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by Kai Ma

Higgs particle is one of the most important ingredients of the Standard Model. It breaks

the electroweak vacuum, and generates the mass of both electroweak bosons and matter

particles. A similar scalar particle possessing these physical properties has been observed

at about 125GeV by both ATLAS and CMS collaborations at CERN in 2012. However,

it has not been so clear that whether the observed particle h(125) is the Higgs boson of

Standard Model, or the model needs some extensions. So further investigations on the

physical properties of h(125) are crucial for the understanding of physics.

CP symmetry of the h(125) is one of the most important properties that has not been

understood well. While only one scalar particle is predicted in the Standard Model, many

of its extensions not only modify the Higgs couplings to electroweak bosons and fermions,

but additional scalars and pseudo-scalars are also predicted. So CP violation e↵ects

could be appear naturally through the mixing among these particles. Even through the

experimental results disfavor a pure CP odd particle at about 3� level, large mixing is

still allowed in general. In this thesis we study the CP violation e↵ects in the Higgs

sector.

There are many channels in which the CP violation e↵ects could appear. In the process

of Higgs decaying into two vector bosons, either Z or photon, the CP violation e↵ects

appear in the azimuthal angle correlations. This correlation could be measured by ob-

serving the leptons from the subsequent decay of these two gauge bosons. However, the

leptons are highly boosted because of the large mass of Higgs, so resolving the corre-

lation in the transverse plane is still challenging, particularly for the electrons coming

from the photon conversion. Similar correlation appears in the production channels via

the vector bosons fusion. In this case the CP violation e↵ects could be measured by

analyzing the tagged jets or leptons in the final states. The main problem is the huge

http://kek.soken.ac.jp//sokendai_en/
http://kek.soken.ac.jp//sokendai_en/
http://kek.soken.ac.jp//sokendai_en/
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QCD backgrounds which can completely wash out this correlation. However, by using

matching technique, the QCD backgrounds could be well predicted and then significantly

enhance the experimental sensitivity.

We investigate CP violation e↵ect in the Higgs sector via h ! 4l channels at the LHC14.

Measuring CP violation e↵ect through h ! ZZ⇤ ! 4l process is completely impossible

because of the dominant CP even contributions. In contrast, CP even and odd contri-

butions are at the same level in both h ! Z� ! 4l and h ! �� ! 4l decay channels. In

this paper we study to which level the CP violation e↵ect in the spin correlation of final

states could be measured via this two processes at the LHC. The polarization of pho-

tons from Higgs decay could be measured through the photon conversion and internal

splitting processes. However we find the conversion process is completely useless unless

the experimental precision could be improved by a factor of 4. On the other hand the

internal splitting channels provide a hope even through it is still challenging.

On the other hand, the CP violation e↵ects could be observed in the interactions be-

tween the Higgs and fermions, for instances h ! ⌧+⌧�, and tt̄ production in associated

with a Higgs. In the h ! ⌧+⌧� channel, observing the CP violation e↵ects is challeng-

ing because the neutrinos carry away lots of kinematical informations. However, it is

still promising because of the large decay length of ⌧ , by which the decay vertex and

impact parameter could be employed to reconstruct the full kinematics. We use the

impact parameter and density function of missing transverse energy as well as the den-

sity function of the distance between the neutrinos and visible taus decay products to

reconstruct the full kinematics event by event. The most likely configuration is obtained

by scanning the taus momentums. Within the present experimental resolution, we find

very good collinearity between the reconstructed and true kinematics. The experimental

sensitivity of is expected to be 0.1 at LHC14 with an integrated luminosity 3 ab�1.

In the tt̄ production in associated with a Higgs at the ILC with
p
s = 500GeV, un-

der the approximation that the production vertex of Higgs and toponia is contact, and

neglecting the P-wave toponia, we analytically calculated the density matrix. We find

that the production rate of singlet toponium is highly suppressed, which behaves just

like the production of a P-wave toponia. This is because in the singlet case the Higgs

can not a↵ect anything except for carrying away some energy, and also the specialty

of near threshold region. In case of triplet toponium, the CP property of Higgs can

a↵ect the physics significantly. This is because the S-wave triplet toponium can con-

tribute even in the pseudo-scalar case, even through the contribution is still small. Three

completely independent CP observables, azimuthal angles of lepton and anti-leptons in

the toponium rest frame as well as their sum, are predicted based on our analytical

results, and checked by using the tree-level event generator. The nontrivial correlations
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come from the longitudinal-transverse interference for azimuthal angles of leptons, and

transverse-transverse interference for their sum. The azimuthal angle correlation of lep-

ton is related to the azimuthal angle correlation of anti-lepton by CP transformation.

Most importantly, the interferences between the transverse and longitudinal component

require only either lepton or anti-lepton to be reconstructed. Therefore the number of

signal events can be enhanced significantly. These three observables are well defined at

the ILC, because the rest frame of toponium can be reconstructed directly. Furthermore,

the QCD-strong corrections, which are important at the near threshold region, are also

studied with the approximation of spin-independent QCD-Coulomb potential.
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Chapter 1

Introduction

Symmetry, in the early days of sciences, was just a language of interpretation in the study

of simple geometric objects. It has only been last century that the importance of symme-

try in complex physical systems was gradually being realized since the pioneering work

of Wigner and others in atom and nuclear physics. Now days, almost everybody believe

that symmetries are so fundamental that all lows of nature are originate in symmetries.

Noether proved that every continuous symmetry implies a conserved quantity[1]. The

most powerful theory, Electrodynamics, was found to be a result of (continuous) local

gauge symmetry[2]. The profound extrapolation of abelian gauge symmetry by Yang

and Mills[3], which was initially treated as a just formal product, was realized in a latter

time playing essential role in both weak and strong interactions. Discrete symmetry

was also never hanged out. It dominates the structure of crystal. Bose-Einstein and

Fermi-Dirac statistics, which are the footstones of modern particle physics, are governed

by the permutation symmetries.

Nevertheless, just as people were immersed in the beauty of the symmetry, the came

symmetry breaking, shocked everyone. The Cooper electron pair[4–6], which can explain

the superconductivity in low temperature, was found to be a result of the spontaneous

symmetry breaking of local gauge symmetry. Its generalization in the context of quan-

tum field theory, which is called Higgs mechanism[7–9], has been proved to be the most

profound discovery in elementary particle physics. The parity symmetry, which is dis-

crete, is also broken in weak interactions[10, 11]. It was also found that, the classical

conservation low from Embedding discrete symmetries into local gauge theories, can be

1
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broken at the quantum level[12]. Even through more realistic is the symmetry breaking

as it should since we can distinguish one thing from another, nobody ever before rec-

ognized that it can have so profound and lasting influences. Now days, nobody talks

symmetry without mentioning symmetry breaking. To which degree the symmetry is

broken becomes the fundamental question of physics.

Charge conjugate C, parity P, time reversal T symmetries are three of the most funda-

mental and relevant ones. Among their combinations, CP occupy a very unique place in

elementary particle physics. Apart from the CP violation in the Kaon system (and other

hadron systems), we have learnt that our universe also breaks the CP symmetry[14]. On

the other hand, talking about C alone is somehow ambiguous because the particle mov-

ing forward is equivalent to its anti-particle moving backward. Therefore we could not

unambiguously distinguish the particle from anti-particle as long as CP is conserved

which breaks this equivalency.

On the other hand, the relativistic quantum field theory is naturally CPT invariant[15].

Therefore CP violation implies the breaking of time reversal symmetry. Furthermore,

the time reversal symmetry T in the context of quantum mechanics is an anti-Hermite

operator which transforms numbers into their complex conjugates. Therefore breaking

of T or CP must be related to some complex parameters in the model. According to

the principles of quantum mechanics, any observable in a quantum process, for instance

the transition probability, is invariant under a global phase rotation on the transition

amplitudes. Therefore only the relative phase among di↵erent transition amplitudes

can a↵ect the measurements, which is called quantum interference in general. This is

similar to the classical phenomena of Young’s double-slit interference where the two slits

generate two di↵erent path (mimic to di↵erent quantum amplitudes) to the detector.

There are three kinds of relative phases that can arise in the quantum amplitudes: 1)

strong phase, that is defined to be one which has same signs in the transition amplitude

for a quantum process and in the transition amplitude for its CP conjugate quantum

process; 2) weak phase, that has the same sign in the transition amplitudes for the two

CP conjugated quantum processes; 3) spurious phase, which are purely conventional

relative phases between an amplitude and the amplitude for CP conjugate process.

They just come from the assumed CP transformation of the related quantum states and

field operators, and usually are related the some kinematical variables.
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The strong, weak phase and spurious phases (here and below we always talk about

relative phase) can a↵ect the quantum measurements in di↵erent ways. The spurious

phase can always be measured because it is related to the kinematical variables that are

measured directly. This is not true for the strong and weak phases. Without loss of

generality, we assume there are two transition amplitudes, which is the minimal condition

to observe quantum interference. Let i and f are the initial and final quantum states, and

M1(i ! f) and M2(i ! f) are the two amplitudes which cause the transition i ! f .

According to the principles of quantum mechanics, the total transition amplitude is the

sum of these two,

M(i ! f) = M1(i ! f) +M2(i ! f) . (1.1)

Then the total transition probability is

P (i ! f) / |M(i ! f)|2

=
X

k=1,2

|Mk(i ! f)|2 + 2|M1(i ! f)||M2(i ! f)| cos(⇠1 � ⇠2 + �1 � �2) , (1.2)

where ⇠k and �k are the weak and strong phases of the two transition amplitudes. On

the other hand, the conjugated filed operators can cause quantum transition ī ! f̄ with

a transition probability

P (̄i ! f̄) / |M(̄i ! f̄)|2

=
X

k=1,2

|Mk (̄i ! f̄)|2 + 2|M1(̄i ! f̄)||M2(̄i ! f̄)| cos(�⇠1 + �1 + ⇠2 � �2) .(1.3)

Then the CP asymmetry is given by

P (i ! f)� P (̄i ! f̄)

P (i ! f) + P (̄i ! f̄)
=

2|M1||M2| sin(⇠1 � ⇠2) sin(�1 � �2)

|M1|2 + |M2|2 + 2|M1||M2| cos(⇠1 � ⇠2) cos(�1 � �2)
. (1.4)

Therefore in the case of we are measuring only the total transition rate, observing either

one of them requires another one must be non-zero. On the other hand, if we can relate

the strong/weak phase to a certain spurious phase which has to a CP-even/odd, then the

strong/weak phase can be observed by investigating the distribution of the transition

rate with respect to the corresponding kinematical observable of this spurious phase.



Chapter 2

Probing CP violation in

h ! (` ¯̀)(`0 ¯̀0) at the LHC

The h ! V V 0 ! 4` channels, which are called the golden channels, are promising to

measuring the CP violation. The V ! `¯̀transition can happen via the internal splitting,

and photon conversion if V = �. In Ref. [23], a maximum likelihood analysis on the

h ! V V 0 ! 4` was performed for the internal splitting processes. By assuming an

overall uniform e�ciency 60%, they found the golden channel has the potential to probe

both the CP nature as well as the overall sign of the Higgs coupling to photons well before

the end of high-luminosity LHC running. However, the most important e↵ects because

of the experimental angular resolution, particularly for the internal splitting process of

virtual photon, were not analyzed carefully. For the photon conversion process, the CP

sensitivity was analyzed with the assumption that Higgs is at rest in the lab frame in

Ref. [36].

We study sensitivity of the h(125) ! 4` decay distributions to the CP-odd component

of the Higgs boson in various kinematical configurations. The dominant h ! ZZ? ! 4`

process are found to be least sensitive because of the overwhelmingly large tree-level CP-

even amplitudes. Since both CP-even and -odd amplitudes appear in the one-loop order

for the h ! Z� and h ! �� decay channels, we examine carefully the kinematical region

where one or both pair of `¯̀ is near the photon mass shell, in particular the � ! e+e�

conversion process. For the photon conversion process, we include the non-trivial pT

and ⌘ distribution of the Higgs by convoluting the production rate and BH conversion

4
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probability in the pT and ⌘ plane (because of the symmetry of detector, the azimuthal

angle direction is trivial and have been integrated). Once typical angular resolution of

e+e� in the LHC detectors is taken into account, the conversion processes are strongly

suppressed and found to be useless unless the experimental angular resolution can be

improved by a factor of 4. Without takeing into account of the background, we find the

experimental sensitivity is about �⇠h�� = 0.33 for pp ! �⇤�⇤ ! 4`, and �⇠hZ� = 0.25

for pp ! Z�⇤ ! 4`, with an integrated luminosity 3 ab�1.

2.1 CP violation in the di-vector bosons decay of Higgs

Both the ATLAS and CMS have studied the CP property of the new scalar boson in

the h ! ZZ? decay channel[19–21], and the pure pseudo-scalar assumption is disfavored

at more than 3�. However, if the mass eigenstate h(125) does not have a definite CP,

the fraction of its CP-odd component is not constrained e↵ectively e↵ectively because of

the smallness of the CP-odd coupling to Z pair, which is loop suppressed, as compared

to the CP-even coupling that appear in the tree-level. In this section we first give our

parameterization of the couplings and the mixing parameters, and then discuss how to

measure the CP violation e↵ects appearing in the h ! 4` decay channels.

2.1.1 Parameterization

There is a wide variety of BSMs that could lead to relatively large CP violation in the

Higgs sector, such as the Type-I and Type-II 2HDMs, the MSSM and its extensions with

or without R-parity violation. In models with two Higgs doublets, we have three neutral

real scalar bosons, two of which have CP-even and one CP-odd couplings to quarks and

leptons. The observed boson h(125) can be a mixture of the CP-even and CP-odd states

in the presence of CP violation, which can be significant in models with CP violating

Higgs potential in the tree-level or through large radiative e↵ects.

Motived by the observation that the h(125) couplings do not deviate much from the SM

predictions, we introduce the following simple parameterization of the Higgs mixing,

h =
1p

1 + |✏|2 (H + ✏A), (2.1)
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where H has the CP-even couplings to the weak bosons and the fermions, just like the

SM Higgs boson, and A has the CP-odd couplings to quarks and leptons. This is an

approximation in generic two Higgs doublet models, where h(125) is a mixture of three

real scalars, H, H 0, A:

h = UhHH + UhH0H 0 + UhAA . (2.2)

In the current basis, where H has the SM Higgs boson couplings, the state H 0 has no

tree-level couplings to quarks, leptons and weak bosons. We therefore find that all the

results for CP-odd observables presented in this paper are valid in generic 2HDM’s with

the identification

✏ =
UhA

UhH
(2.3)

whereas the normalization of the couplings should be replaced by the parameter

1p
1 + |✏|2 ! |UhH | (2.4)

We nevertheless adopt a single parameterization Eq. (2.1), since it allows us to parametrize

the CP-violating e↵ects in the Higgs mixing by a single complex parameter ✏, just like

in the neutral K system.

By including the mixing Eq. (2.1), the e↵ective Lagrangian relevant for the h ! 4`

process can be expressed as

�L = h

⇢
m2

Z

2v
p
1 + |✏|2Z

µZµ + ḡhZ�
↵

4⇡v
Zµ⌫Fµ⌫ + ✏̄hZ�

↵

4⇡v
Zµ⌫ eFµ⌫

+ḡh��
↵

8⇡v
Fµ⌫Fµ⌫ + ✏̄h��

↵

8⇡v
Fµ⌫ eFµ⌫

�
. (2.5)

where v = 256GeV is the vacuum expectation value of the SM Higgs boson (H), and

ḡhV V 0 =
gHV V 0

p
1 + |✏|2 , ✏̄hV V 0 =

✏gAV V 0
p
1 + |✏|2 . (2.6)

Here the couplings ḡhV V 0 and ✏̄hV V 0 are typically induced in the one-loop order for

V V 0 = �� and Z�, and we normalized to the factor ↵/(4⇡). Note that we do not

examine the CP-odd operator for the ZZ channel,

✏̄hZZ =
↵

8⇡v
Zµ⌫ eZµ⌫ , (2.7)
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since it is obvious that the tree-level mediated h ! ZZ channel has little sensitivity to

the loop induced physics. In the �� and Z� channels, on the other hand, both the CP-

even and CP-odd interactions are mediated in the loop-level, and there is a possibility

that the CP-even and CP-odd amplitudes have the same order of magnitudes, which is

a necessary condition to observe CP violation in the h(125) couplings, even if it has a

significant mixture of CP-odd component.

All the measurements of the h(125) couplings are so far consistent with the predictions

of the SM Higgs boson, and in particular the h�� (hZZ and hWW ) coupling strength

are even constrained as µhV V = 1.04 ± 0.13 [29]. In the e↵ective Lagrangian Eq. (2.5),

this implies the constraint
1p

1 + |✏|2 = 1.04± 0.13 , (2.8)

which implies |✏| < 0.7 at the 95% CL. Although the allowed region of |✏| depends on

our assumptions, we note here that relatively large mixture of CP-odd component in

h(125) is not ruled out by the present measurements, and that there is still a possibility

of discovering CP violation in the h coupling.

2.1.2 CP observables

It has been well know that the CP property of the two photon (or two transversely

polarized vector boson) system in zero angular momentum (J=0) can be studied by

suing their spin correlation, which can e.g. be measured through the vector boson decay

(or conversion) into a lepton pair. Historically, the pseudo-scalar nature of ⇡0 meson

was established by the e+e� plane correlation in the leptonic conversion process.

The helicity amplitude for the decay process h ! Z� (h ! ��) is (hear and after we

will suppress an overall factor ↵/(2⇡v))

M�1�2 = ḡhV V 0 [(k1 · "⇤2)(k2 · "⇤1)� (k1 · k2)("⇤1 · "⇤2)] + ✏̄hV V 0✏µ⌫↵�k1µk2⌫"
⇤
1↵"

⇤
2� , (2.9)

where kµ1,2 and "↵1,2 are the momenta and polarization vector of the two vector bosons,

see Fig. 2.1. We observe that the CP even interaction makes the polarization vectors of

the two vector boson parallel, while the CP odd interaction makes them perpendicular

to each other. So in order to observe the CP violation e↵ects, coherent superposition of

the two transverse polarization states is necessary.
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In the h(125) rest frame we choose the V V 0 momentum directions along the z-axis,

k1 =
1

2
mh

✓
1 +

s1 � s2
m2

h

, 0, 0, �

◆
, (2.10a)

k2 =
1

2
mh

✓
1� s1 � s2

m2
h

, 0, 0, ��
◆
, (2.10b)

� =

✓
1 +

(s1 � s2)2

m4
h

� 2(s1 + s2)

m2
h

◆1/2

, (2.10c)

where
p
s1 =

p
k21 and

p
s2 =

p
k22 are the virtual mass of the two photons that are

measured by the invariant mass of the lepton pair. The polarization vectors are

"µ1 (k1,�1) =
1p
2
(0, ��1, �i, 0) , (2.11a)

"µ2 (k2,�2) =
1p
2
(0, �2, �i, 0) . (2.11b)

For definition, we define s2 > s1, for both Z� (k22 = m2
Z � k21) and ��(k

2
2 � k21). The

helicity amplitude of Eq. (2.9) are then

M±± = �(k1 · k2)ḡhV V 0 ± i

2
m2

h�✏̄hV V 0 . (2.12)

We find it is convenient to parameterize the amplitude in terms of the magnitudes,

g±hV V 0 , and the phases, ⇠±hV V 0

M±± = �(k1 · k2) · g±hV V 0 · e⌥i⇠±
hV V 0 . (2.13)

By noting that the e↵ective couplings ḡhV V 0 and ✏̄hV V 0 in the Lagrangian Eq. (2.5) can

have complex phase due to the loops of the light particles, such as ⌧ -lepton and b-quark,

we find

g±hV V 0 =
p
|ḡhV V 0 ⌥ i✏̄hV V 0 |2 , (2.14a)

⇠±hV V 0 = arg
�
ḡhV V 0 ⌥ i✏̄hV V 0

 
, (2.14b)

with

 =
m2

h�

2k1 · k2 =

s

1� 2
s1 + s2

s
+

✓
s1 � s2

s

◆2�✓
1� s1 + s2

s

◆
. (2.15)

In the limit when we can neglect the complex phase of gHV V 0 and gAV V 0 , as well as

in the CP mixing parameter ✏, the magnitude and the phase of the helicity amplitude
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imply

g±hV V 0 =
p

(ḡhV V 0)2 + (✏̄hV V 0)2 , (2.16a)

⇠±hV V 0 = tan�1 ✏̄hV V 0

ḡhV V 0
= tan�1

✓
gAV V 0

gHV V 0
✏

◆
. (2.16b)

In order to study CP violation e↵ects in the spin correlation, without loss of generality,

let us define the x-axis along the linear polarization direction of the second vector boson,

and the first vector boson is also linearly polarized but with an azimuthal angle �, the

corresponding wave functions are

|V2i = |x̂i2 = 1p
2

�|+i2 � |�i2
�
, (2.17a)

|V1i = |�i1 = 1p
2

�
ei�|�i1 � e�i�|+i1

�
. (2.17b)

The amplitude of the transition from Higgs to these two photon state is

M = hV1V2|L|hi =
X

�1,�2=±1

hV1V2|�1�2ih�1�2|L|hi (2.18)

By inserting the helicity amplitudes Eq. (2.13) we get

M = �1

2

⇢
ei�M+++e�i�M��

�
= �1

2
(k1 ·k2)

⇢
g+hV V 0e

i(��⇠+
hV V 0 )+g�hV V 0e

�i(��⇠�
hV V 0 )

�
.

