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Abstract
Non-linear coupling between MHD instability and low-k turbulence in toroidal plasmas is

studied using by measuring the density fluctuations using Beam Emission Spectroscopy (BES).
This work focuses on the Edge Harmonic Oscillation (EHO), which appears as a coherent mode
at the frequency of about 10 kHz accompanied by several harmonics near the separatrix. This
dissertation is composed of two parts, one of which includes the development and evaluation
of the capability of BES system with specially designed sightlines in the Large Helical Device
(LHD) as well as the spatio-temporal structure analysis of EHOs measured with the BES, and
the other includes analysis on the non-linear coupling between EHO and turbulence measured
in DIII-D tokamak.

A local density fluctuation diagnostic based upon the BES with lattice type optics configura-
tion has been implemented on LHD to investigate the spatiotemporal and spectral characteristics
of long wavenumber density fluctuations such as MHD activity. In most conventional BES sys-
tems, fiber images have round or rectangular shapes due to the configuration of fiber bundles,
leading to the almost same wavenumber resolution in two directions on a focal plane. The
unique optical fiber geometry which yields a lattice shaped sampling images in a plasma is ap-
plied in this system. The idea of the new lattice type fiber configuration is that utilizing the fiber
bundle design that the images of fibers align along radial or polidal direction to achieve both
enhancement of photon flux and good wavenumber resolution in a particular direction. With
vertically elongated slits, the sensitivity for waves in the radial direction increases, although
that for waves in the poloidal direction decreases. In order to complement this reduced poloidal
wavenumber resolution, another sets of horizontally elongated slits is deployed, forming lattice
structure. As a probe beam, a perpendicularly injected neutral heating beam is used, and its
accelerating energy is typically 40 keV. The angle between the sight lines and the beam line is
∼ 120◦ at the edge of the plasma, yielding a Doppler blue shift of ∼ 3.0 nm in the Hα beam
emission. Each channel consists of 7 (or 8) 400-µm-diam fibers arranged in line along poloidal
or radial direction. Each fiber bundle of an array for radial wavenumber measurement images
10 × 140 mm and has a radial spatial separation of 10 mm. Each fiber bundle of an array for
poloidal wavenumber measurement images 70× 10 mm and has a poloidal spatial separation of
20 mm. These two arrays are overlaid in a same region to form a lattice configuration and views
70 × 140 mm in total. The array for radial wavenumber measurement averages the signals for
140 mm in poloidal direction, while that for poloidal wavenumber measurement averages for
70 mm in radial direction. The collected light is transmitted to a spectrometer and is detected
simultaneously with the 4× 8 pixel avalanche photodiode camera with a sampling frequency of
200 kHz. Correlation analysis was applied to reconstruct the two-dimensional spatiotemporal
structure of MHD activities detected in the edge region in high-β discharge. The spatiotemporal
structure of the low frequency density fluctuation of EHO was found to propagate in the direc-
tion of the electron diamagnetic drift velocity (v∗e = −B × (∇ · P)/(neB2)) at the phase velocity
of 1.2 km/s, and have a finite radial propagation with the phase velocity of 0.4 km/s.



The coupling between the high frequency turbulence and EHO is studied in Quiescent H-
mode plasmas, where EHOs exist, in DIII-D tokamak. QH-mode is an ELM-free operation
with good energy confinement, constant density, and radiated power, with a pedestal localized
electromagnetic mode (EHO) providing continuous particle transport. The nonlinear interaction
between harmonics of the EHO and turbulence is important to understanding the mechanisms
and dynamics of enhanced particle transport in QH-mode. The fundamental frequency of the
EHO was typically 10 kHz with long poloidal wavelength (kθ ∼ 0.02cm2) and broadband
turbulence in the range of 50-200 kHz with correlation lengths of a few cm. The features and
characteristics of QH-mode plasma turbulence in the wavenumber-frequency domain are crucial
to understanding the mechanisms and dynamics of the enhanced particle transport. Frequency-
wavenumber spectral analysis was applied to localized density fluctuation data measured with
BES on DIII-D in the region of 0.8 < ρ < 1.0. In the analysis, a Maximum Entropy Method
is applied in the space domain, instead of a FFT, to estimate a well resolved k-spectrum from
truncated data. The broadband turbulence measured atρ 0.9 was found to have poloidal phase
velocity of ∼10 km/s, which corresponds to the ExB velocity. Bispectral analysis has been
applied to the localized density fluctuation data. The cross-bicoherence among the BES chan-
nels showed radially varying magnitude of phase coherence well above the noise floor between
the EHO and broadband turbulence in the region of 0.8 < ρ < 1.0. The envelope analysis is
done for the high frequency turbulence by applying Hilbert transform to the density fluctuation
data. It was found that the turbulence amplitude was modulated at the frequency of EHO. The
phase and amplitude of the turbulence envelope is not constant in time, and different from the
displacement of the magnetic flux surface.
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Chapter 1

Introduction

Background and Motivation One of the most important subject among researches on the

magnetic fusion plasma is improvement of confinement property and stability of the plasma

to realize an economical and safe burning fusion reactor. Much effort has been dvoted to re-

search of micro turbulence and MHD instability, and the understanding on plasma physics has

been deepend over the decades. On the other hand, the turbulence appears electrostatic and

different frequency or wave number range from MHD instabilities or behavior of magnetic flux

surface, then studies on interections of those two phenomena are relatively scare. Recently, the

existence of self-regulated oscillations in the radial energy transport into magnetic islands was

found in a tokamak plasma [1]. This phenomenon indicates bifurcations in the island structure

and transport, in other words the coupling between the transport and magnetic topology. In a

helical device, a large-scale temperature fluctuations was discovered [2]. The fluctuation was

low frequency of a few kHz, but it was found that the magnetic fluctuation level was too small

to produce the observed temperature fluctuation, indicating different from MHD activities such

as interchange modes. In this way, discoveries in a boundary region of turbulence and MHD ac-

tivity is beginning to be accumulated experimentally and theoretically [3]. Callen has discussed

magnetic turbulence effects on radial electron heat transport in tokamaks with considering drift-

wave-induced magnetic perturbations [4]. This research will focus on the density fluctuation
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poroperty caused by MHD and micro turbulence, and coupling of these two phenomena in

torus plasmas.

As to the MHD oscillation, Edge Harmonic Oscillation (EHO) is observed in this research.

EHO is an edge localized MHD oscillation at a typical fundamental frequency of ∼ 10 kHz

with several higher harmonic componets, and mostly observed quiescent H-mode (QH) [5, 6]

in some tokamak devices. QH-mode exibits stationary operation with an H-mode edge pedestal,

good thermal confinement and particle transport for impurity removal [7], but without bursting

behavior associated with edge localized mode (ELM). QH-mode was originally discovered on

DIII-D [5], and was subsequently achieved on ASDEX-Upgrade [8, 9], JT-60U [10, 11], and

Joint European Torus (JET) [9].

The peeling-ballooning mode [12, 13] theory of ELMs has been used as a working hypoth-

esis to organize analysis of QH-mode [14]. In the theory, there are two key factors in the edge

stability physics; these are the edge pressure gradient and the edge current density as is shown

in Fig. 1.2. Experimental study with plasma current ramp up/down in DIII-D has ascertained

that QH-mode opetates near the peeling boundary. As for the balooning boundary, the pedestal

pressure is kept just below the boundary with enhanced transport. Measurements of divertor Dα

signal has shown that the light intensity is enhanced with the amplitude of EHO and is modu-

lated at the frequency of EHO, implying that EHO enhances edge particle transport. However,

the edge Dα intensity does not just follow the amplitude of EHO, and the edge particle loss

mechanism does not show a simple correlation with EHO.

Subject of this thesis is to investigate between MHD instability and turbulence in torus

plasmas. This thesis is organized as follows:

In Chapter 2, the experimental setups of the study are explained. In order to conduct ob-

servation in torus plasmas with diffrent magnetic configuration, we use two devices, the Large

Helical Device (LHD) and the DIII-D. Principles of Beam Emission Spectroscopy (BES) that

are used for density fluctuation measurement are explained. Lattice-type optical configuration

2



is deployed to the BES that is used in this thesis in LHD, and the property of the system such

as spatial resolution and wavenumber sensitivity is discussed.

Chapter 3 reviews analysis methods including Fourier transform, Maximum Entropy Method,

Hilbert transform and Bispectrum.

In Chapter 4, the experimental results are given. A low frequency electromagnetic mode

called Edge Harmonic Oscillation observed in LHD is explained. Then, the spatio-temporal

structure of EHO is analyzed. The structures of EHO observed in LHD and DIII-D are dis-

cussed. The properties of high frequency turbulence observed in DIII-D in the presence of

MHD instability is discussed. Then, the interaction between EHO and turbulence is investi-

gated by using bicoherence analysis and envelope analysis.

Finally, a conclusion of the research is given.

3
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Figure 1.1: Schematic of the turbulence and flux surface.

Figure 1.2: Schematic illustration of the peeling-ballooning mode stability boundaries [14].
Weak shaping corresponds to a circular cross section plasma. Stronger shaping is a modest
triangularity (0.3), elongated, single null divertor. The stability boundary for a high triangularity
double-null divertor would extend further up and to the right; this is not shown. The QH-mode
operating region is indicated by the shaded region.
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Chapter 2

Experimental Setup

2.1 Large helical Device

Large Helical Device (LHD) [15], which started experimental campaign in 1998, is a heliotron

magnetic confinement fusion device. The LHD has a pair of superconducting helical coils

with l/m = 2/10, together with three pairs of superconducting poloidal coils. The hilical coils

generates the rotational transform and magnetic shear. The typical rotational transform has a

central value of about 0.35 and an edge value of about 1.4 [16]. The poloidal coils provide a

vertical field to control the position of the plasma column, the magnetic axis, the elongation and

the leakage of the magnetic field. With those coils, LHD produces currentless plasmas.

Five priority subjects of the LHD are as ollows: (1) to produce plasmas with high tempera-

ture, high density, and long energy confinement time and to execute a wide range of studies on

transport that can be extrapolated to reactor plasmas; (2) to achieve high-b plasmas with β of

more than 5% and to study the related physics; (3) to obtain the basic data required for steady-

state operation by long-pulse experiment of net-current- free plasmas with the installation of

a divertor; (4) to study the behavior of highly energetic particles in the helical magnetic field

and to execute a simulation experiment of a particles in reactor plasmas; and (5) to excute stud-

ies complementary to tokamak plasmas to deepen the comprehensive understanding of toroidal
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plasmas.

In LHD, which is a heliotron device, the magnetic structure for plasma confinement is

formed only by the magnetic coils. Therefore, plasma current is not nessesary to sustain a

plasma. This feature provides an advantage for stady-state discharge, and for avoiding dis-

ruptions caused by plasma current induced instabilities. Based on the physics data base and

operational experience accumulated over a decade, engineering reseaches aming for a heliotron

fusion reactor have been conducted [17]. The main parameters of LHD are shown in Tab. 2.1

[16].

The pair of superconducting helical coils of 450 turns has its major and minor radius of 3.9

m and 0.975 m, respectively. The magnetic flux surface shapes almost an alipse on a poloidal

cross section, and it rotates five times for one turn in toroidal direction as shown in Fig. 2.1. The

helical coils are composed of three layers (HI, HM, HO), enabling to control the plasma minor

radius and rotational transform by controling the current ratio among those three layers. LHD

has a helical divertor configuration without using magnetic coils to form divertor configuration

[18]. For heating a plasma, three methods of electron cyclotron heating (ECH), ion cyclotron

heating (ICH) and neutral beam injection (NBI) are used [19, 20].

2.2 DIII-D Tokamak

The DIII-D tokamak was developed from the earlier Doublet III [21] device in1986. A‘ dou-

blet ’is a two lobed toroidally symmetric plasma configuration with a crosssection containing

a separatrix in the shape of a figure‘ 8 ’usually with the lobes shifted radially outwards [22].

Doublet III was considerably larger (BT = 2.6T at R = 1.43 m, a = 0.44 m) and designed with a

copper coil configuration specialized for shaping doublet plasmas. The Doublet Ill experiment

was more successful when operated with a conventional plasma geometry having an ’expanded

boundary’ divertor, that is with an internal magnetic separatrix but without a divertor chamber.

It was, therefore, decided to rebuild the tokamak within the existing toroidal field coil set so as
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to maximize the volume available for this configuration (Fig. 2.2), at the same time increas-

ing the shaping capability. The DIII-D design was driven by the desire to achieve high plasma

performance in a modest sized device while maintaining the flexibility in the configuration to

allow the device to be modified in response to changing needs in the research programme (Fig.

