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Abstract

We examine non-equilibrium aspects of the black hole thermodynamics by ap-
plying the non-equilibrium fluctuation theorems developed in the statistical physics.
In particular, we consider a scalar field in a black hole background. The system of
the scalar field behaves stochastically due to the absorption of energy into the black
hole and emission of the Hawking radiation from the black hole horizon. We derive
the stochastic equations, i.e. the Langevin equation and the Fokker-Planck equa-
tions for a scalar field in a black hole background within the A — 0 limit with the
Hawking temperature hx/27 fixed. By applying the fluctuation theorems to these
effective equations of motion, we can derive the generalized second law of black
hole thermodynamics, a linear response theorem of an energy flow and its nonlinear
generalizations as corollaries. We further investigate quantum corrections of the

membrane paradigm.
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1 Introduction

The analogy of the space-time with horizons and thermodynamic systems have been
extensively investigated, especially, in the black hole thermodynamics [I]. A black hole
behaves like a blackbody with the Hawking temperature Ty = hx/27 [2], and energy
flowing into the black hole can be identified as the entropy increase of the black hole.
Here, k is the surface gravity at the horizon and the entropy of the black hole Sgy is
proportional to the area of the event horizon A as Spy = A/4G in the Einstein-Hilbert
theory of gravity. The major difference between the black hole thermodynamics and
ordinary thermodynamics appears in its origin. The thermal behavior of the black hole
thermodynamics is essentially quantum mechanical.

After the discovery of the Hawking radiation, Hawking himself posed a big question
which is called “the bleck hole information loss problem” or “the information paradox”
[3]. The question is as follows. If matters which have plenty of information collapse into
a black hole, it eventually evaporates into space at infinity by the Hawking radiation
and becomes gas in thermal equilibrium. It suggests that any initial states will reach a
single final state, thermal equilibrium state. If the story is correct, we have to accept
the existence of non-unitary evolution in exact sense and give up one of the axioms of
quantum mechanics, the unitarity.

There is an apparent weak point in this story, an unequal treatment between matters
and gravity. Matters are treated quantum mechanically but gravity is treated in the
classical way. We have to find the way of quantization of the black hole to resolve the
paradox. Because the question closely relates with a major problem of modern theoretical
physics, the quantization of gravity, there were a vast amount of researches which explore
the microscopic origin of the black hole. One of the highlights is D-brane construction
of extremal black holes in the string theory [4]. The theory tells us that the black hole
entropy can be obtained by counting the states of zero modes on D-branes. After that, the
AdS/CFT correspondence was founded by Maldacena [5], and the information paradox
was investigated in the context of the AdS/CFT correspondence [6].

Although the quantization of the black hole is certainly an important issue, the author
draw your attention to incompleteness of our understanding about the ordinary thermo-
dynamics itself. Why can the equilibrium be achieved even though the nature evolves
unitarily? This is a simple but cannot be clearly answered question. In other words, we

have less knowledge about the dynamics of thermodynamic systems than the equilibrium.
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The area of the study is called non-equilibrium thermodynamics or non-equilibrium statis-
tical mechanics. We should learn from them to research more about black hole evaporation
process.

In thermodynamic systems, entropy is always increasing (or remaining a constant).
But if we can measure fluctuations with sufficient precision, which can be realized in
mesoscopic systems, there are nonzero probabilities that the entropy of the system de-
creases. The fluctuation theorem [7] developed in the non-equilibrium statistical physics
relates entropy decreasing probabilities to those of increasing ones. It is a very general
theorem that can hold for various non-equilibrium systems including classical Hamilton
dynamics in contact with a heat bath, stochastic equations with dissipation and noise,
or quantum mechanical systems. The Jarzynski equality [8] relates the work exerted on
the system in non-equilibrium situations to equilibrium free energy. It can be derived
from the fluctuation theorem, and the second law of thermodynamics is implied from the
Jarzynski equality. We use the word implied here because the second law can be derived
only if we assume that a system is relaxed to an equilibrium state after a long time.

One of the main purposes of this thesis is to apply the non-equilibrium fluctuation
theorem to a scalar field in a black hole background. An application of the fluctuation
theorem to a scalar field in a black hole background is straightforward once we obtain
a stochastic equation of motion. Because of the thermodynamic behavior of a black
hole, a scalar field in a black hole background behaves like a system in contact with a
thermal bath. Its effective equation must be described by a stochastic equation with
dissipation and quantum noise. The dissipation comes from the classical causal property
of the horizon; the black hole horizon absorbs matter and, once they fall in, they cannot
come out. The property is the basis of the membrane paradigm of the black hole [9], in
which Ohm’s law or the Navior Stokes equations hold on the membrane at the (stretched)
horizon. On the other hand, the noise term comes from the Hawking radiation, which is
essentially quantum mechanical and, hence, we need to quantize the system in a black
hole background in an appropriate way.

The stochastic equation of motion of a string is previously derived in [I0, [11] based
on physical intuition of the Hawking radiation, or in [I2] by using an analogy with the
Schwinger-Keldysh formalism in the context of the AdS/CFT correspondence[l13]. Our
approach is similar to them, but we obtain the effective equation by explicitly integrating
fluctuating degrees of freedom. Namely, we introduce infinitely many variables between
the horizon and the stretched horizon and consider them as environmental variables.
By integrating them, we can show that the variable at the stretched horizon behaves

stochastically with a noise term. Though the environmental variables are living outside



of the horizon, they can encode information in the black hole through choosing the Kruskal
vacuum with the regularity condition at the horizon. In this sense, the integration of the
environmental variables corresponds to integrating hidden variables in the horizon. The
derivation of the Langevin equation is one of our main results. After getting the effective
equation of motion, we apply the fluctuation theorem and derive the generalized second
law of black hole thermodynamics, or the Green-Kubo formula of linear response and its
nonlinear generalizations.

Furthermore, we investigate quantum corrections of the membrane paradigm. The dis-
sipative nature of the membrane paradigm is derived by imposing the regularity condition.
Our scope is to include the effect of the Hawking radiation as the noise term.

The thesis is organized as follows. In section 2l we briefly review the stochastic ap-
proach to thermodynamic systems, the Langevin equation and the Fokker-Planck equa-
tion. An important property of the stochastic equation is that it violates the time reversal
symmetry which can be measured by an entropy increase in the path integral. In the
next section [3] the fluctuation theorem for a stochastic system is reviewed. It relates
the entropy increasing and decreasing probabilities. From the fluctuation theorem, the
Jarzynski equality is derived. In addition, we explain the fluctuation theorem for a steady
state and derivations of nonlinear generalizations of the Green-Kubo formula. In section
[, we derive an effective stochastic equation of a scalar field in a black hole background. In
deriving the Langevin equation, the quantum property of the vacuum with the regularity
condition at the horizon is very important, which is first explained. We then introduce a
set of discretized equations of a scalar field near the black hole horizon, and integrate the
variables between the horizon and the stretched horizon. The integration leads to an ef-
fective stochastic equation for a variable at the stretched horizon. This has the same spirit
as deriving a Langevin equation of a system in contact with a thermal bath [14] [T5] [16].
In section [, we apply the fluctuation theorem to a scalar field in a black hole background.
We consider two different situations. In the first case, we put a scalar field and a black
hole in a box with an insulating wall. By applying the fluctuation theorem, we can derive
a relation connecting entropy decreasing probabilities with increasing ones. From this,
the generalized second law of black hole thermodynamics can be derived. In the second
case, the wall is assumed to be in contact with a thermal bath of a different temperature
which is slightly lower than the Hawking temperature of the black hole. Then there is
an energy flow from the black hole to the wall. By applying the steady state fluctuation
theorem to it, a linear response theorem of an energy flow to the temperature difference
and its non-linear generalizations can be obtained. In section @, we extend the idea of the

membrane paradigm. The equations of the classical membrane paradigm are essentially



determined by the regularity condition. We further put the effect of the Hawking radi-
ation to it. In the appendix [Al, we review a derivation of the path integral form of the
Fokker-Planck equation. In the appendix Bl we review an example of the exact solution
of the Fokker-Planck equation. In the appendix [C], we will discuss the relation between
the noise correlation and the flux of the Hawking radiation.

The contents of this thesis are mainly based on the paper [17].

2 Stochastic Equations of Motion

We first briefly review stochastic approaches to classical statistical systems. In particular,
we focus on the path-integral representation (the Onsager-Machlup formalism) of the

Fokker-Planck equation and emphasize the role of time-reversal symmetry.

2.1 The Langevin Equation

The Langevin equation is a phenomenological equation of motion of a particle with a

friction term and a thermal noise. It is commonly described as

. ov
mv——vv—%+§. (2.1)

V(z) is a potential for the particle. 7 is a friction coefficient and £(¢) is a thermal noise
(or a random force) which is often assumed to have a Gaussian and white-noise (delta-

correlated) distribution

(€(1) =0, (E@)EE)) =2T5(t —1'). (2.2)

The coefficient 2¢T" is determined to satisfy the equipartition theorem with the temper-
ature T' through the fluctuation-dissipation theorem. The noise average (---) can be

represented by the following path integral

5(t1 — tg)

T £(t2) (2.3)

(r(0) = [ DeFwenn |- [ dndngie)

with a normalization condition (1) = 1. If necessary, we can easily generalize the noise
correlation to an arbitrary colored non-Gaussian noise. An well-known example that can
be conveniently described by the Langevin equation is the Brownian motion of a particle

or thermal fluctuations of an electric circuit voltage.



2.2 The Fokker-Planck Equation

From the Langevin equation, we can derive another type of a stochastic equation, the
Fokker-Planck equation. It describes a dynamical evolution of the probability distribution
P(X,t) of observables X at time t. Here X represents the variables (z,v = #). If the
process is Markovian, i.e. the next state is determined only by the present state, the time

evolution of P is given by the following Master equation,
0 P(X,tXo,0) = /dX’ [w(X' — X)P(X',t|X0,0) —w(X = X')P(X,t|Xo,0)]. (2.4)

Here P(X,tXy,0) is a conditional probability to find an event X (¢) = X that has started
from the initial value X (0) = Xpat ¢ = 0,i.e. P(X,t = 0|X0,0) = §(X—Xp). w(X' — X)
is the transition rate from X’ to X, which can be related to the Langevin equation in the
following way. The first and the second terms of the right hand side of eq.(2.4]) describe
an incoming and outgoing fluxes of X respectively. The Master equation can be brought

into the Kramers-Moyal form as

atP(‘X—J t|X07 0)

_ —/dr (X = X + 1) P(X, X0, 0) — w(X — 1 — X)P(X —r £ Xp,0)]

— —/dr [1— e "] w(X — X +r)P(X,t|Xo,0)

Y 1) PG, 0, 25)

WE

1
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where we have defined

Ch(X) = /drr"w(X — X +7r)= lim L((X(t + At) = X (1)) | x@=x- (2.6)
At—0 At

In the last line, we have rewritten the n-th moment of the transition rate by a thermal
average of an infinitely small variation of the observable X. In this way, we can convert
the Langevin equation for dynamical variables to the Fokker-Planck equation for the
distribution functions.

Here we show an explicit derivation of the Fokker-Planck equation for the simplest
Langevin equation (2.1]) as a demonstration. Eq.(21]) can be considered as a set of first

order differential equations for two variables x and v = #. Then the Kramers-Moyal



coefficients up to the second moments are given by

Ci(z)=v
v 10V
Gilv) = ‘a“ “mor
Co(x) =
t-l—At t+At
Cofo) = Jim / / by (6126 (£2)) o)z
t+At 2 T
. 4 g
N Alglo (At /t e mz O<At))
29T

Higher order coefficients vanish in the At — 0 limit. Now we get the Fokker-Planck

equation corresponding to the Langevin equation (2.1);

10V T
6tP(x,v,t|x0,v0,0) = 8$ (—UP) + 8v |:(’I,7Y”LU + E%) P:| + 83 (#P) . (28)
This Fokker-Planck equation has a simple solution
Pst o 67%(%mv2+V(z)). (29)

Note that both of —v0, P + %%—‘;&)P and 0, [%UP + ;Yn—j;f)vP] cancel for P, It is the well-
known Maxwell-Boltzmann distribution for a system in the equilibrium with temperature
T, and satisfies the stationarity condition 9;P** = 0. The solution satisfies the equilibrium
condition, stronger than the stationarity condition.

Here we have used the words “stationary” and “equilibrium” in the following sense.
Stationary distributions are solutions to the Fokker-Planck equation satisfying 0; P = 0.
Equilibrium distributions are also stationary but satisfy a stronger condition which is
called the detailed balance condition. The most direct definition of the detailed balance
condition is given in the language of the Master equation. Due to the definition of sta-
tionarity, P* satisfies [ dX’'[w(X' — X)P*(X') — w(X — X')P**(X)] = 0 for arbitrary
X. On the other hand, the detailed balance condition is defined as

VX, X!, w(X' = X)PPX') —w(X — X)P*(X) =0. (2.10)

To satisfy this condition, the system must have the microscopic time reversal symmetry
and can not have a specific arrow of time. In other words, there is no entropy produc-
tion. In a stationary but non-equilibrium configuration, there is a flow of current in a

configuration space (z,v).



The solution of the Fokker-Planck equation can be represented in a path integral form
as

z(t)=z

¢
P(z,t|zy,0) = / Dz exp [—MLT/ dt' (mi + v + %—‘;)2 (2.11)
0

z(0)=xzo
Its derivation is explained in the appendix [Al The “Lagrangian” L = MLT(mié + i + 2X)?
is called the Onsager-Machlup function [I§]. A variation of the Onsager-Machlup function
gives the most probable path in the stochastic processes. Apparently, since we have L > 0,
the paths satisfying L = 0 are most favored if exist.

The Onsager-Machlup function can be divided into two parts,

1 .. 2 0.
T (mi+ 25)" + Exz (2.12)
which preserves time reversal symmetry, and the remaining is a violating term,
L., .
—5p® (mi + 2%). (2.13)

The latter plays an important role to prove the fluctuation theorem in the next section.

