95 A RTLEE MINRES £
JEK

IR

X

-
—

FIEE R

)

ot
Hir

#

Lt (f

4
Se=

P FTR
PRI

AN

=

f

PH28 (2016)






oo
OO0o0o0odoooddon MINRES O

gootd
oooooood

Right Preconditioned MINRES for
Positive Semidefinite Systems

Kota Sugihara
SOKENDAI (The Graduate University for Advanced Studies)
20160 90



gogobbboooobobooo

gogobbooooobooa

ggobboooobobooo

gooood

oo
goooogon
gooboooon

uggd oo
goooooon
gooboooon

oo
gooo

ggooo
goooog

goooo
goooooon
gooboooon

gooboo
goooooon
gooboooon



HEN

goobooooboobbooobbbooooobobboooobboooobobooon
OO0o00o0OooO0obOO0bO0dbOobOobOoboboboboooooocGoooooooo
O00000000000OD0D0O0O0OO0OMINRESOODUODOOOMINRESOOOOO 20
OO000000b0obOoooooooboooboboboOoDbD MINRESOODOOOOOOOO
OO000000 MINRESODOOOODOODOOOOODDOODOOODODODODOOOO
goboboooooboooobbuoooobboooobbbooobLbboooono
000000000000 0000DO0D00D00D0O0O0Oconsistent00000O00OO0
doobooooboboooobboooobobbooooobooooboboooooo
OoooooooboooooobobOobobOobOoboboboobooocGoooo
O00000000D0O0D0ODODO0OD0OO Eisenstat’strick 0 SSOROOOOOOO0OO
MINRESOODOOODOODODOOODOOODOODOOODOODOODOOODODODbOODO
doboboooobobuoooobbuoooobbbooobobboooobnbbooooboo
goobooooon

Abstract

Consider solving large sparse symmetric singular linear systems. We first introduce the al-
gorithm for the right preconditioned MINRES and prove that the right preconditioned MIN-
RES converges to the preconditioner weighted least squares solution without breakdown for
an arbitrary right hand side vector and an arbitrary initial vector even if the linear system is
singular. Especially, when the linear system is consistent, we prove that the right precondi-
tioned MINRES converges to a min-norm solution with respect to the preconditioner if the
initial vector is in the range space of the right preconditoned coefficient matrix.

Further, we propose the right preconditioned MINRES using SSOR with Eisenstat’s trick.
Some numerical experiments on semi-definite systems in electromagnetic analysis etc. in-
dicate that the right preconditoned MINRES using Eisenstat SSOR is efficient and robust.
Finally, we show that the residual norm can be further reduced by restarting the iterations.
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l: fori=1,2,....n

2: for j=1,2,...,i
3: Lij = A
4: end do

5: end do

6: fork=1,2,...,n

70 Luw = vLaw

8: w=1/Ly

9: fori=k+1,k+2,....n

10: if (i, k) € Z then

11: Liwn=0

12: else

13: Ly = Lipw

14: end do

15: forj=k+1,k+2,...n

16: if (j, k) ¢ Z then

17: fori=jj+1,...n

18: if ((i, j)) ¢ Z A (i, k) ¢ Z) then
19: Lip = Lajp = LapLir
20: end do

21: end do

22: end do
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4. MINRES O

Krylov 0 O 00O Ki(A, rg) = span(rg, Arg, ...,A"lrg) 0000000 xo0OOODO0DO
00000000r=b-Ax,0000000000000O00MINRESOOOODOOO0
0000000000O0ooon

X € xo+ Ky (A, rg) s.t. ||b—Axy|l, = miny ||b — Ax|,

0000 x, 00000000000

41 MINRESOODOOODOOOOO

MINRESOOOOOOOCOOOO Algorithm1 0000

Algorithm 1 : MINRES method (00 0 )

Lv® =0, wO=0, w =0

2: Choose initial approximate solution x*, compute vV = b — Ax©®
3: Sety; = IvD|l,, setn=vy1, so=51=0, co=c; =1

4: for j = 1 until convergence do

5. i) =y )y,

6: §; = (AvWD,y\))