(2.19)

Then the transition probability behaves like

|M|2 = (k1 ·k2)
⇢
(g+hV V 0)

2+(g�hV V 0)
2+2(g+hV V 0)(g

�
hV V 0) cos(2��⇠+hV V 0�⇠�hV V 0)

�
. (2.20)

The e↵ect of CP odd operator is to rotate the polarization direction of the second photon

from � to ���� with the phase shift

�� =
⇠+hV V 0 + ⇠�hV V 0

2
. (2.21)

Although in general the phases ⇠±hV V 0 depend on complex phases of the e↵ective couplings

gHV V 0 and gAV V 0 , as well as of the mixing parameter ✏, in the approximation above these

couplings and the mixing parameters are real, we find

�� = tan�1

✓
gAV V 0

gHV V 0
✏

◆
, (2.22)
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according to eq.Eq. (2.16b). If we know the magnitudes and the signs of the e↵ective

couplings gHV V 0 and gAV V 0 , then from the phase shift measurement we can determine

both the magnitude and the sign of the mixing parameter ✏, or that of Re✏ when Im✏⌧
Re✏. In particular, if the state h(125) is a pure pseudo-scalar, |✏| = 1, then �� = ±⇡/2
and the amplitude angular dependence reverses the sign

cos(2(����)) = cos(2�⌥ ⇡) = � cos(2�) . (2.23)

Figure 2.1: Definitions of the momenta and polarizations of the two vector bosons.
Without loss of generality, the polarization vector of the first vector bosons (with larger

virtual mass) is defined to lie on the x̂ direction.

2.2 Helicity amplitudes of h ! V1V2 ! (`1 ¯̀1)(`2 ¯̀2)

In this section we study the spin correlation of photons via the internal splitting mecha-

nism. Because both the kinematics and dynamics are very similar between h ! V1V2 !
(`+`�)(`+`�) with Vi = Z, �, we will give the helicity amplitude formulas generally. The

kinematical variables are defined as follows (see also the Fig.2.2)

h(mh) ! V1(q1,�1) + V2(q2,�2) (2.24a)

! `1(p1,�1) + ¯̀
1(p̄1, �̄1) + `2(p2,�2) + ¯̀

2(p̄2, �̄2), (2.24b)
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where `i, ¯̀i stand for leptons and anti-leptons, and the momentum and the helicity of

Figure 2.2: Definitions of the momenta and polarizations of the two vector bosons.
Without loss of generality, the polarization vector of the first vector bosons ( with heavy

mass ) is defined to lie on the x̂ direction.

each particle are shown in parentheses. The lepton helicity take the values �i/2 with

�i = ±1, while the helicity of the o↵-shell vector bosons take �1 = �2 = ±1, 0. The

helicity amplitudes can generally be expressed as

M(�1, �̄1;�2, �̄2) = Jµ1
V1
(p1,�1; p̄1, �̄1)J

µ2
V2
(p2,�2; p̄2, �̄2)D

V1
µ1⌫1(q1)D

V2
µ2⌫2(q2)�

⌫1⌫2
V1V2

(q1, q2),

(2.25)

where Jµi
Vi

are the external fermion currents, and the vector boson propagators are

DVi
µi⌫i(qi) =

8
>><

>>:

✓
�gµi⌫i +

qiµiqi⌫i
m2

Z

◆
DZ(q2i ) for Vi = Z,

�gµi⌫iD�(q2i ) for Vi = � .

(2.26)

with the propagator factor DV (q2i ) = (q2i � m2
V + imV �V )�1. Using the completeness

relation and neglecting the terms which vanish due to current conservation, the Higgs

decay helicity amplitudes can be rewritten as the product of the two outcoming current

amplitudes and the o↵-shell V1V2 production amplitudes summed over the polarization
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of the intermediate vector bosons

M(�1, �̄1;�2, �̄2) = DV1(q
2
1)DV2(q

2
2)

X

�1,�2

J �1
V1

(p1,�1; p̄1, �̄1)J �2
V2

(p2,�2; p̄2, �̄2)M�1�2
V1V2

(q1, q2),

(2.27)

where

J �i
Vi
(pi,�i; p̄i, �̄i) = Jµi

Vi
(pi,�i; p̄i, �̄i)✏µi(qi,�i) , (2.28)

M�1�2
V1V2

(q1, q2) = �⌫1⌫2V1V2
(q1, q2)✏

?
⌫1(q1,�1)✏

?
⌫2(q2,�2) . (2.29)

The angular momentum conservation tells �1 = �2. Although on numerical studies we

account for the lepton helicity flip contributions �̄i = �i, which can be relevant near

the lepton pair production threshold, m(`¯̀) ⇡ 2m`, we give only the dominant helicity

conserving �̄i = ��i component in the following analytical expressions. The helicity

amplitudes are then determined by the `1 and `2 helicity,

M(�1;�2) = DV1(q
2
1)DV2(q

2
2)
X

�

J �
V1
(p1, p̄1,�1)J �

V2
(p2, p̄2,�2)M�

V1V2
(q1, q2) . (2.30)

Because J �
Vi
(pi, p̄i,�i) and M�

V1V2
are separately invariant under the boost along the

momentum direction (the z-axis), we calculate J �
Vi
(pi, p̄i,�i) in the rest frame of the

corresponding virtual vector boson with invariant mass si = q2i , and M�
V1V2

is calculated

in the h(125) rest frame. The angular configuration of the particles is summarized in

Fig. 2.2. In the rest frame of qµi , we have

qµi = (
p
si, 0, 0, 0) , (2.31a)

pµi =

p
si
2

(1 , �?i sin ✓
?
i cos�

?
i , �?i sin ✓

?
i sin�

?
i , �?i cos ✓

?
i ) , (2.31b)

p̄µi =

p
si
2

(1 ,��?i sin ✓?i cos�?i ,��?i sin ✓?i sin�?i ,��?i cos ✓?i ) . (2.31c)

Without loss of generality, we set �?2 = 0 and denote

� = �?1 � �?2 = �?1 . (2.32)
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Because of the isotropic property of the Higgs decay, we can always chose the out-going

vector bosons to have momenta along the z-axis, and

qµ1 =

p
s

2
(1 + (s1 � s2)/s, 0, 0, �) , (2.33a)

qµ2 =

p
s

2
(1 + (s2 � s1)/s, 0, 0, ��) , (2.33b)

in the rest frame of the Higgs boson. Using the kinematical variables defined above and

the wave functions in HELAS [46] convention we can obtain the helicity amplitude,

M(�1,�2) / p
s1
p
s2DV1DV2(g

V1
V + �1g

V1
A )(gV2

V + �2g
V2
A )(�1�2)

⇥
✓
g+hV1V2

(1 + �1 cos ✓
?
1)(1 + �2 cos ✓

?
2)e

i(��⇠+hV1V2 )

+ g�hV1V2
(1� �1 cos ✓

?
1)(1� �2 cos ✓

?
2)e

�i(��⇠�hV1V2 )
◆
, (2.34)

The squared matrix elements are

|M(�1,�2)|2

= NV1V2s1s2D
2
V1
D2

V2
(gV1

V + �1g
V1
A )2(gV2

V + �2g
V2
A )2

⇥
✓
(g+hV1V2

)2(1 + �1 cos ✓
?
1)

2(1 + �2 cos ✓
?
2)

2 + (g�hV1V2
)2(1� �1 cos ✓

?
1)

2(1� �2 cos ✓
?
2)

2

+ 2g+hV1V2
g�hV1V2

sin2 ✓?1 sin
2 ✓?2 cos(2�� ⇠+hV1V2

� ⇠�hV1V2
)

◆
, (2.35)

where the normalization constant is

NV1V2 = ↵2m2
h

m2
Z�

2v2
. (2.36)

It’s clear that the interference between the transverse V1V2 contributions exhibit the

cos(2�) azimuthal angle correlation, with exactly the same phase shift, �! ����, in

the presence of CP violation, as the correlation between the linear polarization planes

of h ! Z� and h ! �� decay amplitudes. This is simply a consquence of the linear

polarization dependence of the � ! `¯̀, and the transverse polarized Z ! `¯̀, helicity

amplitudes. In the case of real couplings, the squared helicity amplitudes for h ! �� !
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4` become very simple,

|M(�1,�2)|2

= NV1V2s1s2D
2
V1
D2

V2
(ghV1V2)

2(gV1
V + �1g

V1
A )2(gV2

V + �2g
V2
A )2

⇥
✓
(1 + �1 cos ✓

?
1)

2(1 + �2 cos ✓
?
2)

2 + (1� �1 cos ✓
?
1)

2(1� �2 cos ✓
?
2)

2

+ 2 sin2 ✓?1 sin
2 ✓?2 cos(2�� ⇠+hV1V2

� ⇠�hV1V2
)

◆
. (2.37)

after summing over the lepton helicities, we find

|M(h ! �� ! 4`)|2 / (1+cos2 ✓?1)(1+cos2 ✓?2)+sin2 ✓?1 sin
2 ✓?2 cos(2��2⇠hV1V2) . (2.38)

which is relevant in the measurements at the LHC experiments, which have no capability

of measuring the lepton (e and µ) helicities. It is worth noting that the phase shift

measurement power is proportional to the kinematical factor sin2 ✓?1 sin
2 ✓?2 in the V1, 2 !

`¯̀ rest frame decay angular distributions, since they are proportional to the interference

between the helicity +1 and �1 vector boson decay amplitudes.

2.3 Helicity amplitudes of photon conversion

We now study the conversion process of a single isolated photon into lepton pair. Photon

conversion is proceed by Bethe-Heitler (BH) mechanism on atomic nuclei [51]. Both

ATLAS and CMS pixel detectors contain a significant amount of material, most of the

photons are converted inside the detectors. For ATLAS, on average about 30 % of

the photons can convert into an electron-positron pair before reaching the face of the

calorimeter [53]. The reconstruction e�ciency (including the single track reconstruction)

is about 80%for a tight reconstruction condition, and is about 90% for a loose one in the

whole ⌘� region [54]. In this paper, the reconstruction e�ciency is estimated by using

the �2
min function defined in Eq. (2.67) with the condition Eq. (2.68). Although the

detectors are consist of many kinds of materials, we study only the 28Si for illustration

as the main component of the vertex detectors. The groundstate of 28Si is spin-0, so we

neglect the e↵ects of target polarization in the BH process [52].
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The kinematics of the conversion process

�(k,�) + Si(p) ! Si(p0) + `�(k1,�1) + `+(k2,�2) (2.39)

are defined as in Fig.2.3. Without loss of generality we will study the case of a photon

(a)

(b)

Figure 2.3: Definitions of the momenta and polarizations of the particles. Without
loss of generality, the ẑ-axis is defined along the momentum direction of in-coming

photon, x̂-axis is defined as the polarization direction of the same photon.

linearly polarized along the x-axis where the photon momentum (k) direction is chosen

along the z-axis. The matrix element can be written as

M =
gµ⌫
t
h`�`+|T µ

` |�ihN 0|T ⌫
N |Ni , (2.40)
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where h`�`+|T µ
` |�i denote the amplitude for ��⇤ ! `+`� and hN 0|T ⌫

N |Ni denote the

Si�⇤ ! Si0 transition, and gµ⌫/t with

t = �(p� p0)2 (2.41)

denote the �⇤ propagator. The squared amplitude can be written as

|M|2 = 1

t2
Lµ⌫Wµ⌫ , (2.42)

where

Lµ⌫ = h�|(T µ
` )†|`�`+ih`�`+|T ⌫

` |�i , (2.43a)

Wµ⌫ = hN |(T µ
N )†|N 0ihN 0|T ⌫

N |Ni . (2.43b)

For inclusive measurements we can sum over the final state of 28Si, and we define further

the nucleus form factor as follows

Wµ⌫ =

Z
d3p0

(2⇡)32E0
p

(2⇡)4�4(k + p�Q� p0)Wµ⌫

= 2⇡�(p02 �m2
Si)hN |(TNµ)

†TN⌫ |Ni

= W1(q
2)

✓
� gµ⌫ +

qµq⌫
q2

◆
+W2(q

2)
1

m2
S

✓
pµ � p · q

q2
qµ

◆✓
p⌫ � p · q

q2
q⌫

◆
.(2.44)

Then the total cross section can be written as

d� =
1

4mSiE�

dQ

2⇡

�̄

8⇡

d cos ✓̄d�̄

4⇡

�?

8⇡

d cos ✓?d�?

4⇡

1

t2
Lµ⌫Wµ⌫ . (2.45)

Here ✓̄ and �̄ are measured in the �Si collision rest frame (see Fig.2.3) where �̄ = | ~Q|/ps

with

s = (k + p)2 = mSi(2E� +mSi) . (2.46)

Both the BH conversion and the opening angle of the subsequent lepton pair depend

strongly on the momentum transfer t = �q2 of the target nucleus. There are two typical

energy scales that are important for the elastic scattering. One is the atomic scale ⇤a,

below which the atom virtual photon probes the whole neutral atom where the electron

clouds screen the nuclear charge. Another one is the nuclear scale ⇤n, above which

the virtual photon probes individual the protons and neutrons, broking the nucleus and
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the inelastic scattering comes into play. We consider only the elastic scattering, where

amplitude are coherently multiplied by the nucleon number (28 for 28Si). Because the

scattering region of t > ⇤2
n is irrelevant for the conversion process, we introduce a single

elastic nuclear form factor Ge
2(t),

Ge
2(t) =

8
>><

>>:

t/⇤2
a

(1 + t/⇤2
a)

for t < ⇤n

0 for t � ⇤n

(2.47)

with the relation

W1(q
2) = 0 , W2 = 2⇡�(p02 �m2

S)(G
e
2(t))

2. (2.48)

Here we use an atomic scale ⇤a = 6.05 ⇥ 10�10GeV2, and nuclear scale ⇤n = 1.75 ⇥
10�2GeV2. The atomic form factor plays an important role of suppressing scattering at

low t region. The t threshold of the conversion is about 4Q2
min/E� . For E� = mh/2 =

62.5GeV, it is about (10�9GeV)2 for Qmin = 2me. The atomic form factor strongly

suppresses the contributions near photon pole, and significantly alters the important

regions of the phase space, particularly the invariant mass of the lepton pair and then

the opening angle between them in the laboratory frame.

The leptonic matrix elements are

M⌫(�1,�2) = �e2ū(k1,�1)

⇢
�µ( /̀1 +m`)�⌫

`21 �m2
`

+
�⌫( /̀2 +m`)�µ

`22 �m2
`

�
v(k2,�2)✏µ(~k, x̂) ,

(2.49)

where `1 = k1 � k and `2 = k � k2 are the momentum transfer in the photon-lepton

system. With the application of equation of motion the helicity amplitude is simplified

as

M⌫(�1,�2) = e2
⇢
2J⌫V 1 � J⌫T1

2k · k1 � 2J⌫V 2 � J⌫T2

2k · k2

�
, (2.50)

where we have defined four kinds of leptonic currents as follows

J⌫V 1(�1,�2) = ū(k1,�1)�
⌫v(k2,�2)k1 · ✏(k, x) , (2.51a)

J⌫V 2(�1,�2) = ū(k1,�1)�
⌫v(k2,�2)k2 · ✏(k, x) , (2.51b)

J⌫T1(�1,�2) = ū(k1,�1)�
µk/�⌫v(k2,�2)✏µ(k, x) , (2.51c)

J⌫T2(�1,�2) = ū(k1,�1)�
⌫k/�µv(k2,�2)✏µ(k, x) . (2.51d)
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The kinematical variables are specified as in Fig. 2.3. In the rest frame of photon-Silicon

system, the kinematical variables are given by

kµ = (Ē� , 0, 0, Ē�) , (2.52a)

pµ = (ĒS , 0, 0,�Ē�) , (2.52b)

Qµ = (ĒQ, | ~Q| sin ✓̄ cos �̄, | ~Q| sin ✓̄ sin �̄, | ~Q| cos ✓̄) , (2.52c)

p0µ = (Ē0
p,�| ~Q| sin ✓̄ cos �̄,�| ~Q| sin ✓̄ sin �̄,�| ~Q| cos ✓̄) , (2.52d)

✏µ = (0, 1, 0, 0) , (2.52e)

where

�̄ =
2| ~̄Q|p

s
=

✓
1� 2(m2

Si +Q2)

s
+

(m2
Si �Q2)2

s2

◆1/2

. (2.53)

The rest frame of the lepton pair Qµ = kµ1 + kµ2 , can be obtained from the c.m. frame

by the Lorentz transformation,

L(�̄Q, ✓̄, �̄) = K�1
z̄ (�̄Q)R

�1
ȳ (✓̄)R�1

z̄ (�̄) . (2.54)

The incident momentum kµ is transformed to

kµ = Ē�(�̄Q(1� �̄Q cos ✓̄), sin ✓̄, 0, �̄Q(cos ✓̄ � �̄Q)) . (2.55)

In order to make the calculation simple we make a further rotation R�1
ȳ (✓̄c) about the

ȳ-axis with

sin ✓̄c =
Ē�
E?
�

sin ✓̄ , cos ✓̄c =
Ē�
E?
�

�̄Q(cos ✓̄ � �̄Q) , (2.56)

which makes the z?-axis along the photon momentum direction. The `¯̀ rest frame (the

R? frame) then gives

Qµ = (
p
Q, 0, 0, 0) , (2.57a)

kµ = E?
�(1, 0, 0, 1) , E� = Ē� �̄Q(1� �̄Q cos ✓̄) , (2.57b)

k1 =
p

Q/2(1,�? sin ✓? cos�?,�? sin ✓? sin�?,�? cos ✓?) (2.57c)

k2 =
p

Q/2(1,��? sin ✓? cos�?,��? sin ✓? sin�?,��? cos ✓?) , (2.57d)

✏µ = (�| ~Q|/
p

Q sin ✓̄ cos �̄, cos �̄, � sin �̄, � | ~Q|/
p
Q sin ✓̄ cos �̄) . (2.57e)

However, the correlation is remained for small momentum transfer t which means sin ✓̄ ⇡
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0. With the definitions of kinematical variables above we get following results for the

leptonic currents in the R? frame,

J⌫V1
(�1��2 = 1) = C1E

?
` (1+�

?)(0, cos ✓? cos�?+ i sin�?, cos ✓? sin�?� i cos�?,� sin ✓?)

(2.58a)

J⌫V1
(�1��2 = 1) = C2E

?
` (1+�

?)(0, cos ✓? cos�?+ i sin�?, cos ✓? sin�?� i cos�?,� sin ✓?)

(2.58b)

J⌫T1
(�1��2 = 1) = 2E?

�E
?
` (1+�

?)e�i�̄
�
e�i�? sin2

✓?

2
, � 1

2
sin ✓?,

i

2
sin ✓?, e�i�? sin2

✓?

2

�

(2.58c)

J⌫T2
(�1��2 = 1) = 2E?

�E
⇤
` (1+�

⇤)ei�̄
✓
�ei�

?
cos2

✓?

2
, �1

2
sin ✓?, �i

1

2
sin ✓?, �ei�

?
cos2

✓?

2

◆

(2.58d)

where

C1 = k1 · ✏ = E?
`

✓
� | ~Q|p

Q
sin ✓̄ cos �̄(1� �?` cos ✓

?)� �?` sin ✓
? cos(�? + �̄)

◆
, (2.59a)

C2 = k2 · ✏ = E?
`

✓
� | ~Q|p

Q
sin ✓̄ cos �̄(1 + �?` cos ✓

?) + �?` sin ✓
? cos(�? + �̄)

◆
. (2.59b)

The currents with �1 � �2 = �1 could be obtained by complex conjugations,

J⌫Vi
(�1 � �2 = �1) = [J⌫Vi

(�1 � �2 = 1)]⇤ , J⌫Ti
(�1 � �2 = �1) = [J⌫Ti

(�1 � �2 = 1)]⇤ .

(2.60)

We find that the chirality flip contribution for �1 + �2 = 0 are proportional to m`, and

are very relevant when we neglect the of the ` and ¯̀opening angle and the LHC detector.

Inserting these results into Eq. (2.50) and contract with the nuclear form factor we can

obtain the total Helicity amplitudes,

M⌫(�1,�2) = �e2ū(k1,�1)

⇢
�µ(`1 +m`)�⌫

`21 �m2
`

+
�⌫(`2 +m`)�µ

`22 �m2
`

�
v(k2,�2)✏µ(~k, x̂) . (2.61)

Fig. 2.4 shows the di↵erential cross section of the BH conversion process with respect

to the invariant mass of the electron pair, meē =
p
Q2. The blue-solid line gives the

distribution for a bare 28Si without any form factor, the cross section grows with m�3
eē

at small meē as the total cross section is proportional to 1/m2
eē. The red-dashed line is

the distribution for a 28Si with the form factor of Eq. (2.47). The small meē singularity
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is taned by the atomic shielding e↵ects, making the total conversion cross section 2.62b,

consistent with the observation.

The black-dotted line is the cross section after an additional cut on the opening angle

between the ` and ¯̀momenta, ✓(`, ¯̀) � 0.001 and a momentum cut p`,¯̀> 2GeV. As we

study in the next section, ` and ¯̀momenta should have the opening angle greater than

about ✓cut = 0.001 in order for the LHC detectors to reconstruct the � ! `¯̀ splitting

correlation, the azimuthal angle �?, that measure the linear polarization of �. The black-

solid line shows the distributions with the same opening angle cut and a momentum cut

p`,¯̀ > 10GeV. The opening angle cut hugely reduces the cross section, more than a

factor of 1010 in the low invariant mass region.

Figure 2.4: The blue-dashed line is the distribution for a bare 28Si without any form
factor. The black-solid line is the distribution for a 28Si with the form factor Eq. (2.47).
The red-dotted line shows the distribution with additional cut on the opening angle
✓cut(e�, e+) = 0.001. The green-dotdashed line is the distribution cut on the opening

angle ✓cut(e�, e+) = 0.001, and cut on the lepton energy E(e�), E(e+) > 5GeV.
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Fig. 2.5 shows the distributions of the lepton azimuthal angle measured in the Lab

frame where the momentum of incident photon is in the positive x� z plane.

Figure 2.5: Distributions of the azimuthal angle of leptons which is measured in the
Lab frame.

2.4 Angular resolution

In order to measure the azimuthal angle (�?) that determine the orientation of the

� ! `¯̀ conversion plane, the spatial momenta of e and ē should be measured precisely.

