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Abstract

The Standard Model (SM), which is comprised of the Glashow-Weinberg-Salam theory
describing electro-weak interactions based on SU(2) × U(1) gauge symmetry, quantum chro-
modynamics representing strong interactions based on SU(3) gauge symmetry, where the Higgs
mechanism has a critical role for giving rise to mass to matter and gauge particles, has success-
fully interpreted phenomena which are observed in reality in the field of elementary particle
physics. However, several phenomena which have not been included in the SM yet are known
such as dark matter, neutrino mass and so on. Therefore, the SM must be expanded to explain
more observation, which is called beyond the SM (BSM). In 2012 the SM-like Higgs boson was
discovered at the Large Hadron Collider (LHC) and the SM was completed through verifica-
tions afterwards. At the same time, we entered a new phase where we do not have a clear map
like the SM to lead us to the BSM, and we expect that one of the hints exists in the discovered
Higgs boson.

A lot of BSM models, such as a general extension of the SM and a super symmetry model,
predict that Higgs couplings to the SM particles would be shifted because of mixing and
corrections originating from a new heavier particle and such variation will appear with a
specific pattern from the SM expectations, or these models require new Lorentz structures for
describing new interactions between the Higgs boson and the SM particles. Therefore, the
most important task for elementary particle physicists is to explore and verify the structures
relevant to the Higgs boson and those couplings. One theoretical framework for exploring
the Lorentz structures, which is rather physics driven, is to employ an Effective Field Theory
(EFT) where it is possible to introduce higher dimension field operators which satisfy the gauge
invariance and are restrained with inverse power of a new physics scale. The EFT can verify the
structures more model-independently compared to the traditional κ-framework. Furthermore,
measurements which are not related to the Higgs boson can also effectively contribute to
constraining the Higgs related Lorentz structures in the EFT.

In this thesis, we focus on the couplings and the structures between the Higgs boson and the
vector bosons, γ, Z, and W , which are critical parts in the Higgs sector of the SM, especially
responsibility for the mass generation. By introducing relevant dimension-6 field operators to
the V V H (V=γ, Z, and W ) couplings under the EFT, an effective Lagrangian is given, which
naturally includes anomalous V V H couplings after imposing the symmetry breaking. Effects
coming from these anomalous V V H couplings will appear in cross-sections of corresponding
processes and kinematical shape distributions as deviations from the SM expectations. We
expect that the future International Linear Collider (ILC) can perform measurements for these
anomalous V V H couplings very precisely.

To evaluate the reachable sensitivity to these anomalous V V H couplings at the ILC, full
detector simulation was performed at both operation energies of

√
s = 250 and 500 GeV using

the International Large Detector (ILD) model, which is one of the detector concepts of the
ILC. The evaluation was done by analyzing all Higgs production processes such as Higgs-
strahlung, ZZ-fusion, and WW -fusion, and also the decay channel of H → WW , where all
SM backgrounds are considered as well. To evaluate the variation of the kinematical shape
distributions, detector response functions are considered, which can describe smearing effects
derived from detector resolution and physical effects. The response functions can apply to
any generated distributions to transfer the distribution to the detector-level distribution. The
beam polarization, which is one strong point of the linear collider, can also give impact on
disentanglement of γ and Z by exploiting the physics that the gauge fields B and W 3 differ in
their interactions, and give the sensitivities to both of the anomalous ZZH and γZH couplings.

It turned out, as our results, that the reachable sensitivities to the anomalous V V H cou-
plings, assuming a certain ILC full operation program, are 0.55 %, 0.17 %, and 0.27 % for the
anomalous ZZH couplings of ηZ , ζZZ , and ζ̃ZZ , and also the sensitivities to the anomalous
γZH couplings are less than 0.10 % for both ζAZ and ζ̃AZ . The reachable sensitivities to the
anomalous WWH couplings are respectively 0.45 %–0.80 %, 0.88 %–1.72 %, and 4.40 % for
ηW , ζWW , and ζ̃WW . These sensitivities to V V H at the ILC are better more than tenfold
compared to the LHC, and the V V H structures will be completely revealed.
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1 INTRODUCTION