7. pUD = Ap) — § (D) — oy (D

8: Yier = PV

9: ap =Cj0j—Cj_18jYj, a1 = W
10: @y = 5;0;+Cj_1CjYj, @3 = Sj_1Y]
11: Cix1 = @/, Sjv1 =Yjr/a

12: Wit = (D — @awlD — aowd)/ay
13: XD = xUD 4 ¢ wlD

14 : n=-sian0

15: ri=b-Ax"Y

16: check convergence

17:end do

000000000000 0D000000000O consistent00 0000000000
15000000000 r;000000000O0O0M4 000000070000 OO0
OO0O00000Ob00obOOobOOobOobD le0b0O0O0O0O0ObOUODbODbDODObDOobOObDObOO
O0D00000000D0000000D0 inconsistent 0000 OOOO0ODOOOOO
OO0D00D0O001l6e000D0O0DODOOISODODO0O0ODOODOODODODOODODOD
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Algorithm 1.1 : MINRES method (O 0 O0)

1:v® =0

2: Choose initial approximate solution x*, compute vV = b — Ax©®
3: Sety; = IV, set n=vy, So=85=0, co=c; =1

4: for j = 1 until convergence do

5. v =y Jy,

6 5j — (Av(j), v(j))

7. YD = Ay — 5 y) — 5D

8 yir1 = WUV, Ifyj =0, go to line 11

9 Form the approximate solution x; = xo + [V, ....,v]y;

where y = y,; minimizes |||, = |lyie; — T)yll2. If Ar; =0, goto 11
10:end do
I1: k:=j
12: Form the approximate solution x; = xo + [v(", ....,v®]y,
where y = y, minimizes ||rill» = |ly1e1 — Tiyll.

000000 T, e R} OOOODOO0OO0OG) (1<i<k)000 §0G,i+1) (1<i<
kOOODOO G+1,i) 1<i<k-1)000 y0000000e; =[1,0,....,0]T e R&D
ooooo
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Algorithm 3 : Right preconditioned MINRES method [0 (O O 0)

Lv® =0, w®=0, w=0

2: Choose initial approximate solution x¥, compute vV = b — Ax©®
3:uM = M~ly®

4: Set y; = D, u), set n=y1, so=51=0, co=c; =1
5: for j = 1 until convergence do

6: y =y D)y ud = w0y,

7: §; =@, Au)

9 ulth = pr-1pU+D

10 : Vel = \/(v(j“'l)’u(]"*'l))

11: CZ():Cjéj—Cj_lsj")/j, a1 = \/Cl’oz+)/j+12

12: @y =8;0;+Cj1CjYj, @3 = Sj_1Y]
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16 : n=-sind

17: rj=b-Ax"Y
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19:end do
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Algorithm 3.1 : Right preconditioned MINRES method O (OO )

L.v® =0, w®=0, wh=0

2: Choose initial approximate solution x*, compute vV = b — Ax©®

3:uM = M~ly®

4: Set y1 = (D, uD), set n=vy;, so=51=0, co=c; =1

5: for j = 1 until convergence do

6: y =y D)y ud = w0y,

7- 5= (u(j),Au(j))

9 - u*th = p1ypUth

10 : Yis1 = VOUD ulD) Ify;. = 0, go to line 13

11: Form the approximate solution z; = zo + [v(),....,y]y j
xj=M'z;=M"zo+M ', vy,
where y = y; minimizes ||r ||, = |ly1e1 — ijllz, IfAM‘lrj =0, goto 13

12:end do
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Algorithm 4 : Decomposed Right preconditioned MINRES method

RAMHhY=RA)OOO RAM YHYrw' = RA)*» 00O
1L.vi©@=0, w©@=0, w =0 1O =0, w, =0, w,(V =0
2:b,=0,"M"b b, =0,"M b
3: Choose initial approximate solution z¥(= Mx®)

4: Compute ;@ = 0, TM1z©® 29 =0,"M1z®
5:viV=b; -A,2;© v = b,

6: Set 1 = [PVl = 10TM vVl = (v VI3 + w2132

7:Set n=vy1, so=51=0, co=c; =1

8: for j = 1 until convergence do

0: vl(j) = Vl(j)/)’j v2(j) = V2(j)/7j

10: 6= (M_lv(j),AM_lv(j)) = (Vl(j),AnVl(j))

