (00) on a 6 × 6 2dfc. Figure 4.2a shows the
connection from root node (0, 0). The physical connection of the topology is omitted for the
sake of clarity. The colors of links and nodes show the order of communication steps.
Figure 4.2b shows the shape of the schedule tree of node (00) and the data flow from the
root to branches (01) and (50).

Figure 4.2 shows an example of building a schedule tree from root node 00 on 6× 6
2dfc. Building schedule of each root node starts with adding all the neighbor nodes
in 𝑥 − axis and 𝑦 − axis. From step two to numstep (see Equation 4.4), children of
two nodes from 𝑥 − 𝑎𝑥𝑖𝑠 and two nodes from 𝑦 − 𝑎𝑥𝑖𝑠 are added to the schedule trees.
Because two nodes (in the same axis) are chosen, there is one node in the odd position
and one node in the even position. The children are added using the following method:

• For nodes along the y-axis: If the parent is in an odd position, its children are all
nodes in the same row at odd positions. If the parent is in an even position, its
children are all nodes in the same row at even positions.

• For nodes along the x-axis: If the parent is in an odd position, its children are
nodes in the same column at even positions. If the parent is in an even position,
its children are in the same column at odd positions.

For example, in the step one, all the the nodes shown in red are added to the tree.
The nodes from the 𝑥 − 𝑎𝑥𝑖𝑥 includes: 01 02 03 04 05 . Nodes from the 𝑦 − 𝑎𝑥𝑖𝑠
includes: 10 20 30 40 50 . From step two to step four, in every step, children of
two nodes from the 𝑥 − 𝑎𝑥𝑖𝑠 and two nodes from the 𝑦 − 𝑎𝑥𝑖𝑠 is added until there are
no remaining nodes. For example, in step two, nodes 01 02 and nodes 10 20 are
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chosen. Then the children are added using the adding method. In detail, node 10 is in
the odd position from root node 00 so node in the same row with the odd positions
are added: 11 13 15 . Node 20 is in the even position from the root node 00 so
nodes in the even positions in the same row will be added: 22 24

Building the schedule with this method holds the bandwidth optimal property of
MULTITREE algorithm, but simplify the building of schedule trees. In the experiment,
we have tried to build the tree follow the method using in the original paper, but we
find the trees with higher number of step than by using my method.
Analysis of MULTITREE algorithm on 2dfc

Consider a 𝐺 (𝑉 , 𝐸) is a 2dfc network. 𝑉 and 𝐸3 are the sets of vertices and edges,
respectively. |𝑉 | = 𝑁 =𝑚1 ×𝑚2 corresponds to the size of the vertex set where𝑚1 and
𝑚2 are the sizes of two dimensions. |𝐸 | corresponds to the size of the edge set.

We have:

• |𝑉 | = 𝑁 =𝑚1 ×𝑚2.𝑚1 and𝑚2 are the sizes of two dimensions.

• |𝐸 | =𝑚1 ×𝑚2 × (𝑚1 +𝑚2 − 2) 4

• A node 𝐴 ∈ 𝑉 (𝐺) is indexed by a 2-tuples 𝐴 = (𝑎2𝑎1), 0 ≤ 𝑎2 < 𝑚2, 0 ≤ 𝑎1 < 𝑚1

The target of the MULTITREE algorithm is to build a set 𝑇 ∋ 𝑇𝑖 of 𝑁 spanning trees. A
tree𝑇𝑖 ∈ 𝑇 is differed by a root node 𝑣 ∈ 𝑉 (𝐺). |𝑇 | is the total number of uni-directional
links used to build 𝑁 trees. |𝑇 | =∑ |𝑇𝑖 | in which |𝑇𝑖 | is the number of links in the tree
𝑇𝑖 . It is easy to see that |𝑇𝑖 | = 𝑁 − 1 because it needs 𝑁 − 1 uni-directional links to
connect 𝑁 nodes. MULTITREE algorithm requires 𝑁 trees; therefore, the number of
links needed for 𝑁 trees is:

|𝑇 | = 𝑁 × (𝑁 − 1) =𝑚1𝑚2 × (𝑚1𝑚2 − 1) (4.3)

Therefore, the least number of times topology 𝐺 needed to be reset to fill in 𝑇 is

3Edge 𝑒 ∈ 𝐸 is bi-directional; |𝐸 | =𝑚1 ×𝑚2 × (𝑚1 +𝑚2 − 2).
42-fold the number of links described in Equation 2.9 because MULTITREE algorithm considers

bi-directional links.
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|𝑇 |/( |𝐸 |)

numstep𝑚𝑖𝑛 =
⌈
|𝑇 |
|𝐸 |

⌉
=

⌈
𝑚1𝑚2 × (𝑚1𝑚2 − 1)
𝑚1𝑚2 × (𝑚1 +𝑚2 − 2)

⌉
=

⌈
𝑚1𝑚2 − 1
𝑚1 +𝑚2 − 2

⌉
(4.4)

Equation 4.4 represents the lower bound for the number of steps in the MULTITREE
algorithm. In order to achieve this bound, a tree 𝑇𝑖 has to add |𝐸 |

𝑁
=𝑚1 +𝑚2 − 2 nodes

in each time step, where |𝐸 | is the number of links that need to be added in a step for
all trees and 𝑁 is the number of trees. Note that𝑚1 +𝑚2 − 2 is the switch radix. This
means that, in each communication step, the number of added nodes to a tree 𝑇𝑖 must
equal to the switch radix5 to achieve the lower bound of the number of communication
steps.

MULTITREE algorithm fully utilizes the resource of 2dfc but the number of
communication steps becomes larger than the DO algorithm. This poses a performance
problem for the communication with small-size messages or in a network with a large
startup time 𝜶 .

4.2 Multi-Dimensional Algorithm

In this section, we proposed an algorithm called: Multi-Dimension (MD) algorithm.
The algorithm is based on the idea that we need to fully utilize the resources of the
topology while maintaining a small number of communication steps. DO uses two
different sets of links in two different communication steps serially. The order of which
of the first dimension does not affect the result because 2dfc is symmetric. Therefore,
we will utilize the two sets of links in parallel.

5In a regular network, where each node has the same number of neighbors, the number of added
nodes in each communication step is equal.
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Figure 4.3: Status of links in each step of DO algorithm for a collective operation. For a
specific operation the data exchange will be different.

The idea can be visualized as in the timeline Figure 4.3. DO use two sets of links
(blue and red) consequently. On the other hand, MD divides the data into two parts
and uses all the links of the topology at the same time. Due to the use of more network
resources and ensuring no contention, MD can save Δ1 time unit for the first step
and Δ2 time unit for the overall process (see Figure 4.3). MD can be regarded as an
extension of the proposed collective communication in the previous chapter.

