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Abstract

We study N = 2 supersymmetric gauge theories on a squashed three-sphere and S x S2.
The supersymmetric localization enables us to compute various BPS quantum quantities
exactly. In the procedure, the path integrals of them usually reduce to certain finite-
dimensional integrals of matrix models characterized only by the constant value of the
vector multiplet scalar field. We call this procedure “the Coulomb branch localization”. In
particular, recently it has been shown by evaluating the matrix models that the partition
functions on a three-ellipsoid and S* x S? in some class of theories factorize into a product
of the three-dimensional vortex and anti-vortex partition functions as well as the other
factors. However, the origin of this structure has been mysterious yet. We give it a
natural interpretation using “the Higgs branch localization”, in which the saddle point is
characterized by the value of the chiral multiplet scalar field. We also find that a large
class of N/ = 2 theories has the same factorization structure.
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Figure 1: Sketch of Coulomb vs Higgs branch localizations
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Chapter 1

Introduction

Superstring theory is the most powerful candidate for a quantum gravity theory, that
can describe physics at the Planck scale ~ 107%m. In addition to the quantization of
gravity, this theory can have potential for explaining the Standard Model gauge group
SU(3) x SU(2) x U(1), the hierarchy of the quark masses, masses of the neutrino, the
dark matter, etc., whose origins remain mysterious to this day.

There are five different types of perturbative superstring theory with ten spacetime
dimensions: type ITA, type IIB, type I, SO(32) heterotic and Eg x Eg heterotic string
theories. Although once these theories were thought of as independent ones, the discov-
eries of various dualities have revealed that the five theories are related with each other.
In particular one of the most interesting discoveries is that of M-theory [1]. While it
had already been known that the eleven-dimensional supergravity theory, which is the
highest-dimensional supergravity theory, was related to the type IIA supergravity theory,
it had not been revealed the relation with the superstring theory until then. Witten
noted that there was a certain eleven-dimensional quantum theory, so-called M-theory,
which gave type IIA superstring theory if one of the dimensions is compactified, and the
low energy effective theory corresponded to the eleven-dimensional supergravity theory.
Since the circle radius is related with the string coupling, M-theory can also be thought as
type ITA superstring theory at strong coupling. Although the detail of this theory is still
mysterious, even the analysis of eleven-dimensional supergvity theory has helped much
understanding of the superstring theory.

After that, D-branes were found [2]. They are dynamical extended objects on which
open strings can end, and are sources of the RR gauge fields. The analysis of D-branes
have given us many clues of non-perturbative information in the superstring theory, and
for example Strominger and Vafa succeeded to derive a Black Hole entropy using a D-
brane system [3], that is to say the entropy which follows the area law could be explained



in terms of the microscopic states in the string theory in the same way as the statistical
mechanics.

Furthermore Maldacena has conjectured that a d 4+ 1-dimensional gravity theory can
be encoded by just a d-dimensional gauge theory from the D-branes picture, so-called
the AdS/CFT correspondence [4]. The most well-known example is a relation between
a type IIB superstring theory on AdSs; x S® and a four-dimensional N' = 4 super-Yang
Mills theory, which is also a conformal field theory. When we consider N-coincident D3-
branes, the geometry is the AdSs x S® in the near horizon limit, and on the other hand
a gauge theory on the branes is the four-dimensional N' = 4 SYM theory. Comparing
both pictures we can find that there are some coupling regions such that two theories
are expected to be equivalent. In addition to this example, various other relations are
expected. Although this idea has not been proven exactly, much evidence has been found
up to date.

This duality strongly motivates us to study various supersymmetric gauge theories
in order to understand the superstring theory. It is, however, difficult to even test it
in general because this correspondence is a strong/weak duality. The difficulty is due
to a technical reason that it is impossible to exactly perform path integral calculations.
So we usually use an approximation method, perturbative expansions, which become ill-
defined at strong coupling. Fortunately if a theory has special symmetries including some
fermionic symmetries such as the BRST symmetry and the supersymmetry, the path
integral over infinite field configurations can reduce to an integral or a summation over
a limited configuration. Furthermore using such symmetries, the path integral can result
in just a problem of calculating one-loop, where the one-loop calculation becomes exact.
Such a calculation technique is called “the Localization”.

First of all, it was noted that partition function and some observables can be calculated
exactly in the cohomological field theory in which the action is BRST-exact. Also even
if a theory is not cohomological, by performing the topological twist it is possible to
make the theory a cohomological one. For example N/ = 2 SYM theory on R* can
be regarded as a cohomological one by identifying a part of the Lorentz group as the
SU(2) R-symmetry [5]. Thanks to this idea, the Seiberg-Witten theory, which explains
the structure of the moduli space [0l [7], has turned out to allow a certain geometrical
interpretation, so-called the Donaldson invariant [8]. However, although the full moduli
space was revealed by the penetrating insight of Seiberg and Witten, direct calculations
for the instanton contribution were difficult at that time. Nekrasov noted that introducing
the omega-background, which gives a special IR cutoff and preserves the supersymmetry,
the equivariant localization theorem can be applied to the calculation of the instanton
moduli space [9]. Furthermore it was found that the instanton partition function he



derived was related to the prepotential [10].

After that, without introducing the omega-background, Pestun noted that the localiza-
tion technique could be applied to a supersymmetric theory on a compact space [11]. We
inevitably encounter divergences in considering the quantum theory, which are both ul-
traviolet and infrared ones. We don’t have to care about the former as long as we consider
renormalizable theories. While, as long as we consider a theory with only massive parti-
cles, we don’t have IR divergences because of the decay of propagation. However when we
consider a massless theory such as gauge theories we have to care about it. In particular
when we consider the supersymmetric theories, one needs a supersymmetric regulariza-
tion. Pestun has solved this problem by placing a theory to a compact space, and applied
the localization technique instead of introducing the omega-background. Since then this
technique has been applied to various dimensional supersymmetric theories on various
manifolds. Also the field of the rigid supersymmetry on curved manifold has developed
rapidly [12, 13, (4] 15, 16, 17).

One of the most important developments is to give an exact proof to a conjecture
[11] that the expectation value of the half BPS Wilson loop in four-dimensional N' = 4
SYM theory can be reduced to simply a finite-dimensional integral of the Gaussian matrix
model, which gives important evidence of the AdS/CFT correspondence [18,[19]. Another
is to succeed in calculating the free energy of the N coincident M2-branes from the field
theory side via AdS/CFT correspondence [20, 21]. The corresponding field theory can
be regarded as a U(N) x U(N)_j Chern-Simons matter theory, so-called ABJM theory
[22]. More precisely, M-theory on AdS; x S7/Z; (the M2 branes in the near horizon
limit) is thought to be dual to the ABJM theory. This exact calculation has revealed
the free energy proportional to N3/? in a large N limit, which had been mysterious. The
exact results were also applied to test various nontrivial dualities (Seiberg duality, Mirror
symmetry, etc.) in various theories [23| 24] (there are a lot of other references), and give
conjectures for AGT(-like) relations (which are nontrivial ones through the Mb5-brane
pictures) |25, 26, 27] and an F-theorem (which is a three-dimensional counterpart of the
c-theorem in two dimensions) [28, 29, [30], etc. as new discoveries. These many exact
results have given a lot of developments not only for string theory and supersymmetric
field theory but just for quantum field theory.

In particular the partition functions and expectation values of the BPS observables
have reduced to certain finite-dimensional integrals of matrix models using the localization
in most cases. Then the matrix models can be characterized by the constant Cartan
value of scalar field in each vector multiplet. We call this procedure “the Coulomb branch
localization” in this paper. Recently on a three-ellipsoid and S* x S? it has been shown
by evaluating the matrix models that the partition functions in a class of N' = 2 theories



factorize into a product of the vortex and anti-vortex partition functions as well as the
other factor [31], 32 33]. These vortex and anti-vortex partition functions are not usual
ones but one-dimensional lift up of usual ones, which are expressed on S* x R? with
omega background ¢, so-called K-theoretic (anti-)vortex partition function. While these
partition functions have such factorization structures, it has been mysterious why the
vortex structure appears. Furthermore, since it is difficult to show whether an N =
2 theory with any matter representations has the vortex structure by evaluating the
corresponding matrix model that we obtain by using the Coulomb branch localization,
we have a question that what kind of A/ = 2 theories have the factorization properties.

Incidentally, the exact results have been also obtained in N' = (2,2) theories on
S? [34, 35]. In this situation they have taken a different approach in addition to the
Coulomb branch localization. They have shown that the partition functions factorize
directly in terms of vortex and anti-vortex partition functions on R? by adding a different
supersymmetric exact term, which causes a change to a different BPS configuration.
Then their vortices appear on the north and south poles, and the partition functions are
characterized by the discrete constant value of scalar field in the chiral multiplet. We call
it “the Higgs branch localization” in contrast to the Coulomb branch one.

We extend this idea to the above three-dimensional cases, and answer the above ques-
tions [36]: Why do the vortices appear in the partition functions on the three-ellipsoid
and S' x S? ? What kind of N' = 2 theories have the factorization properties 7 We
show that these factorization structures can be derived by using the three-dimensional
Higgs branch localization, and give a natural interpretation to the factorization structure
in terms of contributions coming from the north and south poles on the (base) S?. We
also find that a large class of A" = 2 theories has the same factorization structure. More
precisely speaking, we show that U(N) theories with any matter representations have
such structures only if the parity anomaly cancellation conditions are satisfied.

The organization of this paper is as follows. In chapter 2 we give some introduction
and background of the supersymmetric gauge theories that we consider in this paper. We
also discuss vortex solutions and the moduli space. In chapter 3 we give an explanation of
the localization technique, and review the recent development of the rigid supersymmetry
on a curved space. In chapter 4 we compute the partition functions on the three-ellipsoid
and S! x S? using the Coulomb branch localization. In chapter 5 we show by evaluating
the some partition functions obtained in the last chapter that they factorize into a product
of three-dimensional vortex and anti-vortex partition functions as well as other factors.
In chapter 6 we introduce an idea of the Higgs branch localization, and give a natural
interpretation of the factorization. In chapter 7 we summarize the discussion in this paper.



Chapter 2

Supersymmetric gauge theories

2.1 3d N =2 supersymmetric gauge theory

Before considering 3d supersummetric theory first we consider 4d N' = 1 supersymmetric
theory along with [37]. The superalgebra is given by

{Qaa Qﬁ} = 2055PN7 (2.1.1)

where «, 8 and N denote SL(2,C) and 4d Lorentz group indicies respectively. We can
obtain the 3d /' = 2 algebra by dimensionally reducing this along the second direction
in the following (cf. appendix in [38 39]),

{Qa, Qs} = 2945 Py + 2ieapZ, (2.1.2)

where a, f and p denote SL(2,R) and 3d Lorentz group indicies. Z is a central charge,
which is Z = P,. We have also an R-symmetry generator R which rotates the super-
charges, and is associated with the following algebras,

[R> Qa] = _Qaa [R, Qa] = Qa- (2.1.3)

Note that @ and Q are a lowering and a raising operators for the R-charge respectively.
In the same way as 4d N = 1 case there are chiral and vector multiplets as irreducible
representations,

chiral multiplet: (¢, v, F), (2.1.4)
vector multiplet: (A,,0,\, D). (2.1.5)



Note that o is real scalar field which arises from the reduced component of the 4d gauge
field. We can also introduce the superspace (z*, 6%, %) and define supercovariant deriva-
tives,
0 — 0
850°0,, Do = —— —i0°v5,0,, 2.1.6
89 + 7’7 89 t r)/ﬁa ( )

from which we can construct a chiral superfield ® and a vector superfield V' such that

Do =

respectively,
D*® =0, V=V (2.1.7)
Also we can construct a real linear multiplet ¥ in the analogy of the 4d field strength

superfield W, = —%DDDQV, which includes a real scalar field as the lowest component,
and also includes a gauge field strength (cf. [40]),

Y = _%EaﬂDQ@*VDB "), (2.1.8)

which satisfies D?Y = D?Y = 0. Using these contents we can construct a supersymmetric
Lagrangians in the following way (alternatively we can also obtain the above ones by
dimensionally reducing the 4d N' = 1 Lagrangian),

_ 1
Lo = /dQQdQQTr(——z)
gYM
_ iTr[ p Fw—lD Dio— tp2_ 1y EDLA — Y A]]
T R T g HIT TP T ™ 27
(2.1.9)

»Cchi

/ 220420 (cI> eV<1>) + / 20 W () + / 26V (B)

= —D,¢D"¢ — ¢o°p —i¢Dp — FF + ithy" Db — iha) + ihAp — ip\p
ow 1 a?w aw 1--0*W
~(F% 2 P 30 )

where the bars denote complex conjugate, and W (®) (W (®)) is the superpotential. These

(2.1.10)

Lagrangians are invariant under the following supersymmetry transformations:
For the vector multiplet,

i _
0A, = 5(6%/\ — AY,€),
1 _

0o = —(EX — Xe),
2 (2.1.11)
o\ = —57 EFW—i-w €D, 0 — De,

5D——%6’Y“D \— ]_) )\fy 5—}-2[6)\70]—1-%[/_\670]7



and for the chiral multiplet,

0p = €y,
0 =iteD,¢ +ieop + €F, (2.1.12)
OF = e(iy" D,y —io) — iAg),

where D,, = 0, + iA,, F,, = 0,4, — 8,A, + i[A,, A)] and 4" = L[y* +*]. Note that
our notation is a little different from [37] in the following way, A\, A — \%/\, \%5\, €,€ —
\%E, \/iie, D — —iD, and (¢, ¢, F') <> (4,1, F') where we redefine the usual 4d chiral field
as a 3d anti-chiral one and vice versa, unlike [37].

Euclidean supersymmetry

In fact when we compute the path integral in the localization technique, we have to
consider a Fuclidean supersymmetric theory. Because we want to consider a supersym-
metric theory on a compact manifold later. Here we note just a difference from the
above Minkowski notation (see the appendix in [I3]). We can obtain the Euclidean su-
persymmetric theory reducing the time direction instead of the 2nd space direction as
(2Z1.2). Then three-dimansional gammma matrices are just Pauli matrices {v,},=123.
We also have to note that the Lorentz group changes, SO(1,3) = SL(2,C) — SO(4) =
SU(2) x SU(2) in four dimensions. So if we take a pair of a spinor and the complex
conjugate spinor (undotted and dotted spinors) in Minkowski space, they are indepen-
dent each other in the Wich rotated Euclidean space. If we perform the Wick rotation
in the above discussion of the superfield, the corresponding complex conjugate fields are
independent ones since the above @ and # become independent. For the vector multiplet,
the condition V = VT does not impose the constraint that the bosonic fields must be
real. Although this causes a difficulty of choosing the contours in path integral, we take
a reality condition in most cases in order for the path integral to be convergent:

A=Al X=X, D=Dl

p=0¢, V=9, F=F" (2.1.13)
We summarize the supersymmetric Lagrangians in Euclidean space:
1 1 L, 1 1 5 i< =
Lvec = Q—TI' _F/,LVF'M + _D#O'D'MO' +-D" + —/\’Y'LLD’M)\ + —>\[O'7 /\] ], (2114)
gy L4 2 2 2 2

Lai = Du@D"¢+ ¢o¢ +idDe + FF — iy D) + ihoy) + ihAp — ip A



2 "o T s T o

ow 1. 9*W  _oW 1--0°W
+ (F ) , (2.1.15)
which are invariant under the supersymmetry transformations (2I.I1]) and (ZI.I12), re-
spectively. We also emphasize that the fields and bar-fields are each independent.
Furthermore we can construct the supersymmetric Chern-Simons (CS), and Fayet-
lliopoulos (FI) terms (if the gauge group includes a U(1) factor like U(N)) along [41], 42|
39,

Los = / *0d%0 Tr ( — fvx) - i—i T (4,0, 4, + %AHAVAp) — M+ 2D0 ],

™

(2.1.16)

Lo = /d29d29 ( < V) _ % (2.1.17)
s 2

In particular, since the gauge coupling has a mass dimension in three dimensions, there
is non-trivial IR dynamics in even Abelian theory. We can also give a real mass to the
chiral multiplet since we can include a non-dynamical background gauge field for the
flavor symmetry gauge group. In the same way, the FI term are obtained by giving a
non-dynamical background gauge filed to the CS term. The effect of the real mass, the
FI parameter and the CS level causes a lot of phases of the supersymmetric vacua unlike
4d N =1 which is constrained strongly by the holomorphy [40, 43 [39].

2.2 Level shift and parity anomaly

Although we don’t have to care about the gauge anomaly in the three-dimensional theory,
there is a parity anomaly. The Chern-Simons level has to be an integer in order to preserve
the gauge symmetry. However this level is affected from the quantum correction, so-called
level shift. Even if there is no CS term classically, it is possible to be generated by the
quantum correction. In fact this correction arises from integrating out charged fermions
(considering Feynman diagram with two and three photons as external lines) and it has
known [44, [45] (See also [43]) that this correction is given by

1
Keff = Ko + 0Kk = Ko + §sgn(m)Cg(R), (2.2.1)

where kg is the bare CS level, m is fermion mass and Cy(R) is the second Casimir for
representation R. For example the second Casimir is 1 for the fundamental representation.



Also this is one-loop exact [44], [45]. This effective CS-level, which consists of the bare and
one-loop contribution, must be an integer otherwise the gauge symmetry would break.

For example let us consider one-flavor (®, ®) in the representation (R, R) of a gauge
group [46]:

/ d29d29[ PG 4 GV mQ%} (2.2.2)

Then integrating out their fermions, the contribution to the CS-level is from (2.2.1))

K= % [sgn(ml) - sgn(mg)} Cy(R). (2.2.3)

We can find that if sgn(mymsg)> 0, the induced CS term would cancel. Then it is conve-
nient to define a vector mass m*) and an axial mass m@,

1 1
m) = §(m1 +my), m = §(m1 — ma). (2.2.4)

In this definition, there is the effective CS term only if m(® is nonzero.

2.3 Supersymmetric vacua

First the Hamiltonian in 3d A/ = 2 theory is given by from (2.1.2]),

2
H=P"= EZ{QQ, Qu} +iZ. (2.3.1)
a=1

Taking the vacuum expectation value,

(0]H|0) = Z [1QalO)I, (2.3.2)

where we used (0/7]0) = 0. Namely the condition for supersymmetric vacua can be
understood as that of vanishing ground state energy. We have only to examine whether
the potential term vanishes except for special cases.

The moduli space of the 3d A/ = 2 supersymmetric vacua is generally classified as
the Coulomb branch, Higgs branch and mixed branch (and the topological vacua). The
Coulomb branch is characterized only by the VEVs of scalar fields in the vector multiplets,
in which the gauge symmetry is broken spontaneously to its maximal torus. On the other
hand, the Higgs branch is characterized only by the VEVs of scalar fields in the chiral



multiplets, in which the gauge symmetry is broken partially or completely, and the mixed
branch is expressed by both values.

For an example, let us consider U(1) gauge theory with one flavor, which consists of a
chiral multiplet () with charge 1 and an anti-chiral multiplet Q with charge —1 [40], [43].
For simplicity we ignore the superpotential, CS and FI terms. The scalar potential is

1 ~ ~ ~
Va = 55D+l + o) + D(I6" = 16]") + [F* + [FI. (2.3.3)

Then integrating out the auxiliary fields, we can obtain

2
e ~ ~
Va = =g (8" =181 + o> (16" + o). (2.34)
This potential have to vanish to preserve the supersymmetry. The conditions are,

(9)=(9)#0 = (o)=0,
(o) 20 = (¢)=(d) =0,

where (-) expresses VEV. This relation shows that the Coulomb branch and the Higgs
branch cannot mix classically, that is they can intersect at a point. Although this analysis
is just at classical, note that three-dimensional gauge theory is super-renormalizable, the
non-renormalization theorem works and there is no monopole-instanton in U(1) gauge
theory. Therefore the above potential does not change except a renormalization factor if
this is affected from the quantum correction. That is to say the above relations preserve
not only at the classical level.
There is also a dual photon a in the three-dimensional gauge theory:

1
F=dA = xF=—da. (2.3.7)
2m

This have a periodicity a ~ a + 2mm, (m € Z) from the Dirac quantization condition,
and is associated with a topological U(1) symmetry. That is to say, the Coulomb branch
is characterized by the VEV of ¢ and a. For example when we consider the Coulomb
branch, we can regard the classical moduli space as a cylinder because of the periodicity
of a.

Returning to the above example, the fact that the Coulomb branch and Higgs branch
cannot mix and intersect at a point, where <a> = <a> = <¢> = <g5> = 0, leads the form of
quantum moduli space, as depicted in FiglZTl Since this theory becomes classical when
the absolute value of ¢ is large, the origin where three branches meet corresponds to an IR
fixed point. Also we can consider another theory which flows to the same IR fixed point,
so-called XYZ model [40, 43]. The model consists of three chiral multiplets including the

10



each scalar field X, Y and Z, which interact with a superpotential W = XY Z. This
relation between the SQED with 1-flavor and the XYZ model is the simplest example of
the three-dimensional N' = 2 mirror symmetry.

