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Abstract

Chiral phase transition at finite temperature is one of the most important features
of QCD. In this work, we focus on the phase transition of the two-flavor massless
QCD using effective theory approach. It is well studied in two extremal cases, the
infinitely large broken U4(1) case and the U(1) restored case. Assuming that the
breaking of the Uy(1) symmetry is finite at the critical temperature, we investigate
the U(2) x U(2) linear sigma model (LSM) with the U4(1) breaking term, the U4 (1)
broken model. We take a working hypothesis that the U4 (1) broken model undergoes
second order phase transition, and we examine the existence of an infrared fixed point
as a consistency check by the € expansion. In order to establish the IR nature of the
model, the reduction of the U4(1) broken model to the O(4) LSM is argued. In this
argument, the decoupling of the massive fields has a significant role. We find that there
is the attractive basin where the RG flow reaches to the infrared fixed point of the O(4)
LSM. We calculate the exponent w which characterizes the sub-leading behavior of the
critical phenomena, and show that there is the discrepancy of w between the O(4) LSM
and the Uy (1) broken model. This discrepancy would be interpreted as the remnant
of the would-be decouple field.
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1 Introduction

Quantum chromodynamics (QCD) is the gauge theory describing interaction of quarks and
gluons. Because we are able to observe non-perturbative effects of QCD experimentally,
this theory is studied for understanding not only the hadronic dynamics but also strong
coupling natures. In the QCD with Ny massless flavors, there is the global symmetry of
SUL(Ny) x SUR(Ny) x Uy (1) x Ua(1) classically, but the axial part of the U(1) (Ua(1))
symmetry is broken by the quantum anomaly. This symmetry is called as chiral symmetry.
One of the most important features of QCD is the spontaneous breaking of chiral symmetry
in low temperature, and its restoration in high temperature. In low temperature, the quark
and anti-quark pair (gq) condenses in vacuum, and it breaks chiral symmetry as SUL(Ny) x
SURr(Ny) = SUy(Ny). The gg condensate vanishes in high temperature, and axial SU(Ny)
(SU4(Ny)) symmetry is restored. The transition between the SU4(Ny) broken phase and
the restored phase at finite temperature is called as chiral phase transition. There are a
number of studies of the chiral phase transition both analytically and numerically®

In this study, we focus on the two-flavor massless QCD with vanishing density. Since
there are six flavors of massive quarks, the two-flavor massless QCD obviously differs from the
real world. However, it is frequently considered as one of the extreme case of the realistic
QCD. Regarding two flavors of the light quarks u and d as approximately massless, and
ignoring other heavier quarks, the two-flavor massless system is obtained. Thus, the study
of the phase transition in this system will provide a fundamental understanding of chiral
phase transition not only in the realistic QCD in vanishing density but also in the QCD with
various flavors, masses, and finite density.

Because of the strong coupling feature of QCD, the direct calculation of this theory is
arduous. Thus, various effective theory approaches has been performed. In 1983, Pisarski
and Wilczek classified the order of the chiral phase transition with arbitrary numbers of
massless quarks by the examination of a renormalization group (RG) flow of the linear
sigma model (LSM) in the € expansion [I]. This model is regarded as the Landau-Ginzburg-
Wilson (LGW) theory corresponding to chiral phase transition. Because there is infinitely
long-range correlation at the critical point of second order phase transition, an infrared
fixed point (IRFP) arises in a theory which undergoes second order phase transition. They
showed that the fate of this flow depends on a presence of the U4 (1) symmetry at the critical
temperature in the two-flavor case.

With large effect of U (1) breaking, the chiral phase transition of the two-flavor massless

IThe lattice results of chiral phase transition in the 2+1 flavor QCD are reported in , for example,
Refs. [0, [10} 1T, (12, (13} [14].



QCD is described by the O(4) LSM. It is well-established that O(4) LSM has an IRFP, or
the Wilson-Fisher fixed point, by many studies both analytically and numerically (Refs. [17,
18], [19], 20] 21], for example). Therefore, the phase transition with the infinitely large Ua(1)
breaking will be classified into second order with the O(4) universality class.

When the Ux(1) symmetry is effectively restored at the critical temperature (7), the
model corresponding to the chiral phase transition turns to the U(2) x U(2) LSM. Various
approaches have been attempted to investigate the nature of this theory. Presence of an
IRFP in the U(2) x U(2) LSM is still under debate [22] 23| 24, 25, 26, 27, 28, 29, B0]. When
an IRFP exists, the chiral phase transition without Ua(1) breaking is classified in second
order with the U(2) x U(2) universality.

In 1996, Cohen says that the correlators of the bilinear operators of ¢ and ¢ connected
by the Us(1) (and chiral) transformation, as the isosinglet scalar gg and the isotriplet scalar
qt3q, degenerate in the SU4(2) restored phase [32]. The degeneracy of the correlators is
called as the effective restoration of Ua(1) symmetry. In the same year, Lee and Hatsuda
showed that the non-trivial topological sector breaks the degeneracy, even in the SU4(2)
restored phase [33]. However, Aoki, Fukaya and Taniguchi showed that the correlators will
degenerate with some assumptions, and claimed that the degeneracy breaking caused by the
instanton sector is explained as a finite size effect [34]. Determination of the strength of
the U4(1) breaking at the critical point has been addressed [13| 3T], B5] 36, [37]. Splitting of
the correlators of a scalar and a pseudoscalar operator connected by the Uy (1) and chiral
symmetry is often used as a parameter of the Us(1) breaking. A consensus about the
restoration of the Uy (1) symmetry has not been achieved yet, but it is established that the
splitting of the correlators, i.e. the strength of the Us(1) breaking, is much smaller at T,
than that at zero temperature?

The Ua(1) broken model corresponds to the finite breaking of Us(1) symmetry case.
This model is constructed by U(2) x U(2) symmetric terms and Uy4(1) breaking terms. The
U(2) x U(2) symmetric terms construct the U(2) x U(2) LSM. The U(2) x U(2) LSM is
constructed by eight degenerate real scaler fields. They become massless at T,. In the Ux(1)
broken model, the Ux(1) breaking term gives a mass splitting [2]. Thus, four of massless
fields and four of massive exist at 7.

An interesting point of the Ux(1) broken model is that, one can achieve conflicting
predictions to the phase transition in this model. Second order phase transition is a physics
in infinitely long distance. Thus, one may naively expect that we can regard any fields having

a finite mass as infinitely heavy, because any mass is sufficiently heavier than the scale of

2Recent results of the lattice calculation about chiral phase transition of two-flavor massless QCD are
reported in Refs. [I5] 38 [39, [40], for example.



the phase transition if it is second order. In this case, the Uy (1) broken model is reduced
into the O(4) LSM having an IRFP. On the other hand, it is reported by the functional RG
analysis that there is no IR stable fixed point in the U4 (1) broken model unless the infinitely
large U4(1) breaking limit are taken [43]. Therefore, they concluded that the Uy (1) broken
model with the finite breaking ends up with fluctuation induced first order phase transition.

In this work, we investigate the fate of the phase transition in the U4(1) broken theory.
In the sec.2, we briefly review the effective theoretical analysis and introduce the model
which we use. In the sec.3, we calculate the RG flow of the U,(1) broken model. In order
to trace the effect of the mass of the would-be decouple fields accurately and examine the
detail feature of the decoupling, we take the € expansion and a mass-dependent scheme. The
[ functions are obtained in the leading order of the e expansion. We show that there is
no IR stable fixed point in the full space of the couplings. However, we find that we can
classify the RG flow, and in the one of them, the RG flow projected onto a particular axis
reaches to the IRFP of the O(4) LSM. The decoupling of the massive fields is discussed in
this case. And we search the region where the RG flow in the U4(1) broken model reaches
to the IRFP of the O(4) LSM. In the sec.4, we show the equivalence of the IR nature in the
Ua(1) LSM and that in the O(4) LSM in terms of the correlation functions and the effective
action. In the sec.5, we calculate the critical exponents which determines a universality class,
and the sub-leading exponent w in the U4(1) broken model. w characterizes the sub-leading
behavior of the critical phenomena [3, 4, [5, [6]. We point out that the exponent w in the U (1)
broken model differs from that in the O(4) LSM, even though all of the leading exponents
are equivalent. The discrepancy of w implies that there is the footprint of the massive fields
in the IR nature of the Uy (1) broken model. Finally, we carry out a lattice calculation of
the U4 (1) broken model in the sec.6 as a non-perturbative check of the decoupling, and we
obtain the critical exponents. The calculation of the O(4) LSM is also done for comparison.
The appendices A and B are devoted to review general arguments of the scaling laws and the
Hessian matrix. In the appendices C, D, E and G, H, I, we show the detail derivations of the
equations we use in the discussions. And in the appendix F, we show the renormalization of
the two point functions with the on-shell scheme.

This work is mainly based on?

e T. Sato and N. Yamada, "Linking U(2) x U(2) to O(4) model via decoupling”, Phys.
Rev. D 91 (2015) 3, 034025 [arXiv:1412.8026 [hep-lat]] [46].

3See also Refs [45] [50].



2 Effective theory

In this section, we briefly review the effective theory analysis done by Pisarski and Wilczek [1J.
They used the linear sigma model which has the same global symmetry with QCD as an
effective theory in hadronic level, and as an expansion in the order parameter (LGW theory).
They discussed the Ua(1) restored case (the U(2) x U(2) LSM) and the infinitly strong U (1)
broken case (the O(4) LSM).

2.1 Field theory with finite temperature

First, we show the formulation of the finite temperature field theory. A partition function
Z at temperature 7T is obtained as

Z =Tr (e_H/T) = Z(a ‘e_H/T‘ Q). (2.1)

o

In the rightmost, we sum up all possible state |a). Using a path integral of the field theory,
we can calculate the kernel as

| s
(Ble|q) = / Dpe-isiol (2.2)

where the path is set from the initial state |«) to the final state (3|, and there is a time
separation t between the initial state and the final state. Then we can calculate a partition
function by the path integral with Euclidean time x4 = —it and periodic boundary condition
of period Azy = 1/T in (Euclidean) time direction.

We consider a scalar field ®(z,r4) in three spatial dimensions (z = (z1,72,73)) and
one Euclidean time x4 with periodic boundary condition of period 1/T, and its Fourier
transformation,

_ > Pk . _
CI)(a:, 1'4) =T E / WGZ(IC.:B—HU"LL)@(W”, k) (23)
n=0

® can be decomposed by the zero mode ® and the excited mode @ as

O(x, 24) = O(x) + ' (x, 24), (2.4)
where
d(x) :T/%e“”@(k), (2.5)
/ _ - d3k i(k-x+wnra /
' (x, 14) —T;%/We(k Fen) @ (w,, k). (2.6)

On the critical point, this system is governed by the zero mode ® [16], and it is approximately
described by three dimensional theory. A leading contribution of @’ gives an additional



correction to a mass of ® as
mg — m*(T) = mg + cT?, (2.7)

where m2 is the mass which ® (or ®) has in four dimension, and c is a real constant.

2.2 Effective theory without the U,(1) anomaly

In this analysis, we make a working hypothesis that the system undergoes second order
phase transition. Hence the order parameter of the transition near by the critical point is
sufficiently small. In this case, we can use it as an expansion parameter to construct Landau-
Ginzburg-Wilson (LGW) theory, i.e., we use the model constructed by low-order terms of
the order parameter as an effective theory of chiral phase transition. Because this system
becomes to be scale invariant in the IR limit, the LGW model describing second order phase
transition must have an infrared fixed point(IRFP). If we obtain an IRFP, we estimate the
phase transition to be second order. While, if there is no IRFP, we conclude the transition
to be first order phase transition (or crossover).
We take a 2 x 2 complex scalar matrix

D = V2(0q + ima)ta (2.8)

as the order parameter. Where ty = 19y2/2 and t; = 0;/2 (i = 1.2.3) is the generators of
SU(2), and o, and 7, (a = 0,1,2,3) are real scalar fields. oy and o; are usually called as o
and ¢§; respectively. Similarly, g is called as ' and 7; is the pion at zero temperature. It is
transformed as

® — 21 LIOR (L € SUL(2), R € SUr(2), 64 € Re), (2.9)

under the chiral transformation. Uy (1) symmetry is omitted because it corresponds to
baryon number conservation, and thus is not broken.

First of all, we ignore the axial anomaly. The most general renormalizable U(2) x U(2)
symmetric Lagrangian (the U(2) x U(2) LSM) is described by

1 1 2 9 T2
Lu@xv() = 5Tr[8M®8M¢T] + 5m?Tr[cpcI)T] + T (Tr[@@])” + gngr [(227)*], (2.10)

where m? depends on temperature 7. In terms of the component fields o, and 7,, each
terms of eq. (2.I0) can be written as

Tr[®®T) = (0, + imy)(op — im) Tr[tt] = (04)* + (m)?, (2.11)



Tr [(@D1)?] =(0, + ima) (0 — imp) (0 + ime) (0q — img) Te[t ¢ tt?)
1 1
=(04 +imy)(0p — imp) (00 + i) (0g — iTq) (55‘”’5“[ — 56“b666d6>
1
2
+2 {00201'2 + 7o

(O’a2 + 7Ta2)2

‘1 4 0w’ + 200meoim; — (‘71’7@'>2} : (2.12)

Using {¢.} = {00, ™}, {xa} = {—70,0:}, we obtain

O'a2+7ra2 = ¢a2 + Xa27 (2'13)

0'020'1'2 + 7T()27TZ'2 + 0'1271'1'2 + 20’071'00'1'71'1‘ — (0'1'71'1')2
=0’X:® + X0 9i” + Xi2bi" + o Xo® — (%Xo)2 — 2¢0X0PiXi — (¢z’Xi)2
:¢a2Xb2 - (¢aXa)2' (214)

Thus,

Loapxve =5(0ude)” + 5m 0% + 5(0uxa)” + 57X
2

s 3
5 (4 2) 1622+ 0 +2 (30 + 5 ) 0248 - 2l
_1 o 1 o o 1 5, 1 5
_2(aﬂ¢a> + 2m (ba + 2(8/1)(&) + 2m XCL

2
+ % M0 + (xa®)*} + 200 + 92)0"X6” — 292(daxa)?] ; (2.15)
where A = g1 + ¢2/2.

RG flow and phase transition

In order to check a consistency with our assumption of second order phase transition, we
investigate the RG flow of this model using the leading order € expansion method. That is, we
calculate the § function of the couplings in d = 4—e dimension with sufficiently small €, where
the couplings are taken as O(e). In the end of analysis, we set e to unity. Obviously, this limit
differs from that of calculated in three dimension quantitatively. However, we expect that
we can extract a qualitatively reliable result. Since we are now assuming that this system
ends up with second order phase transition, the critical temperature 7, is determined by
vanishment of the mass m?(7T,) = 0.



In the leading order of the € expansion, we obtain

veve _ A\ TS UG PR 2.16

B; Han = A3 +Ag2 + 505, (2.16)
d\ 1

5;12(2)XU(2) :'udlu- = —€go + 2/\92 + 392; (2.17)

where 4 is the renormalization scale, A and go are dimensionless couplings normalized by u
as A= p= N, Go = p1” G- R R

These /5 functions becomes to zero at i:(\, g2) = (0,0) and ii:(\, §2) = (8¢/3,0). In order
to estimate stability of the fixed points, we calculate the Hessian matrix w,

855\ 8ﬂ5\

e O\ 992
Wij = OB, 9Py,
O\ 092

where \* and g5 are the value of couplings at the fixed points i and ii. When all eigenvalues
of Hessian matrix at a fixed point are positive, it is IR stable. On the other hand, UV
fixed point has only negative eigenvalues. When there are both of positive and negative
eigenvalues, it is a saddle point. @ The eigenvalues of each fixed points are calculated as
{—€,—¢€} at i, and {—¢/4,¢e} at ii. Thus, i is a UV fixed point and ii is a saddle point,
no IRFP arises in this order. Though, existence of an IRFP in higher order is reported in
Ref. [21], and possibility of second order phase transition is suggested by different approach
[29].

, (2.18)

%G5

Symmetry breaking pattern

With T" < T, non-zero vev of ® arises, and it breaks a part of the symmetry. Since the
chiral symmetry breaking of two flavor QCD is SUL(2) x SUg(2) x Ua(1) — SUy(2), we
need a model that has the same breaking pattern. Thus there are some constraints on the
parameters in the model.

