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Abstract

In the modern era of increasingly large and complex data, graph-structured data,

which describes the relationships between entities, has become a crucial data format

across a wide range of fields. However, the methods for analyzing this data do not

always meet the demands imposed by its modern scale and complexity, creating a need

for new techniques that can efficiently capture its essential structure.

For instance, in communication graphs arising from social networks, enterprise

messaging, or service logs on servers, uncovering the latent structures such as

communities, roles, and service influence regions requires appropriate visualizations

and metrics that reflect the underlying structure. A naive visualization that does

not consider the structure may collapse important features of the graph, such as

bipartiteness or hierarchical structures, resulting in uninterpretable hairballs.

Moreover, in graph data resembling the modern internet, where traffic is concen-

trated on services provided by a few IT companies, it is known that using standard

centrality measures or walk-based analysis can lead to overestimating the importance

of hub nodes and their neighborhoods. This issue calls for methods that remain robust

under heavy-tailed degree distributions and hub-dominant structures.

Simultaneously, the advancement of the information society in recent years has led

to the rapid growth of graph data, increasing the need for scalable methods in addition

to those capable of capturing complex structures. This dissertation aims to discover

how to effectively uncover information inherent in graph data, with a focus on two

topics.

First, we discuss matrix representations for capturing the structure of directed

graphs and their applications. In spectral graph theory, which explores graph structures

through the analysis of matrix representations, research has primarily focused on
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undirected graphs, while efforts on directed graphs have been limited due to the

challenges posed by their asymmetry. However, in recent years, matrix representations

that utilize complex numbers to express directional information have been proposed,

and their usefulness has been confirmed in applications such as clustering problems.

We point out that existing methods are vulnerable in sparse situations commonly

found in real-world data, and propose a new matrix representation that retains robust

cluster information in its eigenvectors even in such situations. We demonstrate

that the proposed matrix representation possesses favorable properties analogous to

the relationships between matrix representations in undirected graphs, and further

explore the connection between the proposed representation and clustering through

discussions on belief propagation.

Next, we address the acceleration of graph kernels for evaluating graph similarity.

Since graph data does not exhibit homogeneous structures such as grids or sequences,

graph kernels are useful frameworks for handling such data in machine learning.

However, evaluating differences in the structures of graphs often requires capturing

both local and global structures, which can lead to high computational costs. In

particular, graph kernels based on optimal transport, which have been proposed

in recent years, offer high discriminative power but are challenging to apply to

large-scale graph datasets. In this dissertation, we focus on the categorical Wasserstein

Weisfeiler-Lehman graph kernel, and show that by leveraging the structure of the

features used in this kernel, we can achieve faster and more accurate computations

than conventional algorithms.

The methods developed in this work enable (i) the robust recovery of community

structures in sparse and hub-dominant directed graphs by introducing the complex

non-backtracking matrix and associated spectral techniques, and (ii) the exact yet

faster computation of the categorical Wasserstein Weisfeiler-Lehman graph kernel, one

of the recently proposed graph kernels with high discriminative power, by leveraging

the structure of its features. These achievements contribute to improving the stability

and interpretability of visualizations in directed graphs, while also expanding the

applicability of expressive optimal transport-based graph kernels to large-scale datasets.
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1
Introduction

Advances in software and hardware, together with the maturation of machine learning

theory, have led to data that are both large in scale and rich in relational structure.

Examples include social networks formed by user interactions, product–user relations

derived from browsing and purchase histories, and molecular graphs or protein–protein

interaction networks in the natural sciences. Even when such relations are not explicitly

given, many phenomena can naturally be modeled as graphs whose vertices represent

entities and whose edges encode their relationships.

Analyzing graph structures plays a crucial role in inference and practical inter-

ventions. For instance, in communication graphs derived from social networks or

workplace messaging, grouping nodes based on “who communicates with whom and

how frequently” can reveal communities and the roles of individual nodes. Based on

the characteristics of these groups, one can optimize notifications and interventions

or control information flow. For example, when evaluating whether products or

information favored in community A are also favored in community B, one can estimate

the effect with minimal influence by notifying a few users located at the boundary
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between A and B.

While the latent structure of targets provides important information for downstream

tasks, the direct application of conventional machine learning methodologies is

challenged by properties inherent to graph data. These include the lack of a uniform

grid structure, as seen in vectors or images, a variable number of vertices, the absence

of a canonical ordering over vertices, and asymmetric relationships. Moreover, it has

been known that the presence of singular entities, such as hub nodes, can distort the

results of standard methods. In this context, two methodologies that have provided an

important mathematical foundation for graph data analysis are graph kernels based on

similarity design and spectral methods for graphs.

1.1 Graph Kernels Based on Predefined Similarities

By designing a kernel function that measures similarity between graphs, one can

apply the framework of kernel methods. Classically, the family of R-convolution

kernels (Haussler 1999) defines similarities based on enumerating substructures of

graphs and aggregating them. These methods are highly interpretable, yet suffer

from computational costs that grow with the number of vertices. For example, the

shortest-path kernel (Borgwardt and Kriegel 2005) compares pairwise shortest paths

across two graphs. Computing all-pairs shortest paths with the Floyd-Warshall

algorithm requires𝑂 (𝑛3) time, where 𝑛 is the number of vertices in the graph. Another

example is the 𝑘-node graphlet kernel (Pržulj 2007). This kernel measures graph

similarity by counting the occurrences of small subgraphs called graphlets, typically

with 𝑘 ∈ {4, 5} vertices, and comparing their frequencies between graphs. However,

obtaining these counts requires enumerating all size-𝑘 subgraphs contained in a graph

with 𝑛 vertices, of which there are 𝑂 (𝑛𝑘), or sampling from them.

To address this computational cost, the Weisfeiler-Lehman (WL) graph kernel (Sher-

vashidze et al. 2011) generates label sequences through neighborhood aggregation and

relabeling. It achieves a practical balance between representational power and compu-

tational efficiency with 𝑂 (𝐻𝑚) time, where 𝐻 is the number of WL iterations and𝑚 is

the number of edges in the graph. However, it has been noted that simple aggregation

can discard higher-order distributional information, including co-occurrence patterns

and attribute dispersion (Togninalli et al. 2019).
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To mitigate this loss, optimal transport has been incorporated into graph kernels.

The Wasserstein Weisfeiler-Lehman (WWL) graph kernel (Togninalli et al. 2019)

compares distributions over WL label sequences using optimal transport. The fused

Gromov-Wasserstein method jointly aligns node attributes and structural information

within a single objective (Titouan et al. 2019). Another line of work uses adjacency-

based Markov kernels to progressively push label distributions into a hierarchical

probability distribution, and then computes the Wasserstein distance by solving optimal

transport problems on vertex pairs iteratively (S. Chen et al. 2022). Although these

methods, which capture both local and global structure, exhibit high discriminative

power, they lead to high computational costs. Balancing discriminative power and

scalability therefore remains an important open problem.

1.2 Spectral Methods for Graphs

Spectral methods (Chung 1996) use eigenvalues and eigenvectors of matrix represen-

tations such as the adjacency matrix or the graph Laplacian to perform clustering,

graph signal processing, and node centrality estimation. For undirected graphs,

spectral clustering (Luxburg 2007; Ng, Jordan, and Weiss 2001) uses the bottom

eigenvectors of the matrix representation as vertex embeddings. This view is supported

by cut objectives and Cheeger inequalities and provides a geometric description of

connectivity and community structure.

In many real-world networks, the direction of edges carries essential information

about the flow of influence, dependence, or causality. To exploit directionality, a line of

work has adapted spectral techniques to directed graphs. Examples include methods

that use left and right singular vectors of the asymmetric adjacency matrix (Rohe, Qin,

and Yu 2016). Another example uses a symmetrization of the asymmetric adjacency

matrix of a directed graph, defined so that the (𝑖, 𝑗)-entry represents the count of

common out-neighbors and in-neighbors of vertices 𝑖 and 𝑗 (Satuluri and Parthasarathy

2011). These developments shift the undirected objective of finding densely connected

communities toward the directed objective of grouping vertices with similar sources

and destinations.

More recently, as part of efforts to extend graph spectral theory to directed graphs,

Hermitian adjacency matrices have been defined by assigning complex weights to
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directed edges. The properties of their eigenvalues and eigenvectors have been

studied (Guo and Mohar 2017; Liu and X. Li 2015; Mohar 2020). Hermitian-based

clustering methods have also been proposed and can outperform naive symmetriza-

tions (Cucuringu et al. 2020; Martin, Rogers, and Zanetti 2024).

Despite these advances, sparse regimes remain challenging. In sparse undirected

graphs, adjacency-based methods can fail to recover community structure, and hub

nodes can be overemphasized in centrality estimation. One approach to mitigate these

issues in undirected graphs is to use the non-backtracking matrix as a representation.

However, it remains unclear how matrix representations should be extended to directed

graphs and whether such extensions would be effective.

1.3 Contributions

Motivated by this background, this dissertation discusses two topics based on the

published paper (Sando and Hino 2025) and a paper under review:

• We propose a matrix representation of directed graphs for clustering. We show

that the proposed representation is a natural extension of existing representa-

tions for undirected graphs. Moreover, our clustering algorithm based on the

eigenvectors of the matrix can robustly recover community structure even in

sparse directed graphs. We also discuss the relationship between our algorithm

and belief propagation.

• For the categoricalWassersteinWeisfeiler-Lehman graph kernel, we make explicit

a latent tree structure in the domain information and develop an acceleration

that exploits the structure. This allows us to compute the exact, unregularized

Wasserstein distance in large datasets with many large graphs, where the

previous algorithm was infeasible.

This dissertation is organized as follows. We first introduce the graph-theoretic

preliminaries common to both topics in Chapter 2. In Chapter 3, we propose a matrix

representation for directed graphs and develop a clustering algorithm as an application.

Chapter 4 is devoted to the acceleration of the categorical Wasserstein Weisfeiler-

Lehman graph kernel. We show that our insights lead to significant improvements in
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computational efficiency over existing methods. Finally, we conclude this dissertation

and discuss future directions in Chapter 5.
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2
Preliminaries

This chapter provides the necessary background for this dissertation. As our work

consistently focuses on graph-structured data, we begin by introducing definitions for

representing graphs mathematically. These concepts are illustrated with concrete

examples to facilitate understanding. Furthermore, in Section 2.7, we review the

fundamentals of graph kernels, a prevalent approach for handling graph data within a

machine learning framework.

2.1 Undirected Graphs

We start with the definition of undirected graphs. As the notation for the edge set

differs in the directed case discussed later, we introduce the symbols while making this

distinction explicit. Let 𝑉 be a finite set. We write

(𝑉
2

)
:= {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉 , 𝑢 ≠ 𝑣} for

the set of unoriented pairs of distinct elements of 𝑉 . For any distinct 𝑢, 𝑣 ∈ 𝑉 , we use
the symbol 𝑢𝑣 := {𝑢, 𝑣} = {𝑣,𝑢} to denote the unoriented pair. Let 𝐸 ⊂

(𝑉
2

)
be a subset

of unoriented pairs, and define the undirected graph G := (𝑉 , 𝐸). We refer to elements
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of 𝑉 as vertices and to elements of 𝐸 as undirected edges. This definition means that

undirected graphs have no self-loops, i.e., no undirected edge connects a vertex to

itself. The two vertices 𝑢 and 𝑣 are said to be adjacent if 𝑢𝑣 ∈ 𝐸. When each edge 𝑒 ∈ 𝐸
is assigned a nonnegative weight, we denote it by𝑤 : 𝐸 → R≥0. For a vertex 𝑢 ∈ 𝑉 , we
denote the set of vertices adjacent to 𝑢 by 𝑁𝑢 := {𝑣 ∈ 𝑉 | 𝑢𝑣 ∈ 𝐸}. The degree of 𝑢 is

the number of its adjacent vertices, denoted 𝑑𝑢 := |𝑁𝑢 |.
A sequence of vertices𝑊 = (𝑣1, . . . , 𝑣𝑘) in G is a walk when 𝑣𝑖𝑣𝑖+1 ∈ 𝐸 for every

𝑖 = 1, . . . 𝑘 − 1. The length of𝑊 , defined as the number of edges it contains, 𝑘 − 1, is

denoted by |𝑊 |. An undirected graph is connected if, for every pair of vertices, there

exists a walk between them. A walk is called a cycle if its first and last vertices coincide.

A walk (𝑣1, . . . , 𝑣𝑘) is said to have backtracking if there exists 𝑖 ∈ {2, . . . , 𝑘 − 1} such
that 𝑣𝑖−1 = 𝑣𝑖+1, and a walk without such 𝑖 is called a non-backtracking (NBT) walk. We

can simply say that an NBT walk does not return to the immediately preceding vertex.

Since we handle datasets consisting of undirected graphs with node labels in

Chapter 4, we introduce the necessary notation. Let Σ0 be a finite categorical label set.

We say that an undirected graph is labeled if each vertex of the graph is assigned a label

from Σ0. We denote a set of graphs by G := (G1 = (𝑉1, 𝐸1), . . . ,G𝑁 = (𝑉𝑁 , 𝐸𝑁 )), where
𝑁 is the number of graphs in G. We also denote the number of vertices in G𝑖 by 𝑛𝑖 , the
total number of vertices in G by 𝑛 :=

∑𝑁
𝑖=1
𝑛𝑖 , and the average number of vertices in G

per graph by 𝑛 := 𝑛/𝑁 . Throughout this dissertation, we assume that all graphs in G

are labeled and share a common label set Σ0. In addition, we useV :=
⋃𝑁
𝑖=1
𝑉𝑖 for all

vertices in G, and 𝑙0 : V → Σ0 for the function that assigns initial labels to vertices.

2.2 Trees

When an undirected graph is connected and contains no cycles, it is called a tree.

To clearly indicate that a graph is a tree, we denote it by T := (𝑉 (T ), 𝐸 (T )) instead
of G, and represent its vertex and edge sets by 𝑉 (T ) and 𝐸 (T ), respectively. Note
that, since a tree contains no cycles, there exists exactly one path between any pair

of vertices in the tree. We write P(𝑢, 𝑣) as a set of edges that form the unique path

between 𝑢, 𝑣 ∈ 𝑉 (T ). In addition, the number of edges and vertices in a tree satisfy the

relation |𝐸 (T )| = |𝑉 (T )| − 1.

Given a tree T with a weight function𝑤 , the path metric between 𝑢, 𝑣 ∈ 𝑉 (T ) is
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v1Tv1

v2 v3 v4

w2 w3

v5 v6 v7

w1
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(a) tree

v1 v2

v3 v4

(b) directed graph

v1 v2

v3

v4

(c) cycle with a tail

Figure 2.1: Illustrative examples

defined as 𝑑(T ,𝑤) (𝑢, 𝑣) :=
∑
𝑒∈P(𝑢,𝑣)𝑤𝑒 , where𝑤𝑒 :=𝑤 (𝑒), or simply 𝑑T when there is

no confusion about𝑤 . When a vertex of a tree is selected as a reference, that vertex

is called the root. A tree rooted at 𝑟 ∈ 𝑉 (T ) is denoted by T𝑟 , and the vertex set of
the subtree rooted at 𝑢 ∈ 𝑉 (T ) is denoted by Γ(𝑢) := {𝑣 ∈ 𝑉 (T𝑟 ) | 𝑢 ∈ P(𝑣, 𝑟 )}. For
vertices that constitute an edge 𝑒 ∈ 𝐸 (T𝑟 ), we use 𝑢𝑒 ∈ 𝑉 (T𝑟 ) for the vertex closer to
the root, and 𝑣𝑒 ∈ 𝑉 (T𝑟 ) for the vertex farther from the root.

Figure 2.1a shows an example of a tree. For instance, the set of edges in the path

between vertices 𝑣4 and 𝑣5 is given by P(𝑣4, 𝑣5) = {𝑣2𝑣5, 𝑣1𝑣2, 𝑣1𝑣4}, and the path

metric between these two vertices is 𝑑T (𝑣4, 𝑣5) =𝑤1+𝑤2+𝑤3. Considering the subtree

rooted at 𝑣4 highlighted by the blue line, its vertex set is Γ(𝑣4) = {𝑣4, 𝑣9, 𝑣10}.

2.3 Directed Graphs

Many real-world relationships, such as social networks, economic transactions, or

logistics, are inherently directional. To model such systems, we introduce directed

graphs, or simply digraphs. We write 𝑉 (2) := {(𝑢, 𝑣) | 𝑢, 𝑣 ∈ 𝑉 ,𝑢 ≠ 𝑣} for the set of
oriented pairs of distinct elements of 𝑉 . In

(𝑉
2

)
, the unoriented pairs {𝑢, 𝑣} and {𝑣,𝑢}

are identified, while in 𝑉 (2) the oriented pairs (𝑢, 𝑣) and (𝑣,𝑢) are considered distinct.

We write
−→𝑢𝑣 (=←−𝑣𝑢) := (𝑢, 𝑣) for an oriented pair from 𝑢 to 𝑣 . When we denote an

oriented pair
−→𝑢𝑣 by 𝑒 , we write 𝑖𝑒 := 𝑢 and 𝑡𝑒 := 𝑣 to make explicit that 𝑖𝑒 and 𝑡𝑒 are,

respectively, the initial and terminal vertex of 𝑒 . We also use 𝑒−1
:=
−−→
𝑡𝑒𝑖𝑒 to denote its

inverse pair. Let ®𝐸 ⊂ 𝑉 (2) be a subset of oriented pairs, and define the directed graph

𝐺 := (𝑉 , ®𝐸). We call elements of ®𝐸 directed edges. This means that an oriented pair

is not necessarily a directed edge. For a directed graph𝐺 = (𝑉 , ®𝐸), we additionally
define 𝐸 := ®𝐸 ∪ ®𝐸−1 ⊂ 𝑉 (2) , where ®𝐸−1

:=

{
𝑒−1 | 𝑒 ∈ ®𝐸

}
. By construction, ®𝐸 ⊂ 𝐸 holds.

In the context of a binary relation on 𝑉 , 𝐸 can be regarded as the symmetric closure of
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®𝐸. Note that
��𝐸�� is even. This follows from the facts that 𝑒 ∈ 𝐸 implies 𝑒−1 ∈ 𝐸 and

that self-loops are not included. Let

��𝐸�� =: 2𝑚, and assume that the elements of 𝐸 are

indexed so that 𝑒𝑚+𝑖 = 𝑒−1

𝑖 for 𝑖 = 1, . . . ,𝑚.

To indicate relationships between two vertices in a directed graph, we introduce

the symbols→𝐺 and↔𝐺 . For distinct vertices 𝑢, 𝑣 ∈ 𝑉 , we write 𝑢 →𝐺 𝑣 (= 𝑣 ←𝐺 𝑢) if
−→𝑢𝑣 ∈ ®𝐸 and

←−𝑢𝑣 ∉ ®𝐸, and also write 𝑢 ↔𝐺 𝑣 if
−→𝑢𝑣,←−𝑢𝑣 ∈ ®𝐸. For a vertex 𝑢 ∈ 𝑉 , we define

four types of neighborhoods as follows:

←−
𝑁𝑢 := {𝑣 ∈ 𝑉 | 𝑢 ←𝐺 𝑣} ,

−→
𝑁𝑢 := {𝑣 ∈ 𝑉 | 𝑢 →𝐺 𝑣} ,

←→
𝑁𝑢 := {𝑣 ∈ 𝑉 | 𝑢 ↔𝐺 𝑣} , 𝑁𝑢 :=

←→
𝑁𝑢 ∪

←−
𝑁𝑢 ∪

−→
𝑁𝑢 .

We denote the in-degree, out-degree, bi-degree and degree of 𝑢 by

←−
𝑑𝑢 := |←−𝑁𝑢 |,

−→
𝑑𝑢 :=

|−→𝑁𝑢 |,
←→
𝑑𝑢 := |←→𝑁𝑢 | and𝑑𝑢 :=

←−
𝑑𝑢+
−→
𝑑𝑢+
←→
𝑑𝑢 , respectively. We also use𝐷 := diag(𝑑1, . . . , 𝑑𝑛) ∈

R𝑛×𝑛 .

The definition of a walk in undirected graphs can be applied to directed graphs.

Moreover, for Chapter 3, we introduce a new concept for walks in directed graphs. A

sequence of vertices𝑊 = (𝑣1, . . . , 𝑣𝑘) in a digraph 𝐺 = (𝑉 , ®𝐸) is called a walk when
−−−−→𝑣𝑖𝑣𝑖+1 ∈ ®𝐸 for all 𝑖 = 1, . . . , 𝑘 − 1. In addition, we call a sequence a mixed walk if, for

every 𝑖 = 1, . . . , 𝑘 − 1, either
−−−−→𝑣𝑖𝑣𝑖+1 ∈ ®𝐸 or

←−−−−𝑣𝑖𝑣𝑖+1 ∈ ®𝐸 holds. Intuitively, a mixed walk is

allowed to traverse directed edges against their direction. The length of𝑊 , defined

as the number of transitions it contains, 𝑘 − 1, is denoted by |𝑊 |. The concept of
non-backtracking walks in undirected graphs is similarly defined for walks and mixed

walks in directed graphs. The notion of cycles in undirected graphs also applies to

directed graphs: a walk with 𝑣1 = 𝑣𝑘 is called a cycle, denoted by 𝐶 . Two cycles are

considered equivalent if they differ only in the choice of the starting vertex, and

the equivalence class of a cycle 𝐶 is denoted by [𝐶]. For example, if there exists a

cycle represented by the vertex sequence (𝑣1, 𝑣2, 𝑣3, 𝑣1), then the vertex sequences

(𝑣2, 𝑣3, 𝑣1, 𝑣2) and (𝑣3, 𝑣1, 𝑣2, 𝑣3) belong to the same equivalence class. The 𝑟 times

repetition of a cycle 𝐶 is denoted as 𝐶𝑟 . If a cycle 𝐶 cannot be expressed as a repetition

of a shorter cycle, the cycle is called primitive. We note that even if a cycle 𝐶 is NBT,

𝐶2
is not necessarily NBT. A cycle 𝐶 is said to have a tail if 𝐶 is NBT but 𝐶2

is not NBT.

We illustrate the terms defined above for directed graphs using the example

in Figures 2.1b and 2.1c. Let the directed graph in Figure 2.1b be denoted by
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𝐺 = (𝑉 , ®𝐸), where 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4} and ®𝐸 =
{−−→𝑣1𝑣2,

−−→𝑣2𝑣1,
−−→𝑣1𝑣3,

−−→𝑣2𝑣3,
−−→𝑣3𝑣4,

−−→𝑣4𝑣2

}
.

With respect to vertices 𝑣1 and 𝑣3, since
−−→𝑣1𝑣3 ∈ ®𝐸 and

−−→𝑣3𝑣1 ∉ ®𝐸, we write 𝑣1 →𝐺 𝑣3.

Also, for vertices 𝑣1 and 𝑣2, we write 𝑣1 ↔𝐺 𝑣2. The symmetric closure 𝐸 has

𝑚 = 5, and although the indexing of its elements is arbitrary, we can set 𝐸 ={−−→𝑣1𝑣2,
−−→𝑣1𝑣3,

−−→𝑣2𝑣3,
−−→𝑣3𝑣4,

−−→𝑣4𝑣2,
←−−𝑣1𝑣2,

←−−𝑣1𝑣3,
←−−𝑣2𝑣3,

←−−𝑣3𝑣4,
←−−𝑣4𝑣2

}
. Considering the neighbor-

hoods of vertex 𝑣2 as an example, we have

←−−
𝑁𝑣2

= {𝑣4} ,
−−→
𝑁𝑣2

= {𝑣3} ,
←→
𝑁𝑣2

= {𝑣1} , 𝑁𝑣2
=

{𝑣1, 𝑣3, 𝑣4}. This leads to the degrees
←−
𝑑𝑣2

= 1,
−→
𝑑𝑣2

= 1,
←→
𝑑𝑣2

= 1, 𝑑𝑣2
= 3. Moreover, while

a sequence of vertices 𝑆1 = (𝑣1, 𝑣2, 𝑣3, 𝑣4) is a walk in 𝐺 , a sequence 𝑆2 = (𝑣1, 𝑣2, 𝑣4)
is not considered a walk; however, 𝑆2 is a mixed walk. Figure 2.1c illustrates a cycle

with a tail. Since this property holds for both walks and mixed walks, the directions of

the edges are omitted. Figure 2.1c shows that the sequence𝐶 = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣2, 𝑣1) is an
NBT cycle; however, 𝐶2 = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣2, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣2, 𝑣1) exhibits backtracking at
the junction between the end of the first round and the beginning of the second round.

2.4 Matrix Representations of Graphs

To handle graph data mathematically, it is common to use matrix representations.

The most fundamental among them is the adjacency matrix, denoted by 𝐴, defined

based on the adjacency relationships between pairs of vertices. Let 𝑛 be the number of

vertices in a graph, the entry 𝐴𝑢𝑣 of two vertices 𝑢, 𝑣 ∈ 𝑉 for undirected and directed

graphs is defined as follows:

𝐴𝑢𝑣 :=


1 𝑢𝑣 ∈ 𝐸,

0 otherwise,

𝐴𝑢𝑣 :=


1
−→𝑢𝑣 ∈ ®𝐸,

0 otherwise.

In particular, for undirected graphs, representative matrices derived from the adjacency

matrix include the graph Laplacian 𝐿 := 𝐷 −𝐴 and the normalized graph Laplacian
L := 𝐷−1/2𝐿𝐷−1/2

.