).

The DIII-D device has an aspect ratio similar to that of JET, R/a = 1.67/0.67, a maximum

toroidal field of 2.2T, and has achieved plasma currents of up to 3 MA [23]. Deutrium neutral

beam injection provieds up to 20 MW of heating power with ion energies of 75 keV, with higher

power available at ion energies of up to 93 keV. One of the four neutral beam lines has been

rotated toroidally to provide 5 MW of power in the opposite direction to the other beams to

allow controlled experiments on the influence of plasma rotation on plasma performance. Both

the ion cyclotron radiofrequency and the electron cyclotron resonance heating systems have

installed source powers of 6 MW. The former is tunable in the range 60 to 120 MHz, while the

latter operates at 110 GHz and allows power modulation at frequencies of up to 5 kHz.

2.3 Beam Emission Spectroscopy

Introduction Hydrogen atoms of a neutral beam emit lights as a result of interection with a

bulk plasma. These lights emitted from the neutral beam particles are Lyman lines and Balmer

lines and called ”beam emission”. Beam emission spectroscopy is a method to measure space

and time variation of the beam emission, therefore is utilized for plasma density fluctuation

measurement. Bright lines of beam emission are Doppler shifted due to a component of veloc-

ity of a neutral beam in a sightline direction. Accordingly, beam emission can be distinguished

from the strong background emission at plasma edge by the Doppler shift. However, because

velocity of beam particles are independent of ions of a bulk plasma bright lines obtained by

BES don’t include information such as ion velocity distribution, which charge exchange recom-

bination spectroscopy can measure.
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Conceptual schematic of BES is shown in Fig. 2.4 [24]. As fluctuations arise along magnetic

field lines, a sight line should be tangential to a flux surface as much as possible to measure the

local fluctuations. In addition, a configuration such that a component of velocity of a neutral

beam in a sightline direction is large is favorable to get a large Doppler shift. Among the

bright lines of beam emission, Balmer Hα line (656.285 nm) is most intense in brigtness, and

is the target line to detect. With imaging optics and an array detectors, imaging measurement

of density fluctuations in radial and poloidal directions is available to produce two-dimensional

spectrum S (k, f ) in wavenumber-frequency space. Measurable wavenumber limit is determined

by spatial sampling intervals ∆x, and the measurable wavenumber range is given as

0 ≤ k ≤ 2π
2∆x
. (2.1)

BES can measure fluctuations of long wavelengths up to k ≈ 0. And one of the features

of this method is a local measurement, which measures only lights emitted from the sample

volume where a sightline and a probe beam cross. BES has a high ability in determining a

location of luminescence. However, when curvature of magnetic fild lines in a sample valume

is large the measured value corresponds to density fluctuations ensembled over different flux

surfaces.

The principle of BES was first proposed by Fonck, then it was established as a measurement

method in experiments on the PBX-M tokamak of Princeton University in 1989 [25]. BES was

also applied to TFTR [26] tokamak of Princeton University and Phaedrus-T [27]tokamak of

Wisconsin University. With those BES systems, researches on properties of fluctuations of long

wavelength such as radial distribution of density fluctuation level, and correlation between con-

finement time and fluctuation level was done. After that, BES was applied to TEXT-U [28] and

DIII-D [29], and measurement results on density fluctuation phenomena during formation of

internal transport barriar [30] and L-H transition [31] has been reported, indicating correlation

between density fluctuation and confinement performance. Observation of zonal flow by BES

8



on DIII-D was reported in 2002 [32].

Large tokamaks have an advantage that curvature of field lines in sampling volumes is small,

while small devices and Helical devices have difficulties to apply BES beacause of the large

curvature of field lines or the toroidal variation of magnetic structure. However, BES was

applied to the Compact Helical System by optimizing configurations so that sightlines are as

tangential to flux surfaces as possible [33, 34, 35]. Using the BES system in CHS, density

fluctuations and density gradient was observed simultaneously [36]. Based on results from

CHS, BES has been developped in other Helical devices such as the Large Helical Device [37]

and Heliotron J [38].

2.3.1 Principle of BES measurement

Doppler shift

As mentioned above, beam emission is Doppler shifted from back ground lights due to beam

particle velocity. Therefore beam emission can be separated from the back ground lights by

using spectroscopic method. Doppler shift ∆λ is expressed as

∆λ

λ0
=

v cos θ
c

(2.2)

where v, θ, c and λ0 are beam particle velocity, the angle formed by a beam and a sightline,

the speed of light and a wavelength of beam emission, respectively. Observed wavelength is

λ0 −∆λ when beam particle moves toward an observer, and λ0 + ∆λ when beam particle moves

away from an observer. Because separating beam emission from back ground lights will be

easier when ∆λ is large, the angle θ formed by a beam and a sightline is desirable to be small.
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Relation between density fluctuation level and beam emission intensity fluctuation based

on collisional radiative model

Beam particles injected into a hydrogen plasma are excited by several collisional processes as

below

• Electron collision excitation:

e− + H0 ⇌ e− + H0∗(n) (n ≥ 2)

e− + H0∗(n)⇌ e− + H0∗(m) (m > n ≥ 2)

• Bulk ion collition excitation:

H+ + H0(n)⇌ H+ + H0∗(n) (n ≥ 2)

H+ + H0∗(n)⇌ H+ + H0∗(m) (m > n ≥ 2)

• Electron collision ionization:

e− + H0(∗) → e− + H+ + e− (n ≥ 1)

• Bulk ion collision ionization:

H+ + H0(∗)(n)→ H+ + H+ + e− (n ≥ 1)

• Bulk ion collision charge exchange:
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H+ + H0(∗)(n)→ H0(∗)(n) + H+ (n ≥ 1)

where H0 and H0∗(n) denote a hydrogen beam atom in the ground state and an excited beam

atom with the principal quantum number n, respectively. Here, contribution from impurity

collition is assumed to be small compared to electron and ion collision.

The spontaneous emission intensity I jk is

I jk = A jkN jhν∆V∆Ω/4π (2.3)

Here, A jk is the rate coefficient of spontaneous emission (Einstein A coefficient) from n = j

to n = k state, N j is the population density of n = j state, h is the Planck constant, ν is the

frequency of the emission, ∆V is sample volume in which a probe beam and a sightline across,

and ∆Ω is solid angle viewing the sample volume from an objective lens. As target bright line

is Hα line (n = 3→ 2) in this research,we will consider the rate equation for the state of n = 3.

If a coronal model, where the distribution of n = j state is determined by collisional ecx-

itation from the ground state and spontaneous emission to lower levels, can be applied, the

intensity would then be approximately proportionalto the plasma density. However, except the

lowest density plasmas the coronal approximation does not apply. Instead, in addtion to the

excitation from the ground state and spontaneous decay as in the coronal model, collisional

transitions, both upward and downward, to and from other electron states should be considered

for the pupulation of the excited state. Therefore, a full colisional-radiative model of the state

populations must be used [39].

The rate equations governing the population N j of principal quantum number n = j are

expressed in matrix form as
dN j

dt
=

∑
k

NkMk j, (2.4)
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where Mk j is a matrix of rates governing the transitions from levels k to j. The diagonal of

M is equal to minus the total rate for transitions out of the level j to all other states, including

electron loss from the state j due to ionization and charge exchange. Here, electron and ion

collision contributions to the collisional ecxitation (and deextation) rate coefficients will be

treated together, and electron density and ion density are treated as equivalent (ne = ni). In the

low-energy range (1-30 keV), electron-impact collisions dominate the excitation and ionization

rates, and charge exchange dominates electron-loss mechanism. For beam energies above ∼ 40

keV, proton-impact collitios become dominant for excitation and ionization, and the proton-

impact ionization exceeds the charge-exchange rate [43].

The matrix Mk j can be separated for radiative and collisional process as Mk j = neXk j + Rk j,

where the off-diagonal terms of R are equivalent to the Einstein coefficients Ak j, and minus

values of losses from the level j to all other states are summed on the diagonal (A j =
∑

k −Ak j),

R jk =



0 0 0 . . . 0

A21 A2 0
...

A31 A32 A3
...

...
...

. . .
...

Ak1 Ak2 . . . Ak( j−1) A j


. (2.5)

For the conditions of interest (Ebeam ≥ 40 keV,Te = Ti ∼ 1 keV), the tridiagonal coefficients

in X are dominant, therefore transitions such that | j− k| ≤ 1 govern the behaviour. Furthermore,

rates for upward transitions ( j→ j+1) are larger than rates for downward transitions ( j← j+1).

This situation can be regarded as an upward cascade of electrons one towards higher states.

Then, the rate equations can be written in simple lower-triangular form as

dN1

dt
= −D1N1, (2.6)

dN2

dt
= P12N1 − D2N2, (2.7)
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dN3

dt
= P13N1 + P23N2 − D3N3, (2.8)

where Pk j is the rate at which the excited state j is populated from state k with a correction for

downward cascade, and D j is its total depopulation rate. The following expressions indicate the

best set of explicit transition effects, which give good agreement with a full-scale calculation

using the entire transition matrix M [39].

D3 = (X34 + X35 + X32 + L3)ne + A3, (2.9)

D2 = (X23 + X24 + X21 + L2)ne + A2, (2.10)

D1 =

(
X12

[
1 − X12ne + R21

D2

]
+ X13 + L1

)
ne, (2.11)

P12 =

(
X12 + X13

X32ne + R32

D3

)
ne, (2.12)

P13 =

(
X13 + X14

X43ne + R32

D4

)
ne, (2.13)

D4 = (X45 + X43)ne + A4, (2.14)

P23 = X23ne. (2.15)

Here, L j is the rate for direct electron loss due to ionization and charge exchange from level j,

A j is the total radiative transition rate to all levels below j. Dominant flows in of electrons in

the energy level diagram are shown in Fig. 2.5. Figure 2.6 shows the results of calculations

for j = 3 and j = 2 states of hydrogen which gives rise to the Hα and Lα lines [39]. The

overall shapes of the curves of the excited-state fractions fi = N j/N1 are remarkably similar

for all temperatures and energies. This fact results in the logarithmic derivatives of f j lying

almost on a universal curve as shown in the middle panel of Fig. 2.6. The relative amplitude of

the intensity fluctuations δI/I can be evaluated in terms of the differential cross section for the

fractional population of the ecxited state j, κ j = (ne/ f j)(d f j/dne), thus the logarithmic derivative

d ln f j/d ln ne. The difference of beam energies lead to noticeabe shifts in the absolute values
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of f j but changes in d ln f j/d ln ne negligible. The temperature variation produces a slight shift

in the horizontal direction of the logarithmic derivative curves and the time-constant (τ2, τ3)

curves as a result of the modest increase of the collisional rate coefficients at lower Te. By

reading values from the plots, we have κ ≈ 0.6 for j = 3 at moderate densities of a few 1019m−3.

In the following sections, we will be discussing property of density fluctuation qualitatively,

regarding fluctuations in observed beam emission Ĩ/I as density fluctuation ñ/n. In the case

that the absolute value of density fluctuation is needed, the constant proportionality C in the

relation (ñ/n = CĨ/I) will be calculated using the plasma parameters for a discharge of interest.

2.3.2 BES System With Lattice-shaped Viewing Geometry

A local density fluctuation diagnostic based upon the BES with radially and poloidally elon-

gated sightlines has been implemented on the LHD to investigate the spatiotemporal and spec-

tral characteristics of long wavenumber density fluctuations) such as magnetohydrodynamics

(MHD) instability. The first application of BES to a helical system resulted in the compact

helical system (CHS) [34, 35]. In that system, the simultaneous measurement of the density

fluctuations and density gradient was accomplished with the optimized sightlines, which are

aligned nearly tangent to the magnetic axis.

The ealier application of BES systems in LHD utilized sightlines nearly parallel to the mid-

plane and passing through the plasma in the toroidal direction with tangentially injected neutral

beams. In order to cover the large Doppler shift of the Hα beam emission because of the

high-energy neutral beam atom (beam energy E ∼ 120 − 170 keV) and the large morional

Stark splitting due to the large v × B (magnetic field B of 3.0 T), a grating spectrometer was

chosen for isolation of the beam emission instead of the interference optical filter [40]. When

a neutral beam propagates across the magnetic field (Vbeam ∦ B) in a plasma, the hydrogen

atoms feel the electric field in the atom’s rest frame due to the motion across the magnetic field

(Em = Vbeam × B). The induced electric field Em in the hydrogen atoms causes the Stark shift,
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aiVbeamBλ2
0 sin ϕ, where i = 1 − 15 is the number of Stark split, ai is a coefficient of the wave-

length shift for the Stark split, λ0 is the wavelength of Balmer α line for E = 0, and ϕ is the angle

between the magnetic field and the neutral beam.When the Balmer α line is observed with an

angle β to the neutral beam of a sightline, the Doppler shifted wavelength is (Vbeam/c)λ0 cos β.