There are two breaking patterns depending on coupling g» in this model. The classical
potential of this model is

1
12(622 + Xa2) + — {A da” + Xa®)* + 292(0a’ X" — (daXa)®) }

2 3 ?
:g [)\ ¢a2 + Xa2 - M,UQ) + 292(¢a2Xb2 - (¢aXa)2) + const. | , (219)

where m*(T < T,) = —pu? < 0. Rewriting ¢, and y, by three parameters as

#* = d?, XP=xa? cosl = 31& (6 € [0,27)), (2.20)

4See also appendix Bl

10



the potential is described as

3 2
2/\u2) +2(1 — cos? 0) ga¢®x* + const. | . (2.21)

3 47

2
vie)= T [A (41
The first term becomes minimum at ¢* + x? = v? = ;2% /A, when A > 0. Absolut value of
second term becomes zero at ¢ = 0 or y = 0, and maximum at ¢ = y. Therefore, classical
vacuum is determined as ¢ = v, y = 0 with g > (B, and ¢ = y = v/\/§, cos = 0 with
g2 < 0. In the positive gy case, the symmetry is broken as U(2) x U(2) — Uy(2), this is
what we need. On the other hands, negative case has breaking pattern U(2) x U(2) — U(1).

Classical stability bounnd

Next, we discuss the stability of the U(2) x U(2) LSM in the classical level at critical point
(thus m? = 0). Parameterizing ¢, and y, as

2 2
2 2 _ 52 Pa” _ Xa™ _ . baXa _
a a puy (P ) = = 9 = = 9 f = 07 2-22
Ga” X ) o8y o PP B2 Y COS P o8 (222)
the classical potential can be described as
2 _
V(®) = 5 [A+2(1 — cos® §)go sin” g cos® p] %, (2.23)

where 6, ¢ € [0,27). When the coefficient ®* is positive for any ¢ and 6, this potential is
bounded. Thus, we obtain a constraint to the couplings as

F(€) =2(1 —cos?0)geé(1 =€)+ A >0 (2.24)

for any ¢ = sin®¢ € [0,1] and any 6 € [0,27). With 2(1 — cos?#)g, > 0, thus positive g,
f(&) > f(0) = f(1) = XA with 0 < £ < 1. Hence, the stability bound is A > 0. With negative
g2, we need f(1/2) > 0. This is because f(£) becomes the minimum at & = 1/2 in this case.
Thus,

1

f (5) = %(1 — cos” ) gs + A > 0, (2.25)

for any 0 € [0,27). The strongest constraint comes from 6 = /2.
Eventually, we obtain the classical stability bound,

A>0 (g2 >0), (2.26)
1
A+ 592 >0 (92 < O) (2.27)

5In practice, we can choose the vacuum arbitrarily as ¢ + x2 = v? and cos = 0. However, the same
symmetry remains after the SSB.

11



2.3 Uy(1l) broken model

Next, we show how the anomaly affects to chiral phase transition of the two flavor massless
QCD. Ux(1) part of U(2)®U(2) symmetry is broken by the quantum anomaly. Thus, we add
U4 (1) breaking term to U(2) x U(2) LSM. The most general renormalizable Uy4(1) breaking
operators are

2 2
Lireaking = — %‘(det ® + det ®F) + %:c Tr[@®T](det & + det ) + %y (det ® + det ®T)?

+ w (Tr[0,9t20,9" to] + h.c.) (2.28)
where c4 has mass dimension two, and z, y has dimension €, w is a dimensionless parameter.

These terms break the U, (1) symmetry and preserve the SU(2) x SU(2) symmetry. Using
¢, =0, + 1T,

1 @0"’@3 (bl +7/®2 1 2 2
det & =det — . = —(Py" — P,
¢ ¢ \/5(@1—@@2 Oy + O3 (o )
1
:5(0'02 — 7To2 - O'i2 —+ 7'('1'2 -+ 2i007T0 — Ziaim), (229)
det @ + det T = 0% — 1% — 00> + ;2 = Pu” — Xa>- (2.30)

Similarly,

1 Do+ O3 Py 4 i 0
T — 0 5 ' ?
Tr[0, $t20,P" t5] —8Tr {@L ( O —iDy Dy + Dy ) ( -1 0 )

< O Oy + P53 Dy — 1Py 0 =«
B\ &) +idy D+ Dy Y

—i {(8,90)* — (9,9;)*}, (2.31)

Tr[0,Pt20,9"ts] + h.c. = %(GM%)Q — %(%xa)Q- (2.32)

Hence, we obtain
Lo = CAg2 2 ™ 2\2 4 (_ 22 _ o, 22
breaking — 4 (¢a Xa) + 3 [(ZE + y) (Qba) + ( x4+ y)(Xa) ygzsaXb}

+ 510,00 + (D)) (233)

12



Now therefore, the whole Lagrangian is described as

£UA(1) br :LU(Q) xU(2) + Lbreaking

1 1 .
=51+ w)(@00 + 5 (m? = D) 6.2 + 51— w)(@o) + 5 (m?+ 5 ) xe?

2 2 2
7T2
+3 [(91+g2—2+:v+y> (¢a”)” + <91+% —x+y> (Xa?)?
3
+2 (91 + 592 — y) b X" — 292<¢aXa)2:| . (2:34)

Using A = g1 + % + 2 +y and z = x + 2y, the Lagrangian can be written as

1 1 c 1 1 .

Loaom =51+ 0@+ 5 (" = F) 0+ 50— w0)Ghe)* + 5 (" + F)
2
m

+t3 [M3a*)? + (A = 22)(xa”)? + 20X + g2 — 2)0a’ X" — 292(Paxa)?] ,  (2.35)

or,
1 1 c 1 1 c
Luayr = 51+ w)(0u6a)’ + 5 ( 2 - 7A> 6a” + 5 (1= w)(9uxa)” + 3 <m2 - 3A> Xa®
+ A1(¢a2)2 + )\Q(Xaz)z + )\3¢a2Xb2 + )‘4(¢aXa)27
(2.36)
where
2 w2 2 2
)\1 - 3)\, )\2 - ?()\ - 2.75), )\3 = §7T2(>\ —|—g2 — Z), >\4 = —571'2 ga.

It is important notice that the masses of ¢, and x, are split by the U4(1) breaking parameter
c4. In this case, critical temperature T, is defined by the vanishment of lighter mass. We
take c4 > 0 in this analysis, thus

m3(T.) = m*(T,) — -5 =0, (2.37)
and
m?(T.) = m*(T,) — %A = ca. (2.38)

Hereafter, we carry out the calculations at critical temperature. Hence, there are four
massless fields ¢, and four massive fields x,. The Ua(1) breaking coupling w affects to
the renormalization of the wave functions. We take w = 0, and it does not run at least in
the leading order of the e expansion.

Finally, note that there is another U, (1) breaking term (det ®)? + (det ®1)2. However,

13



this term can be rewritten as
(det ®)? + (det @) = (det ® + det @) — 2det  det ®F. (2.39)

The first term is Uy (1) breaking term having coefficient y. Second term does not break
Ua(1), and we can decompose as

det (I) det Q)T :i(¢a2 - Xa2 + 2i¢aXa)(¢a2 - Xa2 + 2i¢aXa)
1
:Z(¢a2 + Xa2)2 - {¢a2Xa2 - (¢aXzz)2}' (240)

Therefore, it can be absorbed by A and gs.

The symmetry of the U4 (1) broken model is O(4). This symmetry is rotation in the four
dimensional space of ¢, and x, with same angle. With some specific value of couplings,
enhanced symmetry arises.

When g, is set to zero, all terms are constructed by products of ¢? and x2. Therefore, we
can rotate ¢, and x, independently. In this case, the symmetry is enhanced to O(4) x O(4).
Another case is c4 = 0 and z = 0. In the Uy(1) transformation ® — €@, det ® — €** det @
in the two flavor case. The determinant is invariant in the rotation with # = 7, and det ® —
—det ® with § = /2 rotation. So with ¢4 = 0 and z = 0, additional Z, symmetry of
det ® — —det ® (or Z, of ® — €™/*d) arises.

2.4 O(4) limit
2

Taking c4 — oo i.e. mj — oo, the massive fields y, decouple from IR physics, and the
model is reduced into the O(4) LSM,

1 1 w2
50(4) = §<8u¢a)2 + §m§>¢a2 + ?)‘(gbaQ)Q‘ (2‘41)

Note that the only remained coupling is A.

The nature of the O(4) LSM has been well studied (Ref. [I7] and et al.), and it is well
established that the model undergoes with second order phase transition with the O(4)
universality class. In the leading order of the € expansion, for instance, the g function in
this model is obtained as

Bowy = —ex + 2)%, (2.42)

There is an IRFP at A = €/2, thus A reaches to €/2 as long as the initial value of A positive.
Because the existence of the IRFP agrees with our working hypothesis, we estimate the
phase transition in this model is second order. Therefore, the chiral phase transition will be
second order as long as the ¢4 — 00 is a good approximation.
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3 Renormalization flow of the U,(1) broken model

In order to classify the critical phenomena of the U4(1) broken model, we calculate the
renormalization group (RG) flow in this section. Calculations are done in 4 — ¢ dimension
and in the leading order of the ¢ expansion. In the end of the analysis, we take € to unity.

3.1 [ functions
In the M S scheme, we obtain the 3 functions in the U4 (1) broken model (eq. (Z:34))) ad®

5§4’S:—6X+§X2+Xg2+%g§— g;\é—g22+§22, (3.1)
I = i+ 20+ 105~ 2 — 5 32
BMS — _ ¢ + 4\d — 432, (3.3)
BMS — €2 4 200 4 202 + o — Go? — 202 (3.4)

Each of the first term in eqgs. [B.IH3.4) comes from the canonical dimension of the original
coupling constant. Thus they behave as 1€ in the tree level.

It is worthy of note that (3, vanishes at go = 0. As seen above, the symmetry of the
U4(1) broken model is enhanced to O(4) x O(4) with vanishing go. So, the vanishment of
Jo is guaranteed by this enhanced symmetry. Similarly, ; = 0 with vanishing z, that is
guaranteed by Z, symmetry. The coefficients of the couplings in the § functions calculated in
the M S scheme are ; independet. They coincides with those in Ref. [48] which is calculated
in the limit of ¢4 — 0 with MS scheme.

In order to trace the effect of the mass parameter /cs, we take the mass-dependent
renormalization conditions, the symmetric scheme, as

G (1 (p1), d1(2)d2(p3), $2(Pa))lamp, s—t—umpz = — 8A1, (3.5)
GO (x1(p1)s x1(P2) X2 (P3), X2(D4) amp, smt=u=> = — 8o, (3.6)
G(Q’Z)(ébl (P1); X2(P2)@1(P3), X2(Pa))lamp, s=t=u=p2 = — 423, (3.7)
Gf’z)(% (1), X1(P2)P2(P3), X2(Pa)) lamp, s=t=u=p2 = — 2X4, (3.8)

where s = (p1+p2)* = (p3+pa)?, t = (p1+p3)” = (p2+psa)?, and u = (p1 +ps)® = (P2 +1p4)*.
G(™™) is the correlation function of n points of ¢ and m points of y. With the symmetric

6See also appendices for the detail derivation.
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scheme, we obtain

~ ~ 1 ~ ~ ~

BV = —ed42M\2 + —f 1) (4N2 + 6MGa + 392 — 8A\2 — 6§92 + 427 | 3.9
A 2
. 1 .

B = —cot A+ 3 ()i (A 28) + Sh(i)gy (404 62— 42) (3.10)
g™ = —ex +4f(h (Ax—x)

L1 )

+5 (1= f(i) <8>\ — 6A\gs — 362+ 8AE + 6p5 — 422) , (3.11)

~ ~ 1 ~ ~

B = —eits <2>\2 Ao +2>\2> — <h(j) (4/\2 1342 8>\2+422>

1 " R R "
+5 f() (—2A2 +3Mg2 + 305 — 202 — 6422 + 1203 + 6§o2 — 1222 + 422 }(3.12)

where i = u/\/ca is the dimensionless renormalization scale, and f and h are functions of
il as

0 [ ~ §d =9
f(u)—uaM/Odé loglea + €(1 / fcﬁm_@u
4
=1 — m arctan m, (313)
o [t 1
i) =gy | de 5 Toslgea+ €0 — €
-[ 5£cA+51— = [ g €210
=1— u_ log [1+ /%] . (3.14)
In the i — oo and & — 0 limits, they behave
lim f(p) = limh(g) =1, (3.15)
fi—00 fl—00
lim () % 57 + O@Y), lim (i) ~ 57 + (4, (3.16)

Note that the ¢4 — 0 limit (thus 1 — oo limit) of eqs. (B:943.12)) coincide with these in M S
scheme. On the other hand, in the limit of ¢4 — oo, B;ym coincides with that of in the O(4)
LSM (eq. (2.42)) as naively expected. These factors arise in the contribution from the loop
diagrams of the massive field x,. Thus, they are explained as the suppresion factor of the
mass.

With the dimensional regularization, the wave function renormalizations for ¢, and y, do
not receive corrections at the one-loop. We take the on-shell scheme in the renormalization
of two-point functions. Thus, /c4 is defined as the pole mass of x, and does not depend
on the renormalization scale. The renormalizations of the two point functions are argued in
appendix [EL
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There is no IRFP both in the MS and the symmetric scheme. Fig. [Il shows examples
of the flow lines in the U4 (1) broken model projected into A — go plane with ¢ = 1. When

0.01,%=0,2=0 u?/c,=100,%=0,2=0
1 T T 1 T I
05 K~ - 05 K« _
o~ ~ — e— e ~ N \ -— =
o O w O ]
<O <O
e o~ -— — = le— .~ / — — |
05 7 R 05fF 7/ - -
s o/ o < /]
v, o - - YAV, STy
-1k / v o - A o,y ~ N a
| | | |
-0.5 1 1.5 -0.5 1 1.5

Figure 1: The RG flow projected into the A— g2 plane in the Uy (1) broken model is shown.
The flow grow in accordance with the arrows with a decreasing of pu. p?/c4 is fixed as 0.01
in the left panel and 100 in the right panel. € is taken to unity. The arrows represents only
the direction of the flow, does not represent the velocity. The solid lines show the classical
stability bound in £ = Z = 0 in which the potential in the tree level is bounded. The dashed
lines show A = 0 and go = 0 axes, and the dotted line show A=1 /2. These lines are plotted
for the guide to eyes.

i decreases, the couplings grow in accordance with the arrows. The arrows are absorbed to
an IRFP, when it arises, though there is no such a point.

Henceforth, we focus on symmetric scheme, and omit the superscript sym of the g
functions eqs. (B.9H3.12).

In order to investigate more detail feature of the RG flow, we calculate the RG flows with
initial conditions, (A(A), ga(A), #(A), 2(A)) = (0.25, 0.25, 0, 0) and (0.75, 0.25, 0, 0) with
varying c4/A?. The mass parameter A is a initial value of the renormalization scale f.

The results projected onto the S\—QQ plane are shown in fig. 2l We can classify the flows
in two types, blue dashed curves and the red solid curves. In the blue dashed curves, A flows
to —oo, and all couplings, including & and Z, diverge. No flow converges to anywhere, and
then we expect the phase transition with this initial condition to be first order.

Because no IRFP arises in this order, the RG flow never reaches to any IRFP even in
the red solid curves. However, projecting into A- axis, the flow converges to the fixed value
A= €/2 in the IR limit. A is the coupling which remains in the decoupling limit of the
massive fields x,, that is the O(4) LSM limit, and the fixed value of A= €/2 is just the IRFP
arising in the O(4) LSM. Therefore, the Us(1) broken model looks like to be reduced into
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Figure 2: The RG flows projected onto 5\—§2 plane in the U 4(1) broken model starting
from two of initial. In the left panel, the flows start from (A(A), g2(A), Z(A), 2(A)) =

(0.25, 0.25, 0, 0), and cs/A? is varied as cq/A?* = (Tlﬂ)z In the left panel, the flows

2
start from (0.75, 0.25, 0, 0), and c4/A% = <m> . € is taken to unity. These initial

conditions are chosen just as example. The cross at (X, j2) ~ (0.0048,0.073) is the IRFP of
the U(2) x U(2) LSM reported in Ref. [28], it is plotted as a reference.

the O(4) LSM in this case. This reduction would be interpreted as consequence of that, the
mass of y, becomes to relatively larger than the renormalization scale in the IR region, and
the massive fields decouple from the IR nature. Actually, the contribution to the g5 from x,
includes the suppression factor f(j) which decreases with fi = f1/,/ca as eq. (3.16]). However,
other couplings g,, ¢ and Z still diverge. Stability of the suppression of x, contribution is
checked below.

