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Abstract

We study relationships between gravitational theories and hydrodynamic systems with
several approaches. There are at least three approaches which realize this idea: the mem-
brane paradigm, the AdS/CFT duality, the BKLS approach. In this thesis, we focus on
each the AdS/CFT duality and the BKLS approach individually.

First, we examine the AdS/CFT duality and the universality of the shear viscosity
to the entropy density ratio n/s for various holographic superfluids. In the study of the
AdS/CFT duality, fluids corresponding to a large class of geometries ensure the universality
n/s = 1/(4m). The universality has been extensively studied, and this holds for all known
examples which have been studied. We study three types of the holographic superfluids
as yet another example of the universality: s-wave, p-eave and (p + ip)-wave holographic
superfluids. For the s-wave case, the ratio has the universal value 1/(47) as in various
holographic models. For the p-wave case, there are two shear viscosity coefficients because
of the anisotropic boundary spacetime, and one coefficient has the universal value. For
the other viscosity coefficient, the existing technique is not applicable since there is no
tensor mode of metric perturbations which decouples from Yang-Mills perturbations. For
the (p + ip)-wave case, the situation is the same as the case of the latter component in the
p-wave. These results imply that p-wave and (p + ip)-wave holographic superfluids may not
have the universality, and in fact, they are the first examples of the non-universal shear
viscosity to the entropy density ratio.

Second, we study another realization, the BKLS approach. The BKLS approach is
proposed by Bredberg et al. (1006.1902), where the fluid is defined by the Brown-York
tensor on a timelike surface at » = r, in black hole backgrounds. We consider both Rindler
space and the Schwarzschild-AdS (SAdS) black hole. The former describes an incompressible
fluid, whereas the latter describes the vanishing bulk viscosity at arbitrary r., but these two
results do not contradict with each other. We also find an interesting “coincidence” with
the black hole membrane paradigm which gives a negative bulk viscosity. In order to show
these results, we rewrite the hydrodynamic stress tensor via metric perturbations using the
conservation equation. The resulting expressions are suitable to compare with the Brown-

York tensor.
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Introduction

In theoretical physics, there are a large number of dualities which relate a theory to
another theory. The dualities can often transform a difficult problem to an easy problem.
One example of the dualities is a correspondence between (d + 1)-dimensional gravitational
theories and d-dimensional hydrodynamics. There are at least three approaches which
realize this duality: (i) the membrane paradigm, (ii) the AdS/CFT duality, (iii) the BKLS
approach. They have been studied in different contexts. Let us explain the history of these
approaches.

The oldest realization is (i) the membrane paradigm [1, 2], which has been studied in
the context of the black hole physics. They tried to map the dynamics of the black hole to
hydrodynamics and focused on the black hole’s event horizon. Once an object passes through
the black hole’s event horizon, the object cannot affect an outside observer. In other words,
the observer cannot see the inside of the black hole but can see the surface of the black hole.
Therefore, the black hole dynamics should be effectively described by a dynamical membrane
on the stretched horizon, a timelike surface located slightly outside the true horizon. The
membrane dynamics is described by the Einstein equation on the stretched horizon and
the equation is the same as the Navier-Stokes equations, mathematically. However, the
membrane paradigm has the unpleasant features as a fluid such as a negative bulk viscosity.
In addition, the microscopic realization of the membrane paradigm is not clear.

On the other hand, (ii) the AdS/CFT duality [3, 4,5, 6], based on string theory, provides
several explicit realizations of microscopic understandings of the corresponding hydrody-
namics since the D-branes[7] provide both the asymptotic AdS black brane geometries and
the corresponding strongly coupled field theories, which live on the boundary of the AdS
geometries. For example, the D3-branes provides the AdSs;xS® geometry and the strongly
coupled N/ = 4 Super Yang-Mills theory in the large-N, limit. One of the most important
features of the AdS/CFT duality is that exact correlation functions of the strongly coupled
field theories can be derived from the classical gravity, which is easy to calculate.

Therefore, the AdS/CFT duality has been applied to real-world physics e.g., the quark-



gluon plasma. The quark-gluon plasma can be described as a strongly coupled viscous fluid
according to the heavy-ion collision at RHIC. Using the AdS/CFT duality, it turned out
that the strongly coupled N' = 4 Super Yang-Mills theory and the quark-gluon plasma have
almost same value of the shear viscosity to the entropy density ratio n/s. It may sound
strange at the first glance since they are quite different field theories. But the agreement
of the n/s would be because of the universality of the strong coupled field theories. (See
the next section for more detail on the universality.) Therefore, it is important to find such
robust and universal features to apply the AdS/CFT duality to real-world physics. More
recently, the AdS/CFT duality has been applied to the condensed matter physics. The
condensed matter physics is a low energy effective theory, so it is important to find the IR
fixed point. This idea is realized by the holographic renormalization group that the field
theory lives on arbitrary timelike surface, and the position of the surface corresponds to the
energy scale of the field theory. The boundary and the horizon of the geometry correspond
to the UV limit and the IR limit of the field theory, respectively. Therefore, the dependence
on the position of the timelike surface is interpreted as the Wilsonian renormalization group
flow of the field theory.

The UV limit of the field theory should be a conformal field theory as long as the cor-
responding geometry is asymptotic AdS. However, real world materials are not confromally
invariant in the UV limit. In the context of the Wilsonian renormalization group, the renor-
malized field theory doesn’t depend on the physics above the cutoff scale. So, (iii) Bredberg,
Keeler, Lysov, and Strominger proposed an approach which doesn’t depend on the asymp-
totics of the geometry [27, 28]. They introduced a timelike surface at arbitrary position for
the “boundary” where the fluid lives. This approach doesn’t provide microscopic under-
standing of the fluid but should describe robust features of the correspondence between the
gravity and hydrodynamics, instead.

In this thesis, we focus on each (ii) the AdS/CFT duality and (iii) the BKLS approach,
and study the relationship between them.

The AdS/CFT duality (Chapter (2)

In the context of the relationship between gravitational theories and hydrodynamics,
the shear viscosity, one of the transport coefficient, has been extensively studied. This is

because 1/s, the ratio of the shear viscosity to the entropy density, is universal, i.e.,



according to the AdS/CFT duality, the membrane paradigm and the BKLS approach. Es-
pecially, in the context of AdS/CFT, the universality has been extensively studied, and this
holds for all known examples which have been studied (See, e.g., Ref. [8,9]).

The shear viscosity to the entropy density ratio n/s was first derived for the D3-brane
[10], which is the dual of N' = 4 SYM. Then the same results were obtained for the M2-
and Mb-branes [11]. These three branes are the duals of conformal theories. Moreover,
the universality holds even if theories are non-conformal, e.g., Dp-branes for p # 3, the
Klebanov-Tseytlin geometry, the Maldacena-Nunez geometry, and the N' = 2* system [12,
13, 14} [15 [16]. For the application to real QCD, each the finite density theories [17, 18| 19,
20] and the theories with fundamental fermions has been studied [21]. They are the duals of
the charged black holes and the D3-D7 system, respectively. They ensure the universality.
Even for a time-depending systems, the universality is held [22]. For the application to
condensed matter physics, the Lifshitz-like geometry have the universality [23] Although
there exists several arguments to generally support the universality [24] 25], it is still unclear
why the universality holds microscopically and how generic the universality is.

In this Thesis, first, we study the holographic superfluids, which provide yet another
example of the universality. The holographic superfluids exhibit a second-order phase tran-
sition. We study three types of the holographic superfluids, s-wave, p-wave, and (p + ip)-
wave. They are characterized by the order parameter of the phase transition, i.e., in the
bulk gravitational theories, the order parameter of the s-wave holographic superfluids is a
scalar field, and the one of both p-wave and (p+ip)-wave holographic superfluids is a SU(2)
gauge field. (The difference between the p-wave and (p + ip)-wave is condensing compo-
nents of the gauge field.) We found following results: (i) the s-wave holographic superfluids
holds the universality of /s, (ii) the p-wave and (p + ip)-wave holographic superfluids may
have non-universal 1/s because of the spacial anisotropy coming from the gauge field. (We
will discuss the relationship between the universality violation and the spacial anisotropy
in Sec. 2.2.) These are the first examples of the non-universal system. Actually, our work

triggered detailed studies of the non-universal shear viscosity [86], 87, 88, 89].

The BKLS approach (Chapter 3)

Let us summarize the three approaches again in order to realize the feature of the BKLS

approach.

1. Historically, the membrane paradigm [1},2] is the oldest one. In this case, the fluid lives
on the stretched horizon » — ry,. However, the membrane paradigm has the unpleasant

features as a fluid such as a negative bulk viscosity. The membrane paradigm originally
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focuses on the (3 + 1)-dimensional asymptotically flat black holes, but asymptotics

should not matter much since it focuses on the near-horizon limit.

2. In the AdS/CFT duality, the dual fluid “lives” at the AdS boundary r — oo. The
advantage of the AdS/CFT duality is a clear microscopic interpretation for the dual
fluid. The AdS/CFT results are widely used for real-world applications such as the
quark-gluon plasma. (See, e.g., Refs. [8, 9, 26] for reviews.)

3. More recently, Bredberg, Keeler, Lysov, and Strominger (BKLS) [27, 28] proposed
the timelike surface at arbitrary position » = r. for the “boundary” where the fluid
lives (See also, e.g., Refs. [29, 30]). The BKLS approach is analogous to the holo-
graphic renormalization. In the near-horizon limit, the BKLS approach describes an

incompressible fluid.

Another closely related idea is a “black hole in a cavity” [31]. This idea was proposed to
obtain a well-defined thermal equilibrium for asymptotically flat black holes such as the
Schwarzschild black hole. The Schwarzschild black hole has a negative heat capacity, so it
is unstable by the Hawking radiation. However, if the black hole is surrounded by a finite-
temperature cavity, and if the cavity is close enough to the horizon, a thermal equilibrium
is achieved. In a sense, the BKLS approach is an AdS black hole in a cavity.

While each approach has a different motivation and physical interpretation, one thing is
common: they all employ the Brown-York tensor [32] as the fluid stress tensor. Thus, they
are somehow related to each other.

Both in the membrane paradigm and in the BKLS approach (in particular in Ref. [2§]),
one often starts to identify the velocity field of the fluid in the bulk spacetime. This has its
own advantage that the relationship between the Einstein equation and the Navier-Stokes
equation is direct and transparent. On the other hand, this brings us an immediate problem
why a particular vector field should be regarded as the velocity field. So, we do not take
such a path.

e Instead, we consider metric perturbations and study the (linear) response of the
Brown-York tensor by the perturbations d¢ la AdS/CFT duality.

e In hydrodynamics, the velocity field is determined from the metric perturbations
(Sec.3.1). Then, one can eliminate the velocity field completely in the hydrodynamic
stress tensor. The resulting expression contains metric perturbations only, which is
suitable to compare with the Brown-York tensor. In our approach, the velocity field

is a consequence of metric perturbations.
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One purpose of this chapter is to reexamine the BKLS approach using the above formulation.

In particular, we study the issue of the bulk viscosity ¢, which is non-negative in the
AdS/CFT duality, negative in the membrane paradigm, and is irrelevant in the BKLS
approach (because of an incompressible fluid). For that purpose, we consider the sound
mode perturbations whose analysis was somewhat incomplete in Ref. [27]. We study Rindler
space, which is the near-horizon limit of black holes with nondegenerate horizon, and the
five-dimensional Schwarzschild-AdS black hole (SAdSs)'. Our results are summarized as

follows:

1. For Rindler space, the Brown-York tensor gives an incompressible fluid in accordance
with the BKLS result (Sec. [3.2).

2. For the SAdSs black hole, the Brown-York tensor always gives the vanishing bulk

viscosity irrespective of the boundary position r. (Sec. 3.3).

3. There are no contradictions between two results since the hydrodynamic regime used
for the SAdS black hole “differs” from the hydrodynamic regime used for Rindler space
(when expressed in terms of the SAAS variables) (Sec. 3.4)).

In addition, we obtain one of the second-order hydrodynamic transport coefficient 7, for
the SAdS5 black hole in the BKLS approach.

The framework of this thesis

This thesis is organized as follows. In Chapter 1 we shall give a short review of the linear
response theory, which provides the response of an operator induced by small perturbations
on the thermal equilibrium. It is necessary in order to obtain the transport coefficients
from perturbations. We shall review the basics of the hydrodynamics, which include the
isotropic first order hydrodynamics and the second order hydrodynamics.The anisotropic
fluid is dual to the p-wave and (p + ip)-wave holographic superfluids. In the context of
the AdS/CFT duality, the corresponding fluid usually has the conformal symmetry. The
SAdS black hole with a finite cutoff, however, might not have conformal symmetry. So the
non-conformal second order fluid should be considered. Using the linear response theory
and the hydrodynamic constitutive equation, we will find the response of the hydrodynamic

stress tensor induced by the gravitational perturbations, and the viscosities finally.

'While our work was in progress, there appeared preprints which study Rindler hydrodynamics [33} 34,
35].



Chapter 2/ contains a brief review of AdS/CFT and the study of the ratio n/s of the holo-
graphic superfluid, simultaneously. First, we shall show the s-wave holographic superfluids
have a universal shear viscosity. This proof includes a large class of geometries and is the
most general theorem of the universality at present. Then we discuss anisotropic viscosities
of the p-wave and (p + ip)-wave holographic superfluids and they can have non-universal
value. The study is based on our paper [36].

