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Abstract

In this thesis, we formalizes and verifies Substitution Theorem by using
the higher-order theorem prover HOL. Substitution Theorem for weakly
normalisation is a new theorem in untyped lambda calculus, which was
proved in 2006. This theorem states that for a given lambda term and
given free variables in it, the term becomes weakly normalizing when we
substitute arbitrary weakly normalizing terms for these free variables, if
the term becomes weakly normalizing when we substitute a single arbitrary
weakly normalizing term for these free variables. We faithfully formalize
mathematical content in the original paper which proved the theorem. To
handle A-terms without renaming bound variables, we use the contextual
a-equivalence with the package in Homeier’s paper. We formalized and
verified the new and significant theorem in untyped lambda calculus.

Section 1 is an introduction. We explain the verification of Substitution
Theorem and its achievements. We also discuss about the difference be-
tween this thesis and related preceding studies in lambda calculus. Section
2 explains about untyped lambda calculus and HOL. Section 3 describes
the mathematical statement of Substitution Theorem and its mathematical
proof. We introduce the concepts of a control path and adjacent control
paths. Section 4 explains the contextual a-equivalence. Section 5 gives our
formalization of the theorem and fomalize a control path, adjacent variable
occurrences and adjacent control paths. Section 6 discusses formal proofs
of the theorem and lemmas. Section 7 explains our challenges in this work.
They are an introduction parametrized persistent weak normalization, a
proof of preservation of control paths by substitution and a definition of
new pedicate which expresses a negation of existence of adjacent control

paths. Section 8 concludes.
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0 ¢“:bool -> bool ‘0000 OOHOLODO““~x000O0ODOO“‘x“‘O
HOLODO ““:pbool¢‘0000O0O00OO0DOOODODODOODOOODOODOOO
ooooooooobo“ ‘g1 0o0d““:num ‘00000000C0ODO

O0O\NOOOooODDOoOoOoooDOooboDO0“\x. x+ 1““On—n+l
00000000 HOLODOOD ““:inum —> nun‘ ‘000 HOLOOODOODO

HOLOOOOODODOOOOOOOOMLOD tmmO00O0 MLODOOO
oboooobooooboboooooboooobooboooobooon
tm000000000000COHOLOODOOOOOOOODOS0000
08iUi0dbOpDoOOoOOo00ooooooooooo0ooooDooboUsa
O0000O0ooOoooooood (fa—bool)—’a000 HOLOOOOO



14 020 0000

oooooon

BOOL_CASES AX FVL(t=T)V (t = F)
e ETA_AX Fvt.(\z.tz) =t

SELECT_AX FVP:’a— bool x:'a.Pr ==> P($Q P)

INFINITY_AX + 3f:ind — ind. ONE_ONE f A “(ONTO f)
o IMP_ANTISYM_AX H thtg.(tl = tg) = (tg = tl) = (tl = tg)

gboooobooboooobooooogon

e ASSUME
tt
¢ REFL
Ft=t
e BETA_CONV
- (\l‘.t1)t2 = tl[tg = .”L'}
e SUBST

e ABS
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TF(\zt) = (\a.ts)

e INST_TYPE

F[tl/h e 7tyn/vty1a e avtyn] F t[tylv o ;tyn/vtyla e 7vtyn]

e DISCH

F—{tl}l—tlétg

o MP

F1|—t1:>t2 FQI_tl

T'yuUTls Fte

gobooboobooboobobooboobooboboboboon
ooopoooOooospECOOOOCO0ODOOOODOOOODODO

e SPEC

O00'goal’ 0 tactic 0O O0DO0O0O00OO0O0DOOOOOODOOOOOO
UO0tacticUODOOO0ODOODOOODOO

1. goal 00 subgoal DO O OOO
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2.subgoal 00000000000 goal0ODOOOODOOOODODODO

goal 0 term list * term 0 MLOODODO MLOOODOODODOOOO
00000000 D0O0O0000OD0ODO0O0Ob00ODbDO0O0O0ODODOdtactic
0 goal -> (goal list * (thm list -> thm)) 0 MLOODOOO MLO
O00ODOtacticT O goal g 00000 TgOODOODOODOgoalOODODOODO
thmO0O00000thmO0000000O00OD00O0O goalODODOODOO
00 goal g 0 subgoal,thm OO0 O0O0O0DO0 thmOOODOOQO justification
function 0 O O O justification function 0000000000000 OOO
O0subgoal 0O DOODOOOODOODOOOOOODOOOODOOODOODOD
goal g0 O ODOO0ODOODOOOODOsubgoal OO0 DO ODOOODOODOOTgOO
0000000 justification function pO0 000000000 O00O00OOO g
gooooooooooon

HOL DO goal stack OOMLOOO g0 OO0OO0OO0ODO goalDODOODO
OOMLODODO ed tacticOOOODODOOOOgoal 0 subgoal 0O OO OO
subgoal 0 0000000 ODOO goalDODOODOOO

tacticO0ODOOOOOOODOOOO

e STRIP_TAC goal 0O OODO0O -0 =0A0VOOsubgoal DO O
goooooooooooOooOoOoOOOOOOOOODOODODOOOO

¢ REWRITE_TAC O0000000000D0D0O0DOgoal D000
ooooooog

e ASM_REWRITE_TAC O0D00O00b00o0oboOgeal0OOODO
O0000goal0OOOOODOOOODO

¢ PROVE_TAC OO000O0O0O0CCODOOO0OO0goal0ODOODODDOOOO
goal DO ODODODOOO

e ASSUME_TAC O00D00O000DgoalDO0DODOOOODDOOO

tactical OO0 000 MLOO OO OtacticO0 O 0000 tacticO O O Otactical
Joooooooooooa

e THEN (tacticl THEN tactic2) 0000 tacticl 0 goal 0D 00O
OO0OOO0OOO0O0OOO subgoal O tactic20000D0 tacticOO OO

e REPEAT (REPEAT tactic) D Dtactic DO O0O0O0O0O0OODODO
goal 0O ODOOO
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e by (‘prop* by tactic) O O tactic 00 O ‘prop'0 00000 goal O
d00000 preop'000DOO0ODO tacticODOODO
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00 3.1.1 000000 n0 Xy,...,X, € WNOOOOMX;...X, € WN
0000000000 MOOOODOOOOOO0O0O0O00000000000
0000000 PWNOOOO

oboooooooboooooooon

00 38.1.2(00000000O00O0ODOOO0OO0) 000 Xe WNOOO
0i4j(1<4j<n000 Mz, :=X,z;:=X]e€ WNOOO,O0OO
X1, Xn € WNOOO My i= X, ...,z = X,] € WN.

nD00200000VX € WN(MXX € WN) 000 VXY ¢
WN(MXY e WN)OOOOO

WNO PWNOOOOWNDOOOOOOOOO PWNOODOOOOOOO
0000000000WNODOOOOOOOOOO0O00000

ob 313 MeWNOO NePWNDOUODO MN € WN.

oooooMMOOOOoOooDOOoOoooooOooo.
goboboobooobo b oboobooboobooboboboob
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U000 «-O0000000000000000000000000000
gboobooooboooboobOod conventiond O OOOOOOO0OO
00000 «-00000b00000b00b0b00oobon

00 3.1.4 (00000000) MONFOOOO,2z0 yOMOOOOO
00000000000000000MO 2~ y000MO 2NOAY.L)
00000000000000 0000000000000000000
000000 yO0 LOODO0OOOO0yO y00000000000000
0000000000000000

MOO0OO0OO0O0O000 (21,...,2,)(n>1)000001<i<n0000M
02~ 2,,002 0 MOOOODODODODOODOOOOOOMOOOOO
0000000000O0O000
MOODOO0OO0OO0O0OO0SO000, (21,...,2,) 0 2 €S0000 MOOO
0000000000000MOO0SOO00000000000000
MOz~y00000MOOODDOOOOOO (2,21,...,%,,y) 000
00000000000000000000000000

obooMUOz~yUOO0OO00O00O:z0 MOOOOOOOMO 2z~ w0
00000000U000oO0oOoO0OO0ooUOooooOoOoO(z,z1,. .. ,2n,y) O
oboooood z~yOOODOO

O 3.1.5 N = w.z(Avovy)(Mtt(Auz.az))000. 2~z 0 z~o0o000
00.0000xz~t0 t~2000000(,t,2)0000000000
dodddz~zO0OOO0OO

00 3.1.6 (0000D000000) MONFODOOOOOOOOOOOg
0yO0MOOOOOOOOOOOOOO0O0000000000000000.
MOOO0OO2N(A\7Z4L)0000000020y0000000000
000000000000000000020y0 MOOOOOOOOO
0O0MOOO0O0O000000000 (z1,...,2.)0 (Y1,...,ym) 00000
2,0 4,0 MOOODOOOODOOOMOODOOOODOOOOO0OOO00O

O 3.1.7 N = hw.z(Av.ovy)(Att(luzz2)) D000, o0 yOOOOOOOO
O,zr~v0y~y000000D0O0O0O0O0O0OCO.DOO0ONDODOOODO
Uo00obboobybb0o0oobbooobbtdez~ovd a2~
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oooooboooooobooo NOODOoOooooobooO:z~czO

r~v;, rz~zldax~t z~tdz~z, 2~z xz~2z000.
3]0 Lemma A130000000000

00 3.1.800 Ne NFOO x0000000000000000000
OO0N[z:=X]¢ WNOOO Xe WNOOOOO.

goboobooobooboobobboobooboobooboboon
oboooboobooooobooooo

00 38.1.9 NONFOUOODOODOOO Xe WNOOO Nz:=X,y:=X] €
WNOOOODOO,NO {z,y}0000000000000OOOOODOO.

