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Abstract

We discovered a dramatically large difference in the the motion of a test particle in the
vicinity of triangular Lagrange points, Ly and Ls, between the restricted three body
and the N-body (N > 4) problems. We revealed that this is caused by the forced
oscillation term due to the third and other perturbing bodies since the net of gravity
force of the primary and secondary bodies almost vanishes around the Lagrange points
in the corotational coordinate system. Taking into account the direct effects of the other
perturbing bodies including the effects of their eccentricities up to the second order,
we constructed an analytical theory of the motion of the test particle being linear with
respect to the magnitude of departure from the Lagrange points, in the planar restricted
N-body problem. We compared our analytical solution with a numerical integration and
confirmed that the solution represents the linear part of the true solution so well that the
residuals are only due to the non-linear effect of the primary and the secondary system
mainly which we ignored. By using the solution, we discussed the global aspects of the
orbit such as the existence region or the averaged position. The results will be useful
in designing the orbit of near-future space missions to be located in the vicinity of the

triangular Lagrange points.
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Chapter 1

Introduction

1.1 Historical Background

The five Lagrange points fromm L to Ly are special solutions of the three body problem.
See Fig. 1.1. The collinear solutions, Ly, L. and Li, were found by Euler in 1767
and the rest triangular solutions, L; and L;, were added by Lagrange in 1772. Fig.
1.2 shows the effective potential surface in the corotational coordinate system and we
find that L;, L,, and Lj; lie on the saddle points and Ly and L; do on the sumimit
of potential. Especially the latter points, Ly and Ls, are important in terms of their
linear stability because the centrifugal force and the Coriolis force balance. Since then,
there have been vast investigations of the Lagrange points, especially after the discovery
of Trojan asteroids as natural examples. Recently this tendency has been accelerated
because they have high potentiality for the long-lived space missions and the astronautical
applications such as the gravitational wave detection or the space telescope for observing
the near Earth crossing objects.  Among them, many efforts have been devoted to examine
the motion around the Lagrange points. Most studies were developed in the framework of
the restricted and general three body problems, In fact, the simplest approach to obtain
an approximate solution is to linearize the equation of motion around the Lagrange point
in the restricted cirenlar and planar three body problem [44, 60}. This analytical solution
quite well coincides with the result of numerical integration.

Of course, the stability of orbits have been discussed intensively. Obviously the next
step was to include additional physical effects: the non-lincar effect by Bhatnagar [3],
Deprit [12], Gozdziewski [32], Hagel [33], and Papadakis [63]; the effect of eccentricity of

the primary and secondary bodies by Danby [9]. Erdi [18]. Ichtiaroglon [41], Kinoshita
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Figure 1.1: Configuration of Lagrange Equilibrium Points

Figure 1.2: Effective Potential Surface
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[45]. Selaru [70], and Todoran [81]: the effect of high inclination of the orbit of the test
particle by Zhang et al. [91]; the effect of radiation pressure due to the primary body by
Kumar [49], Lukyanov [53, 54}, Ragos [67], Simumons {72], and Todoran [80]; the effect of
dragging force by Murray [61]; the effect of J, and other higher order gravitational field
of the primary body by Kondurar [48], Shrivastava ef al. [71], and Sharma et ol [76. 75);
the effect of variability of mass of the primary body by Horedt [37. 39], Horedt et al [38],
and Singh et al. [73]; the general relativistic cffect of the primary body by Maindl [55]
and Maindl et al. [56]: and the effect of electro-magnetic force of a charged primary body

by Dionysiou [16].

On the other hand, the stability of the motion was analytically studied by Celletti
[7], Danby [9], Deprit et al {13, 15!. Giorgilli [28], Howard [40], Kinoshita [46], Roels
[68], Whipple [85], and Zagouras ¢t al [88]. Garfinkel considered the motion of Trojan
asteroids, mainly taking notice of the tadpoles and horseshoe orbits in the three body
problem ([22] to [27]).

In terms of the orbit design of the space missions, the Lagrange points are quite
attractive. Especially the collinear points L) and Ls were discussed by Breakwell et al
[5], Hiday-Johnston et al. [36], and Palutan [62]. Actually, a few space missions were
launched into the position; the solar observation satellite ISEE-3 (later ICE), and SOHO
by NASA and ESA at Ly of the Sun-Earth system. Also many missions are planned; CMB
observation satellite MAP, 8m-size space telescope NGST by NASA, space Astrometry
satellite GAIA by ESA, an infrared telescope satellite SPICA by ISAS at L, of the Sun-

Earth system.

While the long term behavior of the motion around the Lagrange points has been
mostly studied by numerical integrations. The purposes of these studies are mainly the-
oretical; the population of the long-lived asteroids by Melita et al [39], the search for
stable orbits of plancts by Weibel et al. [83], Innanen et al. [42], Erdi [18], Zhang et al
[89, 90], and Markellos et al [57], and the escape probability from the triangular region
by Tsiganis et al. [82]. Unfortunately, in the framework of N-body problem, there are few
analytical researches, especially for the perturbations on the third and other perturbing

bodies.
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1.2 Discovery of Different Behavior of Motion

As we brieflv summarized in the previous section, the most of the analvtical researches on
the dynamical behavior around the Lagrange points have been conducted in the framework
of the restricted or general three body problems. These treatises rather correspond to
solve the free oscillation problem around an equilibrium point in terms of the oscillation
dynamics. However, when we consider an actual problems in the N-body system such as
our solar system. there exist not only the primary and the secondary bodies but other
perturbing bodies. In the existing works, very few authors discussed the applicability
of the results of the restricted and general three body problems to the actual N-body

system.

In order to clarify the applicability, we numerically examined how accurately the
solution of the restricted three body problem represents the solution in the real N-body
system. As the test problem, we consider the motion around the triangular Lagrange
point of Sun-Jupiter system with and without the influence of the perturbation of Saturn
(see Fig. 1.3). We regarded that the all the bodies move on the same orbital plane. To
our surprise, the obtained results indicate quite large differences in the motion around
L;. Fig. 1.4 shows the orbit of a Trojan-like asteroid in the corotational coordinate
system of the Sun-Jupiter system. The blue line expresses the result of the restricted
three body problem and the red line does the result including the effect of Saturn. Note
that both are obtained by a precise numerical integration so that excluded are the error of
analytical treatments. In the experiment, we assumed that both Jupiter and Saturn are
moving on the circular orbit. The initial condition of the asteroid is expressed in terms of
the deviation from L, in the rectangular coordinate in the adopted corotating coordinate
system as dX = 5.2 x 107 [AU], dY = 0 [AU], dX =dY = 0 at t = 0. We put Saturn
on the positive X axis at £ = 0. Fig. 1.5 is the same as Fig. 1.4 but plotted are the
time evolution of dX. Obvicusly the solution in the case of Sun-Jupiter-Saturn system
is quite different from that of Sun-Jupiter system; about 10 times larger than the latter
in the magnitude. Therefore the result obtained from the three body problem does not
become the first approximation of the N-body problem. This is a new discovery. The
differences are no other than the effect of forced oscillation term due to Saturn. Of course,
the dominant gravity force acting on the asteroid is evidently those due to the Sun and
Jupiter. However the closer to Ly the asteroid is, the smaller the influence of the gravity

of these two bodies becomes, Therefore, in the vicinity of Ly, the effect of Saturn plays
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Figure 1.3: Configuration.

the key role. In terms of oscillation dynamics, we must first consider the forced oscillation

caused by the external bodies like Saturn in this case.

1.3 Existing Treatises in N-Body System

As we mentioned earlier, there are only a few investigations that dealt analytically with the
dynamical behaviors around Lagrange points in the framework of N-body problem (Jorba
[43], and Gomez et al. [29, 30, 31]). In the series of their study, they tried to investigate
motion of the collinear and the triangular Lagrange points by both the numerical and
the semi-analytical approaches. Their interests is mainly paid to the motion around the
Earth-Moon system including the effect of the Sun, other planets; and the solar radiation
pressure. In their works, the corresponding approach to our study is the bicircular problem
in which the motion of test particle moves under the gravitational forces of Earth, Moon.
and Sun. They assumed that the orbit of Moon around the Earth is circular, and the Sun
moves around the Earth-Moon barycenter in another circular orbit. In that simplified
model, they interpreted the procedure to obtain the analytical solution based on the

Lie transformation in coordinate. However. they did not solve it completely, and the
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Orbit in Corotating Coordinate System
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Figure 1.4: Orbits of Trojan-like asteroid in the corotational coordinate system. The blue
line (3 Body) expresses the orbit of restricted three body problem when the Sun and
Jupiter are the primary and the secondary perturbers. The red line (4 Body) does that

including the perturbation of Saturn.
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Figure 1.5: Time Evolution of dX. Same as Fig. 1.4 but plotted are the time evolution

of dX.
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Our Solution Goémez et al. (2001)
Main interests Sun-Planetary system Earth-Moon system
Approach Purely analytical Semi-analytical

Fxpansion of disturbing force  Lie transformation

Non-linear effect No Yes
Eccentricity of primary and secondary No No
Eccentricity of other hodies Second order No
Comparison with numnerical integration Yes No
Discussion of application limit Yos No
Global aspect of orbit, Yes No

Table 1.1: Comparison of our theory and that of Gémez et al. (2001)

several figures inserted in their textbook were described with the aid of some numerical
processes. Hence their approach is not satisfactory in many points as illustrated in Table
1.1. Thus as yet, there does exist the purely analytical solution around the Lagrange
point. Further, as their advanced research, they considered the motion of test particle
around the Lagrange point in the real solar system. They calculated the solution by
Newton method using the presclected frequencies which are related to the motion of the
perturbers. These frequencies are obtained by the FFT based on the JPL’s planetary
ephemeris DE405. But as they mentioned in their text, this approach sometimes faces a

convergence problem and is not unsuitable for the long period orbital calculations.

1.4 Purpose of This Thesis

In this thesis, we will construct a purely analytical theory of the motion of the test particle
around the triangular Lagrange points in the framework of N-body system. We include
the effect of direct gravitational force of the third and other perturbing bodies. And we
express the solution as an explicit function of time. We also investigate our solution in
terms of the time evolution behavior as well as the global aspects of orbit such as the
width, the thickness, and their ratio of the orbital region, respectively, and the barycenter
of the orbit as the timme averaged value. Then we compare our analytical solution with

the results of numerical integration.
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It is beneficial to construct an analytical theory such as we do, especially for designing
the orbits of some space missions. As we mentioned betore, some space missions located
on the triangular Lagrange arc planned. But the present orbital design must carry out
the vast of numerical integration in the huge initial condition space. Then the analvtical
solution is expected that it reduces the considerable time of the numerical integration and
restricts the initial condition. In fact the calculation and prediction of the orbit behavior,
our solution is much faster than the munerical integration or the semi-analytical approach
of Jorba and Gomez et al.. Among them, the re-evaluation of the orbital region 1s much
casy especially when the spacecraft was put into a wrong orbit. Then it is possible to

provide the preliminary constrain for the initial condition of the orbital design.
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Chapter 2
Analytical Solution

Let us construct an analytical theory of the motion of a test particle around the triangular
Lagrangian point when there exist the perturbations due to extra perturbing bodies.

We assume that (1) the orbits of all bodies are coplanar, (2) the orbits of the primary
and the secondary around their barycenter are circular, and (3) the extra perturbing
bodies are moving around the barycenter of the primary and secondary in non-circular
Keplerian orbit.

As we showed in Fig. 1.4. the solution of the three body problem does not become
the first approximation of the motion of N-body problem. In fact, in the vicinity of the
Lagrange point, the effect of the direct gravitational force of the other bodies dominates
that of the primary and the secondary bodies. Therefore we can no longer regard the
effect of the other bodies as the “perturbation” around the Lagrange point as the usual
approach of the perturbation theory. Thus we start from the equation of motion in the
inertial coordinate system and expand it around the Lagrange point in the coordinate.
Then we estimate the magnitude of the expanded terms and include the dominate terms.

The equation of motion of the test particle is written in the inertial coordinate system

as,
d*r
Et?:FL(th)—I_FE(TSt) (21)
r=rg, ’i‘:’iﬂ(}: t:(}
where
T T T T
Fi(r.t) = GM - + GAM. : 22
r{r:1) Yoy = rf? ry—rf? (22)
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Felr.t) = S GM——. (2.3)
The subscript T denotes the perturbing bodies, G is Newton's gravitational constant, and
My is the mass of perturbing bodies. In Eq. {2.1), we separated the perturbing force
into two parts. The one is the net effect of the primary and the secondary bodies which
vanishes at the Lagrange points in the corotational coordinate frame. The other is the
contribution due to the extra perturbing bodies which remain finite at the Lagrange point.

Let us introduce a new variable dr = » — r; where r; denotes the Lagrange point,

Then we expand Eq. (2.1) aronund v as,

1 3 S y
M = F!_(?"L-FOT',”+FF_‘(TL+()T:)“)

fdt?
OF,; (r.t )
~ Fi(r,. i)+ Fp(r. t)+ (1()) b
ir r
OF i-(r. 1 )
! (m) o (2.4)
or r,
Noting that the Lagrange point satisfies the relation,

“r

( .)L — Fi{r; t) =0,
dt?

we rewrite the above equation of motion as.

9 - . .
d ():r' — Fu(r )+ ()F;.,(r, t) P ()F;;(T, t) i
dt? or r, ir r,

= F,_.;(r,,,t)+(M) dr. (2.5)

or

Here we estimate the magnitude of each term of Eq. (2.5) in the Sun-Jupiter-Saturn
system. The ratios of (OF g(r. t)/dr)p 07/ Fp(rpt) and (OF g(r. t)/0r)p ér/Fp{r,, t)

are,

(OF (7, 1)/ O )y, 7

=0.014z
FE(TL: f)
OF p(r. t)/ ] .
OF plr.0/0r)r,T _ 6 g5,
Fp(ry.t)
where
ar

)
Il

T
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Therefore we ignore the third term in the first line in Eq. (2.5). Next we assume that the
solution is split as,

or = or; + drg, (2.6)

where a7 and 47 satisfv the following equations, respectively,

129 oF ' : SR S5

‘ Tl' S il 0Ty, Ory = 0T, 0Ty = 0T, at ¢ =0, (2.7)
dt2 or r

Pér . OF(r. - - :

Ot — Flri e+ —(L“)L org orp=0.07p=0.at t=0 (23
d_tz ()T T,

In the following scctions, we will specifically derive the expression of the solution.

2.1 Solution of Free Oscillation

First, we derive the solution of the free oscillation part in the inertial coordinate systemn.

The equation of motion of ér; is expressed as

RO .
d*org _ (dF(r. t)) br,.
r

(2.9)

(ft? or
Usually the solution is given in the corotational coordinate system. See the derivation
given in the literature such as Kinoshita [44] or Murray & Dermott [60]. The equation
of motion in the case of the restricted three body problem is express in the corotational

coordinate system as,

4?6 X _ doY B U 5 (2.10)
dt? ar T \oxe r, o '
d?3Y ds.X U -
. = &Y, 2.11
et? Ten elt (a}”),,. J ( )
in which U is the potential,
| R . GM GM.
U= —-n*(X*+Y? - Lo - (2.12)
2 ri—rl [r -

The solution has a form of harmonic oscillator of two modes,

2 2
0X =3 Cseos{wgt +v5), Y =Y Sasin{wst + va). (2.13)

g=1 Aa=1

where wy,wy are the eigenfrequencies expressed as,
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dXx

Sun Jupiter

Figure 2.1: Relations among the coordinates

Wi = \/%{1+\/1—27u(1—v)}n (2.14)
wy = J%{14¢1—27u(1—y)}-n., (2.15)

A‘fz G(ﬂ[] + A’fg)
V= ————"T 1= —_— .

My + My’ al
In the case of Sun-Jupiter system, w; and w, have the period of 11.901 year and 147.42

where

year, respectively. The amplitude and initial phase depend on the initial condition. We
put (8%, 8§, 6%, 84) = (8Zq, 87, 0Z0, 07,) at t = 0 as the initial condition and the amplitude

and initial phase are given by

C, = 20050 + (w - G*)MU\J @ 2ndgh + ( — a*)ore)? (2.16)
(wi — wi) 20w widfo + wi{a® — wd)dT2
c, — 2nwiuaby, + (a* - wf)wzdm{,J a*2(2ndiy + (w? — *)550_)2 1@
a*(wi — w3) 2nwiwydiy + (a* — wi)wadIy

2
Wy — 4 2nw é -
arctan( (w = 0")w1820 + 2nunw U”) (2.18)

a*(2ndy, + (w? — a*)dz)

—(w? — a*)wydTy + 2nwie, oy
Y2 = arctan (w, _._) = “2 122 il (2.19)
a*(2ndy, + (wi — a*)dzy)
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S: w? —a
22 JE 0 g=1.2 (2.20)
C3 2nwy

I3

I

where

a* = —g(l — /1 =3u(1 — )’

Thus the solution is expressed in the inertial system as
r=Xcosf-Ysinl, y=Xsinf+Ycost (2.21)
where £ is the longitude of the secondary body and
- T - o o
X = u {cos (d) —pu+ X cosa — Y sin cr}
. . m o oS
Y = a {SLII (3) + X sinw + 0Y cos (y} .
Here « is the rotation angle {see, Fig. 2.1) and defined by the relation.

arctan(—v/3(1 — 2v))

5 .

Yy = —

Note that the the effect of the initial condition of the motion is completely absorbed by
the solution of free oscillation. Fig. 2.2 illustrates the orbit of the free oscillation in the

corotational coordinate system where ¢ = 1077,

2.2 Solution of Forced Oscillation

From Eq. {(2.5), the equation of motion of érg becomes

" .
(J(ZZ’f — Fu(ri,t)+ ((}F;—ft))r o1 (2.22)
As we examined the order of terms in the right-hand side, the first termn is the main part
of the forced oscillation. In evaluating it, we consider the effect of eccentricity of the
extra bodies up to the second order. Note that the eccentricity of Saturn is as small as
e = 0.0555. We expand the position of the perturbing bodies in the coordinate system

where z-axis is the direction of the perihelion, up to the order of €% as

: D . : r . 3,
Z—j = /1 —e?sinuy = (1 - gei) sin€; — —8—815111‘2(51+gef51113€;+--- (2.23)
1 :

1 3 1 3.
= oSty — ——ep + (l — —(f?) cosf; + 581 cos28; + gf’f cos3bp+ - (2.24)

aj 2 8
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-0.0005
-0.001
-0.0015 : l :
-0.001 0 0.001
dX [AU]

Figure 2.2: Solution of Free Oscillation around Lagrange Point

By rotating them by the angle =, the longitude of perihelion, we obtain the expression

in the inertial coordinate system as,
rp=E&cosw —mysinw, Yy =Esinw + gy cosw. {2.25)

Since we assune that the orbit of the secondary body is circular, we approximate

T e} 1 a g 9
i — ——%——(1+(:;(:0S'u.;+c}(:os ‘u,)+---
T a;/) 1 —ejcosuy iy
2 :
a e i 3.
~ — [1— 2 4 ejcosby + —elcos2t; ). (2.26)
(r 2 8

Then we expand the denominator of Fr by using Legendre polynomials up to the order
of (r/r;)7 as,

1 1 ) T3 7\?
= El1+d(:085i—+-2-(ocos S;gl) (M)

|ry —r|? T Ty

5 . r 3
+§ (7(:()5“ St — 3cos S;) (—)

LV}

15 ) . 4
+— (21 cost Sy — 14 % cos® S+ l) (L)
8 Ty
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21 ry

— (35(05 Sy — 30cos® S; + omsS;) (—)

8 Iy

T - G

—= (4‘)9c0b S; — 495¢c0st S; + 135 cos’ §) — o) (—)

17 ry

9 N T

— (715cos” Sy ~ 1001 cos” S + 385 cox] =35 cos Sy ) (l) ] (2.27)
17 Tr

where Sy = €, — € =n;{t —tp) —n(t —ty), ny is the mean motion of I-th perturbing body,
and #. t;y are the times of periliclion passage of Lagrange point and 7-th perturbing body,
respectively. We expanded 1/|r; —[* up to the order of (r/r;)" and ignore the third and
higher terms with respect to e;. Since we assume that the orbit of the secondary body is

circular, the position of the triangular Lagrange point (L) becotnes

T =a ((:05 (f + g) — JLCOS ﬁ) . YL =a (sin (( + %) — It sin€) (2.28)

Thus the first term of the right-hand side of Eq. (2.22) is explicitly expressed as the

function of time ¢ as,

1 7 3, a
— [1+3cosS;[1— = +ejcost+ —ejcos 26| —
ay 2 8 iy

3 ‘ 23 6 2
+ 5(5('0525'5—1) (1— (2 +2€1(O‘3£+§L,(0‘>9£) (:{)
r 3
+ ;(TCOS S — dcosS) (:{)
15 3
+ g‘) (71(0‘-> S—14%cos’ S+ 1) (:!)
21 5
+ — (dd(m S — 30 cos® S+5(0s.5’) ( )
3 ay
7 : , 6
b — (429 cost § — 495 ¢cos' S + 135 cos® S — 5) (1)
17 oy

0 7
+ (71)(05 S — 1001 cos® S + 385 cos® 5—50(055)( )
17 (€3]

(y [{ (1 — gef) sin £; — ge,v sin 2¢; + ef sin JE;}(OsW

+ {%c; - (1 — %rf) cos £y — Jepcos 28 — Jefcos 3¢, }sinw]
(2.20)

—{%e;—(l ng)(()sF;——f;(()SQE ——F co%dh}(osw]

—a [sin{f+Z) — pusinf
(sin (£+3) )
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The partial derivative in Eq. (2.22) is given by

(.)F]‘J(’P: f)

- |70k — ril? 715 — ref®

where the subscripts j and & represent the coordinate and ;4 is the Kronecker’s delta.

The components of the right-hand side of Eq. (2.30) become

OF 1 [p oo cos 2¢ vis
SR os{2({e+ 2 3G M. — cos 23
o - {1—}-3(.0%( (£+ 3))}+JG]‘LIZ{ 5 Cos (2€+ B)H( 31}

L

oFy, 1 [ . oo )} ) cos 2¢ ( Tr) .
Iy @ | { 5(05( ((-Jr 3) 3G M, 5 Cos + 3 (2.32)

o |

2
OFy . 3[4 . ™ . |sin2¢ R N
3y = 5 5 sin (2 (!,’ + E)) + GAM, { 7 —sin (‘26 - E) H {2.33)
—aaFf‘” = Ug"*” (2.34)
i I

Now it has become straightforward to solve Eq. (2.22) since the main term contains only

t. Actually we solve it iteratively. Namely we expand the solution as,

o0
drp =) (Sr(,:-') = orid + sy + orid 4+ (2.35)
n=U
where drg') satisfy the following equations
d2ap ,
T’f = Fyre,t), (2.36)
(1'2(57'(!;!) ()F{ (T‘L.t) - ()
— = ———iry’, 2.37
dt? Jar £ ( )
247 OF (r1,t)
oy’ OFulr,Y) )or‘,}’. (2.38)

(lf? or

These equations are directly solved by the double integration as

orl? = f{fFE(r,d,t)dt}dt, (2.39)

N dF (r,t) .

(1) L\r, {0}

or = —— or.dt| dt, 2.40
E f {f ( 5 ) L I } art, ( )

(

Here we only consider r)”rfg) and drg) because dr 2) and the higher correspond to the solve

the nonlinear terms. Note that the initial condition is given in the form (57'(5) =0att=0
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since the initial conditions of the whole equation of motion is satisfied by the solution of
the free oscillation part. In the above expression, we ignored the second and higher terms.

Thus the final solution is expressed in the series of a/a; as,

=0 Vi . a NI
(ST'[; = Z |:{5T(;_~'}) + ()T‘E;U)] (—) . (241)
T ay
=0

Actually we expanded the series up to (a/a;)". The obtained solutions are explicitly given

in Appendix B.
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Chapter 3

Numerical Comparisons

3.1 Condition of Numerical Experiments

From now on, we will show the comparisons between our analytical solution and the
numerical integrations.

As a test problem of the N-body system, we consider the motion of test particle in
the vicinity of L; point of the Sun-Jupiter system under the gravitational forces of the
Sun, Jupiter, and Saturn. We assume that the orbits of all the bodies are coplanar. We
compare our analytical solution (hereafter noted Analytical) with the numerical solution
of the restricted four body problem (hereafter 4 Body), and with the numerical solution
of restricted three body problem (hereafter 3 Body). We also assume that the Jupiter’s
orbit is circular and its semi-major axis is 5.2026 AU. For the Analytical and 4 Body
cases, we include the perturbation of Saturn, whose semi-major axis and eccentricity are
chosen as 9.5549 AU and 0.0555, respectively. Initially the test particle is located at a
point departed by the radins dr from Ly and the initial position angle ® (see Fig. 3.1).
The numerical solutions were obtained by using the method of variation of parameter
based on the KS regularization developed by us [2]. The details of the KS regularization
and its method of variation of parameter are discussed in Appendix A. And we adopted

the Adams method as the numerical integrator.

3.2 Time Evolution of Orbits

First we show the differences in the corotational coordinate system. Fig. 3.2 shows the

time evolution for the 20 revolutions with respect to the Jupiter. This is for the initial
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Saturn

Sun Jupiter

Figure 3.1: Initial Condition

condition dr = 5.2x 107" AU, and & = 0 degree. This figure illustrates that the analytical
solution agrees well with the numerical integration of 4 Body case. Figs. 3.3, and 3.4
illustrate the difference between the analytical and numerical (4 Body) solutions for the
20 revolutions of Jupiter’s orbit. And Figs. 3.5, and 3.6 are the siune as Figs. 3.3, and 3.4
but for a longer time span, 1000 revolutions of Jupiter. For the short span, the maximum
error is of the order of 107%. For the long term, the error is of the form of the mixed
secular term and finally becomes of the same order of the size of orbit. Figs. 3.7, and
3.8 are the same as Figs. 3.3, and 3.4 but plotted are for a longer pertod. From these
figures, the beating period is almost 3250 orbital periods of Jupiter. The feature of the
error in the short term supports an idea that the error is caused by the non-linear effect
of the free oscillation term. The observed frequency of the error is around (.16, which is
quite close to the double of the longer eigenfrequency of the free oscillation, wy = 0.0805.
Fig. 3.9 plots the frequency analysis of the residual of dX by Fast Fourier Transform
(FFT) and Fig. 3.10 is the same as Fig. 3.9 but represented are the close up. Clearly, the
effect of 2wy stand out and we can find that the error growth of our analytical solution

is mainly occurred by elimination of the nonlinear effect of the tidal force of the primary
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and the secondarv bodies. Also the amplitude of the relative error is of the order of the
square of the relative amplitude of the linear solution, Cy 5 or 5. Figs. 3.11 and 3.15
show the error in radius. Figs. 3.12 and 3.16 are the same as Figs. 3.11 and 3.15 but for
the longitude. Figs. 3.13 and 3.14 are the same as Figs. 3.11 and 3.12 but plotted are
the close-up of Analytical. Unchanged is the error increasing in a mixed secular manner.
While Figs. 3.17. and 3.18 represent the - and ®-dependence where we depicted only
the dependence of the initial position. Shown are the deviations referred to the p = —5
for Fig. 3.17. and to the ® = 0 for Fig. 3.18, respectively. Confirmed was an almost
similar dependence with the initial velocity. These figures indicate that, when perturbed
by other bodies. the behavior of the test particle moving around the triangular Lagrange
point hardly depends on the initial condition. Namely the solution of the main part

remains the forced oscillation due to the other bodies as we expected.