Therefore, the observed wavelength of the Balmer α line is given as

λi = λ0

(
1 +

Vbeam

c
λ0 cos β

) (
1 + aiVbeamBλ2

0 sin ϕ
)
.

The neutral beam based on the negative ion source with high energy (∼ 120 − 170 keV) is in-

jected tangentially to the torus for plasma heating. The beam energy is much higher than the

energy of the positive ion source neutral beam used in CHS (∼ 20− 30 keV). The induced elec-

tric field is roughly estimated to be 60 kV/cm in LHD for (B, Ebeam, θ) = (3.0 T, 170 keV, 20◦),

while 10 kV/cm in CHS for (B, Ebeam, θ) = (1.0 T, 30 keV,−26.5◦), where Ebeam is the beam

energy, θ is the angle between the magnetic field B, and the beam velocity vbeam. The interfer-

ence filter used in the CHS BES system has the typical pass-band and the tunable wavelength

of 1.0 nm and 0.6 nm, respectively. The interference filter used in CHS BES system covers the

Doppler-shifted full energy component of the beam emission and the central wavelength shift

corresponding to the probe beam energy range (∼ 20 − 30 keV) [35]. For the Hα line from

the high-energy beam in LHD, the Doppler shift varies by about 2 nm, depending on the beam

energy, and the Stark splitting is as much as 1.5 nm. This requires the capability of isolation

with a bandwidth of 1.5 nm or wider along with a variable range of at least several nanometers.

However, the capability was not achievable by use of the filter system. Therefore, a grating

spectrometer was applied to control the transition wavelength over a wider range.

Another BES system was developped with sightlines viewing the plasma in the poloidal

direction [37].

That system has detected edge MHD oscillations and achieved the radial profile of the co-

herence between the density fluctuation and the magnetic fluctuation. It was found that e-noise
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in the root mean square value corresponds to around 5% of the dc value of the signal in the

detected fluctuation spectrum, and the signal-to-noise ratio had to be improved to measure tur-

bulences. Because of the larger size of LHD, which has a major radius Rax of 3.5-4.0 m and an

averaged minor radius a of 0.6 m, the distance from diagnostic ports to the plasma is larger and

the solid angle for collecting beam emissions is smaller. Therefore, it is required to increase the

sampling area to achieve sufficient detected photon flux and signal-to-noise ratio for fluctuation

spectral analysis.

The BES system presented in this paper observes the density fluctuations on the poloidal

cross-section. One of the most characteristic aspects is that the sight lines of this system can

be optimized to investigate propagation behaviors for radial and poloidal direction by making

slit shaped measurement channels perpendicular to each direction. In most conventional BES

systems, a sampling area is round due to the shape of a fiber or rectangular with bundled fiber

image [41, 44], leading to almost the same wavenumber sensitivity in two directions on a focal

plane. The optical fiber geometry which yields slit-shaped sampling images in the plasma is

applied to the BES system in LHD. The idea of the fiber configuration is utilizing the fiber

bundle design ― the images of fibers elongated along radial or poloidal direction to achieve

both enhancement of photon flux and good wavenumber resolution in the directions along the

narrow sides of the slits. Poloidally elongated sightlines are aligned in the radial direction to

investigate the radial profile and propagation characteristic of density fluctuations, and radially

elongated sightlines are aligned in the poloidal direction to investigate the poloidal structure of

the fluctuations. These slit-shaped sightlines have the advantage that the wavenumber sensitivity

is increased in the direction perpendicular to the slit direction. By combining the two sets

of the radially and poloidally elongated sightlines in the same sampling area, both radial and

poloidal wavenumber sensitivities are improved compared with the conventional square-shaped

sightline. This configuration is expected to enable simultaneous measurement of radial and

poloidal characteristics of the density fluctuation. This article presents the sightline design and
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the estimated wavenumber sensitivity.

Figure 2.8 shows the top view of LHD drawn with the BES sight lines, the probe beam (NBI

No. 5), and the typical magnetic surface on the mid plane [45]. The sight lines pass throughout

the plasma in the toroidal direction, aligned for the radial and vertical directions. A neutral

hydrogen atomic beam for heating is used as the probe beam, and its accelerating energy is 40

keV. The angles between the sight lines and the beam line range from 113◦ to 120◦ on the mid

plane, yielding a Doppler blue shift of 2.3∼3.0 nm in the Hα beam emission as shown in Fig.

2.10.

Figure 2.9 shows the fiber image configuration on the poloidal cross section. Each fiber

has a numerical aperture of 0.25, a core diameter of 400 µm, and a clad diameter of 420 µm.

The fiber images are almost focused at the center of the neutral beam and the roughly 25-to-

1 magnification results in an observed spot size of about 1 cm in diameter on a poloidal cross

section. The spots are located immediately adjacent to each other in each direction, therefore the

spacial pitch ∆x ∼ 1.0 cm for radial/vertical direction. The arrangement of the fibers connected

to the detection system can be selected, and the beam emission is detected with chosen 32

channels simultaneously. Each channel consists of 7 (or 8) fibers arranged in line along the

poloidal or radial direction. Each fiber bundle of an array for radial wavenumber measurement

images 10 × 130 mm and has a radial spatial separation of 20 mm. Each fiber bundle of an

array for poloidal wavenumber measurement images 80 × 10 mm and has a poloidal spatial

separation of 20 mm. These two types of arrays are overlaid in the same region to form a lattice-

shaped viewing geometry and views 160 × 150 mm in total. The array for radial wavenumber

measurement averages the signals for 130 mm in the poloidal direction, while that for poloidal

wavenumber measurement averages for 80 mm in the radial direction.

The lights collected from the plasma are transmitted through the fibers to two grating spec-

trometers (Fig. 2.11 [42]). The spectrometer is composed of two lens sets with the focal distance

of 200 mm (F/2.8) and a diffraction grating with the ruling number of 2160/mm.
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To observe the center wavelength and luminescent intensity of beam emission, diffracted

image is taken by a CCD camera. Spectrum images are usually taken for each shot for 100

frames with the exposure time of 94.2 ms and the sampling frequency of 100 ms. An example

of spectrum image is shown Fig. 2.12. The horizontal axis and vertical axis correspond to

wavelength and measurement location, respectively (shown in pixel number). Figures 2.12 (a)

and (b) are the spectrum images of the emission from a plasma without the probe beam and with

the probe beam, respectively. In the both cases, the Hα emission from the edge of the plasma

can be seen as the brightest line around 620 [pixel] in the vertical axis. The beam emission is

blue shifted as indicated by red arrows in Fig. 2.12 (b).

The beam emission separated from the background emission is detected by using Avalanche

Photodiode Detector camera (APDCAM). The APDCAM uses a 4 × 8 element avalanche pho-

todiode array (Hamamatsu S8550). The APD array is composed of 32 sensors of 1.6 × 1.6mm2

area at a pitch of 2.3 mm as shown in Fig. 2.13. The typical gain factor is about 50 with

320V reverse voltage and the peak quantum efficiency is about 85% at 650 nm. The sampling

frequency was set as 200 kHz for the experiments described later in Sec. 4.1.1.

Evaluation of detected photons Here, we will evaluate the number of insident photos to

an APD. Figure 2.15 shows temporal evolution of a detected beam emission. The number of

photons per digit will be estimated with an assumption that the amplitude of the signal in the

time range when the probe beam is off corresponds to the intrinsic noise level of the detetor.

With the estimated value, the number of insident photos to an APD will be calculated for the

duration which the probe beam is injected. Subtracting the DC component, the average value of

noise level is around 84∼ [digit] for 7 < t < 8s. For its sampling frequency is 200 kHz, the noise

amplitude per unit time is 84 × 2 × 105 ≈ 1.6 × 107 [digit/s]. The noise equivalent photon flux

for the detector is 5 × 107[photon/s]. From the above, the number of photons per unit digit can

be estimated to be 5 × 107/1.6 × 107 ≈ 3.1[photon/digit]. For 4 < t < 5s, the average of beam

emission intensity (subtracted baias level) is 4.2 × 103[digit], or 8.4 × 108[digit/s]. Then, the

18



number of insident photons of beam emission is estimated to be 8.4×3.1 ≈ 2.6×109[photon/s].

Spatial Resolution Determined by Line Integral Effect The images of the light collecting

fiber set for viewing perpendicularly injected neutral beam have a spatial width of 1 cm and a

spatial pitch of 1 cm on the focal plane. Because of the probe beam width, the sampling volumes

of each line of sight pass through several magnetic flux surfaces, and this leads to integration of

beam emission across different flux surfaces. Thus, it is essential to estimate this integral effect

to evaluate the localization of the measurement.

On the assumption that the beam emission intensity is proportional to the product of the bulk

plasma density and neutral beam density, nenbeam, we will evaluate the radial spatial resolution

by effective minor radius, reff weighted by nenbeam. Here, reff denotes the radius of the equivalent

simple torus which encloses the same volume as the flux surface of interest. The evaluation is

done with the beam profile data of NBI#4, which is the same type as NBI#5, which is perpen-

dicularly injected on the mid plane with the beam energy of E ≃ 40keV. Figures 2.16, 2.17,

2.18 and 2.19 show the profiles on the mid plane of effective minor radius reff , electron density

ne, beam particle density nbeam and the multiple of electron density and beam particle density

nenbeam, respectively. For each profiles, the origin of the coordinate axes is the center of torus.

Figure 2.20 is a plot of the value of nenbeam along sightlines on the mid plane with respect to the

effective minor radius.

If we define the spatial resolution as the standard deviation in effective minor radius weighted

by the multiple value of electron density ne and beam particle density nbeam along each sightline,

this is expressed as

∆reff =

√∫
w · (reff − reff 0)2dl, (2.16)

where, w is defined as

w =
ne · nbeam∫
ne · nbeamdl

, (2.17)
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and measurement central position in radial direction reff 0 is defined as

reff 0 =

∫
w · reffdl. (2.18)

The evaluated location for lines of sight on the mid plane in the range of 4.30 < R < 4.65 m is

0.66 < reff 0 < 0.53 m (Fig. 2.21). The spatial resolution is 2∆reff ∼ 0.01 m at the edge and this

increases up to ∼ 0.10 m. The ratio of the light intensity emitted from the region of reff 0 ± ∆reff

to the total light intensity integrated along a line of sight is expressed as

w0 =

√√√√√√ reff 0+∆reff∫
reff 0−∆reff

wdreff , (2.19)

For the region of 4.30 < R < 4.65 m, w0 was estimated ∼68%. The deviation in reff of the

poloidally elongated slit sightlines in the range of 4.30 < R < 4.65 m is around 0.01 m for the

typical discharges in LHD. This deviation is smaller than the line integral effect.

The finite lifetime effect of the excited beam atoms is not taken into account in the calcu-

lation because the displacement of the beam particle for the life time is comparable or smaller

than the line integral effect. The displacement d due to the life time effect can be calculated as

d = vbeam/A3→2 =
√

(2Ebeam/mH)/A3→2, (2.20)

where vbeam, A3→2, Ebeam and mH are beam particle velocity, Einstein coefficient for spontaneous

emission of Hα line, beam energy and hydrogen mass, respectively. With the values of A3→2 =

4.39 × 107/sec, mH = 1.67 × 10−27 kg and beam energy Ebeamof 40 keV in the radial direction,

the displacement d of the beam particle during the life time is ˜ 6.3 cm. This displacement

corresponds to ∆reff ˜ 0.02 m at R = 4.6 m and ∆reff ˜ 0.03 m at R = 4.3 m.

The beam attenuation effect, that is the beam density, depends on the mode strength and

structure of density fluctuation. When the beam attenuation effect is strong, the evolution of
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the beam density is needed to be calculated step-by-step with the change in the spatial structure

of the density. However, the beam attenuation effect is relatively small and can be neglected

in LHD plasma. At R = 4.6 m, where the wavenumber sensitivity was the calculated, the

attenuation of the neutral beam used was only 10% of the initial beam density, because the

electron density in LHD is relatively low of 1 × 10−19 m−3 near the plasma edge. Therefore the

intensity modulation at R = 4.6 m due to the change in beam attenuation is reduced to 1/10 of

the density fluctuation amplitude at R > 4.6 m.