Coulomb branch: X4 (o, a)

Higgs branch: M (¢, ¢)

g

Classical Coulomb branch: X (o, a) Quantum moduli space

Figure 2.1: Moduli space of SQED with 1-flavor

When we consider non-Abelian theories, the situation changes significantly due to the
monopole instantons. However, applying the holomorphy like 4d N' = 1 case, we can ob-
tain an effective superpotential which includes non-perturbative contributions. Although
we will not review it here, structures of the quantum moduli spaces have been analyzed
well [40] 43, 39].

2.4 Dynamics of vortices

In this section, first we consider half BPS vortex solutions in a (1+2)-dimensional N = 4
U(N) Yang-Mills-Higgs theory according to [47] (see also [48]), and next consider half
BPS vortices in a N = 2 theory.

Vortex solutions and brane construction in 3d N = 4 theories
BPS vortex solution

Let us consider a (2+1)-dimensional N' = 4 U(N) supersymmetric theory with N; fun-
damental hypermultiplets (N < Ny). An N = 4 vector multiplet consists of a pair of
a N = 2 vector and an adjoint NV = 2 chiral multiplets, and a N = 4 hypermultiplet
consists of a pair of a N = 2 chiral and a N’ = 2 anti-chiral multiplets. These bosonic
parts are (A,,0") (r = 1,2,3) and (¢, ¢). Note that the scalar fields of the vector mul-
tiplet are triplet for an SU(2) R-symmetry. For example we can understand this fact by
considering a dimensional reduction of a 6d A/ = 1 vector multiplet to three dimensions.

11



The bsonic part of the Lagrangian is

1
Loos = —Tr[ F, " 4 D,o" Dho" +
49%/1\/[ g 9\2(1\4 g 29\2(M

~D, ¢! D*¢ — D, ¢D"¢" — g3\ |60
~ o~ 2 ~ ~
(B0t oohon — T (et 6 S m?], 24

0", 02 ]

where we omit the gauge and flavor indices for simplicity, and add the FI term, which has
an FI parameter ( > 0. The last term is often called the D-term in this context. Note
that if there is no the FI term, the vacuum would be only trivial. The FI term induces
the following vacuum condition,

Pt = % Ay, ¢=0, o =0. (2.4.2)

Furthermore, up to Weyl permutations, we can choose this vacuum as

Y S
¢ai - \/;6(1@7 ¢az’ - O; (243)

(a=1,---,N, i=1,--- /N, ' =N+1,--- Ny).
This vacuum breaks the symmetries in the following way;,
U(N)GXSU(Nf)F — S[U(N)diagXU(Nf—N)F]. (244)

This is called the color-flavor locked phase. Such spontaneous gauge symmetry breaking
induces vortex solutions.

Next let us consider the vortex solutions. We set fields to zero except the gauge
field A, and fundamental scalar field ¢, that in fact they are independent of the vortex
solutions, and restrict the theory to be time independent. Then the Hamiltonian is

[aen = [ e {m] s B0 - & n? ]+ Dok + |Duol |
= [ ] gt s atutos - ]

HD6 £ Dy F 3 TrFry |
s
> ¢kl (2.45)

where in the last inequality, we used the following relation,

Tr / d’x Fiy =21k, k€ Z, (2.4.6)
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where the integer k is a vortex number, and the above inequality is saturated if and only
if

Fiy = £gn(00" — (- 1y), Dy £iDyg = 0. (2.4.7)

These equations are called the vortex equations (Bogomolny equations). It is known that
such solution is a half BPS solution. For example, in this case, a mass of the gauge boson
equals a mass of the scalar field ¢ due to the coefficient in front of the D-term (c.f. [49]).
This fact induces the fact that any BPS vortices have no forces between them.

lo|? | F1a

1/(gymV/<) 1/(gymv/<C)

Figure 2.2: Sketch of the vortex profile

For the vortex solution, the energy density is localized at neighborhood of the vortex
core, outside of which all fields approach to the vacuum asymptotically. Since the value
of the flux is the largest at the core of the vortex, we expect that ¢ vanishes at the core.
Then, since the flux is |Fia| ~ g2,(, we estimate an order of the characteristic size of the
vortex as 1/(gymv/<).

The vortex solution with vortex number k& has 25N, bosonic collective collective co-
ordinates by the index theorem [47]. Their coordinates are characterized by the position,
and orientational moduli (internal degrees of freedom) of the vortex.

Brane construction

Next let us consider the moduli space using a D-branes systemD' According to [51], we can
obtain the N' = 4 U(N) Yang-Mills-Higgs theory using N D3-branes stretched between
two NS5-branes as the table below and the left picture of the FiglZ3l In order to give the
hypermultiplets, we connect N semi-infinite D3-branes to the right-hand NS5-brane. In
the box, o denotes a stretched direction.

L Although we consider the vortex moduli space using a D-brane system here, it also turns out that
they are constructed in a purely field theoretic manner [50].
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X345
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X9
Ag® N D3
N D3 N, D3 ‘
M}/ o
NS5 NS5 NS5 NN D3

NS5

Figure 2.3: Brane construction of the 3d N/ =4 SQCD and vortex solution

Furthermore we move one NS5-brane to z” direction, which induces a nonzero FI param-
eter. Since the D3-branes cannot tilt into the 2% direction to preserve the supersymmetry,
only N of the Ny D3-branes can end on the N D3-branes according to the S-rule [51]. Fi-
nally, the configuration are drawn in the right picture of the Fig2:3] (without D1-branes).
The gauge coupling and FI parameter in the system are given by the following relations,

1 Ax® ¢ Az

G s gsl2’

(2.4.8)

where g, is the string coupling and I, = v/a is string length scale.

Here how is the vortex configuration? In fact the £ vortex solution is realized as the k
D1-branes stretched along the z° direction between the right-hand NS5 and N D3-branes
in the right picture of the Figl23l The D1-branes are identified as unique BPS-branes
with the correct mass of the vortex (2Z.4.5]) in this situation.

Let us read off the low energy effective theory on the D1-branes. First this configu-
ration breaks 1/2 of the supersymmetry, so it would be a one-dimensional quantum me-
chanics with A = (2,2) type supersymmetry. Since one end of the D1-branes ends on the
NS5-brane, the fluctuations of the (2%, 27, 2%, 2%) directions are fixed. Then when we con-
sider massless modes on the D1-branes, the fluctuations of the (z°) is a one-dimensional
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U(k) gauge field A;, and the ones of the (23, 2% z°) are three adjoint scalar fields o"
(r = 1,2,3), which combine into a U(k) vector multiplet. The ones of the (z!,z?) are
also adjoint scalar fields, which correspond to adjoint chiral multiplet. We denote the
complex scalar field as Z. Massless modes from open strings which end on the D1 and
N D3-branes become N fundamental chiral multiplets [52 53]. We denote the complex
scalar fields as ¢; (i = 1,--- , N). Also massless modes from open string which end on the
D1 and (N;y — N) D3-branes are (Ny — N) anti-fundamental chiral multiplets. We denote
the complex scalar field as ¢y (i = N+1,--- | N £). Summarizing them, the theory, which
describes the vortex, consists of the following set of supermultiplets in one dimension:

e U(k) vector multiplet: (A, 0"), r=1,2,3,

e an adjoint chiral multiplet: Z |

e N fundamental chiral multiplets: ¢;, +=1,---, N,

e Ny — N anti-fundamental chiral multiplets: by, 7"=N+1,--- Ny,

The bosonic part of the Lagrangian is

1 2 1
o r r T r r 512
EVOTtGX’bOS = —Tr[ 2—€2Dt0 Dyo" + D, Z'DZ + || Z,0"]|" + 2—62[0 ,0°] }
~ ~ 62 ~y ~
—Di¢' Dio = D' i — 6}6n0"0” = Tr| S(Z. 2T + 66 = 316 —r-1,)? |,

(2.4.9)

where we omitted the flavor indices. Then the gauge coupling and FI parameter of this
theory are also determined by

1 2Ax° AN
—2 ~ s T o~ .
gs Js

Note that the FI parameter r is related with the gauge coupling gy in the 3d N = 4

- (2.4.10)

theory: r ~ 1/g%,.
The global symmetry of this theory is

SU2)g x U(1)p x S[U(N) x U(Ny — N)J, (2.4.11)

where SU(2)g is an R-symmetry which rotates the three scalar fields ¢” of the vector
multiplet, U(1)r is a flavor symmetry which rotates the phase of Z, and S[U(N) x
U(Ny — N)] are flavor symmetries of ¢; and ¢ respectively.

Then the condition for the vacuum is

2,21 + 96" — 616 —r - 1 = 0, (2.4.12)
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so the moduli space is
My (Nnp) = {(¢, ¢, Z)‘ 2. 21+ ¢¢" — $lp =1 - ]lk}/U(k). (2.4.13)
The degrees of freedom for this moduli space are
dime(My v ny) = 2{kN + k(N; — N) + k*} — k? — k* = 2kN;, (2.4.14)

which equal that of the vortex moduli space which is obtained by the index theorem.[47]

Vortices in 3d N = 2 theories

Let us consider N = 2 U(N)) theory with N; fundamental and N; anti-fundamental chiral
multiplets with the FI term ({ > 0) [43]. Then the bosonic part of the Lagrangian is

1 1 1 o
Lioe = —Eﬁ( B F" + 5D, D' ) — D' D" — D,¢° D"t
-~ 2 s 2
6100+ 60%6! — ] 200 (51— 51 - =)', (2.4.15)

where we omit the flavor indices. Here we have a special vacuum with ¢ # 0 and »=0
2 Up to Weyl permutations, we can choose the vacuum as

_ /S G —
Pai = \/;5@, o=0¢=¢y =0, (2.4.16)

(a=1,---,N, i=1,---,N, # =N+1,---,Ny). (2.4.17)

In this vacuum, we can show that there also exist half BPS vortex solutions in the same
way as we did above.

As we have seen in the brane construction in N/ = 4 theory, we also expect that the
vortex moduli space is characterized by a certain one-dimensional supersymmetric theory.
In particular, the authors in [54] have analyzed a half BPS vortex in a supersymmetric
theories with four supercharges, and then found that the vortex solutions preserve chiral
N = (0,2) type supersymmetries, rather than A" = (1,1).

Then what is a vortex moduli space for the 3d N' = 2 U(N) theory with N; fun-
damental and N ¢ anti-fundamental chiral multiplets? Using an analogy of the brane
construction in 3d N = 4, we expect that the moduli space is described by the following
set of supermultiplets®

2 If we consider a massive theory, ¢ vanishes for ¢ > 0 and generic masses in the vacuum.
3We summarize our notations in appendix [Dl
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e U(k) vector multiplet: (A, ),

an adjoint chiral multiplet: B,

N fundamental chiral multiplets: I*, i=1,--- N,

N; — N anti-fundamental chiral multiplets: J7, j=N+1,---, Ny,
° Nf fundamental Fermi multiplets: F?, p=1,--- ,Nf,

where we have displayed only the bosonic fields of the multiplets, respectively. Note that
the contributions of the anti-fundamental matters in three dimensions are characterized
by the Fermi multiplets. In fact, we find that the moduli space of this theory is

My, = {(B, 1, J)‘ BB+ 1T~ JJ=r- llk}/U(k:), (2.4.18)

where r is an FI parameter of this one-dimensional theory. We also find that the degrees
of freedom for the moduli space match those of the 3d N' = 2 vortex, and the global
symmetries are also the same on both side. For example, in two dimensions, it turns out
that a gauged matrix model obtained as a dimensional reduction of the above contents
can describe a vortex moduli space in 2d N = (2,2) U(N) theory with N; fundamental
and N; anti-fundamental chiral multiplets [34].
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Chapter 3

Localization and supersymmetry on
a curved space

3.1 Localization

Supersymmetric localization principle

First let us see that the path integral is reduced to that only over the BPS sector when
we consider any supersymmetric observable, along [55] (See also [56]). We consider some
expectation value <O> on the field space F, and suppose that the theory and the operator
O have a certain symmetry GG. Furthermore we assume that G acts freely on F, i.e. there
is no fixed point on F. Then, we have a fibration F — F/G. Integrating over the fiber,
we obtain
(0) = / Oe™® =vol(G) - Oe®. (3.1.1)
F F/a
Next we suppose that G is a fermionic symmetry. Then the corresponding volume for
the fermionic variable 6 is

/d9 1=0. (3.1.2)

That is to say that the contribution vanishes. However, if we consider the case of su-
persymmetry Q. it cannot act freely. Note that the fixed point set of Q is described
by

Feps = {[X] € F | vQ(bosons) = 0, YQ(fermions) = 0}. (3.1.3)

Then with this notation, Q acts freely on F \ Fgps. So for this quotient space we find
that the contribution vanishes. Therefore the path integral reduces to that only over the
BPS sector when we consider any supersymmetric observables.
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Deformation of the path integral

In the above we have seen that a supersymmetric path integral can reduce to just an inte-
gral over the BPS configurations. Furthermore we can constrain the configuration of the
supersymmetric path integral. First let’s consider a partiton funciton of a supersymmetric
theory,

Z = /ch e~ (3.1.4)

where @ is a set of fields and we assume that QS = 0 and Q(D®) = 0 for supercharge Q.
Here we perform the following deformation as for some parameter ¢ and a certain function
V{e],

2(t) = / D ¢~ (sietiavial) (3.1.5)

where we assume that t > 0 and QV[®] > 0 for positive semi-difiniteness, and moreover
Q*V = 0. We note that Z(t) reproduces original partition function in the case ¢t = 0.
Then we readily find that Z(t) is independent of ¢ since

%Z(t) = / Do QV ¢ (S0H+avie) _ / D Q(v e(s[q’]ﬂgvm)) =0, (3.1.6)

where we used the above assumptions, and ignored the boundary contributions. From
the above,

Z=2(0)=Z(t) = Z(c0) = lim [ D® o~ (stei+iovie) (3.1.7)

t—o00

so the path integral can result in just a problem of calculating one-loop around the config-
urations such that QV = 0. In the same way we can apply the same argument for any Q
invariant observables. From this discussion, if we take V =", ;... (Qu;)T1;, the path
integral becomes a problem of calculating the one-loop around the BPS configurations.

In conclusion, we find that for any supersymmetric observable such that QO[®] = 0,

t—o0

(0) = lim / Do, O[D,] e_(s[q)*HtQV[q)*]), for F. = {®. € F | Feps N QV[®.] = 0},
F

1
= Do, O[d,] =51

7. Sdet [%] ‘

(3.1.8)

That is to say the infinite dimensional integral can reduce to just the integral over F,, and
the result can be exact if the second fluctuations around the classical fields are evaluated.
Note that we need a special off-shell symmetry to satisfy one of the above conditions

Q*V = 0.
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Fe = {@6.7'— | prsﬂQV[@]z()}

Figure 3.1: Localized configration in whole field space

Example: Poincaré-Hopf theorem

As an application let us consider the Poincaré-Hopf theorem along [57]. Let M be a
2n-dimensional Riemannian manifold with metric g,,,, vielbein e, and let V' be a vector
field on M. We can consider the following supercoordinates on the tangent bundle,

(xl»b7¢ll)’ (Buvlﬁu% M= 1727"' ,QTL, (319>

where z# is a coordinate on the base tangent space, and " is the fiber coordinate asso-
ciated with the following fermionic symmetry,

ozt = dﬂu? 6¢M = B/“
Syt =0, 0B, =0, (3.1.10)

where (B,,,1,,) is a just pair of auxiliary variables. We can verify that §* = 0 immediately.
In this setup let us consider a partition function.

1 _
Z(t) — W /dinC dan d2nw d2nB 67S(t)’ (3111)
where
1- _
S(t) =0 [ 3% (B“ + 2uV" + g‘”Fi’ywawﬂ : (3.1.12)

From the above discussion S(t) is independent of the parameter ¢ since it is d-exact.
Integrating B, out, we have

2
() = (2{3 / dzdipdd exp [— (%VuV“ — (Y V) — }lRszzﬂzz,,wzpfﬂ.
(3.1.13)

Since Z(t) is independent of ¢, we first consider the case of t = 0,

1

2(0) = (2m)"

B 1 o
[ Vadedwdi exp (R B0

20



= #/\/dePf(R)
_ /Me(M):X(M), (3.1.14)

where e(X) and x(X) are the Euler class and Euler characteristic, respectively. In the
last line we used the Gauss-Bonnet theorem. Next we evaluate the case of ¢ = co. We
assume that V' has isolated and simple zeros px, V(pr) = 0. Since the contribution for
V' =0 is dominant, we expand V# around the zero, for &* = a# — pf,

1
Vi(z) = 9,V (pr)€" + 50,0,V (pr)€7€" + - -+ . (3.1.15)
Also we rescale as
E=t, Yoty =t (3.1.16)

Note that the measure is invariant for this rescaling. In the limit ¢t — oo, we find

1 _
Z(OO) = - ég;wapvy(pk) . aovu(pk)gpfa + z@MVV(pk) wuwu]

det(9, V" (pr))
Z V/det(9, V" (pg))?

Thus, from I1T14) and (BI17), we obtain the Poincaré-Hopf theorem,

(3.1.17)

Z ‘det (s V )) (3.1.18)

For example let’s consider the two-sphere case. Here we set V; = —yi% + xia% (1 =
N, S) where N and S denote the north and south patches respectively. Then V' has two
isolated and simple zeros at the north(zy = yx = 0) and south(zg = ys = 0) poles.
Then,

o.Vr o,VY
det Y=det | ° . =1 1.1
et(0,V") e <8yV”C ayvy) (3.1.19)
Therefore we can obtain the well-known result,
x(S?) = 2. (3.1.20)
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North pole

-0

South pole

Figure 3.2: Euler characteristic on S?

3.2 Rigid supersymmetry on a curved space

In the above discussion there is a problem, that is the IR-divergence caused by infinity
of the space. Although we have to consider a theory with IR~cutoff which preserves
symmetries, it is more convenient to consider a theory on a compact space, which provides
the IR-cutoff automatically. In this section we consider the supersymmetric theory on a
curved space. Note that we consider Euclidean theories in the following.

Construction of supersymmetry on a curved space

Let us present the outline of the construction of the supersymmetric theory on a curved
space along [12] (see also [56]). We should add to the well-known flat-space SUSY La-
grangian some appropriate corrections corresponding to the curved space M we consider.
Given the Lagrangian and supersymmetry transformation on the flat space, and the char-
acteristic scale of M as 5582 = Lga, 6 = §ra and r, then we would obtain a Lagragian
and a supersymmetric transformation on M in as follows,

1
0 n
Lo =LY + 0L = ZO T—ndM% (3.2.1)
S = io: L s (3.2.2)
n=0 r ’

where we have to determine the each correction term order by order to preserve the
supersymmetry and close the algebra. At first sight they seem to be an infinite summation,
but since r has an inverse mass dimension, we do not need to consider irrelevant operators
at UV similarly to the renormalization group argument. However, since this idea depends
on the space, we instead consider the idea of [12]. This idea provides us with the systematic
construction of a supersymmetric theory on a curved space, and as a result we can find
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that the above corrections in the Lagrangian terminate at second order, and those in
the supersymmetry transformation terminate at first order, which are consistent with the
above idea.

Let us give the outline. First we consider an appropriate supergravty theory, and take
a rigid limit, i.e. taking the Newton constant G to zero (Planck mass Mp to infinity),
while keeping the metric on M at the same time. Then the gravity decouples from the
theory, and we can obtain a supersymmetric theory on the curved space M, where the
metric and the other auxiliary fields in the gravity multiplet become just backgrounds.
Although we do not have to consider their equations of motions, we should require the
conditions that the background is also supersymmetric,

V=0, §U% =0, (3.2.3)

where W is gravitino and J¥ implies the transformation in the supergravity theory. The
conditions correspond to Killing spinor equations, where the spinors respect the super-
symmetries on M.

Minimal coupling with supergravity multiplet

If we know the corresponding supergravity theory, we should apply the above discussion.
However, even if we do not know such a supergravity theory, we can still construct such
a supersymmetric theory on a curved space. First recall the prescription of coupling a
theory with a gauge field.