Let use the linear cost model (Section 2.4) to examine the communication time. In
the first step of DO algorithm, a node sends𝑚2 × 𝑏 bytes of data (see Section 4.1.1) to a
node in the same dimension (x-axis). Hence, time for the first step 𝑡1 = 𝛼 +𝑚2 × 𝑏 × 𝛽 .
In the second step, the amount of data sent to a neighbor node is𝑚2. Therefore the
communication time of the second step 𝑡2 = 𝛼 +𝑚1 × 𝑏 × 𝛽 . Total communication time
for a DO algorithm

𝑡𝐷𝑂 = 𝑡1 + 𝑡2 = 2𝛼 + (𝑚1 +𝑚2) × 𝑏 × 𝛽. (4.5)

In the MD algorithm, data array 𝐷 is split into two parts 𝐷1 and 𝐷2 to send to
two dimensions simultaneously. Data in 𝐷1 is sent to nodes in the x-axis first, then
exchanged with nodes in the y-axis. Data in 𝐷2 is exchanged in the reverse direction
y-axis first then x-axis. Let 𝑥 be the ratio of data in 𝐷 that is used in 𝐷1. Hence, the
rate of data in 𝐷2 is equal to 1 − 𝑥 .
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Table 4.1: Communication time of MD algorithm.

𝐷1 𝐷2
Step 1 𝑡𝐷1,1 = 𝛼 + 𝑥𝑏𝑚2𝛽 𝑡𝐷1,2 = 𝛼 + (1 − 𝑥)𝑏𝑚1𝛽
Step 2 𝑡𝐷2,1 = 𝛼 + 𝑥𝑏𝑚1𝛽 𝑡𝐷2,2 = 𝛼 + (1 − 𝑥)𝑏𝑚2𝛽

Table 4.1 shows the communication time in each step of MD algorithm. The time
for sending 𝐷1 and 𝐷2 in two paths must be balanced to ensure load balancing and
reduce waiting time. In this work, we simply align the communication time of the first
step of 𝐷1 and 𝐷2. By solving the equation 𝑡𝐷1,1 = 𝑡𝐷2,1, we get 𝑥 =

𝑚2
𝑚2+𝑚1

. Therefore,
the total communication time for MD algorithm 𝑡𝑀𝐷 :

𝑡𝑀𝐷 =

[
𝑡𝐷1,1 + 𝑡𝐷1,2 = 2𝛼 +𝑚2𝑏𝛽 ;𝑚2 ⩾ 𝑚1

𝑡𝐷2,1 + 𝑡𝐷2,2 = 2𝛼 +𝑚1𝑏𝛽 ;𝑚1 > 𝑚2
(4.6)

The alignment in the first step causes a timing discrepancy 𝑡𝑑𝑖𝑐𝑠 in the second step.
The timing discrepancy equals to

��𝑡𝐷1,2 − 𝑡𝐷2,2
��:

𝑡𝑑𝑖𝑐𝑠 =
��𝑡𝐷1,2 − 𝑡𝐷2,2

�� 𝑥= 𝑚2
𝑚2+𝑚1
=

���� 𝑚2
1

𝑚1 +𝑚2
−

𝑚2
2

𝑚1 +𝑚2

����𝑏𝛽
= |𝑚2 −𝑚1 | 𝑏𝛽 (4.7)

𝑡𝑑𝑖𝑐𝑠 is the time that the data between two paths wait for each others to complete
because of the difference in resource arrangement in each path. However, 𝑡𝑑𝑖𝑐𝑠 is not
big compared to total communication time. 𝑡𝑑𝑖𝑐𝑠 becomes bigger when the difference in
size of two dimensions is bigger. In case size of two dimension are equal,𝑚2 =𝑚1, 𝑡𝑑𝑖𝑐𝑠
equals zero.
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Algorithm 2: Proposed Multi-Dimension (MD) All-to-All Collective Commu-
nication on 2lvfc
Data: Data Array 𝐷 has 𝑁 blocks of data, each

block is of size 𝑏
Result: Each process receives data from all other

processes
Input: Topology 2lvfc(𝑚2,𝑚1), process (𝑎2𝑎1)

1 𝑥 ← 𝑚2
𝑚2+𝑚1

; // Calculate percentage of

data in each path

2 (𝐷1, 𝐷2) = split(𝐷, 𝑥) ; // Split data for 2

paths

// First step:

3 for 𝑘 ← 1 to𝑚1 − 1 do
; // X-axis first

4 𝑎𝑘 ← (𝑎1 + 𝑘) mod 𝑚1; // (𝑎2𝑎𝑘 ) is the

receiver

5 SB1 appends 𝐷1 [𝑎2𝑎1, 𝑎2𝑎𝑘 ]; // init

sendbuf SB1

6 for 𝑧 ← 1 to𝑚2 − 1 do
7 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1

8 SB1← SB1 appends 𝐷1 [𝑎2𝑎1, 𝑎2𝑎𝑧]

9 Non-blocking send SB1 to node (𝑎2𝑎𝑘 )

10 for 𝑘 ← 1 to𝑚2 − 1 do
; // Y-axis first

11 𝑎𝑘 ← (𝑎2 + 𝑘) mod 𝑚2; // (𝑎𝑘𝑎1 ) is the

receiver

12 SB2 appends 𝐷2 [𝑎2𝑎1, 𝑎𝑘𝑎1]; // init

sendbuf SB2

13 for 𝑧 ← 1 to𝑚1 − 1 do
14 𝑎𝑧 ← (𝑎2 + 𝑧) mod 𝑚2

15 SB2← SB2 appends 𝐷2 [𝑎2𝑎1, 𝑎𝑧𝑎1]

16 Non-blocking send SB2 to node (𝑎2𝑎𝑘 )

17 for 𝑧 ← 1 to𝑚1 − 1 do
18 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1; // (𝑎2𝑎𝑧 ) is the

sender

19 Non-blocking receive from node (𝑎2𝑎𝑧)

20 for 𝑧 ← 1 to𝑚2 − 1 do
21 𝑎𝑧 ← (𝑎2 + 𝑧) mod 𝑚2; // (𝑎𝑧𝑎1 ) is the

sender

22 Non-blocking receive from node (𝑎𝑧𝑎1)

23 Wait for all sends and receives to complete.
// Second step:

24 for 𝑘 ← 1 to𝑚2 − 1 do
; // X-axis first

25 𝑎𝑘 ← (𝑎2 + 𝑘) mod 𝑚2; // (𝑎𝑘𝑎1 ) is the

receiver

26 SB1 appends 𝐷1[𝑎2𝑎1, 𝑎𝑘𝑎1]; // init

sendbuf SB1

27 for 𝑧 ← 0 to𝑚1 − 1 do
28 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1

29 SB1← SB1 appends 𝐷1[𝑎2𝑎𝑧, 𝑎𝑘𝑎1];
// 𝐷1[𝑎2𝑎𝑧 , 𝑎𝑘𝑎1 ] received from the

first step

30 Non-blocking send SB1 to node 𝑎𝑘𝑎1

31 for 𝑘 ← 1 to𝑚1 − 1 do
; // Y-axis first

32 𝑎𝑘 ← (𝑎1 + 𝑘) mod 𝑚1; // (𝑎2𝑎𝑘 ) is the

receiver

33 SB2 appends 𝐷2[𝑎2𝑎1, 𝑎2𝑎𝑘 ]; // init

sendbuf SB2

34 for 𝑧 ← 0 to𝑚2 − 1 do
35 𝑎𝑧 ← (𝑎2 + 𝑧) mod 𝑚2

36 SB2← SB2 appends 𝐷2[𝑎𝑧𝑎1, 𝑎2𝑎𝑘 ];
// 𝐷2[𝑎𝑧𝑎1, 𝑎2𝑎𝑘 ] received from the

first step

37 Non-blocking send SB2 to node 𝑎2𝑎𝑘

38 for 𝑧 ← 1 to𝑚2 − 1 do
39 𝑎𝑧 ← (𝑎2 + 𝑧) mod 𝑚2; // (𝑎𝑧𝑎1 ) is the

sender

40 Non-blocking receive from node (𝑎𝑧𝑎1)

41 for 𝑧 ← 1 to𝑚1 − 1 do
42 𝑎𝑧 ← (𝑎1 + 𝑧) mod 𝑚1; // (𝑎2𝑎𝑧 ) is the

sender

43 Non-blocking receive from node (𝑎2𝑎𝑧)

44 Wait for all sends and receives to complete.
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Algorithm 2 shows the MD algorithm. MD algorithm can be summarized as follows:

1. Calculate the percentage of data in each path 𝑥 =
𝑚2

𝑚2+𝑚1
.