11: » 0 = Ay D=5, D =y, UD P20 = —§ 0,y y D)
120 yir = W9 e = (v VD12 + ||V2(j+])||§)%, If yj+1 =0, go to line 15

13 : Form the approximate solution

29 =7, + 1Py, 2V = 2@ + a2y,
where y = y; minimizes 1Pl =y D = Ay @, ----,Vl(j)])’j||2

=lby —Anz1 @ - Ay, -~--,V(1j)]y]~||2

= lby — Ap1z1 PN, IfIr Y]l = 0, go to line 15

14:end do

15: k:=j

16: Form the approximate solution

7% =794 [v(ll), V1 Oy, 2® =20 4 [v(zl), a2 Oy,
where y = y, minimizes [[r;®|, = [lyvi¥ = A [V, v Oyl

= by - Anzi@ = A D, e VOl

= b1 — A11z1®ll

17: x0 = M~ 1012/ + 0 2,")
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Algorithm 5 : Eisenstat SSOR for right preconditioned MINRES (O 0 0)

L7 =0, w® =0, wh=0

2: Choose initial approximate solution x’, compute vV = b — Ax©®
3: 7D = D3(L + D/w) 'y

4: Set y; = ,/2_7‘”(?(1),?(1)), setn=vy1, So=51=0, co=c; =1
5: for j = 1 until convergence do

6: p) = f,(j)/yj

7 u = Ay

]: §; = (Z_T“’)z(f)(j),u(j))

9: FU+D — (Z—Tw)u(j) — 65D — 0D

10 - Vi = \/(Z_T‘U)(i}(j+l),")(j+l))

11: @) =Cj0j—Cjo1SjYjs @1 = @ + Y12

12: CL’ZZSj5]'+Cj_1Cj’}/j, 3 = Sj-1Y;j

13: Cjp1 = @o/ar, Sjr1 =7Yj+1/an

14: wlU+h = ((Z—Tw)y(J) — 3wl — aow)/a

15 XD = xUD 4 ¢ pwU*D

16 : n=-sjn0

17: ri=b-Ax"Y

18: check convergence

19:end do

Table 1. Comparison of MINRES with SSOR and E-SSOR right preconditioning

Method Computation cost

MINRES with SSOR right preconditioning | 9n + 8Lnnz + (25n + 8Lnnz) X m

MINRES with E-SSOR right preconditioing | 7n + 6Lnnz + (27n + 4Lnnz) X m

Eisenstat’s trick 0 0 000000000000 O0ODOODOOOODOODO
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(73) D(,‘J) = DO(i,i) . lf DO(i,i) > 10_8
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O00D0O00OCPUOODOODO Table 20 Table 3 0 0 0O 0 OO O inconsistent 0 O 0 O
D000 7400000000
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Table 2. Comparison of MINRES with SSOR and E-SSOR right preconditioning (Iter:
number of iterations, Tno: computation time not including the computation of the relative
residual norm). The values in () are the ratio compared to MINRES with E-SSOR right
preconditioning.

IAMF

-6
IR < 107° (besstk25)

Inconsistent problem. Convergence criterion:

Method Iter Tno [sec]

MINRES with SSOR right preconditioning | 4,054 (1.02) | 10.64 (2.15)
MINRES with E-SSOR right preconditioing 3,959 (1) 4.956 (1)

Table 3. Comparison of MINRES with SSOR and E-SSOR right preconditioning (Iter:
number of iterations, Tno: computation time not including the computation of the relative
residual norm). The values in () are the ratio compared to MINRES with E-SSOR right

preconditioning.
“1g.
Inconsistent problem. Convergence criterion: ':&ﬁ_lzlllz < 107 (besstk36)
2
Method Iter Tno [sec]
MINRES with SSOR right preconditioing 13,439 (0.941) | 93.88 (2.44)
MINRES with E-SSOR right preconditioing 14,273 (1) 38.48 (1)
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Table 4. Computation results for a consistent problem (Iter: number of iterations, Tres:
computation time including the computation of the relative residual norm, Tno: computa-
tion time not including the computation of the relative residual norm ) The values in () are
the ratio compared to MINRES with E-SSOR right preconditioning.