Orbit in Corotating Coordinate System
0.01 5 T T T T T T T T Ll

Analytical

[ % B84

-body i

0.01 |

0.005 | NS ~ .

dY [AU]
L
|
{

-0.005 + O BN -
0.01 | NN \\ 1

-0.015 S |

_0‘02 1 1 1 1 1 L L L 1
-0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0015 0.02 0.025

dX [AU]

Figure 3.2: Orbit in the corotational coordinate system : # = 0 (deg.)
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Figure 3.3: Error of Analytical Solution with respect to Numerical Solution
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Figure 3.4: Error of Analytical Solution with respect to Numerical Solution
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Figure 3.5: Error of Analytical Solution with respect to Numerical Solution
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Figure 3.6: Error of Analytical Solution with respect to Numerical Solution
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Figure 3.7: Error of Analytical Solution with respect to Numerical Solution

odY=d Yanatvicar= dY spody
0.025 ~ , ' ' ' ' |

0.02
0.015
0.01

0.005

8dY [AU]
(@]

-0.005
-0.01
-0.015
-0.02

_0.025 1 | 1 1 | L | .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Jupiter Revolution

Figure 3.8: Error of Analytical Solution with respect to Numerical Solufion
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Error in Radius
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Figure 3.11: Radial Error of Analytical Solution with respect to Numerical Solution
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Figure 3.12: Longitude Error of Analytical Solution with respect to Numerical Solution
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Figure 3.13: Radial Error of Analytical Solution with respect to Numerical Solution
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Figure 3.14: Longitude Error of Analytical Solution with respect. to Numerical Solution
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Figure 3.15: Radial Error of Analytical Solution with respect to Numerical Solution

Error in Longitude

0.4
Analytical
3 Body

Af [Degree]

-0.4
1000

Jupiter Revolution

Figure 3.16: Longitude Error of Analytical Solution with respect to Numerical Solution
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3.3 Global Aspects of Orbits

Now it has become clear that the dynamical behavior of the motion around L, is mostly
independent on the initial condition. Let us investigate its global aspects, especially the
size and shape of the region which the orbit occupies, as well as the baryveenter in the sense
of the long-term average. The information on the feature is beneficial in designing the
space mission and some astronautical application of the triangular Lagrange points. Our
analvtical solution is useful i evaluating the orbital region or in estimmating the averaged
quantities.

First we discuss the shape of the orbital region. Fig. 1.4 suggests that the region
resembles an ellipsoid. Then we define the width and the thickness by the major and the

minor axes of an approximate ellipse. Also we introduce the aspect ratio as

Ratio = _ Width (3.1)

Thickness’

Figs. 3.20, and 3.21 plot the initial position angle dependence of the width and the

SN

Thickness \ 4y

\\\\\§:{ X

Width d)—f

dX

Sun Jupiter

Figure 3.19: Definition of Width and Thickness of Orbit

thickness while the initial magnitude of the departure is fixed as dr = 5.2 x 107" AU. Fig.
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Ratio
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Figure 3.22: Ratio of Width and Thickness of Orbital Region

3.22 is a similar plot of the aspect ratio. It is obvious that our analytical solution shows
an excellent agreement with the numerical integration.
Next we deal with the barvcenter of the orbit. Using the analytical solution, we

evaluate it by the time average
e 1 fT .
T —] SRdt, (3.2)
T Jo

where T is the interval of calculation. This procedure was done analytically for our
analytical solution while numerically for the numerical integration.  Fig. 3.23 shows
the barycenter in the corotational coordinate system for various initial position angle ®.
Fig. 3.24 is the close-up of Fig. 3.23 focused on the difference between the cases of the
Analytical and 4 Body. Note that, the barycenters of the cases Analytical and the case 4
Body remain in almost the same region. While that of the case 3 Body wander according
to the initial position angle. Figs. 3.25 and 3.26 illustrate the initial position angle
dependence of the barycenter. Clearly the case of 3 Body depends on the initial position
angle much more than those of Analytical and of 4 Body. From the result of Figs. 3.23
through 3.26, we again confirm that the motion of the test particle in the vicinity of the

triangular Lagrange points does depend on the direct gravitational force due to the third
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Figure 3.24: Initial Angle Dependence of Barycenter of Orbit: Close-Up
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Initial Angle Dependence of dX
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and other perturbing bodies rather than the tidal force of the primary and secondary

bodies.

3.4 Comparison with Real System

As the next examination, we compare our solution with the numerical integration where
the motion of perturbers is given not by pure Keplerian ones but by the actual planetary
ephemeris, DE 405 (hereafter cited by DE). Our analytical solution is constructed based
on the simple physical model where the orbit of all the bodies is on the same plane and
all the perturbers move on the Keplerian orbit. However in the actual system such as
our solar system. the motion of the perturbers is more complicated; the effect of the
cccentricity of the secondary, the effect of the inclination of the other perturbers, the
influences of other planets as Uranus and Neptune, that say, the orbit of the perturbers is
not completely closed. Therefore it is useful to examine how much our solution represent
the real motion.

We chose the epoch as JD 2305424.50, and adopted the osculating elements at the
epoch in constructing the analytical theory. Since our theory is planar, we regard the
Sun-Jupiter plane of DE as our fundamental plane and projected the actual orbit of
Saturn on this plane {see Fig. 3.27). The initial condition of the test particle was set
as dr = 5.2 x 107" AU and ® = 0. Figs. 3.28, and 3.29 show the deviation in radius
and in longitude betwecen the cases of Analytical and DE, respectively. Figs. 3.30, and
3.31 are the same as Figs. 3.28, and 3.29 but plotted are in the long run. The maximum
values of the relative errors in radius and in longitude are 0.0025 and 0.001, respectively.
Fig. 3.32 illustrates the frequency analysis of the residual in dX. Comparing with Figs.
3.9 and 3.10, there appear the various frequencies, however, we can realize that the main
contribution to the error growth is produced by the lack of the nonlinear effect of the
primary and the secondary bodies and then the elimination of the effect of the eccentricity
of the secondary body or the inclination of other perturbers is relatively less contribution
to the residual. Figs. 3.33. 3.34, and 3.35 are the plots of the width, the thickness of
the orbital region. and these ratio, respectively. The width of the orbital region of the
analytical case is almost the same as that of DE, while the thickness of DE is slightly
larger than that of analytical ones. Figs. 3.36, 3.37, and 3.38 illustrate the initial position
angle dependence of the barycenter of the orbit. These behaviors are almost the same

between the cases of DE and Analytical. Then. we conclude that our analytical solution
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»Analytical

Figure 3.27: Osculating element from DE 405

represents the quite well the features of true orbit.

3.5 Limitation of Application

Finally, we examine the limitation of our analytical solution. Figs. 3.39, 3.40, and 3.41
are the plots of e-dependence of the width of orbit for the cases of Analytical, 4 Body,
and 3 Body, respectively. Figs. 3.42. 3.43, and 3.44, and Figs.3.45, 3.46, and 3.47 are the
same as Figs. 3.39, 3.40, and 3.41 but plotted are the thickness of orbit and the aspect
ratio, respectively. For the cases of Analytical and 4 Body, the behaviors are the same up
to € = 107 At ¢ = 107%, a bit of difference occurs, and at ¢ = 1072, the behavior of 4
Body is rather similar to the that of 3 Body. The order of magnitude 10~% is almost the
same as the value at which the nonlinear effect of the tidal force of the primary and the

secondary bodies and the direct gravitation due to Saturn balance,

102Fi ro.t). .
F];(T'L,t) ~ aﬁ(ﬁ'j()?’"k.
30Tk

For the Sun-Jupiter-Saturn svstem, this critical value is,

€e~ 4.1 x 1072,
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Therefore this value almost coincides with the observed value. Fig. 3.48 shows the orbits
in the corotating coordinate system where ¢ = 1072, Obviously the orbits of 4 Body and
of 3 Body have the similar feature. This is because the effect of the non-linearity of the
tidal force of the primary and the secondary dominates over the forced oscillation term
due to the third and other perturbing bodies. Since our theory is linear, it cannot deal

with the non-linear effect and this is the limitation.
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Chapter 4

Conclusion

4.1 Summary

We discovered that there exists a large difference in the dynamical behavior of the test
particle around the triangular Lagrange points between the restricted three body problem
and the restricted N-body problem. We revealed that this difference arises from the
direct gravitational perturbation due to the third and other bodies. We created a purely
analytical theory of the motion around the triangular Lagrangian point in the framework
of the planar N-body system. We considered the effect of the forced oscillation term
due to the third and other perturbing bodies by expanding not the disturbing potential
but the disturbing force. We represented the disturbing force as an explicit function of
time and obtained the correction in position due to the torced oscillation by its double
integration. The effect of the eccentricity of the third and other perturbers was taken
into account up to the sccond order. Here we emphasize that our analytical solution is
linear theory such that it is easily applicable to calculate the perturbations due to the
any number of perturbing bodies though we limit our discussion to the restricted 4 body
problem in the main text.

For the short period, our solution well coincides with the numerical solution with a
relative maximum crror less than 107!, For the long period, the residual between the
analytical solution and the numerical solution grows as the mixed secular manner and
then beat. By the frequency analysis of the residual, we found that the deviation is
mainly caused by the non-linear effect of the tidal force of the primary and the secondary
bodies. This fact indicates that the analytical solution we derived is well express the effect

of the direct gravitational force due to the other bodies in the linear theory. Then the
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improvement for the solution must be performed not to the part of the forced oscillation
but to that of free oscillation of the primary and the secondary bodies. We also provided
some global (uantities of the orbit, such as the width, the thickness, and the aspect ratio of
the orbital region as well as the baryeenter in the sense of long-term time average. Further
we compared our solution with the numerical one based on the real solar system by using
JPL’s planetary ephemeris DE 405. From this comparison. the main contribution to the
residual between the analytical solution and the numerical one is also mainly caused by
the elimination of the nonlinear etfect of the tidal force in the part of the free oscillation
of the primarv and the secondary bodies. Finally we examined the limitation of the
application of our analytical solution and realized that when the direct gravitation of the
other bodies and the nonlinear effect of the tidal force of the primary and the secondary
bodies balance, our solution reach the limit.

In conclusion, for the motion of the test particles around triangular Lagrange points
in the restricted N-body system, the key role is played by the direct gravitational force
due to the third and other bodies rather than the non-linear effect of the tidal force of the
primary and the secondary bodies. Practically speaking, this range of allowance is quite
large. For example, in the case of the Sun-Earth system, it corresponds to 450000 km in
the deviation from Ly by the gravitational infiuence of Jupirer.

Our solution is especially effective for designing the orbit of some space missions to be
put near the triangular Lagrange points such as the gravitational wave detection or the
space telescope for observing the near Earth crossing objects. This is because it is expected
that the analytical solution limits the initial condition and then reduce considerably the
vast of numerical integration and also it makes us estimate easily the orbital region of the

spacecrafts without the numerical integration.

4.2 Future Work

As a future work, it is nccessary to improve the part of the free oscillation of the primary
and the secondary bodies including the nonlinear effect of their tidal force for better
agreement with the numerical integration. Since our formalism is restricted to the planar
case, the introduction of the inclination of the test particle will be significant in the

applying it to the real svstem such as the motion of the Trojan asteroids.
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Appendix A

Numerical Integration in KS

Element

In this appendix, we will show that the KS regularization can reduce the orbital integra-
tion error drastically. Further, we will indicate that the KS regularization stabilize the
symmetric multistep method of the special second order ordinary differential equations
(ODEs) and avoid its stepsize resonance/instability. And. as application of the KS reg-
ularization, we will discuss the effectiveness of the method of variation of parameter of
the KS regularization and coustruct the third set of the element of the KS regularization
based on the Stiefel’s formulation. This third set of the KS element is the complete one in
the sense that all the elements become constant when unperturbed case. The element for-
mulations are applicable for the any kind of perturbation tyvpes and reduce the numerical
integration error of both the position and the physical time. Thus it is useful to integrate
the perturbed two body problem.

In this thesis, all the nerical solutions were integrated by using this third set of
element. This appendix is composed mainly based on Arakida & Fukushima, 2000, 2001
1, 2].

A.1 Reduction of Integration Error

Studying the celestial mechanics, the numerical integrations are the strong tools for in-
vestigating the long term behavior of dynamical systems, constructing highly precision
planetary ephemeris, and so on. Unfortunately when we integrate the Kepler problem by

using the traditional integrators such as, the Runge-Kutta method, the Adams method,
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the Stormer-Cowell method, and the extrapolation method! | the error of the conserved
(uantities grows lincarly with respect to the time, and then the positional error increase
quadraticallv. This is because in the Kepler problem, the mean motion n which corre-

sponds to the orbital frequency is related to the energy of the orbital motion. Namely,
AE~O(t), An~0O(t), A= [Arm’t ~ (). (A.1)

This quadratic positional error growtl has been the himitation for the long term orbital

Integration.

However, in carly 90s, the new two integrators have overcome this barrier; the syvm-
plectic integrator [47, 86] and the svmmetric multistep method [20, 21, 50, 65]. These
new integrators do not produce the secular error in the conserved quantities and therefore

the increase of the positional error reduce linear srowth;
AE ~O(1). An~0(1), AHz/Andtw(_)(f,). (A.2)

Hence the symplectic integrator and the symmetric multistep method enable us to carry
out the very long term integration of the dynamical system for the age of solar system.
Until now, developing the highly accurate integration schemes has mainly devoted to an

reduction of numerical integration error.

On the other hand, it is also effective for the reduction of the integration error to
transform the nonlinear equation of motion of Kepler problem into the form that lead to
less integration crror. The KS (Kustaanheimo-Stiefel} regularization [79] is the one of the
such transformation and by this transformation the equation of motion of the perturbed
two body problemn is rewritten in the linear and regular form, namely the form of the
perturbed hartonic oscillator. However, so far, the KS regularization has properly been
used to avold the two body close approach of celestial bodies and it has been regarded
as less effective in terms of the long term numerical integration since it was thought that
the KS regularization cannot reduce the integration error significantly but increase the

computational time and the complexity of coding.

' See the details for each traditional integrators, Hairer et al. [34].
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A.2 KS Regularization

A.2.1 Equation of Motion

The KS regularization contains both the space transformation and the time one. The
3-dimensional coordinate ¥ = (x.y, z,0). and the physical time f are transformed into
w = (1), Uy, Uy, tty), and the fictitious time s which is the independent variable in the KS

regularization. These are related by

a dt
r=Lu, —=r
ds
(3] —Uy Uy ty
Uy 11 —y Uy 2 (A‘S)
L= U
—Uz —Uy (23 [
L U, —i3 Us —il)

According to these relations, the equation of motion of the perturbed two body problem,

&7 ur =
— 4+ — = F, A4
dte 73 ' (A.-4)
is expressed as,
d*u  hy | R " radu dt
—+ —u=-|ul|'L'F, —=-2L"F—, —=r, A5
fdt? t 2 u 2\u| s ds’ s i (A-5)

where superscript 7' denotes the transpose matrix, F is the 3-dimensional acceleration,
and hy is the Kepler encrgy defined as,

it — 2u’|?

r

hk = (Af))

A.2.2 Numerical Experiments

Let us show the results of the numerical comparison and indicate that the KS regular-
ization dramatically reduce the munerical integration error. As the test problems, we
adopted (1) the pure Kepler problem (hereafter K), (2) the perturbation due to the air
dragging force (A), {3) the 3-dimensional circular restricted three body problem (R3),
and (4) the 3-dimensional general three body problem. Table A.l lists the integrators
tested. We investigated the growth of errors in position and the physical time for all the

cases. We also did the crror growth of some quantities such as the Jacobi integral, the
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Perturbation
Integrator R3 A G3

Adams-Bashforth {ABn)
Extrapolation (EXn)
Fourth order Runge-Kutta (RK4)

K
v v
v
v
Eighth order Runge-Kutta-Fehlberg (RKF8) v
Vv
v
v

L N
<

Symmetric Multistep (ET) & Adams-Bashforth (ET4+AB4)
Stormer & Adams-Bashforth (Sn-+ABn)
Symmetric Multistep (LW & QT) & Adams-Bashforth (SMn+ABn)

R N

Table A.1: Numerical Iutegrator Tested for Restricted Two Body Problem. The Stodrmer
and symmetric multistep method {Quinlan & Tremaine 1990) arc not suitable in the case
of air dragging force hecause perturbation depends on the velocity v. Though the formula
of Evans & Tremaine is for the general first order ODEs, it showed the instability when
integrating Kepler energy fi;. Therefore we adopt it only for integrating the perturbed
harmonic oscillator. We denote Lambert and Watson (1976) for 2nd. 4th, and 6th order
for the special second order ODEs as LWn, Quinlan and Tremaine (1990) for 8th order
for the special second order ODEs as QTn, and Evans and Tremaine (1999) for 4th order

for the general first order ODEs as ETn.

total energy, and the total angular momentum when they were conserved. In the pure
Kepler problem., we evaluated the error by the deviation from the analytical solution

AX=.{Y

numerical = X analytical

where the analytical solution was that given in the explicit function of the fictitious time.
In the other cases when the analytical solutions are not available easily, we conducted the
mumerical integrations by fixed step sizes and evaluated the error by a difference between

two runs of numerical integrations with different step sizes as,

AX = Xh;:h - X

h'g:% :

We note that the numerical integrations were carried out as the total number of the func-
tion calls per unit time are the same. Fig. A.1 represents the integrator type dependence

of the positional error with respect to the fictitious time s where the perturbation is fixed
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as R3. Fig. A.2is the same as Fig. A.1 but plotted is the perturbation type dependence
of positional error where integrated by the fourth order Adams-Bashforth method. From
these two figures, the integration error only grows linearly with respect to the s. Fig.
A.3 shows the eccentricity dependence of the positional error after 120 revolution of K
where the mtegrator was fixed as the eighth-order symmetric multistep method for the
KS regularized and unregularized equation of motion with same steps pre period. In the
case of the KS regularized, the error growth hardly depend on the eccentricity, while in
the unregularized case. the error drastically increase according to the cccentricity. From
Figs. A.1, A.2, and A.3, the feature of error growth of KS regularization is independent on
the perturbation type, the type of integrator adopted, and the nominal eccentricity. In
the KS regularization, the physical time must be calculated by the numerical integration
because of the time transformation. Figs. A.4 and A.5 are the same as Fig. A.1 but
show the error growth of time evolution of the traditional integrators and the time sym-
metric ones, respectively. The error of physical time grows linearly when the harmonic
oscillator part of equation of motion are integrated by the time symmetric integrators;
the leapfrog or symmetric multistep method, while proportional to s* when integrating
the same parts by the traditional ones. Figs. A.6 and A.7 are the same as Fig. A.l
but represented are the error of Jacobi Iutegral of the traditional integrator and the time
symmetric ones, respectively. In the case of the traditional integrators, there appears the
linear error growth, while in the case of the time symmetric integrators the error oscillates

and remains almost constant.

A.2.3 Error Analysis of Physical Time Evolution

In the KS regularization, the physical time evolution is obtained by the numerical in-
tegration. Let us consider its error propagation. To simplify the situation, we restrict
ourselves to its 2-dimensional subset, the Levi-Civita transformation. Without losing a

generality, we assume the transformed equation of motion is written as,

dzuk
= tu, =0, (k=1, 2) {A.7)
ds?
under the initial condition,
fuey (0 Tus (0
0 (0) = 1. uy(0) = 0, 10 _ dwl0)

ds " ds
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Integrator Dependence of Positional Error
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Eccentricity Dependence of Positional Error
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Figure A.3: Eccentricity Dependence of Positional Error

where 1, were the new variables connecting to the position vector (i, y) as @ = u? — u3,
and y = 2u,u,. The analytical solution of Eq.(A.7) is expressed as,
U] = COS S, U = sins. (A.8)

Consider the truncation error of the numerical integration. According to Henrici [35], the

differential equation of error, Auy, is given by,

dAus

ds?

oG P
+ Aug =Y C;RP (i) up. (h=1, 2). (A.9)

. 15
iz s

This is rewritten as;
* { Ad Au Ceven Code oS
i? R = e ” _ (A.10)
ds Atiy Au —Cotd Coven SIS

Ceve-n= Z C'Zih‘h(_l)i-. Coddz z C‘szlhzi_](_l)i: (All)

i=[p/2] i=[p/2)

where
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Integrator Dependence of Time Evolution Error
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and C; are the error constants proper to the integrator, p is the order of integration and

h is the stepsize. In general, if the mitial conditions are given by,
! g , g

Aup dA 1!
uy  dAwuy/ds _ @ b (520 (A1)
Auy  dAu,/ds ay by

then the solutions of Eq.(A.10) become

Au 1 Cleven Cod. 5 8in b *OS 4
(s _ ! . fel S 81N S n (il 1 cOs s . (}\13)
Ay 2\ —Cuag Ceven sin s — scos s ay by sin s

The differential equation describing the time evolution is written as

dt . ;
i ui + s, _ (A.14)
and its variational equation becomes
dAt
= 2(u1 Ay + uaAuy). (A.15)
s

This equation is explicitly integrated as

s sin2s s cos2s
At = Cyczuen (_ - ) - Cndd (_ + )

2 4 2 4
8 Ccos 28 sin 2s
+2 {(a.l Fb) 2= (bt a) o =) ™ } (A.16)

In general, there appear the error terms of both odd and even powers of h. Thus At grows
in proportion to s2. However, in the case of the time symmetric integrators, Awuy contains
only the even powers of h. Therefore the error At only grows linearly. Even if there
are errors corresponding to the initial values, its contribution only appears as a linear
growth. We note that Stiefel [77] evaluated that the error of physical time propagates
in proportion to s in the case of the fourth order Runge-Kutta method, however, as we
proved above, all kind of the traditional integrators produce the quadratic error growth

with respect to s.

A.2.4 Reduction of Stepsize Resonance/Instability of Symmet-
ric Multistep Method

As Quinlan [66] and Fukushima {21] have shown, the some symietric multistep methods

for the special second order ODEs face the stepsize resonance/instability when integrating
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the nonlinear ODEs, such as the Kepler problem. Quinlan revealed the mechanism of such
resonance/instability by linear stability analysis. He concluded that the stability condition

for the potential ¢(r) in terms of dispersion relation is,
1, ,
walr) = 3 [4w‘('r) — K (r)} = (. (A.17)
where w(r) is the circular frequency defined as,
g')"(',r'), (A18)

and k(r} is the epicycle frequency defined as,

dw?
dr

Kr)=r + 4w’ = ¢"(r) + gd(?")- (A.19)

From these relations, we can realize that the stability condition of the potential &(r)

becomes,
(1) = wir® + do, (A.20)

where wy and ¢, are the integration constants. Thus we have found that the stable form
of potential ¢(r) essentially limited to that of the harmonic oscillator. This indicates
that the harmonic oscillator potential can only avoid the stepsize resonance/instability.
Fig. A.8 shows the relative energy error of one-dimensional perturbed harmonic oscil-
lator after 1000 nominal revolutions as a function of steps per period. The integrators
adopted are the different order of the svinmetric multistep methods. In this figure, we
adopted the perturbation tyvpe as F' = ex. Fig. A9 is the same as Fig. A.8 but plotted
are the stepsize dependence of Jacobi Integral error of the circular restricted three-body
problem. Here we fixed the integrator as the eighth-order symmetric multistep method
of Quinlan & Tremaine for both the KS regularized and unregularized cases. In the
case of KS regularized, the error decrease with respect to stepsize, while in the case of
unregularized, many spikes appear. Therefore we have numerically confirmed that the
stepsize resonance/instability of the symmetric multistep method is avoided by the KS

transformation.

A.2.5 Comparison of CPU time

For applying the KS regularization, the most practical concern is the increase of com-

putational time. Fig. A.10 plots the CPU time ratio between the KS regularized and
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Comparison of CPU Time
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Figure A.10: Comparison of CPU time.

unregularized equation of motion as the function of the number of perturbing bodies. In
the case of no perturbing bodies, the CPU time of regularized case is about 40 % larger
than that of unregularized one. However the CPU time for the regularized case becomes
about 10 % larger than that of the unregularized case for two perturbers, and then the
difference of the CPU time becomes a few % for more perturbers. Hence, although the
KS regularization requires the integration of 10 variables instead of six in rectangular
coordinates, the actual increase in CPU time is not significant if the force calculation is
sufficiently complicated, this fact corresponds to more than six perturbers in the case of
an asteroid motion or the more than a three degree or higher order gravitational potential

of Earth in the case of an artificial satellite motion.

A.3 KS Element

As we have shown in the previous section, the KS regularization can avoid the stepsize
resonance/instability of the symmetric multistep method of special second order ODEs,

then it can enable us to perform the fast and highly accurate imtegration of the restricted
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N-body problem under the condition, Ar x t.

Nevertheless, the KS regularization itself have still limits; the symmetric multistep
method for special second order ODEs cannot deal with the acceleration depending on
velocity », and the symmetric multistep method for general first order ODEs often faces
the numerical instability. Then, as the one possibility to overcome this limitation and
to find a scheme that reduces the integration error in both the position and the physical
titme for the any types of perturbation. we considered the application of the method of
variation of parameter to the KS regularization. Since the equation of motion in the KS
regularization is expressed in the form of perturbed harmonic oscillator, we can define the
KS element as the amplitudes and the phases. The KS element. was first introduced by
Sticfel [78] and after modified by Stiefel & Scheifele [79]. However Stiefel’s element is not
complete in the sense that the time element is not given. While the element of Stiefel &
Scheifele includes the time element, 7 but this time element is new variable rather than
element. Thus we will introduce the time element ¢, based on Stiefel’s approach and

construct the complete third set of the KS element.