3.2 IR behavior of couplings

We found that ¢’s self four-point coupling A approaches to the IRFP of the O(4) LSM.
However, other couplings g», £ and 2 diverge in the IR limit. These divergence increase the
coupling between massless fields ¢, and the would-be decopling field y,. If the increasion
is stronger than the mass suppression, the decoupling does not occur, and A will flow away
from the IRFP €/2. Thus, we next estimate the IR asymptotic behavior of the couplings,
and argue the stability of the counvergence of .

S5 in the Uy (1) broken model has two parts, as

B = Bow) + B5. (3.17)

The first term is the § function in the O(4) LSM, it is the contribution of the canonical
dimension and loop diagrams of the massless fields ¢,. The second term comes from the
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loops of massive fields x,, and it is described as,
1 . . .
B = F (@) (4)\2 F6AGs + 362 — 8AE — 642 + 422> . (3.18)

When 5;‘ is suppressed to zero in the IR limit, A converges to the IRFP €/2. In terms of the
decoupling theorem [41], 42], furthermore, it means the decoupling of the massive fields.

Frist, we assume the divergence of g, and 2 are slower than p~!, and that of & is slower
than 2. Tt is that, f(f)g3, f(f1)2%, f(j1)g2% and f(fi)i are suppressed in the IR limit, hence
lim(p — 0)B5 = 0. Substituting A = €/2 to 3, (eq. (B10)), we obtain

. €. 5 .
592 — — €G2 + 692 = —6692. (319)

Assuming the leading term of gs in the IR limit as go(p — 0) = ¢ P,

s ;

1 =pcpf = —=ecpP. (3.20)
dp 150 6
Thus, we obtain the scaling dimension of g as p = —%e. The constant c is determined by
initial condition. Similarly,
€. €. € €. €. €
B:=—€E— Qo+ 2+ —=—=0o— -2+ —. (3.21)

47T T T e T Ty
When 2 > g, in the IR limit, we obtain 8; = —e#/2. And thus, 2 ~ p~/? in this case.
However, it is inconsistent because g ~ u_%e > 1~%? in the IR limit. Assuming 2(pu — 0) =

kgo(u — 0), and substituting the asymptotic behavior of g, obtained above to eq. (8.21), we
obtain

Bo(pp — 0) = kBg,(n — 0) = — Gl + g) €G- (3.22)

Thus, the RG equation is solved in self-consistently with k& = 3/4. And, the IR behavior of
2 is described as

1 1 1 1
Be(pp — 0) — —ed — Zgg + 5028 = 522 = —ei — 1—602 [ 3e (3.23)
When the divergence of Z is stronger than u’ge, we obtain §, = —ez. In this case, Z(u —

0) ~ p and it is inconsistent. Then, # has asymptotic behavior as Z:(u — 0) f(fi)& = o™ 3°.
Hence,

C2

A—D¢
= —€Cyxt 3" — —

16

A

wlot
wlot

)
Bz(p — 0) = —3€C fi 3¢ ‘. (3.24)

The equation satisfied with ¢, = ¢ ¢,

19



Eventually, we obtain the IR asymptotic behaviors of the couplings as

. . 5,
G2.asym (1) = lim () = cfi™o", (3.25)
pn—0
) . 3 ., .
xasym(”) :}}E)I(l)x@j/) = 3_26 g2,asyrn(:u) ~ 3 (326)

3.

Qasym(,u) :lllg%é(:u) = ZQQ,asym(lu) ~ ﬂ

(3.27)

They are consistent with our assumption that f(i2)g3, f(f1)2%, f(f1)g2% and f(f1)2 are sup-
pressed in the IR limit. Therefore, A converges to the IRFP \, = ¢ /2, and the massive fields
will decouple from IR nature in this case. Of course, this analysis is carried out with the
assumption that ) is close to € /2 with sufficiently small fi. Once A becomes negative, A does
not converge in the IR limit even if 6§< vanishes. And this analysis does not work in this

case. Finally, we coment that the quantum correction to the converging coupling s still
small, even though other couplings diverge.

Approaching ratio

Next, we calculate the approaches ratio w which characterizing IR behavior of ;\(u) around
the IRFP A\, = ¢/2, as

Ap) — Ay~ p. (3.28)

It is worthy of note that the approaching ratio differs from that in the ordinary O(4) LSM.

To distinguish the coupling in the O(4) LSM and that in the Us(1) broken model, we
add subscripts O(4) and Uy (1) br to A in each theory. First, we estimate the IR behavior
of 5\0(4) in the O(4) LSM. Substituting 5\0(4) = €/2+ ap() (1) to the B function in the O(4)
LSM (eq. ([242)),

Ao _déog
du K du

o = eap() + O(a?). (3.29)

With sufficiently small p, the sub-leading terms in « is negligible. Thus we obtain the
approaching ratio in the O(4) LSM as

Wo(4) = €. (3.30)

In the Us(1) broken model, substituting ;\UA(I)br =€/2+ ay,(1)ue(pt) and the IR asymp-
totic behavior (eq. (B:25H3.2T)) to the § function of eq. (3.9]), we obtain

v,y do,r ovg 1 ) 2 )
= = (e = 20h+ S (W — F(Wd2 + 5 (R + ..
A s (€ =20A+ S f()ga — f(1)922 + S F ()2 +
02 ~2-5¢
:EaUA(l)br"i_ﬂN 35+ ... (331)
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Figure 3: The ratios of the couplings divided by own asymptotic behavior egs. (B.25+
B27) and eq. (B33) are shown with two initial conditions. {§} = {\, g, &, 2} and
{Gi,asym} are obtained in eqs. (B225H3.2T7) and eq. (B33). The initial conditions are set
as (A(A), g2(A), #(A), 2(A)) = (0.25, 0.25, 0, 0) and c4/A2 = 1 in the left panel, and
(0.75, 0.25, 0, 0) and c4/A? = 0.01 in the right panel. The RG flows starting from both
points reach to the O(4) IRFP. The coefficient ¢ of g, 4sym (eq. (B:25)) is 0.2613774 in the
left, and 0.4201792 in the right. € is taken to unity.

Where we used f(ji — 0) ~ i%/3. With € < 3/4, the second term becomes negligible. Thus,
we obtain

3
WU, (1)br = € (e < Z) ) (3.32)

On the other hand, the second term of eq. ([Z31) governs the IR behavior of A with e > 3/4.
In this case, we obtain

Aasym = lim A(p) = % + o (3.33)

n—0

with the suitable constant c,. The approaching ratio is obtained as

5 3
WU, (1) br = 2 — 3¢ (e > Zl) : (3.34)

Therefore, there is a discrepancy between the approaching ratio w in the O(4) LSM and that
in the Uq(1) broken model in the limite of ¢ — 1. Tmpact of this discrepancy is discussed in
more detail in sec. [l

The IR asymptotic behaviors obtained above (eqs. (B.25H3.27) and eq. (8.33])) are checked
in numerically (fig. B).
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3.3 Attractive basin

There is a region in the space of the initial coupling where the RG flow reaches into the IRFP
of the O(4) LSM. We call that the O(4) attractive basin. The slices of the O(4) attractive
basin with various values of Z(A), 2(A) and c4/A? are shown in fig. @ (c4 /A% = 1) and figs.
(ca/A* = 0.01) by the hatched area. It can be seen that the attractive basin shrinks with
decreasing of c4/A? in each values of the #(A) and 2(A). Therefore, regarding the initial
scale A as the cutoff scale below which the U4 (1) broken model well describes the nature
of the two-flavor massless QCD, the reduction of the Us(1) broken model to the O(4) LSM
needs a fine tuning of the initial couplings, in the case that c4 becomes extremely smaller
than the cutoff scale A. And thus, the phase transition tends to be first order in this case.

4 IR nature in the attractive basin

In the previous section, we showed that the convergence of A to the IRFP of the O(4) LSM.
However, other couplings diverge in the IR limit, and no IRFP arises in the U4 (1) broken
model, to be exact. In this section, we estimate the IR nature of the U, (1) broken theory
in the O(4) attractive basin, and discuss the critical phenomena with the massive field y, in
terms of the four-point functions and the effective action.

4.1 Four-point functions with the RG improvement

In order to estimate the IR nature of the U4(1) broken model, we calculate the four-point
functions with RG improvement. The IR behavior of the four-point function in the Uj(1)
broken model is compared to that in the O(4) LSM. Scheme dependence of the correlation
function is also discussed. In this subsection, we set the external momentums at a symmetric
point as s = t = u = P? for simplicity.

First, we review the RG improvement of the correlation function. A four point function
of a scalar field ¢, G (o(p1), d(p2), d(ps), d(ps)) with the typical external momentum P,
that is p;2 = ¢; P? is factorized as

. —1\* .
GOP A ) =]] <W> g P/, A, p), (4.1)

2

where p = p=?m? is a mass of ¢, \is a coupling constant, and ¢ (P/p, ;\, p) is a dimension-
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Figure 4: The hatched area shows the O(4) attractive basin in the various & and Z slices.
#(A) and 2(A) are varied to +1 and zero. c4/A? = 1. € is taken to unity.
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less function. The renormalization equation of ¢ (P/u, A, p) is obtained as

0 0 0
— + B— + B, + 4y| GW
{M O BaA P dp 7}

5, ) ~1\* .
zl o B +6p8 - 7] (ﬁ> 1 9@ (P/u, A, p)

-G ()

o .0 0 ;
e [u— + ﬂf B+ 47} g (P A, p)}

o
-1\"* . 0 .
=\p) ~ —+ﬁ 5 +5p—+47 W(P/u, A, p) = 0. (4.2)
Thus, the RG equation of dimensionless function ¢¥ is given by
e+ua—+ﬂ S g, T (P/p, A, p) = 0. (4.3)

Because g¥) is dimensionless, ; dependence of g*) arises only in P/u. Hence, we can rewrite
the differentiation of the renormalization scale as

310g[P/u]) 0

0 . X
—dY(P/u. )\ p) = GODp/u.\
o (P/u, A, p) (u on gV (P/u, A, p)

0log|P/ ]
0 N
= P/, N p). 4.4
Therefore, we obtain
) . 0 < 0 A )
——— — B\ p) = — B\, p)=— — ny(\, p) — €| ¢ (P/p, N, p) = 0. 4.5
Sioatp7 ~ O = ) = 1) = €] g (P (4.5

When v = 0, the solution of this equation is given as

~

4 . e . log[P/ ] /
D(P/p, A, p) =Q“<A(P;A,p),ﬁ(P;A,p)> exp 6/ dlog[P'/u]
0

P\ < s «
~(£) 69 (xPidpptPidn). (4.6)
1
where )\; and p grow in accordance with
A= B0, = A0 0) (4.7
— yP)s p= yP)s :
dlog[P/y dlog[P/y] ’
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and,

MP/p=1)=Xp), p(P/u=1)=p(n). (4.8)

Substituting eq.(d.6]) to eq.(dI]), we obtain

—1\* <
69(P) = (35) wa (Pl ion

1

:(%) PG (3P A p).a(P: A p)) . (49)

GW(, p) depends only on A(P) and p(P), and it is determined by an initial condition at
P=p.

4.1.1  O(4) limit

The RG improved four point function in the O(4) LSM is given as

4
G(O()4)(¢1(p1)a ¢1(p2), P3(p3), Pa(ps)) = (H ;—21) Peggl()4)(/_\(P)), (4.10)
i=1 1
where
sym /N 8 8 _ _
Goi ) = —2mh, GHLTN) = —Srt (R4 2), (4.11)

in the symmetric scheme and the M S scheme respectively, and \(P) grows in the following
equation,
dA(P)
dlog[P/u]

Using the IR behavior of the coupling, we obtain the IR behavior of the correlation function
as

= Bowy(A(P)) = —eX + 2X°%. (4.12)

(4 sym . 8 2 € P ¢
_ 2 €
(4), 75 _ 8 ,fe € P
e 0 S ls (1)) i

where k is a real constant determined by an initial condition.
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4.1.2 The Ux(1) broken model with the symmetric scheme

In the Us(1) broken case, the four-point function GYLO) is obtained ag?

4

GV (P) = {61(p2) 61(2) 85(5) B3P ) cemps = (H _21) P, (@)

=1 **

sym/y = - — = 8 o3
g£470)7 Y ()‘7927$727P) = §7T2)‘(P) (416)

It coincide with that in the O(4) LSM eq. EI3, but the coupling does not follow same
equation. A flow with the differential equation

d\P) o
m = B5i(\, G2, T, Z, p). (4.17)

The right hand side is given in eq. (8.9]), and it is substituted the couplings depending on
P. Similarly, go(P) satisfies

dgs(P) Y A s =
m = 592(/\7927%2#)7 (4.18)

and so on. p o< P?/u? with the on-shell scheme. From the IR behavior of the couplings, we

obtain
(4,0), sym 8 5 )¢ (P e

wlo

with a constant &’. It is obvious that the four-point function in the Uy (1) coincides with
that in the O(4) LSM in the IR limit. Even though, they approach with different ratio.

4.1.3 Uy(1) broken model with MS scheme

In order to check the scheme dependence of the IR behavior of the U4(1) broken theory, we
next calculate the correlation function in M S scheme. In the M S scheme,

S 8 - - 1, < . .
DY N, §0,7,2,p) = — §7T2 {)\ —2)% + 6(4/\2 + 6Ag2 + 375 — 8\ — 6o 7 + 42%)

x%/o dglog[p+€(1—€)]},
(4.20)

"See also appendix [G] for the detail derivation.
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where A\(P) glows as
d\(P)
dlog[P/p]

and so on. To estimate dependence of the external momentum, we calculate a differential of
(4,0) MS
1 .

= ﬁé\WiS(j‘u@??jaza ﬁ)v (421)

d

GUONS p
gy )
8 d
= —— _ AN £ 6\ —8)\Z — 4
37T { [P/M] ( + gg+392 8A\Z — 6g2Z + z)

1 dp 0 ,
2map/ dilog[p%(l—é)]} +O(N), (4.22)

where

a 1
d¢log[p + &(1 = ¢ /_
ap/fg[ps —
11
5

(1
( p+§1—)>:%(1_f(1/\/15)), (4.23)

and

1 2

Hence, we obtain

—%(45\2 + 6Ag2 + 375 — 8\Z — 6G2Z + 422)(1 —f (1/\/5))}

8 <y 1 - - _
= —§7T2 {—e/\ +2X% + Ef (1/p) (4X* 4 6Ag2 + 375 — 8AZ — 6GaZ + 4z2)}
d

m \, G2, T, Z, ). (4.25)

Therefore, the correlation functions calculated both in the M.S scheme and the symmetric
scheme have same P dependence.

We can understand the IR behavior of the correlation functions in the M S scheme in
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another way. Introducing rewritten couplings

N =)+ %w + 6Ag2 + 375 — 8AZ — 6G2Z + 4z2)% log p, (4.26)
9o =0 + %gg(X — 2%)% log p + %gg(élx_\ + g2 — 42)%(logp - 1), (4.27)
T =7+ 4\ —7)x % log p — é(8A2 — 6Ag2 — 375 + 8\Z + 6527 — 422)% log p, (4.28)
7 =z+ 1—12(45\2 + 8XGo + 575 — 8AZ — 87y + 47%)

+ é(—w + 3XGo + 12T + 6GoT + 6AZ — §oZ — 12:@2)% log p, (4.29)

the RG improved correlation function is described as
MS 8 - NG 1
Gyt = —§7T2{)\’ + 20 S (log[P?/4’] - 2)

(4N2 + 6N, + 35,2 — 8N'Z' — 63,7 + 422)

| =

_|_

1 2
X %/0 dé log [1 +£(1— 5)%,0_1] } + O(€%).

(4.30)
Using the 8 functions in the M S scheme, we obtain
d;\/ d;\m 1 N2 </ _/ T 7 _ _/ 1 dﬁ
= — (4 6N Gy + 35, —8NZ —6g,7 +422%)=———— + O
TloalP/u] ~dloglP/p] T 6\ T ONGH30 = 8XE =007 45 gy g O
= — N +2X2 4+ 0(). (4.31)
Thus, we obtain the IR behavior of X as
< € P\°
N(P =0 :—+c/<—) : (4.32
Po0)=g+¢ (s )
with a constant ¢. Similarly, we obtain
P\ o
Br-0~(2) " (433)
P\
(P —0) ~ (;) , (4.34)
P\
Z(P—0)~ <—> . (4.35)
1
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Substituting these, we obtain the IR behavior of the correlation function in M.S scheme as,

2 2-5¢
(4.0) 7S 8 a)e_€ Py e
GUIMS(p ) = o {2 5 +k(ﬂ> } (4.36)

with a constant k. Therefore, it converges to the same value with that in the O(4) LSM
with M.S scheme as in the case of the symmetric scheme.