2. Split data array 𝐷 into two arrays 𝐷1 and 𝐷2 by using a split function.

3. First step: Non-blocking transfer 𝐷1 and 𝐷2 through two paths simultaneously.
𝐷1 uses the links in the x-axis first (red links). 𝐷2 uses links in the y-axis first (blue
links). In this step, we can imagine that 2 DO algorithms work simultaneously.

4. Wait for non-blocking the transfers in the first step to complete.

5. Second step: non-blocking transfer data 𝐷1 and 𝐷2 in the links in the remaining
axis.

6. Wait for the transfer in the second step to complete.

In the implementation, we can use an offset 𝑘 to calculate the index of data elements
inside 𝐷 without copying. We use 𝐷1 and 𝐷2 for the presentation purpose.

Node 0 Node 1

(a) 1 × 2 fully connected.

Node 0

Node 1

n elements

n elements n elements

n elements

Data 00 Data 01

Data 10 Data 11

Init

(a) Init.
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(b) Finish.

Figure 4.6: The alltoall operation using MD algorithm on a 1 × 2 2dfc.

Note that in the step of splitting data (2), each chunk of data 𝐷 [𝑖, 𝑗] in 𝐷 is split
into two parts 𝐷1 [𝑖, 𝑗] and 𝐷2 [𝑖, 𝑗]. The work of splitting data of two processes is
illustrated in Figure 4.6. The operation begins with the preparation of the different data
for the transmission. In Figure 4.5a, 𝐷𝑎𝑡𝑎01 on node 0 will be sent to node 1. 𝐷𝑎𝑡𝑎10
on node 1 will be sent to node 0. In the next step, the data to be sent (𝐷𝑎𝑡𝑎01 and
𝐷𝑎𝑡𝑎10) are divided into two parts. If the number of elements is not divided by two,
the later part will take the remainder. Then, in the next step, two parts of data will be
sent in two directions simultaneously. Note that for a larger number of nodes, the data
always be divided into two parts.
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Figure 4.7: Data partition of 2 × 2 2dfc for MD algorithm

Figure 4.7 shows the data partition of MD algorithm for 4-node 2 × 2 2dfc. Because
𝐷𝑎𝑡𝑎01, 𝐷𝑎𝑡𝑎02 and 𝐷𝑎𝑡𝑎03 are sent to node 1, node 2 and node 3, respectively, they
are divided into two parts.

Multi-Dimension algorithm sends the data through two dimensions at the same
time. In each dimension, half the amount of data is sent separately inside a fully
connected group. Because data is sent by two paths simultaneously, the communication
time is expected to be reduced by the percentage of the number of ports increased. In
addition, by sending the data through two sets of links independently, the bandwidth
optimality is reserved in MD.

4.3 Performance Evaluation

In this section, we evaluate the performance of our proposedMulti-Dimension collective
communication algorithms (namedMD) for various 2dfc network topologies and
settings. The result shows that our algorithm is able to achieve shorter communication
time compared with other topology-aware algorithms optimized for 2dfc networks
such as Dimension Order (DO)), and tree-based algorithms (MULTITREE [75]). We also
consider the other conventional algorithms in production libraries such as Bruck [78]
and Pairwise algorithm as the baseline collective communication algorithms (more
detail in Section 2.2.3). We use Bruck and Pair when referring to those algorithms,
respectively. In the following, we first theoretically estimate the communication cost of
the MD algorithm using the cost model mentioned in Section 2.4. We also compare it
with the cost DO andMULTITREE algorithms in Section 4.3.1. We then report the
compare the simulation performance of our algorithms with the others in Section 4.3.2.
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Figure 4.8: Estimated communication time of alltoall algorithms.

4.3.1 Numerical Analysis

Without loss of generality, in a𝑚2 ×𝑚1 2dfc, assume that𝑚2 ⩾ 𝑚1, and𝑚2 is divisible
by two. The cost for DO can be obtained from Equation 4.5. Equation 4.6 shows the
communication time of the MD algorithm in the general case. When𝑚2 ⩾ 𝑚1 the
communication time 𝑡𝑀𝐷 is dominant by 𝑡𝐷1,1 + 𝑡𝐷1,2. Therefore 𝑡𝑀𝐷 = 2𝛼 +𝑚2𝑏𝛽 .

In the case of theMULTITREE algorithm, the first step takes the longest time because

the root node has to send the data for the subsequent steps, i.e., 𝑡𝑀𝑇,1𝑠𝑡 = 𝛼+
(⌈
𝑚2
2

⌉
+1

)
𝑏𝛽

where ⌈𝑚2
2 ⌉ is the largest number of chunks the root node has to send to its children.

From the second step to the step 𝑚2
2 th (see Equation 4.4), only one chunk of data is

transferred to leave nodes. Hence, the time cost is equal to:

𝑡𝑀𝑇,2𝑛𝑑→(𝑚2
2 )𝑡ℎ

=

𝑚2
2∑︁
2
(𝛼 + 𝑏𝛽) =

(𝑚2
2 − 1

)
(𝛼 + 𝑏𝛽) (4.8)

Table 4.2: Communication cost of topology-aware All-to-All communication algorithms on a
𝑚1 ×𝑚2 2dfc network.

Algorithm Cost
DO 𝑡𝐷𝑂 = 2𝛼 + (𝑚1 +𝑚2)𝑏𝛽
MULTITREE 𝑡𝑀𝑇 =

𝑚2
2 𝛼 +𝑚2𝑏𝛽

MD (Ours) 𝑡𝑀𝐷 = 2𝛼 +𝑚2𝑏𝛽



4.3 Performance Evaluation 85

Table 4.2 summarizes the communication cost of the three algorithms. It is
worth noting that the coefficient related to 𝛼 reflects the start-up time used for the
communication. The bigger the coefficient of 𝛼 the bigger the start-up time due to the
bigger communication step. Besides, the coefficient related to 𝛽 represents the time for
transferring data. Figure 4.8(a) and Figure 4.8(b) show the estimated communication
time of All-to-All communication versus the message size 𝑏. We set 𝛼 equal to 1𝜇𝑠
(microsecond). The value of 𝛽 is set to 8 × 10−11, which is equivalent to a bandwidth of
100 Gbps. Compared to the DO algorithm, MULTITREE has a higher startup time
(2𝛼 compared to 𝑚2

2 𝛼). However, the time for sending data of the DO algorithm is
bigger ((𝑚1 +𝑚2)𝑏𝛽 compared to𝑚2𝑏𝛽) due to resource underutilization of DO. This
means that DO is good for All-to-All communication with small data sizes while the
MULTITREE algorithm is better for bigger data sizes. In the case of the MD algorithm,
it achieves the best communication time because it fully utilizes the resource of 2dfc
with a small number of communication steps.