3 Non-equilibrium Identities

The stochastic equations such as the Langevin or the Fokker-Planck equations describe
how a system is dynamically relaxed to a stationary or an equilibrium state. Furthermore
we can calculate transition amplitudes of a system to one state to another. By using the
method reviewed in the previous section, we can calculate a ratio of an entropy decreasing
probability to an entropy increasing probability. Since the latter probabilities have always
much bigger values, the entropy is always increasing after we take a stochastic average.
In this section we review a derivation of the fluctuation theorem and the Jarzynski

equality from the stochastic equations.

3.1 The Fluctuation Theorem

The fluctuation theorem was first discovered in numerical simulations [7] and gives the ra-
tio of probabilities of an entropy increasing process to that of a decreasing one. The proof
of the fluctuation theorem is given for various systems including classical Hamiltonian
dynamics [19], stochastic Langevin dynamics [20] and quantum mechanical evolutions
[21], 22]. The Jarzynski equality [§] is a relation between non-equilibrium work and equi-

librium free energy difference, and both of them are remarkable discoveries in the recent



developments of non-equilibrium statistical physics. In this thesis, we concentrate on a
system that the evolution is described by the Fokker-Planck equation such as eq.(2.8).
The fluctuation theorems can be simply derived and the meaning of entropy production
(or the violation of time-reversal symmetry) is clear.

We consider a stochastic system described by the Langevin equation (ZII) or the
Fokker-Planck equation (2.8)). In order to study a dynamical evolution, we introduce an
externally controlled parameter AI" in the potential V(x; A\I). By changing the external
parameter A\I" as a function of ¢, the corresponding stable state changes accordingly with
time. For later convenience, we call the process of changing the external parameter with
A" as the “forward protocol”. For example, we may set the minimum position of a

harmonic potential as the externally controlled parameter;
1
Vi N = Sk = A2 (3.1)

if the position moves linearly with time ¢, the parameter is given by A" = vgt. We can
also take different protocols e.g. oscillatory or pulse-like etc.

From the path integral representation of the transition rate (2.I1]), a probability that a
sequence of configurations I'; = {z(t),t € [0, 7]|x(0) = Zini, z(7) = xgn} is realized during

the time interval ¢ € [0, 7] is given by
PED |2 o exp [ / dt <mx + 7y + (—’\F)> } . (3.2)

The trajectory I'; represents a sequence of configurations in the forward protocol A\I" with
the initial configuration z(0) = ;.

We now define a time reversal of the forward protocol A", and call it the “reversed
protocol” A\F = A" .. We consider a probability P®[['*|zg,] that the system experiences a
reversed trajectory I'f = {z*(t) = x(7—t),t € [0, 7]|2*(0) = Zgn, 2*(7) = Tini } in the time-
reversed protocol M. The reversed trajectory has the initial value z*(0) = zg, = x(7),
#*(0) = —a(7). If the system has time-reversal symmetry, the probability should be
the same as the probability P¥[[;|xiy]. But since the stochastic equation violates the
symmetry, they will be different. The reversed propability PF[['*|zg,] is similarly given
by

PR |2g,] oc exp {—LT/ dt (mx—i-%’l?—l— 6V(x)\ }

2
= exp {_MLT/F dt’ (mx — vz + V(I M) ) } : (3.3)




In the last line, we change a variable from ¢ to ¢’ = 7 — ¢t. This change causes a flip of the

sign of &. The ratio of P and P® now becomes

Py |win] | OV (w:AF)
S 'l ol 2 R —L | dti ( i #> . 3.4
PRT:zg) DT /r AT T (34)

This gives a key property to prove the fluctuation theorem. Time-reversal symmetric
terms are canceled between PY and P%, and the ratio is given by the entropy production
S of the stochastic process.

We further need to sum over the initial configurations, x;,; and xg, respectively for
the forward and the reversed protocols, with appropriate statistical weights. Here we
assume that the external parameter is kept fixed at the initial value of each protocol
before t = 0. Hence the system is in the equilibrium. We therefore multiply P¥ or P# by
the Boltzmann weight P®I(z;,;) or P®4(xgs,). The ratio of the Boltzmann weights for the
initial configurations is given by

P (xy)  Z(AE)

11y . .
- ; — \ 9" Ting T V(Zini; Ay ) — V(Zgn; A
Pes(ag,) Z(Ag’)“p{ T(zm(% i) + V(@i X)) = V(i AF)

\F . \F
= exp {%/ dt (mm + j;_(?V(g:;At ) + /\favéi’;\t >> — ATF] , (3.5)
- t

where AF is the difference of the free energy F'(A\) = —T'log Z(\) of equilibrium states
at A=\ and \ = A\

AF = FOO\E) — F(OE). (3.6)

Combining the two ratios eq.([34]) and eq.([3.H), we get the following relation,

= T.]. .
PR[T*[zg,] Po(2,) exp (R[I';]) (3.7)
We have defined R[I';] and W[I';] as
1 OV (s NF) AF AF
R, = N /FT dtA, o T - WIr,] — T (3.8)

which measures the entropy production in the trajectory I', and the work exerted on the
System.
As a simple example, for the potential V (z; \[') = k(z — vot)?/2, we have

RIT.] = —% / dtvok(x() — vot). (3.9)

T

10
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Figure 1: (a) A schematic illustration of motion of a particle in the potential V (z; \[') =

+k(z — vot)?. This picture shows a natural configuration with (z(t) — vot) < 0. It gives a
positive value of R[I";]. (b) A noise £ rarely pushes a particle to the opposite side beyond

the minimum point x(t) = vot. Since (x(t) — vot) > 0, it gives a negative value of R[I';]

The term, velocity times force, gives a work exerted on the system. If we neglected the
fluctuation of the particle, z(t) — vot would always have a negative sign, and R[I";] would
always increase. It is consistent with a naive picture. However in a mesoscopic system,
fluctuations can grow larger and x(t) — vt can have a positive sign. Then the particle
overshoots the minimum point 9,V = 0 to the positive side and R[I';| becomes negative.
Such a negative value of R[I';] indicates that the system exerts work onto outside and it
gives a negative entropy production.

From the equation (3.7)), by integrating all paths of the configurations, we can derive

the fluctuation theorem in the final form as
p"(R,) = /DxPF[Fr\xini]Peq(fﬂiniﬁ(Rr — R[I';])
— [ DoPHE o P ) IS R, ~ RIE)
_ R / D PRI ) P (250)3( Ry + R[T2))
= pR(=R,). (3.10)

The first line is the definition of p*'(R,), i.e. the probability to get the entropy production
R, within the interval [0,7]. We use the relation (8.7)) in the second line. In the third
equality the relation R[I'f] = —RJ[I';] is used. Since the quantity R, measures the entropy
production in the interval, we see that entropy decreasing probabilities are related to

increasing ones. They are exponentially suppressed, but exist with nonzero probabilities.

11



3.2 The Jarzynski Equality

By integrating the fluctuation theorem over the entropy production, we can construct an

equality, so called the Jarzynski equality [23].

/ dR.p" (R, )e = / dR.p"(—R,)

= (e ) = 1. (3.11)
We have defined the average as
(F(R,)) = / dR.p"(R)F(R,) = / D PP, ] Pt F(RITL]). (3.12)

The Jarzynski equality (3.1 states that the weighted sum of e~%r over all possible non-
equilibrium processes with an externally controlled potential gives an unity. In terms of
the work exerted on the system W[I';] and the free energy difference, we can relate an
average work done in non-equilibrium processes to the equilibrium free energy difference
[8] as

w _AF
T T

(eT)=c¢e (3.13)

From this equation, by using the Jensen inequality (e”) > ¢, we get an inequality;
(W) —AF > 0. (3.14)

This indicates the second law of thermodynamics. The Jarzynski equality simply states
that there must exist microscopic processes with large negative entropy productions to
satisfy the equality, and the probability is characterized by the equilibrium quantity of
the free energy difference.

Some comments are in order. First, the notion of entropy is usually defined for a
thermal system after taking an average. It may be appropriate to use a word, the entropy
function, instead of the entropy for each microscopic configuration. The second comment
is that the above derivation of the second law is justified if the system can relax to an
equilibrium state with the fixed external parameter after a long time interval. Since the
system is in contact with a large heat bath with temperature 7', the relaxed state coin-
cides with the equilibrium state at the temperature. If this is the case, the second law of
thermodynamics is derived from the Jarzynski equality. In the present proof of the fluc-
tuation theorem, we have used the stochastic approach and the system explicitly violates

the time-reversal symmetry. Then such a relaxation can occur. But if we start from the

12



original unitary quantum mechanical evolution, the system cannot be thermalized in an
exact sense. In applying the fluctuation theorem to the information paradox of the black
hole, such considerations are inevitable. The clear understanding about the thermaliza-
tion problem of reversible classical systems or quantum mechanical systems has not been
obtained as far as the author knows.

An alternative expression of the fluctuation theorem is obtained by using the gener-

ating function. We define the generating function for R, as
ZF(a;) =In (/ dRTeiafprF(RT)> : (3.15)

Derivatives of ZF () give connected correlators of the entropy production R, in a situ-
ation of the forwardly varying parameter. One easily gets the following relation between

ZF (o) and Z%(a;) from the fluctuation theorem as

ZF(a,) =In ( / dRTemTRTeRTpR(—RT))

=1In (/ dmei“”(i_aT)pR(x))

= Z8(i — a,). (3.16)
We have used the equation (8:10) in the first line. In the second line, we changed a variable
R, to x = —R,. If the forward and the reversed protocols are identical i.e. A" = A"

we get a simpler relation Z(a,) = Z(i — «,).
Finally, we give a comment on our assumption of the initial distribution. We have
assumed that the initial distribution is an equilibrium one. This condition can be easily
relaxed to a steady state. More generally, if the initial distributions for x;,; and g, are
P (z1,;) and P (xgy) respectively, we can define an entropy production as
RSN T TN
PRI ] P (71)

(3.17)

Then we get the fluctuation theorem in the form; p*(R;)/p®(—R,) = e . The choice

of initial distributions is arbitrary, but the problem is that we usually do not know an
explicit form of the distribution function of a steady state P5*. An example of the explicit

form of steady state solutions are reviewed in the appendix Bl

3.3 The Steady State Fluctuation Theorem

In this subsection, we consider the fluctuation theorem for a steady state and derive the

Green-Kubo formula.
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Suppose that we have two variable x1, 9, and each of them is in contact with different
thermal bath of temperature 77 and T;. We further assume that the dynamics is governed
by the set of Langevin equations such as

mlmg’—ZMm — 6 L {(GMEE) = 2Tt — 1)

Moy + 3_5‘5/2 + v =&, (&(0)&(t)) = 272T0(t — t'). (3.18)

V (21, 22; AI') is an interaction potential between the two variables. The corresponding
Fokker-Planck equation of the system can be obtained straightforwardly. The trajectory
[, is also generalized as T', = {z(t) = (z1(t), z2(t))]|z(0) = (21(0),22(0)) = (zi,;, 2, }
Then the solution to the Fokker-Planck equation gives probabilities of the forward and

the reversed protocols, and the ratio is given by

PFIC o] _ 1 / dii (e 2 V@AY 1 / dtin (i OV (@A)
_— X _—— _— _—— _— .
PR[F*’l'ﬁn] p T1 T, ! i (9:1:'1 T2 r, 2 202 3:1:2

(3.19)

We have assumed that the two variables are decoupled before ¢t = 0 and after ¢t = 7;
the interaction potential V' vanishes at ¢ < 0 and t > 7. The initial distribution of
the total system is given by a product of the equilibrium distributions of each system

PYxyy) = P(zl,) P?Y(z2;). The forward protocol is expressed as

ini

V(z; ) = Vi) + Valwe) + f(A)Viz(z1 — 22) (3.20)
where
FON =0 (5= =21). A =t (3.21)

7_ means 7 — € for 0 < € < 7. The function f(t) satisfies f(t =0) = f(t = 7) = 0 and
f(0 < Jt| < 7) =1, so that the interaction switches on at ¢ = 0 and off at ¢t = 7. This
protocol has the reversal symmetry f(A) = f(A\L,).

When considering the large interval limit 7 — oo, the energy transfer such as [ dt419,, Via(z1—
T) (or [ dtdo0y,Via(w1—12)) grows linearly in 7. On the other hand AE;, = [ dtiy(mqii+
Op, Vi(21)) = (%mli:f—i-‘/l(:cl))tﬂ—(%mliv%—l—vl(xl))t:o or AE, = [ dtzo(maZia+0y,Va(z2))
is at most O(7%). If each system becomes stationary after taking 7 — oo, the en-

ergy change of each system remains constant. Hence we can drop both of the term
P xiyi) | P*Y(6n) and AE; in PI';|2i] /P |24,) when we evaluate the quantity

1 P[rf|xmﬂpeq(m)>
lim —In .
<P[rr;|xﬁn}Peq<xﬁn>

T—00 T

(3.22)

14



In addition, we have fFT dti10,Vis ~ — fFT dti905V19 + O(7°). Therefore we can write
the ratio of the probabilities only in terms of the energy current defined by J[I';] =
%fl“f dti101V12. Writing the temperature difference as A = [y — (1, we obtain the

following relation;

p(JT, AB) /Dxp[r‘r|$ini]Peq($ini)5(JT - j[r‘f’])

~ / Dar P 5] P ()€™ 2P0 (T — J[))
N / D P[T* 5] P ()3 (. + JT))
= ™ p(— T AB). (3.23)

The steady state fluctuation theorem can be written as

1 { /E<JT, AB)

p —JT,Aﬁ)] = ABJ. (3.24)

From this relation, we can derive the Green-Kubo relation and its non-linear general-

izations. By using the generating function

Z(a, AB) =In (/00 dJTe”JTan(JT,AB)> : (3.25)

—00

the steady state fluctuation theorem (3.23) can be recast into
Z(o, + 1AL, AB) = Z(—ar, AB). (3.26)
Taking a derivative of both sides with respect to AS and setting AS = 0, we have
Onp | Z(ar,0) — Z(—ar,0)] = —i0a. Z(xr, 0). (3.27)
The generating function can be expanded in terms of the correlators of .J, as

ZTO&T

Mg

Z(or, AB) =

AB). (3.28)

n=1

G, () gives a connected Green function of the averaged current

J, = = /T dtJ(t). (3.29)

T

Now the equation (3.27) is rewritten in the following form;

1~ (~1)"] 925G (0) = 7Crps (0). (3.30)
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We further expand the one-point function of J;, which gives an expectation value of the

current, with respect to the inverse temperature difference AfS as

[ (m)
Gi(AB) =Y ——(Ap)™ (3.31)

m=0

For n = 0, we have a trivial identity G1(0) = L®® = 0. For n = 1, the Green-Kubo

relation is derived;

LW = 2i /T dtdt' (J(t)J (')} |ap=0

=25 [ a0 1080 (3:32)

When A = 0, the system is described by the equilibrium distribution function P®(z) =
e PBe@) /7 8 = B = B, and an expectation value of a function F(z(t)) is given by
(F(2(1)))jap=0 = | DxP*(x(t))F(x(t)). In the large 7 limit, the correlator (J(¢t)J(t'))|ap=0
depends only on (t —t').

