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Abstract

In this thesis we study the Higgs interactions in physics beyond the Standard Model. After
the discovery of the Higgs boson at the LHC, it is the time to study the Higgs interactions
from various aspects. The precise measurement of the Higgs boson properties provides tests
of the Standard Model, and perhaps the first signal of new physics beyond the Standard
Model can be indirectly found in Higgs physics. In this thesis we concentrate on the
following two issues: the scattering amplitudes of the longitudinal gauge bosons and the
Higgs boson, and the couplings of the Higgs boson to other particles. The first one is
related to the perturbative unitarity of a theory with spontaneously broken symmetries
and expected to be important information for the scalar sector, especially the origin of
the electroweak symmetry breaking. The second one reflects the structure of the Higgs
interactions and gives a clue for the mass generation of the particles. Various new physics
models show the deviations of these properties from the Standard Model prediction, which
may be investigated at the future collider experiments. We examine the unitarity violation
caused by the dimension-six derivative interactions of the Higgs doublets, which indicates
the new physics scale associated with an extended Higgs sector. We compute the strongest
unitarity bound for several models and find it gives rather low cut-off scale compared
with that of the naive dimensional analysis. We also examine the possible deviations of
the Higgs couplings in agreement with the experimental constraints, focusing on the three
models: the minimal composite Higgs models, the Randall-Sundrum model, and the extra
singlet Higgs model. It is found that the correlation of Higgs couplings is quite powerful
to discriminate models at the future collider experiments.

This thesis is composed of five chapters. In chapter 1 we give an overview of the current
status of phenomenological particle physics, especially about Higgs physics. While all the
particles of the Standard Model are observed, we know the phenomena the Standard Model
seems not to cover; hence there are many proposals for new physics beyond the Standard
Model. In chapter 2 we provide a brief overview of Higgs physics in the Standard Model.
The Higgs sector is introduced to account for the low energy breaking of the SU(2), xU(1)y
electroweak gauge symmetry to the U(1)gas, and all of the interactions including the Higgs
boson is determined by its mass value. In chapter 3 we analyze the perturbative unitarity
bound given by the dimension-six derivative interactions consisting of the Higgs doublets.
The bound is obtained by diagonalizing the scattering amplitude matrix of two-body to
two-body scattering processes which include the longitudinal gauge bosons and the Higgs
boson. We formulate it in terms of the parameters of the Lagrangian. In chapter 4 we
present the deviations of the Higgs couplings in some models, compared with the Standard
Model prediction, mainly focusing on the minimal composite Higgs model. In order to
classify the features of the models we consider, we elucidate the correlation of the coupling
deviations. The future experiments are able to distinguish the models well by using both
the tree level and loop induced Higgs couplings. In the concluding remarks we summarize
our results and give an outlook for the future prospects of Higgs physics.
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1 Introduction

The Higgs boson which is predicted by the Standard Model (SM) has been discovered
by the ATLAS and CMS experiments at the LHC in 2012 [1]. This observation means
that the spontaneous symmetry breaking (SSB) by the condensation of the scalar field,
Brout-Englert-Higgs mechanism [2], occurs in the real world. The vacuum expectation
value (VEV) of the Higgs field gives the masses of W/Z bosons, quarks, charged leptons
and the Higgs boson itself; the strength of the interaction with the Higgs field is completely
determined by the mass of the interacting particle. Although we have observed only the
gauge interactions as a fundamental interaction so far, the discovery of the Higgs boson and
the SSB strongly implies the existence of the yukawa interaction (at least the top yukawa
interaction) and the Higgs self interaction. Now the experiments shed light on the Higgs
sector, and the SM is being confirmed; the establishment of the SM is one of the greatest
achievement of human intellect.

While the SM can explain extraordinarily well physical phenomena observed at the
microscopic scale, there exists a number of the experimental and the theoretical problems
which the SM cannot answer: neutrino masses and oscillations, dark matter, baryon asym-
metry of the universe, inflation, fine tuning problems, impossibility of the unification of the
gauge couplings, and so forth. We have to introduce a new element into the theory to solve
these problems: symmetries, particles, mechanisms. Such extensions of the SM probably
leave traces of physics beyond the SM; we try to find them by means of direct and indirect
measurements. A direct measurement is the method to search new phenomena which are
undoubtedly signals of new physics. An indirect measurement is the method to investigate
the deviations from the SM prediction, which can be more powerful than a direct one in
some cases. These two ways are complementary, and they allow us to investigate various
features and properties of the model we consider.

With regard to the Higgs sector, one of the important problems is the mystery of why
the electroweak (EW) symmetry is spontaneously broken. This mystery is deeply connected
with the Higgs fine tuning problem which requires unnatural adjustment of the dimension-
full Higgs mass parameter to produce the correct EW scale. Since the EW symmetry is



broken by hand via the negative mass-squared term in the case of the SM, the model does
not tell us the origin of the SSB and cannot avoid the unacceptable fine tuning of the Higgs
mass parameter. It would be undesirable for the fundamental theory of nature, and we
expect that some mechanism or dynamics naturally explains the EW symmetry breaking
and stabilizes the EW scale. In order to provide the natural description of the Higgs sector
at the EW scale, we have to construct a TeV-scale theory that will replace the SM.

Many models describing the physics beyond the SM have been proposed: supersym-
meric (SUSY) models, composite Higgs models and models with extra dimensions, etc. The
Higgs sector of these models is extended as it is naturally responsible for the EW symmetry
breaking with a certain dynamics or mechanism. Such an extension of the Higgs sector
causes the modification of Higgs physics from that of the SM. The modification can affect
various observables at the collider experiments; maybe its effect could be firstly observed
as deviations from the SM prediction at the energy scale which is lower than a typical
new physics scale (such as the dynamical scale or the masses of new resonances). From
the perspective of the effective theory, we can examine these deviations in terms of higher
dimensional operators including the Higgs field. Higgs physics is therefore important not
only for the establishment of the SM Higgs sector but also for the indirect search of the
new physics. After the discovery of the Higgs boson, it is becoming more important and
interesting to investigate the phenomena beyond the SM by focusing on Higgs physics.
In this thesis we concentrate on Higgs physics as a window to new physics and especially
study the following two subjects.

One of the topics we study is the perturbative unitarity of the scattering amplitudes
of the longitudinal gauge bosons and Higgs bosons [3]. Since the massive gauge boson
has the longitudinal polarization state whose wave function is proportional to the four
momentum in the high energy limit, the massive gauge boson scattering amplitudes grow
as the center of mass energy increases. In the case of the SM the contribution from the
Higgs boson cancels the positive power dependence of energy on the amplitudes, and the
amplitudes are expressed as a function of the Higgs mass; hence the unitarity of the theory
is ensured [4]. This is the striking feature of the renormalizable spontanecously broken
gauge theory. However, if there is a deviation of the coupling between the gauge bosons
and the Higgs boson, such a cancellation would be lost. The amplitudes therefore keep
growing until the energy scale where the perturbative unitarity breaks down, which suggests
that some new physics has to appear at this energy scale and recover the unitarity of the
theory. Typically, the dimension-six derivative interactions of the Higgs field give rise
to the unitarity violation in the high energy region [5]. It is meaningful to estimate the
energy scale of the unitarity violation within the effective theory in which heavy particles
are integrated out and only the SM particles including the Higgs bosons are treated as
a dynamical degrees of freedom (DOF). According to the Ref [6], the general form of
the dimension-six derivative interactions including any number of the Higgs doublets is
constructed. With this consequence we examine the condition of the tree level unitarity
violation in terms of the coefficients of the dimension-six Higgs derivative operators for the
one Higgs doublet and two Higgs doublets cases. By way of example, we show the typical
unitarity violation scales in various composite Higgs models; however our result can be



applied to any theory where the dimension-six Higgs derivative interactions are generated.

The other topic is the couplings of the Higgs boson to other particles. For the SM
the strength of the couplings is expressed in terms of the particle mass and the VEV of
the Higgs field, and we already know all of the mass parameters in the theory. Hence the
deviation of the couplings from those of the SM is undoubtedly evidence of new physics.
In most cases new physics models predict the modified Higgs couplings at tree or loop
level. These modified couplings are good observables for the search of new physics. At
this stage, the Higgs couplings begin to be observed at the LHC [7]. At the future collider
experiments we can measure the various couplings with high accuracy, < O(1)%, which is
a powerful tool for probing new physics; the more precise the experiment, the higher scale
physics we can probe. In addition, the correlations of the modified Higgs couplings are
useful to discriminate new physics models because they tend to show different features for
each model. In this work we especially study the partial decay widths and the couplings of
the Higgs boson in the minimal composite Higgs model (MCHM) [8] in detail. It is notable
that we compute all of the loop induced effective couplings, hgg, hyy and hZ~, including
exact mass dependences of the heavy resonances and show their correlations. Then the
result is compared with those of other models, the Randall-Sundrum (RS) model [9] and the
extra singlet Higgs model. Using the correlations of the deviations of the Higgs couplings,
we clarify how we can discriminate each model in the future experiments.

2 Higgs physics in the Standard Model

In this chapter we briefly review the Higgs physics in the SM. The Higgs field is introduced
as (1,2,+1/2)! under SU(3)c x SU(2)r, x U(1)y, and its VEV breaks SU(2);, x U(1)y
down to U(1)gas [10]. The Higgs interactions are completely determined by the masses of
the interacting particles.

2.1 Lagrangian including the Higgs field
The Lagrangian including the Higgs field is divided into three parts:

LD ['V + EHk:in + £yukawaa (21)

where Ly, Lygin and Lyykewe are Higgs potential part, Higgs kinetic part and yukawa
interaction part. The Higgs field can be parametrized using four real DOFs as

. L h1($‘> + ZhQ(x)
H(z) =7 (hg(x) +ih4(x)> ' (22)

! We define the hypercharge as Y = Q — T%.



2.1.1 Higgs potential part

Higgs potential is described by two parameters:

2| 1712 4 o W ? p
The VEV reads (|H|) = v/v/2 = \/u2/2X. This non-trivial VEV is essential for the EW
symmetry breaking; the trigger is the sign of the mass parameter p? which is chosen by
hand and the reason cannot be explained in the SM. After expanding around the VEV and
using an SU(2)y rotation, the Higgs doublet can be expressed as

H(z) = U(x)\}i (U ;;L (x)> , (2.4)

where U(z) is a gauge transformation of SU(2)y. We can always rotate away this U(zx) by
transforming H (z) — U~ !(x)H(z), which means that only one DOF remains physical after
the SSB. The other three DOFs are called Nambu Goldstone (NG) bosons and ”eaten” by
gauge bosons as we will see.

In the basis where U(z) is rotated away, so-called unitary gauge, we are able to rewrite

ﬁv:
Lv = = ?h? — \oh? — gh‘*
1 2 2
= —5mih? = Z—:hi” - %h‘*, (2.5)

where my, is the Higgs mass. Now we have measured the value of the mass of the Higgs
boson:

mp, = 125.9 + 0.4 [GeV]. (2.6)

Note that we drop the vacuum energy term in the Eq. (2.5); we need not care about it as
long as neglecting the gravity.

2.1.2 Higgs kinetic part
The Higgs kinetic term reads

) o ¢
Litkin = (DuH)'D'H, Dy =0, — igWi=- — z%Bﬂﬂzxg, (2.7)

where 0 (a=1,2,3) is the Pauli matrices. We then move to the electromagnetic eigenbasis
since U(1)gp gauge symmetry still remains after the EW symmetry breaking:

1 .
Wi = %(W; FiW)), (2.8)
1 .
Zy, = ﬁ(gWﬁ’ — ¢'B,,) = cos QWW;’ — sin Oy B, (2.9)
9 +yg
1 ‘
Ay = ——=—=(g'W}} + gB,) = sin O W, + cos by By, (2.10)



where Oy is the Weinberg angle. In this basis we get

1 qv NG oA R\ 2
L= = o + u p 142
Litkin 28#h8h+(2>WW ( ) : <+v)
h\? s ZuZ 2
= 78 L hO* b+ miy W W <1+ ) +m <1 > : (2.11)
v
2.1.3 Yukawa interaction part
The yukawa interaction Lagrangian is the following:
3 3
l d A .
Lyukawa = ZL??JIZ?@”}H Z QUi H = Y QuyyfufH + (he),  (212)
1,J

where superscript g means the gauge eigenbasis, and [,d and u stand for lepton, down
quark and up quark respectively. We also define

H = io’H*, (2.13)
()00, e
¢ L K L T L
U c t
=) 0. 0):
L L L

6[ = 6R7 MR? TR7 (216)
dr = dR, SR, bR, (2.17)
ur ZUR,CR,tR. (2.18)

Here L(R) denotes the left (right) handedness. It is notable that in the Eq. (2.12) only
the left handed neutrino is introduced; hence the neutrinos are massless in the SM. Let us
count the DOF's of the yukawa couplings. If y = 0, the Lagrangian is invariant under the
chiral transformations:

L? — FL[]Lg, 6? — Fejjeg, (2.19)

Q? — FQ[JQ?, d? — Fdjjd%, u? — Fuuu%, (2.20)

where F'is 3 x 3 unitary matrix acting on flavor space. The yukawa couplings break these
symmetries explicitly. Let us treat the yukawa couplings as spur ions transforming as

follows:
I !
ngJ — FLH/yﬂlegjfja (2.21)
d d
v = Foryiy Fap s (2.22)
v — FQH/y}Lf’J/FJJ,J. (2.23)



The Lagrangian is still invariant under these transformations. Note that if we choose Fiy =
F, = F; = €' and Fp = Wdiag(e'®, e®, ), F, = Wdiag(e'®, e, ¢7) where Wiyl9W =
diag(y1,y2,y3), the yukawa Lagrangian remains invariant. These are corresponding to
the baryon number conservation and the lepton number conservation for each generation.
Similarly to the NG boson case, we could write the physical DOF of the yukawa couplings
as

Nyphys = Ny — Ng + N, (2.24)
where a chiral symmetry G is broken explicitly by the yukawa sector to a group G’. For
the lepton sector, G = U(3), ® U(3). and G’ = U(1)3. Then we get

3(3—1)
2
3(3+1)

moduli : Ny ppys = 3% — 2 =6, (2.25)

phases : N prys = 3° — 2 +3=0. (2.26)

The half of moduli is related to masses, and the others are corresponding to physical yukawa
couplings. For the quark sector, G = U(3)g @ U(3), @ U(3)4 and G’ = U(1)p, leading to
3(3—-1)

moduli : Ny prys = 2 x 3% — 3= — =9, (2.27)

3(3+1)
2

The moduli are divided into three masses, three mixing angles and three yukawa couplings.

phases : Nyphys = 2 x 3% — 3 +1=1. (2.28)

We have one phase DOF in the quark sector which is the unique source of the CP-violation
in the SM.

In order to get the mass eigenstates we perform the singular value decomposition
(SVD) by defining the following unitary matrices:

3
l
> WDV = 61k, (2.29)
1,J=1
3
d?
> UID iV = sy, (2.30)
1,J=1
3
> U YV = it (2.31)
1,7=1

The relations between the gauge eigenstates and the mass eigenstates are

¢f = Vier, (2.32)
d = Viid;, (2.33)
uy = Vijui, (2.34)
Ly = Ly(U})", (2.35)

7= (u( f})Ta (UYL = (@, d;(VFEMN (Ui



where we define the Cabibo-Kobayashi-Maskawa (CKM) matrix as VZ»?KM = (Ugj)TUjlj.
The fit results for the magnitudes of all nine CKM elements are

0.97427 £ 0.00015 0.22534 + 0.00065 0.0035170 00015
Verxm = | 0.22520 £ 0.00065 0.97344 4 0.00016  0.04127000552 | . (2.37)
0.00029 0.0011 0.000021
0.00867 00051 0.0404F50005  0.999146 (000016

The CP phase is often represented by the Jarlskog invariant J defined by

Im[VigViaVii Vi) = 7> €ikmejin- (2.38)

This is a base-independent, and its fitted value is
J=291101 x 107°. (2.39)

In the mass eigenbasis Lyykawa is rewritten as

3 3 3
Eyukawa = - Z ygilHez - Z yg@]‘/]?KMHdz - Z y;quHul + (hC) (240)
i1 ij—1 i—1

The CKM matrix appears in the second term. The reason is that the up quarks and the
down quarks cannot be simultaneously diagonalized since the left handed up and down
quarks form the SU(2); doublets. Interactions between the down quarks and the neutral
components of the Higgs field, however, are diagonal due to the cancellation of the CKM
matrix. This means the CKM matrix, especially the CP violation, appears in the charged
current interaction of the quarks.

In the unitary gauge we get

YU hY\ - Ydv h\ - Yy U h\ _
Lyuhawa=— > Ze (14 )1l - Y1 2 )dd— Y 2 (142
ok \/§<+U> \/§<+U) £ \/§<+v)uu

l=e,u,T d=d,s,b u=u,c,t
- h\ - h
= — g <1+>ll— md<1+> d— E mu<1+>ﬂu
v v
l=e,u,T d=d,s,b u=u,c,t

2.2 Higgs interactions with other particles

As we saw in the previous section, the interactions of the physical Higgs field with other
particles (as well as itself) are determined by the masses of the particles. We summarize the
Higgs interactions at the tree and one-loop levels. We also show the accuracies on Higgs
coupling measurements that experiments are capable of reaching in the future collider
experiments.



2.2.1 Tree level interactions

The Higgs boson interacts with all massive particles at tree level via mass dependent
couplings. We parametrize the couplings as follows:

h? VvV h? h*
LD - Zghffhff + Zghvvh -7 ZthVV ST 1 6y,  Irhgy  Inkhh
(2.42)

where f runs all species of the massive fermions, V = W*/Z and éyz is introduced to
denote the symmetric factor for the Z boson. In the case of the SM we get the following

couplings from the result of previous section.

Inff = %7 (2.43)
grvyv = 2T;L%/, (2.44)
Ghnvv = 2:;‘2/, (2.45)
9hhh = 37:%, (2.46)
9hhhh = 3;2’2‘, (2.47)

The important feature is that the Higgs couplings are controlled by the masses of the in-

teracting particles. In particular, the couplings g, 7, \/ ghhvv /2 and \/gnnnn/3 are aligned
on the linear line as we can see in the Fig. 1.

We can compute the decay widths of the Higgs boson to two vector bosons and two
fermions; for the vector boson modes one vector boson is on-shell and the other is off-shell
because my, < 2my . The results are the following:

_ V2GFN. 4mfc
U(h— ff)sm = ——4—mimpy\[1 — —5", (2.48)
8w ! mi
3a2my, myy
L'(h—Ww* = G , 2.49
( Jsat 32sin? Oy < mp > ( )
o?my, 40 160 mz
I(h— ZZ*)sm = 7T— —sinfy + —sin’ Oy | G [ —=
( M = s B (1 — s O )2 ( g Snfw g s W) (mh) ’
(2.50)
where N, is the color factor, and we define the function G(x) as
4 1 1
G(x) =— |1 — 2% <27:c2 - ;’ + x2> —3(1 — 62% + 42%)| In |
1-— 20z 21
3M arccos do 1 . (2.51)
422 — 1 223
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Figure 1. The strength of the Higgs coupling to other particles as a function of the masses of the
interacting particles. The Higgs couplings are linearly dependent on the particle mass. A similar
figure is seen in the Refs. [11, 12].

