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Abstract

The Standard Model (SM) in the elementary particle physics describes the fundamen-
tal physical law in nature and, in principle, provides us infinitely accurate predictions,
which are consistent with most of the currently available experimental measurements.
The CP is not a symmetry of the SM. The weak interaction has the source of the CP-
violating effects, while there is no experimental indication for the CP violation in the
electromagnetic interaction and the strong interaction. However, the QCDLagrangian,
in general, includes the CP-violating term θF F̃ . The neutron electric dipole moment
bounds |θ | ≤ O

(
10−10

)
, which mean that CP is a symmetry or an approximate sym-

metry of QCD. Also, due to the U (1)A rotation of the quark fields, the θ parameter
is related to the phase of the quark mass. Thus the suppression of the CP-violating
term is equivalent to the fine-tuning problem in the QCD Lagrangian without any
reason, which is called the strong CP problem. There are several ways to solve this
problem, which are realized within the SM or require some extension to the SM. The
best-motivated solution is to deal with the coupling θ as a dynamical axion field a(x ),
whose potential has a minimum at θ = 0 due to the non-perturbative topological fluc-
tuation of the gluon fields called the QCD instanton. The axion solution is attractive
because it also provides a candidate for the dark matter of the universe through the
misalignment mechanism for the axion generation.

The QCD topological susceptibility at high temperature, χt (T ), provides an essen-
tial input for the estimate of the axion abundance in the present universe. Since the
axion potential is induced by the fluctuation of the instanton, its mass is directly related
to the topological fluctuation χt (T ) which, in the path integral formalism, is dominated
by the non-perturbative instanton configuration. The instanton gas approximation to
the analytic calculation of χt (T ) is applicable in the high-temperature limit and is not
justified at the low temperature where the strong coupling is not small, for instance
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at the temperature at which the axion starts to oscillate in the early universe. Al-
though the model-independent determination of χt (T ) should be possible from the
first principles using lattice QCD, the existing method has a statistical disadvantage
in the high-temperature region. This is not only because the probability for generat-
ing the configuration with non-trivial topological charge in the Monte-Carlo process
decreases but also because the auto-correlation time increases. We propose a novel
method to calculate the temperature dependence of topological susceptibility at high
temperature. We test the feasibility of this method on a small lattice in the quenched
approximation, and the results are compared to the prediction of the dilute instanton
gas approximation. It is found that the method works well at a very high temperature
and the result is consistent with the instanton calculus down to T ∼ 2Tc within the
statistical uncertainty.

The instanton is the non-perturbative topological fluctuation of the gluon, which
is physically essential not only as one of the sources of non-perturbative dynamics in
QCD but also the foundation of the solutions for the strong CP problem. In spite of its
relevance, the understanding of the role of the instanton based on the QCD Lagrangian
is still poor since it is based on the semi-classical approximation and the notorious in-
frared divergence happens at zero temperature. Only at high temperature, the instan-
ton picture is applicable. In the SU(N ) Yang-Mills theory, the topological susceptibility
χt (T ) at high temperature is numerically consistent with the instanton calculus. How-
ever, we need more precise information to conclude the instanton calculus determines
non-perturbative dynamics related to the topology. Also, it is still unclear that this pic-
ture applies the local observables, by which the information of the instanton density
n(ρ) can be extracted. Besides, it is also unclear that how the picture disappears as
temperature decreases. To better understand the role played by the instantons behind
the QCD topology, we investigate the instanton contribution to the gluonic two-point
correlation functions in the SU(N ) Yang-Mills theory to explore the distribution of the
instanton size. The CP-violating gluonic correlator is an excellent laboratory to inves-
tigate the instanton effects in the local observable, since, in the lattice calculation, the
instanton contribution would dominate the perturbative contribution. In this work,
the pseudoscalar-scalar gluonic correlation functions are calculated on the lattice at
various temperatures and compared with the instanton calculus. In the semi-classical
instanton calculus, we use the regularized thermal instanton to avoid the singularity
at the instanton position in the usual thermal instanton. In the lattice calculation, we
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use the gradient flow with large flow time to reduce the quantum fluctuation around
the classical solution. Under the procedure, the instanton size is untouched since the
gradient flow does not change the classical solution. Then, the instanton-size distri-
bution n(ρ) generated by the Monte-Carlo process survives even after the large flow
time. Comparing the numerical and analytic calculation, we find at high temperature
the CP-violating correlator calculated on lattice behaves consistently with the semi-
classical calculation in the single instanton background. At low temperature, we find
the larger size instanton dominate than what the instanton calculus predicts.
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1
Introduction

The Standard Model describes the most of the experimental results consistently and
gives in principle infinitely precise predictions. However, it is still far from the ultimate
theory of nature. Actually, it is confronting many problems in both theoretical and
phenomenological issues. In the Standard Model, QCD is the theory describing the
strong interaction among the quarks and the gluons which compose the mesons or the
nucleons. QCD involves many interesting physical issues which cannot be controlled
by the perturbation, e.g., the confinement/deconfinement transition, the restoration of
chiral symmetry and U (1)A symmetry. In particular, our interests are in the structure
of the θ -vacuum of QCD and on the role played by the topological gluon fluctuation
so-called instanton. We will focus on the theoretical difficulties in QCD such as the
fine-tuning problem, and the poorly understood role of the instanton. As a tool to
investigate the non-perturbative regime directly, the numerical simulation based on
the lattice gauge theory is powerful and provides us with crucial hints to interpret the
dynamics.

The θ -vacuum is a superposition of the degenerate zero-energy states |n⟩which are
characterized by an integer winding number n. The discrete translational symmetry
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along the direction of the winding number determines the θ -vacuum as a Bloch state
|θ⟩ = ∑

n e
inθ |n⟩ with a vacuum angle θ . The QCD instanton effects appear as a tun-

neling path from one zero-energy states with winding number ni to the other with n f .
The topological chargeQ is the difference between the winding numbers,Q = n f −ni .
Thus, the instanton is associated with the construction of the θ -vacuum. Moreover,
the instanton effects appear not only in the non-perturbative dynamics in QCD but
also in the phenomenology beyond the Standard Model.

Although in the Hamiltonian formalism the physical interpretation of the vacuum
angle θ and the instanton is transparent, from the viewpoint of the field theory we
usually adopt the Lagrangian formalism based on the path integral. In the Lagrangian
formalism, the vacuum angle appears in the QCD Lagrangian as the θ -term, θFaµν F̃aµν .
This is the renormalizable and gauge-invariant operator and hence in the construction
of the Lagrangian we cannot miss this term. Before the discovery of the instanton, it
has been considered that such term does not affect the physics since it can be written as
the total derivative, Faµν F̃aµν = ∂µKµ , using the Chern-Simon current Kµ . The instanton
makes Faµν F̃aµν non-vanishing. In the QCD Lagrangian, θ -term violates the P and CP
symmetry other than the case of θ = 0 or π . The existence of the instanton solution
suggests that this term may not vanish.

The instanton solution is related to the long-standing puzzle in the StandardModel.
As it is well known, neither the P nor CP symmetry is preserved in nature. Although at
the level of the classical electromagnetism and special relativity those symmetries are
preserved, in more fundamental physics both of them are violated. For example, only
the left-handed neutrino is observed in any experiments, which means the maximal P
violation in our world. The CP-violation has also been observed in the neutral Kaon
system that can be understood now as the effects of the complex phase in the Cabbibo-
Kobayashi-Masukawamatrix. The mixing and phase in the CKMmatrix appears in the
vertex of the weak interaction of the quarks. On the other hand, CP is extremely well
preserved under the strong interaction. The current experimental upper bound of the
electric dipole moment of the neutron means that QCD Lagrangian has CP symmetry
or approximate CP symmetry. This is quite non-trivial and may require an explanation
for the physics beyond the Standard Model. Although there is no reason to drop the
renormalizable CP violating term, θFaµν F̃aµν , in the QCD Lagrangian, the results of the
current experiments put the strong bound, θ < O (10−12). The experimental constraint
is actually put on the θ̄ parameter that is a combination of θ + arg(detM ) where M
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is the quark mass matrix. It is quite puzzling since the phase in CKM matrix is non-
vanishing while θ̄ is suppressed at least by O(10−12). This puzzle is called the strong
CP problem.

There are two classes of solutions to the strong CP problem either within the frame-
work of the standard model or by introducing the new physics. The first one is the
possibility to accept massless up quark so that the θ parameter can be rotated out by
a U (1)A transformation and hence θ is unphysical. The fact that the up quark mass is
a non-observable makes the situation confusing. Within the multiplicative renormal-
ization given by the perturbation, once one assumes that the up quark is massless at
some scale, it must be massless in any scale. However, the so-called the ’t Hooft ver-
tex induced by the instanton effects induces an additive shift to the quark mass. This
non-perturbative contribution makes the relationmu = 0 scale dependent. One needs
fall non-perturbative treatment such as lattice QCD for understanding the possibility.
The state of art estimation of the up quark mass by lattice QCD strongly disfavors the
massless up quark although there are still active discussion on the possible theoretical
uncertainties in the lattice results.

The second solution is to introduce the axion field coupling to Faµν F̃aµν [2, 3, 4, 5, 6, 7,
8, 9]. Such a model can be realized by spontaneous breaking of theU (1) Pevvei-Quinn
symmetry, where the axion appears at low energy as the NG boson. In this hypothesis,
the θ parameter is interpreted as a dynamical axion field a/fa , which automatically
selects the CP symmetric vacuum through a non-perturbativelygenerated potential
χt (1 − cosa/fa ), where χt is the topological susceptibility.

The PQ mechanism is attractive because it also provides a candidate for the dark
matter of the Universe through the misalignment mechanism for the axion genera-
tion [10, 11, 12]. Two ingredients determine the axion abundance of the present Uni-
verse: the axion mass as a function of T ,ma (T ), and the initial misalignment angle θ ′.
The square of axion mass is derived by the second derivative of the partition function
in terms of the axion field, which is equivalent to the definition of the topological sus-
ceptibility. In this manner, the problem of the axion dynamics is converted into the
problem of the non-perturbative dynamics in the QCD Lagrangian at finite tempera-
ture. Further details about the axion and its abundance are elucidated in chap. 2.

Here, we briefly introduce the instanton solution of the SU(2) Yang-Mills theory.
By embedding this solution to SU(N ) matricesand applying some gauge rotations, we
can construct the instanton solution in the SU(N ) gauge group (N > 2). The instanton
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is the solution of the equation of motion of the Euclidean Yang-Mills action (the Yang-
Mills equation).

To obtain the stationary solution which may have a dominant contribution to the
partition function, the gauge action should be finite. The necessary condition is to
consider gauge fields which have the vanishing energy-momentum tensor at spatial
infinity. In other words, at the spatial infinity, the gauge field should take the pure
gauge form, lim|x |→∞Aµ (x ) = д

−1(e⃗ )∂µд(e⃗ ), where e⃗ is the unit vector parallels to the
vector x⃗ and the element of the three-dimensional space S3 and д(e⃗ ) ∈SU(2). Then
this is a mapping from S3 to the gauge group SU(2), That is equivalent to a mapping
of S3 → S3, which can be divided into a set of homotopy classes. Using the boundary
condition at the spatial infinity and the spherically symmetric and regular anzatz, the
BPST instanton solution is derived [13]. At finite temperature, the existence of the
instanton solution is proved in parallel to the above. The only difference is the topology
at the spatial infinity: the finite temperature theory is on S3×S1. The thermal instanton
is constructed as a multi-instanton configuration in which the instantons stand in a
queue along the imaginary time direction with an equal interval [14]. The instanton
is a classical solution of the Euclidean SU(N ) Yang-Mills theory and is known as the
BPST instanton [13]. At finite temperatures, i.e., with a compactified time direction,
there are known solutions such as the HS caloron for a trivial holonomy [14] and the
KvBLL caloron for a non-trivial holonomy [15, 16, 17].

The instanton density, n(ρ), describes the contribution to the partition function
from the instanton with a size ρ. It is obtained by an the functional integral associ-
ated with the instanton saddle point in the semi-classical approximation. To obtain
an expectation value of an operator around one instanton background, we apply the
instanton density as a weight. The instanton size ρ is a non-compact collective coor-
dinate and hence integrated over all possible size in the path integral with the weight
n(ρ), which leads to the infrared divergence. To obtain a meaningful result, we need
to introduce an IR cutoff in the instanton size integration. At zero temperature, the
natural way is considering the theory with a finite volume V4, in which the instanton
size is smaller than the scale V 1/4

4 [18]. Apart from that, a Higgs field which acquires
a vev at high scale introduces the natural cutoff. In this situation, the gauge boson
mass introduces a new scale [19] keeping the strong coupling small, which justifies
the semi-classical approximation. Unfortunately, in QCD instanton calculation at zero
temperature, no such natural cutoff exist. Even if we admit the ad-hoc cutoff by hand,
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e.g., the dynamical scaleΛ, the coupling constant becomes large, thenwe can no longer
justify the semi-classical approximation.

In the computation based on the BPST instanton, one often encounters the IR di-
vergences in the integration over the instanton size ρ. This problem disappears at
finite temperatures; the Debye screening effectively introduces the cutoff on the size
of the instantons at ρ ∼ 1/T , making all physical quantities IR finite. Especially, when
the temperature is high enough, the interactions among instantons are expected to be
neglected, and the dilute instanton gas approximation (DIGA) seems to work well.

At finite temperature, the temperature introduces a cutoff which is a dynamical
consequence of an electric screening [20]. Although the classical instanton action
Scl = 8π 2/д2 is independent of the instanton size, the quantum effects produce the
cutoff at scale ρcut ∼ 1/πT . At high temperature the typical instanton size is small,
and hence the overlap or the interaction between the instantons are negligible. To ob-
tain the instanton prediction to the observables in θ -vacuum, we need to sum up the
expectation value of the operator in all topological charge sector. However, the multi-
instanton solutions at finite temperature are rather complicated, and the calculation of
the background field method cannot be done exactly. In the DIGA where the instan-
ton size is much smaller than the typical spacing between the instantons, we can use
the unit (anti-)instanton sector as building blocks to represent the sector of general
topological charge Q . In this limit, the θ -dependence of the partition function of the
finite temperature Yang-Mills gas is calculated as Zθ = exp (−(1/2)V4χt (T ) (1 − cosθ )),
where V4 is the four-volume [21, 14]. The topological susceptibility χt (T ) can also
be calculated in this limit. As a consequence its temperature dependence is obtained
at the 1-loop level as T −(11N /3−4) for the SU(N ) pure Yang-Mills theory and T −8 for
three-flavor QCD. In the above situation, the instanton configurations and the small
quantum fluctuation around them dominate the path integrals. In such a case, the in-
stanton picture makes sense. Further details about the instanton and the semi-classical
calculation will be reviewed in chap. 3.

In the estimate of the axion abundance of the Universe, the instanton picture is
widely adopted [19]. The relevant temperature range for the axion abundance is T ∗ ∼
O (1) GeV which is about a factor of six higher than the critical temperature for the
chiral symmetry breaking Tc ∼ 150MeV [22, 20, 23]. However, the instanton calculus
hinges on the perturbation theory, and hence the reliability is not very clear around
T <∼ 1 GeV. Furthermore, the possibility that, in two-flavor QCD, χt behaves like a
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step function at T = Tc when the quarks are sufficiently light is discussed based on
reasonable assumptions [24, 25] (see also a clarification in Ref. [26]). In such a case,
a significant enhancement of the axion abundance is predicted and even excludes the
standard axion scenario if the initial misalignment angle is O (1) [27].

To deal with the non-Abelian gauge theory in the non-perturbative regime, the lat-
tice approximation is a powerful approach to evaluate the path integral in the gauge
invariant manner. In this method, the observables are approximated by the gauge in-
variant theory with the finite lattice spacing a and the finite volumeV4 of the Euclidean
space-time. In addition, the observables calculated by the path integral in terms of the
field configuration is approximated by the ensemble average of the field configuration
which is generated by the Monte-Carlo algorithm with a weight of the lattice action.
Taking the continuum and the infinite volume limit as well as using an infinite num-
ber of the configurations, the numerical simulation of lattice QCD in principle can
unambiguously determine the physical quantities such as the topological susceptibil-
ity or the gluon correlators. Further details on the lattice action and the configuration
generations are reviewed in chap. 4.

The topological susceptibility multiplied by the four-volume χtV4 is by definition
written as the variation of the topological charge

⟨
Q2

⟩
. It is well measured at zero

temperature, while at high temperature it becomes statistically challenging. Since the
topological susceptibility rapidly decreases as temperature increases, the fluctuation
of the topological charge becomes small, and hence the configurations with large |Q |
becomes rare. In addition to the smallness of the fluctuation, at high temperature, the
change ofQ during the update of the configuration also hardly occurs, which requires
a much longer interval of trajectories to reduce the auto-correlation between the con-
figurations. Due to these two problems, it is practically challenging to measure the
susceptibility at high temperature.

The numerical simulations of the lattice QCD can unambiguously determine χt (T )
in principle. The studies of χt at high temperature like ∼ 2Tc or higher have been
begun in the SU (3) Yang-Mills theory [28, 27, 29]. Recently, the full QCD results were
reported [30, 31]. Several remarks are as follows. First, the lattice calculations of χt (T )
in the SU (3) Yang-Mills theory shows χt (T ) ∼ T −X with 5.6 <∼ X <∼ 7.14, which is com-
patible with X ∼ 7 in the instanton calculus [22, 20, 23]. Secondly, one of the full QCD
calculations in Ref. [30] finds X ∼ 3, which disagrees with X ∼ 8 in the instanton cal-
culus, whileX ∼ 8 is reported in Ref. [31]. Thirdly, ⟨Q2⟩|T = χt (T )V4 rapidly decreases
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with T , where V4 represents the four-dimensional volume, and importantly existing
lattice methods fail when χt (T )V4 ≪ 1 1. Since χt (T )V4 ≪ 1 is realized above a certain
temperature, the axion abundance becomes uncertain. Thus, methods overcoming this
difficulty are desired.

To be specific, in Ref. [27], where χt (T ) is calculated on 163 × 4 lattices in the
quenched approximation with one of the standard methods counting the fermionic
zero modes, χt (T )V4 is estimated to be 0.35, 0.09, 0.03 at T = 1.34Tc , 1.5Tc , 1.75Tc ,
respectively, and no reliable estimate is given above 2Tc .

In chap. 5, we propose a novel method to measure the temperature dependence of
χt (T ) which especially works at high temperature. This method enables us to obtain
not χt (T ) itself but the power behavior d ln χt (T )/d lnT by estimating the difference
of the gauge action and the chiral condensate between two distinct topological charge
sectors. We examined this method on a small lattice in the quenched approximation
and compared the results with the prediction from the DIGA.

In the above mentioned study, we have calculated the DIGA of the global ob-
servable such as the topological susceptibility. On the other hand, it is still unclear
whether the instanton picture also applies to the local observables. By observing the
local structure and comparing with DIGA, we will be able to read off information of
n(ρ). In ref. [33] and the references therein, the gluonic two-point correlation func-
tions, i.e.

⟨
Tq(x )q(0)

⟩
or ⟨Ts (x )s (0)⟩, have been calculated, where q(x ) = (1/4)Faµν F̃aµν

and s (x ) = (д2/32π 2)FaµνF
a
µν at zero temperature in several phenomenological instan-

ton models. In these models, the instanton density is modified so that the correlator
becomes IR finite. The instanton-size ρ dependencies are based on the DIGA or the
instanton liquid model. At zero temperature QCD, there are the perturbative contri-
butions to these correlators, which may overwhelm the instanton contribution to the
path integral.

Recently, Dine et. al. [34] have pointed out that in the SU(2) Yang-Mills theory the
2-pt gluonic correlator in one instanton background is IR finite without introducing the
ad-hoc IR cutoff. This is interesting because one of the reasons for the breakdown of
the instanton picture at zero temperature is the notorious IR divergence which makes
the instanton calculus ill-defined.

On top of that, the CP-violating correlator is free from the perturbative contribu-
tion, so that the instanton can provide the leading contribution. If we choose the gluon

1An interesting proposal to avoid this difficulty is found in Ref. [32].
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correlator which does not preserve CP symmetry, the contribution to the path integral
is limited to the topologically non-trivial ones. Hence the instanton contribution en-
hances the path integral. Thus, we expect that the lattice simulation on CP-violating
correlator provides us the good laboratory to investigate the instanton picture. We
expect that the following points can be clarified. First, it is not clear whether or not
the instanton picture applies to the local observable. Second, there might be a special
case where the picture makes sense even at zero temperature. If we choose the specific
combination of observables and the number of colors and the number of fermions, sur-
prisingly the instanton calculus becomes IR finite even at zero temperature. Third, it
is unclear how low temperature the instanton picture applies and how it disappears as
decreasing temperature. Although at the high-temperature limit the instanton picture
applies to the topological susceptibility in the pure Yang-Mills theory, there is still a
tension about how low temperature the instanton picture makes sense.

In chap. 6, we try to clarify the first and third points using the CP-violating gluon
correlator

⟨
s (x )q(0)

⟩
in the SU(2) pure Yang-Mills theory at finite temperature. The

SU(2) Yang-Mills theory is particularly interesting because the semi-classical estima-
tion of the two-point function

⟨
FaµνF

a
µν (x )F

b
µνF

b
µν (0)

⟩
remains IR finite in the ρ integra-

tion even at zero temperatures [34]. First, we performed the instanton calculus of this
local observable in the one instanton background, where the instanton configuration
is transformed into the regular thermal instanton solution from the existing singular
one. Then, we carried out the numerical simulation of the lattice using the quenched
SU (2) lattice action. The CP-violating gluon correlator is calculated on the lattice at
various temperatures, both below and above the critical temperatureTc of the confine-
ment/deconfinement transition. In this numerical analysis, we employ the gradient
flow method as not only the smearing of the configurations but also conserving the
information of the classical instanton. In order to test the instanton picture at various
temperatures, we compared the results of the analytic and numerical calculations.

We organize the thesis as follows. In chap. 2, we will review the axion solution of
the Strong CP problem. In chap. 3, some fundamental pieces of the instanton calculus
are reviewed. In chap. 4, we will review the lattice gauge theory and the topological
charge defined on the lattice and the configuration generation. After the above review
parts, in chap. 5 we will show the novel method to obtain the temperature dependence
of χt (T ) and the numerical test using the lattice simulation of the quenched approxi-
mation. In chap. 6, the CP-violating correlator is investigated in order to measure the
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instanton size distribution from the numerical result at high temperature.
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2
The strong CP problem and the axion

solution

We review the topological property of QCD and the strong CP problem. For further
reviews see [35, 36, 37, 38, 23].

2.1 QCD Lagrangian

In the four-dimensional Euclidean space, the action of the SU(Nc ) gauge theory with
N f -fermion is given as

SQCD =

∫
d4x

[
1
4д2

FaµνF
a
µν +

iθ

64π 2ϵµναβF
a
µνF

a
αβ + ψ̄

α ( /D +M )αβψ β

]
, (2.1)

≡
∫

d4xLQCD,

Faµν = ∂µA
a
ν − ∂νAa

µ + f abcAb
µA

c
ν , (2.2)

Dµψ
α = (∂µ + iA

a
µT

a )ψα , (2.3)
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whereAa
µ (a = 1 · · ·N 2

c −1) is the gauge field andψα is the fermion of the fundamental
representation of SU(Nc ). The Greek indices α , β (= 1, · · · ,N f ) represent the flavor
of the quarks. Then the mass matrix M is the N f × N f matrix. The matrix T a (a =

1 · · ·N 2
c − 1) is the SU(Nc ) generator. The anti-symmetric tensor f abc is defined as

[T a,Tb] = 2f abcT c . ϵµνρσ is also the anti-symmetric tensor with ϵ1234 = 1. We adopt
the Feynman’s slash notation for the covariant derivative

/D ≡ Dµγµ , (2.4)

where γµ is the gamma matrices in the Euclidean space with relations{
γµ ,γν

}
= 2δµν . (2.5)

In section A.1, we will clarify the relations of the four-vector and the gamma matrices
in our notation in between the Euclidean space and the Minkowski space.