We can also obtain the expression of L(?), L®) ... by taking further derivatives of the

equation (3.20) with respect to AjS. For instance, we can derive
ORplZ(ar,0) = Z(—a;,0)] = —i0a, 0ap [Z (a7, 0) + Z(—ar, 0)]
= (1—(=1)") 0XKn(0) = 7 (1 + (—=1)""") OapKns1(0). (3.33)

For n =1, we have

1 T
L® = lim — dtdt' Ops(J(t)J(t'))|ap=0- (3.34)
0

T—00 LT

These non-linear generalizations can be systematically obtained by using the steady state
fluctuation theorem. We apply these expansion methods to the system of a black hole
and a scalar field to obtain the Green-Kubo relation for a thermal current in the rest of
the thesis.

4 The Langevin equation in the Black Hole Back-

ground

In this section, we derive a stochastic equation for a scalar field in a black hole back-
ground. We take A — 0 limit with the Hawking temperature hx/27 fixed. Since the

energy is absorbed into the black hole, a dissipation term is induced at the horizon. The
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classical equation is furthermore modified by the quantum effect, i.e. the Hawking radi-
ation from the black hole. Because of these effects, the equation of motion in the black
hole background is described by a stochastic Langevin equation with a quantum noise
and a classical dissipation terms. We first review the basics of black holes and the Hawk-
ing radiation, and then derive the Langevin equation of a scalar field in the black hole

background.

4.1 Space-time Structure of Black Holes

We firstly summarize some basic facts of the space-time structure of black holes. For a
review, see for example [24]. We consider a spherically symmetric neutral black hole, the
Schwarzschild black hole. It is a solution to the Einstein equation in vacuum with a zero

cosmological constant and the metric is given by

2

ds? = — f(r)di? + T 12402,

f(r)
fr)=1— QiM L d9? = d6? + sin® 0de”. (4.1)

M is the mass of the black hole and the only parameter of the solution. The solution is
asymptotically flat; it approaches the flat metric at the space-like infinity » — oco. It has
time-translation symmetry and the associated time-like Killing vector is given by & = 0.
A Killing horizon is defined as a null hypersurface on which there is a null Killing vector.
In the present case, it is given by the condition g(¢,&) = —f(r) =0 <> r = rg = 2GM.

The surface gravity x is defined on the Killing horizon via the relation
Vgéﬂ = K,f . (42)

A direct calculation shows that k = f'(r)/2|,=,, = 1/4GM for the Schwarzschild black
hole.

There are several different definitions of horizons. An apparent horizon is a more
general concept and defined locally as the most outer trapped null surface. It does not
need a time-like Killing vector as the Killing horizon, but it is defined in an observer-
dependent way. An event horizon is defined in a global way as a boundary of the past
light cone of the future infinity. Mathematically, a black hole is defined as a set that is
not contained in the past light cone of the future infinity. For the Schwarzschild black
hole, all the definitions of the horizon coincide, but they are different for dynamical black
holes. In applying non-equilibrium statistical physics to the dynamics of black holes, we

need to pay special attentions to the differences. In the present thesis, however, since
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we consider an eternal black hole as a background space-time, the differences are out of
consideration.

The coordinates used in eq.(d.]]) are called the Schwarzschild coordinates. The singu-
larity of the metric at the horizon r = rg is not physical, and can be removed by using

other coordinates, such as the Kruskal-Szekeres coordinates (U, V)

1 1
U = —Eein(tir*), V = Een(tJrT*) (43)
dr r
T = ) =r+4ry log(a —1). (4.4)

Here r, is the tortoise coordinate and takes —oco < r, < oo between the horizon and the
spacial infinity. In terms of the Kruskal coordinates, the metric of the Schwarzschild black

hole becomes regular at the horizon;

ds? = —TTHe‘%dUdv +r2d02. (4.5)

At the price of removing the coordinate singularity, the asymptotically flatness is unclear
in these coordinates. We will impose regularity conditions on physical quantities at the
horizon in the Kruskal coordinates.

Figure 2 is the Penrose diagram of the Schwarzschild black hole, which captures the
causal structure of the space-time.

The vertical and the horizontal axises correspond to the Kruskal time T'= (V +U)/2,
and the Kurskal radius R = (V' — U)/2. In contrast to the Schwarzschild coordinates,
the Kruskal coordinates are regular beyond the horizon (r = ry), and can be extended
to the maximally extended Schwarzschild space-time (—oo < U,V < oo). The original
Schwarzschild coordinates (—oo < t < 00,7y < r < 00), on the contrary, can cover only
the region I in figl We define (¢,r,) coordinates in other regions. For example, in the
region II, we can define them by the relations U = e *=") /i V = —e®t+7) /i In the
Kruskal coordinates, the space-time is separated by the future and past event horizons
(U = 0 and V' = 0 respectively) into four regions. There are four possible combinations
of signature of U and V' as shown in the table 4.1l

Finally we note that the time-like Killing vector £ = 9, is written as £ = k(VOy —
Udy) = kROr in the Kruskal coordinates and, therefore, the directions of time are opposite
in the region I and II. We have drawn the directions of £ in fig[2l
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/ L rg ‘

Figure 2: A point in the diagram represents a two dimensional sphere with radius r

at time t. r-constant and t-constant surfaces are depicted. Arrows on the r-constant
surfaces indicate the flow of the time-like Killing vector. They have opposite directions in
the region I and II. The singularity at r = 0 is drawn by zigzag lines in the diagram. Event
horizons are located at r = ry and separate the space-time into four distinct regions. ™,

1~ and 7 are the future, past and spatial infinities.

I | U<0,V>0| r>ryg
| U>0V<0| r>ry
m| v>0V>0| r<rg
V| U<0, V0| r<ryg

Table 1: Four regions of maximally extended Schwarzschild space-time

4.2 Field Theory in the Black Hole Background and the Hawk-
ing Radiation

We briefly summarize the quantum field theories in the black hole background. For a
comprehensive review, see e.g. [25]. The action of a massive scalar field in the maximally
extended Schwarzschild space-time is given by a sum of the fields in the right wedge

(region I) and in the left wedge (region II). In each region, the action is given by

1
S= / d'z/=g5 (9 0,00,0 +m*¢) =) / dtdr.m) (07 = 07, + Vi(r)] ¢a.m)-
Im

(4.6)
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where we have decomposed the field into partial waves

Pum (L, 1)
t,r,Q) = ————Y (), 4.7
ot ) = 3 () (@)
and defined the effective potential for each partial wave with an angular momentum [,
Il(l+1 0
Vir) = f(r) ( ( > )4 j;(r) + mz) . (4.8)

The equation of motion of the scalar field is given by
07 — 02+ Vi(r)] $r Lam) = 0. (4.9)

Both in the asymptotically flat region (r — oo) and in the near horizon region (r — rg),
the potential V; vanishes and the equation of motion is reduced to the free field equation.

Thus, in the near horizon region, the classical solutions are approximately given by

1 e—iwkt—&—z‘kr* (in R)
up(t,r) = { Vi 0 (in L (4.10)

g (t,7) = { ’ (in R) (4.11)

1 iwgt+ikr :
\/TTke * (lH L) .

and their complex conjugates. Here wy, = +|k| > 0. The sign difference in front of iwyt
in R, L follows the convention of [25]. With this convention, these fields are positive
frequency modes with respect to the time-like Killing vector, 0; in R and —0; in L,
satistying L1s,ur = —iwgu,. The complex conjugates (ukR’L)* are the negative frequency
modes (in the above sense) satisfying Lis,u; = +iwgui. They are orthonormal with

respect to the following Klein-Gordon inner product,

(f7 g) = Z/ d?’l’\/ h‘Zt (f*atg — (9tf*g)
P
- iZ/dr* (fé,m@gu,m) - 8tf(7,m)g(l7m)) . (4.12)
lym

The integration is performed on a constant time slice 3;, but it can be generalized to any
space-like surface > and the choice of the integration surface does not change the value
of the inner product.

The field ¢(; ) can be expanded in terms of the classical solutions in the Schwarzschild

coordinates in the near horizon region as follows;

dk . .
¢(l,m) = \/m [akR(l,m)ug + (akR(l,m)>T(ukR) + a’ﬁ(l,m)uﬁ + (aé(l,m))T<u£> ] : (413)
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We will omit the suffixes (I, m) of creation and annihilation operators for simplicity in the
followings.
In the Kruskal coordinates in the near horizon region, the equation of motion becomes

OuOvdum) = (07 — 0%)dam) = 0. So we may define another basis of functions

1 . )
W (T, R) = ——=¢ TPk (4.14)
4rE,

where £, = +|p| > 0. They are positive frequency modes with respect to the Kruskal

time. In terms of them, the field can be expanded as
Pm) = /—dp [bpul + (b,)T(u)*] . (4.15)

' VArE, P P
In contrast to the wave functions (4.11), they are defined globally in the whole space-time.
In order to relate two different definitions of the creation and annihilation operators in
the Kruskal and Schwarzschild coordinates and to express the Kruskal vacuum b;|0) x = 0
as a Fock state constructed on the Schwarzschild vacuum a,"|0)z; = 0, we look at
the analyticity properties of the functions [26]. The positive frequency wave function
K

u, in the Kruskal coordinates with p > 0 (or p < 0) is an analytic function in the

lower half U (or V) plane since u) ~ e "V (or uff ~ e7V)  On the other hand,
since ™ = (r/rg — 1)%*e*" there is a phase jump when it crosses the horizon. So we
need to combine the positive and negative frequency wave functions in the Schwarzschild
coordinates to construct a wave function with the same analyticity property as uf . They

were obtained by Unruh [26] as

1) 1 TYE R _T9E T \x
W = ey (€7 U] + e zen (uly,)

9 ey o (4.16)
u? = L (e Tk (u,)* + b ul

ko \/2sinh Tk -k k)

These combinations are analytic in the lower half plane of U or V. In the following we

set A = 1 for notational simplicity. Such analyticity property can be easily checked. For

example, u,(gl) with a positive k can be rewritten as an analytic function of U

wl ocul e (uly)”

W

x (=kU) =, (4.17)

if it is analytically continued from the region I of the right wedge (U < 0) to the region I
of the left wedge (U > 0) through the lower half of the U plane by the transformation U —

Ue'™. Hence the combination is analytic in the lower half plane of U. For k < 0, ug) X
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iw

= and it is analytic in the lower half plane of V as e~

(kV) V. In the classical limit

where A — 0, u,(j) becomes a positive frequency mode in the Schwarzschild coordinates
e~ r(F+) and localized in the region I. Similarly, u,(f) with a positive momentum k > 0 is
written as an analytic function of the lower half plane of V, (kV)™¥/* while, for a negative
k, it is analytic in the lower half plane of U and written as (—xU)~™#/*. Tt behaves as
a negative frequency mode in the Schwarzshchild coordinates but localized mostly in the
left wedge in the classical limit. They penetrate into the right wedge by quantum effects.
In this sense, u,(cl) is classical while u,(f) is quantum in the right wedge.
The scalar field can be expanded in terms of these modes as

By = \/%_wk [Cl(:)ul(cl) + (@) My 1 e@u® 4 (@Y @y (4.18)
The Kruskal vacuum (b,|0)x = 0) is equivalently given by the conditions, c,(:)|0> K =
cgf)|0> x = 0. The annihilation operators in the Schwarzschild coordinates aff and al can

. o 1 2
be expressed as a linear combination of c,g ) and c,(C ) as

ay = ﬁ (6%01(:) + e*%(c(_z;Z)T) = Vit n(wk)cg) + ”(Wk)(c(—zlzﬁ

2 sinh
af = oo (P 4 e ()T) = VT nloe? + Va ).
(4.19)

where n(wy,) = 1/(e?*™*/* — 1). Hence the Kruskal and the Schwarzschild operators are

related by the Bogoliubov transformation,

<a§>:<wumm» Naes )<¢”>Em(cﬁ>.<um
(aly)f Vilw)  VTHnwr) )\ (@) ()

a”,, -
The transformation can also be represented as

C](€1) — e—iGakReiG’ c(f,)g _ e—iGaekeiG,
G = Z/d—kek ((ag)'(aly)" —afaly)
(27) 2wy, - -
sinh? 0, = n(wy). (4.21)

From this transformation law, we can read off the relation between Kruskal vacuum and

Schwarzschild vacuum as

|O>K = €7iG’0>R|O>L (4.22)
1 N B,
=l g 2o = " dinta). (4.23)
k n=0
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Note that the Fock space in the left wedge |nf) is constructed with the backward time
direction (—t).
The expectation value of the Schwarzschild number operators (aff)Talf in the Kruskal

vacuum |0) g is given by

1 wp,

R\t R _ (2)
k(0l(a) e |0)x = me (0 (BD)T0) &
1
e~ —1

This is the thermal distribution of the Hawking radiation [2], and characterized by the
temperature Ty = kh/2m. Note that the thermal spectrum in the right wedge is created
by the effect of the field u,(f), which is classically localized in the left wedge but penetrates
into the right quantum mechanically.