In Chapter 13, which is based on our research [37], we shall present another realization,
the BKLS approach. We define the approach in terms of the Brown-York tensor and metric
perturbations. First, we write down the linear response of the hydrodynamic stress tensor
in terms of the metric perturbations. Then we show the linear perturbation of the Brown-
York tensor in the Rindler space. Comparing the Brown-York tensor and the hydrodynamics
stress tensor, we shall reproduce the results of the BKLS approach. In order to compare
with the SAdSs black hole, we shall derive the viscosities, especially the bulk viscosity, of
SAdSs with arbitrary r. and show that the bulk viscosity vanishes even for arbitrary r.. We
shall discuss how they can be compatible. We also compute a second-order hydrodynamic

coefficient 7, for arbitrary r..



Chapter 1

Hydrodynamics and Linear Response

Theory

Here, the minimal formalism of hydrodynamics and the linear response theory are ex-

plained.

1.1 Linear Response Theory

Linear response theory is based on the following conditions:

e Hamiltonian in the system can be decomposed into the time independent part and

the time depending part.

e The time depending part is made of a small fluctuation which is perturbed from the

outside of the system.
e The system was thermal equilibrium in the past.

The time depending density of state p(t) and time depending Hamiltonian H () satisfies

the von-Neumann equation
.0
ip(t) = [H (), p(t)] (1.1.1)

This means the time evolution of the density of state is

p(t) = Ult, to)p(to)U' (¢, to) - (1.1.2)



Even if the system depends on time, the expectation value of an arbitrary observable B at
time ¢ can be represented by
(B)y =Trp(t)B . (1.1.3)

It is, however, difficult to calculate the time depending expectation value exactly. So we take
the most simple assumption that the system was in thermal equilibrium and then perturbed
linearly.

First, we take Schrodinger picture. Assume that H(t) can be decomposed into the time
independent part Hy and the time dependent part §H (t), and the time dependent part is

made of the time independent operator O4(z) and its time dependent source ¢4(t, x):
H(t)=Hy+dH(t), 0H(t) = —/dxd_lqﬁA(t,as)OA(x) : (1.1.4)
The time evolution operator from ¢y to t satisfies the following differential equation.

i%U(t,to) = Ht)U(tto), Ultoto) =1. (1.1.5)

The solution is

Ult,ty) =T {exp <—i/t: dsH(s)H . (1.1.6)

This time evolution operator also should be decomposed into the Hy part and the 6 H (t)
part. First, the Hy part can be clearly defined as

U()(t,t[)) = exXp (—i(t—to)Ho) . (117)
Then we naively define the 0 H () part as*
U(t,to) = Uo(t, o) Uilt) - (1.1.8)

This definition and the time evolution equation for the full Hamiltonian lead the time

evolution equation for dH () .

o — 4
i Uilt) = U§ (¢, to)OH (1) Uo 1, to) Ui(t) (1.1.9)

— H,(t)Ui(t) .

IThe subscript “” in U; means “Interaction part”. Don’t confuse this with the subscript “I”, which

means “Interaction pictuer”.
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Here, the time dependent part of the Hamiltonian in the interaction picture is defiened as
SH(t) == Ul(t, to)0H () Up(t, o) - (1.1.10)

Note that the time evolution of states is under U; and of operators is under Uy in the

interaction picture. The solution of U;(t) is

U(t) =T {exp (—z’/t ds5HI(s))] . (1.1.11)

to

So the naive definition reads the proper expression eventually.

Now using the expansion of the full time evolution operator

to

one can derive the first order approximation of the expectation value of the arbitrary ob-

servable B

(B)y = TrU(t, to)p(to)U (t, t0) B

¢ (1.1.13)
— Trp(to) By (t,to) + i / A Tro(to)[SHi (1), By(t, to)] + OGH}) .

to
Let the system be thermal equilibrium at ¢y so 0 H;(to) = 0 and the density of state becomes

e_ﬂHO

Therefore, the state density commute with Uy(t,ty) and so Trp(to) Br(t,to) = TrpeB. The

first order approximation become

t

to

If we take the arbitrary observable B = Oy4(x), the response of the expectation value

can be written as

SOt 7) = i / ity / 415 Ty po O (1, ), OL (¢ Y] b ()
to (1.1.16)

= i/oo dt//dd—lx’e(t — t’)([@i(t’xL Oé(t,7$/)]>¢B(t/x,) ’
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Using [ d™'xdte™'~"** to transform it into the Fourier space expression,
3{Oa)(w, k) = =Ghp(w, k)dp(w, k) , (1.1.17)

where we defined the Retarded Green’s function

GR o (w, k) = —i / dze ==k (1) (04t 7), Op(0,0)]) . (1.1.18)
This expression means that even if the system depends on time, the first order approximation
in the fluctuation can be understood in terms of the information of thermal equilibrium

quantities.

1.2 Hydrodynamics

The hydrodynamics is an effective theory under long wave length limit, i.e., the derivative
expansion. The referential scale in the hydrodynamics is the mean free path ¢. Therefore,
the validity of the hydrodynamic approximation is controlled by the combination of the
characteristic momentum scale and the mean free path (k- ¢).

One of the most distinctive features of hydrodynamics is that it is based on the con-
servation equations and the constitutive equation for the hydrodynamic stress tensor, not
certain Lagrangian. The reason why the constitutive equation should be introduced is that
the differential equations from the conservation equations is not closed themselves. The
constitutive equation for the hydrodynamic stress tensor reduces the degrees of freedom
and then the differential equations can be closed.

The constitutive equation is constructed by the derivative expansion. So the hydrody-

namic stress tensor of the perfect fluid does not include any derivatives.
™ = T;?eifect + O(al> : (121)

If (k- ¢) is small enough to be neglected, the system can be described by the perfect fluid.

Since the hydrodynamics is an effective theory, each fluid is characterized by several
coefficients, which is called transport coefficients. The number of the transport coefficients
can be determined by the symmetry of each system. For example, the isotropic fluid has the
two first order transport coefficients 17 and (. This is because the symmetric rank two tensor
transforming under SO(d — 1) can be decomposed into the two irreducible representations,

which are the symmetric traceless part and the trace part. Therefore, to fix the transport

12



coefficient in a hydrodynamic system is to fix the equation of motion in the hydrodynamic
system.

In this section, we construct the constitutive equations for several fluids, derive Kubo
formula for the first order transport coefficients and find the dispersion relations using the
equation of motions in an arbitrary curved background. Following discussion is based on
[38] and [9] for the first order fluids, and [39] for the second order fluids. (See [40} 41, 42, 43]
for more detail on the second order hydrodynamics.) Note that the readers should mind
that, in this section, we discuss the boundary theory from the point of view of AdS/CFT

although we discuss the fluid on the curved spacetime.

1.2.1 Perfect Fluid

The equation of motion of the hydrodynamics is based on the conservation equation.
v, =0, (1.2.2)

where T"" is the hydrodynamic stress tensor of the fluid. Here, we impose that the system is
locally equilibrium: the system is thermal equilibrium in the neighborhood of an arbitrary
position x. So the thermodynamic quantities can be defined there and the state of the
neighborhood can be specified by the thermodynamic quantities and the fluid velocity u*,
which is normalized as u,u* = —1. This means that the constitutive equation is T*" =
TH (u*, P,---), where P is the pressure of the system. They are locally defined.

Now we derive the constitutive equation of the perfect fluid. Let the dimension of the
spacetime d-dimension. Consider an infinitesimal volume element and its surface element

d>,,. The momentum flux through the u surface is
dg' =T™dy, . (1.2.3)

Especially in the rest flame, the volume element doesn’t carry total momentum, so 7% = 0
and the pressure against each surface is same and perpendicular since the volume element
doesn’t move. In addition, this volume element is not affected by the next volume element

since the dissipative momentum transfer is not exist. Therefore,
T = P& . (1.2.4)

The energy density in the volume element is 7% = ¢, so the generally covariant form of the

13



hydrodynamic stress tensor is
™ = euu” + P*P | (1.2.5)

where P is the projection operator defined by
PP = utu” + g"” . (1.2.6)

One can show that the fluid described by (1.2.5) doesn’t have dissipation, using the
thermodynamic relations. Projecting the divergence of the hydrodynamic stress tensor

along u,,

0=u,V, (wu'u” + Pg")

— (1.2.7)

where we introduced the enthalpy w = ¢ + P and the entropy density o, and we used the
thermodynamic equation dw = T'do + dp and € + P = T'o. The entropy flux is conserved.

Vu(ou")=0. (1.2.8)

This means the system represented by the hydrodynamic stress tensor (1.2.5) does not have

any dissipation.

1.2.2 First Order Hydrodynamics

In order to pick up the effect of the dissipation, we examine the derivative term 7.
T" = (e + P)utu” + Pg"" — ™ . (1.2.9)

Let us consider 7" up to the first derivative in the isotropic system. This approximation
is valid when (k - £)> < 1. Now we should reconsider the definition of the fluid velocity.
We define the velocity in the condition that, in the rest flame of any given volume element,
the momentum of the volume element is zero and its energy is expressed in terms of the
same formulae as when dissipative processes are absent. This means that 7#u, = 0 and, in
the rest flame, the spatial direction of the fluid velocity is absent u’ = 0. Therefore, in the

proper coordinate only 7;; should be exist.
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Decomposing 7;; into the irreducible representations of SO(d — 1),
2
Tij = 1N (@u] -+ Gjui - —6,~j0kuk> -+ C5U8kuk N (1210)
p

where ( is the bulk viscosity and 7 is the shear viscosity, and p denotes the spatial dimension
d—1. Since the bulk viscosity is the trace part of the hydrodynamic stress tensor, it provides
the force which change the volume of the element. In the conformal fluid, the bulk viscosity
is absent since its hydrodynamic stress tensor is traceless. On the other hand, the shear
viscosity provides the force which change the shape of the volume element without its volume

unchanging. In the general covariant form,
v a pvs 2
T = PFPY7 \n | Vaug + Vgu, — 2{—?gaﬂvvu7 + Cgaplyu’| . (1.2.11)

Note that the projection operator is introduced in order to preserve the condition 7w, =0.

The positivity of the entropy production restricts the transport coefficients. As the
perfect fluid, the time component of the conservation equation in the proper coordinate
(V,T*)u, =0 leads

1 1
V,(out) = T (7’<’“’>u<w> + ﬁpagTaﬁP“”uW) : (1.2.12)

Here, the spacially projected symmetric traceless symbol

1 1
A== 5j_DWP”ﬁ(AM + Aga) — ];PWPWAQB : (1.2.13)

and the symmetrized first derivative of fluid velocity

1
Uy = 5 (Vyu, +Vou,) (1.2.14)

are defined. Eq. (1.2.12) means that, in order to keep the entropy production positive
for any given velocity, the symmetric traceless part of the viscous tensor 7<#*> and trace
part of that P, 7/ must proportional to u,,~ and P*u,,, respectively. In addition, the
coefficient of each term must positive. Therefore, the transport coefficients n and ¢ should
be positive.

Since the equation of motion is closed, one can derive the poles of the linearized hydro-

dynamics. We derive them in Sec. [3.1.
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1.2.3 Second Order Hydrodynamics

We proceed the derivative expansion of the hydrodynamic stress tensor up to second
order. Therefore, the viscous tensor 7 in eqviscousstresstensor must include all possible
second-order terms “.

Basically, the second order hydrodynamics should be introduced when the characteristic
momentum scale of the system compared with the mean free path, i.e., (k- )%, cannot
be neglected. There is another understanding to introduce the second order term. In the
first order “relativistic” hydrodynamics, the speed of propagation for heat and viscosity are
infinite since the EOMs for the propagation obey parabolic differential equation, which is the
same as the traditional thermal diffusion equation. Eventually, the first order “relativistic”
hydrodynamics is only applicable to the system slowly varying on space and time scales
characterized by the mean free path ¢ and the momentum k. Israel introduced the second
order derivative terms because of the latter motivation [40], and then he generalized the
theory in the curved background [41]. (See appendix of Ref.[42] for review.)

From the AdS/CFT duality’s point of view, conformal symmetry is so important, so the
second order hydrodynamics with conformal invariance is required. Baier et al. constructed
the theory and found additional terms [39] which were neglected in Refs.[40, 41] ®. Then the
most general isotropic second order hydrodynamics without charges are constructed [43].

In this thesis, we don’t need the non-linear terms. So we introduce a non-conformal

viscous tensor:

T = — o — ((V - u) P
+ 07 Vo' 4+ (Vo (V - u) P* (1.2.15)
+ k1R Pugug + ke R + (k3R uqug + k4 R) P

where the antisymmetric traceless tensor o*” is defined by o* := 2<V*u”>. We have
introduced six second order coefficients, i.e., 7., T, K1, Ko, k3, k4. Note that, for the

conformal fluids, 71, k3 and k4 are absent, and k; = —(d — 2)ka2. (cf. Ref.[39].)

2In this thesis, we consider only the isotropic second order hydrodynamics.

3There are two types of the additional terms. First, Baier et al. found the terms made of Riemann
tensor and Ricci tensor. Second, in order to preserve conformal invariance, additional non-linear terms are
required.
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1.2.4 Kubo Relations for the Viscosity Coefficients

The viscosity coefficients represent the dissipation of the fluid, so they can be obtained
by linear response theory. Linear response theory is based on the operator of interest and
its corresponding source. Since we are now interested in the response of the hydrodynamic
stress tensor T"”, the appropriate source is the metric g, .

In order to apply linear response theory to the viscous hydrodynamics, the state where
the spacial component of the velocity is absent u* = (1,0,0,---,0) and the spacetime is

perturbed by the spatially homogeneous metric perturbation around the flat spacetime 7,,*,

9ij = O+ hy(t), hy <1, hy=0 (1.2.16)
goo = -1, golt,z)=0. (1.2.17)

The response of the velocity du,, from the metric perturbation is absent since the homoge-
neous perturbation preserve the spatial rotational isometry and one can show the normal-
ization w,u" = —1 preserve duy = 0.