The partition function of the action with non-zero θ in path integral formalism is
written as

Zθ =

∫
[dA][dψ f ][dψ̄ f ]e−SQCD . (2.6)

The expectation value of a physical observable O in this theory is

⟨O⟩θ =
1
Zθ

∫
[dA][dψ f ][dψ̄ f ]Oe−SQCD . (2.7)

2.2 The strong CP problem and its solutions

The QCD Lagrangian can contain four-dimensional and gauge invariant term, called
θ term,

Lθ =
iθ

64π 2ϵµναβF
a
µνF

a
αβ . (2.8)

The θ term violates the P and CP symmetries. Due to the existence of the instanton1

configuration for providing non-zero value of trF F̃ , this term can non-trivially con-

1The instanton will be explained in chap. 3
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tribute to the path integral.

Suppose we perform aU (1)A transformation to the quark field q with a massmq as
q → eiγ5αq, the mass term changes as

mqq̄q →mqq̄e
2iγ5αq + (2α )

i

64π 2ϵµναβF
a
µνF

a
αβ . (2.9)

The last term ϵµναβF
a
µνF

a
αβ

comes from the anomalous breaking of theU (1)A symmetry.
Thus, the U (1)A rotation of the quark fields shifts the θ term. This rotation removes
the imaginary part of the quark mass which has another CP violating contribution. In
the QCD Lagrangian (eq. 2.1), we can remove the imaginary part of the mass matrix
M by the U (1)A rotation. Then, the θ parameter changes as

θ → θ̄ ≡ θ + Arg detM . (2.10)

Then, all the CP violating effects comes from the parameter θ̄ .

If QCD has non-zero θ̄ value, the CP violating observables can be non-vanishing.
The neutron electric dipole moment (nEDM) is the most sensitive to the θ̄ parameter
as

dn ≃
eθ̄mq

m2
N

. (2.11)

However, the current experiment to measure the nEDM has not observed the sign of
the CP violation and imposes the strong upper bound |dn | ≤ 0.30 × 10−25 e cm [39],
which corresponds |θ | ≤ 10−10.

The small or vanishing θ̄ means that, in the QCD Lagrangian, two independent
parameters, i.e., θ and the imaginary part of the quark mass Arg detM , cancel each
other. This is the fine-tuning problem, called the strong CP problem.

One possible solution to the strong CP problem within the framework or the stan-
dard model is to consider the massless up quark. If the up quark is massless, we
can perform a U (1)A transformation of the up quark field so that the θ̄ parameter is
shifted away. However, the lattice calculation by Fodor et al. [40] have determined
mu = 2.27 MeV in the MS scheme at 2 GeV. This result excludes themu = 0 solution
by more than 24 standard deviations.

However, the condition mu = 0 is not renormalization invariant, because of the
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non-perturbative contribution, namely the t’ Hooft vertex provides up quark mass for
the chiral perturbation.[41, 34, 42, 43] Even if mu = 0 is satisfied at some scale, it is
not guaranteed on other scales. Recently, Frison et al. [44] propose to use the physical
quantity, the topological susceptibility χt , instead of a non-observable parametermu .

2.3 The axion solution

A solution to the strong CP problem is to apply the Peccei-Quinn mechanism. In this
mechanism, we introduce an additionalU (1)PQ symmetry which is spontaneously bro-
ken at high energy fPQ. If the quarks respect the symmetry, the transformation by
angle αPQ as q → qeiαPQ shifts the θ̄ parameter as

θ̄ → θ̄ + 2αPQ. (2.12)

Thus, as themu = 0 solution, we can rotate away the θ̄ parameter and the strong CP
problem is gone.

To introduce the anomalous additional U (1)PQ symmetry, Peccei and Quinn [2]
consider the two Higgs doublet model as

L = −Q̄uRHu − Q̄dRHd −V (Hu ,Hd ) + h.c.

− iθ

64π 2ϵµναβF
a
µνF

a
αβ , (2.13)

where V (Hu ,Hd ) is the Higgs potential and Q = (uL,dL)
T is the SU (2)L-doublet of the

left-handed quarks. Hu and Hd is the SU (2)L-doublet complex scalar fields with the
hypercharge Y = 1/2 and Y = −1/2, respectively. They introduceU (1)PQ symmetry as

Hu,d → eiαHu,d , (2.14)

uR → e−iαuR, (2.15)

dR → e−iαdR . (2.16)

This is the classical symmetry of the Lagrangian, while at the quantum level U (1)PQ-
QCD anomaly breaks the symmetry. Then, the above rotation by an angle α shifts the
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θ term as

θ̄ → θ̄ − 2Nдα , (2.17)

where Nд is the number of the generations of the quarks. By the PQ rotation, θ̄ can be
shifted away, so that θ̄ is unphysical.

Under theU (1)PQ transformation, the angular component of the Higgs fields called
the axion field a shifts a → a + const. that corresponds to the Nambu-Goldstone bo-
son of the spontaneous breaking of U (1)PQ [4, 45]. In the original paper, the U (1)PQ
symmetry is broken at weak scale. We call the resulting axion as the Peccei-Quinn-
Weinberg-Wilczek (PQWW) axion,

a =

√
2vuvd√
v2
u +v

2
d

(arg Hu + arg Hd ) , (2.18)

fa =
2
√
2vuvd√
v2
u +v

2
d

, (2.19)

where vu and vd is the VEV of Hu and Hd , respectively. The axion couples to the QCD
topological charge, whose couplings are suppressed by the scale fa due to the axion-
gluon-gluon anomalous coupling,

L =
(
a

fa
− θ̄

)
i

64π 2ϵµναβF
a
µνF

a
αβ . (2.20)

Such coupling allows the CP-violating parameter θ̄ redefined away via a shift of the ax-
ion field, and the non-perturbative effects provides the potential for the CP-conserving
vacuum [46], 2

⟨a⟩
fa
− θ̄ = 0. (2.21)

The coupling fa is the quantity that enters into the low-energy observables [48]. In
general, the light boson has the couplings to the other SM particles through the inter-

2 The weak CP violation shifts θ a little, i.e., θ ∼ O
(
10−7

)
[47].
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action Lagrangian,

L = 1
fa
Jµ∂µa, (2.22)

where Jµ is the Nöether current of the PQ symmetry.

The axionmass comes from the second derivative of the effective potential in terms
of the axion field, which is calculated as

m2
a =

δ 2

δa2
lnZ

[
a

fa

] ����a=0 = 1
f 2a

d2

dθ 2
lnZ [θ]

����θ=0 = χt

f 2a
. (2.23)

Thus, the topological susceptibility χt is related to the square of the axionmass. At zero
temperature, the axion mass is calculated using the chiral perturbation theory [49, 4]
as

ma =
Nд
√
mumd

mu +md

fπ
fa
mπ ∼ O (100) keV. (2.24)

The axion mass in the large N limit is studied in Ref. [50].

Since the axion interacts with the SM particles in eq. 2.22, the axion should be
produced for example in the stars and also in the K meson decays. Soon after the
proposal of the PQWW axion, the axion was found to be too heavy for avoiding the
existing experimental bounds [51, 52, 53, 54].

If the scale of the PQ symmetry breaking is much higher than the weak scale [6,
7, 8, 9], the axion becomes lighter than the PQWW axion and become acceptable to
the experimental bounds. Such a light axion model is called as the invisible axion. For
the detail of the invisible axion models, see the reviews [38, 37, 35] and the references
therein.

The experimentally allowed region of the parameter space of the axion models is
called the axion window,

109 GeV ≤ fa ≤ 1012 GeV. (2.25)

The lower bound of the decay constant comes from the astrophysical phenomena.
The axion production processes carry away the energy of the stars. The coupling
(1/fa ) should be small so that the energy loss of the stars is the acceptable amount.
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On the other hand, the upper bound of the decay constant denotes the cosmological
constraint [10, 11, 12]. During the evolution of the universe, eventually, the axion de-
couples and starts to oscillate coherently. Unless the coupling 1/fa is large enough, the
energy density of the axion exceeds the critical density of the universe. For the further
detail, see the reference [55].

The axion can be a candidate for the dark matter in the universe. Here, we discuss
that the axion with the acceptable decay constant naturally explains the dark matter
abundance. Suppose the axion is produced before the end of the inflation, the initial
angle is arbitrarily set in the causally connected regions. Later, the inflation starts and
stretches the region, then the misalignment angle prevails. The evolution of the axion
energy density is determined by the equation of motion of the coherent axion field,

ä + 3H (T )ȧ = −m2
a (T )a. (2.26)

where H (T ) is the Hubble parameter and ma (T ) is the axion mass at a temperature
T . The axion mass ma (T ) relates to the topological susceptibility as in eq. 2.23. The
energy density ρa (T ) of the axion at present is determined by the amplitude a(T∗) at
which the axion starts to oscillate, i.e.,ma (T∗) ≃ 3H (T∗).

Assuming the temperature dependence of the axion mass is determined by the
dilute instanton gas approximation (DIGA) 3, it behaves as ma (T ) ∝ T −4. Using the
Hubble parameter H (T ) ∼ T 2/MPl, we can obtain T∗ as

T∗ ≃ O(1) GeV ·
( ma

10−5 eV

)1/6
. (2.27)

With the acceptable decay constant fa ∼ 6 × 1011 GeV, the axion abundance in the
present universe becomes

Ωa ≃ 0.2 · θ 2 ·
( ma

10−5 eV

)−7/6
. (2.28)

For the recent detail calculation, see reference [23]. Note that the DIGA is valid in
the weak coupling regime, and thus, at the temperature around 1 GeV, DIGA may not
apply. Lattice simulation is needed to provide the correct behavior of the topological
susceptibility around the critical temperature.

3The DIGA will be precisely explained in chap. 3
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For the phenomenological use of χt (T ), we need the three-flavor QCD with the
physical fermion masses. At present, Borsanyi et al. [56] calculates χt (T ) at a few GeV
in the full QCD with the physical quark masses and obtains results consistent with the
DIGA calculation. However, there is still tensions in the temperature dependence of
χt above the critical temperature. Currently, some groups report the result which is
completely inconsistent with the DIGA [57, 30, 25]. It is pointed out by Kitano and
Yamada [27] that the drastic drop of the χt (T ) above the critical temperature makes
the axion abundance significantly larger, which closes the axion window. Recently,
Dine et al. [58] discuss the impact of the theoretical error in the DIGA to the axion
abundance.
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3
QCD instanton

In this chapter, we review the instanton calculus and its application to the gluon cor-
relators. Sec. 3.1 and sec. 3.2 are based on ref. [59]. The materials of sec. 3.3.4 are; the
Peskin’s textbook [60] for the background field method; C.Bernard [61] for the collec-
tive coordinate; the seminal paper of ’t Hooft’ [19] for the instanton density at zero
temperature; the paper of Dunne et al. [62] for the recent development of the fermion
part of the instanton density at zero temperature; the seminal paper of Gross et al. [20]
for the instanton density at finite temperature. Sec. 3.5 is a review of the works of
Forkel [33] and Dine et al. [34] for the leading instanton contribution to the gluon
correlation function in the SU(3) and SU(2) gauge theory, respectively.

3.1 The instanton in the quantum mechanics

In order to understand the instanton gas picture, we consider the tunneling amplitude
in a simple one-dimensional system. Considering the Lagrangian L of a particle with
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massm = 1 moving in the potential V (x ),

L =
1
2

(
dx (t )

dt

)2
−V (x ). (3.1)

In the path integral formalism, the transition amplitude from a point (xi ,−t0/2) to
another point (x f , t0/2) is sum of all path with the quantum weight exp (iS )

⟨
x f

��� e−iHt0 ���xi⟩ = N

∫
[dx]eiS[x (t )], (3.2)

where the action is S =
∫ t0/2
−t0/2 dtL(x , ẋ ) and H is the Hamiltonian and N is the normal-

ization factor. Here, [dx] denotes the integration in terms of all path x (t ) which has
the boundary condition x (−t0/2) = xi , x (t0/2) = x f .

Applying the Wick rotation t → −iτ , the amplitude in the real time formalism is
converted into one in the Euclidean space time. Inserting the identity operator 1 =∑

n |n⟩ ⟨n | and in the long time limit t0 = −iτ0 → ∞, the l.h.s. of eq. 3.2 is dominated
by the lowest energy state |0⟩ with the energy E0,⟨

x f
��� e−iHt0 ���xi⟩ = ∑

n

e−iEnt0
⟨
x f

���n⟩ ⟨n | xi⟩ ,
= e−E0τ0

⟨
x f

��� 0⟩ ⟨0 | xi⟩ , (3.3)

where En is the energy eigenvalue of the |n⟩. Under the Wick rotation, the action is
modified as

iS[x (t )]→ −SE[x (τ )] =
∫ τ0/2

−τ0/2
dτ

−12
(
dx (τ )

dτ

)2
−V (x )

 , (3.4)

which corresponds to the potential energy with opposite sign V (x ) → −V (x ). If the
original Lagrangian has a potential barriers between xi and x f , in the Euclidean space
time the bump turn into a hollow, then we can find a classical path to go across the
potential. Those classical solution is called the instanton and provides the local min-
imum of the Euclidean action SE , thus the path integral may be dominated by those
classical path. In this case it is valid to approximate the whole path integral by tak-
ing into account the contributions from the instanton and small perturbation from the
quantum fluctuation around the instanton solution, which is called the semi-classical
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approximation.

Hereafter, we will consider the semi-classical approximation in the general action
with the potential barrier V (x ). Considering the variation of action S[X (τ )] of the
instanton X (τ ) by small fluctuation δx (τ ),

δS = S[X (τ ) + δx (τ )] − S[X (τ )]

=

∫ τ0/2

−τ0/2
dτ

[dX (τ )

dτ

dδx (τ )

dτ
+V ′(x (τ ))δx (τ )

+
1
2

(
dδx (τ )

dτ

)2
+

∑
n≥2

1
n!
V (n) (x (τ )) (δx (τ ))n

]
,

=

∫ τ0/2

−τ0/2
dτδx (τ )

[
−d

2X

dτ 2
+
dV (x )

dx
+ O

(
(δx (τ ))2

)]
. (3.5)

The variational principle provides the equation of motion in terms of the instanton
solution X (τ ), as

−d
2X

dτ 2
+
dV (x )

dx
= 0. (3.6)

In order to take into account the contribution from the quantum fluctuation around
X (τ ), we will consider the O

(
(δx (τ ))2

)
contribution,

S[X (τ ) + δx (τ )] = S0 +

∫ τ0/2

−τ0/2
dτ

[1
2

(
dδx (τ )

dτ

)2
+

1
2!
V ′′(x (τ )) (δx (τ ))2

+O
(
(δx (τ ))3

) ]
,

≃ S0 +

∫ τ0/2

−τ0/2
dτδx

[
−1
2
d2

dτ 2
δx +

1
2
V ′′(X )δx

]
, (3.7)

where S0 = S[X (τ )].

Considering the eigensystem of the differential equation,

− d2

dτ 2
xn (τ ) +V

′′(X )xn (τ ) = ϵnxn (τ ), (3.8)

where ϵn is the n-th eigenvalue with the eigenfunction xn (τ ), where the eigenfunction
{xn (τ )} has the boundary condition xn (±τ0/2) = 0 and spans the normal orthogonal
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base, ∫ τ0/2

−τ0/2
dτxn (τ )xm (τ ) = δnm . (3.9)

Using this base, the arbitrary path x (τ ) is written as

x (τ ) = X (τ ) +
∑
n

cnxn (τ ). (3.10)

Substituting δx (τ ) =
∑

n cnxn (τ ) into eq. 3.7, we obtain

S[X (τ ) + δx (τ )] = S0 +
1
2

∑
n

ϵnc
2
n . (3.11)

After the change of integration variables [dx] =
∏

n
dcn√
2π
, the transition amplitude

can be solved by Gaussian integration in terms of cn and we obtain

⟨
x f

��� e−iHt0 ���xi⟩ = N

∫ ∞

−∞

∏ dcn√
2π

exp *,S0 + 1
2

∑
n

ϵncn (τ )
2+- , (3.12)

= e−S0N
∏
n

ϵ−1/2n , (3.13)

= e−S0N

[
det

(
− d2

dτ 2
+V ′′(X (τ ))

)]−1/2
. (3.14)

Note that in the system with ϵ0 = 0 the divergence appeared, then we need to care
about the integration in terms of a zeromode c0. In this paper such divergence happens
in the case of double-well potential in Sec. 3.1.2 and in QCD instanton.

3.1.1 The harmonic-oscillator type potential

Here we consider the transition amplitude of a particle with mass m = 1 and the
potential V (x ) = mω2x2/2 of the harmonic oscillator. We put the boundary condition
xi = x f = 0. Applying eq. 3.14, the transition amplitude in the Euclidean space time
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can be solved as

⟨
0 ��� e−Hτ0 ��� 0⟩ = N

[
det

(
− d2

dτ 2
+ ω2

)]−1/2
=

N *,
∞∏
n=1

π 2n2

τ 20

+-
−1/2

∞∏
n=1

(
1 +

ω2τ 20
n2π 2

)−1/2
, (3.15)

where we use the fact that the operator −d2/dτ 2+ω2 has the eigenvalue ϵn = π 2n2/τ 20 +

ω2 when xn (±τ0/2) = 0. Due to the fact that the first factor is the free limit (ω → 0),
we obtain

N *,
∞∏
n=1

π 2n2

τ 20

+-
−1/2

=
⟨
0 ��� e−p̂2τ0/2 ��� 0⟩ = ∫ ∞

−∞

dp

2π
e−p̂

2τ0/2 =
1

√
2πτ0

(3.16)

Using the relation,

πy
∞∏
n=1

(
1 +

y2

n2

)
= sinhπy, (3.17)

we finally obtain

⟨
0 ��� e−Hτ0 ��� 0⟩ = 1

√
2πτ0

(
sinhωτ0
ωτ0

)−1/2
=

(ω
π

)1/2
(2 sinhωτ0)−1/2 . (3.18)

In the τ0 → ∞ limit we can check the lowest energy state E0 = ω/2 has the domi-
nant contribution to the amplitude,

lim
τ0→∞

⟨
0 ��� e−Hτ0 ��� 0⟩ = (

ω

τ0

)1/2
e−ωτ0/2

(
1 +

1
2
e−2ωτ0 + · · ·

)
. (3.19)

3.1.2 The double-well type potential

In the case of the double-well potential

V (x ) = λ(x2 − η2)2, (3.20)
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the amplitude has naively two contributions. One is from the harmonic oscillation
around the bottom of the well x = ±η, which has a frequency ω2 = 8λη2. The other is
from the tunneling path from one bottom to the other,

X (τ ) = η tanh
ω (τ − τc )

2
, (3.21)

which satisfies the boundary condition X (±∞) = ±η and has finite action

S0 ≡ S[X (τ )] =
∫ ∞

−∞
dτ Ẋ 2 =

ω3

12λ
. (3.22)

It is the time τ = τc when the transition between bottoms happens, at which the action
density Ẋ 2(τ ) has a peak like a particle localized at τ = τc . This can be considered as
a pseudo-particle in the Euclidean space time, which appears for a short time. This is
why the tunneling path in the Euclidean space time is named instant-on. Clearly, the
action does not depend on the value of τc , thus the action or the Lagrangian in this
system has a shift symmetry in terms of τc .

Hereafter, we consider the tunneling amplitude
⟨
−η ��� e−Hτ0 ���η⟩ following the pre-

scription of ’t Hooft [19]. Using eq. 3.14, the amplitude becomes

⟨
−η ��� e−Hτ0 ���η⟩ = N

[
det

(
− d2

dτ 2
+ ω2

)]−1/2 
det

[
−(d2/dτ 2) +V ′′(X )

]
det [−(d2/dτ 2) + ω2]


−1/2

e−S0 .(3.23)

Substituting the instanton solution X (τ ) = τ tanh(ωτ/2) into the operator −d2/dτ 2 +
V ′′(X ), the eigenvalue equation eq. 3.8 becomes

− d2

dτ 2
xn (τ ) + ω

2
(
1 − 3

2
1

cosh2(ωτ/2)

)
xn (τ ) = ϵnxn (τ ). (3.24)

The solution of this differential equation is written in the Landau’s textbook and has
two discrete low energy state and the continuum energy state in the boundary condi-
tion xn (±∞) = 0. The two discrete energy eigenvalues are

ϵ0 = 0 ϵ1 =
3
4
ω2. (3.25)
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The lowest mode of the eigenfunction is

x0(τ ) =

√
3ω
8

1
cosh2(ωτ )

. (3.26)

The zero energy state provides problem because the amplitude has divergence from
the determinant 1/ϵ0 in eq. 3.14. However, this can be avoided by introducing so called
the collective coordinate in the integral in terms of the zero mode c0 in eq. 3.12. Wewill
change the integration variable c0 into τc as follows. Considering the path is written as
x (τ ) = X (τ ) +

∑
n≥0 cnxn (τ ), the shift of x (τ ) by the infinitesimal shift along the zero

mode dc0 is obtained as

dx (τ ) = x0(τ )dc0, (3.27)

On the other hand, the shift of x (τ ) by the infinitesimal shift in terms of dτc is

dx (τ ) = dX (τ ) =
dX (τc )

dτc
δτc = −

√
S0x0(τ )dτc . (3.28)

Then we can relate dc0 and dτc as

dc0 =
√
S0dτc . (3.29)

The determinant in eq. 3.23 is modified as integration along the corrective coordi-
nate τc ,


det

[
−(d2/dτ 2) +V ′′(X )

]
det [−(d2/dτ 2) + ω2]


−1/2

=

∫ ∞

−∞

dc0√
2π

exp
(1
2
ϵ0c

2
0

) 
det′

[
−(d2/dτ 2) +V ′′(X )

]
det [−(d2/dτ 2) + ω2]


−1/2

,

=

∫ ∞

−∞

√
S0
2π

dτcω

det′

[
−(d2/dτ 2) +V ′′(X )

]
ω−2 det [−(d2/dτ 2) + ω2]


−1/2

, (3.30)

where det′ denotes the contribution from the discrete first excited state c1 and the
continuum energy spectrum cn (n ≥ 2). In the limit τ0 → ∞ we can estimate the



26 Chapter 3. QCD instanton

amplitude. The ratio of the determinant is factorized into the contribution from the c1
integral and the cn (n ≥ 2) integral.

det′
[
−(d2/dτ 2) +V ′′(X )

]
ω−2 det [−(d2/dτ 2) + ω2]

=


ϵd.w.1

ω−2ϵh.o.0 ϵh.o.1


[
Π∞n=2

ϵd.w.n

ϵh.o.n

]
,

≡ Φ1Φcont., (3.31)

where the indices d.w. and h.o. denote the energy spectrum of the double-well type
potential and the harmonic-oscillator type potential, respectively. The first factor is
easily obtained as

Φ1 =

3
4ω

2

ω−2ω2
(
π 2

τ 20
+ ω2

) τ0→∞−→ 3
4
. (3.32)

We have already know ϵh.o.n = π 2n2/τ 20 + ω
2. As we have already mentioned, in the

energy region ϵ ≥ ω2, the eigenfunction of eq. 3.24 have the continuum energy spec-
trum for ϵn (n ≥ 2), which is characterized by the momentum of particle p ∈ (0,∞)

as ϵp which has the dispersion relation p =
√
ϵp − ω2. Likewise, the eigenfunction

xn (τ ) (n ≥ 2) is also labeled by p as xp (τ ). Since the potential in eigenvalue equation
eq. 3.24 is bounded as

ω2
(
1 − 3

2
1

cosh2(ωτ/2)

)
≤ ω2, (3.33)

we don’t need to consider the reflection wave. Then, at the boundary τ = ±τ0/2, the
plane wave solution of eq. 3.24 with momentum p is written as

xp (+τ0/2) = eipτ , xp (−τ0/2) = eipτ+iδp , (3.34)

where δp denotes the phase shift by the potential of eq. 3.24.

eiδp =
1 + (ip/ω)

1 − (ip/ω)

1 + (2ip/ω)
1 − (2ip/ω)

. (3.35)
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The general solution Axp (τ ) + Bxp (−τ ) has non-trivial solution, when

pτ0 − δp = nπ (n ≥ 2). (3.36)

We will denote the n-th solution as p̃n, then we obtain ϵd.w.n = ω2 + p̃n
2. Likewise the

double-well type potential we can obtain ϵh.o.n = ω2 + p2n, where pn = πn/τ0.

Using the above result, the ratio of the determinant for n-th (n ≥ 2) eigenvalue can
be written as

Φcont. =

∞∏
n=1

ω2 + p̃n
2

ω2 + p2n
. (3.37)

The infinite product is calculated as follows.