A.3.1 Complete Set of Element

Stiefel started to rewrite the equation of motion in the KS variable, u as,
d*u 2
E‘;j -+ :.u[,'u, = F, (A21)

where

1 T~ - - 1 . hk
F = §I-L1F — IV'U,. W = §hk 7(&,{2} Wy f-é—q, (AQQ)

Here, LT is the transpose of the KS matrix, wy is a constant representing the initial vaiue
of the angular velocity of the associated harmonic oscillator, and the Kepler energy hy
is replaced by W, which corresponds to the work done by the perturbation. Next, he

introduced the new variables, e« and @ defined as,
' /

u . . u .
a = ucoswps — — sinwps, B = wusinwps + — coswys. (A.23)
Wy &

In other words, these are the coefficients of the solution, ¢ in terms of the trigonometric
functions. From these relations, the exact solution of the physical time ¢ in the unper-

turbed case is expressed as,

o+ 3 ot F a3’
t—t, = /rd.s- = P s+ P sin 2wys — 5 P COS 2w s, (A.24)

2 ‘4l @i
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here ¢y is the integration constant. Based on this form. we name ¢y a “time element” in

the perturbed case, which is defined as,

2 2 2 2 2
(84 o — o -
to =t — ( +P s+ p st 2wes — 5 s COS Qwos) . (A.25)

2 4(.&)(] L)

Then the cquation of motion of the resulting new set of clements is written as,

! F 1 F dW =

@z sInwos, f = - COswWys, o = LTF. u,

(]is 1wn ds  wy 1("-"" (A.26)
t }

% = —F- [(a sinwgs — Beoswos)s + T(a COSWys + BSiIlwof")]-

(18 & @i

The set (. 3.1, ty} is the complete set of elements since all of the s-derivatives vanish
in the unperturbed case.

Here we note that it scems to be also possible to apply the tiine element to the
framework of Stiefel & Scheifele. However, when we tried to introduce the new time
element 75, we found that this does not work well; the quadratic error growth in the

physical time appears.

A.3.2 Numerical Experiments

From now on, we compare the error growth of four formulations; (1) the original KS
variables, (2} Stiefel’s variables, (3} the variables of Stiefel and Scheifele, and (4) the
complete set of elements that we developed above. As the test problem, we adopted the
3-dimensional circular restricted three-body problem. For the numerical integrator, we
used the cighth-order Adams-Bashforth method (predictor formula) where the starting
values was determined by using the extrapolation method. We note that the results
obtained did not change when the integrator was replaced by other traditional ones, such
as Runge-Kutta-type integrator or the extrapolation method.

F ig. A.11 plots the growth of nuunerical integration error in position with respect to
s. In all cases, the positional error is in proportion to s. Fig. A.12 is the same as Fig.
A.11 but represents the error of physical time. In the case of the original KS variable,
the error grows quadratically with respect to s. Otherwise, the error is proportional to s.
Fig. A.13 is the same as Fig. A.11 but illustrates the error of Jacobi integral. In the cases
of the KS variable and Stiefel & Scheifele formulation. the error increase linearly, while
in the cases of Stiefel and our new scheme, the error remains Almost constant. However,

over the longer period, the effect of accumulation of rounding-off error appears.
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Positional Error
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Figure A.11: Growth of munerical integration error in position.
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Figure A.12: Growth of numerical integration error in physical time.
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Error of Jacobi Constant
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Figure A.13: Growth of numerical integration error in Jacobl integral.

A.3.3 Error Growth of Physical Time

Let us examine the reasons why the element formulations can reduce the integration
error of the phvsical time. It is difficult to derive the analvtical expression of the error
propagation of the physical time in the element formulations, so that we evaluate the error
of variations of the coefficients that appear in the equation of motion of the physical time
bv two run of the numerical integrations with different stepsize. Fig. A.14 illustrates the
integration error of various coefficients of the physical time appeared in the approaches

of Stiefel and ours,

AC)=a-Aa+ - AS,

AC, = o - Ao — 3-AB,

ACy =a-AG+ 3 Aca,

AC; = F - (Aasinwys — AB coswys) (A.27)
+AF - (asinwgs — Bcoswys).

ACy = F - (Aaxcoswys + A sinwgs)
+AF - (e coswys + Fsinws).




63 APPENDIX A. NUMERICAL INTEGRATION IN KS ELEMENT

Error of Coefficients
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Figure A.14: Error of Coefficients.

Note that the error of linear term coefficient, AC) is simply oscillating and becomes almost
constant when averaged. While AC, and AC; grow linearly. Since AC| is the error of
%(az + 8% corresponding to the Kepler energy, AC, remains almost constant. This is
similar to the fact that the error of Jacobi constant almost constant in the approaches
of Stiefel’s and ours (see Fig. A.13). The error of another linear term coeflicient, ACy,
is also oscillating and remains almost constant in the long run. Also ACj is oscillating
but its amplitude increases as a mixed secular term. Since the integral of a mixed secular
term is the sum of another mixed secular term and a periodic term, it is concluded that
the magnitude of error of the physical time propagates in proportion to s. Fig. A.15 is
the same as Fig. A.14 but plotted are the error of coeflicients of the equation of time

element 7 in the case of Stiefel & Scheifele? ;

Ap =28 8-Anm L &-nm,

W 2w?
ADQEAﬁ-n—An-ﬁ_E-nAM (A.28)
1 2w QuJ%
AD;; = —AH ADd = -——HAw.
8w 8wl

2 In the textbook of Stiefel & Scheifele, they used the symbols o and 3 in place of € and 1 used here.
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Figure A.15: Error of Coefficients.

where

du du
H=p+ru - f+8 —u.
f 4 & ) \aE
The errors AD) and AD, are in proportion to s. While AD; has the same property
as ACy. Note that the error of AD, shows the effect of rounding off since it grows in
proportion to /s. Anyway the error of physical time also grows linearly with respect to

S.

A.3.4 Comparison of CPU Time

As we have found above, the application of method of variation of parameter to the KS
regularization works quite well, namely the both of the position and the physical time
error grow only linecarly. As the most practical concern in using the element formulations,
we compared the increase in CPU time due to their introduction. Fig. A.16 shows the
CPU time ration of each clement formulation with respect to that of the original KS
variable. As clearly be seen, the increase in CPU time is very small, at most 2 % larger

than that of the original KS variable. This is because the additional operation required
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Comparison of CPU Time
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Figure A.16: Growth of numerical integration error in Jacobi integral.

by the element formulation mainly consists of the evaluation of trigonometric functions
such as sinwys, which reduces to simple arithmetic by using the additional theorem. As
we have shown in Fig. A.10. the increase in CPU time caused by the introduction of
KS regularization itself become negligible for the practical problems. Therefore, combing
these two facts, we can conclude that there is no significant difference in CPU time among

the unregularized, the KS regularization, and the KS element formulations.

A.4 Summary

We confirmed that the KS regularization contribute to the reduction of the numerical
integration error in position dramatically. This feature does not depend on the type of
integrator adopted, the perturbation type, and of course the nominal eccentricity. And
the KS regularization avoid the stepsize resonance/instability of the symmetric multistep
method of the special second order ODEs when integrating the Kepler problem. Further
we indicated that the application of the method of variation of parameter to the KS

regularization products only linear integration error growth in both the position and the
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physical time for any kind of perturbation. And we constructed the complete set of the KS
element based on the Stiefel’s approach. However we note that these good property in the
reduction of the numerical integration error fails when we apply the KS regularization and
its element approach to the general N-body problem since the fictitious titme is proper
to each body. As the practical concern to use the KS regularization and its element
approach, we compared the increase in CPU time due to the their introduction and found
that there appear no significant increase in CPU time when we deal with the practical
problem. Therefore the KS regularization and its method of variation of parameter is
effective to study the long term behavior of perturbed two body problems; especially the

dynamics of comets, minor planets, the Moon, and natural/artificial satellites.



APPENDIX A. NUMERICAL INTEGRATION IN KS ELEMENT



73

Appendix B

Expression of Analytical Solution

Our analytical solution (57"%) are formally written as,
. OF p(r,t
OTEEO) = //FE(T'L,t)dtdt, 57’2) = // (%) dtdt nonumber. (B.1)
r
TL

In the below, we will expand them with respect to the parameter, ¢ = a/a; and list the

expanded terms up to the seventh order.

B.1 Order of ¢’

(0)
dzp

_ B e2(sin(3ny(t — tr0)) — sin(3n1(—t0)) 4 er(sin(2n;(t — tyo)) — sin(2ny(~to)))
N 3n? 32n?

2

(5€2/8 + 1)(sin(n (t — t1o)) — sin(ny(—t10))) }
— COS W
ni

) e3(cos(3n(t — tro)) — cos(3ni(—ts0)) _erlcos(2n;(t — tro)) — cos(2n;(—t10))
3n? Sn?

2
1

—%{u(cos(nt — nto) — cosnt()) - (cos (nt —nto + Z) — cos (nto - E)) } (B.2)
n 3 3

51/(1?)
o —e?(sin(3n;(t — tor)) — sin(3n;(—tor))) + er(sin(2n;(t — tor)) — sin(2ny(—tor)))
- d 3n3 32n?

(5€2/8 + 1)(cos(n; (t — tro)) — cos(ni(~tro)) } . ]
— Sin ™o
n

2

(5€2/8 + 1)(sin(n; (t — tor)) — sin(ny(—tos)) } .
— - sin w
2

L ej(cos(3n; (t — tor)) — cos(3n(—tor))  er(cos(2ny(t — tor)) — cos(2ns(~tor)))
3n? 8n?



74

APPENDIX B. EXPRESSION OF ANALYTICAL SOLUTION

(5€2/8 + 1)(cos(ny (t — tor)) — cos(nr(—tor))) } }
— CoOs ™

2
n

—% {M(Sin(nt — ntg) + sin(nto)) — <sin (nt —nto + g) + sin (nto - g) ) } (B.3)
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B.2 Order of ¢
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N (( n; —n)sin(2nstro + (nr + n)t) +(”1 +n)SlnF nto + (3nr —n) )) sin(3n1t10 + nto)
ny+n 3ny—n
(n —3ny)cos(2nytio + (n; + n)t) (—ny — n)cos(2nty + (3n; — n)t)
i~ - - cos(3nystjo + nto)
ny+n 3ny—n

ey cosw
+ 192n? + 128nn; — 64n2
(ny +n)cos(3nstio + nto) sin(6nytro + (n — 3ns)t) (nr +mn)sin(3nytjo + nto) cos(6nstio + (n — 3ng)t)
n —3n; B n—3n;

+(3n1 —n)cos(3nrtig + nto)sin(dnytrg + 2nto + (—ny — n)t)

—-ny—n
(3ny —n)sin(3nstrg + nto) cos(4nrtro + 2ntyg + (—n; — n)t)
—-ny—n
+ (— (3ns —n)cos(ntro + (ns +n)t) _ (ns 4 n)cos(2nto + (3ns — ")t)) sin(3ntro + nto)
ny+n 3n;—n
3n; —n)sin(2nytrg + (np +njt ny + n)sin(2ntg + (3n; — n)t
+(( 1 —n)sin(2nrtro + (nr + n)t) +(1 ) sin(2nto + (3ns )))cos(3n1t10+nto)}
ny+n 3ny—n

5e2 sin w
128nn; — 64n2
nsin(2njtrg + nto) sin(dnstyo + (n — 2ny)t) ncos(2nrtro + nto) cos(dnstio + (n — 2ng)t)
{_ n—2ny B —2n —ng

(n — 2ny)sin(2ngt;o + nto) sin(2nytro + 2nto — nt)

n
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n (2n; — n)cos(2nyt;p + nto) cos(2nytg + 2nty — nt)
n
N ((217,1 —n)sin(2nytjo + nt) +nsin(2nto + (2n; — n)t)
n 2ny —n

) sin(2nst;o + nto)

s(2n 2ny - n)t , — 2 s(2ngt t
n (n cos(2nto + (2ny — n)t) _(n ny)cos(2nytig +n ))cos(‘znltm+nt0)}
2ny —n n
sinw
16nn; — 8n?

{ nsin(2n;t;o + nto)sin(dnytig + (n — 2ny)t)  ncos(2nytrp + nto) cos(dnstrg + (n — 2ny)t)

n—2ng n—2nj
(n — 2ny)sin(2nytyo + ntg) sin(2nstro + 2nto — nt)
- n
+ (2n; —n)cos(2nstip + nto) cos(2nstro + 2nto — n,t)n
/
n ((271.1 —n)sin(2nrtro + nt) +nsin(2nt?0 + (2n; — n)t)) sin(2n1t10 + nto)
n n; —n

+ <ncos(2nto +(2n; —njt)  (n— 2ny) cos(2nytro + nt)) cos(2nsto + nto)}
2ny —n n

B 5e? cos @ {ncos(?nltm + nto)sin(dnjto + (n — 2n)t)  nsin(2ntro + nto) cos(dntio + (n — 2ny)t)
128nn; — 64n?
(2ny — n)cos(2nyt;o + nto)sin(2ngtyg + 2nty — nt)

n-—2n; n-—2ny

n
4 (2ny — n)sin(2n;t;o + ntp) cos(2nytyo + 2nty — nt)
n
2ny — 2ngt nt n cos(2nt 2ny —njt
4 (_( n; —njcos(2nstjo +nt) (2nto + (2n; — n) ))sin(27wt10+nto)
n 2ny —n
2ny — in(2nyt 1t L sin(2nt 2np — n)t
+ <( ng = n)sin(2nitio + nt) +nsm( n20 +(2n —n) )) cos(2nytro +nto)}
n ny —n

cosw
B 16nn; — 8n?

ncos(2nytyo + ntg)sin(dnytyg + (n — 2ny)t)  nsin(2nytpo + nto) cos(dnrtrg + (n — 2ny)t)
{ 2n —ny B 2n —njy

(2n; —n)cos(2nyrt;g + nto) sin(2nytro + 2nty — nt)

n
+ (2n; — n)sin(2ngtro + nto) cos(2nytio + 2nto — nt)

n
2ny — 2ngt ¥4 2nt 2ny —n)t
n (_( ny —n)cos(2nstjo +nt)  ncos(2nto + (2n; — n) ))sin(2n1t10+nt0)
n 2ny —n
2ny —n)sin(2n;t nt nsin(2ntg + (2n; —n)t
(2o n)sinrt £ n) - nsinGnio b Cn 1Y 1 4 i}
n 2ny —n
. cos(nytrg — nto —711t+nl)j|
—ersinw
2(n —ny)?
n a
Q(ni2 — 2nn;)
ng . ™ . ™
—_— sin n; —2n |t — nitio + 2nto — — | +sin | nitio — 2nto + —
n; — 2n 3 3
. . 2n —n; R T R
—p| sin n; —2n |t — n;tio + 2nto | + sin | n;t;0 — 2nto + — sin | n;t — nitio + 3 +sin | njtio — —
ny

— pisin(n;t — n;itio) + sin(n;ti))

T
3

(B.
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B.3 Order of ¢°

_ 36? sin @
= 45ay R 5 —
240ny + 384nn7 — 192n°n;

(7371“? —6nny)sin(dntrg + 2nto) sin(10nt;o + (2n — 3nr)t)
2n — 5ny

(3n? 4+ 6nn;) cos(5ntro + 2nto) cos(10nstro + (2n — 5np)t)

2n — 5ny
(71071.? — 16nn; + 8n?)sin(5nstjo + 2nto) sin(8nrtro + 2nto — 3nt)
B 3ng
(10n2 + 16nn; — 8n?) cos(5nrtro + 2nto) cos(8nytrg + 2nto — 3n;t)
+ 3ny
(6nn; — 15713) sin(dnytrg + 2nto) sin(bnytro + 4nto + (—ny — 2n)t)
+ —ny—2n
(15n§ — 6nny)cos(dnytrg + 2nto) cos(bnytro + 4nto + (—ny — 2n)t)
B —ny —2n
N ((15713 — 6nny)sin(4nrtro + (ny + 2n)t) N (10n? + 16nn; — 8n?)sin(2nstio + 2nto + 3n;t)
ny+2n 3ng

N (3n? + 6nny) sin(4nto + (5n; — 2n)t)

5n; —2n

) sin(dnjtrg + 2ntp)

v (6nny — lSnf)cos(4n1t10 + (ny + 2n)t) (flOn:} — 16nn; + 8n?) cos(2nstyo + 2nto + 3n;t)
ny +2n 3ny

—3n? —6n os(4nto + (5ny — 2n)t
—( " nny) cos(dnto + (5 )t cos(5nstro + 2nto)
bny — 2n

Se% cos w
24On:13 + 38471/n? —192n2n;

(3n? + 6nny)cos(5nrtro + 2nto)sin(10nstro + (2n — 5ny)t)
2n — 5ny

(3713 +6nny)sin(dnytro + 2nto) cos(10nst0 + (2n — d5ny)t)

2n — 5ny

(10n2 + 16nn; — 8n?) cos(5nytro + 2nto) sin(8nytro + 2nto — 3nt)
B 3ng

(10n? + 16nn; — 8n?)sin(5nytrg + 2nto) cos(8nstro + 2nto — 3ngt)
* 3ng
4 (1571,? —6nny)cos(d5nytrg + 2nto) sin(6nrtig + dnto + (—ny — 2n)t)

—ny—2n

(15n2? — 6nny)sin(5nstro + 2nto) cos(6nstro + 4nto + (—n1 — 2n)t)

B —-ny —2n
(lfm% —6nny)cos(dnrtro + (ny + 2n)t) (IOn% + 16nn; — 8n?) cos(2ntro + 2nto + 3nst)

+ ( nr +2n B 3ng

(3713 + 6nnj)cos(dnto + (5n; — 2n)t)

5111 —2n

) sin(d5nytro + 2nto)

+ (15n'§ —6nng)sin(dntio + (ny + 2n)t) + (10n§ + 16nn; — 8n2)sin(2n;to + 2nto + 3nt)
ny+2n 3ny

3n? + 6nn;)sin(dnto + (5ny — 2n)t
L 3nd 1) sin(dnto + (5ny — 2n) )) cos(5nrtro +2mo)}
5n; —2n

e sinw
128nn? — 64n’n;
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{ nnysin(dnytrg + 2nto) sin(8nytro + (2n — 4dny)t)
2n — 4dng
nnycos(dnjtio + 2ntg) cos(8ntio + (2n — 4ng)t)

2n — 4dng
(2n? — 4nnj)sin{dnytyo + 2nto) sin(6nrtro + 2nto — 2nt)
h 2ng
(dnn; — 2n?) cos(dnytio + 2nto) cos(6n tyo + 2nto — 2nst)
+ 2ng
(nny — Znﬁ) sin(4njtro + 2nto) sin(dnyt;o + 4nto — 2nt)
B 2n
(Qn? —nny)cos(dnytio + 2nto) cos(dnytio + 4nto — 2nt)
+ 2n
N ((QHf —nny)sin(dnrtio + 2nt) " (dnnp — 2n2)sin(2nstio + 2nto + 2ngt)
2n 2ng
+nn1 sin(4ntg + (dny — 2n)t)) sin(dnst1o + 2nto)
ny — 2n
(nng — 2713) cos(dnjtro + 2nt) (2n? — 4dnnj) cos(2nstio + 2nto + 2ngt)
+ <_ 2n - 2ng
nny cos(dnto + (4n; — 2'rl)t)) cos(dnrtro + Qnto)}
Adn; — 2n
ey cos @

512nn? — 256n2n;
{nn, cos(4ntyg + 2nto) sin(8nytrg + (2n — dng)t)
2n — 4ny

nnysin(4dnjtyg + 2ntg) cos(8nytrg + (2n — 4ny)t)

2n —4dng

(4nny — 2n?) cos(4nstio + 2nto) sin(6nstyo + 2nto — 2nyt)
B 2ng

(dnnp — 2n?)sin(4nytrg + 2nto) cos(6nytro + 2nto — 2n;t)
+ 2ng

(2713 —nng)cos(dngtro + 2nto) sin(dn t;o + 4nto — 2nt)
B 2n

(Qn% —nny)sin(dnytrg + 2nto) cos(4nstio + dnto — 2nt)
+ 2n
N (_ (Qn? —nnj) C(;s(éln]tm + 2nt) _ (4nny — 2n?) Cos(22n1t10 + 2nto + 2n;t)

n ny

nnj cos(dnto + (4n; — 2n)t)
Any — 2n

) sin(dnytro + 2nto)

N (2n% — nnp)sin(4ngto + 2nt) + (4nny — 2n?)sin(2nstro + 2nto + 2n t)
(2n 2ng

+nn1 sin{dnto + (4n; — 271)1‘/)) cos(dnrtio + Qn,to)}
dn; — 2n
5e? sin w
* 384n3 — 1024nn? + 512n2n;
(2nn; — n?)sin(3n;tr + 2nto) sin(6nrtro + (2n — 3ny)t)
{ 2n — 3ng

(n? — 2nny)cos(3ntro + 2ntg) cos(6nytio + (2n — 3ny)t)
2n — 3ng
(—6n§ + 16nn; — 8n?)sin(3nstro + 2nto) sin(dnytrg + 2nto — nyt)

ny
(6n? — 16nn; + 8n?) cos(3n tio + 2nto) cos(dnstio + 2ntg — nyt)

ny
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+ (2nn; — Bni;) sin(3nytjo + 2nto) sin(dnytjo + (2n — n)t)

2n —njg
(3n% — 2nny) cos(3ntro + 2nto) cos(dnstio + (2n — np)t)
2n — ny
. ((3773 — 2nng)sin(2nst;o + 4nto + (ny — 2n)t) N (6n3 — 16nng + 8n2)sin(2nytro + 2nto + ngt)
ny —2n ny

4 (n% — 2nnj)sin{dnto + (3n; — 2n)t)
3n; —2n

) sin(3nyt;o + 2nto)

o= (2nny — 3n§) cos(2nrtrg + 4nto + (ny — 2n)t) 3 (—Gn? + 16nn; — 8n?) cos(2nstrg + 2nto + nst)

n;—?n ny

2nn; — n?) cos(4nty + (3ny — 2n)t
—( ! 1) cos(dnto + (3ns )t cos(3nytrg + 2ntg)
3n; —2n

n sin @
48n3 — 128nn? + 64n?n;

(2nn; — n?)sin(3nst;0 + 2nto) sin(6nstro + (2n — 3ng)t)
2n — 3ng

(n% — 2nny)cos(3nstro + 2nto) cos(bntio + (2n — 3ng)t)

2n — 3ny
(—Gn% + 16nn; — 8n?)sin(3nstro + 2nto) sin(dnytro + 2ntg — nyt)
ny

. (6n§ — 16nn; + 8n2) cos(3nrtio + 2nto) cos(dnyto + 2nto — nyt)

ny
+(2n'n1 - 3n§) sin(3nytro + 2nto) sin(dnstyo + (2n — ny)t)
2n —ng
(3n§ — 2nny) cos(3nytro + 2ntp) cos(4nytio + (2n — np)t)
2n — ng
N <(3n% — 2nng)sin(2n;trg + 4nto + (ny — 2n)t) + (Sn{;’ —16nny + 8n?)sin(2n;tro + 2nto + nyst)
ny —2n ny

(n% — 2nny)sin(4nto + (3n; — 2n)t)
3ny —2n

+

> sin(3nstyo + 2ntp)

+ ( (2nn; — 3n?) cos(2nytrg + 4nto + (ny — 2n)t) (—671% + 16nn; — 8n2) cos(2n;tro + 2nto + nyt)

ny—2n nr
2nn; — n?)cos(dnto + (3ny — 2n)t
_ (2nny — ny)cos(4nto + (3ng ) cos(3nt10 + 2nto)
3n; —2n
5e?cosw

~ 84n% — 1024nn2 + 512n2n;

(n? — 2nny) cos(3ntro + 2nto) sin(6ntio + (2n — 3np)t)
2n — 3ng

(n? — 2nny)sin(3ngtyo + 2ntp) cos(6nytio + (2n — 3ng)t)

2n —3ng
(6n2 — 16nn; + 8n2) cos(3nstro + 2nto) sin(dnytro + 2nto — nyt)
— o
(an — 16nn; + 8n?)sin(3nstro + 2nto) cos(4nytyo + 2nto — nyt)
+ n;
(2nn; — 3n?) cos(3nstrg + 2nto) sin(4ngt;o + (2n — np)t)
2n —ny

(2nn; — 3n§) sin(3nytro + 2ntg) cos(dnyrtig + (2n — ng)t)

271.—77.1



82

APPENDIX B. EXPRESSION OF ANALYTICAL SOLUTION

N (2nny — Sn?) cos(2nytro + 4nto + (n; — 2n)t) (6n? — 16mn; + 8n2) cos(2ngtrg + 2ntg +nyt)
ny —2n nr
(n? — 2nny)cos(dntp + (3n; — 2n)t)
3n; —2n

) sin(3njtrg + 2nto)

. ((2nn1 — 3n? 7)sin(2nstro + 4nto + (ng — 2n)t) + (an — 16nng + 8n2)sin(2ngtro + 2nto + ngt)
ny — 2n ny

ny — 2nng)sin(4dnto + (3n; — 2n)t
( 1) sin(dnto + (311 )t cos(3nytro + 2nto)
3n; - 2n

Cosw

B 4812? - 12877.71? + 64n?n;
{ (n? — 2nny)cos(3nytro + 2ntg) sin(bnyto + (2n — 3ng)t)

2n — 3ngy

(nf — 2nnj)sin(3nytro + 2ntp) cos(6nstio + (2n — 3ny)t)

2n — 3ng
(671? — 16nn; + 8n2) cos(3nytrg + 2nto) sin(4nyto + 2ntg — nyt)
- ny
(Gn% — 16nn; + 8n?)sin(3nst;o + 2nto) cos(dnrtyo + 2nto — nyt)
+ .
(2nny — 3n§) cos(3nytrg + 2nto)sin(dngtio + (2n — ng)t)
* 2n —ny
(2nny — 3n%) sin(3nytrg + 2nto) cos(dnytro + (2n — ny)t)
B 2n —ny
+ ( (2nn; — 3nf)cos(2n1t10 + 4ntg + (n; — 2n)t) (6n,f — 16nn; + 8n?) cos(2nrtro + 2ntg + nyt)
ny —2n ny