Such measurements require exquisitely precise tracking. Both ATLAS and CMS have

very good granularity in the azimuthal and polar angle directions. However, we will

show it is still challenging to have a good measurement on the CP violation. We choose

the ATLAS detector as an example for illustration of the tracking resolution. We use

the data in Ref. [61] and obtain the following fits for the resolutions in azimuthal and
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polar angle directions,

��(⌘, pT ) = 0.0002 + 0.0031p�1
T � 0.0006p�2

T , (2.62a)

�✓(⌘, pT ) = 0.0008 + 0.0009p�1
T + 0.0043p�2

T , (2.62b)

where pT is measured in GeV unite. Fig. 2.6 shows the experimental data [61] and

our fits, Eq. (2.62a) and Eq. (2.62b). They are perfectly consistent. The resolution of

(a)

(b)

Figure 2.6: pT dependence of the experimental resolution in azimuthal and polar
angle directions. The red cross points are experimental data taken from Ref. [61]. The

solid-blue line is our result by fitting the data.
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pseudo-rapidity is related to �✓(⌘, pT ) by

�⌘(⌘, pT ) = cosh(⌘)�✓(⌘, pT ) . (2.63)

Fig.2.7 shows the 1� contours for di↵erent combinations of pT and ⌘.

Assuming that the observed pseudo-rapidity ⌘obs and azimuthal angle �obs follow the

Gaussian distribution, we define the �2 function for true value (⌘,�) as follows,

�2(⌘obs,�obs; ⌘,�, pT ) =
(⌘obs � ⌘)2

�2⌘(⌘, pT )
+

(�obs � �)2

�2�(⌘, pT )
. (2.64)

Given a set of two momenta

(⌘`,�`, pT `) and (⌘¯̀,�¯̀, pT ¯̀) , (2.65)

and a possible common orientation (⌘,�) of the two momenta, then the total �2 function

is

�2(⌘,�; ⌘`,�`, pT `; ⌘¯̀,�¯̀, pT ¯̀) = �2
` (⌘,�; ⌘`,�`, pT `) + �2

¯̀(⌘,�; ⌘¯̀,�¯̀, pT ¯̀) . (2.66)

If the minimum of this �2 function is high, then the two momenta are well resolved. The

probability that this interpretation is valid is dictated by the �2 function. By minimizing

�2 function we find

�2
min(⌘`,�`, pT `; ⌘¯̀,�¯̀, pT ¯̀) =

(⌘` � ⌘¯̀)2

�2⌘`(⌘`, pT `) + �2⌘¯̀(⌘¯̀, pT ¯̀)
+

(�` � �¯̀)2

�2�`(⌘`, pT `) + �2�¯̀
(⌘¯̀, pT ¯̀)

.

(2.67)

For the above form, it is clear that the two angles are consistent with being one, if

�2
min . 2. We will use a conservative cut

�2
min(⌘`,�`, pT `; ⌘¯̀,�¯̀, pT ¯̀) > 4 , (2.68)

as the necessary condition that the ` and ¯̀ momenta (~p` and ~p¯̀) can be resolved to be

non-collinear.
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Table 2.1: Number of events for the process pp ! h ! Z� ! 4` after the kinematical
cuts. The total number of events are normalized to the SM values with 1 ab�1 of

luminosity at HL-LHC(14TeV).

�(pp ! h) = 54 pb R�e =
�(h ! e+e��)

2�(h ! ��)
= 1.77%

Br(h ! ��) = 0.23% R�µ =
�(h ! µ+µ��)

2�(h ! ��)
= 0.86%

Br(h ! Z�) = 0.15% RZ
e =

�(h ! e+e�Z)

�(h ! Z�)
= 1.64%

Br(Z ! ``) = 6.73% RZ
µ =

�(h ! µ+µ�Z)

�(h ! Z�)
= 0.77%

2.5 Numerical results

In this section we give our numerical results, and show how the finite angular resolution

of the LHC detectors a↵ects our CP violation measurements in the h ! 4` processes.

The signal events are generated at tree level by using MadGraph5 [62] with model HC⇤

[63]. Only the gluon fusion production mechanism is included. Events are generated at
p
s = 14TeV with the cteq6l1 PDF set [64]. The parton level events are then showered

by using Pythia 6 [65]. Below we use following values for overall normalization

2.5.1 h ! �?�? ! (`+`�)(`+`�) via internal splitting

Fig. 2.8 shows the pT distributions of the intermediate photons and electrons in the final

states. The distributions are normalized to 1, i.e. half of the number of � in h ! ��

and half of the number of ` in h ! (`¯̀)2. The transverse momentum of virtual photons

have a peak around 60GeV as expected. However, the electrons from virtual photons

have soft transverse momentum, and about 25% of them have pT < 10GeV. This means

about 30% of the events survive after the transverse momentum cut pT > 10GeV for all

the 4 leptons.

Fig. 2.9 shows the probability of the `¯̀ pair that satisfy the angular resolution condition

�2
min > �̄2

min. The angular resolution cut has negligible e↵ects on muons, but it strongly

⇤We have revised the HS model file so that complex couplings are allowed.
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Table 2.2: Number of events for the process pp ! h ! �� ! 4` after the kinematical
cuts. The total number of events are normalized to the SM values with 1 ab�1 of

luminosity at HL-LHC(14TeV).

N(�?eē�
?
eē) N(�?µµ̄�

?
µµ̄) N(�?eē�

?
µµ̄)

Total # 35 10 38

for
pT (`), pT (¯̀) > 10GeV,

|⌘(`)|, |⌘(¯̀)| < 2.5
7 2 8

and �2
min > 4 3 2 5

for
pT (`), pT (¯̀) > 5GeV,

|⌘(`)|, |⌘(¯̀)| < 2.5
14 4 15

and �2
min > 4 6 4 10

a↵ects the �? ! e�e+ splitting. For our default cut of �̄2
min = 4, almost all the �? !

µ�µ+ events survive, but about 70% of the �? ! e�e+ events survive.

Table 2.2 shows the number of events after the kinematical cuts for three di↵erence

final states. We can see that the angular resolution cut doesn’t a↵ect the muons as

we have shown above. For a transverse momentum cut pT (`), pT (¯̀) > 5GeV there

are 20 events in total with an integrated luminosity 1ab�1. Only 10 event survives

if we use a transverse momentum cut pT (`), pT (¯̀) > 10GeV. For experiments with

significantly lower statistics, we should make use of all the kinematical informations of

the h ! �?�? ! 4` candidate events. The relevant distributions is

dN

dz1dz2d�
= N4`

9

8⇡

✓
[z21 + (1� z1)

2][z22 + (1� z2)
2] + z1(1� z1)z2(1� z2) cos(2�� 2⇠)

◆
,

(2.69)

where zk = E`k/E�k, (k = 1, 2) are the energy fraction of the leptons in the �?k rest

frames with small (k = 1) and larger (k = 2) invariant mass (s1 < s2). Although not

all the regions of zk (0 < zk < 1) survive the pT (`), pT (¯̀) > 10GeV (or 5GeV) events,

we can normalize the statistics by giving N4` as the total number of events. As an

illustration, we show the azimuthal angle correlation in Fig. 2.10 for the h ! �� ! 4`

events that satisfy �2
min > 4, pT (`), pT (¯̀) > 5GeV, |⌘(`)|, |⌘(¯̀)| < 2.5 at

p
s = 14TeV

with 100ab�1. As a references, the prediction of the CP-conserving case (the SM Higgs
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Table 2.3: Number of events for the process pp ! h ! Z� ! 4` after the kinematical
cuts. The total number of events are normalized to the SM values with 1 ab�1 of

luminosity at HL-LHC(14TeV).

N(Z�? ! Ze+e�) N(Z�? ! Zµ+µ�)

Total # 1360 639

Z ! `¯̀, (` = e, µ) 92 43

pT (`), pT (¯̀) > 5GeV,

|⌘(`)|, |⌘(¯̀)| < 2.5
31 16

�2
min > 4 21 16

boson) is give by the black-solid line. The blue-dashed line and red-dotted line are the

distributions for ⇠ = ⇡/4 and ⇠ = �⇡/4, respectively. CP violation is clearly seen. A

simple �2 fit gives ⇠ = 0.81± 0.02 and ⇠ = �0.82± 0.03.

2.5.2 h ! Z�? ! (`+`�)(`+`�)

Fig.2.11 shows the pT distributions of the intermediate Z, �? as well as µ for Z ! µ�µ+

and e� for �? ! e�e+. All the distributions are normalized to unity. For the process

pp ! h ! Z�, the virtual photon has a peak at around 30GeV. The leptons from Z

decay have hard transverse momentum, and more than 90% have pT > 10GeV. However,

the leptons from virtual photons are very soft, and nearly 50% of them have pT < 10GeV.

Because lower pT leptons from �? splitting always accompany high pT leptons, we accept

events with pT (`), pT (¯̀) > 5GeV in the Z�? channel.

Fig. 2.12 shows the probability of the `¯̀pair that satisfy the angular resolution condition

�2
min > �̄2

min. The angular resolution cut has negligible e↵ects on muons, but it strongly

a↵ects the �? ! e�e+ splitting. Almost all the Z ! µ�µ+ events can be resolved, while

about 70% of the �? ! e�e+ events can be resolved at �̄2
min = 4.

Table 2.3 shows the number of events after the kinematical cuts for three di↵erence final

states. We can see that the angular resolution cut doesn’t a↵ect the muons as we have

shown above. For a transverse momentum cut pT (`), pT (¯̀) > 5GeV there are 37 events

in total with an integrated luminosity 1ab�1.



Chapter 2. Probing CP violation in h ! (`¯̀)(`0 ¯̀0) at the LHC 27

Fig. 2.13 shows the azimuthal angle correction for the h ! Z� ! 4` events that satisfy

�2
min > 4, pT (`), pT (¯̀) > 5GeV, |⌘(`)|, |⌘(¯̀)| < 2.5 at

p
s = 14TeV with 100ab�1. As

a references, the prediction of the CP-conserving case (the SM Higgs boson) is give

by the black-solid line. The blue-dashed line and red-dotted line are the distributions

for ⇠ = ⇡/4 and ⇠ = �⇡/4, respectively. A simple �2 fit gives ⇠ = 0.62 ± 0.16 and

⇠ = �0.78± 0.002.

2.5.3 h ! �� and h ! Z� via � ! e+e� conversion

Shown in Fig. 2.14 and Fig. 2.15 are the contour plots of the normalized production

cross section (in unite of 10�3) in the pT (�)� ⌘(�) plane for the process pp ! h ! ��

and pp ! h ! Z� at
p
s = 14TeV, respectively. The bin size is 10GeV for pT (�) and 0.2

for ⌘(�). The BH conversion cross section is nearly constant over the interesting energy

region of incident photons: �BH = (2.64, 2.63, 2.62)b at E� = (20, 30, 60)GeV. However

the probability of the converted e+e� can be resolved by the LHC detectors is not high.

Because the detector is symmetric in the azimuthal angle direction in the laboratory

frame, therefore the probability of resolved e+e� pair can be obtained by choosing the

incident photon is in the x� z plane in the laboratory frame. On the other hand pT (�)

and ⌘(�) can a↵ect the probability through the �2
min. Fig. 2.16 shows the probability of

the conversion events when e+e� pair can be resolved by the condition �2
min > �̄2

min, as

a function of �̄2
min for ⌘� = 0 and E� = 30, 60GeV in Fig. 2.16. The typical conversion

probability is only about 0.001. For �̄2
min ⇠ O(1), the probability distribution has a

very weak dependence on ⌘(�), while a strong ⌘(�) dependence appears in the low �̄2
min

region because of the high sensitivity to angular resolution of the detector. Furthermore

the high pT (�) events have lower probabilities because the e+e� pair become more

collinear. Compared to the internal splitting process, that the e�ciency is about 70%

for �⇤ ! e�e+, and about 95% for �⇤ ! µ�µ+, the photon conversion process can

become compatible if the the current angular resolution can be improved by a factor of

4.

Fig. 2.17 shows the contour lines of the probability of the e�e+ pair that satisfy the

angular resolution condition �2
min > 4 in the pT (�)� ⌘(�) plane with pT (e�), pT (e+) >

5GeV. The probability decreases a little for increasing |⌘(�)| and pT (�), and is at an

order of ⇠ 10�4 in almost all the interesting phase space.
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In Ref. [36], the CP sensitivity is analyzed with the assumption that Higgs is at rest

in the lab frame. Here we include the non-trivial pT and ⌘ distribution of the Higgs by

convoluting the production rate and BH conversion probability in the pT and ⌘ plane

(because of the symmetry of detector, the azimuthal angle direction is trivial and have

been integrated). The probability of the e�e+ pair that satisfy the angular resolution

condition �2
min > 4 for the process pp ! �� is obtained by convoluting the probability of

BH conversion process in the pT (�)� ⌘(�) plane (see Fig. 2.17) and the probability (for

single photon) of the photon production in the process pp ! h ! �� (see Fig. 2.14).

The contour plot is shown in Fig. 2.18. The probability roughly follows the distribution

of the pp ! h ! �� process. By summing over the phase space we find following total

e�ciencies

c�̂�̂ ⇡ 1.78⇥ 10�4 . (2.70)

The production cross section of pp ! h ! �� at
p
s = 14TeV is about 123 fb. For an

integrated luminosity 3 ab�1, only about 5⇥ 10�4 events can be observed, assuming the

photon conversion rate is 60%[53].

The probability of the e�e+ pair that satisfy the angular resolution condition �2
min > 4

for the process pp ! Z(`¯̀)� can be obtained in the same way by convoluting the

probability of BH conversion process in the pT (�) � ⌘(�) plane (see Fig. 2.17) and the

probability of the photon production in the process pp ! h ! Z(`¯̀)� (see Fig. 2.15).

The contour plot is shown in Fig. 2.19. The probability roughly follows the distribution

of the pp ! h ! Z(`¯̀)� process. By summing over the phase space we find following

total e�ciencies

cZ�̂ ⇡ 1.66⇥ 10�4 . (2.71)

The production cross section of pp ! h ! Z(`¯̀)� at
p
s = 14TeV is about 5.7 fb. For

an integrated luminosity 3 ab�1, about 1 event can be observed, assuming the photon

conversion rate is 60%[53].

2.5.4 Interference betwwen h ! ZZ? and h ! Z�

Recently it is pointed out in Ref.[24] that the interferences between tree level h !
ZZ⇤ and loop level h ! Z(�)� could enhance the experimental sensitivity. In this

section we study the possible enhancement because of the interference. We will neglect
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the interference between h ! ZZ⇤ and h ! �� since the phase spaces of these two

channels are populated completely di↵erent. The helicity amplitudes of the transverse

contribution for the h ! ZZ⇤ process has the same structure with the one for h !
Z�⇤ except some di↵erent coupling constants. The squared helicity amplitudes of the

longitudinal contributions (including the interferences) are

|M(�1,�2)|2 / !2 + ghV1V2!(1 + �1�2 cos ✓
⇤
1 cos ✓

⇤
2) cos (�� ⇠hV1V2) , (2.72)

where

! =
8⇡m2

ZvHZZ

↵m2
h

s2

4s1s2

✓
1� (s2 � s1)2

s2

◆
sin ✓⇤1 sin ✓

⇤
2 . (2.73)

We can see that there is an azimuthal angle correlation.

Fig. 2.20 shows the contributions of transverse and longitudinal contributions from

h ! ZZ⇤ and h ! Z� as well as their interferences with respect to the invariant mass

m2. For the longitudinal interference, since it is zero after the integral, therefore we

integrate the azimuthal angle only in the range (0,⇡/2). We can see that only in a

small window m2 2 (1GeV, 5GeV), the contributions is enhanced since interference, and

the dominate contribution comes from the interference between longitudinal polarized

h ! ZZ⇤ and h ! Z�. About 0.5% events of h ! ZZ⇤ are in this window. So, the

interference could not enhance the sensitivity.
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Figure 2.7: 1� contour plots of the resolution for � = 0 and several ⌘ = 0.0, 0.5, 1.0,
1.5, 2.0, 2.5. In every plots, dotted-black line is for pT = 10GeV, solid-blue line is for

pT = 20GeV and dashed-red line is for pT = 30GeV.
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Figure 2.8: Transverse momentum distributions for process pp ! h !
�(e�e+)�(e�e+). The distributions have been normalized to 1, i.e. half of the number
of � in h ! �� and half of the number of ` in h ! (`¯̀)2. The blue-dotted line shows
the pT distribution of virtual photon and the black-solid line shows the pT distribution

of electron from virtual photon.

Figure 2.9: The probability of the � ! `¯̀ splitting events that satisfy the angular
resolution condition �2

min > �̄2
min for the process pp ! h ! ��. The blue-solid and the

black-solid lines show the probabilities of the cut-o↵ value �̄2
min, respectively, for the

�? ! µ�µ+ and �? ! e�e+ splitting events.
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(a)

(b)

Figure 2.10: Azimuthal angle correlations for the process pp ! h ! �� ! 4` with
(a) ⇠ = ⇡/4 and (b) ⇠ = �⇡/4. As a reference the prediction for the SM Higgs boson
is shown by the black dots (and line). The data points correspond to an integrated

luminosity 100 ab�1.
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Figure 2.11: Transverse momentum distributions for process pp ! h ! Z�.
The solid-green line shows the pTdistribution of Z, the dashed-red line shows the
pTdistribution of µ from Z decay, the dotted-blue line shows the pTdistribution of

� and the solid-black line shows the pTdistribution of e from virtual photon.

Figure 2.12: The probability of the � ! `¯̀ splitting events that satisfy the angular
resolution condition �2

min > �̄2
min for the process pp ! h ! Z�. The blue-solid and the

black-solid lines show the probabilities of the cut-o↵ value �̄2
min, respectively, for the

�? ! µ�µ+ and �? ! e�e+ splitting events.
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(a)

(b)

Figure 2.13: Azimuthal angle correlations for the process pp ! h ! Z� ! 4` with
(a) ⇠ = ⇡/4 (blue points and blue-dashed line) and (b) ⇠ = �⇡/4 (red points and
red-dashed line). As a reference the prediction for the SM Higgs boson is shown by the
black-solid line. The data points correspond to an integrated luminosity 100 ab�1.
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Figure 2.14: Contour plot of the normalized production cross section (in unite of
10�3) in the pT (�) � ⌘(�) plane for the process pp ! h ! ��. The bin size is 5GeV

for pT (�) and 0.2 for ⌘(�).

Figure 2.15: Contour plot of the normalized production cross section (in unite of
10�3) in the pT (�) � ⌘(�) plane for the process pp ! h ! Z�. The bin size is 5GeV

for pT (�) and 0.2 for ⌘(�).
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Figure 2.16: The probability of the �̂ ! e�e+ that satisfy the angular resolution
condition �2

min > �̄2
min for the BH conversion process �Si ! `¯̀Si. The pseudo-rapidity

of incident photon has been chosen as ⌘(�) = 0. The black-solid and the red-dashed
lines show the probabilities for pT (�) = E� = 30GeV and pT (�) = E� = 60GeV,

respectively.

Figure 2.17: Contour plot of the probability of e+e� pair satisfying the angular
resolution condition �2

min > 4, as well as pT (e�), pT (e+) > 5GeV for the BH conversion
process. For convenience, the values have been enlarged by 104 times.
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Figure 2.18: Contour plot of the probability of e+e� pair satisfying the angular
resolution condition �2

min > 4, as well as pT (e�), pT (e+) > 5GeV for the process pp !
h ! ��. For convenience, the values have been enlarged by 104 times.

Figure 2.19: Contour plot of the probability of e+e� pair satisfying the angular
resolution condition �2

min > 4, as well as pT (e�), pT (e+) > 5GeV for the process pp !
h ! Z�. For convenience, the values have been enlarged by 104 times.



Chapter 2. Probing CP violation in h ! (`¯̀)(`0 ¯̀0) at the LHC 38

Figure 2.20: The black-solid, blue-solid, red-solid lines show the decay width dis-
tributions with respect to the invariant mass m2 for h ! Z�, and the longitudinal
and transverse contributions of h ! ZZ⇤. The dashed-blue line shows the interference
between h ! Z� and the transverse part of h ! ZZ⇤. The dashed-red line shows the
interference between h ! Z� and the longitudinal part of h ! ZZ⇤. For the longitudi-
nal interference, since it is zero after the integral, therefore we integrate the azimuthal

angle only in the range (0,⇡/2).



Chapter 3

Probing CP violation in h ! ⌧�⌧+

at the LHC

The spin correlation in the h ! ⌧+⌧� decay is an ideal observable of measuring the

CP composition of the Higgs particle [70–78]. However the presence of at least two

neutrinos in the final state makes the measurement challenging. In Ref. [72], it was

pointed out that the plane spent by ⇡± and ⇡0 from the ⌧ ! ⇢⌫ decay can be used to

measure the CP violation. However, because the large error in the reconstruction of ⇡0

momentum, the experimental sensitivity is low. This method was improved by using

the impact parameters in [73]. However, because of the lack of the neutrino momentum,

there is still a type of twofold ambiguity in reconstructing the ⌧ momentum. Therefore

the improvement factor is only about 1.5. In Ref.[74], a similar observable was proposed

and they found the experimental sensitivity is ⇠ 11�(or 0.19 in radian) for LHC14 with

an integrated luminosity 3 ab�1.

In Ref. [75], the 3-prong decay mode of tau was proposed to measure the CP violation.

The advantage is the tau momentum direction can be reconstructed directly. However,

sensitivity is very low, because first the branching ratio of 3-prong decay mode is rel-

atively low, second the longitudinal polarized state of a meson has to be selected out

for measuring the nontrivial spin correlation. In Ref. [76–78], a new observable defined

by using impact parameter and the momentum of charged decay products of tau was

proposed to measure the CP violation. However, since the impact parameter carries

only part of the spin correlation information, therefore the asymmetry gets diluted, and

39
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hence the signal strength is reduced. By combine all the channels, it was found that

the experimental sensitivity is �⇠h⌧⌧ 0.05 at ILC with
p
s = 500GeV with an integrated

luminosity 1 ab�1[78].

