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Abstract

The objective of this research was dedicated to studying the development of
the X-ray beam size monitor (XRM) for vertical beam size measurements in
the SuperKEKB rings (Low Energy Ring LER and High Energy Ring HER).
The XRM installation images X-rays from a bending magnet through an optical
element onto a detector. The studies cover the designing of optical elements,
studying the XRM systematics during commissioning of the SuperKEKB oper-
ation, and exploring an image reconstruction technique using uniformly redun-
dant arrays (URA) coded aperture. The longterm aim of XRM is to provide
high-resolution bunch-by-bunch, turn-by-turn measurements for low-emittance
tuning, collision tuning, and instability measurements. The preparations of
a deep Si detector and high-speed readout electronics for single-shot measure-
ments using XRM are underway, in the meantime for Phase 1 and 2 commission-
ing, we used a scintillator screen and CCD camera for multi-shot measurements.

There are two types of the optical element for XRM in both rings: a single
pinhole and coded apertures (CA). In the pinhole imaging, the hole should be
small to provide resolution. However, a small hole often has an insufficient
area to collect enough X-rays to produce an interpretable image. The CA is
randomly distributed pinholes to produce an image that is made up of many
overlapping images, unrecognizable as the original object. With knowledge of
the location of each pinhole, it is possible for the complex overlapping pinhole
images to be reconstructed. The capabilities of CA become useful to overcome
the limitation of pinhole imaging and provide better resolution. Because CA
offers greater open aperture and photon throughput than a single pinhole, it
makes CA has a capability for a better statistical resolution in single-shot mea-
surements. Accordingly, three optical elements or masks have been designed
and installed at each ring: pinhole, 17 multi-slits, and 12-slits Uniformly Re-
dundant Array (URA).

Several studies (geometrical scale factors, emittance control knob, and beam
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lifetime study) were carried out during the commissioning. In Phase 1 (Febru-
ary - June 2016), the measured vertical emittances "y are ⇠10 pm for LER
(consistent with the optical estimation) and ⇠ 35 pm for HER (3.5 ⇥ greater
than the optical estimation). Analysis of the beam size and lifetime measure-
ments implies unexpectedly large point spread functions (PSF), particularly
in the HER. The spatial resolution of the imaging system (defect of focus,
diffraction, and spherical aberration) and scattering in the beamline (EGS5
simulation) contribute ⇠ 6 µm of PSF, which does not adequately account for
the observed of the PSF.

The Phase 2 commissioning commenced in May - July 2018, with thinner Be
filters, new optical elements, scintillator, and CCD camera with the purpose to
reduce the PSF in HER. The Phase 2 study results imply the PSF �s ⇠ 6.6 µm
in HER (corresponding to the spatial resolution of the imaging system and scat-
tering in the beamline), which is ⇠ 5 ⇥ smaller than in Phase 1. The overall
performances of XRMs in LER and HER are accurate. The XRM in LER will
be able to measure the design beam size at the zero current (⇠ 14 µm). For
the HER, the PSF that we observed during the Phase 2 indicates that the min-
imum measured beam size corresponds to the emittance at the design current
(12.9 pm) and the XRM will be able to measure the design beam size at the
zero current ( 7 µm).

The last part of this thesis explored the fast reconstruction using a URA coded
aperture and the possibility to be implemented in the XRM image reconstruc-
tion.
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1 | Introduction

This chapter presents the introduction to the SuperKEKB accelerator facil-
ity at the High Energy Accelerator Research Organization (KEK); luminosity,
nano-beam collision scheme, and beam instrumentation. Furthermore, the mo-
tivation and structure of this dissertation are also described.

1.1 SuperKEKB Accelerator Facility

The KEKB B-factory (KEKB) is an electron-positron collider developed by
the KEK to search for CP violation in the B-meson scheme [1]. The operation
of the KEKB began in 1998 and finished in 2010. During these 12 years of
operations, KEKB recorded a world record for luminosity at 2.1⇥1034 cm�2s�1

and experimentally proved the CP violation of B and anti-B mesons predicted
by Kobayashi and Maskawa (receipts of the 2008 Nobel Physics). The Su-
perKEKB facility is the upgrade of KEKB to increase the luminosity 40 times,
to 8 ⇥ 1035 cm�2s�1, with the overarching mission is to search a new physics
beyond the standard model of the particle physics in the B meson regime.

The layout of the SuperKEKB is shown in Fig.1.1. They are two rings
in the main ring with circumference ⇠ 3 km, High Energy Ring (HER) and
Low Energy Ring (LER) for 7GeV electron and 4GeV positron, respectively.
SuperKEKB incorporated various technologies, i.e., beam pipes with antecham-
bers were adopted to reduce the beam impedance and to relax the irradiation
power density of the synchrotron radiation (SR) and suppress the electron-
cloud effect, which has been a severe problem in the positron ring [3]. In the
upgrading of the SuperKEKB main ring vacuum system, approximately 93% of
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conducting

Figure 1.1: Facilities and components of the SuperKEKB accelerator facility. Ring’s
circumference is ⇠ 3 km with four experimental hall buildings (Fuji, Nikko, Tsukuba,
and Oho) [2].

the beamline pipes and vacuum components of the positron ring were replaced
with new ones. On the other hand, approximately 80% of the components in
the electron ring were reused because the layout of the magnet did not change
significantly [4].

Higher stored current need an upgrade in ARES and Superconducting cavi-
ties as well as higher-order mode resistant vacuum components. High precision
superconducting quadrupole magnet at the interaction region assembly within
the Belle detector, and also upgrade in all subsystems including magnet and
power supply, RF system, vacuum, beam diagnostics and feedback, injection
and beam abort system, and control safety system. The injector Linac also
needs an upgrade in the RF gun, positron source, beam transport and control,
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and the new positron damping ring.

1.1.1 Luminosity

In particle physics experiments the energy available for the production of
new effects is the most critical parameter. The required large center of mass
energy can only be provided with colliding beams where a little or no energy
lost in the motion of the center of the mass system (cms). Besides the en-
ergy, the number of the interactions (events) is also an important parameter,
especially right when rare events with a small production cross section �p are
studied. The quantity that measures the ability of a particle accelerator to
produce the required number of interactions is called a luminosity L and is the
proportionality factor between the number of events per second dNe/dt and the
cross section �p as shown in Eq. 1.1 [5]. The unit of the luminosity, therefore,
cm�2s�1.

dNe

dt
= L.�p. (1.1)

The luminosity term in Eq. 1.1 can be expanded in more detail as expressed by
the Eq. 1.2.

L =
�±
2ere

✓
1 +

�⇤
y

�⇤
x

◆✓
I±⇠y±
�⇤
y

◆✓
RL

R⇠y±

◆
. (1.2)

The suffix ± specifies the positron (+) and electron (–). The parameters �, e,
and re are the Lorentz factor, the elementary electric charge, and the classical
electron radius, respectively. These parameters are constant and can not be
taken freely. The �⇤

x and �⇤
y represent horizontal and vertical beam sizes with ⇤

indicates values at the interaction point (IP). It is assumed the flat beams and
equal beam sizes for two beams at IP (horizontal and vertical). The RL and R⇠y

represent reduction factors for the luminosity and vertical beam-beam parame-
ter. The ratio of these parameters is usually not far from unity. Therefore, the
Eq. 1.2 tells us that the luminosity is proportional to the beam current I, the
vertical beam-beam parameter ⇠y, and an inverse of the vertical beta function
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at IP �⇤
y . The vertical beam-beam parameter is described by [6]

⇠y± =
re

2⇡�±

N⌥�⇤
y

�⇤
y(�

⇤
x + �⇤

y)
R⇠y± / N⌥

�⇤
x

s
�⇤
y

"y
, (1.3)

where N is the number of particles in a bunch. A maximum value of the beam-
beam parameter has been obtained from various colliders in 40 years, is about
0.02 – 0.1. The beam-beam parameter increases with increasing the bunch
population. However, the vertical emittance becomes large when the beam-
beam parameter reaches the limit. Then, if we back to Eq. 1.2, the luminosity
is only proportional to one of the beam currents and becomes a constant value
as a result of compensating the increase of the beam current for the decrease
of the beam-beam parameter. If we maintain the ratio of the vertical beta
function to the vertical emittance with a constant beam current, the vertical
beta function can be squeezed with a constant beam-beam parameter [6].

1.1.2 Nano-beam collision scheme

One of the keys for a high luminosity collider is how to make an extremely
small beta function at the interaction point (IP). Raimodi developed a nano-
beam scheme for the SuperB factory in Italy [7]. The basic idea of it is to
squeeze the vertical beta function at the IP �⇤

y to its minimum by minimizing
the size of the overlap region of the two beams, with a schematic view of the
beam collision as shown in Fig. 1.2. The length of d is determined by the
half-crossing angle �x and the horizontal beam size at IP (�⇤

x) as shown in
Eq. 1.4 [6]. In the nano-beam scheme, a relatively large horizontal crossing
angle, extremely small horizontal emittance and horizontal beta function at IP
for both beams are required to shorten the length of d.

d =
�⇤
x

sin�x
. (1.4)

The d is much shorter than the bunch length �z along the beam axis and should
be compared to the vertical beta function at IP �⇤

y for the hourglass effect. The
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Figure 1.2: Schematic view of beam collision in the nano-beam scheme. The red and
blue lines represent positron and electron beams, respectively. The size of the overlap
region is d, which is considered to be an effective bunch length for the nano-beam
scheme.

�⇤
y should satisfy this hourglass requirement:

�⇤
y � d =

�⇤
x

sin�x
, (1.5)

Therefore, to squeeze the �⇤
y , the effective bunch length, d, is decreased by

decreasing the horizontal spot size at the IP and increasing the crossing angle.
Therefore, the spot size in the horizontal direction effectively becomes �zsin�x,
which is larger than nominal �⇤

x. The luminosity formula in Eq. 1.2 and beam-
beam parameter in Eq. 1.3 are modified by replacing �⇤

x with the effective spot
size, �zsin�x. The horizontal beam-beam parameter in the nano-beam scheme
can be small compared to the general head-on scheme [8]:

⇠x± =
re

2⇡�±

N⌥�⇤
x

�⇤
x(�

⇤
x + �⇤

y)
R⇠y± / N⌥�⇤

x

(�zsin�x)2
. (1.6)

Based on those considerations, the machine parameters for the SuperKEKB
is shown in Table 1.1 and compared with those achieved at KEKB. The vertical
emittance is estimated from the sum of contribution from beam-beam interac-
tion and orbit distortion due to a solenoid field in the vicinity of the IP and
so on. When a crossing angle 83 mrad, an emittance 3.2 nm, and a horizontal
beta function 32 mm, the vertical beta function can be squeezed up to 244 µm
while the bunch current length is 6 mm in the LER. The beam-beam param-
eter is assumed to be 0.09 at the maximum. Finally, the beam currents are
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determined to achieve the target peak luminosity 8⇥ 1035 cm�2s�1. The beam
currents and beta function for SuperKEKB become approximately twice and
1/20 of KEKB, respectively.

Table 1.1: Final machine parameters for the KEKB and SuperKEKB [6,8–11].

Parameter
KEKB SuperKEKB

UnitAchieved Nano-beam scheme
LER/HER LER/HER

Beam Energy Eb 3.5/8.0 4.000 / 7.007 GeV

Beam current I 1.64/1.19 3.6/ 2.6 A

Bunches current Ib 1.44 1.04 mA

Number of bunches/ring nb 1585 2,500
Circumference C 3,016 3,016 m

Half Crossing angle �x 11 41.5 mrad

Horizontal Emittance "x 18 3.2 (1.9)/4.6 (4.4) nm

Vertical Emittance "y 360 8.64 (2.8)/12.9 (1.5) pm

Horizontal � function �x⇤ 1200/1200 32 /25 mm

Vertical � function �y⇤ 5.9/5.9 0.27/ 0.3 mm

Horizontal beam size �x⇤ 147/170 10 /11 µm
Vertical beam size �y⇤ 940 48/62 nm

Bunch length �z 6 ⇠ 7 6 (4.7)/5 (4.9) mm

Luminosity L 2.11 80 ⇥1034 cm�2s�1

Beam-beam parameter ⇠y 0.129/0.09 0.088/0.082
The LER (Low Energy Ring) is the positron ring and the HER (High Energy
Ring)is the electron ring. The ⇤ and (): indicate values at interaction point (IP)
and zero current, respectively.

1.2 Beam Instrumentation

Beam instrumentation and diagnostics combine the disciplines of accelerator
physics with mechanical, electronics, and software engineering, making it a
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fascinating field in which to work. Beam instrumentation in the accelerator
is the ’eyes’ of the machine operators, its entail the design, construction and
operation of instruments to observe particle beams, and also the research and
development to find new or improve existing technique to fulfill particularly
new requirements. Several beam parameters that we need to measure in the
accelerator (i.e., circular collider) are beam position (to know the horizontal
and vertical positions of the beam throughout the accelerator chamber), beam
intensity, and lifetime measurement. Other parameters are beam loss, beam
profile (actual shape of the beam, both transverse and longitudinal planes),
and collision rate to measure of how well the beams overlap at the collision
point.

In the SuperKEKB, the beam instrumentation to be installed is shown in
Table 1.2. To maintain a stable collision condition of the SuperKEKB, precise
beam control based on the beam instrumentations, such as beam-position mon-
itors (BPMs), beam-size monitors, and tune monitors, are highly required. To
realize a high luminosity, SuperKEKB is operated at high beam current with
extremely many beam bunches (2500 bunches). Therefore, the beam-feedback
system that is used to suppress strong coupled-bunch instabilities is indispens-
able for the stable accelerator operation.

1.3 Motivation

The motivation of the present research was the development of the X-ray
beam size monitor (XRM) for the SuperKEKB rings, consisting of designing the
mask patterns, studying of the XRM systematics during the commissioning of
the SuperKEKB operation, and exploring the image reconstruction technique
using uniformly redundant arrays (URA) coded apertures.

When the LER and HER beams achieve their targeted low emittances (see
Table 1.1), the vertical beam sizes at the monitor source points are less than
18 µm in both rings. The resolution of the SR interferometer is fundamentally
limited by the measurement wavelength � and the opening angle between slits
as seen from the beam source point, as well as the maximum visibility � (fringe

7



Table 1.2: Beam Instrumentation of SuperKEKB [12].