(n% — 2nny) cos(dntg + (3n; — 2n)t)

E— ) sin(3nytro + 2ntp)

n ((27).71,] - Zin%)sin(?nltlo + 4nto + (n; — 2n)t) + (6n% — 16nn; + 8n2)sin(2nto + 2nto + ngt)
n;—2n nr

n2 — 2nny)sin(4ntg + (3n; — 2n)t
+( U 1) ( 0 + (3ns )t cos(3nytro + 2ntp)

3n; —2n
ey sinw
32n; — 32n
sin(2nytro + 2nto)sin(dnjtro + (2n — 2ny)t)  cos(2nstio + 2nto) cos(dnstio + (2n — 2ny)t)
2n — 2ny 2n — 2ng
N (4n — 4anp)t2sin(2ngtro + 2nto)? 4 sin(4nto + (2n; — 2n)t) sin(2nst;g + 2nto)
2 2ny — 2n
n (4n — 4ng)t2 cos(2ngtro + 2nto)? +(:os(4nto + (2ny — 2n)t) cos(2nstip + Qnto))
2 2ny — 2n
2 sin(3nytro — 3ngt) 2 . cos(3nytig — 3ngt) sin(2ntjg — 2ngt)
—ejcosw——————— —efsinw—————— + 3e;cosW———————
ny ny 32ng
cos(2nytjo — 2ngt sin(nytjo —nyt sin(nytjg —nyt
—-3ey sinw—( ! 102 1 - 156% cosw———( ! 102 1t —3cosw—m( ! 1(; 1)
8ny 8ny nj
« o . _cos(nitrg —nyt) . _cos(njtig — njt)
—1dejsinw————— 3sinw———5——
8ny ny

a

+
4(4nn? — 8n?n; + 3n3)

5(2nn; — 3n?)
(2n; —n)
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b b
cos 2n; —n |t — 2n;ti0 + nto + o cos | 2n;tio — nto — 3

— p| cos((2n; — n)t — 2n;t;0 + nto) — cos(2n;ti0 — nto)

5(2nn; — n?)
2n; — 3n

cos 2n; — 3n |t — 2n;t;0 + 3ntg — % —cos | 2n;t;g — 3ntg + % )

— plcos((2n; — 3n)t — 2n,t;0 + 3ntg) — cos(2n,tio — 3nto))

6(4n? — 8nn; + 3n?)

n

(cos | nt —nto + % —cos | ntg — %)) — p(cos(nt — ntg) — cos(ntg))

C

2
éyﬁs)

3e?sinw
240n% 4 384nn? — 192n2n;

= 45ay [

{ (—Sn? —6nny)sin(d5nstro + 2nto) sin(10ntro + (2n — 5np)t)

2n — 5'(11

(3n% + 6nny)cos(dnrtig + 2nto) cos(10nytro + (2n — Sny)t)

2n — 5ng

(-10n§ — 16nn; + 8n?)sin(5nstrg + 2nto) sin(8nytro + 2nto — 3ngt)
B 3ng

(10n2 4+ 16nn; — 8n?) cos(dnrtg + 2nto) cos(8nstrg + 2nto — 3n t)
+ 3ng
N (6nny — 15n,?)sin(5n1t10 + 2nto) sin(6nytjo + 4ntg + (—ny — 2n)t)

—-ny —2n

(15n§ —6nny)cos(dnytyg + 2nto) cos(6bn;trg + 4Antg + (—ny — 2n)t)
- —-ny —2n
+ ((1571? —6nny)sin(dnstio + (nr + 2n)t) 4 (lOn? + 16nn; — 8n2)sin(2n;tro + 2nto + 3n;t)

ny +2n 3ng

N ("Inf + 6nng)sin(4nto + (5ny — 2n)t

) sin(dnytrg + 2ntp)
Sny —2n

(6nny — 15n?) cos(dnytro + (ny + 2n)t) (—10n§ — 16nn; + 8n2) cos(2ntrg + 2nto + 3nst)
ny+2n 3ng

—3n? — 6nny) cos(dnty + (5n; — 2n)t
_(=3n7 1) cos(4nto + (5n; ) )) cos(5nrtro + 2nto)}
ny — 2n

3er cos w
240n3 + 384nn? — 192n2n;

{ (Sn% + 6nny)cos(dnytro + 2nto) sin(10n;trg + (2n — 5ny)t)

2n — dny
(3n? + 6nng)sin(5nytrg + 2nto) cos(10nyt;0 + (2n — 5ny)t)
2n — 5TL1
(IOnf + 16nn; — 8n?) cos(dnstrg + 2nto) sin(8nytro + 2ntg — 3n;t)
3ng
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N (lOn'f + 16nn; — 8n2)sin(5nrto + 2ntg) cos(8nstro + 2nto — 3nt)

3ng
(15n% — 6nny) cos(5nrto + 2nto)sin(6nrtyg + 4nto + (—ny — 2n)t)
+ —ny —2n
(15n% — 6nnp)sin(5nrtro + 2nto) cos(6nrtrg + 4nto + (—ny — 2n)t)
B -ny —2n
(lSn}2 —6nny) cos(4n1im + (n; + 2n)t) (10113 + 16nn; — 8n?) cos(2nst o + 2nto + 3nst)
+ <_ nr+2n - 3ng

(3n? + 6nn;) cos(dnto + (5ny — 2n)t)
5n1 —2n

) sin(dnstio + 2nto)

. (15n2 — 6nny)sin(4nytio + (ny + 2n)t) N (10n% + 16nn; — 8n?)sin(2nsto + 2nto + 3ngt)
nr+2n 3ng

3n? + 6nnj)sin(dnty + (5n; — 2n)t
+( U 1) sin(dnto + (Sn )t cos(dnytrg + 2nto)
571,1 —2n

e;sinw
128nn? — 64n2n;
nnysin(dnjtyo + 2nto) sin(8nytyo + (2n — 4nj)t)
{— 2n —4dng

nnycos(dngtyg + 2nto) cos(8nytio + (2n — 4ng)t)

2n — 4nyg
(2n? — dnng)sin(dnytig + 2nto) sin(6nytro + 2nto — 2n;t)
B 2ny
4 (4nn; — 2n2) cos(4dnjtio + 2nto) cos(6nytrg + 2nto — 2nst)
2ny
(nn; — 2n?)sin(dnst g + 2nto) sin(4ngtro + 4nto — 2nt)
B 2n
(2713 —nny)cos(dnytio + 2ntg) cos(dnytyg + dntp — 2nt)
+ 2n
4 ((271? —mnny)sin(4nyt;g + 2nt) + (4nny — 2n2)sin(2nytro + 2nto + 2nt)
2n 2ny
nn sin(dnto + (4n; — 2n)t)) sin(4nytro + 2nto)
Any — 2n
(nny — 2n2)cos(dnstio + 2nt)  (2n2 — 4nng)cos(2nstro + 2nto + 2nrt)
+ (_ 2n 2ny
nny cos(dnty + (4ny — 2n)t) ) cos(dnstro + Qnto)}
Any — 2n
ey cosw

512nn? — 256n2n;
{nnI cos(4nytg + 2nto) sin(8nytrg + (2n — 4ng)t)

2n —4Ang
nnysin(dngt;g + 2nto) cos(8nytyo + (2n — 4ny)t)
h 2n —4dng
(4nn; — 2n?) cos(dnytio + 2nto) sin(6nstig + 2nto — 2n;t)
B 2ng
(4nn; — 2n2)sin(4nstro + 2nto) cos(bnytrg + 2ntg — 2nrt)
+ 2ng
(Qn% —nny)cos(dngtrg + 2ntp) sin(dnstyo + 4nto — 2nt)
B 2n
+ (Qn? —nny)sin(dnyt;o + 2nto) cos(dnytyg + 4nto — 2nt)
2n

2n 2ny

. < (2n§ —nny)cos(dnytig + 2nt) (4nny — 2n?) cos(2nrtio + 2nto + 2nrt)
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nnj cos(dntg + (dny — 2n)t)
dn; — 2n

N <(2n§ —nny)sin(dntjo + 2nt) . (dnnp — 2n2)sin(2n t1o + 2nto + 2nst)

) sin(dnjtyo + 2ntp)

(2n 2ny
nngsin(dntg + (4ny — 2n)t)
4np - 2n

) cos(dnjtro + ‘ZTI,C())}

Sef sin w

too .
384n3 — 1024nn? + 512n2n;

(2nn; — nf) sin(3ngtro + 2ntp) sin(6nyt;g + (2n — 3ng)t)
2n — 3ng

(n,? —2nny)cos(3nrtro + 2nto) cos(6nstro + (2n — 3ng)t)

2n — 3ngy
(76n% + 16nn; — 8n?)sin(3ntrg + 2nto) sin(dngto + 2nto — ngt)
ny

N (6n% — 16nn; 4 8n?) cos(3nstro + 2nto) cos(dnstro + 2nto — nyt)

ny
n (2nny — 3n%) sin(3nytjo + 2nto) sin(dnytjg + (2n — ny)t)

2n —ng
(3n% — 2nn;) cos(3nstro + 2nig) cos(dnstio + (2n — ny)t)
B 2n —ny
N ((3n% — 2nny)sin(2nytro + 4dnto + (ny — 2n)t) . (6n? — 16nn; + 8n?)sin(2nstro + 2nto + nyt)
ny —2n ny

(n% — 2nnp)sin(4dntp + (3ny — 2n)t)
3ny —2n

) sin(3nytro + 2nto)

+ ( (2nny — Snf) cos(2nytrg + 4nto + (n; — 2n)t) (—6‘r13 + 16nn; — 8n?) cos(2nstio + 2nto + ngt)

ny —2n ny

(2nn; — n,f)cos(zln.to + (3n; — 2n)t)

- ) cos(3nytrg + Qnto)}

3n; —2n
" sin w
48n3 — 128nn? + 64n2n,
(2nn; — n.?) sin(3nytyg + 2ntp) sin(6nytro + (2n — 3ng)t)
2n — 3ng

(n? — 2nny)cos(3nstig + 2nto) cos(6nrtro + (2n — 3np)t)

2n — 3n;
(—6n'§ +16nn; — 8n?)sin(3nytjo + 2ntp) sin(dnytjo + 2nto — nst)

ny
N (6'nf — 16nn; + 8n2) cos(3nstrg + 2nto) cos(4nytro + 2nto — nyt)

nr
+ (2nn; — 3n§) sin(3ngtro + 2nto) sin(dngtro + (2n — ng)t)
2n —ny
(3713 —2nny)cos(3nstig + 2nto) cos(dnytip + (2n — ny)t)

2n —ng
+ ((3n3 —2nny)sin(2nstjo + 4nto + (n; — 2n)t) + (6n? — 16nn; + 8n2)sin(2n;tro + 2nto + nyt)
ny —2n ny

(n? — 2nny)sin(dntg + (3n; — 2n)t)
3n; —2n

+

) sin(3nytrg + 2nto)

+ ( (2nny — an)cos(‘antm + 4dntg + (ny — 2n)t) (~6n9} + 16nn; — 8n?) cos(2n;tg + 2ntg + nyt)
ny —2n nr ‘

2nny — n?)cos(dnty + (3n; — 2n)t
- ( ! 1) cos(dnto + (3ns )Y cos(3nytig + 2nto)
3ny — 2n
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Se? cos w

© 384n3 — 1024nn? + 512n%n;

(nf — 2nny)cos(3ntig + 2ntg)sin(6nytyo + (2n — 3ng)t)
2n — 3ng

(17,"1Z —2nnp)sin(3nyto + 2nto) cos(6n trg + (2n — 3ny)t)

2n — 3ng
(6713 — 16nn; + 8n?) cos(3nrtro + 2nto) sin(dnytrg + 2nto — nyt)
_ ”
(Gn? —16nn; + 8n?)sin(3n;t;o + 2ntg) cos(dnyto + 2nto — nyt)
ny
(2nn; — 3n%) cos(3nytio + 2nto)sin(dnjto + (2n — ny)t)
+ 2n —ng
(2nn; — 3713) sin(3nrtrg + 2nto) cos(dntro + (2n — ny)t)
h 2n —nyg
+ ( (2nny — 3n§) cos(2nytro + 4nto + (n; — 2n)t) (671? — 16nn; + 8n2) cos(2nstro + 2nto + nyt)
ny—2n ny

(n? — 2nn;) cos(4nto + (3ns — 2n)t)
3ny — 2n

) sin(3nytro + 2nto)

N <(2nnl — 3n?) sin(2nytro + 4nto + (n; — 2n)t) + (Gn% — 16nn; + 8n?)sin(2n;t;o + 2nto + nt)
ny—2n ny

n?2 — 2nny)sin(4nto + (3n; — 2n)t
+( ! 1)sin{dnto + (Sns )Y) cos(3nrtio + 2nto)
3n; —2n

cos w
48n3 — 128nn? + 64n2n;

{ (nf — 2nny)cos(3nytig + 2ntg) sin(6nytjg + (2n — 3ng)t)

2n — 3ng

(n? — 2nn;)sin(3nrtrg + 2nto) cos(bnrtro + (2n — 3n)t)

2n — 3ng
(an — 16nn; + 8n?) cos(3nstyo + 2nto) sin(dnytrg + 2nto — nyt)
ny

. (an — 16nn; + 8n2)sin(3nst;o + 2nto) cos(4nytrg + 2nto — nyt)

ng

(2nn; — 3n?)cos(3n1t1o + 2nto) sin(4nrtio + (2n — ny)t)
+ 2n —nyg

(2nn; — 3n?)sin(3n;tro + 2nto) cos(dn;tio + (2n — np)t)
B 2n —ng

+ (2nny — 371?) cos(2nytro + 4ntog + (n; — 2n)t) (6n§ — 16nn; + 8n?) cos(2ntrg + 2ntg + nyt)
ny —2n ny
(n% — 2nny)cos(4nto + (3n; — 2n)t)
3n; —2n

) sin(3n;trg + 2nto)

+ ((2nn1 - 3n?)sin(2n]t10 + 4nto + (ny — 2n)t) N (Gn? — 16nng + 8n2)sin(2nstro + 2nto + ngt)

ny —2n ny
N (n? — 2nnp)sin(4nto + (3n; — 2n)t)> cos(3nrtro + Qnto)}
3n; —2n
ersinw
" 2n; —32n
sin(2nytro + 2nto) sin(dnytrg + (2n — 2ny)t) cos(2nrtrg + 2ntg) cos(dnytip + (2n — 2ng)t)
(_ 2n — 2np B 2n — 2ng

N (4n — 4ng)t? sin(2nsto + 2nto)? . sin(4ntg + (2n; — 2n)t)sin(2nstro + 2nto)
2 2ny —2n
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n (4n — 4nj)t? cos(2nrtro + 2nto)? +cos(4nt0 + (2ny — 2n)t) cos(2nytio + 2nt0)>

2 2n; — 2n
9 sin(3nytjg — 3ngt) 2 . cos(3nrtig — 3ngt) sin(2nytrg — 2ngt)
—ejCoswW——5———— —esinw——————— + 3er COS W ————————
ny ny .32n1
cos(2nrtro — 2ngt sin(nytjp —nst sin(nstro — nst
—Belsinw——( d ]02 1) - ISe?cosw——( ! 102 1t —BCosw—( ! [g 1t
8ny 8nt ni
cos{nytip — nyst . cos(nytyg —nyt
—156% sinwf( ! 102 ) —3smw——( d 12 1)
8ny ny
a
4(4'n,n12 — 8n?n; + 3n3)
5(2nn; — 3n?)
(2n; —n)
. m . g
sin 2n; —n |t — 2n;t;o + nto + 3 + sin | 2n;t;0 — nto — 3

— | sin(2n; — n)t — 2n,t;0 + nto) — sin(—2n;t;0 + nto)

5(n? — 2nn;)
(Q‘H,i - 3Tl)

s ™
sin 2n; — 3n |t — 2n;t;0 + 3ntp — 5 + sin | 2n;t;0 — 3nto + —3—

— p(sin((2n; — 3n)t — 2n;t;o + 3nto) — sin(—2n,;t;p + 3nto))

6(4n? — 8nn; + 3n?)

n

(sin(nt — nto + ’-3') + sin(nto — g)) — u(sin(nt — nto) + sin(nto) (B.7)
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B.4 Order of ¢

62&?
3e? sinw
= aj -
32n? + 16nn; — 8n?
(=2n; — n)sin(dnytio + nto)sin(8nytjo + (n — 4ny)t) (2n; + n)cos(dnstig + nto) cos(8ntrg + (n — 4ny)t)
n —4ng n —4ng
. (n — 4ny)sin(dnytro + nto)sin(6ntio + 2nto + (—2n; — n)t)
—2n; —n
(4n; — n)cos(dnjt;g + nto) cos(6nrtrg + 2nto + (—=2n; — n)t)
—2n; —n
+ ((4711 —n)sin(2nytio + (2n; + n)t) + (2n; + n)sin(2nto + (dn; — n)t)) sin(4n 10 + nto)
2ny +n dn; —n
+ (7 (n—4ny)cos(2nstio + (2n; + n)t) B (=2n; — n)cos(2nty + (dny — 'n,)t)) cos(dnrtro + nto)}
2ny +n iny —n
Be% cos @

_64*n%+16*n*n1—8*n2

(2n; + n)cos(dnytig + nto) sin(8nytrg + (n — 4ny)t) (2ny + n)sin(dngtg + nto) cos(8nytig + (n — 4dny)t)

n—4ny n—4ny
(4ny — n)cos(dnystrg + nto) sin(bnytrg + 2nto + (—2n; — n)t)
+ —-2n; —n
(4ny — n)sin(dnytrg + nto) cos(bnrtrg + 2nto + (—2n; — n)t)
—2n; —n

(4ny — n)cos(2nrtro + (2ny + n)t) (2n; + n)cos(2nto + (4n; — n)t) .
T - sin(dnytrg + nto)
2ny+n ny - n
+ ((4n, —mn)sin(2nyt;o + (2n; + n)t) + (2ny + n)sin(2ntg + (dn; — n)t)

2n; +n dny —n

) cos(dnytio + nlo)}
n ersinw
48n? + 32nn; — 16n2

{ (—my —n)sin(3njtig + nto) sin(bnytrg + (n — 3ny)t) B (ny +mn)cos(3nstro + ntg) cos(bnstio + (n — 3ng)t)
n—3ny n—3ns

+ (n — 3ny)sin(3ntrg + nto) sin(dnstyg + 2nto + (—n; — n)t)

-ny—-mn
(3n; —n)cos(3nytig + ntg) cos{(dnytig + 2ntg + (—n; — n)t)
—ny—n
3n; — sin(2n gt ] t in(2nt 3n; —n)t
4 (( ny —n)sin(2nrtro + (ny + n)t) +(TLI + n)sin(2nto + (3n; —n) )) sin(3nst10 + nto)
ny+n 3ny —n
(n —3njy)cos(2nytjo + (n; + n)t) (—n; —n)cos(2nty + (3n; — n)t)
+ |- - cos(3nytrg + nto)
ny+n 3ny—n

n €7 cos ™
192n? + 128nn; — 64n?

(ny +mn)cos(3nytio + nty)sin(6njtrg + (n — 3ny)t) (nr +n)sin(3nytyg + nto) cos(6nyt;o + (n — 3ng)t)

n - 3ny n—3n;
N (3n; — n)cos(3nstro + nto)sin(dnytro + 2nto + (—ny — n)t)
-n;—n

(3n; — n)sin(3nt;o + nto) cos(dnytjg + 2nto + (—ny —n)t)

—-ny—n

n (_ (3ny —n)cos(2ntjo + (ny +n)t)  (ng +n)cos(2nty + (3n; — n)t)) sin(3n1tr0 + nto)

ny+n nr—n
3n; —n)sin(2n;t t in(2nt 3n; —njt
4 (( n; —n)sin(2nstro + (ny + n)t) +(Tll + n)sin(2nto 4 (3n; —n) ))COS(3n1t10+m0)}
ny+n 3ny—n

56? sin w
128nn; — 64n?
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{ nsin(2nytjg + ntg) sin(dnytro + (n — 2ny)t) ncos(2nstro + nto) cos(dnytyg + (n — 2ng)t)

n—2n; -2n —ny
(n —2ny)sin(2nytro + nto)sin(2nytro + 2nto — nt)

n
+ (2ny — n)cos(2nytro + nto) cos(2nytrg + 2nty — nt)

n
4 ((2711 —n)sin(2ntrg + nt) +nsin(?m&o + (2ny — n)t)) sin(2nt10 + nto)

n 2ny —n
) 2nt, 2n; —n)t n — 2ny)cos(2nyt nt
+ (’n cos( 7720 +(2n; —njt) r)cos(2nytro + )) cos(2n1tro +m0)}
n; —n n

sin w
16nn; — 8n2
{ nsin(2nytig + nto) sin(dnytyo + (n — 2ny)t) ncos(2nyto + nto) cos(dnytio + (n — 2ny)t)

n—2ny n—2n;
(n —2ny)sin(2nytrg + ntg) sin(2n;tjg + 2nte — nt)
n
+ (2n; — n)cos(2n;t;o + nto) cos(2nytro + 2nto — 71.t)n
/
2 - in(2n;t t in(2nt, 2n; —n)t
+ (( ny —n)sin(2nt;o + nt) +nsm( nto + (2n; —n) )) sin(2n1t50 + nto)
n 2ny —n
n cos(2nt, 2ny; —n)t -2 2ngt it
+< (2nto + (2n; —n)t)  (n —2nj)cos(2nstio +n ))cos(2n1tm+nto)}
2n; —n n

56? cos @ ncos(2nytro + nto) sin(dnytio + (n — 2ny)t) nsin(2nyt;o + ntp) cos(dnytyg + (n — 2ny)t)
" 128nn; — 64n? { n—2nj B n—2ny
(2n; —n)cos(2nstro + nto) sin(2nyto + 2nto — nt)
B n
(2ny — n)sin(2nytro + nto) cos(2nyto + 2nto — nt)
n
(2ny —n)cos(2nytjop + nt)  ncos(2ntp + (2ny — n)t)
+ (7 n B 2ny —n
((QnI —mn)sin(2nyt;o + nt)  nsin(2nto + (2n; — n)t)
+ +
n 2ny —n

+

) sin(2nytyo + nto)

) cos(2nytro + ’nto)}
cosw
16nn; — 8n?

{ncos(?n,tm + nto)sin(dntig + (n — 2ny)t)  nsin(2ntg + ntg) cos(dnytig + (n — 2ny)t)

2n—n1 277,—71,1
(2ny — n)cos(2nstrg + nto) sin(2nytig + 2nty — nt)
n
N (2n; — n)sin(2nt;o + nto) cos(2nytip + 2nto — nt)
n
+ (_ (2n; — n)cos(2nytio + nt) on cos(2nto + (2n; — n)t)) sin(2n st 1 + nto)
n 2ny —n
2ny —n)sin(2nytro + nt nsin(2ntg + (2ny — n)t
+(( 1 —n)sin(2ntr0 ) N (2nto + (24 )))COS(thmijO)}
n 2ny —n
. COS(TLItIQ—TLtQ—Tllt+Tlt):|
—ersinw
2(1’1. — n,)2
a

+ .
8(9n? — 36nn? + 44n?n? — 16n3n,)

7(3n? — 10nn? + 8n2n,)

37’11’ - 2n

T T
cos 3n; —2n |t — 3n,;t;0 + 2nto + o cos | 3n;tio — 2ntp — 3

— p(cos((3n; — 2n)t — 3n,to + 2ntg) — cos(—3n;t;0 + 2ntop))
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7(371? - Snn? + 4n®n;)
(3’”,1‘ - 471.)