For a generic operator O = Og(a®, (a®)T) which is made of only a® and (a®)1, its
expectation value (0]Og|0)x can be interpreted as a thermal average. Such thermal
behavior can be generalized to products of operators, such as K(O]@L@Rl0> x, made of
both the right and left creation (annihilation) operators. Its expectation value can be
interpreted as a Schwinger-Keldysh correlator.

Firstly, let us consider x(0|Og|0) k. Since the Kruskal vacuum is represented as ([@21),
one has

(e 9]

. 1 o
k(0|Og|0)k = Hmzmﬂe Pk O plng)

k n=0

eiﬁHR ~
BEN .
Zp

Here, the Hamiltonian and the partition function are defined by

dk
HR:/%wk(akR)TakR,

o0

Zr = ~PHr] HZ@ Bennil — Hcosh 0. (4.26)

k n=0

Hence K(O\@;g]()) x can be interpreted as a thermal average of the operator Oy at the
Hawking temperature T}.

For a product of left and right operators, the expectation value in the Kruskal vacuum
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is given by

) ) 1 S 8 WM +Wer My A A
K {0|OLOR|0) :Hcosth cosh O Z e~ 2t (m R (mE ) |OLOgIng) Ink),)
kK’ m,n=0
1 /B ~ .
= 3 (Wi twpng) (o) RN (@) R LA k).
H COSh ek COSh ek/ m;o e <mk; | R‘nk ><m—k‘| L’n—k’ >

(4.27)

In order to express it as an expectation value in the right wedge Fock space, we first
rewrite the expectation value (n*,|O|m?%,,) in terms of the operator in the right wedge

as follows,
(m|OInty) = (nf|OF miY), (4.28)
Here we have defined the operator @Z(a R a}r%) by the following substitution,

O (a* Zcmn ar)™ ﬁT) — OY(a®, a™) Zcmn )" ﬁ)m (4.29)

Note that the coefficients ¢, ,, are not converted to its complex conjugate. In particular,
the field itself ¢ (t) is converted as

¢L (t) / 47ka [aéezwkt—‘rzkm (aé)Te—zwkt—sz*] (430)
dk . . . .
210 / Arrwy, [(ay)TelntThre 4 gl emiont=ihr], (4.31)

This has the same functional form as ¢®(t). We later interpret this field ¢} (t) as the
(lower) Schwinger-Keldysh field and write as br to distinguish the original right-wedge

field ¢r. By this substitution, the expectation value can be written as

A oA 1
K<O’OROL’0>K = ETY (6 g R O Q_EHR OV> (432)
= (OrOY)s

B8
2

)

In order to distinguish it from the ordinary finite temperature Green function, we have

introduced the notation (---)s s as above.
272

If @L is made of a product of operators @L = ALBL, it is converted as
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A special care should be taken for the time evolution operator UL(t,tg) = T exp [ —

7 ft'; dtH L(t)} . Following the above substitution rule, it is converted to

UpL(t, to) = Texp [—i /t dtﬁL(t)} — UY(t, ty) = T exp [—z’/t dtﬁlz(t)] (4.34)

to to

where T is an anti-time ordering. For a hermitian Hamiltonian, I:I}J/ = Hp, is satisfied and

UY (ko) = T exp [—z’ / t dtI:[R(t)} (4.35)

to

Hence a Heisenberg operator A r(x) is mapped to
Ap(x) = U} (ta, to) AL (to) UL (te, to) = AY(x) = UY (te, to) AL (1)U (tay o). (4.36)

The converted Heisenberg operator is evolved backward in time with the Hamiltonian
(—Hg).

From these considerations, an expectation value of a general operator including both
of left and right operators can be represented as a path integral form of the right-handed
fields;

K (0|OROLI0) ik = (OROY)s 5

_ / DérDén Onlén] OYldnlexp [iSlon] — iS[oa]] (4.37)

Here ¢p represents the original right-wedge field while a new field ¢ r(t) is introduced to
represent the transformed operator @f. The minus sign in front of the action S [95 R] comes
from the backward time-evolution of OY. If we combine ¢r(t) and @(t) together as a
single ¢r(t) field along a doubled path depicted below, this expression is equivalent to the
closed time path formalism of the real-time finite temperature field theory. The insertions
of exp(—fHg/2) can be represented as an evolution of time into the imaginary direction
with —(3/2 at both ends. Hence the path is given on the complex time plane as Fig. Bl The
field on the lower line corresponds to the field in the left-wedge as ¢r(t — i5/2) = ¢L(t).

An alternative interpretation is an analogy with the thermo field dynamics [27], an-
other method to deal with the real-time finite temperature field theory. In this analogy,
the operators in the left wedge can be regarded as the “tilde-fields” of thermo field dy-

namics [2§].
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Figure 3: ¢g lives on the upper line while ¢ lives on the lower line. The time evolution

is backward on the lower line.

4.3 The Effective Equation of Motion in the Vicinity of the

Horizon

Now we derive an effective equation of motion for the scalar field in the black hole back-
ground. Classically a dissipation term is induced since the energy is absorbed into the
black hole horizon. In quantizing the system, a noise term will also be induced because
of the Hawking radiation, and the system is effectively described by a Langevin equation.

The effect of the absorption can be described by imposing the ingoing boundary condi-
tion at the horizon r = rg. Since, in the near horizon region, the system can be described
by a set of 2-dim free fields satisfying (97 — 92 )dm) = 0, the ingoing boundary condition
can be represented as

(Or — Or)bumy(t, 7 =1rH) = 0. (4.38)

The condition implies that there are no outgoing modes at the horizon, and violates the
time reversal symmetry.

Since the scalar field is coupled to the gravitational field, if it is quantized, the chiral
condition at the horizon seems to violate the general covariance by the quantum grav-
itational anomaly. The violation is compensated by the flux of the Hawking radiation
[29, B0, B1]. In the following we will see that the quantization of the scalar field near
the horizon naturally leads to the chiral condition (absorption) with the flux of Hawking
radiation (noise term) at the horizon.

The method we will use is similar to the retarded-advanced (or Schwinger-Keldysh)
formalism. The derivation of the Langevin equation is given by integrating fluctuating

fields. (For a review, see, e.g. [32].)

4.3.1 Integrating Out the Environments

In obtaining a Langevin equation near the horizon, we need to integrate out certain kinds
of environmental variables interacting with the system variable at the horizon. In order to

do this, we first consider a stretched horizon at r = ry + € and treat the variables between
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the horizon (r = rg) and the stretched horizon (r = ry+¢) as the environmental variables.
Because of the quantum mixing of the wave functions in the left and right wedges (4.10),
the integration of these variables corresponds to an integration of the fields in the left
wedge, which are classically hidden. In this way, we derive a Langevin equation at the
stretched horizon. This equation is shown to be independent of the small parameter €
characterizing the position of the stretched horizon and we can take ¢ — 0 limit at last.
Since the Langevin equation we are going to derive is the equation of motion at the
boundary of a rigion [ry, 7y + €], it is convenient to discretize the equation of motion near
the horizon. In the tortoise coordinate 7, in which the equation of motion becomes free,
the region is mapped to [—oo, 7.(rg + €)]. We divide the region into infinite segments as
(re)n = r«(rg +€)+nd (forn =0,—1,—-2,--- — 00) and set oscillators z,, on these lattice
points. Here d is a lattice spacing in the tortoise coordinate. Discretized equations of

motion for the scalar field are given by

i’o = —kf($0 — !L’l) =+ k‘(l’_l — ZL'()) — VZ((T‘*)O)ZEQ
: (4.39)
Fop=—k(rx_y—2_pnq)+k(x_pis —x_pn) = Vi((rs)_n)z_p.

The continuum limit is given by taking d — 0 limit with kd* = 1 and ¢qm)(t, (r)n) =

2o (t)/Vd.

ﬁk k k k k’i§%r*

Figure 4: The discretized model of a scalar field in the near horizon region. The variable

xo represents a variable at the stretched horizon.

Introducing the forward and the backward differentials in the tortoise coordinate 7.,

Atx, = —flfn+1d— T , ATz, = In ~ In1 _d$n_l, (4.40)
and using the relation,
—(Tp — Tpy1) + (T — ) =d (A+ — A’) T, = A*ATA "z, (4.41)
we can write the discretized equation (4.39) for n < 0 as
O ((r)n) = kAT G (1)) = Vi((r)n) dum (7))
0 G (1) = .G (1) — Vi) drm (7). (4.42)
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Vi((rs)n) stands for the gravitational potential at (r.),. It is proportional to f(r) =
1 — 2M/r and vanishes in the near horizon region. Hence we neglect the potential term
later in this section.

The normalization of the fields @) ((7:),) = ¥,/V/d is determined from the action.
With this normalization, the discretized action becomes the continuum one;

0

S = —/dt E D (@) = Uza)

n=—oo

T+ (T H +€) .
—— [t [ g [ = @b = Vi) G - (043

Here the discretized potential U is defined by

Z [k(2ng1 — )% + Vi(rn)z2] . (4.44)

n=—oo

1
Ulzn) = 2
Note that, we define dY0___ — fj;imﬁ) dr, when d — 0.

The full action is a sum of the fields in the left and the right wedges. As we saw
in the previous section, the path integral containing both the left and right fields can
be rewritten by a path integral of a right field on a closed time path. In the previous
section, we have written the field in the lower line by Zz. In the following, we use a unified
notation and write zg by x! and 7y by 2.

Previously we considered a path from t = —oo to co. It can be generalized to a path
up to a finite time with fixed boundary conditions x{(t) = L (I =1,2);

xo(t):xf[in 0 ' '
Plag,,t] = / [ DaiDa2erslmn momil=isht o o] (4.45)
s
oo — i3 x? 2

Figure 5: The values of the fields at the right ends of the paths, zZ(¢) I = 1,2, are fixed
in the path integral.

By integrating the environmental variables (fields between ry and ry + €), we have

xé(t):zén ' _ '
Plohotl = [ DajDaeiSebetl-iskieitisisi ] (4.46)

28



The definition of the influence functional S;g is schematically written by

ZSIF [xd,23] _/ H DZ‘ DZ‘2 iS[xl ezl ]—iS[@? e 2 [ +iSine[al | 2] — 1Smt[27_171"0] (447)

n=—oo

where Sii[x_1, 0] = k/2 [ dt(zg — z_1)*.
Since the system variables xj, 3 are coupled linearly with the environment variables,

the influence functional S;p[zg, 23] has a Gaussian form

1
Srrlxy, v3) = 3 / dtdt' z () Frp(t, ) x] (). (4.48)

The Kernel function in the Schwinger-Keldysh formalism F7;(¢,t') can be obtained by

taking derivatives of the influence functional as

1 52

F t t/ — iS]p[x(l),xg} _
IJ( ) ) Zal‘g(t/)(sl'(l](t)e ‘mé—O
TA Tz (AT (¢ —(ATzt () AT (¢
:i(kd)2 < . 21() N 11(/)>§,§ ~< N 21() . 21(,>>§,g 7 (4.49)
(AT DAL () gy (TAT, AT (),
The expectation means an integration over the environmental variables zf__,--- !,

(I = 1,2). T stands for the time ordering, and T is the anti-time ordering. As we saw
in the previous subsection (L3T), these propagators are equal to the Schwinger-Keldysh
ones with the path drawn in Fig[3l In the continuum limit, the discrete Green functions

d X Fr;(t,t") become the continuum counterpart

Fimy @) (t: 1)

0 (Thfy (7 )cb(l/ (&) e e —< ) (BT )G gy (U720 6 |
o —<amx r)o acm»gg (TG ) (7)o () 2s )
Ear ar, G(l m)(l, /)(t T*ytly *) (l m)(l, /)(t T*;t,7 *) |7~—7»/—T e (450)
N Gy st T GE L wn rstr) )T

and the influence functional is given by

Sie[o(r +€), ¢*(rg +€)] = ; /dtdt ¢(lm (t,ry + e)F(l ), @y (B )¢(z/ ,)(t Ty +€).
(4.51)

Strictly speaking, the expectation in the Green functions should be evaluated at (r,)_q,

but in the continuum limit it coincides with the position at the stretched horizon at rg +e.
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4.3.2 The Vacuum Condition

From the previous discussions, we already knew that the Green functions in the Kruskal
vacuum become identical with the Schwinger-Keldysh Green functions along the contour
in Fig[8l We repeat the discussion for the case of the two point functions explicitly in the
following. In order to calculate the influence functional, we need to specify the vacuum
condition for the environmental variables, i.e. the Kruskal vacuum condition so that the
physical quantities is regular in the Kruskal coordinates. We expand the scalar field by

u](:), u,(f) and its complex conjugates

dk 1 1 1 1 2 2 2 2
P(ram) (1) = it { om0k + () @)+ e + () )|
(4.52)
with the canonical commutation relations
(A0 s ()1 = (2720080 OB — ), (4.53)
(DG (DTN = (2720610 S O (k — K. (4.54)
The correlators in the Kruskal vacuum become the following forms,
F o t t = 511/5mm/8r*8 GA t ’I“*,t T‘ re=r" 4.55
K, (L,m)(l';m) |re=rs

where
wgy oy [ TSR (R r)oH(E )
Giltratr) <<wwmwmme @wwmw%me) (430

Here K means the expectation value in the Kruskal vacuum. As we saw, they are related to
the Schwinger-Keldysh Green functions F(Ilin),(l’,m’) (t,") = 01Ot O, Ot G (£, 8) |y iy e

discussed in the previous section as

1
5 /dtdt/¢(Al7m) (t, g ‘I‘ E)FI?,(Bl,m),(l’,m’)(t’ t/)¢5/7m/)(t/, g —|— E)

1
— 5 / dtdt/(b{l,m) (t, TH + E)F(Ilin),(l/,m/) (t, t/)gb{l/,m’)(t/? Ty + 6)7 (457)
where the Schwinger-Keldysh Green functions G/ are given by

(Tl (t,r)o () s —(@M(t,r)d* (1))
LRI s (TE ) )

MU ) M)\ i,
M) MR )e 2. (4.58)

G (t,rt,r ;):z‘<

m\m @
mRb @

P N L

B Z/ dk 1
B 47wy, 2 sinh(rwy /K)
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Non-diagonal entries have an extra minus sign with respect to eq.(&58), since the ¢? field
is defined to evolve backward in time as in Fig[3l

Each component can be calculated as
Mll(t,t/) _ (9(75 _ t/) (6%6—iw(t—t') + 6_%€iw(t—t/)>
+6(t' — 1) ( et e%eiw(t’t')> : (4.59)
M2(t,t) = 0(t' — 1) (e%e—w“—t’) +e et t>>
+ g(t o t/) ( ——e—zw(t t') + 6 zw(t t)) ’
It can be also rewritten in the following form,
G (t,rt' 1) = / dkodk o oty rinr.-rt)
Y ) * (27_()
W + 2min(wy, )0 (—kg + w?) —2min/n(1 + n)d(—k2 + w})
—27ir/n(1 + n)d(—kE + w?) m +2min(wy)d (—k2 +w?) |’
(4.61)

where n(wy) = 1/(e#%r — 1), By = 2w/k. The 2-2 component of the Green function
coincides with the anti-time ordered finite temperature Green function, while the 1-1
component is the ordinary time ordered one.