System
Quantity

LER (e+) HER (e�)

Beam position monitor (BPM) 444 486
BPM displacement sensor 108 110
Gate turn-by-turn monitor 59 58
Transverse bunch-by-bunch feedback 2 2
Longitudinal bunch-by-bunch feedback 1 0
Visible synchrotron radiation (SR) size monitor 1 1
X-ray beam size monitor (XRM) 1 1
Beamstrahlung monitor 1 1
Betatron tune monitor 2 2
Beam loss monitor 200
DCCT 1 1
CT 1 1
Bunch current/fill pattern monitor 1 1

modulation) that can be reliably measured. For a Gaussian beam, the beam
size is given by �beam = �

⇡
FSRM
DSRM

p
1/2 ln 1/�.

The opening angle is in principle limited by the SR opening angle and
by mechanical considerations, with the latter being the dominant restriction
at SuperKEKB; the mirrors are located in antechambers to minimize Higher
Order Mode (HOM) losses, with the height of the antechambers limited by the
pole gap of upstream quadrupole magnets to 24 mm in height. The mirrors
are located at a distance of 24.5 (23.5) m downstream of the source point in
the LER (HER), so with a maximum effective slit separation of 20 mm at the
mirror location, the slits opening angle is 0.8 (0.9) mrad in the LER (HER).

For a 400 nm measurement wavelength, it would be necessary to be able
to measure visibilities of around 98% to measure the vertical beam sizes at the
source points, which is extremely challenging. In the horizontal direction, the
beam sizes are 10 times (or more) larger than those in the vertical direction,
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so the required measurable maximum visibility is more reasonable than in the
vertical direction (around 90%) [9]. Furthermore, the SR interferometer will
not be adequate for single-shot (bunch-by-bunch, turn-by-turn) measurements,
which are useful for studying beam instabilities, because of limited photon
statistics at short integration times.

An X-ray Beam Size Monitor (XRM) [13] based on a coded aperture (CA) [14]
is being developed for SuperKEKB. The longterm aim of XRM is to provide
high-resolution bunch-by-bunch, turn-by-turn measurements for low-emittance
tuning, collision tuning, and instability measurements. The preparations of a
deep Si detector and high-speed readout electronics for single-shot measure-
ments using XRM are underway, in the meantime for Phase 1 and 2, we used a
scintillator screen and CCD camera for multi-shot measurements. CA imaging
was initially developed by X-ray astronomers using a pattern mask to modulate
the incoming light. The projected image is then decoded using the known mask
pattern, allowing the original image to be reconstructed. The large open aper-
ture provides much higher photon throughput than a single pinhole, allowing
better photon statistics in single-shot measurements. Accordingly, there are
two types of SR monitor on each SuperKEKB ring: visible SR interferometers,
primarily used for horizontal beam size measurements, and XRM, primarily
used for the vertical beam size measurements.

1.4 Structure of the Thesis

This thesis is structured into seven chapters. The followings are the short
description of each chapter.

• Chapter 2 describes the characteristic of synchrotron radiation, especially
the radiation from the bending magnet, and the synchrotron radiation
application for transverse beam diagnostics.

• Chapter 3 explains the concept of XRM. This chapter includes the general
XRM system, image simulation using point response function, optical
system design, detector image and resolution, and apparatus of the XRM.

• Chapter 4 explains several studies in Phase 1 of SuperKEKB commis-
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sioning. These studies cover; geometrical scale factors check, emittance
control knob, and beam lifetime study.

• Chapter 5 explains the study during the Phase 2 of SuperKEKB com-
missioning. These cover the emittance control knob and beam lifetime
study.

• Chapter 6 explores the image reconstruction technique with the uniformly
redundant array (URA) coded aperture.

• Chapter 7 presents the summary of the thesis and plan.
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2 | Synchrotron Radiation Theory

and Its Application in Beam

Diagnostics

Synchrotron Radiation (SR) has been investigated theoretically for over a
century. The fundamental theoretical considerations and investigations of the
radiation emitted by the relativistic charged particles in circular motion goes
back to the work of Liénard (1898) followed by Schott (1933), Ivanenko and
Pomeranchuk (1944), Schwinger (1945), and others; but the first observation-
literally, since it was visible light that was generated-came at the General Elec-
tric Research Laboratory in Schenectady, New York, on April 24, 1947 [15].

The unique property of SR has its origin in the fact that, for a charged
particle moving with speed close to the speed of light toward a stationary
observer, the motion appears to occur on a time scale much shorter than the
real motion [16]. Nowadays, SR is widely produced by the use of dedicated
synchrotron and is employed in applications, ranging from solid-state physics
to medicine. More related to this thesis work, SR results as a powerful tool for
non-invasive beam diagnostics and a valuable tool for accelerator operation.

There are three kinds of SR sources, bending magnets, wigglers, and undu-
lators. In this chapter, the general formulas describing the SR from bending
magnets in the circular accelerator will be discussed. Furthermore, two tech-
niques for exploiting the SR for beam diagnostics are also described: Visible
light interferometry and X-ray monitor (XRM). The derivation and discussion
of the synchrotron radiation theory in this section are based on Jackson [17],
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Kim [18], and Wille [19].

2.1 Bending Magnet SR Source

In the bending magnet, charged particles move in a circular trajectory, pro-
ducing a smooth spectrum. The total SR radiated power in the relativistic can
be expressed by [19]:

Ptot =
e2c

6⇡"0(m0c2)4
E4

b

⇢2
. (2.1)

Its angular distribution can be derived based on [20, 21] as in Appendix A.1
and results to be:

dP
d⌦

=
1

cµ0

e2

(4⇡"0)2
�4

⇢2
(�2 � 1) sin2  cos2 �+ (1� � cos )2

(1� � cos )5
, (2.2)

where e is the charge of the electron, � is the velocity,  is the angle between
the direction of the particle acceleration and the direction of observation, c is
the velocity of light, µ0 is the permeability, "0 is dielectric constant, and ⇢ is the
radius of instantaneous curvature of the electron trajectory. Figure 2.1 shows
that, for the relativistic case, the synchrotron radiation occurs in a narrow cone
of nominal angular width ��1 in the direction of the observer.

The general form of the power radiated per unit solid angle is

dP (t)

d⌦
=
���A(t)

���
2

, (2.3)

where

A(t) =

 
c

4⇡

!1/2

[RE]ret. (2.4)

The E being the electric field, and subscript ’ret’ describe the emitter time/real
motion of the particle. The total energy radiated per unit solid angle is the
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Figure 2.1: Lorentz transformation for the relativistic case, shapes the emitted
SR angular distribution in a forward narrow cone: (left) Power distribution in the
center of mass frame (v = 0), and (right) Power distribution in the laboratory frame
(v = 0.9c) [19].

time integral of Eq. 2.1:

dW
d⌦

=

Z 1

�1

��A(t)
��2 dt. (2.5)

Furthermore, the energy radiated per unit frequency per unit solid angle
can be derived based on [17] as in Appendix A.2 and results to be:

d2I

d⌦ d!
=

e2

3⇡2c

⇣!⇢
c

⌘2⇣ 1

�2
+X2

⌘2
"
K2

2/3(⇠) +
X2

(1/�2) + X2
K2

1/3(⇠)

#
, (2.6)

where K is a modified Bessel function of the second kind, and ⇠ is defined
as ⇠ = !⇢/3c�3(1 + �2⇥2)3/2. The first term in the square bracket corresponds
to radiation polarized in the plane of the orbit, and the second to radiation
polarized perpendicular to that plane.
For the beam of parallel charges with current I, the spectral flux into a small
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bandwidth �! can be expressed as [18]:

d2F

d2⌦
= ↵

�!

!

I

e
|A(!)|2, (2.7)

where ↵ = e2/4⇡"0~c = 1/137 is the fine-structure constant. Correspond to
radiation polarized (�-component for radiation polarized in the plane of the
orbit and ⇡-component for radiation polarized perpendicular in that plane), it
can be expressed as

2

64
d2F�

d2⌦

d2F⇡

d2⌦

3
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3↵
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e
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2

64
K2
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1/3(⌘)
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75 , (2.8)

where the variables ⌘, X, and critical frequency !c are defined as

⌘ =
1

2

!

!c

�
1 +X2

� 3
2 ,

X = � ,

!c =
3�3c

2⇢
. (2.9)

In the plane of the bending radius ( =0), the flux for the ⇡-component vanishes
and for the practical units (photons/s/mrad2/0. 1%BW) the distribution of the
SR spectral flux becomes [18]

d2F

d2⌦
| =0= 1.33⇥ 1013E2

el[GeV]Iel[A]
⇣ !
!c

⌘2
K2

2/3

⇣ !

2!c

⌘
, (2.10)

giving the spectral flux per mrad2 solid angle and per 0.1% photon energy
bandwidth. If we use the parameter values for a bending magnet at each of
the SuperKEKB rings (LER and HER), we can plot the spectral distribution
of the SR as shown in Fig. 2.2
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Figure 2.2: The spectral distribution of synchrotron radiation from bending magnet
for LER and HER in linear scale (left) and log scale (right). The critical energies are
4.4 and 7.2 keV for LER and HER, respectively. The critical energy corresponds to
critical frequency !c, and divides the spectrum into two parts of equal radiated power:
50% of the total power is radiated at frequencies lower than !c and 50% is radiated
at frequencies higher than !c. In the X-ray beam size monitor, we are using E > Ec

2.2 SR Application for Transverse Beam Diag-
nostic

SR is a tool for non-destructive beam diagnostics since its characters are
substantially related to those of the source beam and generally used in acceler-
ator and storage rings. By studying the pulsed nature of SR, originated from
the bunched structure of the beam, the longitudinal profiling of the entire ring
can be performed. Additionally, since the SR brilliance is dominated by trans-
verse size and angular divergence of the beam, probing its intensity distribution
gives direct information of the beam transverse profiles. An example overview
of the methods presently applied to exploit SR for transverse beam diagnostics
purpose is given in [22] and [23]. For the SuperKEKB, there are two kinds
of SR monitor for transverse beam diagnostics, visible light SR interferome-
try and XRM, primarily for horizontal and vertical beam size measurements,
respectively. However, since the development of XRM is the primary topic of
this thesis, the SR interferometry technique will be briefly presented in the
subsection 2.2.1.
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2.2.1 Visible light SR Interferometry

An alternative technique to SR imaging, for non-destructive beam diagnos-
tics, is the SR interferometry. A rigorous derivation of the principle can be
found in [24, 25]. In the following, a brief overview of the technique is given.
The interferometry instrument is a wavefront-division type of two-beam inter-
ferometer using polarized quasi-monochromator light. The SR interferometer
uses a double slit to sample the incoming wavefront and obtain the interference
pattern along the vertical or horizontal axis with the schematic setup as shown
in Fig. 2.3.

Figure 2.3: Setup of the SR monitor based on visible light interferometry at Photon
Factory, KEK [26].

With this interferometer setup, the intensity of the interferogram is given
by [24]

I(y,D) = (I1 + I2)

(
sinc

 
⇡ a y �(D)

�f

!)
·
(
1 + � cos

 
k D

 
y

f
+ 

!!)

� =

 
2
p
I1I2

I1 + I2

! 
Imax � Imin

Imax + Imin

!
,  = tan�1 S(D)

C(D)
, (2.11)
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where y denotes the position of the interferogram, a denotes the half-weight
of a slit, and f denotes the distance between the principal secondary point of
the lens and interferogram. S(D) and C(D) are the sine and cosine compo-
nents of the Fourier transform of the SR source distribution function. �(D)

in this equation represents an instrumental function of the interferometer; this
term has a cosine-like dependence, and comes mainly from two sources: (1)
A cosine term in the Fresnel-Kirchoff diffraction formula which represents the
angular dependence between the incident and diffracted light of a single slit;
(2) Reduction of effective slit height as double slit separation DSRM increases.

The term � is generally neglected in diffraction theory under the paraxial
approximation, but we can not neglect this term in the practical use of the
interferometer. We can measure the RMS beam size from one data visibility,
which is measured at a fixed separation of the double slit. The RMS beam size
�beam is given by [24],

�beam =
� FSRM

⇡ DSRM

r
1

2
ln
⇣ 1
�

⌘
, (2.12)

where � denotes the visibility, which is measured at a double slit separation of
DSRM .

2.2.2 X-ray imaging

One obstacle to using the information carried by X-rays is the difficulty
in imaging them. In contrast to ordinary light, the X-ray cannot be reflected
promptly by mirrors or bent by lenses. An instrument that can be used is
the single-pinhole camera, which consists only of a small hole in an otherwise
opaque material through which an image is projected onto a piece of film. An
image is formed because the small hole limits the view of any point onto the
film to only one small part of the emitting source.

However, there are conflicting requirements for imaging with a single-pinhole
camera. The hole should be small to provide resolution. However, a small hole
often has an insufficient area to collect enough X-rays to produce an inter-
pretable picture. This conflict between needing a small hole to obtain resolu-

17



tion and needing a large hole to obtain a sharp X-ray signal often limits the
usefulness of the obtainable X-ray pinhole pictures. It is at this point that the
capabilities of coded apertures become useful. Coded aperture techniques were
first proposed in 1961 by Mertz and Young [27] that overcomes the conflict-
ing requirements for imaging with a single pinhole camera. The detail design
concept and reconstruction image of the coded aperture will be discussed in
Chapters 3 and 6.

An XRM [13] with two types of optical elements (pinhole and coded aperture
, CA [14]) is being developed for SuperKEKB. The aim is that eventually, it
can provide a high-resolution bunch-by-bunch, turn-by-turn measurements for
low-emittance tuning, collision tuning, and instability measurements. Each of
the SuperKEKB rings has four straight-sections and four arc-sections. The
X-ray sources are the final arc-sections, located immediately upstream of the
straight-sections in Fuji (LER) and Oho (HER). The XRM installation images
X-rays from a bending magnet through an optical element onto a detector. A
schematic of the beamline is shown in Fig. 2.4 with the detail parameters will
be explained in Chapter. 3.

After passing through an optical element, the X-rays from a point source
form a diffraction pattern with single or multiple peaks on the detector depend-
ing on the pattern of the optical element. This pattern is the point spread func-
tion (PSF), i.e., the expected X-ray intensity distribution at the image plane
for a given X-ray spectrum, beamline geometry, and optical element. Fresnel–
Kirchhoff diffraction approximation is used to estimate the X-ray distribution
from the source point to the detector. A brief introduction to diffraction theory
will be discussed in the following subsections.