Finally, we summarize this subsection as below. The RG improuved four-point function
calculated with the symmetric scheme and that calculated with MS scheme have the same
dependence of the external momentum P. They converge to that in the O(4) LSM in each
scheme.

4.2 N-point vertex function with N = 6

Next, we estimate an IR behavior of the vertex functions. When any N-point 1PI vertex
functions T™) (or T™'9)) coincides between two theories, it indicates the coincidence of the
effective action. Thus, the nature in these theories will be equivalent as well. We have
already shown that the four-point functions agree with in the IR limit. Because we use
the on-shell shceme, the two-point functions hav no correction in 1-loop order, two-point
function in the Uy(1) broken model and the O(4) LSM agree with. Hence, we calculate the
vertex function with N = 6.

In the Ux(1) broken model there are two types of diagram contributing to V9 One
is a contributions from ¢, internal loop F (ﬁg [Bh), and another is F§ Wthh is a
contribution from y, (fig. Bb).

(b)

Figure 6: The diagrams contribute to the N-point 1PI vertex function are shown. The
propagator of ¢, is represented by solid line, and that of x, is dashed line. There are N/2
vertices in each of the diagram (a) and (b).

On the other hand, only the diagram in fig. [6a contributes in the O(4) LSM. The vertex
function in the O(4) LSM, Fg\&) is roughly estimated as,

(N) N/2 dk /2 N2 1 A
FO(4)(P) ~ >\ / )d H (k+ ;P 0(4)(P) (ﬁ)
P—0 Nz
(=) PN 4.
(3) (437)
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where the coefficients {c¢;} are O(1) constants, and we use A\(P — 0) = ¢/28 Similarly, Fbe’O)
in the Uy (1) broken model is

N—-d

N,0 N/2 1\ 2 poo reNN2
PO(P) ~ A e (P) (P—) = (5) P (4.38)

Thus, F(O]\(fi) and F((i)N’O) coincide in the IR limit. This is because A reaches to the same IR
fixed value in both models.
The contribution from the diagram in fig. [Bb is estimated as

a2 1 =N
TPy ~ g2 (P / 2Py [ ———— . (4.39
X ( ) 92 d k' + Cz + m2 ~ G2 ( ) C" p2 +ca ( )

In the limit of P — 0, 1/(P% + c4) ~ c4 + O(P?/c4). From the IR asymptotic behavior
eq. (B:25)), we obtain

Vo (py 228 pisNe, (4.40)
with suitable coefficient. With sufficiently large N as

4 — € e—1 36
N > — 4.41
1— 5¢/12 7’ (441)

the contribution from massive field F N0 hecomes negligible as compared with F(N 9 in the

P — 0 limit, because the power of the external momentum P of F§< 9 hecomes larger than
that of F;N’O). Therefore, the 1PI vertex function in the Ux(1) broken model Vo -

Ua(1)br
F;N’O) + F&N’O) approaches to that in the O(4) LSM in the IR limit.
Because all of the vertex functions agree with, the Uy (1) broken model has the same low
energy effective action with the O(4) LSM. Therefore, we conclude that the Us(1) broken

model in the O(4) attractive basin will end up with second order phase transition as well as
the O(4) LSM.

5 Critical exponents

In order to know the detail of the phase transition in each of the O(4) LSM and the Uy(1)
broken model, we calculate the critical exponents @ and the RG dimension of the leading
wrrelevant operator called as w.

The critical exponents are related to 7j which is the IR fixed value of the anomalous

8See also appendix [l for the detail calculation.
9See also appendix [A] to the general argument of the critical exponents.
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dimension of the wave function of ¢,, and that of the composite operator ¢?2, Vg2, as

v=——"7p, n=27, (5.1)

The exponent v characterizes the divergence of the correlation length ¢ as eq. (A.2]), and 7
is the anomalous dimension of the correlator (eq. (A.3)).

Because of the wave function has no correction in the leading order of the e expansion,
n = 0 in both of the O(4) LSM and the U4 (1) LSM. Thus we calculate the mass anomalous
dimension.

5.1 O(4) LSM

First, we review the estimation of the anomalous dimension 742 and the critical exponent v
in the O(4) LSM.
There is a divergence in the correlation function of bare composite operator ¢? = ¢? as,

1 -1

(Gl a)6* ) = 260 {1 5 (Bt ontam ot +2) } () (%)
(5.2)

where p+q+k = 0. In order to remove the divergence, we introduce the regularized operator

[¢°] as
[0°] = Z5:'¢" = (1 + A)¢”, (5.3)
where A is determined by the renormalization scheme. We take MS shceme,

A= % (% — o+ log(47r)) . (5.4)

Thus, we obtain the regularized correlation function as

(a1} = 265 {1 + 2 (loglk? /] — 2) + O(c) } (%) (%) o9
And, the anomalous dimension is obtained by,
0 0 2
i+ By + | @R = (5:5)
Using 5 = O(€?) and v, = O(€?),
9 A 2/ 2 2y _ 3% 2
e :_ua—u{1+§(log[k /u]—Z)}—i—O(e):)\—l—(’)(e ) (5.7)
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Eventually, we obatian
* : €
Voo = ll}g(l) Vo2 = 5 (5.8)

and therfore,

(5.9)
in the leading order of e.

5.2 Uy(1l) broken model

Because there is the mixing between ¢? = ¢? and x* = x?2, the calculation of the anomalous
dimension of the U4(1) broken model is somewhat complicative. In the leading order of the
€ expansion, we obtain

(Ga)On(@) ()], = 20 {1 - 34 (3 — o+ log(4) — loglk? /2] + 2) } (510)

(Xa(P) X6 (D) (K)o

= —20y, (% + % — g) (% — v+ log(4r) — log[k?/u?] + 2) : (5.11)

Xa ()X DX (R 41

~ 20 {1- 30— 20) (2 =5 togtam) - [ detogfiea -9y b 6512

(60 (D) DX ()] 1

z

— —25, (g + 2 5) (3 — 5 + log(47) — / d log[{ea +£(1 — f)kQ}/lf]) - (5.13)

These divergences are regularized by 2 X 2 matrix Zg2 as

( Eﬁ% ) = Za: ( iz ) Zy: = ( 12;4 1(33 ) (5.14)
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These parameters A, B and 4, Cy are determined by renormalization condition. Here, we

take

(DA oo = 2

(Xa(®)x6(@)[6°)(K)) 2,2 =0,
Xa()x6(0) D) (B)) | o2 =

(0a(P)O6(@)X)(K)) | o0 =0.

with the renormalization scale . In this scheme, we obtain
1. /2
A :§/\ <— — v+ log(4m) + 2) ,
€

(A —22) (%—v+log(4ﬂ)—/oldflog [;—2+§(1—§)D,

Hence, the correlation functions are regularized as,

(Ou )P, =25 {1 S 081811}

Xa(P)X6 (@)D (K))] 1y = —20a0 (% + % — %) log[k*/ 7],

ca+&(1 =k

DD,y =20 {1 500~ 20) [ dctog | A EEC=E0

~

3 4 3

) B A g oz [P ca+E(1 =k
(6a(P)ou(0) ) (K))] ,,,,, = —20a (‘ Ty ‘) /0 & log LA +E(1—9p?]’
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For simplicity, we enforce the scale dependence to the Z factor as

A :%5\ <§ — v + log(47) — log p* + 2) , (5.27)
/ PR - 2 ! 2
B =—(\—21) <— — v+ log(4rm) — / délog [ca+ E(1— Ep ]) : (5.28)
2 € 0
C| = (% + % - g) (% — v + log(47) — log p® + 2) : (5.29)
5\ ~ 2 1
Ch = <§ T+ % — g) (% — v + log(47) — /0 délog [ca+ £(1 — 5)#2}) ; (5.30)

and ignoring the p dependence of the bare correlation functions introduced for regularization
of the logarithmical terms. Diagonalizing Zq;l as

P Z 3P =diag{Z ", Z='}, (5.31)

and using linear combinations of ¢? and 2, ®., defined by

(1)2 B ¢2
((I){):Pl(XQ), (5.32)
we obtain the RG equation as

0 7 0 )} ( (Dat[P2]) )
— 4+ 5 =0, 5.33
|:M a,u ( 0 V- <¢a¢b[q)%] > ( )
where 74 and v_ are anomalous dimensions of ® and ®2 respectively, and [®4] = Z, P,
are the regularized operator. We omitted sub-leading terms in €. Hence,

0
Ve = —,u% log Z; ' (5.34)

n—0 n—0 n—0 CA

Thus, the linear combination of ¢ and x?, ®. has the same anomalous dimension with that
of $* in the O(4) LSM (eq. (5.8))) in the IR limit.

The matrix P is described as
. 1 P12
P = ( Py 1 ) , (5.36)

10Gee also appendix [ for the detail calculation.
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where

A - B A —B\* ! AN+ 3Go + 42
Po="-""_ 7T _
2= o0 \/( 207 ) e i o). (5:37)
and
A - B A —B\? O, AN+3,+ 42
Py=-2"7 P . .
T \/< e > e i (o) (5.38)

Using the IR asymptotic behaviors of the couplings (eqs. (B:28H3.27)), we obtain the IR
behaviors of Py and Py as

n—0 0

Py, Y50, Py 50 (5.39)

Therefore, P becomes the identity matrix in the IR limit, and

. 2 _ 2
llg% o = ¢~ (5.40)
Thus, we conclude that
. 1 1 €
Vy,(1)br = lim = -+ -+ O0(€%) = vow). (5.41)

Eventually, we obtain

1 €
VUus(Wbr = Vo) = 5t <5 Nua@)br = No) = 0.

2 8
Other critical exponents can be calculated by the scaling and the hyper scaling laws. Because
the exponents 7 and v in the O(4) LSM and those in the Us(1) broken model agree with
respectively, all of the critical exponents agree with. Therefore, there is no discrepancy in
the leading behavior of the critical phenomena, the U4(1) broken model ends up with second
order phase transition with the O(4) universality class.

5.3 Sub-leading exponent

The corrections to the scaling behaviors in second order phase transition is characterized
by the RG dimension of the leading irrelevant operator w [3), 14, Bl [6]. O For instance,
the magnetic susceptibility x near the critical temperature without an external field h is
described as

x(t,h = 0) =oc t 7V (1 4 k™ 4 ..., (5.42)

with reduced temperature ¢t = (1" — T,) /T, and constant k,.

HGee also appendix [A]
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With sufficiently small €, the leading irrelevant coupling in the O(4) LSM is 5\0(4) —A.. In
the U4 (1) broken model, the couplings g2, Z and Z will not affect directly to the IR nature,
scaling of the remaining coupling Ay, 1) br — A« gives w. The RG dimension of these couplings

are calculated in eq. (B830) and eq. (3.34) as

)
Wo4) = € WU, (1)br = 2 — 567 (5.43)

with € > 3/4. Because this exponent characterizes behavior of observables in second order
phase transition, we can distinguish which model describes the transition even though the
transition of both models undergoes with the same universality class.

Higher dimensional operator

There are two possibilities which would explains the discrepancy of the sub-leading exponent
w. There would be the higher dimensional operator consisting of ¢, and preserving the O(4)
symmetry with scaling dimension 2 — ge. In this case, once the operator is switched in the
O(4) LSM, this operator becomes to be leading irrelevant, and it shifts the approaching ratio
of \ in the O(4) LSM. The discrepancy of w is caused by a swiching of the opetator. If it
is not in the case, the discrepancy of w will be interpreted as the remnant of the massive
fields x,. Focusing on the former possibility, we calculate the RG flow of the O(4) LSM with
higher dimensional operators.
Now, we add the higher dimensional terms

Luigh—dim = A6(02)° + As(02)* + Aad2(9,00)* + A\ (0aOutba)?, (5.44)

to Lo(4) for instance. A\g and Ag have dimension 2 — 2¢ and 4 — 3¢ respectively. Hence (¢?)?
becomes a marginal operator at € — 1. Dimensions of the derivative interactions are 2 — e.

First, we estimate the effect of the derivative interactions. These terms have tree contri-
bution,

G (p1(p1), 1(p2), d2(ps3), ¢2(p4))|

2
T
=3 22X + (p1p2 + p3pa)2°Aa + (D1p3 + p1pa + paps + popa)22s + O(?).  (5.45)

amp

We decompose G as

G(4)<¢1 (p1)¢1 (p2)3 05 (P3)7 ¢2(p4))
:G(A4) + (p1-p2+ps '294)G(:) + (P1-p3+p1-pitpa-p3tpo -p4)Gf_§) + .. (5.46)

Higher term in external momenta will arise from more higher derivative interactions. The
counter term of \ is determined by a condition for G¥), for instance

G ) (5.47)
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Corrections from derivative interactions thus come from the loop diagrams which are not
proportional to polynominal of the external momenta. In the leading order of the € expansion,
diagrams where there are contributions from the derivative interactions are enumerated in
figs. M Upper diagrams of figs. [7] are proportional to A4 or A\p, and lowers are A%,

(2)
4) () (6) () 8

Figure 7: 1-loop contributions from the derivative couplings are shown. Derivatives act to
dotted line, and colors of the dots indicate the contractions of derivatives.

A% or AgApg. The diagram (1) is obviously a contribution to Gf) and Gg). (4) gives a
corrections to more higher dimensional operators (9,0,0,¢4)* and (9,0a0,¢4)(0,Pp0,0s),

and (6) contributes Gﬁf), Gg) and more higher terms. The diagram (2) is proportional to

dk p a4l (= xP) -
/(27r)dk:2k:+P / / l2+$1—xP2 (=k+aoP)

dl dl pi -l
= 4
—Pi /dx/ l2+m1—xP2 /dx/ 212+ x(1 — z)P?]?’ (5.48)

where p; is one of the external momenta, and P is a some linear combination of external
momenta. The first term is a contribution to Gﬁf) and G%). The second term vanishes by
the integration it is a odd function of the loop momentum. Similarly, (5) and (7) contribute

only G u, G é and more higher terms. Eventually, diagrams which would contribute to the
RG flow of A are (3) and (8). The diagram (3) is proportional to

/ <g7r]§ ,’;@TPJ;Z :/ <d:]§/ <<k+1 Py +k2<%#PP> )
[t [ 00 [ i
_ / ddk/dkla P2 / dx / ddl l2+x1fx) pp (049)

where we ignore the odd term of loop momentum. The first term contributes for the G§\4),

and the second is a contribution for fo), Gg). The first is quadratic divergence term, but
it has no dependence of the external momenta. Thus it canceled by the counter term as a
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constant in terms of the renormalization scale, and it cannot contribute to the RG flow of
A. The diagram (8) is proportional to

&k k- (k+ PP [ dk P kP
/(%)d K2(k 1 P)? _/(27)(1{1_(k+P)2+k2(k+P)2}

dk dk 1 ! dl Ik
_ - p? PP, | d
/ (2m)? / eniie " / x/ ) (1 —2) P
d¥l x?
P d 5.50
i / x/ it a(l—2) P (550)

Only the first term contributes the GE\4), but it is a constant in external momenta. As a
consequence, there is no contribution from derivative couplings.

Diagrams which arise in injection of the six and eight point interactions and contribute
the four point functions at leading order of the € expansion are enumerated in fig. B (a-i),

(a-i) (a-ii) (b-i) (b-ii) (c)

Figure 8: Leading contributions to the four-point correlation function from the six point and
eight point interactions are shown.

(a-ii) are linear term of Ag and Ag. (b-i), (b-ii) are proportional to A\g and A\g respectively,
and (c) are AgAg. Because the integrals of loop momenta in the diagram (a-i), (a-i) and
(b-ii) are independent of external momenta, they are canceled by the counter term of A as a
constant of the renormalization scale. Thus these diagrams does not contribute the RG flow
of A in this order. On the other hand, (b-i) and (c) have contribution to the RG flow as

ﬂ;’ﬁ’& = ﬁj\ + 015\5\6 + 625\65\87 (551)

where 35 is the 8 function of ) calculated in the theory without higher dimensional operators,
and \g = 22N, s = p4t3\g, ¢; and ¢, are suitable constant. When (¢2)3 or (¢2)*
is relevant, it upset the stability of the IRFP. We ignore this possibility for a while, and
assume that they are irrelevant. In this case, A still converges to €/2 in the IR limit. Since
we are assuming (¢2)* and (¢2)* are irrelevant, the third term converges to zero faster than
the second. If the convergence of )\6 is slower than p°, the approaching ratio of A to €/2
becomes to the scaling dimension of )\6, and the leading irrelevant operator is (¢?2)® in this
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case. The 8 function of ;\6 can be obtained as
~ N 3 R
ﬁ;\G =(2—2€)A¢ + TA\\ + O()\g) ﬂ (2 + 56) A6 (5.52)

This result is consistent with the assumption that (¢2)3 is irrelevant, and moreover, means
(¢?)? (and also (¢2)*) do not change the IR approaching ratio of A because the additional

terms arising by insertion of the higher dimensional interactions decrease to zero faster than
€

A

As a consequence, we obtain that there is no operator which shifts the approaching ratio
of \ in Liigh—dim- Needless to say, there are more higher dimensional operators, and perhaps,
one of them might be able to change the approaching ratio of 5\0(4). However, it requires
the large anomalous dimension. Therefore, we expect that the footprint of the massive fields
will remain in the sub-leading behavior of second order phase transition.