4.3.2 Simulation Results

In this section, we use Simgrid framework version 3.28 [87] to evaluate the performance
of MD and other collective communication algorithms. In the evaluation, we consider
three different 2dfc network sizes 𝑁 including 16 (4 × 4 2dfc), 64 (8 × 8 2dfc), and
256 (16 × 16 2dfc). We aim to estimate the communication time of the algorithms
with different message sizes 𝑏 ranging from 1KB to 64MB, as common appears in
Deep Learning and big data workloads [5]. The total buffer size of a process in this
case is 𝑏 × 𝑁 where 𝑁 is the number of processes. As a result, the total buffer size
varies from 4 × 4 × 1 = 16 KB to 16 × 16 × 64 = 16384 MB. The startup latency for each
communication is set to 1𝜇s. Link bandwidth is set to 100 Gbps. We run the simulation
on a host system with SMP Debian 3.16.64-2 operating system on Intel(R) Xeon(R) CPU
E5-2667 v4 and 794 GB of RAM.
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Figure 4.9: Communication time of micro alltoall benchmark versus message size on 4 × 4,
8 × 8 and 16 × 16 2dfc.

Figure 4.9 shows the simulated communication time in milliseconds when changing
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the message size 𝑏. Firstly, the result shows that Bruck is better than the Pair algorithm
for small-size messages (Figure 4.9a, 4.9c, and 4.9e). On the contrary, the Pair algorithm
is faster than the Bruck algorithm for large-size messages (Figure 4.9b, 4.9d, and 4.9f).
Reconfirm the related work in Section 2.2.3 and validates the result obtained from
our simulation. Secondly, the topology-aware algorithms, i.e., DO, MULTITREE, and
MD, gain a huge advantage over conventional algorithms, i.e., Bruck and Pair. For
example, DO, MULTITREE, and MD are 8.78×, 9.60×, 11.98× faster than Bruck in
the case of 8 × 8 2dfc network and 32KB message size. This is quite obvious because
topology-aware uses the topology information better which reduces the amount of
transferring data and avoids collision.

Considering the three topology-aware algorithms, our MD algorithm is the best in
all of the cases. Specifically, the total communication time of MD is faster than the
MULTITREE and DO algorithms up to 1.58×, and 1.66× on 16 × 16 2dfc, respectively.
This result again confirms our finding in Section 4.3.1. That is, MD requires both
the smallest latency coefficient (related to 𝛼) and the smallest bandwidth coefficient
(related to 𝛽) as shown in Table 4.2. The MULTITREE algorithm is faster than DO in
most cases, especially when the message size is bigger. It is because in these cases, the
latency coefficient dominates mainly the total communication time. By contrast, when
the message size is small, the latency coefficient becomes the main component of the
total communication time. In this case, the MULTITREE algorithm outperforms the DO
algorithm. In addition, in the case of larger network size, i.e., larger𝑚2,𝑚1, the impact
of the latency coefficient, i.e. 𝑚2

2 , to the total communication of the MULTITREE
becomes more significant and mitigates the impact of bandwidth coefficient.
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(b) 4 × 4 2dfc big data size
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Figure 4.10: Communication time of micro allgather benchmark versus message size on 4 × 4,
8 × 8 and 16 × 16 2dfc.

Figure 4.10 shows the simulated communication time for the allgather operation
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across various message sizes and topology scales. Five algorithms to compare include:
Pairwise (Pair), Bruck, Ring, Dimension Order (DO), and our proposed Multi-Dimension
(MD). For small message sizes, the Bruck algorithm consistently outperforms the Pair
and Ring algorithms, especially on the 4 × 4 and 8 × 8 topologies. For example, with
data size 1 MB, Bruck achieves 2.7 ms, which is faster than both Pair (4.8 ms) and Ring
(3.5 ms). Compared to Figure 4.9, Bruck algorithm shows an advantage over other
conventional algorithms. Unlike alltoall Bruck, allgather Bruck sends the same data
for other processes in the communicator, therefore, it saves the bandwidth cost. In
addition, data in Bruck allgather arrive in the right place on the result buffer. It does
not require data reshuffling, hence reduces the communication time even if data size
increases.

For topology-aware algorithms, DO and MD show substantial performance gains
over conventional algorithms (Bruck, Pair and Ring) across all size of message. For
example, on a 16 × 16 topology with data size 4 MB, MD algorithm finishes in 44.5 ms,
which is 6.83× faster than Bruck and 16.3× faster than Pair. These improvements result
from exploiting topology information, reducing data movement, and eliminating
contention.

Within the group of topology-aware algorithms, MD outperforms DO for small
(4× 3) and medium (8× 8) network topology, regardless of message size. The advantage
comes from more efficient utilization of topology information. MD achieves up to 1.5×
and 1.2× faster performance compared to DO on 4 × 4 and 8 × 8 respectively. For large
topology (16 × 16), the performance of MD and DO is nearly the same (DO a bit better),
because the overhead of data partitioning and connection initialization becomes
comparable to the algorithmic advantages. However, when the message size increases
to 32MB, MD outperforms DO again in 16 × 16 network topology. Overall, while
DO and MD reduce communication steps along one dimension, MD more effectively
leverages topology information to exploit available bandwidth.

In conclusion, conventional algorithms neglect network-topology information,
resulting in poor performance. In contrast, MD efficiently utilizes the resources of the
2dfc network topology with minimal latency overhead, providing superior performance
across nearly all tests.
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Figure 4.11: Communication time of micro allreduce benchmark versus message size on 4 × 4,
8 × 8 and 16 × 16 2dfc.



4.3 Performance Evaluation 91

In the next part of this section, we will examine the performance of the MD
algorithm for the allreduce operation. Figure 4.11 shows the comparison between the
DO and MD algorithms. The results show that the performance of DO is better than
MD in almost all the experiments, except for the data size < 8KB on the 4 × 4 2dfc.

The allreduce operation is comprised of a reduce-scatter followed by an allgather.
The performance of allgather using MD is usually better than DO (see Figure 4.10).
Therefore, the performance disadvantage of MD compared to DO is due to the
reduce-scatter operation.

Reduce-scatter is an aggregate operation (see Figure 2.7f). In other words, the data
size decreases after the operation. This is the reason why the algorithm’s advantage
is not present in this operation: the idea of MD is partitioning, while the target of
reduce-scatter is merging. Applying a different target to the operation leads to a
decrease in performance.

So, in this work, we suggest using DO for reduce-scatter and MD for allgather in
the allreduce operation.
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(c) 8 × 8 2dfc small data size
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Figure 4.12: Communication time of micro allreduce benchmark versus message size on 4 × 4,
8 × 8 and 16 × 16 2dfc after modifying the algorithm.