While the adjacency matrix is defined based on relationships between pairs of

vertices, it is also possible to define a matrix based on relationships between pairs of

edges. A representative example is the non-backtracking (NBT) matrix (Hashimoto

1989). To consider the NBT matrix of an undirected graph G = (𝑉 , 𝐸), we first construct
an induced directed graph 𝐺 = (𝑉 , ®𝐸) by replacing each undirected edge with two
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directed edges in opposite directions, where ®𝐸 =
{−→𝑢𝑣,←−𝑢𝑣 | 𝑢𝑣 ∈ 𝐸}. We note that, for

the induced set of directed edges, 𝐸 = ®𝐸 holds. Let𝑚 := |𝐸 | and 𝑒, 𝑓 ∈ ®𝐸, the NBT
matrix 𝐵 of the undirected graph is a 2𝑚 × 2𝑚 matrix, with each index corresponding

to a directed edge. The entry 𝐵𝑒 𝑓 of the NBT matrix 𝐵 is defined as follows:

𝐵𝑒 𝑓 :=


1 𝑡𝑒 = 𝑖 𝑓 and 𝑖𝑒 ≠ 𝑡 𝑓 ,

0 otherwise.

= 𝛿𝑡𝑒𝑖 𝑓 (1 − 𝛿𝑖𝑒𝑡𝑓 ), (2.1)

where 𝛿 is the Kronecker delta. This means that the entry is 1 when the two directed

edges constitute a non-backtracking walk. The NBT matrix can also be defined for

directed graphs, but in that case, we use 𝐸 instead of ®𝐸 and apply the same definition.

2.5 Graph Cut and Spectral Clustering

In an undirected graph, the optimization problem of partitioning the vertex set into

several subsets while minimizing the number of edges that span different subsets

is known as the graph cut problem, and is also recognized as a method for graph

clustering. Let G = (𝑉 , 𝐸) be an undirected graph, and 𝑆,𝑈 ⊂ 𝑉 be subsets of the

vertex set. The number of edges that span these two subsets is defined as follows:

cut(𝑆,𝑈 ) := |{𝑢𝑣 ∈ 𝐸 | 𝑢 ∈ 𝑆, 𝑣 ∈ 𝑈 }| .

For example, when considering partitioning the vertex set into two clusters, simply

minimizing cut(𝑆, 𝑆) can lead to trivial solutions, such as 𝑆 consisting of only one

vertex. Therefore, some form of regularization is applied. Here, we focus on one such

method called Normalized Cut (NCut). The NCut for a partition of the vertex set 𝑉 into

𝑆1, . . . , 𝑆𝐾 is defined as follows:

NCut(𝑆1, . . . , 𝑆𝐾 ) :=

𝐾∑︁
𝑘=1

cut(𝑆𝑘 , 𝑆𝑘)
vol(𝑆𝑘)

, (2.2)
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where 𝑆𝑘 is the complement of 𝑆𝑘 in 𝑉 , and vol(𝑆) :=
∑
𝑢∈𝑆 𝑑𝑢 . Intuitively, the regular-

ization in NCut aims to prevent the total degree within the two subsets from being

imbalanced. The goal of the graph cut problem is to find a partition of the vertex set

that minimizes NCut.

min

𝑆1,...,𝑆𝐾⊂𝑉
NCut(𝑆1, . . . , 𝑆𝐾 ) where


𝑆𝑖 ∩ 𝑆 𝑗 = 𝜙 𝑖 ≠ 𝑗,⋃𝐾
𝑘=1

𝑆𝑘 =𝑉 .
(2.3)

The problem (2.3) can be equivalently transformed into the following form.

Lemma 2.1. The optimization problem (2.3) is equivalent to the following optimization
problem:

min

𝑆1,...,𝑆𝐾⊂𝑉
Tr

(
𝐻⊤𝐿𝐻

)
where



𝐻 ∈ R|𝑉 |×𝐾 ,

𝐻𝑖𝑘 =


1√

vol(𝑆𝑘 )
𝑣𝑖 ∈ 𝑆𝑘 ,

0 otherwise.

𝐻⊤𝐷𝐻 = 𝐼 ,

𝑆𝑖 ∩ 𝑆 𝑗 = 𝜙 𝑖 ≠ 𝑗,⋃𝐾
𝑘=1

𝑆𝑘 =𝑉 .

(2.4)

In the problem (2.4), the matrix 𝐻 is an indicator matrix that shows which subset

each vertex belongs to, taking 𝐾 + 1 discrete values. By relaxing 𝐻 to allow continuous

values, we obtain spectral clustering, a method for obtaining cluster partitions.

2.5.1 Spectral Clustering

Spectral clustering (Luxburg 2007; Ng, Jordan, and Weiss 2001) is an algorithm that

performs vertex clustering by solving the eigenvalue problem of the graph Laplacian,

and deals with the optimization problem obtained by relaxing the constraint that 𝐻

takes discrete values.

min

𝐻∈R |𝑉 |×𝐾 , 𝐻⊤𝐷𝐻=𝐼
Tr

(
𝐻⊤𝐿𝐻

)
.
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Algorithm 1: Spectral Clustering
Input: G = (𝑉 , 𝐸): undirected graph; 𝐾 ∈ Z: number of clusters

Output: 𝒛 ∈ {1, . . . , 𝐾} |𝑉 | : cluster assignment for each vertex

1 Compute the normalized graph Laplacian L
2 Perform eigenvalue decomposition of L and obtain the eigenvectors

corresponding to the 𝐾 smallest eigenvalues to form 𝑋 ∈ R|𝑉 |×𝐾
3 Normalize each row of 𝑋 to have a norm of 1

4 Apply the K-means algorithm to the row vectors of 𝑋

5 Let the cluster assignment for vertex 𝑣𝑖 be 𝑧𝑖 , corresponding to the cluster

assignment of the 𝑖-th row of 𝑋

6 return 𝒛 = (𝑧1, . . . , 𝑧 |𝑉 |)

For a derivation via continuous relaxation, see, for example, Oyelade et al. (2019). This

corresponds to finding the eigenvectors associated with the 𝐾 smallest eigenvalues of

the normalized graph Laplacian. As described in Algorithm 1, spectral clustering

treats the obtained eigenvectors as embeddings of each vertex into a 𝐾-dimensional

Euclidean space and performs clustering using the K-means algorithm.

2.5.2 Eigenvalue and Cheeger Inequality

The most ideal situation in the graph cut problem is when an undirected graph consists

of 𝐾 connected components. In the graph Laplacian, the following relationship holds

between the number of connected components and the eigenvalues.

Theorem 2.2 (Chung (1996)). For an undirected graph G, the following two statements
are equivalent:

• The graph has 𝐾 connected components.

• The multiplicity of the eigenvalue 0 in the normalized graph Laplacian is 𝐾 .

In practice, it is rare for an undirected graph to consist of 𝐾 connected components,

and it is reasonable to expect that some edges exist between clusters that are intended

to be separated. In particular, for the graph cut problem in two partitions, the Cheeger
Inequality is a classical result that relates the degree of separation between the two

clusters and the eigenvalue of the normalized graph Laplacian.
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The Cheeger Inequality focuses on the conductance, defined as follows, as a measure

of the quality of the partition:

𝜙 (𝑆) :=
cut(𝑆, 𝑆)

min

{
vol(𝑆), vol(𝑆)

} , 𝜙 (G) := min

𝑆⊂𝑉
𝜙 (𝑆).

Similar to NCut, conductance includes regularization to prevent the total degree of the

subsets from being imbalanced. However, unlike NCut, it focuses on the larger value

among the two partitions, and 𝜙 (G) represents the minimum conductance among all

possible partitions. The following relationship holds between conductance and the

second eigenvalue of the normalized graph Laplacian.

Theorem 2.3 (Cheeger Inequality (Chung 1996)). Let 𝜆2 be the second smallest
eigenvalue of the normalized graph Laplacian of an undirected graph G. Then, the
following inequalities hold:

𝜆2

2

≤ 𝜙 (G) ≤
√︁

2𝜆2.

Although solving the actual two-partition graph cut problem is NP-hard (Delling

et al. 2015), the Cheeger Inequality allows us to evaluate how good the best partition is

by focusing on the second eigenvalue of the normalized graph Laplacian.

2.6 Belief Propagation

Belief propagation is an algorithm for computing marginal distributions in probabilistic

models where the joint distribution can be expressed in Equation (2.5), commonly used

in graphical models.

𝑃 ({𝑥1, . . . , 𝑥𝑛}) ∝
𝑚∏
𝜆=1

𝜓𝜆 (𝒙𝜕𝜆), (2.5)

where 𝛼1, . . . , 𝛼𝑚 represents factors that indicate the relationship among random

variables, and we use 𝑖, 𝑗 as index symbols for random variables and 𝜆 for factors. The

notation 𝜕𝜆 denotes the index set of random variables associated with factor 𝛼𝜆 , and

the notation 𝒙𝜕𝜆 denotes the set of random variables corresponding to the index set
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(d) from variable to factor

Figure 2.2: Conceptual diagrams of messages

𝜕𝜆. Similarly, we denote the index set of factors associated with random variable

𝑥𝑖 by 𝜕𝑖 . The function𝜓𝜆 (𝒙𝜕𝜆) is a factor function that describes the relationship of

𝛼𝜆. One way to visualize the relationships between factors and random variables is

through factor graphs, which are bipartite graphs. Figure 2.2a shows an example of a

factor graph. Factors 𝛼𝑎 and 𝛼𝑐 represent relationships involving random variables

𝑥1, 𝑥2 and 𝑥1, 𝑥2, 𝑥3, respectively. Additionally, a factor 𝛼𝑏 involving only 𝑥1 can also be

represented, which is often used to express prior distributions of individual variables.

In this section, we first explain the situation where marginal distributions can be

computed exactly and efficiently, and then discuss the approximate computation of

marginal distributions in more general situations. In this dissertation, we assume that

the random variables handled by belief propagation are discrete random variables.

2.6.1 Exact Inference on Trees

When the factor graph is a tree, belief propagation can compute exact marginal distri-

butions efficiently. Specifically, marginal distributions are computed by propagating

values called messages along the edges. Since the factor graph in Figure 2.2a is not a

tree, we use the example in Figure 2.2b here.

We explain the belief propagation based on two types of messages: the message
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Algorithm 2: Belief Propagation on Factor Trees

for compute messages starting from those that can be computed do
𝜈𝜆→𝑖 (𝑥𝑖 ) ∝

∑︁
𝒙𝜕𝜆\𝑖

𝜓𝜆 (𝑥𝑖 , 𝒙𝜕𝜆\𝑖 )
∏
𝑗∈𝜕𝜆\𝑖

𝜈 𝑗→𝜆 (𝑥 𝑗 ), where
∏

𝜈 𝑗→𝜆 (𝑥 𝑗 ) = 1 when 𝜕𝜆 \ 𝑖 = ∅

𝜈𝑖→𝜆 (𝑥𝑖 ) ∝
∏
𝛽∈𝜕𝑖\𝜆

𝜈𝛽→𝑖 (𝑥𝑖 ), where
∏

𝜈𝛽→𝑖 (𝑥𝑖 ) = 1 when 𝜕𝑖 \ 𝜆 = ∅

end
for 𝑖 ∈ {1, . . . , 𝑛} do

𝑃 (𝑥𝑖) ∝
∏
𝜆∈𝜕𝑖

𝜈𝜆→𝑖 (𝑥𝑖)

end

𝜈𝜆→𝑖 from factor 𝛼𝜆 to random variable 𝑥𝑖 (Figure 2.2c), and the message 𝜈𝑖→𝜆 from

random variable 𝑥𝑖 to factor 𝛼𝜆 (Figure 2.2d). By using these messages, the belief

propagation computes marginal distributions according to Algorithm 2. Algorithm 2

propagates messages starting from the leaves. Let us consider the message from 𝛼𝑏

to 𝑋1 in Figure 2.2b, 𝜕𝑏 \ 1 = ∅ holds. This means that 𝜈𝑏→1(𝑥1) ∝ 𝜓𝛼𝑏 (𝑥1) can be

computed. Similarly, the messages from 𝑋2 to 𝛼𝑎 , from 𝑋3 to 𝛼𝑐 , and from 𝑋4 to 𝛼𝑐 can

be computed, since 𝜕2 \ 𝑎 = ∅, 𝜕3 \ 𝑐 = ∅, 𝜕4 \ 𝑐 = ∅. By computing messages in this

manner, starting from those that can be computed, all messages can be calculated.

When the factor graph is a tree, it can be shown by induction that 𝑝 (𝑥𝑖) computed

by Algorithm 2 is equal to the marginal distribution.

Proposition 2.1. For a random variable 𝑋𝑖 in a graphical model whose factor graph is a
tree, the marginal distribution of 𝑋𝑖 can be expressed using the messages computed by
Algorithm 2 as follows:

𝑃 (𝑥𝑖) ∝
∏
𝜆∈𝜕𝑖

𝜈𝜆→𝑖 (𝑥𝑖).

The proof can be done by treating the entire factor graph as a tree rooted at 𝑋𝑖 and

using induction. Similarly, it can be proven for other random variables contained in the

factor graph.
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Algorithm 3: Belief Propagation on General Graphs

Input: 𝑁 : the maximum number of iterations

// Initialize messages
1 for 𝛼 ∈ 𝐹, 𝑖 ∈ 𝜕𝛼 do
2 𝜈𝛼→𝑖 (𝑥𝑖) ∝ 1

3 𝜈𝑖→𝛼 (𝑥𝑖) ∝ 1

4 end
5 while 𝑁 times do
6 𝜈𝛼→𝑖 (𝑥𝑖) ∝

∑︁
𝒙𝜕𝛼\𝑖∈𝑋𝜕𝛼\𝑖

𝜓𝛼 (𝑥𝑖, 𝒙𝜕𝛼\𝑖)
∏
𝑗∈𝜕𝛼\𝑖

𝜈 𝑗→𝛼 (𝑥 𝑗 )

7 𝜈𝑖→𝛼 (𝑥𝑖) ∝
∏
𝜆∈𝜕𝑖\𝛼

𝜈𝛼𝜆→𝑖 (𝑥𝑖)

8 end
9 for 𝑖 ∈ {1, . . . , 𝑛} do
10 𝑃 (𝑥𝑖) ∝

∏
𝛼∈𝜕𝑖

𝜈𝛼→𝑖 (𝑥𝑖)

11 end

2.6.2 Approximate Inference on General Graphs

In factor graphs with tree structures, messages can be computed deterministically in

order from the leaves. However, in general graphs that contain cycles, the message

computation formulas involve circular references. Therefore, in general factor graphs,

belief propagation performs approximate computation of marginal distributions by

iteratively updating messages until convergence. It is known that this algorithm

may not converge in general, but it is effective in many applications. In Chapter 3,

discussions based on this algorithm are presented. Belief propagation in general factor

graphs is represented by Algorithm 3.

2.7 Graph Kernels

Many machine learning algorithms, such as linear regression, support vector machines,

and principal component analysis, can be formulated in a way that their computations

rely solely on the inner products between data points, rather than directly handling

individual features of the data. The kernel method (Aronszajn 1950; Berlinet and
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Thomas-Agnan 2011) is a methodology that treats nonlinear relationships in data as

linear learning in an implicit feature space, by using a positive definite kernel function

that provides the inner product in the feature space, and by expressing algorithms

purely in terms of inner products between data points.

In the kernel method, a kernel function 𝑘 : X × X → C is a function that provides

the inner product between points mapped to an implicit high-dimensional feature

space, and can be interpreted as a measure of similarity between data points. Not just

any function can serve as a kernel function. For a function 𝑘 to be a valid kernel,

there must exist a corresponding feature map to a high-dimensional space such that 𝑘

represents the inner product in the space. The property that a function 𝑘 must satisfy

for this to hold is positive definiteness.

Definition 2.4 (Positive Definiteness (Berg, Christensen, and Ressel 1984)). Let X be a
non-empty set. A function 𝑘 : X × X → C is called a positive definite kernel if and only if

𝑛∑︁
𝑖, 𝑗=1

𝑐𝑖𝑐 𝑗𝑘 (𝑥𝑖, 𝑥 𝑗 ) ≥ 0

for all 𝑛 ∈ N, {𝑥1, . . . , 𝑥𝑛} ⊂ X, and {𝑐1, . . . , 𝑐𝑛} ⊂ C.

A graph kernel refers to the application of kernel methods to graph data, or more

specifically, the kernel function itself, which measures the similarity between two

graphs. In general, graph data may vary in the number of vertices and edges, and

the ordering of vertices does not have intrinsic meaning. Representing such data

as fixed-length vectors may lead to the loss of essential structural information. To

address this, a classical approach is based on the framework of R-convolution kernels,

which defines the similarity between entire graphs by measuring the similarity of their

constituent substructures. In the following, we introduce a shortest-path kernel as a

representative example of graph kernels based on R-convolution.

2.7.1 Shortest-Path Kernel

One of the representative graph kernels based on R-convolution is the shortest-path

kernel (Borgwardt and Kriegel 2005). Let G = (𝑉 , 𝐸) be an undirected graph in which

each vertex 𝑣 is assigned a label 𝑙0(𝑣). From G, we construct a shortest-path graph
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𝑆 = (𝑉 , 𝐸𝑠) with weights𝑤 : 𝐸𝑠 → R. The vertex set is identical to that of G, while the
edge set 𝐸𝑠 consists of all pairs of vertices that are mutually reachable in G. Each edge

is weighted by the corresponding shortest path length in G. This weight is well-defined
even when multiple shortest paths exist, since all such paths have the same length.

Given two undirected graphs G1 = (𝑉1, 𝐸1) and G2 = (𝑉2, 𝐸2), let their respective
shortest-path graphs be 𝑆1 = (𝑉1, 𝐸𝑠1) and 𝑆2 = (𝑉2, 𝐸𝑠2). The shortest-path kernel 𝑘sp is

defined as follows:

𝑘sp(G1,G2) :=
∑︁

𝑒1=(𝑢,𝑣)∈𝐸𝑠
1

𝑒2=(𝑥,𝑦)∈𝐸𝑠
2

𝑘walk (𝑒1, 𝑒2)

where 𝑘walk (𝑒1, 𝑒2) := 𝑘node (𝑙0(𝑢), 𝑙0(𝑥)) × 𝑘node (𝑙0(𝑣), 𝑙0(𝑦)) × 𝑘edge
(
𝑤𝑒1

,𝑤𝑒2

)
+ 𝑘node (𝑙0(𝑢), 𝑙0(𝑦)) × 𝑘node (𝑙0(𝑣), 𝑙0(𝑥)) × 𝑘edge

(
𝑤𝑒1

,𝑤𝑒2

)
,

where 𝑘node and 𝑘edge are kernel functions that measure the similarity of vertex labels

and edges, respectively. Typically, Dirac kernels are often used, which return 1 when

the two arguments are equal.

2.8 Optimal Transport and Sinkhorn Algorithm

Optimal transport theory (Villani 2009) was originally formulated as a mathematical

framework for finding the most efficient plan to transport resources from one location

to another. In machine learning, it has been widely applied as a method for measuring

the distance between two probability distributions. Although there are various

formulations of optimal transport problems, we focus here on the specific setting used

in this dissertation.

Suppose thatX is a non-empty set, there are resources with masses 𝒂 := (𝑎1, . . . , 𝑎𝑚)
at𝑚 locations (𝑥1, . . . , 𝑥𝑚) ⊂ X, and a demand of masses 𝒃 := (𝑏1, . . . , 𝑏𝑛) at 𝑛 target
locations (𝑦1, . . . , 𝑦𝑛) ⊂ X. The cost per unit mass for transporting from location 𝑥𝑖

to 𝑦 𝑗 is given by 𝐶 (𝑥𝑖, 𝑦 𝑗 ) ≥ 0. We aim to solve the optimization problem of finding

a transportation plan that minimizes the total transportation cost. In this plan, 𝑃𝑖 𝑗

denotes the mass transported from 𝑥𝑖 to 𝑦 𝑗 . We assume that the total mass of resources

is equal to the total demand, and is normalized to one. This optimization problem is
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formulated as the following linear programming problem:

min

𝑃∈R𝑚×𝑛

𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝐶 (𝑥𝑖, 𝑦 𝑗 )𝑃𝑖 𝑗 (2.6)

s.t.



𝑃𝑖 𝑗 ≥ 0, 𝑖 = 1, . . . ,𝑚, 𝑗 = 1, . . . , 𝑛.

𝑛∑︁
𝑗=1

𝑃𝑖 𝑗 = 𝑎𝑖, 𝑖 = 1, . . . ,𝑚.

𝑚∑︁
𝑖=1

𝑃𝑖 𝑗 = 𝑏 𝑗 , 𝑗 = 1, . . . , 𝑛.

This discrete formulation can be extended to a continuous setting using probability

measures. The mass distribution at the source locations, corresponding to the vector 𝒂,

is represented by a probability measure 𝜇 on X. Likewise, the demand distribution at

the target locations, corresponding to the vector 𝒃 , is denoted by another probability

measure 𝜈 on X. The transportation plan 𝑃 is then replaced by a joint probability

measure 𝜋 on the product space X ×X, whose marginals are 𝜇 and 𝜈 , called a coupling.

Consequently, the optimization problem in Equation (2.6) can be rewritten as follows:

inf

𝜋∈Π(𝜇,𝜈)

∫
𝐶 (𝑥,𝑦)𝑑𝜋 (𝑥,𝑦),

where Π(𝜇, 𝜈) denotes the set of all couplings of 𝜇 and 𝜈 , and𝐶 : X ×X → R≥0 denotes

a cost function.

In the problem described above, when the transportation cost between nearby

locations is low, the total transportation cost decreases as the set of supply locations

and demand locations are more similar, and as the supply and demand amounts at each

location are closer. In other words, the total cost is small when the distributions 𝜇

and 𝜈 are similar. This cost seems to represent a metric between 𝜇 and 𝜈 intuitively.

However, whether this cost indeed satisfies the axioms of a metric depends on the

design of the cost function 𝐶 . The Wasserstein distance (Peyré and Cuturi 2020; Villani

2009) is a metric specifically designed so that the optimal transport cost becomes a

valid distance metric.

Definition 2.5 (Wasserstein Distance). Let (Ω, 𝑑) be ametric space and 𝜇, 𝜈 be probability
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measures supported on Ω. The 𝐿𝑝-Wasserstein distance for 𝑝 ≥ 1 is defined as follows:

𝑊 𝑝 (𝜇, 𝜈) :=

(
inf

𝜋∈Π(𝜇,𝜈)

∫
𝑑 (𝑥,𝑦)𝑝𝑑𝜋 (𝑥,𝑦)

)
1/𝑝

.

For the proof that this satisfies the axioms of a metric, we refer the reader to Villani

(2009, Section 6). In this dissertation, we focus on the 𝐿1
-Wasserstein distance, which

we denote by𝑊𝑑 , i.e., optimal transport with ground cost 𝑑 .

2.8.1 Sinkhorn Algorithm

In practice, when computing the Wasserstein distance, we deal with the discrete

formulation in Equation (2.6) derived from a finite number of data. However, solving

this as a linear programming problem generally requires at least cubic time in the

number of vertices in the worst case. Although recent work has proposed an algorithm

with almost-linear time in the number of edges from a theoretical perspective (L.

Chen et al. 2023), applying it to large-scale problems remains challenging due to the

complexity of its implementation. As an algorithm better suited for modern computing

environments, an approximate optimal transport problem with entropic regularization

has been introduced (Cuturi 2013), which can be solved efficiently using the Sinkhorn

algorithm.

In Cuturi (2013), the entropic regularized optimal transport problem can be written

as follows:

min

𝑃∈R𝑚×𝑛

𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝐶 (𝑥𝑖, 𝑦 𝑗 )𝑃𝑖 𝑗 + 𝜖KL(𝑃 | |𝒂𝒃⊤)

s.t.



𝑃𝑖 𝑗 ≥ 0, 𝑖 = 1, . . . ,𝑚, 𝑗 = 1, . . . , 𝑛.

𝑛∑︁
𝑗=1

𝑃𝑖 𝑗 = 𝑎𝑖, 𝑖 = 1, . . . ,𝑚.

𝑚∑︁
𝑖=1

𝑃𝑖 𝑗 = 𝑏 𝑗 , 𝑗 = 1, . . . , 𝑛.

where KL(𝑃 | |𝒂𝒃⊤) :=

𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝑃𝑖 𝑗 log

𝑃𝑖 𝑗

𝑎𝑖𝑏 𝑗
,

(2.7)
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Algorithm 4: Sinkhorn algorithm

Input: 𝒂 ∈ R𝑚≥0
, 𝒃 ∈ R𝑛≥0

such that ∥𝒂∥ = ∥𝒃 ∥ = 1; 𝐶 ∈ R𝑚×𝑛≥0
; 𝜖 > 0

Output: optimal transport plan 𝑃∗ ∈ R𝑚×𝑛≥0

1 𝐾 ← exp(−𝐶/𝜖)
2 𝒖 ← 1𝑚
3 𝒗 ← 1𝑛

∥𝐾 ∥1
4 while 𝒖 or 𝒗 change do
5 𝒖 ← 𝒂

𝐾𝒗

6 𝒗 ← 𝒃
𝐾⊤𝒖

7 end
8 return diag(𝒖) 𝐾 diag(𝒗)

where KL(𝑃 | |𝒂𝒃⊤) is known as the Kullback-Leibler divergence, which measures the

discrepancy between two probability distributions. Since the transportation plan 𝑃

can be viewed as a joint distribution with marginals 𝒂 and 𝒃 , we note that 𝒂𝒃⊤ is one

feasible solution satisfying this condition. Therefore, the optimization problem (2.7)

can be interpreted as a regularized optimal transport problem, where the solution is

encouraged to be closer to 𝒂𝒃⊤ as the regularization parameter 𝜖 increases.

The objective function of the problem (2.7) is strongly convex, and the feasible set

is also convex. Therefore, it is guaranteed that a unique optimal solution exists. The

iterative algorithm introduced by Cuturi (2013) for machine learning is the Sinkhorn

algorithm, as shown in algorithm 4.

2.9 Proof of Proposition 2.1

To simplify the proof, we consider a tree structure rooted at 𝑋𝑖 . Figure 2.3 illustrates an

example of such a tree structure.

