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Graph-structured data provides a powerful way to model entities and their relations in
diverse domains, from social and information networks to molecules and biological
systems. However, the non-Euclidean nature of graphs, such as the variability in the
number of nodes, the absence of canonical node ordering, and the presence of
asymmetric interactions, makes it difficult to apply standard machine learning
techniques. As the scale and complexity of data continue to grow with the advancement
of the information society, three practically serious challenges arise. First, as graph
data becomes larger, it becomes harder to grasp their latent structures, necessitating
appropriate visualization and metrics. Second, with the spread of the internet, graph
structures that concentrate popularity and demand on a few nodes, called hubs, have
become more prevalent, requiring methods that can make robust inferences even on
such heterogeneous graphs. Third, in addition to the ability to identify complex graph
structures, methods that are scalable to data size are required. This dissertation

addresses these challenges through two topics.

First, to robustly capture the underlying structure even in the presence of hub nodes,
we propose a new matrix representation that incorporates key properties of the
Hermitian adjacency matrix and the non-backtracking matrix, and develop a clustering
method that leverages their eigenvalue and eigenvector information. The Hermitian
adjacency matrix has recently been introduced to mitigate the difficulties of handling
adjacency matrices for directed graphs, by encoding edge directions using complex
numbers and their conjugates. While community detection methods based on the
Hermitian adjacency matrix have been shown to outperform conventional approaches
for directed graphs, their performance degrades in sparse graphs, where the number
of edges is small. In contrast, in sparse undirected graphs, it is known that leveraging
the eigenvalue information of the non-backtracking matrix enables robust community
detection. In this study, by combining the features of these two matrix representations,
we propose a method that allows for robust community detection even in sparse
directed graphs. Our formulation constitutes a natural extension in the sense that the
relationship established between the adjacency matrix and the non-backtracking
matrix in undirected graphs also holds between the Hermitian adjacency matrix and

our proposed representation in directed graphs. Through numerical experiments on



community detection tasks, we confirm that our method demonstrates robust
performance compared to existing methods, especially in heterogeneous graphs with
hubs. Furthermore, by investigating its connection to belief propagation, we obtain

insights into the community structures that can be detected in sparse settings.

Second, with the aim of achieving both discriminative power and scalability for
regression and classification on graph data, we propose an acceleration of the
Categorical Wasserstein Weisfeiler-Lehman (WWL) kernel, a recently proposed graph
kernel that leverages optimal transport. Problems such as predicting physicochemical
properties of chemical compounds represented as graphs (e.g., toxicity and efficacy)
and attribute prediction in social networks centered on individuals are commonly
formulated as regression and classification tasks within the framework of kernel
methods, after designing a kernel function for graph data. Although graph kernels
based on optimal transport have been reported to be highly discriminative, they suffer
from very high computational costs and thus do not scale with increasing graph size or
with the number of graphs in a dataset. In this work, we focus on the Categorical WWL
graph kernel, one of the optimal transport-based graph kernels, and clarify the
underlying structure of the features it employs. By leveraging this structure, we
propose a fast and accurate computational algorithm that does not require
approximations. While conventional algorithms require quadratic computational cost
with respect to the number of graph nodes, we theoretically show that our proposed
algorithm can compute the kernel in linear time. Moreover, through numerical
experiments, we confirm that our algorithm scales well with both graph size and the
number of graphs in a dataset, and achieves performance that is comparable to or

better than existing methods.

This dissertation is organized as follows. Chapter 1 reviews prior work on graph data
analysis and positions the present study within the literature. Chapter 2 introduces
the notation and provides preliminaries on related methods for handling graph data.
In Chapter 3, we introduce a new matrix representation for directed graphs that
incorporates properties of the Hermitian adjacency matrix and the non-backtracking
matrix, and propose a clustering method based on it. We discuss not only its
relationship with existing matrix representations but also its connection to belief
propagation. Chapter 4 proposes an acceleration method for the Categorical WWL
kernel that is a graph kernel based on optimal transport. By focusing on latent
relationships among the features used in the Categorical WWL kernel, we show that
the entire feature set can be equivalently represented as a tree structure, and
demonstrate that this enables fast and exact computation. Finally, Chapter 5

summarizes the dissertation and outlines directions for future work.
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