We should replace the ordinary derivative with a gauge covariant derivative: 0, —
D, =0, —iA,. The minimally coupled Lagrangian is written as

L(®, DP) = L(P,0P) — j*A, + O(A?), (3.2.4)

where j# is a conserved current for the original global symmetry, and also written by

. oL
T T4, o

(3.2.5)

If we want to obtain a dynamical gauge theory, we should add the Yang-Mills kinetic
term. We can extend this idea to spacetime symmetries. The associated current with the
Poincaré symmetry is the energy-momentum tensor T*”. The coupled theory is obtained
by replacing the flat metric 7,,, and the ordinary derivative with a curved metric g,, =
N — 2hy, and the general covariant derivative V,, in the same way. The minimally
coupled Lagrangian is

L=LO—T"h,, +0O(h?. (3.2.6)
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Furthermore since we consider the supersymmetric theory, we have a supercurrent S,
associated with the supercharge @), as well as the conjugate supercharge. Then the
conjugate fermionic gauge field is the gravitino ¥,,. The minimally coupled Lagrangian
is

L=1LO— %ng\llfj +c.c+ O(S?). (3.2.7)

Since the supersymmetry algebra generates translations on the flat space, we expect
that the supercurrent and the energy-momentum tensor belong to the same multiplet, and
in the same way the conjugate fields, the graviton and the gravitini, belong to the same
conjugate multiplet. In fact this idea is true, and we should consider a current multiplet
with the conjugate supergravity multiplet.

3d N =2 theory with U(1)r on a curved space

According to [15] (see also [56]), we would like to consider a 3d N' = 2 with U(1)g theory
on a curved space. First when we consider a 3d A/ = 2 theory with U(1)g, the set of
conserved currents (the R-current j,SR), the supercurrents S,q, S'W, the energy momentum
tensor 71}, Z-currents j,SZ) and a string currents ic,,,,0°J (%)) form a multiplet R, so-

called R-multiplet. The R-multiplet is characterized in the superfield formalism by
DPRop = —4iD,J%, DPR,.5 = 4iD, TP, (3.2.8)

where Rop := —2755R,,, and J %) is a real linear multiplet such that D> %) = D2 74) =
0. They are in components,

Ru= j\F —i0S, —i0S, — (607°0) (2T, + iyuw,0” J 7))

—i00(25\7) + i€,,,0” 5 ) + - (3.2.9)
1 Lo oo -
where - - - means some terms which are written in terms of the lower components.

Then at the linear order, the R-multiplet couples to a conjugate supergravity multiplet
Hy = (hyws Vsas \TJW,AH, C,, B,w), where the components are a graviton, two gravitini,
two gauge one-forms and a gauge two-form, in the following way,

8L, . =2 / d*O0d*0 R, H", (3.2.11)

which is a supersymmetric invariant from the superfield formalism, and #H, is in the
Wess-Zumino gauge,

1 ) - _ - 1.
H, = 5(07119)(}%, + Bm,) - %990,& - %020\1;M + %820qju + 59292(14# - Vu)' (3.2.12)
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Then the linearized supergraivty-matter coupling ([B.2.11]) is
1 1.,= 3
OL e = =Ty = 58" W, + S SHT, 4 O <AM — §Vu> +j9mC, + JPH,(3.2.13)

where we use dualized expressions, V# = —ie"?0,C, and H := %6'“”‘)8“31,[,. If we
choose the Wess-Zumino gauge, there are residual gauge transformations for the conjugate
supergravity multiplet,

Shy = 0N + 0,0, 6B, = 0,0 + 9,AP),

5C, = 9, 0A, = 8,AD, (3.2.14)
S e = i, O e = e

Similarly, the supersymmetry transformations for the gravitini are for constant spinors e
and €,

6V, = —ie"P 0 h e — 2i(A, — Vi)e+ Hyue + 2,V e+ 0u(-++), (3.2.15)
60, = —ie" 0 A€ + 2i(A, — VL) + HY,€ — £,V e+ 0,(--+).  (3.2.16)

Note that we can absorb the above total derivative terms using the residual gauge trans-
formations (3.2.14)).

In the above discussion we have considered the supersymmetric theory on the flat
space coupled to a linearized supergravity multiplet. Next let us consider the one on a
curved space. To do so, we promote the constant spinors € and € to local parameters. As
usual as the Noether’s theorem, the variation is

Seilo = S*O,e — SMO,E, (3.2.17)

where L is the above flat space Lagrangiran. We note that comparing this variation
with (B2ZI0), the gravitini gauge transformations ([B.2.I4) can absorb this variation, if
we set ¢ = 2¢ and € = 2¢. Therefore we can obtain the following local supersymmetry
transformations for the gravitini,

5, = 2(@ - %gmayhpm)e —2i(A, — V) + Hpe + eV, (3.2.18)

(.

-~

=V e

00, =2( 0 - %g"pkayhpm)azi(Aﬂ — V) + Hyue — e, VIrPe,  (3.2.19)

(.

-~

=V,.e

where the above terms in big parentheses are linearized covariant derivatives V, := 0, +
17*wib. Therefore the Killing spinor equations we want to derive are

H 1
(Vi = idu)e = = e = iVie = Seuw V"%, (3.2.20)
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H 1
(Vy+iA,)e= — 5 e+ iV,€+ §gwpvw’€, (3.2.21)

where € and € carry the R-charge +1 and —1 respectively, which induce the sign in front
of each A,. Given a manifold, identifying the background fields (g, A,, H, V*), we can
obtain the Killing spinor equations.

Next let us consider some examples, S*, S7 and R x 52,

3.3 Supersymmetries on S°, S; and R x S?

In this section, we summarize the Killing spinors on the three-sphere, three-ellipsoid and
R x S? that we will use laterT.

Three-sphere S°

A three-sphere with a radius R is defined as a pair of complex coordinates (u,v)€ C? s.t.
uti +vv = R?. (3.3.1)

The isometry is SO(4) = SU(2), x SU(2)g. Using the torus fibration coordinates
(ﬁa ()017S02>7

u= Rsinde¥, v=Rcosde?, (3.3.2)
where 0 <9 <7/2,0 < ¢ < 2w, 0 < g < 27, then the metric is
ds® = R*(d¥* + cos® ¥ dp] + sin® 9 dip3). (3.3.3)

The Killing spinor equation on S? is given by [20]

i I
D,e= S e D, €= 5 e (3.3.4)

This corresponds to A, =V, =0, and H = —% in 3220) and (B2Z21)). We choose the

following frame,
el = Recos¥dypy, €= —Rsinddyp;, e* = RdV. (3.3.5)
Then the Levi-Civita spin connection is

w? =0, W =sinddp,, w®=—costdp. (3.3.6)

! We summarize supersymmeties on S2, Sg and R x S? in appendix [A.3]
2See appendix for details.
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We choose [20), 58, 592,

1 6%(#?1-1-302-1-9) 1 _6—%(4.014—902—9)
€= —= i _ s €= —— i s (337)
V2 \ ezlertea—0) V2 \ ezlerteato)
as a solution to ([B.3.4]). Note that there are four independent solutions on S?® correspond-
ing to the following Killing spinor equations [59]:

15t
DN¢(5t) = __’YMQﬁ(St)a S)t = :t17 (338>
2R
where these solutions are given by
6%(—sgol+t<p2—st19)
w(St) = _Se%(fsw1+t<p2+st19) : (339>
We have chosen € = ¢_, and € = —¢(,_) above.

Three-ellipsoid S}

The three-ellipsoid S} is defined by the following hypersurface:
w4+ vo = 1, (3.3.10)
where (u,v)€ C? with the metric
ds* = 1Pdudi + PPdvdp. (3.3.11)

Note that this geometry preserves the U(1) x U(1) isometry of the original three-sphere
isometry SU(2) x SU(2)H. Using the torus fibration coordinates (1, 1, 5), the metric is

ds* = R* (f(9)*d0” + b” sin® 9dpT + b~ cos® ¥dy3) (3.3.12)
where
R=V1, b=+, f(9)=b2sin®0 + b cos? V. (3.3.13)

Note that if we choose b = 1, they reduce to the above three-sphere case. We choose the
following orthogonal frames,

e' = Rb ' cosVdyp,, €* = —Rbsinddyp,, €= Rf(9)dV, (3.3.14)

3 Our notation is slightly different from [59]: (9, ¢1, ¥2)here = (0, =X, ©)there; (€ Enere = (—&, €)there-
4We can also consider other deformations which preserve supersymmetries [59, 60, 61} 15}, 62, 63, 64, [16]
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Then the Levi-Civita spin connection is

w?=0, Ww'l= sinvdp,, w® =— cos¥ dpy. 3.3.15
o) e () =" 3319
Then, the Killing spinor equations are [59)
) 7

D D= ———v,€ 3.3.16
= BRI D SR 3510

where the covariant derivative is defined by

b 1 b1

—d+ 47‘”? b RV, V= %(1 . >dg01 + §(1 . W)d@, (3.3.17)

F)

where R is a R-symmetry generator. This corresponds to A,,V, # 0, and H = —3 fi( 9

in (3:2.20) and (B.221)). The solutions are given by the same Killing spinors (3.3.7) (in
fact the authors of [59] constructed (3:3.7) in order to apply the three-sphere ones to the

ellipsoid ones directly). In the same as the three-sphere, in fact there are four independent

solutions corresponding to the following Killing spinor equations:

15t

D, sty = sty + AV t= %1, 3.3.18

W W(st) 2Rf( )%@D (st) +1 Y(sty, S ( )

where the covariant derivative is the ordinary one, and
b t bt

ven — =2 (1 - ) de+ 5 (1= 5 )den. 3.3.19
As we mentioned, the solutions are given by (3.3.9), and we have just chosen € = v¥_,
and € = — .
R x S?

We consider the geometry R x S2?. The metric is
ds®> = dr* + R*(d0* + sin® 0dy?), (3.3.20)

where 7 € R has a periodicity 7 ~ 7+ R, and 0 < 6 < 7, 0 < ¢ < 2w. We choose the
following vielbein,

el =dr, e =Rdf, &= Rsinfdp. (3.3.21)
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The Killing spinor equations are [65]

1 1 _
D,e = LS D,e= SR WNE (3.3.22)

This corresponds to the case of A,,V,, # 0, and H = 0 in (8.220) and (3.2.2I). These
solutions are [65], 66]

1 . [—e30-9 1, [esore)
€= E ¢ 2R 09 | € = E €2R i) | (3.3.23)
In the same way as the three-sphere, there are also four independent solutions in this
geometry [65] [15].

There are other various geometries which can preserve some supersymmetries, also
not only three dimensions [12, [13], 14}, [15] [16, [17].
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Chapter 4

Coulomb branch localization

In this chapter we compute the partition function of the N' = 2 gauge theory on the
three-ellipsoid and S* x S? using the Coulomb branch localization.

4.1 Partition function on the three-ellipsoid

First in this section, we consider a partition function on the three-ellipsoid along [59, [66],
which is a one-parameter deformation of the round three-sphere. This partition function
gives us more information than that on a three-sphere [20] 28] [58].

4.1.1 Supersymmetric multiplet

So far the supersymmetry transformation with a parameters o = d. + - are
§ =0+ 0 = €* Qo + € Qu, (4.1.1)

where €, € and @), ) are Grassmann-odd. That is to say, ¢ is a “bosonic” operator. Here,
using Grassmann-even spinors €, €, we introduce a “fermionic” operator Q as

Q =i(e"Qa + € Qu), (4.1.2)

where the coefficient is our convention, and note that Q is Grassmann-odd. We use this
operator Q instead of § below.

In this section, we choose (Grassmann-even) Killing spinors €, € as (3.3.7).
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Vector multiplet

Let us start with the A" = 2 vector multiplet on Sj, which we introduced in last chapter.
The action of A = 2 super Yang-Mills theory is given by [59JI

1 1 1 1 2
Svn = - d3x\/§Tr[ZFWF‘“’+§DMJD“U+§<D+ - f"( 19))
YM
- - 1 -
MDA+ Ao, \] — ——=A\|. 4.1.
+ 30D+ SN0 = e | (4.13)
This action is invariant under the following SUSY transformation?
1< 1_
QA” = _5/\7#6_56/7#)\7
Qo = %5\6+%€)\,
1 1
A= | z€u,F""—D Fe —iDe — ———0¢, 4.1.4
Q <2€up ua)ye 1De wa)ae ( )
_ 1 ?
A= | z6upF”"+D He+iDe €,
Q <26“p + HO')’)/ €+1 6+Rf(19)0€
QD Levpa—Lp sy 1[‘)\ ]+1[X ] ! (EX + Xe)
= —¢E — = € — —|eEX, o] + =X, 0] — € €
o FuA T A e Tl T RS U T R () ’

where we use the torus fibration coordinates (3.3.12)) and the Killing spinors on S} (3.3.7),
and note the definition of the covariant derivative [3.3.17). One can show that Q? gener-
ates

1
Q* =iL, +ioc —v'A, + ﬁ(b + b HR, (4.1.5)
where
v = (ey"e)ey = R (bli + bi) (4.1.6)
. 1 dpy)

L, is a Lie-derivative along the vector field v, and R is the R-symmetry generator.

On this space, we can also consider supersymmetric CS term and FI term as

,(417)

. 2% _
Seg = %/d?)x\/grrr e (AuayAp+§zAuAVAP) — A+ 2Dco

! Compared with the Lagrangian on the flat space (Z.1.14)), we note that it has corrections proportional
to 1/R and 1/R? as we mentioned in the last chapter.

2Since we use ([EIZ), note that it is slightly different from the supersymmetry transformation in
appendix [A.3]

31



respectively. Note that they are Q-closed but not Q-exact.

Chiral multiplet

Let us consider the matter sector. The action is given by [59]

Smat = /df”x\/g <Dugz_5D“¢ + ¢’ + %q@m + %q&b +i¢pD¢ + FF
— Wy Dy + o) — 52 fz 191) D)+ iPAG — z&w), (4.1.9)
which is invariant under the SUSY transformation

Qp = i€y,

Qb = il |

QY = —~eD,b— cod — R}?ﬁ) e + ieF, (4.1.10)

Qff = €Dy = o - Fosde+ iFe

QF = e~7"Dyb+ oy +A6) + 5 R}( 5528 = ev,

QF = &(—"Dyib+ o — d) + m(m e

We have assigned R-charges: (—A, A, 1—A, A—1,2—A, A—2)to (¢,0,¢,9,F,F),
respectively.

4.1.2 Localized configurations

Let us consider the deformation terms in the localization.

Vector multiplet

First for the vector multiplet we note that the SYM Lagrangian becomes Q-exact up to
total derivatives:

1 e
EYM = Q‘/;/em with Viee = Z_]:Tr (Q)\)TA + (Q)\)T)\ ) (4111)
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if we take the integral contour of D to be real (2.I.13)). That is to say we can choose the
SYM action as the exact deformation term. It also implies that the partition function
is independent of the gauge coupling. From the ([£I1.3]), we can immediately find the
following localized configurations,

1

F.,=0, D,o=0 D=—-———0,
: " Rf(9)

(4.1.12)

and all the fermions vanish. In particular for the three-ellipsoid, this condition is

A,=0, o=const., D= —R]}w)a. (4.1.13)
Chiral multiplet
Next we consider the matter sector. We choose
Ly = OV, with Vi = %[(Qw)% + (QQZ)TQZ]. (4.1.14)
In fact, completing the square leads to
Lyl = |sindDig+ cosIDsg + iDs¢|* + |og|* + | F|
+| cos¥Dyé — sin 9Dy + %qﬁ g (4.1.15)

if we take the reality condition (ZI.I3]). From this, we can read off the localized configu-
rations,

sintDy¢ + cos VD +iD3p =0, op =0, F =0,
iA
VD1 — sindD ——¢ = 0. 4.1.16
cos D1 — sin ¥ Dy + wa)qb ( )

Using (A1.13]), we can replace the covariant derivative with an ordinary derivative, D, —
0,. Since ¢ is periodic, it is expanded as

Bp1,02,0) = D Gn(B)e e, (4.1.17)

m,nel

Then, one of the above equations is

LA -
(nb bl m)%n(ﬁ) ~0. (4.1.18)
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If the R-charge A is generic, ¢ must vanish® . Thus this BPS configurations are
p=¢p=F=F=0. (4.1.19)

Note that Ly # Lyar but also Ly, = 0 on the localized configurations.

So far, although we do not consider the superpotential terms explicitly, we can also
construct them on a curved space. However, since the terms are proportional to the
auxiliary fields F, F' and fermions as that on the flat space, we note that they do not
affect this localization calculation from (Z.I1.19).

4.1.3 Gauge fixing

In order to compute the one-loop determinant, we have to perform the gauge fixing. We
introduce a BRST transformation

QpA, = D,e, Qpc= —%[C, d, Qse=B, QpB=0, (4.1.20)
where ¢, ¢ are ghosts and B is the Nakanishi-Lautrap field. Then we find the gauge fixing
term as

Low = QpVi = QBTr[ E(G(A) + gB> ] (4.1.21)
where G(®) is the gauge fixing function and @ stands for the fluctuation from the localized
configuration ®©) given by

d=0— 0O, (4.1.22)
We define SUSY transformations for the ghosts and Nakanishi-Lautrap field as

Qc=¢6+iv"A,, Qc=0, QB=i"DPVe+ilo, q. (4.1.23)
Then Q = Q + () generates

. 1

Q* =iL, +ioc® — v A + 50+ b HR. (4.1.24)

We note that this is the same form as (Z1H).
In the previous section, we have omitted the gauge fixing for simplicity: precisely
speaking, we have to choose the deformation term as

QV = QV, where V=V +V,. (4.1.25)

In fact, this deformation does not change the localization procedure. This is because Q) gV
generates just gauge transformations, and hence does not give any changes. Also QVy,
generates ¢ Q(G(A) +&/2B) since Q¢ = 0. We can absorb the term proportional to ¢ into
the definition of ¢ [20].

3 We also impose the smoothness condition on the solution. In particular, if we take A = 0, the only
solution is ¢ = const. See appendix [B.1.1] for details.
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4.1.4 One-loop determinant

We compute the one-loop determinant around the saddle point by the index theorem
[66]. Although we can calculate it directly as in [59], First we introduce the bosonic and
fermionic coordinates (Xg, X7) as,

XO - (X(\)ICC;X(():hi) = (Au a¢7 ¢)7 Xl = (XIICC;XIChi) = (Av 076 ;61/)7‘?1/_})7 (4126)

where

A=e\+e), (4.1.27)

and the remaining fields are expressed by 0X, and OX;. We set the quadratic fluctuation
of Vin OV to

~ A A Dy D X
uad — v T\IJ uad = Xo, X 00 o1 A 0 4.1.2
Vlawa = (O Wlma = (%030 (2 ) (50 ) @1

where the notation is just symbolical, and ¥ is a fermion field. Note that Q is a fermionic
operator. Then we can write the quadratic fluctuation part of QV as

. . 22 0\ (Dy D X
e = -xeon(§1) (30 20) ()

A Do Do\ (1 0 90X,
_(QXoaXl) (DIO D11> <O Q2> (Xl > . (4129)

Compaﬁng Qv|quad = Xbostostos + Xfermeermeermu we have

Q> 0\ (Do Do Doy Doy 1 0
Koo = — Ko = — 21 @130
b ( 0 ].) <D10 D11 f DlO Dll 0 Q2 ( )

Then we can write the one-loop determinant as

AN\ 1/2

det Kioo \ /2 ( dety, O2

Doy = <_) _(detwm ) (4.1.31)
det Kbos detXO Q2

Since Dig commutes with QQ, we focus on the operator Diy. We find that there is a
cancellation between the map ImD;y and ImDIO. Therefore the one-loop determinant is

. 1/2

d t 2 oner

ooy — [ 8L Jcokernin } (4.1.32)
det Q2|KerD10

simply given by
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Incidentally the equivariant index for the operator Dy is defined by

32

indDig = Tricerp €2 — Treokern,o €S (4.1.33)

Although this operator is infinite-dimensional, the Ker Dy and CoKerD;, are decomposed
into direct sums of the eigenspaces of Q? with the weight w; formally,

KerDyo = P V.,, CoKerDip =PV, (4.1.34)
j J

J

Then the one-loop determinant and the index are respectively,

$(dimVi; —dimV ) e . "
Zdoop = ij 77, indDqg = Z <d1mij — dlmva) e, (4.1.35)

J J

Therefore we know the equivariant index ind D and the one-loop determinant are related
by the rule 3

indDig =Y e & Zii = [Jw; *. (4.1.36)

J J

Note that although these operators are infinite dimensional, the index is well-defined when
Dy is at least transversally elliptic [67]. In fact we note that the Dyg in our cases, which
we treat in this paper, is transversally elliptic. Thus our problem is reduced to computing
the equivariant index.