We propose a novel method to reconstruct event by event the full kinematics of the h !
⌧+(⇡+⌫̄⌧ )⌧�(⇡�⌫⌧ ) decay process, that makes use of the impact parameter vectors of the

⌧+ and ⌧� decay pions and the probability distribution functions of the missing pT vector

and the angular separation �R between the charged ⇡’s. and the neutrinos. We find an

excellent agreement between the reconstructed and true kinematics in both the ⌧+⌧�(h)

rest frame and also in the ⇡+⇡� rest frames, by using the typical experimental resolutions

of the LHC detectors. By including the major Z ! ⌧+⌧� background, the experimental

sensitivity to the mixing angle can reach �⇠h⌧⌧0.10 with an integrated luminosity 3ab�1,

which is better than the result in Ref. [74] by a factor of two. Furthermore, in Ref.

[74], they didn’t study the detector e↵ects on neutral pion ⇡0 momentum measurement,

which has very large uncertainty and hence can reduce significantly their estimation of

experimental sensitivity.

3.1 Parameterization of the h⌧⌧ interactions

In the analysis below we assume for simplicity the measured scalar particle is a mixture

of CP-even and CP-odd scalars, denoted by H and A respectively.

h = cos ⇠H + sin ⇠A =
1p

1 + |✏|2 (H + ✏A) . (3.1)

We also assume the Yukawa interactions of H and A with tau-lepton pair are separately

CP conserving separately,

L = �gH⌧⌧H ⌧̄ ⌧ � igA⌧⌧A⌧̄ �
5⌧ , (3.2)

such that the only source of CP violation is because of mixing (3.1). The interactions

between the mass eigenstate h(125) and the tau-lepton pair is then described by

L = �gh⌧⌧h
�
⌧̄ ⌧ + i✏h⌧⌧ ⌧̄ �

5⌧
�
, (3.3)
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where

gh⌧⌧ = gH⌧⌧ cos ⇠ (3.4)

✏h⌧⌧ = tan ⇠h⌧⌧ =
gA⌧⌧
gH⌧⌧

tan ⇠ . (3.5)

It is worth noting that the e↵ective strengths of the CP-violating hff couplings can be

di↵erent for each fermion, so that the partial decay width could be significantly di↵erent

from the SM value. However, here and after, we will use the SM branching ratio of

h ! ⌧�⌧+, R⌧ = 6.1% [94] to estimate the experimental sensitivity.

3.2 Helicity Amplitude in the Higgs rest frame

In this section we give the helicity amplitudes of Higgs decay in the Higgs rest frame.

The momenta and the helicities are defined as follows

h(q) ! ⌧�(q1,�1) + ⌧+(q2,�2) (3.6)

! ⇡�(k1) + ⌫⌧ (k3,�) + ⇡+(k2) + ⌫̄⌧ (k4,+) (3.7)

The helicities take the values �i/2 for leptons and with �i = ±1. The total decay

helicity amplitudes can be expressed in terms of the ⌧ -pair production amplitude and

the ⌧ decay amplitudes, which can give us better understanding of the distributions.

Using the completeness relations

/q1 +m =
X

�1

u(q1,�1)ū(q1,�1), (3.8a)

/q2 �m =
X

�2

v(q2,�2)v̄(q2,�2), (3.8b)

the full amplitude can be expressed as the product of the tau-pair production amplitude

(MP ) and two ⌧ ! ⇡⌫ decay amplitudes (M1,2):

M = D(q21)D(q22)
X

�1,2

MP (q1,�1; q2,�2)M1(q1,�1; k1; k3)M2(q2,�2; k2; k4) (3.9)
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with the ⌧ propagator factor D(q2) = (q2�m2+ im�)�1. It is straightforward to obtain

the squared matrix elements of the full production plus decay amplitudes,

X
|M|2 = ��D(q21)D(q22)

��2
X

�1,�2

X

�̄1,�̄2

P�1�2
�̄1�̄2

D1
�1
�̄1
D2

�2
�̄2

(3.10)

in terms of the production density matrix P�1�2
�̄1�̄2

and the decay density matrices D1,2
�1,2
�̄1,2

;

P�1�2
�̄1�̄2

=
X

�

M�1�2
�

�M�̄1�̄2
�

�⇤
, (3.11)

D1
�1
�̄1

= M�1

�M�̄1

�⇤
, (3.12)

D2
�2
�̄2

= M�2

�M�̄2

�⇤
. (3.13)

In the narrow width limit the propagator factor becomes

|D(q2)|2 ! ⇡

m�
�(q2 �m2). (3.14)

In the Higgs rest frame, we choose the ⌧� momentum direction as the z-axis,

qµ1 =

p
s

2

�
1 +

q21 � q22
s

, 0, 0,�
�
, (3.15)

qµ2 =

p
s

2

�
1 +

q22 � q21
s

, 0, 0,���, (3.16)

where s = m2
h, � = �̄

� q21
ŝ ,

q22
ŝ

�
with �̄(a, b) defined as follows

�̄(a, b) ⌘ (1 + a2 + b2 � 2a� 2b� 2ab)1/2. (3.17)

The momenta of the ⌧� decay products are parametrized in the ⌧� rest frame,

k1 =

p
q21
2

(1 +
m2
⇡

q21
,�1 sin ✓1 cos�1,�1 sin ✓1 sin�1,�1 cos ✓1), (3.18)

k3 =

p
q21
2

(1� m2
⇡

q21
,��1 sin ✓1 cos�1,��1 sin ✓1 sin�1,��1 cos ✓1), (3.19)
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with �1 = 1 �m2
⇡/q

2
1. Similarly, the momenta of the ⌧+ decay products are defined as

follows

k2 =

p
q22
2

(1 +
m2
⇡

q22
,�2 sin ✓2 cos�2,�2 sin ✓2 sin�2,�2 cos ✓2), (3.20)

k4 =

p
q22
2

(1� m2
⇡

q22
,��2 sin ✓2 cos�2,��2 sin ✓2 sin�2,��2 cos ✓2), (3.21)

with �2 = 1 � m2
⇡/q

2
2. The z-axis and the y-axis normal to the scattering plane are

chosen common to all the three frames, and the two decay frames di↵er only by the boost

along the ⌧� moving direction. The ⌧ decay width is very narrow, � ⇠ O(10�12GeV),

and hence we take the narrow width limit, q21 = q22 = m2, in the following analytic

amplitudes.

The amplitude for the Higgs decay to tau-lepton pair is

MP =
�

2
g̃h⌧⌧

p
s�ei�⇠̃h⌧⌧ , (3.22)

where � = �1 = �2,

⇠̃h⌧⌧ =
⇠h⌧⌧
�

. (3.23)

Because � ⇡ 1, here and after we will always neglect this kinematical factor. The

production density matrix elements are

P++
++ =

1

4
g̃2h⌧⌧s�

2 , (3.24)

P��
�� =

1

4
g̃2h⌧⌧s�

2 , (3.25)

P++
�� = �1

4
g̃2h⌧⌧s�

2e2i⇠h⌧⌧ , (3.26)

The ⌧ -⌫⌧ -⇡ vertex can be parameterized by the e↵ective interaction Lagrangian:

L⇡ =
p
2GF f1 ⌧̄ �

µPL⌫⌧ @µ⇡
� + ⌫̄⌧�

µPL⌧ @µ⇡
+ (3.27)

with the chiral projection operator PL = (1� �5)/2, and the constant form factor

f1 = f⇡ cos ✓C , (3.28)
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where the pion decay constant f1 = 0.13041GeV and cos ✓C = 0.97418. The ⌧ ! ⇡⌫

decay amplitudes in the ⌧ rest frame are

M1,2 = �GF f⇡m
2
p
�1,2 M̂�1,2 , (3.29)

where

M̂�1 =
p
1 + �1 cos ✓1 e

i�1�1/2, (3.30a)

M̂�2 =
p
1 + �2 cos ✓2 e

�i�2�2/2 . (3.30b)

Then the decay density matrix is

D++
++ = (GF f⇡m

2)4�1�2(1 + cos ✓1)(1 + cos ✓2) , (3.31)

D��
�� = (GF f⇡m

2)4�1�2(1� cos ✓1)(1� cos ✓2) , (3.32)

D++
�� = (GF f⇡m

2)4�1�2 sin ✓1 sin ✓2e
i(�1��2) . (3.33)

We can see that there are spin correlations. Define the energy fractions of pions in the

Higgs rest frame as z1 = E⇡�/E⌧� and z2 = E⇡+/E⌧+ which can be written as

z1 = (1 + cos ✓1)/2 and z2 = (1� cos ✓2)/2, (3.34)

in the massless limit, the spin correlation can be written as

|M|2 / 4z1(1�z2)+4(1�z1)z2+8
p
z1(1� z1)

p
z2(1� z2) cos(�1��2+2⇠h⌧⌧ ) (3.35)

3.3 Helicity amplitudes in the ⇡+⇡� rest frame

In this section we give the helicity amplitudes of Higgs decaying to tau pair with subse-

quent decays of tau in pion mode. Again the total helicity amplitude can be written as

the product of production and decay helicity amplitudes,

cM = D(q21)D(q22)
X

�1,�1

cMP (q1,�1; q2,�2) cMD1(q1,�1) cMD2(q2,�2) . (3.36)
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We have used “b” to distinguish the helicity amplitudes defined here from those given in

last section. Because the production and decay helicity amplitudes are Lorentz invariant

separately, so we can calculate them in di↵erent reference frame, as long as the helicities

are preserved. Let us first define the momenta of every particles in the ⇡+⇡� rest frame

as follows

kµ1 = E⇡(1, 0, 0,�⇡) (3.37a)

kµ2 = E⇡(1, 0, 0,��⇡) (3.37b)

qµ1 = E1(1,�1 sin ✓1 cos�1,�1 sin ✓1 sin�1,�1 cos ✓1) (3.37c)

qµ2 = E2(1,�2 sin ✓2 cos�2,�2 sin ✓2 sin�2,�2 cos ✓2) (3.37d)

kµ3 = E1(1� x1,�1 sin ✓1 cos�1,�1 sin ✓1 sin�1,�1 cos ✓1 � x1�⇡) (3.37e)

kµ4 = E2(1� x2,�2 sin ✓2 cos�2,�2 sin ✓2 sin�2,�2 cos ✓2 � x2�⇡) (3.37f)

where xi = E⇡/Ei are the energy fractions of ⇡� and ⇡+ with respect to ⌧� and ⌧+ in

the ⇡+⇡� rest frame. In the calculations of the helicity amplitudes we neglect the mass

of pion and tau, which is a good approximation because in the event selection we will

require the pions have large transverse momenta so that the mass e↵ects are negligible.

Since the usefulness of spin conservation along the z-axis in the Higgs rest frame, the

production helicity amplitude cMP (q1,�1; q2,�2) is again calculated in the Higgs rest

frame that has been given in last section, therefore

cMP (q1,�1; q2,�2) = MP (q1,�1; q2,�2) , (3.38)

where the helicities �i are quantized along the z-axis in the Higgs rest frame. The ⇡+⇡�

rest frame is related to the Higgs rest frame by the Lorentz transformation ⇤�1(~ph)

where ~ph is the Higgs momentum in the ⇡+⇡� rest frame. Therefore the helicities �i

of the spins of ⌧⌥ in the Higgs rest frame equal to the helicities �0i of the spins of ⌧⌥

quantized along the z-axis in the ⇡+⇡� rest frame. Therefore once we know the decay

helicity amplitudes quantized along the z-axis in the ⇡+⇡� rest frame, then we can

obtain the full helicity amplitudes.

The decay helicity amplitudes quantized along the z-axis in the ⇡+⇡� rest frame are

related to the decay helicity amplitudes quantized along the moving directions of ⌧+ and

⌧� by nontrivial Wigner rotation. Let us first give the helicity amplitudes for the latter
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case. In the mass less approximation, the only nonzero helicity amplitudes are those

with �1 = �1 for ⌧� and �2 = +1 for ⌧+ (note that the helicities �i are quantized along

the moving directions of ⌧+ and ⌧� in the ⇡+⇡� rest frame), and the corresponding

helicity amplitudes are

cM1,� = 4
p
2GF f1E1

p
E⇡

p
1� x1 sin

✓1
2
sin

✓⌫
2
, (3.39)

cM2,+ = 4
p
2GF f1E2

p
E⇡

p
1� x2 cos

✓1
2
cos

✓⌫̄
2
. (3.40)

The helicity amplitudes quantized along the z-axis in the ⇡+⇡� rest frame then can be

obtained by using following Wigner rotations

cM0
1,�01

=
⇥
D

1/2
�,�01

(✓1,�1)
⇤�1 cM1,� =

⇥
D

1/2
�01,�

(✓1,�1)
⇤⇤ cM1,� , (3.41)

cM0
2,�02

=
⇥
D

1/2
+,�02

(✓2,�2)
⇤�1 cM2,+ =

⇥
D

1/2
�02,+

(✓2,�2)
⇤⇤ cM2,+ . (3.42)

The explicit expressions are

cM0
1,+ = �N1 sin

✓1
2
sin

✓1
2
sin

✓⌫
2
ei�1 , (3.43a)

cM0
1,� = N1 cos

✓1
2
sin

✓1
2
sin

✓⌫
2
, (3.43b)

cM0
2,+ = N2 cos

✓2
2
cos

✓2
2
cos

✓⌫̄
2
, (3.43c)

cM0
2,� = N2 sin

✓2
2
cos

✓2
2
cos

✓⌫̄
2
e�i�2 . (3.43d)

By definition, the helicity of ⌧� in the Higgs rest frame �1 equals to its helicity quantized

along the z-axis in the same frame, while there is a minus sign for ⌧+. Therefore we

have �01 = �1 and �02 = �2. Furthermore we have �1 = �2, i.e. �01 = ��02 for the spin

conservation along the quantization axis. Therefore the total decay helicity amplitudes

in terms of helicities �i are

cMD(+,+) = �1

4
N1N2 sin ✓2(1� cos ✓1) cos

✓⌫̄
2
sin

✓⌫
2
ei(�1��2) , (3.44a)

cMD(�,�) =
1

4
N1N2 sin ✓1(1 + cos ✓2) cos

✓⌫̄
2
sin

✓⌫
2
. (3.44b)
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Then the decay density matrix can be written as

bD++
++ =

1

16
N2

1N
2
2 sin

2 ✓2(1� cos ✓1)
2 cos2

✓⌫̄
2
sin2

✓⌫
2
, (3.45)

bD��
�� =

1

16
N2

1N
2
2 sin

2 ✓1(1 + cos ✓2)
2 cos2

✓⌫̄
2
sin2

✓⌫
2
, (3.46)

bD++
�� = � 1

16
N2

1N
2
2 sin ✓1 sin ✓2(1� cos ✓1)(1 + cos ✓2) cos

2 ✓⌫̄
2
sin2

✓⌫
2
ei(�1��2) ,(3.47)

Including the production density matrix we can see that there is a azimuthal angle

correlation. The squared matrix element is

|cM|2 / (1 + cos ✓⌫̄)(1� cos ✓⌫)

✓
sin2 ✓1(1 + cos ✓2)

2 + sin2 ✓2(1� cos ✓1)
2

� 2 sin ✓1 sin ✓2(1� cos ✓1)(1 + cos ✓2) cos (�1 � �2 � 2⇠h⌧⌧ )

◆
. (3.48)

The factor (1+cos ✓⌫̄)(1� cos ✓⌫) indicate the correlation vanishes in the collinear limit,

✓⌫ = 0, ✓⌫̄ = ⇡ (also the decay rate is zero since massless tau can never decay). Compar-

ing to the correlation in the Higgs rest frame, the angular dependence of the correlation

is more complicated. However, in the most sensitive signal region where ✓1 = ✓2 = ⇡/2,

we have

|cM|2 / 2� 2 cos (�1 � �2 � 2⇠h⌧⌧ ) , (3.49)

which is identical to the case in the Higgs rest frame.

3.4 Reconstruction algorithm

Because of CP conserving dynamics, the quantum numbers of the ⌧+⌧� system are

constrained by the CP parity of Higgs. That is represented by the spin correlation of

⌧+ and ⌧� which can be measured by studying the azimuthal angular correlation of

their decay products. For a mixing Higgs (3.1), one of the observable with maximum

sensitivity to the spin correlation is the azimuthal angle correlation in the Higgs rest

frame, which has a distribution as follows

1

�

d�

d�
=

1

2⇡

✓
1� ⇡2

16e2⌧
cos(�+ 2⇠h⌧⌧ )

◆
, (3.50)
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where � is the azimuthal angle of ⇡� measured by choosing the ⌧� momentum along the

z-axis and the momentum of ⇡+ having positive x-component, and e2⌧ = (�2⌧ cos
2 ⇠h⌧⌧ +

sin2 ⇠h⌧⌧ ) stands for kinematical suppression factor. In the Higgs rest frame, the ⌧

mass can be neglected safely. Therefore e2⌧ = 1 + cos2 ⇠h⌧⌧ (�2⌧ � 1) ⇡ 1 is an excellent

approximation. On the other hand, the azimuthal angle of ⌧� in the ⇡+⇡� rest frame,

where the z-axis is defined by the momentum of ⇡� and the momentum of ⌧+ has a

positive x-component, also has the maximum sensitivity to the spin correlation with the

same distribution as (3.50). The advantage of the latter frame is that the z-axis can be

directly constructed by the measurable momenta of ⇡+⇡�. However the x-axis is still

not defined uniquely. Therefore in practice the azimuthal angle correlation mentioned

above can never be measured, even through they have maximum sensitivity to the CP

violation.

Fortunately, ⌧ ’s from Higgs decay have relatively large decay lengths |~l⌧± | because of the
big Lorentz boost. Therefore the impact parameter vectors ~b⇡± of ⇡±, which provide

additional important kinematical informations, can be measured with a significant e�-

ciency. It has been pointed out that the impact parameter vectors along with momenta

of ⇡± can be used to construct new CP observables [75–78]. In this letter we propose

to use the impactor parameter vectors to reconstruct all the kinematical informations

such that CP violation can be observed with maximum sensitivity by measuring the

azimuthal angle correlation (3.50).

For single tau decay, say ⌧�, once the impact parameter vector ~b⌧� is measured, the

system is underdetermined with only one free parameter. In principle we can chose any

quantity in the system. Here we propose to use the magnitude of ⌧� momentum |~p⌧� |.
The advantage of this choice is that the relative orientation of ⌧� and ⇡�, which has to

be preserved to a su�cient accuracy for measuring the azimuthal angle correlation, can

be unambiguously determined directly for a given |~p⌧� | by using the on-shell condition

of neutrino,

cos ✓⌧�⇡� =
2E⌧�E⇡� �m2

⌧ �m2
⇡�

2|~p⌧� ||~p⇡� | . (3.51)

As a result the direction of the ⌧� momentum can be solved directly

~p⌧�

|~p⌧� |
=

~b⇡� +
|~b⇡� |

tan ✓⌧�⇡�

~p⇡�
|~p⇡� |����~b⇡� +

|~b⇡� |
tan ✓⌧�⇡�

~p⇡�
|~p⇡� |

����
, (3.52)
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where we have used the condition ~b⇡� · ~p⇡� = 0 to simplify the result, and the sign of

the second term is fixed by the boundary condition

(~p⌧� · ~p⇡�)
��
✓⌧�⇡�=0

> 0 . (3.53)

The same algorithm can be used equivalently for ⌧+. Therefor there are free parameters

|~p⌧� | and |~p⌧+ | for the Higgs decay process. However, because the decay width of Higgs

is very small so that the Breit-Wigner distribution,

⇢BW (|~p⌧± |) =
NBWm2

h�
2
h

(m2
⌧⌧ �m2

h)
2 +m2

h�
2
h

(3.54)

(where NBW is a normalization constant) is essentially a Dirac-� function. Because of

the very small width of Higgs, this distribution is really a � function. Therefore only

one parameter is left e↵ectively. On the other hand, using of ⇢BW can introduce bias

when we include the background events. Fortunately, almost all the backgrounds have

flat azimuthal angle distribution. Therefore the bias cannot a↵ect the experimental

sensitivity to the CP violation measurement. We will show this latter by using the

numerical simulations.

If missing transverse momentum pT/ , which provide two additional observables, can be

measured precisely, the system of the full decay process h ! ⌧�⌧+ ! (⇡�⌫⌧ )(⇡+⌫̄⌧ ) can

be determined completely (even over determined). Unfortunately, on hadron collider,

the missing transverse momentum pT/ have very large uncertainty. Therefore instead of

solving the system, we maximize the probability density function of the reconstructed

missing transverse momentum

pT/
Reco = ~p⌫⌧ ,T + ~p⌫̄⌧ ,T (3.55)

for given |~p⌧� | and ~p⌧+ , which quantifies the compatibility of ⌧± decays hypothesis with

the measured missing transverse momentum pT/ event by event, assuming the neutrinos

from the ⌧⌥ decays to be the only source of missing transverse energy, and defined as

⇢pT/ (|~p⌧⌥ |) =
1

2⇡
p|V | exp


� 1

2
(�pT/ )TV �1(�pT/ )

�
(3.56)
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where the pseudo-error of the reconstructed missing transverse energy for given |~p⌧� |
and ~p⌧+ is

�pT/ = pT/ � pT/
Reco . (3.57)

The expected missing transverse moemtum resolution is represented by the covariance

matrix V , which is estimated on an event-by-event basis using a missing transverse

momentum significance algorithm [92]. |V | is the determinant of this matrix. The

probability density ⇢⌫ along with the probability density of the distance between neutrino

and visible decay product, ⇢�R which can be parameterized by the Landau distribution

function with an argument x(|~p⌧ |) = (�R��R(|~p⌧ |))/�(|~p⌧ |) as

⇢�R(|~p⌧± |) =
Cp
2⇡

exp


� 1

2
(x+ e�x)

�
, (3.58)

has been used by ATLAS to reconstruct the full kinematics in the measurement of the

Higgs mass in the h ! ⌧�⌧+ decay mode, and shown that it is powerful. The quantities

C, �R and � depend on the tau momentum |~p⌧± |.