2.2.3 Fresnel–Kirchhoff Diffraction

The term diffraction has been conveniently defined by Sommerfeld [28] as
"any deviation of light rays from rectilinear paths which cannot be interpreted
as reflection or refraction." Consider system as shown in Fig. 2.5, consisting
of closed surface S1 and S2. S1 lying directly behind the diffracting screen, be
joined and closed by a large spherical cap, S2, of radius R and centered at the
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Figure 2.4: Schematic of the XRM beamline at each of the SuperKEKB rings (not
to scale). It consists of a beryllium filter placed upstream of the optics to reduce
the heat load, three sets of optical elements (a single pinhole and two sets of coded
apertures), a beryllium window, and the detector system. For the Phase 1 (Phase 2)
of SuperKEKB commissioning, a 141-µm-thick YAG:Ce (LuAG:Ce) scintillator with a
CCD camera focused on it as the imaging system. The scintillator screen is tilted 45°
in the horizontal plane, so that the camera and lens are out of the way beam. In the
next phase, the scintillator will be supplemented by 128 channels of silicon detector
with 2-mm sensing depth and a pixel pitch of 50 µm, for a single-shot measurement.

observation point P0. The total closed surface S is simply the sum of S1 and
S2. The diffracted disturbance U(P0) by incident disturbance U is defined as

U(P0) =
1

4⇡

ZZ

⌃

exp(ikr01)
r01

h@U
@n

� ikU cos(n, r01)
i
ds. (2.13)

Now suppose that the aperture is illuminated by a single spherical wave
U(P1) = A exp(ikr21)/r21 arising from a point source at P2, a distance r21 from
P1 as shown in Fig. 2.6 Then Eq. 2.13 can be directly reduced to [29]

U(P0) =
1

4⇡

ZZ

⌃

exp[ik(r21 + r01)]

r21r01

hcos(n, r01)� cos(n, r21)
2

i
ds. (2.14)

This is commonly known as the Fresnel-Kirchhoff Diffraction formula.

2.2.4 Fraunhofer Approximation

Fraunhofer diffraction occurs when both the incident and diffraction waves
are effectively planes waves. This will be the case when the distance from source
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S1
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= aperture

n
r01

P1 on S2

P1 on S2

Figure 2.5: Kirchhoff formulation of diffraction by a plane screen.

P0

P2

P1

r21

n
r01

Figure 2.6: Kirchhoff formulation of diffraction by a plane screen.

to the diffracting pattern and from the aperture to the receiving points are both
large enough. If we back to Fig. 2.6 and Eq. 2.14, several approximation are
used for Fraunhofer diffraction:

1. The aperture is relatively small in this situation, therefore, (n, r01) '
(n, r21) ' 0°, the obliquity factor cos(n,r01)�cos(n,r21)

2 ' 1.
2. The quantity e�i~k. ~r01

0

r21
is very nearly constant and can be taken outside the

integral.
3. The variation of the remaining factor e�i~k. ~r01

r01
over the aperture comes

principally from the exponential part, so the factor 1
r01

can be replaced by
its mean value and taken outside the integral. Also, ~k and ~r01 are nearly
parallel with each other, so ~k. ~r01 ' kr01.
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Consequently, the Fresnel-Kirchhoff formula reduces to the very simple equation
for Fraunhofer diffraction, and is called the Fraunhofer diffraction formula,

U(P0) = C

ZZ

⌃

eikr01 ds, (2.15)

where all constant have been lumped into one constant C, where C = i
�E0e

�i~k ~r21
r01r21 .

The formula above states that the distribution of the diffracted light is obtained
simply by integrating the phase factor eikr01 over the aperture.

Fraunhofer diffraction from a single slit

The case of diffraction by a single narrow slit is treated here as one-dimensional
problem. Let the slit be of length L and of width b with an assumption of in-
finite some distance given plane wave at slit so that all amplitude elements
are in phase. The element of area is then ds = L dy as indicated in Fig. 2.7.
Furthermore, we can express r as, r = r0 + y sin ✓. Where r0 is the value of r

Figure 2.7: Fraunhofer diffraction on single slit.

for y = 0, and where ✓ is the angle shown, and for L � b this approach ✓0 ⇡ ✓.
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The Fraunhofer diffraction formula yields

U(P0) = Ceikr0
Z b/2

�b/2

eiky sin ✓L dy

=
CLeikr0

ik sin ✓

Z b/2

�b/2

eiky sin ✓ d(iky sin ✓)

= CLbeikr0

"
ei(kb sin ✓/2) � e�i(kb sin ✓/2)

2i

#
.

"
1

kb sin ✓/2

#

= C 0
⇣sin �

�

⌘
, (2.16)

where � = 1
2kb sin ✓ and C 0 = CLbeikr0 is just another constant. Thus C 0

⇣
sin�
�

⌘

is the total amplitude of the light diffracted in a given direction defined by
�. Then intensity (irradiance) distribution in the focal plane is given by the
expression

Is = I0
⇣sin �

�

⌘2
, (2.17)

where I0 = (CLb)2, which is the intensity for ✓ = 0. The maximum value
occurs at ✓ = 0, and zero values occurs for � = ±⇡,±2⇡ · · · . In general, the
diffraction pattern of a single slit is shown in Fig. 2.8.

Figure 2.8: Fraunhofer diffraction pattern on single slit.
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Fraunhofer diffraction from double slits

For the double slit, we can imagine that we place an obstruction in the
middle of the single slit with the aperture schematic as shown in Fig. 2.9. Then

Figure 2.9: Schematic of double slit aperture.

the field from the double slit is calculated by summed up the single slit field
with consider the limit of integration.

U(P0) = Ceikr0
Z (a+b)/2

(a�b)/2

eiky sin ✓L dy + Ceikr0
Z �(a�b)/2

�(a+b)/2

eiky sin ✓L dy. (2.18)

Then by integrating and summed up all field, we have

U(P0) = C 0 (2 cos ✓)(2i sin �)

2i�
. (2.19)

Then intensity (irradiance) distribution in the focal plane is given by the ex-
pression

Id = 4I0 cos
2 ✓
⇣sin �

�

⌘2
. (2.20)

The irradiance at point P0 from double slit is given by the product of the
diffraction pattern from single slit and interference pattern from a double slit
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as shown in Fig. 2.10.

Figure 2.10: Fraunhofer diffraction pattern on double slit.

Fraunhofer diffraction from N slits (periodic width and space)

For the multiple slits we just need to again change the limits of integration.
for N even slits with width b evenly spaced a distance a apart, we can place
the origin of the coordinate system at the center obstruction and label the slits
with the index j.

U(P0) = Ceikr0
j=N/2X

j=1

(Z [(2j�1)a+b]/2

[(2j�1)a�b]/2

eiky sin ✓L dy

+Ceikr0
Z [�(2j�1)a+b]/2

[�(2j�1)a�b]/2

eiky sin ✓L dy

)
. (2.21)

With the same procedure as double slit, then intensity (irradiance) distribution
in the focal plane is given by expression

Im = N2I0
⇣sin �

�

⌘2⇣sinN↵
sin↵

⌘2
. (2.22)

If we have N non-periodic slits that have different width and space, the same
procedure is applied, we need to change the limit integration.

24



3 | X-Ray Beam Size Monitor

This chapter described the X-ray beam size monitor (XRM) in each Su-
perKEKB rings; the general XRM system, detector image simulation using
point response function, optical element design, resolution, and apparatus of
the XRM beamline.

3.1 General XRM System

The SuperKEKB rings have four straight-sections and four arc-sections. The
X-ray sources are the final arc-sections, located immediately upstream of the
straight-sections in Fuji (LER) and Oho (HER). The XRM installation images
X-rays from a bending magnet through an optical element onto a detector. A
schematic of the beamline is shown in Fig. 2.4.

3.2 Detector Image Simulation Using Point Re-
sponse Function

After passing through an optical element, the X-rays from a point source
form a diffraction pattern with an arrange of peaks on the detector depending
on the pattern of the optical element. This pattern is the point spread function
(PSF), i.e., the expected X-ray intensity distribution at the observation plane
for a given X-ray spectrum, beamline geometry, and optical elements due to a
mathematical ’point source’. We use a Fresnel–Kirchhoff diffraction approxi-
mation to estimate propagation of the X-ray distribution from the SR source
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to the detector. For a one-dimensional mask as has been described in Fig. 2.4,
the path integral in the vertical direction on the mask leads to

A�,⇡(detector) =
iA�,⇡(source)

�

Z

mask

t(ym)

r1r2
ei

2⇡
� (r1+r2)

✓
cos✓1 + cos✓2

2

◆
dym, (3.1)

where A�,⇡(source) is the (angle-dependent) amplitude of the wave at the
source point, � is the wavelength, and ym is the vertical coordinates at the
mask. {r1, ✓1} are the distance and angle from the source point to the mask
point at ym, and {r2, ✓2} are the distance and angle from the mask point ym to
the detector point yd, respectively. t(ym) is the complex transmission function
at the mask point ym. The complex transmission is represented as t(ym) =

T (ym)ei�(ym), where T is the real transmission and � is the phase shift due to
passing through the mask at ym.

For each pixel in the detector, the wavefront amplitude from each source
point is calculated and converted to the detected flux using Eqs. 2.7 and 3.1, re-
spectively. The angular density of the spectral flux (number of radiated photons
per unit time) at the detector is then defined as
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(3.2)

The synchrotron radiation field emission is incoherent, so the weighted flux
contributions from all source points are then summed over the source distri-
bution. This process is repeated over the detectable spectral range, taking
into account the response properties of the detector. By varying the weighting
of the Gaussian distribution source points and comparing the resulting (mea-
sured) image against the data templates, the Gaussian source profile can be
reconstructed.

A large number of 1-dimensional templates corresponding to different values
of the initial source parameters are pre-calculated, and the measured coded
image is compared to each of the templates, searching for a ‘best-fit’ using a
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least-squares method. The variable parameters for the pre-calculated templates
include the beam size, normalization of the intensity, pedestal, offset of mask
relative to the detector, and offset of the source relative to the detector. It
takes one day to calculate a full set of detector images (PSFs), from which the
template images are later constructed. Typically, some 1 million templates have
been utilized for fitting images obtained at XRM, taking less than 10 minutes
to generate. In the fitting process, the number of free parameters and their
steps is generally limited to what we can process in 1 second.

At low intensities, the single-shot resolution of the system is limited by
statistical fluctuations in the number of detected photons. To estimate the
resolution as a function of beam size, simulated images are calculated for Gaus-
sian beams of various sizes. The simulated detector images for different-sized
beams are then compared pair-wise against each other, with one image in a
pair representing a measured image for known beam size, and the other image
representing a proposed model. The differences between the two images in sig-
nal heights for each detector channel are used to evaluate the �2 per degree of
freedom v for this “fit” [30]

�2

v
=

1

N � n� 1

NX

i=1

[si0 � si]
2

�i2
, (3.3)

where N is the number of detector channels (pixels), and n is the number
of fit parameters. The residual weighting �i for a channel is taken to be pro-
portional to the square root of the signal height (number of photons) in that
channel si (�i =

p
si). For a 128-pixel detector, the number of degrees of free-

dom v (N � n� 1) is then taken to be 126. The signal height in each channel
is set to the number of expected number of photons detected in that channel
for a given bunch intensity. More explicitly, the average number of photons
per pixel at the detector is calculated, and the simulated image is normalized
so that the average signal height is equal to np. Finally, the value of �2/v

that corresponds to a confidence interval of 68% is chosen to represent the 1-�
confidence interval. The resolution is then defined as the change in the beam
size, where the increment of �2/v = 1. An example of �2/v map is shown in
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Fig. 3.1.

Figure 3.1: The resolution is defined where the increment of �2/v = 1. A narrower
�2/v distribution around the y = x line (blue area), a better statistical resolution. The
resolution chart can be calculated by comparing each beam size in x and y axes at
�(�2/v) = 1, for example at 20 µm beam size, the resolution is a distance between O’
and O.

3.3 Optical Element Design

As mentioned in Subsection 2.2.2, an optical element that can be used for
the X-ray imaging is the single-pinhole camera, which consists only of a small
hole in an otherwise opaque material through which an image is projected onto
a piece of film. However, a small hole often has an insufficient area to collect
enough X-rays to produce an interpretable picture. The capabilities of a coded
aperture become useful to solve the pinhole limitation.

Two types of optical elements were used during the Phase 1 commission-
ing: a single pinhole and CAs (multi-slits and a Uniformly Redundant Array,
URA [31]). Table 3.1 lists the parameters and specifications for each of the
optical elements. CAs offer a greater open aperture than a single pinhole and
better statistical resolution for single-shot measurements. The concept of CAs
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is for a pseudo-random array of pinholes (apertures) to project a mosaic of
pinhole images onto a detector. The detector image is then decoded using the
known mask pattern to reconstruct the original image. Image reconstruction
to estimate the beam size can be done by deconvolution (e.g., inverse Fourier
transform or direct deconvolution), however the deconvolution of the ’coded
aperture’ to restore the original image is difficult. This difficulty is due to is-
sues of dealing with background and detector noise, the diffraction effects, and
also the non-uniform intensity profile of the incident beam. These effects are
not accounted for in the direct reconstruction methods.

An alternative method of analyzing the coded aperture image is used in
order to extract the beam parameters. Models/templates of the expected flux
seen through the coded aperture are produced for several initial beam param-
eters. The measured X-ray flux at the detector is then compared to those
templates (fitting method) as has been explained in Subsection 3.2. An exam-
ple of a CA pattern is URA, which has been successfully tested for beam size
measurements at CesrTA [32] and DLS [33]. In this section, we discuss the
characteristics of each optical element and relevant design considerations. The
optical elements in the XRM consist of 20-µm-thick gold masking material on
600-µm-thick diamond substrates. The diamond substrate mask is more robust
than silicon because of better heat conduction providing better tolerance to the
LER and HER power densities [34]. Subsections 3.3.1, 3.3.2 and 3.3.3 explain
the pinhole and CA design procedures.