6 Lattice calculation

Because of the diverging coupling, we need a non-perturbative check of the decoupling. In
this section, we show our results of lattice calculation.

6.1 Uy(1l) broken model

For the U4(1) broken model, we use the discretized action described as

St = 0 30 | = 5 3 6a() (Gl + ) + (e — ) — 26,(0)) + 3000 ()

2 2
— 3 37 Xal) Ol + o)+ xal = ) = 2x0(0) + 34000
+ A @) + T (A= 28) (0 ()
Far (0t = RN — 7 pGun@)? | (6)

where a is a lattice spacing, and ¢ is the unit vector in the sth direction. We perform a
lattice calculation in hybrid Monte-Carlo method in L3 box with L/a = 4,8,16, 32,64 and
with periodic boundary condition. Because this model is an effective theory of low energy
QCD, there is a cutoff scale. Therefore, the continuous limit is not taken, and we interpret
the lattice spacing a as the cutoff scale A = 7/a.

We perform the calculations with L = 4,8, 16, 32,64, and the results are shown in figs [OF
M2 Because (M) varies continuously, we suppose that the phase transition will be second
order.

Fig. @ shows p? dependence of the expectation value of the effective magnetization M
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Figure 9: p? dependence of the effective magnetizations (M) in the Ux(1) broken model
with L = 4,8,16,32,64 are shown. The input parameters is fixed to a’cy = 0.5 and
(A, Go, 2, 2) = (3/7%,3/72,0,0).

defined as

M = % > </ d3:c<;5a(x)>2, (6.2)

a

where V' = L? is the volume of the box. Decomposing ¢,(x) by a vacuum expectation value
¢, and a fluctuation §,(z) as

$a(T) = Pa + ba(2), (6.3)

the effective magnetization is described as

M:%\/g/d%d‘q’y%(ﬂﬁ)%(y)

:\/Z w2+ V-1 Z / AB3x (04 () + 04(0)04(x)) + ... (6.4)

Thus, M becomes the correct vacuum expectation value in the infinitely volume limit. (O)
means a statistical average of an observable O. The (negative) mass parameter p? has an
additive correction which is proportional to T? as p? = ¢T? + 2. Because of the addi-
tive correction in the lattice regularization, u(7.) does not zero in this case. Near critical
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Figure 10: p? dependence of the magnetic susceptibility x in the U4(1) broken model with
L = 4,8,16,32,64 are shown. The vertical axis is plotted in logarithmic scale. The input
parameters is fixed to a*cq = 0.5 and (A, go, 2, 2) = (3/7%,3/72,0,0).

temperature, we obtain
p*(T) — p*(T,) = o(T? = T?) =~ 2cT. (T — T,) + O(T — T.)?). (6.5)

Thus p?(T) — p?(T.) o<t int = (T —T,)/T. < 1, and we simply regard the u? dependence
as the temperature dependence near the critical point.

Fig. @ shows that the magnetization has no gap even in large volume. It implicates that
the phase transition will be second order.

The magnetic susceptibility x is defined by

X =V ((M?) = (M)?), (6.6)

and it is shown in fig. I3l When the phase transition is second order phase transition, we
can extract the critical exponent n and sub-leading exponent w by the finite size scaling of
the maximum value of the susceptibility xma. (eq. (A54)), as

Xmax ¢ L271(1 4 o L7+ ).

On the other hand, Ymee o L¢ in first order case. The fitting of the peaks in fig. 5] shows
Xmaz ~ L?, and it strongly suggests second order phase transition. Using the data in larger
lattice (L=16, 32, 64), we obtain

n=0.12+0.10. (6.7)
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Figure 11: Lattice volume dependence of the Xmaz in the Uy (1) broken model is shown.
The input parameters is fixed to a®cq = 0.5 and (A, g2, 2, 2) = (3/7%,3/72,0,0). The fitting
curve is drown with best fit value n = 0.12 and w = 1.2.

Fixing n to the best fit value, we obtain the sub-leading exponent as
w=13+12 (withn=0.036). (6.8)

The lattice data and the best fit curve of x4 is plotted in fig. [Tl
Assuming the O(4) universality, we can use a referential value of the exponent n = 0.036
reported in Ref. [19] alternatively. With referential value, we obtain

w=0.85+0.52. (6.9)
The Binder cumulant [7, 8] Uy, is shown in figs. [[21 It is defined as

(M*)

oY (6.10)

Uy =

We can see that the Uy, is nearly volume independent at the critical point as expected by
the finite size scaling (eq. (A.5))). One can extract the critical exponent v by the slope of

Up (eq. (A.52)) as

0 1
U Lt
T M

And we obtain

v =10.70 £ 0.10. (6.11)
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Figure 12: p* dependence of the Binder cumulant Uz in the Us(1) broken model with
L = 4,8,16,32,64 are shown. The input parameters is fixed to a® c4 = 0.5 and (\, g2, 2, 2) =
(3/72%,3/72,0,0).

The volume dependence of the slope is shown in fig. [[3]

6.2 O(4) LSM

In the aim of the comparison with the U(1) broken model, we also carried out the lattice
calculation on the O(4) LSM. For O(4) LSM, we use the discretized action as

Sty =Y ——Z% (6l + i) + 6l — ai) — 20(2) + 30u(r)? + NS (2))?
(6.12)

We perform the calculations with L = 4, 8,16, 32, 64, and the results are shown in figs 14}
10|

As similar as in the U4 (1) broken model, we extract the critical exponents 7, v and w as

n = 0.048 + 0.084, (6.13)
v =0.71 % 0.02, (6.14)
w = 0.90 + 0.33. (6.15)

The volume dependence of x4 and slope of the Bindar cumulant Uj, are shown in figIT
and I8 We comment that, of course, the volume dependence of the susceptibility, Xmaz X
L= ~ L2 strongly suggests second order phase transition.
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Figure 13: Volume dependence of the slope of Uy, in the U4(1) broken model is shown. The
input parameters is fixed to a’cy = 0.5 and (), §o, 2, 2) = (3/72,3/7w%,0,0). The fitting
curve is drown with best fit value n = 0.12 and w = 1.2.
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Figure 14: p? dependence
4,8,16,32,64 are shown.

of the effective magnetizations (M) in O(4) LSM with L =
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Figure 15: p? dependence of the magnetic susceptibility x of the O(4) LSM in L

4,6,8,12,16,24, 32,64 box is shown. The vertical axis is plotted in logarithmic scale.
is fixed to 3/72.

> ||

15 | T T T T
L=4 —F—
L=6 |
14 B L:8 Lo L r 4]
N L=12 i C e 0
Nz 1.3 | L=16 @. -
v L=24 :- -e /N . " ¥
A L=32 — & — AT
S 12F 164 s v F 7
Vv Ii + g
+ ¥ ]
1.1 » %
1 T | | | | |

-15 -145 -14 -135 -13 -125 -1.2

2

Figure 16: p dependence of the Binder cumulants Uy in the O(4) LSM with L =
4,6,8,12,16,24, 32,64 are shown. A is fixed to 3/72.
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Figure 17: Volume dependence of the ymee in the O(4) LSM is shown. A is fixed to 3/72.
The fitting curve is drown with the best fit values n = 0.048 and w = 0.90.
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Figure 18: Volume dependence of the slope of Uy, in the O(4) LSM is shown. A is fixed to
3/m%. The fitting curve are drown with the best fit value v = 0.71.
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’ ‘ Model H Method ‘ n ‘ v ‘ w

Ref. [17] O(4) Heisenberg Lattice 0.0254(38) | 0.7479(90)
Ref. [19] O(4) LSM Lattice 0.0365(10) | 0.749(2) | 0.765(22)
Ref. 28] | U(2) x U(2) LSM || Perturbation (d=3) | 0.12(1) | 0.71(7)
This work O(4) LSM € expansion 0 (4+¢€)/8 €
Lattico 0.048(34) | 0.71(2) | 0.90(33)
[ = 0.036] [0.88(33)]
Ua(1) broken € expansion 0 (44¢€)/8 | 2—5¢/3
Lattice 0.12(10) | 0.70(1) | L3(1.2)
[ = 0.036] [0.85(52)]

Table 1: Our results of the € expansion and the lattice calculation are summarized. The
exponents reported in Refs. [17],[19, 28] are also shown as references. The values in the square
brackets [ | are the value of w calculated with the referential value n = 0.036.

Using the referential value n = 0.036, we obtain
w=0.88+0.33 (with n =0.036). (6.16)

Finally, we summarize the exponents obtained by the € expansion and the lattice calcu-
lation in table[Ill These reported in Refs. [17, [19, 28] are also shown as a reference. Because
of the large error, we cannot distinguish whether the discrepancy of the w between the O(4)
LSM and the Uy4(1) broken model exists or not.

7 Summary

The two-flavor massless QCD is studied both analytically and numerically. The critical
phenomena of this theory depends on strength of the Us(1) symmetry breaking at the
critical point. The nature of the chiral phase transition with infinitely large breaking of the
Ua(1) symmetry and that with the effective restored Uy (1) are well established by effective
theory approaches. In this study, we investigated the critical phenomena of the U(2) x U(2)
LSM with the U4(1) breaking term called the U4(1) broken model as an effective theory of
the chiral phase transition of the two-flavor massless QCD with the finite U4(1) breaking.
This model is constructed by two of four-component real scalar fields, the massless fields
¢, and the massive fields y, at the critical point. The strength of the U4(1) breaking is
parameterized by c4 which is equivalent to the mass splitting of ¢, and x, in this model.
With infinitely large c4, the massive fields x, decouple from the IR nature, and the model
is reduced into the O(4) LSM.

The RG flow of the U,(1) broken model with finite ¢4 is investigated in the € expansion.
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In order to trace effects of the mass, we took a mass-dependent scheme to the regularization
of the four-point functions, and the on-shell scheme to the two-point functions. No IR stable
fixed point is obtained in the leading order of the expansion. However, depending on initial
conditions, one of the couplings A which is remained in the infinitely large Ux(1) breaking
limit converges to the IRFP of the O(4) LSM. IR asymptotic behaviors of the couplings are
obtained in the converging case. Contributions of the massive fields to the g function of A
vanish in the IR limit. It indicates the decoupling of the massive fields and the reduction
of the Ux(1) broken model to the O(4) LSM. There is the O(4) attractive basin where the
remaining coupling A reaches to the O(4) IRFP in the initial coupling space. We found that
the attractive basin shrinks as ¢4 decreases. Thus, if ¢4 turns out to be extremely small, the
phase transition of massless two flavor QCD tends to be first order.

In order to establish the nature with the diverging couplings and the decoupling of the
massive fields, we calculated the RG improved correlation functions. It was shown that
the RG improved four-point functions in the Ux(1) broken model with converging A are
converges to these in the O(4) LSM. We point out that the correlation functions calculated
in the M S scheme have same dependence on the external momenta with those calculated
in the mass-dependent scheme. And, it was shown that the N-point functions with N = 6
converge to these in the O(4) LSM. Therefore, the IR nature of the U4 (1) broken model will
approach to that of the O(4) LSM, and we conclude that the U4(1) broken model undergoes
second order phase transition in the O(4) attractive basin.

We calculated the critical exponents of the Uy (1) broken model. As a naive expectation,
the Ua(1) broken model shows the same exponent as the O(4) LSM. On the other hand,
it is worthy to note that the exponent w which characterizes the sub-leading behaviors of
the critical phenomena differs between the U4 (1) broken model and the O(4) LSM. This
discrepancy implies that we can find the footprint of the massive fields from the sub-leading
behavior of the phase transition.

Finally, we performed the lattice calculation on the Us(1) broken model. The scaling of
the magnetic susceptibility at the critical point ;... indicates that the model can end up
with second order phase transition. It means that the decoupling of the massive fields y,

ocurres even in the non-perturbative formulation.
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A Critical exponents and scaling law

A.1 Critical exponents

When a theory is pointed away from the critical point, the two-point correlation function
behaves as

G (z) = (D(2)@(0)) ~ exp[—|z|/¢], (A1)

where ¢ is the correlation length. Approaching to the critical point, that is the reduced
temperature t = (T'—T,)/T. decreases to zero, the correlation length & diverges with negative
power of t,

e~ (A.2)

As a consequence, the correlation function follows a power law of |z| as

1
2
Because of the RG equation of the correlation function,
[ "o Zﬁpz + 27| G (5, {pi}) = 0, (A.4)
we obtain
1 ||
GP(@) = prmgh({p)) - exp [—2 / | dlogle 1y ({p())) | (A.5)
o
Where, p; is dimensionless couplings. p; obeys the differential equation
= 815 ) (A6)
dlog1/fe]) "~ |
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and the initial condition,

Pilpai=1 = pi(p). (A7)

The dimensionless function h({p;}) is determined from a initial condition.
When one set p to sufficiently small, say, all parameters in the theory are sufficiently
close to the IR fixed point, the exponential in eq. (A.5) can be written approximately as

|| |z
exp [—2/1 dlog|x’|7¢({ﬁi(az’)})] A exp [—27;’;/1 dlog|x'|] = ;*, (A.8)

/u (pelc]) 7o

Where 77 is the value of 7,4 at the IR fixed point.
Considering the case that, there is only one relevant coupling p,, in the theory. In this
case,

P =pum (alc])* 7752, (A.9)
Pitm =pi(pla]) =4 (A.10)

Where A; > 0 at any i # mT At large distances, all arguments in h({p;}) expect for
Ppm become negligible. And, we can regard as the function h as univariate function of
pm (1t|2])? 7%, To regularity of G®), p,, should vanishes at the critical point. Typically, it
proportional to ¢ near t = 0. Hence, we obtain the asymptotic behavior of G® around the
critical point as
G(w) & iy - e el ), (A1)
2|2 (ul])*7

Therefore, the critical exponent 1 defined by eq. (A3 is

n =2, (A.12)

Because t dependence of G® comes only in a form of h(t(,u|x|)2_7;2), the exponent v
defined by eq. ([A.2)) should be
1

V= —.
2=

(A.13)

There are other critical exponents. They characterize the behavior of a magnetic susep-
tibility x, a specific heat C', a spontaneous magnetization (or the order parameter) m and

12There may be the couplings which does not vanish but converges to p,. In this case, we can redefine
p' = p — px which vanishes at critical point.
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the respondance of that for a external field h as,

x(t,h = 0) |t|™ (t>0), (A.14)
C(t,h = 0) oc|t|™ (t > 0), (A.15)
m(t,h = 0) |t|’ (t <0), (A.16)
m(t =0,h) o|h|? (A.17)

A.2 Scaling law and finite size scaling

In this section, we show a brifly review of the scaling law and the finite size scaling. Finite
size scaling is the most impotant technige to pick up informations of a critical phenomena
from lattice calculation in a finite size box.