Because for given |~p⌧� | and |~p⌧+ |, �Rs are already determined. Therefore the density

function ⇢�R can not improve the reconstruction e�ciency. However, it can provide

strong constrains on the backgrounds, particularly the QCD jets. In addition, if we

allow more quantities, for instance the impact parameter vector free, then ⇢�R can

provide strong constraint. So the total probability density function is

⇢(|~p⌧⌥ |) = ⇢BW · ⇢pT/ · ⇢�R⌧ · ⇢�R⌧̄ (3.59)

The best estimate of |~p⌧± | is taken to be the value of |~p⌧⌥ | that maximizes ⇢(|~p⌧± |).

3.5 Numerical results

Below we use our approach explained above to reconstruct the full kinematics for the

process pp ! h ! ⌧�⌧+ ! (⇡�⌫⌧ )(⇡+⌫̄⌧ ). The events are generated at the LO with

a center of mass energy
p
s = 14TeV by using MadGraph5 [62]. The azimuthal spin

correlation is simulated by using the TauDecay package [88]. The generated events are

then showered by using Pythia8 [66], and the detector e↵ects are simulated by using
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Delphes3 [67]. The jets are classified by using the FastJet package [68] with anti-kT

algorithm and a distance �R = 0.4.

The ⌧±-jets are tagged by using the Delphes3 algorithm which has a reconstruction

e�ciency of tau candidate about 0.8. We mutiply this e�ciency by the ⌧ -identification

e�ciency which is about 0.6 for a medium tau-jet identification condition and has a fake

rate about 1% from QCD jets [89, 91].

The directions of ⇡± momenta are chosen as the exact values in first, and then smeared

by using the current resolutions of tracks [61]. The magnitudes of ⇡± momenta are

smeared to be the corresponding ⌧±-tagged jets momentum. Using tracks inside of

the ⌧ -tagged jets (instead of the ⌧ -tagged jets) is rather important because the soft

particles inside of the ⌧±-tagged jets could completely wash out the relative orientation

between ⌧± and ⇡±, and then the correlation vanishes. We require |~p⇡±,T | > 10GeV

and ⌘⇡± < 2.5.

The impact parameters ~b⇡⌥ are smeared according to Gaussian distribution with an

resolution �bT = 20µm in the transverse plane, and an resolution �bZ = 40µm in the

beam direction [61]. We also require |~b⇡⌥ | > 20µm to reject those events having larger

uncertainty. The e�ciency is about 0.8 at 14TeV.

Fig. 3.1 shows the correlation in the ⇡+⇡� rest frame between the true and reconstructed

azimuthal angle for a maximum mixing configuration, i.e. ⇠h⌧⌧ = ⇡/4. We can see that a

very good positive correlation exists. The events in the left-top and right-bottom corners

indicate the ẑ axis is misidentified in those events, and then the azimuthal angles have

±2⇡ di↵erences. This kind of misidentification can happen when the total momentum

of ⇡± is smaller then the uncertainties of the momenta ~p⇡± . Our simulation shows that

the misidentification rate is higher in the ⌧+⌧� rest frame than the rate in the ⇡+⇡�

rest frame. This is because the reconstructed ⌧± momenta have larger error. Therefore

we propose to use the ⇡+⇡� rest frame rather than the ⌧+⌧� rest frame to study the

spin correlation. On the other hand This misidentification preserves the spin correlation

because the correlation function is periodic in ±2⇡. This property can be understood by

the observation that there are more (blue-circle) events in the left-upper corner than the

one in the right-bottom corner in Fig. 3.1. The blue-solid and red-dashed histograms in

Fig. 3.2 shows the distributions of the reconstructed azimuthal angle for ⇠h⌧⌧ = 0 and

⇠h⌧⌧ = ⇡/4, respectively.
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Figure 3.1: Correlation between the true and reconstructed azimuthal angle di↵erence
for a maximum mixing, i.e. ⇠h⌧⌧ = ⇡/4. The azimuthal angle is calculated in the ⇡+⇡�

rest frame. The data points correspond to an integrated luminosity 1 ab�1.

Figure 3.2: Distributions of the reconstructed azimuthal angle for ⇠h⌧⌧ = 0 (blue-solid
line) and ⇠h⌧⌧ = ⇡/4 (red-dashed line). The azimuthal angle is calculated in the ⇡+⇡�

rest frame. The data points correspond to an integrated luminosity 1 ab�1.

Now let us discuss the backgrounds. We consider only the background from pp ! Z !
⌧�⌧+. As we have mentioned the BW density function ⇢BW introduces positive bias

in the Z events. However the correlation is not a↵ected much because of the trivial

correlation in the pp ! Z ! ⌧�⌧+ process. Fig.3.3 shows the distribution of �� for Z.

The flat distribution indicates that the bias because of ⇢BW is negligible. It is expected
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that this bias in other backgrounds are also negligible. On the other hand the kinematical

cuts used to reduce the backgrounds, for instance m⌧⌧ is certainly a↵ected by this bias.

So we need to classifies in first the events based on the standard techniques [89, 91],

and then introduce the density function ⇢BW . Here we introduce a cut m⌧⌧ > 100GeV

to select the events, where m⌧⌧ could be reconstructed using the SVFIT [91] or MMC

[89, 90] techniques. We assume the e�ciencies are 0.8 for Higgs and 0.2 for Z.

Figure 3.3: Distributions of reconstructed azimuthal angle di↵erences for the major
background process pp ! Z ! ⌧�⌧+ (blue-solid), and the sum of signal and this
background (red-dashed line) in the maximum mixing case ⇠h⌧⌧ = ⇡/4. The data

points correspond to an integrated luminosity 1 ab�1.

The e�ciencies and number of events are summarized in Table 3.1. The tau-tag e�ciency

for the signal process is relatively higher than the e�ciency for the background because of

harder transverse momentum distribution in the signal process. The e�ciency of impact

parameters cut for Higgs decay is slightly lower than the one for Z decay because of the

harder ⌧⌥ momenta. We use a set of relatively soft transverse momenta cuts to keep

the signal events as many as possible, meanwhile the background events are also kept.

However the naive discovery ability is high, S/
p
S +B ⇡ 10.4.

The experimental sensitivity is estimated by including the major Z ! ⌧+⌧� background.

The 1� error of ⇠h⌧⌧ is taken as the Gaussian width of the fitted mixing angles of 50

independent runs. We find �⇠h⌧⌧ ⇡ 0.10 with an integrated luminosity 3 ab�1, which is

better than the result in Ref. [74] by a factor of two.
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Table 3.1: E�ciency and number of events of the processes pp ! h/Z ! ⌧�⌧+ !
(⇡�⌫⌧ )(⇡+⌫̄⌧ ) at 14TeV with an integrated luminosity 1ab�1.

E↵. Evt.(h) E↵. Evt.(Z)

No cuts 1.000 3.60⇥ 104 1.000 1.89⇥ 107

tau-tag 0.225 8.10⇥ 103 0.140 2.65⇥ 106

|~b⇡⌥ | > 20µm 0.823 6.67⇥ 103 0.822 2.18⇥ 106

⌘⇡⌥ < 2.5

min(|~p⇡⌥,T |) > 15GeV

max(|~p⇡⌥,T |) > 35GeV

|pT/ | > 40GeV

0.118 7.87⇥ 102 0.009 1.96⇥ 104

m⌧⌧ > 100GeV 0.900 7.08⇥ 102 0.200 3.92⇥ 103



Chapter 4

Probing CP violation in e+e�

production of the Higgs boson

and toponia

For the e+e� production of the Higgs boson and toponia at
p
s = 500GeV, e+ + e� !

�⇤, Z⇤ ! t+ t̄+ h , the simplest CP-odd observable is,

O� ⌘ ⌦
~p( e�) · ⇥~p(t)⇥ ~p(t̄)

⇤ ↵
. (4.1)

However this observable requires the reconstruction of the t and t̄ momenta from their

decay products which is very hard even for electron-position collider. Furthermore,

because of the property of near threshold production of tt̄, the soft kinematics reduce

the sensitivity of this observable. On the other hand, the t and t̄ momenta can be

replaced by the momenta of the b and b̄ jets from the t and t̄ decays, respectively. Then

the observable

Ob
� ⌘ ⌦

~p( e�) · ⇥~p(b)⇥ ~p(b̄)
⇤ ↵

(4.2)

can be used for observing the CP violation. However, the CP violation strength gets

diluted in this partial reconstruction.

It has also been pointed out that the di↵erent phase space distributions for scalar and

pseudo-scalar Higgs production can be used to determine the CP properties of the tt̄h

coupling. In Ref. [79], the authors demonstrated that the CP properties of Higgs

55
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can be assessed by measuring just the total cross section and the top polarization.

However, both these two observables are CP-even, hence only proportional to the square

of CP-odd coupling. Furthermore the ratio of the production rates for pseudo-scalar

and for scalar is very small unless
p
s � 1TeV where the chiral limit is recovered.

Therefore the experimental sensitivity is not as good as enough to probe small CP-odd

coupling. We really need CP-odd observables, which is linearly proportional to CP-odd

coupling, to pin down the CP properties of Higgs. The up-down asymmetry of the anti-

top quark with respect to the top-electron plane is an example of such an observable

[80, 81]. However, the asymmetry is because of the interferences between the amplitudes

involving tt̄h vertex and the amplitudes involving hZZ vertex. It has been shown that

the latter contribution is very small, amounting for only a few percent for
p
s  1TeV

[79]. Therefore only about 5% asymmetry in maximum can be observed[80, 81].

We study the CP violation in the Higgs and toponia production process at the ILC

on which toponia are produced near the threshold region. With the approximation

that the production vertex of Higgs and toponia is contact, and neglecting the P-wave

toponia, we analytically calculated the density matrix. We find that the production rate

of singlet toponium is highly suppressed, which behaves just like the production of a

P-wave toponia. This is because in the singlet case the Higgs can not a↵ect anything

except for carrying away some energy, and also the specialty of near threshold region. In

case of triplet toponium, the CP property of Higgs can a↵ect the physics significantly.

This is because the S-wave triplet toponium can contribute even in the pseudo-scalar

case, even through the contribution is still small. Three CP observables, azimuthal

angles of lepton and anti-leptons in the toponium rest frame as well as their sum, are

predicted based on our analytical results, and checked by using the tree-level event

generator. The nontrivial correlations come from the longitudinal-transverse interference

for azimuthal angles of leptons, and transverse-transverse interference for their sum. The

azimuthal angle correlation of lepton is related to the azimuthal angle correlation by CP

transformation. Compared to the up-down asymmetry observable in Refs. [79–81], our

observables don’t require the reconstruction of the top or anti-top momentum which

is not an easy task. Furthermore, for all these three observables found in this paper

the maximum asymmetries are about 32%, more than 6 times larger than the maximum

asymmetry (⇡ 5%) in Refs. [79–81]. Most importantly, because only one lepton is needed

in the longitudinal-transverse interference, the signal events are significantly enhanced.
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These three observables are well defined at the ILC, because the rest frame of toponium

can be reconstructed directly. Furthermore, the QCD-strong corrections, which are

important at the near threshold region, are also studied with the approximation of

spin-independent QCD-Coulomb potential at LO. It is found the total cross section is

enhanced by a factor of about 3, while the spin correlation is not a↵ected. It has been

pointed out that the NLO corrections are important particularly in the large tt̄ invariant

mass region [85], and the overall enhancement factor is about 2. We will use this NLO

factor in the overall normalization.

4.1 E↵ective t� t̄� h vertex

In this section we study how the tt̄h interactions a↵ect the top-anti-top pair production

near the threshold. We assume the Higgs(125) is a mixture of CP even (H) and CP odd

(A) particles,

h = H cos ⇠ +A sin ⇠ =
1p

1 + |✏|2 (H + ✏A) . (4.3)

For simplicity, we assume that the Yukawa interactions are CP conserving

Lint. = �gHff  ̄f fH � igAff  ̄f�
5 fA , (4.4)

such that the only source of CP violation is in the ✏ parameter (or the mixing angle

⇠) in Eq. (4.3). The interactions between the mass eigenstate h(125) and the fermion

anti-fermion pair is then described by

Lint. = �
✓
gHff cos ⇠ ̄f f + igAff sin ⇠ ̄f�

5 f

◆
h = �ghff

✓
 ̄f f + i✏hff  ̄f�

5 f

◆
h ,

(4.5)

where

ghff = gHff cos ⇠ =
gHffp
1 + |✏|2 , (4.6a)

✏hff = tan ⇠hff =
gAff

gHff
tan ⇠ =

gAff

gHff
✏ . (4.6b)

It is worth noting that the e↵ective strengths of the CP-violating hff couplings can

be di↵erent for each fermion, even if the origin of CP-violation is only in the mixing

parameter ✏ = tan ⇠. In this chpter, we study the htt coupling. This assumption is
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valid when the Higgs sector CP-violation is mediated mainly by the interactions with

new heavy particles. It also makes the ✏ parameter (or the mixing parameter tan ⇠)

approximately real, as in the K0 �K
0
mixing⇤.

For the s-channel production of tt̄ in associated with a h(125),

e�(k1,�e) + e+(k2,�ē) ! t(p1,�t) + t̄(p2,�t̄) + h(k) (4.7)

the Higgs h(125) is emitted by either a very virtual top or an anti-top as shown in Fig.4.1.

Even through the Higgs can also be produced through the hBB0 vertexes (B = Z, �), but

Figure 4.1: Feynman diagrams that contribute the V � htt̄ e↵ective vertex (labeled
by a big gray dot) in the threshold region. This approximation does not depend on the

V � tt̄ vertex, so V could be either Z or �.

the contributions are negligible (a few percent for
p
s  1TeV [79]) because of the very

o↵-shell propagation of the vector bosons. In principle, CP violation can also appear in

these operators. However these operators are induced at the 1-loop level, and hence are

hugely suppressed compared to the CP-even operators. On the other hand, because the

CP-even hBB0 vertex are very simple, therefore we don’t consider it when we simplify

the vertex function in this section.

Near production threshold,
p
s = 2mt+mh = 471GeV, the tt̄h system is non-relativistic.

According to the uncertainty principle, the virtual top and anti-top states can propagate

only a distance ⇠ 1/(
p
s �mt), which is considerably shorter than the Columb radius

rC ⇠ 1/(↵smt), at which the QCD interactions bound top and anti-top to form bound

states toponia. Therefore the approximation of local interaction should be excellent for

the combination of the Higgs radiation channels. If denote the tt̄ production vertex from

⇤Ulike in the K0 � K
0
system, which has just one CP-even and CP-odd state each, the two Higgs

doublet models have two two CP-even and one CP odd states. Accordingly in general the mixing element
cos ⇠ in Eq. (4.3) can be small than

p
1� cos2 ⇠.
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virtual vector boson B (B = �, Z) as �µ
B = gBtt̄

V �µ+gBtt̄
A �µ�5, the leading order e↵ective

Higgs radiation vertex is

V µ(p1, p2) =
1

Q2 � 2Q · p2�h(Q/� p/2 +m)�µ
V � 1

Q2 � 2Q · p1�
µ
V (Q/� p/1 �m)�h, (4.8)

where �h is the abbreviation of the tt̄h vertex, and the kinematical variables are defined

as in Fig.4.2; Q = k1 + k2 = p1 + p2 + k. Furthermore, the contribution from the hZZ

vertex has been neglected, which amounts for only a few percent for
p
s  1TeV [79].

Because both tt̄ and h(125) are non-relativistic, so the momentum components ~p1,2 could

Figure 4.2: Definitions of the kinematical variables in the e+e� rest frame specified
by the axises x � y � z, and the tt̄ rest frame specified by the axises x⇤ � y⇤ � z⇤. In
the e� + e+ rest frame, the electron momentum is chosen along the z-axis and the tt̄
momentum lies in the x� z plane with positive x component. In the tt̄ rest frame, the
negative of the h momentum direction is chosen as the z?-axis, and the y?-axis has the

same direction as the y-axis.

be neglected in the denominators, i.e. pµ1,2 ⇡ (mt,~0). Then the two radiation channels

can be combined into a compact form. For convenience, we expand the spinor structure

of this vertex by using the Cli↵ord algebra as follows

V µ(p1, p2) =
1

s� 2mt
p
s

✓
cµS + cµP�

5 + cµ⌫V �⌫ + cµ⌫A �⌫�
5 +

1

2
cµ↵�T �↵�

◆
(4.9)
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where the coe�cients can be calculated easily for the scalar �h = gh and for the pseudo-

scalar �h = i✏hgh�5, as shown in Table 4.1. The production dynamics are described

completely by this vertex function. Note that the coe�cients of the (CP-even) hBB0

vertexes are not included in Table 4.1 for the clarity and compactness of the table.

On the other hand, these contributions are very small, a few percent for
p
s  1TeV

[79]), and can be easily counted by modifying the coe�cients cµ⌫V and cµ⌫A . Furthermore,

because the spin correlation, which can be used to measure the CP violation e↵ects,

doesn’t depend on the coe�cients of the operators, therefore below we always assume the

contributions from the hBB0 have been included. The magnitudes of these contributions

will be discussed in the numerical simulation part, i.e. in Sec.4.4

Table 4.1: The Cli↵ord expansion coe�cients of the vertex Eq. (4.9). The Btt̄ (B =
�, Z) vertex is denoted as �µ

B = gBtt̄
V �µ + gBtt̄

A �µ�5. The momentum qµ = pµ1 � pµ2 is
the relative momentum between top and anti-top.

OX Scalar (�h = gh) Pseudo-Scalar (�h = ✏hgh�5)

cµS gh g
Btt̄
V qµ i ✏h gh g

Btt̄
A (Qµ + kµ)

cµP gh g
Btt̄
A (Qµ + kµ) i✏h gh g

Btt̄
V qµ

cµ⌫V 2mt gh g
Btt̄
V gµ⌫ 0

cµ⌫A 2mt gh g
Btt̄
A gµ⌫ 0

cµ↵�T

igh g
Btt̄
V

⇥
(Q� + k�)gµ↵ � (Q↵ + k↵)gµ�

⇤
;

�gh g
Btt̄
A ✏↵�µ⌫ q⌫

�i✏h gh g
Btt̄
V ✏↵�µ⌫(Q⌫ + k⌫) ;

✏h gh g
Btt̄
A (q↵gµ� � q�gµ↵)

After the electroweak production of tt̄h, the strong interaction between tt̄ becomes im-

portant. In the threshold region, infinite number of Feynman diagrams that are pro-

portional to the powers of ↵s/�t ⇠ O(1) contribute, and their resummation is needed,

see Fig.4.3. After the resummation, the vertex function satisfies an integral equation,

the Bethe-Salpeter equation[82], which describes the formation of bound states in this

region. We will discuss it carefully in Sec 4.3. Here we would like to classify the possible

bound states that can be produced.

Table 4.2 lists the possible bound states up to P -wave in the spectrum notation for

general bispinor vertex structures of spinors  and ' in the non-relativistic limit (see
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Figure 4.3: QCD corrections to the e↵ective V � htt̄ vertex in the threshold region.
In this region, summation of an infinite number of diagrams is needed. The big black

dot indicates the exact vertex function after this summation.

Table 4.2: Quantum numbers of the standard bi-spinors formed by top and anti-top
in the non-relativistic limit. The bi-spinors are evaluated in the rest frame of tt̄.

Operators Non-relativistic limit Quantum state

 ̄' ⇠†~q · ~�⌘ 3P0

 ̄�5' ⇠†⌘ 1S0

 ̄�µ' (0, ⇠†~�⌘) 3S1

 ̄�µ�5' (⇠†⌘ , ⇠†~q ⇥ ~� ⌘) (1S0 ,
3P1)

 ̄�0i' ⇠†�i ⌘ 3S1

 ̄�ij' qi⇠†�j ⌘ � qj⇠†�i ⌘ 3P1

App.B.0.1 for our conventions of the spinor wave functions in the Dirac representation).

The spin-singlet state can be produced only by the speudo-scalar operator, other op-

erators can generate spin-triplet but with di↵erent orbital angular momentum. Those

quantum numbers are also a↵ected by the coe�cients of these operators, which are

tabled in Table 4.1. We show the possible bound states by combine the coe�cients and

operators in Table 4.3. For scalar production vertex operator OS , both the coe�cient

and bi-spinor are of P-wave for a CP-even Higgs, therefore the tt̄ system is in D-wave

state which can be ignored completely. In case of CP-odd Higgs, the tt̄ system is a

P-wave state because of the S-wave coe�cient, so it is still negligible. For pseudo-scalar

production vertex operator, single toponium can be produced in S-wave for scalar Higgs

and in P-wave for pseudo-scalar Higgs. The vector and axial vector production vertexes

are a↵ected only by the scalar component of Higgs, and both can generate triplet to-

ponium but of P-wave for axial vector vertex. In addition, the axial vector can also
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Table 4.3: Quantum states of the total final system. The spin and angular mo-
menta are summed by first combine the top and anti-top system, and then combine the

toponim ( t) and Higgs system.

Operators
Scalar Higgs Pseudo-Scalar Higgs

(t, t̄)-System ( t, h)-System (t, t̄)-System ( t, h)-System

OS
3D1

3S1
3P0

1P1

OP
1S0

1P1
1P1

3S1

OV
3S1

3S1 0 0

OA

1S0
1P1 0 0

3P1
3S1 0 0

OT

3S1
3S1

3S1
3P1

3P1
1S1

3P1
3S1

3P1
3S1

3P1
3P1

3D1
3S1

3D1
3S1

generate singlet toponium via its time-component. This contribution turns out to be

very important, because it is deconstructive with the contribution of the pseudo-scalar

vertex. Their sum makes the total production rate of singlet toponium highly suppressed

near the threshold. Of particularly interesting is the production involving tensor vertex,

where both the bi-spinor and the coe�cients contain S-wave and P-wave tt̄. Here we

discuss only the S-wave contributions. For both scalar and pseudo-scalar Higgs, it is the

“electric component” of the tensor vertex / �0i generating S-wave toponia.