Since no two random variables are adjacent, and no two factors are adjacent, the

structure alternates between layers of random variables and layers of factors at each

depth. We also assume that each random variable has a factor corresponding to its

prior distribution, which is associated only with itself. If there are random variables

without such factors, we can add a factor with a factor function𝜓𝜆 (𝑥) ∝ 1 without

affecting the model, thus satisfying the assumption. Furthermore, for each random
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Figure 2.3: Example of treating 𝑋3 as the root in Figure 2.2b. Factors 𝛼𝑑 , 𝛼𝑒, 𝛼 𝑓 represent

additional dummy factors that have been added.

variable, if there are multiple factors associated only with itself, we can merge them

into a single factor without affecting the model. Therefore, we assume that each

random variable has exactly one factor associated only with itself.

By rearranging the nodes in this way, we can describe a tree structure as shown in

Figure 2.3. We treat the random variables at a certain depth and their adjacent child

factors as a layer, such as 𝑙 = 0, 1, 2 in Figure 2.3. Let 𝐿 be the number of layers in the

factor tree, and if we denote the depth of the root of the factor tree as 0, the maximum

depth of the tree can be expressed as 2𝐿 − 1. We will prove the proposition by induction

on 𝐿. To prepare for this, we denote the set of random variables located at layer 𝑙 by𝒳𝑙 ,

and its cardinality by 𝑛𝑙 . We re-index the random variables located at layer 𝑙 , denoting

the index of the 𝑖-th random variable as 𝑣 (𝑙, 𝑖). Thus, we have𝒳𝑙 =
{
𝑋𝑣 (𝑙,1), . . . , 𝑋𝑣 (𝑙,𝑛𝑙 )

}
.

Similarly, we denote the set of factors located at layer 𝑙 by𝒴𝑙 , and its cardinality by

𝑚𝑙 . We re-index the factors located at layer 𝑙 , denoting the index of the 𝜆-th factor

as 𝑓 (𝑙, 𝜆). We denote the set of indices of child factors associated with the random

variable 𝑋𝑣 (𝑙,𝑖) by 𝐶𝑣 (𝑙, 𝑖), and the set of indices of child random variables associated

with the factor 𝛼 𝑓 (𝑙,𝜆) by 𝐶𝑓 (𝑙, 𝜆). Additionally, we denote the set of indices of child
factors associated with a random variable 𝑋 by 𝐶𝑣 (𝑋 ), and the set of indices of child

random variables associated with a factor 𝛽 by 𝐶𝑓 (𝛽).
Proof of Proposition 2.1. We prove the proposition by induction on 𝐿, based on the

preparations described above.

Proof for 𝐿 = 1

Since there is only the layer related to the root, the only random variable in the model
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is 𝑋𝑣 (1,1) . Thus, from Equation (2.5), we have 𝑃 (𝑥𝑣 (1,1)) ∝ 𝜓 𝑓 (1,1) (𝑥𝑣 (1,1)).

On the other hand, regarding the message, since 𝜕𝑓 (1, 1) \ 𝑣 (1, 1) = ∅, we have
𝜈 𝑓 (1,1)→𝑣 (1,1) (𝑥𝑣 (1,1)) ∝ 𝜓 𝑓 (1,1) (𝑥𝑣 (1,1)). Moreover, since 𝜕𝑣 (1, 1) = {𝑓 (1, 1)}, we have
𝑃 (𝑥𝑣 (1,1)) ∝ 𝜈 𝑓 (1,1)→𝑣 (1,1) (𝑥𝑣 (1,1)). Therefore, the proposition holds for 𝐿 = 1.

Proof that if the proposition holds for 𝐿 = 𝐿′, then it also holds for 𝐿 = 𝐿′ + 1

From the joint distribution in Equation (2.5), the marginal distribution of 𝑥𝑣 (1,1) can be

expressed as follows:

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)

𝑃 ({𝑥𝑣 (1,1), 𝑥𝑣 (2,1), . . . , 𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)})

=
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)

𝑚∏
𝜆=1

𝜓𝜆 (𝒙𝜕𝜆).

By separating the term

∏𝑚
𝜆=1

𝜓𝜆 (𝒙𝜕𝜆) into contributions from up to layer 𝐿′ − 1, layer

𝐿′, and layer 𝐿′ + 1, we have

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)




𝐿′−1∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜓𝜆1
(𝒙𝜕𝜆1
)
 ×


𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

𝜓𝜆2
(𝒙𝜕𝜆2
)


×

𝑛𝐿′+1∏
𝑘=1

∏
𝜆3∈𝐶𝑣 (𝐿′+1,𝑘)

𝜓𝜆3
(𝒙𝜕𝜆3
)



.

Considering the third term inside the square brackets, since the maximum number of

layers is 𝐿′ + 1 and there is only one factor associated with a single random variable,

we have 𝐶𝑣 (𝐿′ + 1, 𝑘) = {𝑓 (𝐿′ + 1, 𝑘)} and 𝜕𝜆3 = {𝑣 (𝐿′ + 1, 𝑘)}. This is because if
𝐶𝑣 (𝐿′ + 1, 𝑘) contained factor indices other than 𝑓 (𝐿′ + 1, 𝑘), then that factor would be

associated with other random variables, which would contradict the assumption by

creating loops or exceeding the number of layers 𝐿′ + 1. Similarly, if 𝜕𝜆3 contained

random variable indices other than 𝑣 (𝐿′ + 1, 𝑘), it would also contradict the assumption

by creating loops or exceeding the number of layers 𝐿′ + 1. Therefore, 𝑃 (𝑥𝑣 (1,1)) can be
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rewritten as follows:

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)




𝐿′−1∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜓𝜆1
(𝒙𝜕𝜆1
)
 ×


𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

𝜓𝜆2
(𝒙𝜕𝜆2
)


×
{
𝑛𝐿′+1∏
𝑘=1

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
}


.

Considering the term

𝑛𝐿′+1∏
𝑘=1

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘)), since the set of child random variables

of the factors in layer 𝐿′ coincides with the set of random variables in layer 𝐿′ + 1, we

have |𝐶𝑓 (𝐿′, 1) | + · · · + |𝐶𝑓 (𝐿′,𝑚𝐿′) | = 𝑛𝐿′+1 and |𝐶𝑣 (𝐿′, 1) | + · · · + |𝐶𝑣 (𝐿′, 𝑛𝐿′) | =𝑚𝐿′ .

Thus, we can rewrite it as follows:

𝑛𝐿′+1∏
𝑘=1

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘)) =
𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆2)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘)).

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)




𝐿′−1∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜓𝜆1
(𝒙𝜕𝜆1
)


×

𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

𝜓𝜆2
(𝒙𝜕𝜆2
) ©­«

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆2)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
ª®¬



=

∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′,𝑛𝐿′ )


𝐿′−1∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜓𝜆1
(𝒙𝜕𝜆1
)
 ×

∑︁
𝑥𝑣 (𝐿′+1,1)

· · ·
∑︁

𝑥𝑣 (𝐿′+1,𝑛𝐿′+1
)

𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

𝜓𝜆2
(𝒙𝜕𝜆2
) ©­«

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆2)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
ª®¬
 .

(2.8)

Here, we consider changing the order of summation and multiplication. Although this

is not generally valid, it holds when the terms being summed are independent of
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each other. Specifically, we group the random variables in layer 𝐿′ + 1 based on their

association with the factors in layer 𝐿′. When we take an arbitrary factor 𝜆2 in layer

𝐿′, the underlined term in Equation (2.8) depends only on the random variables in

𝜕𝜆2 (⊃ 𝐶𝑓 (𝜆2)).

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′,𝑛𝐿′ )


𝐿′−1∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜓𝜆1
(𝒙𝜕𝜆1
)
 ×

𝑛𝐿′∏
𝑗=1

∏
𝜆2∈𝐶𝑣 (𝐿′, 𝑗)

∑︁
𝒙𝐶𝑓 (𝜆

2
)

𝜓𝜆2
(𝒙𝜕𝜆2
) ©­«

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆2)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
ª®¬
 . (2.9)

In Equation (2.9), we introduce the following definitions:

𝜙𝜆1
(𝒙𝜕𝜆1
) :=𝜓𝜆1

(𝒙𝜕𝜆1
),

𝜙𝜆2
(𝑥𝜕𝜆2
) :=

∑︁
𝒙𝐶𝑓 (𝜆

2
)

𝜓𝜆2
(𝒙𝜕𝜆2
) ©­«

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆2)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
ª®¬ .

This leads

𝑃 (𝑥𝑣 (1,1)) =
∑︁
𝑥𝑣 (2,1)

· · ·
∑︁

𝑥𝑣 (𝐿′,𝑛𝐿′ )


𝐿′∏
𝑙=1

𝑛𝑙∏
𝑖=1

∏
𝜆1∈𝐶𝑣 (𝑙,𝑖)

𝜙𝜆1
(𝒙𝜕𝜆1
)
 .

Now, we consider a new factor model where𝜙𝜆 represents the factors, and the maximum

number of layers in the factor tree is 𝐿′. By the induction hypothesis, the proposition

holds, so we have

𝑃 (𝑥𝑣 (1,1)) ∝
∏

𝜆∈𝜕𝑣 (1,1)
𝜈′
𝜆→𝑣 (1,1) (𝑥𝑣 (1,1))

Therefore, finally, we show that 𝜈 and 𝜈′ are equivalent. First, for 𝜈′, let 𝑋𝑖 be an

arbitrary random variable in layer 𝐿′, and let 𝛼𝜆 be any of its child factors. Then,
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𝜈′
𝜆→𝑖 (𝑥𝑖) can be expressed as follows:

𝜈′
𝜆→𝑖 (𝑥𝑖) ∝

∑︁
𝒙𝜕𝜆\𝑖

𝜙𝜆 (𝑥𝑖, 𝒙𝜕𝜆\𝑖)
∏
𝑗∈𝜕𝜆\𝑖

𝜈′
𝑗→𝜆 (𝑥 𝑗 )

since this factor model has a factor tree with 𝐿′ layers, 𝐶𝑓 (𝜆) \ 𝑖 = ∅

∝ 𝜙𝜆 (𝑥𝑖) =
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
©­«

∏
𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆)

𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘))
ª®¬ . (2.10)

On the other hand, for 𝜈 , we have

𝜈𝜆→𝑖 (𝑥𝑖) ∝
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑗∈𝐶𝑓 (𝜆)
𝜈 𝑗→𝜆 (𝑥 𝑗 )

∝
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑗∈𝐶𝑓 (𝜆)

∏
𝛽∈𝜕 𝑗\𝜆

𝜈𝛽→ 𝑗 (𝑥 𝑗 )

=
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆)

∏
𝛽∈𝐶𝑣 (𝐿′+1,𝑘)

𝜈𝛽→𝑣 (𝐿′+1,𝑘) (𝑣𝑣 (𝐿′+1,𝑘)).

Because in the original factor tree, each random variable in layer 𝐿′ + 1 has only one

child factor,

𝜈𝜆→𝑖 (𝑥𝑖) ∝
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆)
𝜈 𝑓 (𝐿′+1,𝑘)→𝑣 (𝐿′+1,𝑘) (𝑣𝑣 (𝐿′+1,𝑘))

∝
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆)

∑︁
𝒙𝐶𝑓 (𝐿′+1,𝑘 )

𝜓 𝑓 (𝐿′+1,𝑘) (𝒙𝜕𝑓 (𝐿′+1,𝑘))
∏

𝑗∈𝐶𝑓 (𝐿′+1,𝑘)
𝜈 𝑗→𝑓 (𝐿′+1,𝑘) (𝑥 𝑗 ).

Since 𝐶𝑓 (𝐿′ + 1, 𝑘) = ∅, we have

𝜈𝜆→𝑖 (𝑥𝑖) ∝
∑︁
𝒙𝐶𝑓 (𝜆)

𝜓𝜆 (𝒙𝜕𝜆)
∏

𝑣 (𝐿′+1,𝑘)∈𝐶𝑓 (𝜆)
𝜓 𝑓 (𝐿′+1,𝑘) (𝑥𝑣 (𝐿′+1,𝑘)). (2.11)

Therefore, from Equations (2.10) and (2.11), we have 𝜈 = 𝜈′ for messages from factors

in layer 𝐿′ to random variables in layer 𝐿′. Since messages from random variables in

layer 𝐿′ to layer 𝐿′ − 1 are computed based on the messages in layer 𝐿′ according to the

definition of messages, we have 𝜈 = 𝜈′ for all messages up to layer 𝐿′. Thus, we have
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𝑃 (𝑥𝑣 (1,1)) ∝
∏

𝜆∈𝜕𝑣 (1,1)
𝜈𝜆→𝑣 (1,1) (𝑥𝑣 (1,1)).

From the proof for 𝐿 = 1 and the proof for 𝐿 = 𝐿′ + 1 under the assumption of

𝐿 = 𝐿′, we have shown by induction that the proposition holds for any 𝐿. ⊓⊔





31

3
Complex non-backtracking Matrix and its

Application

3.1 Background

To investigate graph structures, research on the spectra of undirected graphs has been

conducted for a long time. Several characteristics of undirected graphs, including

the number of connected components, bipartite structure, and diameter, have well-

established relationships with eigenvalues of matrices (Chung 1996). In contrast,

the study of eigenvalues in directed graphs remains relatively underexplored. One

of the reasons is that the adjacency matrix of directed graphs, being asymmetric,

typically yields complex eigenvalues, complicating the analysis. To address this

challenge while preserving the intrinsic information of directed graphs, the Hermitian

adjacency matrices have been introduced in Guo and Mohar (2017) and Liu and X. Li

(2015). Compared with the spectral analysis of undirected graphs, the theory based

on Hermitian adjacency matrices is still under development, yet it is regarded as a
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promising approach for investigating properties of directed graphs.

Clustering is one of the areas in which the usefulness of Hermitian adjacency

matrices has attracted attention. In node clustering for undirected graphs, the classical

objective is to identify clusters that are densely connected internally and sparsely

connected between clusters. In contrast, for directed graphs, it may be desirable

to cluster nodes based on similar inflow and outflow patterns. With respect to

these qualitative characteristics of cluster structures, the normalized cut defined in

Equation (2.2) has been widely used as a quantitative measure in undirected graphs. For

directed graphs, while a representative quantitative measure has yet to be established,

several metrics have been employed in existing studies to evaluate the validity of

numerical experimental results. For example, Cucuringu et al. (2020) introduced the

Cut Imbalance ratio (CI) to quantify the degree of imbalance between two clusters 𝑋

and 𝑌 :

CI(𝑋,𝑌 ) :=

����� −→
cut(𝑋,𝑌 )

−→
cut(𝑋,𝑌 ) + −→cut(𝑌,𝑋 )

− 1

2

����� , where

−→
cut(𝑋,𝑌 ) :=

���{−→𝑢𝑣 ∈ ®𝐸 | 𝑢 ∈ 𝑋, 𝑣 ∈ 𝑌 }��� .
Laenen and Sun (2020) proposed a directed extension of the normalized cut and

formulated the objective of finding a 𝐾-partition {𝑆1, . . . , 𝑆𝐾 } that maximizes the flow
ratio defined below.

𝐾−1∑︁
𝑗=1

−→
cut(𝑆 𝑗 , 𝑆 𝑗+1)

vol(𝑆 𝑗 ) + vol(𝑆 𝑗+1)

They also discussed the relationship between the eigenvalues of the considered matrix

representation and the resulting flow ratio.

A classical approach to node clustering in directed graphs is to first construct a

symmetrized matrix representation and then apply clustering methods for undirected

graphs. The simplest symmetrization is to use the sum of the adjacency matrix and its

transpose 𝐴 +𝐴⊤ instead of the adjacency matrix 𝐴 itself. However, this approach

discards the directional information of the graph. Another approach is to work with the

matrix products of the adjacency matrix and its transpose (Satuluri and Parthasarathy

2011) such as 𝐴𝐴⊤ and 𝐴⊤𝐴. As discussed in Cucuringu et al. (2020) and Rohe, Qin,
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and Yu (2016), the (𝑢, 𝑣) entry of 𝐴𝐴⊤ represents the number of common destination

vertices among the outgoing neighbors of 𝑢 and 𝑣 , whereas the (𝑢, 𝑣) entry of 𝐴⊤𝐴

represents the number of common source vertices among the incoming neighbors

of 𝑢 and 𝑣 . One can estimate clusters that reflect directionality more faithfully than

naive symmetrization. Rohe, Qin, and Yu (2016) proposed a method that performs a

singular value decomposition of the asymmetric adjacency matrix, and uses the left

and right singular vectors for clustering. It has further been reported that methods

based on the Hermitian adjacency matrix can identify more desirable clusters than

these approaches (Cucuringu et al. 2020; Laenen and Sun 2020; Martin, Rogers, and

Zanetti 2024).

However, these approaches do not always achieve satisfactory performance. As

illustrated in Figure 3.1, in undirected graphs, when the target graph is sparse, spectral

clustering methods based on adjacency-derived matrices can fail to recover the correct

clusters. A similar issue can also arise in directed graphs. Since sparse graphs are

common in real-world networks, developing methods that can capture more realistic

graph structures remains an important challenge for the field.

3.1.1 Contributions

As a step toward developing a method that can be robustly applied across various

situations, we introduce a complex non-backtracking (CNBT) matrix for directed

graphs that incorporates characteristics of both the Hermitian adjacency matrix and

the non-backtracking (NBT) matrix. The contributions of this work are summarized as

follows:

1. We show that the relationship between the Hermitian adjacency matrix and the

CNBT matrix for directed graphs exhibits favorable properties, analogous to the

relationship between the adjacency matrix and the NBT matrix in undirected

graphs.

2. We demonstrate through experiments that in the node clustering problem,

spectral clustering based on the CNBT matrix performs effectively in scenarios

where methods based on the Hermitian adjacency matrix lead to misclassification,

especially when the underlying graph is sparse.
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3. We show that spectral clustering based on the CNBT matrix has a connection to

the belief propagation method.

Regarding our third contribution, viewing the cluster structure of directed graphs

within the framework of the stochastic block model, we show that models in which

inter-cluster connectivity exhibits a cyclic pattern are consistent with our proposed

method. In other words, in this study, two vertices are said to belong to the same

cluster when they share the same edge generation probability parameters. Under this

model, we demonstrate that our model aligns with the cyclic structure defined in

Equation (3.6).

In addition, we summarize the characteristics of existing methods below. Our study

focuses on the sparse scenario in node clustering for directed graphs, which has not

yet been sufficiently examined, and proposes a method that works robustly even in

such situations.

Clustering based on Graph Laplacian (Ng, Jordan, and Weiss 2001) A standard

clustering method using eigenvectors of the normalized graph Laplacian L
defined in Section 2.4.

Direction: undirected,Matrix Representation: L, Sparsity: not robust

Clustering based on NBT Matrix (Krzakala et al. 2013; M. E. J. Newman 2013)
A clustering method that has been confirmed to perform well in sparse undirected

graphs using eigenvectors of the NBT matrix defined in Section 3.2.1.

Direction: undirected,Matrix Representation: 𝐵, Sparsity: robust

DI-SIM (Rohe, Qin, and Yu 2016) A clustering method that first normalizes the

asymmetric adjacency matrix by in-degrees and out-degrees, then performs

singular value decomposition, and uses the left and right singular vectors.

Direction: directed,Matrix Representation: 𝐴, Sparsity: not verified

BI-SYM and DD-SYM (Satuluri and Parthasarathy 2011) Clusteringmethods that

include BI-SYM, which uses the product of the adjacency matrix and its trans-

pose for symmetrization, and DD-SYM, a degree-normalized version of this

symmetrization.

Direction: directed,Matrix Representation: 𝐴𝐴⊤ +𝐴⊤𝐴, Sparsity: not verified
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Herm (Cucuringu et al. 2020) A clustering method that uses the Hermitian adja-

cency matrix defined in Section 3.2.2 with 𝛼 = 𝑖 .

Direction: directed,Matrix Representation: 𝐴𝑖 , Sparsity: not verified

SimpleHerm (Laenen and Sun 2020) A clusteringmethod that uses the graph Lapla-

cian based on the Hermitian adjacency matrix defined in Section 3.2.2.

Direction: directed,Matrix Representation: 𝐴𝛼 , Sparsity: not verified

3.2 Related Work

3.2.1 Non-backtracking Matrix

In the node clustering problem for undirected graphs, spectral clustering (Luxburg 2007;

Ng, Jordan, and Weiss 2001) as described in Section 2.5 is known to perform effectively

when the graph is dense. In contrast, when the graph is sparse, i.e., the number of edges

is on the order of a constant multiple of the number of vertices, spectral clustering based

on the eigenvalues and eigenvectors of the adjacency matrix or the graph Laplacian

has been shown to suffer a pronounced degradation in performance (Krzakala et al.

2013). In such situations, alternative approaches such as belief propagation (Mezard

and Montanari 2009) have been theoretically and experimentally confirmed to achieve

performance approaching the detectability limit for community recovery (Decelle et al.

2011; Krzakala et al. 2013). Spectral clustering using the non-backtracking (NBT)

matrix is also one of the methods that has been confirmed to perform well in sparse

undirected graphs (Krzakala et al. 2013; M. E. J. Newman 2013).

In this section, we describe spectral clustering using the NBT matrix for the node

clustering problem in undirected graphs, based on Krzakala et al. (2013).

In an undirected graph G = (𝑉 , 𝐸), we write 𝐵 ∈ {0, 1}2𝑚×2𝑚
as the NBT matrix

defined in Equation (2.1) (Hashimoto 1989), where𝑚 is the number of undirected

edges. Since the NBT matrix 𝐵 indexes directed edges obtained by orienting undirected

edges, we treat each directed edge 𝑒 ∈ ®𝐸 itself as an index.

In spectral clustering described in Algorithm 1, the eigenvectors of the graph

Laplacian have length equal to the number of vertices, and the component indexed

by each vertex contains the cluster information for the vertex. In contrast, since
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Algorithm 5: Spectral Clustering based on NBT Matrix (Krzakala et al. 2013)

Input: G = (𝑉 , 𝐸): undirected graph; 𝐾 ∈ Z: number of clusters

Output: 𝒛 ∈ {1, . . . , 𝐾} |𝑉 | : cluster assignment for each vertex

1 Compute the NBT matrix 𝐵

2 Obtain the eigenvectors of 𝐵 corresponding to the top 𝐾 eigenvalues with the

largest real parts

3 Construct a matrix 𝑋 ∈ R2𝑚×𝐾
by arranging the eigenvectors as columns

4 For each column of 𝑋 , compute its in-vector or out-vector to form a matrix

𝑌 ∈ R|𝑉 |×𝐾
5 Normalize each row of 𝑌 to have a norm of 1

6 Apply the K-means algorithm to the row vectors of 𝑌

7 Let the cluster assignment for vertex 𝑣𝑖 be 𝑧𝑖 , corresponding to the cluster

assignment of the 𝑖-th row of 𝑌

8 return 𝒛 = (𝑧1, . . . , 𝑧 |𝑉 |)

the eigenvectors of the NBT matrix have length 2𝑚, one cannot directly extract

vertex-related information. Krzakala et al. (2013) addresses this issue by aggregating

the components associated with directed edges related to each vertex to construct

vertex-wise cluster information.

Definition 3.1 (in/out-vectors (Krzakala et al. 2013)). Let G = (𝑉 , 𝐸) be an undirected
graph, 𝑛 and𝑚 be the number of vertices and undirected edges, respectively, and 𝒈 ∈ C2𝑚

be 2𝑚-dimensional vector. The in- and out-vectors of 𝒈 are denoted by 𝒈in,𝒈out ∈ C𝑛,
respectively, and their components at vertex 𝑢 ∈ 𝑉 are defined as follows:(

𝒈in
)
𝑢

:=
∑︁
𝑣∈𝑁𝑢
(𝒈)−→𝑣𝑢 ,

(
𝒈out

)
𝑢

:=
∑︁
𝑣∈𝑁𝑢
(𝒈)−→𝑢𝑣 .

This transformation allows us to obtain vertex-indexed vectors from an eigenvector

of the NBT matrix, which is indexed by directed edges. Algorithm 5 describes an

algorithm for node clustering in undirected graphs. Specifically, when estimating 𝐾

clusters, we extract the eigenvectors corresponding to the top 𝐾 eigenvalues with the

largest real parts, compute their in-vectors or out-vectors, and then apply the K-means

algorithm.

Figure 3.1 shows scatter plots of the eigenvector values obtained by applying

spectral clustering based on the NBT matrix and the normalized graph Laplacian to a
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(a) Scatter plot of the 2nd and 3rd eigenvec-

tors in spectral clustering using the NBT

matrix. ARI ≒ 0.145.

(b) Scatter plot of the 1st and 2nd eigen-

vectors in spectral clustering using the

normalized graph Laplacian. ARI ≒ 0.0.

Figure 3.1: An illustration of node clustering in a sparse undirected graph with three

clusters. A scatter plot of each vertex using two of the three eigenvectors of interest.

graph generated under the experimental settings in Krzakala et al. (2013). Specifically,

we generate an undirected graph with three clusters using the stochastic block

model (M. Newman 2010). The graph has 𝑛 = 30000 vertices in total, with an equal

number of vertices in each cluster. An edge between two vertices is present with

probability 𝑐in/𝑛 if the vertices belong to the same cluster, and with probability 𝑐out/𝑛
if they belong to different clusters.

For a graph generated under this setting, spectral clustering using the normal-

ized graph Laplacian fails to reveal any cluster structure, and the Adjusted Rand

Index (ARI) (Hubert and Arabie 1985), a performance metric for cluster estimation, is

nearly zero. In contrast, spectral clustering using the NBT matrix exhibits a substantial

overlap among clusters, yet still a nontrivial cluster structure and yields an improved

ARI.