3.3.1 Optimizing the pinhole (single slit) size

The pinhole size is optimized by simulating detector images for a point
source in both rings using various pinhole (slit) sizes with a trade-off diffraction
effects and geometric smearing to achieve the best resolution. An example of
detector image is shown in Fig. 3.2. Then the Gaussian distribution has been
fitted to the simulated detector image to obtain the standard deviation. The
minimum standard deviation of the resulting detector images was found to be
33 µm for LER and 30 µm for HER, as shown in Fig. 3.3. Eventually, we prefer
to use an identical system with 33 µm as the optimum pinhole size for both
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Table 3.1: Parameters of the optical elements for Phase 1 commissioning.

Optical element Parameter Value
PH (pinhole) width 33 µm

Multi-slits Diamond thickness 600 µm
Au thickness 20 µm
Number of slits 17

Pattern, S=slit, M=Au mask (µm)
33S-22M-33S-66M-33S-22M-33S-110M-33S-22M-33S-44M-33S-22M-33S-198M-
33S-22M-33S-44M-33S-22M-33S-66M-33S-22M-33S-44M-33S-22M-33S-110M-33S

URA Diamond thickness 600 µm
Au thickness 20 µm
Number of slits 12

Pattern, S=slit, M=Au mask (µm)
66S-33M-66S-99M-33S-33M-33S-33M-66S-132M-33S-165M-132S-33M-132S-66M
-33S-33M-33S-33M-99S-66M-33S

Figure 3.2: Expected X-ray intensity distribution at the detector (PSF pattern) for
a point source in using a pinhole.

rings.
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Figure 3.3: Standard deviation of images for various slit widths for LER and HER.
The 33 µm slit size was taken as the optimum slit and basic size for both rings.

3.3.2 Design of the multi-slits coded aperture

Pairs of 33 µm slits were simulated with different separations between the
pairs. For each separation, we calculated the resolution curves for different
beam sizes using Eq. 3.3, as in Fig. 3.4, to determine the resolution of each
range of beam sizes. We optimized the resolution at the smallest beam sizes,
then used a large spacing to cover larger beam sizes. The 22 µm slit separation
size was optimal for small beam sizes, so we used this for the design.

Figure 3.4: Pairs of 33 µm slits were simulated with different separations between
the pairs (16, 20, 21, 22, 25, 33, and 50 µm). The 22 µm slit separation size is optimal
for small beam sizes.

A series of multi-slit patterns were devised, using a suitable range of slit
separations to cover the dynamics of interest. The example of expected X-
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ray intensity distribution at detector (PSF pattern) for a point source using
multi-slit aperture is shown in Fig 3.5.

Figure 3.5: Expected X-ray intensity distribution at detector (PSF pattern) for a
point source using 17 multi-slit.

Figure 3.6 shows some examples of the multi-slit patterns along with their
resolutions, which were quantized into 0.5 µm step sizes. The resolution is
defined as the change in beam size, where �(�2/v)=1 (see equation. 3.3), for a
given number of photons. In general, more slits are better for photon statistics,

Figure 3.6: Series of multi-slit patterns with their resolutions. The spacing
size for 15-, 16-, 17.ver1-,and 17.ver2-slits was 13151911319151, 131517191315171,
1213151272151311, and 1315121912131215, respectively. A spacing size of 1 means
22 µm, 2 means 44 µm, 3 means 66 µm, and so on. The 17.ver2-slits achieve better
resolution than the others with the small beam sizes that we are interested in (<30
µm).

but large beam sizes require large slit separations to maintain the resolution.
For aperture reasons, the mask pattern width in our XRM system should be
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less than 2 mm. Thus, the best resolution was found to have 17 slits with the
pattern has been listed in Table 3.1 and Fig. 3.7.

Figure 3.7: The multi-slit coded aperture pattern, consist of 17-slit with 33 µm and
22 µm as minimum slit and gap sizes, respectively. The holes occupied ⇡40% of the
area.

3.3.3 Design of the URA coded aperture

The uniformly redundant arrays URA mask patterns generated by the tech-
nique described by Fenimore and Cannon [31], are a particular case of coded
aperture which be generated by cyclic difference sets. The basic patterns are
generated in a one-dimensional string of n elements which regarded as 0 or 1,
corresponding to transparent and opaque. A one-dimensional mask is generated
from the n transparent or opaque bars as in Fig. 3.8. A two-dimensional mask
is constructed by filling a rectangular array of p elements by q, where p.q = n

with the elements of the one-dimensional string, p and q must be mutually
prime, so for a two-dimensional mask the value of n chosen must have at least
one pair of mutually prime factors. The elements are filled along an extended
diagonal as shown in Fig. 3.9. In the XRM, we are using one-dimensional based
47 cyclic different set of the pattern as shown in Fig. 3.10 with 33 µm as a basic
size. This pattern is ⇠ 48% occupied by holes that allow better photon statis-
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Figure 3.8: A simple one-dimensional optimum-coded mask based on the modulo
15 cyclic difference set (0, 1, 2, 3, 7, 10, 11, 13). This figure is adapted from Ref. [35].

Figure 3.9: A simple two-dimensional optimum-coded mask based on the modulo
63 cyclic difference set (0, 1, 2, 3, 4, 5, 11, 16, 17, 21, 23, 26, 27, 28, 29, 31, 35, 37, 40,
43, 45, 46, 48, 49, 50, 52, 53, 56, 57, 59, 61). (b) and (c) show two possible designs.
This figure is adapted from Ref. [35].

tic than multi-slit coded aperture (⇠ 40%). The example of expected X-ray
intensity distribution at detector (PRF pattern) for a point source using URA
is shown in Fig. 3.11. In conclusion, they are three optical elements (masks)
that are being used in the XRM. Figures 3.12 and 3.13 show the final patterns
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Figure 3.10: The URA pattern for XRM, based on the modulo 47 cyclic different
set consist of 12-slit with 33 µm and 22 µm as the minimum slit and gap sizes,
respectively. The holes occupied ⇡48% of the area

Figure 3.11: Expected X-ray intensity distribution at detector (PRF pattern) for a
point source using 12-slit URA.

and a 1000⇥ magnification under Scanning Electron Microscope of all three
optical elements. The mask consists of 20-µm-thick gold masking material on
600-µm-thick diamond substrates. The diamond substrate mask is more robust
than silicon because of the better heat conduction, providing better tolerance
to the LER and HER power densities [34].
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(a) Pinhole (b) Multi-slits (c) URA

Figure 3.12: Mask pattern (pinhole, 17 multi-slits, and 12-slits URA) for both rings.
The mask consists of 20-µm-thick gold masking material on 600-µm-thick diamond
substrates.

Figure 3.13: Three types of optical elements imaged using a 1000⇥ Scanning Elec-
tron Microscope: (left) pinhole, (middle) multi-slits, and (right) URA.

3.4 Detector Image and Resolution

For the optical element design, a PSF image simulation was applied in an
ideal condition without noise using 128 channels of silicon with 2 mm sens-
ing depth and a pixel pitch of 50 µm (as a detector system that will be used
for single-shot measurements). Figures 3.14 and 3.15 show simulated detec-
tor images for all mask patterns under ideal conditions from LER and HER
with number of photons in LER and HER detectors are 1943 and 3342 pho-
tons/turn/mA/bunch, respectively. Equation 3.3 defines the resolution as the
change in beam size where the increment of �2 per degree of freedom (�2/v) = 1,
and Figs. 3.16, 3.17 show the contours of �2/v for both rings. A narrower dis-
tribution around the y = x line, a better statistical resolution that we achieve.
Fig. 3.18 represent the statistical resolution for all optical elements in both
rings, calculated by comparing each beam size in x- and y-axes of Figs. 3.16,
3.17 at �(�2/v) = 1. The coded apertures show the superiority in resolution
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compares to pinhole. The multi-slit elements are estimated to provide 2 – 3
µm resolution for 10 – 25 µm vertical beam sizes in both rings at 1 mA bunch
current, as shown in Fig. 3.18. For larger beam sizes (> 30 µm), the 12-slits
URA mask has better resolution than the 17 multi-slits.
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Figure 3.14: Simulated detector images showing the number of photons/pixel for
single-pass 1 mA bunches for different beam sizes in LER. A series of detector images
templates are generated for a range of beam sizes, and these are then compared with
the data to find the closest match. (a) Pinhole mask, (b) multi-slits mask consisting of
17 peaks, and (c) URA mask consisting of 12 peaks. The number of peaks represents
the number of slits that allow light to pass through.
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(c) URA

Figure 3.15: Simulated detector images showing the number of photons/pixel for
single-pass 1 mA bunches for different beam sizes in HER. A series of detector image
templates are generated for a range of beam sizes, and these are then compared with
the data to find the closest match. (a) Pinhole mask, (b) multi-slits mask consisting of
17 peaks, and (c) URA mask consisting of 12 peaks. The number of peaks represents
the number of slits that allow light to pass through.
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(a) Pinhole (b) Multi-slits (c) URA

Figure 3.16: Calculated �2/v contours for each mask in LER at single-pass 1 mA
bunch current. The x- and y-axes are the beam size, to get the resolution we compared
it each other at the point where (��2/v) = 1. A narrower �2/v distribution around the
y = x line, a better statistical resolution that we achieve. The coded apertures show
the superiority in resolution compares to pinhole.

(a) Pinhole (b) Multi-slits (c) URA

Figure 3.17: Calculated �2/v contours for each mask in HER at single-pass 1 mA
bunch current. The x- and y-axes are the beam size, to get the resolution we compared
it each other at the point where (��2/v) = 1. A narrower �2/v distribution around the
y = x line, a better statistical resolution that we achieve. The coded apertures show
the superiority in resolution compares to pinhole.

3.5 Apparatus

Two XRM diagnostic beamlines have been installed at SuperKEKB for elec-
trons (HER) and for positrons (LER). These are identical, differing only in the
distances from the source to the optics and from the optics to the detector,
and the thickness of the beryllium filter (L,L0, and T , respectively, in Fig. 2.4),
with the values given in Table 3.2. Each apparatus consists of three primary
components: beamline, optical elements, and detector.
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Figure 3.18: Single-bunch, single-turn vertical beam size resolutions for 1 mA bunch
current in LER and HER for each optical element (pinhole, multi-slits, and URA)
calculated by comparing each beam size in x- and y-axes of Figs. 3.16, 3.17 at �2/v = 1.
The 17 multi-slits is estimated to provide 2 – 3 µm resolution for 10 – 25 µm vertical
beam sizes at 1 mA bunches. For larger beam sizes (> 30 µm), the 12-slits URA
mask has better resolution than the 17 multi-slits.

3.5.1 Beamline

Figures 3.19, 3.20 [36], and Table 3.2 show the layout and parameters for
each of the beamlines, respectively. In each case, the distance from the source
point to the detector is ⇠ 40 m. The optical elements are placed in optics boxes
⇠ 9 – 10 meter from the source point, so that the geometrical magnification
factor is ⇠ 3⇥ for both lines. The beamlines are connected directly to the
ring vacuum system. A gate valve is located upstream of the optics boxes for
isolation during vacuum work downstream of the beamlines, or in the event
of vacuum leaks. The X-rays from the upstream bending magnet go through
the beryllium filter and optical elements, then propagate down the beamline
toward the detector. Screen monitors are installed on the downstream ends of
the beamlines, midway between the optic boxes and detector for beam-based
alignment.
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Figure 3.19: Location of XRM beamline for the LER in Fuji straight-section.

Figure 3.20: Location of XRM beamline for the HER in Oho straight-section.

Table 3.2: XRM beamline parameters.

Parameter LER (e+) HER (e�) Unit

Radius of source bend ⇢ 31.85 105.98 m

Distance from source to optic L 9.47 10.26 m

Distance from optic to Be window L0 31.79 32.69 m

Thickness of Be filter ~ T 0.5 16 mm

Thickness of Be window T 0 0.2 0.2 mm

Thickness of Au 20 20 µm

Thickness of Diamond 600 600 µm

Air gap f 100 mm

Effective thickness of YAG:Ce 141 µm
The ~ indicates value at Phase 1 of SuperKEKB commissioning.

3.5.2 Optical elements

A photograph of the coded aperture masks taken with a 1000⇥ Scanning
Electron Microscope is shown in Fig. 3.13. Figure 3.21 shows the enclosed
chamber for the optics, approximately 31.79 (32.69) m upstream of the detector
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box and 9.47 (10.26) m downstream of the source point in LER (HER).

Figure 3.21: Optical system at Fuji straight-section (LER). The X-ray beam goes
through the optical elements via a beryllium filter that is placed between the source
point and optic box to reduce the heat load. The optical element is mounted on a
stage controlled by a stepper motor that allows vertical motion.

3.5.3 Detector system: Scintillator, lens, camera

The longterm aim of XRM is for single-shot vertical beam size measurement
using a Si detector and high-speed readout electronics, but the aim of Phase 1 is
to benchmark the perfomance of the XRM in a multi-shot setup measurements
using scintillator screen. The detector system is placed in a lead box, and
incoming X-rays reach the scintillator through the beryllium window with the
layout as shown in Fig. 3.22. For the Phase 1 commissioning of SuperKEKB,
a cerium-doped yttrium-aluminum-garnet (YAG:Ce) scintillator was combined
with a CCD camera for the X-ray imaging system, as shown in Fig. 3.23. The
YAG:Ce has the maximum emission wavelength 550 nm, decay time 70 ns,
and 4.55 g/cm3 of density. The CCD ROX-40 was selected because of its high
sensitivity (0.0005 lx) with peak around 500 nm, and 8.4 µm⇥ 9.8 µm pixel
size.
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Figure 3.22: Detector system at Fuji straight-section (LER) for Phase 1 commis-
sioning of SuperKEKB operation. The incoming X-rays go through to the scintillator
via the Be window.

Figure 3.23: Detection system at Fuji straight-section (LER) for Phase 1 com-
missioning of SuperKEKB. Inside the detector box: Be extraction window and a
141-µm-thick YAG:Ce scintillator with CCD camera. The scintillator is tilted 45°
in the horizontal plane, so that the camera and lens are out of the way beam. The
camera and lens are also tilted 45°, so that they view the scintillator face-on. This
does not effect the image in the vertical direction.
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4 | Phase 1 of SuperKEKB Com-

missioning

The Phase 1 commissioning of SuperKEKB operations commenced in Febru-
ary 2016 and lasted approximately five months (until June 2016); the machine
parameters are presented in Table 4.1 [8,12]. The display of the X-ray monitor
in the control room for LER and HER rings is shown in Fig 4.1. An XRM was
installed in each of the SuperKEKB rings, and several studies were carried out
during the commissioning process.