∞∏
n=1

ω2 + p̃n
2

ω2 + p2n
= exp *,

∑
n

ln
ω2 + p̃n

2

ω2 + p2n
+-, (3.38)

= exp *,
∑
n

ln
(
1 +

2pn (p̃n − pn )
ω2 + p2n

+
(p̃n − pn )2
ω2 + p2n

)+-, (3.39)

= exp
∑
n

(
2pn (p̃n − pn )
ω2 + p2n

+ O
(
(p̃n − pn )2
ω2 + p2n

))
, (3.40)

In the large n the difference between p̃n and pn becomes negligible, thus we can use
the approximation as below.

≈ exp
(∫ ∞

0

dp

π

δp · 2p
p2 + ω2

)
, (3.41)

= exp
(∫ ∞

0

dp

π

d

dp

(
ln

[
p2 + ω2

ω2

])
· δp

)
, (3.42)

= exp
(
−

∫ ∞

0

dp

π
ln

[
p2 + ω2

ω2

]
· d
dp
δp

)
. (3.43)
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The derivative of δp is calculated as

dδp

dp
= −i d

dp

[
ln

(
1 + i

p

ω

)
− ln

(
1 − i p

ω

)
+ ln

(
1 + i

2p
ω

)
− ln

(
1 − i 2p

ω

)]
, (3.44)

= −i
[

i (1/ω)
1 + i (p/ω)

− i (−1/ω)
1 − i (p/ω) +

i (2/ω)
1 + i (2p/ω)

− i (−2/ω)
1 − i (2p/ω)

]
, (3.45)

=
2
ω

[
1

1 + p2/ω2 +
2

1 + 4p2/ω2

]
. (3.46)

Using the variable y = p/ω, eventually we obtain

∞∏
n=1

ω2 + p̃n
2

ω2 + p2n
= exp

(
−

∫ ∞

0

ωdy

π
ln (1 + y2)

2
ω

[
1

1 + y2
+

2
1 + 4y2

])
,

= exp
(
− 2
π
· π ln (3)

)
=

1
9
. (3.47)

Thus the instanton contribution to the transition amplitude is calculated as⟨
−η ��� e−Hτ0 ���η⟩

= N

[
det

(
− d2

dτ 2
+ ω2

)]−1/2 
det

[
−(d2/dτ 2) +V ′′(X )

]
det [−(d2/dτ 2) + ω2]


−1/2

e−S0,

≈
(√

ω

π
e−ωτ0/2

)
·
( 1
12

)−1/2
·
√

S0
2π
ωe−S0

∫ ∞

−∞
ωdτc , (3.48)

=

(√
ω

π
e−ωτ0/2

) *,
√

6
π

√
S0e
−S0+-

∫ ∞

−∞
ωdτc . (3.49)

The above result is valid when√
S0e
−S0ωτ0 ≪ 1. (3.50)

However, if τ0 become larger, we must take into account the contribution of the multi-
instanton. In this analysis, we have regularized the ultra-violet mode in the determi-
nant of the operator

− d2

dτ 2
+ ω2

(
1 − 3

2
1

cosh2(ωτ/2)

)
(3.51)
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by the determinant of the operator − d2

dτ 2
+ ω2. The divergence coming from the zero

mode c0 is translated into the integration of the collective coordinates and factored out
as the volume integral. The similar treatments for these two regularization for both
ultraviolet and infrared divergence are adopted in the calculation of theQCD instanton.
The second factor

√
6S0/πe−S0 is called the instanton density or the instanton measure,

which originates from the change of variables in the zero mode integration.

Hereafter we introduce the dilute instanton gas approximation. In order to calcu-
late the energy eigenvalue of the ground state and the first excited state in the problem
of double-well type potential, we need to take the limit τ0 → ∞ and consider the con-
tribution from the multi-instanton.

Assuming then/2 instantons andn/2 anti-instantons have center atτ = τ1, τ2, · · · ,τn,
respectively, which satisfy

−τ0
2
< τ1 < τ2 < · · · < τn <

τ0
2
. (3.52)

We also assume the typical length between each (anti)-instantons is enough large
|τi − τj | ≫ ω−1 to ignore the overlap of each pseudo-particles. In this case the clas-
sical action becomes nS0, where S0 is the one (anti-)instanon contribution. Then the
amplitude becomes(√

ω

π
e−ωτ0/2

) *,
√

6
π

√
S0e
−S0+-

∫ ∞

−∞
ωdτc ,

→
(√

ω

π
e−ωτ0/2

) *,
√

6
π

√
S0e
−S0+-

n n∏
i=1

(∫ ∞

−∞
ωdτi

)
,

=

√
ω

π
e−ωτ0/2dn

∫ τ0/2

−τ0/2
ωdτn

∫ τn

−τ0/2
ωdτn−1 · · ·

∫ τ2

−τ0/2
ωdτ1,

=

√
ω

π
e−ωτ0/2dn

(ωτ0)
n

n!
, (3.53)

where d =
√

6
π

√
S0e
−S0 is the instanton density.

Considering the sum of all possible n, we obtain the amplitudes
⟨
−η ��� e−Hτ0 ���η⟩ and
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⟨
η ��� e−Hτ0 ���η⟩ as below.

⟨
−η ��� e−Hτ0 ���η⟩ = ∑

n=1,3,···

√
ω

π
e−ωτ0/2dn

(ωτ0)
n

n!
=

√
ω

π
e−ωτ0/2 sinh(ωτ0d ), (3.54)

⟨
η ��� e−Hτ0 ���η⟩ = ∑

n=0,2,···

√
ω

π
e−ωτ0/2dn

(ωτ0)
n

n!
=

√
ω

π
e−ωτ0/2 cosh(ωτ0d ). (3.55)

We obtain the energy spectrum of the ground state and the first excited state from the
exponent of

⟨
−η ��� e−Hτ0 ���η⟩ =

√
ω

π

1
2

(
e−(ω/2−ωd )τ0 + e−(ω/2+ωd )τ0

)
, (3.56)

which provides us following two energy eigenvalue as

ω

2
∓ ωd =

ω

2
∓ ω

√
6
π

√
S0e
−S0,

=
ω

2
∓ ω

√
6
π

√
ω3

12λ
e−ω

3/12λ,

=
ω

2
∓

√
2ω3

πλ
e−ω

3/12λω

2
. (3.57)

If there were not the instanton contribution, these two energy eigenvalues were de-
generated and consistent with the vacuum energy of the harmonic-oscillator system,
ϵ = ω/2. This happens in the limit ω3 ≫ λ , where the height of the barrier becomes
infinitely large and the tunneling rate becomes negligible.

In the above calculation of the multi-instanton, we have only assumed that the
(anti-)instantons arewell separated and there are no interactions between (anti-)instantons,
which is called the dilute instanton gas.

3.2 The instanton in the Yang-Mills theory

3.2.1 θ vacuum

The vacuum of the non-Abelian gauge field is labeled by the winding number n, which
is called the n-vacuum |n⟩. Considering the transition amplitude between two distinct
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n-vacua, |n⟩ , |m⟩ (n ,m),

out ⟨n |m⟩in = ZQ , Q = n −m, (3.58)

this amplitude is always non-zero because of the instanton effects. Thus, the n-vacua
is not a vacuum of the non-abelian gauge theory.

The quantum vacuum of the non-abelian gauge theory is called the θ -vacuum. The
θ -vacuum is the eigenstate of the operator which is commutable with the Hamiltonian,
since the θ -vacuum is independent of the time. Using the fact that the Hamiltonian is
gauge invariant, the gauge invariant operator Tm labeled by the winding number m
satisfies the relations:

[Tm,H ] = 0, (3.59)

Tm |n⟩ = |n +m⟩ . (3.60)

The θ -vacuum is defined as a superposition of the eigenstate of the operator {Tm}m∈Z.

|θ⟩ =
∑
n∈Z

einθ |n⟩ , θ ∈ R/2π , (3.61)

where the parameter of the vacuum θ is called the vacuum angle.

Here we mention several properties of the θ -vacuum. The superposition of the
vacua with distinct vacuum angles is zero as follows:

out
⟨
θ ′ ��θ⟩in = ∑

n,m

e−imθ
′
einθ out ⟨m | n⟩in

=
∑
Q,k

ei (θ
′+θ )Q/2ei (θ

′−θ )k/2
out ⟨Q | 0⟩in

= δ (θ ′ − θ )
∑
Q

eiθQout ⟨Q | 0⟩in . (3.62)
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We can check that the vacuum |θ⟩ is an eigenstate of operator Tm as follows:

Tm |θ⟩ =
∑
n

einθ |n +m⟩

=
∑
n′

ei (n
′−m)θ ��n′⟩

= e−imθ |θ⟩ . (3.63)

Considering the transition amplitude between the θ -vacua, the vacuum angle comes
into the θ term in the Lagrangian.

out ⟨θ | θ⟩in ∝
∑
Q

eiθQout ⟨Q | 0⟩in

=
∑
Q

∫
∈Q
[dAµ]eiθQ exp

[∫
d4x

1
4д2

FaµνF
a
µν

]
=

∑
Q

∫
∈Q
[dAµ] exp

[∫
d4x

(
1
4д2

FaµνF
a
µν − i

θ

32π 2 F
a
µν F̃

a
µν

)]
, (3.64)

where the subscript ∈ Q denotes that the path integral is constrained to the paths with
the topological charge Q defined as

Q =

∫
d4x

1
32π 2 F

a
µν F̃

a
µν . (3.65)

3.2.2 Instanton action

Regardless the explicit form of the instanton solution, the instanton action can be cal-
culated as follows.

S =

∫
d4x

1
4
FaµνF

a
µν , (3.66)

=

∫
d4x

[1
4
Faµν F̃

a
µν +

1
8
(Faµν − F̃aµν )2

]
, (3.67)

= Q
8π 2

д2
+
1
8

∫
d4x (Faµν − F̃aµν )2. (3.68)

Apparently the action becomes minimum when Faµν = F̃aµν , which is called the self-
duality equation. As a result, the Q-instanton solution SQ is 8π 2Q/д2.
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In terms of the configuration with negative topological charge, the replacement of
the spatial coordinates x1,2,3 → −x1,2,3 changes the topological chargeQ → −Q . In this
case,

S = −Q 8π 2

д2
+
1
8

∫
d4x (Faµν + F̃

a
µν )

2. (3.69)

The minimum of action is realized by the anti-self-duality equation Faµν = −F̃aµν as
SQ = (8π 2/д2) |Q |.

Those equation are equivalent to the equation of motion of Faµν .

DµFµν = ±Dµ F̃µν ,

= ±1
2
ϵµνγδDµFγδ ,

= ±1
6
ϵµνγδ

(
DµFγδ + Dγ Fδµ + DδFµγ

)
,

= 0, (3.70)

where in the last equality we use the Bianchi identity,

DµFγδ + DδFµγ + Dγ Fδµ = 0. (3.71)

3.2.3 BPST instanton

In the SU(2) Yang-Mills theory in Euclidean space, what we are interested in is the
gauge configuration which keeps the action finite in the integration of FaµνFaµν in the
whole region. The sufficient condition but not the necessary condition is to consider
the pure gauge at infinity x → ∞, which satisfy Faµν = 0.

lim
x→∞

Aµ (x ) = iS∂µS
†, (3.72)

where S is the unitary unimodular matrix. Considering the matrix S such as

S =
iτ+µ xµ√

x2
. (3.73)

Since S is the mapping from S3 sphere to the gauge group SU (2) with one-to-one corre-
spondence,Aµ = iS∂µS

† has the topological chargeQ = 1. Using matrix S , the matrices
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corresponding to the topological charge n is

Sn = (S )n, n ∈ Z. (3.74)

The topological charge n of the gauge configuration is determined only by the
information of the spatial infinity. Apparently, the integral of the FaµνF

a
µν , which is

proportional to n, can be expressed by the surface integral as follows.

n =
1

32π 2

∫
d4xFaµν F̃

a
µν ,

=
1

32π 2

∫
d4x

1
2
ϵµναβ

[
4∂µAa

ν∂αA
a
β + 4∂µA

a
νϵ

abcAb
αA

c
β

+
(
δbb

′
δcc

′ − δbc ′δb ′c
)
Aa
µA

b
νA

b ′
α A

c ′

β

]
=

1
32π 2

∫
d4x∂µ2ϵµναβ

(
Aa
ν∂αA

a
β +

1
3
ϵabcAa

νA
b
αA

c
β

)
(3.75)

≡ 1
32π 2

∫
d4x∂µKµ , (3.76)

where F̃aµν = (1/2)ϵµναβFaαβ and ϵ1234 = 1, and Kµ is called the Chern-Simon current.

n = i
1

24π 2

∫
TrϵµνρσAνAρAσdSµ ,

= i
1

24π 2

∫
S3
Trϵµνρσ (S∂νS†)(S∂ρS†) (S∂σS†)dSµ (3.77)

The explicit form of the pure gauge is written as

iS∂µS
† =

1
x2
ηaµαxατ

a, (3.78)

where ηaµν is called ’t Hooft symbols and given by

ηaµν =



ϵaµν , µ,ν = 1, 2, 3,

−δaν , µ = 4,

δaµ , ν = 4,

0, µ = ν = 4.
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The symbols η̄aµν differ fromη by a change in the sign in front of δ . The surface integral
in the region S3 in eq. 3.77 is spherically symmetric and independent of the radius x
and direction. Then, it is enough to calculate the integrand at one point, for example
the north pole of the unit sphere (x4 = 1, x⃗ = 0⃗), then multiply the four dimensional
solid angle Ω4 = 2π 2. Thus, we can obtain

1
24π 2Ω4Tr(τ aτbτb )ηai4ηbj4ηck4ϵijk = 1. (3.79)

Assuming the isotropy of the instanton configuration the boundary condition to be
a pure gauge form at spatial infinity, the instanton configuration of the general radius
x is written using the ansatz,

Aµ =
f (x2)

x2
ηaµνxντ

a . (3.80)

The function f (x2) has boundary conditions limx2→∞ f (x2) = 1 to make Aµ the pure
gauge form at infinity and limx2→0 f (x

2) = const. × x2 so that Aµ (x ) is regular at the
origin.

The function f (x2) also appears in the field strength Faµν and its dual F̃aµν as follows.

Faµν = ∂µA
a
ν − ∂νAa

µ + f abcAb
µA

c
ν ,

= 2ηaνσ
(
δµα

x2
f − 2xµ

xσ
x4

f +
xσ
x2

2xµ f ′
)

−2ηaµσ
(
δνσ
x2

f − 2xν
xσ
x4

f +
xσ
x2

2xν f ′
)
+ 4f abcηbµσηcνλ

xσxλ
x4

f 2,

= 4
[ f
x2
ηaνµ −

f

x4

(
xµηaνσxσ − xνηaµσxσ

)
+

f ′

x2

(
xµηaνσxσ − xνηaµσxσ

)
+

(
δµνηaσλ − δµληaσν − δσνηaµλ + δσληaµν

) ]
,

= −4
[
f ( f − 1)

x2
ηaµν +

xµηaνσxσ − xνηaµσxσ
x4

(
f (1 − f ) − x2 f ′

)]
. (3.81)
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F̃aµν =
1
2
ϵµναβF

a
αβ ,

= −4
д

[ f ( f − 1)
x2

ηaµν +
1
2x4

{
− xµηaναxα + xνηaµαxα − x2ηaµν + (α ↔ β )

}
×

(
f (1 − f ) − x2 f ′

) ]
,

= −4
д

[ f ( f − 1)
x2

ηaµν −
1
x2

(
xµηaναxα − xνηaµαxα

) (
f (1 − f ) − x2 f ′

)
− 1
x2
ηaµν

(
f (1 − f ) − x2 f ′

) ]
,

= −4
д

[
ηaµν f

′ −
xµηaναxα − xνηaµαxα

x2

(
f (1 − f ) − x2 f ′

)]
. (3.82)

Due to the self-dual equation, f (x2) should satisfy

f (1 − f ) − x2 f ′ = 0, (3.83)

Solving this differential equation, we can obtain

f (x2) =
x2

x2 + ρ2
, (3.84)

where ρ is called instanton size. Due to the translational invariance of the instanton,
the shift xµ → xµ − zµ also provides other instanton solution which has the center at
x = z.

In summary, the instanton solution at position z with size ρ is written as

Aa
µ = 2ηaµν

(x − x0)ν
(x − x0)2 + ρ2

, (3.85)

Faµν = −4ηaµν
ρ2

((x − x0)2 + ρ2)2
, (3.86)

This form of instanton solution is called as the BPST instanton. We can obtain the
anti-instanton solution by changing η → η̄.

3.2.4 The singular solution and ’t Hooft ansatz

In order to consider the multi-instanton, it is convenient to consider the so-called “sin-
gular gauge”, which has pole at the instanton position. The BPST instanton solution
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and the singular solution is related by the following transformation,

Āµ = U †AµU + iU
†∂µU ,

F̄µν = U †FµνU , (3.87)

whereU is the unitary unimodular matrix

U =
iτ+µ (x − z)µ√

(x − z)2
, (3.88)

where τ±µ are defined in sec. A.1. This transformation is similar to the usual gauge
transformation of BPST instantonAµ and its field strength Fµν . However, this transfor-
mation modifies the gauge invariant variables such as TrFµνFµν due to the singularity
ofU .

We can explicitly calculate Āµ and F̄µν as follows. For simplicity, we use Xµ =

(x − z)µ and ϵaµα with µ,α = 1, 2, 3.

Aa
µT

aU = U †Aa
µT

aU + iU †∂µU , (3.89)

The first term in eq. 3.89 is modified as follows.

U †Aa
µT

aU =
XνXαXβ

X 2(X 2 + ρ2)
ηaµντ

−
α τ

aτ+β , (3.90)

where we will use the following relation,

XαXβτ
−
α τ

aτ+β = XbXcτ
bτ aτ c + X4Xc (+i )τ

aτ c + XbX4τ
bτ a (−i ) + X 2

4τ
a,

= XbXcτ
b (δac + iϵacdτ

d ) + iX4Xc (δ
ac + iϵacdτ

d ) − iXbX4(δ
ab + iϵbadτ

d ) + X 2
4τ

a,

= (X⃗ · τ⃗ )Xa − τ aX⃗ 2 + Xa (X⃗ · τ⃗ ) − 2X4ϵacdXcτ
d + X 2

4τ
a,

= 2(X⃗ · τ⃗ )Xa − τ aX⃗ 2 − 2X4ϵacdXcτ
d + X 2

4τ
a . (3.91)
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The second term in eq. 3.89 is modified as follows.

iU †∂µU = i
τ−α Xα√
X 2
∂µ *,

τ+
β
Xβ
√
X 2

+- ,
= i

τ−α Xα√
X 2

−
Xµτ

+
β
Xβ

(X 2)3/2
+
τ+µ

X 2

 ,
= i

1
(X 2)2

[
−XαXµXβ

(
δαβ + iη̄aαβτ

a
)
+ X 2Xα

(
δαµ + iη̄aαµτ

a
)]
,

= − 1
X 2 η̄aαµXατ

a,

=
1
X 2

(
−ηaµαXα + 2ϵaµαXα

)
τ a, (3.92)

where, in the last line, we use relations ηaµνXν = ϵabcXc + δaµX4 and η̄aµνXν = ϵabcXc −
δaµX4. Summarizing eq. 3.89, eq. 3.90, eq. 3.91 and eq. 3.92, we finally obtain

U †Aa
µT

aU + iU †∂µU =
1

X 2(X 2 + ρ2)
ηaµνXν

(
2(X⃗ · τ⃗ )Xa − τ aX⃗ 2 − 2X4ϵacdXcτ

d + X 2
4τ

a
)

− 1
X 2 η̄aαµXατ

a,

=
1

X 2(X 2 + ρ2)
ηaµνXν

(
2(X⃗ · τ⃗ )Xa − τ aX⃗ 2 − 2X4ϵacdXcτ

d + X 2
4τ

a
)

+
X 2

X 2(X 2 + ρ2)

(
−ηaµαXα + 2ϵaµαXα

)
τ a +

ρ2

X 2(X 2 + τ 2)
η̄aµαXατ

a,

=
1

X 2(X 2 + ρ2)

[
2X4(X⃗ · τ⃗ )Xµ − X⃗ 2ϵaµντ

aXν − X⃗ 2X4τ
µ − 2X4ϵaµνXνϵacdXcτ

d

−2S4δaµX4ϵacdXcτ
d + ϵaµνXντ

aX 2
4 + δaµX

3
4τ

a − (X⃗ 2 + X 2
4 )ϵaµαXατ

a

−(X⃗ 2 + X 2
4 )δaµX4τ

a + 2ϵaµαXατ
a (X⃗ 2 + X 2

4 )
]
+

ρ2

X 2(X 2 + τ 2)
η̄aµαXατ

a,

=
ρ2

X 2(X 2 + τ 2)
η̄aµαXατ

a . (3.93)
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In terms of the field strength in singular gauge, we calculate as follows.

∂µĀ
a
µ − ∂νĀa

µ + ϵ
abcĀb

µĀ
c
ν

= 2η̄aνρ
(

δµρρ
2

X 2(X 2 + ρ2)
−

2XµXρρ
2

(X 2)2(X 2 + ρ2)
−

2XµXρρ
2

X 2(X 2 + ρ2)2

)
−2η̄aµρ

(
δνρρ

2

X 2(X 2 + ρ2)
−

2XνXρρ
2

(X 2)2(X 2 + ρ2)
−

2XνXρρ
2

X 2(X 2 + ρ2)2

)
+ϵabc2η̄bµρ

Xρρ
2

X 2(X 2 + ρ2)
2η̄cνκ

Xκρ
2

X 2(X 2 + ρ2)
,

(3.94)

(3rd term) =
4
д

(
δµν η̄aρκ − δµκη̄aρν − δρν η̄aµκ + δρκη̄aµν

) XρXκρ
4

(X 2)2(X 2 + ρ2)2
,

=
2
д

ρ4

(X 2)2(X 2 + ρ2)2

(
2η̄aνρXρXµ − 2η̄aµκXκXν + 2X 2η̄aµν

)
(3.95)

In summary,

∂µĀ
a
µ − ∂νĀa

µ + ϵ
abcĀb

µĀ
c
ν = 2

1
(X 2)2(X 2 + ρ2)2

[
− η̄aµν (ρ4X 2 + ρ2X 4)

−2η̄aνρXρXµ (2ρ2X 2 + ρ4) + 2η̄aνρXρXµρ
4 + ρ4X 2η̄aµν

]
−(µ ↔ ν ),

= −8
[
XµXρ

X 2 −
1
4
δµρ

]
η̄aνρ

ρ2

(X 2 + ρ2)2
− (µ ↔ ν ). (3.96)

Thus, the singular instanton solution is written as

Āa
µ = 2η̄aµν (x − z)ν

ρ2

(x − z)2 [(x − z)2 + ρ2] , (3.97)

F̄aµν = −8
[
(x − z)µ (x − z)ρ

(x − z)2 − 1
4
δµρ

]
η̄aνρ

ρ2

[(x − z)2 + ρ2]2
+ (µ ↔ ν ) . (3.98)

For the actual calculation it is better to use the following form introduced by ’t hooft.

Āa
µ = −η̄aµν∂ν ln

[
1 +

ρ2

(x − z)2

]
. (3.99)
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In general, Q-instanton solution is written as

Aa
µ (x ) = −η̄aµν∂ν lnΠ(x ), (3.100)

Π(x ) = 1 +
Q∑
n=1

ρ2n
(x − xn )2

. (3.101)

Using the singular instanton solution in eq. 3.100, Faµν − F̃aµν is calculated as follows.

Faµν − F̃aµν = η̄aµν
∂α∂αΠ

Π
. (3.102)

Thus, the self-duality condition is □Π/Π = 0.

3.2.5 Harrington-Sheperd caloron

We will introduce the instanton solution in the finite temperature Yang-Mills theory,
following Harrington and Shepard [63]. Unlike the topology of the Euclidean space
R4, the topology of the thermal field theory is S1 × R3 because of the periodicity along
the time component. The basics of the thermal field theory is discussed in sec. A.2.

In order to make the action finite, the gauge field should be the pure gauge form at
the spatial infinity,

Aµ
r→∞−→ U −1(θ ,φ,τ )∂µU (θ ,φ,τ ), (3.103)

where, due to the periodicity of U (x⃗ ,τ ), τ is an independent variable from the other
two angular variable in S2. Then, at spatial infinityU (θ ,φ,τ ) is a mapping from S2×S1

to the SU(2) gauge group. It is known that this mapping S2 × S1 U−→ S3 can be divided
into infinite set of homotopy classes. Thus we can define the topologically distinct
gauge field with winding number in the Yang-Mills theory at finite temperature.