3.2.2 Hermitian Adjacency Matrix

In spectral graph theory, graph structures are investigated through eigenvalues

and eigenvectors of matrices such as adjacency matrices and graph Laplacians. In

undirected graphs, extensive research has been conducted for a long time, establishing

relationships between various graph properties, such as the number of connected

components, bipartite structures, and diameters, and their eigenvalues. On the other

hand, in directed graphs, the asymmetry of the adjacency matrix often leads to complex

eigenvalues, and the exploration of graph structures through graph spectra has
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not been fully developed. Hermitian adjacency matrices were introduced as matrix

representations that maintain symmetry while preserving the directional information

of graphs by incorporating complex numbers into the matrix representation.

In this chapter, let 𝛼 ∈ C be a complex number with an absolute value of 1,

and 𝐺 = (𝑉 , ®𝐸) be a directed graph with 𝑛 vertices. Although several definitions of

Hermitian adjacency matrices have been proposed (Guo and Mohar 2017; Liu and

X. Li 2015; Martin, Rogers, and Zanetti 2024; Mohar 2020), we focus on the Hermitian

adjacency matrix 𝐴𝛼 ∈ C𝑛×𝑛 of a directed graph 𝐺 defined as follows (Guo and Mohar

2017; Liu and X. Li 2015):

(𝐴𝛼 )𝑢𝑣 :=



1 𝑢 ↔𝐺 𝑣,

𝛼 𝑢 →𝐺 𝑣,

𝛼 𝑢 ←𝐺 𝑣,

0 otherwise

𝑢, 𝑣 ∈ 𝑉 , (3.1)

where 𝛼 is a conjugate complex number of 𝛼 . We note that 𝐴 ∈ {0, 1}𝑛×𝑛 denotes the
standard adjacency matrix, where (𝐴)𝑢𝑣 = 1 if there is a directed edge from 𝑢 to 𝑣 , and

0 otherwise.

3.3 Complex non-backtracking Matrix

3.3.1 Rotation in a mixed walk

We first introduce the concept of “rotation” in a mixed walk. In graph theory, it is

common to count walks on a graph through powers of the adjacency matrix. In

undirected graphs, when counting walks, they are classified and counted based on

their starting vertex, ending vertex, and length. However, in directed graphs, it is also

necessary to consider the directional information. The concept of rotation enables us

to count mixed walks while taking into account the difference between the number of

times directed edges are traversed in the forward direction and the number of times

they are traversed in the reverse direction.

Support that 𝛼 ∈ C and 𝑅 ∈ N are chosen such that 𝑅 ≥ 3 and 𝑅 is the smallest

positive integer satisfying 𝛼𝑅 = 1. In clustering using Hermitian adjacency matrices, it
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has been reported that the method is effective when there is a cyclic structure between

clusters (Laenen and Sun 2020). Accordingly, we introduce 𝑅 here to explicitly account

for the period of such cyclicity. For
−→𝑢𝑣 ∈ 𝐸, we define its rotation 𝑟 (𝑢, 𝑣) as follows:

𝑟 (𝑢, 𝑣) :=


1 𝑢 →𝐺 𝑣,

−1 𝑢 ←𝐺 𝑣,

0 𝑢 ↔𝐺 𝑣 .

This value 𝑟 (𝑢, 𝑣) indicates whether traversing from 𝑢 to 𝑣 aligns with the direction

of the edge in 𝐺 . We note that since this rotation is defined for oriented pairs in

𝐸 = ®𝐸 ∪ ®𝐸−1
, the relationship between two vertices falls into one of the three categories

mentioned above. We also note that traversals between two vertices connected

by bidirectional edges are not counted, and 𝑟 (𝑣,𝑢) = −𝑟 (𝑢, 𝑣) holds. The rotation
of a mixed walk𝑊 = (𝑣1, . . . , 𝑣𝑘) is defined by 𝑟 (𝑊 ) :=

∑𝑘−1

𝑙=1
𝑟 (𝑣𝑙 , 𝑣𝑙+1) mod 𝑅. This

quantity represents the remainder of the difference between the number of times the

mixed walk𝑊 traverses directed edges in the correct direction and the number of

times it traverses them in the reverse direction.

3.3.2 Complex non-backtracking Matrix

We also introduce a matrix representation that describes the relationship between

directed edges. Let 𝐵 be the standard NBT matrix defined in Equation (2.1). For

𝑒 ∈ 𝐸, we define a directional type 𝜆𝑒 ∈ C of 𝑒 ∈ 𝐸, and propose the complex

non-backtracking (CNBT) matrix 𝐵𝛼 ∈ C2𝑚×2𝑚
as follows:

𝐵𝛼 := 𝐵Λ, where 𝜆𝑒 :=


1 𝑖𝑒 ↔𝐺 𝑡𝑒,

𝛼 𝑖𝑒 →𝐺 𝑡𝑒,

𝛼 𝑖𝑒 ←𝐺 𝑡𝑒,

Λ := diag

(
𝜆1 . . . 𝜆2𝑚

)
,

where 2𝑚 :=
��𝐸�� and we treat each element 𝑒 of 𝐸 and its corresponding index as

interchangeable. To simplify notations in the following discussion, we introduce the

auxiliary matrices. Let

←→
𝐴 ,
−→
𝐴,
←−
𝐴 ∈ R𝑛×𝑛 be the matrices where (←→𝐴 )𝑢𝑣 = 1 if 𝑢 ↔𝐺 𝑣

and 0 otherwise, (−→𝐴 )𝑢𝑣 = 1 if 𝑢 →𝐺 𝑣 and 0 otherwise, and (←−𝐴 )𝑢𝑣 = 1 if 𝑢 ←𝐺 𝑣 and 0
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otherwise, respectively. Similarly, define

←→
𝐵 ,
−→
𝐵 ,
←−
𝐵 ∈ R2𝑚×2𝑚

be the matrices where

(←→𝐵 )𝑒 𝑓 = (𝐵)𝑒 𝑓 if 𝑖 𝑓 ↔𝐺 𝑡 𝑓 and 0 otherwise, (−→𝐵 )𝑒 𝑓 = (𝐵)𝑒 𝑓 if 𝑖 𝑓 →𝐺 𝑡 𝑓 and 0 otherwise,

and (←−𝐵 )𝑒 𝑓 = (𝐵)𝑒 𝑓 if 𝑖 𝑓 ←𝐺 𝑡 𝑓 and 0 otherwise, respectively. These notations lead

𝐴𝛼 =
←→
𝐴 + 𝛼−→𝐴 + 𝛼←−𝐴 and 𝐵𝛼 =

←→
𝐵 + 𝛼−→𝐵 + 𝛼←−𝐵 hold.

The number of mixed walks plays a crucial role in proving the results of our

works. Let us define matrices 𝑃(𝑘,𝑟 ) ∈ Z𝑛×𝑛, 𝑘 ≥ 0, 𝑟 ∈ {0, . . . , 𝑅 − 1} whose (𝑢, 𝑣) entry
(𝑃(𝑘,𝑟 ))𝑢,𝑣 is the number of NBT mixed walks in 𝐺 of length 𝑘 and rotation 𝑟 , starting

at 𝑢 and ending at 𝑣 . We set 𝑃(0,0) = 𝐼 and 𝑃(0,𝑟 ) = 0, 𝑟 ≠ 0, where 𝐼 represents the

identity matrix. Note that −1 ≡ 𝑅 − 1 (mod 𝑅), it is clear that 𝑃(1,0) =
←→
𝐴 , 𝑃(1,1) =−→

𝐴, 𝑃(1,𝑅−1) =
←−
𝐴, 𝑃(1,𝑟 ) = 0, 𝑟 ≠ 0, 1, 𝑅 − 1 from the definitions of

←→
𝐴 ,
−→
𝐴 and

←−
𝐴 . As

similar quantities, let 𝑛(𝑘,𝑟 ) ∈ Z be the number of NBT cycles of length 𝑘 and rotation

𝑟 without a tail. We also define matrices 𝑄 (𝑘,𝑟 ) ∈ Z2𝑚×2𝑚, 𝑘 ≥ 0, 𝑟 ∈ {0, . . . , 𝑅 − 1}
whose (𝑒, 𝑓 ) entry (𝑄 (𝑘,𝑟 ))𝑒 𝑓 represents the number of NBT mixed walks of length 𝑘

and rotation 𝑟 that end with 𝑓 , to which the oriented pair 𝑒 can be prepended while

maintaining the NBT property. To be more specific, let𝑊 be a mixed walk counted in

(𝑄 (𝑘,𝑟 ))𝑒 𝑓 . The definition of (𝑄 (𝑘,𝑟 ))𝑒 𝑓 implies that the oriented pair 𝑒 can be connected

to the beginning of𝑊 , and the resulting mixed walk, formed by concatenating 𝑒 to the

beginning of𝑊 , remains NBT. We set 𝑄 (0,0) = 𝐼 and 𝑄 (0,𝑟 ) = 0, 𝑟 ≠ 0. It is evident that

𝑄 (1,0) =
←→
𝐵 , 𝑄 (1,1) =

−→
𝐵 , 𝑄 (1,𝑅−1) =

←−
𝐵 and 𝑄 (1,𝑟 ) = 0, 𝑟 ≠ 0, 1, 𝑅 − 1 from the definition

of

←→
𝐵 ,
−→
𝐵 and

←−
𝐵 .

3.3.3 Basic Properties

We show some features about the number of mixed walks. These results extend the

properties in Stark and Terras (1996) and Tarfulea and Perlis (2009) to mixed walks in

the sense that traversing a directed edge in the reverse direction is permitted.

Let 𝑟𝑘 :=
∑𝑅−1

𝑟=0
𝛼𝑟𝑃(𝑘,𝑟 ) ∈ C𝑛×𝑛 . The value (𝑟𝑘)𝑢,𝑣 is analogous to the number of NBT

walks of length 𝑘 between two vertices 𝑢 and 𝑣 in an undirected graph. However,

unlike the undirected case, we must distinguish whether each directed edge in a mixed

walk of length 𝑘 is traversed in the forward or reverse direction. The entry (𝑟𝑘)𝑢,𝑣
represents the 𝛼𝑟 -weighted sum of the number of NBT mixed walks of length 𝑘 and

rotation 𝑟 from 𝑢 to 𝑣 , taken over all possible rotations. With respect to 𝑟𝑘 , Lemma 3.2

holds.
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Lemma 3.2. Let 𝐺 be a directed graph, then we have

𝑟1 = 𝐴𝛼 , 𝑟2 = 𝐴
2

𝛼 − 𝐷,
𝑟𝑘 = 𝑟𝑘−1𝐴𝛼 − 𝑟𝑘−2(𝐷 − 𝐼 ), 𝑘 ≥ 3.

The following recurrence relations hold for 𝑄 (𝑘,𝑟 ) .

Lemma 3.3. Let 𝐺 be a directed graph. For any 𝑘 ≥ 1 and 𝑟 ∈ {0, . . . , 𝑅 − 1}, the
following holds:

𝑄 (𝑘,𝑟 ) =
←→
𝐵 𝑄 (𝑘−1,𝑟 ) +

−→
𝐵𝑄 (𝑘−1,𝑟−1) +

←−
𝐵𝑄 (𝑘−1,𝑟+1) .

Lemma 3.3 leads to Corollary 3.1.

Corollary 3.1. For 𝑘 ≥ 1, (𝐵𝛼 )𝑘 =
𝑅−1∑︁
𝑟=0

𝛼𝑟𝑄 (𝑘,𝑟 ) .

3.3.4 Relation between 𝐴𝛼 and 𝐵𝛼 via the Ihara’s formula

We show that the CNBT matrix is a natural extension of the conventional NBT matrix,

in that relations analogous to those between the classical adjacency matrix and the

NBT matrix hold between the Hermitian adjacency matrix and the CNBT matrix. This

is supported by two results, Corollary 3.2 and Theorem 3.4.

We discuss the complex version of the Ihara’s formula, which is a theorem that

describes the zeta function of a graph can be expressed as a rational function, and it is

also one of the equations that connects the adjacency matrix and the NBT matrix.

The Ihara zeta function on undirected graphs 𝑍𝑋 (𝑢) is defined as a product over all
equivalence classes of NBT cycles without a tail (Stark and Terras 1996):

𝑍𝑋 (𝑢) :=
∏
[𝐶]

primitive

NBT, no tail

(1 − 𝑢 |𝐶 |)−1,

where the length |𝐶 | of a cycle is defined as the number of edges that constitute the

cycle. Corollary 3.2 provides a variant of Ihara’s formula, allowing reverse traversal of

directed edges. To derive this result, we use the weighted zeta function of directed
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graphs as follows (Konno et al. 2019):

𝑧𝑋 (𝑢;𝛼) :=
∏
[𝐶]

primitive

NBT, no tail

(1 − 𝛼𝑟 (𝐶)𝑢 |𝐶 |)−1.

In the zeta function for undirected graphs, equivalence classes of NBT cycles are

formed based solely on their cycle lengths. In contrast, this paper introduces a concept

of rotation for directed graphs, where the equivalence classes of cycles are determined

by considering not only their lengths but also their rotations. As a result, the rotation

information is encoded as a weight in the weighted zeta function.

The Hermitian adjacency matrix defined as Equation (3.1) is a type of the weighted

matrix defined in Konno et al. (2019). Considering Konno et al. (2019, Theorem 3), we

obtain the following result, which is a variant of Ihara’s formula.

Corollary 3.2. Let 𝐺 be a directed graph on 𝑛 vertices and𝑚 unoriented edges. Then,

det(𝐼 − 𝑢𝐵𝛼 ) = (1 − 𝑢2)𝑚−𝑛 det

(
𝐼 − 𝑢𝐴𝛼 + 𝑢2(𝐷 − 𝐼 )

)
.

This result clarifies that the results of Konno et al. (2019) on general weighted

adjacency matrices and Stark and Terras (1996)’s Theorem 3 can also be applied in

cases where the weights have specific meanings as powers of roots of unity, as defined

in Section 3.3.1.

We further explore the complex number 𝛼 of the Hermitian adjacency matrix that

is consistent with our proposed clustering method in Section 3.4.4.

3.3.5 Relation between 𝐴𝛼 and 𝐵𝛼 via in/out-vectors

Since the NBT matrix represents the relation between pairs, its eigenvector is indexed

by pairs in 𝐸. To extract vertex-related information from the eigenvectors of the NBT

matrix, we need to convert a vector indexed by pairs to a vector indexed by vertices.

Such an approach has been adopted in Krzakala et al. (2013) and M. E. J. Newman (2013),

and here we introduce an extension of the approach. The resulting vertex-indexed

vectors are utilized in the clustering algorithm proposed in Section 3.4.

Assume that 𝒈 ∈ C2𝑚
is a 2𝑚 dimensional vector, where each index corresponds
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to an oriented pair in 𝐸. We introduce the in- and out-vector of 𝒈, denoted by

𝒈in𝛼 , 𝒈
out

𝛼 ∈ C𝑛, respectively. The elements of 𝒈in𝛼 and 𝒈out𝛼 at vertex 𝑢 are defined as

follows: (
𝒈in𝛼

)
𝑢

:=
∑︁
𝑣∈𝑁𝑢

𝑔−→𝑣𝑢, (3.2)(
𝒈out𝛼

)
𝑢

:=
∑︁
𝑣∈←→𝑁𝑢

𝑔−→𝑢𝑣 + 𝛼
∑︁
𝑣∈−→𝑁𝑢

𝑔−→𝑢𝑣 + 𝛼
∑︁
𝑣∈←−𝑁𝑢

𝑔−→𝑢𝑣 . (3.3)

With respect to these two vectors, the following theorem holds.

Theorem 3.4. For any 𝑔 ∈ C2𝑚 , the following holds:(
(𝐵𝛼𝒈)out𝛼

(𝐵𝛼𝒈)in𝛼

)
=

(
𝐴𝛼 −𝐼
𝐷 − 𝐼 0

) (
𝒈out𝛼

𝒈in𝛼

)
. (3.4)

Theorem 3.4 is an analogous result that is known to hold between the commonly

known adjacency matrix and the NBT matrix of undirected graphs (Krzakala et al.

2013).

Corollary 3.3. Let (𝜆, 𝒖) ∈ C × C2𝑚 be an eigenpair for 𝐵𝛼 . Then, (𝜆,
(
𝒖out𝛼

𝒖in𝛼

)
) is an

eigenpair for the matrix described in the right-hand side of Equation (3.4).

Corollary 3.3 shows that the in/out vectors of an eigenvector of 𝐵𝛼 are eigenvectors

of the matrix described in the right-hand side of Equation (3.4). Since the matrix

described in the right-hand side of Equation (3.4) is generally smaller than 𝐵𝛼 , we can

efficiently obtain the transformed eigenvectors of 𝐵𝛼 .

3.4 Application in Clustering

We demonstrate that the CNBT matrix is effective for node clustering in directed

graphs, especially when the underlying graph is sparse. A graph is said to be sparse if

the number of edges is at most a constant multiple of the number of vertices. In the

context of undirected graphs, spectral methods based on the adjacency matrix or on

the derived graph Laplacians are widely used across various fields. However, it is
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known that in sparse graphs, methods such as belief propagation (Yedidia, Freeman,

and Weiss 2003) can perform well, whereas the spectral methods fail to estimate

clusters accurately (Decelle et al. 2011). To resolve this issue, several approaches

have been proposed, including methods based on the NBT matrix (Krzakala et al.

2013; M. E. J. Newman 2013; Saade, Krzakala, and Zdeborová 2014). Regarding the

detectability condition based on the edge probabilities between and within clusters,

methods using the NBT matrix have been experimentally shown to perform similarly

to belief propagation and outperform methods based on the adjacency matrix (Krzakala

et al. 2013).

Recently, the problem of directed graph clustering has received significant attention,

highlighting the differences in problem compared to undirected graphs. Unlike

undirected graph clustering, which focuses on dense intra-cluster and sparse inter-

cluster connections, directed graph clustering considers the imbalance of directional

information between clusters. Hermitian adjacency matrices are often used to address

this problem due to its symmetry and ease of handling. The approach has been shown

to perform well in Cucuringu et al. (2020), Laenen and Sun (2020), and Martin, Rogers,

and Zanetti (2024).

We illustrate that the similar issue of spectral methods based on the adjacency

matrix failing to work for sparse undirected graphs also arises in directed graphs. We

experimentally show that a method based on a Hermitian adjacency matrix fail to

resolve this issue, whereas the proposed method can mitigate the problem.

3.4.1 Our algorithm

We consider the problem of partitioning the vertices of a directed graph into 𝐾 clusters.

In this problem, we regard a partition that groups together vertices with similar

out-neighbors or in-neighbors as a good clustering.

We propose a spectral clustering (CNBT-SC, Algorithm 6) using the CNBT matrix.

We set 𝛼 = exp

(
2𝜋
√
−1

𝐾

)
based on experimental trials and the prior research (Laenen and

Sun 2020). Furthermore, we utilize ⌊𝐾
2
⌋ eigenvectors, treating the real and imaginary

components separately to obtain a final dimensionality of 𝐾 . Our code is available at

https://github.com/KeishiS/CNBT.

https://github.com/KeishiS/CNBT
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Algorithm 6: CNBT-SC (in/out)

Input: a digraph 𝐺 = (𝑉 , 𝐸), the number of clusters 𝐾

Output: clusters 𝑆1, . . . 𝑆𝐾 ⊂ 𝑉 with 𝑆𝑖 ∩ 𝑆 𝑗 = 𝜙, 𝑖 ≠ 𝑗

1 𝛼 ← exp

(
2𝜋
√
−1

𝐾

)
2 Compute the CNBT matrix 𝐵𝛼
3 Compute the eigenvectors 𝑔1, . . . , 𝑔⌊𝐾

2
⌋ ∈ C2𝑚

corresponding to the eigenvalues

with the largest real part of 𝐵𝛼
4 Compute (𝑔1)out𝛼 , . . . , (𝑔⌊𝐾

2
⌋)out𝛼 ∈ C𝑛 (or compute in-vectors)

5 𝑋 ←
(
(𝑔1)out𝛼 . . . (𝑔⌊𝐾

2
⌋)out𝛼

)
∈ C𝑛×⌊𝐾2 ⌋ (or apply to in-vectors)

6 Normalize each row of 𝑋 and denote the result as 𝑋̃

7 Use K-means algorithm to

(
real(𝑋̃ ) imag(𝑋̃ )

)

3.4.2 Experimental setup

To evaluate the performance of the proposed method, we conduct two experiments

using directed graphs generated from stochastic block models (SBM). We use a directed

graph generated by SBM as input to the algorithm, after removing the ground-truth

cluster assignments for each vertex. The estimated cluster assignments are then

evaluated against the ground-truth using the Adjusted Rand Index (Hubert and Arabie

1985; Rand 1971, ARI). The ARI is a measure of similarity between two clusterings,

where a value close to 1 implies a high degree of similarity.

The first experiment compares the proposed algorithm with existing methods under

the same experimental conditions (Cucuringu et al. 2020). Under the conditions, the

directed stochastic block model (Cucuringu et al. 2020, DSBM) is used as a generative

model for directed graphs. This model generates a directed graph with 𝑛 vertices

belonging to one of 𝐾 clusters, and it includes parameters that control the probability

of generating directed edges as follows. First, a directed edge is generated between

each pair of vertices {𝑢, 𝑣} with probability 𝑝 . Given that vertices 𝑢 and 𝑣 belong to

clusters 𝑎 and 𝑏, respectively, the direction of the directed edge is determined with the
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following probabilities.

𝐹𝑎,𝑏 :=


1 − 𝜂 𝑎 + 1 ≡ 𝑏 mod 𝐾,

𝜂 𝑏 + 1 ≡ 𝑎 mod 𝐾,

0.5 otherwise.

This means that the parameter 𝜂 controls the degree of generation of a circular pattern

such as 1 → 2 → · · · → 𝐾 → 1. Smaller values of 𝜂 enhance the circular pattern,

whereas values approaching 0.5 gradually diminish the cluster structure.

The second experiment investigates the influence of two parameters, 𝜖 and 𝜂 under

sparse graphs. The parameter 𝜖 controls the strength of the circular pattern, and 𝜂

governs the ratio of intra-cluster edge probability to inter-cluster edge probability. In

addition to the DSBM used in the first experiment, we also use the degree-corrected

stochastic block model (DCSBM, Karrer and M. E. J. Newman (2011)), which tends

to generate a few numbers of hub vertices. A generated graph consists of 𝑛 = 3000

vertices divided into 𝐾 = 3 clusters of the same size. Given that vertices 𝑢 and 𝑣

belong to cluster 𝑎 and 𝑏, respectively, a directed edge from 𝑢 to 𝑣 is generated with

probability
Γ𝑎,𝑏
𝑛

on DSBM. We note that the inclusion of 𝑛 in the denominator of the

edge probability is the primary factor in generating sparse graphs. To control a circular

pattern, we set Γ𝑎,𝑏 as follows:

Γ𝑎,𝑏 :=


Γcorrect 𝑎 + 1 ≡ 𝑏 mod 𝐾,

Γreverse 𝑏 + 1 ≡ 𝑎 mod 𝐾,

Γintra otherwise.

𝜖 :=
Γcorrect
Γreverse

, 𝜂 :=
Γreverse
Γintra

.

We set Γcorrect, Γreverse and Γintra such that under the DSBM the expected degree 𝑐 of the

generated graph is 5. Given 𝜖 and 𝜂, these three parameters are computed as

Γcorrect =
2𝑐𝜖𝜂

1 + 𝜂 (1 + 𝜖) , Γreverse =
2𝑐𝜂

1 + 𝜂 (1 + 𝜖) , Γintra =
2𝑐

1 + 𝜂 (1 + 𝜖) .

Under the DCSBM model, we assume that a directed edge from 𝑢 to 𝑣 is generated with

probability
𝜃𝑢𝜃𝑣Γ𝑎,𝑏

𝑛
. The parameter 𝜃𝑢 ∈ R allows for heterogeneous expected degrees

across vertices. We assume 𝜃𝑢 follows a Pareto distribution with scale 1 and exponent
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(a) 𝑝 = 0.45% (b) 𝑝 = 0.5% (c) 𝑝 = 0.6% (d) 𝑝 = 0.8%

Figure 3.2: Recovery rates of the first experiment. The results show the average ARI

over 10 independent simulations.

−2.5, we reuse the same parametrization of Γ above. Note that in the DCSBM, 𝑐 serves

as a scaling constant for Γ and does not coincide with the expected degree.

We compare the performance of our algorithm with the other spectral clustering

algorithms, a variant of DI-SIM (Rohe, Qin, and Yu 2016), BI-SYM and its normalization

version (DD-SYM) (Satuluri and Parthasarathy 2011), Herm (Cucuringu et al. 2020),

and SimpleHerm (Laenen and Sun 2020).

3.4.3 Experimental results

Figure 3.2 shows the result of the first experiment. While SimpleHerm exhibits good

performance when 𝜂 is small, it is observed to be the most sensitive to the increase of

𝜂, with its performance degrading more rapidly than other methods. The proposed

algorithm achieves competitive performance in all scenarios, and it shows the most

superior results especially when 𝑝 is small.

The results of the second experiment are shown in Figure 3.3. For most methods,

we observe a general trend of improved performance as the correct circular pattern

becomes more pronounced (i.e., with increasing 𝜖), and as the ratio of inter-cluster

edges grows (i.e., which increasing 𝜂). It is noteworthy that the proposed method

consistently achieves good results on both DSBM and DCSBM, while the performance

of other methods deteriorates on either one of these models. The stable performance of

DD-SYM across both models likely stems from its normalization process, which was

specifically designed to handle the presence of hub vertices. Additionally, this result

shows that SimpleHerm exhibits high variance in its performance under DSBM with

sparse graphs. Further investigation of individual trials reveals that occasionally,

the eigenvector used by SimpleHerm failed to identify any cluster structure, which
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(a) DSBM with 𝜖 = 4 (b) DCSBM with 𝜖 = 4

(c) Contour plots over 𝜖 and 𝜂 under the DSBM, showing the top three methods from Figure 3.3a

(from left to right: CNBT-SC (out), SimpleHerm, DD-SYM)

(d) Contour plots over 𝜖 and 𝜂 under the DCSBM, showing the top three methods from

Figure 3.3b (from left to right: CNBT-SC (out), DI-SIM, DD-SYM)

Figure 3.3: Comparison of the second experiment. The top row shows boxplots with

𝜖 = 4. Contour lines represent the average ARI over 30 independent trials.

consequently led to an ARI value of approximately zero.