In order to obtain the index, we would like to use the index theorem? as in [111, 68,
35, 69]. Roughly speaking, the index theorem states that if there are fixed points on a
space with respect to a group action, the index is a sum of indices computed at each fixed
point. However, we note that there is no fixed point on S} with respect to the action
generated by Q2 ([@L.24). The authors of [66] have resolved this problem as follows. First
we rewrite the vector field v in terms of the Hopf fibration coordinates (6, ¢, ) as

o N e 1 —1 —1
v=eyied, = E(b 0,, +b(‘9¢2> - E((b+b )9+ (b—b )a¢>. (4.1.37)
Here we have two U(1) actions generated by d, and 0,. In particular, dy rotates the
Hopf fiber and acts on S} freely. In fact we can show that each D in vector and chiral
multiplets is transversally elliptic with respect to these actions. It is known that when
part of the group action is free, a transversally elliptic operator can be reduced to that
on the quotient space [67]. Namely, Diq is reduced to that on the base S? in our case.

4We summarize the statement in appendix [C11
>The relation with torus fibration coordinates (9, 1, ¢2) is given as ¥ = 0/2, p1 = 1/2(¢p — ¢) and
w2 =1/2(¢ + ¢). See appendix for details.

36



Then the index theorem says that we have only to compute the contributions from fixed
points of the 0,-action, which are the north pole (# = 0) and south pole (f = 7). As a
result, we can find the indices are (see appendix for details)

ind(D{5°) = — Z el Z e Z enh! Z o) (4.1.38)

nez ne”L

ind(DR) = 2<exp [H H H i{mb+nb_1 + % —iw(6) — %(1 - A)H

weR Mm=0n=0

_ exp [ I1 ﬁ ﬁ —z’{mb+ nb~1 + % +iw(6) + %(1 - A)}]), (4.1.39)

weR Mm=0n=0

~

where Q = b+ b~!, 6 = Ro, and w and a denote the weights in representation R and
the roots in the gauge group, respectively. Thus applying the rule (ZI36), we find to the
one-loop determinants up to overall factors,

vec

Z{1o?) = [ sinh(rba(s)) sinh(wb " a(5)), (4.1.40)

a>0

Z5;°" = Hsb<ZQ 1—A)—w(6 )), (4.1.41)

weR

where s,(z) is the double sine function defined by

o0

mb+nb~t 4+ Q/2 —ix
() = 110 mb+nb=t + Q/2 + iz’

(4.1.42)

Result

The classical part is for the saddle point 6 = Ro, which is constant value in Cartan
subalgebra of the gauge group,

Zq[6] = o~ (Scs[o]+8pl6]) _ imkTr(5)?—2mi¢Tr(5) (4.1.43)

Y

where we used [i; d®z./g f~' = 27>R*. The one-loop parts are [LI40) and ([EIZI).
b

Therefore the result is

rankG

|W|/ H dO’a cl ZC}luloop[ ] Z‘(felmloop [0.]7 (4144)

where |W]| is the order of the Weyl group. Note that the Vandermonde determinant,
which comes from restricting the integration variable to the Cartan subalgebra, cancels
against the one-loop determinant for gauge fixing ghosts.
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4.2 Partition function on S! x S?

4.2.1 Superconformal index

In this section we consider the partition function on S* x S? along [70, 65, 668, First we
consider R x S? (B.3.20)), and compactify the R to S'. From (B3.3.23)), however, we notice
that we cannot impose the periodic boundary condition to the Killing spinors, i.e.

B
2

€T+ B8) =e2e(r), &r+pB)=ec2e(r). (4.2.1)

Furthermore recall that assigning the quantum numbers to € and € as

R(()=e,  jsle) = —%e, Fi(e) =0, (4.2.2)
R(e) = —€, js(€) = %e, Fi(e) =0, (4.2.3)

where R is an R-symmetry generator, js is a generator for SU(2) isometry on S? and F;
are the Cartan generators of the flavor symmetries, then we can rewrite the above twisted
boundary conditions [2Z1]) as

6(7‘ 4 ﬂ) — 651(*72*]'3)%32]'3*1'21- viFi 6(7‘)
E(T + @) — P1(=R—js)+B2j3—i 32 viFs E(T),

Y

where 5, + 82 = 8. We impose the same boundary condition to all fields,
(fields), g = P (TR-I)+B25a =127 (fields) . (4.2.6)
In order to make this clearer, we redefine all the fields in the following way,
(fields) oy = ¢~ F VR0 S (felds). s, (4.2.7)

then the new fields are periodic in 7 ~ 7 + 3. For example we consider the new Killing
spinors,

e_% {61(_R_j3)+52j3—i > viF }

€original
T 1 _e%(9_¢)
€2 €original — E (e;(9¢) ) (4.2.8)

6Here we take the S? radius R = 1 for simplicity. We can recover the dependence on R by a dimensional

6l’leVV

analysis.
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_ 1 [ex(-0+9)
few = 5| bwre) ) (4.2.9)

so they are 7-independent.
This redefinition is also equivalent to the following replacement,

87- — &,——i— %{ﬁl(—n—jg) +ﬁ2j3 —iZ%Fi}. (4.2.10)

Therefore we find that the partition function on S! x S? is expressed as a path integral

with a periodic S!-direction which is redefined in (£2I0). This quantity is known as the
superconformal index, and is also expressed as

7T = Tr (_1)Fe—ﬁ1(H—R—jz‘s)e—ﬁz(?{—i-js)eiZi 'YiF7;7 (4.2.11)

where F' is the fermion number operator, H = —0, is the Hamiltonian. Since H—R—7j3 =
i{de, 0}, this quantity counts only d. and d-invariant BPS states. Because if there is a
state |p) s.t. {0, dz}|p) # 0, the corresponding superpartner always exists. Furthermore
since (H + j3) and F; commute with {J,d:}, we can define the superconformal index
more generally as (L2.11]). From this discussion, we find that the superconformal index
is independent of 3, B2 and ;.

4.2.2 Localization

Vector multiplet
The Lagrangian on S* x 52, which we defined in (3:3.20)), is given by [65]2

1 ) L . .
Sen = [ Ery/gTe[ SV + 2D+ A DA+ Mo A+ A |, (4.212)
P 2 27 2 2 4

where V, = V,, e# is defined by

1
%:E%J“—Dw+@m. (4.2.13)

We choose a Q-exact term in the same manner of (L.I1.II):

1 L 1
ZQTY (QN)A + (QA)D‘} ’b B §Tr[ (Fas +0)* + Fu F?' + FioF'? + (D,o)? + D? |,

7 See appendix for the supersymmetry transformations on S' x S2. Also note that we use the
fermionic supercharge Q as we did in the ellipsoid case [@I2).
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(4.2.14)

Note that the whole exact term is equivalent to the SYM Lagrangian up to total deriva-
tives. The superconformal index is independent of the gauge coupling as we expected.
From this, we can find the following saddle points,

F23 +o0o = O, F31 = F12 = O, DNU = O, D=0. (4215)

Using the quantization condition for the flux on S?, the configurations for the gauge and

scalar fields aré®
1
F=" 6=-""" with m=— | F, (4.2.16)
2 2 §

where m is a magnetic charge (GNO charge) which takes values in the Cartan subalgebra,
and the root and weight are integer values, a(m), p(m) € Z. In conclusion, the localized
configurations are

ATz—%, Ay =0, Ai:%(ﬂ—cose), 0:—%, D=0,  (42.17)
where a is a holonomy around the S*, and Ai denote the sections on the patches including
the north(+) and south(—) poles, respectively.

Also we add the CS term (LL7) and FT term. The FI term on S! x S? is given by

Chiral multiplet

The exact term for the chiral multiplet is
1 i TN T
Lolbos = 5QTr [(Q0)14 + (25)'9)|

= |Di9)* + 1’smg( _¢+F)+cosg(a+A)¢‘2
Sinﬁ( :

‘cos—D+¢ F)+smg( —A)gp

1
+—

) D_¢—F)+cosg(a+A)¢‘2 ‘COS—D+¢+F)—|—st( —A)o

2

(4.2.19)

Y

2
where Dy = DyFiDs, and we take the reality condition (Z.1.13]). We read off the localized

configurations,
D1¢ = Oa F= Oa
8See appendix [B.2.1] for details.
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sin gD_ng + cos g(a +A)p =0, cos §D+gb + sin g(cr —A)p=0. (4.2.20)
For the generic R-charge A, the saddle point configurations are?
p=0p=F=F=0. (4.2.21)

Although we do not express the Lagrangian for the chiral multiplet on S* x S? explicitly,
we find that it does not any contributions to the final result using the above Q-exact
term.

Localization

Using the above Killing spinors (L2.8)), (£29)), the square generates

0% = 1L, + Z'(Z'U“AM + oée) + 1R + %{,@1(—7?, — J3) + Pajs — ZZ%FZ}, (4.2.22)

where
v = (ey"€)d, = 0; —i0,, €= —cosb. (4.2.23)

We can understand the contribution in the last parentheses from the discussion in the
last section. Substituting the localized configurations for this,

a 1
Q*=iLly + — +i b2 (25 +R)+ = > 7l (4.2.24)
5B 52
where we have used the relation j; = —i0, + @, which is an expression of the eigenvalue

on the monopole background [71].

For the gauge fixing, we have only to perform the same prescription as we did in
section 1.3l Finally we have to consider the 1-loop determinants around the localized
configurations (L2.17) and (E221)). In the same way as the ellipsoid case, we apply the
index theorem. In fact, we find that the D} and DA are transversally elliptic with
respect to the vector field 0., so they reduces to those on S2. In conclusion, from the
each index, the one-loop determinants are obtained (see appendix for details.): For
the vector multiplet,

70— [ {2 sinh (%@(a) + %a(m)&)] {2 sinh (%a(a) - %a(m)@)]

a>0
9See appendix [B.2.2] for details.
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= J[ =5 (1 - i@l (4.2.25)

where we define z = e, For the chiral multiplet,

_p(m)

(1-loop) _ (1-A) ip(a) F P (gmrmt2Aeiel)(TT¢14); 22) o
Zchi - pl}% (Il € 1;[57/ ) ( p(m +A€ 'Lp(a)<H 6 ) ) (4226>

where & = e (flavor fugacity), and (a; )« is the q-Pochhammer symbol defined by

n—1

(a;q)n = [J(1 — agh). (4.2.27)

k=0

Note that this result is regularized form [70} [65], 66].

Result
The classical contribution is

Zala,m] = e~ (Seslamlt+Serlam]) _ gimaTr(am)—2mi(Tx(a) (4.2.28)
where we used [, o d*z\/g = 47°.

Recall that the gauge group is associated with the topological U(1) symmetry. In
addition to the above contribution, we can consider a BF term between the topological
symmetry and the background gauge field, [ Agg A dA + --- [12]. This contribution to
the index is

¢/ Tr(an)  Ti(m) (4.2.29)

where we have used (L.2.17)), and n is a flux for the topological symmetry and take discrete
values, and w is a chemical potential for the topological symmetry. In fact, this first factor
corresponds to the above FI term.

Finally we introduce a gauge fugacity z; = €' (so the contour is counterclockwise).
Then the superconformal index is

7 = Tr (_1)Fe—ﬁ1(H—R—j3) —B2(H+j3) i 325 viFi
rankG dz
= J (1-loop) . 77(1-loop)
= ch Zvec Z hi y (4230)
|W| E;]kG ‘%\ H 27TZZ ¢

where |W| implies the order of the Weyl group.
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Chapter 5

Factorization

In this chapter we show that for a certain class of 3d N = 2 theories, these partition
functions factorize into products of 3d vortex and anti-vortex partition functions as well
as the other factors following [31], 33]. Then we summarize some questions for motivating
us to consider the Higgs branch localization.

5.1 Ellipsoid partition function

Abelian theory
U(1) theory with 2N; fundamental multiplets

Let us consider a U(1) theory with 2N -fundamental chiral multiplets with real masses
on Sp. Here we take even number of fundamental chiral multiplets since otherwise we
have the parity anomaly. For simplicity we set the R-charge to zero, and do not include
the CS term. Then the partition function reads from (EIL.44) T

2N

> —2miCx i

Z:/Ood162 ¢ Hsb<—x—mj+7Q>, (5.1.1)
7j=1

where we set 0 =z, R = 1, ( > 0, and include real masses m;. We would like to perform

this integral exactly. Since the double sine function is

v omb+nb Tt + Q)2 —ix
= 5.1.2
() m1:[0 mb+nb=' 4+ Q/2 +ix’ ( )

INote that our notation is different from [31, 33] (e.g. the weights have opposite signs.).
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o (EI10) has the following simple poles

x=-—mj—i(mb+nb"), m,n€Zsy, i=1,2--,2N;. (5.1.3)

Imz

-—-xxx)
N
oo
[e]
8

Figure 5.1: The path of the contour integral

We should choose the contour as shown in Fig[5.Tlto make the integral converge at infinity
We also use the following formulas

sp(z + % + imb + inb™')

B (_1)mn

sb(a: + %) [T, 2isinh wb(z + tkb) [ [,—, 2¢ sinh wb(x + ilb~1)

sp(z — 2 = +imb+inb!) (—1)mn
sb(;r; = ZQ) [1i, 2isinh wb(x — i@ + ikd) [[,—, 2¢ sinh wb(x — iQ + ilb=1)
(5.1.5)
Therefore, the partition function is
2Ny 2N
7 = Z 627rl<m1 H Sp <Eﬂ + ) Z( i) Z‘(}), (516)
JF#i

where Eji = —(mj —

m;), and Z‘(/> and Z‘(, are expected as 3d vortex and anti-vortex
partition functions on S x R? [73],

e}

(—1)"Nse=2mCbin

Z [, 2sinhmib=2(1 — 1 —n) [, H;lf 2sinh b= (Ej; +ilb~1) ,(5.1.7)
(—1)mNsg—2mcbm

Z o [12, 2sinh mi?(l — 1 —

o0

m) [[2, T[] 2sinh wb(Ej; + ilb)
Note that Z{|,-1_,, = Z{!

Z® and Z9)y -1 = 2. In fact we used the relation (—1)2Nsmn
1 (m,n € Z>g) to obtain the above factorization form
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Furthermore even if we add a CS term, we can also evaluate it using the above contour
[31]. The contribution at each pole is

1 —mi—1 —inb—1)2 i 2 _ ) -1\ _ . 212 23—2)
emm( m;—imb—inb—1) — oiTRmG 2mkm; (mb+nb )6 irk(m2b*+n?b (_1)2nmn. (519>

From this, if we set the bare CS level x as an integer, the above factorization property is
not spoiled. In addition to the above condition for the number of matters 2V, this fact
is associated with the condition that the effective CS level must be an integer (2.2.1]):

1
HeH:K+§~2Nf€Z. (5.1.10)

We emphasize that the condition for the factorization corresponds to the parity anomaly
cancellation condition.

U(1) theory with Ny-flavors

In the same way, let us consider a U(1) theory with N;-flavors (a pair of fundamental and
anti-fundamental representations for each) on S;. First the partition function obtained
by the Coulomb branch localization is

o0 Ny Q Q
Z = / d:pei”“$2_2”ic$nsb<—a:—mj+z—>.3b<x+mj+7’_>

% , 2 2
J=1
o0 Ny (v) (a) iQ
, . Spl —r—(m; " +m:") + =5
= / dg eimre’ —2mice o ( Zv) Za)) Zé) , (5.1.11)
—o0 s —r—(m” —m) %

+(m — m) as the vector

mass and axial mass (2.2.4]), and we used the relation s,(x) = 1/s,(—x). Then, poles are,

where in the second line, we defined m®) = I(m + m), m® =

—

D DY —i(mb + b1, (5.1.12)
D —ml) - i(mb 4+ nb Y. (5.1.13)

(fundamental:) x=—(m

oL~ L~
—~ <

(anti-fundamental:) == —(m

<

Note that the poles for the anti-fundamentals are in the upper-plane. So as we found in
the chiral theory, evaluating the poles for the fundamentals, we can obtain the following
result,

Ny i”“(m<v)+m('a))2+27riC(m(.U)+m(a>) Ny 1Q
(& i i i i Sb(DAi + —) i) 50)
- ' o2y 4y, (5114
Z 1Q) g Sb(CAi . §> A% A% ( )

i=1 s5(Cii = 5

45



AY
B 00 (_1)an€—i7mb*2n2€—27r{ H(ml(-v)—l—ml(a))-i{ o~ In H" Hle 9 sinh Wb_l(Cji + (l _ 1)2()_1)
p— [I, 2sinhmib=2(1 — 1 —n) [, H#l 2sinh wb=1(Dj; + ilb=1) ’

(5.1.15)

and Z\(,i) = Z\(,i)|b71_>b. As before, we used the parity anomaly cancellation condition to
obtain the factorization form,

1
/ieff:ﬁ—i-i(Nf—Nf):FLEZ. (5116)

Non-Abelian theory

In the non-Abelian case, we can apply the Cauchy formula,

N

1
HQSinh(:pi — ;) = Z H H 2cosh(z; — x;), (5.1.17)
i<j qu 2sinh(x; — xs) oesN i=1 j#o(i)

where y; is an auxiliary field such that x; # x;, (mod 7i). Applying it to the 1-loop
determinant for the U(N) vector multiplet, the N-multiple integral simply reduces to the
one-dimensional one. Therefore we can evaluate the non-Abelian theories similarity to
the Abelian case [33]. We summarize just these results:

U(N) theory with 2N; fundamental multiplets

The partition function we obtained using the Coulomb branch localization (£1.44]) is

N
1
7 = il /de eimh il 2 —2miC S @ H [sinh 7b(z; — ;) sinh wb~ ! (; — x])]
’ i<j
N 2Nf Q
7
xHHsb(—xi—ma+7>. (5.1.18)
i=1 a=1
Evaluating poles, the result is
N
7 Z sz 1 ml +2mi¢ SN my, H [sinh (WbElilj) sinh (Wb_lElilj)]
(ll,m,lN)C(l,m,QNf) 1<j
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N 2Nf

1 R
«TT 11 sb<EAll. + 7Q> Lz .z, (5.1.19)
i=1 A£ {1}
where E4p = —(ma — mp), and the summation over (Iy,---,ly) C (1,---,2Ny) means

2N, Cy combinations, and

Z{li}
Vv
— i Hi\il(_1)(N—i—Nf)ki€—i7r/ib2ki26—27rb(nmli+ﬁ)ki
LY TIr, 2sinh wb( By, + (10— 1= ky)ib) [T, TTa Yy, TI 2sinh wb( B, + ilb)

(5.1.20)

where k = (k1,--+ ,kn), and Z\{/li} = Z\{,l"}|b_>b71. Note that we also used the parity
anomaly cancellation condition to obtain the above result.

U(N) theory with Ny-flavors
The partition function we obtained using the Coulomb branch localization (£1.44]) is
1 N 2

N
7 = — /de i ity @ —2miC oL @i H [sinh 7b(z; — x;) sinh wb~ ! (x; — x])]

i<j

N v a 7
ﬁ sy~ — (mY) +m) + Q)
X

(v) (a)

== (5.1.21)
i=1 A=1 sp(—1; — (mA — My ) — TQ)

As we have seen in the Abelian case, this contour integral has the contribution from only
the poles of the fundamental multiplets. The result is
7 Z R Sy m +2mi¢ 3L my,
(llv"' 7ZN)C(17'" ’Nf)

N i
N HA;{IZ-} sp(Da; + TQ)

N
X H [Sinh (mbDyy, ) sinh (ﬂb_lDlilj)] H _ Z\{/li} _ Z\{/li}7

N i
i<j i=1 Hszl sp(Cri, — TQ)
(5.1.22)
where Dap = —(mly) —mi)) — (m§) —=m{), Cap = —(m) = m)) + (m§ +m{), and
fe'e) N
Z\{fli} _ Z { (H(_l)(N+Nf)kie—iwnb2kf€—2nb(nmli+§)ki>
k=0 =1

. [T, IT52 T 2sinb mb(Cy, + (1= 1)ib) }
17 T 2sinhwb{ Dy g, + (1 — 1 — k;)ib} T, TToky,,y TTi, 2sinh 7b(Day, + ilb) 2
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(5.1.23)

where Zy; ik . In order to obtain the above result, we used the parity anomaly
cancellation comdmon7 Keff = K + f2Nf =k € Z.

5.2 Superconformal index

In this section we stand just some results for the superconformal index. We should
evaluate poles as we did in the ellipsoid case, and can obtain these results as follows [32].

U(1) theory with 2N; fundamental chiral multiplets

Let us consider a U(1) theory with 2N fundamental chiral multipletsZ. Here we do not
include the CS term, and set R-charge A = 0 for simplicity. Then using ([L230), the
superconformal index is

2Nf

T — 27{ 527¢ m(xz) m(21\7f)1_[ - +2Z§Z§ 2)00 (52 1)
omiz (z=mz 16 02 o

where §; is fugacity for SU(2Ny) flavor symmetry. Also since this theory has U(1) 4 flavor

symmetry, we can rescale the flavor fugacity freely by introducing a U(1)4 fugacity (but
we do not consider it here). So even if we set the R-charge to zero, we reproduce a result
for the nonzero R-charge by an appropriate rescaling [32].