2.2.2 One-loop level interactions

The quantum number of the Higgs field forbids the Higgs couplings with gg, vy and Zv at
tree level. At loop level, however, the Higgs boson can decay into these particles. The loop
induced decay modes are also important to clarify the Higgs properties; in some cases, the
loop induced decays are fairly sensitive to new physics because the smallness of the SM
effect leads to identifying easily a contribution from new physics.

First we consider the decay of the Higgs boson into two gluons. Since the gluon is
SU(3). gauge boson, in the SM only the quarks appear in the loop; top and bottom quarks
give large contribution to this process, and the other quarks are negligible due to their
small masses, namely, small couplings to the Higgs boson. We here represent the formula
including spin-0, 1/2 and 1 contributions for the sake of generality. The decay width is

given by
I'(h — gg) = agmj, SRT(VYYV A, (1) + SRT(f) 29nif Ay o(77) + ORT(S) 2155 Ay (75) i
12873 m%, my / m%
(2.52)



In the above the notation V,f and S refer to spin-1, spin-1/2 and spin-0 particles, respec-
tively. The loop functions are defined in the App. A, and the argument of the loop function

2
is defined as 7; = (27%) . T(7) is the Dynkin index of the matter representation defined
by the following relation on the group generators:

Te[T°T°] = T(i)6%. (2.53)
For SU(N) fundamental representations and adjoint representations T'(i) = 3 and N,

respectively. In addition, dg = % for real matter fields and 1 otherwise. In the case of the
SM, we can rewrite the coupling as

29hr7 2
“Inff _ 2 (2.54)
my v
and the width becomes
\/iGFagm3 9
L(h — g9)sm = Wg,h ‘A1/2(Tt) + A1/2(Tb)|
~ 2.0 x107* [GeV], (2.55)

where we use a5 = 0.119,m; = 173 [GeV] and m;, = 4.8 [GeV].?

Next we provide the decay width of the Higgs boson into two photons. In this process
the particles which get mass from the Higgs field and are electrically charged can enter the
loop; W#, quarks and charged leptons for the SM case. The decay width is expressed as

a?m3 2

2 _
_ JhVV 2 Infs 2 ghss 2
F(h — 77) T 102473 m%/ QVA1<TV> + my NC,foAl/Q(Tf) + m% NC,SQSAO(TS) )
(2.56)

where @); is the electric charge in |e| unit, N.; is the number colors for each particle. For
the SM case

gww _ 29n5 2

2.57
mi, my v’ (2.57)
and the width is
2
V2G ra?ms3 2\ 2 —1\?
L(h = yy)sm = W 1?Ai(tw) + 3 <3> Ayjo(m) +3 <3> Ay /2(7s)
~ 1.1 x 1077 [GeV], (2.58)

where we use o~ = 129 and my = 80.4 [GeV].

Finally we also consider the Higgs to Z photon decay mode. The particles appearing
in the loop are the same as those of h — <. In this mode, however, there could be two
particles with different masses inside the loop. Let us consider the case that the theory

2 Of course the QCD correction is significant in such a calculation, and we have to care about the
renormalization scheme, see e.g. [13]. In this section we just put the pole mass into the equation.

~10 -



includes the SM W+ boson and the fermions which are interacting with the Higgs boson
and the Z boson with off-diagonal couplings in the mass eigenbasis. The Lagrangian is
described as

LD myWIW ™ + grywhW W™ — mapah; + Qile|vin* i Ay
— i(ch PL + cfiPr) b h + iy (NS PL + N PR)Y; 2y, (2.59)
1545

where Pp, and Pg are the projection operators defined by Pp g = =5~. The decay width
of this mode is expressed by the following:

a’m; m%\’ I9hWww
I'(h = Zy) = hifp-—2) | —72 A
(h = Z7) 51273 < mi) sin Oy cos Oy v(mw)
2
2N, L, R\(\L 4 \R
T et D Qimi(el; + ¢ (N + A Ap(mi,my)| (2.60)
1]
For the SM case we get
\/§GFa2m3 m2 3 m?
r _veGratmy (0 Mz | M
(h = Z7)su 12873 < m%) sin Oy cos Oy Av (mw)
2 x 3 2\ (1 . ., 2
+ sin Oy cos Oy {<3> e (2 2sin” by (3)) Ap(me, mq)
—1\ L/ 1 e -1 2
+ <3) b < 5 2 sin ‘9W <3>) Ap(mb,mb)}
~7.0 x 1075 [GeV]. (2.61)

There doesn’t appear to be the off-diagonal contributions in the SM.

2.2.3 Experimental sensitivity to the Higgs couplings

It is important to precisely measure the Higgs couplings in order not only to confirm the
SM, but also to investigate the physics beyond the SM. For the SM case, as we looked, the
decay widths of the Higgs boson are determined by the mass of the particles and the EW

parameters. The total decay width, I'yy = > I', is dependent on the Higgs mass

all modes
and the result is shown in the Fig. 2. The total width sharply changes around the two
vector boson threshold, and in the high mass region the width becomes too broad to be
identified as a particle. For mj;, = 126 [GeV], total width is Ty = 4.2 x 1073 [GeV] which

is too small to be experimentally measurable from the shape of the resonance.

The branching ratio (BR) for a particular decay mode is defined by I'/T' 7. The result of
various modes is shown in the Fig. 3. We can see the BR is sensitive to the Higgs mass. For
myp, = 125.9 [GeV], the branching ratios are BR(bb) = 0.563, BR(WW*) = 0.229, BR(gg) =
0.0849, BR(77) = 0.0617,BR(ZZ*) = 0.0287,BR(cc) = 0.0284,BR(vy) = 0.00228 and
BR(Z~) = 0.00162 [12]. Fortunately it is possible to measure various modes at the collider

- 11 -
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Figure 2. The total decay width as the function of the Higgs mass. The width is monotonic
increasing with the Higgs mass. This figure is taken from the Refs. [14].
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Figure 3. The branching ratio of the Higgs decay modes. In the light mass region (below the
WW threshold) the main decay mode is bb. If the Higgs boson is sufficiently heavy the decay mode
is dominated by WW and ZZ modes. This figure is taken from the Ref. [14].
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experiments; the Higgs coupling is interesting target for the future physics.

Many studies of the Higgs coupling measurements are done. For example, the accura-
cies that can be achieved by experiments at the LHC and at the ILC are estimated by the
Refs. [15, 16]. The Fig. 4 show the lo experimental sensitivities to the Higgs couplings.
At the LHC, due to the QCD back ground, the hbb and h77 couplings are difficult to be
determined well. The loop induced couplings can be relatively well measured. Using ILC
sensitivities, we can determine the couplings within 5% accuracy. Especially, tree level cou-
plings, hV'V and hbb, can be measured less than about 1%. Note that h — Z~ mode has
not studied yet although this process is as important as the other loop induced processes,
h — gg and h — ~v; we need to study this mode and clarify its validity for the search of
new physics.

g(hAA)/g(hAA)| -1 LHC/ILC1/ILC/ILCTeV

0.15 -
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0.05 - P B 5 S | ......................... —
0 Lo I — ||| . Il L Il .......... ||| ‘‘‘‘‘ i 1 1 —

02 | W Z b g Y T C t an. _

-0.25 | -

Figure 4. Comparison of the capabilities of the LHC and the ILC model independent measure-
ments of the Higgs couplings. The plot shows (from left to right in each set of error bars) 1 o
confidence intervals for LHC at 14 [TeV] with 300 [fb~!], for ILC at 250 [GeV] and 250 [fb~!]
(‘ILCY), for the full ILC program up to 500 [GeV] with 500 [fb~!] (‘ILC’), and for a program with
1000 [fb~1] for an upgraded ILC at 1 [TeV] (‘ILCTeV’). The marked horizontal band represents a
5% deviation from the Standard Model prediction for the coupling. This figure is taken from the
Ref. [15].

~13 -



2.3 Theoretical aspects of Higgs physics

In this section we provide several theoretical aspects of Higgs physics. The Higgs field
is introduced as the only scalar field in the SM to cause the EW symmetry breaking.
Therefore, its theoretical properties are various and important to understand what the
Higgs field is. They are also useful to investigate new physics because models with extended
Higgs sector likely modify the properties.

2.3.1 Perturbative unitarity
In this subsection we discuss the perturbative unitarity of the scattering amplitudes. The
amplitudes of elastic scattering satisfy the following relation for each partial wave:
M =X(a,b) | ME + iM]|?, (2.62)
Ma,b) =v/(1 = (a +0)?)(1 — (a —b)?), (2.63)

where Mf(Mé) is the real (imaginary) part of the partial wave amplitude, a and b are
the ratios between the mass of each particle and the center of mass energy, m,;/+/s, and
partial waves are defined as below with the Legendre polynomials P, (x):

M(cos0) = 167 Z(2n + 1)M,, P, (cosb), (2.64)
n=0
! 2
/ d P@)Pa(o) = 5. (2.65)

Eq. (2.62) is the equation of the circle with radius % and center (O, %) In the high-
energy limit where the masses of produced particles can be neglected, the radius of the
circle becomes the maximum. Therefore, the actual amplitudes are in the maximal circle.
Finally, partial wave amplitudes at least satisfy MFE ¢ [—%, %] and M! € [0,1]. If we
consider processes involving identical particles in the final state, the bound becomes weaker
as Mt e [-1,1] and M] € [0,2].

As an example, let us consider the two-body to two-body scattering amplitudes of the
longitudinal gauge bosons. The polarization vector of the massive gauge boson is expressed

E (e
H= [ E 2.66
€L, mv< )a ( )

P
p|

as

where EF and p are energy and three momentum, respectively. Naive estimation of a two
body to two body scattering amplitude is then

M(VEVE = VEVE) o Jef|*
E4
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This amplitude seems to be divergent in the ultraviolet region. First we consider the
process of longitudinal gauge boson two-body to two-body scatterings with ¢ = 0 case.
Diagrams including only the gauge bosons are comprised of one with four point interaction
and ones with three point interaction.

a Cc a Cc a C a C

bﬁd b?\AZid b:E::d b::§d
Figure 5. Two-body to two-body scattering process of longitudinal gauge bosons, including only
the gauge bosons. Indices, a,b, c and d, denote the component of the gauge boson.

Focusing on the contributions which diverse as energy increases, we can write the amplitude
of the four point interaction diagram as

E4 2
My(ab — cd) = IWWWW <—6 + 2cos? 6 + 472}/2‘/) gabged ... (2.68)
w

The t-channel and u-channel contributions are

E* 1 2
My(ab — ed) = giyww — <3 —2cosf — cos? 0 + (—3 + 5cos0> m‘é") sabged ...
myy, 2 2
(2.69)
Bt 3 15 m2
= g2 2 W ab scd
Mi(ab — cd) = gWWW% (3+20030 —cos“ 0 + <—2 - 20080) 72 > §abged ...
(2.70)

Note that s-channel contribution to this term vanishes due to the nature of the structure

constant. The gauge symmetry guarantees the following relation:
_ 2 _ 2
gwwww = gwww = 9" - (2.71)

Thanks to this relation the sum of these contribution becomes

E2
My + M+ M, = gzm—Qéabacd, (2.72)
w

We can see E* dependence vanishes. The E? dependence, however, still remains and
violates the tree level unitarity in the high energy region. The Higgs boson mediated
diagram, see the Fig.6, plays an crucial role to save this difficulty.

~15 —



b LEVAVAVAVAVAVE SR d

Figure 6. Two-body to two-body scattering process of longitudinal gauge bosons, including the
Higgs propagator. Indices, a,b, c and d, denote the component of the gauge boson.

The amplitude of the sum of the Higgs mediated diagrams can be calculated as

My (ab — cd) = g7 Lﬂ#éabécd
hww m%v m% —4F?

4Bt 1

S 2.73
m%v m}% —4F? ( )
Combining Eq. (2.72) and Eq. (2.73), we get
2 2 2
My + M+ My + My, = L Th=sabsed, (2.74)

2 _ A2
miy, my, 4F

This amplitude converges into —2\ in E? > m,% limit, and the terms with other combi-
nations of indices behave the same way. Therefore, the Higgs field performs an important
role for constructing the renormalizable theory with massive gauge bosons. If the Higgs
boson is too much heavy the Higgs boson decouples from the theory and the perturbative
unitarity again violates in the high energy region. Conversely, one can constraint the Higgs
mass from the perspective of the unitarity. From this process the Higgs mass is bounded
by about 1300 [GeV].

In order to get the most strongest bound, we need to consider all of the same charge
initial (final) states [4]. Let us analyze the charge neutral and s-wave states for the SM
case. The matrix of the scattering amplitudes for the J = 0 modes, My(X — Y) where
XY =W/W,, =27, %HH HZp, takes the form

V2
11
1 WA 0
m2 | L8 1
(amplitude matrix) ~ —2 | v8 4 4 (2.75)
Smv2 | L 1 3
V3 4 4
00 0 3

where we use the the s > m,2Z The largest eigenvalue gives the strongest bound; we get

16702
my, < g“ (2.76)
~ 1.01 x 10% [GeV]. (2.77)
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2.3.2 Custodial symmetry

At lowest order the W and Z boson masses are related by

2
My

= =1. 2.78
p m?, cos? Oy (2.78)
This relation is the consequence of the custodial symmetry which is an approximate global
symmetry of the Lagrangian including the Higgs field. In order to make the discussion

clear, we introduce the bi-doublet notation:
® = (H H) = (ic’H* H). (2.79)

This bi-doublet field is two by two matrix and its VEV is proportional to the identity
matrix, (®) o vlaxa.
First we consider the Higgs potential in terms of doublet field:

2 A
Ly = % Tr[af 9] - S (Tr[2"e))” (2.80)
This Lagrangian is invariant under the transformation

d — LORT, (2.81)

where L(R) is SU(2)(p) transformation. After the EW symmetry breaking the SU(2)y
symmetry is still preserved; this is called the custodial symmetry. Because of SO(4) ~
SU(2)r, x SU(2)gr, we can replace the bi-doublet representation with the fundamental
representation of SO(4). In this case the Higgs VEV breaks SO(4) into SO(3), and this
SO(3) is the custodial symmetry.

We next discuss the Higgs kinetic term. The EW SU(2)w x U (1)y symmetry is gauged
as

a 3
D,® =09, — z’gwg%@ - zg’B@%. (2.82)

If ¢’ = 0, the custodial symmetry is exact and the covariant derivative in the vacuum reads
qgu w3 Wl —iw?
D,(P) = —=—— “ K H. 2.83
M =5 (WjJrz‘Wﬁ w3 (2.83)
The gauge field mass term is obtained as follows:
g2 WeWer
4 2

5 TH(D(®) D" ()] = (254)

The p parameter is obviously equal to one since cos Oy = 1 and Z,, = Wg’ in this case. Then,
we put ¢’ # 0; the custodial symmetry is explicitly broken since the SU(2) g generators are
not commutable with U(1)y generator. The covariant derivative in the vacuum is replaced
as

3 ! 1 _ 172
D@ = 90 (W= gBu Wy =W, ) (2.85)
! 2V2 \ Wi +iW2 —W3+ 4B,
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Zy : 3
o5y 0 acts like Wy for

g = 0 case. The p parameter, therefore, is again equal to one at tree level. Although the

From this expression we can see the combination, WS — %Bu =

symmetry is violated at loop level, the effect is not significant because the strength of the
hypercharge gauge coupling is small.

Finally we comment on the yukawa interaction part. If the up type yukawa coupling
is identical to the down type one in the same generation, the yukawa interactions can be
rewritten as

‘Cyukawa D) Zlelq) <Z,LR) . (286)
P iR
Provided the right handed doublet linearly transforms under SU(2)g, the custodial sym-
metry is preserved. In reality, y;* # yld and the custodial symmetry is broken; however, the
contribution to the p parameter from the loop diagram is not large.
As stated above the custodial symmetry is approximately good symmetry within the

renormalizable EW theory. However, higher dimensional operators could violate the cus-
todial symmetry at tree level. For example, consider the following dimension-six operator:

1 <= Rd
S I [(qﬂ D@)Mﬂ Tr [(qﬂ D ,®)0® (2.87)

where A is a cutoff scale, and (I)Tﬁu@ = &'D,® — (D,®)'®. This operator affects the p
parameter because it gives the contribution to the Z boson mass. The experimental value
of the p parameter, p**P = 1.0008J_r8:88(1); severely constraints a cutoff scale.

If we consider another representation of the Higgs field, the tree level p parameter is
not always equal to one. For an arbitrary number of Higgs multiplets, the p parameter
becomes

Zi (IHi(IHi + 1) - Yfll) <HZ>2

p= , (2.88)
2% Y, (Hi)?

where Iy, and Yy, are the isospin and hypercharge for H;; in the SM Iy, = Yg, = %,

and then p = 1. Even if p = 1 at tree level, higher representations give interesting

phenomenologies, see e.g. the Ref. [17].
Hence the custodial symmetry is important for considering the Higgs physics beyond
the SM.

2.3.3 Equivalence theorem

The equivalence theorem [18] is a striking feature of gauge theories with spontaneous
symmetry breaking; it relates the amplitude for a process with longitudinally polarized
vector bosons to the amplitude in which the longitudinal vector bosons are replaced by
the corresponding NG bosons. The proof of the theorem is based on the Ward-Takahashi
identity. We now consider, as the most simplest case, a single massive U(1) vector boson
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is emitted or absorbed in a scattering process. We can schematically write the amplitude
of the process:

M(VL,...):M(¢,...)+O(%), (2.89)

where V7, and ¢ are the longitudinal gauge boson and the corresponding NG boson.
Let us define the longitudinal polarization vector:

i (1Kl E

e (k) = <mv,0,o, mv) (2.90)
k! my
= TO () (2:91)

where this polarization vector satisfies e’iku = 0 and e’ieLu = 1. The Ward-Takahashi
identity for a process of the process with a single external gauge boson is

ki MH (k) = 0, (2.92)

where we denote the amplitude as M(k) = €, M*(k). In the Landau gauge, this amplitude
can be decomposed into two peaces. One is the diagram where the current can couple
directly into an one particle irreducible vertex function I'*(k). The other is the diagram
where the current creates a NG boson that couples to an one particle vertex I'(k). The
interaction term is given by

LD —gV,J", (2.93)

where J# = (0"¢)¢. In the vacuum, J# = (0"¢)(¢), the relation linking the gauge current
and the NG boson state is

(01J*|p(k)) = —i{)k*. (2.94)

The Ward-Takahashi identity, Eq. (2.92), can be written in terms of two one particle
irreducible diagrams:

K, <F“(k:) + ig(¢>k“];I‘(k:)> 0. (2.95)

By using the gauge boson mass relation, my = g{¢), we find

k

—ETH(k) =T(k). (2.96)
my
In the high energy region ¢} = T’fl—‘:/; this means that the longitudinal mode of the massive

gauge boson can be identified to by the NG boson.
We can reconfirm this fact at the field variable level. In the Ferynman-'t Hooft gauge
the gauge constraint is

8 VH +imy ¢ = 0. (2.97)
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If we denote the longitudinal gauge boson as
Vi (k) = € (k) Vyu(k), (2.98)

we get

—o(k)+0 (1), (2.99)

where we use the relation of the Eq. (2.97).
As an example we see the process where the Higgs boson decays into two longitudinal
W bosons. The amplitude is

M(h— WiW;,) = gmweiLuei"L

2
_gmw [ my,
== <m%v - 2> . (2.100)

2
Meanwhile, the Higgs self interaction, £ D —%hgb"'gf)_, leads to the amplitude:

2 2
my, . gmy,

M(h— ¢T¢) = (2.101)

v 2my

This amplitude is identical to the Eq. (2.100) in the limit of E(= my) > mw.
We consider an another example, Vi, Vi, — ViV, discussed before. In the case a = b =

1 and ¢ = d = 2, the Eq. (2.74) becomes M ~ —2X in the high energy region (E > my,).