Figure 4.1: XRM panel in the control room, showing LER and HER vertical beam
sizes.
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Table 4.1: Machine parameters in Phase 1 commissioning of SuperKEKB Operation.

Parameter LER (e+) HER (e�) Unit

Beam energy Eb 4.000 7.007 GeV

Max. beam current I 1.01 0.87 A

Max. number of bunches nb 2363 2455
Horizontal emittance (optic estimation) "x 1.8 4.6 nm

Vertical emittance (optic estimation) "x 10 10 pm

Bunch length �z 4.6 5.3 mm

4.1 Geometrical scale factors

Using beam-based measurements (see schematic in Fig. 4.2), the geometrical
scale factors are measured by moving either the beam or the optical elements
and observing how the peak features change. The ratio of geometric magnifica-
tion from source-to-scintillator M and camera scale m can then be calculated.
The camera scale m consists of the detector system (camera) magnification
from scintillator-to-camera and the pixel size (µm/pixel).

Figure 4.2: Schematic for the geometrical scale factors check, consisting of a source
point with two beam position monitors (upstream s1 and downstream s2), optical
elements, and a scintillator. P1 is the position (in pixels) of a peak feature from
X-rays that passed through a slit onto the scintillator and P2 is the peak feature from
X-rays transmitted through the Au mask.
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When the beam is moved, the position (in pixels) of a peak feature from
X-rays that passed through a slit onto the scintillator P1 is defined as P1 =

�M
m y with y is source point position. The correlation of y, vertical BPM value

y1, y2 and distance between them based on schematic in Fig. 4.2 is defined as
y = y1 +

ds1
ds (y2 � y1).

Then the P1 is derived as

P1 = �M

m

⇣
y1 +

ds1
ds

(y2 � y1)
⌘

= �M

m
y1 �

M

m

ds1
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=
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✓
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ds1
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y2, (4.1)

where ds is the distance between downstream and upstream beam position
monitors (BPMs), ds1 is the distance from the upstream BPM to the source
point, ds2 is the distance from the downstream BPM to the source point, and
y1, y2 are the readouts from the upstream and downstream BPMs, respectively.

When the optical element is moved, the ratio (M + 1)/m is defined as

P1 =
M + 1

m
ymask, (4.2)

where ymask is the position of the optical element in µm. P1 and P2 were
recorded during this study, and the ratio between M and m (geometrical scale
factors) were calculated using Eqs. 4.1 and 4.2. We also evaluated the geome-
try scale through physical tape measure; the results are presented in Table 4.2.
The geometrical magnification factors given by the tape- and beam-based mea-
surements agreed within a few percent at both beam lines (see Table 4.3).
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Table 4.2: Evaluation of geometry scale by tape measurement.

Parameter LER HER Unit
Distance from source to optics 9.468± 0.005 10.261± 0.010 m

Distance from optics to scintillator 31.789± 0.005 32.689± 0.010 m

Magnification (M) 3.358± 0.002 3.186± 0.003

Scintillator camera scale (m) 51.8 52.4 µm/pixel

Table 4.3: Geometrical scale factors check for LER and HER using the ratio of
geometrical magnification M and scintillator camera scale m. The ratios given by
tape- and beam-based measurements are agreed within a few percent at both beam
lines.

M/m (M+1)/m
Tape measurement (pixels/mm)

LER 66.27± 0.10 85.58± 0.10

HER 61.51± 0.10 80.59± 0.10

Beam-based measurement (pixels/mm)
LER 69.50± 0.50 86.00± 0.60

HER 59.20± 0.50 79.30± 0.10

4.2 Emittance control knob

In SuperKEKB there is a tool for enlarges the vertical beam size inten-
tionally by making an asymmetric bump, called an "iSize" bump, at one of
the strongest non-interleaved sextupole magnets in each SuperKEKB ring. A
screenshot of emittance control knob ’ECK’ measurement technique is shown
in Fig. 4.3.

The ECK method [37] enlarges the beam size intentionally and measures the
overall consistency factor between the reported beam size measurements and
Structured Accelerator Design (SAD) simulation. The variation in the vertical
beam size with respect to the bump height is defined as

�
�ymeas

�2
= (con �y0)

2 + (con R)2 (h� h0)
2 , (4.3)
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Figure 4.3: The emittance control knob ’ECK’ measurement technique for HER,
enlarging the vertical beam size intentionally by making an asymmetric bump.

where �y0 and �ymeas are the minimum vertical beam size and measured beam
size, respectively. The relation between the vertical beam size �y, vertical
emittance "y, and a vertical beta function �y is given by

�y =
p
"y�y. (4.4)

The parameters h and h0 are the bump height and its offset, con is the
consistency factor, and R is a linear coefficient defined as

R2 = �"y�y,source + (⌘y,source�p)
2 , (4.5)

where �"y is the change in vertical emittance for a unit of bump-height
squared as shown in Fig. 4.4, ⌘y,source is the change in vertical dispersion for a
unit of bump-height, and �p is the momentum spread. The beam parameters
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�"y, �y,source, ⌘y,source, and �p are given by the optics model (as shown in
Table 4.4).

Figure 4.4: The �"y knob parameter as a change in vertical emittance for a unit of
bump-height squared.

The results of this study for both beam lines are shown in Figs. 4.5, 4.6, and
Table 4.5. The minimum measured beam size �y0 and vertical emittance "y for
LER (HER) are ⇠ 30 µm (⇠ 35 µm) and ⇠ 13 pm (⇠ 160 pm), respectively. The
value of "y for LER is close to the design value given by the optical estimation
⇠10 pm. The measured value for HER is an order of magnitude higher than
the design value. The PSF was studied using beam lifetime data to further
investigate the discrepancy in both rings, as described in Subsection 4.3.

Figure 4.5: LER emittance control knob data for all optical elements at 200 mA
beam current. Data points are fitted using the function in Eq. 4.3 with consistency
factor (con) and minimum vertical beam size (�y0) as free parameters. Phase 1 design
value "y = 10 pm, measured value "y = 13 pm.
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Figure 4.6: HER emittance control knob data for all optical elements at 190⇠195
mA beam current. Data points are fitted using the function in Eq. 4.3 with consistency
factor (con) and minimum vertical beam size (�y0) as free parameters. Phase 1 design
value "y = 10 pm, measured value "y = 160 pm.

Table 4.4: XRM beam parameter during Phase 1 measurement.

Parameter LER HER Unit
Beam current I 188.7 – 200.7 208.1 – 258.6 A

Beta function �y,source 67.4 7.6 m

Vertical beam size
(based on optics estimation) �y,source ⇠ 25 ⇠ 9 µm
Change in vertical emittance
per bump-height squared �"y 70.21± 0.03 42.19± 0.10 pm/mm2

Change in vertical dispersion
per bump-height ⌘y,source 0.056 0.017 m/mm

Momentum spread �p 7.7⇥ 10�4 6.3⇥ 10�4

Bunch length �z(Ib) 4.58+0.59Ib 5.34+0.88Ib mm

Number of bunches/ring nb 1576 1576

4.3 Beam lifetime technique

The beam lifetime, which was recorded during the emittance control knob
studies, was used to study the PSF. A bunch of charged particles (electrons/positrons)
in a ring decays due to the quantum lifetime (emission of SR), Coulomb scat-
tering (elastic and inelastic scattering on residual gas atoms), bremsstrahlung
(photon emission induced by residual gas atoms), and the Touschek effect
(electron–electron scattering). None of these mechanisms is related to beam
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Table 4.5: Results of the emittance control knob method. From this data, the
value of "y for LER (HER) is found to be ⇠13 pm (⇠160 pm). This is close to the
design value for LER, but much higher for HER, indicating the possibility of a spread
function. The PSF was studied using beam lifetime data and the consistency factor
con to investigate this discrepancy.

Mask �y0(µm) Consistency factor (con)
LER

pinhole 28.80± 1.01 0.92± 0.02

multi-slits 32.50± 1.51 0.86± 0.02

URA 30.07± 0.98 0.94± 0.01

HER
pinhole 33.60± 0.78 1.01± 0.02

multi-slits 37.06± 0.83 1.12± 0.02

URA 36.83± 0.72 1.02± 0.01

size except for Touschek effect.
During the phase 1 commissioning, the lifetime was dominated by Touschek

scattering [38] as shown in Fig 4.7. Touschek collisions transfer momentum
from transverse to longitudinal motion, and both electrons can slip outside the
range of longitudinal acceptance, in which case they are lost.

Piwinski [39], Khan [40], and Carmignani [41] express the loss rate as

1

⌧
=

*
cre2np

8⇡�2�z(�p/p)3
q
�x2�y2 � �p4Dx

2Dy
2
F (⇠)

+
, (4.6)

where ⌧ is the Touschek lifetime, np is the number of particles, D is disper-
sion, �p is the relative momentum spread, �p/p is the momentum acceptance,
F (⇠) is the Touschek factor, and h i denotes an average over the whole circum-
ference of the storage ring. For a flat beam with a very small vertical oscillations
(Dy = 0), Khan [40] derived the loss rate as

1

⌧
=

⌧
cre2np

8⇡�2�z�x�y(�p/p)3
F (⇠)

�
. (4.7)

In our analysis, we considered the beam parameters �x,�p/p, and F (⇠)
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Figure 4.7: Relation between lifetime and measured beam size for LER (left) and
HER (right). By fitting 1/T vs 1/�y via linear function 1/T = ↵1 (1/(�y/cal)) + b,
with �y =

q
�2
meas � �2

psf . A small value of b, representing non-Touschek llifetime
sources.

to be constant, which implies that the Touschek lifetime is proportional to
�z/Ib and the vertical beam size �y. The bunch current Ib decreased during the
measurements (see Table 4.4) and as the bunch length �z is a function of Ib [42],
we should consider this correction in the analysis. The measured value �ymeas

will be larger than the actual beam size �y because of the PSF. If �y is convolved
with a Gaussian smearing function of size �s, then �y2meas = (�y2 + �s2) con2,
where con is the consistency factor from the emittance control knob method.
The Touschek lifetime can then be represented as

⌧ =

⌧
k
�z
Ib
�y

�
=

*
k
�z
Ib

r
�y2meas

con2
� �s2

+
. (4.8)

Fitting the lifetime using the bunch length correction, i.e., ⌧Ib/�z vs �ymeas

data using Eq. 4.8 with k and �s as free parameters, gives results shown in
Figs. 4.8 and 4.9.

Using the correlation between the vertical beam size �y, beta function �y,
and emittance "y given by Eq. 4.4 and the parameters in Table 4.4, we can
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Figure 4.8: Relation between lifetime and measured beam size for LER with bunch
length correction for each bump height, fitted using Eq. 4.8 to obtain the PSF factor
�s.

Figure 4.9: Relation between lifetime and measured beam size for HER with bunch
length correction for each bump height, fitted using Eq. 4.8 to obtain the PSF factor
�s.

calculate a minimum vertical beam size �y0 from the smallest measured beam
size �ymeas, which corresponds to the minimum vertical emittance "y0. The
averaged values of �s, �y0, and "y0 over all measurements made with the three
optical elements are given in Table 4.6.

Table 4.6: Average of PSF �s, minimum vertical beam size �y0 as fitting results
of Figures 4.8 and 4.9, and vertical emittance "y0 measured with all three optical
elements.

LER HER Unit
�s 15.63± 2.90 31.58± 0.72 µm
�y0 21.56± 2.91 16.93± 0.74 µm
"y0 ⇠ 10 ⇠ 35 pm

The LER vertical emittance "y is consistent with the optics estimation (⇠
10 pm), but for HER, the emittance is 3.5⇥ the optics estimate (⇠ 35 pm).
These results indicate unknown sources that make our measurement in HER
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bigger than optics estimation.

4.4 Spatial resolution of the detector system

Regarding the detector, several parameters affect the spatial resolution: fo-
cus defects, diffraction effects, and spherical aberrations [43]. The relationships
between the spatial resolution Rf and the scintillator depth dz (141 µm), nu-
merical aperture of the camera NA (0.03132), XRM magnification M (3.2),
and wavelength of visible light from the scintillator � (550 nm) are

Rf ⇠ dzNA

M
, defect of focus ⇠ 1.4 µm, (4.9)

Rf ⇠ �

MNA
, diffraction effect ⇠ 5.5 µm, (4.10)

Rf ⇠ dz(NA)2

M
, spherical aberration ⇠ 1 µm. (4.11)

The effects contribute ⇠ 5.8 µm of smearing at the source point. Addition-
ally, the resolution of the detector can be limited by the spatial distribution
of the deposited energy imparted from ionizing radiation. This distribution is
affected by scattered X-rays or secondary electrons that may deposit energy far
away from the primary photon interaction site. The EGS5 (Electron-Gamma-
Shower) code [44] is a general-purpose package for conducting Monte Carlo
simulations of the coupled transport of electrons and photons in an arbitrary
geometry for particles with energy from a few keV to several hundred GeV. In
our case, EGS5 calculated the absorbed dose of an X-ray pencil beam passing
through the Be filter, optical elements, Be window, and onto the flat surface
of the 141-µm-thick YAG:Ce scintillator. Further analysis attempted to de-
termine the effect of scattering anywhere in the beamline or detector of the
imaging system.

We calculated the absorbed dose of 6 – 50 keV X-ray pencil beams from
the source point to the YAG:Ce scintillator. The parameters applied in the
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EGS5 simulation were: sampling of angular distributions of photoelectrons in
various regions, explicit treatment of K- and L-edge fluorescent photons, explicit
treatment of K and L Auger electrons, coherent (Rayleigh) scattering in various
media, linearly polarized photon scattering in all regions, incoherent scattering
function for Compton scattering angles in all regions, and doppler broadening
of Compton scattering energies. A view of the XRM beamline given by the
EGS5 simulation is shown in Fig. 4.10; the X-rays passed through the Be filter
(some photons were scattered and their energy deposited on the Be filter),
then reached the scintillator via the Be window. The EGS5 calculation results
in Fig. 4.11, The peak spectrum energy for LER and HER is estimated to
be 11 keV and 18 keV, respectively. The scattering range is <1 µm with a
background/peak ratio of ⇡ 10�4.