Note that if the number of the chiral multiplets is not even, the above integrand
becomes multi-valued. That is to say, the parity anomaly cancellation (ke = 0+ %~2N =
Ny € Z) enables us to compute it in this case.

Evaluating the contour integral, if we identify the fugacity for the flavor symmetry as

£ =M (5.2.2)

the the superconformal index is

2N; 2N B(M; M)
ZZCﬁM 2%z ) @O )
Z H € 67,,3 (M;—M;) . I.Q) ZV ’ Zv ) (5-2-3>
i=1 j#i
where
. 0 1
v nZ; ( H 1 2sinh By (k —n) nglf 2sinh w

2Note that our notation is shghtly different from [32].
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iy > n ]
zy = (—1)" (= (5.2.5)
1% ;( E[QSIHhBQ( —1—n)H]¢{QSlnhw

Note that we defined n € Z>( in the vortex partition function by also including a flux
m € 7Z in an appropriate way. The difference between the vortex and anti-vortex partition
functions is only the contribution from the topological symmetry.

U(N) theory with N; fundamental and N ¢ anti-fundamental chiral multiplets

Let us consider a U(N) theory with Ny fundamental and N ¢ anti-fundamental chiral
multiplets. Here we also set R-charge A = 0. Then using ([4.2.30), the superconformal
index is

N
dzz M —2m my; I~ — m;—mg;
1 = NI 27{ 1127%2 Wt ) He ’ (1_Z’ilzj$| ]‘)

mezZN i 7'J7£‘1
i#j
N Ny _
S 1) TR °‘°sz g3 G e
i B , 2.
i=1 A=1 {L‘ mzz f oo B=1 (xmlzing )oo

where &4 and €5 are fugacities for SU (Ng) x SU (N ¢) flavor symmetry, respectively. As
we mentioned above, using the U(1) 4 symmetry, we reproduce a nonzero R-charge result.
In this case, the above integrand becomes also single-valued thanks to the parity anomaly

cancellation condition kg = Kk + L ;Nf e 7.
As the result, if we identify the fugacities for the flavor symmetry a3

£=ePM  E= N (5.2.7)

then the superconformal index becomes

N N .
; —iB(M;, — M; )1
T — Z ( HeQMCBMlZ) H [2 sinh iB( lé ;)
(I, AN)C (L, Np) =1 ij=1
i#]
A B Y N1 (i~ Np) 2. 12 |
(6 PO M) LE L,z ) {t:}  Z{lL}
X H H Zﬁ(Ml MA) 2 H 715 Ml ) 9 : ZV : ZV 7(528)
o iy (@ ' T B= 17%)o0 |
where
Z‘{/li} _ Z(_l)(H_Nf—Nf) SN ks e—imejyzl(ﬁMljkj-&-,sz?) (_w)z?:lki
k=0

3Note that the fugacity for the anti-fundamental matters has opposite sign differently from [32].
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iB(M;;—Mp)+2B2(1—1)
H11H31 11251h : 1; -

X

iB(M;;— )+2,82(l 1—kj) iB(Ma—M;,)+2B21"
sz IHl 1 2sinh Hz IHA;é{l}Hl 1 2sinh g
(5.2.9)
Z‘{/li} _ Z(_l) <H+Nf Nf) S ki eiWHZ?Ll(ﬁMzikH-@k?) (—w)™ i=1 ki
k=0

H H 2sinh iB(Mp—M;,;)+2B2(1—1)
i=1 B=1 l 1

2
iB(M;; — My, )+2,32(l 1—kj) k; o iB(Ma—My)+2B20
Hz 1 HA;&{I } [[;Z; 2sinh 2

(5.2.10)

X

H,J IHl 12S nh

Note that the difference between the vortex and anti-vortex partition functions is only
the contributions from the CS term and the topological symmetry.

5.3 Some questions

In the above discussion, we have shown that for a certain class of 3d A = 2 theories on Sj
and S1 x 52, these partition functions factorize into products of 3d vortex and anti-vortex
partition functions as well as the other factors. We express that formally as

Z = ZZ“ AR ACR ALY (5.3.1)

1 loop

We have some questions:

e Why do these partition functions include the vortex partition functions?

e Why do the same building block (the 3d vortex partition functions) appear in S
and S*'x S? ? Since the building block might be more fundamental quantity than the
original partition function, we expect that their analysis would give us significant
insights in a supersymmetric gauge theory on a curved space.

e How about theories with generic R-charge? For generic R-charge, we cannot evalu-
ate them using the above contour. For the superconformal index, as we mentioned
in section 5.2, we can reproduce a result for generic R-charge using U(1) 4 symmetry.
How about the ellipsoid case?

e How about the other matter content? In the above examples, we have seen that the-
ories with fundamental and anti-fundamental matters have the factorization struc-
ture. It is interesting to investigate whether theories with other representation
matters have the same structures.
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Next chapter, we will answer these questions using an idea, “the Higgs branch localiza-
tion”.

Holomorphic block

Before starting to consider the Higgs branch localization, let us comment on an idea of
holomorphic block [74]. First we note that the geometries S; and S* x S? consist of two
D? x S* (solid torus topologically), so-called the Heegaard decomposition. The partition
function of N/ = 2 theories is expected as

Zm =Y B*(x;q)B(% ), (5.3.2)
where roughly speaking B®(x; q) is a partition function on R? x S (so-called “holomorphic
block™), which counts the number of BPS states in a discrete vacuum labeled by «, and
q is a fugacity for the angular momentum, and z is a fugacity for the flavor symmetry.

This is analogue of the topological /anti-topological fusion in two dimensions [75]. Tt is
expected that this quantity is associated with the 3d vortex partition function in the

O Sl@ ‘_’SIQ&Q&
% @ i

Figure 5.2: Heeggard decomposition of S; and S x S?

argument of [74].

For example, let us consider U(1) theory with 2N;-fundamental matters on S7. We
can rewrite the vortex and anti-vortex partition functions (5.1.7), (5.I.8) in the following
way,

. 00 1 mqgm(m+1) Nfi,:n
zy = Z m ~{( : T2 ! 1)L/Ny gl (5:3.3)
m=0 Hz:1<1_q>Hz 1 j;éz {1_ T;T; fq}
o 00 { —n (n+1) } f
Z0 = Z (5.3.4)

n 2N )
n=0 l=1(1_Q)Hl 1 ﬁng {1— rx; Y L/N ql}

—2mb~ 1y —2mib?

~ _ i —2
,q=ce and § = e~ 2"

where x = e 2™ 7 =¢ , and we set a mass parameter

i = ¢—Nym;. Note that the vortex and anti-vortex partition functions change each other
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for a replacement (x,q) < (Z,q). In the above correspondence, the partition function is
expected as a S-fusion of the corresponding holomorphic blocks,

Zsp(p,b) = Y B*(w;9)B*(%9) = ||B*(x; 9)[3, (5.3.5)

where each term is expected to correspond to anti-vortex or vortex partition function
part. Also the superconformal index is expected as an identity fusion of the corresponding
holomorphic blocks.
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Chapter 6

Higgs branch localization

In this chapter we give a natural interpretation to the factorization using “the Higgs
branch localization”, in which the saddle point is characterized by the value of the chiral
multiplet scalar field. We also find that a large class of N' = 2 theories have the same
factorization structures. The content in this chapter is based on [30].

6.1 Partition function on the three-ellipsoid

In this section we reconsider the partition function on the ellipsoid using the idea of Higgs
branch localization.

6.1.1 Localized configurations
BPS configurations

First we note from (4.1.3]) that there is no BPS configuration like the BPS vortex configu-
ration. Recall that we have required all the fields to satisfy the reality condition (Z.I.13]).
However, one can show that by relaxing the reality condition for D in (ZIII]) , one can
find the wider BPS configurations

F12:O. F23+IIHDCOS’L9:0, F31—ImDsin19:0,
o (6.1.1)
D,oc =0, ReD=———,
: Rf (D)
which allow BPS vortex configurationdl. As we will see later, an appropriate choice of a
deformation term leads us to a natural change of the integral contour of D from real to

complex, and giving rise to a nontrivial ImD.

! The same procedure has been performed in the 2-dimensional case [34] [35].
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Deformation term

Next let us consider a choice of the deformation term®. We add a new deformation term

to the Coulomb branch deformation terms ({L.I.11l) and (£1.14),
£YM+£¢ — EYM+£¢+£H, (6.1.2)

where Ly is the new deformation term for our Higgs branch localization defined by

(€EX =N h ]

EH = QVH == i_l QTI"
43

(6.1.3)

as in the two dimensional case [35]. Here h is a function of the scalar fields. For example,
if we consider N/ = 2 theory with a fundamental chiral multiplet including scalar field ¢,
then we choose h add

h=o¢o —x- 1y, (6.1.4)

where y is a parameter taken as y — +oo latei®. When we further add an anti-
fundamental chiral multiplet including scalar field ¢, and an adjoint chiral multiplet with
its scalar X, we choose h as

h=¢ol — oo+ [X, X —x 1y (6.1.5)

Although we do not discuss why we choose the above deformation term yet, let us consider
how this affects the localization specifically.
In fact we can write the bosonic part of Ly as

‘CH|Bos. = Tr

1 1 . /) )
(—5 cos W53 + 3 sin 9 Fy; + §D + 27 0) 0) h] ) (6.1.6)

Combined with Lyy;, completing the square leads to

EYM’bos. + L"H’bos.

1 1 1 1.\?
= Tl" 5 122 =+ 5 (SinﬁF23 + cos 19F31)2 + 5 <COS’(9F23 — SiHﬁFgl — ih)
+1(D )2+1 D4+~ otlp 2 (6.1.7)
— ag — —Q0 — . i
g T 2 f(9) 2

2 Below we take R = 1 for simplicity.

3 Recall that Vi must satisfy Q*Vg = 0, where Q2 generates ([ALF). In fact we find that this choice
is consistent.

4 To be precise, we should take h = +¢¢ — x - 1y, whose sign depends on one of . Also note that x
vanishes under the trace if the gauge group does not include an Abelian subgroup.
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Although the final parentheses include an imaginary part, the auxiliary field D can be
trivially integrated out and it becomes semi-positive definite after that. Since L, is also
semi-positive definite itself, we obtain the following localized configurations:

1
Fio =0, sin¥Fy; 4+ costFsz =0, costFory —sindF3 — §h =0,
1 7

DMO' = O, D+ WU + §h = 0, sin '19D1¢ ~+ cos 19D2¢ + ZD3¢ = 0,
cos 9Dy ¢ — sin 9 Dyp + ;(—?9)05 —0, 06=0, F=0. (6.1.8)

Although we usually take the integral contour of D to be real, in the present case, we
take it as

D=—— - Lth (6.1.9)

That is to say, in order to make the action semi-positive definite, we have to change the
integral contour of D from R to R —ih/2. As we briefly mentioned before, this gives the
imaginary part of D, and hence we can obtain the BPS configuration (6.1.1]).

Away from the north and south poles

Let us consider an N' = 2 U(N) gauge theory with N fundamental chiral multiplets
with real mass M. Here we take the R-charge A = 0, then it allows us to give nontrivial
localized values (constant value) to the chiral multiplet scalar field®. Note that even if we
take A = 0, we can reproduce the result for general A by an analytic continuation of the
real mass M, since Q? is holomorphic with respect to M + i(b + b=1)2 in (LLH)E For
this case, the localized configuration is

1
Fio =0, sintdFy 4 costF3 =0, costFhy —sinF3; — §(¢¢T —x - 1y) =0,

1 |
Duo =0, D+ o+ M)+ (66! — x - Iy) =0,

f(0)
sintD1¢ + cos WDy + iD3p =0, cos¥Di¢p — sin ¥ Dqyp = 0,
(0+M)p=0, F=0, (6.1.10)

where we omit the flavor indices, and choose h as (6.1.4).
First, we consider only configurations in a region except the north and south poles,
i.e. ¥ # 0,7/2. In this case (A = 0), we find that ¢ should be constant. Although ¢ can

®See appendix for details.
In our notation, note that the lowest component ¢ in the chiral multiplet takes R = —A.
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take arbitrary constant values as long as (o + M )¢ = 0 is satisfied, we can show that only
those such that ¢¢' = y - 1y has a nonzero contribution in the limit y — o0 as follows.
From eq. (GII0), we can write the field strength explicitly as

(¢¢T —x-1y)
6(b% —b=2)

Fda" Ndz” = d [ 2(9)(bdpy — bldgog)] . (6.1.11)

We find that the gauge field then satisfies v#A4, = 0 up to a gauge choice (recall that
v = (0,071,b) (£L37)). Since the one-loop determinant is the determinant of Q* as

(£T32), the one-loop determinant should be y-independent from (EI.24]). Therefore
x-dependence appears only in the classical contribution. If we have the FI or CS term,

- T
ZCI’at (6.1.10) — © (Sesesi) at (6.1.10) 7 XP | T §<’€0(0) = OTr(¢o" — x - Iy) |, (6.1.12)

where ~ means an equality up to a phase factor. That is to say, this gives an exponential
suppression factor ~ e~X! which vanishes in the |x| — oo limit, except for ¢ such that

gt = x - 1P

Thus we conclude that non-vanishing configuration is only the Higgs branch solution,

Fop=0, Dyo=0, (0+M)d=0, 66 —x-Iy =0, D+ﬁ(a+M) — 0. (6.1.13)

With explicit indices, the third equation is
Oijoja + ¢ipMpa =0, ¢,53=1,---,N, A B=1,---, Ny, (6.1.14)

where 4, j are the gauge indices and A, B are flavor indices. Let us suppose that Ny > N.
We can always diagonalize 0;; = diag(o1,--- ,0n) and Map = diag(ml,--- ,my,) using
the gauge transformation and flavor rotation, respectively. Then this equation implies

<(0i +mai)gir, (00 +ma)diz, -+, (0; + me)CbiNf) =0, (6.1.15)

in terms of the (N x Ny) matrix form. Therefore, up to gauge and flavor rotations, we
find

0; = —my,, ¢iA = \/%6&147 (6116)

where (l;,--- ,ly) implies a set of N integers in (1,---, Ny), i.e. the localized configura-
tions are labeled by Ny Cy discrete values.

7 Note that if we take y — —o0, we should take h = —¢¢! — x - 1y, as mentioned in footnote @ We
have considered this case as if x was positive, for simplicity.
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One-loop determinant

Let us compute the one-loop determinant around the saddle point (G.1.I3]). Now we have
three types of fields:

e Vector multiplet,
e Chiral multiplets with vanishing VEV,
e Chiral multiplets with nonzero VEV.

The first two types of one-loop determinants are obtained by just substituting o; = —my,
into the Coulomb branch result, since the new deformation term Vg does not have any
derivative terms. The last one-loop determinant coming from the chiral multiplet with a
non-vanishing VEV is nontrivial for an arbitrary value of x since we have to consider the
combined system of the vector and chiral multiplets. However, since we can ignore any
derivative terms in the limit Y — +o00, we expect that the one-loop determinant should
give no contribution in this limit. As we will see later, we will find that this expectation
is true by comparing the final result with the Coulomb branch result. Thus we conclude

that the one-loop determinants on the Higgs branch are
N
A - H sinh 7wb(my, — my,) sinh b~ (my, — my,), (6.1.17)

vec
i<j
Ny

N .
25 = 11 T (g +my, — mA) : (6.1.18)

A#{L;} i=1

For general R-charge A, the analytic continuation of the real masses ma — ma +iQ/2A
induces the following result,

Ny N .
-loo (4
Z(eor) - 11 Hsb (EQ(l —A)+my, — mA> . (6.1.19)

At the north and south poles

Next let us consider the configurations (6.1.10) on the north and south poles (¢ = 0, 7/2).
At these poles, we find the following configurations:
At the north pole (¢ = 0),

1
Fip =0, F3 =0, F23—§(¢¢T—X']1N):07 D,o=0, (60+M)p=0,
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D+b—1a+%(¢¢f—x-nN):o, Do +iDsd =0, Didp=0, F =0.(6.1.20)

Note that the vortex equations appear above. At the south pole (¢ = 7/2),

Fi=0, Fu=0, ~Fyu—3(0¢' —x 1) =0, D=0, (o+M)s=0,

D+ bo+ %(W —x-In) =0, Dip+iDsp=0, Dyp=0, F=0, (6.121)
where the anti-vortex equations appear. As we mentioned, we note that the free parameter
X plays a role of the FI parameter in the ordinary vortex equations. Since the vortex size
is ~ 1/,/X, the vortex becomes point-like in the x — Foo limit (however note that the
vortex size is not a modulus). Thus we find that vortex and anti-vortex localize on the
north and south poles.

Here we would like to identify the S* fiber length 8 and the Q-deformation parameter

e, which characterize the three-dimensional vortex partition function on R? x Sj. First
recall that the metric on the ellipsoid is

ds? = R [ F(9)2d0? + b2 sin® 9dy? + b2 cos? ﬁdgpg]
R? 2 cos?(0/2) sin?(0/2)
— BT r0/2)%a9 g2
4 [ 1(6/2) * b=2cos2(6/2) + b2sin?(0/2) 4
b2 cos?(0/2) — b? sin2(¢9/2)d )2 }
b=2cos2(0/2) + b2sin?(0/2) 7) b

+{b 2 cos?(0/2) + b sin?(0/2) } (d¢ n
(6.1.22)

where we have switched to the Hopf fibration coordinates in the second line. In particular,
the metrics for the north and south pole neighborhood are

RZ

dsy = - | VR0 + B0 + b+ d)? |, (0~0), (6.1.23)
2
dsg = RI | b720% b7 — 0) P (A — o) |, (). (6.1.24)

Identifying the fiber directions as ¢y = 1(¢ + ¢) and ¢ = 3(¥) — ¢) on the north and
south poles respectively, we can read off the S! fiber lengths,

By =2mb"'R, B¢ =2mbR. (6.1.25)

Next we consider the 2-deformation parameter. The 2-bachground parameter is a rota-
tional parameter on the base S? generated by the vector field v in Q? in this case. Since
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each fiber direction is (5 and ¢; on the north and south poles, we can identify it from

(E10) as (c.f. [10, 34, [69])
bt

EN = ) €s =

i (6.1.26)

ib
R’

respectively.

Result

As a result of the Higgs branch localization, it turns out that the partition function takes
formally the following factorized form

Z= > Zy- 2w 250 2y 2y, (6.1.27)

vec

Higgs branch

where Z is the contributions from the CS and FI terms at the Higgs branch solution.
This is the result we desired. That is to say, we identify the vortices appearing in the
Coulomb branch result as ones coming from the localized contributions from the north
and south poles on the base S? in the Higgs branch.

S

anti-vortex

Figure 6.1: Localization of the vortex and anti-vortex on the base S?

Finally, let us comment on the case where anti-fundamental chiral multiplets and
one adjoint chiral multiplet are added (6.1EH). One can show that fundamental, anti-
fundamental and adjoint scalar fields cannot have VEV simultaneously for generic masses.
This reflects the fact that anti-fundamental and adjoint scalar fields can contribute only to
the fermionic moduli [76]. Therefore, away from the north and south poles, the one-loop
determinant for each anti-fundamental or adjoint chiral multiple is just

C}11110013 H s <_ — )>

(6.1.28)

wi=—my,
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As we will see in the next section, however, these multiplets nontrivially contribute to
vortex partition functions.

In the next section, we will explicitly calculate Zy and Zy by evaluating the vortex
world line theories, and we will compare the result with the Coulomb branch one.

Remarks

In section B, we have found that the condition for the factorization corresponds to
the parity anomaly cancellation condition. In fact this is also the same in the Higgs
branch localization since the localization procedure itself would not hold due to the gauge
symmetry breaking.

We have seen that the new deformation term Lz (6I13]) induces the (anti-)vortex
configuration at the north (south) pole. However if we replace the function h with —h,
then we find the vortex at the south pole and anti-vortex at the north pole. Note that
the whole partition function is invariant under this replacement since h appears only in
the Q-exact term Lp. So which pole the (anti-)vortex appears on is not physical in this
situation.

6.1.2 Vortex partition function and localization

The vortex that we have encountered above is the half BPS vortex in 3d N' = 2 SUSY
gauge theory. As we have seen in section 2.4 the vortex moduli space is described by a
one-dimensional theory with N' = (0, 2) type supersymmetry. In this section we compute
the vortex partition function using the one-dimensional theory for the vortex.