3.4.4 Relationship with Belief Propagation

It has already been demonstrated in Decelle et al. (2011) and Krzakala et al. (2013) that the

NBTmatrix naturally emerges from the linearization of the belief propagation (Andersen

1991; Mezard and Montanari 2009) update equations. We investigate the idea to

elucidate the relationship between the CNBT matrix and clustering.

Let us consider the stochastic block models with 𝐾 clusters. Let𝜓𝑢 denotes the prior

distribution indicating which cluster a vertex 𝑢 belongs to, 𝑡𝑢 be a random variable

representing the cluster of the vertex 𝑢, and 𝑃𝑎𝑏 be the probability of generating
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a directed edge from a vertex in cluster 𝑎 to a vertex in cluster 𝑏. Then, the joint

probability of {𝑡𝑢}𝑢∈𝑉 and 𝐴 can be described as follows:

𝑓 ({𝑡𝑢}𝑢∈𝑉 , 𝐴) ∝
(∏
𝑢∈𝑉

𝜓𝑢 (𝑡𝑢)
) (∏

𝑢≠𝑣

𝑃
𝐴𝑢𝑣
𝑡𝑢𝑡𝑣

(
1 − 𝑃𝑡𝑢𝑡𝑣

)
1−𝐴𝑢𝑣

)
.

Let a network be sparse by defining the edge probability as 𝑃𝑎𝑏 =
𝑐𝑎𝑏
𝑁
, where 𝑐𝑎𝑏 is a

constant and 𝑁 is the number of vertices. Then, as described in Decelle et al. (2011),

the update equation for the message 𝜈𝑢→𝑣 from vertex 𝑢 to its neighboring vertex 𝑣 in

loopy BP can be approximated as

𝜈𝑢→𝑣 (𝑎) ∝ 𝜓𝑢 (𝑎)𝑒−ℎ(𝑎)


∏
𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑏

𝑐𝑎𝑏𝜈𝑤→𝑢 (𝑏)
 ,

whereℎ(𝑎) := 1

𝑁

∑
𝑤∈𝑉

∑
𝑏 𝑐𝑎𝑏𝜈𝑤 (𝑏) aggregates the influence from non-adjacent vertices,

and 𝜈𝑤 (𝑏) denotes the marginal probability that a vertex𝑤 belongs to cluster 𝑏.

In order to clarify the relationship between the CNBT matrix and BP, we introduce

the following assumptions: (i) each vertex shares the same prior and that is uniform,

𝜓𝑢 (𝑎) = 𝑛𝑎 = 1

𝐾
, and (ii) the vertices in each cluster have approximately the same

degree, 𝑐 :=
∑
𝑏 𝑐𝑎𝑏 . Defining 𝜈𝑢→𝑣 (𝑎) = 𝑛𝑎 + 𝛿𝑢→𝑣 (𝑎) and linearizing around 𝑛𝑎 leads

𝛿𝑢→𝑣 (𝑎) =
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑏

𝑐𝑎𝑏

𝐾𝑐
𝛿𝑤→𝑢 (𝑏).

Let
𝑐𝑎𝑏
𝐾𝑐

be the (𝑎, 𝑏) component of a matrix 𝑇 . A vector 𝜹 ∈ C2𝑚𝐾
and a function

mat : C2𝑚𝐾 → C2𝑚×𝐾
are defined as follows:

𝜹 :=

(
𝛿1(1) 𝛿2(1) . . . 𝛿2𝑚−1(𝐾) 𝛿2𝑚 (𝐾)

)
,

mat(𝜹) :=

©­­­«
𝛿1(1) . . . 𝛿1(𝐾)
...

. . .

𝛿2𝑚 (1) 𝛿2𝑚 (𝐾)

ª®®®¬ =

(
𝜹1 . . . 𝜹2𝑚

)⊤
.
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The function mat is a function that converts a vector into a matrix. This leads to

𝜹 = (𝑇 ⊗ 𝐵)𝜹 . (3.5)

We note that Equation (3.5) is equivalent to mat(𝜹) = 𝐵mat(𝜹)𝑇⊤.
Here, we consider the following two types of matrices 𝑇1,𝑇2 ∈ R𝐾×𝐾 with 𝑒 ∈

(0.5, 1), 𝑓 , 𝑔 ∈ R+, 𝑓 > 𝑔:

(𝑇1)𝑎𝑏 :=


𝑒 𝑎 + 1 ≡ 𝑏 mod 𝐾

1 − 𝑒 𝑏 + 1 ≡ 𝑎 mod 𝐾

0.5 otherwise,

(𝑇2)𝑎𝑏 :=


𝑓 𝑎 + 1 ≡ 𝑏 mod 𝐾

𝑔 otherwise.
(3.6)

These matrices model a scenario where directed edges are more likely to occur in a

cyclic orientation, 1→ 2→ · · · → 𝐾 → 1. The eigenvalues of 𝑇1,𝑇2 are characterized

by Lemma 3.5. The proof is presented in Appendix C.

Lemma 3.5. The matrix 𝑇1 has a single real eigenvalue and all remaining eigenvalues
are purely imaginary. Similarly, the matrix 𝑇2 has a single real eigenvalue, with the
others denoted as (𝑓 − 𝑔) exp

(
2𝜋
√
−1

𝐾
𝑘

)
, 𝑘 = 1, . . . , 𝐾 − 1.

Suppose that we specifically choose 𝜹𝑖 to be one of the eigenvectors of 𝑇 , with

𝜇𝑖 ∈ C as the corresponding eigenvalue, then

𝐵mat(𝜹)𝑇⊤ = 𝐵 diag

(
𝜇1 . . . 𝜇2𝑚

)
mat(𝜹).

In Equation (3.5), if we assume that the matrix 𝑇 is either 𝑇1 or 𝑇2, their eigenvalues

include real multiples of the imaginary unit

√
−1 or exp( 2𝜋

√
−1

𝐾
𝑘), 𝑘 = 1, . . . , 𝐾 − 1.

Consequently, depending on the choice of 𝜹𝑖 and model parameters, 𝐵 diag(𝜇1 . . . 𝜇2𝑚)
and 𝐵𝛼 = 𝐵Λ exhibit a structural similarity. This leads a connection between BP and

the eigenvalue problem of the CNBT matrix.

3.5 Discussion

In this chapter, we explored a beneficial approach to the developing spectral analysis of

directed graphs by introducing the CNBT matrix that combines the characteristics of
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the Hermitian adjacency matrix and the NBT matrix. We confirmed the theoretical

consistency of the matrix representation by establishing that the relationship holding

between the adjacency matrix and the NBT matrix in undirected graphs also holds

between the Hermitian adjacency matrix and the CNBT matrix. Numerical experiments

showed that the CNBT matrix exhibits robust clustering performance, especially

in sparse scenarios. In addition, by examining its connection to belief propagation,

we gain insight into why the eigenvectors of the CNBT matrix are well suited for

clustering.

3.6 Proof of Lemma 3.2

Proof. The value of 𝑟𝑘 is constructed from 𝑃(𝑘,𝑟 ) . Therefore, we simultaneously derive

these two quantities recursively.

For 𝑘 = 1: from the definition of 𝑃(𝑘,𝑟 ) , it is clear that 𝑟1 = 𝐴𝛼 .

For 𝑘 = 2, 𝑅 = 3: The value 𝑟2 is calculated from 𝑃(2,0), 𝑃(2,1) and 𝑃(2,2) . The entry

(𝑃(𝑘,𝑟 ))𝑢𝑣 represents the number of non-backtracking mixed walks from vertex 𝑢 to

vertex 𝑣 with length 𝑘 and rotation 𝑟 . Thus, we first consider the total number of mixed

walks, and then derive 𝑃(𝑘,𝑟 ) by subtracting the backtracking mixed walks.

A mixed walk of length 2 can be considered as an extension of a mixed walk of

length 1 by adding an edge. A crucial point to consider is whether backtracking occurs

when an edge is added. Mixed walks of length 2 and rotation 0 are composed of three

types: (i) adding an edge with rotation 0 to a mixed walk of length 1 and rotation 0, (ii)

adding an edge with rotation −1 to a mixed walk of length 1 and rotation 1, and (iii)

adding an edge with rotation 1 to a mixed walk of length 1 and rotation −1. The total

number of these mixed walks is represented by the underlined part in Equation (3.7).

We note that these mixed walks contain backtracking mixed walks when the

start and end points coincide. This is because a mixed walk of length 2 consists of a

sequence of edges that pass through three vertices. A backtracking mixed walk of

length 2 that starts and ends at vertex 𝑢 can be classified into one of three categories:

(a) traversing a bidirectional edge to another vertex 𝑣 and returning to 𝑢 via the same

edge, (b) moving from 𝑢 to 𝑣 along an edge in the forward direction, then reversing and

returning to 𝑢 via the same edge, or (c) traversing a directed edge from 𝑣 to 𝑢 in the

reverse direction, then proceeding in the forward direction back to 𝑢 via the same edge.
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We note that when vertices 𝑢 and 𝑣 are distinct, backtracking mixed walks of length 2

do not exist. Thus, the off-diagonal entries in the total number of backtracking mixed

walks are zero. From these results, 𝑃(2,0) can be expressed as

𝑃(2,0) = 𝑃(1,0)
←→
𝐴 + 𝑃(1,2)

−→
𝐴 + 𝑃(1,1)

←−
𝐴 − 𝐷. (3.7)

For mixed walks of length 2 with rotation 1 or 2, backtracking mixed walks do not

occur. Therefore, 𝑃(2,1) and 𝑃(2,2) are given as follows:

𝑃(2,1) = 𝑃(1,1)
←→
𝐴 + 𝑃(1,0)

−→
𝐴 + 𝑃(1,2)

←−
𝐴,

𝑃(2,2) = 𝑃(1,2)
←→
𝐴 + 𝑃(1,1)

−→
𝐴 + 𝑃(1,0)

←−
𝐴 .

As a result, the value 𝑟2 = 𝑃(2,0) + 𝛼𝑃(2,1) + 𝛼2𝑃(2,2) = 𝐴
2

𝛼 − 𝐷 holds.

For 𝑘 = 2, 𝑅 = 4: The value 𝑟2 is calculated from 𝑃(2,0), 𝑃(2,1), 𝑃(2,2) and 𝑃(2,3) . Each

value can be derived similarly to the case of 𝑅 = 3, and as a result, we obtain 𝑟2 = 𝐴
2

𝛼 −𝐷 .

For 𝑘 = 2, 𝑅 > 4: It is obvious that 𝑃(2,3) = · · · = 𝑃(2,𝑅−3) = 0 since it is impossible to

rotate more than twice in two steps. The reason we distinguish cases for 𝑅 when 𝑘 = 2

is that such 𝑟 satisfying 𝑃(2,𝑟 ) = 0 exist when 2 < 𝑅 − 2. Thus, the value 𝑟2 is calculated

from 𝑃(2,0), 𝑃(2,1), 𝑃(2,2), 𝑃(2,𝑅−2) and 𝑃(2,𝑅−1) . Each value can be derived similarly to the

case of 𝑅 = 3, leading to the following:

𝑃(2,0) = 𝑃(1,0)
←→
𝐴 + 𝑃(1,𝑅−1)

−→
𝐴 + 𝑃(1,1)

←−
𝐴 − 𝐷,

𝑃(2,1) = 𝑃(1,0)
−→
𝐴 + 𝑃(1,1)

←→
𝐴 ,

𝑃(2,2) = 𝑃(1,1)
−→
𝐴,

𝑃(2,𝑅−2) = 𝑃(1,𝑅−1)
←−
𝐴,

𝑃(2,𝑅−1) = 𝑃(1,0)
←−
𝐴 + 𝑃(1,𝑅−1)

←→
𝐴 .

This leads to 𝑟2 =
∑𝑅−1

𝑟=0
𝛼𝑟𝑃(2,𝑟 ) = 𝑃(2,0) +𝛼𝑃(2,1) +𝛼2𝑃(2,2) +𝛼𝑅−2𝑃(2,𝑅−2) +𝛼𝑅−1𝑃(2,𝑅−1) =

𝐴2

𝛼 − 𝐷 .

For 𝑘 ≥ 3: we similarly count the number of mixed walks of length 𝑘 − 1 extended

by an edge, and then subtract the number of backtracking mixed walks. When

considering 𝑃(𝑘,𝑟 ) , there is a slight difference with 𝑘 = 2 in the way backtracking mixed
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walks are counted. The one-edge added mixed walks of length 𝑘 and rotation 𝑟 are

expressed as 𝑃(𝑘−1,𝑟 )
←→
𝐴 + 𝑃(𝑘−1,𝑟−1)

−→
𝐴 + 𝑃(𝑘−1,𝑟+1)

←−
𝐴 . This includes backtracking mixed

walks, which are characterized by the absence of backtracking in the length 𝑘 − 1, but

the addition of an edge induces backtracking. Namely, the backtracking mixed walks

have the property that the vertex at length 𝑘 − 2 is the same as the vertex at length 𝑘 .

For each NBT mixed walk of length 𝑘 − 2 with rotation 𝑟 , starting at vertex 𝑢 and

ending at 𝑣 , there exist 𝑑𝑣 − 1 such backtracking mixed walks. The subtraction of 1 is

necessary to prevent backtracking at length 𝑘 − 1. Thus,

𝑃(𝑘,𝑟 ) = 𝑃(𝑘−1,𝑟 )
←→
𝐴 + 𝑃(𝑘−1,𝑟−1)

−→
𝐴 + 𝑃(𝑘−1,𝑟+1)

←−
𝐴 − 𝑃(𝑘−2,𝑟 ) (𝐷 − 𝐼 ). (3.8)

This result holds in 𝑟 = 0, . . . , 𝑅 − 1. Substituting Equation (3.8) into the definition of 𝑟𝑘

proves the lemma. ⊓⊔

3.7 Proof of Lemma 3.3

Proof. Since a NBT mixed walk in (𝑄 (𝑘,𝑟 ))𝑒 𝑓 can be represented by adding an oriented

pair ℎ to a NBT mixed walk of length 𝑘 − 1, it can be described as follows:∑︁
ℎ

[
(←→𝐵 )𝑒ℎ (𝑄 (𝑘−1,𝑟 ))ℎ𝑓 + (

−→
𝐵 )𝑒ℎ (𝑄 (𝑘−1,𝑟−1))ℎ𝑓 + (

←−
𝐵 )𝑒ℎ (𝑄 (𝑘−1,𝑟+1))ℎ𝑓

]
.

This does not contain backtracking mixed walks because added oriented pair ℎ can be

connected to a NBT mixed walk of length 𝑘 − 1 while maintaining NBT due to the

definition of 𝑄 . ⊓⊔

3.8 Proof of Corollary 3.1

Proof.We prove Corollary 3.1 by induction. This corollary clearly holds for 𝑘 = 1.

Suppose that this corollary holds when 𝑘 = 𝑘′ ≥ 1. Then, we will show (𝐵𝛼 )𝑘
′+1 =
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∑𝑅−1

𝑟=0
𝛼𝑟𝑄 (𝑘 ′+1,𝑟 ) . From lemma 3.3,

𝑅−1∑︁
𝑟=0

𝛼𝑟𝑄 (𝑘 ′+1,𝑟 ) =
←→
𝐵

𝑅−1∑︁
𝑟=0

𝛼𝑟𝑄 (𝑘 ′,𝑟 ) + 𝛼
−→
𝐵

𝑅−1∑︁
𝑟=0

𝛼𝑟−1𝑄 (𝑘 ′,𝑟−1) + 𝛼−1
←−
𝐵

𝑅−1∑︁
𝑟=0

𝛼𝑟+1𝑄 (𝑘 ′,𝑟+1),

note that 𝛼−1 = 𝛼𝑅−1 = 𝛼, 𝛼𝑅 = 𝛼0 = 1, 𝑄 (𝑘 ′,−1) =𝑄 (𝑘 ′,𝑅−1), 𝑄 (𝑘 ′,𝑅) =𝑄 (𝑘 ′,0)

= (←→𝐵 + 𝛼−→𝐵 + 𝛼←−𝐵 )
𝑅−1∑︁
𝑟=0

𝛼𝑟𝑄 (𝑘 ′,𝑟 ) = (𝐵𝛼 )𝑘
′+1.

By induction, this result proves Corollary 3.1. ⊓⊔

3.9 Proof of Corollary 3.2

Proof. Our proof follows the general outline of the proof for Ihara’s formula described

in Stark and Terras (1996). We show that both sides are equal to the reciprocal of

𝑧𝑋 (𝑢;𝛼). Since Konno et al. (2019, Theorem 3) shows that the right-hand side is equal

to the reciprocal to the zeta function, we prove 𝑧𝑋 (𝑢;𝛼)−1 = det(𝐼 − 𝑢𝐵𝛼 ).
Applying the Maclaurin expansion to 𝑧𝑋 (𝑢;𝛼),

log 𝑧𝑋 (𝑢;𝛼) = −
∑︁
[𝐶]

primitive

NBT, no tail

log

(
1 − 𝛼𝑟 (𝐶)𝑢 |𝐶 |

)
=

∑︁
[𝐶]

primitive

NBT, no tail

∑︁
𝑘≥1

𝛼𝑘𝑟 (𝐶)

𝑘
𝑢𝑘 |𝐶 | .

Let ♯[𝐶] denote the number of elements contained in the equivalence class [𝐶] of cycle
𝐶 . Its value matches the length of the cycle. Moreover, since changing the starting

vertex of the cycle does not effect the direction of the edges constituting the cycle, the

rotation number also remains the same. Thus, for 𝐶1,𝐶2 ∈ [𝐶], 𝑟 (𝐶1) = 𝑟 (𝐶2) and
♯[𝐶] = |𝐶 | , 𝑘𝑟 (𝐶) = 𝑟 (𝐶𝑘), 𝑘 |𝐶 | = |𝐶𝑘 | hold. Thus,

𝑢
𝑑

𝑑𝑢
log 𝑧𝑋 (𝑢;𝛼) =

∑︁
[𝐶]

primitive

NBT, no tail

∑︁
𝑘≥1

|𝐶 | 𝛼𝑘𝑟 (𝐶)𝑢𝑘 |𝐶 | =
∑︁
𝐶

NBT, no tail

𝛼𝑟 (𝐶)𝑢 |𝐶 | .

Note that when partitioning all NBT cycles with no tail by length and rotation, the



3.10 Proof of Theorem 3.4 55

NBT cycles within the same group will have the same 𝑟 (𝐶) and |𝐶 |. Thus,

𝑢
𝑑

𝑑𝑢
log 𝑧𝑋 (𝑢;𝛼) =

∑︁
𝑘≥1

𝑅−1∑︁
𝑟=0

𝛼𝑟𝑛(𝑘,𝑟 )𝑢
𝑘 . (3.9)

With respect to det(𝐼 − 𝑢𝐵𝛼 ), the definition of matrix logarithm and exp [tr (𝑀)] =
det 𝑒𝑀 for a matrix𝑀 derive:

log det(𝐼 − 𝑢𝐵𝛼 ) = −
∑︁
𝑘≥1

𝑢𝑘

𝑘
tr

(
𝐵𝑘𝛼

)
.

Applying corollary 3.1 implies

𝑢
𝑑

𝑑𝑢
log det (𝐼 − 𝑢𝐵𝛼 ) = −

∑︁
𝑘≥1

𝑅−1∑︁
𝑟=0

𝛼𝑟

(∑︁
𝑒∈𝐸

(
𝑄 (𝑘,𝑟 )

)
𝑒𝑒

)
𝑢𝑘 .

The sum

∑
𝑒∈𝐸

(
𝑄 (𝑘,𝑟 )

)
𝑒𝑒
counts the number of NBT cycles. For each cycle, the initial

and terminal vertex is 𝑡𝑒 , the last edge is 𝑒 , and the initial edge can be connected to the

trailing edge 𝑒 while maintaining NBT. This means the cycles don’t have a tail and∑
𝑒∈𝐸

(
𝑄 (𝑘,𝑟 )

)
𝑒𝑒
= 𝑛(𝑘,𝑟 ) . From Equation (3.9),

𝑢
𝑑

𝑑𝑢
log det (𝐼 − 𝑢𝐵𝛼 ) = 𝑢

𝑑

𝑑𝑢
log 𝑧𝑋 (𝑢;𝛼)−1,

∴ 𝑧𝑋 (𝑢;𝛼)−1 = det (𝐼 − 𝑢𝐵𝛼 ) .

⊓⊔

3.10 Proof of Theorem 3.4

Proof. Note that ((𝐵𝛼𝒈)out𝛼 )𝑢 can be written as follows based on the definition of

Equation (3.3).(
(𝐵𝛼𝒈)out𝛼

)
𝑢
=

∑︁
𝑣∈←→𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 + 𝛼
∑︁
𝑣∈−→𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 + 𝛼
∑︁
𝑣∈←−𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 .
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We show that each term in the above equation can be expressed as follows:∑︁
𝑣∈←→𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
𝑣∈←→𝑁𝑢

(
𝒈out𝛼

)
𝑣
−

∑︁
𝑣∈←→𝑁𝑢

𝑔−→𝑣𝑢, (3.10)

𝛼
∑︁
𝑣∈−→𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 = 𝛼
∑︁
𝑣∈−→𝑁𝑢

(
𝑔out𝛼

)
𝑣
−

∑︁
𝑣∈−→𝑁𝑢

𝑔−→𝑣𝑢, (3.11)

𝛼
∑︁
𝑣∈←−𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 = 𝛼
∑︁
𝑣∈←−𝑁𝑢

(
𝑔out𝛼

)
𝑣
−

∑︁
𝑣∈←−𝑁𝑢

𝑔−→𝑣𝑢 . (3.12)

First, we organize (𝐵𝛼𝒈)−→𝑢𝑣 used in these three transformations. From 𝐵𝛼 =
←→
𝐵 + 𝛼−→𝐵 +

𝛼
←−
𝐵 ,

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
−→𝑥𝑦∈𝐸

(𝐵𝛼 )−→𝑢𝑣,−→𝑥𝑦 𝑔−→𝑥𝑦

=
∑︁
−→𝑥𝑦∈𝐸

(←→𝐵 )−→𝑢𝑣,−→𝑥𝑦 𝑔−→𝑥𝑦 + 𝛼
∑︁
−→𝑥𝑦∈𝐸

(−→𝐵 )−→𝑢𝑣,−→𝑥𝑦 𝑔−→𝑥𝑦 + 𝛼
∑︁
−→𝑥𝑦∈𝐸

(←−𝐵 )−→𝑢𝑣,−→𝑥𝑦 𝑔−→𝑥𝑦

Here, (←→𝐵 )−→𝑢𝑣,−→𝑥𝑦 , (
−→
𝐵 )−→𝑢𝑣,−→𝑥𝑦 , and (

←−
𝐵 )−→𝑢𝑣,−→𝑥𝑦 are determined to be 0 or 1 by 𝛿𝑣,𝑥 (1 − 𝛿𝑢,𝑦) and

𝑥 ↔𝐺 𝑦, 𝑥 →𝐺 𝑦, 𝑥 ←𝐺 𝑦. These mean that 𝑥 = 𝑣 and 𝑦 ≠ 𝑢, so

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
−→𝑣𝑦∈𝐸
𝑦≠𝑢
𝑣↔𝐺𝑦

𝑔−→𝑣𝑦 + 𝛼
∑︁
−→𝑣𝑦∈𝐸
𝑦≠𝑢
𝑣→𝐺𝑦

𝑔−→𝑣𝑦 + 𝛼
∑︁
−→𝑣𝑦∈𝐸
𝑦≠𝑢
𝑣←𝐺𝑦

𝑔−→𝑣𝑦 =
∑︁
𝑤∈𝑉 \𝑢
𝑣↔𝐺𝑤

𝑔−→𝑣𝑤 + 𝛼
∑︁
𝑤∈𝑉 \𝑢
𝑣→𝐺𝑤

𝑔−→𝑣𝑤 + 𝛼
∑︁
𝑤∈𝑉 \𝑢
𝑣←𝐺𝑤

𝑔−→𝑣𝑤 .
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Substituting this result into the left-hand side of Equation (3.10),

∑︁
𝑣∈←→𝑁𝑢

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
𝑣∈←→𝑁𝑢

©­­­«
∑︁
𝑤∈𝑉 \𝑢
𝑣↔𝐺𝑤

𝑔−→𝑣𝑤 + 𝛼
∑︁
𝑤∈𝑉 \𝑢
𝑣→𝐺𝑤

𝑔−→𝑣𝑤 + 𝛼
∑︁
𝑤∈𝑉 \𝑢
𝑣←𝐺𝑤

𝑔−→𝑣𝑤

ª®®®¬
note that for 𝑢, 𝑣 satisfying 𝑢 ↔𝐺 𝑣 , the conditions 𝑣 →𝐺 𝑢 𝑣 ←𝐺 𝑢 do not hold,

=
∑︁
𝑣∈←→𝑁𝑢

(
∑︁
𝑤∈𝑉
𝑣↔𝐺𝑤

𝑔−→𝑣𝑤 ) − 𝑔−→𝑣𝑢 + 𝛼
∑︁
𝑤∈𝑉
𝑣→𝐺𝑤

𝑔−→𝑣𝑤 + 𝛼
∑︁
𝑤∈𝑉
𝑣←𝐺𝑤

𝑔−→𝑣𝑤


=

∑︁
𝑣∈←→𝑁𝑢

(𝒈out𝛼 )𝑣 −
∑︁
𝑣∈←→𝑁𝑢

𝑔−→𝑣𝑢 .