00.000000000ND 2,y00000000000000000
000000. 00 3180 NO N[y:=2]0000, Njy:=2|0 200
0000000000000000000N][y:=4fz:=X]¢WNDODODO
XeWNDOOOOOOOOOOON[z:=X,y:=X]¢WN. O

0000000000000000000 319000000

00 3.1.10 (000) NO #00000000000000000000
00000 X e WNOOOON[Z:= X] e WNO

00. NOOOOOOOOOOOO. Z=ay,...,2,0N =X\j2L 0000
Ulz:=X]00U'000000

Case 1. ¢ & N' =X\jzL’000. L; 1 <i<Ih(L)0D0 #0000
00000000000000000,00000000 L,eWNDOOO.
000 N OWNOOOOO.

Case 2. z=ax, (1 <h<n) L= iwPel (1<I1<IhL)OD
00000 k(@) =mOv0 L,OODODODOOOOOO0O00. 00000000
ap~zy0z,~0v0 NO {2} 000000000000000000000
vPO {u,u;} (1<4,7<m)0000000000000000000000
000000vPOO0O0DO0000 @,b000 u;~ a0 uj~b000000
zp~w; 00 2p ~uw; 0000z, ~ el z,~ b0 NOO {z,} 000000
00000000000000 vPO {zj,u;} (1<i<n,1<j<m)000
0000000000000000000000000vPO000000000
a,b000 2;~al0 u;~0000000z, ~u; 0000x; ~al xp~b
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0NOO {2;,2,) 0000000000000000000000PO &4
000000000000000000000000000000000000
000 Xy,...,X,,Uh,...,Upn € WNODODO vP[Z:=X,7:=0U] € WNODO
000000000 Uy,...,UnWa,...,Ve e WNOOO LUy ... UpVi... Vi
0Pz := X,4 := U]V e WWOOOOODOOOOOL, € PWNODO
0000 3.1.3000X,L’ e WNOOOOOOOOOOOOO nOOOO
X1,...,X, cWNOOOON =A\j.X, L' eWNODODODOD
0000000000000O0000
00 3.1.2000. % =u1y,...,2, DO0ONO MO 40000000
00 31.90000N0 {;,2;} (1<i,j<n)000000000000
0000000000000 00000000000000000000
00 31100000000 X e WNOOOON[Z:= X] € WNOM[Z := X]
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00000000 o-000pre-A-calculusd O O O pure A-calculus 0 0O
00000000000 7000000000000 0 s00000000

O0o000o0o0OoU0Oo0oO0o0OoO0OoUOOUOO[Moooooooo
00000 «-00000000000000000000 pre-A-calculus O O
00000 pure A-calculus 0 O O Opre-A-calculus 000000000000
00000000000 000 000000000000 pre-A-calculus
00000000 pure A-calculus O pre-A-calculus 0 -0 00000000
ooooo

pre-d-calculus 000000000 0OQOO0OOOOO0OOODOOOOOOO
0000000000000 00000000pure A-calculusO0O000O -0
ooooooooooon

4.1 Pre-)-Calculus

00 4.1.1 (Pre-A-Calculus) 000 0000 » 0000 Opre-A-calculus
o ¢O

t == clu|tt| .t
00000000 Opre-M-calculus 000000 A, 0000

pre-d-calculus 0000000000 D0O0O0DOOOOODOOODOODOOO

ATY.x # Auy.u £ Auv.u
goooood

r1 =z, 00 My =M, 00000000000 Axp.My = Axe. Mo
gooooo

pre-Md-calculus 000 0000D000000000(a =gef b0 abb
goooooooooa

00 4.1.2 (0000) HEIGHT () =ge 0O
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HEIGHT (tu) =gof maz{HEIGHT (t), HEIGHT (u)} + 10
HEIGHT:(Az.u) =gof HEIGHT:(u) 4 10

00 41.3 (0000) FVi(a) =qef {o}0
FV1 (tu) =def FV4 (t) U FV; (U)D
FVi(Az.u)  =gef FVi(u) —{z}0

4.2 U000

U0 «-0000000-000000000000D0000,:0000
0000000000000 000002zs00000000z =2s000
000000000z y=z=[]02y:00000000

00 4.21 (o-00) 00 2,y 0000000 2s,ys 000000 o000
ryyr=y00000000000C0000O0O0O0O0ODOO0O0OODOO

W =AY =g
(w=zAz=yAllasl = sl V (£ 2 Az £y Aw e =8 2),
wg,arzgéz =def (w=2).

c%, = y00202s00000y0ys00000000000000
000000000000 2z=y00 20 2s0000 y0ysO000000

goooog

0422 w#xr 00 24y 0000000 w=2,00 z=9, 0000
Wy =AY 000000
w=x100 24y 0000000w#200 2=y, 00000000
ggood

0423 w2z 00wy (i=1,2,3)0000

T1,T2,T3 —y1,Y2,Y3
W yar =2 wdOOoog

0¢w0000000 zs,ys 000000 00 t2,=*«00000
0000 +«w00000000000000000

xﬂCS

=Ys — o —
=a ¥ Tdef Tvar =a Y
trug *° =47 taug =qer 0177 =57 e Aur TP =Y ug,

Azt 8 =YS Aty =gep 1 TS =L b,
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0b0oob0O0ob0o0 «-00bOoboooooboboboooboobooooon
goobOooooboooboooooooboooooboooooobooooooo
gboooooboooboobooboooobooboooog

0424 w#x 00 24y, 0000000w=2,00 2=y, 0000
Aw.(Azq.w)) 2 =22 (Az.(A\y1.2)) 000000

Ut,uel 00 t=,«000000000000

tl=qu =gef ¢ ! EQ U.

0425 w#xr 00 22y 0000000 w=2,00 z2=4 0000
(Azo.(w.(Azp.w) U=l ge.(0z.012))) 0000000000
(Az2.(Aw.(Az1.w))) =0 (Ay2-(Az.(Ay1.2))) 000000

oot *=ft,00zs0ys0000000O0OCOOOOOOOODOOOO
U000 zsO00000D0O0O0O0O0ysOOODOOOOOOODOODOOOOOO
tyd 0 «-0000000000000

4.3 Pure M-Calculus

00 4.3.1 (Pure A-Calculus) pre-M-calculus 000000 00000
00000 Ay/=.00pure Acalculus 00000 AODODDOOOO
t0000000000 ¢y 0000. D000000o0oo0oooooo0Oo
000000000 rTooo0o0ooooooo[rioooo.

oooooooo

Va.|[a]] = aO

Vrr'or =47 < (|Ir] = [+'])0
ob0oz21000000000000000bO0b00bO0O00O0O000DO
oon

0 4.3.2 A0O0O Az.x O Dz.x,  yy,Az.2,--- }C A, 0000

ADOD000000DOO AO0ODOODOOODODOOOOOODOOO0OOn
00000000 o-000 pre-Xdterm 00000000000 pre-A-term
00 «-0000000000000D000DOO00D000O00DOA, O
ooo fooooO
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Virta.(t1 =a to = ft1 =4 fto if(f 1 A1 — A1) or ft1 = fta otherwise )
000000000000 respectfulness 000 OFV, 0000

Viite.t1 =q ta = (FV1t1 = FVits)
00o0ooooooooo0oo o[ joo0o0 A0DQ0DOO0OOooOoOO
OO0o0Fv,000FRVODOOOOOOO