Vortex partition function of 3d A = 2 with N; fundamental and
N s anti-fundamental chiral multiplets

We take the vortex number as k for the gauge field strength along R? C R? x S*:

1
k=— TryFa. (6.1.29)
21 R2
As we have seen in section [Z4] the vortex quantum mechanics for 3d N' = 2 with Ny
fundamental and N ¢ anti-fundamental chiral multiplets consists of the following one-

dimensional multiplets®

8The derivation of these multiplets in our notation are summarized in appendix
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e U(k) vector multiplet: (A, o, D, A\t A1)

04, = —%(e—w L), QAL =0,
ONt = 7 (D — iFyy), Q(D — iFy,) = —2ie" DAY, (6.1.30)
Q)\+ = €+(—D - iFlg), Q(—D - iFlz) = —Qi?DaA+,

an adjoint chiral multiplet: (B, B, ™, 17)

OB = —e"\", QA =ie"(2D,B — D),

_ _ _ _ 6.1.31
OB =¢et)\™, O\ = —ie"(2DyB + ¢B), ( )
e fundamental chiral multiplets with N flavors:
(Ii7ji7 3_71;3_)7 1= 17' o 7N7
QI = —etp;, QU =iet(2D,I — Im),
_ U U . ( _ _) (6.1.32)
Ol = -y, Qv =ie" (2DI +ml),
o anti-fundamental chiral multiplets with N; — N flavors:
(Jj7jj>¢?]7>"&?]7)7 j:N+177Nf7
QJ = -7, QU7 =it (2DzJ + Jm),
_ v v , ( o _) (6.1.33)
QJ = -7, QY =ie (2DyJ —mJ),
e fundamental Fermi multiplets with N 7 flavors:
(P Pt FP FP) p=1,--- ’Nf
Qt = —FE+&F, QF =ic" (—2D" + My™ 4 ), (6130

QU = —e"E4 €' F, QF —iet(=2Dy" — o M +43),

where Q is a Grassmann-odd, and ¢ is the (2-background parameter introduced to reg-
ularize the flat direction of the adjoint fields, m () and M are the twisted masses of
the (anti-)chiral multiplets and Fermi multiplet, respectively. Here we have omitted the
flavor indices for simplicity. We also defined A, = 3(A; —idy), Ay = (A + iAy),
D, = %(Dl —1Dy) and Dy = %(Dl +1iDy) with A; = A,, Ay = ¢. Roughly speaking, the
mass parameters m, m and M in the 3d language are as follows.

e The N twisted masses m:
the real masses (my,,---,my,) of the 3d fundamental chiral multiplet satisfying
([6.1.16). For simplicity, we take (Iy,---,Ix) = (1,---,N) in this section.
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e The (N; — N) twisted masses 7
the real masses for the 3d fundamental chiral multiplets which are not (my,, - -+, my, ).

e The Ny twisted masses M:
the real masses for the 3d anti-fundamental chiral multiplets.

We set et = 1,é" = 1 in the rest of this section. Then the Lagrangian of the vortex
quantum mechanics is written in the following Q-exact manner:

6.1.35

6.1.36
6.1.37
6.1.38

Lyee = %QTrk AT(D +iFy),

Lp=QTr, (iB(2D, +e)A\~ —iB[A\",B]),
Ele(zI(QD +m); —z[)\+l),
L;=0Q(iJ(2D, —m)p; —iJATT),

Lpermi = %Q (QQWF VRIS ¢+Qw+> )

o T R e R
~—  ~— ~— ~— ~~—

6.1.39
The FI term is also written in a Q-exact form as?
i -
Lrr=-50Q (AT =) (6.1.40)
The CS term is written as [77]
ECS = 2iI{TrkAQ. (6141)

Note that this is not Q-exact but is Q-closed. Here k corresponds to the bare CS level in
three dimensions.

When we set all the mass parameters to zero, the D-term condition of the vortex
quantum mechanics gives the k-vortex moduli space:

My, = {(B, 1, J)( BB+ 1T~ JJ=r- llk}/U(k;). (6.1.42)

Here we assume that r is positive. The partition function of the vortex world line is
defined as

B
Z{“, = /D\I/ exp (—/ dr (Lcs —i—tQV)) , (6.1.43)
0
with

Qv = (EVGC + EB + LI + ‘CJ + EFermi + £FI> (6144_)

9As we have seen in section 4], the FI parameter r is different from y, which corresponds to that of
the 3d A = 2 theory.
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Here ¥ denotes the collection of the fields in the vortex quantum mechanics, and § is the
length of the compactified circle of the world line and is identified with the length of the
circle fiber on the points supporting the point-like (anti-)vortex in the three-ellipsoid.
Let us evaluate the vortex partition function. First we drop the CS term; we will add
this later. Since the action for this case is written as the Q-exact form, we can perform
the path integral exactly via localization. Taking ¢ — oo, the saddle points for bosonic
fields are given by zeros of the supersymmetric variations (G.1.31]), (€.1.32]) and (61.33)

as
2D,B—eB =0, 2D,]—ml=0, 2DgJ+mJ=0. (6.1.45)

If we take the gauge fixing condition as 0;A; = 0, then (G.I.45]) reduces to the constant
matrix valued equations, namely

[2iA,, Bl —eB =0, 2iA,] —ml=0, —2iJA,+mJ=0. (6.1.46)

These equations are the fixed point equations for the vortex moduli space under the
equivariant rotation with respect to U(l)%f*1 x U(1). [73, 78, [79, [76, [77]. By taking the
diagonal gauge for the constant mode for A, the solutions are given by™d

QZA (i) = (l—1)57 @':1...]\7’ l:17... ,ki. (6147)

The fixed points are classified by N-tuple non-negative integers (ky, - - - , ky) with ZZ]L k; =
k, where k; is the vorticity for the i-th diagonal U(1); C U(N). By applying the localiza-
tion formula [80], the one-loop determinant around the fixed point labeled by (k1,--- , ky)
is given by

N ki 1Tk , ,
L= TLE TT Det(0 + 2040 1) — 245 ;)

Z\(/kilf"yk’N) —
H,]-szl Hfil [T, Det(0r + 2iAs 14) — 204, 1) — €)
« Hz 1 Hp 1 l 1 Det(@t - 2ZA - Mp)

(6.1.48)

Here the denominator, the numerators in the first and second lines come from the one-loop
determinants of (6.1.35])-(6.1.38)), ghost and Fermi multiplet, respectively. The functional

0We can show that J = 0 for » > 0. Note that I’ is an eigenvector of the operator 2iA4; with
eigenvalue m;, and B is a ladder operator of 2iA;. Therefore the space of the fixed points is expanded

by generators constructed by successive actions of B on the eigenvector I* (“one-dimensional N-colored
Young diagrams with total box number k7).
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determinant on the circle with radius f is evaluated as

Det(0; + a) = 2sinh %. (6.1.49)

Then, (€1.48) becomes

1Y TT TT5, 2sinh & (my; + (1 — D)e)
[TY T T2, 2sinh & (my, + (1 — 1 — 1))
% 1Y, [T TI5 2sinh & (my, + (1 — 1)e)

Hitg‘:l Hf:1 Sinhg(mj,z' + (I — 1)) Hz 1 HJ N+l Hz | 2sinh g (mij — (1 = 1)e)
IIﬁJII&f[Lilzmnh-(n”i U——le)

ngﬂ ngl 2Sinh§(mj,i + (= kj)e ) Hz 1 H i=N+1 z 1 2sinh 5 (mi,j — (= 1)5)’
(6.1.50)

Z\(/kl’m 7k-]\,) _

where we define m;; as

m; —my, (5,5 €{1,---N}),
My = mM; —mj, (te{l,---N}, je{N+1,---N¢}), (6.1.51)
m; —M;,  (i€{l,---N}, je{l,---N;}).
Next we consider the CS term contribution. The CS term at the fixed point labeled
by (ki,--- ,ky) is evaluated as

. N ki o _ N oy o Ri(Ri—1)
67211€fT1‘AQ . eiﬁnzizl Elil QZA@’(ZJ) —e BHZi:I (klmz"l‘a ) ) (6152)

fixed point

Therefore, up to an overall sign, the vortex partition function for 3d N = 2 U(NN) Chern-
Simons-matter theory with Ny fundamental and Ny anti-fundamental chiral multiplets is

given by'j:]:I
-y (Hz ) o (e )

k—O =1
I H”f H?"'  2sinh é<mﬂ + (1 - 1>e>

HQ;=1 Hf;l 2sinh§(mm~ + (1= ki)e ) H@ 1 H =N+1 z 1 2sinh 5 (mj,i + (01— 1)5)
(6.1.53)

X

where we denoted the 3d complexified Fl-parameters as z;.

11While we have computed the vortex partition function using the vortex world line theory, one might
expect that we can also compute them in terms of the equivariant character. However, one can show
that there is a difference between the results obtained by the vortex world line theory and equivariant
character, and in fact ([EI53]) matches the vortex partition function appeared in the factorization [36].
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Vortex partition function of 3d N = 2* with fundamental hyper
multiplets

Next we consider a vortex partition function of a real mass deformation of 3d N' =4 U(N)
supersymmetric gauge theory, whose supersymmetry is often referred to as N = 2*,
We take the matter multiplets as Ny fundamental hypermultiplets. The vortex world
line theory preserves four supercharges which are the dimensional reduction of 2d N =
(2,2) type SUSY to one dimension. The Lagrangian consists of N’ = (2,2) U(k) vector
multiplet, an adjoint chiral multiplet, whose lowest component is given by B, fundamental
chiral multiplets with N-flavors, whose lowest component is I, and anti-fundamental
chiral multiplets with N;-flavors whose lowest component is J. We take the real mass
parameter for three-dimensional N = 2 adjoint chiral multiplet as m*. Then the N =
(2,2) multiplets split into N = (0, 2) multiplets.

The supersymmetry transformations and Lagrangians of these multiplets can be writ-
ten in similar manner as the last subsection. Since the fixed point condition for this theory
is the same as (6.1.40), the vortex partition function is

Hﬁfj:l Hf;l 2sinh g (m* +m;; +(1—-1- kj)e)
T1 . T1 2sinh £ (my; + (1 — 1 — ky)e)
IS T v T 2sinb G (m + iy — (1= 1)2).
[T T n T 2sinh 5 (my — (1= 1)e)

In the 2d limit § — 0, the leading behavior reproduces the vortex partition function

Z\(}kl,---,kN) _

(6.1.54)

for N' = (2,2)* supersymmetric gauge theory considered in [35] as

lim ZF ) o T, EIf:lim* +mi 4 (=1 = kj)e)
=0 H” L (mj;+ (1 —1—Fj)e)
y Hf\il Hj‘vszH H;Zl (m*+m;; — (I —1)¢)
Hijil H;‘V:fNH Hf;(mi,j —(l—1)e) '

When the real mass parameter m* goes to zero, the supersymmetry of the 3d theory
enhances to A/ = 4. Then the one-loop determinant (6.1.54]) becomes

(6.1.55)

Z ) = 1. (6.1.56)

m*=0

The k-vortex partition function Z¥ is given by

= > L (6.1.57)

ki+-+kn=k

zy

m*=0
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This agrees with the number of possible configurations, where k£ D1-branes ended on the
N D3-branes in the type IIB brane construction of vortices in the 3d N’ = 4 gauge theory
[41].

On the other hand when m* goes to infinity, the leading asymptotic behavior becomes

1

1Y, TT5, 2sinh 2 (my, + (- 1 — ky)e)
1

HZ 1H] v 117, 2sinh 2 (my ; — (1= 1))

This agrees with the one-loop determinant of the vortex partition function without the

Z\(fkl,"' k)

(6.1.58)

adjoint and anti-fundamental chiral multiplets. Note that the factorization in 3d theory
with any adjoint matter have not been derived from the Coulomb branch localization
yet. Hence we conjecture that the partition function of the mass deformed N = 4 gauge
theory is factorized into the product of vortex partition function (E.I54]) and its anti-
vortex partner as well as other factors.

6.1.3 Results

We summarize the partition function on the ellipsoid which is obtained by the Higgs
branch localization. First, as we have discussed above, we can identify the S* length
and the ) background parameter ¢ in the vortex partition functions with the fiber radius

(GI25) and the rotational parameter (G1.26G) respectively

p=2rb"', e=ib"', at the north pole (f =0), (6.1.59)
B = 27b, e =1b, at the south pole (0 =) . (6.1.60)

Furthermore, we have to take the equivariant masses in the vortex partition function
differently from the ones in the 3d N' = 2 theories as

mi — m; + 5, (:1 -+, N),

to be consistent with the Coulomb branch result. Then the vortex partition function that

we have obtained (6.1.53]) becomes

o] N k2

=3 (T1at ) et o)
k=0 \i=l

12Recall that we set R = 1.
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Ny ok o
X H'fi]_ Hj:f1 Hle 2 sinh g (mj,i + (l _ 1)6)
i : N ’ . .
Hﬁszl Hf:1 2sinh § (myi + (1 —1—kj)e) H,]\Ll | Hle 2sinh g (mj; + le)
(6.1.62)

Although similar mass shifts have been observed in an instanton partition function in
4d N = 2* theory on S* [81], we have not found its physical interpretation yet. It is
interesting if we could find any physical origin of this shift.

In fact, using the above parameter identification and the mass shift, we can confirm
that our results are equivalent to the ones which are obtained in section 5.1l That is
to say, although the vortices appear in the Coulomb branch and we did not know why;,
we can give an interpretation that they are coming from contributions on the north and
south poles on the base S? in the Higgs branch localization. Furthermore we also stress
that the Higgs branch localization gives us new information:

e N = 2 theories with any R-charge have the factorization properties.

e Whether a theory has the factorization property does not depend on the matter
content if there is no anomaly, and are enough matters not to break the supersym-
metries (SUSY vacua).

Let us see an example which confirms an agreement with the Coulomb branch result.

U(N) gauge theory with N;-flavors

Let us consider a U(NN) gauge theory with Ny-flavors. Then note that the parity anomaly
cancellation condition is
Ny — Ny

5 =K € Z. (6.1.63)

Reff = K +

We can reproduce a result with nonzero R-charge by the analytic continuation, M —
M + gA. Then we obtain the following result,

7 — Z 67:7TI{ >N mlzl +2mi¢ Zﬁl(mlﬂr%A)

(1, In)C (1, ,Ny)

N N Ny iQ
2 sp(Day + 5 Y
xH[sinh (7bDy,,) sinh (Wb_lDlilj)] I1 N}L‘#’l} a AC; ) ZU . iy,
i<j i=1 HB:l sp(Cpi, — 7(1 —2A))
(6.1.64)
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whete Dz = —(m3) — ) — (ms) — mi®), Cap = —(my) ~ ml) + (9 + m), and
by identifying the complexified FI parameter as

z; = e~ 2Tkl (6.1.65)

then the vortex partition functions (6.1.62) are

00 N )
Zi — Z{ (He2wbn(mliki+g’k?> e—27rb<k¢>

-

k=0 i=1

y TN, TINS, 116, 2sinh wb(Cyy, 4 iQA + (I — 1)ib) }
[T T 2sinh b { Dy g, + (1 = 1 — ky)ib} T, [Tk, T1 2sinhmb(Day, + ilb)

(6.1.66)

and Z\{,li} = Z{{,li}
6.0 with any R-charge A. If we take A = 0, we find that these results are equivalent to
(E122) and (51.23)), up to an overall sign. For the other examples in section Bl we can
also confirm the equivalence.

»—p—1. Note that this result is the generalization of a result in section

6.1.4 Supersymmetric Wilson loop

Let us comment on a BPS Wilson loop on the ellipsoid. We define the supersymmetric
Wilson loop in the representation R as

Wa(C) = Trp P exp (fc dr(id, i + a|:t|)), (6.1.67)

where C' is the contour of the Wilson loop parametrized by 7 and i#* = dz* /dr. In [82],
the author has argued that the Wilson loop preserves two supercharges when the contour
Cis

©a(7) = b2y () + const., ¥ = const.(# 0,7/2). (6.1.68)
Note that this contour becomes a closed loop with a torus knot if and only if b? is a
rational number. For the Coulomb branch localization, the VEV of the Wilson loop is
given by

(Wr(C)) = (TrrU), with U = diag(e?™1 ... 2N ), (6.1.69)

where O'i(o) is the saddle point value in the Coulomb branch localization (LI.13).
For the Higgs branch localization, when the contour C cycles the north and south
poles respectively, we have additional contributions,

j{ A, dz* = Pn, n ez, (6.1.70)
around pole
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so we find that from (6.1.16]), (6.1.59) and (G.1.60), the VEVs are insertions of
<TI'R U> with U = diag(e—Qﬂ'mll+27rib*1n1+27ribﬁ17 . 6—27rmlN—&-27ribﬁ1\]—‘,—27rib’177,1\7)7 (6171)

to the vortex and anti-vortex partition functions, respectively. We find that the Wilson
loop expectation value are symmetric under the interchange between the north and south
pole values: (ib~',n) <> (ib,n). This is consistent with the observation that the Wilson
loops act on holomorphic blocks and anti-holomorphic blocks [74].

6.2 Partition function on S! x S?

We consider the partition function on S* x S? using the Higgs branch localization. The
procedure is the same as the ellipsoid case.
We add a new deformation term,

(efX — ET)\)h]
21 ’

where h is a function of scalar fields like (6.1.4]) and (6I.5). Again, combined with Ly
(A214), completing the square for the bosonic part leads to

Ly = QTr[ (6.2.1)

‘CYM|bos. + £H|bos.

1 1
= Tr[ Z(Vl +cos O h)* + 1

1
Va —sinf h)* + ZV}?
1 - _
+ Z(Vl +cosOh)* +

(
1 1
4

1
(Vo +sin@ h)* + ZV32+ 5

(D + ih)? ] (6.2.2)

where 1 1
‘/a - §€achbC - Daa + 5a107 ‘7& = §€achbc + DaU + 6(110-7 (623>

where a, b and ¢ are orthogonal frame indices. We also note that this becomes semi-positive
definite by integrating out the auxiliary field D:

D = —ih. (6.2.4)

Since D has an imaginary part, we find the vortex type BPS configuration like the ellipsoid
case. Combining with £, (£.2.19]), we find that the localized configuration is given by

F23+0'+C080h:0, F31:F12:0,
Dyo +sinfh =0, Dyoc=D3c=0, D+ih=0,

Do =0, singD_¢+Cosg(0+M)¢ =0, (6.2.5)
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0 6
F=0, Cos§D+gb+sin§(a+M)¢:0,

where we set the R-charge A = 0. Also note that we shift the 7 direction to (L2I0). If
we take the R-charge as zero, we find that ¢ has only constant solution such thatT

> vaFa+a)p=0. (6.2.6)

where a is a holonomy along the 7 direction, and F4 are Cartan generators of the flavor
symmetry. Also if ¢ is constant, we find o = 0.

As we did in the ellipsoid case, we can show that there is no contribution of ¢ except
for h = 0 by taking an appropriate limit of the free parameter y. Therefore we have the
following localized configurations except 6 = 0, 7:

F,=0, 0=0 D=0,
F=0, (3 vaFa+a)¢=0, h=0. (6.2.7)
A

For simplicity, let us consider a U(N) theory with N; fundamental chiral multiplets.
Then, we take h = (¢¢! — x - 1y) L We identify the flavor fugacities as
g = eafa = ifMa, (6.2.8)
Then the second equation in the second line of (6.2.7) is
B'¢iBMBA+aij¢jA:()a i?jzlv"'aNa A7B:177Nf (629>

Let us assume Ny > N. Then we have Ny C,, choices of the vacua in the same way as the
ellipsoid case:

a; = _ﬂMlia ¢iA - ﬂéliAv (6210)

where (ly,---,ly) is a set of N integers in (1,---,Ns). Then we have also three types
one-loop determinants:

e Vector multiplet,

e Chiral multiplets with vanishing VEV,

13See appendix [B.2.2] for details.
MNote that if we take y — —o0, we should take h = —¢op! — x - 1y, as mentioned in footnote @ We
have considered this case as if x was positive, for simplicity.
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e Chiral multiplets with nonzero VEV.

However, we expect that the one-loop determinant for ¢ # 0 affects no contribution
as mentioned in the ellipsoid case. Therefore we have only to compute the one-loop

determinants around a; = —fM,;,. The one-loop determinants are from ({L2.25) and
226,
a i
Z{oop) H2sinh[—§ﬁ(Mli - Mlj)]231nh[—§6(Ml M,j)]
i<j
a i
- HQsinh[—éﬁ(Mli —M,j)], (6.2.11)
vy
N Ny 2 ,—iBf(M;—Ma).
1 loop) l’ € ;T )oo
z5 = 11 11 (R gy (6.2.12)
i=1 A%{1) oo

Note that they are equivalent to a part of (5.2.8]).
Finally let us consider the configurations at the north and south poles. At the north
pole (0 = 0), we have
F12:0, F31:O, F23+h:0, O'ZO, (CL+ZBM)¢:O,
D+ith=0, Dyp—iD3p =0, Dip=0, F=0, (6.2.13)

which correspond to the anti-vortex equations, while we have at the south pole (6 = )

F12:0, F31:07 Fgg—h:(), 0':0, (G+ZBM)¢:O,
D+ih =0, Dyp+iDs¢p=0, Dip=0, F=0, (6.2.14)

which are the vortex equations.