On the other hand, NG four-point interaction, £ D —%qb%qb%, gives

M(p191 — p2b2) = —2. (2.102)

This amplitude also agrees with the result computed using the longitudinal gauge boson
in the high energy limit.

2.3.4 Higgs low energy theorem

We give a brief review of the Higgs low energy theorem [19] and its application.
First we consider the tree level coupling case. The Higgs interactions in the EW theory
are

2

h - AR . om
LD - <1 + U) zf:mfff - <1 + U) (meﬂ‘Wu + 2Z“Zu> : (2.103)

If we consider the constant Higgs field ( p, = 0 ), these interactions can be derived by
redefining the mass parameters as

h
m; — m; (1 + > . (2.104)
v
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This leads to the following expression of the Higgs low energy theorem:

hmMXh > mz -M(X), (2.105)
i= fV mi

where X is any particle configuration.

The interesting and useful point of this theorem is that we can apply to this theorem
to the loop process. Now we give a sketch of the proof, taking the loop induced Higgs-
gauge-gauge interaction as an example. Let us consider the renormalization group flow
of the gauge coupling. If the beta function changes from b to §b at the threshold M, the
gauge coupling can be expressed as

9* (1) g*(A) 8w T 8w T M
where M is a renormalization scale and A is a cut off scale. In this expression we denote
&b as a coefficient of the beta function. We assume that threshold M has the Higgs field
dependence:

(2.106)

1 1 b A ob A

Poh@) ~ 2O 82 8 T 82 B M)

The gauge coupling depends on the space-time through the Higgs field. Subtracting the
Eq. (2.106) from the Eq. (2.107), we get

(2.107)

1 1 0b M(h
) N = 7logw. (2.108)
g*(uh(x))  ¢*(p) 8 M
Using this expression we can rewrite the gauge kinetic term —%%V;VV‘W” as
1 a ey 4 b log M a Yyapy M
T 4g(n)? VI oo3 log M(R(2))V, VA + (M term). (2.109)

After the expansion of h(z) — v + h(z), the second term reads

ob ob h v OM(v)
log M (h(x))V2, Vo 2
3272 8 (h@))Viu V5 3272 v M(v) Ov

0b hdlog M(v) u
- 2 a vy 2.11
3272 v dlogwv ViV (2.110)

a Yrapuy
ViV

Then we can derive the loop induced Higgs coupling by reading the coefficient of the beta
function. Although we provide the one-loop result, the Higgs low energy theorem is studied
at two-loop level [20].

As an explicit application of the theorem, we show the hgg coupling induced by the
top loop. After the wave function renormalization of the gauge field we get

_7Va Ve 4 ggéb ﬁ dlog M(U)
4 H 3272 v dlogwv

Ga,Ga. (2.111)
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The coefficient of the beta function is

5b = gcm, (2.112)

where C(r) is defined as Tr[t?%] = C(r)§?®. In the case of the SM, C(r) =  and %}\g{gv) =

1; then we obtain
Ge, G (2.113)

This result becomes identical to the exact result in the limit of :n”—i — 00.

2.3.5 Fine tuning problem

Although the SM is the most successful theory ever, the theory is less than satisfactory in
both experimental and theoretical points of view. One of the most important problem is
the fine tuning of the Higgs boson mass parameter; the question is why the Higgs boson is
so much lighter than the plank scale.

Unlike fermions and gauge bosons, the Higgs boson mass is not protected a symmetry,
such as the chiral symmetry and the gauge symmetry. The Higgs boson mass is naively
expected to be the planck scale, my; ~ 10 [GeV]. In fact, the quantum correction to the
Higgs boson mass from the top quark is

2 A2 2
sm2 = — UL <A2—3m§1n <;:mt> +> (2.114)

2 2
8T h

where A is a cutoff scale (we naively expect A ~ my). One can express the bare mass
parameter as

2 2 2
mh,bm‘e = mh,phys + 5mh' (2115)

In order to get mipays = (126 [GeV])?, the nature has to finely adjust the Lagrangian
parameter m%%b are- Lhis is an indication that within the SM m,QL is an unnatural parameter.
The smallness of the Higgs boson mass cannot be explained in the SM; setting m,QL =0
doesn’t enhance the symmetry of the theory.
The measure of the fine tuning may be defined as
26m}2l

A= (2.116)
h,phys

The degree of the fine tuning is expressed by %[%], and we naively expect A < 1. In the

SM case this requirements reads A < 5 x 10? [GeV]. Note that definition of the measure is
not unique, and the standard of naturalness is totally depending on the human sense.
Several models beyond the SM which solve the fine tuning problem are proposed.
A supersymmetric model is one of the promising candidates. The quadratic divergence
of the Higgs boson mass from a certain particle is cancelled by the contribution from a
superpartner particle. In other words, the supersymmetry links fermions and bosons, which
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means that the chiral symmetry is extended to the scalar sector. A composite Higgs model
is another possibility. In this case the Higgs boson is realized as a NG boson arising from
the spontaneous global symmetry breaking. An approximate global symmetry ensures
the light Higgs boson. Some models, e.g. Little Higgs models, introduce the same spin
particles for the cancellation of the one-loop quadratic divergence of the Higgs boson mass.
In addition, models which extend the dimension of the space-time are also advocated. Note
that even is the quadratic divergence is killed, the logarithmic term still remains and leads
the little hierarchy problem [21]. It is becoming interesting to reconsider the degree of the
fine tuning which is permissible in the nature and the question whether the fine tuning is
a serious problem or not.

Perhaps our understanding of the fine tuning is wrong [22]. The uncomputable power
divergences are removed by an unknown UV gravitational dynamics. If it is true we can
discuss only the finite Higgs mass (presumably up to a logarithmic divergence). Such an
idea is a good match for the model in which the EW symmetry breaking is due to the
dimensional transmutation with an extended Higgs sector.

In any case the fine tuning problem is the important stepping stone to the physics
beyond the SM.

3 Perturbative unitarity of Higgs derivative inter-
actions

This chapter is based on the Ref. [23]. When we consider physics beyond the SM with
extended Higgs sector, its low energy effective theory probably includes dimension six
derivative interactions as a part of higher dimensional operators. These operators have
two origins: expansion of kinetic terms if the Higgs doublet is realized as a part of pseudo
NG field; integrating out heavy new scalar/vector bosons that interact with the Higgs field.
The latter case appears even in models including elementary Higgs field.

If the Higgs boson were removed from the SM, the Higgs sector would be described
by SU(2)r, x SU(2)r/SU(2)y nonlinear sigma model. Derivative interactions of NG fields
emerge from the kinetic term. These interactions contribute to scattering among longitu-
dinal massive gauge bosons through the equivalence theorem and cross sections of these
processes become larger and larger as energy increases. They finally become so large as
to violate the perturbative unitarity around 1[TeV] [4]. Of course, the recent observation
of the Higgs boson told us the absence of the unitarity violation and validity of the SM
description even much above the TeV scale. We confront the similar problem in studying
derivative interactions of Higgs doublets. In this chapter, we examine the scales where
the given perturbative description is available in several models that include derivative
interactions of the Higgs doublets.

Before going to the detail, let us discuss the general form of the unitarity constraint.
Considering the scattering amplitude which is linearly dependent on the Mandelstam vari-
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ables. We can express the amplitude as

Cyé+ Cyt
A4::4—]2545— (3.1)
B C, C,

where §(f) is the Mandelstam variable and M is a typical new physics scale. The zeroth
and the first modes of partial wave amplitudes appear:

8 Cy
Mo =16aar2 (Cs - 2) ’ (33)
e
My =——o L, 4
' 16mM2 6 (34

Eventually, the following conditions are respectively obtained,

s 167

— S 3.5
M2 N|2CS _Ct|7 ( )
3 487

— S—. 3.6

If the condition, |Ct| < 3|Cs| < 2|C%|, is satisfied, the unitarity bound given by the first
mode of the partial wave amplitude is stronger than that given by the zeroth mode.

3.1 Unitarity of derivative interactions on one Higgs doublet models

The perturbative unitarity bounds given by the derivative interaction are discussed on
1HDMs.

Firstly, we derive the formula of the unitarity bound and investigate its general prop-
erties. The formulae of the perturbative unitarity are shown before.

Then results are applied to explicit models. We study the unitarity bounds on two mod-
els: the minimal composite Higgs model [8] and the littlest Higgs model with T-parity [24].
The latter model has previously been studied in the Refs. [25, 26]. In the Ref. [26], several
Little Higgs models are also investigated.? Since the normalization of decay constants can
be changed, the combination f—; is meaningful. Here, we follow the normalization given in
the original papers. Decay constants have physical meanings through masses of additional
massive vector bosons and fermions in each model. The Higgs doublet is embedded in such
a way as to preserve the custodial symmetry in both models.

3 They obtained the unitarity bounds with all NG bosons. However, we focus on the Higgs doublets
because other NG bosons are too heavy to treat as massless particles. Our results are conservative compared
to theirs.
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3.1.1 Formulae and general properties of the unitarity bound

The effective Lagrangian of derivative interactions in 1HDM is*

H T
c 326723(}1* H)I(HH) + 2072(}1T 9 o)t ), (3.7)
where f is a scale related to new physics and H o H .= H (0H)—(0H)'H. For the second
operator, we replace the covariant derivatives with partial ones because in this paper we
consider only longitudinal modes of the gauge bosons. Since the latter term violates the
custodial symmetry, our analysis is based on the Lagrangian with ¢’ = 0.5

Since our focus is entirely on the four point scattering processes given by Eq. (3.7),
the VEV of the Higgs boson plays no role in the following calculation. Therefore, we use

C+

H = )
N

Hf = (C— NT) , (3.8)

where CT(N) is a charged (complex-neutral) scalar field. The charged scalar and imaginary
part of the neutral scalar are respectively eaten by W* and Z bosons. Using the above
notation, the following amplitudes are obtained®:

M(CTC™ = CtC™) =M(NN'T = NNT)

s+t
M(CTC™ = NN :%CH, (3.10)

where § and ¢ are the Mandelstam variables and we consider the energy scale where particles
can be treated as massless, i.e. §+1¢+ 1 = 0.

Following the Ref. [4], we construct matrices with partial wave amplitudes. The largest
eigenvalue of these matrices gives us the strongest bound to the perturbative unitarity. We

4 Using the field redefinition H — H + (f%) (HTH)H, where a is chosen as an appropriate value, any
other dimension-six derivative interaction of the Higgs doublet can be expressed with the kinds of operators
given here [5].

® Since the remaining term, d(H'H)J(H'H), changes the normalization of the Higgs field, in addition
to the SM contributions, the oblique parameters receive O (}’—2) corrections. After eliminating tree-level
corrections, models including additional heavy particles probably obtain the oblique corrections at the
same order. They can be canceled with tuning parameters. The derivative interactions receive no sizable
corrections from the tuning. Therefore, we consider only tree-level contributions to the oblique corrections.

5 We neglect the effects of EW symmetry breaking because they are below the leading order around the
unitarity violation scale. For example, the ratio of contributions generated by the SM and the demension-six
derivative interactions in the 1IHDMs is

(M) _2mis? 1 f

(dim6) ~ v2cH3 " 2cH 5

where we have assumed 5 > mj and have used the result given by Eq. (3.11). As we will see later, the
typical unitarity violation scale is a few times larger than the decay constant. Therefore, the above effects
are small enough to be neglected.

— 95—



have found that the zeroth mode gives the strongest bound in 1HDMs, so we focus on this
case. With the formulae in the Subsec. 2.3.1, the strongest bound is given by the largest
eigenvalue of the following matrix:

Mo(CTC~ — CtC™) Mp(CTC~ = NNH\ 3 (&L A (311)
Mo(NNT = C*C7) Mo(NNt — NNT) |~ 16mf2 \cH <! ‘
The perturbative unitarity condition is therefore
S 167
= S ' 3.12
f2 ~ 3cH ( )

Assuming that derivative interactions are purely given by the kinetic term of the nonlinear
sigma model, the conservative cut-off scale is expressed in terms of the decay constant, i.e.
A ~ 47 f.7 Using the relation, the unitarity bound is related to the cut-off scale as

8 1
— o~ —. 3.13
A2 3mcH (3:13)
Therefore, if the relation
1
H< — 3.14
e (3.14)

is satisfied, models reach the cut-off scale before accessing the unitarity violation scale.
Then, the effective Lagrangian, Eq. (3.7), is available up to the cut-off scale. On the
other hand, if the coefficient ¢/ is much larger than unity, the unitarity violation scale
is comparable to the scale of the new physics, f, so that the description of the effective
Lagrangian is invalid even in the energy region around f. In the case ¢/ is O(1), the
unitarity violation scale lies between the new physics scale and the cut-off. Most of examples
shown later are involved in this case. Around the unitarity bound, we have to include
resonance effects; see, for example, the Ref. [28]. It is therefore necessary to clarify the
valid energy scale in the description for each model.

We apply the result to cross sections of the scattering of the Higgs boson and longitu-
dinal modes of massive gauge bosons, so called vector boson scattering (VBS) processes,
with the equivalence theorem. Since these energy scatterings are dominated by the coef-
ficient, ¢, with the custodial symmetry, all of the cross sections are proportional to each
other. Here we focus only on the process WZF W, — hh, and relations with the others are
shown in the Tab. 1. Considering this sort of process, we must remember the importance
of the central region® which is pointed out in the Ref. [29], so that we also show the ratios
between the cross section of the Higgs pair production and those of the other processes
with the central region cut. The cross section of WZ W, — hhis

2 H\ 2 6
o(WF WL = hh) == <;2> < 2{ ~ %[fb]. (3.15)

For this process, Fig. 7 shows the region where perturbative unitarity is violated.

" If UV completions are specified, the generalized dimensional analysis may introduce lower cut-off
scales [27].
8 This region is defined as cos6 € [—%, %] in detectors, where 6 is an angle from the beam axis.
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Process Full Central
wiw, - hh 1 1/2
Wiw, — W/ W | 2/3  13/48
WiWw, —  ZpZp 1 1/2

Z1Z,  —  hh 1 1/2
ZLZL — Wl—f—WE 2 1
Wiz, — W/Zp | 2/3  13/48
wiwr - wiw, 1 1/2

Table 1. Cross-sections of VBS processes in the units of o(W; W, — hh). In the Full/Central
column, the cross sections of VBS subprocesses with/without the central region cut are shown.

106
— 10°
=
1 10* L
=
~
= FIVET =500 [GeV] —
© 10° FIVET =750 [GeV] — |3
F/Ve = 1000 [GeV]
) Unitarity violation region [
10

500 1000 1500 2000 2500 3000
V5 [GeV]

Figure 7. The upper bound of the cross section for W, W, — hh with the perturbative unitarity
condition. The horizontal axis is the collision energy of this VBS subprocess. In the upper shaded
region, the unitarity is broken down. The black, dark gray and light gray lines are the cross sections

where \/% = 500, 750, and 1000 [GeV], respectively. For the other processes, the bounds can be

obtained with a shift of the vertical axis by the factors given in the Tab. 1.

Assuming that cross sections reach the above bound at V5 = 3 [TeV], we can obtain
the relation:

f 33

VeH 167
If ¢ ~ 1, the effect of the derivative interaction in the process is comparable to the SM
background of about v3 = 2 [TeV], where the cross section is 3 x 10* [fb] without the
central region cut; see the Ref. [29]. Note that the value of f is typically related to new
particle masses. For example, in the little Higgs scenario [30], the top partner mass is given
by O(f). From the viewpoint of the fine tuning, f is required to be below about 1 [TeV].

~ 733 [GeV]. (3.16)
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3.1.2 The minimal composite Higgs model
This model is described by the SO(5)/SO(4) nonlinear sigma model including four NG
fields [8]. They are identified as the Higgs doublet.

The Lagrangian is

f2

£=7 o) (0%), (3.17)

with

(st Y, -

where 7 is the real scalar multiplet of four NG bosons and & is its norm. Expanding these

trigonometric functions, we obtain
=1 (3.19)

Using the Eq. (3.12), the relation between the decay constant and the energy scale of

the unitarity violation is

5 167

— o~ 3.20
Assuming that perturbative unitarity is violated at 3 [TeV], the decay constant is about 750
[GeV]. On the other hand, if the decay constant is chosen as 500 [GeV], the perturbativity
is preserved up to about 2 [TeV], where the cross section of W/ W, — hh is 7 x 10° [fb].
In this case, the cross section of the Higgs boson pair production is one order of magnitude
larger than that given by the SM. However, it is challenging to observe this process because
the main decay mode is hh — 4b, which is overwhelmed by the QCD background.

3.1.3 The littlest Higgs model with T-parity

Derivative interactions on the littlest Higgs model with T-parity [24] are shown below.
Scalar fields are described by the SU(5)/SO(5) nonlinear sigma model which includes 14
NG bosons.

The kinetic term of this model is

s —2T1/f 2I1/ f
L= gtr [(86 ) (86 ﬂ , (3.21)
where 1I is the NG field. The Higgs doublet is assigned in the NG field as
1 H
n=—|H" HT|. 3.22
V2 7 (322
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We omitted the other NG bosons since they don’t contribute to the current analysis.
Extracting the derivative interaction from the kinetic term, we obtain

1
=" (3.23)

This result is consistent with previous works [25, 26].

If we suppose that f = 750 [GeV], the perturbative unitarity is preserved up to about
4 [TeV]. Hence this model description is valid in higher energy scales while the signals of
the derivative interaction are smaller than the previous model. For f = 750 [GeV], the

cross section of Wff W, — hh in this model almost corresponds to the line where L s

Vet
1000 [GeV] in the Fig. 7.