A.2.1 Scaling law in infinite volume

First of all, we consider a system which ends up to the second order phase transition in d
dimensional infinite volume with temperature 7', external field h and operators {g;}. Near
by the critical temperture T, free energy density of a system is transformed in the renor-
malization transformation L — b~'L as

f(t7 h7 g1, g2, ) — bidf<bytt7 byhu by1g17 by2927 )7 (A18)

where L is some of a length scale, t = (T'— T.)/T. is the reduced temperature, and y;, yp
and {y;} are scaling dimension of each operators. When all of operators {g;} are irrelevant,
y; < 0 for any 7. Repeating the renormalization transformation, all couplings of irrelevant
operator decrease to zero. Thus, we can write the free enargy as the function depending
only temperature ¢ and external field h as

f(t,h) = b " f (bt b h), (A.19)
with sufficiently large n. Choosing renormalization parametar b as b™t = 1, we obtain

f(t, h) =t f(1, ht—¥n/¥), (A.20)
Evetually, we can deal the free energy as a unary function practically. Using eq. (A.20),

PI(t0) i

@0 oc LU o yiammin, (A.22)
h=0
2
x(t,0) o % oc ¢ld=2m)/ve, (A.23)
h=0
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And from eq. (A.19),

af(0,h) af(0,h)

0,h s 2 : A.24
(00, ) oc =g O |y, 20
Taking 0™rh =1,
(¢)(0, h) oc htd=yn)/un (A.25)
Hence, the critical exponents can be written as
d d— 2up — d
a=2-2 =" _hZ0 5_ U (A.26)
Yt Yt Yt d—yn
And therefore, we obtain the scaling relation,
a+28+y=2, y=p6(0-1). (A.27)

Similarly, performing the renormalization transformation L — b~!'L to a correlation
function,

G(r,t) = b 220G (b r, b't), (A.28)

where we use the scaling law of the spontaneous magnetization m(t) = b=¥rm(p¥:¢). Tking
Wit =1,

G(r,t) = 2 Tmv@(pt/m), (A.29)

Where ®(r) = G(r,1). Using a correlation length &, the correlation function at ¢ # 0 can be
written as,

G(r,t) o e /e, (A.30)

On the other hand, we can see that the r dependence of the correlation function only arises
as 7t'/% from eq. (A:29). Thus,

€ oc ™o, (A.31)

Taking b~!r = 1 alternatively, and setting t = 0,

G(r,0) oc p2d+2un, (A.32)
Then
1
v=—, n=d-—2y,+2. (A.33)
Yn
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Using eq. (A.33) and eq. (A.26]), we obtain the hyperscaling relations as

v(d—2+n)
2

_d+2-—n

a=2—dv, = R

= V<2 - 77)7 0 (A'34)

A.2.2 Sub-leading term of the scaling law

Emphasizing the leading irelevant operator 0\ that has largest scaling dimension —w in

eq. (A.20)
FOE T, 6) = b (et B, b5 N). (A.35)

Taking ™t = 1, we obtain

C(t,0) Nt%”%(&tw/yt) ={° ((I)c(O) +

ot (1 + kot + ...), (A.36)

where &y (X = C, x,m,...) is a some suitable function, and k¢ is a constant. Similarly, we
obtain

(@)(t,0) oct? (1 + kit +...), (A.37)
X(t,0) oct™ (1 + ky t? + ..0). (A.38)

Thus, the critical exponent w characterizes the sub-leading behaviors of critical phenomena.

A.2.3 Finite size scaling

Next, we consider a system in a finite volume. In order to actualize the second order phase
transition, we need to take L~! to zero, as t and h. Hence L~! is also a relevant operator
with scaling dimension 1,

f(t, by L7 = b f(bv"t, 0¥ h, bLY). (A.39)

Taking b = L (with suitable coefficient), we obtain the scaling law in a finite volume as

f(t h, L7 = L™ f(tLv, hLV" 1). (A.40)
Thus,
2 / —1
C(t,0,L7") % = L9 (L) = LY Do (tLv), (A.41)
t'=t
—1
(0)(t,0,L71) o % = LM, (tL7) = LA, (tLY), (A.42)
h=0
2 —1
X(,0,L71) oc % = L2, (tLv) = L7, (tLY), (A.43)
h=0
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where we use the scaling laws eq. (A.20) and eq. (A33). Assuming that the finite size
expressions C'(t,0, L™1) and x(¢,0, L™!) smoothely connect to that of in the infinite volume,
C(t,0,L7Y) and x(t,0, L~!) should have peaks at t = (3. And the values of these at the
peaks are

Crnaz(h =0,L7Y) = C(0,0,L71) oc LY, (A.44)
Xmaz(h =0,L71) = x(0,0, L) oc L/". (A.45)

A.2.4 Binder ratio and cumulant

The Binder ratio B; and cumlant U are usefull tools to classify the second order phase
transition. They are defined as

(%) (¢, h, L7T) (") (¢ h, L7

P = e, O T G A
(¢™) can be obtained by nth partial differentiation of the external field as
2
<¢2> :Vf2Zfl /,D(b </ ddawb(x)) e*S‘Fhfdd:Ed)((ﬂ)
0 0 ?
ocV_Qm log Z + (V‘l% log Z) oc V7ix(t, h) + (@)% (A.47)
Using the scaling laws eq. (A.42) and eq. (A43),
(¢2)(¢,0) oc L2 o (tLv) = L2P/*®, . (LLY). (A.48)
Then, we obtain
O, (tLv
By (t,0) Ll) (A.49)
@2,(tL7)
Similarly,
(M) (¢,0) oc L*¥/*®, 4 (tL7), (A.50)
and also
D, (tLv
Un(t,0) o 2o UPL2) (A51)
P2, (tLv)

Therefore, the Binder ratio and cumlant are L independent at ¢t = (™. On the other hand,

13 Acctually, because the critical temperature also shifts by the finite size effct, definision of ¢ depends on
the box size L.
14 Acutually, L dependence is remained in the definition of .
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we can extract the critical exponent by the derivation of these as,

0 1 0 1
EBL(t,O) . o Lv, aUL(t,O) . o Lv. (A.52)

A.2.5 Next to leading term of the finite size scaling

Emphasizing the leading irelevant operator o\ that has largest scaling dimension —w in
eq. ([A.39), the scaling equation in finite volume is obtained as

flt h, L7 6N) = b f(bYit, b h, bL™', b0 N). (A.53)
Taking bL~! = 1, we obtain

X(£,0, LY =L@ (tLv AL ™)

B
=L@ (tL7,0) + L/ —=_® (tLv,6)N)

56 OA+ ... (A.54)

OA'=0

Thus the scaling dimension w handls sub-leading term of the finite size scaling. Similarly,

C(t,0, L") =L*"®¢(tLv , 6AL™)

— Lo (tLv . 0) + LYV O (tLv, N S\ ... A55
RO B o Pt O] AT (A
) O ®, (tLv, AL~
—UL(t,O) - 3, m( ;7 )
ot =0 O0®2,(tLv,6AL~>)|
xLv®p, (Lv,SAL™)
1 1 1 é) 1
—Lv®y (Lv.0)+ Lv ™% ——®y (tLv, 0N SA+ .. A.56
UL( ) )+ 8(5/\/) UL( ) )5>\’:0 + ( )

B Hessian matrix

The RG flow near a fixed point of a theory {g;.} grows in accordance with

91,* + 51 61 (51 (51

d d
R g Sk + 5 —_= 6 e 6 — — 5 . B.l
Ol I ” T ol (B.1)

{QL*}
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With sufficiently small {6;}, the RG equation can be expanded as

g1 + 01 B
| 2 | ot o)
981 98
B o o &1
~ 5‘2 + g—fi .. 5.2 . (B.2)
lou} 5 s
From these,
TR

. (51 8_)\1 8_)\; ce 51

— | o — | 9 - )
Md,u :2 = 8/\1 . ‘2 . (B.3)

. : {gi,*}

The matrix w;; = 6;5? is called the Hessian matrix. Decomposing the vector (d1, s, . ..) using
J

the eigenvectors wv; = \v; as

01
N [ (B.4)

i
we obtain

01
,LL% 6:2 = ; ,U,Ccll—jjvz = W ; CU; = ; Ci/\ﬂ]i, (B5)

where we assume that the eigenvectors {v;} have no dependence of renormalization scale.
Therefore,

| =Y e (%)A v, (B.6)

When all eigenvalues are positive,

01
lim | %2 | =o. (B.7)

n—0
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In this case, the fixed point is stable in the IR limit. On the other hand, when there are
only negative eigenvalues,

o1
lim | %2 | =0. (B.8)

HU—>00

Thus, the fixed point is UV fixed point. If there are both of positive and negative eigenvalues,
there are both of attractive and replusive directions at {g;.}. Therefore it is a saddle point.

C Dimensional regularization

In this appendix, we calculate diverging function

L[ dik 1 1
2,02 pr2y _ - 1
Vip%m’, M) 2/(27r)dk2+m2(k‘+p)2+M2 (€1

in 4 — ¢ dimension. Using integration formula

dl 1 1 T(2-4d/2) (1 2-d/2
/(27r)dl2+A2 T 4mi2 1(2) (z) : (C.2)

Taking the dimension to d = 4 — ¢, and using A = A/

r2—d/2) (1\"" T(/2) .« .,
(4m) 2P (Z> lamrn A

N —e/2
e A

_ M (2 B P N
= ( ’Y+O(€)) (1 210gA+210g47r)

€

_H (% —fy—|—10g47r—logA—|—O(6)) . (C.3)

Feynman paramerer integrals

Using Feynman paramerers integral indentity, we deform eq. (CI]) to the formula which we

can use eq. (C3).
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Same mass case

At first, we consider the case of M = m.

dk 1 1
2. —
Vip ,m,m)—/<2ﬂ)dk2+m2 G m

Using the identity

I d¢
E“/o AT (OB (©4)

1 1 _/1 3
24+ m?(k+p)2+m? o [k2+28k-p+ Ep* + m?)?

- /0 2 +¢(1 —dg)p2 T m?)2 (Il =Fk+¢&p). (C.5)

Using eq. (C.3)

1t A4l 1
V(p*im,m) = 5/0 dg/ 2m) 17 + £(1 = §)p* + m??

—€ 1
N (g — 1+ log dr — log[{m? + £(1 — )2}/ + o<e>) .
d=4—¢ 327T 0 €

(C.6)

Taking m — 0, we obtain

—€

U
3272

V(p*0,0) = — /0 d¢ (% — 7+ logdm —logl¢(1 — &)p*/p®] + @(6)) : (C.7)

One massive and one massless case

Next, we consider the case of M =0, m # 0.

k1 1
2. _
V{p*50,m) _/(27r)dk2+m2 (k+p)2’

In this case

1 d¢
k2+m2k:+p /0 k2+21— k-p+(1—f)p2+£m2]2

(I =k+&p). (C.8)

/0 2+ £(1 p+€ 22
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Using eq. (C.3)

Lo d* L
V(p*0,m) 25/0 dﬁ/ (2m)2 [12 + €(1 — &)p* + Em?)?

e _;27:2 /0 dt (% — 7+ logdr — log[{&m® + &(1 — &)p*}/p?] + 0(6)) :
(C.9)

D Correlation functions and renormalization

In this appendix, we calculate four point correlation functions in the leading order of the €
expansion.
At first, we rewrite the bare parameters to renormalized one as

1 1 1 1
L 25(1 + wo)(au%a)Q + §m¢>02¢0a2 + 5(1 — wo)(au)ma)2 + §mxo2X0a2

+ >\10(¢0a2)2 + )\20<X0a2>2 + 30004 X0b> + >\40(¢0aX0a)2

1 1 1 1
25(1 + wg)(0u0ra)” + §m¢R2¢Ra2 + 5(1 — wgr)(OuXRa)® + §me2XRa2
+ M\ R(¢Ra2)2 + A2 R(XRa2)2 + )\3R¢Ra2XRb2 + )\4R(¢RaXRa)2

1 1 1 1
+ §5¢(8“¢Ra)2 + §6m¢¢Ra2 + §5X(8“XR,1)2 + §5mXXRa2

+ 51(¢Ra2)2 + 52(XRa2)2 + 030Ra"XRb + 64(¢RaXRa)27 (D.1)
where
Dy = Z3'?Pp, 0 =Zp — 1, wy = Zg (wpr + 0y), (D.2)
0p = 0 + 0w, Oy = 0 — Oy, (D.3)
mio = Z¢_1(miR—l—5m¢), mio = qul(mquLémX), (D.4)
)\2‘0 - Z¢,72()\Z‘R+(5i>. (D5)

We add the subscript 0 to the bare parameters and R to the renormalized one. Here after,
we drop the subscript R for simplicity.
The amputated ¢’s four point functions G*° is, for example

GO (D1(p1), d1(p2), D2(3), 32(D))amp
= (¢1(p1) P1(p2) P2(p3) P2(pa)) ’amp
- —8)\1 - 8(51

+ 2902V (5;0,0) + (25A3\g + 25X3%) V(55 ¢4, ca)
+ 2"V (;0,0) + V(u;0,0)} + 22X {V (t; ca,ca) + V(u;ca,ca)l, (D.6)

where we take m?(T,.) = c4/2, thus my? = 0, m, > = ca, and s = (p1+p2)?, t = (p1+p3)?, u =
(p1 + ps)?2. G™M) is a correlation functions of n point ¢, and m point x,. The loop factor
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V in eq. (D.6)) is defined as

2. 9 a1 [ d% (1) (=1
V(p*;m ,M)—§/(27T)dk:2_m2 e (D.7)

Using dimensional regularization in d = 4 — ¢ B, we obtain

V0.0 =ty [ de (2 = ostam) — ogle(1 ~ 52/ + 010 ). D5)
Vitimm) = [ as (25 4 logtam) — ogl{m? + €01 - 90} /4 4 00 ) . (D)
Vis0m) = [ e (2 =+ og(an) ~ ogl{em? + €1 - 7))+ 0(0)).

(D.10)

Substituting these to eq. (D.4), we obtain

G§4,0)(¢1 (p1)7 O (pz); G2 (p3)7 ®2 (p4)) |amp
- — 8)\1 - 8(51

~ 2
+ _3“2 > [(28 S307 2505 + 22250 + 2°02) (; — 7 +log(4m) + 0(6))

-/ {20 loglé(1 — €)s/4)

+270% (log[£(1 — )t /p?] + log[£(1 — E)u/p?])
+ (22230 + 2°03%) log[{ca + &(1 — €)s}/ 1’

+ 202 (logl{ea + €01 — €)1} /7] + logl{ea + (1 — E)u}/u?) }]
(D.11)

15See also
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Similarly, other four point functions can be written as

G§0’4)(X1(p1), X1(P2), x2(P3), X2(Pa))|amp = (X1 (1) X1(P2) X2(P3) X2(P1)) lamp
= —8)\2 — 852

+ 2902V (s5¢4,ca) + (22 X34 + 2°05%) V(5;0,0)
+ 20V (t;ca, ca) + V(wsea,ca)} + 2° A% {V(£0,0) + V(w;0,0)},

= —8)\2 i 852
—e 2
+ _3‘; p [(28 3?4 29037 + 22 X3 M + 2°047) (; — 7+ log(4) + 0<€)>

- [ ae{2atonltea + €1 - )5/
2727 (log[{ca + &(1 — &)t} /p?] + log[{ca + £(1 — &)u}/u?)
+ (2°230 + 2°03%) log[€(1 — &) s/ ]

+2°0 (loglé(1 — €)¢/u?] + loglé(1 — &)u/p) }] . (Da2)

G5 (61(p1), Xa(p2), D1(03), Xa (Pa))amp = (91(1) Xa(P2) 61(p3) X2(Pa)) s
= —4)\3 - 453

+ (2°25% + 2°A2){V (550, c4) + V(u;0,¢4)}
+ (20 3 A3 + 22X 0) V(£;0,0) + (2% - 3Ao)3 + 2°Xa\y) V(¢ ca,Ca),

= —4)\3 — 405

. ,
+ 372 [{2%1 + A2) (625 + Ag) + 2005 + 207} (E — 5 + log(4r) + O(e))
1
—/ d&{(25A32 +23),%)
0

x (log[{gea + &(1 — &)s}/u’] + log[{€ca + £(1 = E)ub/p])
+ (26 : 3)\1)\3 + 25>\1>\4) log[f(l — f)t/,lLQ]

+ (2% 303 + 2° X \y) log[{ea + £(1 - f)t}/NQ]] ; (D.13)
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G2 (G1(p1), X1 (p2), D2(ps), X2(Pa))lamp = (81(P1) X1(P2) $2(3) X2 (P4)) lamp
= —2)\ — 20,
+ 29230 V (5,0, ¢c4) + 22M A V(,0,0) +2° XAy V(£ ¢4, ca)
+ (223 + 2% 302) iV (u; 0, ¢4)

= —2)\4 - 2(54

T o552 32 2 [{25 (A1 4 A2)As + 20230 + 2% - 30,2} (— — ~ + log(4m) + O(e ))

- [ as{2aanstonl{ees + €0 - s
+ 22X\ log[€(1 — &) /p?] + 2° Mo A log[{ea + E(1 — )1}/ p?]

(290 + 2 302) log[{€ca + €(1 —§)u}/,u2]} . (D.14)

D.1 Renormalization scheme

Because of the diversion of the correlation functions which we obtained above, we need to
regularize these divergences by the counterterms. We introduce M S scheme and symmetric
scheme.