The response of the energy momentum tensor is
0T;; = Phyj +ndohiy, (i # j) - (1.2.18)

Using (1.1.17), one can find the Green’s function of the off-diagonal hydrodynamic stress
tensor,

GR™w,0) = =i [ dlae O[T (1), T0.00) = in + OGH) . (1219)

—00

Here, we took i = 1, j = 2 without loss of generality because of the SO(p) spatial isometry.
The first term is called contact term, which is independent of the frequency. Removing the

contact term by hand, one can obtain the shear viscosity from the Green’s function.

1
0= - lim ;ImG}g’lz(w, 0) . (1.2.20)

This is the Kubo relation for the shear viscosity.

We use Eq. (1.2.20) in Chapter 2. Although there are several Kubo relations for the

other viscosities, we don’t discuss them here. We discuss the response of the hydrodynamic

4The homogeneous perturbation correspond to the long wave length limit & — 0. In general, we should
take care of the order of the limit. Sometimes, the limit and another limit are non-commutative.
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stress tensor from the sound mode metric perturbation in Sec. 3.1.
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Chapter 2

AdS/CFT and Hydrodynamics

Historically, AdS/CFT is proposed by Maldacena[3] in 1997. He proposed that the
strong coupling and the large N,-limit of the A/ = 4 super Yang-Mills theory, which is the
low energy effective theory of D3-brane, corresponds to the near horizon limit of the black
D3-brane solution. And then Gubser, Klebanov, and Polyakov[6], and Witten[4] proposed
the prescription for obtaining the correlation function of operators in the field field theory
from the calculus in the corresponding bulk gravitational theory. The prescription is called
GKP-Witten relation.

Although they formulate the relation in Euclidean signature, in order to find time depen-
dent dynamics, especially dynamics with dissipation, the real time formalism is needed. Son
and Starinets found the prescription to obtain Retarded Green’s functions exactly in real
time Lorentzian signature[44], and they derived the shear viscosity to the entropy density
ratio for N' = 4 super Yang-Mills (SYM) plasma[10), 45]. The ratio has been studied widely
in order to understand real quark gluon plasma (QGP).

The prescription enables us to find the dissipative dynamics in the boundary theory
through retarded Green’s functions. It is interesting to study the dissipative dynamics
in not only QGP but condensed matter physics as well. In this thesis, we focus on the
holographic superfluids, which exhibit the second order phase transition and superfluid-like
behaviors.

In the studies of holographic superfluids [47, 48, 49, 50, 51, 52, 53] (See, e.g., Refs. [54]
55, 156] for reviews), one often uses numerical computations or some approximations. This is
because the holographic superfluids are Einstein-matter systems and it is in general difficult
to solve such systems. One approximation often employed is the “probe approximation,”
where the backreaction of matter fields onto the geometry can be ignored. While the

approximation is enough to see the phase transition and to compute properties such as
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the conductivity, gravitational properties of these systems, in particular analytic results are

largely intact. It is desirable to obtain gravitational properties of these systems analytically.

We investigate this issue in this thesis. We study 7/s, the ratio of the shear viscosity to the

entropy density for holographic superfluids.

Technically, the universality largely depends on the following two properties of the bulk

theory:

1.

2.

One can use the Kubo formula to compute n and carry out the tensor mode compu-
tation of gravitational perturbations. There are no other fields which transform as a

tensor even if matter fields are present.

The entropy density is given by the Bekenstein-Hawking formula as long as the grav-

itational action takes the Einstein-Hilbert form.

In this thesis, we consider three class of holographic superfluids, the s-wave, p-wave, and

(p+ip)-wave holographic superfluids in (d+ 1)-dimensional bulk spacetime. Our results are

summarized as follows:

(i)

(i)

The s-wave holographic superfluids are described by Einstein-Maxwell-complex scalar
systems [47, 48, 51]. In this case, the universality holds with a modification of the
technique in Ref. [25].

The p-wave holographic superfluids are described by Einstein-Yang-Mills systems [49].
In this case, the Yang-Mills field breaks the SO(d — 1) rotational invariance on the
boundary theory, which has two implications. First, the hydrodynamic limit is not
described by a single shear viscosity.! Second, for d = 3, one does not have a tensor
mode which decouples from the Yang-Mills field. (Namely, item 1 of the above list
fails.) As a result, the existing technique is not applicable. However, for d > 4, one
has the SO(d — 2) invariance. In this case, a tensor mode exists, and the universality

holds for the shear viscosity associated with the tensor mode.

The (p+ip)-wave holographic superfluid is described by the same system as the p-wave
holographic superfluid (with d = 3), but the symmetry breaking pattern is different
[50]. Although the metric keeps the SO(2) invariance, the Yang-Mills field breaks the
SO(2) invariance. As a result, there does not exist the tensor mode which decouples

from Yang-Mills perturbations and the existing technique is not applicable.

n the context of the AdS/CFT duality, anisotropic shear viscosities have been computed for the non-
commutative ' = 4 plasma [57].
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Our results indicate that the shear viscosity has no singular behavior across the phase
transition for holographic superfluids (See Sec. 2.3.2).

The plan of this chapter is as follows. In Sec. 2.1, we consider n/s for the s-wave
holographic superfluids, explaining basic prescriptions of AdS/CFT. In Sec. 2.2, we consider
anisotropic holographic superfluids, the p-wave and (p + ip)-wave holographic superfluids.
For the (p + ip)-wave case, we identify the Yang-Mills perturbations which couple to the

would-be tensor mode of metric perturbations.

2.1 The s-wave Superfluids

2.1.1 Background

The s-wave holographic superfluids are described by Einstein-Maxwell-complex scalar

system:
1 1
Sg =y /dd+1x\/—_g R—2A — =K (|¥]*) FMY Fyn
167G 41 4
(2.1.1)
with the ansatz
ds?l—H = —gu(r)dt* + g (r de + grr (7 ) (2.1.2)
A = Ai(r)dt, (2.1.3)
o= W(r). (2.1.4)

Here, capital Latin indices M, N, ... run through bulk spacetime coordinates (¢, x;, r), where
(t,z;) are the boundary coordinates and r is the AdS radial coordinate. Greek indices
i, v, ... run though only the boundary coordinates. K7, Ky and V are arbitrary real func-
tions of the scalar field. This action includes not only the conventional s-wave holographic
superfluids [47, 48] but also generalized models [58, 59, 60]. We impose the regularity

condition on the metric at the horizon r = ry:

git — Ct<r - rh) ) Gzz — Cz Grr — CT(T - rh)il . (215>
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These conditions fix the Hawking temperature and the entropy density of the bulk geometry:

(d—1)/2
1 /¢ Cz
T=—,/— = 2.1.6
A\l ¢, N 4G 411 ( )

The model exhibits a second-order phase transition. At high temperatures, the scalar field
U vanishes and one obtains the standard Reissner-Nordstrom-AdS black hole. But at low
temperatures, the Reissner-Nordstrom-AdS black hole becomes unstable and is replaced by
a charged black hole with a scalar “hair.”

This system is supposed to be dual to some kind of superconductors/superfluids. In fact,
the low temperature phase shows the expected behavior for superconductors/superfluids.
As superconductors, one can see the divergence of the DC conductivity, an energy gap
proportional to the size of the condensate, and the holographic London equation [48] 51
61, 162]. As superfluids, one can see the existence of the second and fourth sounds [63, [64].
Also, vortex solutions have been constructed [65, (66, 67, 68, 69].

2.1.2 n/s

Since we are interested in the viscosity, the main object to study is the boundary energy-
momentum tensor. According to the standard AdS/CFT dictionary [3), 4, 5, 6], the bulk
gravitational perturbations act as the source for the boundary energy-momentum tensor.
Thus, our task amounts to solve the bulk gravitational perturbations.

Consider the fluctuations of the energy-momentum tensor 7, which behaves as e~"".
The fluctuations are decomposed by the little group SO(d—1) actingon z; (i = 1,--- ,d—1).
The fluctuations are decomposed as the tensor mode, the vector mode (“shear mode”), and
the scalar mode (“sound mode”).

One can use various methods to compute the shear viscosity. Among them, the most
powerful one is the Kubo formula method , which uses the tensor mode (1.2.20) :

1212

.1
n= _}}E%;ImGR (w,0

—.
)

) (2.1.7)

where G12'2(w,0) is the retarded Green function for the tensor mode T'2 at zero spatial
1.

momentum (1.2.19):
G}p?lz((xh 6) = _Z/ dd‘r eiwte(t> <[T12(t7 f)? T12(07 6)]> : (218)

—00

To obtain the retarded Green function, we consider homogeneous gravitational pertur-
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bations which take the form

guN = gun + hun (2.1.9)

where gy is the background metric (2.1.2). In the Lorentzian prescription of the AdS/CFT
duality [44], the retarded Green function (2.1.8) can be calculated from the tensor mode
his. We expand the action in terms of ¢(¢,7) := h'5(¢,7) up to quadratic order and use the

Fourier transformation

P(t,r) = / %e—iwt”’?f Fi(r)do (k). (2.1.10)

The retarded Green function is obtained as follows:

1. Solve the classical equation of motion for the field fi(r) with the ingoing-wave bound-

ary condition at the horizon and fi(r) — 1 at the boundary.

2. Substitute the classical solution into the action and represent the action in terms of
the boundary value bo. Only surface terms remain, and drop the contribution from

the horizon.

3. The retarded Green’s function is given by the kernel of the on-shell action:

S = =5 [ oK) (R 2.1.11)
on-shell — 2 (27T)d 0 R 0 -1
where the on-shell action is defined as Synsnen = (S + Sau + Set.)|onshen. San is the
Gibbons-Hawking term to provide a correct variational problem for the background

geometry. S is the counterterm to renormalize divergences in the classical action.

Thus, the problem is to solve the equation of motion for the field ¢ under the appropriate
boundary conditions.

From Eq. (2.1.1)), the action which is quadratic in ¢ is

1

@g — -
* 167G

[t [ — V(o)

+0.{ Vi (200,04 3224707 }] ,

(2.1.12)

2 Gzo

with the help of background equation of motions (See Appendix A.2)). Because of the little

group SO(d — 1) acting on z;, the tensor mode of the metric perturbations decouples from
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the rest of perturbations: the other modes of the metric perturbations h,;y, the gauge field
perturbations d A, and the scalar field perturbation 0W. Thus, they can be set to zero
consistently. Since the background geometry must satisfy the stationary condition, we add
the Gibbons-Hawking term

1

Sop = ——
N 167G

/ dr/ 72K | (2.1.13)

where v*¥ is the boundary induced metric, njy; is the normal vector to the boundary and
K = ~#"V n, is the trace of the extrinsic curvature of the boundary. This provides surface

terms

®Sen =

1
[ (—Mg%arcb -

167Gy /. - (vV=7) ¢2) . (2.1.14)

1
Vrr
Therefore, the bare action is

1

1
(2)<Ss + SGH) :167T—Gd+1 /dd+1x\/§ {_5 (VM(b)ﬂ

1 qg —5 1 _ )
I A
]-67TGd+1 /rﬂoo 299630 \/ Grr \ Grr ( 7) ¢

The action diverges as r — 00, so the counterterms at the boundary must be added. We

(2.1.15)

need only the gravitational counterterm in order to evaluate the retarded Green’s function
for the energy-momentum tensor. According to the holographic renormalization procedure,

the counterterm is

L

Sc.t. - — 9

1 2d —1)
- At/ =
167Gaor /Hoo . 7[ I
% d

- (d—4)(d—2)? <RMV[7]RW[’Y] - mRMQ) 4. ] 7

where L is the AdS radius and R, [y] is the Ricci tensor made from the induced metric v, .

R[]
(2.1.16)

These terms largely depend on the spacetime dimensions?. However, in order to evaluate
the shear viscosity, we need boundary terms only up to first order in w: O(w?) terms in the

action do not contribute to the Kubo formula because of the w — 0 limit. So, only the first

20ne has to be careful when the number of the boundary spacetime dimensions d is an even number.
See Ref. [70] for details.
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term in Eq. (2.1.16)) is important and it becomes

1

2)g -
1671’Gd+1

ct. —

/ dz/—~(d — 1)¢* | (2.1.17)

for the tensor mode perturbation. This term removes the divergences from the second term

of Eq. (2.1.15). As a result, the renormalized action is

167TGd+1(2)(Ss + SGH + Sc.t.)
R (AT e o) g
/ (27T>d¢0( k) ( 5 Sk (r)0y fi( )) o (k)

rr

(2.1.18)

T—00

+ (terms which are proportional to the EOM)

+ (contact terms) ,

with (2.1.10). Here, we neglected the second derivative respect to ¢ because it provide only
O (w?) terms. “(contact terms)” provide contact terms in the Green function and have the
form f_,fr. They will not affect the shear viscosity since they do not give an imaginary
part of retarded Green’s function. The terms which give the imaginary part take the form
like f_ ;0. fr ®. We will see this at the end of this section.

In order to find the on-shell action, we need to solve the equation of motion for fi(r):

g 2, (97VG)
gtth kT gr \/_

[ =0, (2.1.19)
where the long wavelength limit & — 0 is taken since O(|k|) terms in the action don’t con-
tribute to the Kubo formula. The equations of motion can be solved as follows. First, solve
this equation of motion near the horizon and impose the ingoing-wave boundary condition.
Second, find the solution over the whole region in the bulk up to first order in to. Finally,
match these solutions.
First, consider the near-horizon limit of Eq. (2.1.19). With asymptotics of the metric
(2.1.5))
for) ~ (r)r, — 1) =exp | £ iwIn[r/ry — 1]] . (2.1.20)

where to := w/47T is the rescaled dimensionless frequency. The ingoing-wave solution is

given by fi(r) = exp [—iw In (r/r, — 1)]. We expand this solution in terms of to In (r/r, — 1)

35S0, the second term of Eq. (2.1.15) and the counterterm (2.1.17) do not affect the shear viscosity.
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near the horizon since we take the v — 0 limit at the end of the analysis. So,
fe(r) ~1—ivoln|r/r, —1] . (2.1.21)

is the boundary condition as r — rj,. The overall factor will be determined by the boundary
condition at r — oo.