Harrington and Shepard [14] constructed the thermal instanton solution, called HS
caloron1, from the ’t Hooft solution in eq. 3.100 discussed in sec. 3.2.4. The instanton
solution in the ’t Hooft ansatz is given as

Aa
µ (x,τ ) = −η̄aµν∂ν lnΠ(x,τ ). (3.104)

1caloron=”calor”(heat)+”-on”.
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In order to confirm Aµ as the instanton solution, it should satisfy both the equation
of motion and the self-duality condition. First, the equation of motion is satisfied if
□Π = 0 or □Π = cΠ3.

DµF
a
µν = ∂µF

a
µν + f abcAb

µF
c
µν = 0, (3.105)

Here, we define (anti)self-dual projection operator p (±)
µνκλ

as

p (±)
µνλκ

≡ 1
4

(
δµλδνκ − δµκδνλ ± ϵµνλκ

)
=

1
4
η (±)aµνη

(±)
aλκ
,

d (p (±)
µνλκ

fλκ ) = ±fµν ,

where fµν is anti-symmetric tensor and d fµν =
1
2ϵµνλκ fλκ and η

(+)
aµν = ηaµν ,η

(−)
aµν = η̄aµν .

Using these relation, the self-dual condition is

η (−)aµνF
a
µν = 0, (3.106)

which is satisfied if

Π−1□Π(x,τ ) = 0, (3.107)

where we used the relation η (±)
aµλ
η (±)
bνλ
= δabδµν + ϵabcη

(±)
cµν . This is the Laplace equation,

which has solution

Π(x ) = 1 +
n∑
i=1

ρ2i
(x − z)2 . (3.108)

Considering the periodicity of the gauge field, the thermal instanton becomes

Π(x,τ ) = 1 +
∞∑

k=−∞

ρ2

(x − x0)2 + (τ − τk )2
, (3.109)

= 1 +
πρ2

β |x − x0 |
sinh(2πβ−1 |x − x0 |)

cosh(2πβ−1 |x − x0 |) − cos(2πβ−1(τ − τ0))
, (3.110)

where τk = τ0+kβ . This solution denotes that 1-instanton solution settles in the phys-
ical strip 0 ≤ τ ≤ β . In eq. 3.110 the constant 1 is necessary to obtain the topologically
non-trivial gauge field in the zero temperature limit β → ∞. Otherwise, Faµν (x ) = 0 in
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this limit, which provides Q = 0.
The thermal multi-instanton solution is constructed as

Π(x,τ ) = 1 +
N∑
k=1

πρ2
k

β |x − xk,0 |
sinh(2πβ−1 |x − xk,0 |)

cosh(2πβ−1 |x − xk,0 |) − cos(2πβ−1(τ − τk,0))
. (3.111)

3.3 Yang-Mills instantondensity at zero andfinite tem-
perature

3.3.1 Background field method

Here we introduce the gauge fixed Lagrangian using the Faddeev and Popov’s pre-
scription. In this discussion, we follow the Peskin’s textbook [60].

Considering the functional integral of the Yang-Mills action in the Euclidean space,
the gauge field has infinite number of direction corresponding to the local color rota-
tion. In order to compute the functional integral properly we need to factor out these
directions, constraining the integral region much small. We constrain the path of the
gauge configuration by inserting the unity,

∫
[dα]δ

(
G (Aαµ ) − ω

)
det *.,

δ
(
G (Aαµ )

)
δα

+/-, (3.112)

where ω (x ) is arbitrary function of x . Then, we constrain ω (x ) by the Gaussian distri-
bution, so that the gauge direction is constrained by the condition G (A) = 0.∫

[dA]e−Sд[A]

= N
∫

[dωdαdA]δ
(
G (Aαµ ) − ω

)
det *.,

δ
(
G (Aαµ )

)
δα

+/- exp
[
−

∫
d4x

ω2

2ξ

]
e−Sд[A],

where Sд =
∫
d4x 1

4д2 (F
a
µν )

2 and we introduce the normalization factor

N −1 =
∫

[dω] exp
(
−

∫
d4x

ω2

2ξ

)
, (3.113)

so as to keep the functional integral unchanged.
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By choosing G (Aαµ ) = ∂
µ with Aαµ , Aµ → Aαµ = Aµ + Dµα , we obtain

∫
[dA]e−Sд[A] = N

∫
[dαdA] det *.,

δ
(
G (Aαµ )

)
δα

+/- exp
[
−

∫
d4x

(
1
4д2

(Faµν )
2 +

(∂µA
µ )2

2ξ

)]
.

Using the functional derivative,
δ (G (Aα

µ ))
δα = ∂µDµ , we obtain

det *.,
δ

(
G (Aαµ )

)
δα

+/- =
∫

[dcdc̄] exp
[
−

∫
d4xc̄∂µDµc

]
. (3.114)

After the prescription the gauge fixed Lagrangian is written as

LFP =
1
4д2

FaµνF
a
µν +

1
2ξ

(∂µA
a
µ )

2 + c̄a∂µDµc
a . (3.115)

Hereafter, we introduce the background field method in the non-abelian gauge the-
ory around the classical gauge field Āµ . We start from the Lagrangian in the SU(N )
gauge theory,

L =
1
4д2

(Faµν )
2 + ψ̄ ( /D +m)ψ , (3.116)

Faµν = ∂µA
a
ν − ∂νAa

µ + f abcAb
µA

c
ν , (3.117)

Dµψ = (∂µ + iA
a
µT

a )ψ . (3.118)

We insertAa
µ = Āa

µ +a
a
µ , where Āa

µ denotes the classical solution and aaµ is the quantum
fluctuation around the classical field. The functional integral [dA] becomes [da] in this
notation. The field strength is modified as

Faµν = ∂µ (Ā
a
ν + a

a
ν ) − ∂ν (Āa

µ + a
a
µ ) + f abc (Āb

µ + a
b
µ )(Ā

c
ν + a

c
ν ),

=
[
∂µĀ

a
ν − ∂νĀa

µ + f abcĀb
µĀ

c
ν

]
+
[
∂µa

a
ν + f abcĀb

µa
c
ν

]
−
[
∂νa

a
µ + f abcĀb

νa
c
µ

]
+ f abcabµa

c
ν ,

≡ F̄aµν + Dµa
a
ν − Dνa

a
µ + f abcabµa

c
ν . (3.119)
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The fermion action is modified as

ψ̄ ( /D +m)ψ = ψ̄γµ
(
∂µ + iĀµ +m

)
ψ + iψ̄γµaµψ ,

≡ ψ̄ ( /D +m)ψ + iψ̄γµaµψ . (3.120)

The gauge transformation for the classical gauge field and the background field
is determined so as to be consistent with the usual gauge transformation for Aµ as
follows.

Aµ → Aα ≡ e+iαAµe
−iα − ie+iα∂µe−iα , (3.121)

Āµ → Āαµ ≡ e+iαĀµe
−iα − ie+iα∂µe−iα , (3.122)

aµ → aαµ ≡ e+iαaµe
−iα . (3.123)

Considering the gauge fixing condition G (aαµ ) = Dµa
α
µ and the infinitesimal transfor-

mation of aµ ,

aaµ → aαaµ = aaµ + Dµα
a + f abcabµα

c , (3.124)

the determinant becomes

det
(
δG (aαaµ )

δαa

)
= detDµ (Dµδ

ad − f abcabµδ
cd ),

=

∫
[dφdφ̄] exp

[
−

∫
d4x

(
φ̄a (D2)acφc + φ̄aDµ f

abcabµφ
c
)]
.

Thus the ghost term is

Lgh = φ̄
a (D2)acφc + φ̄aDµ f

abcabµφ
c ≡ φ̄a (Mgh)

acφc + φ̄aDµ f
abcabµφ

c . (3.125)

In summary, the gauge fixed Lagrangian in the background field gauge is written as

LFP =
1
4д2

(
F̄aµν + Dµa

a
ν − Dνa

a
µ + f abcabµa

c
ν

)2
+

1
2ξд2

(
Dµaµ

)2
−ψ̄ (iγµDµ + im)ψ − aaµψ̄γµT aψ + φ̄a (D2)acφc + φ̄aDµ f

abcabµφ
c , (3.126)
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where

Dµψ = ∂µψ + iĀ
a
µT

aψ , (3.127)

Dµa
a
ν = ∂µa

a
ν + f abcĀb

µa
c
ν ≡ (Dµ )

ababµ , (3.128)

Dµα
a = ∂µα

a + f abcĀb
µα

c ≡ (Dµ )
abαb , (3.129)

Dµφ
a = ∂µφ

a + f abcĀb
µφ

c ≡ (Dµ )
abφb . (3.130)

LFP has the local symmetries as

Āa
µ → Āa

µ + Dµα
a,

aaµ → aaµ − f abcαbacµ ,

ψ → ψ + iαaT aψ ,

φa → φa − f abcαbφc . (3.131)

More explicitly, LFP is

LFP =
1
4д2

F̄aµν F̄
a
µν + La + L′a − ψ̄ (iγµDµ + im)ψ − aaµψ̄γµT aψ + φ̄a (D2)acφc + φ̄aDµ f

abcabµφ
c ,

La =
1
2д2

[1
2
(Dµa

a
ν − Dνa

a
µ )

2 + F̄aµν f
abcabµa

c
ν

]
+

1
2ξ

(Dµa
a
µ )

2,

L′a =
1
2д2

[
(Dµa

a
ν − Dνa

a
µ ) f

abcabµa
c
ν +

1
2
f abcabµa

c
ν f

adeadµa
e
ν

]
. (3.132)

By using the relations −iF̄µν = [Dµ ,Dν ] and (Tb )ac = i f abc , La is modified as below.

La =
1
2д2

[
aaµ (−D2)ababµ + a

a
µ (DνDµ )

ababν −
1
ξ
aaµ (DµDν )

ababν − aaµ f abc F̄bµνacν
]
,

=
1
2д2

[
aaµ (−D2)ababµ + a

a
µ (DµDν )

ababν + a
a
µ ([Dν ,Dµ])ababν −

1
ξ
aaµ (DµDν )

ababν − aaµ f abc F̄bµνacν
]
,

=
1
2д2

[
aaµ (−D2)ababµ + a

a
µ (DµDν )

ababν − 2iaaµ (F̄µν )ababν −
1
ξ
aaµ (DµDν )

ababν

]
,

≡ 1
2д2

aaµ

(
(MA)

ab
µν −

1
ξ
(DµDν )

ab

)
abν , (3.133)
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where

(MA)
ab
µν = (−D2)abдµν + (DµDν )

ab − 2i (F̄µν )ab . (3.134)

In summary, we obtain

LFP =
1
4д2

F̄aµν F̄
a
µν + L2 + Lint, (3.135)

L2 =
1
2д2

aaµ

(
(MA)

ab
µν −

1
ξ
(DµDν )

ab

)
abν + φ̄

a (D2)abφb − ψ̄ (iγµDµ +m)ψ ,(3.136)

Lint =
1
2д2

[
(Dµa

a
ν − Dνa

a
µ ) f

abcabµa
c
ν +

1
2
f abcabµa

c
ν f

adeadµa
e
ν

]
+φ̄aDµ f

abcabµφ
c − aaµψ̄γµT aψ . (3.137)

3.3.2 Treatment for the collective coordinate

Here we will discuss how to deal with the collective coordinates in the path integral in
the quantum field theory. We follow the discussion of C.Bernard [61]. As mentioned
in sec. 3.1.2, the existence of the collective coordinates cause the zero mode. Then,
the functional integral in terms of the zero mode comes into the divergence, where
the change of the integration variable from the coefficient of the zero mode to the
collective coordinate will factor out the divergence as the volume integral.

For simplicity wewill consider the scalar field B which has the classical background
B̄ (γ ) and the quantum fluctuation b as

B = B̄ (γ ) + b,

S[B] = S̄ +

∫
d4x

1
2
bMBb + · · · , (3.138)

where the classical field has the single collective coordinateγ and S̄ denote the classical
action S[B̄], andMB denote the bilinear term of b. The operatorMB has a complete set
of the orthogonal eigenfunction χi with the eigenvalue ϵi ,

MBχi = ϵi χi , (3.139)

ui ≡
⟨
χi �� χi⟩ = ∫

d4x χi χi , (3.140)⟨
χi
��� χj⟩ = 0 (i , j ). (3.141)
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Using the fact that the first derivative of the action in terms of B is zero, We can
calculate

0 =
δS

δB

����B=B̄ (γ+∆γ ) = δS

δB

����B=B̄ (γ ) + δ 2SδB2
����B=B̄δB + · · · . (3.142)

The relationsMB = δ
2S/δB2 and δB = (∂B̄/∂γ )∆γ provide us

MB
∂B̄

∂γ
= 0. (3.143)

Thus, as for the zero mode which has the zero eigenvalue ϵ0 = 0, we can express the
eigenfunction as

χ0 =
∂B̄

∂γ
. (3.144)

The quantum field b can be expanded by the orthogonal set {χi }i≥0 as b =
∑

i≥0 ξi χi .
Then the measure of the functional integral is changed as

[dB] = [db] =
∏
i≥0

√
ui
2π

dξi . (3.145)

After the Gaussian integral in terms of the non-zero mode, we obtain∫
[dB]e−S[B] =

∫ √
u0
2π

dξ0e
−S̄[det′MB]−1/2 + O(α ), (3.146)

where det′ denotes the determinant without zero mode. Note that the first term of r.h.s.
comes take into account only the bilinear term in the action. Then the interaction terms
contributes O(α ). Following the Faddeev-Popov’s prescription, we insert unity

1 =
∫

dγδ ( f (γ ))
∂ f

∂γ
, f (γ ) =

⟨
B̄ (γ ) − B ��� χ0(γ )⟩ . (3.147)
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Since B is independent of γ , we can calculate as

1 =
∫

dγ

(⟨
∂B̄

∂γ

����� χ0(γ )
⟩
+

⟨
−b

����� ∂χ0(γ )∂γ

⟩)
δ (

⟨
b �� χ0(γ )⟩),

=

∫
dγ

(
u0 −

⟨
b
����� ∂χ0(γ )∂γ

⟩)
δ (ξ0u0), (3.148)

where the second term in the r.h.s. can be ignored at 1-loop level. However, at 2-loop
level we need this term. Thus, at 1-loop level we obtain simple form,

1 ≃
∫

u0dγδ (ξ0u0). (3.149)

After inserting eq. 3.149 into eq. 3.146, we obtain∫ √
u0
2π

dξ0e
−S̄[det′M]−1/2 =

∫ √
u0
2π

dξ0dγu0δ (ξ0u0)e
−S̄[det′M]−1/2,

=

∫
dγ J (γ )e−S̄[det′M]−1/2, (3.150)

where J (γ ) =
√
u0/2π is the Jacobian of changes of variables from the gauge zero

modes to the collective coordinates.

3.3.3 The collective coordinates of the Yang-Mills instanton

In the pure Yang-Mills theory, there is no dimensionful parameter in the classical ac-
tion or the Lagrangian. Then classically the conformal symmetry is preserved in this
theory. Since the instanton configuration is the classical solution of the equation of
motion, the collective coordinates which appear in the instanton are determined by
the conformal symmetry. By choosing one instanton solution, some of the conformal
symmetry is broken, but they are restored by considering the family of the instanton.
The transformation which is no longer a symmetry after choosing the specific instan-
ton solution changes one instanton solution into other instanton solution in the family
of instanton. This means such transformation shifts the corrective coordinates of the
instanton.

There are 15 transformations in the four dimensional conformal group, i.e. 4 spatial
translations, 6 Lorentz rotations, 4 proper conformal transformations, 1 dilation. In
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addition to the above transformation, we need to take into account the global rotations
in the color space, which has 3 directions in the SU(2) gauge theory. In total, the SU(2)
instanton depends on the 18 collective coordinates, including the instanton size ρ and
its position zµ . Hereafter, we consider the other direction than ρ and zµ .

The proper conformal transformation is the combination of the translations and
the inversion, where we have already see the translations provide the collective coor-
dinates, the instanton position zµ . The inversion is

xµ → x′µ =
xµ

x2
, Aµ (x ) → x′2Aµ (x

′), (3.151)

which means

2ηaµν
xν

x2 + 1
→ x′22ηaµν

x′ν
x′2 + 1

= 2ηaµν
xν

x2(x2 + 1)
, (3.152)

where we fix ρ = 1. The inversion change one instanton into one anti-instanton in the
singular gauge. Thus, no new collective coordinates appear from the proper conformal
transformation.

In the following, we will consider that 3 collective coordinates appear from the
linear combinations of the 6 generators of the Euclidean rotation and the 3 generators
of the color rotation.

First, we introduce the generator which represent the SO(4) = SU(2)L × SU(2)R
rotation. We define Vαα̇ for any four-vector in the Euclidean space,

Vαα̇ = (τ+µ )αα̇Vµ , (µ = 1, · · · , 4,α , α̇ = 1, 2), (3.153)

where τ+µ = {τ a, i12×2} (a = 1, 2, 3). The Greek indices α and α̇ are transformed by
SU(2)L and SU(2)R , respectively. The anti-symmetric tensor is introduced in order to
lift up or let down the Greek indices,

χα = ϵαβ χβ , χα = ϵαβ χ
β , (3.154)

where ϵαβ = −ϵβα and ϵ12 = −ϵ12 = 1.
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The explicit computation of the coordinate vector is as follows:

x11̇ = ϵ12x21̇

= (τ+µ )21̇xµ

= (τ+1 )21̇x1 + (τ+2 )21̇x2

= x1 + ix2. (3.155)

By the straightforward computation,

x12̇ = ix4 − x3, (3.156)

x21̇ = −ix4 − x3, (3.157)

x22̇ = −x1 + ix2. (3.158)

Using this notation, the BPST instanton is expressed as

A
ηξ

α β̇
=

i

x2 + ρ2

(
x
η

β̇
δ
ξ
α + x

ξ

β̇
δ
η
α

)
, (3.159)

where the indices η, ξ couple with the global color rotation as

A
ηξ
µ =

1
2
Aa
µ (τ

a )
η
δ
ϵξδ . (3.160)

The field strength is represented as

F
γδ
αβ
= 4i

ρ2

(x2 + ρ2)2

(
δ
γ
αδ

δ
β + δ

γ
β
δδα

)
, (3.161)

F
γδ

α̇ β̇
= 0, (3.162)

where

(τ+µ )αα̇ (τ
+
ν )ββ̇Fµν = ϵα̇ β̇Fαβ + ϵαβFα̇ β̇ . (3.163)

Here, the Lorentz rotation and the color rotation of the gauge field Aµ . Under the
global color rotation, gauge field A is transformed as A → M†AM , which is explicitly
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written as

Aαβ → (M†)αγ (M
†)β
δ
Aγδ , (3.164)

whereM = exp(iωaτ a/2) and ωa (a = 1, 2, 3) correspond to 3 parameters of the global
color rotation.

As for the SO(4) = SU(2)L × SU(2)R rotation, the coordinate x is transformed as

x
η

β̇
→ L

η
αx

α
β̇
, (3.165)

xαβ̇ → (L†)
γ
αxγ β̇ , (3.166)

xαβ̇ → (R)α̇
β̇
xαα̇ , (3.167)

x
β̇
α → (R†) β̇α̇x

α̇
α , (3.168)

where L ∈ SU(2)L and R ∈ SU(2)R . The gauge field A is transformed as

A
ηξ

α β̇
→ (R)α̇

β̇
A
ηξ
αα̇ , (3.169)

A
ηξ

α β̇
= i

x
η

β̇
δ
ξ
α + x

ξ

β̇
δ
η
α

x2 + ρ2
→ (L†)βαA

ηξ

ββ̇
= i

(L†)ξαx
η

β̇
+ (L†)ηαx

ξ

β̇

x2 + ρ2
, (3.170)

where SU(2)R does not change the instanton, while SU(2)L does.
When the gauge field A is transformed by the global color rotation and SU(2)L

simultaneously,

A
ηξ

α β̇
=

i

x2 + ρ2
(M†)ηη′ (M

†)ξ
ξ ′ (L

η′
γ L

ξ ′
α x

γ

β̇
+ L

ξ ′
γ L

η′
α x

γ

β̇
). (3.171)

If we choose L = M , the instanton field is unchanged. Then, only the 3 transformation
is independent among the 6 global color rotation and 3 SU(2)L rotation. The corrective
coordinates in terms of these 3 rotation are introduced as follows,

ηaµν → Oabηbµν , η̄aµν → Oabη̄bµν , (3.172)

where O denotes 3 × 3 orthogonal matrix

Oab =
1
2
Tr(Mτ aM†τb ). (3.173)
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3.3.4 Calculation of the Yang-Mills instanton density

Consider the vacuum amplitude between two n-vacua e.g. from |n⟩ to |m⟩, the dif-
ference of the winding number m − n = Q is the topological charge. If Q = 0, the
perturbative contribution dominates the amplitude. However, if Q , 0, the transition
occurs only by the contribution from the (anti-)instantons in the background. As we
have seen in sec. 3.1.2, any combination of the nI instantons and the nĪ anti-instantons
with nI − nĪ = Q can contribute. Assuming the (anti-)instantons are well separated
so that the interaction between them is negligible, the dilute instanton contribution
is valid. In this case, the amplitude with multiple (anti-)instantons can be constructed
from the amplitude of the single instanton as a building block.

We will consider the ratio of two vacuum amplitude of Q = 1 and Q = 0. Here we
assume the contribution of the single instanton dominates the amplitude with Q = 1.

ZQ=1 =

∫
∈Q=1

[daaµ dc̄dc dψdψ̄ ] exp
(
−

∫
d4xLFP

)
(3.174)

We define the instanton density,

ZQ=1

ZQ=0
=

∫
[dγ ]J (γ )e−

8π 2
д2 exp

(
−ΓA − Γgh − ΓF

)
+ O(αs ),

≡
∫

d4zdρ

ρ5
n(ρ) + O(αs ), (3.175)

where γ represents the set of the collective coordinates of the Yang-Mills instanton
solution which we clarify in sec. 3.3.3. The first term of the r.h.s. is result at 1-loop
level which is so-called semi-classical approximation, where only the bilinear term of
the fields in the LFP shown in eq. 3.136 is considered. The interaction term shown
in eq. 3.137 is expanded from the exponential by order of the strong couplings αs .
Then, the O(αs ) contains the contribution at more than 2-loop level. J (γ ) denotes the
Jacobian which appears in the change of variables from the gauge zero modes to the
collective coordinates. Here the instanton position zµ and the instanton size ρ is the
collective coordinates. In order to make the density n(ρ) dimensionless we choose the
measure d4zdρ/ρ5. The density is independent of the scale,

d

d ln µ
n(ρ) = 0. (3.176)
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ΓA, Γgh, and ΓF are the effective action in the single instanton background of the gauge
field, the ghost field, and the fermion, respectively. The ultraviolet part of these effec-
tive action is regularized divided by ZQ=0.

In the semi-classical approximation, the effective action of the gauge field is

−ΓA = log


det′

(
(MA)µν − 1

ξDµDν

) ����Q=1
det′

(
(MA)µν − 1

ξ ∂µ∂ν
) ����Q=0


− 1

2

, (3.177)

where the operator (MA)µν in Q = 1 sector is defined in eq. 3.134 and Dµ in Q = 1
sector is the covariant derivative for aaµ is defined in eq. 3.128. As for the (MA)µν in
Q = 0 sector is obtained by substituting Āµ = 0 to the (MA)µν in Q = 1 sector.

The contribution from the ghost in the single instanton background is

−Γgh = log
det(−D2) |Q=1
det(−∂2) |Q=0

, (3.178)

where the covariant derivative for the ghost in Q = 1 sector is defined in eq. 3.129.
The fermion contribution is written as

−ΓF = log
Nf∏
f =1

det(−iγµDµ − im f ) |Q=1
det(−iγµDµ − im f ) |Q=0

, (3.179)

where the covariant derivative for the fermion in Q = 1 sector is defined in eq. 3.130.