00 433 (A00000000) FVt =g FVa[t]

gooooooooooo AN0OO0O0O0O0OO0O0O0OODODUOOOOOOOo A
gbooooboooboooaoo

00 434 (A0D0000000 (new)) FV(z) = {2}0
FV(tu) = FV(t) U FV(u)0
FV(Az.u) = FV(u) — {z}0

o-000000000O00DO0DO00O0DbOoOobOOobOoOobOOoDbOobOb
O0000oooooOoo0o00goooOoOpre-Atermd o-O0000000O
O00000 pure -term 000 000000000OCCOCOOODODODDODO
goobobooooobooooooboooobboooooboooobooooon
go0ooo0oooooOooooD xe=MwyyOO0O0O0OO0OOODOOOOOO
000000000 Church-Rosser 00 O0O0O0DOOOO0OOOODOOOO
0000000 «-00000000D000000DOpure Aterm OOO00DO
O0de Bruijnindex 0O OO0OO0OO0O pure term 0000000000
goopoooooooooooooOooooooooboooooobooooo
000000000 pre-Xterm 0000000 OO0DOOODOODOOO
o00oo0ooDOo0O0000o0D0o0O000 «-000ooboo0o0oooooon
gbobooobobbodbUbe-0000b0obboobooboooobobn
gooooooooooOoooooooobooooooboooooDbooooo
goooooooOOo0O0o00ooooooooooobooOoOooooooDon
o-000000000DO000DOOO000DOOO0O0ODOO0O00ODODO0
0000000000 00D00 pre-Aterm 0 o-O0000000C0O0DOCOO
goooooooooooooooooobooOoOooobooooDooooo
000D0DO0O000000«0DOD0O000DbOO000oob0oo
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4.4 00O

pre-A-term 0 0000000000 OChurch-Rosser 00000000 OODO
000000 pre-X-term 0 00000000D0O0O0OOpure Aterm 00
0000000000000 0000000000000][z1 :=€1,...,Tpy :=
ex,] (n>0)000000000000000O0O0O0O0O0O A,OODDOOO
ooo

00 44.1 (00000000 OO)

y <y [517 = e, L] = €1,..., Ly = en]
=def if y=2xtheneelsey<y[r; :=e1,..., 2, :=€,|0
y<i [l =ger O

00 442 (A, 000000000000)

T [rri=el,. T i=en]  =qef T [T1i=er, ..., 2 = e )0
(tu) <1 [x1 1= €1,..., T = €p]
=def (t[z1i=e1, ..,z i=ep])(u< [T1 =1, .., Ty 1= ep])0
(Az.w) <y [z = e1,..., Ty = €]
=def let
a’ = variant z (FVsubsty [z1 :=e1,...,2, 1= €,] (FV1 u— {z}))
in
A (u<y [ =2l 2 i=ep,..., 2, = ey])0

0000 (FVsubsty [z1 :=e€1,...,2, :=¢€,] (FV1 u—{2}))00uw0 20O
00000000000000 [z1:=e1,...,2n:=¢,] 000000000
oo0oooO0o0o0obo0obo0ogbO0variantzr 000 2000000 r0O
OO0variantzr ¢ r00000000O0OO0O

0000000000000 00 ADOOODOODOr respectfulness 000
gooooooood

00 44.3 (A0OD0O0D0O0O0OOOODO)

y<Ulxi=e,xy i =eq,. ., Ty = e

=def W [[r:=ez1:=e1,..., 2, :=e,]]]0
y<[zi=e,x1:=€1,...,Zy 1= €]
=if y =z then e else y <" [x1 :=e1,..., 2, := €,]0

y<[]=y0O
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00 444 (A0D0JO0ODO0O0OOOOOOO)

talz:=e,x1 1 =€1,...,Zp := €y)
=def LIt [lz:=e,x1:=e1,..., 2, = e,]]]0

Ay i =€1,...,Tpi=ep] =V [T1 1= €1,..., Ty = €y]0

(tu)<Qzy :=e1,..., &, = €]

=(t<afzyi=e1,...,zpi=ep])(ud [z i=€1,..., 2y = e,])0

Az.u) <lxy i=e1,...,2n = €]

=let
x’ = variant z (FVsubst [z1 :=ey,...,z, :=€,] (FV u—{z}))
in
A (udfz =221 i =e1,...,2y :=e,])0

000<00000000000 (ufzy :=e1,...,2, :=¢,)) 000000
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gboobo3oboo40000b00000booooboooooan
gbooooobooooooboooooboan

5.1 JUOoUooon

goodoobobooboooooobbbboooooobooobog

gdob0o30odobooodouooooboooouooooonoon
00o0oU0o0ooo0oOo4joo0oo0o0oooooo0oooooo
0000000000000 0000O00 (14000000 3180000
goodobobobodoooobbbbooooobbbboooooon

00000000000000000000000000 (00 3.1.2)0
googoogo

gooooooobooooooo:

000 X e WNOOOO 4,5 (1<4,j<n) 000 Ma; ==X,z =
X]leWNOOO,O0O00 Xy,...,X, e WNOOO M[zy := Xq,...,2, :=
X,] € WN.

00o00oooOo HOLOOOODoDOoooo

g ¢ ("(x1 = ([1:(var list)))) ==>

((LIST_TO_SET x1) SUBSET (FV M)) ==>

(CF M) ==>

(IX xi xj.
CF X /\ WN X /\ MEM xi x1 /\ MEM xj x1 ==>
WN (M <[ [(x1,X); (xj,X)1)) ==>

'XL. EVERY WN XL /\ (LENGTH x1 = LENGTH XL) ==>
WN (M <[ (ZIP(x1,XL)))¢;

000 (LIST_TO_SET x1) D000 x1 0000000000000 (FV
MOODO0O00OMOOOODOOODOOOOO0O00O0O (s SUBSET t) OO sO
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tO000000000000C00000 (cP M OOOOOMODODOOODO
goooooDOoboO0 wx)O0ooOoOoxO0DODoOoooooooooo
O0000D (MEM xi x1) J00 xi 0000 x1 000000000000
o000 oM <[ [(xi,X); xj, X001 0MO00xi0X00xj0X00000
0000000000 (EVERY WN XL) OOOO000000 XL000000
o0o0o0o0ooo0oooo0ooooooDnD (M <0 (ZIP(x1,XL))) O MODO
obo0oxiloOooOooOooOoxoooobooooobobooooooo
oboooooooboooooobono
uboboodx1000000x1000000000000 MO0O000O
gbooooovMOoboobobobooooooooooooooooo x
000000 =xi0xj0000X00000000000000 %10 xj0
x10000000OMOO xi0O X00OxjO00 XO000OO00OO0O0o0O0oooono
gboooobobooooobooooboboooboobooooboon
gbooooxgoooooo xiooobooooooD x10XxL0000n
gboboooovMO0O0D00x100000000XX000000000O0
gboooobooboooooboooooboobooog

5.2 OOOOO

000000 pre-A-calculusd pure A-calculus0 000 g-00000000O
00o0000ooo [ffoooHOLOUOOO0OOUOOOOOOOOoOoUoo

pre-A-calculus 000000 HOLOOOOOOODOOOOO term1 OO0
U Conl, Varl, Appl, Lam1 00O 0O 0O

val _ = Hol_datatype
¢ terml = Conl of ’a
| Varl of var
| Appl of terml => terml

| Laml of var => terml ¢ ;

000 (ALPHA N M) O pre-Aterms NO M O o000 N=, M OOOO
00 ALPHA_EQUIV O ALPHAOOOODDOOOODOOOO

val ALPHA_EQUIV = |- EQUIV ALPHA : thm
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Pure A-calculus0 000000000 define_quotient_types 00O OO
0000000000000 00000 term1 00000 ALPHADOOOO
term1 0 ALPHAOOOOOOOOOOOOOO termJO00000O

val [...] =
define_quotient_types

{types = [{name = "term", equiv = ALPHA_EQUIV}], ... };

000000 term 0 ADDODODODOOODOOOOODOOOO Con,
Var, App, Lam OO0 0000000 Opre-Aterm t 0000t OOO
O (term_ABS t) DO UO0OOpure Merm TOOOO[T] ODO0OO0OO
(term_REP T) 0O O OOO

oo0d (¢ <[ [x1,t); ... ; (xn,tn)]) O pure Atermt 00O 0O 0O
00 x1,...,xn 0 pure A»terms t1,...,tn 0000000000000 pure
MMermOOOODODODOOODODODOOOODOODOODOODOODOODOO
000o0o000ooooo0oooOooooooooooooooooon
oood

|- (las. Con a <[ s =Con a) /\ (Ix s. Var x <[ s = SUB s x) /\
('t us. Appt u<[s=2app (t <[ ) (u<ls)) /\
'x u s.
Lam x u <[ s =
(let x’ = variant x (FV_subst s (FV u DIFF {x})) in