T T
cos 3n; —4n |t — 3n;tio + 4nto — ’g —cos | 3n;t;o — Antp + =

— p(cos((3n; — 4n)t — 3n;to + 4Anto) — cos(—3n;t;o + 4nto))

9(9nf — 18'rm';2 + 8n?n;)

n

T ™
cos n; —2n |t — nitijo + 2nto — ‘3 —cos | nitio — 2nto + E

— p(cos((n; — 2n)t — nitio + 2ntg) — cos(—nitio + 2nto))

9(9n? — 36nn? + 44n’n; — 16n3)

ni
T ™
cos | n;t — nitio + g —cos | nitio — §
— plcos(nit — nitio) — cos(nit — nitio)) (B.8)
< (3
Oy(E)
36% sin @
as
64n? + 16nn; — 8n?
{ (—2n; — n)sin(4nrtg + nto)sin(8nytro + (n — 4ny)t) (2ny +n)cos(dnytrg + nto) cos(8nrtrg + (n — 4dnjg)t)
n—4ny n—4ng
+ (n — 4ng)sin(4nstrg + nto)sin(6nrtrg + 2nto + (—2n; — n)t)
—2ny —n
(4n; — n)cos(dnytrg + ntg) cos(bnrtrg + 2nto + (—2n; — n)t)
—2n; —n
4dny —n)sin(2nrtjo + (2n; + n)t 2ny + n)sin(2ntg + (dn; — n)it .
+(( 1 —n)sin(2nrtro + (2ng + n)t) +( [ +n)sin(2nto + (4ng )))Sln(4'n1t1o+nto)
2ny +n dny —n
—4 2ngt 2n t —2n; — n)cos(2nt, dny —n)t
+ (_ (n —4ni)cos(2nstio + (2ng + n)t)  (=2n; —n)cos(2ntp + (4ny —n) )) cos(dnstro +nt0)}
2ny+n iny —n
36? cosw

—64n? + 16nn; — 8n2
{ (2n1 +n)cos(dn;tio + nto)sin(8nstro + (n —4n)t)  (2n7 + n)sin{dn;t;o + nto) cos(8nstio + (n — 4ny)t)

n—4ny n—dng
+ (4n; — n)cos(dnytro + nto)sin(6nrtro + 2nto + (—2n; — n)t)
—2n; —-n

(4ny —n)sin(dnjtrg + ntg) cos(bnrtrg + 2nto + (—2n; — n)t)

—2ny —n
+ (A (d4n; —n)cos(2nytio +(2ns +n)t)  (2ng + n) cos(2nto + (dn; — n)t)) sin(4n1t10 + nto)
2ny +n dny —n
4dny — n)si ) 2 t 2 in(2nt An; — n)t
" (( ny —n)sin(2nstr0 + (2n1 +n)t) +( ny + n)sin(2nto + (4n; — n) )) cos(dnstro +m0)}
2n; +n dnj—n

ey sinw
+48n§ + 32nn; — 16n?
(=ny —n)sin(3ngto + nto) sin(bnrtyg + (n — 3ng)t) (ny +n)cos(3nrtrg + nto) cos(6nrtrg + (n — 3ng)t)
n— 377,1 - n — 37’11
+(n — 3nj)sin(3nyt;g + nto) sin(dntrg + 2ntg + (—ny — n)t)
—-ny—n
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(3ny — n)cos(3nytjg + nto) cos(dnytig + 2nto + (—n; — n)t)

-n;—n
N <(3711 —n)sin(2nytyo + (ny + n)t) i (nr 4+ n)sin(2nto + (3n; — n)t)) sin(3n1t10 + nto)
ny+n 3ny —n
n (_ (n—3ny)cos(2nytio + (N1 + n)t) _(=n;—n) co.s(Qnto + (3n; — n)t)) cos(3ntro + mo)}
ny+n 3ny—n

n ey cosw
192n? + 128nn; — 64n?
(ny +n)cos(3nytrp + nto) sin{bnrtig + (n — 3ng)t) B (n; +mn)sin(3njt;g + nto) cos(6nytro + (n — 3ng)t)

n-—3nys n—3ny
(3n; — n)cos(3nytio + nto)sin{dnytjo + 2ntp + (—n; — n)t)
+ -ny—n
(3n; — n)sin(3nytrg + nto) cos(dnytyo + 2nto + (—n; — n)t)
-ny—n

(3n; —n)cos(2nytio + (ny +mn)t)  (n; +n)cos(2nty + (3ny —n)t)\ .
(= — sin(3nrtro + nto)
ny+n 3ny—n
+ ((3711 ~n)sin(2nrtro + (ny + n)t) + (ny + n)sin(2nto + (3n; — n)t)

ny+n 3nyf —n

) cos(3nytig + nto)}
56? sin w
128nn; — 64n2
{ nsin(2njytro + nto) sin(dnytyo + (n — 2ny)t) ncos(2nytrg + ntg) cos(dnytio + (n — 2ny)t)
n—2ng —2n —ny

(n —2ng)sin(2nytio + nto)sin(2nstro + 2nto — nt)

n
(2n; — n) cos(2nstro + nto) cos(2ntro + 2nto — nt)

n
+ ((2711 —n)sin(2nytro + nt) 4 nsin(2nto + (2n; — n)t)
n 2ny —n

) sin(2nrtrg + nto)

n (ncos(?nto + (2n; — n)t) B (n —2ng)cos(2nstro + nt)) cos(2nstro + nto)}
2n; —n n
sin w
16nn; — 8n?
nsin(2nyto + nto) sin(dnytyo + (n — 2ny)t)  ncos(2nytio + nto) cos(dnytjo + (n — 2ny)t)
{A n —2nj B n—2ny

(n —2ny)sin(2nrtig + nto) sin(2n;tyo + 2nto — nt)

n
n (2n; — n)cos(2n;tjo + nto) cos(2nyt;o + 2ntp — nt) n
/ ,
" ((QnI —n)sin(2nytjo + nt) +nsin(?nto + (2ny — n)t)
n 2ny —n

) sir1(2n1t10 + nto)

n (ncos(?nto + (2n; —n)t) (n — 2ny)cos(2nstio + nt)

) cos(2ngtyo + nto)}
2ny —n n

_ 56? cos w {ncos(?nltm + nto) sin(dnytrg + (n — 2ng)t) B nsin(2nyt;o + nto) cos(dnjtig + (n — 2ny)t)
128nn; — 64n? n—2ny n—2nj
(2n; — n)cos(2nytrg + nto) sin(2nytrg + 2nto — nt)

n
(2n; —n)sin(2ngt;o + ntg) cos(2nyto + 2nty — nt)

n
" (_ (2ny — n)cos(2njto + nt) B ncos(2nty + (2n; —n)t)
n Q'n] -n
n ((2n1 —n)sin(2nytjg + nt) +nsin(2nto + (2n; —n)t)
n 2ny—n

) sin(2nytrg + nto)

) cos(2nytro + ntg)}

cos w
16xnxn; —8xn?
{n cos(2nytrg + nto) sin(dnytio + (n — 2ny)t) nsin(2n;tro + nto) cos(dnytio + (n — 2ny)t)

2n —ng 2n —ng
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(2n; —n)cos(2nstro + nto) sin(2nyto + 2ntyg — nt)
n
(2ny — n)sin(2nyt;o + ntg) cos(2ntro + 2nto — nt)
+ n
(2n; — n)cos(2nytjg + nt)  ncos(2nty + (2n; — n)t)
+ (W n - 2ny —n
(2n; —n)sin(2ntrg + nt)  nsin(2ntg + (2n; — n)t)
+ ( n + 2ny —n
cos(nytrg — nto — nyt + nt)
2(n —ny)? ]
a
- 8(9n? — 36nn3 + 44n2n? — 16n3n;)

) sin(2nytro + nto)

) cos(2nytro + nto)}

—ersinw

7(3n;3 - 10nnf + 8n2n;)

3n; —2n

T T
sin 3n; —2n |t — 3n;tio + 2nto + ; +sin | 3n;t;0 — 2nty — 5

— p(sin((3n; — 2n)t — 3n;tio + 2nto) — sin(~3n;t;0 + 2nto))

7(-3n3 + 8nn? — 4n’n;)
3n; —4n

T b
sin 3n; —4n |t — 3nitio + 4nto — Py + sin | 3n;t;0 — 4nto + 3

— p(sin((3n; — 4n)t — 3n;t;o + 4nto) + sin(3n;tip — 4nto))

+9(—9nf + 18nn? — 8n%n;)

n; —2n

™ g
sin n; —2n |t — nitio + 2nto — 3 + sin | nitio — 2nto + 3

<

— p(sin((n; — 2n)t — n;t;0 + 2ntg) — sin(—n;t;0 + 2nto))

+9(9n§ - 36nnf + 44n?n; — 16n3)

ny

. ™ . ™
sin | n;t — nito + 5 + sin | nit0 — §

— p(sin(n;t — nitio) — sin(—n;tio)) (B.9)
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B.5 Order of ¢

(4)
oz

36? sin w
- 24071,"; + 384nn§ —192n2n;

{ (—371,}’ — 6nny)sin(dnytio + 2nto) sin(10n;t0 + (2n — 5ny)t)

2n — 5ng

(Sn? + 6nny)cos(dnrtro + 2nto) cos(10nstro + (2n — 5ny)t)

2n — 5ny

(—IOn% — 16nn; + 8n2)sin(5n;tio + 2nto) sin(8ntso + 2nto — 3nrt)
B 3ng

(10n2 + 16nn; — 8n?) cos(5nstq + 2nto) cos(8ntrg + 2ntg — 3nst)

3ng

(6nn; — 15n§) sin(5nytro + 2nto) sin(6n;trg + 4nto + (—n; — 2n)t)
+ —ny —2n

(15n2 — 6nn) cos(5nytro + 2nto) cos(6nytro + 4nto + (—np — 2n)t)
B —ny —2n
+ ((1571? —6nny)sin(dnstyo + (ny + 2n)t) + (lOnf + 16nny — 8n?)sin(2nyt;o + 2nto + 3nst)

n; +2n 3ng

n (3n? + 6nny) sin(4nto + (5Sn; — 2n)t)
Sny —2n

) sin(d5nytro + 2nto)

+ < (6nny — 15n?)cos(4n1110 + (ny + 2n)t) (71071? — 16nn + 8n2) cos(2nrtro + 2nto + 3nrt)

ny +2n 3ng

—3n2 — 6nny) cos(4nto + (5n; — 2n)t
_(=3n7 1) cos(4nto + (5ng )t) cos(5mrtro + 2nto)
57L1 - 2n

36% cos @
240n% 4 384nn? — 192n2n;

(Sn? + 6nny)cos(Snytrg + 2nto) sin(10nst;o + (2n — 5ny)t)
2n — 571]

(3n% + 6nn;)sin(dntrg + 2nto) cos(10ntro + (2n — 5np)t)

2n — 5n1
(10n:IZ + 16nn; — 8n2) cos(5nytro + 2nto) sin(8nyto + 2nty — 3ngt)
h 3ng
(10n? + 16nn; — 8n?)sin(5ntro + 2nto) cos(8ntrg + 2nty — 3nt)
+ 3ng
(1571? —6nng)cos(dnytig + 2nto) sin(bnytio + 4nto + (—ny — 2n)t)
+ —-n; —2n
(15n? —6nny)sin(d5nytrg + 2nto) cos(bnytro + dnto + (—nj; — 2n)t)
B —n; —2n
+ <_ (15n? —6nny)cos(4nrtrg + (ny + 2n)t) 3 (1071% + 16nny — 8n?)cos(2nstro + 2nto + 3nst)
ny + 2n 3ng

3n? 4 6nn;) cos(dnty + (5n; — 2n)t
v( L 1) ( 0+ (5n1 ) ))sin(5n1t10+2nto)

bny — 2n

. (ISn? —6nn;)sin(dnstio + (ns + 2n)t) + (lOn? + 16nn; — 8n?)sin(2nstyo + 2nto + 3nst)
ny+2n 3ng

3n? + 6nn;)sin(4nto + (5n; — 2n)t
+( ! 1) sin(4nto + (Sny )t cos(d5nytro + 2nto)
S5n; —2n

ey sinw
128nn? — 64n2n;

93
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{ nnysin{dnjtrg + 2nto) sin(8nytrg + (2n — 4ny)t)
2n — 4711
nnycos{dnytrg + 2nto) cos(8nyrtro + (2n — 4dnyp)t)

2n — 4ng

(2n? — 4nny)sin(dnytyg + 2nto) sin(6nyt;g + 2nto — 2n;st)
B 2ny

(4nn; — 2n?) cos(dnstrg + 2nto) cos(6nstyo + 2nto — 2ngt)
+ 2ng

(nny — Qn?) sin(4nytro + 2nto) sin(4dn;t;o + 4nto — 2nt)
B 2n

(2n? — nnp) cos(4nyto + 2nto) cos(4nytrg + 4nto — 2nt)
+ 2n
N ((an —nny)sin(4nstro + 2nt) N (4nn; — 2n?)sin(2nrtio + 2nto + 2nst)

2n 2ny

nny sin{dnto + (4ny — 2n)t)
+
4711 —2n

) sin(4nytyo + 2nto)

(- (nny — 2n§)cos(4n1t10 + 2nt) (2n? — 4nnjg)cos(2nstio + 2nto + 2nst)
2n 2711
nnj cos(4dnty + (4ny — 2n)t)

4Any — 2n
ej cos ™

512nn? — 256n2n;
{nn; cos(4nytyo + 2nto)sin(8nytro + (2n — dng)t)
2n — 4ng

) cos(dngtyo + 2nt0)}

nnysin(4nytio + 2nto) cos(8nytrg + (2n — 4ny)t)

2n —4ng
(4nny — 2712) cos(4nytyo + 2nto) sin(6nytrg + 2ntg — 2ngt)
27]1
n (4nny — 2n?)sin(4nytrg + 2nto) cos(6nytip + 2nto — 2nt)
2ng
(2n';’ —nny)cos(dnyt;g + 2nto) sin(dnjto + dnto — 2nt)
2n
(2”? —nny)sin(dnytio + 2nto) cos(dnyto + 4nto — 2nt)
2n
+ (2n§ —nny)cos(4nytio + 2nt) (4nnp — 2n%) cos(2nstio + 2nto + 2ngt)
2n ‘2n1
os(dnto + (4ny — 2n)t
_ nny cos( Zno + (2;” n) )> sin(4nytro + 2nto)
;-
+ (2n% — nnj)sin(dnstro + 2nt) N (4nny — 2n?)sin(2nrtro + 2nto + 2nst)
(2n 2ny
in(dnto + (4nj — 2n)t
nny sin( Zno + (2:1 n) )) cos(dngtio + 2nt0)}
1 —
56? sin w

+384n§ — 1024nn? + 512n2n;

(2nn; — n?) sin(3nytro + 2nto) sin(6n tro + (2n — 3ny)t)
2n — 3ng

(n% — 2nnj)cos(3nytro + 2ntp) cos(6nytio + (2n — 3ny)t)

2n — 3ng
(76nf + 16nn; — 8n?)sin(3nrtro + 2nto) sin(4nytro + 2nto — nyt)
ny

(671"1> — 16nng + 8n?) cos(3nstro + 2nto) cos(4nytig + 2ntg — nyt)
nr
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(2nn; — 3n2)sin(3nstro + 2nto) sin(dnytro + (2n — ny)t)
+

2n - njg
(3n3 — 2nnp) cos(3nrtro + 2nty) cos(4nstro + (2n — np)t)
B 2n —ng
+ ((3713 — 2nny)sin(2nrtyo + 4nto + (n; — 2n)t) N (an — 16nn; + 8n?)sin(2n;t o + 2nto + nst)
ny; —2n ny

N (n? — 2nnj)sin(dnto + (3n; — 2n)t)
3n; —2n

) sin(3njtro + 2nto)

(2nn; — 3n3) cos(2nytg + dntg + (ny — 2n)t) (—Gn? + 16nn; — 8n?) cos(2n;tro + 2nto + nyt)
ny — 2n ny

_(2nng — n?)cos(4nto + (3n; — 2n)t)
3n; —2n

) cos(3nytro + Qnto)}

n sin w
48n? — 128nn? + 64n?n;
{ (2nn; — n?)sin(3nytro + 2nto) sin(6nstro + (2n — 3n)t)

2n — 3ng

(n% — 2nny)cos(3nytrg + 2nto) cos(bnytio + (2n — 3ny)t)

2n — 3ng
(76713 + 16nn; — 8n2)sin(3n st + 2nto) sin(dnytig + 2nte — nyt)
- -
+ (6n§ — 16nn; + 8n2) cos(3nstro + 2nto) cos(dnstio + 2nto — nyt)
ny

N (2nn; — 3n2)sin(3ntro + 2nto) sin(dnstro + (2n — np)t)

2n —ng
(3n? — 2nny)cos(3nytyo + 2ntg) cos(dnytig + (2n — ny)it)
2n — ny
+ ((371? — 2nny)sin{2nytrg + 4ntg + (ny — 2n)t) + (611% — 16nn; + 8n2)sin(2nytrg + 2nto + nyt)
ny —2n nr

+ (n? — 2nnj)sin(4nto + (3n; — 2n)t)
3n; —2n

) sin(3ngtro + 2nto)

N ( (2nn; - 3n2)cos(2nstro + 4nto + (ng — 2n)t)  (—6n? + 16nn; — 8n?) cos(2nstro + 2nto + nyt)
ny—2n njy

(2nn; — nf) cos(4ntp + (3n; — 2n)t)

- ) cos(3nstro +2nto)}

3n; —2n

56% cos ™

" 384n3 — 1024nn? + 512n%n;

(n? — 2nny)cos(3nytyo + 2nto) sin(bnstrg + (2n — 3ng)t)
2n — 3ng

(n? — 2nng)sin(3nstrg + 2ntg) cos(6bntrg + (2n — 3ng)t)

2n — 3ng
(6n? — 16nn; + 8n?) cos(3nstro + 2nto) sin(dn;tro + 2nto — nst)
_ -
+'(6n? — 16nny + 8n?)sin(3nytro + 2nto) cos(dnytyo + 2nto — nyt)
ny

N (2nn; — Snf) cos(3nytrg + 2ntg) sin(dngtrg + (2n — ny)t)

2n —ny
(2nn; — 3713) sin(3nytjo + 2nto) cos(dnytro + (2n — ny)t)

2n —ng
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( (2nny — 3n?) cos(2nstso + 4nto + (ny — 2n)t) (6n? — 16mn; + 8n?) cos(2n t o + 2nto + nyt)

ny —2n ny

2 <
ns — 2nny) cos(dntp + (3n; — 2n)t
_ (ng 1) (4nto + (3ns ) )) sin{3nytro + 2ntp)

3n; —2n
+ (2nny — 3n§) sin(2nytrg + 4nto + (n; — 2n)t) + (Gn}z — 16nn; + 8n?)sin(2nyt;g + 2nto + nyt)
ny; —2n ny
n? — 2nny)sin(4ntg + (3n; — 2n)t
+( L 1) sinfdnto + (3ns )t cos(3njtro + 2nto)
3n; —2n
cos @

B 48n3 — 128nn? + 64n2n;
{ (n? —2nny)cos(3nytio + 2ntp) sin(bn tio + (2n — 3ng)t)

2n — 3ng
(n? — 2nnp)sin(3ntro + 2nto) cos(6nrtro + (2n — 3ns)t)
2n — 3ng
(6n2 — 16nn; + 8n?) cos(3n;tro + 2nto) sin(dnstro + 2nto — nyt)

ny
4 (6n§ — 16nn; + 8n?)sin(3nrtjo + 2ntg) cos(4ntio + 2nto — nyt)
ny
(2nny — 3?13) cos(3nytro + 2nto)sin(dngtyg + (2n — ny)t)
* 2n —ng
(2nn; — 371?) sin(3nytrg + 2ntp) cos(dnytyo + (2n — ny)t)
B 2n —ny
(2nn; — an) cos(2nytyo + 4nto + (ny — 2n)t) (Sn? — 16nn; + 8n2) cos(2n;tio + 2ntg + nyt)
+ <— ny —2n B njy

n? — 2nny) cos(4nto + (3n; — 2n)t
7( 1 1) - { o+ (ns ) sin(3nytyo + 2ntp)
3ny —2n

((anI — 3n}’)sin(2n1t10 + 4ntg + (n; — 2n)t) + (671.? — 16nn; + 8n2)sin(2n;to + 2nto + nyt)

ny - 2n ny

n2 — 2nny)sin(dntg + (3n; — 2n)t
+( L 1) sin{dnto + (8ns )))cos(3n1t[0+2nto)}

3n; — 2n

ey sinw
" 32n; — 32n
sin(2nytjo + 2nto) sin(dnjtrg + (2n — 2ny)t) cos(2nytro + 2ntg) cos(dnyto + (2n — 2ny)t)
(A 2n - 2ng - 2n — 2ng
(4n — dnp)t2sin(2ntrg + 2nto)?  sin(dnto + (2n; — 2n)t) sin(2nt0 + 2nto)
+ 2 + 2ny — 2n

(4n — 4np)t? cos(2ntrg + 2nto)? +cos(4nto + (2ny; — 2n)t) cos(2nrtio + Qnto))

2 2ny — 2n
2 sin(3njtjg — 3ngt) 9 . cos(3nytip — 3ngt) sin(2nytjo — 2nyt)
—ejcosw———— 5 ——— —ejsinw———————— + 3ejcosW————5———
ny njg 32n%
. cos(2nytro — 2nyt) 2 sin(nytjg — nyt) sin{nytjg — nyt)
—3eysinw———————— — 15ejcosw————F——— —3cosw———5———
8ny 8nj ny

cos(nytrg —nyt) X cos(nytrg —nrt)
T a2 —35mw—2
8ny ny

—15@? sin w

a
+ ,
16(64nn? — 256n2n? + 364n3n? — 216nin; + 45n%)

21(16nn? — 52n%n? 4 52nn; — 15n4)

4an; — 3n
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T m
cos 4n; — 3n |t — 4n.t;o + 3ntp + i cos | 4n;t;0 — 3ntp — —

— p(cos((4n; — 3n)t — 4n;tio + 3nto) — cos(—4n,tio + 3nto))

21(16nn3? — 44n?n? + 36n3n; — 9n?)

4n; —dn

s
cos 4n; —5n |t — 4n;t;0 + dSntg — o cos | 4n;tjo — Sntg +

— p(cos((4n; — 5n)t — 4dn;t;o + Snto) — cos(—4n;tio + 5nto))

28(327171;3 — 1127!.2n12 + 126n3n; — 45nt

27’11' —-n
w T
cos 2n; —n |t — 2n;t;0 + nto + 3 —cos | 2n;t;0 — nto — 5
— p(cos((2n; — n)t — 2n,ti0 + nto) — cos(—2nitio + nto))
‘28(3‘27171‘? — 8On2nf +62n3n; — 15n%)
21’1,‘ - 3n
T T
cos 2n; —3n |t — 2n;t;0 + 3nto — 3] cos | 2n;t;o — 3ntp + 3
— p(cos((2n; — 3n)t — 2n;t;0 + 3nto) — cos(—2n;ti0 + 3nto))
30(64n? — 256nn? + 364n?n? — 216n3n; + 45n1)
n
t to + T t T
cos | nt—n — | —cos | nto — =
°T3 °73
— p(cos(nt — ntg) — cos(—ntp)) (B.10)
. (4
dyg)
36% sin w
= aj -
240n3 + 384nn? — 192n?n;
(—371% — 6nng)sin(dnrtro + 2nto) sin(10ntro + (2n — 5Snr)t)
2n — 5ny
(3n? + 6nny)cos(d5nytro + 2nto) cos(10nytyo + (2n — 5ny)t)
2n — 5ny
(—10n2 — 16nn; + 8n?)sin(5nytso + 2nto) sin(8nytre + 2nto — 3nst)
3n1
N (10713 + 16nn; — 8n?) cos(5nytro + 2ntg) cos(8nytyo + 2nty — 3nst)
3Ing
+ (6nny — lfmf) sin(5nytro + 2ntp) sin(6nytyg + dntg + (—ny — 2n)t)
—-ny — 2n

(1571/‘; —6nny)cos(d5nrtrg + 2nto) cos(bnytyg + 4nto + (—ny — 2n)t)

—nr—2n
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(lS'nf — 6nny)sin(dngtyg + (ng + 2n)t) 4 (IOn? +16nn; — 8n?)sin(2n tyo + 2nto + 3ngt)
+
ny +2n 3ng
+ (371? + 6nny)sin{dnto + (5ny — 2n)t)
Sny — 2n

) sin(dnytjo + 2nto)

+ (6nn; — 15n,%)cos(4n1t10 + (n; + 2n)t) (—IOn% — 16nn; + 8n2) cos(2n;tro + 2nty + 3ngt)
ny + 2n 3ng

—3n? — 6nny) cos(4nty + (5n; — 2n)t
- ( ! 1) cos(dnto + (Sny ) cos(dnrtro + 2nto)
Sny —2n

36% cos w
240713 + 384"713 —192n2n;

(Jin,"; + 6nny)cos(dnrtro + 2nto) sin(10nytro + (2n — 5ny)t)
2n — dng

(371? + 6nny)sin(dnytig + 2nto) cos(10n t;o + (2n — dny)t)

2n — 5ny
(1071? + 16nn; — 8n2)cos(dnytrg + 2ntg) sin(8n tro + 2ntg — 3nst)
B 3n;

N (1071? + 16nn; — 8n?)sin(3nytyg + 2nto) cos(8nytrg + 2ntg — 3ngt)

3ng
(lFm.f — 6nny)cos(bnytro + 2ntp) sin(6nytrg + dnto + (—n; — 2n)t)
+ -ny —2n
(L‘Sn:]2 — 6nny)sin(dnytrg + 2ntg) cos(6nytjg + dnto + (—ny — 2n)t)
-n; —2n
(15713 —6nny)cos(dngtig + (ny + 2n)t) (1071? + 16nn; — 8n2) cos(2nytro + 2nto + 3nrt)
+ (_ ny +2n B 3ng

3n2 4+ 6nny)cos(4nty + (5n; — 2n)t
—( L 1) coslénto + (5ns )t sin(5nytro + 2ntp)

5711 —2n

+ (ISn? — 6nny)sin{(dnytjg + (ng + 2n)t) . (IOn? + 16nn; — 8n?)sin(2n t;o + 2nto + 3ngt)
ny+ 2n 3ng

3n? + 6nny)sin(4dnto + (5n; — 2n)t
+( ! 1) = (4nto + (51 ) )> cos(bnrtrg +2nto)}
dn; —2n

ey sinw
1287171‘51Z — 64n2n;
nnysin(dngtro + 2ntg) sin(8nytrp + (2n — 4ng)t)
{— 2n —dny

nnycos(dnytro + 2nto) cos(8nytro + (2n — 4dng)t)

2n —4Any
(2n? — dnnj)sin(dngtro + 2nto) sin(6nytyo + 2nto — 2n;t)
B 2ny
(4nny — 2n?) cos(4ngtio + 2nto) cos(6nytrg + 2ntp — 2nt)
* 2ng
(nn; — 2n?) sin(dnrtro + 2nto) sin(dnytrg + dnto — 2nt)
- 2n
(an —mnnyp)cos(dnytio + 2nto) cos(4nytro + dnto — 2nt)
2n
N ((Qn? —nny)sin(dnytro + 2nt) + (4nn; — 2n2)sin(2nstio + 2nto + 2nst)
2n 2ng

+nn1 sin(4ntg + (4n; — 2n)t)

- sin(4n t;g + 2nt
pr—— ) (dngtro o)

+ (_ (nnp —2n3)cos(dngtro + 2nt)  (2n2 — dnnj)cos(2nytrg + 2nto + 2nyt)
2n 2ng
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nnj cos(dntg + (4ny — 2n)t)

477.1 - 2n
€] Cosw

51271,11,? — 256n2n;
{nm cos(dnjtrg + 2nto) sin(8nytro + (2n — 4ng)t)

) cos(4nytrg + 2nt0)}

2n — 4ng
nnysin(dnyt;g + 2nto) cos(8nytio + (2n — 4ny)t)
B 2n —4ng
(4nnj — 2n?) cos(dnstio + 2nto) sin(6nstrg + 2nto — 2nyt)
B 2ng
+ (4nny — 2n?)sin(dnstro + 2nto) cos(bnytro + 2nty — 2n;t)
2ny
(Qn? —mnny)cos(dnytio + 2nto) sin(dnto + dntp — 2nt)
- 2n
+ (271.:1’ —nny)sin(dngtig + 2nto) cos(dnsto + dnto — 2nt)
2n
+ (_ (Qn? — nny)cos(dnstjg + 2nt) _ (4nnp — 2n?) cos(2nstro + 2nto + 2nst)
2n 2ng

nnj cos(4dnto + (4ny — 2n)t)
dn; — 2n
+ (2n? — nng)sin(4ngtrg + 2nt) + (4nn; — 2n?)sin(2n1t1o + 2nto + 2nst)
(271 277,1