3.3.5 Calculation of J (γ ) in the semi-classical approximation

In the SU(N ) Yang-Mills theory the number of the zero mode is 4N . The gauge zero
mode is written as

z j,aµ (x ,γ i ) =
δ

δγ j
Āa
µ (x ,γ

i ) + DµΛ
i,a (x ,γ ). (3.180)

The gauge field aaµ in the single instanton background can be expanded by the
orthogonal set {zi,aµ (x ,γ ), qn,aµ (x ,γ )} for i = 1, · · · , 4N − 5 and n ∈ Z>0, where zi,aµ

denotes the gauge zero mode and qn,aµ is the non-zero mode. For simplicity we omit
the indices of the collective coordinates as γ . These zero modes and non-zero modes
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have norm as follows,⟨
qn,aµ (x ,γ ) ���qm,aµ (x ,γ )

⟩
≡ ∥qn,aµ (γ ,x )∥2δnm, (3.181)⟨

zi,aµ (x ,γ ) ��� z j,aµ (x ,γ )
⟩
≡ ∥zi,aµ (γ ,x )∥2δij , (3.182)⟨

zi,aµ (x ,γ ) ���qn,aµ (x ,γ )
⟩
= 0. (3.183)

Then we can expand the gauge field Aµ as

Aa
µ (x ) = Āa

µ (x ,γ ) + a
a
µ (x ) = Āa

µ (x ,γ ) +
4N∑
i=1

ξ izi,aµ (x ,γ ). (3.184)

The measure of the functional integral is written as

[daaµ] =

4N∏
i=1

∥zi,aµ ∥dξ i√
2π

∞∏
n=1

∥qn,aµ ∥dξn√
2π

 ≡

4N∏
i=1

∥zi,aµ ∥dξ i√
2π

d′aaµ

 , (3.185)

where [d′a] denotes themeasure of the non-zeromodes. Likewise the Faddeev-Popov’s
prescription, we introduce unity of the collective coordinates integration,

1 = N
∫ 4N∏

i,j=1

[
dγ j

]
δ

(⟨
aaµ (x )

��� zi,aµ (x ,γ )
⟩)

det(J i,j ), (3.186)

where J i,j can be calculated as follows.

J i,j =
∂
⟨
aaµ (x )

��� zi,aµ (x ,γ )
⟩

∂γ j
,

=

⟨
∂aaµ (γ ,x )

∂γ j

����� zaµ (γ ,x )
⟩
+

⟨
aaµ (γ ,x )

������
∂zi,aµ (γ ,x )

∂γ j

⟩
,

= −
∫

d4x
(
(z j,aµ − DµΛ

a )zi,aµ
)
+

⟨
aaµ (γ ,x )

������
∂zi,aµ (γ ,x )

∂γ j

⟩
,

= −
⟨
zi,aµ

��� z j,aµ ⟩
+

⟨
aaµ (γ ,x )

������
∂zi,aµ (γ ,x )

∂γ j

⟩
. (3.187)

In the third equality, we use aaµ (x ,γ ) = Aa
µ (x ) − Āa

µ (x ,γ ) and ∂Aa
µ (x )/∂γ

i = 0 and the
gauge fixing condition Dµa

a
µ ∋ Dµz

i,a
µ = 0. At 1-loop level, the second term in the
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last line does not contribute the amplitude. Then, we obtain J i,j = ∥zi,aµ (γ ,x )∥2δij and
det(J ) =

∏4N
i=1 ∥z

i,a
µ ∥2.

∫
[daaµ] = N

∫ 
4N∏
i,j=1

dγ j
∥zi,aµ ∥dξ i√

2π
d′aaµ

 δ
(⟨
aaµ (x )

��� zi,aµ (γ ,x )
⟩)

det(J )

= N
∫ 

4N∏
i,j=1

dγ j
∥zi,aµ ∥dξ i√

2π
d′aaµ


δ (ξ i )

det(J )1/2
det(J )

= N
∫ 

4N∏
i=1

dγ j
√
2π

d′aaµ

 det(J )
≡ N

∫
[dγd′aaµ]

4N∏
i=1

∥zi,aµ ∥√
2π
, (3.188)

where we define J (γ ) =
∏4N

i=1(∥z
i,a
µ ∥/
√
2π ). The Jacobian J (γ ) can be calculated in the

SU(N ) gauge theory as

J (γ ) =
4
ρ5

(
2ρ
√
π

д

)4N
. (3.189)

3.3.6 Calculation of ΓA + Γgh

First, we show the result of the gluon and ghost contribution to the the effective action,
following ’t Hooft’s seminal paper [19],

e−Γ
A−Γgh = µ4N exp

[
−N
3
ln(µρ) − α (1) − 2(N − 2)α (1/2)

]
, (3.190)

where

α (t ) ≡ C (t )
2R − 1

6
ln 2 +

1
2

2t+1∑
s=1

s (2t + 1 − s )
(
s − t − 1

2

)
ln s − 1

6
t (t + 1) − 1

9

 ,(3.191)

C (t ) =
2
3
t (t + 1) (2t + 1), (3.192)

R =
1
12

(ln 2π + γ ) +
1

2π 2

∞∑
s=2

ln s
s2
≈ 0.248754. (3.193)
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The instanton size dependence ρ of the effective action is

e−Γ
A−Γgh ∝ (µρ)4N exp

(
−N
3
ln(µρ)

)
= (µρ)

11
3 N , (3.194)

where the index 11N /3 is the beta function coefficients.

The integration over the collective coordinates [dγ ] is calculated as follows. Since
the integrand is independent of the collective coordinates other than zµ and ρ, those
direction can be integrated out and turns into the volume integral,∫

[dγ ] =
∫

d4zdρVol
(
SU (N )

TN

)
, (3.195)

where TN is the direction of the gauge transformation which does not change the in-
stanton solution. The explicit calculation of Vol (SU (N )/TN ) is written in the paper of
Bernard [61], which provides

Vol
(
SU (N )

TN

)
=

π 2N−2

(N − 1)!(N − 2)! . (3.196)

In summary, the gluon and ghost contribution to the instanton density nG (ρ),

ZQ=1

ZQ=0
=

∫
d4zdρ

ρ5
nG (ρ)nF (ρ),

nG (ρ) = ρ5Vol
(
SU (N )

TN

)
J (γ ) exp(−ΓA − Γgh)e−S̄ ,

=
4π 2N−2

(N − 1)!(N − 2)!

(
2
√
π

д

)4N
(µρ)

11
3 N exp

(
−α (1) − 2(N − 2)α

(1
2

))
e
− 8π 2

д2 ,

= CI (µρ)
11
3 N

(
8π 2

д2(µ )

)2N
e−8π

2/д2 (µ ), (3.197)

CI =
1
4N

2 e5/6

π 2(N − 1)!(N − 2)!e
−2Nα+N

6 (3.198)

where in the last equality we use 4α (1/2) = α (1) − log 2 + 5/6.
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3.3.7 Calculation of ΓF

The fermion part of the effective action is originally calculated by ’t Hooft [19] using
the mass less fermion. In the large fermion mass limit, ΓF is also calculated in the
literature [64, 65]. In the region of the arbitrary fermion mass, actually they use the
dimensionless variable (mρ), the interpolating result is obtained by Dunne et al. [62].
Hereafter, we will show the ΓF following Dunne et al. [62].

The fermion contribution to the renormalized effective action at 1-loop level ΓF is
written as follows,

ΓF (mρ) = −2
(
Γ̃S (mρ) +

1
6
log(µρ)

)
− log

(
m

µ

)
, (3.199)

where µ is the renormalization scale and Γ̃S is the scalar effective action.

Using the above notation, the fermion contribution to the instanton density is ob-
tained as

nF (ρ) = e−Γ
F
= (µρ)−

2
3Nf

Nf∏
f =1

(m f ρ)e
2Γ̃S (mf ρ) . (3.200)

Combining this ρ dependence with the gluon and the ghost contribution to the instan-
ton density in eq. 3.194,

n(ρ) ∝ exp(−ΓA − Γgh) exp(−ΓF )
∝ (µρ)

11
3 N−

2
3Nf

= (µρ)β0 . (3.201)

The scalar fermion function Γ̃S (mρ) is known as follows. In themρ → 0 limit [19,
66, 64],

Γ̃S (mρ) = α
(1
2

)
+
1
2
(log(mρ) + γ − log 2)(mρ)2 + · · · , (3.202)

e−Γ
F
= (ρµ )−

2
3Nf e2Nf α ( 12 )

Nf∏
f =1

(m f ρ)e
O ((mf ρ)

2) . (3.203)
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In themρ → ∞ limit [64, 65],

Γ̃S (mρ) = −1
6
log(mρ) − 1

75(mρ)2
− 17
735(mρ)4

+
232

2835(mρ)6
− 7916
148225(mρ)8

+ · · · ,(3.204)

e−Γ
F
(µρ) = (µρ)−

2
3Nf

Nf∏
f =1

(m f ρ)
2
3e
− 2

75(mf ρ )
2 +O

(
1

(mf ρ )
4

)
(3.205)

In the region of the arbitrary mρ, the fitting of the interpolating function using
Pade approximation which is consistent with the above two limit is obtained by Kown
et al. [64]. The analytic calculation of the fermion determinant is performed by Dunne
et al. [62]. Using the analytic formula they obtained, they numerically obtain the curve
of Γ̃S (mρ), which is fit using the following fitting function,

Γ̃S (mρ) = −1
6
log(mρ) +

1
6 log(mρ) + α − (3α + c ) (mρ)2 +A1(mρ)

4 −A2(mρ)
6

1 − 3(mρ)2 + B1(mρ)4 + B2(mρ)6 + B3(mρ)8
.(3.206)

Finally, the fermion contribution to the effective action in the single instanton back-
ground is obtained as

nF (ρ) = e−Γ
F
= (µρ)−

2
3Nf

Nf∏
f =1

(m f ρ)
2
3

× exp *,2
1
6 log(m f ρ) + α − (3α + c ) (m f ρ)

2 +A1(m f ρ)
4 −A2(m f ρ)

6

1 − 3(m f ρ)2 + B1(m f ρ)4 + B2(m f ρ)6 + B3(m f ρ)8
+- ,(3.207)

where

α ≡ α
(1
2

)
≃ 0.145873, c ≡ 1

2
(ln 2 − γ ) ≃ 0.05797,

a1 = −13.4138, a2 = 2.64587,

b1 = 25
(592955
21609

a2 +
255
49

a1 + 9α + 3β′
)
, b2 = −75

(85
49
a2 + a1

)
,

b3 = 75a2,
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β′ = β0 +
(
β1 − 4β0N + γ0N f

) д2(µ )
16π 2 ,

β0 =
11
3
N − 2

3
N f , β1 =

34
3
N 2 −

(13
3
N − 1

N

)
N f ,

γ0 = 3
N 2 − 1
N

(3.208)

3.3.8 The Yang-Mills instanton density at zero temperature

Combining the conclusion of sec. 3.3.5, sec. 3.3.6 and sec. 3.3.7, the instanton density
in the SU(N ) Yang-Mills theory with fermion is summarized as follows,

ZQ=1

ZQ=0
=

∫
d4zdρ

ρ5
n(ρ),

n(ρ) = nG (ρ)nF (ρ),

= (µρ)β
2e5/6

π 2(N − 1)!(N − 2)!e
−2α ( 12 )N+

N
6

(
2π
д(µ )

)4N
e
− 8π 2
д2 (µ )

×



e2Nf α ( 12 )
∏Nf

f =1(m f ρ)e
O ((mf ρ)

2) m f ρ → 0∏Nf

f =1(m f ρ)
2
3e
− 2

75(mf ρ )
2 +O

(
1

(mf ρ )
4

)
m f ρ → ∞∏Nf

f =1(m f ρ)
2
3 exp

(
2

1
6 log(mf ρ)+α−(3α+c ) (mf ρ)

2+A1 (mf ρ)
4−A2 (mf ρ)

6

1−3(mf ρ)2+B1 (mf ρ)4+B2 (mf ρ)6+B3 (mf ρ)8

)
∀m f ρ

.(3.209)

At the 1-loop level,

β = β0 =
11
3
N − 2

3
N f , (3.210)

The exponent N /6 in eq. 3.209 is depend on the renormalization scheme. In the Pauli-
Villas regularization, eN /6 does not appear, while in theMS scheme it does appear [67].
Morris et al. [68] partially calculate the 2-loop correction to the effective action in the
massless fermion limit and obtain the µ-independent instanton density by modify β as

β = β0 +
(
β1 − 4β0N + γ0N f

) д2(µ )
16π 2 , (3.211)

where β0 = 11
3 N −

2
3N f , β1 =

34
3 N

2 −
(
13
3 N −

1
N

)
N f , γ0 = 3N

2−1
N , by which the scale
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independence of the instanton density is manifest,

∂

∂ ln µ
n(ρ) = 0. (3.212)

3.3.9 The finite temperature correction

In the finite temperature QCD, the instanton density n(ρ,T ) is defined as

ZQ=1

ZQ=0
=

∫ 1/T

0
dz4

∫
d3z⃗ dρ

ρ5
n(ρ,T ), (3.213)

n(ρ,T ) = nG (ρ) nF (ρ) nT (πρT ), (3.214)

wherenG (ρ) andnF (ρ) are the gluon and fermion contribution to the instanton density
at zero temperature. nG (ρ) is written in eq. 3.197, and nF (ρ) is written in eq. 3.207. At
zero temperature, the integration in terms of ρ,∫ ∞

0

dρ

ρ5
nG (ρ)nF (ρ), (3.215)

is IR divergent. However, by taking into account the thermal fluctuation this integral
becomes finite at finite temperature [20] since the Debye screening exponentially sup-
presses the large size instanton. This effect is embedded in nT (λ), which is known to
be

nT (λ) = exp
[
−1
3
(2N + N f )λ

2 − 12A(λ)
(
1 +

1
6
(N − N f )

)]
,

A(λ) = − 1
12

log
(
1 +

λ2

3

)
+ c1

(
1

1 + c2λ−
3
2

)8
, (3.216)

where λ = πρT , c1 = 0.01289764, and c2 = 0.15858. In eq. 3.216, apparently the
distribution of the instanton size ρ is cutoff by the Gaussian suppression, nT (πρT ) ∝
exp

(
−(2Nc + N f ) (πρT )

2/3
)
, which suppress the large size instanton larger than the

scale ρcut ∼ 1/πT .
The instanton density denote the quantum weight of the the size and the position

of the instanton. Since the instanton density is independent of the position zµ , the
instanton settle at anywhere in R4 and R3 at zero temperature and finite temperature,
respectively. However, the density is a function of the instanton size. At zero tem-
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perature, the function nG (ρ)/ρ
5 is an increasing function of ρ, namely the large size

instanton dominates the functional integral without IR cutoff in the infinite volume.
Thus, the dilute gas picture of the instanton does not make sense at zero temperature.
On the other hand, at finite temperature the function nG (ρ)nT (τ ρT )/ρ

5 is effectively
cutoff at size ρcut ∼ 1/πT . Then, as the temperature of the Yang-Mills gas increases,
the typical instanton size in the system decreases. This is consistent with the fact that
the instanton calculus of the topological susceptibility in the SU(N ) gauge theory at
high temperature is consistent with the numerical results using lattice simulation.

3.4 The calculation of the topological susceptibility
at finite temperature

Collecting the above expressions, theDIGApredicts the topological susceptibility χt (T )
at finite temperature to be

χt (T )V4 ≈
ZQ=1 + ZQ=−1

ZQ=0
= 2

∫
d4z

∫ ∞

0

dρ

ρ5
n(ρ,T ) . (3.217)

Later, d ln χt (T )V4/d lnT in the DIGA is numerically estimated to compare with the lat-
tice result, where the running coupling is calculated with the four loop β function. Fo-
cusing on the temperature dependence in the high temperature limit where the DIGA
is reliable, it follows from eq. 3.217 that

lim
T→∞

χt (T ) ∝
∫ ρcut

0
dρ ρβ

′
0−5 (πρT )2+

1
3 (N−Nf )

=
1

β′0 +
1
3 (N − N f ) − 2

ρ
β ′0+

1
3 (N−Nf )−2

cut (πT )2+
1
3 (N−Nf ),

∝ T 4−β ′0, (3.218)

where ρcut =
√
3/(

√
2N + N f πT ).
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3.5 The calculation of the gluon correlator at zero
temperature

Wewill review the calculation of the two point function of the gluon in the one instan-
ton background in both SU(2) and SU(3) pure Yang-Mills theory. We follow the past
literature [33, 34].

3.5.1 The result in SU(2) Yang-Mills theory

In the single instanton background, due to the self-duality of the instanton namely
Faµν = F̃aµν , the topological charge density q(x ) is related with the action density s (x ) as

q(x ) =
1

25π 2 F
a
µν F̃

a
µν =

д2

8π 2

(
1
4д2

FaµνF
a
µν

)
=

д2

23π 2s (x ). (3.219)

Thus the x dependence of the leading instanton contribution to the three correlator,
⟨s (x )s (0)⟩, ⟨q(x )q(0)⟩, and ⟨

s (x )q(0)
⟩
is same. Hereafter, for simplicitywewill calculate

the two point function of the gluon⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩
Q=1
. (3.220)

Considering the background field gauge in terms of the BPST instanton and the
semi-classical approximation, the operator Faµν (x )Faµν (x )Faµν (0)Faµν (0) is replaced by the
BPST instanton in eq. 3.86,

F̄aµν = −4ηaµν
ρ2

((x − x0)2 + ρ2)2
, (3.221)

where we puts bar ( ¯ ) to express the classical configuration. Then the expectation
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value of the operator is calculated as⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩
Q=1

=

∫
dρd4z

ρ5
nG (ρ)F̄

a
µν (x )F̄

a
µν (x )F̄

b
µν (0)F̄

b
µν (0),

= 21232
∫

dρd4z

ρ5
nG (ρ)

ρ8

((x − z)2 + ρ2)4(z2 + ρ2)4 ,

=
2113π 2

7

∫
dρ

ρ9
nG (ρ)2F1

(
4, 6,

9
2
,− x2

4ρ2

)
, (3.222)

where we use the instanton density in the Yang-Mills theory,

ntruncG (ρ) = CI (Λρ)
β0

(
β0 ln

( µ
Λ

))2N
, (3.223)

n
2-loop
G (ρ) = CI (µρ)

β

(
8π 2

д2(µ )

)2N
e−8π

2/д2 (µ ), (3.224)

CI =
1
4N

2e5/6

π 2(N − 1)!(N − 2)!e
−2α ( 12 )N+

N
6 ,

where Λ is the dynamical scale in the SU(N ) Yang-Mills theory. In eq. 3.223, we use
truncated gauge coupling

д2(µ )

8π 2 =
1

β0 ln(µ/Λ)
(3.225)

and the instanton density at 1-loop level where the power of ρ is β0 = 11N /3. In
eq. 3.224, the ρ dependence is the power of β = β0 + (β1 − 4β0N )д2(µ )/16π 2, where
β1 = 34N 2/3 in the SU(N ) Yang-Mills theory.

Substituting ntruncG (ρ) for nG (ρ) in eq. 3.222 , we analytically obtain⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩
Q=1

=
2113π 2

7
CIΛ

β0
(
β0 log

( µ
Λ

))2N
xβ0−8

∫ ∞

0
dλλβ0−92F1

(
4, 6,

9
2
,− 1

4λ2
)
.

= 724360 log4
( µ
Λ

)
Λ

22
3 x−

2
3 , (3.226)

where β0 = 11N /3 in the SU(N ) Yang-Mills theory. This integral is convergent ifN = 2
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Figure 3.1: The dimension-less correlator
⟨
Faµν (x )F

a
µν (x )F

b
µν (0)Fbµν (0)

⟩
Q=1
/Λ8 in the

SU(2) Yang-Mills theory is shown in the red and blue line, which correspond to the
instanton density ntruncG and n

2-loop
G , respectively. In both plot, the dashed, solid and

dotted line denote the different scale µ/Λ = 5, 20/3, 10, respectively.

but diverges if N = 3.

Here, we note the asymptotic behavior,

2F1

(
4, 6,

9
2
,− x2

4ρ2

)
→


1 − 4

3
x2

ρ2
+ O

((
x2

ρ2

)2)
, x2 ≪ ρ2,

14
(
ρ2

x2

)4
+ O

((
ρ2

x2

)5)
, ρ2 ≪ x2.

(3.227)

The power behavior of the correlator in both type of the instanton density is, when
using µ/Λ = 5,

⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩
Q=1
∝

x−2/3 (truncated),

x−1.1 (2-loop),
(3.228)

where we use the strong coupling at the 4-loop level [69].

3.5.2 The result of SU(3) YM theory

As for the SU(3) YM theory, the integral in terms of instanton size ρ badly diverges.
In order to somehow provide predictions about the power behavior, we use following
model about the instanton distribution n(ρ), where in the dilute instanton gas approx-
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imation (DIGA) the instanton density n(ρ) satisfies nDIGA(ρ) = nG (ρ)/ρ5.

nsp(ρ) = n̄δ (ρ − ρ̄), (3.229)

nexp(ρ) =
(n + 1)n+1

n!
n̄

ρ̄

(
ρ

ρ̄

)n
exp

(
−(n + 1) ρ

ρ̄

)
, (3.230)

ngauss(ρ) = 2
n̄

ρ̄

(
ρ

ρ̄

)n Γ
(
n+2
2

)n+1
Γ

(
n+1
2

)n+2 exp
−

*.,
Γ

(
n+2
2

)
Γ

(
n+1
2

) +/-
2 (
ρ

ρ̄

)2 , (3.231)

nILM(ρ) =
(β0 − 4)

β0−4
2

Γ
(
β0
2 − 2

)
2
β0−6
2

n̄

ρ̄β0−4
ρβ0−5 exp *,−β0 − 42

(
ρ

ρ̄

)2+- ,
=

343
15

√
14
π

n̄

ρ̄7
ρ6 exp

−72
(
ρ

ρ̄

)2 , (3.232)

where ρ̄ is the average size of the instanton and n̄ is the average density of the instanton
defined as

ρ̄ =
1
n̄

∫ ∞

0
dρρn(ρ),

n̄ =
1
n̄

∫ ∞

0
dρn(ρ).

Using the instanton distribution n(ρ), the leading instanton contribution to the
correlator of FaµνFaµν is calculated as below.⟨

Faµν (x )F
a
µν (x )F

b
µν (0)F

b
µν (0)

⟩
Q=1

=
2113π 2

7

∫
dρ

ρ4
n(ρ)2F1

(
4, 6,

9
2
,− x2

4ρ2

)
(3.233)

In the case of the spike distribution,⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩(sp)
Q=1

=

(
n̄

ρ̄4

)
2113π 2

7 2F1

(
4, 6,

9
2
,− x2

4ρ̄2

)
(3.234)

In the case of the exponential-like distribution with n = 6, which provide the small
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Figure 3.2: The dimension-less correlator
⟨
Faµν (x )F

a
µν (x )F

b
µν (0)Fbµν (0)

⟩
Q=1

(ρ̄4/n̄) is
shown for four hypothesis of instanton distribution n(ρ). In every cases correlators
behave as x−8 in |x | ≫ ρ̄, where ρ̄ is the average size of instantons.

ρ behavior same as the DIGA, the correlator is calculated as follows.⟨
Faµν (x )F

a
µν (x )F

b
µν (0)F

b
µν (0)

⟩(exp)
Q=1

=
15059072π 2

15

∫ ∞

0
dρ

ρ2

ρ̄3
exp

(
7ρ
ρ̄

)
2F1

(
4, 6,

9
2
,− x2

4ρ2

)
=

(
n̄

ρ̄4

)
2401π 2

90
G3,2
2,4

*,49x
2

16ρ̄2
���� −5,−30, 32 , 2,−

7
2

+- (3.235)

In the case of the gaussian-like distribution with n = 6, the correlator is calculated
as follows. ⟨

Faµν (x )F
a
µν (x )F

b
µν (0)F

b
µν (0)

⟩(gauss)
Q=1

=

(
n̄

ρ̄4

)
8796093022208
2734375π 2

∫ ∞

0
dρ

ρ2

ρ̄3
exp

[
− 256
25π 2

ρ2

ρ̄2

]
2F1

(
4, 6,

9
2
,− x2

4ρ2

)
(3.236)

In the case of the ILM distribution with β0 = 11, the correlator is calculated as
follows. ⟨

Faµν (x )F
a
µν (x )F

b
µν (0)F

b
µν (0)

⟩(ILM)

Q=1

=

(
n̄

ρ̄4

)
100352

√
14π 3/2

5

∫ ∞

0
dρ

ρ2

ρ̄3
exp

−72
(
ρ

ρ̄

)2 2F1

(
4, 6,

9
2
,− x2

4ρ2

)
(3.237)
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As a result, the x dependence of the correlator in the SU(2) Yang-Mills theory
(fig. 3.5.1) is quite different from that in the SU(3) Yang-Mills theory (fig. 3.5.2). The
crucial difference comes from the existence of the (ad-hoc) cutoff in the integration of
the instanton size ρ in SU(3). If there is IR cutoff scale ρcut, the correlator should be
constant in the small distance, i.e. x ≪ ρcut. This can be understand as follows. If we
introduce ad-hoc IR cutoff ρcut in the ρ integration,∫

dρd4z

ρ5
nG (ρ)F̄

a
µν (x )F̄

a
µν (x )F̄

b
µν (0)F̄

b
µν (0),

∝
∫

d4z

∫ ρcut

0
dρρb−5

ρ8

((x − z)2 + ρ2)4(z2 + ρ2)4 ,

When x ≪ ρ, the integrand can be expanded around x/ρ = 0.