Convergence criterion: % <1077
2
Method Iter Tres [sec] Tno [sec]
MINRES without preconditioning 10,276 (141) | 15.42 (48.64) | 15.42 (67.0)
MINRES with scaling right preconditioning 405 (5.55) 1.140 (3.60) | 0.713 (3.10)
MINRES with E-SSOR right preconditioning 73 (1) 0.317 (1) 0.230 (1)

e

Relative residual
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0 2000 4000 6000

8000

Number of MINRES iterations

17112

Fig. 1. Bl

10000 12000

vs. number of iterations for MINRES without preconditioning(c), MINRES

with scaling right preconditioning (A), and MINRES with E-SSOR right preconditioning

(%) for a consistent problem
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D0 w=140 w=160000000000000000000
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Table 5. Dependence of performance of MINRES with E-SSOR right preconditioning on
w (w: acceleration parameter, Iter: number of iterations, Tres: computation time including
the computation of the relative residual norm) for a consistent problem

. r;
Convergence criterion: % <10
2

-7

w 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Iter 248 171 132 108 92 78 73" 74 98
Tres [sec] | 1.062 | 0.750 | 0.568 | 0.468 | 0.391 | 0.339 | 0.317 | 0.315" | 0.453

Number of MINRES iterations
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I I
0.8 1

L
1.2

Acceleration parameter
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1.8

Fig.2. Number of iterations to achieve relative residual < 10~7 vs. w for MINRES with

E-SSOR right preconditioning for a consistent problem
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Fig. 3. CPU time to achieve relative residual < 1077 vs. w for MINRES with E-SSOR
right preconditioning for a consistent problem
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Table 6. Computation results for an inconsistent problem (Iter: number of iterations,
Tres: computation time including the computation of the relative residual norm, Tno: com-
putation time not including the computation of the relative residual norm) The values in ()
are the ratio compared to MINRES with E-SSOR right preconditioing.

Convergence criterion: HAM:” b <106
lam=1bij,
Method Iter Tres [sec] Tno [sec]
MINRES with scaling right preconditioning | 327 (5.84) | 1.307 (2.17) | 0.572 (3.09)
MINRES with E-SSOR right preconditioing 56 (1) 0.601 (1) 0.185 (1)
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Table 7. Dependence of performance of MINRES with E-SSOR right preconditioning on
w (w: acceleration parameter, Iter: number of iterations, Tres: computation time including
the computation of the relative residual norm) for an inconsistent problem

w 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

Iter 135 102 82 69 61 56" 59 76
Tres [sec] | 1.448 | 1.083 | 0.978 | 0.733 | 0.652 | 0.601* | 0.688 | 0.907
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Table 8. Computation results for an inconsistent problem (Iter: number of iterations, Tno:
computation time not including the computation of the relative residual norm ) The values
in () are the ratio compared to MINRES with E-SSOR right preconditioning.

Convergence criterion: HAM? Pk <1011
1AM-1bi,
Method Iter Tno [sec]
MINRES without preconditioning 381 (5.95) | 0.0664 (2.66)
MINRES with scaling right preconditioning | 174 (2.72) | 0.0371 (1.48)
MINRES with E-SSOR right preconditioning 64 (1) 0.025 (1)
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Fig. 7. I:QZ_]'I;’:"Z vs. number of iterations for MINRES without preconditioning (o), MIN-
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RES with scaling right preconditioning (4), and MINRES with E-SSOR right precondi-
tioning (%) for an inconsistent problem

7.4 0000 30 (The University of Florida Sparse Matrix Collection)

000 O O O The University of Florida Matrix Collection [§] D OO O [14]0 000000
O00D00000000D0o000oooooooOo @oooo)oooonoooan
consistentC inconsistent 0 0 0 000000000000 OOOO Table9 OO OOOO
O0OnOnnzOLnnzOOOOODOOOOO0OO0O0O0O0OO0O0O0OO0OOO0OOOOOOOOOOO
rank0O k(A) 0 MATLABO OO rank 0 svd 000000000000 DOODOOO0O0O (
OO00D00oOoDoOoDooooooo)yoood