Figure 4.12 shows the simulated communication time of the allreduce operation
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after modifying its reduce-scatter phase to use DO. The experiment is conducted
across different message sizes and topology scales. The results demonstrate that this
modification improves the performance of the allreduce operation. A detailed analysis
is provided below. The five algorithms compared are Double Binary Tree (bitree) [68],
Recursive Doubling (rdb) [64], Ring Allreduce (ring), DO and MD. Among these, bitree,
rdb and ring are conventional algorithms commonly used in production MPI library
and nd frequently evaluated in research studies. The bitree algorithm schedules the
steps of allreduce by constructing two trees based on even and odd steps, ensuring that
a node never sends or receives the data simultaneously in both trees. However, bitree
suffers from a mismatch between the logical and physical network topology, which
leads to contention during execution. The rdb reduces the latency through recursive
distance doubling in the reduce-scatter phase, followed by distance halving in allgather
phase. Nevertheless, rdb faces the same limitation as bitree, it ignores the underlying
network-topology information. As a result, its performance degrades significantly for
larger message sizes.

Among conventional algorithms, for small message size, rdb continuously outper-
forms ring and bitree due to its logarithmic step complexity. For example, with data
size 8 KB, rdb achieves 35.9 𝜇s which is faster than both ring (2.06 ms) and bitree
(53.4𝜇s) on 16 × 16 2dfc network topology. However, as the data size increases, ring
demonstrates its advantage because of bandwidth optimality. From 2 MB onward, ring
outperforms both rdb and bitree across all topologies. At 8 MB, ring achieves 13.1 ms,
which is 2.74× faster than both bitree and rdb.

Among the group of topology-aware algorithms, MD outperforms DO for small to
medium message sizes. However, on 8 × 8 2dfc network topology, the performance of
MD is slightly worse than DO because of connection initialization overhead. This affect
is more clearly on 16 × 16 2dfc network topology, where the message size exceeds than
512 KB. The algorithmic advantages outweigh the initialization cost. For large message
size, MD outperforms DO across all network scales. With a data size of 32 MB, MD
speeds up 1.38×, 1.30× and 1.17× over DO on 4 × 4, 8 × 8 and 16 × 16 2dfc, respectively.

In conclusion, topology-aware algorithms outperform topology-unaware algorithms
by efficiently exploiting topology information while avoiding contention. Among
them, MD utilizes network resources most effectively and therefore outperforms other
algorithms for large message sizes. Overall, we consider that MD algorithm represents
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the most efficient collective communication method optimized for the 2dfc network
topology.

Impact of link bandwidth

Table 4.3: Collective operations and algorithms evaluated in this dissertation.

Operation Algorithm Description

alltoall

Pairwise Exchanges data directly between each pair of pro-
cesses in 𝑝 − 1 steps.

Bruck Uses a sequence of cyclic shifts to complete alltoall
communication in ⌈log2 𝑝⌉ steps with index remap-
ping.

DO Conventional algorithm for doing collective in 2dfc.
MULTITREE Organizes processes into multiple spanning trees to

perform simultaneous data exchanges.
MD Our proposed for enhancing performance for collec-

tives on 2dfc.

allgather

Pairwise Reduces data between process pairs in a direct ex-
change pattern until completion.

Ring Passes partial results around a logical ring, performing
reduction and distribution in 𝑝 − 1 steps.

Bruck Similar to alltoall Bruck, but incorporates a reduction
operation in each cyclic shift step.

DO Conventional algorithm for doing collective in 2dfc.
MD Our proposed for enhancing performance for collec-

tives on 2dfc.

allreduce

Binomial Uses a binomial tree to double the amount of data
held by each process in log2 𝑝 steps.

Local Ring (lr) Performs communication within local subgroups
arranged in a ring before global aggregation.

Recursive-Doubling (rdb) Pairs processes in each step to exchange and merge
data, doubling the gathered dataset per step.

DO Conventional algorithm for doing collective in 2dfc.
MD Our proposed for enhancing performance for collec-

tives on 2dfc.

There is a clear trend in designing HPC systems toward increasing link bandwidth
to support heavy communication workloads. The 22𝑛𝑑 (and 69𝑡ℎ) supercomputers
in the Top500 [1] list, for example, are equipped with link bandwidths of 200 Gbps
using SlingShot-11 and InfiniBand HDR interconnects, respectively. In this part of this
dissertation, we evaluate how link bandwidth impacts collective algorithms and their



4.3 Performance Evaluation 95

performance. Specifically, we vary the 2dfc link bandwidth from 100Gbps to 400Gbps
while keeping the per-message latency fixed at 1 µs, reusing the algorithms described
in Section 4.3.2. Table 4.3 summarizes the algorithms under evaluation.
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Figure 4.13: Impact of the link bandwidth to performance of alltoall algorithms (8 × 8 2dfc,
16MB message size). Values are normalized to the DO algorithm with 400Gbps.

Figure 4.13 shows the normalized communication time of the evaluated alltoall
algorithms, relative to the communication time of the DO algorithm at a link bandwidth
of 400 Gbps. Increasing link bandwidth improves the performance of all algorithms, and
MD algorithm consistently achieves the best performance across all cases. However,
the performance advantage of MD over DO diminishes as bandwidth increases. For
example, the communication time of MD is only 0.70×, 0.89×, and 0.95× that of DO at
the link bandwidth of 100, 200, and 400 Gbps, respectively. This decreases is expected
because the ratio between data transfer time and startup latency per communication is
reduced as bandwidth increases. Specifically, data transfer time reduces with higher
bandwidth, whereas the startup latency (𝛼) is assumed to remain constant.

Figure 4.14 shows the normalized communication time of the evaluated allgather
algorithms, relative to the communication time of the DO algorithm at a link bandwidth
of 400 Gbps. As expected, increasing link bandwidth improves the performance of all
algorithms, and MD algorithm consistently achieves the best performance in all cases.
However, the performance advantage of MD over the others decreases as bandwidth
increases. The communication time of MD is only as 0.16×, 0.25×, and 0.40× as those
of the Ring (the while used algorithm in production libraries) with link bandwidth of
100, 200, and 400 Gbps, respectively. This reduction is expected because the ratio
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Figure 4.14: Impact of the link bandwidth on the performance of allgather algorithms (8 × 8
2dfc, 16MB message size). Values are normalized to the DO algorithm with 400Gbps.

between data transfer time and startup latency per communication step decreases with
higher bandwidth. Specifically, data transfer time decreases as bandwidth increases,
while the startup latency (𝛼) is assumed to remain constant.

binomial lr rdb DO MD
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Figure 4.15: Impact of the link bandwidth on the performance of allreduce algorithms (8 × 8
2dfc, 16MB message size). Values are normalized to the DO algorithm with 400Gbps.

Figure 4.15 shows the normalized communication time of the evaluated allreduce
algorithms, relative to the communication time of the DO algorithm at a link bandwidth
of 400 Gbps. The figure exhibits a trend similar to that observed for the alltoall and
allgather operations:

• The MD algorithm consistently achieves the best performance across all cases.
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• As bandwidth increases, the performance advantage of MD over the other
algorithms decreases.