3.2 Unitarity of derivative interactions on two Higgs doublet models

In this section we extend the previous discussion to dimension-six derivative interactions
including two Higgs doublets.

The modification is straightforward, and the prescription is also simple. However,
the formulae become too complex because of the many DOF. Then we cannot obtain the
formula of the strongest bound like the Eq. (3.12) with the largest eigenvalue of a matrix
that consists of partial wave amplitudes. Since the matrix can be diagonalized in individual
models, three models are investigated as examples.

We study the consequences of the above result with several models including two Higgs
doublets. The following three models are studied: the bestest little Higgs model [31];
the UV friendly T-parity little Higgs model [32]; and an inert doublet model. The first
and second ones are composite Higgs models and the last one is a toy model including
elementary Higgs doublets.

In this section, we consider processes whose initial states are electromagnetically neu-
tral. Matrices giving the unitarity bounds for singly or doubly charged initial states are
also shown in the App. B.

3.2.1 Formulae and general properties of the unitarity bound

The analyses in this section are based on the following effective Lagrangian:

oH oH
Cr111 C1112 H
LD Off + (Ofl12 + Ofla1)

f? 2
CﬁQQ 0%21 C{{212 H
+ 72 Oflgs + 72 “21of,, + 122 72 (Ofh15 + O319))
H H
C C
+ 302221 (O%ho1 + O3510) + ?2222 O3ho
) ) )
+ }1222 Oflgg + }2221 Olgo1 + }2212 (Ofa12 + O3191), (3.24)
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where

H o _ - TH. t
o, 1+5ik5ﬂ8(HZH])8(HkHZ), (3.25)
1 <= <=
T - (HOHNNH O H 2
and
o R
H; = <N> . #l = (¢ N). (3.27)

In the case where we study the custodial symmetric models, the above coefficients are real
and follow the relation derived in the App. C:

T H H
3ci192 + €121 — €212 =0, (3.28)

T T T
Ci122 + Cla21 + C1212 =0. (3.29)

The 2HDMSs require mixing angles to get mass eigenstates of scalar fields. In this paper,
we use the equivalence theorem and focus on only derivative interactions, that is, masses
of scalar fields are neglected. In this case, the perturbative unitarity bound is independent
of mixing angles. This is also true for models including N Higgs doublets.

The unitarity bound is expressed as

(3.30)

where Cpayx is the largest eigenvalue of the matrices given in App. B.”

As we will see later, the largest eigenvalue |Cpax| can be as large as about 10. In
this case, the unitarity bound becomes quite strong and leads us to an interesting remark.
Consider, for instance, the pair production of a heavy particle whose mass is O(f) in VBS
processes; the energy scale where the pair is produced could be as large as the unitarity
violation scale. This means that we couldn’t discuss this kind of process by means of these
low-energy descriptions.

3.2.2 The bestest little Higgs model

The bestest little Higgs model [31] is a little Higgs model which includes two Higgs dou-
blets. We obtain 15 NG fields that parametrize the SO(6) x SO(6)/SO(6) coset. The
normalization of the kinetic term is the same as the Eq. (3.21), and the NG field is

. hi ho
1

I=—[-aT : (3.31)
vz | 1
2

 The Eq. (3.30) and the viewpoint explained below are also stated in the Ref. [26].
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where hy2 are real scalar multiplets considered two Higgs doublets and the other NG
bosons are eliminated. In this model, Higgs doublets interact with heavy gauge bosons and
a singlet scalar. The masses of the heavy gauge bosons depend on the other decay constant
that is larger than f in order to avoid the constraints from the EW precision measurement.
Thus the effects coming from the heavy gauge bosons are tiny, and we neglect them. The
interaction with a singlet is required to obtain a collective quartic coupling. For simplicity,
we introduce the following terms to see the effect:
2

LoD —%02 + M fo(H]Hy + He), (3.32)

where o is a neutral singlet scalar.!’ Including this contribution, the coefficients of the
derivative interactions are

1

Cﬁn :§a Cﬁu =0, (3.33)
1 1

C{Il22 :O, 0{1221 :Z + CU, 0{1212 :1 + CU7 (334)
1

051221 =0, 05[222 :i’ (3.35)
1 1

ct199 =0, cla21 =1 Cly10 = — T (3.36)

where
>\2f4
7 = v (3.37)

(o

The unitarity bound depends on the value of ¢ because the largest eigenvalue is a function
of it. For 0 < ¢ < %, the bound is

< ) 3.38
f2 ~ 2 _ Co— ( )
For ¢? = 0, it is bounded as
8 <
and it becomes weak as ¢ increases. For ¢ = %, the bound is the weakest:
s 167w
— < 8—. 3.40
f2 ~ 15 ( )
In the region, % < ¢?, the bound is
5 167
- < — 3.41
f‘2 ~1 + 760" ( )

where the right-hand side decreases as ¢ increases and the bound becomes the same as
1

7.

10 In the original paper [31], me = V65 + Ase f and A = M\/ﬁ)"’ﬁ

the case of ¢ =0 at ¢ =
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The unitarity bounds for the cross sections of Wf W, — hh and W; Wzr — W; Wzr
are displayed below. We define the mass eigenstates, h and Wi, as follows:

h
— =N{tcosa + Nfsina, (3.42)

V2
Wz: :Cfc cos 8 + C’;E sin 3, (3.43)

where NZ-R is the real part of N; and o and § are mixing angles. Unitarity bounds for these
processes are

o(W/ W, — hh) 232;‘1)04Bh(a,B)2 < iw (3.44)
AWHWS = WiW)) = Bu() QBC:““)QQ (3.45)
where
Bp(a, 8) :% (14 (14 2¢7(1 — cup))ca(a—p) + 2¢754852(a—p)) » (3.46)
Bu(B) =5 (14+ (1~ cx3)). (3.47)
Here the parameters c; and s, are cosz and sinz, and Cyax = 2_2‘30 for 0 < ¢ < % and

Chiax = # for % < . If a =  is satisfied, the so-called decoupling limit, we get the
relation: By(f, 5) = Bw(B).

The perturbative unitarity bounds of WZF W, — hh are shown in the Fig. 8. In order
to see the effects of the new parameters, we fix the decay constant to be 750 [GeV]. The
shaded regions in these figures are changed in response to the mixing angles because the
cross section depends on the angles. However, the unitarity bound itself depends only on
the coefficient, ¢”. Hence we can see that the energy scales where each cross section line
intersects the unitarity violation regions are independent of the angles, e.g. V& ~ 1.9 [TeV]
for ¢ = 1. For 8 =0 and o — 3 = &, the cross sections are independent of the value of ¢7;
thus, we have only one line but still the intersecting points are the same.

3.2.3 The UV friendly little Higgs model

The UV friendly T-parity little Higgs model [32] also includes two Higgs doublets as a part
of the 14 NG bosons given by the SU(6)/Sp(6) nonlinear sigma model. The normalization
of the kinetic term is also the same as the Eq. (3.21). This model possesses Zs symmetry,
so-called T-parity, and one of the Higgs doublets is T-odd. This doublet has no VEV. Since
we study only Higgs doublets, the NG field II can be considered as follows:'!

—e(Hy — Hy) Hy+ Hy
o | et —H) ~H{ - H]
2 | Hf +H] e(HT —HT) |’

—Hi — Hy —e(H{ - Hj)

(3.48)
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Figure 8 The perturbative unitarity bounds of Wzr W, — hh for various ¢’ and mixing angles.
The decay constant is fixed to be 750 [GeV]. The mixing angles are set to be (8,a — ) = (%, 0)

(upper left), (0, %) (upper right), (%, %) (lower left) and (%, %) (lower right). The light gray, dark
1
8
regions depend on the value of ¢?, and their brightness corresponds to each line.

gray and black lines are cross sections for ¢ = 1,0, and £, respectively. The unitarity violation

1

where ¢ is the totally antisymmetric tensor, ¢!> = 1. Since contributions of heavy new

particles can be ignored in this model, derivative interactions are generated only by the

11 Agsignment and normalization of NG bosons given by the original paper are different from the ordinary
prescription of the nonlinear sigma model. Since we study only the part of two Higgs doublets, normalization
of these fields are changed in order to get the canonical kinetic term.
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kinetic term. The coefficients of the derivative interactions are as follows:

ety =4, iy =0, (3.49)
C{{122 =1, 011%21 =0, C{{212 = =3, (3.50)
o1 =0, cHos =4, (3.51)
C1T122 =1, C1T221 =0, 0{212 =1. (3.52)

These coefficients apparently violate the custodial invariant conditions, the Egs. (3.28)
and (3.29). In this model only one of the Higgs doublets has the VEV, so that tree-level
contributions to p parameter do not appear. With these coefficients, the strongest bound
is

;’2 < (3.53)

Assuming that perturbative unitarity is violated at 3 [TeV], the decay constant, f, is
determined as 1.7 [TeV]. This value looks large from the viewpoint of fine tuning as we
have already seen. On the other hand, if the decay constant is about 1 [TeV], the unitarity
is broken below about 1.7 [TeV].

The unitarity bounds of W; W, — hh and Wf WZ — WZF Wf are

o(W}W; — hh) =

: (3.54)

o(WiW; = WiW) =

(3.55)

Note that the cross sections have no mixing angle dependence because only one of the Higgs
doublet gets a VEV. These bounds to the cross sections are shown in the Fig. 9. They
correspond to the case ¢? = 1—75 for the bestest little Higgs model. The unitarity bound of
this model is severe because the largest eigenvalue is much larger than the previous models.

3.2.4 Inert doublet models with odd scalars

We investigate the following Lagrangian consisting of elementary scalar and vector fields:

m2
2

m2
SLo0% + ALfo (Hlo"Hy + He.)

— m2010% + VAL (65 (HT %" Hy) + Hec.)

LD—

&3+ Aoféo (H{Hy + Hee.)

2 <=
+ POV, Vo 4 goVe - (i] 9 Hy + He)
g
+ mioVsT Vs + \/590 (ZV;[ . H1T02 0 Hy + H.c.)

+

2
Rpd
mQUL Ve Vet g Ve (z‘HlT 0%'9 Hy + H.c.) . (3.56)
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Figure 9. The perturbative unitarity bounds of Wg‘ W, — hh in the UV friendly T-parity little
Higgs model. The horizontal axis is the collision energy of this VBS subprocess. In the upper
shaded region, unitarity is broken down. The black, dark gray and light gray lines are the cross
sections corresponding to f = 500, 750, and 1000 [GeV], respectively.

Scalar fields ¢o, ¢¢, and ¢, are respectively 1o, 3¢, and 3; representations of SU(2)r, x
U(1)y, and vector fields Vj, Vs, and V7, are, respectively, 1¢, 11, and 3¢ representations.
We suppose that these new particles and Hs are odd under an additional Z5 symmetry, and
H; and the other SM particles are even under the discrete symmetry. We consider the case
that only one of the Higgs doublets has a VEV, such as in the model in the Subsec. 3.2.3.
These choices of couplings and masses for ¢¢ and ¢%, and Vj and Vg are required to respect
SO(4) symmetry.'? This set up suppresses contributions to the oblique corrections.

After integrating out heavy particles, we obtain the following coefficients of the deriva-
tive interactions:

Cﬁn =0, Cﬁu =0, (3.57)
oy =—2sp +3v0+3vr, by =so— 25 +3vg, by =s0— 25 +3vr,  (3.58)
05221 =0, Cgm =0, (3.59)
6?122 = — UO + UL, 0{221 = — SL — ’UL7 0{212 :sL + U(), (360)

12 This structure should be broken by the renormalization group running of the couplings even if the UV
completion possesses the structure. We assume that this SO(4) symmetry is still good symmetry so as to
suppress large corrections to the p parameter in the scale where the Lagrangian (3.56) is available.
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where

2\ 2 2\ 2
N

2 2
z;o:(gi’i) , vL:(gva . (3.62)

Even if additional particles exist, their contributions are included in these four coefficients.
We cannot discriminate these multiple contributions from a large contribution of a par-
ticle with a large coupling. Using these coefficients, the eigenvalues of the Eq. (B.1) are
fortunately obtained as the following simple forms:

so — 7sp, + 3vg + 3vg,

el =— 5 , (3.63)
o _Ts0 —93L—;—91)0—i-9vL7 (3.64)
05230—33L+23v0—9vL’ (3.65)
Cizs()—&sL —29v0+3vL’ (3.66)
Céi _ 50 +sL +23v0 + 3vL’ (3.67)
Céi:iso—}—%L —29v0—9vL. (3.68)

The strongest unitarity condition is given by the Eq. (3.30) with the largest eigenvalue in
the above.

Derivative interactions generated by integrating out T-odd heavy particles must include
two H; and two Ha, as in the Egs. (3.58) and (3.60). Furthermore there are no mixing
angles in the Higgs doublets because only one of the Higgs doublets has a VEV. They are
the reason why cross sections of W; W, — hh and W; W, — W: W, vanish.

In this model we have four coefficients the Eqs. (3.61) and (3.62) to parametrize the
dimension-six differential operators. If we suppose that sg = s = vg = vy = 1, the
eigenvalue ¢} becomes the largest: ¢} = 8. This value gives us a perturbative unitarity
condition which is the same as the Eq. (3.53).

The unitarity bound, the Eq. (3.30), can be interpreted as the perturbativity condition
of couplings. For example, if s = s;, = vg = 0 and vy, # 0, we get |Crax| = '%TL. Then the
unitarity bound is

A 4ﬁva
S~ ——
3 gL

In order to preserve unitarity, the unitarity violation scale should be larger than the mass,

. (3.69)

myr,. As a result, we get the following condition:

< T

9L 3

If the model includes only one 3¢ vector, this requirement is stronger than the naive

(3.70)

perturbativity condition g7, < 4w. On the other hand, if it includes several 3¢ vectors, the
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unitarity bound also limits how many there are.

3.3 Conclusions

We have studied perturbative unitarity for dimension-six derivative interactions of the
Higgs doublets. They are generated by kinetic terms in composite Higgs models, or by
integrating out heavy particles that interact with the Higgs doublets. The latter case
means that derivative interactions appear even in models consisting of elementary Higgs
doublets.

We first studied the unitarity bounds in models including only one Higgs doublet. The
strongest bounds are expressed by the largest eigenvalue of the matrix given by partial wave
amplitudes of VBS processes. We focused on the high-energy region such that derivative
interactions could dominate the contributions to the scattering among longitudinal vector
bosons. Assuming that the given derivative interactions respect the EW constraints, only
a combination of parameters ‘}—I; appears in the analysis. Therefore, the unitarity condition
is expressed by the parameter as Eq. (3.12). We have applied it to the cross section of
WLWL — hh.

We have calculated the bounds on explicit models: the minimal composite Higgs model,
the littlest Higgs model. Their structures of global symmetry are significantly different
from each other; SO(5)/SO(4) and SU(5)/SO(5). However, the given bounds are similar;
¢l =1 and % The decay constants f are related to the masses of the top like fermions
in composite Higgs models. It is therefore supposed that \/% is larger than about 500
GeV; see e.g. the Ref. [33], where the perturbative unitarity is violated above the region
V4§ > 2 TeV. Even in this case, it is difficult to obtain cross sections large enough to
distinguish new physics contributions from the SM ones.

Secondly, similar analyses have been performed in 2HDMs. A simple formula for the
unitarity bound could not be obtained in terms of parameters included in the effective
Lagrangian (3.24) since the matrix of partial wave amplitudes is too complex to be diago-
nalized. Hence we have investigated the unitarity bound with explicit models: the bestest
little Higgs model; the UV friendly T-parity little Higgs model; and the inert doublet model
with heavy Zs odd particles. The first and the second ones are literally a kind of little
Higgs model and the third one is a toy model including elementary Higgs doublets.

In the first one, derivative interactions are generated not only by the kinetic term but
also by the integrating out of a heavy scalar field. The constraints of the former to the
unitarity are similar to those given by the 1THDMs discussed in the Sec. 3.1. Including the
latter one, the largest eigenvalue depends on the scalar contribution. The unitarity bound
can be stronger than the case not including it.

In the second model, the unitarity condition is much more severe compared to the
other models mentioned in this paper. This is because the coefficients of the derivative
interactions are large in this model. Therefore the unitarity is violated at a low scale
compared with the other models. In this kind of model, large coefficients can produce
large cross sections which are large enough to exceed the SM background. On the other
hand, assuming that the masses of additional particles are near the decay constant, they are
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also near the scale of the unitarity violation. Therefore, contributions of vector resonances
probably need to be considered when people investigate, for instance, pair productions of
these additional particles with vector boson collisions.

In the last model that includes an elementary Higgs doublet, VBS processes of the
SM particles are suppressed as we have shown. In this kind of model, the masses of heavy
particles should be smaller than the unitarity violation scale. This condition means that
couplings between Higgs doublets and heavy particles are much smaller than the strong
coupling, 47, or the number of these particles is limited.

We have clarified the importance of studying the unitarity bound when Higgs derivative
interactions are investigated because the bound can be significantly lower than the naive
cut-off scale. We could observe the energy-growing behavior of VBS processes at the future
collider experiments [29, 34].

4 Higgs couplings beyond the Standard Model

In this chapter we study the Higgs couplings for some models. After the discovery of the
Higgs boson, the precise measurement of the Higgs couplings is growing in importance and
necessity. If we observe the deviation from the SM, it is a solid evidence of the physics
beyond the SM. Such an indirect search of new physics is complementary to the direct
search, and this kind of search is quite powerful due to the high sensitivity of the Higgs
coupling measurements at the future collider experiments.

Many models beyond the SM predict non-SM Higgs couplings in various ways. In order
to discriminate these models, the measurement of a specific coupling is not enough because
a new physics theory can possibly explain the coupling by choosing model parameters;
hence we need to study correlations among the Higgs couplings and compare them with
those of other models. In this thesis we study the three models: the minimal composite
Higgs model (MCHM); the Randall-Sundrum (RS) model; the extra singlet Higgs model.
The MCHM is the model with the minimal realization of the composite Higgs which is
based on a strongly interacting field theory. The RS model is the model with an extra
dimension which is considered to be related to a strongly coupled conformal theory through
the duality. The extra singlet Higgs model is the minimal extension of the Higgs sector in
the SM.

In particular, we focus on the MCHM because the Higgs couplings of this model has
not studied comprehensively. From the experimental perspective we examine the following
(effective) couplings: hV'V, hbb, hgg, hyy and hZ~y. We first calculate the decay widths
of the Higgs boson. Then we define the deviation of the Higgs couplings using them and
show the differences among the models. We clarify how we can discriminate the models at
the future collider experiments using the correlations of the coupling deviations.