0020000 AODDODOOOOODODODOOOODOOOOODOODO consistent[d

51



Table 9. Characteristics of the coefficient matrices of the test problems
Matrix n nnz Lnnz rank k(A) Application area

bcsstk25 | 15,439 252,241 | 118,401 | 15,435 | 4.41 x10'2 | structural problem
besstk36 | 23,052 | 1,143,140 | 560,044 | 23,020 | 7.43 x10'" | structural problem

inconsistent ] 0 0000000000 p0000000O0ODODOOO

e consistent: b =Ax (1,1,..1)T
e inconsistent: b = A X (1,1,., DT +JAx (1, 1,.., DTl x (0, 1) x 0.01

O000Owu,1)d FORTRANOO O [0, DD OOO0OODOO random_number O 0O 0 0O O
OO00D000n00000D0ODOODO
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Table 10. Computation results for a consistent problem for besstk25 (Iter: number of
iterations, Tres: computation time including the computation of the relative residual norm,
Tno: computation time not including the computation of the relative residual norm) The
values in () are the ratio compared to MINRES with E-SSOR right preconditioning

Convergence criterion: % <1077
Method Iter Tres [sec] Tno [sec]
MINRES without preconditioning 2,107 (23.2) | 1.176 (7.95) | 1.176 (10.9)
MINRES with scaling right preconditioning 168 (1.85) | 0.172 (1.16) | 0.112 (1.04)
MINRES with E-SSOR right preconditioning 91 (1) 0.148 (1) 0.108 (1)
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(»), and MINRES with E-SSOR preconditioning () for a consistent problem (bcsstk36)
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Table 11.

Computation results for a consistent problem for besstk36 (Iter: number of

iterations, Tres: computation time including the computation of the relative residual norm,
Tno: computation time not including the computation of the relative residual norm) The
values in () are the ratio compared to MINRES with E-SSOR right preconditioning.

7l

Convergence criterion: b1, <1077
Method Iter Tres [sec] Tno [sec]
MINRES without preconditioning 7,533 (6.57) | 11.21 (2.48) | 11.21 (3.65)
MINRES with scaling right preconditioning | 2,672 (2.33) | 7.586 (1.68) | 4.321 (1.41)
MINRES with E-SSOR right preconditioning 1,146 (1) 4.513 (1) 3.073 (1)
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RES with scaling right preconditioning (A), and MINRES with E-SSOR right precondi-
tioning (%) for an inconsistent problem (bcsstk25)
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Table 12. Computation results for an inconsistent problem (Iter: number of iterations,
Tres: computation time including the computation of the relative residual norm, Tno: com-
putation time not including the computation of the relative residual norm)

The values in () are the ratio compared to besstk25

s IAM= Tl IAM=F | _

Convergence criterion: e bjuz < 107% (besstk25), e bllz < 107 (besstk36)
Matrix Iter | Tres [sec] | Tno [sec]
besstk25 3,959 15.72 4.956

besstk36 | 14,273 148.86 38.48
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8. DO0OODDOOO(DOOOO MINRES O)
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Table 13. Iteration number for getting the initial guess for Restarted MINRES with pre-
lAM~'T 1

‘ at that iteration number for besstk25
lam-1b

conditioning and

IAM T Il
lAM-1b|,

MINRES with scaling right preconditioning 13,000 | 4.631 x 107>
MINRES with E-SSOR right preconditioning 4,270 | 8.352x 1077

Method Iteration number
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DO00000000000000000000000000 %D Table 140000
2

Table 14. Iteration number for getting the initial guess for Restarted MINRES with pre-

conditioning and M at that iteration number for besstk36
lam-1bi,
Method Iteration number M
IAM-'Bl,
MINRES with scaling right preconditioning 20,000 | 7.361 x107*
MINRES with E-SSOR right preconditioning 20,000 | 6.733 x107°
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Table 15. Computation results for an inconsistent problem for besstk25 ( Tres: computa-
tion time including the computation of the relative residual norm, Tno: computation time
not including the computation of the relative residual norm, Iter: number of iterations)
Iteration number for getting the initial guess for Restarted MINRES with E-SSOR right

preconditioning
lamM=1r ;|
lam=1b1,

Convergence criterion :