1 Introduction

In the elementary particle physics, a theory which can most accurately describe states and behav-
iors of elementary particles at the present is the Standard Model (SM): Sheldon Glashow in 1961
gave an idea for unifying quantum electrodynamics and weak interaction based on SU(2)×U(1)
gauge symmetry [1], in 1964 François Englert and Peter Higgs devised a mechanism that brings
spontaneous symmetry breaking of the gauge symmetry and gives rise to mass terms for the gauge
fields [2,3], and finally Steven Weinberg and Abdus Salam completed its theory in 1967 by applying
the Higgs mechanism to the SU(2)×U(1) gauge symmetry [4].

R
/G
/B

2/3

1/2

2.3 MeV

up

u

R
/G
/B

�1/3

1/2

4.8 MeV

down

d
�1

1/2

511 keV

electron

e

1/2

< 2 eV

e neutrino

⌫e

R
/G
/B

2/3

1/2

1.28 GeV

charm

c

R
/G
/B

�1/3

1/2

95 MeV

strange

s

�1

1/2

105.7 MeV

muon

µ

1/2

< 190 keV

µ neutrino

⌫µ

R
/G
/B

2/3

1/2

173.2 GeV

top

t
R
/G
/B

�1/3

1/2

4.7 GeV

bottom

b
�1

1/2

1.777 GeV

tau

⌧

1/2

< 18.2 MeV

⌧ neutrino

⌫⌧
±1

1

80.4 GeV

W±
1

91.2 GeV

Z

1
photon

�

color

1
gluon

g

0

125.1 GeV

Higgs

H

graviton

stron
g
n
u
clear

force
(color)

electrom
agn

etic
force

(ch
arge)

w
eak

n
u
clear

force
(w

eak
isosp

in
)

grav
itation

al
force

(m
ass)

charge

colors
mass

spin

6
q
u
ark

s
(+

6
an

ti-q
u
ark

s)
6
lep

ton
s

(+
6
an

ti-lep
ton

s)

12 fermions
(+12 anti-fermions)
increasing mass !

5 bosons
(+1 opposite charge W )

standard matter unstable matter force carriers
Goldstone
bosons

outside
standard model

1st 2nd 3rd generation

Figure 1: The elementary particles composing the universe. The plot is referred from [5].

The SM is composed of several elementary particles: fermions and bosons, which are shown
in Fig. 1. The fermions are constituents of matter and the bosons are mediators of forces or
interactions between the elementary particles. Currently, it is considered that nature is consist of
these particles. At the 4th of July in 2012, both experimental groups, ATLAS [6,7] and CMS [8],
announced that a Higgs-like particle, which was a last missing piece of the SM, was discovered
with the mass of about 125 GeV [9,10] at the Large Hadron Collider (LHC) [11] in CERN, which
are shown in Fig. 2 and Fig. 3. At this moment the SM was established completely.

The SM has been explained well about many experimental results and behaviors. It is also
true, however, that there are several phenomena that we can not describe with the SM such as
identity of the dark matter in the universe, existence of neutrino mass which has been already
proven by the neutrino oscillation experiments, asymmetry between matter and anti-matter, and
so on. Therefore, it is obvious that the SM must be expanded so that it can explain these
phenomena, which is called beyond the SM (BSM). A tons of BSM theories have been proposed
to give answers to these phenomena being not to be understood yet, and theses theories very
often require variations in properties and coupling strengths between the SM particles. Thus, any
deviations of the properties from the SM expectations must be connected to the BSM. To get these
clues, it is necessary to measure the properties of the discovered Higgs boson thoroughly such as
spin, CP (-mixture), and its couplings to the other SM particles. And in fact, such properties of
the Higgs boson have been measured at LHC since the discovery. However, it is still the Higgs
boson of the SM introduced in 1964 so far.