4.4 Comparison with Other Topologies

4.4.1 Scalability
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Figure 4.16: Comparison of node scalability between different network topologies.

Figure 4.16 shows the relationship between the number of routers (x-axis, log scale)
and the corresponding number of nodes (y-axis) for different topology, including
Slimfly, Dragonfly, 3D/5D Torus, and 2-level fully connected (2dfc) variants with 25%
(2dfc25), 50% (2dfc50), and 100% (2dfc100) bisection bandwidth. For a fixed number of
switches, the more nodes are connected, the better. For example, the vertical dashed
blue line at 𝑥 = 103 shows the configuration point with 1000 switches. With this
configuration, Torus 3D can connect the least number of nodes, about 1000 nodes. In
contrast, 2dfc25 can connect the largest number of nodes, over 65000 nodes. Dragonfly,
2dfc100, Slimfly, and 2dfc50 show an intermediate performance with approximately
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7400, 16000, 190000 and 37000 nodes respectively 6.Note that the data for Slimfly,
Dragonfly, 3D and 5D Torus is reproduced by the script of Slimfly paper [10].

Overall, 2dfc is comparable with state-of-the-art topologies in terms of network
size. In the next section, we will research the cost of each topology.

4.4.2 Cost Comparison

The cost of the network is one of the key criteria for evaluating the practicality of a
topology. This cost analysis focuses on the hardware expenses required for the 2dfc
topology compared to other topologies. We adopt the cost model described in [20] and
[10], which includes the costs of routers and interconnection cables. Following the
same assumption as in [10], we consider a ground installation where each rack of size
1 × 1 × 2 meters contains routers together with endpoints. Under this assumption,
the maximum Manhattan distance [96] between routers or between routers and
endpoints is approximately two meters, and the minimum is 5–10 cm. Therefore, the
average intra-rack cable length is assumed to be one meter. Additionally, we include a
two-meter cable overhead for each global link, as in [10]. In this section, we use the
hardware listed in Listing 4.1 to estimate the cost of different systems. Most prices are
obtained from the webpage [97].

Listing 4.1: Mellanox InfiniBand Equipment List
Mellanox Passive Copper Cable, IB EDR, 100Gb/s, QSFP28, LSZH, 1 meter, Part ID: MCP1600-E001E30 $134.17
Mellanox Passive Copper Cable, IB EDR, 100Gb/s, QSFP28, LSZH, 1.5 meter, Part ID: MCP1600-E01AE30 $143.75
Mellanox Passive Copper Cable, IB EDR, 100Gb/s, QSFP28, LSZH, 2 meters, Part ID: MCP1600-E002E30 $159.32
Mellanox Passive Copper Cable, IB EDR, 100Gb/s, QSFP28, LSZH, 3 meters, Part ID: MCP1600-E003E26 $179.69
Mellanox Passive Copper Cable, IB EDR, 100Gb/s, QSFP28, LSZH, 5 meters, Part ID: MCP1600-E005E26 $339.01
Mellanox Passive Copper Cable, IB HDR, 200Gb/s, QSFP56, LSZH, 1 meter, Part ID: MCP1650-H001E30 $205.00
Mellanox Passive Copper Cable, IB HDR, 200Gb/s, QSFP56, LSZH, 1.5 meter, Part ID: MCP1650-H01AE30 $225.00
Mellanox Passive Copper Cable, IB HDR, 200Gb/s, QSFP56, LSZH, 2 meters, Part ID: MCP1650-H002E26 $248.00

Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 1 meter, Part ID: MFA1A00-E001 $668.44
Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 10 meters, Part ID: MFA1A00-E010 $673.23
Mellanox VCSEL-based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 15 meters, Part ID: MFA1A00-E015 $710.36
Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 20 meters, Part ID: MFA1A00-E020 $751.09
Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 3 meters, Part ID: MFA1A00-E003 $639.69
Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 30 meters, Part ID: MFA1A00-E030 $848.12
Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 5 meters, Part ID: MFA1A00-E005 $649.27

6Bisection bandwidth of 3D Torus and 5D Torus varies and depend on the number of nodes in the
topology. The bisection bandwidth equal to 2

𝐷
√
𝑁

%, for 3D Torus and 5D Torus respectively, where 𝐷 is
the number of dimensions, 𝑁 is the total number of nodes. The bisection bandwidth varies from 20% to
4% and 50% to 20% for 3D Torus and 5D Torus respectively. Bisection bandwidth of balanced Dragonfly
is 𝑁+2𝑝2−1

2𝑁 ≈ 50%. According to the report of Slimfly paper [10] Slimfly has better bisection bandwidth
than Dragonfly and 5D Torus but less than 100%.
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Mellanox VCSEL-Based Active Fiber Cable, IB EDR, 100Gb/s, QSFP, LSZH, 50 meters, Part ID: MFA1A00-E050 $1,211.09

Mellanox Switch-IB 2 MSB7570-E 36 x EDR InfiniBand 100 Gigabit QSFP28 $19,139
Quantum HDR 40 QSFP56 40-port HDR InfiniBand $30,720
Mellanox Quantum-2 QM9700 64-port $34,555

Cable Cost Estimation Function

To estimate the cable cost, we apply linear regression to the cost in Listing 4.1. Finally,
we obtain 𝑓𝑒𝑙 (𝑥) = 22.76𝑥 + 111.41 [$/𝑚] function for the cost of electrical cables and
𝑓𝑜𝑝 (𝑥) = 6.76𝑥 + 624.68 [$/𝑚] for optical cable. We plot the estimate function and the
actual prices on Figure 4.17.
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Figure 4.17: Estimated cost for electrical and optical cables.

Switch Cost Estimation Function

Using the same method for the switch prices on in Listing 4.1, we obtain the cost
function for switches 𝑓 (𝑥) = 414.25𝑥 + 8806.20 [$]. We plot the estimation function
and the actual price on Figure 4.18.
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Figure 4.18: Estimated cost for network switches.

Total Cost Comparison

Tori: we take 3D-Torus and 5D-Torus as the competitors for 2dfc. We also assume that
tori have folded design that do not require the optical links as in [10].
Dragonfly: we use balanced Dragonfly [7] (𝑎 = 2𝑝 = 2ℎ). Where 𝑎 is the number of
routers in a group, ℎ is the number of optical cable to connect each router, 𝑝 is the
number of endpoints in each router. 𝑔 = 𝑎 × ℎ + 1 is the number of fully connected
groups in the topology.
Slimfly: we use the Slimfly-MMS graph as in the original paper. Different configuration
of Slimfly will be use to match the number of endpoints in the experiment.
2dfc: physical layout of 2dfc will be arranged into𝑚2 ×𝑚1 racks. Each rack has one
top-of-rack switch and endpoints (terminals). There are𝑚2 +𝑚1 fully connected
groups of routers. In a group of𝑚 fully connected routers, there are:

• 𝑚 − 1 distance one optical cables, total length of cables is (𝑚 − 1) × 1

• 𝑚 − 2 distance two optical cables, total length of cables is (𝑚 − 2) × 2

• 𝑚 − 𝑥, 𝑥 < 𝑚 distance 𝑥 optical cable, total length of cables is (𝑚 − 𝑥) × 𝑥

Based on this the total length of the cable in a𝑚-router fully connect group will be