Next, get the solution of Eq. (2.1.19) for all r. In order to evaluate the Kubo formula,
it is enough to obtain fi(r) up to first order in tv. Thus, expand fi(r) in power of to:

fu(r) = fOr) + wfD(r) + O(w?) . (2.1.22)
Inserting this into the equation of motion, f(©) and fV satisfy

rr =\
Fom (9"V9) FOr—q (2.1.23)

where ¢ runs ¢ = 0, 1. Solutions are given by

FO ) = 4 cff / g/ 9rr)_ (2.1.24)
vV —g(r
where C;i)’s are integration constants. From the boundary condition at r — oo,
cV=1, cV=o0. (2.1.25)

The rest of constants are determined by the boundary condition at the horizon. Since the

integrand in Eq. (2.1.24) has a simple pole at the horizon,

grr Cr //’I“h 1
dr’ = 1 —1] . (2.1.26
/TNT,L \/—g \/ cped—1 //rth (r'/r,— 1) 167Ggs1sT afr/m =1 ( )

Comparing this with the boundary condition (2.1.21), one gets

i =0, wCl” = 4G4 -iws . (2.1.27)

Therefore, the solution of Eq. (2.1.19) with the appropriate boundary conditions is

fu(r) = (1+4Gd+1 / dr ,;TT O(mQ)) (2.1.28)
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which becomes
fr(r) =1, 0.fi(r) — —4Ga41 'iwsgw—(r) : (2.1.29)
—9(r)
as v — o0o. Thus, the terms f_,fi and f_.0,fr in the action provide real and imaginary
parts, respectively. So, the contact terms, which have the form f_; fi, do not contribute to
the shear viscosity.
Now, we are ready to extract the Green function from the on-shell action. Substituting

the solution (2.1.28) into the on-shell action, one gets

S = T [ ozl ) (32100, )

167TGd+1 2 Yrr r—00 (2 1 30)
1 Ak -~ iws\ ~
=3 / W%(_k) <_E) do(k)
This leads to the retarded Green’s function
G1212(y, 0) = —% +0 ((w/T)) , (2.1.31)

from the prescription (2.1.11). Finally, the Kubo formula (2.1.7) derives the shear viscosity,

1 )
n =~ lim ~ G} (w,0) = i . (2.1.32)

Thus, the ratio of the shear viscosity to the entropy density is

=, (2.1.33)
Therefore, the universality of 7/s holds in this system irrespective of whether the complex
scalar condenses or not.

2.2 Anisotropic superfluids

The p-wave or the (p + ip)-wave holographic superfluids are described by the Einstein-
Yang-Mills system:

1

1
_ d+1 [ - - a 2
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where F¢,y = Oy A% —On A%+ gyme®© A5, AS is the field strength of SU(2) gauge fields, gy

is the Yang-Mills gauge coupling and €% is the totally antisymmetric tensor with €23 = 1.

The gauge field is written as a matrix-valued form:
A= AS,m%dz™ (2.2.2)
where 7% = 0/(2i) using the Pauli matrices, so [79, 7°] = e®¥¢r¢.

2.2.1 The p-wave superfluids

The p-wave case is described by the ansatz

d—1
d8?1+1 = _gtt(r)dt2 + 9zy2q (T’)dl‘% + Jzozo (T) Z dI? + Grr (’/’)d?“2 ’ (223>
=2

A = ®(r)rdt +w(r)r'dr . (2.2.4)

The function ®(r) gives the background static electric potential whereas the function w(r)

represents the condensate. We impose the regularity condition at the horizon r = ry:

gt — Ct(r - Th) y Grizy 77 Cxy s Groxs = Can s Grr — CT(T - Th)il . (22'5)

Then, the temperature and the entropy density are given by

1 /x d—2
T:4— ﬁ’ S:&’ (2.2.6)
7r\/ Cy

4G4

respectively.
As is clear from the metric (2.2.3), the boundary spacetime is anisotropic. In such a

case, the shear viscosity is no longer given by a single coefficient 7. Rather, one is interested

in
ijkl 1 ikl &
nvt = — hH(l) —Im G}" (w,0) , (2.2.7)
w—0 W
G, 0) = —i / a'weo(t) {119 (1. ), 7%(0.,0)]) (2.2.8)
From the symmetric nature of the metric and the SO(d—2) invariance acting on xo, - -+ , 241,

1212

there are only two nontrivial independent coefficients, e.g., n'?'? and n?323. We will examine

these coefficients below.
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The shear viscosities of anisotropic fluids have been widely discussed in the context of
liquid crystal [75]. There are various parametrizations known in the literature. Among
them, the most well-studied parametrization is the Miesowicz viscosity coefficients. The

1212 2323

coefficients n and n**%3 are related to the Miesowicz coefficients [76]. However, various

conventions are found in the literature for the Miesowicz coefficients. To avoid the confusion,

we keep using n*.

n*23 (for d > 4)

First, let us consider n**?3. The coefficient exists for d > 4, and the metric has the
SO(d — 2) invariance, so the perturbation hgg transforms as a tensor mode. Then, the
discussion is similar to the s-wave superfluid case.

The action (2.2.1) with appropriate boundary terms reduces to (h?%;, =: ¢(r,t) = [ gjr’)“d e i (r)do (k)

167TGd+1(2)(Sp + Sau + Set.)

- [ S (5 0.000)) b

+ (terms which are proportional to the EOM)

(2.2.9)

r—00

+ (contact terms) ,

using the ansatz (2.2.3) and the equation of motion for the background geometry (See

Appendix [A.3.1). The equation of motion is given by

Grr 9 (gw\/—>

'+ Wi+ =0 (2.2.10)
: it g7vg "

This takes the same form as the s-wave case (2.1.19), so the solution under the appropriate

boundary conditions is given by

fi(r) = <1+4Gd+1-iws/ dr ’;f(gi) O((w/T)2)> : (2.2.11)

and the retarded Green function has the same form as the s-wave one (2.1.31). From the

Kubo formula, the shear viscosity to the entropy density ratio is

2323
i 1

= —. 2.2.12
s 47 ( )
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The universality holds for this case as well.

1212

1212 For d = 3, this is the only shear viscosity coefficient. The

Next, let us consider 7
perturbation hjy transforms as a vector under SO(d — 2). Thus, it couples to the vector
mode of the Yang-Mills perturbations. As a result, the existing technique is not applicable.

It should be straightforward to obtain the action for the relevant vector mode perturba-
tions since they are standard vector perturbations for which one can rely on the symmetry.
However, it does not seem straightforward to solve them analytically. Actually, n'?'? was
calculated numerically [78, 79] and take non-universal value n'*'?/s > 1/(4r) in the low

temperature phase. We will discuss it in Sec. 2.3.1.

2.2.2 The (p+ ip)-wave superfluids

For completeness, let us consider the (p+ ip)-wave holographic superfluid. The (p + ip)-

wave case is described by the ansatz

ds* = —gu(r)dt® + gue(r)(da + d3) + g, (r)dr* | (2.2.13)
A = ®(r)ridt +w(r)(r'dzy + 77dxs) (2.2.14)

As in previous models, the regularity condition at the horizon r = r; implies
G — c(r—7rn) s Gex — Co s G — c(r—r)7h, (2.2.15)

which leads to the temperature and the entropy density as

1 Cy Cy

T:— —
w\ e PTG,

(2.2.16)

respectively. It is argued that the (p + ip)-wave background is unstable and it turns into
the p-wave background [50]. But the analysis was carried out only in the probe limit and
the full analysis including the backreaction has not been done.

Unlike the p-wave case, the metric is isotropic. Thus, the shear viscosity is described by
a single coefficient. The anisotropy in the (z1,zs)-plane is caused by the Yang-Mills field.
The condensation breaks the SO(2) rotational symmetry in the (z1, z5)-plane as well as the
U(1) gauge symmetry. But, as is clear from Eq. (2.2.14)), it preserves a diagonal U(1) which

is a combination of the two. Thus, there does not exist the tensor mode which decouples
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from Yang-Mills perturbations. As a result, the existing technique is not applicable.

Since the whole system does not have the SO(2) symmetry, it is worthwhile to see
explicitly how Yang-Mills perturbations couple to the “tensor mode” perturbations. In
Appendix |A.3, we derived the interaction of the Yang-Mills perturbations and the metric
perturbations [Eq. (A.3.8)]. For the tensor mode metric perturbations h%y = —h!;(:= ¢4)

and h'y = h%(:= ¢oq)?, the interaction reduces to

1 1% a 7 j
Ehian]MNfMN =h'(F-f). (2.2.17)
Here, we defined
fun = Dualy — Dyaj, (2.2.18)
DY = V0" + gyme*AS, (2.2.19)
(F-f); = F“Nfiy . (2.2.20)

As is clear from Eq. (2.2.17), the tensor mode h’; couples to (F - f)*;, which transforms

as a tensor under the diagonal U(1) symmetry. ¢4 and ¢,q couple to
(F-Na=F-fPa=—=F N,  (F-floa=F-fla=F N, (222])
respectively. They contain the following components of § A%,
ag = 0AY, = —6A?, | Qoq := 0 ALy = 0 A% | (the other modes) =0 . (2.2.22)

These perturbations ¢, ¢a, aoq and a4 are all coupled. The explicit form of (F - f) is
given by

(F-floa = g7¢"(0,w)(0ra0q) + 9" g™ gymPw(Dyay), (2.2.23)
(F : f)d = grrgxx(arw)(arad> - gttgwngM(I)'UJ(Dt(lod), (2224)

which include the covariant derivatives of a;:

Dtaod = 0taod + gYMCDad R Dtad = 8t(ld — gYM(I)aod . (2225)

4In the s-wave and p-wave cases, the diagonal perturbation ¢,q and the off-diagonal perturbation ¢4 are
completely decoupled. So, we have set ¢4 = 0. But this does not hold for the (p + ip)-wave case as we will
see below.
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Therefore, these forms mix a,q and ay.
Let us summarize how the tensor mode metric perturbations couple with Yang-Mills

perturbations:

e The tensor mode metric perturbations ¢,; and ¢4 couple to the tensor (F' - f),q and
(F - f)a, respectively, where (F' - f) is made from the Yang-Mills perturbations. So,

the action for ¢,q/4 no longer takes the minimally-coupled scalar form.

e The Yang-Mills perturbations a,q/q couple to ¢,q and ¢q. As a result, ¢,q couples to
¢q through a;.

The complete actions in terms of these “tensor mode” fluctuations are given by

1
167TG4

2
(2)£grav = \/,52 {— % {—gtt(at¢i)2 + grr(ar¢i)2} B %M(T)nglz
=1

(2)(S(p+z‘p) + SGH) - /d4x(2) (Lgrav + Egauge + ﬁim) ; (2-2-26)

+(surface term)] : (2.2.27)
2
Dlyge = V39" Y [0 (0r:)* + gynw’al + " (Dra)?] (2.2.28)
2 i=1
OLie = V3> 6il(F-f)i (2.2.29)
i=1
where we defined two-component vectors as ¢; = (¢oq, Pa), ;i = (oq;aq), (F - f)i =

((F - f)1,(F - f)2) and 4 runs isotropic components i = 1,2. 29y, is the interaction term
we have discussed in Eq. (2.2.17). The mass-like function M (r) is defined by

M(r)? := g g™ (0,w)* + g™ gyn (97 w® — ¢" @) w? . (2.2.30)

The action leads to coupled equations of motion for ¢.q, ¢4, aoq and ay. It is difficult to
solve them analytically, and it does not seem straightforward to obtain the shear viscosity

to the entropy ratio.

2.3 Implications of the results

We study n/s for s-wave, (p + ip)-wave, and p-wave holographic superfluids. The shear

viscosity for the s-wave superfluids satisfies the universality. The p-wave superfluids are
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anisotropic, and there are two nontrivial independent shear viscosities, n*3** and n'?!2. We

2323 gatisfies the universality.

show that one of the coefficients n

On the other hand, for another coefficient n'2'2 of the p-wave superfluids and for the shear
viscosity of the (p + ip)-wave superfluid, the gravitational perturbations in question couple
to the Yang-Mills perturbations even in Kubo-formula method, and the existing technique
is not applicable. We extract the modes which couple to the gravitational perturbations.
For the (p + ip)-wave case, we write down the perturbed action for those modes.

There is another technique to derive 7/s in the membrane paradigm context [24]. Ac-
cording to the method, transport coefficients in the boundary field theory can be determined
by (i) the flow equation for r-dependent transport coefficients, e.g., the shear viscosity 7(r)
and by (ii) their values at the horizon. If the tensor mode metric perturbation is written as
a free scalar, the flow equation becomes trivial in the hydrodynamic limit: 9,n(r) = 0. In
this case, (1/5)|boundary = (11/5)|horizon = 1/4m. This method works for 7 in the s-wave case
and for 73 in the p-wave case. But it does not work for n'?'? in the p-wave case and for
n in the (p + ip)-wave case. This is because the interactions of the metric and Yang-Mills
perturbations provide a non-trivial flow equation 9,n(r) # 0.

We now discuss the shear viscosity itself of holographic superfluids below.

2.3.1 Viscosity of superfluids

The holographic superfluid shows a nonzero viscosity. To interpret the result, note the
following points.

First, a superfluid has a nonzero viscosity. For example, for “He no viscous resistance is
observed when it goes through a narrow pipe, but a viscous drag is observed when a test
body is moved in the liquid.