In the conventional real-time finite-temperature field theory, the contour is usually
taken as in the figure [6l

—00 —if3

Figure 6: This path corresponds to the propagators which have non-diagonal entries

(E.63).
The contour corresponds to considering an ordinary finite temperature Green function
with the Boltzmann factor e # at the left-end:
PO 1 ~ A
(0'0%); = J1r (e"BHOl(t) 02(t’)) (4.62)

irrespective of whether these operators live on the upper or lower lines. On the other hand,

the Green function (A.37) we are considering corresponds to taking a different contour as
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drawn in Fig. Bl The fields on the lower line in these two contours are related by the

similarity transformation
Do (£, 1) = e PHR2G2 (1 2)ePHRIZ = 2 (¢ +iB/2). (4.63)

Here ¢* and ¢%,, are fields appearing in the formalism of Fig B and Fig [l respectively.

In the momentum representation, it is
2 Bko 9
¢New(k) =e? ¢ (k>7 (464)

In terms of the new field, the Green function can be written in the following form,

GEL(trat'rl)

:Z.< (TS (O ()5 (0! (t)0%en () )
~( D2 (S )5 (T By (1) ()
_/dkodke—iko(t—t')—&-ik(r*—ri)

(2m)?
W + 2min(wy)d(—kg + w?) —27i sgn(ko)n(ko)d(—kE + w?) (4.65)
=271 sgn (ko) (1 + n(ko))d(—k2 + w?) ?ﬁlfﬁﬂf + 2min(wy)0(—kE + w?)

4.3.3 The Langevin equation at the Stretched Horizon

The effective equation of motion at the stretched horizon can be obtained by taking a
variation of the effective action S[x}] — S[x3] + Sir|x), 23]. In taking a continuum limit,
a care should be taken since we have already integrated out the environmental field x_1,
and only the interaction with the outer variable x; appears in the effective action for xg.

The equation of motion for z{ becomes
i = —k(xh —2t) - /dt’F”(t,t’)xg(t’). (4.66)

In the continuum limit (d — 0) with kd* =fixed, the time derivative term drops and we

have
Or, Gy () — / At F iyt amny (6 )00 iy () = 0. (4.67)

(Note that the discretized d x F!/ becomes the continuum F(Il{n)(z/ mny-) The dynamics
seems to have disappeared in the effective equation at the stretched horizon, but we will
see that another time derivative term (which is first order) is induced from the second

term.
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In order to show this, following the retarded-advanced formalism discussed below, we
recombine the Schwinger-Keldysh fields, ¢'(z) and ¢?(x), into a classical variable ¢"(z)
and a fluctuating variable ¢®(x). The interpretation of classical and fluctuating variables
comes from an observation that the action S[¢'] — S[¢?| has a dominant contribution in
the path integral when the configuration of two fields coincide. As we saw in Fig. [B]
the time axis of ¢!(t) differs from that of ¢*(t) by an amount of 3/2 into the imaginary
direction, and dominant configurations are given in terms of the redefined field (4.64)
G2 (1) = @' (t +i3/2) in the following way. We define the classical and fluctuating fields

as

T 1 1 2
m) — Vo ¢ m + ¢ ew(l,m

a _ 1 ¢1 _ ¢2

(I,m) V2 (I,m) New(l,m)

Propagators are transformed in this basis as

1 .2 Gll\llew Gll\f2ew ¢1 o r oia 0 GA Cbr
\ ‘bNew)(G%%eW Gz, ) <¢ ) = >(GR i ) | o |- (469

where we have defined

G (1) = (Ol — Gl + Gy — G0 = (1) {[6(0), (0)]) (1.70)
GA( ) (GNew + GNew - G'Nevv - GNew)( ) _ZH<_t)<[¢<t)7 ¢(O)]> (471)
Y™ (1) = (Gl — O — Gy + GR)(0) = 5 ({610, G(0)}) (172

and used the relation Gy, + Gy + Gy + G2y, = 0. Because of this, the basis (¢" ¢*)
are often called the retarded-advanced basis.

In terms of the r, a-fields, the influence functional can be written as

S]F - /dtdt/ |:¢((1l7m) (t)ar* 87»; Gﬁ,m)(l’,m’)(t’ t/)¢1€l/7m/) (t/)
+ Z.gb?l,m)( )a 8 Gsym v, )(ta t,)qs((ll’,m’) (t,)] : (473)
The derivative of the retarded Green function 0,,0,, GT satisfies
0y, Oy G W m,)(t,t')|r:T/:TH+5 = — 0y O OO (t — 1), (4.74)

On the other hand, the symmetric Green function can be written as

G — / - (n+1> (emmerttt) 4 ehisnlt=t)) giktre=r) (4.75)

4wy, 2
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and its derivative becomes

dkO kO —iko(t—t")

sym / = T 1 Bko
ar* aTiG(l,m)(l’,m’)<t’t )|T:T/:TH+E = OuOmm’ / 4m tanh 2k
2

1 K2
=0 mm— | ————————~ | . 4.76
! 2w [ 4 sinh? WT_”] ( )

for t # t’. The integral is divergent at t = ¢’. Since we are interested in the finite tem-
perature effect, we regularize the symmetrized correlator by removing the x-independent

divergence (note T' = k/2m) as

Ktt) = — " ! 477
(: ):g _4Sinhgn(t2—t/)+(t_t/)2 ) ( )

Hence the action for the stretched horizon variable, which is a sum of S;r and the inter-

action term with the neighboring variable x;, becomes
S = / dtdt' dr? [¢a(t, e, Q) — )0y — )07 (t' 70, Q)
+ i (t, e, QK (t, ) (t', 1, Q). (4.78)

Here, r. = ry + € appears with rewriting gbz'l m) O ¢". By integrating the fluctuating
variable ¢%(t), ([A45]) is written as

P[¢En7 t] =

¢T(t):¢Tn
/ ' D¢" exp {—i / dtdt' dQr? (0, — 0, )" (t,7¢, Q) K (¢, 1)(y —8T/*)¢T(t’,re,Q)]
(4.79)

It describes the effective dynamics at the stretched horizon. Note that the effective action
contains a term which is odd under the time reversal transformation.

Instead of integrating out the fluctuating variable, we can introduce an auxiliary field

&(t) by
exp (= [ dtdt 6t (O .0 )00,00))
. a 1 / —1 / /
= /D{exp (Z/dt¢(l,m)(t)\/§§(l,m)(t) - §/dtdt Eam) () K (t7t)§(z,m)(t))- (4.80)

Then the probability to see ¢"(t) = ¢f, at the stretched horizon is written in terms of the
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scalar fields ¢™%(¢) and the auxiliary field £ as
*"(t)=0gn 1 , gy "o
Ploh 1] = / D¢ DP*DE e 2 S dtdt € my (K (e mry (t )elSeff[¢(t),§]7 (4.81)

Seff[gb(t)v& = /dt¢?l,m) <t> [_ar*¢€l,m) (t) + /dt,Gg,m)(l/,m’) <t7t/>¢€l’,m’) (t/) + \/ig(l,m) (t)

(4.82)
The variation with respect to ¢ gives the equation of motion for ¢"
(O = 0r) {1y + V20m) () =0, (4.83)
with the Gaussian noise correlation
(Eam) @) =0, {Ewm) D& mry (t')) = S K (8, 1) (4.84)

As expected, if we take the statistical average, the outgoing modes vanish in the
averaged sense ((0; — 0,,)¢") = 0, which means that there are only ingoing modes at
the (stretched) horizon. The noise term can be considered as the effect of the Hawking
radiation. In the appendix (Cl), we compare the noise correlation obtained here with the
flux of the Hawking radiation. The noise correlation is not white, and the memory effect
remains with a time scale of the Hawking temperature (t —t') ~ 1/k = h/2nTy. If we
look at the dynamics of a time scale larger than it, we can approximate the noise as the

following white noise
K
(Ewm) O & mn () — Ot O 5 —0(t = t") = Owdmm Tud(t — 1) (4.85)

The above effective action is obtained previously based on the physical picture of the
Hawking radiation [10] or a technique to reproduce the Schwinger-Keldysh formalism [12]
in a setting of vibrating string in AdS black hole background. We have reproduced the
same effective action by explicitly integrating the environmental variables between the
horizon and the stretched horizon. Because of the mixing of the wave functions (10,

the integration corresponds to an integration over the variables hidden in the horizon.

5 The Fluctuation Theorem for a Black Hole and
Matters

Now we apply the fluctuation theorem to the scalar field in the black hole background.

Most generally, we must treat the whole system of the scalar field and the space-time
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as a coupled quantum system, and backreactions to the space-time structure must be
included. In our letter [33], we briefly sketched how to treat the metric degrees of freedom
quantum mechanically in the path integral formalism and discussed the effect of the
backreaction. In the present thesis, in order to give a more systematic and complete
investigation, we consider an easier situation, i.e. a scalar system in a fixed black hole
background. We neglect effects of backreactions. Even if we adopt such a simplification,
various interesting results follow the fluctuation theorem applied to our system, such as

a proof of the generalized second law and a derivation of the Green-Kubo formula.

5.1 Discretized Equations outside the Stretched Horizon

The equation of motion of the scalar field ¢"(¢,r,) in the black hole background consists
of the two coupled equations, namely, the effective equation at the stretched horizon
r = ry + € and the bulk equation of motion outside the stretched horizon.

We put the scalar field in a box with a radius rg(> ry) and impose a boundary
condition at the outer boundary ¢(t,r = rg,Q) = 0 in this subsection. Owing to the
boundary condition, the scalar field is shown to be thermalized. Another merit of confining
the system in a box is to stabilize the total system (even we take the backreaction into
account [34] if the size of the box is not so large.) It thus justifies to choose an equilibrium
distribution as an initial distribution for the matter field as we will do in the following.
In a later section, we choose a different boundary condition to realize a steady state with
a constant energy flux.

In order to apply the fluctuation theorem reviewed in section 3] we need to construct a
Fokker-Planck equation which is local in time. In doing so, it is necessary to approximate
the noise correlation (484 by the white noise (f80). This approximation is valid for
a longer time scale than A/27Ty. Though the validity is limited, we consider such an
approximation in the present thesis. The memory effect of the colored noise will be
discussed later.

In the white noise approximation, the discretized equations are given by
[ Yodo = —k(zo — 21) — V28, (&o(t)é(t)) =10 Tud(t —t')
i‘l = —k((l]l — ZEQ) + l{?(l’o — Il) — ‘/2(7“1>ZE1

: (5.1)
iy = —k(zny —2n1) + k(an—1 —2n) — Vi(ry)zn

[ v+ = 0.