We should apply the vortex partition function, which we have computed in the last
section, to the present case, too. Since we know the S length as 3, what we need to do is
identifying the €2 background parameter. We read off the 2 background parameter from

Ez2a)=

e =281, (6.2.15)
Then, the vortex partition function for a U(N) theory with Ny fundamental and anti-
fundamental chiral multiplets is from (6.1.62))

o

; 1

VA Z '
i ZﬁMl l + l 1—k; )Qﬁg kz . ’LﬁM : 1+215

=0 Hu 1Hz 1 2sinh Hz 1HA¢{%} Hl:12smh%

15Note that we set an S? radius as R = 1.
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(6.2.16)

where we shift M — iM in (€I1.62), and ignore the CS term for simplicity. We find
that this vortex partition function is equivalent to a part of (5.2.9) ((2.2.10)), up to an
overall sign. In fact, if we consider a U(N) theory with N, fundamental and N ¢ anti-
fundamental chiral multiplets, we find that the vortex partition function is equivalent to

G29) (E210).
Substituting the localized configurations for (£2.28)), the classical contribution is given
as

Ty = e2miCA My (6.2.17)

This also matches the classical part of (5.2.§]).

Summarizing the above, we have obtained the factorization form (5.2.8)) of the partition
function on S x S? in section [5.2] using the Higgs branch localization.
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Chapter 7

Conclusion

In this paper, we have shown that the partition functions of some A = 2 theories on S}
and S* x S? factorize into the three-dimensional vortex and anti-vortex partition functions
as well as the other factors using the Higgs branch localization. We have given a natural
interpretation of this factorization in terms of contributions coming from the north and
south poles on the base S2.

Furthermore we stress that one can also apply the technique of the Higgs branch local-
ization to other various theories. While we have just considered U () gauge theories with
fundamental and anti-fundamental matters explicitly, it it possible to consider more gen-
eral theories: theories with more complicated gauge group, quiver gauge theories or gauge
theories with more complicated representations of gauge groups, etc. As an interesting
application, if we understand a vortex partition function of theories with a bi-fundamental
matter, we could apply the idea of the Higgs branch localization to the ABJM model.

Instead of considering different gauge groups and matter representations, it is also
possible to investigate whether the factorization occurs on a different curved space. As
we mentioned above, while we have considered the partition function on an ellipsoid, it
is possible to perform different deformations of the three-sphere. However, it has been
known that in many cases their partition functions amount to the same result as that for
the ellipsoid by appropriate parameter identifications [60, [62] [63] [64]. Therefore, while
we have shown that the partition function on the ellipsoid has the factorization structure,
it implies that the result is also applicable to a class of squashed three-spheres directly.
In fact recent studies have made it clear [16], and the authors have studied that how
deformations for a geometry affects to the partition function systematically.

As mentioned in the last part of section B3] the factorization is expected to be related
to the decomposition in terms of the holomorphick blocks [74]. In terms of a decomposition
of three-manifolds, we expect that the partition functions on other geometry also factorize
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to the holomorphick blocks, and we can construct various partition functions by gluing
the holomorphick blocks appropriately. For example, the authors in [83] have applied
the factorization properties on S®/Z, to determine relative phase factors coming from
different holonomies. Such idea could give us understanding of the supersymmetic gauge
theory on a curved manifold. We expect that it would be very useful to give a factorization
form exactly using the Higgs branch localization.

Also we might develop our understanding of vortex partition functions using the fac-
torization structure. While we have not understood the vortices for various theories well
yet, the vortices are related with many situations, in particular, the three-dimensional
mirror symmetry, in which it is expected that particles and vortices are mapped each
other [43]. Of course, it is important to consider them since they encode non-perturbative
information of quantum field theories. It could be attractive to study the vortices through
the factorization structure.

Furthermore we expect that the partition functions on S! x S and 72 x S? have
the same factorization properties, since their geometries are one-dimensional uplifts of 53
and S' x S2. In fact recent studies have shown that the partition function on S x S3
has the factorization structure [84] [85]. Then, as the three-dimensional case, vortex and
anti-vortex partition functions appear, more precisely the elliptic lifts of the 2d vortex
partition functions. In terms of the Higgs branch localization, we understand them as
contributions coming from vortex-membranes, which wrap torus fibers on north and south
poles on the base S? of S3. Also there is an application of the Higgs branch localization
to five-dimensional theories [80].

While exact results have been obtained in supersymmetric field theories, the gravity
duals for the /' = 2 theories on the squashed three-sphere also have been proposed
[87, 88, 89, @0, O1]. It would be very interesting to understand what structure in the
gravity side corresponds to the factorization structure in the field theory side. Although
it might be challenging, it would shed more light on the understanding of the superstring
theory.

Finally we expect that our studies will be useful for future researches.
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Appendix A

Convention

We summarize our convention in this paper.

A.1 Spinors

The Clifford algebra is given by

(Vs 1} = 20y, (A.1.1)

where p, v are spacetime indices and 7, is defined as 7, 1= 7, €, where €%, is a vielbein,
a is a local Lorentz index and {7,} is the Pauli matrix. The contraction of the spinor
indices is defined by

P =P Cap Py = Cag (1), 47, (A.1.2)

where C' is a charge conjugation matrix given by C' = —i7,. For Grassmann-odd spinors,
the following relations are satisfied,

Remarks

e Note that some of the signs in the above relations change for Grassmann-even
spinors:

D= =P, Py =, (Y = e, (A.1.4)
e We also use the matrix notation; for example,
b =TOY, Py =T Oy, (A.15)
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A.2 Three-sphere

In this section we summarize the basic properties of 53, following [66]. We also use them
to compute the partition function on the ellipsoid.

First we define the three-sphere with the radius R as a pair of complex coordinates
(u,v)€ C* such that

ut +vo = R*. (A.2.1)

The isometry is SO(4) = SU(2);, x SU(2)g.

Hopf fibration coordinates

We parametrize the three-sphere by the following coordinates (6, ¢, ),

9 . — 0 (Y
u = Rsin 3 el(w;}), v = Rcos 3 62(1/;«»’ (A.2.2)

where 0 < 6 <, 0 < ¢ <27m and 0 < ¢ < 4r. Then the metric is
ds? = gudatdz” = dudu + dvdv

2

7

= s d6? + sin® 0dyp? + (d Odp)? A.2.3

= Z{ + sin® §dp® + (dyp + cos Odp)*}. (A.2.3)

dO* + dp* + dip® 4 2 cos Odpdi))

Using these coordinates, the three-sphere can be regarded as an S*-fibration on the base
S? locally, so-called “the Hopf fibration”.

Torus fibration coordinates
We also parametrize the three-sphere in an alternative coordinates (v, ¢1, p2),

u= Rsind e, v= Rcosde?, (A.24)
where 0 <9 < 7/2, 0 < ¢1, s < 2m. Comparing this with (A.2.2]), we find

0 1 1
19:_7 ¥1 :—(¢—¢); 902:—(1&4—@) (A25)
2 2 2
The metric is written as
ds® = R*(d¥* + sin® 0dy? + cos® Vdyp3). (A.2.6)

Using these coordinates, the three-sphere can be viewed as a T?-fibration on a line segment
locally, so-called “the torus fibration”.
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A.3 Supersymmetries on S%, S} and R x S*

The supersymmetry transformation is generated by supercharges with the Killing spinors
on each geometry satisfying

D,e =6, D,E=,e. (A.3.1)

Note that only for the S case, the covariant derivative contains a background U(1) gauge
field,

1 1 b 1 b1
poie bty Vo (e Yan e M- a2
These expressions for S%, Sj and R x S? are explicitly given byl

{ {

__ i =0 5

€= QRE., € 2R€t, for S°, (A.3.3)
i - i

€ = € = ¢, forS} A34

€ 2Rf(19)€’ € 2Rf(19)6’ or Sy, ( )

. 1 - 1 2

€ = —ﬁ’}/lé, €= ﬁ’}/lﬁ, for R x S5~. (A35>

Using the Killing spinors, we can construct supersymmetric theories on each space. In
the following we summarize the supersymmetry transformations on their curved space.
Note that ¢ is a Grassmann-even, i.e. parameters € and € are Grassmann-odd, below.

A.3.1 Vector multiplet
The supersymmetry transformation is given by
7 _
dA, = 5(6’}/#)\ — A€,
1 _
do = 5(6)\ — Xe),

oA

1 2

—57“1/6}?#1/ + Z"Y“ED/LU — De + EU"Y“DNE7 (A36)
-1 2i

0N = =5y eF — 1'eDuo + DE = 07" Dyé,

0D

—%EV“DM - %DMM% + %[E)\, o] + %[Xe, o] — %(me + M D,e),

"'We have defined each space in section
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When we decompose it into § = .+ d¢, these commutators generate the following algebra:

[0c, 0] A, = "0, A, +i0,v" A, — D, A,
[0, 0e] 0 = w"0,0 +i[A, o] + po,

[0c, 0] A = 0" O\ + i@wv"”)\ +i[A, ] + gp)\ + a)+ al, (A.3.7)
[0c, 0] A = iv" O\ + i@wﬁ‘“’)\ +i[A, A] + gp)\ — a), —a),
[0c, 0] D = "0, D + i[A, D] +2pD + W,
and [J, 0¢] = [0e, 0] = 0 for any fields, where
vt =eyte, O = Dl 4 V¥R
A=A, +oée, p= %(GW“DME + Dyévte), (A.3.8)
a= %(Duev"e —ey'Dye) + 0V, W= %a(evuv”DuDye —ev"y"D,D,€).

Here V), is the background U(1) gauge field and w)” is the spin connection. As long as
consider S3, S} and S! x S% we finds that W and p vanish. Since the algebra generates
the translation, Lorentz rotation, R-symmetry rotation and gauge transformation, the
algebra closes off-shell.

The FT term is on each geometry,

Lei =D — %, for S5, (A.3.9)

Ly =D — #(19)’ for S, (A.3.10)
A

Lei=D — El’ for R x S2. (A.3.11)

We confirm that their SUSY transformations for the Abelian subgroup give just total
derivatives.
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A.3.2 Chiral multiplet

The supersymmetry transformation is given by

0 = ey,
3¢ = ey,
0 = iy'eD, ¢ + iecp + TZV“DHG(b + €F,

5 = iV"eD,é + idoE + QTAZW D+ Fe, (A.3.12)
5F = (i Dyt) — i) = iA) + 5(2A = 1)Dyer”y,

OF = &in" Db — itho + ipA) + %(QA — 1) D, v,

We have assigned R-charges: (—A, A, 1—A, A—1,2—A, A—2)to (¢,0,¢,9,F,F),
respectively. The commutators generate the following algebra:

[567 56] ¢ =
[56’ 65] Q_S =

[567 56] ’QD =

[567 65] 1/J

[567 (Sg] F =
[567 (Sg] F =

" 0,0 + iAo + App — Aag,
w"0,6 — ipA + Apg + Aag,

w0, + i@uﬂ’“’@b + i\ + <A + %)pw + (1= A)ay, A313)
w0, + i@uw“’%/—} —ipA + <A + %)pi/_z + (A = 1)),

Wt F +iAF + (A4 1)pF + (2 — A)aF,

W9, F —iFA+ (A + 1)pF + (A = 2)aF,

and [0, 0e] = [0e, 0] = 0 except for fields F and F. In fact the commutator of F is

2A
[0, 0| F' = ey €' (2D, Dy + iF),,0) + 7¢(E’YMWVDMDVEI — 'y D, Dye). (A3.14)

However, for $3, S3 and S' x 5%, one finds that [0, §-]F = 0 [58,[59]. For the commutator
on F, it is the same, [0, d«|F = 0.
Since p = 0 for all spaces that we consider, we find that this algebra closes off-shell.
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Appendix B

Analysis of localized configurations

B.1 Ellipsoid

B.1.1 Chiral multiplet
The BPS equations of the chiral multiplet on S are given by ({110,
iA

VD¢ — sinv D —¢ =0 =0
cos UD1¢ — sin v Day¢ + wa)cb , o0 =0,
sin D¢ + cos I Dap + i D3 = 0, F=0. (B.1.1)
First, let us consider the case of A, = 0. Then the first column of the above equations
become
. iA ) .
cos ¥ 01 — sinv Or¢ + Rf(i?)¢ =0, sind oo+ cosd 00 + 1030 = 0. (B.1.2)
We can expand the field ¢ due to the periodicity,
¢(901a 902719> = Z ggm,n(fl9>eim‘pl+imp2‘ (B13)
m,nEL
Then, the first one of (B.I2) is
<nb +mb~! + A)gbm,n(ﬁ) =0. (B.1.4)
f(@)

We assume that there is (m,n) such that A = —f(nb+ mb~!). Then the second one of

(B.1.2)) becomes
{ sin 29 9y + f(9)(nb — mb~') + A cos 219} Gmn(V) = 0. (B.1.5)
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The solution is
G = G (V) - (sin.20) 7272, (B.1.6)

where we denote only the dependence on A explicitly, and g, ,(¥) is a smooth function
for 9. Here we have assumed that A > 0. For A > 0, we find that this solution is not
smooth. For A = 0, since the reality condition (¢)! = ¢ is satisfied, only (m,n) = (0,0)
of the modes survives. From (B.1.4), the solution is ¢ ¢ = const. If we consider the case
of A, # 0, the result does not change.

B.2 S!'x§?

B.2.1 Vector multiplet

The localized configurations of the vector multiplet on S' x S? in the Coulomb branch

localization are given by (E2.15),

F23 +o0 = 0, F31 = F12 = O, DMO' = 0, D =0. (B21)
If we diagonalize o, then Fy3 = —o is constant. Furthermore we can use the quantization
condition for the flux on S?,

1 1 F.
F N ﬁ/ sin 0dfdy = 2 Fys, (B.2.2)
52

m= —
21 Jg2 21 Jg2 2m

where m is an element of the Cartan subalgebra and quantized. Therefore, we obtain

F23 = —0 = % (B23)
From this,
Fy=7% & OA,=Tsin0 & A, =C—Zcosh, (B.2.4)

where C' is an integration constant. Since A, needs to vanish on the north and south
poles, we obtain the following result,

Af = %(i—l — cosd), (B.2.5)

©

where Af denote the sections on the patches including the north(+) and south(—) poles,
respectively.
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B.2.2 Chiral multiplet
The BPS equations of the chiral multiplet on S! x S? are given by (£2.20),

sin gD_gb + cos g(a +A)p=0, Dip=0,

cos gD+¢ + sin g(a —AN)p=0, F=0, (B.2.6)
where Dy = D, F iD3. We rewrite the first column of them in the following way,
sin@ Dy +0¢+ Acosf ¢ =0, isinf Dsp+ cosfop+ Ap = 0. (B.2.7)
Recall that the localized configurations of the vector multiplet (217 are
A= —%dT + %(il —cos@)dyp, o= —%, D =0. (B.2.8)
By solving the first equation of (B.2.7)), we find the dependence on 6,
6 =C(r,p) (m g)m/ " (sin )2, (B.2.9)

where C(7, ¢) is an integration constant and we have treated ¢(®) as if it was a number for

simplicity. Since we have assumed that A > 0, we find that there is no smooth solution
of ¢ for A > 0.

Next let us analyze D1¢ = 0. Recall that (20,

0 = O+ %{51(—72 — J3) + Bajs —i Z%Fz} (B.2.10)

Also we expand ¢ using the monopole harmonics in the following way [71],

6= bnix em%yg,z,k, (B.2.11)

neZ Lk

|m|

where [ € 5+ +Nand k= -, -l +1,--- ,+[. If we take the R-charge to be zero, we find
that only modes (I,k) = (0,0) survive from (B.2.7) due to the reality condition. Since
73 Y%L,l,k = k‘Y%JJg, the equation D;¢ = 0 implies

(2m'n —iY W - m) bn00 = 0. (B.2.12)

Furthermore we always set n = 0 by absorbing it into the holonomy. Finally, for A = 0,
we have a constant solution ¢ which is satisfied with

(Z i+ a)gb — 0. (B.2.13)

Furthermore if ¢ is constant, (B.27) implies o = 0.
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Appendix C

Computations of the one-loop
determinants

In this chapter we consider the one-loop determinants on S; and S x 52 using the index
theorem following [66]. As we mentioned in section E.T.4] the one-loop determinant and
the equivariant index are related with

iIlle(] = Z cjewj <~ Zl—loop = H UJJ_?J (COl)

C.1 Index theorem

Let us stand an index theorem that we use in the one-loop computations following [11], 68]
(c.f. the original reference [67]). Let (Fo, F1) be a pair of vector bundles on a manifold
M, and V; be a set of the sections of E;. Let D be a differential operator D : V; — Vi,
and let 7 be a map 7 : T*M — M, then the pullback 7*F; becomes a vector bundle over
T*M. The symbol of the differential operator D is o(D) : n*Ey — 7*E;. If we use the
local coordinate 2, the symbol is defined by replacing all derivatives in the highest order
with the momenta, 525 — ip;. If the symbol o(D) is invertible over 7*M \ {0}, then the
differential operator D is elliptic.

Let T'= U(1)" be a maximal torus of a compact Lie group G on M and F;, and let D

be a differential operator which commutes with the G-action. Then an equivariant index
of G is defined by

mdD(t) = Trgerp t — TreokerD t, 1= (tl, s ,tn) eT. (Cll)

The Atiyah-Singer index theorem states that if there is a discrete set F' of fixed points on
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M by the G-action, the index is

TYE TI'E ( )t
dD(t olp s 1.2
i Z detTM 1-— t) (C )

If D is an elliptic operator on a compact manifold M, it is known that the summation
over the fixed points yields a finite Laurent polynomial in ¢.
Incidentally, we consider a subspace of T*M such that, for Vo € M ,

TeM, ={peT*M, | p-v(g) =0, Vg € g}, (C.1.3)

where v(g) is a vector field generated by the Lie algebra g of G. If a symbol o(D)
is invertible on T;M \{0}, the differential operator is called transversally elliptic with
respect to the G action. In this case, it is also known that the above index contribution
over fixed points is well-defined.

Example: Dolbeault operator

We consider the index of the Dolbeault operator on C under 7' = U(1) action, 0O :
Q09(C) = QOHC), z >tz (z € C, t € U(1)).

First let us consider it without using the index theorem. We should evaluate the U(1)
character on the space of holomorphic functions. Since the transformation of the function
under z — Z =tz is

@) =1), = [)=[1"2). (C.1.4)

Since any holomorphic function is also expressed by f(z) = >4, cx2", the transformation
z—=Z=tz1is

= chzk = ch(t_kék), = &=t (C.1.5)
k=0 k=0
Therefore the index is
_ ad 1
inddt) =Y tF= . C.1.6
mdd) =3t = (C.L6)

Next let us consider the same index using the index theorem. Since the fixed point
under the U(1) is the origin z = 0, we should evaluate the U(1) action at the origin. The
transformation of the Ey = Q%°(C) under the U(1) is trivial, while the transformation of
the £, = Q%(C) is

fe= fz = fzt ! = f:t, (C.1.7)

d*
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where we have used ¢ = ¢7'. Also since detq,n (1 —t) = (1 —¢)(1 —¢t'), we obtain the
index using the index theorem in the following way,
1=t
I e R

ind O(t) (C.1.8)

This result equals to (C.I1.6]).

C.2 Ellipsoid

For S}, the Killing spinors ([8.3.7) satisfy € = C¢*. We summarize some convenient
relations
e\ = (Ce)TON = (eN),
EX=(CeNA=TCTA = —(e)),

C2.1
A = ()TN = (C)TCy"A = (&), o
N = (Ce) A = €'CTAHN = —(ev"' V),
de=1=2¢¢ eye=cost = —eye, e = —sing = —elye, (C.2.2)

€56 =0 = élyge, €le=0.
Note that in (C.2.1]), we have switched the matrix notation to the component one.

Recall that we define the supercoordinate:
Xo = (Xg% X5 = (Au50,0), Xi = (XY XTY) = (A e, ¢ e, @), (C.2.3)

where

A =N+ el (C.2.4)

Also we define

A, = ey + ey (C.2.5)

C.2.1 Chiral multiplet

We consider the 1-loop determinant of the chiral multiplet around ¢ = F' = 0.