1((
x
ρ −

z
ρ

)2
+ 1

)4 ((
z
ρ

)2
+ 1

)4 = 1((
z
ρ

)2
+ 1

)8 + O (
x

ρ

)
. (3.238)

Thus, the x dependent part becomes sub-leading in this limit. On the other hand, at
long distance, i.e. x ≫ ρcut, the x dependence is determined only by the dimensionality.
The integrand should have x dependence of 1/x−8 at large distance where x/z ≫ 1 and
x/ρ ≫ 1.

The correlator in the SU(2) Yang-Mills theory is interesting. Since the instanton-
size integration naturally conserves without any ad-hoc cutoff, the correlator has no
special scale and behaves like

Λ22/3x−2/3, (3.239)

which applies with the dimensional analysis.
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4
Lattice field theory

In this chapter, we review the basic of the lattice gauge theory. We refer ref. [36] and
[70] for more detailed discussion. We use the convention of ref. [71].

The lattice gauge theory proposed by Wilson [72] is one of the non-perturbative
regularizations of the quantum field theory (QFT). The continuous infinite degrees of
freedom in the QFT is approximated as the discrete finite degrees of freedom on the
lattice with a lattice spacing a and a volumeV . Due to the limited degrees of freedom,
the physical observables calculated on the lattice is finite. In the continuum limit a → 0
and thermodynamic limit V → ∞, the lattice gauge theory becomes the QFT.

QCD is the asymptotic free theory and its perturbative calculation is only valid at
high energy region. The growth of the strong coupling at the infrared region requires
the use of non-perturbative method. In the lattice regularization of QCD, called the
lattice QCD, the quark field is defined on the site of the discretized hypertorus with a
lattice spacing a. The gluons are defined on the link between the adjacent sites.

To construct the action on the lattice, there are two guiding principles. First, the
lattice action must become the action in the continuum theory in the zero lattice spac-
ing limit, a → 0. Second, the lattice action should have the same symmetry as the
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continuum action as much as possible. Note that there is no shift symmetry and rota-
tional symmetry on the lattice, while the discretized shift symmetry by a shift of a and
the rotational symmetry by an angle π/2 still remain.

4.1 gauge actions on lattice

We introduce the link variableUµ (x ) to construct the gauge invariant gluon action on
the lattice. The link variable is defined as

Uµ (x ) = exp
(
iдaAµ (x + aµ̂/2)

)
∈ SU(N ), (4.1)

where x = an̂ is defined by the coordinate on the lattice n̂ =
(
nx ,ny,nz,nt

)
. µ̂ denotes

the unit vector along the µ direction. The link variable with the opposite direction is
its inverse operator as

U−µ (x + µ̂ ) = U
†
µ (x ). (4.2)

The gauge transformation to the link variable is

Uµ (x ) → д(x )Uµ (x )д
†(x + aµ̂ ), (4.3)

where д(x ) ∈ SU(N ) is the local operator of the gauge transformation. Then, the path
ordered product of the link variables is transformed as

Πx→yU = Uµ1 (x )Uµ2 (x + aµ̂1) · · ·Uµk (y − aµ̂k ) → д(x )
[
Πx→yU

]
д†(y), (4.4)

where the subscript x → y denotes the path from x to y = x + a
∑k

i=1 µ̂k . Then, we can
construct the gauge invariant operator by considering the path ordered product along
the closed loop Cx starting from x ,

tr ΠCxU → tr д(x )
[
ΠCxU

]
д†(x ) = tr ΠCxU . (4.5)

Thus, the simplest gauge invariant variable is the square such as

Pµν (x ) = Uµ (x )Uν (x + aµ̂ )U
†(x + aν̂ )U †ν (x ) =

-
�6 ?

x x+aµ̂

x+aν̂ rrr (4.6)



4.1 gauge actions on lattice 71

which is called a plaquette.1 Suppose the lattice action have the gague invariance as
the continuum theory, the gauge action is, in general, written as

S =
∑
x

∑
Cx

βC tr ΠCxU , (4.7)

whereCx denotes the element of the set of the closed loops crossing the pointx . Wewill
determine the parameter βC so that the lattice action becomes the continuum action
in the limit of a → 0.

The simplest lattice gauge action, called the Wilson gauge action, is constructed
from the plaquette in eq. 4.6 as

SWд = β
∑
x

∑
µ>ν

(
1 − 1

Nc
ReTrPµν (x )

)
, (4.8)

where β = 2Nc/д
2(β ) is the lattice gauge coupling.

In the continuum limit, Wilson gauge action becomes the action in SU(N ) gauge
theory

lim
a→0

SWG =

∫
d4x

1
4
FaµνF

a
µν + O(a2). (4.9)

In practice, the lattice calculation has non-zero lattice spacing a, which causes the
systematic error to the observables. Concerning the Wilson gauge action, the extent
of the error is of O(a2). The appropriate choice of the additional term in the other
closed loop and the parameters βC would cancel theO(a2) contribution to construct the
improved action [74, 75]. The Symanzik-improved gauge action, called the Lüscher-
Weisz action [76], is constructed from the linear combination of the plaquette and the
1 × 2 rectangular plaquette,

Rµµν = Uµ (x )Uµ (x + aµ̂ )Uν (x + 2aµ̂ )U †µ (x + aµ̂ + aν̂ )U
†
µ (x + aν̂ )U

†
ν (x ), (4.10)

= -
�6

?
x x+2aµ̂

x+aν̂ rrr . (4.11)

1To write the diagram of the plaquette, we use the new command in TEX defined in the manuscript
of ref. [73].
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The Lüscher-Weisz action action is written as

Sд = 2Nc β Nsite
{
(c0 + 2c1) −

(
c0

⟨
Pµν (x )

⟩
+ 2 c1

⟨
Rµµν (x )

⟩) }
, (4.12)

where
⟨
Pµν (x )

⟩
and

⟨
Rµµν (x )

⟩
denote the 1 × 1 plaquette and 1 × 2 rectangle averaged

over the four-dimensional lattice sites, respectively. c0 and c1 satisfying c0 = 1− 8c1 so
as to be consistent with the continuum action. To cancel the O(a2) error, the parame-
ters are determined as c0 = 5/3 and c1 = −1/12.

de Forcrand et al. [73] provide the O(a4) improved gauge action as

Sm,n =
1

m2n2

∑
x ,µ,ν

Tr
(
1 −

-
�6

?
x x+mµ

x+nν rrr )
S =

5∑
i=1

ci Smi ,ni , (4.13)

where (mi ,ni ) = (1, 1), (2, 2), (1, 2), (1, 3), (3, 3) for i = 1, . . . , 5 and:

c1 = (19 − 55 c5)/9, c2 = (1 − 64 c5)/9
c3 = (−64 + 640 c5)/45, c4 = 1/5 − 2 c5. (4.14)

Here, they choose c5 = 1/20.

The total number of lattice sites is Nsite = N 3
S × NT = V4/a

4(β ), where NS and NT

represent the number of lattice sites in the spatial and time directions, respectively.
For fixed NS and NT , the physical, the four dimensional volume V4(β ) and the lattice
spacing a(β ) depend only on β . The temperature of the system in the physical unit is
given by

T (β ,NT ) =
1

a(β )NT
, (4.15)

and hence it can be changed by adjusting either the temporal size NT or the lattice bare
coupling д2(β ) = (2Nc )/β

2.

In chap. 6, we adopt the improved topological charge operator [73] to calculate the

2Thus, we take the mass independent scale setting prescription, where the lattice spacing a does not
depend on the quark mass.
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topological charge of the configurations. The topological charge Q is obtained as

Q =
5∑

i=1
ci Qmi ,ni , (4.16)

where the parameters ci is the same as eq. 4.14.

Qm,n =
1

32π 2
1

m2n2

∑
x

∑
µ,ν ,ρ,σ

ϵµνρσTr
(
F̂µν (x ;m,n)F̂ρσ (x ;m,n)

)
, (4.17)

with F̂µν (x ;m,n) given in terms of oriented clover averages ofm × n plaquettes

F̂µν (x ;m,n) =
1
8
Im


-
�6

?
-
�6

?
-
�6

?
-
�6

?
rrrr +

-

�6
?
-

�6
?

-

�6
?
-

�6
?

rrrr . (4.18)

4.2 The fermion action and the topology fixing term

TheWilson and overlap actions mentioned in chap. 5 are described below. TheWilson
quark action is given by

SWf (m̄ f ) =

Nf∑
f =1

∑
x ,y

ψ̄ f (x ) DW (m̄ f )x ,yψ f (y) , (4.19)

where

DW (m̄ f )x ,y =
(
m̄ f + 4

)
δx ,y −

1
2

∑
µ

{
(1 − γµ )Uµ (x )δx+aµ̂,y + (1 + γµ )U †(x − aµ̂ )δx−aµ̂,y

}
,(4.20)

where m̄ f = am f is the dimension-less fermion mass. The Hermitian Wilson Dirac
operator appearing in eq. (5.26) is then given by

HW (m̄ f ) = γ5DW (m̄ f ) . (4.21)

Note that, when using the HermitianWilson Dirac operator in the topology fixing term
and the kernel of the overlap Dirac operator (see below), the mass has to be negative.
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The overlap quark action and the Dirac operator is given by

Sovq (m̄ f ) =

Nf∑
f =1

∑
x ,y

ψ̄ f (x ) D
ov(m̄ f )x ,yψ f (y) , (4.22)

Dov(m̄ f )x ,y = Dov(0)x ,y + m̄ f

(
δx ,y −

1
2M0

Dov(0)x ,y
)
, (4.23)

Dov(0)x ,y = M0

[
1 + γ5 sign(HW (−M0))

]
x ,y

. (4.24)

In chap. 5, we adopt the fermionic definition based on the index theorem to estimate
the topological charge Q for given configurations, which requires the number of zero
modes of the overlap Dirac operator [77].

To suppress the near-zero modes of HW , the ghost term is introduced as

det *,
H 2
W

H 2
W + µ

2
+- =

∫
[dφ†WdφW ] exp (−STF) , (4.25)

STF = φ†W
[
(DW + iγ5µ )(D

†
WDW )−1(DW + iγ5µ )

†] φW , (4.26)

where µ is the mass of the twisted mass ghost. Introducing this term to the action
used in the HMC update as Sд+Sovq +STF, the topological charges of the configurations
are fixed during the HMC update. Introducing STF modifies the original lattice action
into the one which does not go to the continuum action in the continuum limit. To
reproduce the continuum action, we need to take µ → 0 limit, as well.

4.3 The partition functions on lattice

The QCD partition function on the lattice in θ -vacuum and in the fixed topological
charge sector is written as

Zθ (β,m̄ f ) =
+∞∑

Q=−∞
ZQ (β,m̄ f ) e

−iθQ = e−V4 E (θ ) , (4.27)

ZQ (β,m̄ f ) =

∫
∈Q
[dU ]

[
Π
Nf

f =1dψ f dψ̄ f

]
e−Sд (β )−Sf (m̄f )

=
1
2π

∫ π

−π
dθ Zθ (β,m̄ f )e

iθQ , (4.28)
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respectively, where ∈ Q denotes that the ensemble average of the gauge configurations
is restricted to ones with topological charge Q and E (θ ) (−π < θ ≤ π ) is the energy
density.

In the vacuum with θ = 0, the expectation value of an operator O is written as

⟨O⟩θ=0 (β,m̄ f ) =
1

Zθ=0(β,m̄ f )

+∞∑
Q=−∞

ZQ (β ,m̄ f ) ⟨O⟩Q (β ,m̄ f ) (4.29)

where we have defined the expectation value in the fixed topological charge Q sector
as

⟨O⟩Q (β ,m̄ f ) =
1

ZQ (β ,m̄ f )

∫
∈Q
[dU ]

[
Π
Nf

f =1dψ f dψ̄ f

]
e−Sд (β )−Sf (m̄f )O . (4.30)

Thus, the topological susceptibility times four dimensional volume is written as

χt (β,m̄ f )V4(β ),

=
⟨
Q2

⟩
θ=0

(β,m̄ f ),

=
1

Zθ=0(β,m̄ f )

+∞∑
Q=−∞

ZQ (β ,m̄ f )Q
2

=
Z1(β ,m̄ f ) + Z−1(β ,m̄ f ) + 4Z2(β ,m̄ f ) + 4Z−2(β,m̄ f ) + · · ·∑+∞

Q=−∞ ZQ (β ,m̄ f )
. (4.31)

The simplest method to calculate χt is to generate an ensemble on the lattice and
look at the distribution of Q . As is seen, for example, in fig. 1 of ref. [27], an update
algorithm employed there only generate configurations withQ = 0 or ±1 at some high
temperature 3. Since those with Q = 0 dominates the other, Z0 ≫ Z±1 should hold,
and it follows from eq. (4.31)

Z±1(β,m̄ f )

Z0(β ,m̄ f )
≈

w (β,m̄ f )

2
, (4.32)

where we have definedw (β ,m̄ f ) = χtV4.
So far, the partition function, ZQ , has been written as a function of β and m̄ f , but

3Note that, even in such a case, the resulting value of χt turns out to be consistent with more exten-
sive lattice simulations such as refs. [28, 29].
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an arbitrary pair of arguments can be chosen as long as they fix the QCD coupling and
the quark masses. In the following, we consider (T , m f ) and (w = χtV4, m f ) as a pair
of arguments, and fixm f to the physical quark mass as function ofT orw . In this case,
ZQ can be viewed as the function of T or w . Furthermore, the numbers of lattice sites
in the spatial and the temporal directions, i.e., NT and NS , are also fixed.

The observables calculated by the lattice QCD, in general, have both statistical and
systematic errors compared to the ones calculated in QCD. The former one comes from
the Monte-Carlo method used in the configuration generation
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5
Topological susceptibility at high

temperature on the lattice

5.1 Method

In this section, we will show how the temperature dependence of the topological sus-
ceptibility d ln χt (T )/d lnT can be obtained through the difference of the gauge actions
and the quark condensates in two distinct topological charge sectors. In the following,
for simplicity, we denote χt (T )V4 asw (T ).

The partition function at topological chargeQ sector ,ZQ (T ,mq,Nsite), is a function
of temperatureT and the quark massmq and the lattice size Nsite. The derivative of the
ratioZQ in terms of temperaturewithmq andNsite fixed is related to thed lnw (T )/d lnT
via the chain rule as

d ln ZQ2 (T )

ZQ1 (T )

d lnT

�����Nsite

=
d lnw (T )

d lnT

�����Nsite

d ln ZQ2 (w )

ZQ1 (w )

d lnw

�����Nsite

, (5.1)



78 Chapter 5. Topological susceptibility at high temperature on the lattice

where the symbol ���Nsite
denotes the Nsite is fixed. Then, the T dependence of w is ex-

pressed as

d lnw (T )

d lnT

�����Nsite

=
d ln ZQ2 (T )

ZQ1 (T )

d lnT

�����Nsite

×
*..,
d ln ZQ2 (w )

ZQ1 (w )

d lnw

�����Nsite

+//-
−1

. (5.2)

In the following, the symbol ���Nsite
is omitted for simplification. Below, we will estimate

the both factors in the r.h.s.
The first factor, d ln(ZQ2/ZQ1 )/d lnT , is calculated on the lattice with temperature

T (β ) as follows. As the lattice action is depend on the lattice gauge coupling β and the
quark mass m̄q , the derivative of ZQ (T ) in terms of T = 1/Nta(β ) is written as

d lnZQ (T )

d lnT
=

(
dβ

d lnT
∂

∂β
+
d lnm̄q

d lnT
∂

∂ lnm̄q

)
lnZQ (β ,m̄q ) . (5.3)

The β derivative term in eq. (5.3) becomes

dβ

d lnT
∂ lnZQ (β ,m̄q )

∂β
= −

β βд

2Nc
⟨Sд⟩(Q )

β,m̄q
, (5.4)

where we have used eq. (4.12), eq. (4.15) and the β function for the QCD coupling

βд =
dд2

d lna
= 2д

dд

d lna
, (5.5)

In perturbation theory, the first two coefficients of βд are given by

βд = 2b0 д4 + 2b1 д6 +O (д8) , (5.6)

b0 =
11 − 2

3N f

(4π )2
, b1 =

102 − 38
3 N f

(4π )4
. (5.7)

For our purpose, βд has to be numerically determined as the temperature considered
here is of O (Tc ).

The term including the mass derivative in eq. (5.3) are estimated as follows. The
first factor is found to be

d lnm̄q

d lnT
=

d lna
d lnT

d lnm̄q

d lna
= −

(
1 +

d lnmq

d lna

)
, (5.8)
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which is related to the anomalous dimension of the quark mass. The second factor is
calculated to be

∂ lnZQ (β ,m̄q )

∂ lnm̄q
= −N f m̄q⟨sq̄q⟩(Q )

β ,m̄q
, (5.9)

where the explicit form of the scalar density operator, sq̄q , requires specifying the quark
action, Sq . For example, it is given by

sq̄q =
∑
x

q̄x qx , (5.10)

for the Wilson fermion, and

sq̄q =
∑
x ,y

q̄x

(
δx ,y −

1
2M0

Dov
x ,y (0)

)
qy , (5.11)

for the overlap fermion. For details, see Sec. 4.2.

Gathering eqs. (5.4), (5.8) and (5.9), eq. (5.3) becomes

d lnZQ (T )

d lnT
= −

β βд

6
⟨Sд⟩(Q )

β,m̄q
+ N f

(
1 +

d lnmq

d lna

)
m̄q⟨sq̄q⟩(Q )

β ,m̄q
. (5.12)

Taking the difference of eq. (5.12) for Q2 and Q1, we obtain

d ln ZQ2
ZQ1

d lnT
=

β2 βд

6
∆S

(Q2,Q1)
д (β,m̄q ) + N f

(
1 +

d lnmq

d lna

)
m̄q

(
⟨sq̄q⟩(1)β ,m̄q

− ⟨sq̄q⟩(0)β ,m̄q

)
,(5.13)

where we have defined

∆S
(Q2,Q1)
д (β,m̄q ) = −

1
β

(
⟨Sд⟩(Q2)

β ,m̄q
− ⟨Sд⟩(Q1)

β,m̄q

)
, (5.14)

for later use. From eq. (5.13), it turns out that the differences of the gauge action and
the chiral condensate between two topological sectors are required to determines the
temperature dependence of ZQ2/ZQ1 .

Next, we turn to the second factor in eq. (5.2), d ln(ZQ2/ZQ1 )/d lnw . In the follow-
ing, the arguments of the partition functions are omitted for the sake of simplicity.
Whenw ≫ 1, existing lattice methods should work well, and our method is not more
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efficient than those. Hereafter, we focus on the w ≪ 1 case. Note that, although
w ≪ 1, we assume that the spatial volume is still larger than the typical length scale
of the system (∼ 1/T ).

Due to the analyticity, ZQ can be expanded in terms ofw as

ZQ = aQw
nQ +O (wnQ+1) , (5.15)

with an unknown coefficient aQ . While nQ for arbitrary Q is not known, previous
numerical simulations tell that there is a temperature region where Z±1/Z0 ≈ w/2
holds [eq. (4.32)], indicating n±1 − n0 = 1. With the assumption eq. (5.15), it follows
that

*..,
d ln ZQ2

ZQ1

d lnw
+//- = nQ2 − nQ1 +O (w ) (5.16)

Using eqs. (5.13) and (5.16) and recalling d lnV4/d lnT = −4, eq. (5.2) is rewritten
as

d ln χt (T )
d lnT

=


β2 βд

6
∆S

(Q2,Q1)
д (β,m̄q ) + N f

(
1 +

d lnmq

d lna

)
m̄q

(
⟨sq̄q⟩(1)β ,m̄q

− ⟨sq̄q⟩(0)β,m̄q

)
× 1
nQ2 − nQ1

+ 4 +O (w ) . (5.17)

If the boundary condition for this differential equation is provided, we can determine
the absolute value of χt (T ).

It should be noted that the l.h.s. of eq. (5.17) is independent of the choice of Q1

and Q2 up to O (w ). By equating the r.h.s. of eq. (5.2) for different pairs of Q , we can
numerically determine the ratio (d ln(ZQ1/ZQ2 )/d lnw )/(d ln(ZQ3/ZQ4 )/d lnw ) by

R (Q1,Q2,Q3,Q4) (β ) =
d ln ZQ1

ZQ2

d lnT
×
*..,
d ln ZQ3

ZQ4

d lnT
+//-
−1

=
d ln ZQ1

ZQ2

d lnw
×
*..,
d ln ZQ3

ZQ4

d lnw
+//-
−1

, (5.18)

independently of the size ofw . Then, the assumption eq. (5.15) gives

R (Q1,Q2,Q3,Q4) (β ) =
nQ1 − nQ2

nQ3 − nQ4

+O (w ) . (5.19)
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Especially, when Q2 = Q4 = 0 and Q3 = 1, R (Q1,0,1,0) (β ) = nQ1 − n0. Thus, measuring
R (Q,0,1,0) (β ) with various Q enables us to investigate the leading power of ZQ/Z0, i.e.
nQ − n0. On the other hand, whenw ≫ 1, the behavior of R (Q1,Q2,Q3,Q4) (β ) becomes

R (Q1,Q2,Q3,Q4) (β ) ∝
Q2
1 −Q2

2

Q2
3 −Q2

4
+O (1/w ) . (5.20)

In this case, calculating R (Q1,Q2,Q3,Q4) (β ) may serve to check whether w ≫ 1 indeed
holds.

Here let us comment on our method. If one could calculate the right hand side of
eq. (5.13) over a wide range ofT , ZQ2/ZQ1 can be obtained by the numerical integration
with an suitable input. By repeating this procedure for arbitrary pairs of (Q1, Q2) and
substitutingZQ2/ZQ1 thus obtained into eq. (4.31), one can determine χt (T ) over a wide
range ofT without any assumptions, in principle. If that is possible, the most of above
arguments are unnecessary. However, as we will show soon, it turns out that the
numerical accuracy is rather limited and the above naive procedure does not work
well.

In this work, we instead focus ond ln χt (T )/d lnT in the temperature region, where
χt (T )V4 ≈ 2Z±1/Z0 is valid, because this quantity still provides useful information. For
example, the leading powers ofw inZQ2/Z0, i.e. nQ2−n0, extracted through eq. (5.19) for
variousQ2 (Q1 is fixed to zero for simplicity) can be used to identify the θ dependence
of the energy density1. Furthermore, once an integer value of nQ2 −n0 was determined,
d ln(ZQ2/Z0)/d lnT provides an independent determination ofd ln(Z±1/Z0)/d lnT through
eq. (5.17) with nQ1 = n0 as we will explicitly show in the next section.

5.1.1 high temperature limit

It is instructive to see the high temperature limit of eq. (5.17). In this limit, the gauge
action in each topological sector is expected to realize the BPST instanton solution,
at least in the continuum theory, i.e. ⟨Sд⟩(Q )

β ,m̄q
→ 8π 2

д2
|Q |. Thus, ⟨Sд⟩(Q )

β ,m̄q
/β has a finite

value in the high T limit,

lim
T→∞

1
β
⟨ Sд ⟩(Q )

β,m̄q
=

4π 2

3
|Q | . (5.21)

1The general form of it is given in eq. (5.33).