(a) CGView of XRM beamline given by EGS simulation.

(b) Detector arrays.

Figure 4.10: EGS5 simulation results: (a) X-ray pencil beam from source point
passed through the Be filter, optical element, Be window, and onto the YAG:Ce
scintillator; (b) Detector (YAG:Ce) pixel arrays, which consist of 50 arrays (1 µm ⇥
1 µm ⇥ 141 µm for each detector pixel). Yellow and red lines represent photons and
electrons, respectively.

Altogether, the contribution from focus defects, diffraction effects, spherical
aberrations, and scattering effects is ⇡ 6 µm at the source point. This cannot
account for the smearing observed in the lifetime studies. Other possible sources
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Figure 4.11: Deposited energy in YAG:Ce for given X-ray energy: (a) LER and (b)
HER.

of smearing or resolution loss include beam tilt or motion, camera misfocus, or
some source of scattering not simulated by EGS5 (small angle scattering), such
as impurities or inhomogeneities in the Be filters. For the Phase 2 commission-
ing, new optical elements were installed for XRM, and we have replaced the Be
filters with thinner ones.
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5 | Phase 2 of SuperKEKB Com-

missioning

Continuing studies were made during the Phase 2 (May – July 2018) with
the purpose to reduce the PSF that we found in Phase 1 (especially in the HER
beamline).

5.1 Strategy in Phase 2

Several new types of equipment have been installed in the HER beamline:
thinner Be filters, optical elements that have been re-optimized, LUAG:Ce scin-
tillator screen, and CCD camera.

5.1.1 Thinner Be filter

The functions of a Be filter in the XRM system are to separate the vacuum
between the X-ray extraction chamber and XRM beamline, and to reduce the
X-ray power density. In Phase 1, a 16 mm of Be was added in the HER XRM
system to increase the margin of safety regarding the heat load [34]. The Phase
1 XRM systematics study suggested the PSF made the beam size bigger than
the optic estimation. The Be filter was considered one of the sources because
of the possibility of X-ray diffraction on it, e.g., a small-angle scattering mainly
due to density fluctuation or poly-crystal structure [45]. The example of the X-
ray diffraction pattern from Be window is shown in Fig. 5.1, they have strong
Deby-Sherer and small-angle scattering mainly due to density fluctuation or
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poly-crystal structure [45]. For that reason, we have replaced the Be filter in

Figure 5.1: Powder pattern obtained from a beryllium window (Air product and
Chemicals, 1973) [45].

HER with the thinner ones, from 16 mm to 0.2 mm which is the same thickness
as Be window.

5.1.2 Optimizing the pinhole size

The pinhole size is optimized by simulating detector image for a point source
in both rings using various pinhole (slit) sizes. The procedure is as same as
the Phase 1, differing only in the diamond thickness (800 µm) and Be filter
thickness. The minimum standard deviations of resulting PSFs were found to
be 33 µm for LER and 31 µm for HER as shown in Fig. 5.2. We took 31 µm as
the new minimum slit size for HER and kept 33 µm as the minimum slit sizes
for LER. The same optical element patterns as in Phase 1 are then rescaled
with 31 µm as the minimum slit size. The detail parameter and pattern of the
optical elements for Phase 2 commissioning in HER are listed in Table. 5.1.
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Figure 5.2: Standard deviation of images for various slit widths for LER and HER
in Phase 2. The 33 µm (31 µm) slit size was taken as the optimum slit and basic size
for LER (HER) ring.

Table 5.1: Parameters of the optical elements for Phase 2 commissioning for HER
ring.

Optical element Parameter Value
PH (pinhole) width 31 µm
Multi-slits Diamond thickness 800 µm

Au thickness 20 µm
Number of slits 17

Pattern, S=slit, M=Au mask (µm)
31S-21M-31S-62M-31S-21M-31S-103M-31S-21M-31S-41M-31S-21M
-31S-186M-31S-21M-31S-41M-31S-21M-31S-62M-31S-21M-31S
-41M-31S-21M-31S-103M-31S
URA Diamond thickness 800 µm

Au thickness 20 µm
Number of slits 12

Pattern, S=slit, M=Au mask (µm)
62S-31M-62S-93M-31S-31M-31S-31M-62S-124M-31S-155M-124S-31M
-124S-62M-31S-31M-31S-31M-93S-62M-31S

5.2 Scintillator, lens, and camera system

5.2.1 LuAG:Ce Scintillator

We then replaced the YAG:Ce with LuAG:Ce to improve the spatial reso-
lution. A comparison between YAG:Ce and LuAG:Ce for X-ray imaging was
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observed [46]. The LuAG:Ce single crystal is denser compared to YAG:Ce (6.76
and 4.55 gram/cm3, respectively), and the X-rays are absorbed stronger by
LuAG. 1.7 times more X-ray radiation is absorbed in the range between 1 and 40
keV, as calculated using X-ray radiation attenuation coefficients. The LuAG:Ce
screen has higher conversion efficiency than YAG:Ce screen, so that the signal-
to-noise ratio of the image is better for use in the imaging system. Another
X-ray imaging system with a YAG:Ce screen has been demonstrated success-
fully for vertical beam size measurement in Diamond Light Source, DLC [47].

5.2.2 Lens and camera system

Pentax C1614A lenses [48] were used for both rings with 16.0 mm of focal
length, 1:1.4 maximum aperture ratio, 0.3 m minimum object distance, and
58 gram weight. The distance between lens and scintillator is 5 cm, so the
extension tube set (macro ring) [48] was inserted between the lens and camera
to shift the focal point further than the mechanical limit of the lens for the
close-up application. The extender that we used is shown in Fig. 5.4.

We also used an acA2440-20gm-Basler ace CCD camera [49] with 2448 ⇥
2048 pixel grayscale resolution, 3.45 µm ⇥ 3.45 µm pixel size and 23 fps of
frame rate. The exposure time was set to 800 µs to not saturate the white
balance at ⇠ 700 mA beam current.

5.3 Study results

The primary goal in Phase 2 is to reduce the PSF that we found in the HER
during the Phase 1. The display of the X-ray monitor in the control room for
HER and LER rings is shown in Fig. 5.6, showing the vertical and horizontal
beam sizes (we will only discuss the vertical beam size measurements). The
emittance control knob used in Phase 1 was repeated to check the consistency
between the measured beam size and SAD simulation. The beam parameters
and the ECK results during Phase 2 are shown in Table. 5.2 and Fig. 5.7,
respectively. The bunch length correction also taken into account in the life-
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Figure 5.3: Pentax C1614A lenses for Phase 2 XRM imaging system [48].

Table 5.2: XRM beam parameter in HER during Phase 2 commissioning of Su-
perKEKB Operation.

Parameter HER Unit

Beta function at XRM source point �y,source 7.64 m

Vertical emittance/(bump-height)squared �"y 41.978± 0.020 pm/mm2

Change in vertical dispersion/bump-height ⌘y,source 0.019 m/mm

Momentum spread �p 6.304⇥ 10�4

Beam current I 60 – 100 mA

Number of bunches/ring nb 788

time study, simulations of the bunch lengthening with the microwave instability
(MWI) simulation are made with the result as shown in Fig. 5.8 [50]. The life-
time study as Phase 1 (Subsection 4.3) was repeated, fitting the lifetime with
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Figure 5.4: Macro ring to be inserted between lens and camera to shorten the object
distance (close up to scintillator) [48].

Figure 5.5: A Basler acA2440-20gm CCD camera for the Phase 2 XRM imaging
system system [49].

the bunch length correction using Eq. 4.8 with k and �s as free parameters,
gives results as shown in Fig 5.9. The average of PSF factor �s was found to
be 6.60± 0.73 µm. The study results suggest the PSF �s ⇠ 6.6 µm, which is ⇠
5 ⇥ smaller than in the Phase 1. This PSF correspond to the PSF source from
camera system and scattering beamline as has been explained in Subsection 4.4.
This �s indicate that the minimum beam size that we measured is correspond
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Figure 5.6: XRM panel in control room, showing the beam sizes at the XRM source
in both rings, emittances, and beam sizes at interaction point.

to the emittance at full current (12.9 pm). Now that the �s is small enough,
its should not be as a limit factor in the �y measurements and will be able to
measure the beam size at zero current �y ⇠ 7 µm.
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Figure 5.7: HER emittance control knob study for URA mask, taken with slow
(left) and quick (right) knob scans. We did a quick scan after slow scan to avoid the
change of beam condition during the measurements. The consistency factors between
measured and SAD simulation beam sizes are 0.996 ± 0.007 and 1.002± 0.003 for
slow and quick scans, respectively.
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Figure 5.8: The MWI simulation to predict the bunch lengthening with all the
wakes: coherent synchrotron radiation (CSR), resistive wall (RW), and geometrical
wake (GW), with the �z0 is 5.33 mm [50].
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Figure 5.9: Relation between lifetime and measured beam size with bunch length
correction for each bump height: (top) slow scan, (bottom) quick scan. Fitted using
Eq. 4.8 to obtain the PSF factor �s. The average of �s was found to be 6.60± 0.73
µm, which is about 5 times smaller than Phase 1.
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6 | Coded Aperture Reconstruction

Image

This chapter explores the fundamentals of coded aperture imaging in gen-
eral and the possibility to be implemented in the XRM image reconstruction.
In the next phase, we will replace the scintillator with 128 channels of silicon
with 2-mm sensing depth and a pixel pitch of 50 µm, with the aim to provide
high-resolution bunch-by-bunch, turn-by-turn measurements for low emittance
tuning, collision tuning, and instability measurements. In the current phase, we
are using the template-fitting method that has excellent capability in the recon-
struction of the image source, but in the future, for a single-bunch measurement
this method cannot keep up with the vast volumes of data in real-time. We
are investigating a fast reconstruction method based on coded aperture (CA)
imaging for XRM. This method is important for measuring the beam sizes of
all 2500 bunches in the SuperKEKB accelerator over thousands of turns, as
needed for instability studies and luminosity tuning.

6.1 The History of Coded Aperture

Coded aperture techniques were first proposed in 1961 by Mertz and Young [27]
that overcomes the conflicting requirements for imaging with a single pinhole
camera. Figure. 6.1 shows the concept of coded aperture, the single pinhole is
replaced by many pinholes (called the aperture), so that many overlap images
are formed on the screen.
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Figure 6.1: The basic concept of coded aperture imaging (adopted from [31]). In an
attempt to obtain a higher signal to noise (SNR) ratio, a multiple-pinhole aperture
is used to form many overlapping images of the object. There are two steps: the
first is physical process, the projection of the source through the aperture; the second
process is decoding.

Coded aperture try to achieve the resolution of small pinholes while main-
taining a high signal throughput. The basic idea is to overcome photon shortage
by opening many small pinholes instead if a larger one because some resolu-
tion limit will be reached. These pinholes are placed in arrays called pattern.
Since the number of photons passing through a pinhole of the coded aperture
is independent of photon passing trough all other pinholes, each pinhole is in-
dependent of the others. In a far-field approximation, i.e., when the object is
sufficiently far from mask and detector (in astronomy), the projection process
will follows the equation:

Rimage = O ⇥ Amask, (6.1)

where Rimage is the counts recorded by the detector, O the number of photons
emitted per unit area of the object, Amask the transmission of the coded aper-
ture, and ⇥ indicates non-periodic correlation. As the pinholes can be several
numbers (in astronomy could be several hundreds), Rimage does not resemble O
in any immediate way. An alternative way of looking at the same process is to
say that a point in the image is not represented on the detector by point, but
rather by pattern of points. This is the mask itself, as follows from Equation. 6.1
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when O is replaced with Dirac’s delta function �:

Rimage = � ⇥ Amask = Amask. (6.2)

Therefore, each point source is present in the projection not as a point but as
a known pattern. Different point sources are characterized by the pattern shift
and in this sense the signal from the source is encoded. In a more general case
the pattern Amask is associated with decoding pattern Gmask such that

Amask ⌦ Gmask = �, (6.3)

where ⌦ indicates periodic correlation, the matched filtering process is

Rimage ⌦ Gmask. (6.4)

The result of this equation is to produce a perfect copy of the object O. In
fact, given a linearity of correlation operations and Equation. 6.1 can be write
(as proven in Appendix B.3):

Ô ⌘ Rimage ⌦ Gmask = (O ⇥ Amask) ⌦ Gmask = O ⇤ (Amask ⌦ Gmask),

(6.5)

where Ô is the estimate object/reconstructed image. It is clear that the closer
the (Amask ⌦ Gmask) approximates the delta function, the better will be the
estimate Ô. The (Amask ⌦Gmask) quantity is the system point spread function
(SPSF). In practice, image quality may be lost because the SPSFs of almost all
coded apertures are not delta functions. Typically, the SPSF is a delta function
surrounded by sidelopes which are not flat. Equation 6.5 can be the basis for
decoding regardless of whether optical or digital techniques are employed. The
choice of decoding function and whether to use optical or digital methods is
usually closely linked to the choice of the aperture pattern. Several aperture
pattern that have been used with their advantages and limitations are explained
in Subsections 6.1.1 and 6.1.2.
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6.1.1 Fresnel zone plates

The Fresnel zone plates (FZP) was proposed by Mertz and Young [27] as
shown in Fig. 6.2. The FZP is defined such that the radius of the nth zone is
given by [51]

rn(fzp) = r1(fzp)
p
n(fzp), (6.6)

where r1 is the radius of innermost zone. The total open area equals the closed
area, hence the FZP always has a transmission of 0.5. The FZP could produce
the delta function SPSF but it is impractical to build because imperfect imaging
properties hold only if the plates is infinite and has a continuously varying
transmission and this entails fabrication difficulties.

Figure 6.2: The practical Fresnel zone plate.

6.1.2 Random arrays

The advent of more manageable aperture gave new momentum in the field.
In 1968, Dicke pointed out that random array has reasonable a self-correlation
properties [14]. Unfortunately, just like FZP, a random array provides an ideal
reconstructed images only if it is infinite. In 1971, the Non Redundant Arrays
(NRA) were proposed [52]. These arrays are compact but have ideal properties
only on a small field of view ans contain a small number of holes, which prevents
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great improvements in the SNR. The difficulty was overcome in 1978, when
Fenimore and Cannon introduced the rectangular Uniformly Redundant Arrays
(URA), which have an ideal PSF and are finite [51].