Wavenumber Sensitivity Figure 2.23 (a) shows the shapes of the fiber bundles of square (A),

radially elongated slit (B), and poloidally elongated slit (C) [46]. The radial location for each

bundle was taken at R = 4.60 m ( reff ∼ 0.65 m at the intersection of the line of sight and

the probe beam center on the mid-plane). For comparisons of wave number sensitivity among

the different types of bundle designs, intensity of collected light by using each bundle design

was calculated. In the calculation, test data which has white spectrum in poloidal or radial

wavenumber is sampled at points in the ∆reff and multiplied with light intensity (nenbeam), and

sampled signal ensembled over a fiber bulndel is normalized with a signal sampled at an ideal

imaging point in (reff , z) space (the idal point doesnt have width in the 2D space). The sensitivity

is taken as a root mean square value of collected wave intensity at each fiber image of the bundle

design and normalized with the wave intensity collected with a dot shaped sampling image at

the center of the bundle. This calculation is done with consideration of the line integral effect in

the radial direction (∆reff), and wave amplitude is weighted with the multiple values of ne and

nbeam. The test wave data is a 20 kHz plane wave in (reff ,Z) plane with white spectrum of kz

(or kreff) and kreff = 0 (or kZ = 0). Figure2.23 (b) shows the poloidal wave number sensitivity

for each bundle design. While the poloidal wave number sensitivity of square and poloidally

elongated slit drop sharply, the radially elongated slit keeps sensitivity up to kZ/2π = 50 m−1

, which corresponds to the inverse of the double value of the fiber image diameter. For the

wavelengths of which the integer multiple correspond to the length in the poloidal direction of
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the sampling areas, the collected signals are averaged to be zero, and this can be the sensitivity

drop. Figure 2.23 (c) shows the radial wave number sensitivity for each bundle design. Although

the sensitivities are almost comparable between the radially elongated sightline and the square

shaped sightline because the widths of the sampling areas in the radial direction are almost

similar (∆reff is 1.9 and 2.7, respectively), the poloidally elongated slit has better sensitivity in

the range of 0 < kreff/2π < 60.

Spatiotemporal structure of fluctuations is determined by a two-point two-time correlation

function at a different position. Two-point two-time correlation function can be given by

R(x, τ) =
⟨I(x, t)Iref(t + τ)⟩√⟨

I2(x, t)
⟩√⟨

I2
ref(t)

⟩ , (2.21)

where τ is the time lag, I(x, t) is the time series of the channel located at x, Iref(t) is the time

series of the reference channel, and ⟨ ⟩ stands for temporal average. Figures 2.24(a) and 2.24(c)

show a contour plot of correlation functions of the test wave data ( f = 20 kHz, kreff/2π =

20.0m−1, kZ/2π = 18.2m−1) detected with slit-shaped sightlines (group I and II in Fig. 2.9) for

the poloidal direction and radial direction, respectively. From the slope of the peak in those

contour plots, radial and poloidal phase velocities can be estimated (vr, vθ) ∼ (1.0, 1.1) [km/s],

corresponding to the value calculated with wavelength and frequency. Figures 2.24(b) and

2.24(d) show the contour plots of cross correlation of the wave sampled with square shaped

sightlines. With the reduced number of channels of the square type array compared to the array

of radially elongated sightlines and the spatial pitch comparable to the half of the wavelength in

this case, the contour of correlation function cannot reconstruct the propagation direction (Fig.

2.24(b)).
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2.3.3 BES System With High Spatial Resolution

For the current BES system in DIII-D, 64 channels are deployed in a 8 (radial) × 8 (poloidal) 2D

grid, plus two common-mode rejection channels [49]. Each channnel images an approximately

0.9 cm (radial) × 1.2 cm (poloidal) region with channels located immediately adjecent to each

other in each direction, for a total sampling area of approximately 7 × 12 cm. The array is

placed on a motorized mount and can be remotely scanned radially to observe different spatial

regions of the plasma on a shot-to-shot basis.

The system observes the emission resulted from an injected deuterium neutral beam with an

energy of 70-80 keV (vbeam = 2.6×106 m/s), and PNBI ≈ 2.5 MW. The beam atoms excited dut to

collisions with electrons and ions emits Dα line from the three beam-energy components. Emis-

sion is Dopplershifted over approximately λ ≈ 652 − 655 nm. Flctuations in the light emission

intensity are proportional to the local density fluctuations, ñ/n = C(Ĩ/I), with a proportinality

factor, C of 2-3 for typical DIII-D plasma parameters [50, 51] The factor C depends on local

plasma density, temperature, beam energy and Zeff . Among these, The important parameter is

density and the others have a fairly weak dependence.

The neutral beam viewing optical system consists of: a highthrouput f /2, f = 40 cm,

objective lens, 25 cm vacuum window, in-vessel shutter, optical axis-folding mirrors (to avoid

a toroidal field coil) and scannable 2D motorized fiber-mounting array, as shown in Fig. 2.27

[52]. The fibermounting array places the fiber faces at the curved focal plane of the objective

lens. The objective lens images light from the beam onto a set of fiber optic bundles with a

magnification M of 2.9-3.4, depending on the radial location of the image in the plasma. The

sightline is deployed so that the sampling volume, which has a half-width of over 20 cm in the

toroidal direction, is nearly tangent to a magnetic flux surface. The sightlines are also angled at

approximately 5◦ in a vertical plane relative to the equatorial (horizontal) plane of the tokamak

to more closely align the observation volume with the magnetic field pitch angle. The typical

magnetic field pitch angles on DIII-D are in the range of 5◦ − 10◦ for plasma current opposite to
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toroidal field direction. The individual fiber bundles for each spatial channel can be deployed

arbitrarily in the focal plane. The 2D grid can be radially scanned on a shot-to-shot basis across

the outboard midplane of the plasma (near Z = 0) to provide measurements over the radial

range 0.2 < r/a < 1 (plasma minor radius, a), as well as into the scrape-off-layer region. Each

detection channel consists of 11 1-mm plasticclad- silica fibers, 40m in length, arranged in a

4:3:4 configuration (Fig. 2.28), that convey the light to a remotely located spectroscopy lab.

The high throuput spectrometers consists of a 50-mm-diam, f /1.5 collimating lens, 5-cm-

diam interference filter, high-speed f /0.58 focusing lens and PIN photodiode to isolate the local

beam fluorescence from the collected light signal. The interference filter is a high transmission

filter that transmits light in the spectral range λ = 652 − 655.5 nm, cutting off near Dα,o. The

collimated beam is normally incident on the intereference filters, which are designed to also

transmit a fraction of the thermal deutrium charge exhange lines on the blue side of edgh Dα

emission [44] (as shown in Fig. 2.29). The filters are designed to be used at near normal

incidence to reduce the spectral blurring that results from angle tuning. Specialized ultra low

noise cryogenically-cooled transimpedance preamplifiers [53] convert the photodiode current

to a voltage signal.Signal conditioning electronics then frequency filter and further amplify the

signal. The signal is digitized using multichannel simultaneous digitizers (D-tAcq Solution Inc.)

Fourteen-bit, 16-channel digitizer boards (ACQ16PCI) utilize synchronized external clocks and

triggers to insure that all channels are sampled at 1 MHz on a common time-base, crucial for

cross correlation and cross phase measurements.

Two common-mode rejection channels have been deployed with the recently expanded sys-

tem. The common-mode channels are located approximately five and 10 cm inboard of the

main channel grid, respectively. These channels are used for measurement and isolation of any

fluctuation components on the neutral beam itself that do not represent local plasma fluctuations

and thus should be subtracted from the measured signals [49]. Such common-mode fluctuations

arise mainly from fluctuations in the neutral beam source [54], and also large-amplitude edge
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fluctuations that imposed on the beam due to fluctuating beam attenuation. Such fluctuations

can complicate analysis and interpretation of the measured local fluctuations. The common-

mode channels allow for the identification of spectral signals that are common to all channels.

The distance between two channels is larger than the radial correlation length of turbulenct ed-

dies. Therefore, any signal common between these channels and the array can be rejected as

common-mode signal.

An control system has been implemented to control timing, detector temperature control

and AC power to various system components, and provide for safety of the equipment. This

system consists of several National Instruments compact Field Point (cFP) components (relay,

thermocouple, analog input modules) and a timing board, that have been integrated with the

LabView virtual instrument software package for interface and control running on a host PC.

The control system allows for fully remote operation of the BES system, system protection, and

recording of diagnostic system parameters. The system controls LN2 flow to the detectors and

preamplifiers to maintain a temperature near 140 K to minimize e-noise and photodiode dark

current (all cooled components are located in a vacuum box to prevent condensation). Power

is cycled to cryogenic solenoid valves in response to real-time temperature measurements. The

timing system allows for data acquisition to commence at any point during the plasma discharge

with a precision of 1 microsec. A block diagram of the detection and control system is shown

in Fig. 2.26 [48].

The spatial transfer function is the measure of is the measure of how the location and rel-

ative intensity of light collected from the sample volume are collected, i.e., the measured spot

size, which ultimately sets the spatial resolution of the system [55]. Therefore, proper inter-

pretation of data requires for evaluation of the spatial transfer function . Quantification of th

spatial transfer function was done [56] using the beam/optical sight line geometry, flux surface

geomatry, local magnetic field pitch angle, local plasma density, local beam density profile, and

atomic transition rates. The measured intensity distribution M(x) of a system is determined
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by the convolution of the true intensity distribution S (x) with the point spread function (PSF),

P(x), i.e., M(x) = S (x) × P(x). The Fourier spatial transform of the PSF is the spatial transfer

function (STF), T̃ (k) = F {P(x)}. Thus in wave-number space, the true intensity distribution

can be obtained with the spatial transfer function via S̃ (k) = M̃(k)/T̃ (k). Here, S̃ (k) and M̃(k)

are the Fourier transforms of S (x) and M(x), respectively. It is more straightforward to calculate

the spatial effects in the PSF in real space and transform the result to obtain the spatial transfer

function in wave-number space.

Figure 2.30 (a) shows the calculated point spread function for the optical sight line which

is nearly tangent to the flux surface at the left beam source at R = 220 cm. Here, An effective

state lifetime τ of 2.5 ns was assumed, while the poloidal field pitch angle was assumed to be

5◦ relative to the equatrial plane (0◦ relative to the BES sight line). The FWHM of the radial

projection is 1.15 cm compared to the ideal imaged fiber width of 0.86 cm. The FWHM of

the poloidal projection is 1.3 cm compared to the fiber image of 1.25 cm. The ratio of the

integrated intensity within the radial FWHM to the total intensity is 75%, while the ratio for

poloidal direction is 95%. Fourier transforming the point spread function yields the spatial

transfer function. The extent of the spatial transform in wave-number space is a measure of the

sensitivity of the system. Shown in Fig. 2.30 (b) is the spatial transfer function obtained by

Fourier transforming the point spread function shown in Fig. 2.30 (a). The e-folding distances

for the radially projected spatial transfer function are 2.5 cm−1 and 3.3 cm−1 for the poloidal

profection.

The dependence of the spatial transfer function on several key parameters is shown in Fig.

2.31 for a typical upper-single-null, L-mode discharge on DIII-D (#119525). As is shown in Fig.

2.31(a), reduction in effective lifetimes due to increased collisionality leads to reduction in radial

FWHM of point spread function and is highly beneficial for achieving good spatial resolution.

Fig. 2.31(b) shows that optimal radial resolution is achieved in the outboad region where the

optical sight line is nearly tangent to the magnetic flux surface at the beamline intersection.
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The dependence of the spatial transfer function on the poloidal pitch angle is illustrated in Fig.

2.31(c), showing that change in sensitivity is small within the typical pitch angle variation of

+/ − 5◦ from the 5◦ BES sight line angle.
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Parameters Targeted value Achieved value
Major radius 3.9 m

Minor radius of helical coil 0.975 m
Minor radius of plasma 0.5 - 0.65 m

Magnetic field 3T (R=3.9 m) 2.96T (R=3.6 m)
Magnetic energy 0.90 GJ 0.77 GJ
Coil temperature 4.4 K 3.5 K
Heating power

ECRH 10 MW 2.5 MW
ICRH 3 MW 3.0 MW
NBI 15 MW 23 MW

Steady state (ECRH+ICRH) 3 MW 1.7 MW

Table 2.1: Parameters of Large Helical Device [16].

Figure 2.1: Schematic of a configuration of magnetic coils in LHD.
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Figure 2.2: Layout of the DIII-D experiment with an inset illustration the geometry [23].