82 Chapter 5. Topological susceptibility at high temperature on the lattice

Using the perturbative expression for βд and keeping only the leading order contribu-
tion, β2βд takes

lim
T→∞

β2βд =
11 − 2

3N f

(4π )2
× 72 . (5.22)

Collecting the above yields

lim
T→∞

d ln χt (T )
d lnT

=
1

nQ2 − nQ1

 ( |Q2 | − |Q1 |)
(2
3
N f − 11

)
+N f lim

T→∞
m̄q

(
⟨sq̄q⟩(Q2)

β ,m̄q
− ⟨sq̄q⟩(Q1)

β,m̄q

) + 4 , (5.23)
where the O (w ) contribution is omitted.

With N f = 0, the r.h.s. of eq. (5.23) gives −11× ( |Q2 | − |Q1 |)/(nQ2 −nQ1 ) + 4. In this
case, instanton calculus predicts χt ∼ T −7, which is reproduced when nQ = |Q |. The
instanton calculus for N f = 0 should also be reproduced in the heavy quark limit, in
which the heavy quarks will be decoupled from the theory and hence the β-function
is reduced to the one for N f = 0. By imposing that the heavy quark limit of eq. (5.23)
yields χt ∼ T −7,

lim
m̄q→∞

lim
T→∞

m̄q

(
⟨sq̄q⟩(Q2)

β ,m̄q
− ⟨sq̄q⟩(Q1)

β,m̄q

)
= O (1/m̄q ) , (5.24)

is obtained.

When N f = 3, the instanton calculus predicts χt ∼ T −8, which indicates

lim
T→∞

m̄q

(
⟨sq̄q⟩(Q2)

β ,m̄q
− ⟨sq̄q⟩(Q1)

β ,m̄q

)
= −

(
nQ2 − nQ1

)
+O (m̄q ) . (5.25)

This coincides with the contributions from the fermion zero modes, −( |Q2 | − |Q1 |),
when nQ = |Q |.
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5.2 test in the quenched approximation

5.2.1 lattice setup

In order to see how well the method described in the previous section works, we per-
form a test in the quenched approximation. The configurations are generated using
the renormalization group improved Iwasaki gauge action, i.e. c1 = −0.331. The lattice
volume is fixed to 163 × 4 in this feasibility test except one simulation, in which the
calculation is repeated on 243 × 4 lattice to see the volume dependence. However, the
number of configurations required for a fixed statistical error grows as Nsite, and our
limited computational resources did not allow us to investigate the size dependence in
detail.

We use the index theorem in defining the topological charge, Q = Index[Dov],
where Dov is the overlap Dirac operator shown in (4.23). Since the configurations in a
fixed topological sector is needed, we insert the topology fixing (TF) term,

det
[
HW (−M0)

2
]

det [HW (−M0)2 + µ2]
, (5.26)

into the path integral [78] to fix Q during the update process. The explicit form of
the Hermitian Wilson Dirac operator, HW , is found in eq. (4.21). Due to this term, the
appearance of the eigenvalues ofHW smaller than µ, |λHW | <∼ µ, is suppressed, and so is
the topology change. In this work, µ = 0.2 andM0 = 1.6 are used. The standard hybrid
Monte Carlo (HMC) method is applied in the configuration generation. The step size
in the molecular dynamics procedure is tuned to realize the acceptance ratio of 75% to
90 %.

In the preparation step, we first generate configurations at aroundTc without the TF
term to sample the configurations with various Q values. Then, the TF term is turned
on, and β is changed to a desired value. The topological charge of configurations thus
generated is monitored by calculating the index of the overlap Dirac operator [see
eq. (4.23)] with the same value of M0 as that in the TF term, and we checked that no
transition to a differentQ sector occurs within the configurations used in the analysis
except in the Q = −2 sector on 243 × 4 lattice, where Q = −2 is changed to −1 after
1,310 trajectories.

In the following plots, we present the statistical error only, which is estimated by
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the standard single elimination jackknife method with the bin size of 50 trajectories.
Increasing the bin size by a factor two only changes the size of uncertainty by a few %.

The theory with the TF term (5.26) is not rigorously equivalent to the quenched
QCD, because the TF term (5.26) would break Z3 symmetry. Thus, strictly speaking,
the action with the TF term may not allow us to study the phase transition of the
quenched QCD. Thus, our study focuses on the temperature region like T ≥ 2Tc .

It is also important to note that the presence of the TF term, in general, changes the
correspondence between the simulation parameter β and temperatureT . By using the
fact that the spectrum of the Dirac operator is sensitive to the temperature, we see how
much the correspondence between the simulation parameter β and temperature T is
shifted in the presence of the TF term. The distribution of the smallest eigenvalues of
the Hermitian Wilson (HW ) and overlap (Hov) Dirac operators are shown in Fig. 5.1 as
examples, where β = 2.450, 2.802 and 10 correspond toT ∼ 1.3Tc , 2.25Tc and 8×103Tc ,
respectively.

In Fig. 5.1 (left), the suppression of the appearance of small eigenvalues is clear
at T ∼ 1.3Tc (left) while no significant difference is observed at T > 2Tc . As for the
Hermitian overlap Dirac operator [Fig. 5.1 (right)], while the effect of the TF term is
again clear at low temperature (top) especially in the near-zero mode region, the distri-
butions reasonably agree at high temperatures (middle and bottom). The temperature
region we are interested in isT >∼ 2Tc and in such a region the Dirac spectra with and
without the TF term turn out to agree at the same β values. This observation allows
us to employ the relationship between the simulation parameter β and temperature T
obtained in simulations with the same gauge action but without the TF term. Although
it would be possible to numerically take the µ=0 limit, we do not pursue the limit in
this exploratory study.

The configurations are generated at 12 values of β ranging from Tc to 104Tc and
in four different topological sectors, Q = 0, 1, −1, −2. The configurations are stored
every 10 and 5 trajectories for 163 × 4 and 243 × 4 lattices, respectively. The simulation
parameters and statistics are tabulated in Tab. 5.1. The values of T /Tc in the table are
obtained by using the formula provided in Ref. [79], where the lattice spacings are
determined in a wide range of β using the same gauge action as ours but without the
TF term.
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Nsite β T /Tc Q = 0 +1 −1 −2 Q = +1 −1 −2
163 × 4 2.300 1.02 1453 1737 1240 1207 −1.3(9) −1.0(10) −2.5(10)

2.400 1.23 1255 1352 1053 1772 −3.4(9) −3.2(10) −5.3(8)
2.500 1.45 1490 1228 1101 1109 −1.9(8) −0.8(9) −3.1(8)
2.600 1.69 1217 1105 1074 1229 −2.1(9) −1.3(9) −3.6(8)
2.700 1.96 1137 1388 1344 1876 −1.5(8) −1.4(8) −3.2(8)
2.802 2.25 1397 1338 1430 1351 −1.7(7) −1.8(7) −4.0(7)
3.000 2.90 1876 1359 1754 1297 −1.5(6) −1.6(6) −3.5(6)
3.200 3.70 1750 1732 2719 1204 −1.3(5) −0.9(5) −2.9(6)
3.500 5.23 1328 1114 1100 1255 −1.4(6) −1.4(6) −3.1(5)
4.000 9.16 1445 1197 1239 1346 −1.3(5) −1.3(5) −2.9(5)
5.000 27.82 1097 1256 1237 1043 −1.3(4) −1.3(4) −3.0(4)
10.00 8.2×103 1051 1054 1001 1001 −1.4(2) −1.6(2) −2.7(2)

243 × 4 3.200 3.70 4152 3104 6990 262 −0.4(2) −0.5(2) −1.6(7)

Table 5.1: Simulation parameters and the number of configurations used in the analy-
sis. The rightmost three columns are ∆S (Q,0)д /(6Nsite) in unit of 10−4.

5.2.2 numerical results

In quenched QCD, the T dependence of χt is determined by

d ln χt (T )
d lnT

=
1

nQ2 − nQ1

β2 βд

6
∆S

(Q2,Q1)
д (β ) + 4 +O (w ) . (5.27)

The results of ∆S (Q,0)д (β ) with Q = ±1 and −2 are shown in Fig. 5.2, where it is seen
that the data forQ = 1 and −1 agree well within the statistical error as expected. Thus,
the averaged value over Q = 1 and −1 is used in the following analysis.

The horizontal dotted lines represent the action difference in the BPST instanton
solutions, or in the high temperature limit, for |Q | = 1 and 2 from top to bottom. The
lattice data for Q = ±1 are on top of the corresponding BPST line down to β ∼ 2.5 (or
T ∼ 1.45Tc ) and suddenly decrease at β ∼ 2.4. The similar behavior is observed for
Q = −2 but the deviation from the corresponding BPST line starts at slightly larger
β , β ∼ 3. The jump observed at β ∼ 2.4 may be associated with the phase transition.
Studying the phase transition itself within this framework is interesting, but we focus
on the high temperature region in this paper.

The large volume results are also shown in Fig. 5.2 (filled symbols). It is confirmed
that the Q = ±1 result are consistent with that from the smaller lattice. We omit the
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Q = −2 result on the larger lattice from the figure because of a large uncertainty.

In order to estimate d ln χt/d lnT using ∆(Q,0)Sд (β ) with Q = ±1 or −2, we need
to know nQ − n0. n±1 − n0 = 1 is empirically known 2. We can estimate n2 − n0 by
looking at R (2,0,1,0) (β ) [see eq. (5.19)]. Fig. 5.3 shows that R (2,0,1,0) (β ) is consistent with
two over the whole range of β we have studied, but the large statistical errors do not
allow the precise determination except for the region of β ≥ 10. It is seen that, when
the mean value is relatively large, the error is also large. Thus, we assume n−2−n0 = 2
in the following analysis.

The QCD beta function, βд, down to a low energy scale (∼ Tc ) is necessary in
estimating eq. (5.27). We use the result of ref. [79], in which the lattice spacing is
expressed as a function of the lattice gauge coupling, β , as

(a
√
σ ) (β ) =

f (β )

c0

[
1 + c2â(β )2 + c4â(β )4

]
, (5.28)

where σ denotes the string tension and

â(β ) =
f (β )

f (β1)
, f (β ) = e

− β
12b0

(
6b0
β

)− b1
2b20
, (5.29)

c0 = 0.524(15), c2 = 0.274(76), c4 = 0.105(36), β1 = 2.40 . (5.30)

Using this expression, βд is numerically determined through

βд = −
6
β2

1
d ln(a

√
σ )

dβ

. (5.31)

At the same time, the relationship between T /Tc and β is found to be

T (β )

Tc
=

(a
√
σ )(βc )

(a
√
σ )(β )

, (5.32)

where Tc = T (βc ) and βc = 2.288 [79]. βд and T (β )/Tc are shown as a function of the
lattice gauge coupling β in fig. 5.4. In the plot, we also show β2βд, which approaches

2See the discussion around eq. (4.32).
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to β2βд → 792/(4π )2 ∼ 5 in the large β limit.
Substituting the above results into eq. (5.27), d ln χt/d lnT is calculated as shown in

fig. 5.5, where the two solid curves represent the prediction of the DIGA (3.217) with
µ = πT /2 and 2πT , respectively although they can not be distinguished at this axis
scale.

The results with |Q | = 1 and 2 are consistent with each other, which is expected
from the observation in fig. 5.3. These results are also consistent with the high temper-
ature limit and the DIGA down to T /Tc ∼ 1.5. Note that the results using the Q = −2
sector has the uncertainty smaller than those using Q = ±1 by a factor n−2 − n0 = 2,
which indicates that once thenQ−n0 has been fixed one can obtain very accurate result
by performing a simulation at large Q .

One of the concerns in this approach is the finite volume effect since the physical
volume becomes extremely small at large β . Fig. 5.5 shows that the lattice results well
reproduce the high temperature limit at high temperature. From this observation, it
is unlikely that the finite size effect significantly affects the lattice results, and it is
natural to think that NT ≪ NS is the necessary condition for the finite volume effects
to be under control. Indeed, the aspect ratio of our lattices is NS/NT = 4, and hence the
above condition seems to be satisfied. Nevertheless, calculations with different lattice
sizes are clearly useful to explicitly check the finite size effect and whether w ≪ 1
holds or not. However, since the uncertainty of the action value grows as

√
Nsite, we

need the statistics proportional to Nsite to keep the size of the uncertainty constant.
From the phenomenological point of view, χt (T ) forTc <∼ T <∼ 10Tc is important. In

this range ofT , the statistical uncertainty is relatively large (typically ±4 forO (10, 000)
trajectories), which makes the axion abundance ambiguous. It is thus important to
accumulate a large number of statistics. On the other hand, if χt (T ) behaves like a step
function, our method should be able to detect such a behavior.

5.3 summary and future prospects

The QCD topological susceptibility, χt , at high temperature provides an important
input for the estimate of the axion abundance in the present universe. Existingmethods
to calculate χt on the lattice in the literature fail when χt (T )V4 ≪ 1. We proposed
a novel lattice method to calculate the temperature dependence of the susceptibility,
which is expected to workwell especially in high temperature regionwhere χt (T )V4 ≪
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1. To see how it works, we performed quenched simulations on the 163 × 4 lattice, and
found that the results ofd ln χt/d lnT well agree with the DIGA prediction above 1.5Tc .
The simulation on a slightly larger lattice confirms that there is no unexpected large
finite volume effect, although keeping the statistical error constant requires statistics
proportional to Nsite. Thus, that error may be the main source of uncertainty in future
serious works.

To predict the axion abundance, we still have to include dynamical quarks with
the physical masses. In order for the method to work, the difference of the chiral
condensate between two topological sectors has to be precisely determined, for which
the dynamical overlap fermion seems to be preferred. Then, accumulating a large
number of configurations requires large amount of resources. But, if χt (T ) behaves
like a step function, a large number of statistics may not be necessary to detect such a
behavior.

A possible way out is to generate configurations in largeQ sectors, with which one
can achieve an uncertainty smaller than that with |Q | = 1 by a factor of nQ − n0. Note
that this requires the signal on R (Q,0,1,0) [eq. (5.20)] at w ≪ 1 to be sufficiently precise
to unambiguously identify the integer nQ − n0. Knowing nQ − n0 for various Q is also
useful to put the constraints on the θ dependence of E (θ ) in eq. (4.27), whose general
form would be given by

E (θ ) =
∑
n

cn (1 − cos(n θ )) , (5.33)

with χt =
∑

n cn/n
2.
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Figure 5.1: Comparison of the distribution of the smallest eigenvalue on the configu-
rations generated at the same β with and without the TF term. Those of HW (left) and
Hov (right) are shown for three β values.
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6
Instanton effects on CP-violating gluonic

correlators

6.1 Instanton calculus

In this section, we show the semi-classical calculation of the CP-violating (CPV) glu-
onic correlation function in the single instanton background in SU(2) Yang-Mills the-
ory at finite temperature. As mentioned in sec. 3.3.4 the instanton calculus we will
perform in the following is based on the semi-classical approximation, where we ig-
nore the contribution to the partition function from the cubic terms and quartic terms
of the fields in the Lagrangian. Thus, this approximation is only valid in the weak cou-
pling regime. Hereafter we assume the temperature of the system of the Yang-Mills
gas is enough high to ignore the O (αs ) correction in eq. 3.175. Since the following
calculation does not make sense in the low temperature limit, taking low temperature
limit of the results obtained at high temperature may not be consistent with the result
calculated at zero temperature.

As shown in eq. 3.197 and eq. 3.216, the instanton density in SU(N ) Yang-Mills
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theory at finite temperature is given by the semi-classical calculation in the single
instanton background as,

ZQ=1

ZQ=0
=

∫ 1/T

0
dz4

∫
d3z⃗

dρ

ρ5
nG (ρ)nT (πρT ) , (6.1)

nG (ρ) = CI (µρ)
b

(
8π 2

д2(µ )

)2N
e−8π

2/д2 (µ ),

nT (λ) = exp
[
−2N

3
λ2 − 12A(λ)

(
1 +

N

6

)]
,

A(λ) = − 1
12

log
(
1 +

λ2

3

)
+ c1

(
1

1 + c2λ−
3
2

)8
, (6.2)

where N is the number of colors, µ denotes the renormalization scale and b = 11N /3
the leading coefficients of the β function. In the following calculation, we use the
instanton density at 1-loop level because of the high temperature. We also assume
that the scale µ is replaced by the temperature T . Then, in eq. 6.1 the ρ independent
factor can be factored out as∫ 1/T

0
dz4

∫
d3z⃗

dρ

ρ5
nG (ρ)nT (πρT )

= CIT
b

(
8π 2

д2(T )

)2N
e−8π

2/д2 (T )

∫ 1/T

0
dz4

∫
d3z⃗dρρb−5nT (πρT ). (6.3)

Note that the exponential factor in nT (πρT ) effectively provides the upper limit for the
ρ integral, ρcut ∼ 1/πT .

In the following, we consider the CPV correlation function of the action density
s (x ) = (1/4д2)FaµνFaµν (x ) and the topological charge density q(x ) = (1/32π 2)Faµν F̃

a
µν (x )

in the Q = 1 sector,

⟨
s (x ) q(0)

⟩
Q=1

= CIT
b

(
8π 2

д2(T )

)2N
e−8π

2/д2 (T )

∫ β

0
dτ0

∫
d3z dρρb−5nT (πρT ) s (x ) q(0) , (6.4)

where we assume the contribution of theQ = 1 sector is dominated by the contribution
of the single instanton background. For general N , the correlation function (6.4) is not
well defined at zero temperatures due to the IR divergence. But, in the SU(2) Yang-Mills
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theory, it is finite and found to be [34]

⟨
s (x ) q(0)

⟩
Q=1 = C x−8 (x Λ)b , (6.5)

where Λ is the dynamical scale. Once temperature is switched on, (6.5) is modified as

⟨
s (x ) q(0)

⟩
Q=1 = CT 8

(Λ
T

)b
(x T )−γ (xT ) , (6.6)

where the precise form of γ (xT ) is determined by an explicit calculation.

In the single instanton background the field strength Faµν in the action density and
the topological charge density is substituted by the instanton solution F̄aµν at finite tem-
perature. This procedure is the same as what we reviewed in sec. 3.5 for the N = 2, 3
case in SU(N ) Yang-Mills theory. As shown in sec. 3.2.5 the instanton configuration at
finite temperature is constructed as a sum of the countably infinite number of instan-
tons at zero temperature periodically aligned along the Euclidean time z4 direction. In
order to deal with the multi-instanton configuration, the singular instanton in eq. 3.100
is considered here, and thus the HS caloron in eq. 3.111 is also in the singular gauge,
which has singularity at the position of the instanton. In order to calculate the leading
instanton contribution to the two point function of the gluon such as eq. 6.4, strictly
speaking the integration in terms of the position d3zdz4 may diverge by the pole of the
caloron.

There is a counterpart solution at zero temperature, called the ’t Hooft solution in
eq. 3.100, which is singular at the position of the instanton. When calculating phys-
ical quantities at zero temperature using the ’t Hooft solution, one usually applies a
singular transformation in eq. 3.88 and obtain the BPST instanton in eq. 3.85, which
is regular anywhere [20, 80]. Here, we follow the similar prescription. In order to re-
move the singularity of HS caloron, we take the periodicity in the time direction into
account, and modify the singular transformation employed at zero temperature to the
one for finite temperature [20].
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We define the dimension-less coordinates as

R = 2πT |x⃗ − z⃗0 |,
Ri = 2πT (xi − z0,i ),
R4 = 2πT (x4 − z0,4),
λ = πρT . (6.7)

Using the above notation, the potential of the HS caloron is written as

Π = 1 +
πT ρ2

|x⃗ − z⃗0 |
sh (2πT |x⃗ − z⃗0 |)

ch (2πT |x⃗ − z⃗0 |) − cos (2πT (τ − τ0))
, (6.8)

= 1 +
2λ2

R

shR
chR − cosR4

,

≈ 1 +
4λ2

R2 + R2
4
, (6.9)

where z⃗ and τ0 denotes the instanton position in the 3-dimensional space and the imag-
inary time, respectively.

As eq. 6.9 shows, Π has the singularity at the position of the instanton. Since this
singularity propagate to the Aµ and FaµνFaµν and avoid us to calculate the correlator, we
need to move this singularity to the infinity by singular transformation, which must
be unitary and periodic in the imaginary time direction. Such gauge transformation is
realized by

д =
iτ+µ R̄µ√

R̄2
, (6.10)

R̄µ = (Ri , sinR4). (6.11)

Using the above gauge transformation, we obtain the regular instanton configuration
in the finite temperature as follows. In the end, we obtain the following solution,

Aµ = −4πT
(
ãα R̄α + Īµ

) iτ+µν R̄ν
R̄2 , (6.12)
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where

ãµ =
∂

∂xµ

1
4πT

lnΠ(x ) , R̄µ = {Ri , sinR4} (i = 1, 2, 3) ,

Īµ =
 1 for µ = 1, 2, 3

cosR4 for µ = 4
,

τ±µν =
1
4

(
τ±µ τ

∓
ν − τ±ν τ∓µ

)
, τ±µ =

{
τ a,±i} ,

with τ a Pauli matrices.

Since in the limit of R → 0 and R4 → 0

ã · R̄ = λ2
shR

(
cosR4 − sin2 R4

)
− chR (R cosR4 + shR) + R

(chR − cosR4) (RchR − R cosR4 + 2λ2shR)
,

≈ λ2(R2 − 4)
4λ2 + R2 + R2

4
, (6.13)

the gauge field A′µ and its derivative, Fµν , is regular at this point.

The field strength tensor in the instanton background A′µ is straightforwardly cal-
culated as

F ′µν = ∂µA
′
ν − ∂νA′µ + i[A′µ ,A′ν ],

= 8π 2T 2 iτ
(+)
νρ

R̄2

[
ã · R̄

(
δρµ −

2R̄ρR̄µ
R̄2

)
− R̄ρ∂µ

] (
ã · R̄ + Īν

)
− (µ ↔ ν ) , (6.14)

≡ iτ (+)νρ f (ν )ρµ − iτ (+)µρ f
(µ )
ρν , (6.15)

where

f (ν )ρµ =
8π 2T 2

R̄2

[
ã · R̄

(
δρµ −

2R̄ρR̄µ
R̄2

)
− R̄ρ∂µ

]
K (ν ), (6.16)

K (ν ) = ã · R̄ + Īν . (6.17)

Then using the relation,

Tr
(
τ (+)µν τ

(+)
ρσ

)
=

1
2

(
δµσδνρ − δµρδνσ + ϵ̂µνρσ

)
, (6.18)
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we obtain

TrF ′µνF
′
µν = −f

(µ )
µρ f

(µ )
µρ − f

(µ )
ρµ f

(µ )
ρµ + δνν f

(ν )
ρµ f (ν )ρµ + f (ν )µµ f

(µ )
νν , (6.19)

where these tensor products are calculated as

f
(µ )
µρ f

(µ )
µρ

=

(
8π 2T 2

R̄2

)2 [
(ã · R̄)2

(
3K2

1 + K
2
4

)
+
4(ã · R̄)
R̄2

{
K1

(
R̄ · ∂(ã · R̄)

)
R̄2 + (K4 − K1) R̄

2
4

(
R̄ · ∂(ã · R̄)

)
− K4

(
R̄4

)4}
+
{
R̄2∂α (ã · R̄)∂α (ã · R̄) + R̄4

4 − 2∂4(ã · R̄)R̄3
4

} ]
, (6.20)

f
(µ )
ρµ f

(µ )
ρµ =

(
8π 2T 2

R̄2

)2 [
(ã · R̄)2

(
3K2

1 + K
2
4

)
+R̄2∂α (ã · R̄)∂α (ã · R̄) − 2R̄2R̄4∂4(ã · R̄) + R̄2R̄2

4

]
, (6.21)

δνν f
(ν )
ρµ f (ν )ρµ

=

(
8π 2T 2

R̄2

)2 [
4(ã · R̄)2

(
3K2

1 + K
2
4

)
+ 2(ã · R̄)

{
(3K1 + K4)

(
R̄ · ∂(ã · R̄)

)
− K4R̄

2
4

}
+R̄2

{
4∂α (ã · R̄)∂α (ã · R̄) − 2R̄4∂4(ã · R̄) + R̄2

4

} ]
, (6.22)
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f (ν )µµ f
(µ )
νν

=

(
8π 2T 2

R̄2

)2 [
(ã · R̄)2 (3K1 + K4)

2 − 4(ã · R̄)2 (3K1 + K4)

(
K1 +

R̄2
4

R̄2 (K4 − K1)

)
+4(ã · R̄)2

(
K1 +

R̄2
4

R̄2 (K4 − K1)

)2
−2(ã · R̄)

{
4K1

(
R̄ · ∂(ã · R̄)

)
+ 4 (K4 − K1) R̄4∂4(ã · R̄) − R̄2

4K4
}

+4(ã · R̄)
{
K1

(
R̄ · ∂(ã · R̄)

)
+ (K4 − K1) R̄4∂4(ã · R̄) − K4

R̄4
4

R̄2

}
+

(
R̄ · ∂(ã · R̄)

)2 − 2R̄3
4∂4(ã · R̄) + R̄4

4

]
. (6.23)

The building blocks of the above formulae are K1 = (ã · R̄)− 1, K4 = (ã · R̄)− cosR4,
and the following formulae.