Lam x’ (u <[ (x,Var x’)::s))

000 (RED1 R t1 t2) 0 pure Ad-terms t1 0 t20 000 1-step R-000
0tl—pt2000000000
goooobobooboooooobbboooo

|- ('R t1 t2. R t1 t2 ==> RED1 R t1 t2) /\
('R t1 u t2. RED1 R t1 t2 ==> RED1 R (App t1 u) (App t2 w)) /\
('R t ul u2. RED1 R ul u2 ==> RED1 R (App t ul) (App t u2)) /\
'R x t1 t2. RED1 R t1 t2 ==> RED1 R (Lam x t1) (Lam x t2)

000 (REDR t1 t2)0 pure A-terms t1 0 t20000 R-0000 t1 —7,
200000000000 —-x000 —rg 0000000000000
ggodobobobboooooobbbboooo
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[- ('R t1 t2. RED1 R t1 t2 ==> RED R t1 t2) /\
('R tl. RED R t1 t1) /\
IR t1 t3. (?t2. RED R t1 t2 /\ RED R t2 t3) ==> RED R t1 t3

000 (REQUAL R t1 t2) O pure A-terms t1 0 t20 R-O000O00OOO
0000000000 -3, 0000000000000000000
Jooooooboooooooobbogoo

|- ('R t1 t2. RED R t1 t2 ==> REQUAL R t1 t2) /\
('R t2 t1. REQUAL R t1 t2 ==> REQUAL R t2 t1) /\
IR t1 t3. (?7t2. REQUAL R t1 t2 /\ REQUAL R t2 t3)
==> REQUAL R t1 t3

000 (NORMALFORMR N) O pure A-term NO R-O000000D00OONO
OO0 1-step R-OODOOD0ODOOODOOOODO
ggodoobbboboooooobobbuooo

[- 'R a. NORMAL_FORM R a = 'a’. "RED1 R a a’

000 (NORMAL_FORM.OF R N M) O pure A-term N O pure Ad-term MO R-
O00oO0oDooOoOoMOND ROOOOND RROOODOOOODOOD
gbooooboobooooobooooogon

[- 'R a b. NORMAL_FORM_OF R a b = NORMAL_FORM R a /\ REQUAL R b a

000 (BETARNM) O pure d-term MO SB-redex NOOOOODOOOOO
goood
gobooboboboobooobooboobo

[- !'x u t. BETA_R (App (Lam x u) t) (u <[ [(x,t)])

goooooboooooooooooooobobobboobboobooboooogoo

000 (WN)O pure -term NOOOOOOOOOOOOOOO g-000
0p-00000000000

gbooooboobooooobooooogon

[- 'M. WN M = ?N. NORMAL_FORM_OF BETA_R N M
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5.3 UUOoooon

ggooobbbodooooobbboboooooobobbooooobo
gooad

000 (FViN)O pre-X-term NOOOOOOOOODOOOOOOOOOO
0000000o0oA 0000000000000 0O (BVIN)ONDOODO
000000000000000 (mAppl X N1) O (mLami yl M) O N1 O yl
00000 NOfOOOOOOXNO A MOOOO

0000000000000 00Oindicator 000000000 ODOODO
000000000 pre-Xterm 0000000000 O0ODOOODOOODOO
00o000oO0boO0oO0boOO0 MO e NODOOOO NODO.ODOD MO NL
000000 NODOOO10O LOO0O. M OO QOindicator(ny,...,ng) 00ny
gdooooobbobbobbbbbn.0dobobbbbbboooogd
...0n, 000000000000 000000000OM =t(luzaz)OOOO
indicator (1,0,0,1) 0 MOOODOD 0000000 (SUBTERML M p = N) [
indicator p 0 pre-A-term MO OO OO NOODOOOODOO

000 (FVol N) O pre-A-term NO OO OO OOOODOODO indicator OO
00000000 (CF1N) O pre-Xterm NOOOOOOOOOOOOOOO
0000000014 000000000000000000O00O0O0UD
00 HOLOODODOODODODODODODODODODODODOODODOoDbOOooooboo
000000 (BC.OK N) O pre-A-term N O Barendregt convention 0 00 OO
gobobooboobboobooobooobooboooboooboobooog
goobogooooboobood

ADD0000 (mApp XN1) 0 (mLamyl M)O N1O y1OOOOO NO 70
O0D00OOXNO A/ MOOOO

0000000000 MO pre-A-term 00 00O

00 2~ y0000 (controliMxy) 0000000 D0OOOODOOO

val controll =
Define
‘controll M xo yo =
(NORMAL_FORM BETA_R (term_ABS M)) /\
(?M1 N1 L yl x y.
(  (SUBTERM1 M xo = (Varl x))
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/\(SUBTERM1 M yo = (Varl y))

/\ (SUBTERM1 M M1
(Appl (mApp1l (Varl x) N1) (mLaml y1 L)))

/\ (xo=(M1++[0]++(MAP (\x.0) N1)))

/\(?yo_in_L.
((yo=(M1++[1]++(MAP (\x.0) yl)++yo_in_L)) /\
(yo_in_L IN (FVol L)))

)
/N(MEM y y1))
)

0300MOz~y000000 MO (2,21,...,2,,y) 000000
gobooboobooboboooboboobooobuoboobob g0
0oo0oooooog (x,z,...,2,,y) 0000000000000 OOOO
00000000 (control path M (z,z1,...,2,,y)) 00 (z,21,...,2Zn,Y)
O0MODOODODOOODODOODODOOODOOOOd

val control_path =
Define
‘control_path M xol =
(NORMAL_FORM BETA_R (term_ABS M)) /\
(LENGTH xol >= 1) /\
(14,
(0 <=i /\ i < (LENGTH xo0l - 1))
==> (controll M (EL i xol) (EL (SUC i) =xol))
) /\
((EL 0 x0l) IN (FVol M))°;

00000 (control path fromSM (zg,...,2,-1)) 00 (2o,...,2p—1)
OMODOSOODOOODOOODOODODOODOODOOOOO

val control_path_from =
Define
‘control_path_from s M xol =

(s SUBSET (FV1 M)) /\
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(control_path M xo0l) /\
?x. ((SUBTERM1 M (EL 0 xo0l) = (Varl x)) /\ (x IN s))°¢;

00000 (adjacent Mxy) 00000 2xz0y0 MOOOOOOOOO
goood

val adjacent =
Define
‘adjacent M xo yo =
(NORMAL_FORM BETA_R (term_ABS M)) /\
(?M1 N1 L1 z1 x y.
(  (SUBTERM1 M xo

(Var1l x)) /\

(SUBTERM1 M yo = (Varl y)) /\

(SUBTERM1 M M1

(Appl (mAppl (Varil x) N1)
(mLaml zl (mAppl (Varl y) L1)))
DERVAN
(xo=(M1++[0]++(MAP (\x.0) N1))) /\
(yo=(M1++[1]++(MAP (\x.0) z1)++(MAP (\x.0) L1)))
)
)

00000 (adjacent_control paths M (zg,...,Zn-1) (Y0,---,Ym-1)) 0
O (20,--+,%n-1)0 (%0,--.,ym_1)0 MOOOOOOOODOOOOOODO
goood

val adjacent_control_paths =
Define
‘adjacent_control_paths M xol yol =
(control_path M xol) /\
(control_path M yol) /\
(adjacent M (LAST xol) (LAST yol))°‘;

goooon

(adjacent_control paths from S M (zg,...,Zn-1) (Y0,---,Ym—1)) O C
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(o, Zn-1)0 (yo,.-.,ym—1) O M OO SOOOOOOODOOOOOOO
oobooooog

0300000000 MOO SoOoOoooOoooOoOoooOoOoooog
0000000 adjacent_control_paths_from[l control_path_from [l
adjacent_control_paths U0 O DOOOOO0OODOODOOODOOOOODOO
00 MOO SOOOOOOO0OO0OO0OO0 (zoy---y2n-1) 0 (Mo,---,Ym—1) 0
MOOODODOOODOODOOUOO0OO00O0O0O (2gy--+s®n-1) O (Yos- -+, Ym—1)
OMDOOSOOOOOOOOODOOODOOO

val adjacent_control_paths_from =
Define
‘adjacent_control_paths_from s M xol yol =
(control_path_from s M xol) /\
(control_path_from s M yol) /\