This proves Equation (3.10). Equations (3.11) and (3.12) can be proven using similar

steps.

From Equations (3.10), (3.11), and (3.12), we can compute ((𝐵𝛼𝒈)out𝛼 )𝑢 = (𝐴𝛼𝒈out𝛼 )𝑢 −
(𝒈in𝛼 )𝑢 . Namely,

((𝐵𝛼𝒈)out𝛼 )𝑢 =


∑︁
𝑣∈←→𝑁𝑢

(
𝒈out𝛼

)
𝑣
+ 𝛼

∑︁
𝑣∈−→𝑁𝑢

(
𝒈out𝛼

)
𝑣
+ 𝛼

∑︁
𝑣∈←−𝑁𝑢

(
𝒈out𝛼

)
𝑣

 −
©­­«
∑︁
𝑣∈←→𝑁𝑢

𝑔−→𝑣𝑢 +
∑︁
𝑣∈−→𝑁𝑢

𝑔−→𝑣𝑢 +
∑︁
𝑣∈←−𝑁𝑢

𝑔−→𝑣𝑢
ª®®¬

= (𝐴𝛼𝒈out𝛼 )𝑢 − (𝒈in𝛼 )𝑢 .

Similarly, ((𝐵𝛼𝒈)in𝛼 )𝑣 can be expressed according to the definition of Equation (3.2)
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as follows, and each term can be calculated as shown below.(
(𝐵𝛼𝒈)in𝛼

)
𝑣
=

∑︁
𝑢∈←→𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 +
∑︁
𝑢∈←−𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 +
∑︁
𝑢∈−→𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 ,



∑︁
𝑢∈←→𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
𝑢∈←→𝑁𝑣

(
𝑔out𝛼

)
𝑣
−

∑︁
𝑢∈←→𝑁𝑣

𝑔−→𝑣𝑢,∑︁
𝑢∈←−𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
𝑢∈←−𝑁𝑣

(
𝑔out𝛼

)
𝑣
− 𝛼

∑︁
𝑢∈←−𝑁𝑣

𝑔−→𝑣𝑢,∑︁
𝑢∈−→𝑁𝑣

(𝐵𝛼𝒈)−→𝑢𝑣 =
∑︁
𝑢∈−→𝑁𝑣

(
𝑔out𝛼

)
𝑣
− 𝛼

∑︁
𝑢∈−→𝑁𝑣

𝑔−→𝑣𝑢 .

This leads to ((𝐵𝛼𝒈)in𝛼 )𝑣 = (𝑑𝑣 − 1) (𝒈out𝛼 )𝑣 . From these results, we obtain the theorem. ⊓⊔

3.11 Derivation of Equation (3.5)

Proof. For the standard BP notation, we define a factor function between vertices

𝑢 and 𝑣 as𝜓𝑢𝑣 (𝑎, 𝑏) := 𝑃
𝐴𝑢𝑣
𝑎𝑏
(1 − 𝑃𝑎𝑏)1−𝐴𝑢𝑣 , and let𝜓𝑢 denote the prior distribution of

cluster assignments for vertex 𝑢. Using this notation, the update equation of a message

𝜈𝑢→𝑣 and the marginal distribution 𝜈𝑢 can be expressed as

𝜈𝑢→𝑣 (𝑡𝑢) ∝ 𝜓𝑢 (𝑡𝑢)
∏

𝑤∈𝑉 \{𝑢,𝑣}

∑︁
𝑡𝑤

𝜓𝑢𝑤 (𝑡𝑢, 𝑡𝑤 )𝜈𝑤→𝑢 (𝑡𝑤 ),

𝜈𝑢 (𝑡𝑢) ∝ 𝜓𝑢 (𝑡𝑢)
∏

𝑤∈𝑉 \{𝑢}

∑︁
𝑡𝑤

𝜓𝑢𝑤 (𝑡𝑢, 𝑡𝑤 )𝜈𝑤→𝑢 (𝑡𝑤 ).

With the normalization condition

∑
𝑏 𝜈𝑤→𝑢 (𝑏) = 1 and 𝑃𝑎𝑏 =

𝑐𝑎𝑏
𝑁
, the update equation

can be rewritten by

𝜈𝑢→𝑣 (𝑡𝑢) ∝ 𝜓𝑢 (𝑡𝑢)


∏
𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑡𝑤

𝑐𝑡𝑢𝑡𝑤𝜈𝑤→𝑢 (𝑡𝑤 )



∏

𝑤∈𝑉 \𝑁𝑢
𝑤≠𝑢,𝑣

(
1 − 1

𝑁

∑︁
𝑡𝑤

𝑐𝑡𝑢𝑡𝑤𝜈𝑤→𝑢 (𝑡𝑤 )
) .
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Considering whether there exists an edge between vertex 𝑢 and vertex 𝑣 , we apply

different approximations accordingly.

When there does not exist an edge from vertex 𝑢 to vertex 𝑣 ,

𝜈𝑢→𝑣 (𝑡𝑢) ∝
𝜈𝑢 (𝑡𝑢)

1 − 1

𝑁

∑
𝑡𝑣
𝑐𝑡𝑢𝑡𝑣𝜈𝑣→𝑢 (𝑡𝑣 )

𝑁→∞−−−−−→ 𝜈𝑢 (𝑡𝑢).

Let us consider the case where an edge exists. Since the graph is sparse, the degree of

each vertex 𝑢 is 𝑂 (1), which implies that
1

𝑁

∑
𝑤∈𝑁𝑢∪{𝑢}

∑
𝑡𝑤
𝑐𝑡𝑢𝑡𝑤𝜈𝑤 (𝑡𝑤 )

𝑁→∞−−−−−→ 0 holds.

Furthermore, by analogy with lim𝑛→∞(1 + 𝑥
𝑛
)𝑛 = 𝑒𝑥 , the following approximation

holds.

𝜈𝑢→𝑣 (𝑡𝑢) ∝ 𝜓𝑢 (𝑡𝑢)𝑒−ℎ(𝑡𝑢 )
∏

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑡𝑤

𝑐𝑡𝑢𝑡𝑤𝜈𝑤→𝑢 (𝑡𝑤 ),

where ℎ(𝑎) :=
1

𝑁

∑︁
𝑤∈𝑉

∑︁
𝑏

𝑐𝑎𝑏𝜈𝑤 (𝑏).

The term ℎ(𝑎) is said to be an auxiliary external field and summarizes the influence

from non-adjacent vertices.

Let 𝛿𝑢→𝑣 be the perturbation from the prior distribution 𝑛𝑎 , and express the value

of the message as 𝜈𝑢→𝑣 (𝑎) = 𝑛𝑎 + 𝛿𝑢→𝑣 (𝑎). Then,

𝜈𝑢→𝑣 (𝑎)
𝜈𝑢→𝑣 (𝑏)

=
𝑛𝑎𝑒
−ℎ(𝑎)∏

𝑤∈𝑁𝑢\{𝑣}
∑
𝑑 𝑐𝑎𝑑𝜈𝑤→𝑢 (𝑑)

𝑛𝑏𝑒
−ℎ(𝑏)∏

𝑤∈𝑁𝑢\{𝑣}
∑
𝑑 𝑐𝑏𝑑𝜈𝑤→𝑢 (𝑑)

⇒ 𝑛𝑎 + 𝛿𝑢→𝑣 (𝑎)
𝑛𝑏 + 𝛿𝑢→𝑣 (𝑏)

=
𝑛𝑎

𝑛𝑏
𝑒−{ℎ(𝑎)−ℎ(𝑏)}

∏
𝑤∈𝑁𝑢\{𝑣}

∑
𝑑 𝑐𝑎𝑑 (𝑛𝑑 + 𝛿𝑤→𝑢 (𝑑))∑
𝑑 𝑐𝑏𝑑 (𝑛𝑑 + 𝛿𝑤→𝑢 (𝑑))

⇒ log

𝑛𝑎 + 𝛿𝑢→𝑣 (𝑎)
𝑛𝑏 + 𝛿𝑢→𝑣 (𝑏)

= log

𝑛𝑎

𝑛𝑏
− {ℎ(𝑎) − ℎ(𝑏)} +

∑︁
𝑤∈𝑁𝑢\{𝑣}

log

∑
𝑑 𝑐𝑎𝑑 (𝑛𝑑 + 𝛿𝑤→𝑢 (𝑑))∑
𝑑 𝑐𝑏𝑑 (𝑛𝑑 + 𝛿𝑤→𝑢 (𝑑))

approximating by log(𝐶 + 𝑥) ≈ log𝐶 + 𝑥
𝐶
,

⇒ 𝛿𝑢→𝑣 (𝑎)
𝑛𝑎

− 𝛿𝑢→𝑣 (𝑏)
𝑛𝑏

= − {ℎ(𝑎) − ℎ(𝑏)} +
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝑐𝑎𝑑 − 𝑐𝑏𝑑
𝑐

𝛿𝑤→𝑢 (𝑑). (3.13)
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We consider the approximation of ℎ(𝑎) and ℎ(𝑏) as 𝑁 →∞.

ℎ(𝑎) =
∑︁
𝑑

𝑐𝑎𝑑

∑
𝑤∈𝑉 𝜈𝑤 (𝑑)
𝑁

.

ℎ(𝑎) →
∑
𝑑 𝑐𝑎𝑑

𝐾
=
𝑐

𝐾
.

Thus, the term ℎ(𝑎) − ℎ(𝑏) in Equation (3.13) can be approximated to 0. Substituting

this into Equation (3.13) yields

𝛿𝑢→𝑣 (𝑎)
𝑛𝑎

− 𝛿𝑢→𝑣 (𝑏)
𝑛𝑏

=
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝑐𝑎𝑑 − 𝑐𝑏𝑑
𝑐

𝛿𝑤→𝑢 (𝑑). (3.14)

Here, since 𝑛𝑎 = 𝑛𝑏 = 1/𝐾 and Equation (3.14) holds for any 𝑎 ≠ 𝑏, summing over 𝑏 ≠ 𝑎

gives

𝐾

(∑︁
𝑏≠𝑎

𝛿𝑢→𝑣 (𝑎) − 𝛿𝑢→𝑣 (𝑏)
)
=

∑︁
𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝛿𝑤→𝑢 (𝑑)
1

𝑐

∑︁
𝑏≠𝑎

(𝑐𝑎𝑑 − 𝑐𝑏𝑑)

=
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝛿𝑤→𝑢 (𝑑)
1

𝑐

(
𝐾𝑐𝑎𝑑 −

∑︁
𝑏

𝑐𝑏𝑑

)
=

∑︁
𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝐾𝑐𝑎𝑑

𝑐
𝛿𝑤→𝑢 (𝑑) −

∑︁
𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

∑
𝑏 𝑐𝑏𝑑

𝑐
𝛿𝑤→𝑢 (𝑑).

In general, messages are normalized to 1, i.e.,

∑
𝑑 𝜈𝑢→𝑣 (𝑑) = 1, which implies∑

𝑑 𝛿𝑢→𝑣 (𝑑) = 0. Using this along with 𝑐 =
∑
𝑏 𝑐𝑏𝑑 , we obtain∑︁

𝑏≠𝑎

𝛿𝑢→𝑣 (𝑎) − 𝛿𝑢→𝑣 (𝑏) = 𝐾𝛿𝑢→𝑣 (𝑎) −
∑︁
𝑏

𝛿𝑢→𝑣 (𝑏) =
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝑐𝑎𝑑

𝑐
𝛿𝑤→𝑢 (𝑑)

∴ 𝛿𝑢→𝑣 (𝑎) =
∑︁

𝑤∈𝑁𝑢\{𝑣}

∑︁
𝑑

𝑐𝑎𝑑

𝐾𝑐
𝛿𝑤→𝑢 (𝑑)

⊓⊔
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3.12 Proof of Lemma 3.5

Proof. Since the matrices 𝑇1,𝑇2 are circulant, let 𝑝0 = 1

2
, 𝑝1 = 𝑒, 𝑝2 = · · · = 𝑝𝐾−2 =

1

2
, 𝑝𝐾−1 = 1 − 𝑒 and 𝑞0 = 𝑔, 𝑞1 = 𝑓 , 𝑞2 = · · · = 𝑞𝐾−1 = 𝑔, then (𝑇1)𝑎𝑏 = 𝑝 (𝑏−𝑎) mod 𝐾

and (𝑇2)𝑎𝑏 = 𝑞(𝑏−𝑎) mod 𝐾 holds. Furthermore, we denote the eigenvalues of 𝑇1,𝑇2 by

𝜆𝑘 , 𝜇𝑘 , 𝑘 = 0, . . . , 𝐾 − 1 respectively. A property of circulant matrices (Gray 2005) leads

𝜆𝑘 =

𝐾−1∑︁
𝑙=0

𝑝𝑙 exp

(
2𝜋
√
−1

𝐾
𝑘𝑙

)
, 𝜇𝑘 =

𝐾−1∑︁
𝑙=0

𝑞𝑙 exp

(
2𝜋
√
−1

𝐾
𝑘𝑙

)
.

When 𝑘 = 0, 𝜆0 =
𝐾
2
and 𝜇0 = 𝑓 + (𝐾 − 1)𝑔 hold. For the case where 𝑘 ≠ 0, 𝜆𝑘 and

𝜇𝑘 can be calculated as follows:

𝜆𝑘 =
√
−1(2𝑒 − 1) sin

(
2𝜋

𝐾
𝑘

)
, 𝜇𝑘 = (𝑓 − 𝑔) exp

(
2𝜋
√
−1

𝐾
𝑘

)
.

⊓⊔
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4
Acceleration of Categorical Wasserstein

Weisfeiler-Lehman Graph Kernel

4.1 Background

To apply machine learning frameworks to real-world data that can be represented as

graphs, a wide variety of graph kernels have been proposed. Classical approaches

began with methods known as R-convolution kernels, which compare substructures

of graphs and sum their similarities. More recently, methods that consider both

local and global structures of graphs have been developed. In particular, methods

that utilize optimal transport have gained attention, as they consider distributional

information of substructures that classical graph kernels often overlook, thereby

enhancing discriminative power.

On the other hand, it is well known that solving optimal transport problems is

computationally expensive, and numerous methods have been proposed specifically to

accelerate the computation of theWasserstein distance. There are twomain acceleration
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strategies for the computation of Wasserstein distance: (i) the sliced Wasserstein

distance (SWD) (Bonneel et al. 2015), which relies on one-dimensional projections for

supports of input measures, and exploits the closed-form expression of univariate

OT; and (ii) an entropic regularization approach (Cuturi 2013), which can be solved

efficiently by the Sinkhorn algorithm (Sinkhorn 1964). While the Sinkhorn algorithm is

a method for acceleration, it still requires a computational cost proportional to the

square of the number of vertices. Thus, it becomes impractical for large-scale graphs.

To further accelerate the computation, various methods have been proposed, such as

a greedy strategy (Altschuler, Niles-Weed, and Rigollet 2017), sparsification of the

kernel matrix (M. Li et al. 2023), and low-rank factorization of the coupling (Scetbon,

Cuturi, and Peyré 2021). Unfortunately, these acceleration methods do not address the

increase in the number of graphs in a dataset. This is because computing a graph

kernel requires calculating the Wasserstein distance for all pairs of graphs in the

dataset, which requires a computational cost proportional to the square of the number

of graphs.

4.1.1 Contributions

In this chapter, we reveal that the categorical Wasserstein Weisfeiler-Lehman (WWL)

graph kernel (Togninalli et al. 2019) can achieve significant computational cost

improvements by leveraging its latent structure. The contribution of this work is

threefold:

1. We explicitly reveal that the relationship among the WL labels forms a tree

structure.

2. We prove that the proposed algorithm, TreeWassersteinWeisfeiler-Lehman (TWWL)
algorithm, can exactly compute the Wasserstein distance of the categorical WWL

graph kernel, which is designed for graph datasets with categorical node labels.

This is achieved without entropic regularization.

3. We show that our algorithm is scalable with respect to both the number of

vertices in graphs and the number of graphs in a dataset. As a result, the TWWL

algorithm makes it feasible to apply the WWL graph kernel to large-scale graph

datasets that existing algorithms cannot handle.
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4.2 Related Work

Our objective is to accelerate the categorical WWL graph kernel computation. In this

section, we provide a brief introduction to the background relevant to our proposal.

4.2.1 Tree Wasserstein Distance

The Tree Wasserstein distance is the 𝐿1
-Wasserstein distance when the underlying

metric space is a tree. C. Lozupone and Knight (2005) implicitly utilized this concept by

proposing UniFrac, a measure based on phylogenetic tree branch lengths to quantify

the differences between two microbial communities. Evans and Matsen (2012) later

formalized rigorously that the weighted UniFrac (C. A. Lozupone et al. 2007) can

be generalized as the 𝐿1
-Wasserstein distance on a tree, providing a foundation and

generalization within the optimal transport framework.

Let T = (𝑉 (T ), 𝐸 (T )) be a tree with a weight function𝑤 : 𝐸 (T ) → R≥0, 𝑑T be a

path metric on T , and 𝜇, 𝜈 be probability measures supported on 𝑉 (T ). Throughout
this chapter, we assume that 𝑉 (T ) is finite, and we work on the measurable space

(𝑉 (T ), 2𝑉 (T )), where 2
𝑉 (T )

is the power set of 𝑉 (T ). From Definition 2.5, the Tree

Wasserstein distance𝑊𝑑T is defined as the 𝐿1
-Wasserstein distance on T :

𝑊𝑑T (𝜇, 𝜈) := inf

𝜋∈Π(𝜇,𝜈)

∫
𝑉 (T )×𝑉 (T )

𝑑T (𝑥,𝑦)𝑑𝜋 (𝑥,𝑦),

where 𝜋 is a coupling, i.e., a joint probability measure on𝑉 (T ) ×𝑉 (T ) with marginals

𝜇 and 𝜈 . The set of all such couplings is denoted by Π(𝜇, 𝜈). The following result by
Evans and Matsen (2012) shows that the Tree Wasserstein distance has a closed-form

expression.

Theorem 4.1 ((Evans and Matsen 2012)). The Tree Wasserstein distance can be written
as follows:

𝑊𝑑T (𝜇, 𝜈) =
∑︁

𝑒∈𝐸 (T )
𝑤𝑒 |𝜇 (Γ(𝑣𝑒)) − 𝜈 (Γ(𝑣𝑒)) | ,

where for each edge 𝑒 ∈ 𝐸 (T ), 𝑣𝑒 denotes the vertex closer to the leaves among the two
vertices that constitute edge 𝑒 . Γ(𝑣) denotes the set of vertices in the subtree rooted at
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Figure 4.1: An example where the WL algorithm fails to discriminate non-isomorphic

graphs.

vertex 𝑣 ∈ 𝑉 (T ).

By using a post-order traversal, 𝜇 (Γ(𝑣𝑒)) and 𝜈 (Γ(𝑣𝑒)) can be computed efficiently.

Thus, Theorem 4.1 indicates that the computational complexity of the Tree Wasserstein

distance is linear in the number of edges, i.e., the number of vertices in the tree.

Considering the special case where the tree degenerates into a path, the formula for the

Tree Wasserstein distance coincides with the well-known closed-form expression for

the one-dimensional 𝐿1
-Wasserstein distance. This means that the Tree Wasserstein

distance is a natural extension of the one-dimensional case.

4.2.2 Weisfeiler-Lehman algorithm

The Weisfeiler-Lehman (WL) algorithm is designed for the graph isomorphism problem.

While counterexamples exist where the WL test fails to distinguish non-isomorphic

graphs (see Figure 4.1), it is known to work effectively for a wide range of graphs.

Recently, it has also been used to evaluate the expressive power of graph neural

networks. We define graph isomorphism as follows.

Definition 4.2 (isomorphism (Diestel 2024)). Let G1 = (𝑉1, 𝐸1) and G2 = (𝑉2, 𝐸2) be
two graphs. It is said that G1 and G2 are isomorphic if there exists a bijection 𝜑 : 𝑉1 → 𝑉2

such that for any 𝑢, 𝑣 ∈ 𝑉1, {𝑢, 𝑣} ∈ 𝐸1 ⇔ {𝜑 (𝑢), 𝜑 (𝑣)} ∈ 𝐸2.
When two graphs are labeled by 𝑙0, it is also required that the labels of the vertices

correspond, i.e., for any 𝑣 ∈ 𝑉1, 𝑙0(𝑣) = 𝑙0(𝜑 (𝑣)) holds.

The WL algorithm iteratively assigns a new label to each vertex, generating a

multiset of vertex labels for the graph G = (𝑉 , 𝐸). The isomorphism of two graphs is
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Algorithm 7:Weisfeiler-Lehman algorithm

Input: G = (𝑉 , 𝐸): undirected graph with initial vertex labels 𝑙0 : 𝑉 → Σ0; 𝐻 :

the maximum number of iterations

Output: multiset of vertex labels at the 𝐻 -th iteration

1 for ℎ ← 1, . . . , 𝐻 do
2 for 𝑣 ∈ 𝑉 do
3 𝑙ℎ (𝑣) ← hash

(
𝑙ℎ−1(𝑣),N𝑣,ℎ−1

)
4 end
5 end
6 return {{𝑙𝐻 (𝑣) | 𝑣 ∈ 𝑉 }}
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G, {F,I} S
J, {I} T

Figure 4.2: An example of the WL algorithm for given graphs with Σ0 = {A, B,C}.

determined by whether the multiset of vertex labels of one graph is identical to that

of the other graph. Note that if a graph does not have initial node labels, the WL

algorithm can still be applied by assigning the same dummy label to all vertices. At the

ℎ-th iteration, the new label for a vertex 𝑣 ∈ 𝑉 is generated as follows:

𝑙ℎ (𝑣) := hash

(
𝑙ℎ−1(𝑣),N𝑣,ℎ−1

)
, (4.1)

where hash is a hash function commonly used in computer science that produces

the same output for identical inputs and different outputs for different inputs with

high probability, and N𝑣,ℎ−1
:= {{𝑙ℎ−1(𝑢) | 𝑢 ∈ N𝑣 }} is the multiset of labels of N𝑣 at the

(ℎ − 1)-th iteration.

Algorithm 7 presents the pseudocode for the WL algorithm. Let𝑊𝐿𝐻 (G) denote
the multiset of vertex labels of G obtained after 𝐻 iterations. Then, the WL algorithm

determines the isomorphism of two graphs G1 and G2 by checking whether𝑊𝐿𝐻 (G1)
and𝑊𝐿𝐻 (G2) are identical.

Figure 4.2 illustrates the iterative process of the WL algorithm on labeled graphs
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G = {G1,G2}. In this figure, the new labels generated at each step are represented by

Latin characters that are not used in the previous steps, reflecting the injectivity of the

hash function. Vertices 𝑣2 and 𝑣5 start with identical labels and the same multiset of

neighbor labels, meaning that they remain indistinguishable after the first iteration.

However, as structural information from further neighborhoods is propagated, their

local contexts diverge. This divergence leads to them being assigned distinct labels

at ℎ = 2. This example demonstrates how the WL algorithm effectively propagates

structural information to eventually differentiate vertices that initially appear identical

from a local viewpoint.

4.2.3 Hash function in WL algorithm

In this section, we define the spaces handled by the hash function in Equation (4.1). In

the WL algorithm and our problem setting, we assume that node labels are categorical

values for which direct comparison or arithmetic operations across labels are not

meaningful. Typical examples include chemical elements such as “hydrogen”, “carbon”,

and “oxygen”, as well as research fields such as “high energy physics”, “condensed

matter physics”, and “astrophysics”. Consequently, replacing each label with an

arbitrary symbol does not affect the problem. For this reason, we represent labels as bit

strings of length 𝑏.

The properties required of a hash function depend on its intended use. For example,

in cryptography (Menezes, Oorschot, and Vanstone 1996), preimage resistance, second

preimage resistance, and collision resistance are central. On the other hand, in

algorithmic settings (Carter and Wegman 1979), determinism and low collision rate are

emphasized. The hash function used in the WL algorithm and our proposed algorithm

falls into the latter category.

Regarding the domain of the hash function in Equation (4.1), let𝑈 := {0, 1}𝑏 be the
set of all binary strings of length 𝑏, and assume that the initial label set is a subset of

this space, i.e., Σ0 ⊂ 𝑈 . Generally, for a set 𝑆 ⊂ 𝑈 , letM(𝑆) denote the collection of all

multisets formed from elements of 𝑆 . Then, the function hash : 𝑈 ×M(𝑈 ) → 𝑈 , is

assumed to be deterministic, and efficiently computable, in the sense that it always

returns the same output for the same input, and can be evaluated efficiently. We

further assume that it is collision-resistant in the algorithmic sense, meaning that the
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S0 = Σ0
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Figure 4.3: Relationship among𝑈 and {𝑆ℎ, Σℎ}.

probability of two distinct inputs producing the same hash value is extremely low.

Let 𝑆 ⊂ 𝑈 , and denote by hash|𝑆 the restriction of hash to the domain 𝑆 ×M(𝑆).
Using this notation, we define the set of labels that can be generated potentially as

follows:

𝑆0
:= Σ0, 𝑆ℎ := Im

(
hash|𝑆ℎ−1

)
, ℎ = 1, 2, . . . .

In addition, when applying the WL algorithm to the collection of graphs G :=

(G1, . . . ,G𝑁 ), we denote by Σℎ the set of labels that are actually generated at the ℎ-th

iteration. The potentially generable label set 𝑆ℎ and the actually generated label set

Σℎ satisfy Σℎ ⊂ 𝑆ℎ ⊂ 𝑈 . Moreover, when hash can be regarded as injective, the label

space𝑈 and the sets {𝑆ℎ, Σℎ} are related as illustrated in Figure 4.3. We note that the

size of the actually generated label set Σℎ grows at most linearly. While the size of

the potentially generable label set 𝑆ℎ can grow exponentially, as it depends on the

number of distinct multiset patterns that may arise when producing new hash values

in Equation (4.1), Σℎ contains only one label per vertex at each iteration. Consequently,

the growth of Σℎ is at most linear, and its cardinality is upper bounded by the number

of vertices. Therefore, although 𝑆ℎ may collide with previous sets 𝑆1, . . . , 𝑆ℎ−1, collisions

among the labels in Σ0, . . . , Σℎ can be regarded as negligible in practice.