According to the two-fluid model, a superfluid consists of the superfluid component and
the normal component. The normal component has a nonzero viscosity, so a superfluid
has a nonzero viscosity as a whole. The normal component represents the effect of thermal
fluctuation, and it always exists at finite temperatures. And the quasi-particle description
is valid for the normal component. Since we do not separate the normal and superfluid
components, one cannot observe the zero viscosity for the superfluid component.

Second, currently the boundary theory description is not clear for holographic super-
fluids, but the boundary theory presumably contains the fields which may not play an
important role in the superfluid behavior. Among the other things, the boundary theory
should include the SU(N) non-Abelian gauge field, which is unlikely to play an important

role. The computation of /s includes the dissipation not only from the normal component
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but also from these fields.

Isotropic Components

Obviously, for the universal components, (i.e., 7 in the s-wave case and 7*?* in the
p-wave case,) while 1/s is the same in both phases, n itself can have different functional
forms. This requires the knowledge of s, and it would be interesting to compute it. In the
probe limit, both phases are described by the same bulk geometry since the backreaction of
matter fields onto the geometry is ignored. Thus, one needs the fully backreacted metric to
find a nontrivial behavior. In particular, it would be interesting to see if 7 in the superfluid
state is lower than 7 in the (unstable) normal state. Again one needs a fully backreacted
metric, but analysis near the critical point or a numerical computation would suffice for the
purpose.

In fact, the entropy density s has been obtained for a limited class of holographic super-
fluids. Especially, Ref. [77] obtained s for the (4 + 1)-dimensional p-wave superfluid in the
grand canonical ensemble.” They use the parameter o := k5/¢. In our notation, a o< 1/ gy,
and o — 0 corresponds to the probe limit. Once the backreaction is taken into account,
the p-wave superfluid undergoes the second-order phase transition only when o < a., where
a. ~ 0.365, and it undergoes the first-order phase transition when a > «.. Namely, the
phase transition becomes first-order when the backreaction becomes large.

According to their computation, s in the superfluid state is lower than s in the unstable
normal state below T' < T, at fixed chemical potential p = A?. See Fig. 3(b) of Ref. [77].

2323 2323 in the superfluid state is lower than the normal

Since n satisfies the universality, n
state one. This may be due to the zero viscosity of the superfluid component. Needless to
say, this statement is only for one coefficient of shear viscosities of one p-wave superfluid.

At this moment, it is not clear if the same holds in general.

Anisotropic Components

1212.in the p-wave case and 7 in the (p+ ip)-wave

1212

For the anisotropic components, (i.e., n
case,) it seems to be difficult to obtain them analytically. The former, n in the p-wave,
was calculated numerically [78, [79] and takes non-universal value n'?'?/s > 1/(47) in the
low temperature phase. As noted above, since s in the superfluid state is lower than one in
the normal state, the decrement of 7?12 is lower than that of s. The behavior of %12 itself

is not, however, unclear.

SFor a s-wave superfluid, s has been obtained in the microcanonical ensemble [80)].
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Moreover, there is another difficulty to define the shear viscosity in the anisotropic fluids.
In the anisotropic fluids, additional viscosity coefficients appear since director fields, which

1212 1ay be

cause anisotropy ©, provide additional terms for the stress tensor. Therefore, n
made of the shear viscosity n from the isotropic part in Eq. (1.2.11) and other viscosities

Nairector cOMe from the directors. We can expect two possibilities:

1. Although the contribution from 7girector makes n'?'2/s > 1/(4x), the viscosity from
the isotropic part preserves n/s = 1/(4m).

2. The viscosity from the isotropic part even breaks the universality: n/s = 1/(4).

It is not necessary that n preserves the universality since hi5 couples with other components.
If it turns out that it also satisfy the universality, these shear viscosities will give highly

nontrivial tests for the universality.

2.3.2 Implication to dynamic critical phenomena

We found that the universality of 1/s holds both for high temperature phase and for
low temperature phase. In the second-order phase transition, critical phenomena occur and
one has singular behaviors in physical quantities. In the dynamic case, one has singular
behaviors in various transport coefficients [72]. But our results indicate that there is no
divergence in the shear viscosity. (Since the entropy density is the first derivative of the free
energy, it is continuous across the phase transition. Thus, the universality of n/s implies
that the shear viscosity is also continuous across the transition.)

More precisely, in the dynamic critical phenomena, the relaxation time of the order
parameter diverges, which is known as the critical slowing down. In fact, for s-wave holo-
graphic superfluids, the relaxation time of the order parameter diverges near the critical
point [73]. In general, when a system has a conserved charge, the associated transport
coefficient diverges as well. For example, for 7}, one has a (mild) singularity in n. But
our results indicate that this does not happen in the holographic superfluids. The fact
that singular behavior does not occur in n has been observed in the critical phenomena of
R-charged black holes [74].

be.g., the boundary field corresponding to w(r) in Eq. (2.2.4).
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Chapter 3

Another Realization of the
Relationship between Gravity and

Hydrodynamics

3.1 Linearized hydrodynamics by Metric Perturbations

3.1.1 Homogeneous Perturbations

The basic hydrodynamic equation is the conservation equation
vV, =0 (3.1.1)

(or the continuity equation and the Navier-Stokes equation). In (3 + 1)-dimensions, there
are 4 equations whereas the stress tensor has 10 components. Since the equation of motion

is not closed, one introduces the constitutive equation®:

™" = (¢ + P)u"u” 4+ Pg"" — " | (3.1.2)
2
TV . — phapvB |:77 (VOCUQ—FV@QLQ — I—fqagVAu)‘) + CgagVAu)‘} , (313)
where P* := g" + utu"” is the projection tensor, n is the shear viscosity, and ( is the

bulk viscosity. In other words, one chooses the velocity field u* and the pressure P as the

"We use p, v, ... for the (p + 1)-dimensional boundary coordinate indices. The boundary spatial coor-
dinates x; are also denoted as x; = (x,y,2) for p = 3. We use indices a,b, ... for the spatial coordinates
transverse to z.
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basic hydrodynamic variables. Note that ¢ and P are not independent; rather they are
determined by an equation of state. We choose P as the independent variable. We assume
e = ¢(P) and use ¢ = 9P/0e, where ¢, is the speed of sound. Then, there are 4 degrees of
freedom in (3 + 1)-dimensions (three from u* because of u> = —1 and one from P), and the
equation of motion is closed.
In equilibrium, there is no spatial flow, so one can take the rest frame u’ = 0. Then, one
has
T, =-&, T =P§,, (3.1.4)

“—

where ” denotes an equilibrium value?.

When one adds external gravitational perturbations h*,, the hydrodynamic variables
P and v’ have responses following the conservation equation. By solving the conservation
equation, one can determine the responses. For hydrodynamic computations, we always use

the Minkowski background g,,, = 7,,,. We consider the metric perturbations of the form
h* (t,z) = hH e~ witiaz (3.1.5)

Then, the metric perturbations are decomposed as the tensor, shear and sound modes. We

consider the sound mode, which consists of

ht,, h% =h* , Rh*,, h%. (3.1.6)
The metric becomes
ds® = —(1+ B! )dt* + Y (1 + h';)da? + 207 dtdz . (3.1.7)
We write the responses as
P(t,z) = P+ §Pe itz (3.1.8)
u'(t, z) = du'e Wt (3.1.9)

and e(t, z) = £ + dee” 9% Accordingly, the stress tensor has the response

T (t,z) = TH + 6T+ e~ itz (3.1.10)

2In this chapter, we consider T*,, the stress tensor with one upper and one lower indices, which is
convenient to compare with the Brown-York tensor (Sec. [3.2.1)).
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We first consider homogeneous perturbations ¢ = 0. Since u? = —1, u' = 1 — h',/2 (one

can set u* = 0). From the conservation equation V, 7" = 0, one gets

m{&+€zpm}:0, (3.1.11)
iw(g + P)(h* + 6u*) =0, (3.1.12)

where h, := >, h%, is the spatial trace. Then, §T*, becomes

OT", = —de = 6—; Phs ) (3.1.13a)
6T% = (£ + P)h?, (3.1.13b)
0T, = 6P(h)S", + inwh'; — i (g = g) whyd' (3.1.13¢)
where _
SP(h) = c2de = gJ; Pcihs : (3.1.14)

These expressions may be familiar to readers. For instance, see App. A of Ref. [82] for 5Tij.
However, inhomogeneous perturbation case (¢ # 0) in the next subsection is more involved
and deserves a close inspection.

Anticipating the bulk results in the following sections, let us consider the ¢, — oo limit.

In the ¢; — oo limit, the continuity equation (3.1.11) becomes
iwPhg =0 . (3.1.15)

The ¢y — oo limit is rather special. In this limit, the conservation equation gives a condition
for the perturbations instead of a response. In order that time-dependent perturbations are
allowed, the spatial perturbations must be traceless. Or the fluid must be compressible for

generic time-dependent homogeneous perturbations. Then, one obtains

6T, — 0, (3.1.16a)
8T — (£ + P)h?, (3.1.16b)
0T, — inwh'; . (3.1.16¢)
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3.1.2 Inhomogeneous Perturbations

We turn to inhomogeneous perturbations ¢ # 0. Again take u* = 1 — h',/2. For ¢ # 0,

the continuity equation becomes

o
—1 —h qgou® =0 . 3.1.17
zw(€+P+ )—Hqu ( )

Combining this with the Navier-Stokes equation gives

2 2 1 nt
Su? = f Csq : _hs + ihzt e
qc2q? —w? —il'swq? | 2 c2q 2c2

. FS
CZQ { (C - _77) (“")(hxar + h’yy) + 7whzz}:| ) (3118&)

S

= Aq? 1, w,, w . - Y
P = (€+P)C2q2_w2—istq2 _§ht+ght+2_q2h5+mw (hx—l-hy) , (3118b)
R n 2 ¢
= _ = _ 3.1.18
V=P ST (8-1.18¢)
1

(3.1.18d)

\_/(‘m

I, =
+P< n+e

where I', is the sound attenuation constant. Also, these are momentum-space expressions
so are complex; in real-space, they are real.

Having written down all hydrodynamic variables via metric perturbations, we are ready
to express the hydrodynamic stress tensor via metric perturbations only. The full expression
is rather cumbersome, so we give the expressions only in the ¢; — oo limit, which is relevant

to the Rindler case. In the ¢, — oo limit,

w
Su® — —h, | 3.1.19
W=, ( )
2

+ 2| i (W, 4 BY) (3.1.20)

_ 1 w
P — (E+ P) —§htt + Ehzt 2

Note that the sound pole (c?¢* —w? +ilswq?) ™! in Egs. (3.1.18) disappears in this limit. At

the same time, the dependence on the bulk viscosity disappears. As a check, substituting

Eq. (3.1.19) into the continuity equation gives de = 0 as expected. Also, some components
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of covariant derivatives are

1
Vu" = —§iwhmz , (3.1.21a)
1
V= ~Ziwh, | (3.1.21b)
4 1 N xT
V.u® = §M(h .+, (3.1.21c¢)
so u* obeys
V' =0. (3.1.22)
Then, 67", becomes
6T, — 0, (3.1.23a)
0T — —(5+ P)Zihs , (3.1.23b)
q
0T% — §P(h) + inwh®, | (3.1.23c)
0T — 6P(h) +inwh?, (3.1.23d)
01", — 6P(h) —inw(h”, + 1Y) , (3.1.23¢)

in the ¢ — oo limit. Several points of Egs. (3.1.23) deserve comments. (i) 7% is not
proportional to h?% [cf., Eq. (3.1.13b)]. (ii) The O(iw) terms of T is not proportional to
hZ,. (iii) While Eqgs. (3.1.18) themselves have the well-defined ¢ — 0 limit, the ¢y — oo case

z

does not have the limit. So, we consider the ¢ = 0 and ¢ # 0 cases separately.
We now compare hydrodynamic expressions obtained in this section with the Brown-
York tensor in Rindler space and in the SAdS5 black hole.

3.2 Sound Mode in Rindler Space

3.2.1 Thermodynamic Quantities

The (p + 2)-dimensional Rindler space is given by
2 ,  dr’ 2
ds, o, = —rdt” + s + dei . (3.2.1)

The Rindler horizon is located at » = 0 and the Hawking temperature is given by 7' =

1/(4r).
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We consider the timelike surface r = r.. The Brown-York tensor is given by

1
TMV - % ((S#VK — K'uy) y (322)
where K* is the extrinsic curvature of the surface, and K is its trace. In this thesis,
we denote the Brown-York tensor as 7*, to avoid confusion with the hydrodynamic stress

tensor T*,. For a diagonal metric, the extrinsic curvature takes a simple form:

1
K" = §nrg“p8rgpy , (3.2.3)
where g,,,, is the induced metric on the surface. For Rindler space, g, = diag(—r.,1). Also,
n” is the unit normal to the r = r. surface: n" = 1/,/g,,.

We consider the Brown-York tensor with one upper and one lower indices from the

following reasons:

1. The counterterm takes the form 74 €T o 62 (see below), so the counter term de-

pendence is absent upon metric perturbations.

2. We chose the Minkowski background g,,, = 7,, for the hydrodynamic computations.
But this differs from the induced metric used for the Brown-York tensor by r-rescaling,
e.g., g = diag(—r., 1) for Rindler space. One way is to transform the Brown-York

tensor from the original coordinates x# to the proper coordinates x*:
f=v=gut, o=z . (3.2.4)

However, it is not necessary to distinguish z* and z* for 7%, and 7" ; since the upper
and lower indices receive the opposite scaling. (This does not apply to 7°_, so a care

is necessary.)