Figure 2.3: (a) A cross-section of the DIII-D vacuum vessel in 1986 with an MHD equilibrium
superposed: a location between the ports is chosen. (b) Cross-section of the DIII-D vacuum
vessel and typical ports in 2000 with MHD equilibrium superposed [22].
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FIG. 1. Fluctuation level versus wave number in TFTR plasmas in 
Ohmic and L-mode TmR auxiliary heated plasmas from microwave 
scattering. Microwave scattering measures a 0.5% fluctuation level from 
2 to 8 cm-’ in L-mode plasmas. 

from moderate to short wavelengths (0.2 < kJ. ps < 2) in 
TFTR, where ps- -0.1 cm for r/u in the range from 0.3 to 
0.7. Scattering in the extraordinary mode permits measure- 
ments with plasma densities up to 1 x 1014 cmm3, nomi- 
nally covering TFTR’s operating range. The angle between 
the transmitters and receivers determines the scattering an- 
gle and selects the k vector of the density fluctuations. The 
spatial sampling volume and the value of k are interrelated. 
At the longest wavelengths measurable with microwave 
scattering (k, < 2 cm-‘), the spatial resolution is approx- 
imately 80 cm, and therefore the scattering diagnostic sam- 
ples the entire central region of the TFTR plasma. Micro- 
wave scattering measurements have been made in TFIR at 
r/azO.3 in saturated Ohmic, L-mode and supershot plas- 
mas. Results from microwave scattering scans of an L- 
mode plasma are shown in Fig. 1, where density fluctua- 
tion power spectrum is seen to decrease as zki3. Any 
peak in the k spectrum appears to lie in a region ( kl < 2 
cm-‘), below which the spatial resolution is not adequate. 
More recently, the desire to obtain long-wavelength spa- 
tially resolved measurements on TEAR has led to the in- 
stallation of two diagnostics: microwave reflectometry’3 
and beam emission spectroscopyi (BES). Both have the 
capability for measuring localized long-wavelength 
(k, < 1.5 cm-‘) density fluctuations in a high- 
temperature tokamak plasma. 

A single-channel extraordinary-mode microwave re- 
flectometer with a frequency of 140 GHz has been used for 
the measurement of long-wavelength fluctuations. Use of 
the extraordinary mode allows detection of K//n to 1 part in 
104. The cutoff frequency is a function of the magnetic field 
and density, and by varying these plasma parameters radial 
scans of plasma fluctuations can be obtained. The reflecto- 
meter’s radial resolution is less than 1 cm, and the poloidal 
resolution, due to the width of the scattering beam, is about 
5 cm. 

BES measures density fluctuations through the obser- 
vation of fluctuations in the fluorescence of excited atoms 
in a neutral beam following collisions with the background 

Sight 
along a 
flux 
surface 

Plasma Surface 

FIG. 2. Schematic of a BES installation, showing that the viewing sight 
lines are tangent to the field lines at the point of intersection with the 
neutral beam. 

plasma and impurity ions. Localized variations in the rate 
of collisional excitation due to the variation in local density 
results in fluctuations in light emission, providing a direct 
measure of the plasma density oscillations. Suitable atomic 
physics calculations, 15*i6 which balance excitation, ioniza- 
tion, and radiative decay relate the relative variation in 
fluorescence to the relative variation in plasma density. 

A BES diagnostic system with 55 radial channels has 
been installed on TFTR,‘7”8 where observations are made 
of fluctuations in D, radiative decay (n = 3 -+ 2) emission 
from a 100 keV deuterium neutral heating beam. In addi- 
tion, five ten-channel vertical (approximately poloidal) ar- 
rays can be positioned in any of 27 radial locations adja- 
cent to the radial array. Since the light is collected from a 
region only where the line of sight intersects the neutral 
beam, the measurement is spatially localized because of the 
relatively small collection volume ( z 1.5 cm X 1.5 cm 
across by 20 cm along the field lines). The parallel corre- 
lation lengths are presumed to be at least as large as the 
major radius, i.e., much longer that the 20 cm collection 
length along the field lines. The best perpendicular spatial 
resolution is achieved by placing viewing sight lines tan- 
gent to the field lines at the point of intersection with the 
neutral beam, as shown in Fig. 2. 

The k-sensitivity or instrumental function of BES is 
determined by the sampling volume. For a fiber bundle 
with a rectangular spatial resolution function (a good ap- 
proximation for channels near the edge of the plasmas 
where the trajectories of the three TFTR beam sources 
overlap), the k-sensitivity is roughly [sin( ka)/k]‘, where a 
is half the sampling width of a channel. The instrumental 
function decreases with k from 0 to 4 cm-’ with a FWHM 
value of about 1.9 cm-‘, which complements the higher-k 
measurement range provided by microwave scattering. 
With averaging of the power spectra over a one-half- 
second interval, density fluctuations down to ~0.5% can 
be detected. The 16 existing channels are capable of mea- 
suring fluctuations up to 300 kHz with a frequency reso- 

2923 Phys. Fluids B, Vol. 4, No. 9, September 1992 Paul ef al. 2923 

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  133.75.136.233 On: Fri,
12 Aug 2016 05:40:14

Figure 2.4: Schematic of a BES installation in TFTR [24].
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Figure 2.5: Dominant flows of electrons in the energy level diagram. ”c” denotes the continuum
state.
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Figure 2.6: Solutions of the excited-state quantities for several beam and plasma parameters
[39].

Figure 2.7: Configuration of viewing area of BES system.
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Figure 2.8: Top view of the sight lines of the BES system in LHD [45]. Red lines are some of
the sight lines on the mid plane.

Figure 2.9: Fiber image configuration on the poloidal cross section [46]. Each channel of group
I (blue circle) consists of 7 fibers making poloidally elongated slit shaped sampling area, while
group II and III yield radially elongated sampling area with 8 fibers in each channel. Two types
of slits are overlaid in the same area.
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Chord No.	

Figure 2.10: Estimation of wavelength of the Dopper shifted Hα line for each sightline cord on
the mid plane. The probe beam energy is 40 keV.
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Photographic Lens (f=200 mm, F/2.8)	

Fiber boundle (16 ch)	

To detectors	

Figure 2.11: Spectrometer [42]
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t = 3.65[s]	 t = 4.35[s]	

w/o probe beam	

(a)	 (b)	#123245	 #123245	
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Pixel number	
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with probe beam	
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Figure 2.12: CCD image taken at the output side of the spectrometer in the case of (a) without
probe beam and (b) with probe beam. Horisontal axis and vertical axis corresponds to wave-
length and space, respectively. Doppler shifted beam emission is indicated with red arrows.
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Figure 2.13: Hamamatsu S8550 APD censor array.

Figure 2.14: An example of spectrum of visible light from a plasma.
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Figure 2.15: Temporal evolution of beam emission (#116929).
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Figure 2.16: reff profile.
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Figure 2.17: Electron density ne profile.
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Figure 2.18: Neutral beam particle density nbeam profile.
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Figure 2.19: Profile of the multiple of electron and beam particle densitynenbeam.

41



reff [m]	

-0.4	 -0.2	 0.0	 0.2	 0.4	 0.6	 0.8	

10.0	

0.0	

6.0	

2.0	

3.0	

8.0	

12.0	

14.0	
n e
n b

e
am

	
x1034	

LHD	

Figure 2.20: Radial profile of nenbeam along sightlines on the mid plane.

Figure 2.21: Effective minor radius, reff , at the major radius, R, where the line of sight crosses
the probe beam on the mid-plane [46]. The spatial resolutions determined by the integration
effect due to the finite beam width are indicated with bars.
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2Δreff ~ 1.9 cm 
(Line integral effect) 
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Figure 2.22: Comparison between the finite life time effect and the line integral effec [46]. The
size of the displacment due to life time effect (d ∼ 6.0cm) is shown by the blue arrow, overlaid
on the contour of reff on the holizontally elongated poloidal cross-section. The black circles are
a set of fiber images on the center of the beam. The area sorrounded by dashed lines shows the
line integral effect (∆reff ∼ 1.9 cm ).
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Figure 2.23: (a) Three types of fiber bundle designs. Comparisons of wavenumber sensitivity
for a wave propagating in (b) poloidal direction and (c) radial direction [46].
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Figure 2.24: Contour plots of cross correlation function of the test wave data ( f = 20 kHz,
kreff/2π = 20.0 m−1, kZ/2π = 18.2 m−1) in poloidal direction detected with (a) radially elongated
sightlines (group II in Fig. 2.9) and (b) square shaped sightlines, and in radial direction detected
with (c) poloidally elongated sightlines (group I) and (d) square shaped sightlines [46].
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BEAM EMISSION SPECTROSCOPY(BES) DIAGNOSTIC
MEASURES LONG-WAVELENGTH DENSITY FLUCTUATIONS

• Measures collisionally excited, Doppler
shifted, neutral beam fluorescence

Tokamak
Top View

Do + e, i→ Do + γ (n = 3→ 2, λo = 656.1nm)*( )

Detector System
-Photodiodes

(Q.E.~85%)
-Low Noise
-1MHz Sampling

BES array:
scanned radially
on repeat shots

Viewing Geometry

Neutral Beam
Source

Core Channels

Edge Channels

Lenses
Tunable Wavelength
Interference Filter

Viewport

Poloidal Cross Section

Figure 2.25: Viewing geometry and optical coupling of BES system in DIII-D.

Plasma and Fusion Research: Regular Articles Volume 2, S1025 (2007)

interference filter, high-speed focusing lens and PIN pho-
todiode. The interference filter is a custom-designed, high
transmission filter that transmits light in the spectral range
λ = 652-655.5 nm, cutting off near Dα,o. Specialized ultra
low noise cryogenically-cooled transimpedance preampli-
fiers [18] convert the photodiode current to a voltage sig-
nal. Signal conditioning electronics then frequency filter
and further amplify the signal. The signal is digitized us-
ing multichannel simultaneous digitizers (D-tAcq Solution
Inc.) Two 14-bit, 16-channel digitizer boards (ACQ16PCI)
utilize synchronized external clocks and triggers to insure
that all 32 channels are sampled at 1MHz on a common
time-base, crucial for cross correlation and cross phase
measurements. Each board has 128 MB of on-board mem-
ory, allowing for 64 MS for up to 4.2 sec of synchronized
data acquisition at 1MHz, the typical sampling rate.

The newly implemented BES system has been sub-
stantially upgraded from an earlier generation system at
DIII-D [10, 16], and relocated to a larger laboratory to fa-
cilitate further expansion. The upgraded system provides
substantially increased sensitivity to small-amplitude den-
sity fluctuations. The primary elements of the upgrade are
higher throughput fibers (11 1-mm fibers/channel, com-
pared to 4), higher transmission, wider-band interference
filters, ultra high-speed collection lenses and a larger area
detector. The net result of these various improvements was
an approximately 5-10 increase in the measured signal
level, and an associated increase of 30-50 in fluctuation
power, a consequence of the relationship between elec-
tronic noise, photon noise and density fluctuation signal.
See Ref. 12 for a detailed discussion of the noise compo-
nents and SNR improvements. The first phase of the up-
graded BES system consisted of 16 channels arranged in a
4 × 4 grid, while the recently expanded system consists of
32 high-sensitivity channels (5× 6 grid plus two common-
mode channels).

Two common-mode rejection channels have been de-
ployed with the recently expanded system. These channels
are located approximately five and 10 cm inboard of the
main 5 × 6 channel grid, respectively, and are shown in
the configuration in Fig. 1. The purpose of these channels
is to measure and isolate any fluctuation components on
the neutral beam itself that do not represent local plasma
fluctuations and thus should be subtracted from the mea-
sured signals [14]. Such common-mode fluctuations arise
predominantly from fluctuations in the neutral beam ion
source [19], as well as large-amplitude edge fluctuations
that become imprinted on the beam due to fluctuating
beam attenuation. Such fluctuations are superimposed on
the measured local fluctuations and can thus complicate
analysis. The common-mode channels allow for the identi-
fication of spectral signals that are common to all channels.
They are separated radially from the main 5 × 6 array by a
distance that is larger than the radial correlation length of
turbulent eddies. Therefore, any signal common between
these channels and the array can be rejected as common-

Fig. 2 Block diagram of the main components of the Beam
Emission Spectroscopy detection and control system, in-
cluding spectrometers, detectors, electronics, tempera-
ture regulators, timing, and control components.

mode signal. The channels need to be accurately calibrated
to apply this procedure. An example of this is presented in
Section 3.