When Equation (4.1) is applied to actual data and is injective, Lemma 4.3 immediately

follows from the definition of the hash function.

Lemma4.3. For every𝜎ℎ ∈ Σℎ , there exists a unique label sequence (𝜎0, . . . , 𝜎ℎ−1), 𝜎𝑖 ∈ Σ𝑖
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that generates 𝜎ℎ .

For implementing the hash function in Equation (4.1), the built-in hash function in

Python or Julia is sufficient. When using this function, however, one must ensure that

the result is invariant to the ordering of elements in the multiset, for example by

sorting the multiset before hashing. If one wishes to construct a hash function that

does not require sorting, one possible approach is to combine a standard fixed-length

hash function ℎ : {0, 1}∗ → 𝑈 that maps an arbitrary finite-length bit string to a 𝑏-bit

string (e.g., SHA-256) with a binary operator 𝑓 : {0, 1}∗ × {0, 1}∗ → {0, 1}∗ that is
commutative and associative. A simple example of such an operator is 𝑓 (𝑎, 𝑏) := 𝑎 + 𝑏.
Together with the left-shift bitwise operator « and the bitwise OR operator |, one can
define hash as follows:

hash(𝑠, {{𝑠1, . . . , 𝑠𝑚}}) := ℎ ({𝑓 (. . . 𝑓 (𝑓 (ℎ(𝑠1), ℎ(𝑠2)) , ℎ(𝑠3)) , . . . , ℎ(𝑠𝑚)) «𝑏}|ℎ(𝑠)) .

4.2.4 Weisfeiler-Lehman subtree Kernel

The WL subtree kernel, introduced by Shervashidze et al. (2011), is a graph kernel that

leverages the vertex labels generated by the WL algorithm. Let 𝑐 (𝜎,G) denotes the
count of a WL label 𝜎 ∈ ⋃𝐻

ℎ=0
Σℎ in G. Then, the WL subtree feature for G is defined as

𝜙 (G) :=

(
𝑐 (𝜎1,G), . . . , 𝑐 (𝜎𝐿,G)

)
, where

𝐻⋃
ℎ=0

Σℎ = {𝜎1, . . . , 𝜎𝐿} .

We use ⟨·, ·⟩ to denote an inner product, then the WL subtree kernel on two graphs

G1,G2 is defined as

𝑘WLsubtree(G1,G2) := ⟨𝜙 (G1), 𝜙 (G2)⟩.

The WL subtree kernel is positive semidefinite and can be computed in 𝑂 (𝐻𝑚), where
𝑚 is the total number of edges in G1 and G2.
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4.2.5 Wasserstein Weisfeiler-Lehman Graph Kernel

Many classical graph kernels measure the similarity of graphs by simply aggregating

their substructure information. These methods essentially reduce graph information to

first-order statistics, such as averages, discarding distributional information like pattern

co-occurrences and attribute variations. To incorporate such information into similarity

measures, Togninalli et al. (2019) proposed the Wasserstein Weisfeiler-Lehman (WWL)

graph kernel. The WWL kernel regards the multiset of vertex labels generated by the

WL algorithm as empirical distributions in the label sequence space, and measures the

similarity between two graphs using optimal transport. In Togninalli et al. (2019), two

types of WWL graph kernels were proposed: one for graphs with discrete node labels

and the other for graphs with continuous node attributes. In this dissertation, we focus

on the WWL graph kernel for graphs with discrete labels, which we refer to as the

categorical WWL graph kernel.

Given two undirected labeled graphs G1 = (𝑉1, 𝐸1) and G2 = (𝑉2, 𝐸2) with initial

vertex labels 𝑙0, let {(𝑙0(𝑣), . . . , 𝑙𝐻 (𝑣)) | 𝑣 ∈ 𝑉1} and {(𝑙0(𝑤), . . . , 𝑙𝐻 (𝑤)) | 𝑤 ∈ 𝑉2} be
the sets of label sequences generated for each vertex of the graphs after 𝐻 iterations of

the WL algorithm, respectively. In the WWL graph kernel, the distance 𝑑Ham on Σ𝐻 is

defined as the Hamming distance:

𝑑Ham(𝜎𝐻 , 𝜏𝐻 ) := 𝐻 + 1 −
𝐻∑︁
ℎ=0

𝛿𝜎ℎ,𝜏ℎ 𝜎𝐻 , 𝜏𝐻 ∈ Σ𝐻 ,

where 𝛿·,· is the Kronecker delta, and (𝜎0, . . . , 𝜎𝐻−1) and (𝜏0, . . . , 𝜏𝐻−1) are the unique
label sequences that generate 𝜎𝐻 and 𝜏𝐻 , respectively, as guaranteed by Lemma 4.3.

By Lemma 4.3, 𝑑Ham is a valid metric on Σ𝐻 . Let 𝜇 := 1

|𝑉1 |
∑
𝑣∈𝑉1

𝛿𝑙𝐻 (𝑣) and 𝜈 :=

1

|𝑉2 |
∑
𝑤∈𝑉2

𝛿𝑙𝐻 (𝑤) be the empirical distributions on Σ𝐻 corresponding to G1 and G2,

respectively. Here, 𝛿· denotes the Dirac delta function. Then, the Wasserstein distance

between G1 and G2 is defined as follows:

𝑊 (G1,G2) :=𝑊𝑑Ham (𝜇, 𝜈) = inf

𝜋∈Π(𝜇,𝜈)

∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑𝜋 (𝜎, 𝜏), (4.2)



72
Chapter 4. Acceleration of Categorical Wasserstein Weisfeiler-Lehman Graph

Kernel

and the WWL graph kernel is defined by

𝑘𝑊 (G1,G2) := 𝑒−𝜆𝑊 (G1,G2), (4.3)

where 𝜆 is a positive hyperparameter. Togninalli et al. (2019) proved that the WWL

graph kernel is positive semidefinite, and employed either the network simplex

algorithm (Orlin 1997) to compute the Wasserstein distance or the Sinkhorn algo-

rithm (Cuturi 2013; Sinkhorn 1964) to approximate it.

4.3 Proposed Algorithm

Recent graph kernels are often designed to have high discriminative power and

therefore tend to be computationally expensive. As discussed in the previous section,

the WWL graph kernel is no exception. In this section, we develop an algorithm, called

the Tree Wasserstein Weisfeiler-Lehman (TWWL) algorithm, that efficiently and

accurately computes the Wasserstein distance for the categorical WWL graph kernel

by exploiting the latent hierarchical structure of WL label sequences. This allows

the categorical WWL graph kernel to be applied to large-scale graph datasets. Such

datasets were previously impractical for conventional approaches based on linear

programming solvers or the Sinkhorn algorithm.

4.3.1 Tree Structure of WL Labels

In our algorithm, we focus on the relationship between two WL labels 𝑙ℎ (𝑣) and 𝑙ℎ−1(𝑣).
The fact that 𝑙ℎ (𝑣) is generated from 𝑙ℎ−1(𝑣) forms a kind of parent-child relationship.

We first define this as follows:

Definition 4.4 (Parent-Child relationship among WL labels). For 𝜎 ∈ Σℎ and 𝜏 ∈ Σℎ+1,
if there exists a multiset 𝑆 ∈ M(Σℎ) that satisfies 𝜏 = hash(𝜎, 𝑆), then we call that 𝜎 is a
parent label of 𝜏 , or equivalently, 𝜏 is a child label of 𝜎 .

For WL label sequences associated with vertices, the following is immediate from

the properties of the hash function.

Lemma 4.5. Let 𝑢, 𝑣 be arbitrary vertices in V. If there exists ℎ0 ≤ 𝐻 such that
𝑙ℎ0
(𝑢) ≠ 𝑙ℎ0

(𝑣), ∀ℎ ∈ {ℎ0, . . . , 𝐻 }, 𝑙ℎ (𝑢) ≠ 𝑙ℎ (𝑣) holds.
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Algorithm 8: Tree Structure for TWWL

Input: G: a set of graphs with the initial labels 𝑙0; 𝐻 : the maximum number of

the WL algorithm

Output: Label tree T rooted at root, and mapping 𝜙 : Σ𝐻 → 𝑉 (T )
Struct node

depth: integer
Γ: vector of 𝑁 doubles

children: hashmap<label,node>
end

Function getorcreatechild(node, label)

if has(node.children, label) then
return node.children[label]

end
child← node(depth=node.depth+1, label=label, Γ=0𝑁, children=[])

insert(node.children, key=label, value=child)

return child
end

1 root← node(depth=-1, label="", Γ=0𝑁, children=[])

2 que← empty FIFOQueue⟨node,graph id,vertex⟩()

3 for G𝑖 in G do
4 for 𝑣 in 𝑉𝑖 do
5 child← getorcreatechild(root, 𝑙0 (𝑣))

6 enqeue(que, (child,𝑖,𝑣))

7 end
8 end
9 while !isempty(que) do
10 (node,𝑖,𝑣)← deqeue(que)

11 node.Γ𝑖 ← node.Γ𝑖 + 1/𝑛𝑖
12 if node.depth < 𝐻 then
13 h← node.depth

14 child← getorcreatechild(node,𝑙ℎ+1 (𝑣))

15 enqeue(que, (child,𝑖,𝑣))

16 end
17 end
18 return root

The TWWL algorithm constructs a tree structure of WL labels based on the

parent-child relationship,
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Figure 4.4: An illustration of a label tree based on graphs in Figure 4.2

Definition 4.6 (Label Tree). We refer to the relationship among WL labels, organized to
satisfy the following four properties, as a Label Tree. This structure is constructed by
Algorithm 8.

1. Except for the root, tree nodes at depth ℎ correspond one-to-one with labels in Σℎ−1.

• Labels in Σ𝐻 correspond one-to-one with leaf nodes.

• Let 𝜙 : Σ𝐻 → 𝑉 (T ) denote this correspondence.

2. For every label in Σ0, there is an edge connecting it to the root.

3. There exists an edge between any two labels that satisfy the relationship in
Definition 4.4.

4. Each edge is assigned a weight of 1/2.

• Let 𝑑T (𝑎, 𝑏) :=
|P(𝑎,𝑏) |

2
denote the path metric between two nodes 𝑎, 𝑏 ∈ 𝑉 (T ).

Figure 4.4 illustrates the label tree constructed from the example in Figure 4.2. We

show that the label tree satisfying these properties is indeed a tree in the following

lemma.

Lemma 4.7. A label tree defined in Definition 4.6 is a tree.

We now discuss the computational complexity of Algorithm 8. In lines 9–17, each

dequeue operation can trigger at most one enqueue operation, during which the depth

is incremented by one. Hence, the total number of operations in this part is bounded

by the product of the initial queue size and the maximum depth 𝐻 . Since the initial

queue elements are inserted one per iteration in lines 3–8, their number is

∑𝑁
𝑖=1
𝑛𝑖 = 𝑛,
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where 𝑛𝑖 is the number of vertices in graph G𝑖 and 𝑛 is the total number of vertices

across all graphs. Moreover, the average time complexity of search and insertion in

hash map is 𝑂 (1). Therefore, the computational complexity for constructing the label

tree is 𝑂 (𝐻𝑛), which is linear in the total number of vertices.

4.3.2 Tree Wasserstein Distance on WL Labels

This section shows that the distance structure of WL label sequences defined as the

Hamming distance can be embedded into a metric space on the label tree. Furthermore,

it leads to the result that the Wasserstein distance for the categorical WWL graph

kernel can be reduced to the Tree Wasserstein distance on the label tree.

Lemma 4.8 shows that the path metric on the label tree coincides with the Hamming

distance on Σ𝐻 .

Lemma 4.8. The mapping 𝜙 : Σ𝐻 → 𝑉 (T ) defined in Definition 4.6 is distance-
preserving.

The above results imply that the Wasserstein distance for categorical WWL graph

kernel can be computed efficiently as follows.

Proposition 4.1. Suppose that 𝜇, 𝜈 are probability measures supported on Σ𝐻 . Let
(T , 𝑑T , 𝜙) denote a label tree, path metric, and distance-preserving mapping from
Σ𝐻 to 𝑉 (T ) defined in Definition 4.6, respectively. Then, the Wasserstein distance in
Equation (4.2) can be written as

𝑊𝑑Ham (𝜇, 𝜈) =
∑︁

𝑒∈𝐸 (T )

1

2

��𝜙♯𝜇 (Γ(𝑣𝑒)) − 𝜙♯𝜈 (Γ(𝑣𝑒))�� , (4.4)

where 𝜙♯𝜇 is the push-forward measure of 𝜇 by 𝜙 , defined for Borel sets 𝑆 of T as
𝜙♯𝜇 (𝑆) := 𝜇 (𝜙−1(𝑆)).

Figure 4.5 illustrates the push-forward measures based on the example in Figure 4.2.

For instance, considering the node 𝜙𝐶 in the label tree corresponding to label C, we have

Γ(𝜙𝐶) as the set of vertices in the subtree rooted at node 𝜙𝐶 . Thus, 𝜙♯𝜇 (Γ(𝜙𝐶)) = 1/2
and 𝜙♯𝜈 (Γ(𝜙𝐶)) = 2/5.

The positive definiteness proof of the categorical WWL kernel in the original

WWL paper already hints at a hierarchical structure of the Wasserstein computation.
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Figure 4.5: An illustration of push-forward measures based on Figure 4.2. The measure

𝜙♯𝜇 corresponding to G1 is shown in blue, and 𝜙♯𝜈 corresponding to G2 is shown in red.

For a node 𝜙𝜎 , the values displayed on the left represent 𝜙♯𝜇 ({𝜙𝜎 }), while those on the

right represent 𝜙♯𝜈 ({𝜙𝜎 }).

The proof in Togninalli et al. (2019) shows that, under a Hamming ground cost, the

Wasserstein distance between WL embeddings can decompose across the depth

of the WL iterations, and the optimal coupling at the final layer induces optimal

couplings at earlier layers. In this sense, a hierarchical structure is implicitly present.

Proposition 4.1 makes this structure explicit by identifying the label tree. By treating

the WL embeddings as probability measures on the tree, we show that applying

Theorem 4.1 derives a closed-form expression for the Wasserstein distance.

This result shows that the TWWL algorithm exhibits lower time complexity than

the approach described in Togninalli et al. (2019). Given that G1 and G2 are labeled

graphs with 𝑛1 and 𝑛2 vertices, respectively. The time complexity of the Sinkhorn

algorithm for Equation (4.2) requires 𝑂 (𝑛1𝑛2). The time complexity of the TWWL

algorithm is determined by the number of edges in the label tree and the computation

of Γ. The number of edges is𝑂 (𝑛1 + 𝑛2) even in the worst case, and Γ can be computed

in 𝑂 (𝑛1 + 𝑛2) time beforehand. Consequently, the overall time complexity of our

algorithm is 𝑂 (𝑛1 + 𝑛2). As the number of vertices in the given graphs increases, our

algorithm becomes significantly faster than the existing approach.

Equation (4.3) has been shown to be positive definite for every 𝜆 > 0 by Togninalli

et al. (2019). The alternative expression based on the Tree Wasserstein distance

offers an independent verification. From Le et al. (2019, Proposition 2), it follows

that𝑊𝑑Ham (𝜇, 𝜈), expressed in Equation (4.4), is negative definite. Furthermore, Berg,

Christensen, and Ressel (1984, Theorem 2.2) proves that the graph kernel given in

Equation (4.3) is positive definite.
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4.4 Experiments

In this section, we conduct two numerical experiments to validate the scalability and

the performances of our approach.

We benchmark our algorithm against the Wasserstein Weisfeiler-Lehman kernel

with the Sinkhorn algorithm (Togninalli et al. 2019, WWL), the Weisfeiler-Lehman

subtree kernel (Shervashidze et al. 2011, WL), the Weisfeiler-Lehman Optimal As-

signment kernel (Kriege, Giscard, and Wilson 2016, WL-OA), traditional kernels

such as the Shortest Path kernel (Borgwardt and Kriegel 2005, SP), and Graphlet

sampling kernel (Pržulj 2007, GL), and recent methods such as the Multiscale Laplacian

graph kernel (Kondor and Pan 2016, MLG), the Weisfeiler-Lehman Lower Bound

distance (S. Chen et al. 2022, WLLB)
1
, and the RelaxedWeisfeiler-Lehman kernel (Schulz

et al. 2022, R-WL)
2
. For WL, WL-OA, SP, GL and MLG, we utilize the graph kernel

implementations provided by Siglidis et al. (2020). All experiments are conducted on an

Ubuntu 22.04 machine equipped with an Intel Xeon Gold 6354 CPU and 256GB of RAM.

For runtime comparisons against WWL, both our method and the WWL kernel are

implemented entirely in Julia to ensure fairness.

We evaluate the proposed methods on graph classification task using real-world

datasets summarized in Table 4.1. For datasets without node labels, we assign degree-

based dummy labels. Across baselines, node labels are used as follows. WL, WL-OA

and WWL use them as inputs to the WL algorithm. R-WL represents WL labels as

unfolding trees and assess their similarity via a tree edit metric. SP incorporates them

when comparing two shortest paths by taking into account the agreement of node

labels at the endpoints of corresponding edges along the paths. In WLLB, node labels

instantiate the ground label space from which the hierarchy of probability measures is

built. MLG uses node label agreement as the base kernel over vertex features. GL

ignores node labels and measures similarity via counts of graphlet patterns. All datasets

are downloaded from Morris et al. (2020).

1
https://github.com/chens5/WL-distance

2
https://github.com/mlai-bonn/GenWL

https://github.com/chens5/WL-distance
https://github.com/mlai-bonn/GenWL
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Table 4.1: Summary of datasets. We denote by 𝑁 the number of graphs in the dataset,

and by𝑛 and avg{|𝐸𝑖 |} the average number of vertices and edges per graph, respectively.

𝑁 𝑛 avg{|𝐸𝑖 |} ♯graphs per class node labels

MUTAG 188 17.93 19.79 63/125 ✓

PTC-MR 344 14.29 14.69 192/152 ✓

ENZYMES 600 32.63 62.14 100/100/100/100/100/100 ✓

PROTEINS 1113 39.06 72.82 663/450 ✓

DD 1178 284.32 715.66 691/487 ✓

NCI1 4110 29.87 32.30 2053/2057 ✓

COLLAB 5000 74.49 2457.78 2600/775/1625 -

REDDIT-BINARY 2000 429.62 497.75 1000/1000 -

REDDIT-MULTI-5K 4999 508.51 594.87 1000/1000/1000/1000/999 -

REDDIT-MULTI-12K 11929 391.40 456.89

767/2592/1000/1094/902/1205

513/999/1243/1092/522

-

DBLP-v1 19456 10.48 19.65 9530/9926 ✓

github-stargazers 12725 113.79 234.64 5917/6808 -

4.4.1 Runtime Comparison

In the first experiment, we benchmark the computation time required for calculating

the pairwise Wasserstein distances on real-world datasets. For each combination

of datasets and methods, we conduct 10 independent trials and report the average

runtime (in seconds) and the corresponding standard deviation. We denote linear

programming solver by LP, implemented by Huangfu and Hall (2018), and note that

our algorithm provides the same calculated values with the solver. Furthermore, since

the computation time of the Sinkhorn algorithm varies depending on the entropic

regularization term 𝛾 , we assess the time for the Sinkhorn algorithm with both 0.01

and 1.0. The parameter 𝐻 for the WL algorithm is fixed at 5 for simplicity. We note

that the runtime in Table 4.2 includes only the time taken to compute the pairwise

distance matrix, excluding the preprocessing time for LP, WWL, and TWWL. This

is because Algorithm 8 used in TWWL as preprocessing is a slight modification of

the WL algorithm used for preprocessing in LP and WWL, and its running time is

comparable to, or at most slightly slower than that of the WL algorithm.

Table 4.2 shows that TWWL significantly reduces runtime compared to either

the Sinkhorn algorithm or linear programming solver. Notably, TWWL completes

computations within practical time limits even in challenging scenarios, such as a

dataset with numerous graphs (e.g., DBLP-v1), a dataset with high average vertex
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Table 4.2: Runtime performance (in seconds) of the Wasserstein distance computation

fixed at 𝐻 = 5. Entries labeled “n/a” indicate that a single trial exceeded 24 hours in

runtime.

METHOD MUTAG PTC-MR ENZYMES PROTEINS DD NCI1

LP 33.89 ± 1.68 85.98 ± 5.73 882.56 ± 69.52 4,597.12 ± 157.77 n/a 34,775.82 ± 337.00

WWL (0.01) 3.15 ± 0.04 4.54 ± 0.01 37.01 ± 0.02 147.26 ± 0.52 9,390.61 ± 28.49 2,116.45 ± 6.92

WWL (1.00) 0.27 ± 0.01 0.47 ± 0.00 5.33 ± 0.16 24.89 ± 0.23 1,283.43 ± 9.48 229.97 ± 0.59

TWWL 0.03 ± 0.00 0.08 ± 0.00 0.67 ± 0.12 2.38 ± 0.19 26.93 ± 0.40 24.33 ± 0.56

COLLAB REDDIT-B REDDIT-M5 REDDIT-M12 DBLP-v1 github-stargazers

LP n/a n/a n/a n/a n/a n/a

WWL (0.01) 7,721.67 ± 37.48 n/a n/a n/a 1,798.11 ± 5.92 n/a

WWL (1.00) 1,653.68 ± 27.69 8,457.94 ± 469.58 n/a n/a 945.74 ± 8.84 25,820.89 ± 65.90

TWWL 44.18 ± 0.32 38.92 ± 0.32 333.53 ± 3.02 5,535.76 ± 25.07 328.89 ± 0.56 952.02 ± 2.11

counts per graph (e.g., REDDIT-MULTI-5K), and a dataset with both features (e.g.,

REDDIT-MULTI-12K). For some datasets, such as NCI1, DD, and larger datasets, it

was frequently observed that the Sinkhorn algorithm failed to converge within the

maximum number of iterations for any value of 𝛾 . A key advantage of our algorithmic

approach is its reliability to produce stable solutions.

4.4.2 Performance Comparison

In this experiment, we evaluate the performance of TWWL on a graph classification

task using 10-fold cross-validation with a support vector machine classifier (Cortes and

Vapnik 1995). All hyperparameters are selected via grid search on the training folds

only: the SVM regularization parameter, the number of WL iterations 𝐻 , the kernel

scale 𝜆, and the Sinkhorn entropic regularization term in WWL. Since the TWWL

algorithm is specifically designed to accurately and efficiently compute the Wasserstein

distance, it is expected that our algorithm achieves comparable performance to the

WWL kernel. Our aim is to verify that the precise Wasserstein distance does not

adversely affect performance when compared to the Sinkhorn algorithm.

Table 4.3 shows that our algorithm achieves classification accuracy competitive

with the WWL kernel. Notably, TWWL can scale to large datasets for which the

Sinkhorn algorithm is computationally prohibited due to the runtime and/or memory

requirements. This result suggests that our proposed approach can serve as a drop-in

replacement for the Sinkhorn algorithm in theWWL kernel in the context of categorical
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Table 4.3: Classification accuracies on datasets. Entries labeled “OOM (out-of-memory)”

indicate that the computation failed with an error that requested more than 256GB of

memory.

METHOD MUTAG PTC-MR ENZYMES PROTEINS DD NCI1

SP 81.84 ± 8.62 61.00 ± 6.75 40.67 ± 6.54 75.74 ± 2.75 79.80 ± 2.37 73.26 ± 1.95

GL 77.02 ± 9.70 55.82 ± 4.15 29.83 ± 5.24 68.92 ± 3.45 72.49 ± 4.52 59.61 ± 2.35

WL 85.00 ± 10.51 62.27 ± 11.90 54.33 ± 6.95 75.65 ± 2.86 79.20 ± 3.66 85.18 ± 1.51

WL-OA 85.56 ± 6.92 62.24 ± 5.88 60.67 ± 5.62 75.21 ± 2.58 79.46 ± 2.29 86.16 ± 1.35

WWL 87.72 ± 6.91 65.12 ± 7.27 60.00 ± 5.50 74.58 ± 2.54 n/a 86.37 ± 1.40

MLG 88.30 ± 9.21 57.82 ± 7.55 60.17 ± 6.73 75.65 ± 2.55 n/a 80.88 ± 2.42

R-WL 87.69 ± 8.07 54.38 ± 7.88 45.33 ± 5.65 74.67 ± 3.89 n/a 78.73 ± 1.34

WLLB 88.27 ± 8.29 53.19 ± 8.82 37.83 ± 6.76 n/a n/a n/a

TWWL 88.27 ± 6.16 66.00 ± 6.83 59.83 ± 4.74 74.94 ± 2.98 77.17 ± 3.51 86.57 ± 1.27

COLLAB REDDIT-B REDDIT-M5 REDDIT-M12 DBLP-v1 github-stargazers

SP 81.34 ± 2.47 88.70 ± 1.93 52.33 ± 2.62 44.10 ± 1.14 OOM 68.06 ± 1.17
GL n/a n/a n/a n/a n/a n/a

WL 78.74 ± 2.51 75.05 ± 2.07 50.79 ± 1.46 39.65 ± 1.33 92.97 ± 0.52 65.19 ± 1.03

WL-OA n/a 88.60 ± 2.33 n/a n/a n/a n/a

WWL n/a n/a n/a n/a OOM n/a

MLG n/a n/a n/a OOM OOM n/a

R-WL n/a n/a n/a n/a OOM n/a

WLLB n/a n/a n/a n/a n/a n/a

TWWL 80.28 ± 1.67 85.75 ± 2.87 54.47 ± 2.48 42.90 ± 0.95 93.37 ± 0.47 65.55 ± 0.73

node labels.