4.2 Helicity amplitudes

In this section we will give the full helicity amplitudes in terms of the toponium helicity.

Near the threshold the QCD-strong interactions become important. Here we assume the

QCD corrections are completely factorized out, i.e. the strong force is spin-independent.

see Sec. 4.3. In this approximation the full physics could be modeled by using pure

electroweak htt̄ production and their decays. In this model, the toponium helicity are
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obtained by spin projection. The spin projection becomes simple when the relative

momentum qµ between top and anti-top is neglected. Furthermore neglecting the relative

momentum doesn’t loss the essential physics as the top and anti-top have very large decay

width. Therefore while we calculate the density matrix without the assumption |qµ| ⇡ 0,

some important results are discussed under this simplification. In subsections 4.2.1 we

will give our formalism about the factorization of QCD correction, as well as the spin

projection method. In subsection 4.2.2 and 4.2.3 we will give the helicity amplitudes

as well as density matrix elements for pure electroweak production and decays. The

total helicity amplitude and density matrix elements as well as the CP observables are

discussed in subsection 4.2.4.

4.2.1 Factorization and Projection of the helicity amplitudes

The total amplitude for the process e� + e+ ! h + t̄(`⌫ ¯̀̄b) + t(¯̀⌫`b) can be written in

general as follows

M = h(`⌫ ¯̀̄b)(¯̀⌫`b)h|T |e�e+i . (4.10)

Here we want to see the CP violation e↵ects by the anormalous interaction between

toponium and Higgs. This is done by inserting a complete basis of the tt̄ resonance

states  t with quantum number (J t ,� t), then the total helicity amplitude could be

written as the production and decay of the toponiym,

M =
X

J t ,� t

h(`⌫ ¯̀̄b)(¯̀⌫`b)|TD| t(J t ,� t)ih t(J t ,� t)h|TP |e�e+i . (4.11)

Note that the phase space factor of toponium has been dropped here, it will be counted

in the phase space part. Here and after we always drop the phase space factor whenever

the amplitudes are expanded by the complete basis. However this amplitude cannot be

calculated directly in perturbation theory because of the tt̄ resonance  t are composite

states. We therefore expand the helicity amplitudes by using the fundamental fields t

and t̄, and the amplitudes take the following form

M =
X

J t ,� t

X

�0
t,�

0
t̄

X

�t,�t̄

M t(J t ,� t ;�
0
t,�

0
t̄;�t,�t̄)MD(�

0
t,�

0
t̄)MP (�t,�t̄) , (4.12)
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where the production, decay and resonance amplitudes are, respectively,

MP (�t,�t̄) = ht(�t)t̄(�t̄)h|TP |e�e+i , (4.13)

MD(�
0
t,�

0
t̄) = h(`⌫ ¯̀̄b)(¯̀⌫`b)|TD|t(�0t)t̄(�0t̄)i , (4.14)

M t = ht(�0t)t̄(�0t̄)|T †
QCD| t(J t ,� t)ih t(J t ,� t)|TQCD|t(�t)t̄(�t̄)i .(4.15)

Here both the production and decay processes are electroweak, and the QCD corrections

are accounted for the resonance amplitudes. In order to make our discussions more

simple and clean, we use the free tt̄ resonance states e t(J 0
 ,�

0
 t
) to separate out the

spin degrees of freedom. Then the toponium formation amplitudes from top pair can be

written as

h t(J t ,� t)|TQCD|t(�t)t̄(�t̄)i

=
X

J 0
 t

,�0 t

h t(J t ,� t)|TQCD| e t(J
0
 t
,�0 t

)ih e t(J
0
 t
,�0 t

)|OJ 0
 

�0 t
|t(�t)t̄(�t̄)i , (4.16)

where we have introduced an pure kinematical operator OJ 0
 

�0 t
to account for the spin

correlations of tt̄ to e t. In general the quantum numbers (J t ,� t) can be di↵erent

from (J 0
 t
,�0 t

) by QCD corrections, for instance when we include the spin-orbital

interactions, etc.. Here we neglect those spin-dependent corrections, i.e. we take

(J t ,� t) = (J 0
 t
,�0 t

). Then the resonance amplitudes can be written as

M t(J t ,� t ;�
0
t,�

0
t̄;�t,�t̄) = (PJ t ,� t

�0
t,�

0
t̄

)†(PJ t ,� t
�t,�t̄ )KJ t ,� t

, (4.17)

where the factor KJ t ,� t
is defined as the squared renormalization factor which gives

the pure QCD corrections,

KJ t ,� t
= |h (J t ,� t)|TQCD| e t(J t ,� t)i|2 , (4.18)

and the spin projection operator PJ ,� t
�t,�t̄ is defined as the matrix elements of OJ t

� t
,

PJ ,� t
�t,�t̄ = h e (J ,� t)|OJ 

� t
|t(�t)t̄(�t̄)i . (4.19)
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The pure QCD correction will be discussed in Sec.4.3. Let us focus on the spin projection

in first. In general J t could be any integer. However the production rates of toponium

states with higher angular momentum L are suppressed by �Lt . Therefore we discuss

only the S-wave resonance. Then  t could be either a spin-singlet or a spin-triplet, i.e.,

J t = 0, 1. The corresponding projection operators are defined as follows

OJ t=0
� t

=
1

p
2s t

r
1� (m?2

t �m̄?2
t )2

s2 t

e t(� t)t̄�
5t , (4.20)

OJ t=1
� t

=
1

p
2s t

r
1� (m?2

t �m̄?2
t )2

s2 t

e µ
t (� t)t̄ �µt , (4.21)

where
p
s t , m

?
t and m̄?

t are the the mass of toponium, top and anti-top respectively. The

normalization factor is chosen such that the spin projection operators are dimensionless

(the overall normalization of M t is fixed by the total QCD correction). With the help

of spin projection operators the total helicity amplitude can be expressed in terms of

the toponium production and decay helicity amplitudes as follows

M =
X

J t ,� t

KJ t ,� t
fMP (J t ,� t)fMD(J t ,� t) (4.22)

where the projected production and decay helicity amplitudes are

fMP (J t ,� t) =
X

�t,�t̄

PJ t ,� t
�t,�t̄ MP (J t ,� t ;�t,�t̄) , (4.23)

fMD(J t ,� t) =
X

�0
t,�

0
t̄

(PJ t ,� t
�0
t,�

0
t̄

)†MD(J t ,� t ;�
0
t,�

0
t̄) . (4.24)

We will study the these two helicity amplitudes in the next two subsections.

4.2.2 Production helicity amplitudes

In this subsection we give the helicity amplitudes for the production process of toponium

in associated with the Higgs. The kinematical variables are defined as follows (see also

the Fig. 4.2)

e�(k1,�e) + e+(k2,�ē) ! e t(p; J t ,� t) + h(k) ! t(p1,�t) + t̄(p2,�t̄) + h(k) (4.25)
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The fermion helicity �i = ±1/2, i = e, ē, t, t̄. For spin-singlet toponium J t = 0,� t = 0,

and J t = 1,� t = 0,±1 for spin-triplet toponium. In the rest frame of e+e� the

momenta are given by

Qµ =
p
s(1, 0, 0, 0) , (4.26a)

kµ1 =

p
s

2
(1, 0, 0, 1) , (4.26b)

kµ2 =

p
s

2
(1, 0, 0, �1) , (4.26c)

pµ =

p
s

2
(1 +

s t �m2
h

s
, � sin# cos', � sin# sin', � cos#) , (4.26d)

kµ =

p
s

2
(1� s t �m2

h

s
, �� sin# cos', �� sin# sin', �� cos#) . (4.26e)

Here we use
p
s to denote the total energy, and

p
s t

to denote the mass of the toponium.

In this frame the leptonic current is give by

Lµ
V (�e) = ��V ge�V

p
2s "µ( ~Q = ~0,�V ) , (4.27)

where �V = �e � �ē = ±1 is the helicity of the virtual vector particle; the helicity

dependent constant ge�V is

ge�V =
e

Q2
� 1

4

(1� �V ) + 4 sin2 ✓W
Q2 �m2

Z + imZ�Z
, (4.28)

where the first term stands for the photon pole and the second term stands for the Z

pole. The momenta of toponium, t and t̄ in the rest frame of the toponium are given by

p?µ =
p
s (1, 0, 0, 0) , (4.29a)

p?µ1 =

p
s 

2
(1 +

m?2
t � m̄?2

t

s 
, �t sin ✓

? cos�?, �t sin ✓
? sin�?, �t cos ✓

?) , (4.29b)

p?µ2 =

p
s 

2
(1� m?2

t � m̄?2
t

s 
, ��t sin ✓? cos�?, ��t sin ✓? sin�?, ��t cos ✓?) ,(4.29c)

where

�t =

s
1 +

m?4
t

s2 
+

m̄?4
t

s2 
� 2m?2

t m̄?2
t

s2 
� 2m̄?2

t

s 
� 2m?2

t

s 
. (4.30)
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Let use first calculate the projection operators. Because we discuss here only the S-wave

toponium production, so there are only two kinds of projection operators: spin-singlet

and spin-triplet projection operators which are corresponding to the matrix element of

operators OP and OV . In the rest frame of toponium we have

PJ t=0
�t,�t̄ = � 1p

2
|m̃|eim̃�? , (PJ t=0

�t,�t̄ )† = � 1p
2
|m̃|e�im̃�? (4.31a)

PJ t=1
�t,�t̄ = f(m̃,m)DJ=1

� t ,m
(✓?,�?) , (PJ t=1

�t,�t̄ )† = f⇤(m̃,m) eDJ=1
m,� t

(✓?,�?)(4.31b)

where the helicities m = �t � �t̄ and m̃ = �t + �t̄ are defined along the top momentum

direction, and they are related by the Wigner rotations to the helicity states of toponium

along its moving direction. The function f(m̃,m) is defined as follows,

f(m̃,m) =

✓
1p
2
m̃
q
1� �2t e

im̃�? �m

◆
. (4.32)

Here we use eD to denote the complex conjugate transpose of the Wigner-D functions,

see Appendix. As we have explained in the non-relativistic approximation, the relative

momentum between tops is negligible, so the factor �t in the spin-triplet projection

operator can be neglected completely. Furthermore, the orientation can also be neglected

because the QCD correction preserves spin. In this approximation the spin projection

operators are reduced to following forms

PJ t=0,� t
�t,�t̄ = � 1p

2
|m̃| , PJ t=1,� t

�t,�t̄ =
1p
2
m̃�m. (4.33)

The helicity amplitudes of tt̄ production are governed by the types of production vertex.

Here we use the notation MP (X;�t,�t̄), X = S, P,A, V, T to denote their contribu-

tions, and use the subscript to distinguish the contributions of scalar and pseudo-scalar

components of Higgs. The operators that can generate toponium in S-wave are listed in

the Table 4.4. For the scalar operator, both the scalar and pseudo-scalar components

of Higgs start to contribute at P-wave, so there is no relevant contributions. For the

pseudo-scalar operator, only the scalar component of Higgs contributes, and the helicity

amplitude is

MP (P ;�t,�t̄) = ��V ge�V ghgAs
p
s tXP |m̃|e�im̃�? eDJ=1

0�V (#,') , (4.34)
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Table 4.4: Operators generate toponium in S-wave

Operators Scalar Higgs Pseudo-Scalar Higgs

OS

OP
p

OV
p

OA
p

OT
p p

where the kinematical factor

XP =
�p
2

s
1� (m?2

t � m̄?2
t )2

s2 
. (4.35)

As we have explained in Sec.4.1, the pseudo-scalar operator can only generate P-wave

between a singlet toponium and Higgs. This is also true for the axial vector operator.

The helicity is similar with MP (P ;�t,�t̄),

MP (A;�t,�t̄) = �V g
e
�V

ghgAs
p
s tXA|m̃|e�im̃�? eDJ=1

m�V
(#,') (4.36)

where the kinematical factor is

XA =
�p
2

s
4m2

t

s t

s
1� (m?2

t � m̄?2
t )2

s2 t

. (4.37)

The most important thing is that the contributions of pseudo-scalar and axial vector

operators are deconstructive. Because only the pseudo-scalar and axial vector operators

generate singlet toponium, so the total helicity amplitude for singlet toponium produc-

tion is just the sum of these two contributions which is proportional to 1 �
q
4m2

t /s t

that vanishes near the threshold region. Therefore we will neglect the singlet toponium

in the following calculations.
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On the other hand, the transverse polarized states of toponium start to contribute

through the vector operator interaction. The helicity amplitude is

MP (V ;�t,�t̄) =
X

�0 t

�V g
e
�V

ghgV s
p
s tXV

eDJ=1
�0 t

�V
(#,')f⇤(m̃,m) eDJ=1

m�0 t
(✓?,�?) . (4.38)

Here the helicity �0 t
is quantized along the moving direction of the toponium, after the

projection it is related to � t . The kinematical factor is

XV = 2

r
4m2

t

s

s
1� (m?2

t � m̄?2
t )2

s2 
. (4.39)

This is a S-wave production, corresponding to an e↵ective operator h µ
t Vµ. The contri-

bution from the tenser operator is also of S-wave production, but corresponding to an

e↵ective operator hF tµ⌫F
µ⌫
V , where Fµ⌫

B = @µB⌫ � @⌫Bµ is the strength tensor of field

B =  t, �, Z. The corresponding helicity amplitude is

MP (TS ;�t,�t̄) =
X

�0 t

�V g
e
�V

ghgV s
p
s tXTS

eDJ=1
�0 t

�V
(#,')f⇤(m̃,m) eDJ=1

m�0 t
(✓?,�?) ,

(4.40)

where the kinematical factor

XTS = 2
r

s

s 

✓
1� m2

h

s

◆s
1� (m?2

t � m̄?2
t )2

s2 
. (4.41)

In the above calculations we have neglected a contribution of D-wave in production which

is proportional to �2. Apart from this kinematical factor, the rest are completely the

same as the one of vector operator contribution. The important thing is that they are

constructive. On the other hand the pseudo-scalar component of Higgs also contributes

the production via the tensor operator. The contribution is of P-wave production, and

corresponding to an e↵ective operator h eF tµ⌫F
µ⌫
V , where eFµ⌫

B = 1/2✏µ⌫↵�F
↵�
B is the dual

strength tensor of field B. The corresponding helicity amplitude is

MP (TP ;�t,�t̄) =
X

�0 t

i�V g
e
�V
✏hgV s

p
s XTP

eDJ=1
�0 t

�V
(#,')f⇤(m̃,m)�0 t

eDJ=1
m�0 t

(✓?,�?) ,

(4.42)
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where the kinematical factor

XTP = 2�
r

s

s 

s
1� (m?2

t � m̄?2
t )2

s2 
. (4.43)

Now we can obtain the projected helicity amplitudes. For pseudo-scalar and axial vector

operators the projected helicity amplitudes are similar

fMP (P, J t = 0,� t = 0) = �V g
e
�V

ghgAs
p
s t�

eDJ=1
0�V (#,') . (4.44)

fMP (A, J t = 0,� t = 0) = ��V ge�V ghgAs
p
s t�

s
4m2

t

s t

eDJ=1
0�V (#,') . (4.45)

Becuase only these two operators contribute the singlet toponium production, so the

total helicity amplitude for the singlet toponium production is

fMP (�V ; J t = 0) = ge�V ghgAs
p
s t�

✓
1�

s
4m2

t

s t

◆
ei�V ' sin# . (4.46)

As expected this is the usual production helicity amplitude of two scalar particles in P-

wave. Because it is strongly suppressed by the kinematical factor 1�
q
4m2

t /s t which

vanishes near the threshold region. Therefore we will neglect the singlet toponium in

the study of spin correlations.

The contributions from vector and tensor operators are the same apart from the kine-

matical factors, and the projected helicity amplitudes are proportional to the Wigner-D

function as follows

fMP (V/TS/TP , J = 1,� t) / eDJ=1
� t�V

(#,') . (4.47)

Here we have used a relation as follows

X

�t,�t̄

f⇤(m̃,m)f(m̃,m)DJ=1
� t ,m

eDJ=1
m�0 t

= 2 · 1
2
DJ=1
� t ,0

eDJ=1
0�0 t

+
X

m=±1

DJ=1
� t ,m

eDJ=1
m�0 t

= �� t ,�
0
 t

.

(4.48)

This is the usual production helicity amplitude of a vector particle. Because the struc-

tures of the helicity amplitudes for these three operators are the same, we can add them
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up directly. After the summation, the helicity amplitudes are given by

fMP (�V ; J = 1,� t = 0) / � 1p
2
sin# , (4.49a)

fMP (�V ; J = 1,� t = 1) / 1

2
ei⇠̃(1 + �V cos#) , (4.49b)

fMP (�V ; J = 1,� t = �1) / 1

2
e�i⇠̃(1� �V cos#) , (4.49c)

where the coupling constant g̃h and CP phase angle ⇠̃ are defined as follows

g̃h = gh

✓
1 +

2mt
p
s �m2

h

s

◆s
s

s 

✓
1 + ✏2h

2

◆
, (4.50)

tan ⇠̃ = ✏h , (4.51)

 = �

�✓
1 +

2mt
p
s �m2

h

s

◆
. (4.52)

The production density matrix is defined as

⇢P (� t ,�
0
 t
) =

X

�V =±1

fMP (�V ;� t)fM†
P (�V ;�

0
 t
) =

X

�V =±1

⇢P (�V ;� t ,�
0
 t
) . (4.53)

Inserting the helicity amplitudes we get

⇢P (�V ; +,+) / 1

4
(1 + �V cos#)2 , (4.54a)

⇢P (�V ;�,�) / 1

4
(1� �V cos#)2 , (4.54b)

⇢P (�V ; 0, 0) / 1

2
sin2 # , (4.54c)

⇢P (�V ; +,�) / 1

4
ei2⇠̃ sin#2 , (4.54d)

⇢P (�V ; 0,+) / � e�i⇠̃

2
p
2
sin#(1 + �V cos#) , (4.54e)

⇢P (�V ;�, 0) / � ei⇠̃

2
p
2
sin#(1� �V cos#) . (4.54f)

Other relevant matrix elements can be obtained by complex conjugation.
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Before we go on to discuss the decay helicity amplitude, let us first discuss the angular

distribution of the production. The squared helicity amplitudes are

|fMP (�V ; J = 0)|2 / g2�V sin#2 , (4.55)

|fMP (�V ; J = 1)|2 / g2�V

✓
1

2
(�2 t

� 1) sin2 #+
�2 t

4
(1 + cos2 #+ 2�V � t cos#)

◆
(4.56)

We can see that the forward-backward asymmetry appears when the helicity of the

toponium is fixed. This could be done by observing the helicity of t and t̄. However,

the pseudo-scalar component of the Higgs a↵ects only the total rate, so it is very hard

to extract the coupling ✏h by using only the production informations.

4.2.3 Helicity amplitudes of the toponium decay

In this subsection we give the helicity amplitude of the leptonic decay of toponium. The

kinematical variables are defined as follows (see also the Fig.4.4)

Figure 4.4: Definitions of the kinematical variables of tops and leptons in the topo-
nium rest frame. The z? and x? axes are specified by the toponium moving direction

and the scattering plane in the laboratory frame, respectively.
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e J (p;� t) ! t(p1,�t) + t̄(p2,�t̄) ! ¯̀(k1) +X¯̀+ `(k2) +X` . (4.57)

As we have mentioned the helicity amplitudes of toponium are obtained by using the

spin projection of the helicity amplitudes of tt̄ decay. The helicity amplitudes of tt̄ decay

can be separated into t and t̄ decay amplitudes as follows

MD(�t,�t̄) = h(`⌫ ¯̀̄b)(¯̀⌫`b)|TD|t(�t)t̄(�t̄)i = Mt(�t)Mt̄(�t̄) . (4.58)

The helicity amplitudes of t and t̄ decays are well know. By using the Fierzt identities

the amplitudes can be decomposed two parts which are separately Lorentz invariant.

After integrating out the kinematical variables of (b⌫)/(b̄⌫̄`), t and t̄ decays become

just two two-body decays. The lepton/anti-lepton carries all the spin informations of t

and t̄. We use this technique to calculate the helicity amplitudes. Furthermore we will

neglect the lepton mass in the following calculations. In the rest frame of toponium the

kinematical variables are defined as follows,

p?µ1 =

p
s 

2
(1 +

m?2
t � m̄?2

t

s 
, �t sin ✓

? cos�?, �t sin ✓
? sin�?, �t cos ✓

?) , (4.59a)

p?µ2 =

p
s 

2
(1� m?2

t � m̄?2
t

s 
, ��t sin ✓? cos�?, ��t sin ✓? sin�?, ��t cos ✓?) ,(4.59b)

k?µ1 = E¯̀(1, sin ✓?¯̀ cos�
?
¯̀, sin ✓

?
¯̀ sin�

?
¯̀, cos ✓

?
¯̀) , (4.59c)

k?µ2 = E`(1, sin ✓
?
` cos�

?
` , sin ✓

?
` sin�

?
` , cos ✓

?
` ) . (4.59d)

By using the Fierz transformations, the kinematical variables of (b⌫)/(b̄⌫̄`) can be fac-

torized out completely. Then the helicity amplitudes of t and t̄ decays can be written

as,

Mt(�t)

= At

p
Et

p
E¯̀ei�t�

?

⇥
✓
cos

✓?

2

q
1 + 2�t cos ✓̃¯̀e

i�t(�?¯̀��?) + 2�t sin
✓?

2

q
1� 2�t cos ✓̃¯̀e

�i�t(�?¯̀��?)
◆
,(4.60)
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Mt̄(�t̄)

= At

p
Et

p
E¯̀ei�t̄�

?

⇥
✓
cos

✓?