(adjacent_control_paths M xol yol) ‘;

000 (00 3.1.10)J000000oooo0oooooooooooo
ooooboooobooboooooo vs0booooon

val no_adjacent_control_paths_from =
Define
‘no_adjacent_control_paths_from s M =
“(?7yol zol.
( (adjacent_control_paths M yol zol) /\
(?y.((SUBTERM1 M (EL 0 yol) = (Varl y)) /\
(y IN s) /\
(y IN FV1(M))
)) N\
(?z. ((SUBTERM1 M (EL O zol)
(z IN s) /\
(z IN FV1I(M))

))

(Var1l z)) /\

)
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el UDOOOO

gbooooobooooobobooooobooooooboao

6.1 UQOOOOd

HOLODOOOODODODOOOOOOOOOoooooooooooooooo
gbooooobooboobooboooobooboooonog

list_CASES;
>val it = |- 11. (A =1[1) \/ ?t h. 1 = h::t : thm

obooooboooobooboooooboooobooboooooboon
gbooooobooooooobo

- Var_def;

\'2

val it = |- !T1. Var T1 = term_ABS (Varl T1) : thm

O00000OvarOODOOOOODOODO TIO00DO pre-Xterm 00000
000 T1000 pure term 00000000000

- subst_SAME_ONE;

Vv

val it = |- 'a x. a <[ [(x,Var x)] = a : thm

gboobouobd 000 c00000D00O00O0OC0O0DOOOCOODOO

subst_SAME_TWO;

>val it = |- lax t u. a <[ [(x,t); (x,uw)] =a <[ [(x,t)] : thm

oboooobobooooobobooooobob «00¢t000b00oo
gboooooboooooo

REQUAL_TRANS;

v

val it = |- 'R x y z. REQUALR x y /\ REQUALR y =z
==> REQUAL R x z : thm
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obob00o0oROO000 =g000000O00O0OOCODOOOO

- REQUAL_SUBSTITUTIVE;
> val it = |- !R. SUBSTITUTIVE R ==> SUBSTITUTIVE (REQUAL R) : thm

00000000 ROOOOORMN = R(M[z := L))(N[z := L]) O
OO0RO0O0OOOO0O0OOO =x,00000M =5 N = (M[z:=L]) =&
(Nz:=L))00000000000

- BETA_R_SUBSTITUTIVE;
> val it = |- SUBSTITUTIVE BETA_R : thm

000000ND BredexMOO0O0000000000(N[x:=L])0 B-redex
(Mx:=L))00000000000000000
000000000000000000000000000000000
0000000000000000000000000000000000
0000000000

- term_REP_term_ABS_Vari;

> val it = |- !x. term_REP (term_ABS (Varl x)) = Varl x : thm
00000 pre-X-term 200000000000 ztO0000O0O0O0DODOOO

- REQUAL_RED1_BETA_R_SIMUL_SUBSTITUTIVE;
> val it = |- M N s. REQUAL BETA_R M N
==> REQUAL BETA_R (M <[ s) (N <[ s)
thm

000000M=3NOOO (M[Z:=X])=3 (N[z:=X])000000
00000
000000000000000000000000000000000
0000000000000

SUBTERMI 000 0000000OOOOOOOOOOO

g ‘(SUBTERM1 N []) = N¢;

g ‘IN vo vo’.

(SUBTERM1 N (vo++vo’)) = (SUBTERM1 (SUBTERM1 N vo) vo’)‘¢;
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g ‘!M N.((C(SUBTERM1 M i) = N) /\ ("(M = D))
==> ((HEIGHT1 N) < (HEIGHT1 M)))°‘;

g ‘!N’ L1.SUBTERM1 (mAppl N’ L1) (MAP (\x. 0) L1)

)€
NZ©5

g !yl N’.SUBTERM1 (mLami yl N’) (MAP (\x. 0) yl)

).
N2

0000000000 indicator () D0000000000000000
00000000000000000000000000 nO00 indicator
(0,...,00)00 NL(|L|=n)00000 N'D000 mO 0D indicator (0,. .. ,0)
0 M.N(|fl=n)00000 NOODOOODOOODOOODOOOODO

mApplmAppmlamimlaml DO 0000000000 OOOOOOOOO

g ‘!XL1 XL2 t.(mAppl t (XL1 ++ XL2)) = (mAppl (mAppl t XL1) XL2)°¢;
g ‘!XL1 XL2 t.(mApp t (XL1 ++ XL2)) = (mApp (mApp t XL1) XL2)°¢;
g ‘!yl1’> yl12° t.(mLaml (yl1l’ ++ y1l2’) t) = (mLaml yl1’ (mLaml y12’ t))°‘;

g ‘!yl1’ yl12’ t.(mLam (yl1’ ++ y12’) t) = (mLam yl1’ (mLam yl2’ t))°‘;

00000000pre-Aterm 000 pure A-term 0 0 00 0 #(X; + X3) =
HX) X)) DM@ +93)t =M1yt 00000000000
control1 0000000000000 DOO0OO0ODODO

[- IN x y vo wo.
BC_OK N ==>
“(x IN BV1 N) ==>
~(y IN BV1 N) ==>
controll N vo wo ==>
controll (term_REP (term_ABS N <[ [(y,Var x)])) vo wo
: thm

O00D00ONO v~ wOOOO0OONy:=z|0v~ wO0000O
goooog
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control path 00000000000 OO0OCOOOOOOO

g ‘'M M’ aol No.(
(
(control_path M’ aol) /\
(SUBTERM1 M No = M’) /\
(NORMAL_FORM BETA_R (term_ABS M)) /\
((EL 0 (MAP (\x. (No ++ x)) aol)) IN FVol M)
==>

(control_path M (MAP (A\x. (No ++ x)) aol) ))°¢;

000000M 0000 M OO indicator (z1,...,2,) 000000
000000(a,...,am) (a; = (at,...,a*) 0 M 0000000
00000 ¢ 0 MOOOOOOOOODOOO00O(®,...,d,) (d =
(z1,... @, a;Y,...,a%)0 MOOOOOO0D0D00000000000000

control path fron 0 00 000000000000000000

g ‘(BC_OK N) ==>
(control_path_from {x; y} N vol) ==>
(control_path_from {x} (term_REP (term_ABS N <[ [(y,Var x)1)) vol)‘;

g ‘!s s’ N.
(((s’> SUBSET s) /\ (s SUBSET FV1 N) /\ (control_path_from s’ N yol))

==> (control_path_from s N yol))‘;

00000000(v,...,v,)0 NO {z,4} 0000000000000
D00O0ON[y:=2|0 {x}00000000000000000000000
00000000 s0000000s0 FB(N)OOOOOODOO0O0OON
0¢/000000000000NDsOO0000O00O0O0000000
0oooooo

adjacent 00 0000000000000000000

g ‘(BC_OK N) ==>
({x; y} SUBSET (FV1 N)) ==>
(adjacent N vo wo) ==>

(adjacent (term_REP (term_ABS N <[ [(y,Var x)])) vo wo)‘;
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g ‘'M N xo yo No.(
(
(adjacent N xo yo) /\
(SUBTERM1 M No = N) /\
NORMAL_FORM BETA_R (term_ABS M)
) ==>

(adjacent M (No ++ x0) (No ++ yo)));

00000000{z,y}0 FV(N)ODOUODOUOOOOOOvoO woO N
00000000000 v0wOO0OOUOOON[y:=2]00000000
gbooooboooooobooog

O000000O0ONOOOO M OO indicator No = (ny,...,n,) O
oo0bo0oo0o0obbo0Ob0xe 0 yoO NOOODODODOOODODOOOD
O indicator (x1,...,2,)0(2z1,...,2,) 000000 (01, ..., 0k, Z1,...,2,)0
(n1,...,ne,21,...,2,) 0 MOOODODOOOOOODOO0OO0OOODOO00OO
ggd

adjacent_control paths from OO0 000000 OOOOO0DOOOO
ooo

g ‘(BC_OK N) ==>
(adjacent_control_paths_from {x; y} N vol wol) ==>
(adjacent_control_paths_from

{x} (term_REP ((term_ABS N) <[ [(y, (Var x))])) vol wol)‘;

g ‘!'s s’ N.
(((s” SUBSET s) /\
(s SUBSET FV1 N) /\
("?yol zol. adjacent_control_paths_from s N yol zol))