𝑚−1∑︁
𝑥=1
(𝑚 − 𝑥)𝑥 (4.9)
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We add one meter to each global link for overhead. Therefore the total length of optical
cable for one fully connect group is:

𝑚−1∑︁
𝑥=1
(𝑚 − 𝑥) (𝑥 + 1) (4.10)

Apply the cost function for optical links 𝑓𝑜𝑝 to Equation 4.10, we obtain the optical
cable cost for one fully connected group:

𝑚−1∑︁
𝑥=1
(𝑚 − 𝑥) 𝑓𝑜𝑝 (𝑥 + 1) (4.11)

There are𝑚2 groups of𝑚1 switches. There are𝑚1 groups of𝑚2 switches. Therefore
the total cost for optical cable to connect top-of-rack switch is

𝑚2

𝑚1−1∑︁
𝑥=1
(𝑚1 − 𝑥) 𝑓𝑜𝑝 (𝑥 + 1) +𝑚1

𝑚2−1∑︁
𝑥=1
(𝑚2 − 𝑥) 𝑓𝑜𝑝 (𝑥 + 1) (4.12)

There are 𝑇 terminals in each rack, therefore, the total cost for electrical cable is

𝑚2 ×𝑚1 ×𝑇 × 𝑓𝑒𝑙 (1) (4.13)

The cost for a 2dfc system is the total of electrical links, optical links and switches.
Different configurations of 2dfc will be used. In this experiment, we take 2dfc with
25%, 50% and 100% bisection bandwidth to compare with Slimfly, Dragonfly, 3D Torus
and 5D Torus.
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Figure 4.19: The cost comparison of 2dfc to other topologies.

Figure 4.19 presents the cost comparison in USD for different network topologies.
Using the updated device prices as of 2025 (see Listing 4.1), the 3D Torus and 5D Torus
remain the most expensive topologies, consistent with the findings of the Slimfly paper
[10]. Among the group of high-radix topologies, Dragonfly shows the highest cost,
followed by 2dfc100, while Slimfly exhibits a moderate price level. Since it satisfies the
bisection bandwidth, 2dfc25 achieves the lowest cost, followed by 2dfc50.

In particular, the red line in Figure 4.19 indicates the cost estimation for systems
with 100,000 endpoints. This provides a clear reference for comparing the relative
scaling of different topologies. The costs are normalized relative to 2dfc25, yielding
values of 1.43, 1.81, 2.23, 2.31, 12.15, and 14.21 for 2dfc50, Slimfly, 2dfc100, Dragonfly,
3D Torus, and 5D Torus, respectively. Overall, with its flexible configuration, 2dfc can
be comparable to state-of-the-art topologies such as Dragonfly in terms of system
construction cost.

Considering system cost and scalability, 2dfc is an attractive network topology. In
contrast, 3D torus and 5D torus require a larger number of switches to connect the
same number of nodes. In our network cost model, the number of switches has a
significant impact on the total network cost. From this perspective, high-radix network
topologies are preferable. Since 2dfc can be optimized to meet different cost constraints



4.5 Extensibility to Network Topologies in Existing Supercomputers 103

(e.g., 2dfc25, 2dfc50, and 2dfc100), it offers flexible design points. Therefore, 2dfc is a
good candidate among high-radix network topologies in terms of cost-performance
trade-offs.

4.5 Extensibility to Network Topologies in Existing

Supercomputers

The 2dfc topology can be regarded as part of the Cray Aries interconnect [41]. As of
June 2025, systems such as Piz Daint (ranked 77th) [44] and Theta (ranked 194th) [98]
employ a 2dfc network internally. The proposed MD algorithm exploits the multi-port
capability of the network to improve the performance of the DO algorithm.

The core idea of MD is to maximize link utilization. This idea is inspired by
prior research. Peng et al. [99] leverage multi-core processors and multi-network-
interface systems to improve the performance of all-to-all communication. Their work
uses multiple workers (CPU cores) for gathering and scattering, thereby achieving
higher throughput. In addition, multiple network interfaces at a node allow the
simultaneous processing of multiple communication requests, further improving
overall performance. Wilkins et al. [58] apply a similar idea to optimize a set of
ten collective algorithms. Their work exploits multi-port capabilities to generalize
three conventional algorithms: binomial [64], recursive doubling [100], and ring [85].
By using multiple interfaces to send and receive multiple messages concurrently,
they achieve improved communication performance. The proposed algorithms are
named k-nominal, recursive multiplying, and k-ring. Zong et al. [101] observed that
existing algorithms do not sufficiently exploit cluster bandwidth, resulting in significant
bandwidth underutilization. They proposed TIAD (Topology-Aware Interleaved
All-Reduce), which partitions data into multiple segments and performs intra- and
inter-group communication concurrently.

The applicability of the MD algorithm extends beyond the two-dimensional case. In
fact, the underlying idea of maximizing link utilization via multi-port communication
naturally generalizes to higher-dimensional fully connected network topologies. In the
following, we discuss how the MD algorithm can be extended to three-dimensional
and, more generally, to 𝑛-dimensional fully connected networks.
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An 𝑛-Dimensional Fully Connected (ndfc) Network Topology is defined as a
bidirectional graph, consisting of 𝑁 nodes, represented as a Cartesian product:

𝑁 =

𝑛∏
𝑖=1

𝑚𝑖 (4.14)

nodes, where𝑚𝑖 denotes the size of the network along dimension 𝑖 .
Each node is identified by an 𝑛-tuple:

𝐴 = (𝑎𝑛, 𝑎𝑛−1, . . . , 𝑎1), 0 ≤ 𝑎𝑖 < 𝑚𝑖, ∀𝑖 ∈ {1, . . . , 𝑛}. (4.15)

Two nodes 𝐴 = (𝑎𝑛, . . . , 𝑎1) and 𝐴′ = (𝑎′𝑛, . . . , 𝑎′1) are connected if and only if there
exists exactly one dimension 𝑘 such that

𝑎′
𝑘
≠ 𝑎𝑘 and 𝑎′𝑗 = 𝑎 𝑗 , ∀𝑗 ≠ 𝑘. (4.16)

This means a node is connected to all other nodes that differ in exactly one dimension.
The MD algorithm for an ndfc can be conceptualized as follows. The data at each

node is divided into 𝑛 partitions 𝐷𝑖 . The size of each partition 𝐷𝑖 is carefully calculated
to balance the communication time among all dimensions. This balancing minimizes
idle time between communication steps.

The algorithm proceeds in 𝑛 communication steps. In each step, all available ports
of a node are fully used to enable parallel communication. In a given step, the data
partition 𝐷𝑖 at each node is transmitted along the 𝑖-th dimension of the network.

Notably, at step 𝑗 , the transmitted data includes not only the partition destined for
the current dimension, but also the partitions that must be forwarded for the remaining
𝑛 − 𝑗 dimensions in subsequent steps.