One can add “counterterms” to the Brown-York tensor. From the AdS/CFT point of

view, the counterterms regularize divergences in physical quantities [83]. They are given by

P L (g ey ) 325

167G

The coefficient ¢; = 2p/L, where L is the AdS radius. G*,#*V is the Einstein tensor built

from the induced metric g,,. For Rindler space, G“,,QDH) vanishes since the surface is flat®.

3This will not be the case when one adds metric perturbations. But our primary concern is thermody-
namic quantities and transport coefficients. The transport coefficients of first-order hydrodynamics appear
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We include the boundary cosmological constant term in order to compare with the SAdSs
result (Sec. 3.3).
For Rindler space, K*, = diag(l/(QTi/Q), 0). Then, one gets
(&1

i —_—
T =15 (3.2.6)

which gives

C1

F_ - 2.
el (3.2.8a)
_ 1 1 T C1
P = — = =— — . 3.2.8b
167G <\/7~— Cl) iG 167G (3.2.8b)
Here, T is the proper temperature not the Hawking temperature 7"
- 1
T(r.) = —==T. (3.2.9)
—gu(re)

When ¢; = 0, P agrees with the membrane paradigm result [1, 2]. The thermodynamic
relation T5 = & + P gives the entropy density § = 1/(4G). Since the energy density
is constant, the stress tensor describes an incompressible fluid, and the speed of sound
c? = P /0z diverges.

3.2.2 Sound Mode Perturbations

We consider sound mode perturbations in Rindler space. We take the gauge where

h.. = 0 for all ,, and the metric is given by

2

. d
ds?,, = —r(1+h)d? + 3 (1+ 1) da? + 2h%dtdz + % . (3.2.10)

We consider the perturbations of the form
R* (t, z,7) = h* (r) etz (3.2.11)

In the gauge h,, = 0, the extrinsic curvature takes the simple form (3.2.3). The response

only in O(w) terms in the stress tensor, while Gfﬁ,ﬂ) gives O(w?,¢?) terms, so we can safely ignore the
Einstein tensor.
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of the Brown-York tensor is given by (' = 0,)

6T', = (E+ P)rchy | (3.2.12a)
0T%, = (E+ P)(h*, —rch?)) (3.2.12h)
0T, = (+ P)r. |=h'} + 0" (k') + h)| | (3.2.12¢)

where we used £+ P =1/ (167TG7"§/ 2). In order to compare the Brown-York tensor with the
hydrodynamic tensor, one needs to rewrite h* . This requires the Einstein equation.

We first consider homogeneous perturbations ¢ = 0. The Einstein equation with ¢ = 0

gives
n" + %h@'i’ + f—jh 0. (3.2.13a)
(r*2htY =0, (3.2.13D)
—2wh*' =0, (3.2.13c)
rhy +O(w?) = 0. (3.2.13d)

Equations (3.2.13¢) and (3.2.13d) are two of the “constraint equations” which are first-order

differential equations®. The solution of Eq. (3.2.13a)) is given by

W (r) = B (r.) (1> - , (3.2.14)

where we imposed the “incoming wave” boundary condition at the horizon. The remaining
integration constant is fixed by the Dirichlet boundary condition h’;(r.). Equation (3.2.14)
is the exact solution for all r. For h',, imposing the regularity condition at the horizon, one
gets ht, = h',(r.).

From Eq. (3.2.13d), we obtain 67", = 0, so the Brown-York tensor describes an incom-
pressible fluid. From Eq. (3.2.13d) and h!," = 0, the terms proportional to (Vj vanish, which
implies an incompressible fluid as well. Finally, from Eq. (3.2.13c), a non hydrodynamic
term in 677, [the second term of Eq. (3.2.12b))] vanishes.

4In this thesis, we use the word “constraint equations” in the sense of the radial foliation, not the time
foliation.
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Thus, the Brown-York tensor becomes

6T, =0, (3.2.15a)

§T%, = (4 P)h?, , (3.2.15b)
T w 7

0T = ToelR (3.2.15¢)

where we used Eq. (3.2.14) and @ is the proper frequency. In order to compare the Brown-
York tensor with the Minkowski hydrodynamic stress tensor (3.1.13)), one needs to rewrite
the Brown-York tensor in proper coordinates t = \/—g, t and T = VGz= o', In this thesis,
“77” denotes proper coordinates and proper quantities. Proper frequencies and wave number

are given by
w w q

— = {79 > g = — =q .
vV it ri/Q V' 9z

However, as discussed previously, it is not necessary to distinguish z# and x# for 67, and

o= (3.2.16)

60T" ; except the replacement (3.2.16). For the off-diagonal component, 77, oc h*, so the
expression does not change under the coordinate transformation.
Equations (3.2.15) take the same form as the hydrodynamic stress tensor in the ¢; — 0o

limit (3.1.23) with
1

" 167G

This agrees with the membrane paradigm result and the BKLS result [1} 2, 27, 28]. On the

other hand, the result of an incompressible fluid differs from the membrane paradigm.
From Egs. (3.2.12), the term h," gives de and the bulk viscosity, but h,/’ = 0 up to

first order in (w,q), so one immediately has an incompressible fluid. This is true even

1 (3.2.17)

for ¢ # 0 [Eq. (3.2.21¢)], thus one expects that the fluid remains incompressible even for
q # 0. However, it is not obvious that the Brown-York tensor takes the same form as the

hydrodynamic tensor when ¢ # 0. Thus, we turn to the ¢ # 0 case in Sec. 3.2.4.

3.2.3 Possible Connection with the Membrane Paradigm?

Our result shows that the Brown-York tensor gives an incompressible fluid, which differs
from the membrane paradigm. However, there is an interesting “coincidence” with the
membrane paradigm if one ignores part of the Einstein equation.

Let us ignore the constraint equation (3.2.13d) for a moment, which gives the incom-
pressible condition. In hydrodynamic analysis, the incompressible condition comes from the

continuity equation (Sec. 3.1), so ignoring the constraint equation (3.2.13d) corresponds to

44



ignore the continuity equation. From Eq. (3.2.14), h,’ = —iwh,/r. Substituting this into
Eq. (3.2.12c) gives

- 0w
Ti —
0 7 16wG [

If one compares this with the hydrodynamic stress tensor (3.1.13)), one would get

h';— 68 hs] (3.2.18)

J

p—1 1
(= T sG (3.2.19)
which coincides with the membrane paradigm [1, 2], 84]. The original membrane paradigm
focuses on the (3+ 1)-dimensional case, but the extension into the generic dimensions exists
[84]. Note that ¢ < 0.

This is an interesting coincidence, and the result may have some relevance with the
membrane paradigm. On the other hand, we should stress that this result itself does not
give a consistent hydrodynamic interpretation completely. For example, Eq. (3.2.18) seems

to lack 0 P term in Eq. (3.1.13c). Also, 67", is nonvanishing, but

§T', = —(2+ P)iwh, . (3.2.20)

With Egs. (3.1.13), this is consistent only if iw = —1/2. But this brings us another issue.
First, we consider the hydrodynamic limit |w| — 0, so it is not clear if such an interpretation
is possible. Second, when |w| is not small, it is not clear if O(hy) term in Eq. (3.2.18) is really
the viscosity term: the first term and the third term of Eq. (3.1.13c) are not distinguishable.

Thus, the only consistent interpretation is the incompressible fluid by taking Eq. (3.2.13d)
into account. But the coincidence (3.2.19)) is suggestive. This might indicate that the mem-

brane paradigm is not fully consistent.

3.2.4 Inhomogeneous Perturbations

The Einstein equation consists of second-order differential equations which are dynam-
ical equations and first-order differential equations which are constraint equations. The
dynamics of the field obeying the constraints is determined by one dynamical equation.
They are referred as the master field and the master equation, respectively. This counting

goes as follows:

e For the sound mode in 5-dimensional spacetime, 4 components of metric perturbations

are relevant.

e The Einstein equation gives 4 dynamical equations and 3 constraint equations. Thus,

45



one obtains 1 master equation, which gives the solution for a combination of 4 metric

components.

e The solution of the master equation has two integration constants. One is fixed by
imposing the incoming wave boundary condition at the horizon. Thus, one obtains

the solution for a combination of 4 metric components with one integration constant.

e The other 3 components are calculated using 3 constraint equations which give one

integration constant for each component.

e In summary, we obtain 4 solutions with 4 integration constants. These integration
constants are fixed by imposing boundary conditions at the boundary for each com-

ponents, h* (r.).

In reality, in order to compute the Brown-York tensor, one only needs h*'(r.). They can be
determined from the constraint equations and the master equation. So, one does not have
to solve the constraint equations.

In Rindler space, the constraint equations are given by”

w (2rhy' — hy) +2q (rh*' — h%) =0, (3.2.21a)
2wk 4 g (2rhtt/ R, 4 4rhﬂ;’> —0, (3.2.21b)
rhy + O(w?, wq,¢*) =0 . (3.2.21c)
The master field is h*, which obeys
1 2 2
W 4 =ht S, =0 (3.2.22)
r r

We solve the master equation by imposing (i) the incoming wave boundary condition at the
horizon and (ii) the Dirichlet boundary condition at r = 7., h*,(r.). After imposing the

former boundary condition, the solution takes the form
RE.(r) = =2 F(r), (3.2.23)

where we fixed the remaining overall integration constant by the Dirichlet boundary condi-

tion h*,(r.). The solution of the master equation in the near-horizon limit » — 0 is given

5These equations correspond to (¢, 7), (z,7), and (r,7)-components of the Einstein equation, respectively.
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by Eq. (3.2.14). When ¢ = 0, it is the exact solution for all r. This is not the case when
q # 0, but the master equation takes the form

1
R+ =h" 4+ 0w ¢*) =0 . (3.2.24)
r
Thus, Eq. (3.2.14) still gives the solution to first order in (w, q):
F(r)=1—iwlogr + O(w? ¢*) . (3.2.25)

For the sound mode, h%, = h*,, but it is convenient to keep each components separately.
Also, we focus on the five-dimensional case (p = 3) for simplicity. Substitute Eqs. (3.2.21)
and (3.2.23) into Eqs. (3.2.12). To first order in (w, q), the Brown-York tensor becomes

65T, =0, (3.2.26a)
Z z = w

0T = 50T = —(E+ P)2—~h8 , (3.2.26b)

Te q

6T® = o6P(h) + W (3.2.26¢)
. = 167IG I .2.240C
y _ woo

6TY, = 6P(h)+ 167IGh ) (3.2.26d)
. _ W . y

677, (h) e (h", +hY,) (3.2.26¢)

where

2

_ 1
6P = (¢+ P) {—ﬁhtﬁ “ R, 4 h]

qre 2¢°re
* 167TZCC;7~1/2 (hxx + hyy) ) (3.2.27)
+ 1(;:(; (h*, + 1) . (3.2.28)

Again, the Brown-York tensor in proper coordinates z* takes the same form except 677,
So, we have rewritten 7% (and JP) in proper coordinates. The Brown-York tensor takes
the same form as the hydrodynamic stress tensor in the ¢, — oo limit (3.1.23) with n =
1/(167G).
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3.3 Sound Mode in Schwarzschild-AdS Black Hole

In this section, we study the bulk viscosity for the SAdSs black hole. In the AdS/CFT
duality, the bulk viscosity for the SAdSs black hole vanishes in the limit r. — oo because
of the scale invariance of the geometry. However, when r. # oo, the stress tensor for the
SAdSs black hole is no longer traceless (3.3.2), so one must examine the bulk viscosity in
this case.

The near-horizon limit of the SAdS5 black hole is Rindler space. So, one expects that the
bulk viscosity for the SAdS5 black hole agrees with the Rindler result in the limit r. — 7.
We find that the bulk viscosity vanishes even for arbitrary r.. One might wonder how
this result is compatible with the Rindler result. The answer is that the hydrodynamic
regime used in the SAdS computation differs from the hydrodynamic regime used in the
Rindler computation (when expressed in terms of the SAdS variables). We also compute a

second-order hydrodynamic coefficient 7, for arbitrary r..

3.3.1 Thermodynamic Quantities

The SAdS; metric is given by

7 2 dr?
dsz = (=) [—f(r)dt* + daf] + —5— , 3.3.1a
() 1 AT .
1 N ) du?
= — [~ f(u)dt* + dz] + () (3.3.1b)
f=1= () fw=1-u, (3.3.1¢)

where u = (ro/r)?. The Hawking temperature is given by T = ro/(wL?). We take the
horizon radius ry = 1 by rescaling ¢ and z;, and we set the AdS radius L = 1. The
boundary position will be denoted as u = ..

The Brown-York tensor and thermodynamic relations give the following thermodynamic
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quantities:

~ 1 [ u

3 (9 g
= om (6 V1 u> , (3.3.2b)
1

pP= Sou _a (3.3.2¢)
TG\ ie 2) .

_ P 2/2

5= 6; - Z—G , (3.3.2d)
oP 1+ u?

2 . c

Cs = E - 3(1 _ ug) ) (3326)

where ¢ is the counterterm dependence (3.2.5) (¢; = 6 for asymptotically AdSs spacetime).
In the above expressions, one can eliminate u. by proper temperature T, but the result is
not very illuminating.

Note that the stress tensor is no longer traceless. Also, one always has € < 0 for ¢; = 0,
which may be troublesome, but & > 0 for ¢; = 6. On the other hand, P > 0 for both values
of ¢;.

The computation of thermodynamic quantities has some differences in the AdS/CFT
duality. The Brown-York tensor is the stress tensor with respect to the intrinsic metric on
the surface, and it is natural to use the proper temperature. In the AdS/CFT duality, one
identifies the gauge theory metric 'y;(L,F,T) as g, = (r/ L)Q%(E,T). As a result, it is natural to
use the Hawking temperature in the AdS/CFT duality. The field theory stress tensor is
defined with respect to VLP;T)6 . Then, the AdS/CFT stress tensor 7;(,9 KPW) s related to the

Brown-York tensor as

2 08 7\ 2
(GKPW) _ _(r (BY)

T = T e (z) 7 (3.3.3)
for p = 3. However, physical quantities from the Brown-York tensor in terms of the proper
temperature takes the same from as the standard AdS/CFT expressions in the limit r. — oo
(see below).