==> ("7yol zol. adjacent_control_paths_from s’ N yol zol))°‘;

g ‘!M M’ s aol bol No.(
(
(s SUBSET (FV1 M)) /\
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(adjacent_control_paths_from s M’ aol bol) /\
(SUBTERM1 M No = M’) /\
(NORMAL_FORM BETA_R (term_ABS M)) /\
(No ++ EL 0 aol IN FVol M) /\
(No ++ EL O bol IN FVol M)
) ==>
(adjacent_control_paths_from

s M (MAP (\x. (No ++ x)) aol) (MAP (\x. (No ++ x)) bol)))*;

00000000 (v1,..+,0p) 0 (w1,...,wy)0 NO {z,y} 000000
0000000000000ON[y:=20{z}000000000000OO
0000000000000 0000s0s0000000sO FV(N)O
O00000000O0ONO sO0000000000000000000 N
0¢00000000000O0DO00DO0O0O0OO0O0ODOO0O0UODOO
00M' 0000 M OO indicator No = (n1,...,n,) 0000000000
00 (ag,- -y am) (@i = (a:ty...,a%)) 0 (b,...,by) (bj = (bj',...,b:"))
0OMOFWN)UDODOOO sOOODOOO0OO0O0O0OD000 10010 M
00000000000000(d),...,d,) (@, = (n1,...,np,a;1, ..., a;"))
O (b, b)) (B = (na,...,mp, b, 0") 0 MO s00000000
gooobooooooooooon

no_adjacent_control paths fromO0 OO OO00OOOOO0O0OOO0O00OO

oood

g ‘!s s’ N.
(((s’> SUBSET s) /\ (no_adjacent_control_paths_from s N))

==> (no_adjacent_control_paths_from s’ N ))°¢;

0000000 sO0000000NO sO00O00O0O0OOOOOOO0O
000000 NDO 0000000000000 00D000O0OO0ooO
gbooogooobobooboobooooobooooobogoo

- WN_Var;
> val it = |- ly. WN (Var y) : thm

gbooooboobooobooboboooobooboooog
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- lem_BC’;
> val it =
|- 't x1 XL.
7t1.

(t = term_ABS t1) /\
(BV1 t1 INTER LIST_TO_SET x1 = {}) /\
EVERY (\X. BV1 t1 INTER FV X = {}) XL /\
BC_OK t1 : thm

000000000 pure »term t 0000000 pre-A-term t1 0000
t100000+00+10000000000000D00 x10 pure A-term
0000XL000000000000000000000t10 Barendregt
convention U D0 O OD0OOODOOOOO

lem_CF_NORMAL_FORM;

> val it = |- IM N. NORMAL_FORM_OF BETA_R N M ==> CF M ==> CF N :

ooooooNO MOOOOOOMOOOOOODOODOOONOOO
obooooooooooboooog

- lem_CF_term_ABS_CF1;

\'4

val it = |- !N1. CF (term_ABS N1) <=> CF1 N1 : thm

O0000Opre-A-term 000000000 pure term 0000000
000o00oo0ooooooooooooooooooooog

WN_SUB_normform;

> val it =

[- WN (M <[ [(x,X); (y,X)1) /\ REQUAL BETA_R M N /\
NORMAL_FORM BETA_R N ==>
WN (N <[ [(x,X); (y,X)]) : thm

O00000M[z=X,y:=X|000000000OM=NOONDOO
00000 Nz:=X,y:=X|]00000000000000000O0O

- acpf_expand?2;

> val it =

thm
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[““C'x y.(C (MEM x x1 /\ MEM y x1) ==> ~(?7vol wol.
adjacent_control_paths_from {x;y} N1 vol wol)))‘‘]
|- “?vol wol.adjacent_control_paths_from

(LIST_TO_SET x1 INTER FV1i N1) N1 vol wol : thm

gobooboibb x1000 z,y0000DNMIDO00 xsyOOOOOO
gbobogboboobobuoimbbodx1b00boaoodNgogno
oobooboooobobooobOoboooobooocoobooboooaoon
ogno

- lem_nacp;
> val it =
|- ~(?vol wol.
adjacent_control_paths_from
(LIST_TO_SET x1 INTER FV1 N1) N1 vol wol) ==>
no_adjacent_control_paths_from (LIST_TO_SET x1) N1 : thm

oooooDoOMbd0d0x10000000M0O000000000000
O00O0O00O0o000OoooooooooooooNI00Ox1000oog
oooboooooooboooooobooobobooooooboooos3bo0ooon
0000000000000 00D000 no-adjacent_control_paths_from
Oooooooo

b 3.180000000000000

val lem_2_7 =
mk_thm ([],
CCIN.
( CF1 N ==>
(NORMAL_FORM BETA_R (term_ABS N)) ==>
(?yol zol.adjacent_control_paths_from {x} N yol zol) ==>
7X.
(wy X) /\ (CF X) /\ "(WN ((term_ABS N) <[ [(x,X)1))))“);

ub 3.190000000000000

- lem_2_8;
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> val it =
[- IN.
CF1 N ==>
BC_OK N ==>
NORMAL_FORM BETA_R (term_ABS N) ==>
('X. WN X /\ CF X ==>
WN (term_ABS N <[ [(x,X); (y,X)1)) ==>
“?vol wol. adjacent_control_paths_from {x; y} N vol wol :
thm

oo 3110000000000

NO 00000000000 0000D0000000000 X e WN
0000N[Z:= X] € WNO

coooooooooOoOOOOOOOOOOOOOOOO0O0O0O0000
00000 73200000000X000000 X;000,X,00000
oO000 NOOOOOOOOOO0O0O0O00000000000Barendregt
convention 1 000000000000 COO75,000000000000
no_adjacent_control_paths_fromOO0OO000O0000O0O0O0O0O0O0OOO

gbooooobooooboobooooboboon

00 6.1.1 (0000U0O0O) Ne NFO Z0000000000O00CO0O0O
00000002000 0 NOOOOOOOOOOOOOOOOOOOO
0 XO00O0OO0O0OO0OO X000 X000O00O0OO0O0O X000000oo00
NOOOOOooooooooooboboooo D<Aqf:::ja € WNO

goobogooobooobooog

- lem_2_9;
> val it =
[- !N x1.

BC_OK N ==>
CF1 N ==>
NORMAL_FORM BETA_R (term_ABS N) ==>
(BV1 N INTER LIST_TO_SET x1 = {}) ==>
no_adjacent_control_paths_from (LIST_TO_SET x1) N ==>
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'XL.
EVERY WN XL /\ (LENGTH x1 = LENGTH XL) /\
EVERY (\X. BV1 N INTER FV X = {}) XL ==>
WN (term_ABS N <[ ZIP (x1,XL)) : thm

0000000000000000000000000000.
00 3.1.2000.

T =ua,...,5,000NO MO A00000000000 X € WNO
0000000000000

00 3.1.90000N0 {z;,z;} (1<4,j<n)000000000000
0000000000000 ZNFV(N)OODOOOOOOO0OO0OO0O0O000
000”’00000000000”7000000000000000000
07’000 6.1.10000X e WNOOOON[Z:= X] € WNOM[Z:= X0
N[z:=X]0000D0000,000 X e WNOOOOM[Z:=X] € WNO
O

6.2 0O0O0ODOOOOO

gsboobooboobobboobooboobobbobooboon
oood
00000000 goalODODOOOO

-8 ("(x1 = ([1:(var 1list)))) ==>
((LIST_TO_SET x1) SUBSET (FV M)) ==>
(CF M) ==>
('X xi xj.

CF X /\ WN X /\ MEM xi x1 /\ MEM xj x1 ==>
WwN (M <[ [(xi,X); (x3,X01)) ==>

'XL. EVERY WN XL /\ (LENGTH x1 = LENGTH XL) ==>
WN (M <[ (ZIP(x1,XL)))‘;

<<HOL message: inventing new type variable names: ’a>>
> val it =

Proof manager status: 1 proof.
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1. Incomplete goalstack:

Initial goal:

x1 <> [] ==>

set x1 SUBSET FV M ==>

CF M ==>

(IX xi xj.
CF X /\ WN X /\ MEM xi x1 /\ MEM xj x1 ==>
WN (M <[ [(xi,X); (x3,X)]1)) ==>

IXL.
EVERY WN XL /\ (LENGTH x1 = LENGTH XL) ==>
WN (M <[ ZIP (x1,XL))

: proofs
tacticd goal 00O OOOD0ODOgoal 0ODOOOODOOOODO

- e(REPEAT STRIP_TAC);

e(‘WN M‘ by REWRITE_TAC[]);

e(‘(?t h. x1 = h::t)‘ by PROVE_TAC[list_CASES]);

e(‘MEM h x1¢ by ASM_REWRITE_TAC[MEM]);

e(‘WN (Var h)‘ by PROVE_TAC[SPEC ‘‘h:var‘‘ WN_Var]);

e(‘CF (Var h)‘ by REWRITE_TAC[CF,Var_def,term_REP_term_ABS_Varl,CF1]);
e(‘CF (Var h) /\ WN (Var h) /\ MEM h x1 /\ MEM h x1 ==>

WN (M <[ [(h,Var h); (h,Var h)])¢ by PROVE_TAC[]);

e (PROVE_TAC [subst_SAME_TWO,subst_SAME_ONE]);

e(‘?N. NORMAL_FORM_OF BETA_R N M‘ by PROVE_TAC[WN]);

e(‘NORMAL_FORM BETA_R N /\ REQUAL BETA_R M N°

by PROVE_TAC[NORMAL_FORM_OF]);

e(“7N1.