An all-new control system has been implemented to
control timing, detector temperature control and AC power
to various system components, and provide for safety of
the equipment. This system incorporates several National
Instruments compact Field Point (cFP) components (relay,
thermocouple, analog input modules) and a timing board,
that have been integrated with the LabView virtual instru-
ment software package for interface and control running on
a host PC. The control system allows for fully remote op-
eration of the BES system, system protection, and record-
ing of diagnostic system parameters. The system controls
LN2 flow to the detectors and preamplifiers to maintain
a temperature near 140K to minimize e-noise and photo-
diode dark current (all cooled components are located in
a vacuum box to prevent condensation). Power is cycled
to cryogenic solenoid valves in response to real-time tem-
perature measurements. The timing system allows for data
acquisition to commence at any point during the plasma
discharge with a precision of 1 microsec. A block diagram
illustrating the detection and control system is shown in
Fig. 2.

3. Measured Turbulence Characteris-
tics
The first core turbulence imaging measurements with

the upgraded and expanded 5 × 6 channel BES array were
S1025-3

Figure 2.26: Block diagram of the main components of the Beam Emission Spectroscopy de-
tection and control system [48].
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Figure 2.27: Schematic of port optics showing objective lens, folding mirrors, remotely
scannable fiber mounting array, and fiber optics to remotely located spectroscopy lab [52].

Figure 2.28: Schematic of fiber bundle configuration. 11 1-mm-diam fibers are arranged in a
4:3:4 pattern.
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Figure 2.29: A new interference filter transmission spectrum includes Doppler-shifted beam
emission as well as a significant fraction of deuterium thermal charge exchange. The filter
eliminates much of the edge recycling Dα emission [44].
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Figure 2.30: Spatial transfer function for optimal conditions. R = 220 cm, left source, ∆θ = 0◦,
and τ3 = 2.5 ns. (a) 2D point spread function. (b) 2D spatial transfer function [56].
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Figure 2.31: Quantification of radial and poloidal FWHMs for parameter scan. (a) Dependence
of radial FWHM on the density-dependent atomic excited state lifetimes. (b) Radial FWHM
vs major radius for“ right”and“ left”neutral beam sources viewed by BES. (c) Poloidal
FWHM vs relative sight line-field line pitch angle [56].
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Chapter 3

Data Analysis

Spectral analysis is a basic tool of statistical processing for analyzing spatially or temporally

variable data [57]. Spectrum is essential to clarify the properties of variable data. In order to

investigate properties of stationary random variable or existence of sertain periodic motions,

analyses based on Fourier series (transform) are used. Spectrum is defined as magnitudes of

each coefficient of expanded Fourier series from signals recorded as a time series, and the

magnitudes correspond to the waves’ energies of each frequencies. Correlation function is an

index to quantificate a similality of certain two signals. Correlation function is defined in a real

time cordinate, and its Fourier transform is equivalent to spectrum.

3.1 Fourier Transform

Frequency power spectral analysis using one-dimensional Fast Fourier Transform

Spectrum A variable x(t) is If we define X( f ) as a Fourier transform of a variable x(t),

X( f ) =
∫ ∞

0
x(t)e−i2π f tdt. (3.1)
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Then power spectrum density function P( f ) can be written as

P( f ) = lim
T→∞

[
1
T
|X( f )|2

]
= lim

T→∞

[
1
T

X( f )X∗( f )
]

(3.2)

Considering random variable denoted by x(t), the energy per unit time (mean power) of the

variable x̄2 is written as

x̄2 = lim
T→∞

∫ T/2

−T/2
x2(t)dt. (3.3)

Spectrum P( f )d f means a contribution rate of a wave component in the frequency range from

f to f + d f to the energy of variation x̄2, and this notion can be written as

x̄2 =

∫ ∞

−∞
P( f )d f . (3.4)

P( f ) called two-sided spectrum is a spectrum which is defined in the frequency range of (−∞,∞).

Howevere, it is convenient to define the frequency range as (0,∞) for experimental or analytical

usage. In this case, one-sided spectrum E( f ) = 2P( f ) is defined.

Let X(k) be a finite discrete Fourier transform of x( j)( j = 0, 1, 2, ...,N − 1)

X(k) =
N−1∑
j=0

x( j) exp
[
−i2π · k

T
· jT

N

]
· T

N
=

N−1∑
j=0

x( j) exp
[
−i2π · jk

N

]
· T

N
(k = 0, 1, 2, ...,N/2)

(3.5)

where,

• ∆t = T/N,

• ∆ f = 1/T ,

• t = j∆t = j(T/N),

• f = k∆ f = k/T = k(N∆t),

• fN = N/(2T ) = 1/(2∆t).
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Here, from a condition that the frequency range is smaller than the Nyquist frequency ( f < fN)

the range for k is determined as

|k| ≤ N
2

(3.6)

That is the number of Fourier components is half of the number of data. In FFT programs, a

calculation omitting ∆t(= T/N) is usually done as

Ak + iBk =

N−1∑
j=0

x( j)
[
cos

(
2π j

k
N

)
+ i sin

(
2π j

k
N

)]
. (3.7)

Therefore, the real and imaginary part of X(k) = Xr(k) + iXi(k) are the multiple of Ak and T/N

(or −(T/N)), and the multiple of Bk and T/N (or −(T/N)), respectively.

Xr(k) = T
N Ak

Xi(k) = − T
N Bk

(3.8)

From Eq. 3.2 spectrum is given by Fourier transform of x(t) as

P̃
(

k
T

)
=

1
T

E [X(k)X∗(k)] =
1
T

E
[
|X(k)|2

]
(3.9)

or

P̃
(

k
T

)
=

T
N2 E

[
A2

k + B2
k

]
=
∆t
N

E
[
A2

k + B2
k

]
(3.10)

where E[ ] denotes the ensemble average.

Smoothing by using window functions The method using FFT assumes that signals bounded

by the period of time ∆t is repeated periodically out of the period of time. When the difference

between the start point and the end point of the quarried data, discontinuous points occurs in

the repeated data series, producing errors in a spectrum if FFT is applied(Gibbs phenomenon).
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To avoid the effect of the discontinuous points, it is needed to reduce the difference between the

start point and the end point. For this purpose, a window function is applied to data set, and

there are several type of window functions (Fig. 3.1). Window functions WFn for data with the

number of N are defined as:

• Hanning window:

WFn = 0.5 − 0.5 cos
(

2πn
N − 1

)
0 ≤ n ≤ N − 1 (3.11)

• Hamming:

WFn = 0.54 − 0.46 cos
(

2πn
N − 1

)
0 ≤ n ≤ N − 1 (3.12)

• Blackman window:

WFn = 0.42 − 0.5 cos
(

2πn
N − 1

)
+ 0.08 cos

(
4πn

N − 1

)
0 ≤ n ≤ N − 1 (3.13)

Taking multiple of a quarried data and a window function, the difference between both ends

of the data can be minimized. In this research, the humming window is used for its better

frequency resolution.

Smoothing of raw spectra (ensemble averaging) To calculate coherence function, to be

mentioned later, it is required to averaging spectra in time domain. For this time averaging, the

process below is done to the data produced by FFT. After all the time series are devided into l,

FFT is appled to each section to get spectra, then all the spectra are averaged

P̃
(

k
T

)
=

1
l

[
P̃1

(
k
T

)
+ P̃2

(
k
T

)
+ · · · + P̃l

(
k
T

)]
. (3.14)

Calculation algorithm In this research, frequency power spectral analysis has been done

through the procedure below on time series data of digitized beam emission intensity by APD-

CAM.
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1. Determine the time width T for spectral analysis from accuired data. On the determination

of the time width, it is considered that the statistical property does not change in T and

that frequency resolution is determined as ∆ fres = 1/T .

2. Apply a window function to the data. Multiple the window function (Eq. 3.12) with

N = T/ fs to the quarried data with the time width of T . Here, fs is the sampling frequency.

3. Apply FFT to the data.

4. Repeat the above procedure over the time range in which statistical property dose not

change, then take an ensemble average.

For example, used values for analysis in Sec. 4.1.1 are: ∆t = 5 µs, T = 10 ms. For this case,

Nyquist frequency and frequency resolution are fN = 1/(2∆t) = 100 kHz and ∆ fres = 1/T =

100 Hz, respectively.

Cross correlation function

Cross correlation function characterizes the correlation between two variables of x(t) and y(t)

quantitatively. Cross correlation function Cxy(τ) and cross correlation coefficient Rxy(τ) are

defined as [57]

Cxy(τ) = x(t)y(t + τ) = lim
T→∞

∫ T/2

−T/2
x(t)y(t + τ)dt (3.15)

and

Rxy(τ) =
Cxy(τ)

Cx(0)Cy(0)
=

x(t)y(t + τ)√
x̄2

√
ȳ2

(3.16)

, where Cx(τ) and Cy(τ) are auto correlation functions of x(t) and y(t). From Eq. 3.15, cross

correlation function satisfies Cxy(τ) = Cyx(−τ), then coross correlation coefficient stays in the

range of −1 ≤ Rxy(τ) ≤ 1. Cross correlation coefficient is a quantified index of relevance

between two signals when the signals have time delay of τ.
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Coherence analysis by using FFT

Cross spectrum Let X( f ) and Y( f ) be Fourier components of x(t) and y(t), then cross spec-

trum is given as

P̂XY( f ) =
1
T

E [X∗(k)Y(k)] =
T
N2 E [(AX(k) + iBX(k))(AY(k) − iBY(k))] , (3.17)

where

• AX(k), BX(k): Ensemble averaged real part and imaginary part of Fourier component of

x(t)

• AY(k), BY(k): Ensemble averaged real part and imaginary part of Fourier component of

y(t).

Procedure for calculating the cross spectrum is the same as the auto spectrum.

Cross coherence Cross coherence is used to indicate the relative intensity of correlation be-

tween two signals x,y. This quantity is defined as

CohXY( f ) =

∣∣∣P̂XY( f )
∣∣∣√

P̂X( f )P̂Y( f )
, (3.18)

where PX and PY are auto power spectrum of x and y, respectively. For the calculation, the

power spectrum P̂X( f ), P̂Y( f ) and P̂XY( f ) are needed to be ensemble averaged over several

windows. The cross coherence takes the value from zero to unity since the absolute value of

cross spectrum is normalized by the maximum value of it.

Spatiotemporal correlation function

Spatiotemporal correlation function is used to indicate the correlation between two variables at

different time and location. For two variables of ζ(x, t) at point x and time t and ζ(x+ r, t + τ) at
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point (x + r) and time (t + τ), the function is defined as

H(x, r; t, τ) = ζ(x, t)ζ(x + r, t + τ). (3.19)

3.2 Maximum Entropy Method

MEM is a method to determine a spectrum which maximizes information entropy on auto core-

lation function [47]. Here, the information entropy is a degree of disorder the information. The

entropy is proportional to the integral of the logarithm of the spectrum,

H ∝
∫ kN

−kN

log P(k)dk. (3.20)

The entropy is maximized when the random variable x obeys the Gaussian distribution.

The spectrum by MEM is expressed as

P(k) =
PM∆x∣∣∣1 +∑M

m=1 aMe−i2πkm∆x
∣∣∣2 , (3.21)

where M, k, and∆x are the maximum value of the lag in the auto correlation function CM, the

wavenumber and the sampling interval, respectivly.The parameters aM are the Lagrange multi-

pliers which are the solution of the Yule-Waker equation



C0 C1 . . . CM

C1 C0 . . . CM−1

...
...

. . .
...

CM CM−1 . . . C0





1

a1

...

aM


=



PM

0
...

0


. (3.22)

The autocorrealtion Cm at the lag M is

Cm =
1
N

N−m∑
n=1

x(n)x(n + m). (3.23)
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3.3 Hilbert Transform

Hilbert transform provides sinusoidal component of a signal that is assumed to be cosinusoidal

component [59]. This is realized with Fourier decomposition and inverse Fourier decomposi-

tion. First, the target signal is processed by Fourier decomposition, and Fourier components as

a function of frequency are given. Then, the calculated phase of each elementary wave com-

ponent at each frequency is delayed for π/2, and then inverse Fourier decomposition returns

Fourier components to time series. Using Hilbert transform, instant value of complex wave

component can be calculated as,

y(t) =
√

x2(t) + h[x(t)]2 exp
[
i tan−1

(
h[x(t)]

x(t)

)]
(3.24)

where h[∗] shows Hilbert transform. Real part of y (t) is equivalent to the original time series

x(t). This complex wave component can be treated equally with Fourier or wavelet component.