) sin(dngtio + 2nto)

nng sin(dnto + (4ny — 2n)t)
4iny — 2n

) cos{(4nytro + 2n.to)}

56? sin@
+
384n% — 1024nn? + 512n2n;

(2nn; — n?)sin(3n t;o + 2nto) sin(6nstro + (2n — 3ng)t)
2n — 3ng

(n% — 2nny)cos(3nstro + 2nto) cos(bnrtig + (2n — 3ny)t)

2n — 3n,
(—Gn% + 16nn; — 8n?)sin(3nstro + 2nto) sin(dnytrg + 2nto — nyt)
nr

(6713 — 16nn; + 8n2) cos(3nrtrg + 2nto) cos(dnytrg + 2ntg — nyt)

ny
(2nn; — 3n§) sin(3nyto + 2nto) sin(dnytio + (2n — ny)t)
+ 2n —ny
(3n% — 2nny) cos(3n,tyo + 2nto) cos(dnstio + (2n — ny)t)
B 2n —ng
. ((37)3 — 2nnj)sin(2nytrg + 4ntp + (n; — 2n)t) N (Snf — 16nn; + 8n?)sin(2nrtrg + 2nto + nyt)
ny —2n ny

(n? — 2nny)sin(4nto + (3n;. — 2n)t)
3711 - 2n

) sin(3nytro + 2nto)

N ( (2nny — Sn?)cos(intm +4nto + (n; — 2n)t) (—67@ + 16nn; — 8n?) cos(2nrtrg + 2nto + nrt)
ny—2n ny

2 — n?)cos(4nto + (3n; — 2n)t
— (2nng 1) s( o+ (3ns )t) cos(3nrtip + 2nto)
3ny —2n

n sinw
48n% — 128nn? + 64n2n;

(2nn; — n%) sin{(3nytro + 2nto) sin(6nyt;jg + (2n — 3ny)t)
2n — 3ng
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(n.? —2nng)cos(3nstrg + 2nto) cos(bnrtro + (2n — 3ng)t)
2n — 3ng
(—6n2 + 16nn; — 8n?)sin(3nstrg + 2nto) sin(4nstro + 2nto — nyt)

ny
(Gn})‘ — 16nn; + 8n2) cos(3nto + 2nto) cos(dngtrg + 2nto — nyt)
ny
(2nn; — 3n?)sin(3nrtro + 2nto) sin(dnsto + (2n — ny)t)
+ 2n —ny

(371? —2nny)cos(3nstro + 2nto) cos(dnrtro + (2n — np)t)

2n —nyg
N ((?m% — 2nng)sin(2ngto + 4nto + (n; — 2n)t) N (6n? — 16nn; + 8n?)sin(2nstro + 2nto + nyt)
ny —2n ny

(n% — 2nny)sin(4nto + (3ny — 2n)t)
+ 3ny —2n

) sin(3nytro + 2ntp)

N < (2nny — 3n2) cos(2nto + 4nto + (ny — 2n)t)  (—6n? + 16nn; — 8n?)cos(2nstro + 2nto + nrt)

ny —2n ny

2nn; —n? anto + (3n; — 2n)t
_( nny — ny) cos(4nto + (3ns )t) cos(3nrtro + 2nto)
3711 —2n

5e2 cos @
384n3 — 1024nn? + 512nn;

(n? —2nny)cos(3nytig + 2nto)sin(6nytio + (2n — 3ng)t)
2n — 3ng

(n? — 2nng)sin(3nrtrg + 2ntp) cos(6nytyo + (2n — 3ng)t)

2n — 3ng
(Gn? — 16nn; + 8n?) cos(3nstro + 2nto) sin(dnstrg + 2nto — nyt)
ny

N (6n? — 16nn; + 8n?)sin(3nstro + 2nto) cos(4nytro + 2nto — nyt)

ny
(2nny — 3713) cos(3nytro + 2nto) sin(dnytrg + (2n — ny)t)
+ 2n —ng
(2nn; — Bn?) sin(3nytrg + 2ntg) cos(dnytro + (2n — np)t)
B 2n —njg
N ( (2nn; — 3n%) cos(2nstro + 4nto + (n; — 2n)t) (6n? — 16nn; + 8n?) cos(2nst g + 2nto + nyt)
ny —2n nr

n2 — 2nny) cos(4nto + (3n; — 2n)t
_( 1 1) cos( o+ (3ns )t) sin(3nytro + 2nto)

3n; —2n

N ((Qnm — Sn%)sin(intm + 4nto + (n; — 2n)t) + (6n% — 16nny + 8n2)sin(2nrtro + 2nto + nyt)

ny —2n ny
n? — 2nn;)sin(4nty + (3n; — 2n)t
+( ! 1) sin( (3ns )Y) cos(3nytro + 2nto)
3n; — 2n
cos @

B 48n3 — 128nn? + 64n?n;

(n% — 2nny)cos(3nytro + 2nto) sin(6bnytio + (2n — 3ng)t)
2n — 3ng

(n(‘;' — 2nny)sin(3nstro + 2ntp) cos(6nstio + (2n — 3ng)t)

2n — 3ng
(Gn? — 16nn; + 8n2) cos(3nstrg + 2nto) sin(4ntrg + 2nto — nrt)
ny

(6n? — 16nn; + 8n?)sin(3nstro + 2nto) cos(dn;tro + 2nto — ngt)

nr
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+ (2nn; — 3713) cos(3ntig + 2nto) sin(dnyto + (2n — ny)t)
2n —ny
(2nn; — 372.?) sin(3nytrg + 2nto) cos(dnytig + (2n — ny)t)

2n —njg
+ (2nn; — 371?) cos(2nytro + 4ntg + (ny — 2n)t) (6713 — 16nn; + 8n?) cos(2nstig + 2nto + nyt)
nr—2n nj

(n? — 2nn;) cos(4nto + (3n; — 2n)t)

_ Py—— > sin(3nytjo + 2nto)

2nn; — 3n?)sin(2nytio + dnto + (ny — 2n)t 6n2 — 16nn; + 8n2)sin(2n;t0 + 2nto + njt)
+ ! +
ny —2n ny

n? — 2nny)sin(dnty + (3n; — 2n)t
+( ! 1)sinldnto + (3ns )t cos(3nytjo + 2nto)

3n; —2n
ey sinw
32n; — 32n
sin(2nytro + 2nto) sin(dngtyo + (2n — 2ng)t) cos(2nytro + 2ntp) cos(dnytig + (2n — 2ng)t)
2n —2ny 2n — 2ng
+ (4n — dnp)t? sin(2ngt;o + 2nto)? N sin{dntg + (2n; — 2n)t) sin(2n to + 2nto)
2 2ny — 2n
+ (4n — 4dnp)t? cos(2ngtro + 2ntg)? +cos(4n,t0 + (2np — 2n)t) cos(2nrto + Qnto))
2 2ny — 2n
9 sin(3nytjg — 3n;t) 5 . cos(3nytjo — 3ngt) sin(2ntjg — 2ngt)
—ejCOsSW————F———— —€ejsinw——————— + 3 oS W —————5——
ny ny 32n3
; . cos(2nytrg — 2ngt) -2 sin(nytyg —nyt) sin(nytjg — nyt)
—3ersinw—————— — 15¢jcosw—————— —3cosw——5———
8njy 8ny ny
.2 . cos(nytrg — nyt) . . cos(nytjo — nyt)
—15e;sinw ————— -3sinw—— 55—
8ny ny

a
- 16(64nn? — 256n2n? + 364n3n? — 216n'n, + 45n°)

21(16nn3 — 52n2n? + 52n3n; — 15n*

An; — 3n

g T
sin dn; — 3n |t — An;tio + 3nto + 3 + sin | 4n;t;0 — 3ntg — 3

— u{sin((4n; — 3n)t — dn;t;o + 3nto) — sin(—4n;t;0 + 3nto))

. 21(—16nn? + 44n?n? - 36n3n; + 9n?)

4n; — 5n

™ s
sin 4n; — 5n |t — Anit;o + Snto — 3] sin | — 4n;tio0 + Snto — 3

— p(sin{(4n; — 5n)t — dnit;o + Sntg) — sin(—4n;t,o + 5ntg))

N 28(32nn? — 112n%n2 + 126n°n; — 45n?)

2n; —n

b T
sin 2n; —n |t — 2n;t;0 + nto + 3] sin | — 2n;t;0 + nto + 3

— p(sin((2n; — n)t — 2n;ti0 + nto) — sin(—2n,t;0 + nto))
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N 28(—32nn? + 80'n,2nl? —62n%n; + 15n*
2n; — 3n

{ <sin ((2711 - 3n)t — 2n;t;0 + 3nto — %) — sin ( — 2n;ti0 + 3nto — %))

— p(sin((2n; — 3n)t — 2n;to + 3nto) — sin{—2n;to + 3nt0))}

30(64n? — 256nn3 + 364n2n2 — 216n3n; + 450
1 k3 1

n

(oot =3

— u(sin(nt — nto) — sin(—ntg))}} (B.11)
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B.6 Order of ¢°

5..(5)
dzp
3e§sinw
= a 2 2
64*n1+16*n*n178*n
{ (=2n; —n)sin(dnstjg + nto)sin(8ntio + (n —dng)t)  (2ny +n)cos(dnytyo + nto) cos(8nytrg + (n —4ny)t)
n —4ng n —4ng
+ (n —4njy)sin(dnrtrg + ntg)sin(6ngtyo + 2nto + (—2n; —n)t)
-2ny —n
(4n; — n)cos(4nstrg + nto) cos(bnrtrg + 2ntg + (—2n; — n)t)
—-2ny —n
An; — n)sin(2nyt 2n n)t 2n ) sin(2nt dny — n)t
+(( ny —n)sin(2nrtio + (2n; +n)t) +( 1 +n)sin(2nto + (dny ))>sin(4n1t10+nt0)
2ny +n dny —n
n —4n 2ngt 2n t —2n; —n 2nt dn; —n)t
+ (_(n ny)cos(2nytyo + (2ny +njt)  (=2ns; — n)cos(2nto + (4n; —n) ))COS(4nlt10+m0)}
2n; +n iny —n
3e?cosw

_64nf + 16nn; — 8n?
(2ny + n)cos(dnytjg + nto) sin(8nrtro + (n — 4dng)t) (2ny + n)sin(dngtro + nto) cos(8nytyg + (n — 4ny)t)

n—4an; n —4ny
n (4ny — n)cos(dnstrg + nto)sin(bnytig + 2nto + (—2n; — n)t)
—-2ny —n
(4ny — n)sin(4nstjo + nty) cos(bnytg + 2ntg + (—2n; — n)t)
—-2ny—n
(4n; —n)cos(2nytio + (2ny +n)t)  (2ny + n)cos(2nto + (4dny —n)t)\ .
+ [ - - sin(4dnytjo + nto)
2ny +n ny —n
dn; —n)sin(2ngt 2 t 2 sin(2nt dnyp —n)t
f (UmmsinGnstuo + Cuy 40 (2ns e m)sinEnte + 4n1 = 100) o4y 11 4t}
2ny+n ny —n

n ey sinw
48n? + 32nn; — 1602

(—n1 —n)sin(3nrtro + nto) sin(6nrtio + (n — 3ng)t) B (ny +mn)cos(3nytig + ntg) cos(6nytio + (n — 3nj)t)

n—3ny n—3ny
" (n —3ng)sin(3nstjo + nto) sin(dnrtro + 2nto + (—ny — n)t)
—n;—n
(3ny — n)cos(3nytrg + nto) cos{(dnytio + 2nto + (—ny — n)t)
—n;y—n
+ ((3711 —n)sin(2nytjo + (n; + n)t) n (n1 + n)sin(2nto + (3n; — n)t)) sin(3n1t 10 + nto)
ny+n 3ny—n
. (7 (n —3ny)cos(2nytio + (ny + n)t) B (—ny —n)cos(2nto + (3n; — n)t)) cos(3nstro + nto)}
ny+n Iny —n

+ €] cosw™
192n? + 128nn; — 64n?

(n; +n)cos(3nytig + nto) sin(bnrtig + (n — 3ny)t) _ (ny +n)sin(3ntro + nto) cos(bnytig + (n — 3ny)it)

n—3ny n—3ny
N (3n; —n)cos(3nytjg + nto) sin(dntrg + 2nto + (—ny — n)t)
-ny—n
_ {3n1 —n)sin(3n 1o + nto) cos(dnstio + 2nto + (—ns — n)t)
—MnN;—n
3n; — 2ngt 3 )t ) ) 2nt 3n; —n)t
4 (7( n; —n)cos(2ntro + (ny +n)t)  (ng +n)COSF nto + (3n; —n) ))sin(3n1t10+nto)
ny+n 3nf —n
N ((3n1 —n)sin(2nytio + (ny + n)t) N (n; +n)sin(2nto + (3n; — n)t)) cos(3nrtio + nto)}
ny+n 3ny—n

Se? sin w

+—_
128nn; — 64n2
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{ nsin(2njtjo + nto)sin(dnytro + (n — 2ny)t)  ncos(2nytro + nto) cos(dnyrtyg + (n — 2ny)t)

n—2ny —2n —ny
(n — 2ny)sin(2nytro + nto)sin(2nytrg + 2nto — nt)
_ 'n
(2ny — n)cos(2n tro + nto) cos(2nytro + 2nto — nt)
+ n
+ ((Q'nI —n)sin(2nytrg + nt) +nsin(‘2n;(;+ (‘2;11 — n)t)) sin(2n 110 + nto)
n L] — N

(ncos(Qnto +(2n; —n)t)  (n = 2n)cos(2nstro + nt)) cos(2nstro + nto)}
2ny —n n
sin w
16nn; — 8n?
nsin(2nytro + nto) sin(dnstro + (n — 2njp)t) ncos(2nytrg + ntp) cos(dnytio + (n — 2ny)t)
{_ n—2ng - n—2nj
(n — 2ny)sin(2nyto + nto) sin(2nytro + 2nto — nt)

n
i (2n; — n)cos(2nyt;o + nto) cos(2nyrtro + 2nto — nt)n
/
2 —n)sin(2nyt 1t in(2nt, 2ny —nj)t
¢ (2ne st £ ng) | i@ + (@0 = M0 o 4
[ —

N (n cos(2nty + (2ny —n)t)  (n — 2ny)cos(2nytjo + nt)

- )COS(?TL]tIQ +nto)}
2ny —n n

56% cos w ncos(2nytrg + nto)sin(dngto + (n —2ny)t)  nsin(2nytp + nto) cos(dnrtyg + (n — 2ny)t)
" 128nn; — 64n? { B
(2n; — n)cos(2nyt;o + nto) sin(2nytyg + 2nto — nt)
n
(2ny; — n)sin(2nrtyo + nto) cos(2nytrg + 2ntyo — nt)

n—2n;g n—2ny

n
n < (2ny — n)cos(2n;tio + nt) _ncos(?nto + (2n; — n)t)
n 2ny —n

) sin(2nrtro + nto)

n ((2711 —n)sin(2nytjo + nt) +nsin(2nt0 + (2n; — n)t)

)cos(?n;tm +nt0)}
n 2ny —n

cosw
B 16nn; — 8n?

ncos(2nytyg + nto) sin(dnytyo + (n — 2ny)t)  nsin(2nrtro + nto) cos(dnrtio + (n — 2ng)t)
{ 2n —ng B 2n —ng

(2n; — n)cos(2nytjg + nto) sin(2nytrp + 2nty — nt)

n
(2ny — n)sin(2ntyo + nto) cos(2nytro + 2nty — nt)

n
2 - 2ngt 34 2nt 2ny — njt
+ (_( ny ~n)cos(2nstio + nt) ncos(2n o+ (2n; — n) )>sin(2n1t10+nto)
n 2ny —n
2ny —n)sin(2nyt;jg + nt nsin(2ntg + (2n; — n)t
n (( 1 )Smr(l nrtro ) " ( 20n ( n! ))>cos(2n1tm+nto)}
;-

. cos(n,t;ofnto—n1t+nt)]
—ersinw

2(n —nj)?
+ a
32(225n8 — 1350nn® + 3116n2n? — 3464n3n? + 1856nin2 — 384n°n,)

33(45n% — 234nn? + 436n%n3 — 344n3n? + 96nn;)
5n; —4n

T
cos 5n; —4n }t — dn;it;o + dnto + ) - cos | — Sn;tio + 4nto + E

— p(cos((5n; — 4dn)t — 5nitio + 4nto) — cos(—5n;itip + 4nto))
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33(45n2 —~ 216nn? + 364n?n? — 256n3n? + 64nin,)
5n; — 6n

T T
cos 5n; — 6n |t — dn,;t;0 + 6ntg — E —cos | — Bngt;o + 6ntg — —

— p(cos((5n; — 6n)t — Bnitip + 6nte) — cos(—5dn;t0 + 6nto))

445(7571;’* — 400nn? 4 772n2n3 — 640n3n2 + 192n'n;)
3n; — 2n

T T
cos 3n; - 2n |t — 3n;t;o + 2nto + § —cos | — 3n;tijo + 2ntg + 3

— pfcos((3n; — 2n)t — 3nitio + 2nto) — cos(—3n;tio + 2nto))

45(75n2 — 350nn? + 572n%n? — 392n3n? + 96n*n;)
3n; —4n

T
cos 3n; —4n |t — 3n;t;o + Antg — % —cos | —3n;tio + 4nto — —

— p{cos((3n; — 4n)t — 3n;t;o + 4ntg) — cos(—3n;t;o + dnto))

50(225n2 — 900nn] + 1316n2n3 — 832n3n? + 192nn;)

n; —2n

I T
cos n; —2n |t — nitio + 2ntg — 3 —cos | —nitip + 2ntg — ‘5

— p(cos((n; — 2n)t — nitio + 2nto) — cos(—n;itio + 2nto))

50(225n? — 1350nn? + 3116n2n? — 3464n3n? + 1856nn,; — 384n°)

n;
m T
cos | n;t —nitio + — — cos — ngtio + —
3 3
— p(cos(nit — nitio) — cos(~nitio)) (B.12)
5
5y(E)
38% sin w
= ay
327& + 16nn; — 8n?
(—=2n; —n)sin(dnst;g + nto) sin(8nystrg + (n — dny)t) (2ny 4+ n)cos(4Anstrg + nto) cos(8nrtrg + (n — dny)t)
n—4njy n —4n;
+ (n —4ny)sin{dnytro + nto) sin(bnrtro + 2nto + (—2ny — n)t)
-2n;—n
(d4ny — n)cos(4nytg + nto) cos(bnrtrg + 2nto + (—2n; — n)t)
—-2ny —n
dny; — n)sin(2nytjo + (2ny + n)t 2n; + n)sin(2nto + (4n; — n)t R
+(( 1 —n)sin(2nitio + (2ns +n)t) +( 1 +n)sin(2nto + (4ng )))sm(4n1tm+nto)
2ny+n dn; —n

+ ( (n —4nj)cos(2nytro + (2ny + n)t) (=2ny — n)cos(2nto + (4dn; —n)t)

- cos(4nytyg + nt,
2ny +n dn; —n ) (dnstio 0)}
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36? cosw
64nf + 16nn; — 8n?

(2n7 + n)cos(dnstro + nto) sin(8nrtro + (n — 4ny)t) (2ny + n)sin(dnrtro + nto) cos(8nrtro + (n — dny)t)

n—4ngy n—4ng
N (4ny —n)cos(dnytig + nto) sin(bnytig + 2ntg + (—2n; — n)t)
—2n; —n
(4ny —n)sin(dnyt;o + nto) cos(Bnstig + 2nto + (—2n; — n)t)
—2ny —n
N (_ (4ny — n)cos(2nstjo + (2ny + n)t) B (2n; + n) cos(2nty + (4n; — n)t)) sin(dn1tro + nto)
2ny+n in; —n
N ((4711 —n)sin(2nytro + (2n; + n)t) N (2n; + n)sin(2nto + (4n; — n)t)) cos(dnrtro + nto)}
2ny +n iny —n

ey sinw
48n? + 32nn; — 16n2

(—=n; —n)sin(3nytjo + nto)sin(6nytig + (n — 3ny)t) B (ny +n)cos(3n;tig + nto) cos(bnstio + (n — 3ny)t)

n - 3nj n - 3n;

n (n —3ny)sin(3nrtrg + nto) sin(dnstyo + 2nto + (—n; — n)t)

—-n;—n
(3ny — n)cos(3nytip + nto) cos(dnytig + 2nto + (—ny — n)t)
-n;—n
3n; — in(2nyt t in(2nt 3n; —n)t
N (( ny —n)sin(2nstj0 + (n; +n)t) +(711 + n)sin(2ntg + (3n; — n) )) sin(3n1tro + nto)
ny+n 3ny—n
N (7 (n —3ny)cos(2nstio + (ny +n)t) B (—nj — n)cos(2nty + (3n; — n)t)) cos(3ngtro + nto)}
ny+n 3n; —-n
€] cos @

+ -
192n? + 128nn; — 64n?
(ny +n)cos(3nytig + nto)sin(bntrg + (n — 3ny)t) (n; +n)sin(3ntrg + nto) cos(bnrtio + (n — 3ny)t)

n —3ny n —3ny
+(Sm —mn)cos(3nytio + nto) sin(dnytjo + 2nto + (—ny — n)t)
-ny—n
(Bny —n)sin(3nstjg + nto) cos(dnytp + 2nty + (—ny — n)t)
-ny—n
" (_ (3ny —n)cos(2nytio + (ny + n)t) B (ny +n)cos(2nto + (3ny — n)t)) sin(3n1t10 + nto)
ny+n 3n;—n )
3 — in(2nyt t in(2nt 3 —n)t
N (( n; —n)sin(2n;tio + (nr + njt) +(711 + n)sin(2nto + (3n; —n) )) COS(3mt10+mo)}
ny+n 3n;y —n

Se% sinw
128nn; — 64n?
{ nsin(2nytjg + nto) sin(dnytyo + (n — 2ny)t)  ncos(2nytjo + nto) cos(dnrtio + (n — 2ny)t)

n—2ny —2n — ny
(n —2ny)sin(2nrtrg + nto) sin(2ntio + 2ntp — nt)
B n
+ (2n; — n)cos(2njytig + nto) cos(2nytig + 2nte — nt)
n
. ((2n1 —n)sin(2nytio + nt) +nsi11(2nto + (2ny — n)t)) sin(2n1t10 + nto)
n 2ny —n
(ncos(?nto + (2n; — n)t) B (n = 2ny)cos(2n;tro +nt)) cos(2nrtio + nto)}
2ny —n n
sin w
6nny — 8n?
nsin(2nytyg + nto)sin(4nytyo + (n — 2ng)t) ncos(2nytio + nto) cos(dnytio + (n — 2ny)t)
{_ n—2ng B n—2ny
(n — 2ny)sin(2nrtrg + nto)sin(2nytro + 2nto — nt)
n

(2ny — n)cos(2nytjg + nto) cos(2nytio + 2nto — nt)
n

* /
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2ny — sin(2n gt t nsin(2nt 2n; —n)t
+ (( ny —n)sin(2nytro + nt) +nsm( nty + (2n; — n) ))sin(Qn.1t10+nto)

n 2ny —n
(ncos(Qntg + (2n; —n)t) _ (n —2ny)cos(2nstip + nt)) cos(2n1tro + nto)}
2ny; —n n
_ 542:]Z Ccos ™ {ncos(?n;tm + ntg)sin(dn;trg + (n — 2ny)t) B nsin(2nytig + ntg) cos(dnrtrg + (n — 2ny)t)
128nn; — 64n? n—2n; n—2ng
(2n; — n)cos(2nytro + nto) sin(2nytyg + 2nty — nt)
n
+ (2n; — n)sin(2ntg + ntg) cos(2nytrg + 2nty — nt)
n
N (7 (2n; —njcos(2njtio +nt) n cos(?nt; +(2ny — n)t)) sin(2nst0 + nto)
n ny—n

N ((2n1 —n)sin(2nyt;o + nt) +ns‘.in(?nto + (2n; —n)t)

n 2ny —n

) cos(2nstro + nto)}
cos @
16nn; — 8n?