For example, in a three-dimensional fully connected network (3dfc), during the first
step, communication is performed along the 𝑋 -axis. The transmitted data consists of
the partitions destined for nodes on the same 𝑋 -axis, as well as the partitions that will
be forwarded along the 𝑌 - and 𝑍 -axes in later steps. In the second step, the transmitted
data includes the partitions for the 𝑌 -axis and the partitions to be forwarded along the
𝑍 -axis. In the third step, the transmitted data contains only the partitions for the
𝑍 -axis, completing the algorithm.
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This generalized algorithm preserves the bandwidth-optimal property7, as it
transmits only the minimum amount of data required and remains contention-free by
independently scheduling different data flows across different dimensions. However, as
the number of dimensions in the topology increases, the overhead of partitioning and
combining messages at each node introduces non-negligible latency. Consequently,
the 𝑛-dimensional MD algorithm is most effective for large message sizes, where
transmission time dominates startup latency.

The idea of examination on link utilization can be applied to the network topologies
employed in existing supercomputers such as Slingshot [102] or Dragonfly [7] network
topology. Currently, collective communication algorithms used on top supercomputers
listed in the Top500 [1] are mainly traditional algorithms such as Ring algorithm [86],
Recursive-Doubling [103], Pairwise, Bruck algorithm [78, 69]. These algorithms tend
to underutilize network links and often suffer from high contention. As a result, their
performance is generally worse in simulations when compared with topology-aware
algorithms. For example, the ring algorithm exhibits lower performance than TIAD
[101], which is a topology-aware algorithm. By applying link utilization analysis
to topology-aware algorithms on Dragonfly networks, we can similarly identify
opportunities for further optimization. For instance, Group-First and Router-First
[104] are two complementary algorithms designed for broadcast operations. Based on
their operational characteristics, Group-First can be interpreted as a local-links-first
strategy, whereas Router-First corresponds to a global-links-first strategy. An analysis
of link utilization in these algorithms reveals that network links are not fully exploited,
indicating potential for further improvement.

Similar observations can be made when analyzing the communication timeline of
the PAARD algorithm [105]. In PAARD, local and global links are utilized sequentially
rather than concurrently, which leads to link underutilization. In fact, Zong et al. [101]
adopt a similar analytical perspective to propose an improved collective communication
algorithm.

These observations suggest that analyzing and maximizing link utilization provides
a unifying and systematic approach for improving collective communication algorithms
across a wide range of network topologies. This perspective not only explains the
limitations of existing algorithms but also offers clear guidance for the design of more

7The proof in Paragraph 20 can be generalized to the 𝑛-dimensional case to obtain a similar result
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efficient, topology-aware collectives.

4.6 Summary

This chapter focused on improving the performance of collective communication,
system growth and installtion cost of 2dfc network topology.

Although DO is bandwidth-optimal, its sequential use of links across dimensions
leads to resource underutilization. Meanwhile, MULTITREE algorithm fully utilizes
resources and maintaining bandwidth optimality It suffers from a large number of
communication steps, resulting in significant latency, particularly for small message
sizes or in networks with high startup costs. By contrast, the MD algorithm addresses
the above limitations by fully utilizing the network resources in parallel while
maintaining a small number of communication steps. The algorithm achieves this by
splitting data into two parts and transferring them simultaneously across dimensions
efficiently.

Our analytical and simulation evaluation results yield the following findings.

• MD consistently achieves the best theoretical communication time compared
to DO and MULTITREE, possessing both the smallest latency and bandwidth
coefficients.

• Topology-aware algorithms (DO, MULTITREE, and MD) demonstrate substantial
performance gains over conventional topology-unaware algorithms (e.g., Pair-
wise, Bruck, Ring) for alltoall, allgather, and allreduce benchmarks. These gains
steam from their efficient use of network-topology information and contention
avoidance.

• The MD algorithm consistently outperforms both DO and MULTITREE across
various message sizes and network scales: For alltoall, MD was up to 1.58x faster
than MULTITREE and 1.66x faster than DO on a 16 × 16 2dfc. For allgather, MD
achieved up to 1.5x and 1.2x faster performance compared to DO on 4 × 4 and
8 × 8 2dfc, respectively. It significantly outperformed conventional algorithms
(e.g., 6.83x faster than Bruck and 16.3x faster than Pair on 16 × 16 with a 4MB
message size). For allreduce, MD demonstrated superior performance for large
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message sizes, speeding up 1.38x, 1.30x, and 1.17x over DO on 4 × 4, 8 × 8, and
16 × 16 2dfc, respectively, at a 32MB message size.

• While increasing link bandwidth improves performance for all algorithms,
MD remains the best performer. However, its relative advantage over other
algorithms becomes smaller at higher bandwidths, because the startup latency (𝛼)
contribution becomes more prominent as message transfer time (𝑚𝛽) decreases.

The analysis of network size growth shows that the 2dfc network topology is
comparable with state-of-the-art topologies in terms of network size. In addition, the
system install cost is also reasonable for building large systems when compare with
state-of-the-art topologies such as Dragonfly.
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5
Conclusions and Future Works

5.1 Conclusions

This dissertation has investigated topology-aware multi-port message-combine
collective communication for high-performance computing (HPC) networks, focusing
on Kautz with a diameter of two and two-dimensional fully connected (2dfc) network
topologies. The main findings and contributions are summarized as follows:

Multi-port communication on Kautz topology We adopted the Kautz graph
as the basis for our study. We proposed multi-port message-combine collective
communications that exploit all available outgoing links of each node. Simulation
results demonstrated that these methods effectively increase aggregate bandwidth by
enabling parallel communication paths and reduce latency through pre-scheduled
contention-free operations.
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Extension to two-dimensional fully connected (2dfc) topology Recognizing the
limited practicality of unidirectional Kautz networks in real-world HPC systems, we
extended our approach to bi-directional 2dfc networks. The proposed multi-port
message-combine operations were shown to improve throughput by up to 1.38x over a
competitor at 32MB data size. These results confirm that the method is well suited for
practical deployment in state-of-the-art systems, including HyperX and Dragonfly.

Comprehensive evaluation Using the SimGrid framework, we evaluated the
proposed algorithms under both micro-benchmarks (Allgather, Alltoall, Allreduce)
and deep learning workloads (ResNet50, VGG16). The results consistently showed
significant reductions in execution time compared with conventional algorithms,
confirming both the efficiency and scalability of our approach.

5.2 Future Works

While the proposed methods are effective for diameter-two networks, the evaluation
revealed limitations when extending to higher-dimensional or more complex network
topologies. Message-combine operations introduce non-negligible latency overheads,
particularly for small messages, which diminish performance advantages in such
settings. Based on the findings, promising directions for future research include:

• Designing lightweight message-combine techniques to mitigate overhead in
higher-dimensional networks.

• Extending the proposed algorithms to heterogeneous HPC systems, where
network bandwidth and latency characteristics vary across components.

• Investigating fault tolerance and adaptive routing strategies to ensure robustness
under dynamic workloads and failures.

• Investigating the performance evaluation of collective communication under the
condition that interaction and interferences from the other applications can
affect the load balance of parallel computing systems.
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Among these directions, the development of lightweight message-combine tech-
niques is particularly important, as it could enable the scalable deployment of topology-
aware multi-port communication. More broadly, the analytical framework presented in
this dissertation offers a general guideline for designing and optimizing collective
communication algorithms in next-generation high-radix interconnection networks.
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