The first line is the stochastic equation for the field at the inner boundary (stretched

horizon) r = r. = ry—+e€ with a noise term £. Note that the time derivative term originates
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Figure 7: A schematic illustration of eq.(5.1]). Each variables x; are bound by spring with

constant k. Only x( reserves a friction 7 and a noise . The effects of Vj(r;) are not

described on picture, it affects each variables as harmonic potential.

in the dissipation term induced by the interaction with the environmental variables. The
last one is the boundary condition at the outer boundary » = rg. The middle ones are
the bulk equations of motion, and the field ¢;,,(r.) between the stretched horizon and
the outer boundary is discretized into IV lattice points in the tortoise coordinate r,. The
continuum limit can be taken as before by taking d — 0 (or N — oo) with the following

conditions and replacements;

(N +1)d =r.(rp) = ru(rd, k=1, wd =1, ¢, ((r)i) = 2:/Vd, Egm = V&,
(5.2)

where d is the lattice spacing in the tortoise coordinate r,. The continuum equations in

the bulk can be recovered as before and becomes
ﬁ'b'fz,m)(t 7"*) = af*ﬁb@,m)(t» 7”*) - W<r*)¢€l,m) (757 7“*>- (5-3)
At the stretched horizon, the first equation of (B.I]) can be written as
Yoo = kdATxy — \/550
5 Homy (17 = 006y (:70) = V2 m), (54)
with noise correlation

(Eaam) @ mny (') = O Smmed{(€o(t)0 (L)) = O SmmrdyoTro(t — 1)
— b Tt — 1), (5.5)

5.2 The Fluctuation Theorem for the Scalar Field in the Black
Hole Background

From the set of the Langevin equations (5.]), we can construct the corresponding Fokker-

Planck equation of P(zg,x1,- - ,Zn,v1, - ,Un,t) with 2N + 1 set of variables;
10U Ty al oU
apP=0, |- pyiy p 0, (= P)+ 0, (Z=P)], 5.6
P =0 |G PP | 43 [nup vou (5oP)| 69
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where we defined U(z) = 1 NHU(A72;)? 4 Vi(ry)22). In this expression, we introduced

a redundant variable x for convenience, but eventually set xny,; = 0. This equation

has a solution describing an equilibrium distribution,

pPea — Z*le_i[% Zz 1V 1+U(x)]

)

7 — / AN @y T [3 D v U], (5.7)

A general solution to the Fokker-Planck equation can be formally represented in the path

integral form as,

N

P(xq, x;, T|xg, x5, t = 0) / Hkae ToTy Jr, d(0d0—k(w1—20))® H Hé(xl + g_g)|xN+150‘
2" k=0 t =1
(5.8)
The probability that a trajectory I'; = {(zf, 2}, - ,2y) = (zo, 21, -+ ,xN)} is real-
ized is given by
P[T, |7/] o e ToTw Jr, dndo=k(zi—e0 >2HH5 (i + 59). (5.9)
t =1
s ili ] = 0, L1y,
On the other hand, the probability that the reversed trajectory I't = {(xq, 24 TN) —
(xg, ), - ,2y)} is realized is given by
1 . 2 N
P[F;“_‘x] x e *oTh Jr, dt(=roto—k(z1—20)) H H 5(%‘2 + gTU) (510)
t =1
Hence the ratio of these two probabilities becomes
’ exp | — dtzok(z, — @
Py [Tz 2] Tu Jr, (21 = 20)
1 ir r
—oxp | [ (00 ()| (511

Here we have written the index for the angular momentum (I,m) explicitly. Summing
over all the contributions from various partial waves (I, m), the ratio can be written as an

integral over the stretched horizon;

Pumy[Ur]2]

1 / .
dtdQ r2¢" (t, re, Q)0,, ¢" (t, 7, Q)}
Pumy[Tz] 2]

S EL

(L,m)

= ex HH/ dtdQ) r>T) (¢, TE,Q)] : (5.12)
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Here we have used the definition of the energy-momentum tensor 7} = 0,¢"0"¢" =
09" 0,,¢". Logarithm of the ratio is proportional to the energy flux into the black hole
AMIT,] = [p dtdQ r2T{(t,7., ). Hence, by using the first law of black hole thermody-
namics Ty ASpy|[[';] = AM[I';], we can interpret this entropy production as an amount

of difference of the black hole entropy during t =0 ~ 7,

P |2']

P - P [ASEu([T,]] . (5.13)

In a more general setting, we can introduce an externally controlled parameter such
as a variable mass term m(t) in the potential U(z; \I'). Even in the presence of such an

external parameter, the ratio can be shown to be given by the difference of the entropy,

PFIT, |2]

W = exXp [ASBH[FT]] . (514)

In a case with time-dependent external parameters, the forward and the reversed protocols
are generally different and we need to put F' and R to distinguish them.

In order to apply the fluctuation theorem, we further multiply the above probabilities
PF[T,|2'] (or PE[['*|x]) by probabilities for the initial distributions. As we discussed
above we can assume that the system is in an equilibrium distribution at the external

parameter A\l (or A\I') with the Hawking temperature P4(a’; \L') (or Pe4(x; AL')). Hence
PE[D 2| Pea(2’; N)
PRITS o] Poo(a: )
— exp [ASpully] — 8 (H M) — Hlzs M) + 8 (FOE) — FOO))]

Here, we defined the entropy difference of the matter by ASy, = —B(H|[z'; \'|— H[z; \E])+
B(F(N) — F(\L)), where H[z'; A is the total energy of the system at ¢ = 0 with an
external parameter A and F(A\) is the free energy defined by Z(A\L) = e #FO).

The fluctuation theorem is a direct consequence of the above key relation (5.15). As

we saw in sec[3] it is straightforward to prove that

pF(ASBH + ASM) _ eASBH+ASM (5 16)
pE(—(ASpi + ASw)) ‘ |

Here p*' (ASpr+AS)y) is the probability to observe a value of the total entropy production
ASgy + AS)y with the forwardly controlled external parameter. The denominator is

similarly defined as the probability to observe a negative value of the entropy production
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in the reversed protocol. Since the right hand side is usually much bigger than 1, the
numerator is generally much bigger than the denominator.

By integrating it, we have the Jarzynski equality;
(e7(ASmrtASM)y — . (5.17)

We observe that there must exist a path with (ASpg + ASy) < 0, i.e. an entropy
decreasing path, otherwise the Jarzynski equality cannot be satisfied. As we saw in

section B], the generalized second law [35]
((ASpu + ASwy)) > 0. (5.18)

is derived using the Jensen inequality (e®) > . The above theorems (5.106) and (5.17)
are also applicable to dynamical processes which are generally in non-equilibrium distri-
butions, if the Fokker-Planck equation we have used is valid. As we noticed, the validity
holds when the time scale of the dynamics is longer than the time scale of the inverse
Hawking temperature //(27nTy). The condition is not always satisfied, and in such situ-

ations, we need to take effects of time-correlations of emissions.

5.3 Memory Effect and Quantum Corrections

In the previous sections, we have approximated the dynamics of the scalar fields by the
Langevin and the Fokker-Planck equations. The approximation is valid when the noise
correlation (£.84) can be replaced by the white noise and also the evolution of the scalar
field ¢" is dominated by the classical path described by the Langevin equation. The
first condition is violated for a shorter time scale than i/27Ty. The second condition is
related to a justification of the Markovian process we have used. If we take A — 0 limit
while keeping Ty = hr /2w fixed, both conditions are satisfied. If these conditions are
violated, we need to treat the system quantum mechanically without using the classical
stochastic equations. A possible generalization to overcome these difficulties is given in
the following.

We start from the action (AT8)) at the stretched horizon. Before integrating out the
variable ¢?, this gives an amplitude of the stretched horizon variables ¢! and ¢?. But in
terms of the variable ¢", the path integral represents the evolution of a density matrix
a la Schwinger-Keldysh, and the path integral (£79) should be regarded as giving a
probability, not an amplitude for the configuration ¢". Based on this interpretation, we

wrote it as P.
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The classical limit with Ty fixed corresponds to replacing K (¢,t') by Tyd(t —t'). In

this limit, the probability for a trajectory I';[¢"] with an initial value ¢! to be realized

r
mi1

is given by

P[0 5] = exp {—ﬁ / i [(@—@W(t)ﬂ [T 010 =02 +Vdim].

T t,r>re,(l,m)
(5.19)
The ratio of the forward and the backward probabilities is now given by
PI, 5] [ Ry
oy = €XP | dtdQrZo" (t)0- " (t 5.20
Pz Io] — P [Ty Jy, A0 000710 20

and reproduces the previous result (5.12]). The exponent is proportional to the energy
flowing into the black hole across the horizon, and interpreted as the entropy increase of
the black hole.

More generally, if we do not replace K (¢,t') by the white noise, the ratio becomes

% = exp U dtdt' dQr2dm (1) K (t, ¢) 00" ()] (5.21)
7| Pfin

which is nonlocal in time. By expanding the kernel in terms of derivatives of the delta
functions, the exponent receives corrections to the energy flow. These corrections can
be interpreted as flows of higher-spin currents (operators containing higher derivatives of
fields) into the black hole. These terms vanish after taking a long-time average, but remain
for a short time scale. Applying the fluctuation theorems with the nonlocal modification
of the kernel, the entropy increase of the black hole receives higher derivative corrections.
A geometric interpretation of these corrections is interesting.

Another important quantum correction is the violation of the Markovian assumption.
If the path integral is not dominated by classical paths, we need to sum over all possible
sequences of configurations at the level of amplitudes, instead of considering probabilities
at the classical level. We also need to generalize the fluctuation theorem themselves at

the fully quantum level.

5.4 The Steady State Fluctuation Theorem for the Scalar Field
in the Black Hole Background

So far, we have applied the fluctuation theorem to a scalar field in an equilibrium distri-
bution and disturbance around it. In realizing such a situation, we have put the black

hole in a box with an adiabatic (insulating) wall. Instead we can consider a steady state
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with a constant (but very small) energy flow from a black hole to outside. This can be
realized by putting a black hole in a box in contact with a thermal bath with a slightly
lower (or higher) temperature than the Hawking temperature. We set the temperature
at the wall of the box as T,,(< Ty). Since the energy flow is assumed to be very small,
we neglect backreactions of the energy transfer to the black hole itself.

We start from the following discretized form of the equations of motion;

Yo = —k(zo — 1) = V2 , (Co(t)éo(t)) = 10 Tud(t —t')
il = —]{5($1 — ZBQ) + l{(xo — [L’l) — ‘/l(’l“l)l‘l

(

' 5.22
iy =iy = k(zy = ann) +k(enor = ay) = Vilry)oy — V26 (522

(E(E(H) = ATwo(t — 1)

/ Yk k k
SM@J\M@% T
ggqlio ng LN 1 %g !

Figure 8: A discretized model of a scalar field in a box. The wall at » = rg is in

[ TN = 0.

contact with a thermal bath with temperature T, which is slightly lower than the Hawking

temperature. Then there is an energy flow from the black hole to the outer thermal bath.

The only difference from the previous model is the equation for the variable zy at
the wall. The variable in this model interacts with the thermal bath at temperature
T,. A redundant variable xy,; is introduced for simplifying the above equation. The

corresponding Fokker-Planck equation is given by

10U Ty } = { (aU )}
P =0y | —2—P + —0,,P O, (—v; P) + 0, P
: [’YO dxg Yo ; ( ) ox;

+ Ouy (—UNP) + Oy <7UN + ;TUP + va&,NP) . (5.23)
N

The solution can be written in terms of the following path integral

Zfin
P(xﬁnaT|$iniyo) p— DF e 4"VOTO fFT dt “/011304’89:0 H H 5 xz + axZU

Zini

NP dt(l’N“l‘"fiEN“!‘aTN )2 (5.24)

’fEN+1=0‘
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The ratio of the probabilities for a single partial wave with (I,m) is given by

1 1
—_— = —— dtzg0,, U — — dtzy (2 . . 2
Pl oy exp [ T /T 200, U T )i In(En + 0xpU) (5.25)

|zN4+1=0
In addition to the energy flow at the horizon, there is another contribution from the wall.

The potential U(z) is written as a sum of three terms;
U(z) = Up(o, 1, -+ s on-1) + Ure(wn-1, 2n5) + Uz(2n, 1) (5.26)

where

l\DI»—l

NI 2
Ui(xo, 21, ,xNn_1) [(ZT”) + Vi(ry)x ],

=1

Ay
[(wy + vl(rN)x%V] | (5.27)

We turn on the potential U5 at the wall during a time interval between ¢ = 0 and

Upp(zn-1,2n) =

Us(zn, xni1) =

N~ DN

t = 7. This can be realized by introducing the external parameter controlling the potential

Ui, such as

Ua(zn_1, 7830 ) =0 ( —|t— %’) Ua(xn-1,2N). (5.28)

Then the variables (z¢,x1,--+,xy_1) are decoupled from zy when ¢ < 0 and ¢ > 7.
Since the external thermal bath is decoupled for a long time during ¢t < 0, the state can
be considered in the equilibrium at ¢ = 0. The ratio of the probabilities of the initial

distributions is, hence, given by

Peq(l'ini) 1 gl
N - = | 5 - U ini U n
Peq($ﬁn) exXp Ty (2 ZZI i,ini zﬁn + 1(I ) 1<xﬁ )
1 /1 "
- T_ §($N ini xN ﬁn) + UQ(xlnl) U2 ('Tﬁn) . (529)
The second terms are canceled by the following terms in eq.(5.25l)
1 fin
- ini

The remaining terms in (5.29) is, of course, independent of the duration 7, and can be

neglected compared to other terms in (5.25]) that are proportional to 7.
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As a result, if take the leading contributions in the large 7 limit and neglect O(7°)

terms in the exponent, we obtain

P[Fr‘xini]Peq(xini) 1 / /
= dtig0y U1 — — dta U
P[Fi\xﬁn] Pea (xﬁn> exp TH ToOzoU1 — TNOpy Ura
1
= exp [——/ dtzokd A" 9 — —/ dtﬁcdeAxN] ) (5.31)
TH FT Tw FT

Because of the energy conservation for a steady state, we have the relation [ dtzyA~zy =
— f dtigA~xg. In the continuum limit N — oo with the scalings explained before, the
logarithm of the above ratio becomes

1 . _ 1 . _
— T_ dtl’o/{?dA Ty — T_ dthde TN

H JT, w JI',
— (B — Bn) / QDS (£ )0y By (1 70) = ABT T[T (5.32)

We have defined A5 = 5, — 8y, which is positive from our assumption Ty > T,,. By

summing all the contributions from the partial waves with (I, m), we have

_ 1 1
g, =2 /F At 120,67 (1 7, 00,6 (1,70, Q) = /F dtd 2T (17 ), (5.33)

T

where we have used the definition of the energy momentum tensor 7} = 0,¢"0"¢" =
01¢"0,,¢". J|I',] is a current flowing at the horizon out of the black hole. From the setting
Ty > T, the averaged current is positive, but it can take both positive or negative values
because of fluctuations of absorption and emission by the Hawking radiation.
We now have established the steady state fluctuation theorem in the black hole back-
ground as
lim lln {—p(jT_’ AB)
A Ve AVNG)
For the definitions of p, see eq. B.23] The theorem can be restated in terms of

} = ABJy. (5.34)

a generating function Z(a,, AfS), and leads to various relations between the response
coefficients L, L) ... defined by (Jo) = LVAB+ L /2(AB)2 + - - and correlator of
currents (J(t)J(t')). For more details, see the subsection B.3l

In our case, these relations lead to the following relations;

1 (e e}
=5 [t [ a0 e T 0 s (5.35)
L(2 _7-1520_7-/ dtdt /dQ r 8A5< (t Te)T (t re)>|Aﬁ =0 (536)
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The first relation is the Green-Kubo relation for the energy current flowing at the horizon
r = r.. The second one is a non-linear generalization, and the evaluation of the right
hand side needs the derivative of the correlation function with respect to the temperature
difference. This means that the information of the equilibrium distribution at A5 = 0 is

not sufficient to obtain the non-linear response function of the current.