3.4 Bicoherence and Biphase

Auto bicoherence,

b̂XXX( f1, f2) =

∣∣∣B̂XXX( f1, f2)
∣∣∣√⟨

|X( f1)X( f2)|2
⟩ ⟨
|X( f3)|2

⟩ , (3.25)

indicates the relative strength of nonlinear coupling among three waves that satisfy the matching

condition [59]. Squared auto bicoherence is defined as,

b̂2
XXX( f1, f2) =

∣∣∣B̂XXX( f1, f2)
∣∣∣2⟨

|X( f1)X( f2)|2
⟩ ⟨
|X( f3)|2

⟩ . (3.26)

The squared auto bicoherence has a value between zero and unity since it is defined as a nor-

malized absolute bispectrum. If there is a strong three-wave coupling, the phase relation among

three waves is almost conserved and the squared bicoherence approaches to unity. In contrast,
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if there is no three-wave coupling, the absolute value of bispectrum at numerator becomes zero

and squared auto bicoherence becomes zero. The squared cross bicoherence for X( f ) and Y( f )

b̂2
XXY( f1, f2) =

∣∣∣B̂XXY( f1, f2)
∣∣∣2⟨

|X( f1)X( f2)|2
⟩ ⟨
|Y( f3)|2

⟩ , (3.27)

can also be defined. There are four types of auto and cross bicoherence, namely, b̂2
XXX( f1, f2),

b̂2
YYY( f1, f2), b̂2

XXY( f1, f2), b̂2
YYX( f1, f2).
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Figure 3.1: Comparison of window functions (N=1000).
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Chapter 4

Coupling Between Edge Harmonic

Oscillation (EHO) and Turbulence

4.1 Low Frequency Density Fluctuation Driven by MHD in-

stability

4.1.1 EHO of density fluctuations

Figure 4.1 shows the typical experimental conditions and temporal evolution of plasma pa-

rameters for a discharge in which the low-frequency fluctuation appears. Additional gas was

puffed to increase density. The target high β plasma which is produced with two NBIs of a total

power of 10 MW in the most of time. Correlation analysis is applied during the quiet period

in 3.9 < t < 4.8 s, which is shown by the yellow shade in Fig. . The density fluctuations are

observed with the BES. Figure 4.2 (a) and (b) show the temporal evolution of auto-power spec-

trum of the beam emission and that of neutral beam power. Figure 4.3 demonstrates the mean

frequency auto power spectrum of beam emission. The frequency peak of the beam emission

was observed at 1.4 kHz with a smaller peak at 2.8 kHz, and similar peaks are found in the
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magnetic fluctuation B̃ as shown Fig. 4.4.

The level of density fluctuations was quite weak. However, the BES signals have unam-

biguous cross-correlation with magnetic probe signals. In Fig. 4.5, the squared cross-coherence

shows peaks at f ∼ 1.4 kHz and f ∼ 2.8 kHz. High cross-correlation between the density and

magnetic fluctuations shown here indicates that the oscillation may be MHD modes. The radial

profile of the coherence for the low frequency modes (1.4 kHz and 2.8 kHz) is shown in Figure

4.6. Significant coherence values are observed at reff ∼ 0.56 m.

4.1.2 Spatiotemporal Structure of EHO

Spetio-temporal structure of the fluctuation has been used to investigate the propagation behav-

ior of the mode. In this analysis, the magnetic signal is used as a reference, and this leads to

more distinct results due to its high intensity. Spatiotemporal structure of density fluctuations

is determined by a two-point two-time correlation function at a different position. Two-point

two-time correlation function between BES signals and the magnetic signals can be given as

Eq. 3.19. Figures 4.7 (a) and (b) show a contour plot of correlation functions of the density

fluctuation of the fundamental frequency component f = 1.4kHz with the magnetic fluctuation

as a reference signal in the poloidal and the radial direction, respectively. The correlation func-

tions are calculated with a time window of 3.0 ms and are ensemble-averaged for 299 samples

during the quiet period in 3.9 < t < 4.8 s. For the fluctuation component at f ∼ 1.4 kHz,

the fluctuation structure is found to propagate in the electron diamagnetic drift direction which

corresponds to the E × B flow measured with the charge exchange spectroscopy. In the radial

direction, the cross-correlation function in Fig. 4.7 (b) shows that the fluctuation flow the out-

side to the inside. The poloidal propagation velocity vθ is ∼ 1.2 km/s with the poloidal mode

number m ∼ 4. And the radial propagation velocity and wave number are estimated as vr ∼ 0.4

km/s. The ratio of the radial and poloidal velocity is vr/vθ ∼ 1/3. The finite radial phase delay

is also found in EHO observed in a Quiescent H-mode plasma in DIII-D, of which turbulence
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property is described in the next section (Fig. 4.8).

4.2 High Frequency Turbulence in the presence of MHD in-

stability

4.2.1 Enhancement of Turbulence by EHO

The MEM method is demonstrated by application to spatiotemporal electron density perturba-

tion in a QH-mode plasma in the DIII-D tokamak measured with BES. Measurements of the

electron density perturbation are obtained simultaneously at several radii and poloidal locations

with a multipoint BES system [60]. BES measures the Doppler shifted Dα fluorescence of the

heating neutral beam to investigate localized density fluctuations. The Dα light emission is cor-

related with the density fluctuation amplitude through atomic physics of the beam excitation

process. A 8 × 8 2D array of high sensitivity BES channels is deployed across the pedestal

region from r/a 0.79 to r/a 1.0 as shown in Fig. 4.9 to provide long wavelength density fluc-

tuation measurements. Each channel images an approximately 0.8 cm (radially) by 1.2 cm

(poloidally) region near the outboard midplane, and the channel-to-channel separation is 1.0

cm (radially) and 2.7 cm (poloidally). BES provides density fluctuation measurements with a

Nyquist frequency of 500 kHz for wavenumbers k⊥ < 3 cm−1.

The Fourier cross spectrum between two poloidally separated BES channels (∆Z = 2.7 cm)

are calculated in the QH-mode phase at ρ ∼ 0.91, where ρ is a normalized minor radius vari-

able, with ρ2 proportional to the toroidal magnetic flux contained within a flux surface. A time

window ∆T = 100 ms is used for the FFT and is averaged over 300 windows with shift steps

of ∆t = 100 ms. The resulting spectrum is shown in Fig.4.11 (a). Broadband turbulence was

observed in the frequency range up to ∼ 150kHz. Coherent peaks in low frequency range in

the spectrum are Edge Harmonic Oscillations (EHO), which are observed in QH-mode plas-
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mas. Frequency of the fundamental component of the EHO is 6.7 kHz and even-harmonics are

dominant in this shot. Figure 4.11 (b) shows poloidal cross phase. A lower frequency band

at 5 kHz -50 kHz and a higher frequency band at 50 kHz-150 kHz are found to propagate in

opposite poloidal directions (indicated by the opposite sign of the cross phase angle) in the lab

frame. The phase of the lower frequency component ( f = 5 − 50kHz) shows the propagation

in the ion diamagnetic drift direction (negative value in the figure), while the broadband higher

frequency component in the electron diamagnetic drift direction. As for the EHO frequency

components, they seemingly propagate in the electron diamagnetic direction probably, but their

poloidal cross phase is nearly zero because the propagation of EHOs are dragged by the op-

positly directed large amplitude lower frequency component. The radial profile of the cross

spectra between two poloidally separated BES channels for eight different radii are shown in

Fig.4.12. The high frequency mode is localized near top of pedestal (ρ ∼ 0.91), where the am-

plitude of the EHO peaks. On the other hand, the low frequency mode is overlap the location

the high frequency mode exists and increase near the separatrix. In the present paper dispersion

relation of the bi-modal turbulence will be examined.

The contour plots of 2D requency-wavenumber spectra obtained by 2D-FFT and MEM in

QH-mode are shown in Fig. 4.13 (a) and (b), respectively. The black curves indicate the peak

of each contour. 2D-FFT is to decompose the fluctuations into a number of fluctuation modes

(poloidal spatial distance x to poloidal wavenumber m and time t to frequency f ) [61].

Zmk =
1

MN

M−1∑
i=0

N−1∑
j=0

zi j exp
[
2πI

(
im
M
− jk

N

)]
. (4.1)

Figures 4.14 (a) and (b) are comparisons of wavenumber spectra obtained by FFT and MEM

for the low frequency mode ( f = 23.4kHz) and the high frequency mode ( f = 70.3kHz),

respectively. Spectra are normalized with each peak value. As is shown in Fig. 4.14 (a), peak of

spectra obtained by MEM shifted to positive wavenumber region (ion diamagnetic direction),

which is consistent with the result of cross phase from two poloidally separated channels. For
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both frequencies, width of the spectrum with MEM method is narrower than FFT.

In Fig. 4.15, the turbulence velocity for the low frequency mode is shown by black dots,

and the turbulence velocity of the high frequency mode is shown by red dots. The turbulence

velocity was calculated with the peak valued at f = 23.4kHz for the low frequency mode and

the f = 70.3kHz for the high frequency mode. The radial electric field is obtained from the

radial force balance equation for the measured carbon impurity density and temperature with

the Charge Exchange Spectroscopy (CXS) [62]. E × B velocity is shown by squares in Fig.

4.15. Positive value in the velocity indicates that fluctuations are propagating in the electron

diamagnetic direction in the lab frame and a negative value represents propagation in the ion

diamagnetic direction. It is found that velocity of the high frequency band well matches with

the E×B velocity just inside the well-like structure while the low frequency band is propagating

in the ion diamagnetic direction in the plasma frame.

Figure 4.16 shows the radial profile of the turbulence amplitude, comparing for 4 time slices

which is shown in the spectrogram in Fig. 4.10. For entire mesuring region, the turbulence

amplitude in the frequency range of 60-150 kHz tends to be higher in the time of occurence of

EHO. The radial profiles of electron density and electron temperature are shown in Fig. 4.17.

Density at the top of the pedestal decreseas when EHO appears, while density gradient at the

edge keeps constant. The change in electron temperature profile is similar to the density profile,

with small reduction at the pedestal top, but within error bars. In the frequency range of 60-150

kHz, which is used as frequency filterling range to obtain amplitude profile shown in Fig. 4.16,

two different turbulence components coexist. Low frequency band turbulence propagetes ion

diamagnetic direction in Lab frame as mentioned above, and localized the edge region as is

shown in Fig. 4.12. In the edge region, the low frequency band turbulence account for the most

of the portion of fluctuation amplitude in the frequency range of f = 60 − 150. Near the top of

the pedestal (ρ = 0.91), the high frequency band turbulence is most dominat in the fluctuation

amplitude in the frequency range of f = 60 − 150 kHz because the low frequency band is
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below the frequency range (4.13 (b)) and is filtered out. From the plasma edge to the top of

the pedestal, the density gradient is fairly the same between the duration with EHO and ELMy

phase. To investigate cause of the turbulence amplitude change, nonlinear coupling among

different frequency component will be examined in next section.

4.2.2 Coupling Between EHO and Turbulence

The squred bicoherence was calculated to investigate nonlinear coupling in a plasma with EHO.

The results for three locations ρ = 0.88, ρ = 0.91, ρ = 0.94 are shown in Fig. 4.18. The time

window of 1024 µs was ensemble averaged over 300 windows in 4020 − 4327.2ms. Assuming

that turbulence property is the same along field lines, cross bicoherence of two poloidally ad-

jacent channels at each radial location are taken for noise reduction. Clear bicoherence values

are found at where the sum of the frequencies f1 and f2 matches any of the EHO frequencies.

In addition, at near the pedestal top (ρ = 0.91) small but finite bicoherence values are also

found along f1 = 13.2 kHz (the second harmonic frequency) in the frequency range of turbu-

lence component ( f2 = 60 − 150 kHz), indicating the amplitude of the turbulence component

fluctuation is modulated at the frequency of EHO second harmonics.

There are two probable reason for the turbulence amplitude modulation in the density fluc-

tuation signal of BES. First possible cause is the flux surface displacement. In the plasma now

focuced on, the turbulence amplitude has the gradient in the radial direction from the inside to

the edge as shown in Fig. 4.16. Assuming that the turbulence amplitude is a function of the flux

surface, BES will detect higer amplitude of the turbulence when the flux surface shifts towered

the inside from the initial location as BES measuring position is fixed in a physical space. On

the contrary, BES will detect lower amplitude of the turbulence when the flux surface shifts to-

ward the outside from the initial location. Oscillating flux surface at a certain frequency would

result in a turbulence amplitude modulation at the frequency in the BES signal as is shown in

Fig. 4.19. Second probable cause is nonlinear interaction between the turbulence and the EHO.
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To investigate the cause of the finite bicoherence value between turublence and EHO, we

will study the behaviour of the turbulence amplitude by using the envelope analysis. The wave

form of turbulence envelope and flux surface oscillation will be compared. Turbulence envelope

is taken by using hilbelt transform of the BES signal filtered for the frequency range of the

turbulence (Fig. 4.20). Electron temperature fluctuation is taken as the wave form of the flux

surface oscillation. The phase and amplitude of ecectron temperature fluctuation detected by

electron cyclotron emission (ECE) radiometer can be regarded as the phase and amplitude of

flux surface oscillation, because of the high conductivity of electron along field lines. Figure

4.22 shows spectra of the turbulence envelope and the electron temperature fluctuation. The

both spectra shows coherent peak at the frequency of EHO. Figure 4.23 is the comparison of

the wave form of the both the turbulence envelope and the electron temperature fluctuation,

which is filterd for the EHO frequency range (indicated dashed lines in Fig. 4.22). The results

showed the wave form of turbulence envelope was not exactly same phase as the flux surface of

the EHO frequency component.