{ncos(?mtm + nto)sin(4nytio + (n — 2ng)t)  nsin(2njtio + nto) cos(dnytrg + (n — 2ny)t)

2n —ng 2n —ng
(2n; — n)cos(2nytjg + nto) sin(2n;trg + 2nty — nt)
n
N (2n; — n)sin(2nyt;o + nto) cos(2nytg + 2ntg — nt)
n
2ny —n 2ngt 1t 2nt 2ny —n)t
+ (_( ny —n)cos(2nytyg + nt) -ncos( nto + (2n; — n) )>sin(2n1t10+nto)
n 2ny —n
2ng — in(2ngt t in(2nt 2n; —n)t
+ (( ni = n)sin(2nstro + nt) +nsm( n20+( nr =) ))cos(2n1t10+nto)}
n n; —n

. cos(n,tlo—nto—nlt+nt):|
—ejysinw

2(n — nj)?
a
32(225nf — 1350nn? + 3116n2n? — 3464n3n? 4 1856n7n? — 384n°n;)

33(45n2 — 234nn? + 436n?n? — 344n®n? + 96nn,)

5"1' —4n

T s
sin 5n; —4n |t — dn;tio + 4nto + 3] sin | — 5n;t;o + 4nto + 3

— p(sin((bn; — 4n)t — 5n;tip + 4nto) — sin(—5n;t;0 + 4ntop))
+33(—45nl5 + 216nn;1 — 364n2nf + 256n3n12 — 64ntn;)(5n; ~ 6n)

™ ™
sin 5n; —6n |t — 5nit,o + 6nto — -?: —sin | — 5n;tio + 6ntp — g

— p(sin((5n; — 6n)t — 5nitio + 6nto) — sin(—5n;t0 + 6ntp))

45(75n2 — 400nn? + 772n%n? — 640n3n? 4 192nin;)
+

3n; —2n

(sin((3n; — 2n)t — 3n;t;0 + 2nto + g) — sin(—3n;t;0 + 2nto + g))

— mu(sin((3n; — 2n)t — 3n;t,0 + 2nto) — sin(—3n;t;o + 2nto))

45(—75n2 + 350nn? — 572n2n3 + 392n3n2 — 96nin,)
+

3n; —4n
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T
sin 3n; —4n |t — 3n;t;0 + 4dntp — z} —sin | — 3n;tio + 4nto — 3

— p(sin((3n; — 4n)t — 3n;t;o + 4dnto) — sin(—3n;t;o + 4nto))

50(—225n2 + 900nn; — 1316n?n3 + 832n3n? — 192nn;)
+ L ( L n; — 2n)

T g
sin n; —2n |t — nytio + 2nto — 15 —sin | — nit;o + 2ntp — §

— p(sin{(n; — 2n)t — nit;0 + 2nto) — sin(—n;tio + 2nto))

N 50(225n2 — 1350nn? + 3116n%n? — 3464nn? + 1856n'n; — 384n°)

ng

. ™ R bis
sin | n;t — nitio + § — sin — n4tio + g

— p(sin(n;t — nitio) — sin(—nits0)) (B.13)




B.7. ORDER OF Q°

B.7 Order of ¢°

(6)
dz g

36? sin @
= a
"' | 24003 3 384nn2 — 192n2n;

(—3n3 —6nny)sin(dnytig + 2ntp) sin(10nt0 + (2n — 5np)t)
2n — 5ny

(371,? + 6nny)cos(dnrtrg + 2ntg) cos(10nrtio + (2n — 5ny)t)

2n — 5ny
(710713 — 16nn; + 8n?)sin(dnrtro + 2nto) sin(8nytro + 2nto — 3nst)
B 3ng
(IOn? +16nn; — 8n2) cos(5nrtro + 2nto) cos(8nytrg + 2nto — 3nst)
+ 3ng
(6nn; — 15"?) sin(dnytrg + 2nto) sin(6nytrg + 4ntp + (—n; — 2n)t)
+ —-ny —2n
(15n% — 6nny)cos(5nrtro + 2nto) cos(6nytro + dnto + (—ny — 2n)t)
B —-ny —2n
+ ((15n’;’ — 6nny)sin{dnstio + (ny + 2n)t) N (10n? + 16nn; — 8n?)sin(2nst1o + 2nto + 3nst)
nr+2n 3ng

N (3n?% + 6nn;) sin(dnto + (5n; — 2n)t)
Sny — 2n

> sin(5nytrg + 2ntp)

N (6nny — 15nf)cos(4n;t10 + (ny + 2n)t) (710n’;’ — 16nng + 8n2) cos(2nrtrg + 2nto + 3ngt)
ny +2n 3ng

—3n2 — 6nny) cos(4ntg + (5n; — 2n)t
_( I I)_ ( o+ (5 ) )> COS(5TL1t10+2’nt0)}
Sn; — 2n

36% cos w
240n3 + 384nn? — 192n%n;

(3n? + 6nn;) cos(5nrtro + 2nto) sin(10n;tro + (2n — 5np)t)
2n — 5ny

(3n? + 6nn;)sin(5nrtrg + 2nto) cos(10ntro + (2n — 5np)t)

2n — 5ny

(IOnf + 16nn; — 8n2) cos(5nytro + 2nto) sin(8nytjo + 2nto — 3ngt)
B 3ng

(10n2 + 16nn; — 8n?)sin(5n;tro + 2nto) cos(8nrtro + 2nto — 3nt)
* 3ng
N (15n% — 6nny) cos(dnstro + 2nto) sin(6nstro + 4nto + (—n; — 2n)t)

—ny —2n

(15n% — 6nng)sin(bnytyg + 2nto) cos(6nytrg + 4nto + (—n; — 2n)t)

B —-ny—2n
(ISn? —6nny)cos(dnytig + (ng + 2n)t) (IOnf + 16nn; — 8n2) cos(2nstro + 2nto + 3n;t)

+ (_ ny +2n - 3ng

(Bn? + 6nny) cos(4nto + (dny — 2n)t)

— sin(dnytrg + 2nt
FR—— ) (5nrtro o)

N (15723 —6nny)sin(dnytig + (ny + 2n)t) 4 (1071? + 16nny — 8n2)sin(2n;trg + 2nto + 3nst)
ny+2n 3ng

3n2 + 6nnj)sin(4nto + (5n; — 2n)t
+( ! 1) sin(dnto + (Sns )t cos(dnytyo + 2ntp)
5ny — 2n

ersinw
128nn§ — 64n2ny

109
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{ nnysin(dnytro + 2nto) sin(8nytro + (2n — 4ng)t)

2n — 4ny
nnjcos(4dnytrg + 2ntg) cos(8nytyg + (2n — 4ny)t)
- 2n — 4ng
(2n? — 4nng)sin(dnytrg + 2nto) sin(6nrtjg + 2nto — 2n;t)
a 2’”]
. (4nn; — 2n2) cos(4nstrg + 2ntg) cos(6n st + 2ntg — 2nst)
2ng
(nnp — 2n?)sin(dnytro + 2nto) sin(dn;tr + dnto — 2nt)
B 2n
(Q'n% —nny)cos(dnytyg + 2nto) cos(dnjtyg + dnto — 2nt)
+ 2n
N ((27)? —nny)sin(dnytio + 2nt) + (4nny — 2n?)sin(2nstro + 2nto + 2ngt)
2n 2ny
+ nny sin(4nto + (4n; — 2n)t)> sin(dny 1o + 2nto)
dn; — 2n
(nny — 27@) cos(dnstio + 2nt) (2n2 — 4nny) cos(2nrtio + 2nto + 2n;t)
. 2n B 2ng
+nn1 cos(dnto + (4ny — 2n)t)) cos(4nyrtro + Qnto)}
ny — 2n
ey cosw™

512nn? — 256n2n;
{nm cos(4nytyo + 2nto) sin(8nytip + (2n — dng)t)

2n — 471]
nnysin(dnytrg + 2nto) cos(8nytro + (2n — 4ng)t)
2n — 4ng
(4nn; — 2n?) cos(4nytio + 2nto) sin(6nytrg + 2nto — 2nt)
277,1
N (4nn; — 2n?)sin(dnytro + 2nto) cos(6nytro + 2nto — 2nt)
2ng
B (Qn? ~mnny)cos(dnrtrg + 2nto) sin(4ngtro + dntp — 2nt)
2n
N (2n? — nnp)sin(dnrtro + 2nto) cos(4nstrg + 4nto — 2nt)
2n
N (2n% — nnp)cos(4nstro + 2nt) (4nn; — 2n?)cos(2nstio + 2nto + 2nst)
2n 2ny
dnto + (dng — 2n)t
_nnycos(4nto + (4ng n) )) sin(4nyt 1o + 2nto)
dny — 2n
+ (2n? — nnp)sin(dnsto + 2nt) N (d4nn; — 2n?)sin(2nst1o + 2nto + 2nst)
(2n 2ng
in(dnto + (4ng — 2n)t
nnj sin(4ntg + (4ng n) ))cos(4n1t10+2nto)}
4n1 —2n
56? sin @

+
384n% — 1024nn? + 512n2n;

(2nn; — nf) sin(3nytro + 2nty) sin{6nytrg + (2n — 3nj)t)
2n — 3ng

(n? — 2nny) cos(3nrtro + 2nto) cos(6nstro + (2n — 3ny)t)

2n — 3nyg
(—6n§ + 16nn; — 8n?)sin(3nstro + 2nto) sin(4nrtro + 2nto — nyt)
ny

N (6n? — 16nn; + 8n?) cos(3nstjo + 2nto) cos(4nytio + 2nto — nyt)
nr
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+ (2nny — 371?) sin(3nytrg + 2nto) sin(dn;t;o + (2n — ny)t)
2n —ny
(3n? — 2nn ) cos(3nstro + 2nto) cos(dnytig + (2n — np)t)

2n —nyg
+ ((371% —2nng)sin(2ngtio + 4ntp + (n; — 2n)t) 4 (6713 — 16nn; + 8n?)sin(2n;t;o + 2nto + nst)
ny — 2n ny

(n? — 2nnj)sin(dntg + (3ny — 2n)t)

+
3n; —2n

) sin(3nytyg + 2nto)

N ( (2nny — 3113) cos(2nytrg + 4nto + (ny — 2n)t) (—Gn% + 16nn; — 8n?) cos(2nitrp + 2nto + nt)
ny;—2n ny

2nn; — n?) cos(dnty + (3n; — 2n)t
A( ! 1) cosdnto + (3ns )t cos(3nstrg + 2nto)
3n; —2n

n sinw
48n3 — 128nn? + 64n?n;

(2nn; —n?)sin(3nstyo + 2nto) sin(6nstso + (2n — 3ng)t)
2n — 3ng

{(n? — 2nny)cos(3n to + 2nto) cos(6nsto + (2n — 3np)t)

2n — 3ng
(—Gn% + 16nn; — 8n?)sin(3nstig + 2nto) sin(dnytro + 2ntg — nyt)
- ny
(6n3 — 16nn; + 8n?) cos(3nstio + 2ntg) cos(4nstig + 2nto — nyt)
ng
(2nn; — 3n?) sin(3nytrg + 2ntg)sin(dngtrg + (2n — ny)t)
+ 2n —ng

(I}n% —2nny)cos(3nstrg + 2nto) cos(dnytio + (2n — ny)t)

2n —ny
N ((3n§ — 2nny)sin(2nrtro + 4nto + (ny — 2n)t) N (6n? — 16nn; + 8n?)sin(2nstro + 2nto + nrt)
ny —2n ny

+ (n? — 2nnj)sin{4nto + (3n; — 2n)t)
3n; — 2n

) sin(3ngtro + 2nto)

+ ( (2nn; — 3nf) cos(2nytyg + 4nto + (ny — 2n)t) (76n§ + 16nny — 8n2) cos(2n;tro + 2nto + nyt)

ny —2n ny
2nn; — n?) cos(dnty + (3n; — 2n)t
_( ! 1) cos{nto + (3n; ) cos(3nytio + 2nto)
3n; —2n
5@? cos w

© 384n3 — 1024nn? + 512n2n;

(n? —2nny)cos(3nstrg + 2nto) sin(6nrtro + (2n — 3ny)t)
2n — 3ng

(n% —2nny)sin(3nstro + 2ntop) cos(6bnytro + (2n — 3ny)t)

2n — 3ng
(Gn? — 16nn; + 8n?) cos(3nrtrg + 2nto) sin(4n;tig + 2nto — nyt)
ny

4 (6n% — 16nng + 8n2)sin(3ngtrg + 2nto) cos(4ntro + 2nty — nyt)
ny
(2nn; — 3n?) cos(3n;tro + 2nto) sin(4nytro + (2n — ny)t)

2n —ng
(2nn; — 3n:;) sin(3nytrg + 2ntg) cos(dnrtro + (2n — ny)t)

2n —ny
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N ( (2nny — 3n§) cos(2nytro + 4nty + (n; — 2n)t) (6nf — 16nn; + 8n2) cos(2nstrg + 2nto + nyt)

n; —2n ny

2 <
ns — 2nny)cos(4dnto + (3ny — 2n)t
—( L 1) cos{dnto + (3 ) )>sin(3n1t10+2nt0)

377,1 —2n

+ ((2"”1 ~ 3n?)sin(2nstro + 4nto + (n; — 2n)t) L (6n% — 16nny + 8n2)sin(2nyto + 2nto + nyt)
ny —2n

ny
n? — 2nny)sin(4nto + (3n; — 2n)t
+( i r)sin(4dnto + (3ng )t) cos(3nstro + 2nto)
3ny — 2n
cos w

~ 48n3 — 128nn2 + 64n2n;

(n? — 2nny)cos(3ngtrg + 2ntg) sin(bnytyo + (2n — 3ng)t)
2n — 3n;

{(n? — 2nnp)sin(3nytro + 2nto) cos(6nstro + (2n — 3n;)t)

2n — 3ny
(6n? — 16nn; + 8n?) cos(3nstrg + 2nto) sin{dnytro + 2nto — nt)
_ -
(6n? — 16nn; + 8n?)sin(3nstro + 2nto) cos(dnytro + 2nto — nyt)
ny
+ (2nn; — 3n?)cos(3n1t10 + 2nto) sin(dngtio + (2n — ny)t)
2n —njy
(2nn; — 3n?)sin(3nstro + 2nto) cos(dnstro + (2n — ny)t)
2n — ny
(2nny — Snf) cos(2nytrg + dntg + (ny — 2n)t) (6n§ — 16nn; + 8n?) cos(2nstyo + 2ntg + nyt)
+ (— ny —2n B ny

n? — 2nng) cos(4nto + (3n; — 2n)t
—( L 1) ( 0+ (s )t sin(3nytro + 2nto)

3n1 —2n

+ ((Qnm - 3n?) sin{2ngtro + 4ntp + (n; — 2n)t) . (Gn% — 16nn; + 8n2)sin(2nyt;o + 2nto + nyt)

ny— 2n njy
2 .
ns — 2nny)sin(4dntg + (3ny — 2n)t
+( L 1) sin( ( )t cos(3nytio + 2nto)
3n; —2n
ersinw
32ny — 32n
sin(2nytro + 2ntg) sin(dngtio + (2n — 2ng)t) cos(2nytro + 2nto) cos(4nytro + (2n — 2ny)t)
2n — 2ng 2n — 2ng
n (4n — 4ng)t?sin(2nrtro + 2nto)? " sin(4nto + (2ny — 2n)t)sin(2nto + 2nto)
2 2ny — 2n
+ (4n — 4ng)t? cos(2nstio + 2nto)? +cos(4nto + (2n; — 2n)t) cos(2n;tjo + 2nto))
2 2n; — 2n
P sin(3nytjo — 3ngt) 2 . cos(3nytrg — 3ngt) , sin(2nytrg — 2ngt)
—ejCoswW——————— —efsinw—————— t+ 3ejcos W ——— 55—
ny ny 32711
. cos(2nytrg — 2ngt) 2 sin(nytjo — nyt) sin(nytjo — nyt)
—3eysinw—————F——— — Idejcosw—————" — 3(:osw——2
8njy 8ny ny
tro —ngt [o¢} tro —nrt
—158? sin w—u(nl 102 1t) —3sin w—s(nl ”2) 1)
8nj ny

a
+ z
64(2304nn? — 13824n2n? + 33776n3n? — 42944n%n? + 29912n5n? — 10800nSn; + 1575n7)

429(384nn? — 1984n2n? + 3976n3n? — 3844n*n? + 1782n%n; — 315n5)

6n; — 5n
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T i
cos 6n; —5n |t — 6n,;t;0 + Snto + 3] cos | — 6n;tio + Snto + 3

— u(cos((6n; — 5n)t — 6n;ti0 + Sntg) — cos(—6n;ti0 + Sntp))

429(384nn? — 1856n2n? + 3464n®n? — 3116n%n? + 1350n3n; — 225n8)
6ni —Tn

T T
cos 6n; — 7n |t — 6n;t;0 + Tnto — 3] cos | — 6n;t;o + Tnto — 3

— p(cos((6n; — Tn)t — 6n;to + Tntg) — cos(—6nito + Tnto))

594(576nn? — 3024n?n? + 6176n3n? — 6104nin? + 2900n°n; — 525n°)

in; — 3n

I m
cos 4n; — 3n |t — An;tio + 3nto + o cos | —4n;tio + 3nto + —

— p(cos((4n; — 3n)t — 4dn,tio + 3ntg) — cos(—4n;tio + 3nto))

594(576nn> — 2736n2n? + 5024n3n? — 4456nin? + 1908n°n; — 315n°)

an; — 5n

T T
cos 4dn; — 5n Jt — 4n;t;o + Snto — o cos | — 4n;t;o + Snto — 3

— mu(cos((4n; — 5n)t — 4n;to + Snto) — cos(—4n;tio + Snto))

675(1152nn? — 6336n2n? + 13720n3n? — 14612n*n? + 7650n°n; — 1575n°)

2n; —n

T ™
cos 2n; —n |t — 2n;t0 + nto + e i cos | — 2n;t;o +nto + —

— p(cos((2n; — n)t — 2n;ti0 + nto) — cos(—2n;tio + nto))

675(1152nn — 5184n2n? + 9112n3n? — 7804n*n2 + 3250n°n, — 525n°)
2n; —3n

T T
cos 2n; —3n |t — 2n;t;0 + 3nto — e cos | — 2n;t;0 + 3ntg — 5

— p(cos((2n; — 3n)t — 2n;t;0 + 3ntg) — cos(—2n;tio + 3nto))

700(2304n8 — 13824nn? + 33776n?n? — 42944n3n? + 29912n%n? — 10800n°n; + 1575n°)

n

™ g
cos nt—nt0+§ — cos fnto+§

— p(cos(nt — ntg) — cos(—ntp)) (B.14)

(6)
0z
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36% sin @
= a
! 240n3 + 384nn§ —192n2n;

{ (—3713 — 6nny)sin(5nrtio + 2nto) sin(10n,t;9 + (2n — 5ny)t)

2n — 5ng

(Sn'f + 6nn;)cos(dnytip + 2nto) cos(10nstio + (2n — 5ny)t)

2n — 5ng
(—IOn% — 16nn; + 8n?)sin(5nstrg + 2ntg) sin(8nytrg + 2ntg — 3nst)
- 31’7.[
(10n2 + 16nn; — 8n?) cos(5nytro + 2nto) cos(8nrirg + 2nto — 3nrt)
+ 3ng
(6nny — 15713) sin(dnytro + 2ntp) sin(6n t;g + 4ntg + (—ny — 2n)t)
+ —ny —2n
(]Em;l2 — 6nny)cos(Snytrg + 2ntg) cos(bnytig + 4ntg + (—n; — 2n)t)
B —ny —2n
+ ((15773 —6nng)sin(dnstio + (n; + 2n)t) N (lOn? + 16nn; — 8n?)sin(2ntro + 2nto + 3n;t)
ny+2n 3ng

3n2 4+ 6nn;)sin(dnty + (bny — 2n)t
+( ! 1) sin{dnto + (S ))>sin(5n1t10+2nto)

Sn; —2n

N (6nn; — 15n?) cos(dnrtio + (ny +2n)t)  (=10n2 — 16nn; + 8n?) cos(2nst o + 2nto + 3n;t)
ny+2n 3ng

Sny —2n

—3n?% — 6nny) cos(4nto + (5n; — 2n)t
_(=3ng 1) cos(4nto + (5ng ))>cos(5n1t10+‘2nto)}

38? Ccos w
240n? + 384nn? — 192n2n;

(3n§ + 6nny)cos(dnstro + 2nto) sin(10n tro + (2n — 5ny)t)
2n — dSny

(3TL§ +6nn;)sin(dnytrg + 2nto) cos(10nstio + (2n — 5ng)t)

2n — 5ng

(lOn? + 16nn; — 8n2)cos(d5njtro + 2nto) sin(8nytjo + 2nto — 3nst)
B 3ng

(10n% + 16nn; — 8n?)sin(5n;t;o + 2nto) cos(8nytig + 2nto — 3nst)
+ 3ng

(15nf —6nny)cos(dntrg + 2ntg)sin(6ntyg + Antg + (—ny — 2n)t)
+ —-ny —2n

(15n§ —6nny)sin(dntig + 2ntg) cos(6nytig + 4dntg + (—ny — 2n)t)
B —-ny; —2n

(15n§ —6nny)cos(dnytio + (ny + 2n)t) (IOn% + 16nn; — 8n2)cos(2nstio + 2nto + 3nst)

+ <_ ny + 2n B 3ng

(3n? + 6nny) cos(4nty + (5n; — 2n)t)
5TL1 —2n

> sin(5nst;g + 2nto)

+ (ISn% —6nny)sin(dngtjo + (nr + 2n)t) + (1011% + 16nny — 8n?)sin(2ntro + 2ntg + 3nrt)
ny+ 2n 3ny

3n2 + 6nny)sin(dnto + (5n; — 2n)t
+( L 1) sin(dnto + (5ns )Y) cos(Bnytro + 2ntp)
Sny —2n

ersinw
128nn§ — 64n?n;
nnysin(dnrtio + 2nto) sin(8nytro + (2n — 4ny)t)
{_ ' 2n —4ng
nnycos(4ngtyg + 2ntg) cos(8nytro + (2n — 4dny)t)
a 2n —4ng
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(2n? — 4nnj)sin(dnytyg + 2nto) sin(6nt;g + 2nto — 2nst)

2ng
+ (4nny — 2n?) cos(dnstio + 2nto) cos(6nrtrg + 2nto — 2n t)
2ng
(nng — Qn?)sin(4n1t10 + 2nto) sin(dngto + 4nty — 2nt)
B 2n
N (Qn? —nny)cos(dnytio + 2nto) cos(dnytrg + dnto — 2nt)
2n
+ (2713 —nng)sin(dnytro + 2nt) N (4nny — 2n?)sin(2nstro + 2nto + 2nst)
2n QTLI
in(4nt 4ny —2n)t
nny sin( Zr? + (2:1 ) )> sin(4nst;o 4 2nto)
;-
N (nny —2n?)cos(dnytro + 2nt)  (2n% — dnny)cos(2nrtio + 2nto + 2nt)
2n 2ny
4nt An; — 2n)t
nny cos( Zno + (Q:I n) )) cos(4nytro + Qnto)}
n; — 2n
€] COsS™W

512nn? — 256n2n;
{nnl cos(dnjtio + 2nto)sin(8nytip + (2n — 4ng)t)
2n — 47’1‘1

nnysin(dnytyo + 2nto) cos(8nytio + (2n — 4ng)t)

2n — 4dng
(4nny — 2n?) cos(4nstig + 2nto) sin(6nstrg + 2nto — 2nrt)
- 2ny
(4nny — 2n?)sin(dnstio + 2nto) cos(6ntio + 2nto — 2nyt)
+ 2ny
(Qn? —mnny)cos(4dnstyg + 2nto) sin(dnytyg + 4nto — 2nt)
B 2n
(2n? — nnp)sin(4ngtro + 2nto) cos(dnstrg + 4nto — 2nt)
2n
. (_ (2n? — nn;)ct;s(47z1610 + 2nt) _ (4nng - 2n?) cos(22n1t[o + 2nto + 2n1t)
n ny

nny cos(4nto + (dny — 2n)t)
B Any; — 2n
+ ((an —nny)sin(4nrtio + 2nt) + (4nn; — 2n2)sin(2nytro + 2nto + 2ngt)
(2n 2ng
nny sin(4ntp + (4n; — 2n)t)
4ny — 2n

) sin(4nyrtro + 2nto)

) cos(dnytig + Qnto)}
5e2 sin @
+
384n3 — 1024nn? + 512n2n;

(2nny — n%) sin(3nytrg + 2ntg) sin(6ntyo + (2n — 3ng)t)
2n — 3ng

(n? — 2nnp) cos(3ntro + 2nto) cos(6nrtro + (2n — 3ny)t)

2n — 3ng
(—6n2 + 16nn; — 8n?) sin(3nst1o + 2nto) sin(4nstro + 2nto — nrt)
np

+ (Bn% — 16nn; + 8n2) cos(3nrtro + 2nto) cos(dnjtg + 2nto — nyt)

ny
+ (2nny — 3n%) sin(3nytro + 2ntg) sin(dnjytig + (2n — ny)t)
2n —ny

(Bn? — 2nny)cos(3nytro + 2nto) cos(dnrtio + (2n — ny)t)

2n —ng
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N (3n% — 2nn) sin(2n1t 0 + 4nto + (n; — 2n)t) N (6n? — 16nn; + 8n?)sin(2nst5o + 2nto + nyt)
ny—2n njy
(n? — 2nny)sin(4dnto + (3ny — 2n)t)
3n; —2n

) sin(3nyrtrg + 2ntp)

+ ( (2nny — 3n2) cos(2nstro + 4nto + (ny — 2n)t)  (—6n? + 16nn; — 8n?) cos(2nrtro + 2nto + nyt)

ny —2n ny

B (2nng — n?) cos(4nto + (3ny — 2n)t)> cos(Bnrtro + Qnto)}
3n; —2n
sin w
+48n? - 128nn§ +64n2n;
(2nny — n?) sin(3nytro + 2ntg) sin(6n tyg + (2n — 3ng)t)
{ 2n — 3ng

(n? — 2nnyp) cos(3nrtro + 2nto) cos(6nstro + (2n — 3n)t)
2n — 3ng
(—6n2 + 16nn; — 8n?)sin(3n i1 + 2nto) sin(4ngtro + 2nto — nrt)

nr

+ (an — 16nng + 8n?) cos(3nstyg + 2nto) cos(4nytyo + 2nto — nyt)
ny

N (2nn; — 3n?)sin(3nstro + 2nto) sin(dnytro + (2n — ny)t)

2n —ny
(Sn% — 2nny)cos(3nytig + 2nto) cos(dnyrtro + (2n — ny)t)
2n —ny

. ((mi —2nny)sin(2ngtrg + 4ntg + (ny — 2n)t) + (6n% — 16nng + 8n2)sin(2ntrg + 2nto + nyt)
ny —2n ny
(n? — 2nnp)sin(dnto + (3n; — 2n)t)
3n; —2n

+

> sin(3nytio + 2nto)

+ ( (2nn; — 3n§)cos(2n1t10 +4nto + (ny — 2n)t) (7671% + 16nn; — 8n?) cos(2nrtro + 2nto + nt)
ny —2n ny

2nn; — n?) cos(4ntg + (3n; — 2n)t
_ (2nn; —n7)cos(4nto + (3ns ) cos(3nstro + 2nto)
3ny — 2n

56% cos @
384n3 — 1024nn? + 512n2n;

(n? — 2nny) cos(3n to + 2nto) sin(6nstro + (2n — 3np)t)
2n — 3ng

('Il% — 2nny)sin(3nrtro + 2nto) cos(6nrtio + (2n — 3ny)t)

2n — 3n;
(ﬁnf — 16nng + 8n2) cos(3nrtro + 2nte) sin(dnyrtrg + 2nto — nyt)
_ o
+ (Gn% — 16nny + 8n?)sin(3nstro + 2nto) cos(dnytro + 2nto — nyt)
ny

+ (2nn; — 3n2) cos(3nrtro + 2nto) sin{dn;trg + (2n — np)t)

2n —ng
(2nn; — 3n%) sin(3nytrg + 2nto) cos(dnytio + (2n — ny)t)
2n —nyg
+ < (2nn; — 371%) cos(2nytrg + dntg + (ny — 2n)t) (671% — 16nn; + 8n?) cos(2nrtrg + 2nto + nyt)
ny —2n ny