6.2 Fundamental of Code Aperture Imaging

6.2.1 Mathematical Formulation of Coded Aperture Imag-

ing

Coded aperture imaging is a technique well developed among x-ray as-
tronomers [14] which can, due to higher X-ray collection efficiency, improve
on the spatial resolution of a pinhole camera. In astronomy applications, the
object is typically 2-dimensional while the XRM is a 1-dimensional device. We
consider the geometrical optics of the CA as shown in Fig 6.3, where ro, b,
and f are the source position, source-to-mask distance, and mask-to-detector
distance, respectively, the number of counts recorded at the detector position
ri is given by [53]

Rimage(ri) /
Z Z

ro
O(ro)Amask

 
b

z
ri +

f

z
ro

!
cos3(✓)d2ro, (6.7)

where ✓ = arctan(|ri�ro|/z) characterizes the trajectories of skew rays through
the system, O is the distribution of the object plane, and Aimage is the trans-
mission of the aperture (at the mask plane). If we define

⇠ = �f

b
ro,

O0(r) = O
⇣�b

f
r
⌘
,

A0
mask(r) = Amask

⇣�b

z
r
⌘
. (6.8)
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We obtain the form

Rimage(ri) /
Z Z

⇠

O0(⇠)A0
mask(ri � ⇠)⇥ cos3

"
arctan

 
|ri + b

f ⇠|
z

!#
d2
⇠. (6.9)

Here O0 and A0
mask are, respectively, rescaled and reflected forms of the object

and aperture. The scaling coefficient for O0 is the magnification of the pinhole
camera (the negative sign indicates that the object is inverted), whereas the
scaling coefficient for A0

mask is the ratio of the size of the mask to the size of
its projection on the detector. In the far-field approximation, i.e., the object
is sufficiently far from the mask and detector, the rays coming from the same
point source in the object can be considered parallel so that cos3(✓) ⇠= 1. Under
this approximation, the relation in Eq. 6.9 is reduced to convolution [31], which
is the correlation of the rescaled object with the rescaled mask.

Rimage(ri) /
Z Z

⇠

O0(⇠)A0
mask(ri � ⇠)d2⇠ ,

Rimage = O0 ⇤ A0
mask. (6.10)

If we have an ideal pair of mask and decoding pattern (Amask,Gmask),i.e., a pair
such that Amask ⌦Gmask = �, then the reconstructed image Ô is defined as [31]

Ô = (O0 ⇤ A0
mask)⌦G0

mask = R[O0 ⇤ (G0
mask ⌦ A0)mask]

= R(O0 ⇤ �) = R(O0), (6.11)

where R is reflection operator. The reconstructed object is the object itself
apart from a rescaling constant.
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Figure 6.3: Geometrical optic of coded aperture imaging.

6.2.2 Coded Aperture Imaging in X-Ray Beam Size Mon-

itor

There are two steps in the coded aperture imaging concept: the first is
encoding, and the second is decoding.

Encoding

The encoding is the physical process of projecting of the object through the
mask and onto the detector. In the XRM, after passing through an optical ele-
ment, the X-rays from a point source form a diffraction pattern with an arrange
of peaks on the detector depending on the pattern of the optical element. This
pattern is the point response function (PRF), i.e., the expected X-ray intensity
distribution at the image plane for a given X-ray spectrum, beamline geometry,
and optical element. As has been described in Chapters 2 and 3.

Decoding

The second step of coded aperture imaging is extracting the encoded data
(image reconstruction). Various methods for image reconstruction are possible,
direct deconvolution (using Fourier transform, FT) and correlation methods
are examples. The straightforward way of performing the image reconstruction
is employing the Fourier transform which reduces a convolution to a simple
multiplication. Providing the Fourier transform of each function in Eq. 6.10
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with a noise term Nnoise, the estimate Ô is then given by:

Ô = F�1

 
F(Rimage)

F(Amask)

!
= O � F�1

 
F(Nnoise)

F(Amask)

!
. (6.12)

The main problem with direct deconvolution methods is that F(Amask) might
have small terms. The mask aperture Amask is usually defined as an array
of ones and zeros where the ones have the same pattern in the array as do
the pinholes in the aperture. Another method of decoding is suggested by
Eqs. 6.10 and 6.11 as shown in Eq. 6.13 where N is a noise term. The choice
of the decoding matrix Gmask must be such that Gmask ⇤ Amask is as close as
possible to a delta function, to preserve the object features within the system
resolution. One method is to use the array Amask itself as the decoding matrix
which is the auto-correlation method [31].

Ô = (O0 ⇤ A0
mask +N)⇥Gmask = (O0 ⇤ A0

mask)⇥Gmask +N ⇥Gmask

= O0 ⇤ (A0
mask ⇥Gmask) +Nnoise ⇥Gmask. (6.13)

If A0
mask ⇥ Gmask = � then Eq. 6.13 becomes Ô = O0 + Nnoise ⇥ Gmask. The

noise term is still present but unlike in the Fourier transform method, is not
ill-behaved. An improvement over the auto-correlation method process can be
obtained by a balanced correlation method [53], that is achieved by using the
Gmask array as,

Gmask(i, j) = 1 if Amask(i, j) = 1,

Gmask(i, j) = �⇢A/1�⇢A if Amask(i, j) = 0, (6.14)

where ⇢A is the density of the aperture array. The balanced method is similar
to the mismatch method of Brown [54] that defined Gmask array as

Gmask(i, j) = 1 if Amask(i, j) = 1,

Gmask(i, j) = �1 if Amask(i, j) = 0. (6.15)
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If the ⇢A = 0.5 the balanced correlation is the same as the Brown mismatch
approach; the balanced correlation will work better than the mismatch when
⇢A is not 0.5 [31].

6.2.3 Implementation

In implementing the coded aperture imaging, we proceed as below for the
Phase 1 data:

1. We defined b and f with the beamline arrangement as shown in Fig. 6.3.
2. The mask aperture Amask is 12-slits pattern as shown in Fig. 3.12 with

47 pixels size. The holes occupy ⇠ 48% of the aperture then we defined
Gmask as

Gmask(i, j) = 1 if Amask(i, j) = 1

Gmask(i, j) = �0.917 if Amask(i, j) = 0. (6.16)

3. We constructed the Gmask pattern, the correlation between Amask and
Gmask is a � function as shown in Fig. 6.4

4. The detector is 128 channels of silicon with 2-mm sensing depth and a
pixel pitch of 50 µm.

5. The pixel size of the projection image Rimage in the detector is 128, so we
need to re-binned it into 47 pixels to make it suitable for Gmask in the
deconvolution process.

6. Deconvolution process using the direct convolution (FT) and correlation
methods, we considered without noise term.

7. In the case of XRM, the object is a single source with a Gaussian vertical
spread. Therefore, we applied Gaussian fitting in the reconstructed image.
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Figure 6.4: Correlation between Amask and Gmask.

The results of decoding using both methods are shown in Figs. 6.5 and
6.6. The reconstructed image is a Gaussian function with an artifact/sidelobe
even though the correlation between Amask and Gmask is a perfect delta function.
This artifact could be because the masking region of the image does not entirely
block the x-rays, allowing some background to leak through the mask pixels.

Figure 6.5: Image reconstruction process using direct deconvolution/FT method:
(a) recorded image in 128 pixels, (b) recorded image in 47 pixels, (c) decode image
using FT, (d) fitting result.
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Figure 6.6: Image reconstruction process using correlation methods: (a) recorded
image in 128 pixels, (b) recorded image in 47 pixels, (c) decode image using correlation
method, (d) fitting result.

Figure 6.7: Comparison of CA deconvolution technique and fitting-template
method.

During the Phase 1 of SuperKEKB commissioning (Spring 2016), we col-
lected data of beam size as a function of beam current using the fitting-template
method. Figure 6.7 shows the comparison of CA deconvolution technique and
fitting-template method. For beam size smaller than 80 µm as shown in Fig. 6.7
(left), the result is reasonable. For large beam sizes, there is a significant de-
viation compared to the template beam size. One reason is the difficulty in
Gaussian fitting, especially at large beam sizes. This difficulty could be be-
cause of the artifact that appears as we mentioned before. In Fig. 6.7 (right),
there is a small deviation between CA deconvolution and fitting-template at
the lower beam current (< 500 mA). At the beam current less than 500 mA,

77



the raw beam size is on the range 38 – 41 µm. The point-spread function (PSF)
of the single slit (33 µm) when the detector (Si) sees it is ⇠ 34 µm (include
the geometrical magnification ⇠ 3 times), then we would be able to see the
raw beam size smaller than the PSF. In further study, we need to study the
fitting-method for the simulated detector image and compare it with the phase
I data result.
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7 | Summary and Outlook

This chapter summarizes the work presented in this thesis and discusses
possible direction for future research.

7.1 Summary

7.1.1 X-Ray Beam Size Monitor

The SuperKEKB facility is the upgrade of KEKB to increase the luminosity
40 times, to 8⇥ 1035 cm�2s�1, with the overarching mission is to search a new
physics beyond the standard model of the particle physics in the B meson
regime. It has two rings: High Energy Ring (HER) and Low Energy Ring
(LER) for 7 GeV electron and 4 GeV positron, respectively.

Beam instrumentation in the accelerator is the ’eyes’ of the machine opera-
tors, its entail the design, construction and operation of instruments to observe
particle beams, and also the research and development to find new or improve
existing technique to fulfill particularly new requirements. Several beam param-
eters that we need to measure in the accelerator (e.g., SuperKEKB) are beam
position (to know the horizontal and vertical positions of the beam throughout
the accelerator chamber), beam intensity, and lifetime measurement. Other
parameters are beam loss, beam profile (actual shape of the beam, both trans-
verse and longitudinal planes), and collision rate to measure of how well the
beams overlap at the collision point.

There are two different types of synchrotron radiation (SR) monitors for
beam profile diagnostics in SuperKEKB: SR interferometer (visible-light moni-
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tors) and x-ray beam size monitor (XRM). The XRM is used primarily for verti-
cal bunch profile measurements, and the visible light monitors is used primarily
for horizontal bunch profile measurements, with the possibility of vertical mea-
surements at larger beam sizes for comparison with the XRM measurements.

Primarily aim of the XRM is for vertical beam size measurements that
eventually has the capability for a high-resolution bunch-by-bunch, turn-by-
turn measurements for low emittance tuning, collision tuning, and instability
measurements. The motivation of the presented research was to study the
development of the XRM, consist of design the mask patterns, calibration of
the XRMs during the commissioning of the SuperKEKB operation, and explore
the image reconstruction technique using uniformly redundant arrays (URA)
coded aperture.

The main idea of the XRM system was to propagate the X-rays from SR
source point (bending magnet) through optical elements to the observation
plane (detector). It formed a diffraction pattern with an array of peaks on
the detector depending on the pattern of the optical elements. This pattern is
a point spread function (PSF), i.e., the expected X-ray intensity distribution
at the observation plane for a given X-ray spectrum, beamline geometry, and
optical elements. We used a Fresnel-Kirchhoff diffraction approximation to
estimate the propagation of the X-ray distribution from the SR source to the
detector.

7.1.2 Optical Element

There are two types of the optical element for XRM in both rings: a single
pinhole and coded apertures (CA). In the pinhole imaging, the hole should be
small to provide resolution. However, a small hole often has an insufficient
area to collect enough X-rays to produce an interpretable image. The capa-
bility of CA become useful to overcome the limitation of pinhole imaging and
provide better resolution. Because CA offers greater open aperture and pho-
ton throughput than a single pinhole, that makes CA has a capability for a
better statistical resolution in a single-shot measurement. Accordingly, three
optical elements/masks have been designed and installed at each ring: pinhole,
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17 multi-slits, and 12-slits Uniformly Redundant Array (URA).

7.1.3 Phase 1 and 2 Commissioning

In the Phase 1 commissioning, the overall performance at the low energy
ring (LER) were consistent with expectations based on the optics estimation
"y ⇠ 10 pm and will be able to measure the design beam size at zero current
(⇠ 14 µm). The high energy ring (HER) measurement predicted "y ⇠ 35 pm,
which is 3.5 ⇥ larger than the optics estimation and suggested a large point
spread function (PSF) �s ⇠ 31 µm.

Studies were made during Phase 2 commissioning with several new equip-
ment improvements in the HER: thinner Be filters, updated optical elements, a
new scintillator screen, and CCD camera with the purpose to reduce the PSF.
The results show a PSF �s ⇠ 6.6 µm, which is 5 ⇥ smaller than in Phase 1.
This revised �s indicates that the minimum measured beam size corresponds to
the emittance at the design current (12.9 pm). The �s is also small enough to
measure the design beam size at zero current, �y ⇠ 7 µm. The resulting vertical
beam size measurements in Phase 1 and 2 are summarized in Table 7.1.

Table 7.1: Vertical beam size measurements in Phase 1 and 2.

Parameter
Phase 1 Phase 2

Unit
LER HER HER

�y optics estimation ⇠ 25 ⇠ 9 ⇠ 9 µm
�y measured 21.56± 2.90 16.93± 0.75 12.35± 0.39 µm
�s (inferred PSF) 15.63± 2.90 31.58± 0.72 6.60± 0.73 µm

7.2 Direction for future work

For further explorations and refinement following present work, two direc-
tions of research are identified and are presented below.
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7.2.1 Fast detector for single-shot measurement

In the next phase, the scintillator will be supplemented by 128 channels of
silicon with 2-mm sensing depth and a pixel pitch of 50 µm. This detector
system will have a capability for the single-shot measurement which is useful
for studying beam instabilities.