The International Linear Collider (ILC), which is a future project with linearly accelerated
elementary particles: electron and positron, will provide ideal environment for performing precision
measurements of the properties of the Higgs boson, where well-defined initial state information and
background-less condition are given while the LHC can not get it because of enormous background
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1 INTRODUCTION

Figure 2: A candidate reaction of h → 4e
recorded on 18-May-2012, 20:28:11 CEST. The
plot is referred from [12].

leading lepton pair are removed, is presented in Fig. 1.

 [GeV]34m
20 40 60 80 100

Ev
en

ts
/5

 G
eV

0

20

40

60

80

100 Data
(*)ZZ

tZ+jets,t
H(125 GeV)
Syst.Unc.

ATLAS

-1Ldt = 4.8 fb∫ = 7 TeV: s
-1Ldt = 5.8 fb∫ = 8 TeV: s

4l→
(*)ZZ→H

Figure 1: Invariant mass distribution of the sub-leading lepton pair
(m34) for a sample defined by the presence of a Z boson candidate and
an additional same-flavour electron or muon pair, for the combination
of
√
s = 7 TeV and

√
s = 8 TeV data in the entire phase-space of the

analysis after the kinematic selections described in the text. Isolation
and transverse impact parameter significance requirements are applied
to the leading lepton pair only. The MC is normalised to the data-
driven background estimations. The relatively small contribution of a
SM Higgs with mH = 125 GeV in this sample is also shown.

4.3. Systematic uncertainties
The uncertainties on the integrated luminosities are

determined to be 1.8% for the 7 TeV data and 3.6%
for the 8 TeV data using the techniques described in
Ref. [92].
The uncertainties on the lepton reconstruction and

identification efficiencies and on the momentum scale
and resolution are determined using samples of W,
Z and J/ψ decays [84, 85]. The relative uncertainty
on the signal acceptance due to the uncertainty on
the muon reconstruction and identification efficiency is
±0.7% (±0.5%/±0.5%) for the 4µ (2e2µ/2µ2e) chan-
nel for m4ℓ = 600 GeV and increases to ±0.9%
(±0.8%/±0.5%) for m4ℓ = 115 GeV. Similarly, the
relative uncertainty on the signal acceptance due to the
uncertainty on the electron reconstruction and identifi-
cation efficiency is ±2.6% (±1.7%/±1.8%) for the 4e
(2e2µ/2µ2e) channel for m4ℓ = 600 GeV and reaches
±8.0% (±2.3%/±7.6%) for m4ℓ = 115 GeV. The un-
certainty on the electron energy scale results in an un-
certainty of ±0.7% (±0.5%/±0.2%) on the mass scale
of the m4ℓ distribution for the 4e (2e2µ/2µ2e) channel.
The impact of the uncertainties on the electron energy

resolution and on the muon momentum resolution and
scale are found to be negligible.
The theoretical uncertainties associated with the sig-

nal are described in detail in Section 8. For the SM
ZZ(∗) background, which is estimated from MC simula-
tion, the uncertainty on the total yield due to the QCD
scale uncertainty is ±5%, while the effect of the PDF
and αs uncertainties is ±4% (±8%) for processes initi-
ated by quarks (gluons) [53]. In addition, the depen-
dence of these uncertainties on the four-lepton invariant
mass spectrum has been taken into account as discussed
in Ref. [53]. Though a small excess of events is ob-
served for m4l > 160 GeV, the measured ZZ(∗) → 4ℓ
cross section [93] is consistent with the SM theoreti-
cal prediction. The impact of not using the theoretical
constraints on the ZZ(∗) yield on the search for a Higgs
boson with mH < 2mZ has been studied in Ref. [87] and
has been found to be negligible . The impact of the in-
terference between a Higgs signal and the non-resonant
gg → ZZ(∗) background is small and becomes negligi-
ble for mH < 2mZ [94].
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Figure 2: The distribution of the four-lepton invariant mass, m4ℓ , for
the selected candidates, compared to the background expectation in
the 80–250 GeV mass range, for the combination of the

√
s = 7 TeV

and
√
s = 8 TeV data. The signal expectation for a SM Higgs with

mH = 125 GeV is also shown.