The flux surface displacement can be estimated with the change in electron temperature and

the temperature gradient. The ECE diagnostic on DIII-D is a multichannel heterodyne radiome-

ter that provides Te(r,t) from measurements of optically thick, second harmonic extraordinary

mode (X-mode) electron cyclotron emission [64]. The ECE system has 40 channels, viewing

the DIII-D plasma along a horizontal chord at the tokamak midplane at a toroidal angle of 81

degrees. The ECE data is sampled with both slow (1-2 kHz) and fast (100-500 kHz) digitizers.

In the QH-mode discharge (#163467), the plasma is optically thick at ρ ∼ 0.88, with optical

thickness τ ∼ 14.3 (see appendix). At ρ = 0.88 the tempareture gradient is ∇Te = −1.94 keV/m

(radial profile of ∇Te is shown in Fig. 4.24. The amplitude of ECE signal at the frequency of

EHO ( f ∼ 13 kHz) is 8.03 keV. From these values, the flux surface displacement is estimated

as d ≈ 0.42 cm. With the magnitude of the flux surface displacement, the ratio of turbulence

envelope amplitude to the mean value is estimated as 0.3%. However, in the measured BES
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signal the ratio is around 14%. The change in turbulence amplitude is much larger that the

expected amplitude change associated with flux surface displacement. This is an evidence that

the turbulence amplitude modulation effect is not fully caused by the flux surface oscillation,

and that other effect or nonlinear effect involvs. Figure 4.21 shows the temporal evolution of

turublence envelope in ELMy H-mode phase. The averaged level of envelope is 0.0405, while

the level in QH-mode phase (Fig. 4.20) is 0.0481, indicating mean time turbulence increase in

the presence of EHO.

For the low frequency band component which propagates in the ion diamignetic direction,

amplitude modulation effect by EHO is not significant. Figure 4.26 shows auto power spec-

trum of the envelope of beam emission in the frequency of 30-38 kHz (low frequency band

turublence propagation in the ion diamagnetic direction). The spectrum of low frequency band

envelope shows no significant coherent peak. The amplitude of low frequency band peaks near

the separatrix while the high frequency band turbulence and EHO peaks near the pedestal top.

Turublence amplitude modulation effect by EHO is strong on the high frequency band presum-

ably due to overlapped localization of the two modes.

The difference between the waveforms of turbulence envelope and flux surface oscillation

is clear when EHO amplitude is large and QH-mode phase is sustained for long duration (Fig.

4.27). In this shot, BES measured density fluctuation from pedestal top to a few centimeters

outside the separatrix (Fig. 4.28. In the frequecy range of 150-200 kHz, bicoherence value

was found be finite with EHO fundamental frequency in beam emission measured at near the

pedestal top. The ECE signal shows un unbiguous peak at the EHO fundamental frequency

in the spectrum (Fig. 4.30), indicating that the flux surface displacement is large in the radial

direction. The waveform of the ECE signal at the frequency of EHO fundamental, showing

gradually increasing amplitude and constant phase in time as shown in Fig. 4.31.
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Figure 4.12: The radial profile of the mean frequency cross power spectrum.
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Figure 4.13: Dispersion relation of density fluctuation calculated by applying (a) 2-D FFT and
(b) MEM to time series data of 8 poloidal BES channels (∆Z = 2.7cm). The solid line indicates
the peak of the contour.
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Figure 4.16: Turbulence amplitude profile.
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80



DIII-D	

(a)  (ρ~0.88）	 (c) (ρ~0.94）	(b) (ρ~0.91）	

f3~13kHz	

f2~13kHz (n=2)	

Figure 4.18: Time averaged squared cross bicoherence in beam emission signal when EHO
exists. (a) ρ = 0.88, (b) ρ = 0.91, (c) ρ = 0.94.
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Figure 4.20: Temporal evolution of turbulence component in density fluctuation measured in
QH-mode phase at ρ = 0.91 (70 < f < 150kHz) and its envelope.
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Figure 4.21: Temporal evolution of (black) turbulence component in density fluctuation mea-
sured in ELMy H-mode phase at ρ = 0.91 (70 < f < 150kHz) and (red) its envelope.
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Figure 4.22: Mean frequency spectra of (red) the envelope of density fluctuation (higher fre-
quency component in BES signal) and (blue) temperature fluctuaion (ECE).
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Figure 4.23: Time evolution of turbulence component in the density fluctuation. A red curve
shows an envelope of the signal.
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Figure 4.24: Radial profile of electron temperature Te and gradient ∇Te for t = 4171 ms (QH
phase).
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Figure 4.25: Radial profile of fluctuation level in beam emission (Ĩ/I) in the frequency range of
60-150 kHz and its gradient (∇(Ĩ/I)) for t =4020-4276ms (QH-phase).
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Figure 4.26: Auto power spectrum of envelope of beam emission for the low frequency band
(30-38 kHz) measured at ρ = 0.95.
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Figure 4.27: Temporal evolution of auto power spectrum of beam emission measured in a QH-
mode plasma (#149091). EHO appears in most of the time of discharge with almost constant
frequencies in time.
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Figure 4.28: Radial profile of mean frequency spectrum for a shot 149091.
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Figure 4.29: Time averaged squared cross bicoherence in beam emission signal in QH-mode
discharge. The fundamental frequency of EHO is f ∼ 23 kHz in this shot.
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Figure 4.30: Mean frequency spectra of the envelope of the turbulence component in density
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4.3 Conclusions

The subject of this thesis is to understand the coupling between MHD instability and turbulence

in toroidal plasmas Here, summary for each chapter is given.

In order to study on plasma fluctuations, it is necessary to investigate the characteristics of

fluctuations based on the precise measurements. In chapter 2, we highlighted an advantage of

BES of local measurement. BES has been developped in LHD as well as other torus confine-

ment devices. To achieve capability to measure the structure of fluctuations in two direction

at the same time improved signal-to-noise ratio, we deployed the fiber bundle configuration.

The images of the fiber bundles takes slit shape, then the system has increased wavenumber

sensitivity in a paticular direction compared to sampling image of square or round shape.

In chapter 3, data analysis mothod were shown. In addition to usage of FFT as a basic

tool for spectral analysis, we used MEM to get wavenumber spectrum. This bennefits in the

case of spectral analysis with very short data series. Bicoherence is an index of degree of three

wave interaction. Hilbert transforn is a method to take an envelope from fluctuating data. After

seeking the frequency range where turbulence amplitude modulation by bicoherence, detailed

analysis on phase and amplitude of turbulence envelope with regard to the flux surface was done

in later chapter.

In chapter 4, characteristics of density fluctuation caused by EHO and turbulence were dis-

cussed. EHO, which is the low frequency fluctuations with several harmonics was observed by

BES in LHD. The density fluctuation was found to have coherency with magnetic fluctuation,

and had its peaks near the last closed flux surface. Spatiotemporal structure of density fluctu-

ation caused by EHO showed poloidal propagation in the electron diamagnetic direction and

finite radial phase delay, which was seen that outer sied leads the inner side. If we regard the

radial phase delay as a propagation, the ratio of phase velocity was vrvθ ∼ 1/3. Similar finite

radial phase delay of density fluctuation by EHO was observed also in DIII-D. Amplitude mod-

ulation effect of EHO frequency on turbulence was observed in QH-mode plasma on DIII-D.
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The phase between turbulence envelope and flux surface was compared with electron tempera-

ture fluctuation signal as a reference. The results showed the wave form of turbulence envelope

was not exactly same phase as the flux surface of the EHO frequency component. This is an

evidence that the turbulence amplitude modulation effect is not fully caused by the flux surface

oscillation, and that other effect or nonlinear effect involvs.
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Appendix A

Optical thickness

The radiation emitted from an electron accelerated by Lorentz force is called electron cyclotron

emission (ECE). By mesuring spectrum of the radiation, information on electron temperature

and runnaway electron can be obtained. The radiation intensity I(ω) depends on the strength of

absorption, and is expressed in MKS units as

I(ω) = IBB(ω)
1 − e−τ

1 − ρe−τ =
IBB(ω)
kBTe

kBTrad (A.1)

where IBB(ω) is the blackbody radiation intensity, ρ is the effective wall reflectivity with value

between 0 and 1, kB is Boltzmann’s constant, Trad is the electron temperature, Trad is the radia-

tion temperature as determined by a radio meter calibrated in terms of black body temperature,

and τ is a value called optical thickness. The optical thick ness is defined as

τ =

∫ l

0
α(ω)ds, (A.2)

where l is the path of the ray in the plasma, and α(ω) is the absorption coefficient defined as

the fractional rate of absorption of radiation per unit path length. If τ ≫ 1, the plasma is called

optically thick, and the radiation intensity is proportional to electron temperature. On the other
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hand, in the case that τ ≪ 1 it is said to be optically thin, and self-absorption is negligible.

The blackbody radiation intensity for a polarization mode is given as

IBB(ω) =
ℏω3

8π3c2

1
eℏω/kBTe − 1

. (A.3)

Here, ℏ = h/2πwith the Planck constant h. In high temperature plasmas such that ℏω/kBTe ≪ 1,

one has

IBB(ω) =
ω2kBTe

8π3c2 , (A.4)

that is, the equation for the Rayleigh-Jeans blackbody Law. In optically thick plasmas (τ ≫ 1),

therefore, the radiation intensity of the detected frequency ω is equivalent to the blackbody

radiation intensity and proportional to electron temperature. In a metal containment vessel with

a high value of ρ, τcrit ∼ 2 is considered a sufficient lower limit for optically thick plasmas. For

temperature fluctuation mesurement the appropriate τcrit should be ∼ 3, instead of the value of

2 [63].

From Ref. [65], optical thickness of X-mode n-th harmonics (n ≥ 2) in a tokamak plasma for

propagation perpendicular (θ = π/2) with respect to the external magnetic field on the equitorial

plane is given as

τ(X)
n = τ

(X)
n

(
θ =
π

2

)
=
π2n2(n−1)

2n−1(n − 1)!

(
ωpe

ωce

)2 (vt

c

)2(n−1)
µ(X)

n

(
θ =
π

2

) R0

λ0
(A.5)

with

µ(X)
n

(
θ =
π

2

)
=

(
N(X)
⊥

)2n−3

1 +
(
ωp/ωc

)2

n
[
n2 − 1 −

(
ωp/ωc

)2
]


2

, (A.6)

(
N(X)
⊥

)2
= 1 −

(
ωpe

nωce

)2

[
n2 −

(
ωp/ωc

)2
]

[
n2 −

(
ωp/ωc

)2
]
− 1
,
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where ωpe =
√

nee2/ε0me is the plasma frequency, ωce = eB/me is the electron cyclotron

frequency, vt = (kBTe/me)1/2 is the thermal velocity of the electrons, c is the speed of light,

λ0 = 2πc/ωc is the wavelength of the radiation, and R0 is the major radius of the torus. For

densities such thatω2
pe < n(n−1)ω2

ce, Eq. A.6 becomes, to lowest significant order in (ωpe/ωce)2,

µ(X)
n

(
θ =
π

2

)
≃ 1 − cn

(
ωp

ωc

)2

with cn ≡ (n − 3/2 − 2/n)/(n2 − 1). For the second harmonic, c2 = −1/6, Eq.A.5 reduces to

τ(X)
2

(
θ =
π

2

)
=
πe
ε0mec3

(
1 +

1
6

neme

ε0B2

)
nekBTeR

B
. (A.7)

Using values of |BT | = 1.58T, ne = 2.02 × 1019n−3, and kBTe = 1.20keV = 1.92 × 10−16[J at

the measurement location of the ECE channel, R = 2.23m (normalized minor radius ρ ∼ 0.88

at t = 4125ms), optical thickness is estimated as τ ∼ 14.3τcrit, and the plasma is optically thick

enough for temperature fluctuation measurement.
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