((N = term_ABS (N1:(’a terml)))

/\ (((BV1 N1) INTER (LIST_TO_SET x1)) = EMPTY)

/\ (EVERY (\X. ((BV1 N1) INTER (FV X)) = {}) (XL:((’a term) list)))
/\ BC_OK N1)‘ by REWRITE_TAC[lem_BC’]);
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e(‘CF N¢ by PROVE_TAC[lem_CF_NORMAL_FORM]) ;

e(‘CF1 N1¢ by PROVE_TAC[lem_CF_term_ABS_CF1]);

e(‘!'x y.( (MEM x x1 /\ MEM y x1) ==> ~(?7vol wol.

adjacent_control_paths_from {x;y} N1 vol wol))‘ by REWRITE_TAC[]);

e (STRIP_TAC) ;

e (STRIP_TAC);

e (STRIP_TAC) ;

e(“(!X. CF X /\ WN X ==>WN (M <[ [(x,X); (y,X)]))° by PROVE_TAC[]);
e(“(1X. CF X /\ WN X ==> WN (N <[ [(x,X); (y,X01))¢

by PROVE_TAC[WN_SUB_normform]) ;

e(‘(!X. CF X /\ WN X ==> WN (term_ABS N1 <[ [(x,X); (y,X)IN°
by PROVE_TAC[1);

e (ASSUME_TAC (SPEC ‘‘N1:(’a terml) ‘¢ lem_2_8));

e(PROVE_TAC[1);
e(“"(?vol wol.adjacent_control_paths_from

((LIST_TO_SET x1) INTER (FV1 N1)) N1 vol wol)°

by PROVE_TAC [acpf_expand2]);
e(‘(no_adjacent_control_paths_from (LIST_TO_SET x1) N1)°¢

by PROVE_TAC [lem_nacp]);
e (‘NORMAL_FORM BETA_R (term_ABS (N1:(’a terml))) ¢ by PROVE_TAC[]);
e (ASSUME_TAC
(SPEC “‘x1:(var list) ‘¢ (SPEC ‘‘(N1:(’a terml))‘‘ lem_2_9)));

e(“!XL.((EVERY WN (XL:((’a term) list)))

/\ (LENGTH x1 = LENGTH XL)

/\ (EVERY (\X. BV1 (N1:(’a term1)) INTER FV X = {}) XL)
==> (WN ((term_ABS N1) <[ (ZIP (x1,XL)))))‘ by PROVE_TAC [1);
e(“((EVERY WN (XL:((’a term) list)))

/\ (LENGTH x1 = LENGTH XL)

/\ (EVERY (\X. BV1 (N1:(’a terml1)) INTER FV X = {}) XL)
==> (WN ((term_ABS N1) <[ (ZIP (x1,XL)))))‘ by PROVE_TAC []);
e(“(WN (N <[ (ZIP (x1,XL))))‘ by PROVE_TAC[]);
e(“?N’. NORMAL_FORM_OF BETA_R N’ (N <[ (ZIP (x1,XL)))¢

by PROVE_TAC[WN]);
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e (‘NORMAL_FORM BETA_R N’ /\ REQUAL BETA_R (N <[ (ZIP (x1,XL))) N’¢
by PROVE_TAC[NORMAL_FORM_OF]);

e(‘REQUAL BETA_R (M <[ (ZIP (x1,XL))) (N <[ (ZIP (x1,XL)))‘

by REWRITE_TAC[REQUAL_SUBSTITUTIVE,BETA_R_SUBSTITUTIVE]);

e (PROVE_TAC [REQUAL_RED1_BETA_R_SIMUL_SUBSTITUTIVE]);

e (‘REQUAL BETA_R (M <[ (ZIP (x1,XL))) N’¢

by PROVE_TAC[REQUAL_TRANS]);

e (‘NORMAL_FORM_OF BETA_R N’ (M <[ (ZIP (x1,XL)))¢

by PROVE_TAC[NORMAL_FORM_OF]);
e (PROVE_TAC[WN]) ;

Goal proved.

[...... ] |- WN (M <[ ZIP (x1,XL))

Initial goal proved.
[- x1 <> [] ==
set x1 SUBSET FV M ==
CF M ==>
(X xi xj.
CF X /\ WN X /\ MEM xi x1 /\ MEM xj x1 ==
WN (M <[ [(xi,X); (xj,X)1)) ==>
IXL. EVERY WN XL /\ (LENGTH x1 = LENGTH XL) ==>
WN (M <[ ZIP (x1,XL))

proof

- val thm_2_1_1

top_thm() ;

> val thm_2_1_1
[- x1 <> [] ==
set x1 SUBSET FV M ==>
CF M ==

(IX xi xj.
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CF X /\ WN X /\ MEM xi x1 /\ MEM xj x1 ==>
WN (M <[ [(xi,X); (xj,X0]1)) ==>
IXL. EVERY WN XL /\ (LENGTH x1 = LENGTH XL) ==>
WN (M <[ ZIP (x1,XL))
thm

6.3 UOOOOoOn

3260000 1011900 HOLOOOOOOOOODODOOOoOooooooo
00000 IBM ThinkPad G41 0 0 HOL4 Kananaskis 3 O 28 0 0 HOL4
Kananaskis 700 100 4900 00 OO (Mobile Intel Pentium4 Processor
552 (3.46 GHz), 1.0GB Memory, 80GB HDD (5400rpm), Microsoft Windows
XP Professional SP3)
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00000000000 «-000000000000000000000
0000000000000 0D00000 pre-A-terms 00000000 pure
A-terms O O O O pure A-term O pre-A-term 0 -0 00000000000
oono
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00 6000 pure Mterms 00000000000 OOOCOOOOOO
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gooooooooobo0o0ooo NePWNOOOODOOOOOOO
ooooo0OO00O0oooOoOOO SO0oOoOoooooO PWNgOOOOOO
SooodoooooooogooooooooooOooooooooogag
o0 PWNgOOOPWNOOOOOOODODOOOOOOOOOOOOOOO
gboooobooboooobobooooboboooonog

goooooooDoobo PWNOOD 31.10000000000D000O

oooood»n0 Xy,...,X, e WNODOOOMX,...X,, e WNOOO
gbobooooo MOOOOOOOOOOOOOOOOOOOODOOOOOO
oo0DPWNOOODO

o0 31300M eWNDOO NePWNDOOO MNeWNDOODOO
gbobooooo0o0o MNeWNDOOOOOOOOOONePWNOOODO
00oo0o0ooo0vLy...L, e WN(NLy...L, e WN)ODOOOOODO
O00VLy...L, e WN(NLy...L, e WN)UOOOOOONL,...L, 0000
00000000 p-000ooobo0o0ooboooooooooooboog
gboboooooboooooboboooooboboooboobooon

000000ooooooooooooo Ssooo pwNgOOQOood
oooooono PWNgOOOOOO PWNODOOODOON ePWNgODODO
goooogoooogo socogooopgoooo Ly...L,eWNDOOODO
OooNL,...L, eWNOOOODOODOONOODOODOODOOO
oo sooooocoonNL,...L, 00000 000000000000
gobooogo