4.4. Results
The expected distributions of m4ℓ for the background

and for a Higgs boson signal with mH = 125 GeV are
compared to the data in Fig. 2. The numbers of ob-
served and expected events in a window of ±5 GeV
around mH = 125 GeV are presented for the combined

6

Figure 3: The distribution of four-lepton invari-
ant mass using data taken in 2011 and 2012. The
plot is referred from [9].

reactions coming from strong interactions.
One of the most important measurements related to the Higgs boson is Lorentz structures

between the Higgs boson and the SM particles, especially vector bosons such as γ, Z and W
bosons, which are critical particles to understand the spontaneous symmetry breaking and the
mechanism giving rise masses to the matter and gauge particles. If there exists new physics
in higher energy scales, it is expected that these effects appear in the couplings between the
Higgs boson and the vector bosons: because of the uncertainty principle it might be possible that
heavier particles temporary exist in the couplings between the Higgs boson and vector bosons, or
new particles might take states mixing with the Higgs boson. These effects must definitely vary
the couplings from the SM expectations as reflections from the BSM.

The ATLAS and CMS groups have reported that the measurement precision of these struc-
tures are possible to attain in 5–10 % level after including data-accumulation of high luminosity
operation [13]. However, it is clear that 5–10 % sensitivities are not sufficient to verify BSM
models and determine a correct direction. In contrast, the ILC will be possible to achieve the
precision in a few % level.

This thesis is organized as follows.

• Chapter 2
This chapter gives introduction of the Standard Model which is constructed from the SU(2)L⊗
U(1)Y gauge theory and the Higgs mechanism. In addition, κ-framework, which is generally
used by ATLAS and CMS groups to verify deviations of the Higgs couplings to the other
SM particles from the SM expectations, is explained although it can not introduce any new
Lorentz structures, which, in fact, does not satisfy model-independence of estimation. In
the end of the section, effective Lagrangian defined based on the Effective Field Theory is
described, where new Lorentz structures are possible to introduce as anomalous couplings
(anomalies) which can describe new kinematics and interactions.

• Chapter 3
This chapter gives rough descriptions of the ILC and performance of ILD that is one of the
detector concepts for the ILC.

• Chapter 4
This chapter shows main observables which are useful to verify the anomalous V V H cou-
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plings. The illustration of the observables with different anomalous couplings is given for all
Higgs production processes and one decay process H →W+W−. A strategy for testing the
anomalous couplings and evaluating the sensitivities to the new Lorentz structures is also
discussed.

• Chapter 5
General analysis tools which are necessary to study ILC related physics topics are given in
this chapter. Analysis shown in this thesis is also based on these tools.

• Chapter 6 and 7
These chapters show the analysis for evaluating the sensitivities to the anomalous couplings
of ZZH (Chapter 6) and WWH (Chapter 7). Because the general analysis strategy is
relatively similar for every channel, a few processes at center-of-mass energy of

√
s = 250 GeV

are picked up as an example for illustrating the analysis for both anomalous ZZH andWWH
couplings. Results of the sensitivities to both of the anomalous ZZH and WWH couplings
will be shown assuming both of benchmark and ILC-full operation conditions.

• Chapter 8 and 9
These chapters give discussions on the results and conclusion on the analysis of the anomalous
V V H couplings. In addition, one prospect toward improvement of the sensitivities to the
V V H couplings will be shortly illustrated.

• Appendix A and B
In these section the remaining analysis for ZZH and WWH are shown, which are not
discussed in the chapter 6 and 7 but used to evaluate the sensitivities to anomalous couplings.

8
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2 A theoretical framework

A theoretical framework is always necessary to give predictions, describe behaviors, and explain
mechanisms and observations. Corrections of the framework are also sometimes necessary for
more accurate descriptions of subjects. The SM had been also established in such a way. And
now The SM might need to be modified in this way.