(ã · R̄) =
λ2

(
−ch(R) (R cos(R4) + sh(R)) + sh(R)

(
cos(R4) − sin2(R4)

)
+ R

)
(ch(R) − cos(R4)) (Rch(R) − R cos(R4) + 2λ2sh(R))

, (6.24)

∂4(ã · R̄) =
1

2(ch(R) − cos(R4))2 (Rch(R) − R cos(R4) + 2λ2sh(R))2

λ2 sin(R4)
[
− ch(R)

(
R2(cos(2R4) + 5) + 8λ2sh(R)2 cos(R4) − 2Rsh(R) (−2 cos(R4) + cos(2R4) + 3)

)
+2R2ch(R)3 + 2Rch(R)2sh(R)

(
2λ2 − 2 cos(R4) + 1

)
+ 4R2 cos(R4) + 2λ2sh(R)2(cos(2R4) + 3)

+Rsh(R)
(
−4λ2 − 4 cos(R4) + cos(2R4) + 1

) ]
, (6.25)
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∂α (ã · R̄)∂α (ã · R̄)

=
1

4(ch(R) − cos(R4))4 (Rch(R) − R cos(R4) + 2λ2sh(R))4

λ4
[
sin2(R4)

(
− ch(R)

(
R2(cos(2R4) + 5) + 8λ2sh(R)2 cos(R4)

−2Rsh(R) (−2 cos(R4) + cos(2R4) + 3)
)
+ 2R2ch(R)3 + 2Rch(R)2sh(R)

(
2λ2 − 2 cos(R4) + 1

)
+4R2 cos(R4) + 2λ2sh(R)2(cos(2R4) + 3) + Rsh(R)

(
−4λ2 − 4 cos(R4) + cos(2R4) + 1

) )2
+4

(
(ch(R) − cos(R4))

(
Rch(R) − R cos(R4) + 2λ2sh(R)

)
(
ch(R) sin2(R4) + ch(R)2 + Rsh(R) cos(R4) + sh(R)2 − 1

)
+(ch(R) − cos(R4))

(
2λ2ch(R) + ch(R) + Rsh(R) − cos(R4)

)(
−ch(R)(R cos(R4) + sh(R)) + sh(R)

(
cos(R4) − sin2(R4)

)
+ R

)
+sh(R)

(
Rch(R) − R cos(R4) + 2λ2sh(R)

)
(
−ch(R)(R cos(R4) + sh(R)) + sh(R)

(
cos(R4) − sin2(R4)

)
+ R

) )2]
, (6.26)
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R · ∂(ã · R̄)

=
1

(ch(R) − cos(R4))2 (Rch(R) − R cos(R4) + 2λ2sh(R))2

λ2
[
Rch(R)2

{
sh(R)

(
cos(R4)

(
−2λ2 + R2 + cos(2R4) − 4

)
+ 2

(
λ2 + 1

)
sin2(R4)

)
+R

(
−2λ2 −

(
2λ2 + 3

)
cos2(R4) + sin(R4) sin(2R4)

)
+ Rsh(R)2

}
−1
4
ch(R)

{
R2

(
−

((
8λ2 + 3

)
cos(R4) + 4 cos(2R4) + cos(3R4) + cos(4R4) − 5

))
+Rsh(R)

(
−12λ2 + 8R2 − 2

(
2λ2 + 1

)
cos(2R4) + 4 cos(R4) − 4 cos(3R4) + cos(4R4) − 11

)
+8sh(R)2

(
sin2(R4)

(
2λ2 cos(R4) − R2

)
+ R2 cos(R4)

) }
−R2ch(R)4 + Rch(R)3

((
2λ2 + 3

)
R cos(R4) + sh(R)

)
−1
4
Rsh(R)

(
4λ2 +

(
8λ2 − 5R2 + 5

)
cos(R4) + R

2 cos(3R4)

−4λ2 cos(2R4) − cos(3R4) + cos(4R4) − 1
)
+ sh(R)2

(
λ2

(
−2R2 + 2 sin4(R4) + sin2(2R4)

)
+

(
2λ2 + 1

)
R2 cos2(R4) − 2R2 sin2(R4) cos(R4)

)
+R2 sin(R4) sin(2R4) + 2λ2Rsh(R)3 sin2(R4)

]
. (6.27)

Substituting this solution into the integrand of eq. (6.4), the correlation function is
numerically evaluated as shown in fig. 6.1, where the normalized correlation function
is plotted as a function of log(2πT |x⃗ |). The correlation function behaves like |x⃗ |−6 for
2πT |x⃗ | ≫ 1 as indicated in the figure, while it stays constant for 2πT |x⃗ | ≪ 1, i.e. it
turns out that limx→∞ γ (xT ) = 6 and limx→0 γ (xT ) = 0. Later we will compare this
behavior to the one calculated on the lattice. Since the comparison is made at a given
temperature and the overall factor is adjusted by hand, the factor (Λ/T )b is treated as
a part of the overall factor.

6.2 Simulation setup

The gauge configurations are generated using the Wilson plaquette gauge action with
N = 2 at several β values. Two lattice sizes are chosen to be 243 × 6 and 323 × 8.
The simulation code is developed from the Bridge++ code set [81] to perform SU(2)
simulations. The physical temperatures, T /Tc , listed in Tab. 6.1, are borrowed from



102 Chapter 6. Instanton effects on CP-violating gluonic correlators

-4 -2 2 4
Log 2πT|x|

-20

-15

-10

-5

0

Log <s(x)q(0)>/C(T)(2πT)8

SU(2)YM

SU(3)YM

1500(2πT|x|)-6

Figure 6.1: The x-dependence of the correlation function eq. (6.4) in one instanton
background, eq. (6.12). The

⟨
s (x )q(0)

⟩
Q=1 /C (T )(2πT )8 is a function of xT , where all

the T dependent factor of
⟨
s (x )q(0)

⟩
Q=1 is factored out as C (T )T 8.

Table 6.1: Lattice parameters, physical temperatures, statistics.
Lattice β T /Tc Nconf ( |Q | = 1) Ntot
243 × 6 2.322 0.7215 122 824
243 × 6 2.468 1.163 87 372
323 × 8 2.582 1.246 154 540
323 × 8 2.714 1.857 90 786

Ref. [82]. The measurements described below are carried out every ten trajectories.
The total number of configurations and the number of configurations in the Q = ±1
sector in each ensemble are listed shown in Tab. 6.1.

6.3 Gradient flow with large flow time

The gradient flow in Yang-Mills theory [83, 84] is an evolution of gauge field in terms of
the diffusion equation along the fictitious time t , so called flow time. In the continuum
theory the flow equation is given by

∂Bµ (x , t )

∂t
= − δSYM

δBµ (x , t )
, Bµ (x , t = 0) = Aµ (x ) , (6.28)

whereAµ (x ) is the gauge field in 4d Euclidean Yang-Mills theory, and SYM is the Yang-
Mills action. This procedure makes the field configurations be smoothed with the
smearing radius ∼

√
8t . Importantly, the flow equation (6.28) leaves classical solutions
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Figure 6.2: The flow time history of the topological charge for 243×6withT /Tc ≃ 0.72
(left) and 323 × 8 with T /Tc ≃ 1.9 (right).

��

�����

�����

�����

�����

����

�����

��� ��� ��� �� �� �� ��� ��� ���

�
�
��
�
���
�
�

�

�����������������������������������

�������
�������
�������
�������

��

����

����

����

����

����

����

����

����

����

�� �� �� �� �� �� ��

�
�
��
�
���
�
�

�

�����������������������������������

�������
�������
�������
�������

Figure 6.3: Histogram ofQ at various t/a2 for 243×6withT /Tc ≃ 0.72 (left) and 323×8
with T /Tc ≃ 1.9 (right).

untouched because the force becomes zero for stationary solutions. This property is
suitable for our purpose since the size of instantons is kept during the flow and hence
the distribution of instanton size of the original gauge configurations n(ρ,T ) is also
preserved even after the flow.

To identify the |Q | = 1 configurations, we first measure the topological charge
using the Wilson flow. The examples of the flow time history of the topological charge
in t/a2 ∈ [20, 160] are shown in fig. 6.2. Since the calculation is still on-going, some of
lines end at t/a2 = 80. Unfortunately,Q of some configurations is changing even after
the long flow. This can happen on relatively coarse lattices. We hope that the situation
is settled at finer lattice spacings.

Fig. 6.3 shows the resulting histogram ofQ obtained at t/a2 = 20, 40, 60, 80. Since
Q is more stable at a larger t/a2 and the full statistics are available at t/a2 = 80, we
take the configurations at t/a2 = 80 in the following analysis.
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(b) 323 × 8 with T /Tc ≃ 1.9

Figure 6.4: The CP violating gluonic correlator in the fixed topological charge sector
with |Q | = 1. The data points with error bar are the lattice results. The dotted lines
are the predictions of the instanton calculus. For details, see the text.

6.4 CP violating correlation function in the Q = 1
sector

From the configurations evolved by the Wilson flow with a large flow time, we choose
thosewith |Q | = 1 to calculate the CPV gluonic correlation function in theQ = 1 sector,⟨
s (x ) q(0)

⟩
Q=1. Note that the ensemble average of CPV correlation function should

vanishwhen using all configurations or thosewithQ = 0. To enhance the statistics, the
configurations with Q = −1 are also used, where the sign of the correlation functions
is flipped in taking the average.

Fig. 6.4 shows the lattice results of the correlation function (blue) below (left) and
above (right) Tc . Note that the both axises are different from those in fig. 6.1. The
change of the vertical axis is just the change of the overall normalization, which we
do not care in the following analysis. We choose as the horizontal axis ξc ≡ ln(2πTcx ),
where the physical distance between operators is denoted as x = a

√
n2x + n

2
y + n

2
z .

Recalling the HS caloron prediction (6.6), it can be rewritten as⟨
s (x ) q(0)

⟩
Q=1

C (2πTc )8
�����T /Tc=fixed = A (x T )−γ (xT ) = A

(
x Tc

T

Tc

)−γ (xTc T
Tc

)

= AΠ(ξc ,T /Tc ) . (6.29)

Since we know the values of (xT ) and (T /Tc ), the curve in fig. 6.1 in a give tempera-
ture can be expressed in fig. 6.4 with the horizontal shift of ln(T /Tc ) up to the overall
normalization, A.
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Another caution in comparing the HS caloron prediction to the lattice result is the
behavior at large x . Since the lattice calculations are carried out under the periodic
boundary condition in all directions, the correlation function at large x receives a con-
tribution from the mirror images. This finite size effect is indeed seen in the plot. The
correlation function is supposed to monotonically decrease whereas it looks constant
at large x . To take care this effect, we add a proper constant to the caloron prediction.
In summary, in the comparison, we plot the caloron prediction as

ln [AΠ(ξc ,T /Tc ) + B ] , (6.30)

as a function of ξc . To be specific, the overall factor A is tuned so that the caloron
prediction and the lattice result agree at the left most data point, and B is obtained by
the fit to the lattice data. The curve thus obtained is shown in fig. 6.4 (green). While
both the results nicely agree at T /Tc ∼ 1.9 over the whole region plotted, significant
deviation is observed in the middle range of the plot for T /Tc ∼ 0.72. Note that this
disagreement never disappear whatever A is.

From the observation above, we found that, at high temperature, the instanton
picture is reasonable in the sense that the instanton indeed exists in the Q = 1 sector
with the expected size distribution. We can not draw a definite conclusion for the
lower temperature case, but one possible interpretation would be that the instanton
size is bigger than expected. It is somewhat interesting. One naive picture is that as
temperature decreases, the instanton size gets larger and stops changing the size near
T = Tc , so that the size of instanton below Tc is smaller than the prediction from the
semi-classical analyses. The data says somewhat different. The instanton size gets
larger as temperature decreases, but belowTc we find larger instantons than expected.

In order to explore a reasonable interpretation for the lower temperature case, we
attempted to fit the lattice result to

ln [AΠ(ξc , r ) + B ] , (6.31)

where the temperatureT /Tc is replacedwith the fit parameter r = Teff/Tc . The fit results
are shown in fig. 6.4 (red dotted curves). This time, all of A, B and r are determined
by the fit. At the low temperature, the significant deviation observed in the case of
eq. 6.30 disappears, and the best fit is obtained at Teff ∼ 0.37Tc , which is far below
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the actual temperature 0.72Tc . On the other hand, at high temperature, the resulting
effective temperature is Teff ∼ 1.8Tc , which is almost the same as 1.9Tc .

6.5 Summary and outlook

Instanton is believed to play crucial roles not only in the dynamics of QCD but also in
the particle physics phenomenology. The topological susceptibility at high tempera-
ture in the pure SU(N ) Yang-Mills theory is one of the examples, where the instanton
calculus works well. However, as the temperature decreases, the instanton calculus
becomes questionable and would eventually fail to estimate most of quantities at zero
temperature. In this work, we are trying to clarify the temperature at which the in-
stanton picture breaks down. Since the direct reason for the failure in the instanton
calculus is the divergence of the integration over ρ, we start to look at the distribution
of the instanton size ρ.

To this end, we calculate a gluonic two point function in the instanton calculus
and on the lattice since the calculation of the one point functions or their integration
over the volume does not tell any information on the size. In the instanton calculus,
the ρ distribution n(ρ,T ) at a given temperature is known. In the lattice calculation,
n(ρ,T ) is an output. Since we are only interested in the instanton, the configurations
generated on the lattice are processed by a long gradient flow so that only the instan-
tons survive, where we use the property that the gradient flow leaves the instanton
solutions untouched and hence n(ρ,T ) in the original configurations unchanged and
only the fluctuations are diffused. At high temperature, the lattice result of the two
point function remarkably agrees with the instanton prediction as expected.

It can be inferred from the expression of n(ρ,T ) used in the instanton calculus in
eq. 6.2 that a large-size instanton contributes more at lower T . To see this, we simply
repeated the same procedure at low temperature. It turned out that the size distribu-
tion obtained on the lattice is significantly different from the instanton prediction but
interestingly it agrees with that at the temperature much lower than the actual one. It
would be a future work to find dynamical reason for the mismatch of the temperatures
and to see the temperature at which this mismatch starts to appear.
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7
Conclusion

The instanton is believed to play crucial roles not only in the dynamics of QCD but
also in the phenomenology of the elementary particle physics. Because the instanton
solution has non-zero value of Faµν F̃aµν , it could be a source of the CP violating inter-
action in QCD. In other words, there could be the CP-violating term θFaµν F̃

a
µν which is

renormalizable and gauge invariant operator. Although we have no reason to ignore
this term in the Standard Model, the experimental limits on the electric dipole mo-
ment of the neutron put an extremely tight bound on the parameter θ . This is what
is called the Strong CP problem. The Peccei-Quinn mechanism provides a solution to
this problem. In this mechanism, the axion is introduced as a pseudo NG boson of
the U (1)PQ symmetry which is broken at high energy, and dynamically falls into the
CP-conserving vacuum. The possibility of the axion is interesting because it becomes
a candidate of the cold dark matter in the universe.

The QCD topological susceptibility χt (T ) at high temperature provides an impor-
tant input for the estimate of the axion abundance in the present universe. The estimate
requires the topological susceptibility in the temperature region T ≥ O(1) GeV. There
are the analytic and numerical methods to approach this non-perturbative observable.
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However, the analytic calculation, the DIGA, is not justified in the strong-coupling
regime, T ∼ O(1) GeV. Also, the existing method to measure the susceptibility on the
lattice does not work at high temperature, because the production rate of the configu-
ration with the non-trivial topological charge rapidly decreases under theMonte-Carlo
simulation.

The determination of χt (T ) at high temperature is important not only for the phe-
nomenology but also for solving the inconsistencies among the lattice results. In the
N f = 3 QCD, several groups report that χt (T ) decreases with T −8 [56] as expected
by the DIGA, while one group reports T −3 [57, 30]. In the N f = 2 QCD, Fukaya et
al. [25] report that χt (T ) becomes vanish at T > Tc . As pointed out by Kitano and Ya-
mada [27], the rapid decrease of χt (T ) at the deconfine phase makes the energy density
of the axion significantly larger and thus the axion cannot naturally explain the dark
matter.

In the first work described in chap. 5, we propose a novel framework to measure
χt (T ), which, in contrast to the existing method, is expected to work mainly at high
temperature, where χt (T )V4 ≪ 1. In order to check the validity of this method, we
performed the quenched simulations on the 163×4 lattice, and found that d ln χt/d lnT
agree with the DIGA prediction about 1.5Tc within the error.

Our method does not determine the absolute value of χt (T ), while we can deter-
mine the power behavior at high temperature. In the current technology, we cannot
determine χt (T ) above the maximum temperature, say Tmax. Our method can calcu-
late d ln χt/d lnT above some temperature, sayTmin. Increasing the statistics,Tmax gets
higher and Tmin gets lower. If Tmin < Tmax, we can extrapolate the plot of χt (T ) above
Tmax using the power behavior of d ln χt/d lnT and the absolute value χt (Tmax). This
framework would provide us the reasonable χt (T ) at any temperature region, and thus,
if done with N f = 3QCD, we would obtain the axion abundance using the input which
depends only on the first principle calculation. Also, the determination ofd ln χt/d lnT
at high temperature could solve the inconsistencies of χt (T ) at the deconfine phase.

The above extrapolation confronts us a new question about the validity of the
DIGA. The lattice determination of d ln χt/d lnT in the Yang-Mills theory is consistent
with the instanton calculus, while the absolute value of χt (T ) atT > Tc determined by
the lattice calculation is ten times larger than the DIGA calculation [29]. If we apply
the extrapolation described above, the absolute value of χt (T ) much differs from the
DIGA prediction in the high temperature limit. This contradicts the expectation that
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in the high temperature limit the full partition function can be approximated by the
partition function with the DIGA.

In the first work, as shown in fig. 5.2, we checked that in the Yang-Mills theory
the action difference (1/β )(⟨S⟩Q=1 − ⟨S⟩Q=0) becomes the classical value (4π 2/3). This
checks the general property of the gluon configuration with the non-trivial topological
charge, i.e., the Bogomol’nyi completion (eq. 3.68). Although this indicates that some
classical configuration dominates at high temperature, it does not directly prove the in-
stanton picture. To better understand the actual instanton picture at high temperature,
we need more information which is characteristic of the instanton configuration. In
the latter work, we investigate the local structure of the instanton via the CP-violating
two-point function.

In the second work described in chap. 6, we investigate the region of the validity of
the instanton picture from the two perspectives. First, we ask whether the instanton
picture is consistent with the lattice calculation not only in the global observable, e.g.,
χt but also in the local observable, e.g., the two-point gluonic correlation function. The
local observable should have information of the instanton size, which controls that the
instanton approximation works or not. Second, we ask from which temperature the
instanton picture applies and how it disappears at low temperature. The instanton
calculus is justified only at high temperature, while, as temperature decreases, the
instanton calculus becomes questionable and would eventually break down. We try to
clarify the temperature at which the instanton picture fails.

To this end, we calculate a gluonic two point function in the instanton calculus and
on the lattice, since the calculation of the one point functions or their integration over
the volume does not tell any information on the size. In the instanton calculus, the ρ
distribution n(ρ,T ) at a given temperature is known. In the lattice calculation, n(ρ,T )
is an output. Since we are only interested in the instanton, the configurations gener-
ated on the lattice are processed by a long gradient flow so that only the instantons
survives, where we use the property that the gradient flow leaves instanton solutions
untouched and hence n(ρ,T ) in the original configurations unchanged and only the
quantum fluctuations are smeared. At high temperature, the lattice result of the two
point function remarkably agrees with the instanton prediction as expected.

It can be inferred from the expression of n(ρ,T ) used in the instanton calculus in
eq. 6.2 that a large-size instanton contributes more at lower T . To see this, we simply
repeated the same procedure at low temperature. It turned out that the size distribu-
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tion obtained on the lattice is significantly different from the instanton prediction but
interestingly it agrees with that at the temperature much lower than the actual one.
It would be a future work to find dynamical reason for the mismatch of temperatures
and to see the temperature at which this mismatch starts to appear.
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A
Appendix

A.1 Notations inMinkowski space andEuclidean space

In four dimensional Minkowski space, the covariant vector x µ (µ = 0, · · · , 3) is related
with the contravariant vectorxµ asxµ = дµνxν , where themetric isдµν = diag(1,−1,−1,−1).
We use the four vector in Euclidean space, x̂µ (µ = 1, · · · , 4) , where only in this ap-
pendix we adopt hat (ˆ) to the Euclidean vector and we omit hat in the main text. The
four vectors x µ and x̂µ have relations as

x0 = −ix̂4, xi = x̂i (i = 1, 2, 3). (A.1)

Then, the four vector of derivative ∂µ and ∂̂µ in Minkowski and Euclidean space, re-
spectively, follow

∂0 = i ∂̂4, ∂i = ∂̂i . (A.2)

We use the definition of gamma matrices in Minkowski space γµ following Peaking
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and Schroeder’s textbook.

γ µ = *, 0 τ µ

τ̄ µ 0
+- , γ5 = iγ

0γ 1γ 2γ 3 = *,−12×2 0
0 12×2

+- , (A.3)

where we introduce the quartanion

τ µ =
{
12×2,τ a

}
, τ̄ µ =

{
12×2,−τ a

}
, (A.4)

where {τ a} (a = 1, 2, 3) is Pauli matirces.

We define the gamma matrices in Euclidean space γ̂µ as

γ 0 = −γ̂4, γ a = iγ̂a (a = 1, 2, 3), (A.5)

{γ̂µ , γ̂ν } = 2δµν ,
(
γ̂µ

)†
= γ̂µ , (A.6)

γ̂5 = γ̂1γ̂2γ̂3γ̂4 = −γ5. (A.7)

This is equivalent to

γ̂µ = *, 0 −iτ−µ
iτ+µ 0

+- , γ̂5 = *,12×2 0
0 −12×2

+- , (A.8)

where we use

τ+µ = {τ a, i12×2}, τ−µ = {τ a,−i12×2} (a = 1, 2, 3). (A.9)

The projection operators is written as

PL =
1 − γ5
2
=

1 + γ̂5
2
= *,12×2 0

0 0
+- , (A.10)

PR =
1 + γ5
2
=

1 − γ̂5
2
= *,0 0

0 12×2
+- . (A.11)
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A.2 Thermal field theory

The thermodynamic property of the theory with Hamiltonian Ĥ is obtained by the
partition function

Z = Tr(e−βĤ ), (A.12)

and the expectation value of the operator

⟨O⟩ = 1
Z
Tr(e−βĤO), (A.13)

where β = 1/kBT .
The finite temperature field theory with temperatureT is obtained by the quantum

field theory in Euclidean space which has periodic boundary condition along the time
direction τ ∈ [0, β]. In the scalar field theory, the partition functionZ with temperature
T is written as

Z =

∫
[dφ] exp

(
−

∫ β

0
dτ

∫
d3xL (φ, ∂µφ)

)
, (A.14)

where the scalar field φ (x,τ ) is the expectation value in terms of the canonical ensem-
ble of the Heisenberg operator φ̂ (x,τ ) = eĤτ φ̂ (x)e−Ĥτ ,

φ (x,τ ) =
Tre−βĤ φ̂ (x,τ )

Tre−βĤ
. (A.15)

Thus the field has periodicity φ (x,τ ) = φ (x,τ + β ). Likewise the scalar field theory at
finite temperature, the thermal gauge field theory also has the periodicity,

Aµ (x,τ ) = Aµ (x,τ + β ), U (x,τ ) = U (x,τ + β ). (A.16)
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