00 7.3.1 (PWNg) S00000000000

0000 MOOOO0O O FUX)NS=...=FV(X,)NS=¢00
00000000000 Xo,...,X, 1 € WNODOO MXy... X, 1 € WN
000000S0000000000000000000000000000
SO0000000000000000000000000000 PWNg O
ooo
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00 PWNgOOOODODOOOOODOOOOOO (PWN_c SM) O M €
PWNgOOOO

val PWN_c = Define
‘PWN_c s M =
1XL.
(
((EVERY WN XL) /\ (EVERY (\X.(((FV X) INTER s) = EMPTY)) XL))
==>
(WN (mApp M XL))
)

ugb 3.13b000o00boo0booobag

00 7.3.2 (PWNgOOOODOOO) SO0000000000000000
00 FV(M)NS=FV(N)NS=¢0M e WNOOOO N e PWNsODODO
0000MN € WNO

gboboobooaobooobogaoooaon

g ‘(WN M) /\ (FINITE s) /\ (PWN_c s N) /\
(((FV M) INTER s) = EMPTY) /\ (((FV N) INTER s)
==> (WN (App M N)) /\ (((FV (App M N)) INTER s)

EMPTY)

EMPTY) ¢;

00OodoOO0obOo0o0oOdb0 ell000OC0OO0ODOOOODOOOODOOOO
0000000000 subgoal DOOODOOOODOO subgoalOODO OO ...
oooooooood

PWN_c (BV1 (mAppl (Varl z) L1))
(term_ABS (mLaml yl’ (mAppl (Varl v) L1’)) <[ ZIP (x1,XL’))

: proof

PWN_cODODDOOOO0O0000000 tacticOOODDOODO subgoal D OO
Osubgoal DODOOOOOPW_cOODODODOOOOO0O00O0O0DOOO 3300
oood
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REQUAL BETA_R
(mApp
(mLam y1’ (mApp (Var v) (MAP term_ABS L1’) <[ ZIP (x1,XL’)))
XL1
)
(mApp (Var v) (MAP term_ABS L1’) <[ ZIP (x1 ++ y1’,XL’ ++ XL1))

33. EVERY (\X. FV X INTER BV1 (mAppl (Varl z) L1) = {}) XL”’

: proof

O (mApp (mLam yl’ (mApp (Var v) (MAP term_ABS L1’) <[ ZIP
(x1,XL°))) XL1) 00y’ O yy,...,4, 0000000 XL1 O ¢4,...,4, O
000000 (mApp (Var v) (MAP term_ABS L1’) <[ ZIP (x1,XL’)) O
vO000000(AY; .. . Ypw)ty...t, 000000 330 (Ay1...ynw)tr.. .ty
00000000 w,...,.4, 0000000000000 0OOCOOOODO
O000ODOsubgoal OO ODOODOOOOODOOO

74 OO000ddoooOoooooobobon

gboooobooooooobooooboboooooboooooboan
subgoal OO DODODODOOOOCCOCOOOOOUOOOOOOODOOOODDO
J0b000ooOooooboooobooooooooooooobooooooon
O000000000000Opre-MtermsO00000000DOOOOO
0000000000000 0000D0000000 pure AtermsO0 000
oobooboooobooooboboooobooobooobobooobooon
oobooboooobobooobOobooooboooobooboooboaon
oboooboooboobobooooobobooooboobooooooboon
ooboobooogo

[- IN x y vo wo.
BC_OK N ==>
“(x IN BV1 N) ==>
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~(y IN BVl N) ==>

controll N vo wo ==>

controll (term_REP (term_ABS N <[ [(y,Var x)])) vo wo
: thm

00000000000 D0O000D O Barendregt convention 00O 0O 0O
O000NOouv~wOOO0O|N]ly:=2]]0 v~ w0000000 N
O pre-A-term, |[N| O NOOOOOOO pure AtermO [|N|[y := ]| 00O
00 |[N]ly:=2]0000000 pre-A-term 0000

goooooboobobooboooNDOOOOobOoobooboooooNDO
[lJand |.|000000C0000O0O0OOOOOOOOOOOOODOOOOO
gbooooboooooobooooboobooon

[- M1 N x y vo wo N1 L yl x’ y’ yo_in_L.
BC_OK N ==>
“(x IN BV1 N) ==>
~(y IN BV1 N) ==>
NORMAL_FORM BETA_R (term_ABS N) /\
(SUBTERM1 N vo = Varl x’) /\

Varl y’) /\

(SUBTERM1 N wo

(SUBTERM1 N M1

Appl (mAppl (Varl x’) N1) (mLaml y1 L)) /\

(vo M1 ++ [0] ++ MAP (\x. 0) N1) /\

(wo = M1 ++ [1] ++ MAP (\x. 0) yl ++ yo_in_L) /\

yo_in_L IN FVol L /\ MEM y’ yl ==>

N1 L yl x’ y’.

(SUBTERM1 (term_REP (term_ABS N <[ [(y,Var x)]1)) vo =
Varl x’) /\

(SUBTERM1 (term_REP (term_ABS N <[ [(y,Var x)])) wo =
Varl y’) /\

(SUBTERM1 (term_REP (term_ABS N <[ [(y,Var x)])) Ml =
Appl (mAppl (Varl x’) N1) (mLaml y1 L)) /\

(vo = M1 ++ [0] ++ MAP (\x. 0) N1) /\

(wo = M1 ++ [1] ++ MAP (\x. 0) yl ++ yo_in_L) /\
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yo_in_ L IN FVol L /\ MEM y’ yl : thm

controll Nvowo OOD0OOOO0O0O0O0O0O0O00O0O Pyuyowo I
ood MN,L Ll,z,y 00000000000 OD0OOOOO0O M
O indicator OO O O0O0O0O0O0O0O000ON,vo,wo OO000 P yo,wo
o000 M,NILL, L2,y O00000O00ON][y:=xa],vo,wo 000
M',NU, L' LI',2",y" 000000 Pypy—zjwowoe 10000000000
00o0oooooooooo ML,NI, L, L,z ,y O Nyvo,wo OO OOO
PN vowo 00000000 N[y :=2z],vo,wo000 NU',L',LI',2",y" 000
O0MILNU, L, L, 2",y" 000 Pyjy—a]wowe 100 000000000DO
gobo0000doOOd0OoOO0ooOOobOoO0ooOgbDOobOoOOobOOobOoOooOoDOooo
0000000000000 0000000oo0o000 M =M =M10
obobooopoOooooooboooobOobobooboOoboooobooo
0000000000000 DO0DO0D00D00D00O00O indicator M1 OO0
gbo000obOOdbOOoO0ooOobOOobooboOoboboooog
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oooooooooooooooooooobobooooboboOoooooo
goooooOo0oOo0ooooooooooOooooooooobooooo
gooooooooooooobobbbOO0oDboOooobboooDoDDbDOoOo
no_adjacent_control_paths_from 0O OO 0O0OOO0OOOOOODODOOO
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goboooob 30000b0b00bbb00dn control_path_from
ooooooooboooboob 314 00000000000000
(s SUBSET (FV1 M)) O00O00OO0OOOO

val control_path_from =
Define
‘control_path_from s M xol =
(s SUBSET (FV1i M)) /\ (control_path M xol) /\
?x. ((SUBTERM1 M (EL 0 x0l) = (Varl x)) /\ (x IN 8))°;

O 0O adjacent_control_paths_from [ control_path_from [
adjacent_control_paths U U UODOOOOODOOODOOOOO

val adjacent_control_paths_from =
Define
‘adjacent_control_paths_from s M xol yol =
(control_path_from s M xol) /\
(control_path_from s M yol) /\

(adjacent_control_paths M xol yol) ‘;

O00O0000D00 adjacent_control_paths_fromO OO OOOOOMO
UobodbbOooboOdnbOd control_path_fromU OO OOOODOO
ooooooogooooooO0 «sMOO SOopoooOgooooboogrgoo
obO300000boo0o0ooobooooboobooobooboooobooon
ooooooo«“MO0 SUOoOoUoOoUOOooooor»oooooooooo
ooooooooooooooooooooooobbooooooooooo
ooooooooooo

O000O00O0O00O0D00O0adjacent_control_paths_fromO OO OO
000000 no_adjacent_control_paths_fromUO OO OODOOOOO
oooooooooo

val no_adjacent_control_paths_from =
Define

‘no_adjacent_control_paths_from s M =



98

o770 OoOooOogooboo

~(?yol zol.
( (adjacent_control_paths M yol zol) /\
(?7y. ((SUBTERM1 M (EL 0 yol) = (Varl y)) /\
(y IN s) /\
(y IN FV1i(M))
) N\
(?z. ((SUBTERM1 M (EL 0 zol) = (Varl z)) /\
(z IN s) /\
(z IN FVi(M))
))
)
)4

g3000ooooo0g st1logoooooooobobogo «MDOO S

Ooooooooooo’ooooo0oooOooooOoooooooDoog
goboobooooboooooboooboo
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