7.2.2 Image reconstruction based on URA coded aperture

In the current phase, we are using the template-fitting method that has ex-
cellent capability in the reconstruction of the image source, but in the future, for
a single-bunch measurement this method cannot keep up with the vast volumes
of data in real-time. An investigating of fast reconstruction method based on
URA coded aperture imaging for XRM more deeply become interesting. This
method is essential for measuring the beam sizes of all 2500 bunches in the Su-
perKEKB accelerator over thousands of turns, as needed for instability studies
and luminosity tuning.
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Appendix A

Synchrotron Radiation

A.1 Derivation of the SR spatial distribution emit-
ted by relativistic charges on circular orbit

Recalling Eq. 2.1, the total radiated SR power in the relativistic case can
be expressed by:

Ptot =
e2c

6⇡"0(m0c2)2

 
d~p
d⌧

!2

(a.1)

that for the case of a circular acceleration in a bending dipole (d~v/d⌧ ? ~v),
reduces to:

Ptot =
e2c�2

6⇡"0(m0c2)2

 
d~p
dt

!2

(a.2)

It is worth nothing that in a circular trajectory with the radius ⇢, a change of
the orbit angle d↵ causes a momentum variation dp = p d↵. the latter could
also be expressed by:

dp
dt

= p! =
pv

⇢
=

E

⇢
(a.3)

Therefore by substituting � = E/m0c2 in Eq. a.2, the dependency of the radiated
power on the particle energy E is obtained:

Ptot =
e2c

6⇡"0(m0c2)4
E4

⇢2
(a.4)
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By inserting the obtained Poynting vector at the radiated time in the expression
of the total power radiated power per unit solid angle (see reference [19]), the
latter becomes

dP
d⌦

=
1

cµ0

~E2
⇣
1 + ~n~�

⌘
R2 (a.5)

By using the electric expression (see reference [17]), the radiated power distri-
bution can be expressed as follows:

dP
d⌦

=
1

cµ0

e2

(4⇡"0)2
1

c2a6
·
(
~R⇥

"⇣
~R + ~�R

⌘
⇥ ~̇�

#)2⇣
1 + ~n~�

⌘
R2

=
1

cµ0

e2

(4⇡"0)2
R5

c2a5

(
~n⇥

h⇣
~n+ ~�

⌘
⇥ ~̇�

i)2

(a.6)

Recalling the reference coordinates system K⇤, see reference [19]: in K⇤, the

Figure 1: The geometry used for the treatment of synchrotron radiation, featuring
K⇤ as coordinates system moving along the trajectory.

vector position ~R, pointing from the observer to the moving particle, and its
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unit vector are given by

~R = �R

0

BBB@

sin⇥ cos�

sin⇥ sin�

cos⇥

1

CCCA
(a.7)

~n =

0

BBB@

� sin⇥ cos�

� sin⇥ sin�

� cos⇥

1

CCCA
(a.8)

The Lorentz force ~F of an electron traveling along a trajectory in a magnet is
then expressed by:

~F = �e~v ⇥ ~B = �e

0

BBB@

�vBz

0

0

1

CCCA
= �m0~̇v (a.9)

By the nature of the particle circular motion, we recall that

~v =

0

BBB@

0

0

v

1

CCCA
, ~̇v =

0

BBB@

v̇x

0

0

1

CCCA
, and ~B =

0

BBB@

0

Bz

0

1

CCCA
(a.10)

Therefore: �m0v̇x = evBz = ec�Bz. The bending radius of a trajectory in a
magnet can be evaluated according to:

1

⇢
=

e

p
Bz =

eBz

�m0v
) Bz =

�m0v

e⇢
(a.11)
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and the transverse acceleration of the particle becomes:

v̇x =
c2�2

⇢
(a.12)

obtaining finally:

~� =
~v

c
=

0

BBB@

0

0

v/c

1

CCCA
(a.13)

and

~̇� =

0

BBB@

~̇v/c

0

0

1

CCCA
=

0

BBB@

(c�2)/⇢

0

0

1

CCCA
(a.14)

By using the mathematical identity:
n
~n⇥

⇣h
~n+ ~�

i⌘
⇥ ~̇�

o
=
⇣
~n+ ~�

⌘�
~n~̇�
�
� ~̇�

⇣
1 + ~n~�

⌘
(a.15)

and recalling a

a = R(1 + ~n~�) = R(1� � cos⇥) (a.16)

the radiation power per unit solid angle is finally obtained:

dP
d⌦

=
1

cµ0

e2

(4⇡"0)2
�4

⇢2
(�2 � 1) sin2⇥ cos2 �+ (1� � cos⇥)2

(1� � cos⇥)5
(a.17)
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A.2 Energy Radiated per-unit Frequency per-unit
Solid Angle

Radiation field Ex(t) = Erad and its Fourier transform Ex(!)

Ex(t) =
e

4⇡"0c2R0
a0?(t) (a.18a)

⌘ 1p
2⇡

Z 1

�1
Ex(!)e

�i!t d!,

Ex(!) =
1p
2⇡

Z 1

�1
Ex(t)e

i!t dt

=
e

321/2⇡3/2✏0c2R0

Z 1

�1
a0?(t)e

i!t dt. (a.18b)

The energy density (energy per solid angle d⌦2) emitted by a single electron is
given by the time integral of the Poynting vector ~S = ✏0c2 ~E ⇥ B

d2W

d⌦2
= R2

0

d2W

dx dy
= R2

0

Z
|~S(t)| dt

= R2
0✏0c

2

Z
Ex(t)By(t)dt = R2

0✏0c

Z
|Ex(t)|2 dt. (a.19)

if we consider only a single pulse of radiation, we can extend the limits of
integration to ± 1

d2W

d⌦2
= R2

0✏0c

Z 1

�1
|Ex(t)|2 dt = R2

0✏0c

Z 1

�1
|Ex(!)|2 d! = 2R2

0✏0c

Z 1

0

|Ex(!)|2 d!,

(a.20)

where we used the fact that 1
2⇡

R1
�1 ei(!�!

0)tdt = �(! � !0). We thus find the
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spectral energy density radiated by a single electron is given by

d3W

d⌦2 d!
= 2R2

0✏0c|E(!)|2 = e2

16⇡3✏0c3

�����

Z 1

�1
a0?(t)e

i!t dt

�����

2

(a.21)

By(incoherently) adding the effects of Iel/e electrons per second, where Iel is
the electron current in the synchrotron, and dividing the photon energy, we
obtain the spectral photon flux density

d2F

d2⌦
=

1

~!
Iel

e

d3W

d2⌦ d!
�!, (a.22a)

d2F

d2⌦
=↵
�!

!

I

e
|A(!)2|. (a.22b)

with

↵ =
e2

4⇡"o~c
=

1

137
(a.23)

is the fine-structure constant. The components of the spectral-flux of the syn-
chrotron radiation with polarization � and ⇡ can be approximated by the x and
z components with the angular photon frequency !.

d2F�,⇡
d2⌦

=↵
�!

!

I

e
|A�,⇡(!)

2|. (a.24)

The wave-front amplitude A�⇡ is defined as

2

4A�

A⇡

3

5 =
!

2⇡

Z 1

�1
dt0
2

4� sin!pt0

 

3

5 exp
⇣
i!t(t0)

⌘
dt0 (a.25)

Introducing the critical frequency !c

!c =
3

2
�3!p =

3�3c

2⇢
, (a.26)
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the exponent in the integrand of Eq. a.25 becomes

!t(t
0) =

3⌘

2

⇣
⌧ +

⌧ 3

3

⌘
(a.27)

Here

⌘ =
1

2

!

!o
(1 + X2)

3
2 ,

X = � ,

⌧ =
�!pt0p
1 + X2

. (a.28)

The integrals in Eq. a.25 can be expressed as the modified Bessel functions

K2/3(⌘) =
p
3

Z 1

0

⌧ sin
h3
2
⌘(⌧ +

1

3
⌧ 3)
i
d⌧, (a.29a)

K1/3(⌘) =
p
3

Z 1

0

⌧ cos
h3
2
⌘(⌧ +

1

3
⌧ 3)
i
d⌧. (a.29b)

The result is

2

4A�

A⇡

3

5 =

p
3

2⇡
�
!

!c
(1 + X2)(�i)

2

6664

K2
2/3(⌘)

X2

1+X2K2
1/3(⌘)

3

7775
. (a.30)

Inserting this into Eq. a.24, we finally obtain the angular density of the spectral
flux:

2

6664

d2F�

d2⌦

d2F⇡

d2⌦

3

7775
=

3↵

4⇡2
�2
�!

!

I

e

h !
!c

i2
(1 + X2)2

2

6664

K2
2/3(⌘)

X2

1+X2K2
1/3(⌘)

3

7775
. (a.31)

In the forward direction  = 0, the flux for the ⇡ component vanishes. In
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practical units (photons/s/mrad2/0. 1%BW) this becomes

d2F

d2⌦

���
 =0

= 1.33⇥ 1013E2
el[GeV]Iel[A]

⇣ !
!c

⌘2
K2

2/3

⇣ !

2!c

⌘
, (a.32)

giving the spectral flux per mrad2 solid angle and per 0.1% photon energy
bandwidth.
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Appendix B

URA Image Reconstruction

B.1 Definitions

Convolution :

F ⇤G =

Z
F (x)G(y � x)dx (b.33)

Correlation:

F ⇥G =

Z
F (x)G(x+ y)dx (b.34)

Circular/periodic Correlation:

F ⌦G =

Z
F (x)G(x� y)dx (b.35)

� indicates sum modulo D, x� y is x+ y if 0  (x+ y) < D and the remainder
of the division (x+ y)/D otherwise.

B.2 Theorem 1: Correlation with a constant

If F is a constant function, then :

F ⇥G =

Z
F (x)G(x+ y)dx =

Z
F ·G(x+ y)dx (b.36)

= F

Z
G(x+ y)dx = F

Z
G(⇠)d⇠
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B.3 Theorem 2: (O ⇥ A)⌦G = O ⇤ (A⌦G)

(O ⇥ A)⌦G = O ⇤ (A⌦G) (b.37)

Proof

(O ⇥ A)⌦G =

Z

y

✓Z

x

O(x)A(x+ y)dx

◆
G(y � z)dy (b.38)

=

Z

x

O(x)

✓Z

y

A(x+ y)G(y � z)dy

◆
dx

by replacing ⇠ = x+ y

Z

x

O(x)

Z

y

A(x+ y)G(y � z)dydx =

Z

x

O(x)

Z

⇠

A(⇠)G(⇠ � x� z)d⇠dx (b.39)

=

Z

x

O(x)H(z � x)dx = O ⇤H

where

H(z � x) =

Z

⇠

A(⇠)G(⇠ � x� z)d⇠ (b.40)

since it is recognized that H = A⌦G, the theorem is proven.
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Abbreviations List

ARES Accelerator Resonantly coupled with Energy Storage
BPM Beam Position Monitor
CA Coded Aperture
CesrTA Cornell Electron/Positron Storage Ring Test Accelerator
CCD Charge Coupled Device
CP Conjugation Parity
CSR Coherent Synchrotron Radiation
CT Current Transformer
DC Direct Current
DCCT DC Current Tranducers
DLS Diamond Light Source
ECK Emittance Control Knob
EGS Electron Gamma Shower
FT Fourier Transform
FZP Fresnel Zone Plates
GW Geometrical Wake
HER High Energy Ring
HOM Higher Order Mode
IP Interaction Point
KEK Ko Enerugi Kasokuki Kenkyu Kiko
LER Low Energy Ring
LuAG:Ce Luttetium alluminium garnet doped with cerium
MURA Modified Uniformly Redundant Array
MWI Microwave Instability
NRA Non Redundant Array
PSF Point Spread Function
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PRF Point Response Function
RW Resistive Wall
RA Random Array
RF Radio Frequency
RMS Root Mean Square
SAD Structured Accelerator Design
SEM Scanning Electron Microscope
SNR Signal to Noise Ratio
SR Synchrotron Radiation
QCS Quadrupoles and compensation Solenoids
URA Uniformly Redundant Array
XRM X-ray Beam Size Monitor
YAG:Ce Yttrium Aluminum Garnet doped with Cerium
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Symbol

↵ Fine structure constant

a Acceleration

A Amplitude

Amask Mask/aperture array

� Ratio of relative velocity to the speed of light

�y Vertical beta function

B Magnetic field

c Speed of light

�2 Chi-squared

C Circumference

cal Calibration factor

� Phase shift

d Effective bunch length for the nano-beam scheme

ds Distance between downstream and upstream BPMs

dz Scintillator depth

D Dispersion

DSRM Slit separation

�p/p Momentum acceptance

e Elementary electric charge

e+ Positron

e� Electron

E Electric field

Eb Beam energy
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Ec Critical energy

Erad Radiation energy

⌘y Vertical dispersion

FSRM Distance from mirror to source point

"y Vertical emittance

"x Horizontal emittance

✏0 Vacuum permittivity

F (⇠) Touschek factor
d2F
d⌦2 Spectral photon flux density

� Lorentz factor

Gmask Decoding array

h Bump height

h0 Offset of bump height

h̄ Plank constant divided by 2⇡

I Beam current

Ib Bunch current

K Bessel function

� wave length

L Luminosity

L Distance from source to mask

L0 Distance from mask to detector

me Electron mass

M Geometrical magnification

m Scintillator camera scale

n Number of fit parameters

nb Maximal number of bunches
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Ne Number of events

Nc Number of detector channel

N Number of particles in a bunch

Nnoise Noise term

np Number of particle

npole Number of magnet pole

nfzp nth radius in FZP

NA Numerical aperture of the camera

!c Critical frequency

⌦2 Solid angle

! Frequency

Po Point source

P1 Position of peak feature from X-rays that passed through a slit onto detector

P2 Position of peak feature from X-rays that transmitted through the Au mask

R, r Electron radius

Rf Spatial resolution

RL Reduction factor of the luminosity

R⇠y Reduction factor of the beam-beam paramater

Rimage Electron radius

~r Electron path

r1 Distance from source to mask as a function of ✓

r2 Distance from mask to detector as a function of ✓

re Classical electron radius

rn(fzp) Radius of the nth zone

r1(fzp) Radius of the innermost zone
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⇢ Radius of the bending magnet

⇢A Density of the aperture array

s Source position

s1 Upstream BPM position

s2 Downstream BPM position

S Wavefront
~S Poynting vector

�x Horizontal beam size

�y Vertical beam size

�z Bunch length

�p Cross section

�i Residual weighting

�p Momentum spread

�s Smearing factor size

�beam RMS beam size

si Signal height

t Observer time

⌧ Emitter time

T Touschek lifetime

T Real transmission

TBe Thickness of beryllium filter

T 0
Be Thickness of beryllium window

✓1 Angle from source to mask

✓2 Angle from mask to detector
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U(P ) Light disturbance at point P

' Phase angle

v Particle motion

⇠y Vertical beam-beam parameter
d2W
d⌦2 Energy density

v Degree of freedom

y Vertical source position

y1 Vertical upstream BPM position

y2 Vertical downstream BPM position

ym Vertical coordinate of mask

yd Vertical coordinate of detector
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