4.5 Discussion

In this chapter, we address the problem that recently proposed graph kernels with high

discriminative power are difficult to apply to large-scale datasets due to their high

computational cost. To this end, we focus on the categorical Wasserstein Weisfeiler-

Lehman graph kernel and show that the Weisfeiler-Lehman label sequences and

their Hamming distances used in the WWL graph kernel can be efficiently computed

by leveraging the underlying tree structure. As a result, the developed algorithm

has a computational cost that scales linearly with the number of vertices in the

graphs and can compute the Wasserstein distance exactly without using entropic

regularization. This significantly expands the range of datasets to which the categorical

WWL graph kernel can be applied, enabling the provision of the graph kernel with

high discriminative power even for large-scale datasets.
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4.6 Proof of Lemma 4.7

Proof. From property 1 in Definition 4.6, nodes in the label tree, except for the root,

correspond to labels in

⋃𝐻
ℎ=0

Σℎ. Thus, we represent nodes in the label tree by their

corresponding labels.

We begin by proving the connectivity of the label tree, i.e., that there exists a walk

between any label 𝜎 ∈ ⋃𝐻
ℎ=0

Σℎ and the root. Lemma 4.3 implies that there exists a label

sequence (𝜎0, . . . , 𝜎ℎ−1, 𝜎) that generates 𝜎 . Properties 2 and 3 ensure the existence of

edges between the root and 𝜎0, and between adjacent nodes in the label sequence,

respectively. Thus, a walk exists between any label and the root. This implies that a

walk exists between any two labels via the root.

Next, we show that the label tree contains no cycle. Suppose, for the sake of

contradiction, that there exists a cycle (𝜎, 𝜏1, . . . , 𝜏𝑘 , 𝜎) in the label tree that consists of

distinct nodes except for the start and end points. Without loss of generality, assume

that 𝜎 is the deepest node in the cycle. Then, both 𝜏1 and 𝜏𝑘 must be parent nodes of 𝜎 .

By a property of the hash function, 𝜏1 = 𝜏𝑘 holds. However, this equality contradicts

the assumption, which requires that the intermediate vertices are distinct. Therefore,

no cycle exists in the label tree. ⊓⊔

4.7 Proof of Lemma 4.8

Proof.We denote𝜙 (𝜎) simply as𝜙𝜎 . We show that for any 𝜎𝐻 , 𝜏𝐻 ∈ Σ𝐻 , 𝑑Ham(𝜎𝐻 , 𝜏𝐻 ) =
𝑑(T ,1/2) (𝜙𝜎𝐻 , 𝜙𝜏𝐻 ) holds, where 𝑑(T ,1/2) denotes the distance on the label tree with

all edge weights equal to 1/2. Lemma 4.3 implies that there exist label sequences

(𝜎0, . . . , 𝜎𝐻 ), (𝜏0, . . . , 𝜏𝐻 ) that satisfy the parent-child relationship. From Lemma 4.5,

we consider the following three cases:

Case 1: For any ℎ ∈ {0, . . . , 𝐻 } , 𝜎ℎ = 𝜏ℎ. Then, since the two label sequences are
identical, we have 𝑑Ham(𝜎𝐻 , 𝜏𝐻 ) = 0. Furthermore, since 𝜙𝜎𝐻 = 𝜙𝜏𝐻 point to the same

node in the label tree, we have 𝑑(T ,1/2) (𝜙𝜎𝐻 , 𝜙𝜏𝐻 ) = 0.

Case 2: 𝜎0 ≠ 𝜏0. Then, it follows from Lemma 4.5 that 𝑑Ham(𝜎𝐻 , 𝜏𝐻 ) = 𝐻 + 1.

Additionally, Lemma 4.7 implies that the sequence (𝜙𝜎𝐻 , . . . , 𝜙𝜎0
, root, 𝜙𝜏0

, . . . , 𝜙𝜏𝐻 ) is a
unique path between 𝜙𝜎𝐻 and 𝜙𝜏𝐻 . Thus, 𝑑(T ,1/2) (𝜙𝜎𝐻 , 𝜙𝜏𝐻 ) = 𝐻 + 1.

Case 3: There exists ℎ0 ∈ {1, . . . , 𝐻 } , 𝜎ℎ0−1 = 𝜏ℎ0−1 and 𝜎ℎ0
≠ 𝜏ℎ0

. Then, by
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Lemma 4.5,𝑑Ham(𝜎𝐻 , 𝜏𝐻 ) = 𝐻+1−ℎ0 is satisfied and the sequence (𝜙𝜎𝐻 , . . . , 𝜙𝜎ℎ
0

, 𝜙𝜎ℎ
0
−1
=

𝜙𝜏ℎ
0
−1
, 𝜙𝜎ℎ

0

, . . . , 𝜙𝜎𝐻 ) is a unique path between𝜙𝜎𝐻 and𝜙𝜏𝐻 . This implies𝑑(T ,1/2) (𝜙𝜎𝐻 , 𝜙𝜏𝐻 ) =
𝐻 + 1 − ℎ0.

Therefore, Lemma 4.8 holds for all cases. ⊓⊔

4.8 Proof of Proposition 4.1

We first present lemmas necessary for the proof of Proposition 4.1.

Lemma 4.9. Let (𝑋,A, 𝜇) be a measure space, let (𝑌,B) and (𝑍, C) be measurable
spaces, and let 𝑓 : 𝑋 → 𝑌 and 𝑔 : 𝑌 → 𝑍 be measurable maps. Then, 𝑔♯

(
𝑓♯𝜇

)
= (𝑔 ◦ 𝑓 )♯ 𝜇

holds.

Proof of Lemma 4.9. For any 𝐶 ∈ C, we show that

{
𝑔♯

(
𝑓♯𝜇

)}
(𝐶) =

{
(𝑔 ◦ 𝑓 )♯ 𝜇

}
(𝐶)

holds. {
𝑔♯

(
𝑓♯𝜇

)}
(𝐶) =

(
𝑓♯𝜇

) (
𝑔−1(𝐶)

)
= 𝜇

(
𝑓 −1

(
𝑔−1(𝐶)

) )
= 𝜇

({
𝑥 ∈ 𝑋 | 𝑓 (𝑥) ∈ 𝑔−1(𝐶)

})
= 𝜇 ({𝑥 ∈ 𝑋 | (𝑔 ◦ 𝑓 ) (𝑥) ∈ 𝐶})

=
{
(𝑔 ◦ 𝑓 )♯𝜇

}
(𝐶)

⊓⊔

In general, let (𝑋,A) be a measurable space, 𝜋 be a product measure on 𝑋 2
, 𝜇, 𝜈

be measures on 𝑋 , and 𝑝1(𝑥,𝑦) := 𝑥 and 𝑝2(𝑥,𝑦) := 𝑦 be the natural projections. It is

known that 𝜋 is a coupling of 𝜇 and 𝜈 if and only if 𝑝
1♯𝜋 = 𝜇 and 𝑝

2♯𝜋 = 𝜈 (Villani 2009,

Definition 1.1). From this fact and Lemma 4.9, the following lemma holds.

Lemma 4.10. Let (𝑋,A) and (𝑌,B) be measurable spaces, and 𝑓 : 𝑋 → 𝑌 be a
measurable mapping. Suppose 𝜇, 𝜈 are measures on 𝑋 , and 𝜋 is a coupling of 𝜇 and 𝜈 .
Then, (𝑓 × 𝑓 )♯𝜋 is a coupling of 𝑓♯𝜇 and 𝑓♯𝜈 .

Proof of Lemma 4.10. Since 𝑓 is measurable, 𝑓 × 𝑓 is also measurable, and thus

(𝑓 × 𝑓 )♯𝜋 is a measure on 𝑌 2
. We show that 𝑝

1♯

(
(𝑓 × 𝑓 )♯𝜋

)
= 𝑓♯𝜇 and 𝑝2♯

(
(𝑓 × 𝑓 )♯𝜋

)
=

𝑓♯𝜈 hold. From Lemma 4.9, we have 𝑝
1♯

(
(𝑓 × 𝑓 )♯𝜋

)
= (𝑝1 ◦ (𝑓 × 𝑓 ))♯ 𝜋 . For any (𝑥,𝑦) ∈

𝑋 2
, we have 𝑝1 ◦ (𝑓 × 𝑓 ) (𝑥,𝑦) = 𝑓 (𝑥) = (𝑓 ◦ 𝑝1) (𝑥,𝑦). Thus, (𝑝1 ◦ (𝑓 × 𝑓 ))♯ 𝜋 =
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(𝑓 ◦ 𝑝1)♯ 𝜋 = 𝑓♯
(
𝑝

1♯𝜋
)
holds. Since 𝜋 is a coupling of 𝜇 and 𝜈 , we have 𝑝

1♯𝜋 = 𝜇. This

implies that 𝑝
1♯

(
(𝑓 × 𝑓 )♯𝜋

)
= 𝑓♯𝜇 holds.

Similarly, we can show that 𝑝
2♯

(
(𝑓 × 𝑓 )♯𝜋

)
= 𝑓♯𝜈 holds. ⊓⊔

Lemma 4.11. Let (𝑋,A, 𝜇) be a measure space, (𝑌,B) be a measurable space, 𝑓 : 𝑋 → 𝑌

be a measurable mapping, and 𝑔 : 𝑋 → 𝑓 (𝑋 ) be the mapping obtained by restricting the
codomain of 𝑓 to 𝑓 (𝑋 ). If 𝑓 (𝑋 ) ∈ B, then 𝑔♯𝜇 =

(
𝑓♯𝜇

)
| 𝑓 (𝑋 ) holds.

Proof of Lemma 4.11. We first discuss the necessity of the condition 𝑓 (𝑋 ) ∈ B. The
measure

(
𝑓♯𝜇

)
| 𝑓 (𝑋 ) is the restriction of the measure 𝑓♯𝜇 on 𝑌 to 𝑓 (𝑋 ), and is defined by(

𝑓♯𝜇
)
| 𝑓 (𝑋 ) (𝐵) :=

(
𝑓♯𝜇

)
(𝐵 ∩ 𝑓 (𝑋 )) for any 𝐵 ∈ B. Thus, for

(
𝑓♯𝜇

)
| 𝑓 (𝑋 ) to be well-defined,

it is necessary that 𝐵 ∩ 𝑓 (𝑋 ) ∈ B. A sufficient condition for this is that 𝑓 (𝑋 ) ∈ B.

Since the mapping 𝑓 is measurable, the mapping 𝑔 is measurable with respect to

(𝑓 (𝑋 ),B| 𝑓 (𝑋 )). For any 𝐸 ∈ B| 𝑓 (𝑋 ) , we show that

(
𝑔♯𝜇

)
(𝐸) =

{(
𝑓♯𝜇

)
| 𝑓 (𝑋 )

}
(𝐸) holds.{(

𝑓♯𝜇
)
| 𝑓 (𝑋 )

}
(𝐸) =

(
𝑓♯𝜇

)
(𝐸) = 𝜇

(
𝑓 −1(𝐸)

)
= 𝜇

(
𝑔−1(𝐸)

)
=

(
𝑔♯𝜇

)
(𝐸)

⊓⊔

Lemma 4.12. Let (𝑋,A) be a measurable space, 𝐴 ∈ A be a measurable set, and
𝑝1(𝑥,𝑦) := 𝑥 and 𝑝2(𝑥,𝑦) := 𝑦 be the natural projections. Given a measure 𝛾 on 𝑋 2,
write 𝛾 ′ := 𝛾 |𝐴2 . If 𝛾 (𝑋 × (𝑋 \𝐴)) = 𝛾 ((𝑋 \𝐴) × 𝑋 ) = 0, then 𝑝

1♯𝛾
′ =

(
𝑝

1♯𝛾
)
|𝐴 and

𝑝
2♯𝛾
′ =

(
𝑝

2♯𝛾
)
|𝐴 hold. In other words, when the measure𝛾 is concentrated on𝐴2, restriction

and projection are interchangeable.

Proof of Lemma 4.12. For any 𝐸 ∈ A|𝐴, we show that

(
𝑝

1♯𝛾
′) (𝐸) = {(

𝑝
1♯𝛾

)
|𝐴

}
(𝐸)

holds. First, we consider the left-hand side.(
𝑝

1♯𝛾
′) (𝐸) = 𝛾 ′ (𝑝−1

1
(𝐸)

)
= 𝛾 ((𝐸 × 𝑋 ) ∩ (𝐴 ×𝐴)) = 𝛾 (𝐸 ×𝐴) .
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Next, we consider the right-hand side.{(
𝑝

1♯𝛾
)
|𝐴

}
(𝐸) =

(
𝑝

1♯𝛾
)
(𝐸 ∩𝐴) =

(
𝑝

1♯𝛾
)
(𝐸) = 𝛾

(
𝑝−1

1
(𝐸)

)
= 𝛾 (𝐸 × 𝑋 )

= 𝛾 (𝐸 ×𝐴) + 𝛾 (𝐸 × (𝑋 \𝐴)) ,
by the assumption that 𝛾 (𝑋 × (𝑋 \𝐴)) = 0,

∴
{(
𝑝

1♯𝛾
)
|𝐴

}
(𝐸) = 𝛾 (𝐸 ×𝐴) .

Thus, we have 𝑝
1♯𝛾
′ =

(
𝑝

1♯𝛾
)
|𝐴. Similarly, we can show that 𝑝

2♯𝛾
′ =

(
𝑝

2♯𝛾
)
|𝐴 holds. ⊓⊔

Using the above lemmas, we present the proof of Proposition 4.1.

Proof of Proposition 4.1. Since𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈) =
∑
𝑒∈𝐸 (T )

1

2

��𝜙♯𝜇 (Γ(𝑣𝑒)) − 𝜙♯𝜈 (Γ(𝑣𝑒))��
holds by Theorem 4.1, we show that𝑊𝑑Ham (𝜇, 𝜈) =𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈).

Let 𝜋 be a coupling of 𝜇 and 𝜈 . Since 𝜙 is distance-preserving, we note that

𝜙 is injective and measurable, and Φ := 𝜙 × 𝜙 is also measurable. Thus, Φ♯𝜋 is a

push-forward measure on 𝑉 (T )2, and from Lemma 4.10, Φ♯𝜋 is a coupling of 𝜙♯𝜇 and

𝜙♯𝜈 .

Since 𝜙 is distance-preserving, we have 𝑑Ham = 𝑑T ◦ Φ. From this fact and the

change-of-variables formula (Tao 2011, Exercise 1.4.38), the following holds:∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑𝜋 (𝜎, 𝜏) =
∫
Σ2

𝐻

(𝑑T ◦ Φ) (𝜎, 𝜏)𝑑𝜋 (𝜎, 𝜏)

=

∫
𝑉 (T )2

𝑑T (𝑎, 𝑏)𝑑 (Φ♯𝜋) (𝑎, 𝑏).

For any 𝜋 ∈ Π(𝜇, 𝜈), we have Φ♯𝜋 ∈ Π(𝜙♯𝜇, 𝜙♯𝜈). This implies the following:

𝑊𝑑Ham (𝜇, 𝜈) = inf

𝜋∈Π(𝜇,𝜈)

∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑𝜋 (𝜎, 𝜏) = inf

𝜋∈Π(𝜇,𝜈)

∫
𝑉 (T )2

𝑑T (𝑎, 𝑏)𝑑 (Φ♯𝜋) (𝑎, 𝑏)

≥ inf

𝛾∈Π(𝜙♯𝜇,𝜙♯𝜈)

∫
𝑉 (T )2

𝑑T (𝑎, 𝑏)𝑑𝛾 (𝑎,𝑏) =𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈).

Therefore,𝑊𝑑Ham (𝜇, 𝜈) ≥𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈) holds.
Next, we show that𝑊𝑑Ham (𝜇, 𝜈) ≤𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈). Since Σ𝐻 is the set of actually

generated labels, it is finite. We note that 𝑉 (T ) is a finite discrete set whose 𝜎-algebra
is the power set 2

𝑉 (T )
. Thus, 𝜙 (Σ𝐻 ) is a measurable set. Therefore, the measures 𝜙♯𝜇
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and 𝜙♯𝜈 are concentrated on 𝜙 (Σ𝐻 ). Moreover, for any coupling 𝛾 of 𝜙♯𝜇 and 𝜙♯𝜈 , the

measure 𝛾 is concentrated on 𝜙 (Σ𝐻 )2, i.e.,

(𝜙♯𝜇) (𝑉 (T ) \ 𝜙 (Σ𝐻 )) = 𝜇
(
𝜙−1(𝑉 (T ) \ 𝜙 (Σ𝐻 ))

)
= 𝜇 (∅) = 0,

(𝜙♯𝜈) (𝑉 (T ) \ 𝜙 (Σ𝐻 )) = 𝜈
(
𝜙−1(𝑉 (T ) \ 𝜙 (Σ𝐻 ))

)
= 𝜈 (∅) = 0,

∴ 𝛾 (𝑉 (T ) × (𝑉 (T ) \ 𝜙 (Σ𝐻 ))) = 𝛾 ((𝑉 (T ) \ 𝜙 (Σ𝐻 )) ×𝑉 (T )) = 0.

We write 𝛾 ′ := 𝛾 |𝜙 (Σ𝐻 )2 , then from Lemma 4.12, the following holds:{
𝑝

1♯𝛾
′ =

(
𝑝

1♯𝛾
)
|𝜙 (Σ𝐻 ),

𝑝
2♯𝛾
′ =

(
𝑝

2♯𝛾
)
|𝜙 (Σ𝐻 ) .

(4.5)

Moreover, let𝜓 : Σ𝐻 → 𝜙 (Σ𝐻 ) be the mapping obtained by restricting the codomain

of the mapping 𝜙 : Σ𝐻 → 𝑉 (T ) to 𝜙 (Σ𝐻 ). Then, 𝜓 is bijective, and its inverse

mapping 𝜓−1
: 𝜙 (Σ𝐻 ) → Σ𝐻 exists and is also a distance-preserving measurable

mapping. Furthermore, Ψ−1
:=𝜓−1 ×𝜓−1

is also a measurable mapping, and we have

𝑑T = 𝑑Ham ◦ Ψ−1
. Thus,∫

𝑉 (T )2
𝑑T (𝑎, 𝑏)𝑑𝛾 (𝑎,𝑏) =

∫
𝜙 (Σ𝐻 )2

𝑑T (𝑎, 𝑏)𝑑𝛾 ′(𝑎, 𝑏) =
∫
𝜙 (Σ𝐻 )2

(
𝑑Ham ◦ Ψ−1

)
(𝑎, 𝑏)𝑑𝛾 ′(𝑎, 𝑏)

by the change-of-variables formula(Tao 2011, Exercise 1.4.38)∫
𝑉 (T )2

𝑑T (𝑎, 𝑏)𝑑𝛾 (𝑎,𝑏) =
∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑
(
Ψ−1

♯
𝛾 ′

)
(𝜎, 𝜏). (4.6)

We show that Ψ−1

♯
𝛾 ′ is a coupling of 𝜇 and 𝜈 , i.e., 𝑝

1♯

(
Ψ−1

♯
𝛾 ′

)
= 𝜇 and 𝑝

2♯

(
Ψ−1

♯
𝛾 ′

)
= 𝜈

hold. First, we note that

(
𝑝1 ◦ Ψ−1

)
(𝑎, 𝑏) =𝜓−1(𝑎) =

(
𝜓−1 ◦ 𝑝1

)
(𝑎, 𝑏). From this fact
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and Lemma 4.9, we have

𝑝
1♯

(
Ψ−1

♯
𝛾 ′

)
=

(
𝑝1 ◦ Ψ−1

)
♯
𝛾 ′ =

(
𝜓−1 ◦ 𝑝1

)
♯
𝛾 ′ =𝜓−1

♯

(
𝑝

1♯𝛾
′)

since Equation (4.5) holds for 𝛾 ′,

𝑝
1♯

(
Ψ−1

♯
𝛾 ′

)
=𝜓−1

♯

( (
𝑝

1♯𝛾
)
|𝜙 (Σ𝐻 )

)
since 𝛾 is a coupling of 𝜙♯𝜇 and 𝜙♯𝜈,

𝑝
1♯

(
Ψ−1

♯
𝛾 ′

)
=𝜓−1

♯

( (
𝜙♯𝜇

)
|𝜙 (Σ𝐻 )

)
by Lemma 4.11,

𝑝
1♯

(
Ψ−1

♯
𝛾 ′

)
=𝜓−1

♯

(
𝜓♯𝜇

)
=

(
𝜓−1 ◦𝜓

)
♯
𝜇 = 𝜇.

Similarly, we can show that 𝑝
2♯

(
Ψ−1

♯
𝛾 ′

)
= 𝜈 holds. For any 𝛾 ∈ Π(𝜙♯𝜇, 𝜙♯𝜈), we have

Ψ−1

♯
𝛾 ′ ∈ Π(𝜇, 𝜈). Considering Equation (4.6), we have

𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈) = inf

𝛾∈Π(𝜙♯𝜇,𝜙♯𝜈)

∫
𝑉 (T )2

𝑑T (𝑎, 𝑏)𝑑𝛾 (𝑎,𝑏)

= inf

𝛾∈Π(𝜙♯𝜇,𝜙♯𝜈)

∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑
(
Ψ−1

♯
𝛾 ′

)
(𝜎, 𝜏)

≥ inf

𝜋∈Π(𝜇,𝜈)

∫
Σ2

𝐻

𝑑Ham(𝜎, 𝜏)𝑑𝜋 (𝜎, 𝜏) =𝑊𝑑Ham (𝜇, 𝜈).

Therefore,𝑊𝑑T (𝜙♯𝜇, 𝜙♯𝜈) ≥𝑊𝑑Ham (𝜇, 𝜈) holds. ⊓⊔
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5
Conclusion

This dissertation demonstrated that by incorporating information inherent to graph

data into models and algorithms, we can develop superior methods to address the

challenges faced by machine learning on graphs.

In Chapter 3, motivated by the vulnerability of existing methods to sparse directed

graphs in clustering tasks, we proposed the Complex non-backtracking (CNBT)

matrix that combines the characteristics of the Hermitian adjacency matrix and the

non-backtracking (NBT) matrix. We showed that it extends the relationship between

the adjacency matrix and the NBT matrix in undirected graphs to directed graphs using

complex representations. Numerical experiments confirmed that the clustering method

using the eigenvectors of the CNBT matrix is robust even for sparse directed graphs,

and discussions based on belief propagation suggested the relationship between the

eigenvectors of the CNBT matrix and cluster estimation.

To further explore our findings, several issues need to be addressed. First, there

remain many unclear points regarding the relationship between the CNBT matrix and

belief propagation. In particular, assuming that these two are related, a probabilistic
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interpretation of complex-valued messages in belief propagation is required. Since the

validity of matrix representations using complex numbers is not yet fully established,

careful consideration is needed. Second, a more in-depth theoretical analysis of the

relationship between eigenvalues and cluster structures is necessary. In our study,

we focused on the eigenvalue with the largest real part when performing spectral

clustering using the eigenvectors of the CNBT matrix. Interestingly, when a directed

graph has a cluster structure, it has been confirmed through numerical experiments

that the imaginary part of that eigenvalue is almost zero. A theoretical analysis of this

phenomenon is an important issue both for exploring the spectral theory of directed

graphs and for improving clustering methods.

In Chapter 4, we addressed the trade-off between high discriminative power and

computational efficiency faced by recent graph kernels, and focused on accelerating

the categorical Wasserstein Weisfeiler-Lehman graph kernel by leveraging its inherent

structure. Our study is the first to make explicit the tree structure underlying the WL

labels and point out its usefulness for computations in the distance space defined by

the Hamming distance. While previous approaches had to rely on entropic regularized

approximate solutions for practical use, our approach enables the exact computation of

the Wasserstein distance efficiently. Notably, our numerical experiments confirmed

that the proposed method scales well with respect to both the number of vertices in the

graphs and the number of graphs in the dataset.

We believe that the proposed acceleration makes the categorical Wasserstein

Weisfeiler-Lehman graph kernel a more practical graph kernel, but there still remain

fundamental issues faced by graph kernels. First, our approach is specialized for the

categorical WWL graph kernel and cannot be applied when the information assigned

to vertices is continuous attributes rather than categorical labels. This is because our

approach is based on the fact that the space defined by the WL labels and the Hamming

distance can be represented as a tree structure that preserves the topological structure.

In the case of continuous attributes, it is challenging to construct a tree structure

that preserves the topological structure of the original space, so we need to allow for

some approximation. Thus, it is an important issue to consider whether we should

devise the structure of the tree to be constructed or make the edge weights variable

in order to make the Wasserstein Weisfeiler-Lehman graph kernel a more general

method. Moreover, the categorical WWL graph kernel is not the only graph kernel that
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requires improved computational efficiency. For example, methods applying the Fused

Gromov-Wasserstein distance to graph kernels also have high expressiveness but

face challenges in computational efficiency. There is also a method by S. Chen et al.

(2022) that utilizes WL labels, but it constructs a hierarchical probability distribution

and requires solving multiple optimal transport problems to compute the distance

between graph pairs. It is an interesting direction for future work to see whether the

acceleration method using tree structures can be applied to such complex structures.

From a broader perspective, it is also crucial to translate the domain-specific

information leveraged in this dissertation into more general-purpose methods such

as graph neural networks (GNNs). For example, the non-backtracking matrix is

known to mitigate the influence of hub nodes by suppressing backtracking, and GNN

architectures that encode this property have already been explored. The Weisfeiler-

Lehman algorithm is used as a benchmark for evaluating the expressive power of

GNNs, and the message-passing mechanism in GNNs is analogous to that of belief

propagation. Therefore, we believe that identifying, isolating, and incorporating

underutilized graph information into models in a mathematically tractable manner is

essential, not only for solving specific problems but also for enhancing general-purpose

methods.
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