Consider two interesting limits, the u. — 0 limit and the u. — 1 limit. They correspond

to the low-T limit and the high-T limit, respectively.

1. In the AdS/CFT limit (u. — 0), thermodynamic quantities take the same form as the

6The induced metric 7, in chapter 2 is not the same as this ’y;(LFyT) but rather is the same as the induced
metric g, in this chapter.
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standard AdS/CFT result:

E= 16iG(7TT)4 , (3.3.4a)
P= 16; G(yr:f)‘l , (3.3.4b)
5= %(WT)?’ : (3.3.4¢)
= % : (3.3.4d)

2. In the Rindler limit (u. — 1), they reduce to Egs. (3.2.8):

-G

€= —1§7rG , (3.3.5a)
— T C1

P —_— E - W 9 (3.3.5b)
1

=10 (3.3.5¢)
c — 00 . (3.3.5d)

3.3.2 Sound Mode Perturbations

We consider sound mode perturbations in the SAdS5 black hole. Again we take the

gauge h,, = 0, and the metric is given by

du?

quf

1 )
dsi =~ |—f(L+n')dt* + > (14 h'))da? + 207 dtdz| + (3.3.6)
u ,
Like the Rindler analysis, one can obtain the master equation for the master field after
some algebra. The definition of the master field is not unique, but different definitions are

related to each other describing the same physics. We take the following combination for
the master field:

4h*,' 4 2h7.
Dlu) = ', f T 3
() «+ f 1E3f (3.3.7)
which obeys the following master equation:
[u™" f(w)® ()] + V (u)®(u) =0, (3.3.8)
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where

1
Viu) = udf (492 — 3f)°
[ (462 = 3)? + 1 (1507 — 36££)
gt f (16f — Suf') — 16q6uf} , (3.3.9)

w:=w/(27rT) =w/2, and q := ¢/(27T) = q/2.
We again solve the master equation by imposing (i) the incoming wave boundary con-
dition at the horizon v = 1 and (ii) the Dirichlet boundary condition at v = wu., h*,(u.).

After imposing the former boundary condition, the solution takes the form
O(u) =CF(u) . (3.3.10)

The remaining integration constant C' is fixed by the boundary condition h*,(u.). We

expand the solution in tv and q:

F(u) = (1 —u)""™" [Fyo(u) + (w0 F1o(u) + qFo (u))
+ (w*Fao(u) + wqFyi(u) + ¢° Foa(u)) + -] . (3.3.11)

Here, we factorized (1 —u)~™/2 to implement the incoming wave boundary condition at the
horizon. Then, the incoming wave boundary condition becomes the regularity condition for
F;;(u) at the horizon. One can easily check Fyy = 1. The master equation has no terms

with odd powers in ¢, so one can set Fi; = Fj; = 0 without loss of generality. The solutions

are
Fro = —% In(1+u) (3.3.12a)
2 1
— 24t 3.12b
F02 3u+3n( +U), (33 )
1 1\ 1
Fao = =Lis (X2 ) — 2{In2 — In(1 + w)} In(1 — u)
2 2 >
1
+ In(1 + u) {§ In(l1+u)+1—1In 2} : (3.3.12¢)

The integration constant C'is fixed by the boundary condition h*,(u.). Using the definition
of the master field (3.3.7) and the Einstein equation, we obtain C' = Cpun/Cgen- [See
Egs. (B.2.1) for the detailed form of Chyy and Cyep. |
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The response of the Brown-York tensor is given by

E+Pf
0T, = — =5 h.. (3.3.13a)
5T = (24 P) <h2t+ 2f h@’) , (3.3.13b)
U
p
5T, =~ ui<—hg’ Y (3.3.13¢)
- P
o7, = 1 Lhrent eny (3.3.13d)
U

where we used & + P = u?/(47rG f'/?). In order to compare the Brown-York tensor with
the hydrodynamic tensor, one needs to rewrite h*,’. Using Eq. (3.3.7) together with three

constraint equations, one can write h*,’ in terms of h*, and ®, schematically in the form of
ht) =AM, P s + BRLD (3.3.14)

[See Egs. (B.2.2) for the detailed form of A and B.]

3.3.3 Homogeneous Perturbations

One can carry out the same analysis as the g # 0 Rindler case. However, the full form of
the Brown-York tensor is rather complicated, so we focus on the following two cases. First,
we consider the ¢ — 0 limit and compare the Brown-York tensor with the hydrodynamic
stress tensor (3.1.13)). Second, we consider the ¢ # 0 case and extract the sound pole.

We first consider homogeneous perturbations. Take the ¢ — 0 limit in Eqs. (B.2.2) and

then expand it in tv. One obtains

;o u(3—u?) )
ht, = B—ths + 0 (w?) (3.3.15a)
' =0, (3.3.15b)
, u irou(h®, — h?,) 5
. 3l t 37 + 0O (w?) | (3.3.15¢)
, u 2ivou(h®, — h?,) 9
h' = ——hs— - = (@) . 3.3.15d
S =3 3/ +0 (w’) ( )
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Substituting them into the Brown-York tensor (3.3.13)), one obtains

4+ P
57tt=5+2 hs | (3.3.16a)
§T% = (£+ P)h?, , (3.3.16b)
e+ P Zwug/z 1
0T = — 2p R — Zh 3.1
. 5 Css+167TG( ; 35) , (3.3.16¢)
4+ P iou’? 1
0T% = — 2p h . — —h, | . 3.16d
: 2 CSS+167TG( : 38) (3.3.16d)

Again it is not necessary to distinguish z* and z* for §7°¢, and 67" ;- Since 077, o< h¥, 077,
takes the same form in proper coordinates. Equations (3.3.16) take the same form as the

hydrodynamic stress tensor (3.1.13) with

3/2
UC/

BTl (=0, (3.3.17)

n

which satisfies /s = 1/(4n).

3.3.4 Inhomogeneous Perturbations and Sound Pole

We now consider the ¢ # 0 case and the sound pole in the Brown-York tensor. The
coefficients of h*, and h*, of the Brown-York tensor do not have non-trivial singularities.
Thus, the pole can appear in h*,. But h*, can be written by Eq. (3.3.14), so the pole can
appear in the integration constant C' in ®. Namely, the pole is given by Cye, = 0. From

Egs. (B.2.1), the hydrodynamic pole is located at

W =diq+dog® +dsq® + - | (3.3.18)
with
4, = “;)“3 , (3.3.19a)
d, = _%(1 — @) (3.3.19b)
gy = (1 — 2) LB = zlnggilig()l +ue)] = 2ue (3.3.19¢)
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In terms of proper quantities,

di . dy G ds ¢
4=t e 3.3.20
PR o T (2nT)? ( )

0=
We compare this pole with the dispersion relation of hydrodynamic sound mode (Sec. B.1):

_1A 1A
wzcsq—i<p—77+—é)q2
P 2

1 [p—1 ~1 1.1
5| (28— Emi ) (=i = ) [+ (3320)
25| p p p 4

The O(¢?) terms are the modification by the second-order hydrodynamics. The coefficients
7. and 77 are two coefficients appeared in the second-order hydrodynamics. The coefficient
T» gives the relaxation time of the shear stress.

Comparing Eq. (3.3.21) and Eq. (3.3.20) and using n/s = 1/(4r), we obtain”

1+ u?
= 3.22
c; S0 —ud) (3.3.22a)
(=0, (3.3.22b)
(I H+u)l =2+ In(14+u)] +1 —u,

(3.3.22¢)

Tr

27T (1 + u,)?

The speed of sound ¢, agrees with the thermodynamic result (3.3.2). The second-order

coeflicient 7, behaves as follows:

_2—ln2

7—71' - ~ uc i 0 9 3.3.23
22 (- 0) (3:323)

1
- u, — 1) . 3.3.24
L ) (3:324)

The u, — 0 limit takes the same form as the standard AdS/CFT result.

3.4 Relation between Rindler and SAdS Results

In Sec. 3.2, the Rindler result gives an incompressible fluid. On the other hand, the
SAdS result gives ( = 0 even in the near-horizon limit v, — 1. An incompressible fluid

is different from a fluid with ¢ = 0. To answer to the question, let us study the relation

"In second-order hydrodynamics, 717 is defined as 711 o< ¢, so 7, vanishes automatically.
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between the SAdS black hole and Rindler space.
The Rindler limit of the SAdSs5 black hole is given by

1
t=—tN T =ex) with e — 0 . (3.4.1)

=1— 8¢
U er, 1 ,

Note that z; is e-rescaled, but t is not. The coefficient of 1/4 in the definition of N
is necessary to match the SAdS; Hawking temperature Tspgs = 1/7 with the Rindler
temperature Tringier = 1/(47). Under the rescaling, the SAdS; metric becomes the Rindler

metric up to an overall rescaling:
dS%AdS = 62ds%{indler : (342)

Consider the perturbations under the rescaling. The momentum is rescaled as

1
w=d4w\g, ¢= —ani - (3.4.3)

Since z; is rescaled but t is not, h*; must be rescaled as
h*, = 4eh*,NH (3.4.4)

The other components are not e-rescaled since the upper and lower indices receive the

opposite rescaling. In the Rindler limit, the SAdS master equation (3.3.8) becomes
/ w3
V@}+(Jﬁ—qﬁ)@—o, (3.4.5)
r
which is identical to the Rindler master equation (3.2.22). The Dirichlet boundary condition

for the master field is also identical to the Rindler case. Using Egs. (B.2.1),

h*,

C=7F

+ O(€?)

: (3.4.6)
which reduces to Eq. (3.2.23). Thus, the SAdS master field is completely identical to the
Rindler master field.

Then, why does the SAdS result differ from the Rindler result? In the sound mode
computation in Sec. [3.3.4, we looked at the hydrodynamic regime w ~ O(q). But this does
not mean wyy ~ O(gnm) in the Rindler limit because of the scaling (3.4.3). In order to

have the hydrodynamic regime wxy ~ O(gnn), one must look at w ~ O(eq) in the original
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SAdS variables. Namely, the hydrodynamic regime used in the SAdS computation differs
from the hydrodynamic regime used in the Rindler computation (when expressed in terms
of the SAdS variables). In fact, one can show that the full SAdS Brown-York tensor reduces
to the Rindler Brown-York tensor (3.2.26) in the ¢ — 0 limit. The full SAdS Brown-York
tensor contains not only the SAdS ¢ = 0 hydrodynamics but also the Rindler incompressible
hydrodynamacs.

For the ¢ = 0 case, the reason is slightly different. If one takes the ¢ — 0 limit in the
SAdS boundary condition (B.2.1)),

W, —
3F ’

Uc

C = (3.4.7)

which does not reduce to Eq. (3.4.6). Thus, in the boundary condition, the ¢ — 0 limit and

the € — 0 limit do not commute.
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Conclusion

We have studies two approaches for the realization of the relation between gravity and
hydrodynamics: the AdS/CFT duality and the BKLS approach. The results are summarized

as follows.

We have studied the shear viscosities for s-wave, (p + ip)-wave, and p-wave holographic
superfluids. The shear viscosity for the s-wave superfluids satisfies the universality of 7/s.
The p-wave superfluids are anisotropic, and there are two nontrivial independent shear
viscosities. We have showed that one of the coefficients satisfies the universality.

On the other hand, for the other coefficient of the p-wave superfluids and for the (p +
ip)-wave superfluid, the gravitational perturbations in question couple to the Yang-Mills
perturbations even in Kubo-formula method, and the existing technique is not applicable.
We have extracted the modes which couple to the gravitational perturbations. For the
(p + ip)-wave case, we have written down the perturbed action for those modes. In fact,
the non-universality of p-wave holographic superfluids has been showed numerically [78|
79]. So our proposal is the first example of the non-universal shear viscosity. In addition,
inspired by our work, an application to a strongly coupled anisotropic plasma, which is a
model for the pre-equilibrium stage of quark-gluon plasma in heavy-ion collisions, has been
studied [86, 87, 88, 189].

We have studied yet another realization, the BKLS approach. Although one often starts
to identify the velocity field of the fluid in the bulk spacetime in the BKLS approach, we
have not taken such a path. We have written down the velocity field in terms of the metric
perturbations, and compared with the Brown-York tensor.

In particular, we have studied the issue of the bulk viscosity ¢, which is non-negative in
the AdS/CFT duality, negative in the membrane paradigm, and is irrelevant in the BKLS
approach (because of an incompressible fluid). At first glance, it might seem inconsistent

since the near horizon limit of the SAdS black hole includes Rindler space. The result is
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summarized schematically in Fig.3.1.

Schwazschild-AdS (¢ = 0) Rindler (incomplessible)

Full

In the hydrodynamic

e w A0(q) | wve BO0(avn)

Fig. 3.1: The matrix of the geometries

e Path (i): The region A is the SAdS without the hydrodynamic limit, so one can take
the near horizon limit (from A to B) and then the hydrodynamic limit (from B to B’)

in terms of wyy and gypy consistently. That is to say, the path (i) is allowed.

e Path (ii): Once the hydrodynamic limit of SAdS (from A to A’) is taken, the near
horizon limit (from A’ to B’) can not be taken consistently. This is because the
momentum diverges ¢ — oo (in SAdS) with the near horizon limit ¢ — 0. (See
Eq. (3.4.3).) Therefore, there are no contradictions between two results since the
hydrodynamic regime used for the SAdS black hole “differs” from the hydrodynamic

regime used for Rindler space (when expressed in terms of the SAdS variables).