4.1 The minimal composite Higgs model

The MCHM is the model based on the SO(5)/S0(4) symmetry breaking which was origi-
nally introduced in the context of 5D theories [8]. This symmetry breaking gives four NG
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fields which form a fundamental representation of SO(4) or equivalently a bi-doublet of
SU(2)r, x SU(2)g; these fields are identified as the Higgs fields. This symmetry breaking
pattern is the minimal realization including the custodial symmetry. In order to reproduce
the fermion quantum numbers an additional local symmetry U(1)x is introduced, leading
to the symmetry breaking pattern SO(5) x U(1)x/SO(4) x U(1)x. The SM EW gauge
symmetry SU(2)r xU(1)y is embedded into SO(4) x U(1) x and the hypercharge is defined
by Y =Tp + X [8, 35].

The SM fermion is realized by mixing the elementary fermion whose quantum number
is the same as the SM one with the composite fermions, so-called the partial compositeness,
and there are various possibilities to introduce the composite fermions. The most simplest
choice is to introduce a spinorial representation of SO(5). However, this choice leads to
the large correction to the Zbrby, coupling at tree level; the experimental constraint leaves
no allowed parameter space [36]. The Zbpby constraint can be relaxed if the composite
fermions are fundamental or antisymmetric representations of SO(5); in this case a sub-
group of the custodial symmetry O(3) C O(4) protects the Zbyby, coupling [37]. In this
thesis we focus on the case where a single vector-like fermion whose representation is 5 of
SO(5), which is called MCHMS5.

4.1.1 The Lagrangian
We decompose the Lagrangian of the MCHMS5 into three parts:

LD EHkm + Eszn + EYuk’awa—i—Mass- (41)

Here we don’t care about the Higgs potential and gauge kinetic terms which are assumed
to be unchanged from those of the SM.

First we construct the Higgs kinetic term. Before proceeding, we define the basis for
the algebra of SO(5) that is used throughout in this thesis. We use the following explicit
expressions of the SO(4) ~ SU(2)r x SU(2)g and SO(5)/SO(4) generators:

a Z 1 aoc (6 (& a a
Tiy=—3 (2e P(6705 — 8305 + (5707 — 69 5?)) : (4.2)
a Z 1 aoc (62 C a a
Thi =5 (26 be(6005 — 8bog) — (6707 — o 53)) , (4.3)
a T a
TL,ij = —ﬁ(‘si 555 - 5j 5?): (4-4)
wherea =1,2,3, a=1,...,4and¢,j7 =1,...,5. Now we introduce the following notations

and parametrization of the NG fields:
2 =%, T =—iV2T%h%, %y =(0,0,0,0,1), (4.5)

where f is the decay constant and h% are the four real NG fields that are identified as the
Higgs fields. Using the explicit expressions we obtain

zzsm(g/f)(hl, ha, hs, hs, hcot(h/f)), (4.6)
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where we define h = /o h%. The kinetic term is then given by

f2

Likin = = (D, 2)(D'E)T,

2

DS = 9,5 + igWiSTf + ig' B,ST.

(4.7)

It is possible to perform an SO(4) rotation to align the Higgs VEV to the hg direction.
We denote hs = H = (H) + h, and in the unitary gauge we get

1
1

¥ =3 cos(H/f) —sin(H/f) (4.8)

1

sin(H/f)  cos(H/f)

= %002 (4.9)
= (0, 0, sin(H/f), 0, cos(H/f)). (4.10)

The Higgs kinetic term in terms of H is therefore

1 @ . (H _ 1
o Iz = +y—H 1

L Hkin 28MH8 H+ L sin 7 W, W=+ 5 co2 GWZ“Z ) (4.11)

where the VEV is given by f2sin?((H)/f) = v? = (246 [GeV])?.

Next we build the fermion kinetic term. In order to describe the SM fermion using the
partial compositeness, we introduce vector-like fermions which have quantum numbers such
)T

that they can mix with the fundamental fermions q;, = (t,br)" and tg. The composite

fermion transforming as 55,3 under SO(5) x U(1)y is written as
B-X
i(B+ X)
V=—| T+U |. (4.12)
V2 (T -U)
V2T
Under SU(2)r, x SU(2)R, a 5 of SO(5) decomposes into 5 ~ (2,2) @ (1,1). The quantum
numbers of the composite fields are summarized in the Tab. 2.

The SU(2) doublet @ = (T, B)T have the same quantum number as ¢z, whereas T has
the same one as tp. The Lagrangian of the fermion kinetic term is

Lrrin =iqrDqr, + itpDtg + ibpPbr + iV DV + iU DV R, (4.13)

where the covariant derivative acting on each fermion is given by

[ R |
Dyuqr = |0y — zg;Wu — zg’6Bu] qr, (4.14)
r 9
Dyt = |0, — ig'3Bu] tr, (4.15)
- . 1
DubR = 8# — Zg/ <3> Bl/«:| bR, (416)
D,U —_8—'W“T“—"B T3 + X)) 0 417
uL(R)—[,LL wygw,tn —1g w(Th + )] L(R)» (4.17)
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field | 17 | Tp | X |Y=T3+X | Qeu=T;+Y
X | 1/2 | 1/2 |2/3 7/6 5/3
U |-1/2] 172 |2/3 7/6 2/3
T | 1/2 | -1/2|2/3 1/6 2/3
T 0 0 |2/3 2/3 2/3
B | -1/2 | -1/2 | 2/3 1/6 ~-1/3

Table 2. The quantum numbers of the composite fermions in ¥. Note that ((X,U)T, (T, B)T)
forms a bi-doublet (2,2) under SU(2);, x SU(2)r.

where 0 are the Pauli matrices, and U(1)x generator is introduced as X = %]I5X5.
Finally we construct the yukawa and mass terms:

ﬁYukawaJrMass = _Yf(\IILZT)(E\I/R) - M\IIL\I/R - ALQLQR - ARTLtR + (hC) (4.18)

The first term is (proto) yukawa interaction which produces the interaction between the
Higgs boson and the composite fermions. The second term is the vector mass of the
composite fermions. The third and fourth term is the mixing of the composite sector and
the fundamental sector, which is the key factor of the partial compositeness. In this set
up, the lightest bottom quark is still massless; hence we add the small breaking term of
the partial compositeness:

—Ly = ypqrHbr + (h.c.). (4.19)

This term gives the mass term to the fundamental b quark. We expect the coefficient
is much smaller than unity. Including this breaking term into the theory we get the mass
terms in the vacuum of the Higgs field as

—Ly = PrpMithir + Yor Mpthpr + (huc.), (4.20)

where we introduce the following notations:

@bt = (t) Ta U) T)Tv (421)
oy = (b, B)T, (4.22)
0 Ap 0 0
Yfs? Y fs? Y fsc
M, = ! M;,rfsf e YR | (4.23)
(RS C VN ¢ 1
AR Y\/f;c Y\]/cgc M+ch2
Yo (H) A
Mo — ( v ML> (1.29)

with the definition s = sin((H)/f) = v/f and ¢ = cos((H)/f). Note that in the v — 0
limit (no EW symmetry breaking) the lightest top and bottom quarks become massless. For
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v = 0, we can analytically diagonalize these mass matrices using the following orthogonal

transformations:
s A
av | _ Cf)S ¢ —sing¢r, qr,m . tangy = 7L7 (4.25)
Q1 sin ¢y, cos¢r, Qrm M
tp cos pr — sin pgr tR.m Apg
I~ — ~ , t = 426
(TR) (sin or cosor | \Thm WOR = Ty (4.26)
where the subscript m denotes the mass eigenstate. The mass eigenvalues of the composite
states are
M
Mg=——— 4.27
Mx =M, (4.28)
M+Y
M= MY (4.29)
cos R

When turning on the Higgs VEV, we need to diagonalize the mass matrices by perform-
ing the SVD numerically. Before going to the mass eigenbasis we introduce the interaction

matrix as follows:
- 2le - —le — 5le
LDyt (3|) Lasathe Ay + Ypy? (J,)') Toxovp Ay + hxy* (g') Yx Ay
+ iy (CLPL + CLPR)Y W, + ¥xy"(CL P + Cit Pr)Y:W,f + (h.c.)
+ Ya " (NEPL + N Pr)YaZy — Ya(VEPL + YEPR)ah
A

+ ghowwh W, W™ + gz zh 5

(4.30)

where a = t,b, X. For the latter convenience we rewrite the Lagrangian of the fermion-
massive gauge bosons interaction terms as follows:

Ly = %W“@PL + CLPR)UW,E + %&mﬂ(éif Pp + CRPR) W, + (hc), (4.31)

Ly = %qﬁaw(ﬂ/g& + N&Pg — 2502 0y Qo) VaZ. (4.32)
cos Oy

In this expression the @), reads the product of the corresponding electric charge and the
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unit matrix. The interaction matrices are defined as follows:

% 0 00
0o L 0L
cl = V2| ch=|T V2,
0 O 00
0 O 00
Cip= (004 0),
2gs?
o~ 3o 0 0 0
0 g _ 2oy 0 0
Nt — 26W 3CW
b 0 0 I L A
T 2ew | Bew )
2gs
0 0 0 — 3CVY/"
2
— 2w 0 0 0
2gs
N}%: 0 2ch 3cv‘:/v 0 s 0
gs ’
0 0 _zcgw - 30;,{/ 0
2gs
0 0 0 — 3CV‘V/V
gs?
Nb — _QCgW + ﬁ 0
L 0 g 95ty |
“Sew T 3w
959y 0
N]% = <BCW 2 ) 9
gs
0 _2ch + ﬁ
2
X _ 9 595y
NL’R 2cw 3ew
0 O 0 0
. 0 sc sc 1:/2552
yL R~ 1-2s2
' 0 sc sc =
V2
1-2s%2 1-2s2
0 \/5 7 —280
%
b
yL,R = <(2) 0> )
y[),(’R - 05
2m12/v v2
gaww = 799
f2
2m?, v2
9nhzz = — o
12

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
(4.42)

(4.43)

(4.44)

where we introduce the notation sy (cy) as the shorthand for sin 6y (cos 0y ). In order to
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go to the mass eigenbasis, we perform the SVD:
Yr(r) = VLt(R)%L(R),m, (4.45)
YoL(R) = VE(R)¢bL(R),m7 (4.46)

where VLt(R) and Vllj( g) are the 4 x 4 and 2 x 2 unitary matrices respectively, and the
diagonalized mass matrices are

VLtT/VltV}% = My diag = Diag(me1, me, m3, mua), (4.47)
VLbTMbe% = My diag = Diag(mpy1, mp), (4.48)

where the mass eigenvalues are defined as m; > m; for i > j; hence we identify my4 and
mpe with m; and my of the SM. The interaction matrices become

CtL(R),m - VLtJER)CtL(R) VLb(R)a (4.49)
Citrym = Cir) Vim) (4.50)

L(R)n = V:{R) LR ViR (4.51)
NMrym = Vi N Vi), (4.52)
yE(R),m - VJ?(L)yE(R)VLt(R)a (4.53)
yz(R),m - V}gJEL)yg(R)VLb(R)' (4.54)

From the next section, we work in the mass eigenbasis but omit the subscript m for sim-
plicity.

Here we comment on the Higgs low energy theorem limit. As an explicit example
we consider the effective hgg coupling. Following the Higgs low energy theorem, we can
express the effective Lagrangian generated by the charge 2/3 loops as

~as hdlog(Det M (0) My (v))
127 v dlogw

Lhgy = G, G (4.55)

Using the Eq. (4.23), we get

Qs 1_2% h a auv
Lhgg = ———L_ =2, G, (4.56)

127 /1 _ v2 v i
f2

The important feature is that this coupling is only depending on the v?/f2. In order to
understand this feature we perform the field redefinition [38] as

v — Q7. (4.57)
In this basis we can rewrite the yukawa and mass terms as follows:

Ly ukawatMass = =Y fF(ULIE) (Z0VR) — MU LU g — ApA QT VR — Ap¥Qng + (h.c.),
(4.58)
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where we introduce the incomplete SO(5) multiplet:

1
A = —=(by —iby t ity 0)T, (4.59)

1
=70 000 V2tp)T. (4.60)

\)

The mass matrix reads

0 SE(l+e) GE(-1+c) Oks
—8rg M 0 0
My=| X2 (4.61)
~Ths 0 M 0
Age 0 0 M+Yf

In this basis it is clear that there is no Higgs dependence in the composite sub-block of the
matrix. The determinant becomes

MY fALAR . (20))°
Det MI(’U)Mt(U) = <2f\ﬁLR sin <f>> ) (4.62)
This determinant can be decomposed into two parts:
Det M{M,; = P(M,Y, AL, Ag, f) x F(v/f), (4.63)

where F'(v/ f) satisfies F'(0) = 0. Therefore the quantity 0 log(Det MZMt)/a log v does not
depend on the function P whose arguments are the parameter of the composite sector and
the linear mixing term. This separation can be realized if there is a single SO(5) invariant
constructed by the linear mixing parameters which can be treated as spurions [38, 39]. This
fact is quite characteristic and useful for the analysis of the loop induced Higgs couplings.

4.1.2 Experimental constraints

The strongest experimental constraints on composite Higgs models still come from the
electroweak precision measurements at the Z pole at the LEP collider. A convenient
description of the LEP precision data is given in terms of the parameters €, €92, €3 and
€y [40]. In addition to the SM contribution, there are three contributions in the MCHMS5.
The first contribution comes from the modified coupling of the Higgs to the massive gauge
bosons, which induces a logarithmic contribution to the epsilon parameters e¢; and es, or
equivalently to T and S. The contribution is cut-off by the mass m, of the first composite
Higgs resonance [36],

3a(my) v? m?
IR __ p
661 = —Mﬁ log miﬁ s (464)
2 m2
dellt = a(mz) v log | —2 . 4.65
3 487s?, f? m? (4.65)
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The contribution to the €; parameter is negative and the contribution to the €3 parameter
is positive. The second effect is the direct contribution of the vector and axial vector
resonances to the e3 parameter. This contribution is found to be

2 2 2
miy my, m
dey V' = W (1 + ) ~1.36—%, (4.66)
ms m2 ms
where we use the relation ZLTZ ~ , obtained in the five dimensional realization of the

model [8]. The last contribution comes from the quantum correction of the heavy fermions.
This contribution affects the both the €; and ¢, parameters which are corresponding to the
T parameter and the Zbb coupling, respectively. We can compute them at full one-loop
level. The contribution to the €; parameter is obtained as follows:

6fermion _ 3a(mZ)
! 167 sin® Oy cos? Oy

> (IChial® + IChial )0+ (Wi, yba) + 2 Re[CinChial0— (Ytis Vo)

Z(|C~§1i‘2 + 1Chul*)0+ (yx, yra) + 2 RelCr1,Cayil0— (yx, yri)

) Z ‘Niz‘yyz + ‘NE’L]‘ )0+(yt7,7ytj) + QRe[ Lij I%j]e—(ythytj)
7-]

1 \ / \ / \/ \ 7bx
~ 5 > (INZasl? + [Nasl?)05 (Yoo 6s) + 2 RelN 7 o sN ey 510— (Yo Us)
a7ﬁ

1, - N o
—3 ((|/\/’f(|2 + INE D04 (yx, yx) + 2R6[N£(N})z(*]ef(yXayX)) }, (4.67)

2
where 7,j and o, run 1 ~ 4 and 1 ~ 2, and y,, = ™ The loop functions 64 and 6_ are

defined in the App. A. This result includes the effect o? the SM top and bottom quarks with

the modified couplings; then it is corresponding to the T’ parameter as Jet® SM ofermion _

The SM contribution with the limit |[V,{5%| = 1 is obtained as

2,2 2
SM,fermion __ 30é<mz) mymy, my
€1 = m? +mi — 2——5n|—

) 2 2 2
167 sin” Oy cos= Oyym7, mt mj mj

~9.23 x 1073, (4.68)

The contribution to the ¢, parameter is a little bit complicated. We don’t care about the
right handed bottom quark effect because the fundamental sector doesn’t mix with the
composite sector with respect to the right handed bottom quark; the effect is negligibly
small. The amplitude for the decay of a Z boson to massless left handed bottom quarks
can be written

- _ 1—~°
M(Z — brbr) = —grby* < 27 > be,., (4.69)
where the g7, coupling is modified from its value in the SM:

g1 = g7 + dgr. (4.70)
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The correction dgy, is coming from the heavy fermions via the loop process. At one-loop
level we have

a g
ogr, = —
9L 27 COSQW(

F — Four), (4.71)

where the function F' is the contribution from the heavy fermions, including the SM top
quark with the modified coupling. The contribution can be computed as

N 1 Nt
F =Y [CLol {FSM(mm-) + F <L”2 ; mm)}

NE N
+3 ZCL12CLJ'2F2< ng gw mn‘,mtj), (4.72)

where the functions Fygjs, F1 and Fy are defined in the App. A. Using these results we get
the contribution to the ¢, parameter:

fermion SM,fermion (0% g
- ’ =—-2— F—-F 4.73
“ “ 27 cos Oy ( s) ( )

where we extract the effect beyond the SM. Now we can express the ¢ parameters as the

following:
61 =5.38 x 1073 4 gefFf 4 (lormion — FNblermion), (4.74)
= —7.06 x 1073, (4.75)
63 = 5.42 x 10~ 3+5e +0€JV, (4.76)
= —6.48 x 1079 4 (germion — ¢ NHiermion) (4.77)
= Diag (e'ih, eth, egh, ef,h) (4.78)

The first terms of each e are the SM contributions with m;, = 126 [GeV] and m; = 173
[GeV]. On the other hand, experimental values of the € parameters are well measured [41]:

exp

= (5.4+1.0) x 1073, (4.79)
6P = (=7.940.9) x 1072, (4.80)
7P = (5.3440.94) x 1072, (4.81)
e,'jXP = (=5.04+1.6) x 1072, (4.82)

(4.83)
(4.84)

£™P = Diag (5.4, —7.9, 5.34, —5.0) x 1073,
Ae®™P = Diag (1.0, 0.9, 0.94, 1.6) x 1073,

Note that we include the W mass update [42]. These constraints are not independent but
correlated each other; the correlation matrix is obtained as

1 080 0.86 0.00
0.80 1 0.53 —0.01
0.86 053 1 0.02
0.00 —-0.01 0.02 1

p= (4.85)
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Now the x? fit can be peformed. The quantity x? is defined by
2= <€th _ Eexp> o1 (sth _ 6exp) : (4.86)
where C~1! is the inverse of the variance-covariance matrix:
C = Ae®P p Ae™P, (4.87)

The number of the parameters of the MCHMS5 is seven, {f,m,,Y,yp, M,AL,AR}. The
ratio ?—z is directly connected to the fine tuning; therefore we compute the minimum of the
x? for a fixed value of £. The parameter 7 is determined by the requirement of the correct
bottom mass and its effect to other observables is enough tiny to ignore; which means
that we can treat y; as a fixed parameter. We also have to reproduce the SM top mass,
my = 173 [GeV], which leads one relation between the parameters of the theory. Finally
we should perform the y? fit using the following four DOF; one dimension-full parameter
m,, and three dimension-less parameters

¢, = arctan (AJWL> , (4.88)

¢r = arctan (&) , (4.89)
MY

R= — (4.90)

¢r(R) is the mixing parameter of the left (right) handed elementary and composite sectors,
and R is the ratio of the dimension-full parameters M and yf. In this analysis we require
the 99% C.L. with four DOFs:

x? < 13.277, (4.91)

where the value of right handed side is the corresponding x? value at p = 0.01. The
minimum value of x2. is smaller than the SM value, X%M = 5.03, because of the larger
number of fitting parameters.