(n? — 2nny)cos(4dnty + (3n; — 2n)t)
3711 —2n

) sin(3nytrg + 2nto)



B.7. ORDER OF @Q° 117

N <(2nnl — 3n7)sin(2n;tyo + 4nto + (ng — 2n)t) N (6n? — 16nn; + 8n?)sin(2nstzo + 2nto + nyt)

ny —2n ny

n? — 2nnj)sin(dnto + (3ny — 2n)t
+( 1 1)sin{dnto + (3ns 9 cos(3nytro + 2nto)
3n; —2n

cos ™
B 48'71‘:]3 - 1281).713 + 64n2n;

(nf —2nny)cos(3nytig + 2nto) sin(bnytrg + (2n — 3ng)t)
2n — 3ng

(713 — 2nny)sin(3nst;g + 2nto) cos(6nytjg + (2n — 3ny)t)
2n — 3ng

(6713 — 16nny + 8n?) cos(3nstro + 2nto) sin(dnytio + 2nto — nyt)

ny
(Gng — 16nn; + 8n2)sin(3n;t;o + 2ntg) cos(4dn;tro + 2ntg — nyt)

ny

(2nn; — 3n7) cos(3njtio + 2nto) sin(dngtig + (2n — ny)t)

2n —ny
(2nn; — 3n3)sin(3nyt o + 2nto) cos(dnytio + (2n — np)t)
2n —ny
(2nn; — 3n2)cos(2nitio + 4nto + (ng — 2n)t)  (6n? — 16nn; + 8n?) cos(2nstio + 2nto + nyt)
( ny—2n B ny

(n? — 2nny)cos(dnty + (3n; — 2n)t)

B 3n; — 2n ) sin(3ntrg + 2ntp)

(2nn; — 3n?)sin(2nrtro + 4nto + (ny — 2n)t)  (6n? — 16nn; + 8n2)sin(2nsto + 2nto + nyt)
+ L +—1
ny—2n ny
(n% — 2nng)sin(4nto + (3n; — 2n)t)

+
3n; —2n

) cos(3nytio + 2nt0)}

ersinw
" 32n; — 32n

sin(2nytyo + 2ntp) sin(dnytrg + (2n — 2ny)t) cos(2nytrg + 2ntg) cos(dnytio + (2n — 2ng)t)
(# 2n — 2ng - 2n — 2ng

(4n — dngp)t? sin(2ngtro + 2nto)?  sin(dntg + (2n; — 2n)t) sin(2nrtro + 2nto)
+ 2 + 2n; — 2n

(4n — 4np)t2 cos(2ngtrp + 2ntg)?  cos(dntp + (2ng — 2n)t) cos(2n tro + 2nto)
+ 2 + 2n; — 2n )

sin(3nytrg — 3nst) 5 .
———————— —e7sinw

5 cos(3ngtig — 3ngst) sin(2nytjo — 2ngt)
—ejcosw 5 — S t3jcswW—————5——
ny ny 32nl
cos(2nytig — 2ngt)

"2
8ny

sin(nytjo —nyt) sin(nytjo — nyt)

2
1

3cosw

2
— 15e5 cosw
! 8n% n

—3ersinw

. cos(njtjg — nyt)
5 —3sin Lo E—
8n1 ny
a

- 64(2304nn® — 13824n2n2 + 33776n3n? — 42944nin? 4+ 29912n5n? — 10800n5n,; + 1575n7)

. cos(nytjg —ngt
—1563 sin w-—(—-——-——~—z

429(384nn? — 1984n?n} + 3976n3n} — 3844n*n? + 1782n5n; — 315n°)
671,1' —5n

T m
cos 6n; —5n |t — 6n;t;o + Snto + 3] cos | — 6n;t;0 + Snto + 3

— pcos((bn; — 3n)t — 6n;t;0 + dSntg) — cos(—6n;t;0 + dntp))
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429(384nn? — 1856nn! + 3464n°n? — 3116n'n? + 1350n°n; — 225n°)

6n; —n

m
cos 6n; —Tn |t — 6n;t;o + Tntp — 3] cos | — 6n;tio + Tntg —

— p{cos((6n; — Tn)t — 6n;t,0 + Tnty) — cos(—6n;t;0 + Tnto))

N 594(576nn? — 3024n2n?t + 6176n3n? — 6104n*n? + 2900n°n; — 525n°)

4n; — 3n

T T

cos dn; — 3n |t — An;tio + 3nto + —3— —cos | —dnitip + 3ntg + E

— p(cos((4n; — 3n)t — dn;t;o + 3ntg) — cos(—4n;tip + 3nto))
594(576nn? — 2736n%n? + 5024n3n? — 4456n*n? + 1908n°n; — 315n°)

4n; — 5n

T ™

cos 4n; —5n |t — dn;t;o + dntg — 3] cos | —4n;tio + Sntg — 3

— p(cos((4n; — 5n)t — 4n;tio + Sntg) — cos(—4n;tio + Sntop))

+675(1 152nn? — 6336n%n? + 13720n3n? — 14612nn? + 7650n°n; — 1575n5)

2n; —n

T T
cos 2n; —n |t — 2n;t;0 + nto + 3] cos | — 2n;tio +nto + §

— p(cos((2n; — n)t — 2n;t;0 + nto) — cos(—2n;t;0 + nto))

675(1152nn? — 5184n2n? + 9112n3n? — 7804n?n? + 3250n°n,; — 525n°)

2n; — 3n

™ ™
cos 2n; —3n |t — 2n,;ti0 + 3nto — 3] cos | — 2n;t;o + 3nto — 3

— p(cos((2n; — 3n)t — 2n3tio + 3nto) — cos(—2n;t;0 + 3ntg))

700(2304n8 — 13824nn? + 33776n2n? — 42944n3n3 + 29912nn? — 10800n°n; + 1575n5)

n

g s
cos | nt — nto + —3— —cos | —ntg + §

— p(cos(nt — nto) — cos(—ntp)) (B.15)



B.S8. ORDER OF Q7 119

B.8 Order of ¢’

51‘(5?)
Be? sin w
= ar 3
64n? + 16nn; — 8n?
(=2n; — n)sin{dnstip + nto) sin(8nrtio + (n — 4ny)t) (2ny + n) cos(dnstrg + nto) cos(8nstig + (n — 4ng)t)
n—4ng n—4ng
n (n —4ny)sin(dnjtro + nto) sin(énytio + 2nty + (—2n; — n)t)
—2n1 —-n
(4n; — n)cos(dnstjg + nto) cos(6nytig + 2nto + (—2n; — n)t)
—2n; —n
n ((4711 —n)sin(2n,tro + (2n; + n)t) + (2n; + n)sin(2nto + (4n; — n)t)) sin(dnt;0 + nto)
2n; +n dny —n
" (_ (n —4ny)cos(2nytjo + (2ny + n)t) _ (—2n; — n)cos(2nto + (4ng — n)t)) cos(dnitro + nto)}
2ny +n dny —n
3e? cos @

© 64n2 + 16nn; — 8n2

(2ny + n)cos(dnytio + nto) sin(8nytrg + (n —4ng)t)  (2n; +n)sin(dnjtyg + nto) cos(8nytig + (n — 4ny)t)

n—4ny n — 4?’1[
+ (4ny — n)cos(dnstrg + nto) sin(6nytrg + 2nto + (—2n; — n)t)
—2n; —n
(4n; — n)sin(dnytjg + nto) cos(6nto + 2nto + (—2n; — n)t)
—2n; —n
(4n; —n)cos(2nstjo + (2ny +n)t)  (2n; + n)cos(2ntg + (dn; — n)t)\ .
+ (- — sin(4njtro + nto)
2ny +n dn; —n
4dny; —n)sin(2nytio + (2n; + n)t 2ny + n)sin(2nto + (dny — n)t
+<( 1=n) (‘ 1tro + (2ng 4+ n)t) +( 1 +n)sin(2ntg + (4ng ))>cos(4n1t10+nto)}
2ny +n ny—n

n ersinw
48n:; + 32nn; — 16n2

(=ny —n)sin(3n;tro + ntp) sin(bnyt;o + (n — 3njy)t) (ny + n)cos(3nytrp + ntp) cos(6nrtyo + (n — 3ny)t)

n—3ny n—3n;

n (n —3ny)sin(3ntio + nto) sin(dnytyo + 2nto + (—n; — n)t)

-ny—n
(3ny — n)cos(3nytro + nto) cos(dnrtio + 2nto + (—ny — n)t)
—-n;y—n
3n; — in(2n;t t ! in(2nt 3ny —n)t
n (( nr —n)sin(2nstro + (nr + n)t) +("1 + n)sin(2nto + (3n; — n) )) sin(3n1t10 + nto)
ny+n 3ny—n
n—3 s(2ngt ) t -njy — 2nt 3n; —n)it
n (7(n ni)cos(2nrtio + (n + n)t)  (—ny —n)cos(2nto + (3n; —n) )) cos(3n1t10+nt0)}
ny+n 3ny—n
€] CoOsw

+
192n? + 128nn; — 64n2

(ny +n)cos(3nrtip + nto)sin(énstrg + (n — 3n)t) (ny +n)sin(3nyt;o + nto) cos(bnstyo + (n — 3ny)t)

n—3njy n—3n;
+ (3n; —n)cos(3nstjg + nto) sin(dnytjo + 2nto + (—n; — n)t)
—-ny—n
(3ny —n)sin(3ntro + nto) cos(dnstio + 2nto + (—n; — n)t)
-ny—n
(3n; —n)cos(2nytio + (n; +n)t) (n; +n)cos(2nty + (3n; —n)t)\ . .
+ (- — sin(3nytrg + nto)
ny+n 3ny—n
3ny —n)sin(2nytyg + (ny +n)t ny + n)sin(2ntg + (3n; — n)t
+(( 1 = n)sin(2nrtro + (n; + n)t) +( 1 +n)sin(2nto + (3ny ))>cos(3n1tm+nto)}
ny+n 3n;y—n

56% sin w
128nn; — 64n?
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nsin(2njt;o + nto)sin(dnytio + (n — 2ny)t)  ncos(2nrtrg + nto) cos(dnstig + (n — 2ny)t)
{_ n—2ny - —2n —ny
(n —2ny)sin(2nytro + nto) sin(2nytro + 2nto — nt)
n
+ (2n; — n)cos(2nytro + ntg) cos(2nytyo + 2nty — nt)

n
oy — in(2n;t 't in(2nt 2ny = njt
+(( n; —n)sin(2n;tro + nt) +nsln( nto + (2n; — n) ))sixl(2ﬂ1t10+nt0)
\ n 2ny; —n
Into + (2n; — n)t -2 2nst t
4 (nCOS( "20+( n; —n)t) (n—2ng)cos(2nstjo +n )) cos(2mt10+nto)}
nr—n n

sin @
16nn; — 8n?
{ nsin(2ngtg + ntp)sin(dnytrg + (n — 2ny)t) ncos(2nytro + nto) cos(dnytio + (n — 2ny)t)

n—2ny n—2ny
(n—2ny)sin(2nytjg + nto) sin(2nytjg + 2nto — nt)

n
n (2n; — n)cos(2njtip + nto) cos(2nytjo + 2ntp — nt)n

/

2n; — in(2nyt t in(2nt 2n; — n)t
n (( ny; —n)sin(2nytrg + nt) +nsm( nto + (2n; —n) )) sin(2n1t70 + nto)
n 2ny —n
+ (ncos(?nt; + (2n; — n)t) _ (n —2ny)cos(2nytjo + nt)) cos(2nrtro + nto)}
n; —n n

56? cos w {ncos(2n1t10 + nto)sin{dnjtrg + (n — 2ng)t) nsin(2nytjo + nto) cos(dnytig + (n — 2nj)t)

" 128nn; — 64n2 n—2ny n—2ny
(2n; — n)cos(2nrtip + nto) sin(2ngtjo + 2nto — nt)
B n
(2n; — n)sin(2nytg + ntg) cos(2njtyg + 2nty — nt)
+ n
n (- (2n; — n)cos(2nytio + nt) _ ncos(2ntp + (2n; — n)t) ) sin(2nstr0 + nto)
n 2ny —n

4 ((2n1 —n)sin(2nytrg + nt) +nsin(2nto + (2n; — n)t)

) cos(2nytro + ntg)}
n 2ny —n

cos @
16nn; — 8n?

{ncos(?nltm + nto)sin{dnytio + (n — 2ny)t)  nsin(2njytio + nto) cos(dnstyo + (n — 2ny)t)

2n —njg 2n —njy
(2n; — n)cos(2nytjo + nto) sin(2ntg + 2nto — nt)
B n
+ (2n; — n)sin(2nytyg + nto) cos(2nytrg + 2nto — nt)
n
" (_ (2n; — n)cos(2nstyo + nt) _ncos(?nto + (2n; — n)t)) sin(2nst70 + nto)
n 2n; —n

n ((in —n)sin(2nytrg + nt) +nsin(2'ntg + (2n; — n)t)

) cos(2nytio + nto)}
n 2ny —n

. _cos(nytjo —nto —nst + nt)]
—ersinw

2(n —ny)?
+ a
128(11025n8 — 88200nn] + 295784n?nf — 539904n3n? + 579984nin! — 366976n°n? + 126720nSn? — 18432n7n;)

2145(1575n] — 11250nn? + 32612n2n? — 49176n3n? + 40704n*n? — 17536n5n2 + 3072n°n;)

7721‘ —6n

T T
cos n; —6n |t — Tn;tio + 6nto + 5 —cos | — Tn;t;o + 6Nty + §

— pcos((Tn; — 6n)t — Tn;tip + 6nto) — cos(—Tn;t;o + 6nty))
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2145(1575n] — 10800nn? + 29912n%n? — 42944n’n? + 33776n*n? — 13824n°n? + 2304n°n,)
n; — 8n

T T
cos Tn; — 8n |t — Tn;t;o + 8ntg — IE —cos | — Tn;tijo + 8ntg — 15

— p{cos((Tn; — 8n)t — Tnit,p + 8ntp) — cos(—7n;t;o + 8nty))

3003(2205n] — 15876nn? + 46456n2n? — 70816n>nt + 59344nn? — 25920n>n? + 4608n%n,)

Sn; —4n

T T
cos Sn; —4n |t — dnitio + Anto + 3]~ cos | — dnito +4ntg + 3

— p(cos((3n; — 4n)t — dnitio + 4nto) — cos(—5dnitio + 4nto))

3003(2205n] — 14994nn® + 41164n?n? — 58584n3n? + 45696n°n3 — 18560n°n?2 + 3072n%n;)

5n; — 6n

] ™ g
cos Sn; —6n |t — Snitio + 6Nto — g —cos | — dn;tio + 6ntg — §

— plcos((5n; — 6n)t — d5n,to + 6ntg) — cos(—5n;t;0 + 6nto))

3465(3675n] — 26950nn? + 80628n?n? — 126216n3n? + 109184n*n? — 49536n°n? + 9216n5n,)
3n; — 2n

cos 3n; —2n |t — 3n;t0 + 2nto + % —~cos | — 3n;tio + 2nto + g

— u(cos((3n; — 2n)t — 3n;tio + 2nto) — cos(—3n;tio + 2ntp))

3465(3675n, — 24500nn + 65928n?n? — 92064n3n? + 70576n'n? — 28224n°n? + 4608n°n;)

3n; —4n

g T
cos 3n; —4n |t — 3n;t;0 + Antg — /5 —cos | — 3n;tio + 4dnty — 3

— p(cos((3n; — 4An)t — 3n;t;0 + Anto) — cos(—3n;t;0 + 4ntp))

3675(11025n7 — 66150nn8 + 163484n2n? — 212936n3n? + 154112nn? — 58752n°n? + 9216n5n;)

n; —2n

T i
cos n; —2n |t — n;t;o + 2ntg — l; —cos | —nitio + 2ntg — 3

— pcos((n; — 2n)t — nyt;0 + 2ntp) — cos(—nito + 2nty))

3675(11025n] — 88200nn? + 295784n2n? — 539904n3ny + 579984nin] — 366976n°n? + 126720n°n,; ~ 18432n7)

n;

T T
cos nit—"ztzo+§ — COS —T?z‘t10+§
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— pfcos(ngt — nitip) — cos(—n;tio)) (B.16)
6yg)
3eZsinw
- |:64nf + 16nn; — 8n?

(=2n; — n)sin(dnjt;o + nto) sin(8nytjg + (n — 4ny)t)  (2n; + n)cos(dnytjo + nto) cos(8nrtro + (n — 4ny)t)
{ n —4ng B n—4ng

(n —4ny)sin(4nytjo + nto)sin(6nytyo + 2nto + (—2n; — n)t)
* —2n; —n

(4ny — n)cos(dnsto + nto) cos(bnrtro + 2ntp + (—2n; — n)t)
B —-2n; —n
n ((4711 —n)sin(2nytjo + (2n; + n)t) N (2n; + n)sin(2ntg + (4n; — n)t)) sin(dnytro + nto)

2ny+n ny —n
(n —4njy)cos(2nytro + (2ny + n)t) (=2n; — n)cos(2nty + (dn; — n)t)
+ (f - ) cos(4nytro + nto)}
2ny +n iny —n
3(3? cos w

B 64n? + 16nn; — 8n2
(2ny + n)cos(dnytrg + nto) sin(8nytro + (n — 4ny)t) (2ny + n)sin(dnrtio + nto) cos(8nytjo + (n — 4ny)t)

n —4ng n —4ng
+ (4n; — n)cos(dnytrg + nto) sin(bnjtrg + 2ntg + (—2n; — n)t)
—2ny —n
(4ny — n)sin{dnytjo + ntg) cos(bnrtio + 2nto + (—2n; — n)t)
—-2n; —n
(4n; —n)cos(2nytjo + (2ny + n)t)  (2n; + n)cos(2nto + (4n; — n)t)\ .
+ - — sin(dn;trg + nto)
2ny+n in; —n
Any —n)sin(2ntjo + (2n; +n)t 2ny + n)sin(2nto + (dny — n)t
+(( 1 = n)sin(2nytjo + (2n1 +n)t) +( 1 +n)sin(2nto + (4ny )))COS(4n1“0+m0)}
2ny +n dn; —n

ey sin w
48n? + 32nn; — 16n?

(—ny — n)sin(3nrtro + nto) sin(bnrtrg + (n — 3ny)t) (nr +n)cos(3nstip + nto) cos(bnytyo + (n — 3ng)t)

n—3ng n—3ny
+(n — 3ny)sin(3nytig + nto) sin(dntro + 2nto + (—ny — n)t)
-n;—n

(3n; — n)cos(3nytro + nto) cos(dnytro + 2nto + (—ny — n)t)

—-nr—n
+ ((3n1 —mn)sin(2nyt;o + (n; + n)t) +(n1 + n)sin(2nto + (3n; — n)t)
ny+n 3ny —n
" ( (n —3njy)cos(2nytig + (n; + n)t) (=ny; —n)cos(2nty + (3n; — n)t)

- cos(3ngtio + nt
ny+n 3n; —n ) (3nstro 0)}

) sin(3n;trg + nto)

ey cos w
+ 192n? + 128nn; — 64n?
(ny +n)cos(3nytrg + nto)sin{6nytio + (n — 3ny)t) (ny +n)sin(3nytrg + nto) cos(bnytig + (n — 3ng)t)
n —3ng B n—3n;
(3n; —n)cos(3nytjg + nto) sin(dnytig + 2nto + (—ny — n)t)
+ -ny—n
(3ny — n)sin(3nytrg + nto) cos(dnytio + 2ntp + (—n; — n)t)

—-ny-—n
(Bny —n)cos(2nytio + (n; +n)t)  (ny+n)cos(2nto + (3ny —n)t)\ . .
+ (= — sin(3nstio + nto)
ny+n 3ny—n
+ ((3n1 —n)sin(2nytio + (ny + n)t) . (ny +n)sin(2nto + (3n; — n)t)) cos(3nstro + nto)}
ny+n 3ny—-n

5e7 sin @
128nn; — 64n?
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{ nsin(2n;tjo + nto) sin(dnytro + (n — 2ng)t) ncos(2nytio + nto) cos(dnytig + (n — 2ng)t)
n-—2ny —2n —ny
(n — 2ny)sin(2ntjo + nto) sin(2nyt;o + 2nty — nt)

n
+ (2ny — n)cos(2n;tio + nto) cos(2nytro + 2nto — nt)
n
2n; — n)sin(2ngt 1t y sin(2nt 2ny —n)t
+ (( ny = n)sin(nrtio + ni) +nsm( n20 + @y —m) )) sin(2nstro + nto)
n ny—n

2nt 2ny —n)t -2 2nyt t
= o+ (20— n)t) _(n=2np)cos(nytro + 1 ))cos(Q'n1t10+nto)}
2ny —n n
sin @
16nn; — 8n?

{ nsin(2nytrg + nto) sin(dnytro + (n — 2ny)t)  ncos(2nytyo + nto) cos(dnytyg + (n — 2ny)t)

n—2ny n-—2nj
(n —2ny)sin(2njtjo + nto) sin(2nytyo + 2nte — nt)
n
n (2ny — n)cos(2njtip + nto) cos(2nstro + 2nto — nt)n
/
2ny — n)sin(2nytjo + nt nsin(2nty + (2ny — n)t i
+<( 1 —n)sin(2nrtro ) . (2nto + (2ng )))sm(2n1tm+nt0)
n 2ny —n
ncos(2nty + (2n; — n)t) (n — 2ny)cos(2nytjg + nt)
— COS(antID + nto)
2ny —n n

B 56? cos w {ncos(?nltw + nto)sin(dnjt;g + (n — 2ng)t) _n sin(2ngtjo + nto) cos(dnytio + (n — 2ny)t)
128nn; — 64n?
(2n; — n)cos(2nytjg + nto) sin(2nyto + 2ntp — nt)

n-—2ng n—2n;g

n
(2ny — n)sin(2nytyg + nto) cos(2nytrg + 2nty — nt)
n
2ny — s(2nrt t s(2nt, 2ny — n)t
+(_( n; —n)cos(2nstio +nt) mcos(2nto + (2n; —n) ))si11(2n1510+nto)
n 2ny—n
2ny — in(2nyt t sin(2nt 2ny —n)t
4 (( ny n)Smr(l nitio + nt) +n8m( "20n+( :1 n) ))cos(2n1t10+nt0)}
;-

cos ™
" 16nn; — 8n?

ncos(2nrtyg + ntp) sin(dnytyg + (n — 2ny)t) nsin(2njt;o + nto) cos(dnytio + (n — 2ny)t)
{ 2n —ny - 2n —njy

(2n; —n)cos(2nytio + nto) sin(2nytrg + 2nty — nt)

n
N (2ny — n)sin{2ngt;o + ntp) cos(2nytro + 2nto — nt)

n

" (_ (2n; — n)cos(2nstjo + nt) _ncos(?nto + (2n; - n)t)) sin(2nst 70 + nto)
n 2ny —n
2ny —n)sin(2nytyg + nt nsin(2nty + (2n; —n)t
+(( [—n) T(l rtro ) n ( 20n (nl )))cos(2n1t10+mo)}
7 -

cos(nytyg — ntg — nyt + nt)
2(n —ny)?

—ersinw

a
~128(11025n% — 88200nn] + 295784n2n8 — 539904n3n3 + 579984nin? — 366976n5n3 + 126720n5n2 — 18432n7n;)

2145(1575n] — 11250nn? + 32612n%n3 — 49176n3n? + 40704nin3 — 17536n°n2 + 3072n5n;)
7ni —6n

sin Tn; —6n |t — Tnit,o + 6nto + g —sin | — Tn;t;o + 6nto + g

— u(sin((Tn; — 6n)t — Tn;tio + 6nto) — sin(—7n;to + 6ntp))
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N 2145(—1575n] + 10800nn — 29912n?n? + 42944nnf — 33776n"n? + 13824n°n? — 2304n5n;)
771,1' — 8n

™ 77
sin n; — 8n |t — Tnitio + 8ntg — i sin | — Tn;tio + 8ntg — 3

— u(sin((7n; — 8n)t — Tn;t;o + 8nto) — sin(—7n;to + 8nty))

+3003(2205n;" — 15876nnf + 46456n°n? — 70816n°n! + 59344n*n? — 25920n°n? + 4608n°n;)

5n; —4n

m 7r
sin 5n; —4n |t — dn,;tio + Anto + e sin | — dngtio + 4nto + 3

— u(sin((dn; — 4n)t — dn;tip + 4nto) — sin(—5n;t;0 + 4nto))

. 3003(—2205n7 + 14994nnS — 41164n?n? + 58584nn} — 45696n*n? + 18560n°n? — 3072n°n;)

5n; — 6n

. _ m . T
sin Sn; —6n |t — 5n,;t;p + 6ntp — —5 —sin | — 5n;tjo + 6ntg — Y

— p(sin((5n; — 6n)t — 5n;ti0 + 6nto) — sin(—5n;t;0 + 6nto))

N 3465(3675n] — 26950nnS + 80628n2n? — 126216n°n? + 109184n*n? — 49536n5n? + 9216n°n,)

3n; —2n

m g
sin 3n; —2n |t — 3nitio + 2nto + 3] sin | — 3n;t;0 + 2nto + 3

— p(sin((3n; — 2n)t — 3n;tio + 2nto) — sin(—3n,t0 + 2nto))/(3n; — 2n)

+3465(—3675n;’ + 24500nn% — 65928n%n? + 92064n3n? — 70576n"n? + 28224n°n? — 4608n°n,)

3n; —4n

g ™
sin 3n; —4n |t — 3n;t0 + 4nto — 3] sin | — 3ngto + 4nto — —

— u(sin((3n; — 4n)t — 3n;t;o + 4nto) — sin(—3n;t;o + 4dntp))

+3675(—11025n2.7 + 66150nnS — 163484n2n2 + 212936n°n? — 154112n4n3 + 58752n5n2 — 9216n°n;)

n; — 2n

. T . I
sin n; —2n |t — nitio + 2ntyg — -é- —sin | — n;ti0 + 2nto — 3

— p(sin((n; — 2n)t — n;tio + 2nto) — sin(—n;t;0 + 2nto))

. 3675(11025n] — 88200nnf + 295784n%n? — 539904n3n? + 579984nin? — 366976n°n? + 126720n5n, — 18432n7)

g

. e . g
sin nitAnitig—k-g— — sin —nitio+§
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— ufsin(ngt — n;tio) — Siﬂ(—mtio))}}
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