< 107° (besstk25)

Method Iter | Tres [sec] | Tno [sec]

MINRES with E-SSOR right preconditioning 4,261 5.622 5.656

Ist auto restarted MINRES with E-SSOR right preconditioing 375 0.478 0.434
Total of auto restarted MINRES with E-SSOR right preconditioning | 4,636 6.1 6.09

000000000000 4261000000 CPUDODOODO2000 1000000
Oohoobooboboobooboboobog TesOOODbOODOOODOO Tno O

goobooooooboooaooon

E-SSOROODOD MINRES OO 4261 0000000000000 000000O0
1.
0000000000 00O000O0Oooooooooon “rhk oo nopooooooo

lAM-1b||,

Number of MINRES iterations

Fig. 200000
107
*
= 10
s
2
it
o
o
~o10
10 w0
0 0.5
. IAM~F 1,
Fig. 20. !
g lam-1bi,

L
1 1.5 2

4
x 10

E-SSOR right preconditioning (*) for an inconsistent problem (bcsstk25)

63

vs. number of iterations after first automatic restart for MINRES with




Fig.200 Fig. 170000000000000000000000000000000
DDDDDDDDDDDDDDDDDDDDDDDDDumﬁabDDDDDDDDDHg
1200010°00000000000 2

00 Obesstk36 00000000 inconsistent 100000000000000000
000000000000000000000000000000000 00 besstk36 0
DDDDM@DDDDDSQDDDDDDDDDDDﬁﬁﬁﬁJm*DDDDDDDD
020000000000000000000000 besstk25 000 inconsistent O O O
0000001,21,41,..,00000000 100000000020000000000
000000000000000000000000 besstk36 00 0 inconsistent 0 0 0
000 e=10°0000000000000000&02554100000000000
25541000000000000000000000000e=10"'00000000
0 17,0001000000020000000000000000000000000000
001000000000 100000000000 17,00000000000000
0002000000000000476000000000000000000000

WWHrk [ 1p4 0oDOO00000

lAM-1b
O00000OCPUDODO Tablel6 OO OO

Table 16. Computation results for an inconsistent problem for besstk36 ( Tres: computa-
tion time including the computation of the relative residual norm, Tno: computation time
not including the computation of the relative residual norm, Iter: number of iterations)
Iteration number for getting the initial guess for Restarted MINRES with preconditioning

and ”AM:II;J'”Z at that iteration number for bcsstk36
lam=1bi,
Method Iter | Tres [sec] | Tno [sec]
MINRES with E-SSOR right preconditioning 25,541 78.24 76.25
Ist auto restarted MINRES with E-SSOR right preconditioing 17,001 52.08 52.17
2nd auto restarted MINRES with E-SSOR right preconditioing 4,766 14.55 12.75
Total of auto restarted MINRES with E-SSOR right preconditioning | 47,308 144.87 141.17
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Oo0.1. CGOOOOODOO

cGOOoOoOoooooD Algerithmé6 0000

Algorithm 6 : CG method

1. Choose initial approximate solution x(©
2: Compute r9 =p—- Ax©, p(o) = r©

3: for j = 0 until convergence do

4: @ = D, rDy/(ApY, pi)

5. XD = x4 g;p)

6 U0 = 1) — g ApY)

7 check convergence

8 B; = (rU+D_ U0y /(D) iy

9: pUD = pUD 4 g pli

19:end do
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00.2. GMRESOOODOOODOO

GMRES 000000000 Algoritm7 0000000000 H € RV O

Algorithm 7 : GMRES method

1. Choose initial approximate solution x©

2: Compute r? = b — Ax©, g =r|,, v, =r /B
3: for j = 0 until convergence do

4: wl) = ApW)

5: fori=1,2,...,j

6: hi,j = (w(j),v(i)), w) = wl) — hi,jv(i)
7: end do

8: hj+1,j = ||W(j)||2. If hj+l,j = 0, gOtO line 11.
0: pUth = w(f)/hjﬂ,j

10: end do

11: k: =]

12: Form the approximate solution x; = xo + [v("), ....,»®]y,

where y = y, minimizes ||r¢|l» = ||Be; — Hiyll>.