2

q
1 + 2�t̄ cos ✓̃`e

�i�t̄(�
?
`��

?) + 2�t̄ sin
✓?

2

q
1� 2�t̄ cos ✓̃`e

i�t(�?`��
?)

◆
,(4.61)

where At and At̄ stand for the rest of the helicity amplitude which are Lorentz invariant.

The tt̄ decay helicity amplitudes MD(�t,�t̄) can be obtained by using Eq. (4.58). In

terms of helicity (m, m̃), MD(�t,�t̄) can be written as follows

MD(m) / cos2
✓?

2
fm,�m � sin2

✓?

2
f�m,m � 1

2
m sin ✓?

�
km,m � k�m,�m

�
(4.62a)

MD(m̃) / eim̃�
?

✓
cos2

✓?

2
km̃,m̃ + sin2

✓?

2
k�m̃,�m̃ +

m̃

2
sin ✓?

�
fm̃,�m̃ + f�m̃,m̃

�◆
,(4.62b)

where the functions fm,m0 and km,m0 are defined as follows

fm,m0(�?; ✓?¯̀,�
?
¯̀; ✓

?
` ,�

?
` ; ) = gm,m0(✓?¯̀, ✓

?
` )e

im(�?¯̀+�
?
¯̀)/2eim

0�? (4.63)

km,m0(�?; ✓?¯̀,�
?
¯̀; ✓

?
` ,�

?
` ; ) = gm,m0(✓?¯̀, ✓

?
` )e

im(�?¯̀��?¯̀)/2 (4.64)

gm,m0(✓?¯̀, ✓
?
` ) =

q
1 +m cos ✓?¯̀

q
1 +m0 cos ✓?` . (4.65)

The projected helicity amplitudes can be obtained by using the projection operators

in Eq. (4.31a) and Eq. (4.31b). As we have explained the production rate of singlet

toponium is highly suppressed in the threshold region. Therefore we study only the

decay of triplet toponium here. In terms of (m, m̃), the projected decay helicity for

triplet toponium is

fMD(� t) =
X

m=±1, m̃=±1

f⇤(m̃,m) eDJ=1
m,� t

(✓?,�?)
�MD(m) +MD(m̃)

�
. (4.66)

The explicit helicity amplitudes are

fMD(� t = 0) /
p
2

✓
g1,1(✓

?
¯̀, ✓

?
` )e

i(�?¯̀��?` )/2 � g�1,�1(✓
?
¯̀, ✓

?
` )e

�i(�?¯̀��?` )/2
◆
,(4.67a)

fMD(� t = 1) / � g1,�1(✓
?
¯̀, ✓

?
` )e

i(�?¯̀+�
?
` )/2 , (4.67b)

fMD(� t = �1) / g�1,1(✓
?
¯̀, ✓

?
` )e

�i(�?¯̀+�
?
` )/2 . (4.67c)
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The corresponding decay density matrix is defined as

⇢D(� t ,�
0
 t
) =

Z
d�(b⌫; b⌫̄)fMD(� t)fM†

D(�
0
 t
) , (4.68)

with following matrix elements

⇢D(0, 0) / 2

✓
4 cos2

✓?¯̀

2
cos2

✓?`
2

+ 4 sin2
✓?¯̀

2
sin2

✓?`
2

� 2 sin ✓?¯̀ sin ✓
?
` cos(�

?
¯̀ � �?` )

◆
,(4.69a)

⇢D(+,+) / 4 cos2
✓?¯̀

2
sin2

✓?`
2
, (4.69b)

⇢D(�,�) / 4 sin2
✓?¯̀

2
cos2

✓?`
2
, (4.69c)

⇢D(0,+) / 2
p
2

✓
sin ✓?¯̀ sin

2 ✓
?
`

2
e�i�?¯̀ � sin ✓?` cos

2 ✓
?
¯̀

2
ei�

?
`

◆
, (4.69d)

⇢D(0,�) / 2
p
2

✓
sin ✓?¯̀ cos

2 ✓
?
`

2
ei�

?
¯̀ � sin ✓?` sin

2 ✓
?
¯̀

2
e�i�?`

◆
, (4.69e)

⇢D(+,�) / � sin ✓?¯̀ sin ✓
?
` e

i(�?¯̀+�
?
` ) . (4.69f)

The spin correlations happens if the imaginary part of the decay density matrix is non-

zero. The above results indicates that the spin correlations can appear in transverse-

transverse and transverse-longitudinal interferences.

4.2.4 Total Helicity amplitudes and CP observables

In this subsection we discuss the interferences among the di↵erent helicity states of

triplet toponium. The CP observables are obtained by study the spin correlations in

the interferences. As we have mentioned there are two kinds of interference: transverse-

transverse (TT) and transverse-longitudinal (LT) interferences, which are predicted by

the total density matrix

⇢ =
X

�V =±1

⇢(�V ) =
X

�V =±1

X

� t=0,±1

X

�0 t
=0,±1

⇢(�V ;� t ,�
0
 t
) (4.70)

where for convenience we have defined an intermediate density matrix as follows

⇢(�V ;� t ,�
0
 t
) = ⇢P (�V ;� t ,�

0
 t
)⇢D(�

0
 t
,� t) . (4.71)
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For TT interference we have

⇢(�V ;� t ,�� t) / �1

4
sin#2 sin ✓?¯̀ sin ✓

?
` e

i� t (�
?
¯̀+�

?
`+2⇠̃) . (4.72)

Therefore the total cross section has a following non-trivial distribution against the

observable �?¯̀ + �?` ,

d�

d(�?¯̀ + �?` )
=

1

2⇡
�0 � CTT cos(�?¯̀ + �?` � 2⇠̃) , (4.73)

where �0 is the total cross section, and CTT is the coe�cient of the TT correlation.

For LT interference we have

⇢(�V ; 0,+)

/ � sin#(1 + �V cos#)

✓
sin ✓?¯̀ sin

2 ✓
?
`

2
e�i(�?¯̀�⇠̃) � sin ✓?` cos

2 ✓
?
¯̀

2
e�i(�?`�⇠̃)

◆
,(4.74)

⇢(�V ; 0,�)

/ � sin#(1� �V cos#)

✓
sin ✓?¯̀ cos

2 ✓
?
`

2
ei(�

?
¯̀�⇠̃) � sin ✓?` sin

2 ✓
?
¯̀

2
ei(�

?
`�⇠̃)

◆
. (4.75)

We can see that the azimuthal angles of lepton and anti-lepton have di↵erent ⇠̃ depen-

dences. For lepton, the total cross section has a following non-trivial distribution,

d�

d�?`
=

1

2⇡
�0 + CLT cos(�?` � ⇠̃) , (4.76)

where CLT is the coe�cient of the LT correlation. For anti-lepton we have,

d�

d�?¯̀
=

1

2⇡
�0 � CLT cos(�?¯̀ � ⇠̃) . (4.77)

We can see that the correlations are di↵erent for lepton and anti-lepton. For lepton,

the correlation is positive. For anti-lepton, the correlation is negative. However the

phase shifts are negative for both lepton and anti-lepton. These tow correlations are

related by the CP transformation. In the case of ⇠̃ = 0, i.e. CP is conserved, these two

correlations are symmetric under the CP transformation �?¯̀ ! �?` + ⇡ and likewise for

lepton. However, if ⇠̃ 6= 0, then the CP transformation of the parameter ⇠̃ = 0, ⇠ ! �⇠,
violates this symmetry, and therefore indicates the violation of CP symmetry.
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4.3 Radiative corrections near the threshold region

As we have explained in Sec.4.1, the virtual top is hugely o↵-shell. According to the

uncertainty principle, it can propagate only a distance ⇠ 1/(
p
s�mt) which is consid-

erably shorter than the Columb radius rC ⇠ 1/(↵smt). Therefore, the near threshold

production can be treated by a local source �4(yt�yt̄)j
µ(Q2)e�iQ·yt . In this approxima-

tion, the higgs field decouple from the exact vertex function hTh(z0)t̄i(yt)tj(yt̄)V µ(z)i
by modifying the tt̄V vertex function which has been examined in Sec.4.1. The modi-

fied production vertex are then in turn to a↵ect the quantum numbers of the generated

toponium, which has been discussed in Sec.4.1. Here we examine how these vertexes

are a↵ected by the QCD radiative corrections. The corrections are described by the

relativistic Salpeter-Bethe (SB) equation in general[82]. For a general production vertex

�µ
C the SB equation is

V µ
C (P, q) = �µ

C(P, q) +

Z
d4k

(2⇡)4
U↵�(q � k)�↵SF (P/2 + k)V µ

C (P, k)SF (�P/2 + k)�� ,

(4.78)

where U↵�(q � k) is the potential in momentum space. This integral equation sum over

all the contributions from the relevant ladder diagrams. Here we will consider only the

instantaneous Coulomb-like potential, contributions from the transverse and rest gluons

are suppressed by powers of �t.

In the rest frame of tt̄, the dominate contributions come from the region where |~k| ⌧ mt,

and the fermionic propagators are approximated by

SF (P/2 + k) =
i(�+ � ~k · ~�/(2mt))

E/2 + k0 � ~k2/(2mt) + i�t/2
, (4.79a)

SF (�P/2 + k) =
i(�� � ~k · ~�/(2mt))

E/2� k0 � ~k2/(2mt) + i�t/2
, (4.79b)

where �± = (1 ± �0)/2 are the non-relativistic projection operators for fermion and

anti-fermion. Observing that the vertex function is independent on the energy q0, then

the variable k0 could be integrated out and we get

V µ
C (E, ~q) = �µ

C �
Z

d3~k

(2⇡)3
U(~q � ~k)�0

✓
�+ �

~k · ~�
2mt

◆
V µ
C (E,~k)

E � ~k2/mt + i�t

✓
�� �

~k · ~�
2mt

◆
�0 .

(4.80)
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In our case the toponium system could be changed by the recoil of Higgs, therefore we

express all the quantities in a Lorentz invariant way as follows

E =
1

2

p
(p1 + p2)2 =

1

2

p
p2 , (4.81a)

�0 =
p/1 + p/2
2E

=
p/

2E
=

p/p
p2

, (4.81b)

�i�0 =
1

2
[�µ, �0] =

1

2
p
p2

[�µ, p/] ⌘ e�µ . (4.81c)

Then the integral equation can be rewritten in a covariant form,

V µ
C (E, ~q) = �µ

C +

Z
d3~k

(2⇡)3
U(~q � ~k)

✓
�+ �

ek/
2mt

◆
V µ
C (E,~k)

E � ~k2/mt + i�t

✓
�� �

ek/
2mt

◆
. (4.82)

Define the non-relativestic projection opertators for fermion and anti-fermions as follows

e�+(~q) = �+ �
eq/

2mt
= �+(1�

eq/
2mt

)� ��
eq/

2mt
, (4.83a)

e��(~q) = �� �
eq/

2mt
= (1�

eq/
2mt

)�� �
eq/

2mt
�+ . (4.83b)

The second terms in both e�+(~q) and e��(~q) involve the small component of the Dirac

spinor which are of P-wave and then suppressed by a further factor �t. Therefore in the

following calculations we will neglect them. In this approximation, an useful relation is

�+eq/ = eq/�� . (4.84)

Multiplying e�+(~q) on the left-hand side and e��(~q) on the right-hand side of Eq. (4.82),

we get

e�+(~q)V µ
C (E, ~q)e��(~q) ⇡ e�+(~q)�µ

Ce��(~q) +
Z

d3~k

(2⇡)3
U(~q � ~k)

e�+(~k)V µ
C (E,~k)e��(~k)

E � ~k2/mt + i�t

. (4.85)

Introducing the non-relativistic reduced vertex function

eV µ
C (E, ~q) = e�+(~q)V µ

C (E, ~q)e��(~q) , e�µ
C = e�+(~q)�µ

Ce��(~q) , (4.86)
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the integral equation Eq. (4.85) reduces to

eV µ
C (E, ~q) = e�µ

C(E, ~q) +

Z
d3~k

(2⇡)3
U(~q � ~k)

eV µ
C (E,~k)

E � ~k2/mt + i�t

. (4.87)

This is a formal Lippmann-Schwinger (LS) equation [83]. Here we study only the cor-

rections on production vertex up to tems linear in ~q. Expanding the vertex e�µ
C(E, ~q) by

~q we have,

e�µ
C(E, ~q) = Sµ

C(E)� Pµ⌫
C (E)q⌫ , (4.88)

where

Sµ
C(E) = e�µ

C(E, ~q = 0) , (4.89a)

Pµ⌫
C (E) =

@

@q⌫
e�µ
C(E, ~q)

����
~q=0

, (4.89b)

are the S- and P-wave components. The corrected vertex function eV µ
C (E, ~q) can be

expanded in the same way, and we get

eV µ
C (E, ~q) = Sµ

C(E)KS(E, ~q) + ~Pµ
C(E) · ~q KP (E, ~q) . (4.90)

The expansion coe�cients satisfy following integral equations

KS(E, ~q) = 1 +

Z
d3~k

(2⇡)3
U(~q � ~k)

KS(E,~k)

E � ~k2/mt + i�t

, (4.91a)

KP (E, ~q) = 1 +

Z
d3~k

(2⇡)3
~q · ~k
~q2

U(~q � ~k)
KP (E,~k)

E � ~k2/mt + i�t

. (4.91b)

These two integral equations are related to the Green function G(~rx,~rx) which satisfies

the Lippmann-Schwinger equation in the momentum space

✓
E � ~p2

mt
+ i�t

◆
G(E; ~p,~ry) = ei~p·~ry +

Z
d3~k

(2⇡)3
U(~p� ~k)G(E;~k,~ry) . (4.92)

As we have mentioned, the local interaction approximation is excellent in the produc-

tion vertex, therefore the vertex functions are approximated by the condition ~ry = 0.

Expanding the Green function G(E;~k,~ry) by ~ry,

G(E; ~p,~ry) = GS(E; ~p,~ry = 0) + (i~ry · ~p)GP (E; ~p,~ry = 0) , (4.93)
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and the plane wave factor ei~p·~ry we obtain following integral equations

✓
E � ~p2

mt
+ i�t

◆
GS(E; ~p) = 1 +

Z
d3~k

(2⇡)3
U(~p� ~k)GS(E;~k) , (4.94a)

✓
E � ~p2

mt
+ i�t

◆
GP (E; ~p) = 1 +

Z
d3~k

(2⇡)3
~p · ~k
~p2

U(~p� ~k)GP (E;~k) . (4.94b)

The solutions are

GS(E; ~p) = G0(E; ~p) +G0(E; ~p)

Z
d3~k

(2⇡)3
U(~p� ~k)GS(E;~k) . (4.95a)

GP (E; ~p) = G0(E; ~p) +G0(E; ~p)

Z
d3~k

(2⇡)3
~p · ~k
~p2

U(~p� ~k)GP (E;~k) , (4.95b)

where G0(E; ~p) is the Green function of the free toponium

G0(E; ~p) =
1

E � ~p2/mt + i�t
. (4.96)

The corrected Green functions are related to the correction factors KS and KP as follows

GS(E; ~p) = G0(E; ~p)KS(E; ~p) (4.97a)

GP (E; ~p) = G0(E; ~p)KP (E; ~p) (4.97b)

We will use the method give in Ref.[84] to solve the integral equation numerically. Fig.

4.5, 4.6, 4.7, 4.8 show the S- and P-wave Greens functions for binding energy E =

�2GeV, 0GeV, 2GeV, 4GeV, respectively. We can see that at the ground state, the

P-wave contribution is suppressed. However, the corrections on S- and P-wave are

comparable for other states. Fig. 4.9, 4.10 show the counter lines of the absolute values

of Green functions in the plane of binding enengy E and relative momentum |~q|.

4.4 Numerical results

Our numerical resuts are obtained by using MadGraph5[62] at the tree level, and then

weighted by the QCD correction factor KS/p(E, ~q) at LO. The LO QCD correction

overestimated the non-relativistic e↵ects by a constant factor of 0.843 in the whole

phase space [85, 86], therefore our LO estimation can be safely used for studying the
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Figure 4.5: Green functions for binding energy E = �2GeV.

Figure 4.6: Green functions for binding energy E = 0GeV.

spin correlation. Fig. 4.11 and 4.12 show the production cross section of htt̄ with

respect to the invariant mass of tt̄ system for scalar Higgs and for pseudo-scalar Higgs,

respectively. We can see the production cross section has a peak around the threshold

energy. At the LO, the overall QCD enhancement factor is about 3. However, it has

been pointed out that the NLO corrections are important particularly in the large tt̄

invariant mass region [85], and the overall enhancement factor is about 2. The LO

order e+e� ! tt̄h cross section is about �LO = 0.35 fb (we assume the electron and
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Figure 4.7: Green functions for binding energy 2GeV.

Figure 4.8: Green functions for binding energy E = 4GeV.

position beams are not polarized). Including the NLO correction the cross section is

�NLO = 0.7 fb. We will use this cross for the overall normalization.

With the approximation of only S-wave are dominate, we have calculated the azimuthal

angle correlations of the leptons from taus decays. We have shown there are three inde-

pendent CP observables. The first one is the sum of the azimuthal angles of leptons in

the tt̄ rest frame, which is because of the interference among ths transverse components

of toponium. The correlation function has been given in Eq. (4.73). Fig.4.13 shows
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Figure 4.9: Contour plot of the absolute value of Green functions for S-wave.

the correlations for pure scalar Higgs (black-solid line) and for pure pseudo-scalar Higgs

(red-dashed line). Both are symmetric about �?¯̀ + �?` = 0 because of the CP conser-

vation separately. However the distributions are completely di↵erent. In the case of

scalar Higgs, the interference are constructive when the sum of azimuthal angles is ±⇡.
However it is constructive when the sum is 0 for a pseudo-scalar Higgs. Therefore the

CP violation e↵ect is sensitive to the sign of the parameter ✏h (or the mixing angle). Fig.

4.14 show three di↵erent cases: ✏h = 0 (black-solid), ✏h = 5 (red-dashed) and ✏h = �5

(blue-dotted). Here in order to show the di↵erences clearly we have chosen |✏h| = 5

which means an e↵ectively maximum mixing because of a kinematical suppression fac-

tor  ⇡ 0.2, see Eq. (4.51). Measuring the CP violation from transverse-transverse

interference require the reconstruction of both lepton and anti-lepton. The branching

ratio of top to leptons (e, µ) is Br(t ! `X) = 19%. If we using the h ! bb̄, which

has a branching ratio 56.9%, to reconstruct the Higgs, then, for an projected integrated

luminosity 4 ab�1 at
p
s = 500GeV [87], there are 60 signal events with 100% recon-

struction e�ciency. Simple estimation on the experimental sensitivity to �⇠htt = 1.72

is by assuming the kinematical suppression factor is 0.2. The sensitivity is rather low
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Figure 4.10: Contour plot of the absolute value of Green functions for P-wave.

because 1) the total production rate is low, 2) the strong kinematical suppression factor.

Apart from the interference among the transverse toponium, there are also interference

between the longitudinal and transverse toponium which results in non-trivial azimuthal

angle distributions of leptons in the tt̄ rest frame. The correlation functions have been

given in Eq. (4.76) and Eq. (4.77). The most important result is that lepton and anti-

lepton have completely di↵erent interference distributions. It is constructive at the origin

(�?
`,¯̀

= 0) for lepton, however it is deconstructive for anti-lepton. For pure scalar Higgs,

this feature is shown in Fig. 4.15. In the case of pure pseudo-scalar Higgs, because only

the transverse toponium can be produced, there are no interference between longitudinal

and transverse toponium. Therefore the azimuthal angle distributions are flat, which is

shown in Fig. 4.16. Fig. 4.17 and 4.18 show the interferences in three cases: ✏h = 0

(black-solid), ✏h = 5 (red-dashed) and ✏h = �5 (blue-dotted) for lepton and anti-lepton,

respectively. We can see that both lepton and anti-lepton are sensitive to the sign of

the CP violation parameter ✏h (or the mixing angle ⇠). Most importantly, measuring
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Figure 4.11: Production cross section for pure scalar Higgs with unpolarized beams
at

p
s = 500GeV. The black-dashed line is the cross section of S-wave toponium at

Born level. The blue-dash-dotted line shows the rest of the production cross section
(which is essentially the P-wave contribution). The red-solid line shows the production

cross section after the QCD-Coulomb corrections.

the CP violation from transverse-longitudinal interferences require only either lepton

or anti-lepton is reconstructed. The branching ratio of top to leptons (e, µ) is Br(t !
`X) = 19%. If we using the h ! bb̄, which has a branching ratio 56.9%, to reconstruct

the Higgs, then for an projected integrated luminosity 4 ab�1 at
p
s = 500GeV [87],

there are 298 signal events (for either lepton or anti-lepton) with 100% reconstruction

e�ciency. Combine the lepton and anti-leptons we have 595 signal events in total. Simple

estimation on the experimental sensitivity to �⇠htt = 0.5 by assuming the kinematical

suppression factor is 0.2.