Other constraints come from the CKM matrix element |V};| and the direct top partner
search at the LHC. The lower limit on |V}| is obtained from the single top production in
pp collisions [44]:

Vip| > 0.92, at 99% C.L., (4.92)

where the top mass is assumed as 172.5 [GeV]. This constraint is significantly upgraded
compared with the previous study, |Vi| > 0.77 [45]. However, this upgrade does not give
a big change to our analysis. In the Fig.10, we plot a sample of parameters passing the
x? test for each |Vj,| constraint in the case of f = 750 [GeV]. We find the small region,
especially the light top partner mass region, is excluded by the change of the constraint.
From the figure we find that there are two typical regions in the range of relatively small
top partner mass: the small compositeness region and the large compositeness region. In
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Figure 10. A sample of parameters passing the x? test of the EW precision tests for |V;;| > 0.77
(left) and |Vip| > 0.92 (right) in the case of f = 750 [GeV]. The vertical axis is the compositeness
of the left handed sector and the horizontal axis is the lightest top partner mass my;s.

the small compositeness region, the main component of ;3 is the singlet T and the other
states are rather heavy. On the other hand, in the large compositeness region the exotic
charge state 1)x becomes light below 1 [TeV].
The direct top partner search at the LHC is also experimental constraints. This constraint
is roughly 700 [GeV] [47]. However, we check that this constraint gives no significant influ-
ence to the Higgs couplings we discuss in the next section; hence we ignore this constraint
in our analysis.

We comment on the parameters we use for the numerical simulations. The ranges of

the parameters we use are as follows:

m, = 27 f,4n f], (4.93)
M =1[0,m,)], (4.94)

Y = [—4r, 4n), (4.95)
sin¢r, = [0, 1], (4.96)
singpr = [0,1]. (4.97)

The first parameter m, is the cut-off scale of the theory; we find that for this range the
result does not change significantly. In regard to the other parameters, we vary them as
large as possible although perhaps they may be somewhat unphysical.

As a conclusion of this section we plot the contributions to the ¢; and €, parameters
from the fermionic resonances for the parameter region passing the y? tests in the case of
f =750 [GeV], see the Fig. 11. We find the contribution to the ¢, parameter corresponding
to the Zbyby, coupling tends to be large and gives a severe constraint; this result is consistent
with the Ref. [46]. We can see it is possible to get in agreement with the EW precision

tests by having a small positive contribution to both (efermion _ (M fermiony j SMLfermion ), 4

fermion SM, fermion SM,fermion
(€ — € )/ € )
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Figure 11. Scatter plot of the contributions to the ¢; and ¢, parameters from the ferimionic
resonances. In this plot we ignore the small contribution deff.

4.1.3 Decay widths and couplings: numerical result

We now study the decay widths of the Higgs boson in the MHCMS5. In this subsection
we present the decay widths in terms of the parameters of the Lagrangian in the mass
eigenbasis, and then perform the monte carlo simulation in the case of f = 750 [GeV] as a
reference value. We include the contributions from all of the fermionic resonances taking
into account the top and bottom quarks, and apply the experimental constraints considered
in the previous subsection.

Using the results in the Sec. 2.2, the ratios of the decay widths to those of the SM can
be expressed in the following forms.

h — VV* mode:

L(h— VV*) v?
=1-—. 4.98
I'(h = VV*)snm f2 ( )

This mode is completely determined by the decay constant. This result is derived by the
resummation of the Higgs kinetic term (4.7); therefore this is valid in all order of ;—z For
the value of f = 750 [GeV], the ratio is I'/I'sas = 0.892.

h — bb mode:

D(h—bb) Vo _ Vhoo (4.99)
L(h—bb)sy 2 |

v v

The hermiticity of the Lagrangian leads the relation y§22 = )/%22. Since we construct the
bottom quark mass by the explicit breaking of the partial compositeness, this mode is the
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almost same as the SM case, see the Fig. 12. The difference is lower than O(107°) %.

®

1.02} ]

1.00-

0.98} ]

I'(hbb)/T'(hbb)gy

0.96- ]
0 500 1000 1500 2000 2500 3000 3500
lightest top partner mass [GeV]

Figure 12. The ratio of the h — bb mode decay widths for f = 750 [GeV]. The vertical axis is
the ratio of I'(h — bb) and the SM one, and the horizontal axis is the lightest top partner mass.
The ratio is almost one; the difference is less than O(107°) %. This result is unchanged before and
after imposing the experimental constraints.

h — gg mode:
I'(h — g9) 2 2 2
T IY) 124y ZA
T(h = g9)sm |0 1/2(7¢) + " 12(m)| X
4 2 2
2yt 0 2ybaa
'5—1 mfz Avyo(T) + 5—1 mea A1/2(Toa)| (4.100)

2m
where we define 75 = (T,:b

2, and the loop function A, /5 is expressed in the App. A. This
mode is important for the production of the Higgs boson because the gluon fusion process
is the dominant process at the LHC. In particular, if we ignore the other Higgs production
modes we get the relation

L(h—g9) _ op—h) (4.101)
L(h— gg9)sm o(pp = h)sm

In the MCHMS5 this mode is significantly suppressed because of the structure of the top

yukawa coupling; in the Higgs low energy theorem limit the top yukawa coupling is sup-

1125 . Due to this suppression the small value of f is undesirable from the view

pressed by
point of the LHC experiment. For example, in the case of f = 500 [GeV] we find

o(gg — h) BR(h — v7)

olgg = Msm < BR( = y7)em 03 (for f = 500[GeV]). (4.102)

This value is too small to explain the experimental data. In this thesis we therefore consider
the decay constant is larger than 750 [GeV] (although the production is still a bit small for
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the decay constant below 1000 [GeV]). We show the result in the Fig. 13 with/without the
constraints of the EW precision measurements and the CKM matrix element |Vy|. The
suppression of the width is larger than 30%. Without the constraints, the ratio can vary
by about 10 %. In the small ratio region the top quark yukawa coupling is small and the
coupling of one of the partner becomes large. However, in such a case the contributions
to the €; and €, parameters from the fermion loop turn out to be rather small compared
with those of the SM. After imposing the constraints, we find that the possible value of
the ratio is within a few % of the result of the Higgs low energy theorem limit.

0.70¢ 0.70;

0.69: E ]
= O.68§ . 0.69; :
(=) g =) [

3 0'675 2 0.68;
g 0.66¢ E I
3 0658 3 067
= 064 S oo ]
= ~ 066! ]

0.63; ; ]

0.62t ‘ ‘ s ‘ ‘ ‘ 0.65L. s ‘ s ‘ s ‘ 1

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
lightest top partner mass [GeV] lightest top partner mass [GeV]

Figure 13. The ratio of the h — gg mode decay widths for f = 750 [GeV] without the constraints
(left) and with the constraints (right). The vertical axis is the ratio of I'(h — gg) and the SM one,
and the horizontal axis is the lightest top partner mass. Since the top yukawa coupling receives the
large suppression, this mode shows the large deviation from the SM prediction.

h — ~~ mode:
T'(h — v7) 2 6 /2\2 6 /—1\2 —2
—= TV 12124 512\ 4 6(-1\",
L(h—=yy)sm  |v 1(rw) + v (3> 1/2(70) + v ( 3 ) 12(m)| X

2 5 [, v?

;1 1 — ﬁAl(Tw)
(RY: 8% 2 ’

+Z mfz” <3> Ay o (i +Z m];za () A12(Tba)

where the loop function A; is defined in the App. A. The W boson also contributes to this
mode and its contribution is large and opposite compared with the fermionic contribution.

. (4.103)

Therefore, the suppression is relatively smaller than that of the h — gg mode. From the
Fig. 14 we can see that the difference whether the constraints are imposed or not is not
significant. The width is suppressed by about 5 %.
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Figure 14. The ratio of the h — vy mode decay widths for f = 750 [GeV] without the constraints
(left) and with the constraints (right). The vertical axis is the ratio of I'(h — ) and the SM one,
and the horizontal axis is the lightest top partner mass. The plots are almost flat with respect
to the lightest top partner mass because the dominant contribution coming from the W boson is
determined only by the decay constant.
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(4.104)

where the loop functions Ay and Ap are defined in the App. A. The striking feature of this
mode is that different mass eigenstates can be appeared in the loop because there exists
the off-diagonal interactions in both Higgs-fermions and Z boson-fermions interactions.
Therefore, although the W contribution is similarly dominant in this mode, the width
exhibits a different behavior from the h — 4y mode. This mode is already studied in the
Ref. [48], including only composite sector. In this thesis we include the fundamental sector
and compute the width including the exact dependence on the all fermion masses and the
off-diagonal interactions. Before imposing the constraints the possible range is quite wide;
especially the ratio can be larger than unity. This is because that the sign of the fermionic
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contribution can be changed, and off-diagonal contributions can be entered. After applying
the constraints, we find the large ratio region is excluded but still have the fairly wider
possible range than that of the A — < mode; this process is also interesting for the collider

search.
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Figure 15. The ratio of the h — Z~ mode decay width for f = 750 [GeV] without the constraints
(left) and with the constraints (right). The vertical axis is the ratio of I'(h — Z=) and the SM one,
and the horizontal axis is the lightest top partner mass. In the light mass region the contribution
of the heavy fermions gives relatively large deviation compared with the heavy mass limit.

We summarize the result of the ratios of the decay widths in the Fig. 16. In the
MCHMS5 the h — gg mode shows the largest deviation from the SM about larger than 30
%. On the other hand, the h — bb mode is almost the same as the SM case. The other
three modes receives the suppressions about 5 ~ 10 %.
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Figure 16. The summary of the ratios of the decay widths of h — X X for f = 750 [GeV]. The
vertical axis is the ratio of I'(h — X X) and the SM one for various decay modes. We perform
the numerical calculation and show the result for the parameters which are allowed by the EW
precision tests and the |V;p| constraint.
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Next we define the deviation of the Higgs couplings from the SM prediction in ac-
cordance with the Ref. [15] in order to compare with the experimental sensitivity. In the
perspective of the effective coupling, we can define the deviation of the coupling from that
of the SM using the decay widths computed above:

d(hXX) = \/Fr(h - XX (4.105)

(h—)XX)SM

According to the Ref. [15], the future experiments can reveal this deviation with high
precision for various modes. In this thesis we use the following modes: hWW, hZZ and
hbb for the tree level couplings; hgg, hyy and hZvy for the one-loop effective couplings.
Although the experimental sensitivity of the hZ~y coupling has not studied yet, we also
present the result of this coupling to show the impact on new physics search of this mode.
As a reference analysis, we study the possible deviations of the Higgs coupling in the case
of f = 750 [GeV]. We show the result in the Fig. 17. The thin line (LHC14) shows the
lo confidence intervals for the LHC sensitivity at 14 [TeV] with 300 [fb~!]. The bold
line (ILC250) shows the 1o confidence intervals for the ILC sensitivity at 250 [GeV] with
250 [fb~!]. If the plots are below these lines, we can observe the deviations of the couplings.
In the present case the hgg coupling can be distinguished from the SM at both the LHC
and ILC, and the hV'V coupling is detectable only at the ILC. For the hyy mode, it is
difficult to observe the deviation due to the small difference. The interesting point is that if
we can measure the hZ~y coupling with the sensitivity close to the hyy mode the deviation
of this coupling is likely to be observed.

0.00] o

_0.05 o - - '

—0-10;* — ILC250

d(hXX)

_0_15; —  LHC14

~0.20

_0.25:’\ 1 1 1 ! |
hWW hZZ hbb hgg hyy hZy

Higgs coupling

Figure 17.  The deviations of the Higgs couplings for f = 750 [GeV] and the experimental
sensitivities. The vertical axis is the deviation of the coupling from those of the SM. The thin
(bold) line is the 1o confidence sensitivity at 14 [TeV] LHC with 300 [fb~*] (250 [GeV] ILC with
250 [fb1]).
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Finally we perform the numerical calculation with varying the decay constant f from
750 [GeV] to 2000 [GeV]. Using the fine tuning measure defined in the Ref. [36], we find
f = 2000 [GeV] corresponds to about 1 % fine tuning. It probably seems to be unnatural;
however, we here allow up to 1 % fine tuning in the light of recent experimental results that
we have found no new particles at the LHC. In our numerical calculation we first determine
the decay constant f from 750 [GeV] to 2000 [GeV] and then randomly choose the input
parameters in accordance to the Eqgs. (4.93)-(4.97). The ratio of decay widths are denoted
in the Fig. 18. As we saw the displacements of each ratio is not large for the fixed f. Hence
the wide possible ranges in the figure are due to the change of f; the possible range moves
from the bottom to the top as f becomes large. If we take f — oo limit, the theory can
reproduce the SM and all of the ratios converge to unity.
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Figure 18. The summary of the ratios of the decay width of h — X X for f = [750,2000] [GeV].
The vertical axis is the ratio of I'(h — X X) and the SM one for various decay modes. We perform
the numerical calculation and show the result for the parameters which are allowed by the EW
precision tests and the |V;p| constraint.

The summarized results of the deviations of the couplings and the experimental sen-
sitivities are shown in the Fig. 19. For the wide range of f we can detect the non-SM hgg
coupling at both the LHC and the ILC. For the ILC case we can probe f up to about
1500 [GeV]. In addition, the hZ Z coupling is a useful probe to search the large value of f
because of the high accuracy at the ILC; we find f < 1850 [GeV] can be investigated. The
hZ~ coupling could be an interesting target up to around f ~ 1000 [GeV].

4.2 Other models

In this section we study other models compared with the MCHM5. As comparison models
we study the RS model and the extra singlet Higgs model. With respect to the SUSY
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Figure 19. The deviations of the Higgs couplings for f = [750,2000] [GeV] and the experimental
sensitivities. The vertical axis is the deviation of the coupling from those of the SM. The thin
(bold) line is the 1o confidence sensitivity at the 14 [TeV] LHC with 300 [fb~'] (250 [GeV] ILC with
250 [fb™1]).

model, we will give a comment later. Here we just explain the structure of the Higgs
coupling, and the actual numerical simulation will be done in the next section.

4.2.1 Randall-Sundrum model

The RS model is one of solution of the gauge hierarchy problem with one AdS extra space
dimension. In addition to the background metric, we introduce a massive five dimensional
scalar field which interacts at the brane in order to stabilize the distance between branes,
which is known as the Goldberger-Wise mechanism [49]. This scalar field generates the
potential for the radion field. Considering the scalar perturbation which is corresponding
to the radion, we find the metric is given by

ds® = 6_2(”°¢+F(m’¢))nuydx“dx” — (14 2F(x,¢))*r2d¢?. (4.106)

The fifth dimension has the topology S1/Z, and is parametrized by ¢ (0 < ¢ < 7). Here
kr.m is the product of the fifth dimensional curvature k£ and the size of the fifth dimension
rem, and F' is a scalar perturbation F'(z,¢) = r(z)R(¢) [50] where r(z) is the radion field
and R(¢) is determined by the Einstein equation. If the back reaction is negligibly small,
the scalar perturbation is

P, ¢) = [ o

4.1

where Ay is the VEV of the radion Ay = \@mple_k”” ~ TeV. In this thesis we consider
the case in which all fields except for the Higgs boson propagate along the fifth dimension;
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the effect of the higher dimensional operators are suppressed, and there arises Kaluza-Klein
(KK) particles in the four dimensional effective theory.

Let us first show the KK reduction of the bulk gauge fields in the case of an U(1)
gauge theory [51]. The extension to the non-abelian gauge theory is straightforward. The
five dimensional action of the bulk gauge field is

1
V= / d*z / dp/—GGABGCPFucFpp, (4.108)

where GAB(A,B = 0 ~ 4) is the five dimensional metric and G is its determinant such
that v—G = e~ %7¢r,.. We introduce the Zs parity and assign the Z3 even and odd to V),
and Vj, respectively. Zy even states can have the zeroth modes which are identified to be
the SM fields. We can rewrite the five dimensional action as

1
Sv> - / d'a / do e (10 Fur Fyr — 200 V(e 700,V,)) (4.109)

The KK reduction of the gauge fields is realized using the fifth dimensional wave function
of the n-th KK mode £(™:

ZV ﬁ (4.110)

The wave function has to satisfy the following two conditions: the first one is the orthonor-
mality condition;

/ dp&mE™ =6, (4.111)
the second one is the bulk differential equation;
Ld ([ o @ ) 2 ¢(n)
_ red ~ e(n) ) — n 4.112
g () =it (@112

where m,, is a mass of the n-th KK mode. From these conditions we can analytically
express the n-th wave function:

ekrc¢

£ = N [J1(2n) + anY1(zn)], (4.113)

where J,,(Y},) is the Bessel function of the first (second) kind, see the App. A, and z, =
%ek”’r. We here introduce the normalization factor N,, which is determined by the
Eq. (4.111), and

T
2(log(my /2k) — krem +y +1/2)

where « is the Euler-Mascheroni constant. In particular, the zeroth mode of the wave

= %ﬂ Moreover, the boundary conditions at the visible brane lead the

(4.114)

Qp = —

function is £(©)
following equation which determines the masses of each KK mode:

Ji(20) + %J{(zn) + o (Yl(zn) + %Y{(zn)) = 0. (4.115)
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In this thesis we neglect the small correction to the wave function and to the KK mass of
the massive gauge bosons from the EW symmetry breaking.
Next we present the KK reduction of the bulk massive fermions [52].