MS shceme

All four point functions have the factor 2 —~+log(47). In MS scheme, we choose conterterm
0; to cancel this typical diverging term. We take

51 :’;_2 (BA12 + 272037 4+ 27330 + 27409) (% — v+ 10g(47r)) : (D.15)
5s :“;6 (3A? + 2723 4+ 2733\ +2740%) <2 — v+ log(47r)> : (D.16)

S 4 A2)(6Xs3 + Ag) +272X5% + 27107 <——7+10g(4 )) (D.17)
6y = — {2‘3(>\1 + Ao)As + 272030 + 271 30,7} (E -+ 10g(47r)) . (D.18)
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Substituting these,

G§4)(¢1 (p1)7 o1 (p2)= ®2 (p3)7 ¢2(p4)) |amp
- — 8)\1

u—e

3272

/0 ag{ 2\ loglg(1 — €)s/u%] + 27A% (logl€(1 — €)t/p?] + logl€(1 — €)u/ps?)
4+ (2° 30 4 25237 log[{ca + £(1 — €)s}/1?]

+ 202 (logl{ea + £(1— ©)1}/u?) + loal{ea + €0 - Ou/u?)) },
(D.19)

G§4) (Xl (p1>7 X1 (p2)> X2(p3), XZ(ZM)) ’amp
- — 8/\2

~ 4 [ {2t ollen+ £ - s}
+27X9% (log[{ca + &(1 — Ot} /] + log[{ea + &(1 — Eu}/p?))
+ (223X + 2°05%) log[£(1 — &)/ 1?]

+ 222 (loglé (1 — €)t/p2) + loglé(1 — ©)u/pi?) }, (D-20)

G (1(p1), Xa(p2), D1(Ps), X2(D4))amp

- - 4/\3
J— M_e
3272

/01 dg{(25A32 +250,?)
x (log[{zea +&(1 = &)s}/p?] +log[{zea + (1 — E)u}/p))
+ (2% 3N A3 4+ 2° M\ log [€(1 — &)t/ p”]
(27 Bk + 22000 logl{ea + £(1 — )}/, (D.21)

G (1(p1), X1 (p2), D2(P3), X2(D4))amp
=—2)\

-2 [ ae{anosieen + - s
+2° X Mg log[€(1 — &)t /p?] + 2° MM log[{ca + £(1 — )t} /1]
(250 + 24302 log[{€ea + (1 — E)u) /,ﬁ]}. (D.22)
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Symmetric scheme

With the symmetric RG condition (eq. (3.53.8))), we obtain,

61 = —2° 302V (11%0,0) — (28057 4 22 X3\ + 20D V(12 ca, ca)
e 5
— ‘; . [(3)\12 4+ 272057 + 27300 + 27002 (g — v + log(4m) + 0(6))

_ /01 dg{s)ﬁ log[£(1 = &)]

+274(2%A3% + 2030y + \y?) log {;_;‘ +&(1 - g)] }] . (D.23)

6y = — 2° - 302V (1% ca, ca) — (23037 + 22250 4 20,2) V(112 0,0)

. 5
— ‘; . [(3A22 + 272037 + 2730 + 27002) <Z — v+ log(4r) + 0(6))

- /1 d§{3)\2210g [C—;‘ el — g)}
0 H

+ 27427032 + 2030 + M\P) log[€(1 — €)] }] : (D.24)

— 24 313 + 22X 0) V(1% 0,0)
“3Xa)s + 22200) V(2 ca, ca) — (2037 + 2202 V(125 0, ¢4)

— [{2 (A4 X2)(6X5 + Ag) + 27 N7 + 2702} ( — 7+ log(47) + O(e))
— / d§{2‘2)\1(6>\3 + M) log[e(1 — €)] + 272X (63 + Ag) log [;—2 +£(1 - 5)}
0

+273(220,% 4+ \,2) log [x;—/; re(l— g)] } , (D.25)
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6y = — 22 M0 V(130,0) — 2 XM V(i?; ca, ca)
— (25)\3)\4 + 233N V(1% 0,¢4)

[{2 )\1+/\2 )\44‘)\3)\4‘1’2 2 -3 2} (——7+10g(47r)+0( ))
0

Substituting these,

G\ (d1(p1), 61 (p2), $2(13), 2(P1))amp
- - 8)\1

/; /0 df{m12 log[s/4*] + 2 \:* (loglt/*] + log[u/11%])

+ (Asha + 203%) log[{ca + £(1 = §)s}/{ca + £(1 = OpY]
+ 2722 (log[{ea + £(1 = Ot} /{ea+ €1 = OpY]

Flogl{ea+€(1— €)u}/{ea + (1 - wm}, (D.27)

GSY (1 (1) X1 (P2)s X2(93)s X2 (24))lamp
- — 8)\2

N—G

o [ a2t osltea + €0 - s tea+ 60 - 02

+ 2202 (log[{ca + £(1 — &)t} {ea + (1 — €)Y
+log[{ca + &(1 — &)u}/{ea + £ = Ep*Y])

+ (AsAg + 2X3%) log[s/p?] + 272\ * (log[t / 11?] + 1og[u/,ﬁ])}, (D.28)
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G:(),4)(¢1 (P1)7 X2 (P2)> o3} (P:s), X2(P4)) ’amp
- - 4)\3

—€

-5 [ ae{ 0+ 22 ol cen + €1 - s}/ eca+ €1 -

+log[{€ca + £(1 — &)u}/{Eea + £(1 = §p?Y])
+ A1 (63 + Ag) log[t/ 4]

+A2(63 + Ag) log[{ea + E(1 = )t} /{ca + (1 = u’}] }

G (01 (p1), X1 (p2), D2(P3) X2(Pa))lamp
=—2\
- l;_; /O df{A3A4 log[{€ca +&E(1 = &)s}/{Eca +E(1 = p*}] + Mg log[t/ 1]
+ AoAglogl{ea + (1 — )t} /{ea + (1 — €)Y
+ (Aghg +271-30,9)

< log[{€ea + £(1 — )} /{Eea + (1 — sm]}. (D.30)

E J functions

When one changes renormalization scale p to i+ dp, each parameter of Lagrangian becomes

tdd

Under this transformation, n-point function G™ = (®®...®) becomes to

G™ — (1 +néd)G™. (E.2)
So,
dG™ = ag’:n) Sp + : %m = nddG™. (E.3)
Therefore
0 , 0
Mgt Z Bign +m G™ (1, \;) = 0. (E.4)

16We are now ignoring the running of masses. It will be argued latar.
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Where

B = 0A; __ 02

(E.5)

Prime of /3] means these  functions are derivation of couplings which has mass dimension e
in d = 4—e¢. We use primeless (3; for derivation of dimensionless couplings M=\ /€ below.

The four point functions are described by eq. (D.IHMD.22) for M S scheme, and eq. (D27
[D30) for symmetric scheme. Assuming that 8; ~ O(¢?), v ~ O(e2fH, renormalization

equation for GYLO) is

, 0
=861 = —n7 G +O(€) (E.6)
And,
B = 0 A N+ ‘B (E.7)
1= ME?MM 1= € AL T [ Pr. .
So,
€3 9 (10) 3
8/J (6)\1 + 61) = ,U/@Gl + O(E ) (ES)
Similarly, we get
N 0 n,4—n
e (e + ;) = ua—MGE o), (E.9)

where ¢; = ¢co = 8, ¢35 =4,¢4 =2, andn =4 fori =1, n=0fori =2 n =2 for
i = 3,4. Since the lowest oder of a four-point function is O(¢), next to leading contributions

are O(€).

Scheme dependence

In this scheme, right hand side of eq. (E.9) (i=1) is
0

ua—G§4’0)
= /;2 “a / d§{23 3A % log 1% 4 271 (45 + 2X3 g + A%) log[ea + €(1 — f)p?]} + O(é?)
3
=08 {2>\12 + ﬁf(g)(zuf + 2X3)y + )\42)} + O(6?). (E.10)

1"We set € ~ O(A) in order counting.
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Where {1 = p/+/ca, and we drop O(e?). So,

sym N 3 12 1 ~ 12 B \2

1 = —6)\1 + P 2)\1 + ﬂf(ﬂ)(ll)\g) + 2)\3)\4 + )\4) . (Ell)
From this, we obtain 3 function of A = A /e as

1 . . 1 . . .
sym (g) B = —eh+2X0 + < f() (4)\2 +6AGs + 362 — 83 — 642 + 422) . (E12)

Similarly
B = —eot A+ 5 () (A 22) + k(i) (404 5o —42) (B.13)
B = i+ Af(j) (Xa:« - 932)
+1—12 (1— f(i1)) (85\2 — 67\gs — 33 + 8AF + 6a7 — 422) , (E.14)
L (2&2 — Ao + 2&2) - %h(;}) (M2 132 —8A2 +4,§2>

On the other hands, using the correlation functions in M S scheme eq. (D.19HD.22))

yS—_4+§P+&m+éﬁ—§%—@ﬂ+§f, (E.16)
BMS = — ey + 2Mgo + ég% - ;ggaﬁ - ggz& (E.17)
BMS = — e + 4\i — 437, (E.18)
BMS = — €2+ 208 + 202 + God — o — 242, (E.19)

F Mass renormalization

In the main descussion, we dealt with the mass of the massive field |/c4 as a constant which
is independent of the renormalization scale, because we take the on-shell scheme. In this
appendix, we calculate the RG equation of the mass, and perform the independence of the
mass in this scheme.

In the leading order of the € expansion, we obtain

_ _5ab
P? +mg? + ME(p?)’

GO (p) = (¢alp)de(—p))
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dk  (=1)
2 o3
Mg =2 3)\1/ (2m)4 k% + my?
dk  (—1)

+ (2703 + 2)\4)/ ke T + Oy, + D70, (F.2)
X
and
GO (p) = (xa(P)x6(—p)) Oan : (F.3)
p? +my? 4+ M2(p?)
2 3 &k (—1)
M =+ (2723 + 2)\4) i Ty
ik (-1)

2. 2 F.4
+ 3)\2/ (27T)d L2 T mX2 + 5mx +p 5X> ( )

where 0y, 0, are the counter term of the each mass, and dy, 9, are the counter term of
the each wave function. In the end of this analysis, we take mi =0 and mi = cy.
In the on-shell scheme, we take the renormalization conditions as

/\/li(pQ = mi) =0, ./\/li(p2 = mi) =0, (F.5)
d d

— M? =0, —M? =0. F.6

dp2 ¢ p2=m2 dp2 X p2=m?2 ( )

Thus, we take the counter terms as

ik (-1) dk (1)
— _ 93, — (23
Omy = =27 3N / (2m) k2 4 my? (22 + 224) / (2m)4 k2 4+ m, 2’ (£.7)
dk  (=1) dk  (—1)
— _ (93 — 93,
Ome == (225 +2M) / (2m)4 k% + my? 2 3>\2/ (2m)? k2 +m, 2 (F8)

Because the correction terms (eq. (E.2) and eq. (E.4))) have no dependence to the external
momentum p, we obtain d; = o, = 0. Therefore, the wave functions do not affect the
renormalization in the leading order of the € expansion. Furthermore, once we take the RG
condition eq. (EE5), M3, (p®) = 0 for arbitrary p.

Taking the limit of my — 0, and factorizing m, by renormalization scale p and dimen-
sionless constant p, as m,? = p,u?, we obtain the mass-dependent renormalization equation
as

G (p, ;) = 0. (F.9)

0 0 dpx) 0
— + i~ T+ — | =—+n +m
ha Z By, (u dn ) apn T T
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Using eq.(E.1), we obtain

9 G2 _ 1

8
Mo = (py1® + M3(p?))

(p? + pyp® + Mi(pQ))Qu@
1

= 20, 142, F.10
P+ o T MER) (F.10)
and
0 1 0
—G(0’2) _ 2 + ./\/l2 2
apx (pg + px,LLQ +Mi(p2))2 apx (pX:u X(p ))
= ! 2. (F.11)

(P + pyp® + M2(p?))?

Because the wave functions have no correction in this order, 74,7, = O(€?), and 3; = O(€?),
we obtain

dpy

By = Wy = —2p, + O(€%). (F.12)
This equation is solved as
AN 2
Px(1) = px(A) (ﬁ> , (F.13)

where A is initial value of the renormalization scale p. Therefore,

my® = py()p? = py (M)A, (F.14)

This means that mi = ¢4 is independent of renormalization scale in the on-shell scheme.

G RG equation of external momentum

G.1 Symmetric scheme
From eq. (D.27)), setting s =t = u = P?,
9P/, hiy p) = — 8\
- = [ de{ 2 onlP i+ 2 3200nlr 1) 4 08P 1)
+ (Ashs +222) log[{p + E(1 = )P/} {p+ £(1 - ©)}]
+ 2727 (log[{p + £(1 — ) P*/u*}{p + (1 = ©)}]
+logl{p+ €1~ Pl o + €L - O |
(G.1)
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The initial condition for QYLO) is obtained as

7T2

P

G N =Nip=p) =" (P/n=1,M,p) = —

w| oo

Thus we obtain

- 8
0 p) = —5mt A(P).

In the limit of P — 0,

with the constant ¢. Thus,

9(4’0)(P—>O)=—§7r2 Ste L o +0(P)

G.1.1 Correlation function at asymmetric point

(G.2)

(G.3)

(G.4)

(G.5)

In the analysis above, we fixed external momenta as the symmetric point s =t = u = P2,
Next, we calculate the difference appearing at asymmetric point. At s = ¢, 't = ¢;'u = P?,

gV (P) = — 8,
1 [t R X
-= /0 d§{23 -3\ log[P?/1i?] + 22 M} (log c; + log c,,)

+ (Asha + 202 log [{p + €(1 — )P/ u?} {p + €(1 - €)}]
+27203 (log [{p + £(1 — e P2/ 12} {p + £(1 — €)}]

+1og [{p+€(1 = P /ity o+ €1 - 1)) }. (G6)

G ({Ai}, p) =gt (P = p)
~ 2 ~
= — 8\ — %)\f(log ¢t +logcy)
272, [
_ ?M/o d¢ (log {p+ €1 —&et/{p+ €0 =)}

+log [{p+&(1 — &eu}/{p+E&(1 — 5)}])-
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Hence,

2

g£4’0)({5\i},ﬁ) =— 8\ — 72r M (log ¢, + log c,,)
BEmE [ e (log o+ €0 ek I+ £(1— )]
Flog [{p+ €(1 — )} o +€(1 - 5)}1). @8)

In the P — 0 limit, p diverges as p = p(P/u)~2. Therefore,

. ! _ _ ! c _1c
i [ deloglp+ 61— )] =logp+ [ de6(1-9% —logp+ g5 (G9)
—0Jo 0 p 6p
And,
(o), < 92 _ -2 32
lim G, ({ i}, p) = — 8A — )\ 1(log ¢ +loge,) — —27(cu +c —2). (G.10)
P—0 2 67 1%
Because Ay = —2mg, ~ P3¢ and p ~ P2, the last term decreases in P2~3¢ as the

approaching of the other terms.