2.1 The gauge symmetry and invariance

Following descriptions of theoretical frameworks are referred to several textbooks of elementary
particle physics [14,15] and thesises whose subjects relate to the LEP experiment [16–18].

2.1.1 U(1) gauge symmetry and quantum electrodynamics

Any physical laws must be described as an invariant form for any transformations. In the parti-
cle physics, the Poincare invariance completely prescribes symmetry of a field of an elementary
particle: translational invariance of spacetime of the field (translational symmetry) and Lorentz
invariance of spacetime, which satisfies symmetry of changing of orientation (Rotation) and veloc-
ity (Boost). When requiring these invariances of a certain field under a local transformation, for
instance, assuming a Dirac field which describes a fermion ψ, interactions between a gauge boson
is naturally introduced. The phase transformation given in locally is described as

ψ(x) → ψ′(x) = e−iQχ(x)ψ(x),

where χ(x) gives a coordinate in the spacetime, and Q denotes charge of U(1) symmetry. When
considering the Dirac Lagrangian with a free fermion including mass mf , the Lagrangian to which
the local transformation is applied is given as

L = ψ̄(iγµ∂µ −mf )ψ → ψ̄′(iγµ∂µ −mf )ψ
′

= ψ̄(iγµ∂µ +Q∂µχ(x)−mf )ψ ̸= L

where the Lagrangian is not already invariant. To make the Lagrangian retain the invariance, a
covariant derivative is introduced and replaced with the partial derivative ∂µ, which is defined as

∂µ → Dµ ≡ ∂µ + iQAµ(x),

where Aµ(x) is a new field for making the Lagrangian invariant. The field Aµ(x) also transforms
simultaneously under the local transformation as

Aµ(x) → A′
µ(x) = Aµ(x) + ∂µχ(x).

The given new Lagrangian, which is

L = ψ̄(iγµDµ −mf )ψ,

can keep the invariance under the local transformation. A notable thing is that the requirement of
the local gauge invariance required the introduction of a vector particle, which is the γ described
with the field Aµ(x), and its form of the interactions is automatically given. When adding a
kinematic term of the γ to the above Lagrangian, the Lagrangian which can describe quantum
electrodynamics is established:

LQED = ψ̄(iγµ∂µ −mf )ψ −QAµψ̄γµψ − 1

4
FµνFµν

where Fµν represents a field strength tensor defined as Fµν = ∂µAν − ∂νAµ. Naively thinking, it
might seem that the field Aµ can take mass as a coefficient of a quadratic term of the field like
m2

AAµA
µ. However, it can not retain the invariance under the local transformation: m2

AAµA
µ →

9
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m2
A(Aµ(x)+∂µχ(x))(A

µ(x)+∂µχ(x)) ̸= m2
AAµA

µ. Therefore, the mass of the Aµ must be 0 here.
This is consistent with the γ.

2.1.2 SU(2) gauge symmetry and weak interaction

Again, let’s assume that the Dirac Lagrangian and Dirac spinor Ψ are give. Because we consider
internal space symmetry of a fermion, the Dirac spinor is also considered as a doublet being
composed of two-component of Dirac fields νe and e, which is suitable to handle behaviors of a
pair of fermions. An arbitrary 2 × 2 matrix of SU(2) is given with three real parameters α⃗ and
the Pauli matrices τ , which give a basis of the 2 × 2 matrix when adding an identity matrix in
addition:

α⃗ · τ = α1

(
0 1
1 0

)
+ α2

(
0 −i
i 0

)
+ α3

(
1 0
0 −1

)
In the same manner as the U(1) local gauge transformation, SU(2) transformation is applied to
the Dirac field Ψ as

Ψ → Ψ′ = e−iα⃗(x)·τΨ,

where α is assumed to have spacetime dependence. The invariance of the Dirac Lagrangian for a
massless fermion is