S :/d“x/dqs@

el {;Q’YGaAQ —0AQ7"Q + WbcAQ%{'Yaa ch}Q}

- i ) 1
—mqsgn(¢)QQ + Y <2q’y“8Aq = 0ady* g+ wpeadz 10" UbC}Q>
q=u,d

— > mgsgn(é)qq —

q=u,d

(a1 Yspur + diYsndr)(|6] — W)] ; (4.116)
\/irc
where e} = Diag(ef<?, ekred ehre® ekred 1 /r.) is an inverse vielbein, wy.4 is a spin connec-
tion, urry,dr(r) are five dimensional up and down quarks, and ¢(Q) is an SU(2)[, singlet
(doublet). Note that our assumption of the localized Higgs field only allows the localized
yukawa interaction on the visible brane. In order to construct the chiral effective theory
we impose the appropriate Zs parity to the quark fields. Integrating this action by parts,
we get the following action after some simplifications:

Sy :/d4x/d(;5rc !e_?’k”‘b QidQ + Z qidq

q=u,d

— e el son () | cQkQQ + Z cqkqq

q=u,d
1 _
~ 5 QL(6—4I<:TC¢8¢+a¢e—4krc¢)QR+ Z QL(€_4]€TC¢8¢+8¢€_4krc¢)qR—|—(h.c.)
‘ q=u,d
_ —3kregp U (o 7 B
e J2r (urYspur + dpYspdr)d(|o| — )|, (4.117)
c

where we rewrite mq(q) = co(q)k; naively we expect the coefficient cg(q) is O(1). The KK
reduction of the five dimensional fermion ¥ is performed by

e

€2kr
V2
where f (R)(gb) is the left (right) handed fifth dimensional wave function of the n-th KK

mode and v, is the n-th order four dimensional fermion. As with the gauge field we have
the two conditions. The orthonormality condition is

Uz, ¢) =Y dpl(x) (9, (4.118)
n=0

/ " T £AY () £B(6) = 56, (4.119)

—T

where A, B = L, R. The differential equation of the wave function is

(i:c% - mn> FER(¢) = —mpefre? fIE () + ekwﬁ}@ff%((ﬁ 7). (4.120)
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Then we get the following wave function:
okred/2

TIL/’R(QZ)) = NLE

<JCL wTl/2 (7&’”") + BERY,, 1 (";" ech‘f’)) . (4.121)

We define the function 65  for each Zo parity:

(ﬁL’R) _ (% + CLrR) (]CL,R:Fl/2 (mT) JéL RIFl/Q (%) (4122)
! (2 +cnr) Yo e (52) + "2YY, Lgrye (50
J. ma
( ﬁ’R)odd _ L,rRF1/2 ( k ) (4.123)

YCL,RjFl/2 (%)

In particular the zeroth mode is given by

tep,rd 2(ekrem(1+2cL.r) — 1)
L,R € . L,R €
’ = ——, with Ny = . 4.124
fo™(9) N 0 \/ kre(1 4 2cr,r) ( )

The profile of the wave function is controlled by the bulk mass, i.e. the parameter c g in
this case. If the fermion is localized near the visible brane, its coupling with the Higgs boson
becomes large because the Higgs field is localized on the visible brane. Such a situation is
realized by the small ¢;, g. We can relax the hierarchy problem of the yukawa couplings by
choosing appropriate O(1) parameters.

At this point we can illustrate the interactions of the Higgs field and the radion field
with the SM fields and the KK modes [53]. The radion interactions are similar to those
of the Higgs; the interaction is realized through the mass of the interacting particles. The
interaction with the massive gauge boson is

0) Z(0)u
o 5 <rr(0 Yy 2,7
ETVV__A? (Qmw WO 4 2m T
+drml, - e (men (mwimtw s +> , (4.125)

Z( )Z(O),u

h
Lhvy = — ; <2m12/VW;SO)+W( )+u + 2m 2 5

+ drmd, S e (mey (mw it w e ) : (4.126)
n=1

where VM(O) is the SM vector boson and Vu(n) is the n-th KK mode. f(Wn) () is the wave
function of the n-th KK mode on the visible brane. The interaction with the fermion is

Ly =Af¢ (mfw%@ + emﬂ%ﬂm Zf<”>*<w>f<”><w>w<”>w<">> (4127

h /) * n) 7(n n
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where (0 is the SM fermion field and ¥ is the n-th KK mode. f(™(x) is the wave
function of the n-th KK mode on the visible brane. The loop induced effective couplings
to gg and v are also well known. Note that in the radion case there exists the tree level
coupling [54]:

T 1 Qg 1 O
Lrggry = TaA, ((W +to. rQCD) G, G + <krc7r + o %M) FuuF“”> , (4.129)

where

bocp = T+ (A1y2(7s) + A{ZK% (4.130)
r 118 KK
on = = 5 (Ae(7) + ATRS) + (Ar(rw) + A7), (4.131)
and the KK mode contributions A{/I;K and A}VEK are computed as follows:

U 20 () £ (
AT = ekre \T?YBDZ ( (31) ( )A{/Q, (4.132)
e n=1 Mk
2 [e.o]
m n n
AFKE - 27r< o ) S e (mely (mAY, (4.133)
MWk n=1

where mgcn) and mgﬁ) are the mass of the n-th KK mode. Note that the sum of all KK
KK KK

modes is finite [55]. For the Higgs boson case the interaction is obtained as
Lhgghry =~ 1 (ﬁbQCDGZVG“‘”” + 2—;bEMFWFW> , (4.134)

Next we consider the radion-Higgs mixing [56]. The mixing is induced by a curvature-
Higgs mixing term in the four dimensional effective Lagrangian:

Le = \/GmalR(gina) H'H, (4.135)

where £ is a parameter and gj,q is an induced metric which is given by e~ 2(krem+r/ A¢)77W.
R(gina) is the Ricci scalar calculated from the induced metric. After simplification we get
the Higgs boson and the radion quadratic terms as

1 1 1 1
L= —§h82h - 5m,%h2 — 5(1 + 6572)]05)27" - imﬁﬂ + 6§fyh('“)2r, (4.136)

where we introduce the notation ¢ = £~. In order to obtain the canonical kinetic terms,

we first rescale the fields as follows:

/
=4 8T (4.137)
Z
7,,/
_r 4.1
r=_, (4.138)

where Z2 = 1+ 6£¢%(1 — 6¢). The positivity of Z2 requires the following relation:

1 4 1 4
12(1—,/1+C2><§<12<1+,/1+<>. (4.139)
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Then we perform the orthogonal transformation as

, .
h/ _ CO.S 60 sinf hom, 7 (4.140)
r —sin# cosf Tm

where the subscript m denotes the mass eigenstate, and the mixing angle is
mj,

2 mi (22 = 3682¢%)

Finally we get the following relation between the gauge eigenstate and the mass eigenstate:

(4.141)

tan 20 = 126CZ
m

h= <cos€ — % sin 0) hom + (sin@ + ﬁzc cos 9> Tm, (4.142)
=— sin9h—m +cosf (4.143)
r= 7 7 .

From now on we study the couplings of h,,, and the subscript m is omitted for simplicity.

In our numerical calculation, we use the following parameters. We set the cut-off
scale Ay = 10 [TeV] in order to evade the experimental constraints [57]. The bulk mass
parameters cy, and cg are changed from —1 to 1 with the constraints that the SM fermion
masses are reproduced. We vary the mixing parameter ¢ also from —1 to 1. The range of
the radion mass eigenvalue is set as m, = [200, 1000] [GeV]. The lower bound is determined
from the view point that the radion cannot be produced at the ILC 250 [GeV], and the
upper bound is just put on 1 [TeV].

4.2.2 Extra singlet Higgs model

We consider a theory where an extra gauge singlet Higgs boson mixes with the SM Higgs
boson [58]. This singlet may spontaneously break symmetries in some hidden sector group.
The Lagrangian of the Higgs sector is changed from the SM as follows:

LD (D, H)'D'H + p?|H> = N H|*
+9,0101® 4 120> — N|@[* — N'|® 2| H|?. (4.144)

We have two CP-even mass eigenstates which are linear combinations of H and ® with the

h _ cosfy —sinfy Hcp even, neutral (4 145)
H sin 9H COs HH (I)CP even, neutral ’

where we denote the Higgs fields in the right handed side as CP-even neutral components.

mixing angle 0:

The lighter mass eigenstate is identified to the observed Higgs boson, i.e. my = 126 [GeV],
which requires sin?fy < 0.5. With respect to the Higgs couplings, all we need is the
mixing angle to describe the couplings. We can express the couplings of the CP-even mass
eigenstate in unit of those of the SM Higgs:

g2 = cos? O g2, (4.146)
g3 = sin? 0 gty (4.147)
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The deviation of the Higgs couplings from the SM is

. 2 9
d(hXX) = —Sm2 1 (4.148)

The striking feature of this model is that all of the Higgs couplings are changed in the same
way.

The experimental constraints come from the direct detection of H and the EW pre-
cision tests. In this thesis we focus on the region where the direct detection cannot be
achieved and the EW precision tests are satisfied. In according to the Ref. [58], this
requirement restricts the mixing parameter as sin?6y < 0.11; hence the amount of the
deviation of the Higgs coupling is within 6%.

4.3 Model discrimination using the correlation of Higgs couplings

In this section we compare the deviations of the Higgs couplings among the models we
studied in the previous sections. As we emphasized, the correlations of the deviations are
important for the model discrimination because they could extract the peculiar information
of the model we consider. We focus on the correlation between the hZZ and hbb coupling
deviations for the tree level process. The hZZ mode is a well-measurable mode at the
LHC and ILC; the hWW mode is not considered because the sensitivity of this mode is
similar to that of the hZZ mode. The hbb mode can be measured with high sensitivity at
the ILC, and bb final state is a main decay mode of the Higgs boson. For the loop induced
process, we focus on the correlation between hgg, hyy and hZvy coupling deviations. The
hgg mode is important for the production of the Higgs boson at the LHC and sensitive to
the new colored particles which interact with the Higgs boson. The hyy mode gives us the
information of the Higgs mass and the new charged particles which interact with the Higgs
boson. The hZ~ mode is not yet studied experimentally, but we can also use this mode for
new physics search. Although the branching ratios of these modes are relatively small, the
loop process is useful to discriminate the models which are degenerate at tree level. We
investigate on the experimental accessibility of the model discrimination by using the date
of the Ref. [15].

First we consider the correlation between the deviations of the hbb and hZZ couplings
at the LHC. In this section we denote the numerical results of the MCHMb5 and the RS
model as blue and red points respectively while the extra singlet Higgs model which ca be
analytically studied is expressed by the green line. Experimental sensitivities are shown by
the black line, and we can survey the region outside the line from the origin (0,0) which
is corresponding to the SM case. Due to the small deviations, we cannot observe the tree
level couplings at the LHC. In the MCHMS5 the bottom yukawa coupling is almost the
same as that of the SM as we saw. For the RS and extra singlet Higgs models, the tree
level coupling deviations are determined only by the mixing angle; hence the correlation
shows the same behavior and the red points are on the green line in the figure.
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Figure 20. The correlation between the coupling deviations of the hbb and hZZ couplings. The
blue point, red point and green line denote the MCHMS5, the RS model and the extra singlet Higgs
model, respectively. The red points are on the green line because only the mixing angle determines
the deviations for both models. The black dashed line gives the 1o interval sensitivity of the LHC
14 [TeV] with 300 [fb~']. This line means that we can probe the region outside the line from the
origin (0,0). We find we cannot observe the deviations at the LHC.

Next we investigate the correlation between the deviations of the hyy and hgg couplings
at the LHC. We find that the hgg coupling is promising for the search of the MCHMS5 and
RS models. For the MCHMb5 we can investigate f up to about 1100 [GeV]. The interesting
point is the different behavior of the hyvy coupling deviation. As we saw it cannot be large to
detect in the MCHMb5; however the RS model shows it can possibly be large to be observed
in the positive direction. This is because the contribution of the KK mode can be opposite
to that of the SM by changing the wave function profile; the bulk mass parameters ¢y, and
cr are independent and can especially have the opposite signs. Therefore the deviations
of the hyvy and hgg couplings show the negative correlation. Using the correlation, we
perhaps distinguish the RS model from the MHCMS5 if the negative d(hgg) and positive
d(hvy~) are observed within the prediction of the model. No deviation can be found in the
extra singlet Higgs model.

Then we study the correlation between the deviations of the hbb and hZZ couplings
at the ILC. In this thesis we use the ILC sensitivity of the coupling measurements for the
250 [GeV] with 300 [fb™!] and 1000 [GeV] with 1000 [fb~!] cases. Because of the high
sensitivity of the ILC experiment, we can probe the very wide parameter region using this
correlation. For the MHCMS5 with f below 2000 [GeV], we definitely observe the modified
hZZ coupling at the ILC1000 while the hbb coupling deviation can be never seen because
the coupling is almost the same as the SM case. On the other hand, both of the deviations
can be detected in the RS and extra singlet Higgs models if the mixing angle is not too tiny;
for the extra singlet Higgs model we can investigate the mixing angle as sin 6, > 0.012.
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Figure 21. The correlation between the coupling deviations of the hyy and hgg couplings. The
blue point, red point and green line denote the MCHMS5, the RS model and the extra singlet Higgs
model, respectively. The result of the Higgs low energy theorem limit for the MCHMS5 is expressed
as the yellow line. The black dashed line gives the 1o interval sensitivity of the LHC 14 [TeV] with
300 [fb~']. This line means that we can probe the region outside the line from the origin (0,0).
The deviations of the extra singlet Higgs model are too small to observe. On the other hand, the
hgg coupling is promising for the MCHMS5 and the RS model.

We find that in any case the RS and extra singlet Higgs models can be distinguished from
the MCHMS5 because the case where the hZZ coupling deviation is observed alone is only
possible in the MCHMS5. This is due to the great sensitivity of the hbb coupling at the ILC
experiment.

The correlation between the deviations of the hyy and hgg couplings at the ILC is
also useful for the model discrimination. The hgg mode is quite powerful for the MCHMS5;
at the ILC250 the decay constant can be searched up to about 1500 [GeV], and at the
ILC1000 we can absolutely detect the deviation. The difference of the correlations of the
RS and extra singlet Higgs models is available to discriminate them. For the RS model,
the hyvy coupling deviation could be large because of the KK contribution even in the small
mixing region. On the other hand, for the extra singlet Higgs model negative d(hvyy) could
be observed. Therefore this correlation resolves the degeneracy of the RS and extra singlet
Higgs models at the tree level.

Finally we also show the result of the correlation of the hyy and hZvy couplings. For
this study we use the result of the TLEP with /s = 350 [GeV] and 2600 [fb™!] [59], which
is the best sensitivity proposed at the present. Since the hZ~ mode is not well studied
experimentally, we naively expect that the sensitivity of this mode is different by only the
statistics compared with the hyy mode. The branching ratio of the h — Z+ mode is about
two-thirds of the h — v mode, and we cannot use the invisible decay of the Z boson whose
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Figure 22. The correlation between the coupling deviations of the hbb and hZZ couplings. The
blue point, red point and green line denote the MCHMS5, the RS model and the extra singlet Higgs
model, respectively. The red point is on the green line because only the mixing angle determines
the deviations for both models. The black thin (thick) line gives the 1o interval sensitivity of the
ILC 250 [GeV] with 300 [fb™!] (1000 [GeV] with 1000 [fb~']). This line means that we can probe
the region outside the line from the origin (0,0). Due to the high sensitivity at the ILC, we can
measure the deviations in the wide parameter regions of each model.
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Figure 23. The correlation between the coupling deviations of the hyy and hgg couplings. The
blue point, red point and green line denote the MCHMS5, the RS model and the extra singlet Higgs
model, respectively. The result of the Higgs low energy theorem limit for the MCHMS5 is expressed
as the yellow line. The black thin (thick) line gives the 1o interval sensitivity of the ILC 250 [GeV]
with 300 [fb~'] (1000 [GeV] with 1000 [fb~']). This line means that we can probe the region outside
the line from the origin (0,0). The hgg mode is quite powerful, and the positive deviation of the
h~y~y coupling is useful to distinguish the RS model and the extra singlet Higgs model.
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]

times of the hyy one'. If we have such a good sensitivity, this mode is also interesting for
new physics search. For the MCHMS5, the hZ~ mode can be searched up to about f = 1200
[GeV]. We find the hZ~v deviation shows different behavior compared with the hvy~y case

branching ratio is about 20 %; the error of the coupling measurement is expected to be

for the RS model. The reason why is that the possible wave function profile is asymmetric
for the positive and negative values, and the relative sign of the fermionic contribution to
h~~ and hZ~ is opposite. Therefore the plots shows the negative correlation.
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Figure 24. The correlation between the coupling deviations of the hyy and hZ~v couplings. The
blue point, red point and green line denote the MCHMS5, the RS model and the extra singlet Higgs
model, respectively. The result of the Higgs low energy theorem limit for the MCHMS5 is expressed
as the yellow line. The gray line gives the 1o interval sensitivity of the TLEP 350 [GeV] with 2600
[fb~!]. This line means that we can that we can probe the region outside the line from the origin
(0,0). The future experiment gives us interesting possibilities for the measurement of the hyy and
hZ~ modes.

4.4 Conclusions

After the discovery of the Higgs boson, the precise study of the Higgs property is becoming
important and interesting. Some of the Higgs couplings are observed at the LHC; then the
parameter fitting of the theories we are interested in becomes possible [60]. It is important
to examine the modified Higgs couplings of models beyond the SM and to clarify the
correlation of the couplings in order to discriminate the models.

We have studied the modified Higgs couplings for the three explicit model: the MCHMS5,
the RS model, the extra singlet Higgs model. We especially focused on the MCHM5 and
computed the tree level and the one-loop level (effective) couplings including exact mass
dependences of all fermionic resonances. The constrains of the EW precision tests and

13 Tn addition the hadronic decay of the Z boson is not easy for experimental analysis.
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the CKM matrix element |Vy| are imposed, and the possible range of the decay widths
with/without the constraints are shown. We have found that the finite mass effect of the
heavy fermions is small except for the hZ~ mode, and the Higgs low energy theorem limit
well describes the modified couplings. In the MCHMS5, the hZZ and hgg modes are promis-
ing to be observed at the collider experiments, and the hZ~y mode is also an interesting
target at the future collider experiments.

We have shown the correlation of the deviations of both the tree level couplings and the
loop induced effective couplings. At the LHC, the deviations of the Ayy and hgg couplings
are useful to investigate the MCHM5 and RS models. In some region we can observe both
d(hyy) and d(hgg) for the RS model, which can be a discriminator of these models. At the
ILC we can discriminate the three models in the wide parameter regions; especially we can
investigate the decay constant up to about 2000 [GeV] for the MCHMS5 and the mixing
angle up to 0.012 for the other models. Using the correlation of the tree level couplings,
we can distinguish the MCHMS5 from the other models. In addition, the correlation of
h~v-hgg modes allows us to discriminate the RS model and the extra singlet Higgs model
because in the RS model the KK mode contribution could enhance the hvy~y coupling in the
positive direction while the extra singlet Higgs model always show the negative deviation.

Let us comment on the SUSY model. Since the number of model parameters is large,
it is difficult to determine the general features of coupling correlations using a small DOF's.
However, tree level couplings can be investigated generally by treating the quantum cor-
rections to the Higgs mass matrix as parameters. According to the Ref. [58], the deviation
of the hbb coupling tends to be positive, which is a strong discriminator for the comparison
with the three models we studied.

We have clarified the importance and usefulness of the correlation of the Higgs cou-
plings. It is important to study the modified Higgs couplings for more models and to
investigate discrimination possibilities of the models at the future collider experiments.

5 Concluding remarks

The LHC has discovered the Higgs boson, and the next important step would be to mea-
sure accurately its properties. Many models beyond the SM predict the modified Higgs
interactions which may produce indirect signals of new physics. It is important to study
the features of the signals for each model and to clarify how we can discriminate models
at the future collider experiments.