We have also found an interesting “coincidence” with the membrane paradigm in the
Rindler analysis. If one does not take into account a constraint equation of the Einstein
equation (in hydrodynamics, this corresponds not to take into account the continuity equa-
tion), one would get the negative bulk viscosity in accordance with the membrane paradigm.

The precise relation to the membrane paradigm is not clear and is left to a future work.
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Appendix A

Quadratic forms of perturbations for

Einstein-Matter actions

In this Appendix, we derive the quadratic forms of the tensor mode perturbation for the

s-wave, p-wave and (p + ip)-wave holographic superfluids. First, we derive the quadratic

form of the Einstein-Hilbert action. Then, we derive quadratic forms of the matter action

for these three models. Since we will not consider scalar perturbations, we will focus on the

metric perturbations and the gauge field perturbations.

A.1 The Quadratic Form of the Einstein-Hilbert Ac-

tion
Consider the general perturbation hy;y to the background metric gpspy:

guN = Gun + hun

Under the perturbation,

1

\/—_g:\/—_§{1+%h+—<1 :

5 _h2__hMNhMN>:| ’

4 2
and

@R =V (WM hpy + BNV b — BNV Ry — BTN M)

1 1 1 _
— Z(VN"”WWU + 5(th“)thJN — ZVNWNh + Ryrh! n MY,
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Therefore, the quadratic form of A,y in the Einstein-Hilbert action is

1/ _ 1 _

1 1 1 1
Z(thU)(th”) + (VR (Vihan) + 3 (Vah) (VHR) = S (VhM) (Varh)
+Vu (h”VMhU + MY b = MY Ry — BV M - %hVMh + %thhMN) :
(A.1.4)

If we restrict the perturbation A,y to the tensor mode perturbation hio, this quadratic

form reduces to (¢ := h'y)
1-
B(V=gR) = V=7 [@R - §R¢2} , (A.15)
where PR is the quadratic form of the Ricci scalar with the tensor mode perturbation:

®Rp - /= [—l(chb)Q + RQ#]

+8r( I 50,0+ VI g“mgb) <2V_§
Grr Grr 29962962 tt

(A.1.6)

Here, we take the (d + 1)-dimensional p-wave metric (2.2.3)) to preserve generality. Except

the free scalar part, all these terms will be removed in the end.

A.2 The Quadratic Form of the s-wave Holographic
Superfluid Action

The s-wave holographic superfluid is described by Eq. (2.1.1):

1 d+1
_ Yo : A2.1
Ss 167TGd+1 /d I‘( 9R+£s-matter) ) ( )
1
Lymatter = V=g {_ZKl (1P]) Farn Y = Ko ([2)) [(Da @) =V ([0])| ,(A.2.2)

where we defined a covariant derivative as D), := Vs — igAy;. Under the general gravita-

tional perturbation

guN = gun + hun (A.2.3)
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one can easily find

1
L, matter = 5V =Ghun (K XMV [y MNET oy pMNET (A.2.4)
where
1 a7 MJ - _MN -
PMN”:ZL(gMIgNJJrgMJgNI—gMNg”) ’ (A.2.5)
XMNIJ — ;LFABFABPMNIJ + %FAMFANQIJ . FAMFAJQNI . %FMIFNJ’ (A26)
YMNE = | D w2 PMNI 4 (DMO) (DY W)* g — 2(DM)(D7 W) g (A.2.7)

Note that some modes of the metric perturbations couple with the gauge field perturba-
tions dA; and the complex scalar perturbation ¥ in general. However, we drop these
perturbations since these decouple from the tensor mode metric perturbations.

The equation of motion for the background field is

<%RgMN — RMN> +TMN =0 . (A.2.8)

The background energy-momentum tensor Ty, y is defined as !

TMN 1 8Es—matter

B V=9 0Ogun

= K (—E-MNFABFAB ¥ F<MAFN>A) (A.2.9)
1 1
+ K, (—§§MN(DA‘I/)(DA\I/)* + (D(M\I/)(DN)\I/)*> SIS

This equation of motion leads to a relation between the Ricci scalar and the matter fields

_ d—3 d+1
R=—"K FynFMY" + Ky|Dy V> + ——V A.2.10
Wd—1) 1IN + K| Dy |+d—1 ; ( )
and an isotropic component leads to
2 1 1 MN

So far our discussion does not assume an explicit background nor perturbations. Now,

'Here, we defined the symmetric symbol as FM , pN)A — % (FMAFNA + FNAFMA).
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we take the s-wave background ansatz (2.1.2)-(2.1.4) and the tensor mode h's = ¢(t,7).
The quadratic form (A.2.4) reduces to

1 1

@)L, matter = 5\/_—9 (ZKlFMNFMN + Ky| Dy 0|2 + v) o, (A.2.12)

where we set the gauge field perturbations a,; to zero since these decouple from ¢. Using
the trace of the equations of motion (A.2.10) and an isotropic component of Eq. (A.2.11),

one gets
1- _
(2)£s—matter =V _g (QR - R22> ¢2 . (A213>

Combining the Einstein-Hilbert term (A.1.4) and the matter term (A.2.13), we obtain the

quadratic form of the s-wave holographic superfluid action (2.1.12):

1 1
@q _ _ *+ d+1,,| L1 — 2 — it
S 167Gy /d 33[ 5V 9(Vno) Oy (2\/ g9 ¢3t¢)

, (A.2.14)
+ 0, {Fq (2g”¢ar¢ + 1@%&) } ] ,

2 Yua

With gu,2, = ey = Guz- The second term (the total derivative with respect to ¢) does not

affect the correlator, so we ignored the term in Eq. (2.1.12).

A.3 The Quadratic Form of the Einstein-Yang-Mills

Action

The Einstein-Yang-Mills action is

1
= — | 4y (/= matter A3.1
SEYM 167er+1/ z(v/—9R + LeyM-matter) (A.3.1)
1
EEYM—matter = Vg [_ZF&NFGMN - 2A:| s <A32)

where A}, is SU(2) gauge field and the field strength is defined as

F](\}N = aMA(]lV — 8NA‘}W + gYMEQbCA?\/[A?V . (ASS)
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Under the metric and gauge field perturbations

gun = gun +hyy , A5 = A% +aS, (A.3.4)
one can find*
(Q)ACEYM = (Q)Kgrav + (Q)Kgauge + (2)£int ; (A35)
1 _
AL aw = PD(V=gR) + =7 [ihMN (XMNET 4 oA PMNTT) hu} . (A.3.6)
= 1 a a 1 a
(z)ﬁgauge = —g |:_ZfMNf MN + §GMZ%NG?V:| s (A37)
1
Ol = §V_§hMNQ2/INIJf?J ; (A.3.8)
where
fo = Daal — Dyal, (A.3.9)
_ 1 1
XMN[J — ZFXBFQABPMNIJ—}_EFQAMFQANQIJ (A310)
—FaAMFaAJgNI _ %FaMNFaIJ 7
1
QMNIJ — ggMIpaNJ _ 5gMNFaIJ ’ (A.3.11)
ZMN - = gy MY (A.3.12)

The background satisfies the Einstein equation (A.2.8) with the energy-momentum ten-

sor given by °

_ 1 1
TMN — 5 <_ZgMNFIaJFaIJ o Fa(MAF|a‘N)A o gMNQA) ) (A313)

This equation of motion leads to a relation between the Ricci scalar and the matter fields

R = Fo PN %m : (A.3.14)

4(d—1)

2The quadratic form of the Einstein-Yang-Mills action was obtained in Ref. [81] in order to calculate the
one-loop divergence, but they omitted surface terms.

3Here, the vertical bars indicate that we do not symmetrize over a: F a(M , plalN)A  —
%(FGMAFQNA+FGNAFGMA)
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and an isotropic component leads to

1 1 d—1
R?) = — <2A FMNF“MN + TFMMF‘”W) : (A.3.15)

A.3.1 The p-wave Holographic Superfluid Action (Tensor Mode)

Here, we derive the effective action of the tensor mode metric perturbation for the
(d + 1)-dimensional p-wave system. If we set metric perturbation (A.3.4) to the tensor
mode h%; = ¢(t,r), all the other perturbations are decoupled, so these perturbations can

be ignored consistently. The quadratic action (A.3.5) reduces to

Lt

(Q)EEYM—matter = 9 4

1. _
Fo  FMN QA} ¢’ =v/—g (53 - R%) * (A.3.16)
using Eqgs. (A.3.14) and (A.3.15). Then, one obtains the quadratic form of the p-wave action

for the tensor mode metric perturbation:

@g _ _ 1

T (Vo) — 0 (2v/=39" ¢0,9)

1
2

Jeer]
/ (A.3.17)
+0, {¢—_g (2g”¢ar¢ + 1M9“‘¢2) }] .

2 ToT2

A.3.2 The (p+ ip)-wave Holographic Superfluid Action

Let us derive the effective action of the “tensor mode” metric perturbations for the
4-dimensional (p + ip)-wave system. In this case, we must turn on four perturbations
Goa = hta = W21, ¢g = h'1 = —h%y, apg = a's = a?; and ay = a'y = —a?y. The perturbed

action is obtained by substituting these perturbations into Eq. (A.3.5):

(2)S(p+7;p) = 167TG4 / d4x V ( grav + (Q)Egauge + (2)£jnt) X (A318)

(2)£grav = \/_Z |:__{ g at¢z +grr< r¢z> } ( ) ¢2 (A319)

2
DL ange = \/__ggmz (9" (0ra:)” + gyyw’al + g"(Dra;)?] (A.3.20)

i=1

2
e = V=Y 6(F-fi, (A3.21)
i=1

65



where we defined two-component vectors ¢; = (Poa, ¢a), @i = (Aod, aa), (F-f)i = ((F - )1, (F - f)2)
and ¢ runs isotropic components ¢ = 1,2. Here, we have omitted the surface term in
Eq. (A.3.19). The mass-like function M(r) is defined by

M(T’)2 = grrgzz(arw)2 + ga:a:g%M (gm:w2 o gttq)Q) w2 7 (A322)
and the explicit form of (F'- f); is

(F-floa = 7d"(0,w)(0ra0q) + 9" g™ gymPw(Dyay), (A.3.23)
(F-fla = ¢"¢"(0yw)(0raq) —gttg”gYM(I)w(DtaOd). (A.3.24)

Note that the covariant derivatives of a; have forms
Diayq = O1aoqg + gym®Pay Diag = 0raqg — gymPacy - (A.3.25)

Therefore, these forms mix a,q and ag.
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Appendix B

A Note on Chapter 3

B.1 The Dispersion relation of Second Order Hydrodyan-
mics

In this section, we derive the sound mode dispersion relation of the second order hydro-
dynamics (3.3.21). For hydrodynamic computations, we use the Minkowski back ground
Guw = M and the rest fluid a* = (1,0,0,0). Therefore, coefficients k., which are the co-
efficients of Riemann tensor or Ricci tensor (1.2.15), are absent in the dispersion relations.
Without loss of generality we choose momentum direction to be the z-direction as in Eqgs.
(3.1.9, 3.1.10). Using the constitutive equation of the second order fluid (1.2.15), one can

find the linearized stress tensor,

5Ttt — (SE, (Bll)
§T” = (6+ P)du, , (B.1.2)

-1 . -1 -
6T = (20e {_iq (zp_ﬁ + g) + wq <2p NTr + CTH>:| ou, . (B.1.3)
p p

Hydrodynamic variables du, and de can be easily removed from the above expressions, and

with the conservation equation,
—iwdT" +igdT* =0, —iwdT*” +igdT* =0, (B.1.4)

the full dispersion relation can be obtained

1 . .
w? — ¢ — {—iwcf (227777 + Q) + (wq)? <2p NTr + CTH)} =0. (B.1.5)
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Solving the equation for w and expanding it in terms of ¢, one can find the dispersion

relation:

—1 1,
wzicsq—i(]?—ﬁﬂL—C) ¢
P 2

1 [p—1 ~1 — 1. 1]
+ {p—ﬁ (ﬂcim - p—ﬁ) +¢ (icirn - —C)} ¢’ +0(") . (B.L6)
2¢, D p p

B.2 Several Expressions Used in Chapter 3

B.2.1 Integration constant

The integration constant C' of the master field in terms of boundary values h*, (u.):

C Cden (B.2.1a)
Crum = u(49” = 3f")?[—2qr0h*, + ¢° fh'y — {4°(1 + v*) — W’ }A", — w?h7.] (B.2.1b)
Caen = 120%uf?(49> — 3fVF'|  + 4[4q°u(=3 + u?) + 27u’w?
— 99%u?(u + u® — 4w?) — 129" (1 + u* — uw?)|F (B.2.1c)
B.2.2 Explicit expression of Eq. (3.3.14)
Explicit expressions of Eq. (3.3.14):
! 1 ! N £
ht, = 6—fz[—4q2htt + 802 + 4g2(f — uf’) — 3(3F — uf’) f]h",
+ 4w?h*, + 8qrh®, — (497 — 3f)(3f —uf)®| , (B.2.2a)
/ 1 !/ !/ !/ / x
W = o [qu(4¢|2 —3f)h' + (46 = 3f")(w? + q’uf’) — (49" — 9¢*f') f]n",
— w?(4g = 3f)h*. - 2am(daw — 3f)h* — (49 = 3f') (3w® - 34f + g*uf )| |
(B.2.2b)
/ 1 ! !/ !/ x
W = [—qu(Zqu —3f")'s — (84" f + (49° — 3f")(w* + q’uf")|h%,
+102(49% — 3f )7, + 2qr0(4q® — 3f)h% + (49 — 3f")(3r0* + unf’)CD} , (B.2.2¢)
7 = % [m(4q2 — O + o f'h*, 4 2qf h* — ro(49° — 3 f’)@} . (B.2.2d)
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