Hessenberg 1 000000 00e; =[1,0,....,0]T e RV 0000
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Table 17. Computation results of GMRES with SOR and SSOR right preconditioing for
an inconsistent problem for besstk25 (Iter: number of iterations, Tno: computation time
not including the computation of the relative residual norm )

Convergence criterion: ““A:lelllz < 1078 (besstk25)
2
Method Iter | Tno [sec]
GMRES with SOR right preconditioning | 4,471 944.6
GMRES with SSOR right preconditioing | 3,616 556.5

besstk25 00000000 inconsistent 1 0000000 0ODOODOODOOOODOOOO
E-SSORODOOO MINRESOOOOODOOOOFg 3100 37500000000000
oboooboobg %DDD 365x107° 0000108 0000000000000
O0Obesstk25 00000000 inconsistent 0 000000000000 0O0OOOO0OO
O E-SSOROOOO MINRESODO 4261 00000000 0ODOODO 426100000

0000000000 00O0O0oDooo 37500000 Yk c108gpognoooo

Iabi,
0ooQ lllail;jllllz<10‘8DDDDDDDDDDDDDD Table 5000000000000
2

CPUODDODOOOOOONOOOD Table 18000000
besstk25 00000000 inconsistent 100000000000 |||Cx;)j||||2 <108 000
2
00000000000000000 ESSSOROOOD MINRESOO CPUDOODO
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Table 18. Computation results for an inconsistent problem for besstk25 ( Tres: computa-
tion time including the computation of the relative residual norm, Tno: computation time
not including the computation of the relative residual norm, Iter: number of iterations)
Iteration number for getting the initial guess for Restarted MINRES with E-SSOR right

preconditioning
Convergence criterion : % < 107® (besstk25)
Method Iter | Tres [sec] | Tno [sec]
MINRES with E-SSOR right preconditioning 4,261 5.622 5.656
Ist auto restarted MINRES with E-SSOR right preconditioing 375 0.478 0.434
Total of auto restarted MINRES with E-SSOR right preconditioning | 4,636 6.1 6.09

Table I8 0 OSSOR OO0 SOROOODO GMRESOO CPUOOOOO Table 17 O O
00000000000 00000 MINRESOOODOOOOOODOOOODODOOOO
MINRES OO 10000000037500000000000SSOR 0000 GMRES
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O00Obesstk25 00000000 inconsistent 0 000 O00O0O0O0OO0OSOROOOO
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AF 2
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2
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Fig. 36. ‘l‘l':rlelllz vs. number of iterations for GMRES with SOR right preconditioning for
2
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Table 19. Computation results for an inconsistent problem for besstk25 (double preci-
sion) (Tno: computation time not including the computation of the relative residual norm,
Iter: number of iterations) Iteration number for getting the initial guess for Restarted MIN-
RES with E-SSOR right preconditioning

Convergence criterion : llllirle‘lb < 10719 (besstk25)
2
Method Iter | Tno [sec]
MINRES with E-SSOR right preconditioning 4,270 4.109
Ist restarted MINRES with E-SSOR right preconditioing 688 0.660
Total of restarted MINRES with E-SSOR right preconditioning | 4,958 4.769
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Table 20. Comparison of Right Preconcitioned MINRES using E-SSOR with double pre-
cision and quadruple precision for an inconsistent problem for besstk25 (Tno: computa-
tion time not including the computation of the relative residual norm, Iter: number of
iterations). The values in () are the ratio compared to double precision.

Convergence criterion : llllirle‘lb < 107'° (besstk25)
2
Computation precision Iter Tno [sec]
double precision 4,958 (1) 4.769 (1)
quadruple precision | 4,129 (0.833) | 216.36 (45.37)
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Table 21. Iteration number for getting the initial guess for Restarted RRMR and at

4Bl
that iteration number
Matrix Iteration number 1Azl
1D,
besstk25 1,112 | 9.83 x 107°
bcsstk36 3,929 | 9.52x 10~
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Fig. 54. m b]|| vs. number of iterations for Restarted RRMR for an inconsistent problem (besstk25)
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Fig. 62. b vs. number of iterations for MINRES-QLP for an inconsistent problem (bcsstk36)
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