In this thesis we focused on the two aspects of the Higgs interactions. The first one
is the perturbative unitarity of the scattering amplitudes of the scalar particles. This is
directly connected with the mechanism of the EW symmetry breaking. If the coupling
between the Higgs boson and the longitudinal gauge boson deviates from that of the SM,
the unitarity breaks down at some high energy, which indicates the energy scale of new
physics. The second one is the deviations of the Higgs couplings. In the SM all couplings to
other particles are determined by the mass parameters which are already known. Therefore,
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the deviation of Higgs couplings is a clear evidence of physics beyond the SM, and the future
experiment can measure it about typically O(1) % precision.

In the chapter 3 we studied the perturbative unitarity violation caused by the dimension-
six Higgs derivative interactions. The theory which modifies the Higgs sector would produce
these interactions in the low energy effective theory, and the scattering amplitudes of the
scalar particles grow with the energy. A more fundamental theory has to replace the effec-
tive theory before reaching at least the energy scale of the unitarity violation. We focused
on one and two Higgs doublets case and gave the formula of the unitarity bound in terms
of the parameters of the Lagrangian. The strongest bound is obtained from the largest
eigenvalue of the scattering amplitude matrices which consist of the charge-conserving
two-body to two-body scattering processes. We actually estimated the violation scales
in various models and found them to be rather low, especially in the two doublets case,
compared with the naive dimensional analysis.

In the chapter 4 we examined the deviations of Higgs couplings in the three models:
the MCHMS5, the RS mode, the extra singlet Higgs model. We focused on the MCHMb5
and computed the tree level and the one-loop level (effective) couplings of the Higgs boson
including the exact mass dependences of all heavy fermionic resonances. We found that
the effect of the heavy resonances is small, and the Higgs low energy theorem limit is
good approximation, except for the hZ~y mode. We clarified the correlation of the Higgs
couplings for each model, which is found to be quite powerful to discriminate the models.
In particular, the high sensitivity of coupling measurements at the ILC permits us to
distinguish the models in most parameter regions we consider.

Era of the precision measurement of Higgs physics has begun. The precise measure-
ment of the Higgs properties provides a rich variety of new physics search; this kind of
indirect search is complementary to the direct search. By clarifying the properties, we
could get hints for Higgs physics beyond the SM: the origin of the EW symmetry break-
ing, the structure of the yukawa couplings and the meaning of the fine tuning, etc. These
information could be a foothold for a more fundamental theory of the nature. Therefore,
Higgs physics is one of the most interesting targets of the future collider experiments. It is
important to study how we determine the new physics scenario using the high sensitivity
of the experiments. In future we will obtain more and more data; we expect we can find
the physics beyond the SM by using them.
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A Loop functions and special functions

In this appendix we collect the definitions of various functions.
Loop functions used in the calculation of the decay widths are defined as follows:

Ay(r) == 722r 2+ 30 L £ 3020 = 1) f(7)], (A1)
Ay pp(r) =272+ (77 = 1) ()], (A.2)
Ao(r) = =72t = f(7)], (A.3)
2
Av () =2 (21~ 268) 4 201 = 6ck) ) Caim) + 401~ 4k )Colmv), - (A)
v
Ap(my,mg) = Co(mi, ma, ma) + C1(m1, ma, ma) — C1(ma, m1, mq)
+ 2C3(m1, ma, ma) + 2C3(mg, my, my), (A.5)
where
AaTa AaT2
_ a _ 2F(\,) — F
Ca(myq) 8m2(ha — 7a) + 8m2(Ng — 70)2 (Aa(f(Xa) = f(7a)) + 2(F(Aa) (7a))) »
(A.6)
Colima) = — 52— (f(\) — F()) (A7)
o\Mmg) = ng(Aa _Ta) a Ta))s .
C1(m1, ma, ma) = C11(m%, 0, mi; my, ma, ma)
Bo(m?;mq, ma) — Bo(m%;m1,m
_ Bolmiim 22) 02( zimumz) Co(m,0,mj; my, mg, my),
m2, —m?
(A.8)
Ca(m1, ma, ma) = Cr2(m%, 0, mi; m1, ma, ma) + Caz(m%, 0, mi; my, ma, ma)
m2 — m2 — m2
= 2Em2Z _Qm%)f [Bo(mj;m1,ma) — Bo(mZ;my, ma)]
1
+ 2(m2Z _ m%)m% [m% + Qm%m%CO(mzz7 07 m%, mi, ma, m2)
+ (m% — m%)Bo(m%, mi, mg) + Ao(ml) — Ao(mg)] . (Ag)
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Here we define A\, = (2mq/mz)?, 7o = (2mq/mp)? and

arcsin® \/I , T2>1,
flr) = Lo \2 (A.10)
(Log 1+\/177 iw) , T<1,

\/7'—13L1"(3sim\/I T2>1,

O (o i), < A
The expressions of the scalar one-, two-, three- point functions Ag, By and Cy are
m2
Ag(m) = m? [1 — log 2] : (A.12)
I
2,2
Bo(p*,m1,m9) = 2 — log ey 2m2 1 g@
K b mi
N AM2(p2 m3, m3) o m? +m3 — p? + A2(p%, m3, m3)
2 g 2 )
p m1ma
(A.13)
1 2 202
ColM,0. 0 g, o) = a5 5 (<)L | l’ ,
Mf—M%;U§1 m3 —m? + M2 + oAV2(M2,m?,m3)
(A.14)

where p is renormalization scale, and the ultraviolet poles in Ay and By are subtracted
since the amplitudes are finite; A is the usual two-body phase space function: A\(z,y,z) =
22+ %+ 22 - 2(wy + yz + 12).
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We also define loop functions appeared in the calculation of the ¢ parameters:

2
01 (z1,72) = 21 + 22 — GLLLE Pt 2(x1 logzy + w2 log x2) + nt YN
Tr1 — X2 T2
(A.15)
T+ T A
0_(x1,m9) = 2¢/T122 ( ! 2 g—l — 2+ log(z1x2) — ) , (A.16)
1 — To To 2
mQ
n 4 2 2 2
Fea(m) = o (S ok (3 2] s ).
8 sin® Oy ( m2 1) My myy myy myy,
W
(A.17)
1 m? 4 m?
F ,gR, M) = 2 — lo
19,9, m) 8 sin? Oy m%/ng nTTQ -1 & %,V
w
2 mo_5 I _om o4y4 2
5 9R + m;V + . = D) 10g D) ) (A18)
w ) (Lj — 1) myy
w mW
2 ) :
2\9L; 9R, M1, M2) =
8sin? Oy (m—gg - %)
w
7:?75 - % m% r%% - ‘11 m% m2 m2
291 mV2V i 2 mV2V 1108 —— | —29r 21 22
my o myy, my ML myy W miyy My
myy myy
5 mi
m3  omi\, wh dtmd o omd oy —dmi o
(A+1) 5 5 —5 5 | 5 - 5 log —5 ,
my, My, -2 — 1My my, 1 1My myy
w My
(A.19)

where A is the divergent part which we don’t specify its explicit form because the divergence
cancels out.

The Bessel functions of the first and second kind are the following:

o\ K
Tule) = (3):20(—”’“;%’ (420
Yo(z) = & Cozl(n(u)w) a ). (8-21)

Their derivatives with respect to order are defined as

o k
0J,(z) = Jy(z)log Z_ (E)V Z(_)k Y(v+k+1) (;%) (A.22)

o 2 \2/) & Tv+k+1) k'
a}g,V(Z) = cot(vm) <8<guy(z) — wa(z)> — CSC(V?T)&]E)VV(Z) — wdy(2), (A.23)
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where ¢(z) = T"(2)/T(2).

B Unitarity matrices and other bounds

Here we derive the matrices given by the zeroth modes of partial wave amplitudes for
various VBS processes in 2HDMs. Using the largest eigenvalue of each, the perturbative
unitarity bound is obtained with Eq. (3.30).

B.1 Neutral two-body states

The matrix for partial wave amplitudes of neutral two-body states is shown here. Initial
and final states are given by eight states, namely, CfrCl_, C’fCQ_, C;Cl_, C;CQ_, NlNlT,
NlN;f, NleT and NQN;. If all of the coefficients, except for cﬁn, are turned off, the matrix
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becomes the one in the case of IHDM given in Eq. (3.11).

T H T H T H T H H
e tain 3ci119 110 3ci119 4110 3¢1991=C1291F2¢1190
2 2 2 2
T H T H H T H T H
3ci19 110 3¢1199F2¢1991 —=C1190 3¢1019 1219 3¢a001 €291
2 2 2 2
H H H H H
30?112"'01112 301T212+51212 331T122+261221_31122 302TQ21+52221
2 2 2 2
T H H T H T H T H
3ci991—C1221 121120 3¢2991 2201 3¢3001+C5201 3¢2990 2200
2 2 2 2
H H H H
C1111 C1112 C1112 C1122
H H H H
C1112 C1221 C1212 C2221
H H H H
C1112 C1212 C1221 C2221
H H H H
C1122 €2221 €2221 €2222
H H H H
C1111 C1112 C1112 C1122
H H H H
C1112 C1221 C1212 C2921
H H H H
C1112 C1212 C1221 C2221
H H H H
C1122 C2221 C2221 €2222
T H T H T H T H H (B'l)
Seninitenn B RPRRGEED) 3ot 3C1901 =C1201+2¢7199
2 2 2
3C1T112+C{{112 301T122+20g21*0{{122 301T212+011q212 CT
2 2 2 2221
T H T H T H H
3ot 3cig10tC210 3C119912¢1991 —Cl00 ey
2 2 2 2221
T H H T H
3¢1901 =C1901+2€17 99 ey ey 3¢3990+C5599
2 2221 2221 2

If we impose SO(4) symmetry on the above matrix and eliminate cl}5, and cl,;, with
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Egs. (C.12) and (C.13), the matrix is simplified as follows:

H H H T H H
1111 Ci112 Ci112 3¢i901 =C1901+2€17 99
2 2 2
H H H H T H H
C1112 C1991HC1910=C1190  _ 3C1991—=C1001 €2221
2 2 2 2
H H H H H H
C1112 o 301T221_01221 Ci221+C1212—Cl122 C3221
2 2 2 2
T H H H H H
3¢1991 —C1221+H2¢171 90 €2221 €2221 €2229
2 2 2 2
H H H H
C1111 C1112 C1112 C1122
H H H H
C1112 C1221 C1212 C2221
H H H H
C1112 C1212 C1221 C2221
H H H H
C1122 C2221 C2221 C2222
H H H H
C1111 C1112 C1112 C1122
H H H H
C1112 C1221 C1212 C2221
H H H H
Ci112 C1212 C1221 C2221
H H H H
C1122 C2221 C2221 €2222
B.2)
H H H T H H ( :
1111 1112 1112 3¢1901 —C1221+2¢17 90
2 2 2 2
H H H H T H
C1112 C1201+C1212—C1122 _ 3C1201—Ci9m1 0
2 2 2
H T H H H H
C1112 _ 3¢1991 —C1901 C1221TC1212—Cl122 0
2 2 2
T H H H
3¢1991=C1291 F2¢1790 0 0 C2222
2 2

B.2 Singly charged two-body states

The matrix for the zeroth mode partial wave amplitudes of singly charged two-body states
is shown below. Initial and final states consist of the following four states: C; NIT , Cf Ng,
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C4 NI, and Cf NJ:

We explicitly impose SO(4) symmetry as in the case of the neutral states:

T H T H T H T H
_3cippnteninn 3¢ teiiie 311012 3C901FC1901
2 2 2 2
T H T H T H T H
_3cipi9teiiis 3C1199+C00  3CI010+CI910  3C301FCo901
2 2 2 2
T H T H T H T H
_3ci119tC1112  3C1019+CI910  3C1100FCT00  3C3201 TC9901
2 2 2 2
T H T H T H T H
_ 3€1991HC1991  3Ca001+C001  3C001F+C301  3C3300FCo000
2 2 2 2

H H H T H
_ Siu _ Cl12 _ Cl12 _ 3¢1991 199
2 2 2 2
H H H H 2 T H H
_ %119 €12217C12127 %1199 3¢1221—C1901 _ C9991
2 2 2 2
H T H H H H H
_C%Y112 3¢1991=C1291 C1221 " %212 " %122 _ 2221
2 2 2 2
T H H H H
_ 3C1991FCT99; _ %2221 _ G221 _ C2220
2 2 2 2

B.3 Doubly charged two-body states

(B.3)

(B.4)

The entries of the following matrices are the coefficients of VBS processes for the doubly

charged states: Cfr Cfr , Cfr C2Jr , and C; C’; . If processes have the same particles in their

final states, the unitarity bound becomes weak, as mentioned in the Subsec 2.3.1. The

effect has been included in the following matrix:

T H
_ %11 "%

2

H

C1112 —

T
C1112

T H
_ C%212— %212
2

T H T T H H T H
_ Ci1127C1112 _ 3C1291+3C 100 FC1901 FC1100  C2221 —Co901
2 2 2

T H
_ C12197C1219
2

H
€921 —

T
C2921

We also impose SO(4) symmetry on the above:

H
Ci111
2

Ci112
2

H
C1112

T H
_ €39997C5999
2

T H H
3ci991 =101 H4C1515

T H H
_ 3¢i991HC1919HC1109
2

T H H
3¢i901 —C1201 +4C1919
6

H
2221
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C Custodial symmetry of derivative interactions

Dimension-six derivative interactions of Higgs doublets naively violate custodial symmetry.
We study the conditions of the derivative interactions that ensure symmetry in the case of
2HDMs. In the following discussion, we refer to results and notations in the Ref. [6, 61].

Derivative interactions are classified into three kinds of operators: operators includ-
ing unique indices are called type I, e.g. 8(HTH1)8(HTH1)' in type II, only one of four
doublets has a different index, e.g. 8(HIH1)8(H Hs); the others belong to type III, e.g.
8([—[1r HQ)Q(H;Hl). For type I and II, current-current interactions, namely O operators,
violate custodial symmetry because they produce additional contributions to the mass of
the Z boson. This is interpreted from a different viewpoint with the nonlinear representa-
tion. For type I, as studied in the Ref. [62], operators belonging to OT are built from the
generator of the hypercharge, i.e. the third generator of SU(2)g:

(RTT30h) (hTH30h) = oml, (C.1)

where h is a real scalar multiplet that corresponds to the Higgs doublet. Since the generator
violates SO(4) symmetry, custodial symmetry cannot be preserved after the EW symmetry
breaking. In other words, operators that consist of SO(4) symmetric combinations of
generators produce the custodial symmetric derivative interactions. This is also the case
for operators of type II.M

For type III derivative interactions, the situation is different, that is, certain combina-
tions of SU(2)g violating operators recover SU(2)g symmetry. In this type, the following
operators produce real DOF of derivative interactions:

T Ty = (301221 Of122 + Ola1), (C2)
T T = (301122 +301h15 + 305121 + Of122 — Olaa), (C.3)
YTy = (301212 +303121 + Of122 — Ofa12 — 0311), (C4)
1YY = (301122 + 301k — Of122 + Oa1a + 0311), (C.5)
575575 —*(301122 301515 — 303151 + Of125 — Ofaa1), (C.6)
sty —§(201122 Oftay — Ofhs — Offa), (©7)
TPT38 = 011227 (C.8)
TyTiy —*(01221 + 0512 + 03121), (C.9)

Ur2Urz 25(01221 - 01T212 - 03121)7 (C.10)

1 Tt is also true for imaginary DOF of derivative interactions. Any imaginary DOF of coefficients violate,
in addition to CP symmetry, custodial symmetry. There are no relations to ensure custodial symmetry for
imaginary DOF, so we discuss only real DOF here.
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where X{? = (hX (‘;‘j)(?h) and h includes eight real scalar fields interpreted as two Higgs

doublets. Generators T(’;fj), T(]ig), S(O;’ﬁj) and Uy, ;) are, respectively, (3,1), (1,3), (3,3), and
(1, 1) representations of SU(2)r, x SU(2)g. Explicit forms of these matrices are given in the
Ref. [6]. If we naively follow the discussion for type I and II, the coefficients of operators
(C.6), (C.8), and (C.9) should vanish for SO(4) symmetry. However, we have found that
some operators preserving SU(2)r can be given by a certain combination of operators
violating SU(2)g. Since these operators are not linearly independent of each other, several
relations are derived. In these relations, the above operators violating SU(2)r symmetry

appear with a certain proportional relation:
s Y Y
aTo1p © G199 < G191 = 11 =211, (C.11)

where they are respectively coefficients of operators (C.6), (C.8) and (C.9). This condition
is expressed as

T T T
1122 + Cl221 + 1212 =0, (C.12)
3¢t + cihiy — clhar =0, (C.13)

where 65}3 are defined as the coefficients of Og,’:lp. The result is consistent with the custodial
symmetric conditions shown in the Refs. [6].

The above analysis is easily extended to models including N Higgs doublets. In this
case, two other classes of derivative interactions should be defined: operators including
three deferent indices are called type IV, e.g. 9(H. ZT H;)0(H ZT Hy,); the other operators whose
indices are totally different from each other are classified as type V, e.g. 9(H, ;f H;)0(H ;H 1)
With similar discussions to those given above, the following proportional relations are
obtained:

S Y Y
S S Y Y Y
a”kl . a,,wk.l . az]kl : alk]l . a,ll]k =1:-1:1:-2: 1, (C15)
s .S Y Y Y __q1.1. L.

where a};kl and afjkl are, respectively, coefficients of 7}1}3T,§3 and 5%35'%3 , the first relation
is for type IV and the others are for type V. The following relations are induced for the
coefficients of the derivative interactions: for type IV,

Cg;jk + ngk + 63};% =0, (C.17)
T H H
3Ciijk T Cijki — Cijik =05 (C.18)

for type V,

o " bl o H qH
Cijkl — Cijik — Cikji T Cikij T+ Ciljk — Citkj =0, (
T T H H H H

3(Cijkr + Cijik) = Cikji T+ Cikly — Citjk + Citkj =0, (C.20
T T bl H H qH

3(Cikji + Ciktj) — Cijra T Cijie + Citjr — Cikj =0, (

T T H H H H
3(citjk + Cig) + Cijrr — Cijik + Cikji — Cikl; =0-
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with without
I| N 2N
II|NN-1) 2N(N —1)
I | 2N(N —1) 3N(N —1)
IV | 2N(N — 1)(N - 2) 3N(N —1)(N -2)
V | N(N —1)(N —2)(N —3)/3 N(N —1)(N —2)(N —3)/2
Sum | N?(N?+2)/3 N%(N?%+3)/2

Table 3. Real DOF of dimension-six derivative interactions on models including N Higgs doublets
with/without SO(4) symmetry for each type.

After imposing these conditions to ensure SO(4) symmetry on the derivative interactions,

we get their remaining DOF. The result is shown in the Tab. 3.
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