L = Ψ̄(iγµ∂µ)Ψ → Ψ̄′(iγµ∂µ)Ψ
′ ≃ (1 + iα⃗(x) · τ ) Ψ̄(iγµ∂µ) (1− α⃗(x) · τ ) Ψ

= Ψ̄(iγµ∂µ + γµ∂µα⃗(x) · τ )Ψ

̸= L,

To retain the SU(2) gauge invariance for above Lagrangian, vector fields Wµ, which is defined

as Wµ(x) ≡ W⃗µ(x) · τ , must be introduced into the Lagrangian. The vector fields, here, are
corresponding to the derivatives of the phases induced by the three generators τ of the SU(2)
transformation. In addition, ∂µ is also replaced with the covariant derivative, which is given as

∂µ → Dµ ≡ ∂µ +
ig2
2
Wµ(x),

where a coupling parameter g2 of the SU(2) is introduced, and three kinds of the fields W (x) are
also given for the generators τ . The gauge transformation of the vector fields Wµ(x) under the
SU(2) local transformation must be also defined, which would be

Wµ(x) → W ′
µ(x) = U(x)W (x)U †(x) +

2i

g2
(∂µU(x))U †(x),

where U(x) denotes the SU(2) transformation,

which is given as U(x) = e−iα⃗(x)·τ

The Lagrangian being invariant for the SU(2) transformation can be given as

LSU(2) = Ψ̄(iγµ∂µ)Ψ− ig2Wµ(x)Ψ̄γ
µΨ.

2.2 The Standard Model and the Higgs mechanism

2.2.1 The Standard Model based on the SU(2)× U(1) gauge theory

The Standard Model is a non-Abelian theory based on the SU(2) × U(1) gauge transformation
where the electromagnetic interaction and the weak interaction are represented as different com-
ponents of one gauge theory. Based on the fact that a left-handed particle (or a right-handed
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anti-particle) can contribute reactions in the weak interaction which can vary a charge, also the
fact that there exists only left-handed neutrino and no right-handed neutrino, the left-handed
fermions and the right-handed fermions are grouped in different weak isospin multiplets: respec-
tively in doublets L and singlets eR (three generations). The transformation of both doublets and
singlets under the both U(2) and U(1) transformation are given as

U(1)

{
L → L′ = e−

i
2
β(x)Y L

eR → e′R = e−
i
2
β(x)Y eR

,

SU(2)

{
L → L′ = e−

i
2
α⃗(x)·τL

eR → e′R = eR
,

SU(2)× U(1)

{
L → L′ = (1− i

2β(x)Y − i
2 α⃗(x) · τ )L

eR → e′R = (1− i
2β(x)Y )eR

,

where Y denotes weak hyper charge which is a generator of U(1), and τ
2 are 2-dimensional repre-

sentations of generators I⃗ of SU(2). The weak hyper charge and the weak isospin being a third
component of SU(2) generator are related to electromagnetic charge Q as follows

Q = I3 +
Y

2
.

In response to the SU(2) × U(1) transformation, let’s introduce two gauge fields Bµ and Wµ,
where the covariant derivatives for both doublets and singlets are respectively given as

L : ∂µ → Dµ = ∂µ +
ig1
2
BµY +

ig2
2
Wµ

eR : ∂µ → Dµ = ∂µ +
ig1
2
BµY

The given gauge fields are also transformed correspondingly as with the previous section, where
the U(1) local transformation is also described with the matrix. Therefore,

Bµ(x) → B′
µ(x) = Bµ(x) +

1

g1
∂µβ(x)

Wµ(x) → W ′
µ(x) = U(x)W (x)U †(x) +

2i

g2
(∂µU(x))U †(x)

where U(x) = e−iα⃗(x)·τ . Adding the kinematic terms of the Bµ and Wµ and self-interaction
between the Wµ fields in addition, the SU(2) × U(1) gauge invariant Lagrangian, which can
describe the Dirac fields for left- and right-handed massless fermions and their interactions with
the gauge fields, is given as