Vi = (QU)' + (Qy)

!Note that ¢, € are Grassmann-even spinors.
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= _D(E) — do(ed) + D d(ew) + iF(e))
+D,0(er"D) + odled) — = p(ei) — iF(ED), (C.2.6)

Also we can rewrite this in the following way,

Vi = —Duo(8y") 1 — D,uov' (&) — do (&) + %fﬁ(@b) +iF(e))

B B B A
T Dl D). + Dydv () + (el — (el — iF (@), (C2.7)
where | means orthogonal to v*. Also we used the following formula,

= vu(E) + (Evut) L = vu(€) — (ey)(€7,€)
vt = —vu(er) + (€9,8) 1 = —va(ed) + (&) (evue). (C.2.8)

Since all the fields of the chiral multiplet vanish at the saddle point, the quadratic fluc-
tuations become

VE = DRder ). — DY g (ew) — o ew) + Jrdled) +iF(e)
DY 9y D). + DY 60 (eD) + 0V9(ed) — roled) — iF(eD), (C29)

where tho) =0, +z’A£L0) and ¢(® mean the quantities at the saddle point, and from now on
we will omit the notation (0) for simplicity. Here from (C.2.3), extracting terms associated
with Dl(),

thiDignghi = _Du(b(ey%;)l_ + Du(/;(g’Y“Qﬁ)J_
= _(aﬂ)(efy“e) D,p+c.c., (C.2.10)

where the charge conjugation is defined by ¢* = —C1). Here, let us consider the differential
operator (ey*e€)D,,. First we note the following fact, for (9, ¢1, ),

. : ) 1
eyle = eilertes) (% cot ¥, —% tan 1, R_f>7 (C.2.11)
eye = ellerter) (@'Rbcosﬁsinﬁ, —% cos ¥ sin ¥, Rf) (C.2.12)

Also we define the following quantities,

1

no_ -
w (O,O,Rf

); wu=(0,0,Rf),
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1
ut = (ﬁ cot ¥, —%tanﬁ, 0), wu, = (Rbcosvsinv, —%cosﬁsinﬁ, 0). (C.2.13)

These satisfy wtw, = u'u, =1, w'u, = 0. Also,
1 b R
vt = éyte = (E, I O), v, = (Rbsin® 4, gcos2 9, 0), (C.2.14)
so these also satisfy v*w, = v*u, = 0 and v*v, = 1. Therefore (u,v,w) is orthogonal
normal basis of the tangent space. The symbol o of differential operator (ey*€)D,, becomes

o = i(ey’e)ip, = —' PP (W p 4 iu - p). (C.2.15)
Therefore,
o = [ =@ (W ptiu-p)f = (w-p)* + (u-p)*=p* = (v-p)*, (C.2.16)

where we used p? = (v-p)?+ (w-p)? + (u-p)? in the last line. We find that the differential
operator is not elliptic, but restricting the momentum to the orthogonal direction of v,
the symbol becomes invertible. Therefore this differential operator is transversally elliptic
with respect to the action generated by 9 ([E1.24).

Since we would like to apply the index theorem, next let us consider the indices on
the north and south poles, which are fixed points on the base S? for the Q% action. At
the north and south poles, the metric becomes respectively,

2

ds?|y o, 52 ™ %bz(d82 +0%de?), (C.2.17)
R2

ds’|, . g2~ —b7HA0 + (0 — 7)%di?). (C.2.18)

Then, the relevant operator at the north pole on the base S? becomes
(ey“e)D“bNo g = RbeW+9 D (C.2.19)

where we have chosen z ~ e~ as the local complex coordinate. Then D; = %e‘w(Dg —
i07'D,). Also we note that ¢ + ¢ is the fiber direction at the north pole. Likewise,

(ey"€)Dy,. o = RO 9D, (C.2.20)

where we have chosen z ~ (1 — 6)e’? as the local complex coordinate, and 1) — ¢ is the
fiber direction at the south pole. Note that D; = —3e™(Dy — =4, D,;). Therefore DS
acts as a twisted Dolbeault operator at the north and south pole on the base S?, which

are directions orthogonal to v.
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The index for the untwisted Dolbeault operator is indd(t) = —— (C1.6). Taking
account of the gauge bundle, the rotation of the fiber direction and R-symmetry rotation
from (ZL5), then the indices aré?

ind D[ o= Y e st g Ze (C.2.21)
neZ

imnd D§ff| o= Y e eatth S Zeww (C.2.22)
neZ

where we identify ¢ with ¢®*"") at the north pole, and e~“®=""") at the south pole from

({137), and define 6 = Ro. Note that we have to distinguish the complex index from
the real index. Therefore the total contribution is given by

. chi : chi : chi
ind D§y' = 2 (md DSy |N_pole + ind D7 ‘S-pole)

= 2<eXp [H ﬁ ﬁ i{mb—i—nb‘l + % — iw(5) — %(1 - A)}]

weR Mm=0n=0

—esp [ [T TLTT —ifmb+ v + 2+ iwte) + S - 0)}]). (c229)

weR m=0n=0

According to the rule ([LI.36]), up to an overall sign, the determinant is

(1-4))
(1-24))

_ Hsb(zg( A)—w-&). (C.2.24)

wER

o oo (mb—l—nb’l + £ +iw(6) +

z6 = TT111

wER m=0n=0 (mb+ nb—1 + % — W ( )

wl@ 2|

C.2.2 Vector multiplet

Let us consider the one-loop determinant of the vector multiplet around A, = 0, ¢ =
const., D = 0.

Viee = Tr[ (QUIA + (QVTA]
1 - - - ) -
= Tr [§EWPF””(E'W)\ —ev'A) — Dyo(ey* A+ ey N) + iD(EX + eX) + RLf(e)\ + 6)\)] .
(C.2.25)

2We consider contributions of U(1) actions in iRQ?. Note that the coefficient(iR) affects only an
overall factor in the one-loop determinant.
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Note that the following formula,
EN = %(A +0PA,), €= %(A —v'A,),
YA = %(U#A + A, — i€ AP, ey = %(—U#A + A, +i€u,v"AP), (C.2.26)
Then,
Vie = Tt [%E#VPFVPU“A — Py, A, — DA + %DA + Ri'fo/\]. (C.2.27)

Also taking account of the gauge fixing term, the quadratic fluctuations become

Ve = v<2>+Tr<aG(A)+§B)

= T DO v, — DO A, (VA — ') — DG A"
i 0o €

A O PPHA L LA s §
i[A,, o)A +2DA+RfaA+c(G(A) 23)] (C.2.28)

From now on we will omit (0) for simplicity. We also note the following fact,

A, = e+ ey
= 204, +2QpA, = —2QA, +2D,c, (C.2.29)

Furthermore, we divide the fluctuation of the gauge field into the components parallel
and orthogonal to the vector field v*: A, = a, +v,b, where v*a, = 0. Then from (C.2.3),
the terms related with DJ{° are, up to a total derivative,

X7“DiF Xy = €"’D,(a, +v,b)v, A —2iD™(a, + v,b)(v*D"c — v D¥c) 4+ ¢G(a, + v,b),
2D D,v, 2DMYID, )
= (2iccA) Gt G* ( ) : (C.2.30)

ePv,Dyv,  —e'Pu,D,

We take the following gauge fixing term concretely,

G(A) = G'A, = {D" + (D'D, —v"D,)} A,, (C.2.31)
where we introduce
R
D, := Tfe,wpv”Dp. (C.2.32)

Then we can obtain a block-diagonalized form in the following way,

vec Jyvec yvec
Xl DIO XO
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—D"’IDyv, — LD, v Dtv, 0

= (2ic, ¢—w"Dyc, —2A) 0 D ( ’ . b).
0 —emey,D,) T
(C.2.33)

Since when we consider the symbol, we take account of only the differential operators
which are of the highest order. Therefore we consider only the upper left corner in
the matrix. The symbol has |o|?> = p*> — (v - p)®. Therefore the differential operator is
not elliptic, but restricting the momentum to the orthogonal direction of v, the symbol
becomes invertible. So the differential operator is transversally elliptic with respect to

actions generated by Q% ([EL24).

The relevant differential operator is the differential in the twisted de Rham complex,
Dggr : Q L0l 4 02 First we consider an index of the untwisted de Rahm complex
[35]. The index is defined by

ind DdR<t) = TrKer dot - TrCoKer dot - TrKerdl - TrCoKerdlta (CQ34)

where d,, is a differential which acts on QP. This complex is equivalent to one of the
following complex; ind Dgg = —ind(d! @ d) where

dod: Q' - Q@02 (C.2.35)

We use the index theorem (C.I1.2) by performing a complexification of the complex. Let
us introduce a complex variable z, and consider the U(1) action, z — tz (z — t7'2). First
0 is generated by 1, so Trqot = 1. Q! is generated by dz and dz, so Trqit = t + ¢ L.
0?2 is generated by dz A dz, so Trget = 1. Finally, TM is generated by 9, and 0:, so
detrpr (1 —t) = (1 —t)(1 — t~1). Therefore, using ([C.1.2)), the index of the untwisted de
Rham complex is

t+tt—-1-1

EDET=

Taking account of the gauge bundle and the rotation of the fiber direction, the contribtion
to the index on the north pole i

ndDY§ | e == > ™D e, (C.2.37)

nez

3Here we consider contributions of U(1) actions in iRQ?.
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where a denotes the root, and the contribution to the index on the south pole is
ndDy§|g ==y ™y e, (C.2.38)
nez a
Therefore applying the rule (LI1.36]), up to an overall factor, the one-loop determinant is
VASa H sinh(wba(d)) sinh(mba(5)), (C.2.39)
a>0

where we have used the following formula,

o0 2 .
I1 <1 + a—> _ sinham, (C.2.40)

n? am
n=1

Note that this one-loop determinant does not include a contribution from the ghosts.

C.3 StxS§?

For S' x S?% the Killing spinors (£.2.8) and ({£29) satisfy € = Cye*. We summarize
convenient relations®

€A = ()N = (Cye) Oy = (e ),
EX = (Cmne)A = nCTA = (em),

T . .- i (C.3.1)
€A = (€) VA = (Cme”) Cyny" A = (Eny* ),
A = (Cne ) A = € CTy" A = (eny™A),
de=1=¢€ €eryle=—cosl =—éy'e, er?e=sinf =e2E €y =0=e",
dE=1iesing, yle=0, ele=1ie?, €eye=—e"cosb. (C.3.2)

Note that in (C.3.1]), we have switched the matrix notation to the component one.

We introduce

o € L ’}/16 o ’YJE .
o = (—E) , &1:i= (—’716) y &5 (%6) s (] 2,3), (033)

then they satisfy f ¢, = 0, (m = 0,1,2,3). We also define

N ( 7“) : (C.3.4)
—7A
and choose supercoordinates as
XO = (Xalec;Xghi) = (Aja o 7¢7 é): Xl = (Xfec; X1Chi) = (Ala C, c ;671% @71&) (C35>

4Note that €, € are Grassmann-even spinors.
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C.3.1 Chiral multiplet

Let us consider the one-loop determinant of the chiral multiplet.

Vai = (QU)'¢ + (QU)'
= —D,p(eny"Y) — Dud(eny*v) — go(ent) — od(eyi))

+AG(EY) — Ad(eth) — iF(enyp) — iF (Env)), (C.3.6)

Note that the following relations,
V' = (e me) (&) + (v ) (en), (C.3.7)
ey = (ey"€)(End) + (€971 (e9)). (C.3.8)

Using these formulas,

Veni = —Da$[261ab{(5’yb%€)(€¢)+(E’ng)(ﬁ’hw}]
—~Diciw{ (') End) + (/1) (e0) }]

—go{(e)() + (ne)(env) } - oo{ (ene)end) + (@)}
+AG(E) — Ad(eth) — iF(eny) — iF (en1v)). (C.3.9)

Therefore from (C.3.3), extracting terms related with D$h

XMDHXM = Dig(ey/ 7€) (emnd) + D;d(eyiyie) (@)

+%¢3(€71€)(6%w) + %(6%6)(@1&), (C.3.10)
where j = 2,3, and we used 0 = 7. From this, we can find the differential operator,
which is associated with the symbol, is

(ev'y1€)D; + c.c.. (C.3.11)
Since we have the relations explicitly,

(eyPy1€) = ie™™,  (e7¥y1€) = e ¥ cot b, (C.3.12)
the symbol o is
|o|* = pj + pZ cot® b, (C.3.13)

so the differential operator is not elliptic since the symbol vanishes at § = 7/2 even if
p, # 0. However, restricting p to the transverse direction of the vector field 9, and 0,
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the symbol becomes invertible. Therefore the differential operator is transversally elliptic
with respect to the actions generated by Q2 (£2.22).

At the north and south poles, the relevant operator becomes

(€' 71€)Djly 4y 50 = 20D, (C.3.14)
(Y 71€)D;l,., ¢ = 2ie” Dy, (C.3.15)

where we have taken zy ~ fe™ and zg ~ (7 — 0)e’ as the local complex coordinates
at the north and south poles, respectively. That is to say, they act as the Dolbeault
operators on the north ans south poles.

The indices on the north and south poles aré®

, , , 1
chi _ —2min ,—(p(m)—A)B2 jip(a) i >, viF;
ind D\ pe = DD € e IR (C.3.16)
neZ peER
: . 1
: chi _ —27rzn —(—=p(m)—A)p z (a) zzi i F
ind D'l . = DD e rerWet B, (C.3.17)
neZ peR

Therefore the total index is

ind D = 2 <ind DS+ ind DS

S—pole)
- 9 Z Z Z( (2r—p(m B2—2min+iy, viFi+ip(a) _ 67(2r+27p(m)7A)52727rin+i > 'yiFiJrip(a)) .

ne€Z peR r=0
(C.3.18)

According to the rule ({I36]), the one-loop determinant is, up to an overall factor,

Z(1100p) — HHHW”}_ T‘—l—l— ( )52+ Z’}QF—I—Q,O((Z)
p(m)

chi i
n€Z peR r=0 mn — T ) 22 71 v 5 ( )
< sinh [—<r+1 2 4 2)5, + £ 50, 3F + ()]
pER r=0 sinh [_(T - M + é)52 - %Zz fViFi - %p(a)]
H (00 pr+1=200 LB 23 i F—4p(a) 2 _x2r+2—p<m)—Aez‘zi%Fiema))

X . ,
R (r—20 L 28y 4 & S i Fy+ pla) i x2r—p+Ae=i2; viFig—ip(a)

r=0 €
(C.3.19)

5We consider contributions of U(1) actions in i3Q2.
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where © = e=#2. After regularizing this infinite product®, we finally obtain the following
result,

1 _x2T+2_p( ) A IZ '71 ze ( )

(m)
(1-loop) _ (1-A) i >, viF; jip(a) -
ZChl H (‘,E € € ) H 1 — p2r—p(m)+A =22 7iFip—ip(a) <C320)
PER r=0
We also introduce a flavor fugacity & = e, and the g-Pochhammer symbol,

n—1
(a;q)n = H(l — ag). (C.3.21)

k=0

Then the one-loop determinant is

_p(m)

(1-loop) _ (o) i) T er | (@ P2 ([T, & ) ?)oo
Z i g<x ¢ H£> = +A€ o (H£ 5ot . (C.3.22)

C.3.2 Vector multiplet

Let us consider the one-loop determinant of the vector multiplet. We can also confirm
that the differential operator D}{° is a transversally elliptic operator with respect to the
actions generated by Q2 @222 [66], although we will not review it here.

In this case, the relevant differential is also the differential in the twisted de Rham
complex. Therefore, the indices on the north and south poles aré?

ind DYSC‘N pOIe Z —2min Z ia(a) e o m)ﬁ2 <C323)
nez

ind DYff[g o =— > e ™" Z eia(@ galm) (C.3.24)
nez

According to the rule (I36]), the one-loop determinant is, up to an overall factor,

I | {2 sinh (%a(a) - %a(m)ﬂg)} {2 sinh (%a(a) + %a(m)ﬁg)}

a>0

= H oo (1-— e_m(“)ﬂo‘(m)‘) . (C.3.25)

a€ adj

6We should regularize the logarithm of the first factor in (C.3.19). See [70, 66] for details.
"We consider contributions of U(1) actions in i3Q2.
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Appendix D

Contents of the N = (0,2) vortex
world line theory

In this chapter we derive the field contents of the vortex world line theory in this paper
in the manner of the appendix in [92]. We can obtain them if we reduce the dimensions
by one from the 2d ' = (0,2) theory (c.f. [93]). Note that we take the supersymmetry
charge Q as Grassmann-odd, i.e. € and € are Grassmann-even spinors below.

From the 3d N = 2 vector multiplet

First we consider the 2d N' = (2,2) theory by dimensionally reducing along the third
direction of the 3d N' = 2 theory on the flat space: from (A.3.6)),

QA, = %(E%)\ +Mu6), Qo= (P A+ AP_¢), Qb= (P A+ AP.e),
QX = —?eF1y + " PreDyo + in"P-eD,5 — De + %736[‘7’ al, (D.0.1)

O\ = —"%eFyy — iv"P_eD,o — iy"P,eD,& + De — %735[07 o),
l

QEVMD,,\ + %D,}w“e + %[ERJ, o] + %[EP_)\, o]

\Pie, o] — %[XP_G, 7],

i
D = — =
< 2

where p = 1,2, A3 =n, P = # We also set o0 + i — o as a complex scalar field.
Next we can obtain the N' = (0,2) by constraining € and € to P_e = P_¢ = 0.

, - 1 <
QA; = —L(FP AT 4 Xtet), Q4, = S(EAT+ AT,
Qo = —€t A, Q5 =M€,
ONT = —ie"Fis — De™ + ieto,5], QA =ie(Dy +iDs)o, (D.0.2)
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QAT = —ie"Fip + Det — LeT[0,6], QN = —ie"(Dy +iDs)g,

oD = %?’(Dl DA — L

l
2 2

Finally we reduce the second direction, and also have to shift D — D + %[0, g| in order

(Dy +iD) A et — —[e" A7, 5] A€t o).

N | .

to close the Fermi-multiplet algebra. Then, we can obtain the following multiplets:
e adj. fermi multiplet: (A*, AT, D —iFyy, —D — iF}5)

Q/_\Jr = G—F(D — iF12)7 Q(D — iFm) = —2’i€+Dg,5\+,

D.0.3
Q)\+ == €+(—D — iF12), Q(—D - iFlg) == —27;64’_D@)\+, ( )
e adj. chiral multiplet: (0,6, A7, A7)
:—%)\_, A_:Q +DQ ,
oo QA" =2 Doo (D.0.4)

QG =€e"A\", QN =—-2ie"D,a,
where we set w = o' +i2? and Fyo = D, with A; = A, and A, = .
We can obtain the Lagrangian in the same manner from (2.1.14):

1 _ _
L = 5T (DrpDrg+ D* =Xt DA +iX*[p,07]) + (DsoDso + [0, 6]l 0]
IANTDAAT + A [, M) HiA[o, AT — i [F, AT] + Do, a]) } , (D.0.5)

where the terms in the first parentheses imply the fermi multiplet action, and the second
ones imply the chiral multiplet one. We find that each of them is O-exact:

| - | - -
SO <A+(D ¥ iF12)> = ST (DTQDDT@ £ D? —iATDAT +idtp, /\‘]>, (D.0.6)

1 1 ] ]
§QTr(2i6Dw)\‘ —i&[/\+,a]) — 5Tr<D75DTU—|—[5,@[@,0]—i—z’)\_DT)\_—Fi)\_[(p, A7
idT[o, M — iM[E, A7) + Do, a]) . (D.0.7)

where we set ¢ = € = 1.
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From the 3d A = 2 chiral multiplet

We can obtain the content in the same way as the vector multiplet from (A.3.12):
o Chiral multiplet: (¢, ¢,v~,17):

Qb= e, QY =2ie" Dyo,

_ _ _ _ D.0.8
Q6 = —jm, QU = 2ie Dyb. (D05

e Fermi multiplet: (v, %, F, F) (with chiral multiplet (E, E,¢5,V5)) :
QT =ictop+ et F, QF = —2ie" Doy +ieT oy +iet A g, (D.0.9)

QYT =iet s + Fet, QF = —2ie"Dgap™ +iet =G — igpet ™.

We define E (0, ¢) := 0¢, then the fermionic partner is defined as ¢ := ), %f")m =

oA + o1p~. Then, we can rewrite the above fermi multiplet in the following way,

QYT =ie"E+ e F, QF = —2ie" Dyt +ictyy,
Yt =ie" E+ " F, QF = —2ie" Dy +iete)y, (D.0.10)
QF = -y, QE=—c"Yp, Qup=0, QY =0.

e Lagrangian: from (2115,
Ll = (D:6D-6 + 66 +i6DG — i)™ D™ — iy o™ + i A" 6+ ioA T4

+ (FF 4 EE + it Doyt — it ot — ity + mgw).
(D.0.11)

We also find that each of them is O-exact:
Q (2Dt — i6XT0) = D,6D.6+ b6 +idDo — i D™ — iy~
+it) AT O+ i Ty, (D.0.12)

% Q[(QUF0) + ($+QUY)| = B+ |F2+ it Doyt — iDatb vt — ity + ot
(D.0.13)
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