In Ref. [79], the authors demonstrated that the CP properties of the Higgs can be as-

sessed by measuring just the total cross section and the top polarization. However, both

these two observables are CP-even, hence only proportional to the square of CP-odd

coupling. Furthermore the ratio of the production rates pseudo-scalar and for scalar

is small unless
p
s � 1TeV. Therefore the experimental sensitivity is not as good as

enough to probe small CP-odd coupling. We really need CP-odd observables, which is

linearly proportional to CP-odd coupling, to pin down the CP properties of Higgs. Here



Chapter 4. Probing CP violation in e+e� production of the Higgs boson and toponia 86

330 340 350 360 370
Mtt [GeV]

0

0.00025

0.0005

0.00075

0.001

dσ
/d

M
tt [f

b/
G

eV
]

Figure 4.12: Production cross section for pure pseudo-scalar Higgs with unpolarized
beams at

p
s = 500GeV, The black-dashed line is the cross section of S-wave toponium

at Born level. The blue-dash-dotted line shows the rest of the production cross section
(which is essentially the P-wave contribution). The red-solid line shows the production

cross section after the QCD-Coulomb corrections.

based on our analytical results, we find three CP-odd observables, azimuthal angles of

lepton and anti-leptons in the toponium rest frame as well as their sum. These three

observables are well defined at the ILC, because the rest frame of toponium can be re-

constructed directly. The nontrivial correlations come from the longitudinal-transverse

interference for azimuthal angles of leptons, and transverse-transverse interference for

their sum. Compared to the up-down asymmetry observable in Refs. [79–81] which re-

quires the reconstruction of either top or anti-top momentum as well as the small hZZ

interactions (a few percent for
p
s  1TeV [79]), our observables are purely from the

dominate htt interactions, and don’t require the reconstruction of the top or anti-top

momentum. Furthermore, for all these three observables found in this paper have maxi-

mum asymmetries about 32%, more than 6 times larger than the maximum asymmetry

(5%) in Refs. [80, 81]. Most importantly, for the longitudinal-transverse interference,

because only one lepton is need, therefore the signal events are dramatically enhanced.
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Figure 4.13: Azimuthal angle correlation for pure scalar (black-solid line) and pseudo-
scalar (red-dahsed line).

Figure 4.14: Azimuthal angle correlation for positive maximum mixing (red-dashed
line), negative maximum mixing (blue-dotted line), and the reference case of pure scalar

(black-solid line).
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Figure 4.15: Azimuthal angle correlations of lepton and anti-leptons for pure scalar
Higgs (black-solid line), pure pseudo-scalar (blue-dotted line).

Figure 4.16: Azimuthal angle correlations of lepton and anti-leptons for pure scalar
Higgs (black-solid line), pure pseudo-scalar (blue-dotted line).
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Figure 4.17: Azimuthal angle correlations of anti-leptons for mixing case.

Figure 4.18: Azimuthal angle correlations of lepton for mixing case.



Chapter 5

Summary

We studied the CP violation e↵ects in the Higgs sector via h ! 4l channels at the

LHC. Even through a pure CP odd Higgs is excluded experimentally based on the

h ! ZZ? ! 4l. However, large mixing between CP even and CP odd scalars is still

allowed. This is because the decay h ! ZZ? ! 4l is proceed dominantly by the

relevant CP even operator, however the CP odd scalar couples to Z pair only through

the irrelevant CP odd operator at loop level.

However, it is promising to search for possible CP violation e↵ects through the decay

process h ! Z(�)� ! 4l, because both the CP even and CP odd operators appear at

loop level. By investigating the analytical formulas, there are two kinds of correlations in

which CP phase could come into play. The first one the azimuthal angle correlation be-

tween the two transverse polarized vector bosons. The correlation behaves like cos(2�).

The second one is the azimuthal angle correlation between the longitudinal polarized

Z and the transverse polarized photon, which behaves like cos(�). However we find

there is tiny window to observe the correlation cos(�) since large backgrounds, it could

not provide significant enhancement on the signal events. So the transverse-transverse

correlation is the most important one.

For the process h ! Z(�)� ! 4l, the events are generated at tree level by using Mad-

Graph5. And the nontrivial transverse momentum distribution of Higgs is included by

using the Pythia6. For an integrated luminosity 3 ab�1 at 14TeV, we find there are 60

events for h ! �� ! 4l, and 111 events for h ! Z� ! 4l for leptons with pT > 5GeV

and |⌘| < 2.5. The experiment sensitivity is estimated by assuming the CP violation

90
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is small and without backgrounds. For an integrated luminosity 3 ab�1 at 14TeV, a

sensitivity 0.33 can be reached for h ! ��, and a sensitivity 0.25 can be reached for

h ! Z�.

On the other hand, even through the azimuthal angle of photon could be measured

through the conversion process, and further about 60% the photons are converted to

electrons in the ATLAS and CMS detectors, however we find the present angular reso-

lution strongly suppresses the measuring e�ciency. An improvement by a factor of 4 is

need in order to have significant number of resolvable events.

The above results are obtained model independently. Here we discuss the implications

on the MSSM model. In MSSM the interactions between the pseudo-scalar and down-

type fermions are enhanced by tan�, so apart from large CP violating coupling, a large

nontrivial phase is also expected. Fig. 5.1 shows the tan� dependence of the magnitude

of various loop induced couplings, and also the ratio of CP odd to CP even coupling.

We can see that the CP even coupling gHZ� is always larger then gH�� , while the CP

odd coupling gAZ� is always smaller then gA�� , and this results in a larger CP phase

shift for h� � � � interaction comparing to the h� Z � � interaction.

10 20 30 40 50

10!4

0.001

0.01

0.1

1

tanΒ

!ghΓΓ!!ghΓZ!!gAΓΓ!!gAΓZ!!ΞΓΓ!!ΞΓZ!

Figure 5.1: Magnitude of t↵ective HV V and AV V couplings as functions of tan(�)
predicted in MSSM. (normalization is di↵erent from the definition in the first section).

On the other hand, both the couplings and phase shift depend on the relative phase in

the couplings gHV V and gAV V . Fig. 5.2 shows the relative phase. For ⇠Z� , the relative

phase is about 0.86⇡ for tan� > 30, and then the sign of the CP phase shift is reversed,

and the correlation coe�cient is constructive. For ⇠�� , the relative phase is nearly 0.7⇡
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for tan� > 30, so the sign of CP phase shift is reversed and the magnitude also decreased

a little, the correlation coe�cient is destructive.
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Figure 5.2: Relative phase of ⇠�� and ⇠Z� as functions of tan(�) predicted in MSSM.
(normalization is di↵erent from the definition in the first section).

Furthermore, the experimental sensitivity on the mixing parameter is �✏̄/|⇠V V |. Our

results show that the process h ! Z� is more sensitive to the CP violation e↵ects.

However, the parameter |⇠Z� | is smaller |⇠�� | by a factor of 10 in MSSM, see Fig. 5.1.

So, in MSSM, the process h ! �� provides a better experimental sensitivity on the

mixing parameter.

For the process pp ! h ! ⌧+⌧� at LHC14 we study how well the CP property of

the observed Higgs particle h(125) could be measured by. The spin correlation in the

h ! ⌧+⌧� decay is an ideal observable of measuring the CP composition of the Higgs

particle. However the presence of at least two neutrinos in the final state makes the

measurement challenge. We propose a novel method to reconstruct event by event the

full kinematics of the h ! ⌧+⌧� decay proceses, that makes use of the impact parameter

vectors of the ⌧+ and ⌧� decay pions and the probability distribution functions of the

missing pT vector and the angular separation �R between the charged ⇡’s. and the

neutrinos. For the single charged ⇡ decay mode of both ⌧+⌧�, we find an excellent

agreement between the reconstructed and true kinematics in both the ⌧+⌧�(h) rest

frame and ⇡+⇡� rest frames, by using the typical experimental resolutions of the LHC

detectors. The sensitivity to the model independent mixing angle ⇠h⌧⌧ can reach 0.1

with an integrated luminosity 3 ab�1.
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We also studied the CP violation e↵ects in the production process of toponium in asso-

ciated with the Higgs at ILC with
p
s = 500GeV. The Higgs particle can be produced

by the emission of top or anti-top via the Yukawa interaction, or generated through the

Gauge interactions between Higgs and vector bosons, Z or �. CP violation e↵ects can

appear in both Yukawa and Gauge interactions. However observing the e↵ects induced

by Gauge interactions is rather hard. Because in one side, while the CP-even interaction

between Higgs and Z appears at the tree-level (in SM), the CP-odd interaction between

Higgs and Z and � are induced at the 1-loop level, and hence suppressed by a factor

of ↵W . On the other hand, for the e+e� production with
p
s = 500GeV, the dominate

contributions come from the emission processes, the contributions from the Gauge in-

teractions can reach only a few percent [79]. Therefore, in our case the CP violation

e↵ects can be safely discussed without talking account of the gauge interactions.

Furthermore, at the center of mass energy
p
s = 500GeV, the toponia are produced at

the near threshold region, therefore the P-wave toponia production rates are negligible.

We analytically calculated the helicity amplitudes by neglecting contributions of this

part. The eligibility of this approximation is proved by the numerical results based on

the tree-level event generator. Furthermore by using the same approximation, the htt̄

production vertex from a virtual vector boson Z or � can be modeled by a contact vertex

operator, which is found to be an excellent approximation for understanding the physics.

By assuming that the spins of top and anti-top are not altered by the QCD potential,

i.e. the QCD potential is spin-independent, the possible toponium states that can be

produced within above approximation are studied carefully. In our situation, the most

important toponia are the 1S1 and 3S3 states. Either 1S1 or 3S3 state, the spin as well

as the CP information are kept since the spin conservation, and then can be observed

in principle by studying the subsequent decay products of toponia which in our paper

are the lepton and anti-leptons.

However, the production rate of singlet toponium is found to be highly suppressed, and

behaves just like the production of a P-wave toponia. This is because the radiation of

a Higgs from a singlet toponium does not a↵ect the dynamics, particularly in the spin

degree of freedom, except for carrying away some energy. Therefore it is just like a

production of a singlet toponium without Higgs, which must lie in the P-wave. This

phenomena has also been check by using the tree-level event generator. In case of triplet
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toponium, the CP property of Higgs can a↵ect the physics significantly. The pseudo-

scalar component of Higgs can contribute the production rate of S-wave triplet toponium,

but P-wave in the production of toponium and Higgs. Therefore it is suppressed by the

factor �. Furthermore because it is P-wave between toponium and Higgs, the production

of longitudinal polarized toponium is forbidden by the angular momentum conservation.

In order to avoid the reconstruction of top and/or anti-top rest frame for observing

CP violation e↵ects, we calculated the decay helicity amplitudes in the rest frame of

the toponium which is directly accessible at ILC. Based on our analytical results, we

find three completely independent CP observables, azimuthal angles of lepton and anti-

leptons in the toponium rest frame as well as their sum, and checked by using the tree-

level event generator. The nontrivial correlations come from the longitudinal-transverse

interference for azimuthal angles of leptons, and transverse-transverse interference for

their sum. These three observables are well defined at the ILC, because the rest frame

of toponium can be reconstructed directly. The experimental sensitivities for these

three observables are roughly estimated with an integrated luminosity L = 4 ab�1,

and find to be small, roughly at the order of ⇡/2. However the sensitivity can be

enhanced by increasing the luminosity as the projected in Ref. [87]. The QCD-strong

corrections, which are important at the near threshold region, are also studied with the

approximation of spin-independent QCD-Coulomb potential. It is found the total cross

section is enhanced by a factor of about 3, while the spin correlation is not a↵ected.



Appendix A

MSSM Higgs sector with loop

induced CP violation

A.1 The e↵ective Lagrangian of H ! �� and H ! �Z in

the SM

The e↵ective Lagrangian of H ! �� and H ! �Z are given as follows:

Le↵ = �gSMH��
↵

8⇡v
HFµ⌫Fµ⌫ � gSMH�Z

↵

4⇡v
HFµ⌫Zµ⌫ , (A.1)

where Fµ⌫ and Zµ⌫ are the fieldstrength of the photon and the Z boson and H is

the CP-even Higgs field. The factor ↵ is the fine-structure constant and v is vacuum

expectation value (VEV) of the Higgs field. The e↵ective couplings gH�� , gH�Z have no

contributions from the tree-level diagram and the leading contribution comes from the

one-loop diagrams mediated by the fermions and the W boson as follows:

gSMH�� = g
(f)
H�� + g

(W )
H�� , (A.2)

gSMH�Z = g
(f)
H�Z + g

(W )
H�Z , (A.3)

where f ’s are the fermions of third generation. Here we assume the Yukawa couplings of

the fermions in the first and second generation are zero because they are much smaller
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than the fermions in the third generation.
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where Nc is the color factor and cW = cos (✓W ), sW = sin (✓W ), where ✓W is the

Weinberg angle. In our notation the Z-boson interaction with fermions (f = t, b, ⌧)

which have electric charge Qf are given by

LZ
int = gZ f̄�

µ

"
gfV + gfA

2
PR +

gfV � gfA
2

PL

#
fZµ, (A.8)

gfV = T 3 � 2 sin2(✓W )Qf , (A.9)

gfA = �T 3, (A.10)

where T 3 = 1/2 for up type quarks and T 3 = �1/2 for down type quarks and charged

leptons.

The decay width of the Higgs boson into �� and �Z are

�(H ! ��) =
↵2m3

H

256⇡3v2
|gSMH�� |2, (A.11)

�(H ! �Z) =
↵2m3

H

128⇡3v2

✓
1� m2

Z

m2
H

◆3

|gSMH�Z |2. (A.12)
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A.2 The e↵ective Lagrangian of H ! ��, H ! �Z, A ! ��

and A ! �Z in the two Higgs doublet model with

decoupling limit

The e↵ective Lagrangian in the two Higgs doublet model (2HDM) are given as follows:

Le↵ = �g2HDM
H��

↵

8⇡v
HFµ⌫Fµ⌫ � g2HDM

H�Z

↵

4⇡v
HFµ⌫Zµ⌫ (A.13)

�g2HDM
A��

↵

8⇡v
AFµ⌫F̃µ⌫ � g2HDM

A�Z

↵

4⇡v
AFµ⌫Z̃µ⌫ , (A.14)

where A is the CP-odd Higgs field and F̃µ⌫ = ✏↵�µ⌫F
↵� , Z̃µ⌫ = ✏µ⌫⇢�Z

⇢�. Here ✏µ⌫⇢� is

the totally antisymmetric tensor which satisfies ✏0123 = �1. Assuming the decoupling

limit, the e↵ective couplings g2HDM
H�� and g2HDM

H�Z are same as ones of the Standard Model.

g2HDM
H�� = gSMH�� , (A.15)

g2HDM
H�Z = gSMH�Z . (A.16)

The e↵ective couplings g2HDM
A�� and g2HDM

A�Z have no contributions at the tree level and

the leading contribution comes from the one-loop diagrams mediated by fermions.

g2HDM
A�� = g

(f)
A�� , (A.17)

g2HDM
A�Z = g

(f)
A�Z , (A.18)

where f ’s are the fermions in the third generation. The e↵ective couplings can be

obtained as follows:

g
(f)
A�� = 4

X

f

NcQ
2
fY�m

2
fC0(0, 0,m

2
A,m

2
f ,m

2
f ,m

2
f ), (A.19)

g
(f)
A�Z = 2

X

f

NcQf
gfV

cW sW
Y�m

2
fC0(0,m

2
Z ,m

2
A,m

2
f ,m

2
f ,m

2
f ), (A.20)

where, in the type-II 2HDM, Y� = cot� for up type quarks, Y� = tan� for down type

quarks and charged leptons.
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The decay width of the processes A ! �� and A ! �Z are

�(A ! ��) =
↵2m3

A

256⇡3v2
|g2HDM

A�� |2, (A.21)

�(A ! �Z) =
↵2m3

A

128⇡3v2

✓
1� m2

Z

m2
A

◆3

|g2HDM
A�Z |2. (A.22)

A.3 The e↵ective Lagrangian of H ! ��, H ! �Z, A ! ��

and A ! �Z in the MSSM with decoupling limit

The e↵ective Lagrangian of in the MSSM are given as follows:

Le↵ = �gMSSM
H��

↵

8⇡v
HFµ⌫Fµ⌫ � gMSSM

H�Z

↵

4⇡v
HFµ⌫Zµ⌫ (A.23)

�gMSSM
A��

↵

8⇡v
AFµ⌫F̃µ⌫ � gMSSM

A�Z

↵

4⇡v
AFµ⌫Z̃µ⌫ . (A.24)

Assuming the decoupling limit, the e↵ective couplings gMSSM
H�� and gMSSM

H�Z are same as

those in the Standard Model.

gMSSM
H�� = gSMH�� , (A.25)

gMSSM
H�Z = gSMH�Z . (A.26)

We have another contributions to the e↵ective couplings gA�� and gA�Z from one-loop

diagrams of charginos other than one-loop diagrams of the fermions. Thus, the e↵ective

couplings are sum of the contributions induced by one-loop diagrams of the fermions

and charginos as follows:

gMSSM
A�� = g

(f)
A�� + g

(�̃±)
A�� , (A.27)

gMSSM
A�Z = g

(f)
A�Z + g

(�̃±)
A�Z . (A.28)
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The e↵ective couplings are given as follows:

g
(�̃±)
A�� = 2gv

X

i=1,2

m�̃±
i
C0(0, 0,m

2
A,m

2
�̃±
i
,m2

�̃±
i
,m2

�̃±
i
)(gLAii � gRAii), (A.29)

g
(�̃±)
A�Z =

gv

cW sW (m2
A �m2

Z)
2

X

i,j=1,2

m�̃±
i
GAZ

i,j

h

✓
m2

A(m
2
A �m2

Z) + 2m2
Z(m

2
�̃±
i
�m2

�̃±
j
)

◆
C0(m

2
A, 0,m

2
Z ,m

2
�̃±
i
,m2

�̃±
j
,m2

�̃±
i
)

+

✓
m2

Z(m
2
Z �m2

A) + 2m2
Z(m

2
�̃±
i
�m2

�̃±
j
)

◆
C0(m

2
A, 0,m

2
Z ,m

2
�̃±
j
,m2

�̃±
i
,m2

�̃±
j
)

+2m2
Z

✓
B0(m

2
Z ,m

2
�̃±
j
,m2

�̃±
j
)�B0(m

2
Z ,m

2
�̃±
i
,m2

�̃±
i
)

◆i
. (A.30)

The interaction Lagrangian in terms of A-�̃+-�̃� and Z-�̃+-�̃� are

Lint = �igA�̃+
i

⇥
gLAjiPL + gRAjiPR

⇤
�̃+
j � gZ �̃

+
i �

µ
⇥
gRZijPL + gLZijPR

⇤
�̃jZµ +H.c.(A.31)

Here, we use the following abbriviations:

GAZ
i,j = �gLAjig

L
Zji � gLAijg

R
Zij + gRAijg

L
Zij + gRAjig

R
Zji, (A.32)

GZZ
i,j,k = gLAjig

Z
Zkig

L
Zjk + gLAijg

R
Zikg

R
Zkj � gRAijg

L
Zikg

L
Zkj � gRAjig

R
Zkig

R
Zjk, (A.33)

gLAij = �Q⇤
j,is� � S⇤

j,ic� , (A.34)

gRAij = Qi,js� + Si,jc� , (A.35)

�gRZji = Ui,1U
⇤
j,1 +

1

2
Ui,2U

⇤
j,2 � �i,js

2
W , (A.36)

�gLZij = Vi,1V
⇤
j,1 +

1

2
Vi,2V

⇤
j,2 � �i,js

2
W , (A.37)

Qi,j =
1p
2
Ui,2Vj,1, (A.38)

Si,j =
1p
2
Ui,1Vj,2, (A.39)

where Ui,j , Vi,j (i, j = 1, 2) are the elements of unitary matrices which diagonalize the

mass matrices of charginos.
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Spinor and vector wave functions

B.0.1 Spinor wave functions in Dirac Representation

For completeness we give our convientions for the Spinor wave functions in the Dirac

Representation. In the Dirac representation, the Dirac matrix are given as follows

�0D =

0

@ 1 0

0 �1

1

A , ~�D =

0

@ 0 ~�

�~� 0

1

A . (B.1)

The free solutions of the Dirac equation in the Dirac represention are

uD(~p1, s) =

0

BB@

⇠s

~� · ~p1
E +m

⇠s

1

CCA , vD(~p2, r) =

0

B@
r
~� · ~p2
E +m

⌘�r

r⌘�r

1

CA , (B.2)

where ⇠s and ⌘r are eigenstates of the helicity operators ~� · ~̂p1 and ~� · ~̂p2, respectively.
For completeness we also give the helicity eigenstates as follows

⇠+ =

0

@ cos(✓/2)

ei� sin(✓/2)

1

A , ⇠� =

0

@ �e�i� sin(✓/2)

cos(✓/2)

1

A . (B.3)

The spinor wave functions and Dirac matrix in the Dirac representation are related to

the ones in the Chiral representation by following unitary transformation

 D = UD U
�1
D , �µD = UD�

µ
CU

�1
D , UD =

1p
2

0

@ 1 1

�1 1

1

A . (B.4)
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B.0.2 Vector wave functions and Wigner-D functions

The helicity wave functions polarized along the direction ~n = (sin ✓ cos�, sin ✓ sin�, cos ✓)

for vector particles in the rest frame are defined as follows

✏(~n,� = ±1) =
1p
2
(0, �� cos ✓ cos�+ i sin�, �� cos ✓ sin�� i cos�, � sin ✓) ,(B.5)

✏(~n,� = 0) = (0, sin ✓ cos�, sin ✓ sin�, cos ✓) (B.6)

The Wigner-D functions for spin-1 particle is defined as follows

~✏(~n,�0) =
X

�=0,±1

DJ=1
��0 (✓,�)~✏(~0,�) (B.7)

and it’s inverse

~✏(~0,�) =
X

�00=0,±1

eDJ=1
�00� (✓,�)~✏(~n,�

00) (B.8)

and following relation holds

eDJ=1
�0� (✓,�) = (DJ=1

��0 (✓,�))
⇤ (B.9)

Based on these definitions we also have

~✏ ⇤(~n,�0) · ~✏(~0,�) = eDJ=1
�0� (✓,�) (B.10)

~✏ ⇤(~0,�) · ~✏(~n,�0) = DJ=1
��0 (✓,�) (B.11)
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[81] R. M. Godbole, C. Hangst, M. Mühlleitner, S. D. Rindani, P. Sharma, Model-

independent analysis of Higgs spin and CP properties in the process e+e� ! tt̄�,

Eur. Phys. J. C 71, 1681(2011).

[82] E. E. Salpeter and H. A. Bethe, A Relativistic Equation for Bound-State Problems,

Phys. Rev. 84, 1232.(1951).

[83] B. A. Lippmann and J. Schwinger, Variational Principles for Scattering Processes,

Phys. Rev. 79, 469(1950).
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