6 Quantum Correction of the Membrane Paradigm

In this section, we consider effects of the Hawking radiation in the membrane paradigm.
The membrane paradigm [9] is an idea to describe dynamics of the black hole as dynamics
of the membrane at the stretched horizon. The way of thinking is similar to the method of
image charges in electrostatics. We introduce two different observers, the fiducial observer
and the freely falling observer. The fiducial observer (so called the hovering observer) stays
at the stretched horizon. He or she may see special phenomena such as a huge blue shift of
observables. On the other hand, the freely falling observer will see nothing special when
he or she passes the horizon because the equivalence principle. This leads the “ regularity

)

condition ” of the field at the horizon. The fiducial observer cannot distinguish difference
between the dynamics of the black hole and the dynamics of the membrane, a counterpart
of image charges, which acts as ordinary matter at the stretched horizon. Only the freely
falling observer will discover facts of the inside of the horizon.

In the next subsection, we briefly review the idea of the membrane paradigm according

to [36] in the case of an electromagnetic field in a black hole background.

6.1 Brief Review of the Membrane Paradigm

We consider the action of an electromagnetic field with an external current in a black hole

background

1
S[A,] = /d4x«/—g <_16_7TF“”FW - J”A#) . (6.1)

Note that we adopt an “unrationalized” unit with ¢ = 1 to emphasize the impedance of
the vacuum. We divide the action into two parts, the inside of the stretched horizon and
the outside of the stretched horizon Si, + Sou. The fiducial observer at the stretched
horizon cannot see the inside of the horizon, so let us consider there is no S;, term but we
have the surface term Sg,r = fr:re d3x\/—_hj§Au. We introduce the surface current jf to

balance the effect due to an absence of the inside action Si,. To put it more precisely, we
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change the action principle §.Si, + 0Sout = 0 t0 0Sout + 0Ssuer = 0 and presume the surface
current is a constitution of the membrane.

We suppose that a background g, is the Schwarzschild metric. The induced metric
h, in the surface action Sqy¢ is defined by h,, = g — nyn,, where n, = 9,r/+/g’" is an
unit normal to the stretched horizon.

The action principle requires

0
0= W (Sout + Ssurf)

1 1
=+/—g (4—VVF”” + J") +V—hd(r —r.) (jg - 4—F"”n,,) : (6.2)
7r m

The first term is a usual equation of motion, and the second term is a surface term which

we want to vanish by adjusting the value of jg. The requirement is satisfied when we set
dmje = F*n,. (6.3)

We introduce a perpendicular component of electric field £/, and parallel components of
magnetic field (B))* as

E, =-F"Un,, (6.4)
(nx B)* = F"”eﬁny, (6.5)
where U,, is the unit time like vector U, = —,/g4:0,t = —0,7, and €} = geiz are projections

onto the stretched horizon, #4 are spatial coordinates of the surface. The suffix A covers
spatial surface (two dimensions).

By using these definitions, the surface current is expressed as

47Tjgf:EJ_,
Amjy = (n x B (6.6)

The surface charge density ji emerge to cancel a perpendicular component of electric
field £, on the stretched horizon, and the surface current density j& comes in to cancel
parallel components of magnetic field (Bj)".

The contracted equation of motion with n, leads the continuity equation
V&t = —J'n,. (6.7)

This equation describes the balance between the income to the horizon (—J#n,) and the

divergence of the surface current v Js.
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In addition, we have the regularity condition. For the freely falling observer, the future
horizon U = —%e_%(t_”) = 0 is not a special plane. But several observables in the Kruskal
coordinates become divergent quantities when we accept non-zero u-components in the
Schwarzschild coordinates, because Xy = g—;qu = —%Xu. Therefore, we should impose

the condition for the field strength on the horizon

Fou(U* — ) = 0. (6.8)

This is called the regularity condition or the ingoing boundary condition. This condition
can be obtained by considering transformation between the fiducial observer and the freely
falling observer on the stretched horizon. For the detail, see for example [9].

To contract the above condition with ey, we obtain

U,F" = n,F"
xey) = Bl = (n x B))". (6.9)

Thus the second equation of (6.6]) with the regularity condition leads Ohm’s law
Ejl = 4mj§. (6.10)

The surface resistivity is p = 47. This can be interpreted as a resistivity of the membrane.

Finally, a perpendicular component of the Poynting vector

1
S'TLIT‘LWUZ,RH:ZL—(EH XB||)~7L (6.11)
T
can be expressed as S - n = —4mjijsa on the stretched horizon. The Poynting flux

measures the energy flow into the black hole when we integrate it over the stretched

horizon. Therefore, we obtain the Joule heating law

dM
W = —/dZA(—gtt)S n

= 47r/d2A(—gtt)j§‘ng. (6.12)

The factor (—gy) is introduced to convert time and energy at the horizon to the infinity.
The membrane acts as an ohmic resister with the resistivity density p = 4.

To summarize the review, we can regard an artificial current j& as an actual matter
which obeys Ohm’s law, the continuity equation and the Joule heating law, if we presume
that the inside of the black hole is empty. The key ideas are introduction of the surface

action Sgy¢ (instead of the inside action Sy,) and imposition of the regularity condition

@8).
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6.2 The Quantum Effect in the Scalar Membrane

If we include quantum effects to the membrane paradigm, there should be noise terms
due to the Hawking radiation. We can intuitively estimate that Ohm’s law and the Joule
heating law should be corrected due to the noise. In fact, this idea was already proposed
in the paper [37], and discussed by phenomenological way. We know that integrating out
procedure, which demonstrated in the section [l actually shows the Hawking radiation
adds the noise term in the effective equation of motion of the scalar field. In this section,
we investigate these quantum corrections by generalizing the idea of Parikh and Wilczek.

We firstly demonstrate the scalar membrane case, and extend the method to the

electromagnetic membrane case in the next subsection.

In the previous subsection, we required the action principle for Sgu¢ + Ssurr. Our newly

formulated paradigm presumes

Zlg", js) = /D@ exp [—%/ d*z/—gg" 9,90, +z‘/
r>Te T

d?’x\/—hjSCD] (6.13)

as the partition function of the system, and requires that it is invariant under diffeo-
morphism transformation (and other gauge transformations if it exists). We treat g
as background field. We will observe that the diffeomorphism invariance leads the Joule
heating law (with contribution of the noise).

We firstly trace the discussion of Parikh and Wilczek in the sense of the Schwinger-
Dyson equation. We assume a decomposition of the scalar field ® = ¢p + qg, op is a
background field and g% is a quantum fluctuation which should be path integrated. The

Schwinger-Dyson equation becomes

)
_ Z 22N

= /D(b [(‘)M(\/—gg“"ﬁycb) +V=hd(r — 1) (js — nt0,®)| e!(SeutSeut), (6.14)

(Precisely speaking, x of %(I) should be in the range of [r.,00].) The first part is an
ordinary equation of motion [,¢p(z) + Oy (¢(x)) = 0, and we choose Ty¢p(z) = 0 as
usual. The second part, the coefficient of the delta function, should vanish. This condition

leads
(4s) = (0”0, ), (6.15)
at the stretched horizon. This is the scalar version of equation (G.6]).
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The regularity condition of the scalar field on the horizon is
(" —nt"o,e = 0. (6.16)
Therefore, we have the scalar version of Ohm’s law as
(js) = U"0uo5p. (6.17)

The (averaged) surface current (jg) is proportional to the canonical momentum. The
proportional constant varies with the normalization of the scalar field. Since (gzg> =0,
there is no fluctuation after taking the average, but we have the noise f for the surface

current jg,
js — (js) = ntd,¢ = i€. (6.18)

A coefficient 7 is introduced to achieve a good interpretation of the noise term. We cannot
fix the value of the two point function (£€) at this stage.

A diffeomorphism transformation x — x — ( acts as
0" = —(VHC" + V7 ¢H),
0js = (HOujs. (6.19)
We obtain a kind of Ward-Takahashi identity
0= [ ey (9T — [ EovTRe [T + sdhd)] (0:20)
Note that we used
5V = (v =gVa™)
— (~5vEaVaa + 5 ) b
= Vg = )30

1
L b (6:21)

We assume (* does not contain r component, i.e. ( L n. In that case, we can decompose

etV G, = ef’,V,(lg)Cb — (" Ko, where et = gzz, y* are coordinates of the hypersurface and

K is the extrinsic curvature of the hypersurface. Since n,h*” = 0, we obtain

/ d*z8(v/=h)js® = % / Pav/hjs®h,, (VOB 4 7O cn)
= / d*2V/=h"0,(jsP). (6.22)
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Combining the above contribution and the variation of the surface current
/ d*xv/—hé(js)® = / &>z —h("0,(js)®, (6.23)

we obtain the term (jg0,Ppr=. ).
When we take (* = U* = (£)", the second term of (620) leads

(T, U") = —(jsU"0,2), (6.24)

at the stretched horizon. The energy-momentum tensor has the form (7}/n,U") =
Tgn,U* + (Tl’;n,,U“>, it should be terminated by (jsU"0,®). If we adopt the result
(6.15) as an equality of operators, jg = n*d,®, we obtain

jsU"0,® = (js)? — & (6.25)

The first term (Joule heating) can be interpreted as an amount of energy absorption
T, n, U", and the second term is contribution of the Hawking radiation <T »n,U"). These
two parts can be distinguished by degree of h.

If we use, say the trace anomaly method (which is reviewed in the appendix [C]) or
the gravitational anomaly method etc., we can compute expectation value of the energy-
momentum tensor, [ dA(T:nVU“> = 7T%/12. By using that result, we can fix the value

of the two point function of the noise

/ JA(EE) = T2 /12. (6.26)

Finally, time variation of the black hole mass can be interpreted as the Joule heating

with noise in the language of the surface current,

dM
a _/dA (=9:) (T, U")

— [ aat-gu) [uis* - (€0)] (6.27)

The Joule heating gives mass increase, and the noise gives mass decrease. Of course, this
result ignores back-reactions to the background metric. Precise time variation of the black
hole mass is more complex. Our focus in this subsection was how to include the effect
of the Hawking radiation in the membrane paradigm. The original membrane paradigm
gives deterministic equations, but the Hawking radiation is probabilistic, we wanted to
capture that character.

To summarize, if we include quantum effect, the surface current acts as classical current
with noise. The noise is a counterpart of the Hawking radiation, likewise previously given

result (the integrating out procedure).
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6.3 The Quantum Effect in the Electromagnetic Membrane

We demonstrate a generalization to the case of the electromagnetic membrane in this
subsection. In this case, we have gauge invariance. It leads the continuity equation of the
surface current on the stretched horizon.

The partition function is
Z[g", J*, 55]

/DA exp [ /d4:z:\/ (——g PG 7 F F oy + J“AH> —i—i/d?’a:\/—hngu} .
(6.28)

We introduced an ordinary external current J* and a surface (or membrane) current jk.

We assume a decomposition of the field F),, = F), B 4+ 13 s

quantum fluctuation. The Schwinger-Dyson equation becomes

a background field and a

) . .
0= /DA#(')‘A ( )elsout-i-lssurf

/DA |: < V FYH 4+ J“) Y —h(s(r — 7’&) <]§ - iFﬂVny)} ei(SOUtJ’_Ssurf)'
(6.29)

The first part is an ordinary equation of motion, and we choose V,F§" = 47 J* as usual.

The second part, the coefficient of the delta function, should vanish. This condition leads
((4mj — F*n,) =) = 0. (6.30)
If we regard j& as an operator, one obtains

dmje = Fp'n, + Frp,
= 47 (54 + 4mic". (6.31)

In the last line, we define the current noise i€ = g5 — (js) = F””ny/élw.
The regularity condition is E|’|4 = (n x By)", therefore we obtain Ohm’s law in the

averaged sense
(BEYA = 4n(jd). (6.32)
As an equality of operators, we obtain

(B))* = 4n(j5) + 4mig, (6.33)
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where é 4 = é“eﬁ. The surface current is proportional to the parallel components of electric
field in the averaged sense, but there are fluctuations due to the Hawking radiation. The
value of the two point function of the noise is determined by diffeomorphism invariance.

The Ward-Takahashi identity which associates with gauge transformation A, — A, +

Oy is
0= /d4x\/—_ga(VuJ“> + /d3x\/—_hoz(v((f’)jg + J'n,). (6.34)
The consequence is
VEig) = =Ty, (6.35)

This is the continuity equation. The dynamics of membrane current can be determined
by the charge conservation, which is same as ordinary matter.

Next, we consider diffeomorphism transformation x — x — ¢ which acts as
gt = —(VHC" + V7 (M),
0J, =¢"0,J, + JY0,C". (6.36)
We obtain the Ward-Takahashi identity of diffeomorphism invariance
0=— / d*a/—gC* (VT + J'F, + (V,JY)A,)
+ / BPav=h¢" [n,(T) — 64J° A, + J"Au) + (§5F,, + (VDAL . (6.37)

(The term 0;,J? A, vanishes in this case, since we consider a transformation ¢ L n.) Note
that, T}, here is an energy-momentum tensor of electromagnetic field. In the bulk, we
have an ordinary conservation law (V*1,,+J"F,,) = 0, when we use the Ward-Takahashi
identity of gauge invariance in the bulk V,J” = 0.