G.1.2 Other channels

Temporarily, we describe (¢1(p1) ¢1(p2) ¢2(ps) 62(pa))) = G Slmllarly, (¢1 (pl) ¢2(p2) ¢1(p3) d2(pa)) =
Gt40 and (¢1(p1) d2(p2) P2(p3) d1(ps)) = G In the case of cls=c 't =clu= P2

_ A2
g§4,0) = 8\ — _;(24 log ¢, + 22 log ¢; + 22 log ¢,,)

_%/0 ae{ (oha + 223) ogl{p + €01 = E)es}{p + (1 - O}
+ 2732 (logl[{p + (1 — E)er} /o + E(1 - O]
+logl{p+ (1 -t {p+E1-ON) ), (G1)

-2
gt(4,o) — 8\ — _;<24 log ¢; + 2%log ¢, + 2% log Cs)
m

- =5 [ e (ai+ 28 ogl{p+ €00~ ) o + 60— )}
+ 272X (logl{p + €(1 - e} o+ £ — )}
+logl{p+ €1 -Oep+e0-0N)}  (G12)
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_ 22
Git? = =8 — (2" log e, + 2 log e + 2% log 1)

_ %/0 dg{(/_\35\4+25\§)10g[{p+§(1 —&eut/{p+E(1 -9}
+ 272X (log[{p + (1 — e}/ + €0 - O}
+logl{p+£(1- et/ {p+E0-ON) ). (G13)

Another channel which has only ¢ external fields is Glyo) = (¢1(pé)) 1(p2) ¢1(p3) P1(pa))-

All diagrams contributing to the correlation functions fo’o), GEA" ,Gu4’0 contribute to

1.5ym 000, and there is no other diagram. Therefore,

4,0 4,0 4,0 4,0
Griom =013+ Gi” + G
_ 23 . 3y
= — 24\ — —5Ai(log ¢, +log e + logey)
m

— 0+ 23 4 277
« [ ae{lonlip+ €0 - a3 o+ - O
+log[{p + (1 = §at/{p+ (1 = &)}
+logl{p+£(1- et/ lp+E0-N}  (G1y)
Especially, at the symmetric case s =t = u = P2,

GO = 3G = —24),. (G.15)

G.2 MS scheme
In MS scheme with s =t = u = P?,

R 1 {
g OMI(py = 8, — 322 {28 3] (log [P*/u?] —2)

1
(202 4+ 2530 + 2°02) /O d¢log [p+ (1 — &) P?/1?] } .
(G.16)
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"M (P = 1) =g (s, p)
= -8}
1 . . A R 1
 32m2 {_29 SBAT (2005 + 2723 + 2°A]) /0 d€log [p +€(1 — 5)]}

8 o+ ao 1, 3 .
- _ §7T2 {A — 2\ + 6(4A2 + 6Ag2 + 392 — 8A2 — 632 + 42?)

x%/o dflog[p+€(1—€)]}-
(G.17)

Thus,
MS 8 . - 1 - - _
FOMS(N, D) = — §7r2 {A —2X% + 6(4)‘2 + 6Ag2 + 375 — 8\ — 6o 7 + 47%)

x%/oldaog[w&(l—s)]}-

(G.18)
Differentiating g14° )M by P,
d (4,0) Sy -
dlog[P/ ] 1 (Ai, P)
_ 8, d 1
s {dlog[P/u])\ (422 + 6AGz + 372 — 8AZ — 6727 + 47%)
L odp 0 )
2 dlog[P/p] D /dﬁlog[p+§(1—§)]}+O(A), (G.19)
where
—/ dé loglp + £(1— &) / N 1_
1 J—
:1_/ dg( 5(1—‘5))
P p+&E(1—¢)
1
_5< ~F (V). (G.20)
And,
L____ §—2 Y- E_Q_E_—_—— 2_2
dlog[p/ =~ A TN PART GG T g RE g (G.21)
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Eventually, we obtain

d (4,00 775, 7 -
—G, Ais
fogPfa P

8 - 8- - 1 4 2
:—§7r2{—e)\+§)\2+)\92+§g§—g)\z—ggz+§z2

—%(4%’ + 6XGa + 375 — 8A\Z — 6722 + 452)(1 —f (1/\/5)> }

_ _ 1 _ _ _
- _§7T2 {_EA + 22X\ + 6f (1/p) (4X* + 67z + 3795 — 8X\Z — 6GaZ + 422)}

o d (4,0)sym. 3y~

G.3 O(4) LSM
Taking the ¢4 — oo limit, the Uy (1) broken model drops into the O(4) LSM

1 5, 1 5 2 T’ 212
Low = 5(@1%) tom (T)¢a” + 3)\(% )" (G.23)

In the 1-loop order, we obtain

G(O4()4) H(G1(p1), 01(2), D2(P3)s 2(D4)) | amp

_ gm - %m—exz {2"(log[s/p*] — 2) + 2*(logt /i) + log[u/p*] = 4) }, (G.24)

for MS scheme, and
Gg34§ym(¢1 (p1), #1(p2), d2(3), d2(P4))|amp

= 2w o {2 osls/ i) + 2% loglt/ 7] +loglu/u?)},  (G-25)

for symmetric scheme. § function is described by
Bow) = —ex + 2)% (G.26)

In the symmetric point s =t = u = P2,

65(P) = (T2 ) PGSO, (G27)

8The 8 function is scheme independent at least 1-loop order
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where,
— 8 _ _
Goty (N) = =37 (A= 2¥%), (G.28)

for M .S scheme, and

sym 8 N
Gou™(\) = —5m A (G.29)

for symmetric scheme.
In the O(4) LSM, the IR behavior of the coupling is described as

_ P\
AP —0)=<+¢ (—) T (G.30)
2 Iz
Therefore, we obtain
— 2 €
(4) M5 8 5 fe e , (P

Subleading term

When one calculate at 2-loop order, 8 function should be
Bow) = —€eX + 202 + Ae2A + Bed? + ON°. (G.32)

The IR fixed point of the coupling ) is described as

. € A B C) , 3
A —2—(2+4+8>6 + O(¢€). (G.33)

Thus, O(e?) term that we found in eq. (G.31]) will be higher order contribution.

G.4 Scheme independence

The formulation of four-point functions eq. (D.I9HD.22)) has anomalous behavior in the limit
of p — od@. In this limit, contributions from x’s loop must be vanish. However, they don’t
vanish but diverges in eq. (D.I9HD.22). This is because of breakdown of the approximation
as

2¢ = 8" 1 + elogx + O(€%), (G.34)

in[C in the limit of z — oo.

19Because the counter term has same divergence, this anomalous behavior does not exist in symmetric
scheme.
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In order to avoid this anomaly, we redefine the couplings as they absorb the divergence
in p — co. For example, four-point function in MS schem eq. (D.19) can be rewritten as

?O P/, M, p)

“ ao 1
_ —§w2{/\ + 287 (loglP?/4) - 2

(472 + 6)gs + 392 — 8AZ — 6oz + 45?)

1 /1 p?
x 5/0 € log {p%(l—s)ﬂ}
8

N A ) . 1
= —§7r2{>\ - 6(4A2 +6Aga + 395 — 8A2 — 6§92 + 452)5 log p

| =

+

1
+2X° 5 (log[P*/ ] = 2)

1, - . .
+6(4)\2+6)\g2+3§§—8)\2—6§22+422)
I P?
— [ délog |1 1-&—=p!
><2/0 fog{Jrf( £)M20 H
= fﬂ{&’mxﬂ(m [P?/1?) —2)

+ = (4X? 4+ 6N gy + 302 — 8N'2 — 6o + 45?)

| =

1 [t P?
X 5/0 dé¢ log {1 +£(1— f)ﬁp_l} } (G.35)

There is no term which diverges in p — oo in above formulation, and contributions from x’s
loop vanish in p — oco. Redefined coupling )\ is described as

O A . 1
N=A+ 6(4A2 +6Ag2 + 395 — 8A\2 — 622 + 422)5 log p. (G.36)

It grows in accordance with

N dh 1, s . 1 d .
— =pi—— + —(4\* + 6Ag2 + 375 — 8AZ — 69 + 42%) - p—1 O(X}
o ~Han T WA T 0A £ 30, — 8AZ — 6302 +427) o u Hlog p £ O(X)
—— A+ 2224+ 0N
= —eN 42X+ O\, (G.37)
where we use 3, = —2p. It coincides with 8 function in symmetric scheme with p — oc.
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Similarly, from eq. (D.22),

4 (0 1 .
= ——WQ{gz + ggM (log[P?/ 1] — 2)

1.~ .1/t P?
gg()\—23:)§/0 d¢ log {p—i—f(l—f)ﬁ}

1., < ! P?
+§§2(4)\+§2—42)%/0 dé¢ log [a;p%—f(l—f)ﬁ}}

4 . 1. - 1 1. - R 1
:—§7T2{92_|_§g2()\—2:c)§logp+§g2(4)\+g2—4z)§(logp—1)
1.+ 1 2/ 2
+§92>\§(10g[P /7] —2)
1. ¢ 1 [t P2
—go(A = 23)= [ d€log |1 1—&)—p!
+ g2y [ acton|1es -9

1.« . 1t Pz
0

w

4 (., 1,1
= —§ﬂ2{gé + 30N 5 (log[P?/p’] = 2)

1A/ 37 ~1 1 ! P2 —1
+§92()\ —2$)§ d€log |1+ &(1—&)—p
0 2

1 A (AN Al o/ 1 ! p? -1
+ —gh(AN + b — 4= | delog |14+ 2—p . (G.38)
3 2 Jo G
§' is defined as
o .1 ! 1., < . 1
92 =92+t 592()\ - 21’)5 log p + 592(4)\ + 92— 4z)§(logp - 1), (G.39)
and
dgs R Y
ud—: = —€jy + g)\/gg. (G.40)
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And, from eq. (D.20)
95" (P, his p)
4 )< .. RS B P?
=37 {)\—23:+2()\—2x) 5/0 d¢ log [p—l—é‘(l—@“)ﬁ
1 29 3 A ~2 NS A n 22 1 2/,.2
+6(4)\ + 62 + 305 — 8AZ — 6092 + 42 )E(log[P /7] — 2)
Y P |
=37 A — 2% 4+ 2(\ —2%) élogp

< o1t P?
+2()\—2:r;)2§/0 d¢ log {14—5(1—5)?,0 1}

1 . . A 1
+ 6(4A2 + 6Ag2 + 395 — 8AZ — 6322 + 422)§(log[P2/u2] — 2)}

0

~ ~ 1 1 P2
_ __WQ{X — 23 4+ 2(N — 2:;;')25/ d¢ log {1 +E(l— g)ﬁpl}

1, - . . 1
+ 6(4X2 + 6N gy + 395 — 8N — 63,2 + 42/2)5(10g[P2 /] — 2)}, (G.41)

1 < - N 1
#=r4+-(N=-XN)—-(\- 2:2')2510gp

DO

. 1 1 . . . 1
=& +4(\ — )% 3 log p — 6(8A2 — 62 — 395 + 82 + 6§22 — 422)5 log p, (G.42)

di’ 1o A
u% = i’ + S(8N” — 6Xgh — 395" + 8V + 6352’ — 457), (G.43)
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From eq. (D.22)),
95" (P/p, Ai, p)

4 . 1+ 1
= —§7T2{2()\ + g+ 2)+ 5)\(6)\ + 532 — 62)§(log(P2/u2)

1 . . . . 1 1 P2
+ (A= 22)(6A 45§, — 62)= [ dElog |p+E(1— &)=
3 2 Jo G
1 1 1 P2
§(4A + 8o + 52 — 8AZ — 8gp 2 + 422 )2 d¢ log :cp+£(1—£>§

4 A 1o, - 1
= —§7T2{2()\/ + g5+ 7))+ g)\'(GX + 535 — 62’)§(log(P2/u2)

. 1 /! P?
+ (X—29?:')(6X+5§1§—62')§ / d¢ log [HE(l—&)Epl]
0

C»ol»—k W —

+ (AN 4+ 8N G, 4 5yt — 8N 2 — 8g2 + 42?)

1! p?
X—/ d{log[l—l—x—p }
2 Jo p?

(G.44)
=24 N =A+3—
1
=2+ — 3 (4)\ + 82 + 52 — 8AE — 8§y2 + 42?)
1 1
+ 6(_6/\ + 3\js + 12X + 6God 4+ 62 — (o’ — 12552)5 log p, (G.45)
dél 2 S A DS
/Ld = —ez + 2(2)\ — AJ2 + 2A2). (G.46)
As discussed in sectoin 3.2, IR behaviors of X, g5, ' and ' is obtained as
P P\ o
< €
>\’P—>0:—+ca(—>,gP—>0 <—) , G.47
Po0)=Fra (), GP-0=c (- (G.47
5 5
3 /2 -1 P 3¢ =/ _ 3 / P o
(P —0)= 35 € (M , Z(P—>0)—4c . : (G.48)
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Using these expressions and eq. (G.22),

d E—
—]9’?’0)“(&, p)

log[P/p
8 | o -
S 5# —eA + 20 + o (1/+/P) (4X* 4 6Ags + 375 — 8AZ — 67z + 422)}
8 L5l [P\
2P " p
BN 4
== 3™ 3¢ <M> : (G.49)

in the P — 0 limit. Assuming 5(P — 0) ~ P2 + O(\2),
(4,0)M5 5 8 € P\*
G (g P—0) & —§7r2 ——c (—) . (G.50)

This is same as the case of symmetric scheme 23

H Anomalous dimensions with operator mixing

In this section, we calculate the anomalous dimension of composit operators ¢? and y? with
operator mixing which regularized as

2 2 Al !
() (0) w=(E )
and,

A :%5\ (E — v + log(4n) — log p* + 2) : (H.2)

1. 1
B’ 25()\ —27) <— — v + log(4m) — / délog [ca+ &(1 — §)p2]) : (H.3)

€ 0
C{z(%%—%—é) (%—7+10g(47r)—10gu2+2), (H.4)

Cy = <§ +7 - §> (% — v+ log(47) — /O d¢log [ca + (1 - é)ﬂ) - (H.5)

D-(5 2)(3),

20 Accurately, leading term of QYL) S(P — 0) is(e —€2)/2. However, we regard quadric term as sub-leading
term.
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where

A+ B A — B\?
P Z P =diag{Z ", ZZ"}, Z{'=1+ ; + \/( 5 ) + C1C4 (H.7)

(iz_F):Pl(ii). (H.8)

The diagonalizing matrix P is described as

1+B'—Z_
1 R
P = 4A-Zy 1
o

1 A-B A—B' 2+ (<1
2C] 207 cl

and

= o (H.9)
A —B' A —B’
e +\/< 203) +c_? 1
The anomalous dimensions of ®2 and ®?, v, v_ are calculated as
0 B o | A+ B A — B'\?
Vi:—ualogZilz,u@ 5 j:\/( 5 ) +C1Ch . (H.10)

Where

2 1 1,2 !
A — B =3¢ <E —fy+log47r> — iA(log/f —2)+ 5()\ — 2:?:)/ d€log [ca + &(1 — &)
0

2
~i + O(e), (H.11)
€

and

~ 2
A g 2 2
C1Ch = <— + % — g) (E — v + log(4n) — log pi* + 2)

w

x (% — 7 + log(4r) —/Olflog [cA+€(1—€)u2})

)2 @)2 + 0. (H.12)
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Assuming (A’ — B')? > C[C5,

A — B'\? A — B 40! C",
oY — 1 1Y2
J(E32) vaa=23E b ol

A — B c
~ H.1
5 + T— 5 + (H.13)

Using the IR asymptotic behavior of the couplings, the second term is supressed to zero in
the IR limit. Therefore,

. 8 / . 1
Y+ (i — 0) = — lim M@A = lim A(y) (H.14)
L o o, .. IR
V+(p—0) =— lim M@B =~ lim2f (\/—C—A) (). (H.15)

I Feynman parameter integral

A loop factor of 2N point 1PI diagram is obtained as

'k 1
/ (2m)d 211 { (k+ 23:1@% +q;))2 +m? } J (L.1)

where p; and ¢; are external momenta that pour into ith vertex. The squared mass m? is
zero for ¢'s loop and ¢y for x’s loop. Using P; = > ' (p; + ¢;) and Feynman parameter
integral,

1 Lla+73) [! w1 — w)P!
/0 - (1.2)

4B~ T(a)T(B) Jo " [wA+ (I — w)BJe+?’
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we obtain

=(-1" {ﬁ? (k+ P,1)2 +m? } (k+ PN_ll)2 +m? k? +1 m?

- {N[f (h+ sz +m? } FF<(12>)2 /01 N (P T m2}1 + (1= wn) (k2 + m2)?
- ﬁj (k+ 1%1)2 +m2} FF<<12>)2 /old 1[k2 +m? wl(%l Pro1+ Py )P

0 T e B [ [ o

(]_—U}Q
[k2—|—m2—|—w1(1—w2)(2k Py + P3| +wy(2k - Py_o + P%_,))°

NI [T 1
~1) F((l_))v{ljl/o dw;(1 — w;) }

where we use mometum conservation Py = Zév (pj +¢q;) =0.

Using [ =k + >0 1w, {Hj\;l(l - wj)} Pn_,

—N

N-1 N-1
kumuzw@-{nu—wj)}@k-m1+wa>
i=1 j=i
(L.3)

l2:k2+§wi{ﬂ(l—wj)}2k Pyn_; (ZwZ{H 1 —w,) }Qk-PN_i,“> . (I4)

Thus,
Ak —1
/ (271—)(1 ];!: { (k? + 23:1(]% + Qz)) + m? }
N o i1 dl 1 "
= (—1)"T'(N) { 11 dw;(1 — w;) }/ (2m)d (P T+ (o= C,)PQ) ;

(.5)
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where P, , = ¢; ,|P| and

e({w:}) sz{ﬂa—wj)}ca c'({wz»}>:( - wi{ _'(1—wg)}cw> . (16)

Using a identity

dl 1 1 [‘(N_g) 1\N-
/(ZW)d (I2+ AN "~ (47m)42  T(N) (g) ; (1.7)

we eventually obtain

N

/ d%k H

P k+zj 1pl+ql )2 + m?
N—4d
:(_1)N’ud—2N /d (1—w,) p ?
47T d/2 1 Jo 2 m2+ (¢ — ) P? ‘
N—-1 94 €
d=4— 6( ]_)NM4 e— 2N H/ dw _1 ,U/2 N 2+2
6/2 -+ Jo i m2 + (¢ — ') P? '

N-1 1 N-2+5%
1— ;) :
{ /0 dw;(1 = w;)' } <m2 P C/)PQ) + O(e)

- (1.8)

~(=1)M o
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