From the Ward-Takahashi identity of gauge invariance on the stretched horizon, we
see the cancellation of the term n,J"A, + (V,(f)jg)Au = 0. In addition, when we take

(" = U*, we obtain
(T/U"n,) + (jsk,U") =0 (6.38)

on the stretched horizon. By using the regularity condition and the expression of the

surface current, we conclude that

(T, U"n,) = —4m(j5]sp)
= —4m(j) () + 4m (€. (6.39)
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We interpret this result as Joule heating plus noise contribution.

The variation of the black hole mass is given by

= [ EACas

—ir [ @A(-ga) [1) s — (€6)]. (6.40)

The original membrane paradigm mainly focused on the dynamics of black hole itself.
It can be realized when we consider the Einstein equation, and introduce the “surface cur-
rent” which will be required having same value as the extrinsic curvature of the stretched
horizon. If we simply generalize above idea (introduction of the partition function of outer
and surface system, and imposing invariance) into the case of gravity, we face difficulty
such as how to define the energy-momentum tensor of gravitational waves. The case of
the gravitational field is most interesting, but we don’t have good idea to accomplish the

generalization at this moment.

7 Summary

In this thesis, we derived the stochastic equation with a dissipative term and a noise for a
scalar field in a black hole background. The dissipation comes from the ingoing boundary
condition at the horizon while the noise comes from the Hawking radiation. The stochas-
tic equation can be derived by considering a stretched horizon and integrating variables
between the horizon and the stretched horizon. The stochastic equation describes the dy-
namics of the scalar field in the limit 4 — 0 with the Hawking temperature Ty = hx /27
kept finite. We then applied the non-equilibrium fluctuation theorems, developed in the
statistical physics, to the above stochastic equation in the black hole background. We
consider two cases. One is a scalar field confined in a box with an insulating wall. The
system is relaxed to an equilibrium state at the Hawking temperature. The fluctuation
theorem shows that there are non-zero probabilities to measure entropy decreasing pro-
cesses and leads to the second law of the black hole thermodynamics after taking the
thermal average. The other case is a scalar field in a box in contact with a heat bath with
a different temperature from 7Ty. Then there is an energy flow between the horizon and
the outer boundary. The fluctuation theorem leads to the Green-Kubo relation and its
nonlinear generalizations.

We have used an approximation of replacing a non-local (colored) noise correlation by
a white noise. We furthermore approximated the dynamical evolution of the scalar field

by a classical Markovian process. These approximations are valid in the classical limit
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h — 0 with the Hawking temperature Ty fixed. In this sense, quantum effect is partially
taken into account through the Hawking radiation. The results such as the ordinary
second law of the black hole thermodynamics or the Green-Kubo relation are derived
only in such approximations. As mentioned in Sec[5.3] the non-local noise correlation will
lead to a deviation of the black hole entropy appearing in the second law of black hole
thermodynamics.

We also investigated the form of quantum corrections in the membrane paradigm of
scalar field and electromagnetic field. We presented simple generalizations of the idea
proposed by Parikh and Wilczek. They introduced the surface action instead of the inner
action. The value of the surface current was chosen to compensate unbalance which
occurs due to absence of the inner action. We further require diffeomorphism invariance
and gauge invariance on the partition function and determine the dynamics and the

correlation of the surface current.
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A The Path integral form of the Fokker-Planck equa-
tion

In this appendix, we derive the path integral form (ZII]) of the solution to the Fokker-
Planck equation;

8tP(x,U,t|x0,vo,0) = EFTP(xavaﬂanUOaO)

— 9, (—oP) + 0, [(%v + %‘Z—‘;) P} o (;—ZP) (A

For a small time-interval, it can be written as
P(z,v, At|zg,v,0) = eAtEFP(S(x — 20)0(v — vp)

(27T)2 oz
dk,dk, ‘ ) ,
N/ )2 exp {zAtk (1 g —Uo) —At% <kv _Z2'y£T ( B g 4 v ( 0))) ]
At v— 'UO ( 0) 2
Xexp{ 47T( + Vo + )1
- ZZL;(S@O — V) exp [ 4AT (mvo + yug + aV(ﬂﬂo)) } (A2)

Then by using the Chapman-Kolmogorov equation P(X3|X;) = [ dXoP(X5|X5)P(X5| X))
which is equivalent to an insertion of the complete set and integrating over v, we obtain

the path integral form as follows;

z(t)= t
P(z,t|z,0) = / Dx exp {_MLT/O dt' (mé + ~vi + %)2] . (A.3)

z(0)=xzo

If we use the Langevin equation (Z2.1), the path integral is equivalent to the noise average
with the weight function in eq. (Z.3)).

B The Ornstein-Uhlenbeck process

In this appendix, we briefly review an example of steady state solution of the Fokker-
Planck equation. See [38] for more detailed analysis.

In the body of the thesis, we have a set of equations which is expressed as the following
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Fokker-Planck equation;

N—-1
1 T 1
Yo O Yo — ‘ ' \'m Oz
¥ 1 oU YTy
+ 81, (—’UNP) + avN (EUN + E%P m2 &)NP s
1N
Ulz) = §kd2 2 (A~ ) + Vi(ry)a?] . (B.1)
We bring them together into the general form;
8tP = CIJaXI [XJP] —|— DUGXI@XJP. (BQ)

We defined general variables X; which have suffix I which runs over all of dynamical
variables under consideration. C; and Dj;; are coefficients independent of X;. The
evolution process which can be described by eq.(B.2)) are called the Ornstein-Uhlenbeck
process. This process can be solved exactly. It is an example of so called the Gaussisan
process.

We solve the eq.(B.2)) by using Fourier transform of P(X,¢| X’ ty) with respect to X,

Pk 1|X 1) — / X PUX X 1), (B.3)

and assume an ansatz
P(k,t| X' ty) o exp {—z’kIMI(t — 1) — %klkJafJ(t —t, (B.4)

with initial conditions
M;(0) = X7, 01,(0) =0, (B.5)

which leads the equations

M; = —C;M; (B.6)
or; = —Crxorxy — Cyxogr + 2Dy, '
We define 7 = ¢t — ty and
G[J(T) = (6707)1(], (B?)
then the solutions are
M[(T) :G[J(T)XIJ (B 8)
O'IJ(T) = fOT dT/G[K(T/)GJL(T/)QDKL.
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Next, we expand theses solutions by orthonormal eigenvectors of C,

CIJUE]A) == /\AUgA). (Bg)

We define a matrix U which brings together all the eigenvectors ugA)

U=(u® o ey ), (B.10)

which satisfies
U~'CU = A (B.11)
A =diag( Mg, -0, Aan)- (B.12)

Hence we get
Gr(r) = (Ue_ATU_l)U (B.13)
= e MU(U Y ay, (B.14)
A

M(r) = (Ue™U'X"),
=2, M UA(U ) as X
or(r) =2 [ dr’ (G(T’)DGT(T/))IJ
=2 45 %UMD(A,B)UJB , Diapy = (U ) axDrr(U 1) gL
(B.15)

Finally, back to the coordinate X, we obtain the result

(27T)2N+1

P(X,t| X' ty) =) ——~L——
(X1 1) det o(7)

exp [—%(X — M () (o™ 7)) s (X — M(T))J:| . (B.16)

This is an exact solution of the Fokker-Planck equation (B.2)), it reaches a steady state in

t — oo if the case of all eigenvalues of C' are positive.

P(X) = Jim P(X,tX 1) = %exp {—%X,(al<oo))1JxJ}. (B.17)

We assume the existence of steady state and denote it as P**(X). A steady state solution
forgets the initial conditions, namely dependence of X' at t;.

We can characterize productions of entropy by using the probability current S;(X, t| X', ¢)
which is associated with P(X,¢|X’,ty). The probability current is defined by

St =CryXsP +0;(D1sP), (B.18)
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and it has zero divergence 0;S; = 0 when P is a solution of the Fokker-Planck equation.

It can be divided into two parts.

S;ev — ;?]VXJP, (Blg)
Si[rrev — iIr}eVXJP + D[JaJP, (BZO)

where C™ and C'™° are defined by

Cry =5 (Cry —e1Cryeyg), (B.21)

| =N~

ilrjev = 5 (Cry+€Cryey) . (B.22)

Note that repeated indices are not summed in this equation. ¢; is defined as

(B.23)

+1 for I =0,1,---,N
6 =
! 1 for I=N+1,---,2N+1.

We can observe that SV preserves time reversal symmetry, but SV breaks it.
When we take ¢ — 0o, the solution P**(X) can become an equilibrium state only if

Sirrev — (). Sirev £ () indicates steady productions of entropy:.

C The Noise correlation and the Hawking radiation

The noise correlation induced in the effective equation of motion for the boundary field
at the stretched horizon r = ry + € can be interpreted as the Hawking radiation. Here
we first review the method to determine the energy-momentum tensor in the black hole
background by using the trace anomaly of the energy-momentum tensor and the regularity
condition at the horizon [39], and then generalize the method to determine higher spin
currents [40], 411, 42, [43].

In two dimensions, the trace of the energy-momentum tensor of a single scalar field
(i.e. the central charge is ¢ = 1) has an anomaly term proportion to the scalar curvature
R

e — L

—R. 1
# 247TR (C.1)

Writing the metric in the conformal gauge ds?> = e#(“?)(—dudv), the equation becomes
Tw = —ﬁ@uﬁvgp. By combining with the conservation of the energy-momentum tensor
V, T} = 0, derivatives of the EM tensor 0,73, (u,v) and 0,T,,(u,v) can be written as
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follows;

0T = oA [6uav90 (8@0)(&‘8@@)} (C.2)
_ 1 2 _
0Ty = Y [Qﬁugo (&Jgo)(@u&,(p)] ) (C.3)

From these equations, we can define a (anti-) holomorphic quantity

o) = Tou = 51 |02 — 510,07 ()
b0) =Ty - 5 {aigo - %(amﬂ | (©5)

They are often called (anti-) holomorphic energy-momentum tensors, but their trans-
formation laws are anomalous and not tensors in the exact sense. Actually, under a

coordinate transformation from (u,v) to (U = U(u),V = V(v)), they transform as

1 1
) = i [) + 0] (©)
where {U,u} is the Schwarzian derivative,
BU 3 (92U’
{U,u} = 20 2 ((%U) : (C.7)

In particularly, for the transformation from the Schwarzschild coordinates to the Kruskal
ones, namely from (u,v) to (U, V) = (—x"le™*
comes {U,u} = —r?/2.

Now, we impose the regularity condition at the horizon. The energy momentum tensor

v ke, the Schwarzian derivative be-

Ty must behave regularly near the future horizon U = 0 in the regular coordinates, and
so is tyy(U) since they are related regularly as (C.4l). The regularity condition, hence,
imposes that t,, must behave as

%2

(C.8)

If we neglect the effect of scatterings of the outgoing fluxes (namely in the absence of the
gray body factor), we can extrapolate the above flux at the horizon to the outgoing flux
at r — 00 as

2
K T 9

59



It is interpreted as the flux from the black body with the Hawking temperature Ty,

Tdw  w T o

The transformation property of the holomorphic energy-momentum tensor can be also

derived by considering the following point-splitting regularization,

Clu(u) 2 = %i_r}ré [auqb(u + %)&@(U - %) — (0uo(u + %)8u¢(u - %))]

1
— 1 ) 29
- Iim [am(u e (c.11)
where we have used the explicit form of the free boson propagator (¢(u)¢(v')) = —In(u —

u')/4m. From this definition, we can relate it to the energy momentum tensor regularized
in the Kruskal (U) coordinate;

()

~ lim {auU(u +3)0uU (u — 5)0u(U(u+ 3))0ud(U(u— 3)) + 47:52}

= (1513(1] O U (u + %)&JU(U - g) (tUU(U) T i (U(u+ %) —Ulu— g))2> + 47H?

_ (8UU)2 . tUU(U) ‘K _ﬁ{[j’ u} (C.12)

Namely, the Schwarzian derivative is nothing but the difference of the normal orderings
in different coordinates.

The energy flux (which corresponds to the first moment of the thermal spectrum
(CI0)) can be generalized to a flux of a higher spin current with a higher moment, and

its generating function can be defined as a correlation function of the scalar field;

[e.o]

T uta) =300 0,60 ()
=: Ou(u)Oup(u+a) : . (C.13)

The normal ordering : : is defined similarly to ¢,,(u) by
 Du0(Do(w) : = lim [0,0()0,0(0) — OuoWSWY].  (C.14)

Then we can show that J(u,u + a) transforms under the coordinate transformation from
u to U(u) as

2
J(u,u+a) = 0,U(u)0,U(u+ a)J(U(u), U(u+ a)) + i _@{T%

+ %] (C.15)
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Similarly to the energy flux discussed before, the regularity condition at the future horizon
fixes the value of J(u,u+a) at U =0 as

1 K2 1
J rery = Oy Ou =— |-+ =] C.16
('LL, U + Cl)‘ H ¢(u) ¢(u + G/) 47T [ 4Sinh2 % + a2] ( )
This can be interpreted as a correlation function of 9,¢(u) and 9,¢(u+ a) on the Kruskal
vacuum.
In Section 4.3.3] we have shown that the scalar field obeys a stochastic equation of

motion
Oup(t = 1) jpmrgy e = —V26(1). (C.17)

at the stretched horizon. Since the equation is independent of the value of €, we can safely
take € — 0 limit. Then the value of the generating function J(u,u + a) for the higher
spin fluxes discussed above is equivalent to the noise correlation 2(¢(¢)E(t + a)) of the
Langevin equation at the horizon. The functional forms are equal, though the coefficients
are different by a factor 4.
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