LSU(2)×U(1) = L†iγµ
(
∂µ +

ig1
2
BµY +

ig2
2
Wµ

)
L+ e†Riγ

µ

(
∂µ +

ig1
2
BµY

)
eR

−1

4
BµνB

µν −
3∑
i

1

4
W i

µνW
iµν ,

where field strength tensors for Wµν are defined as

Wµν = ∂µWνi − ∂νWµi −
∑
jk

ϵijkWµjWνk

The second term of above field strength tensor gives self-interaction between the W fields, which
originate from a feature of SU(2) group that the generators do not commute each other. The W±
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bosons are defined by the two fields: W±
µ ≡ 1√

2
(W 1

µ ∓ iW 2
µ). In the next section the two gauge

fields Bµ and W 3
µ are mixed after the spontaneous symmetry breaking, and fields of the γ and the

Z bosons, respectively Aµ and Zµ, are defined as linear combinations with an mixing angle:

Aµ = Bµ cos θW +W 3
µ sin θW (1)

Zµ = −Bµ sin θW +W 3
µ cos θW (2)

where an angle θW is known as the weak mixing angle (Weinberg angle), which is depending on
the both couplings g1 and g2 as

sin θW =
g1√
g21 + g22

, and cos θW =
g2√
g21 + g22

. (3)

As shown in the previous subsection, the introduction of mass terms by hands breaks the SU(2)×
U(1) gauge invariance of the given Lagrangian. Therefore, the mass for each boson must be
introduced naturally without breaking the gauge symmetry, which is possible by introducing the
Higgs mechanism.

2.2.2 The Higgs mechanism

In the Standard Model the gauge invariance under the local transformation strictly forbid the
vector bosons to have the masse terms, and it does not match the reality. However, the Higgs
mechanism can naturally give the masse terms for the vector bosons, the W± and the Z bosons,
through the spontaneous symmetry breaking without violating the SU(2)×U(1) gauge invariance
under the local transformation.

Let’s start from a one doublet Φ which is composed of two complex scalar fields ϕ1 and ϕ2,
and simple potential V (Φ†Φ) like

Φ =

(
ϕ1
ϕ2

)
, and V (Φ†Φ) = µ2(Φ†Φ) + λ(Φ†Φ)2

where µ2 and λ are arbitrary parameters. The potential has symmetry around (0, 0) in the Re(Φ)–
Im(Φ) plane. When taking a condition of µ2 > 0, a shape of the potential becomes parabolic and
its minimum is always in (0, 0). However, taking the condition of µ2 < 0 and λ > 0, the symmetry
spontaneously breaks and a minimum point appear at |Φ|2 = −µ2/2λ = v2/2 in which the ground
state (vacuum state) is shifted from 0 and denoted with v.

In order to consider behaviors of the ground state (vacuum expectation value: v), let’s assume
that it is excited from the ground state, gets small perturbations and Φ is expanded around there
(ϕ should have two components in a real-imaginary plane). The complex field Φ could be rewritten
using scalar fields as

Φ = e−iθ⃗(x)·τ 1√
2

(
0

v + h(x)

)
≃ 1√

2

(
1 + iθ3 i(θ1 − iθ2)

i(θ1 − iθ2) 1− iθ3

)(
0

v + h(x)

)

≃ 1√
2

(
vθ2(x) + ivθ1(x)
v + h(x)− ivθ3(x)

)
V (Φ†Φ) = λv2h2(x) + λvh3(x) +

1

4
λh4(x)− 1

4
λv4.

Here, θs are set to be 0 by selecting a condition that Φ′ becomes real number after the SU(2)
gauge transformation (unitary gage). The quadratic term of h2(x) is describing mass of the field
h(x) like mh = v

√
λ, and the other terms are giving self-interactions between the fields.
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2.2.3 Generating masses for vector bosons

When assuming that the complex scalar fields ϕ1 and ϕ2 constitute a SU(2) doublet, it must receive
the SU(2)× U(1) gauge transformation which is similar with that of the doublet L composed of
the left-handed fermions, where the derivative ∂µ must be also replaced by the covariant derivative
of Dµ, and recalling the Lagrangian of the scalar field, it would be

DµΦ =
1√
2

(
0

∂µh(x)

)
+

ig1

2
√
2

(
0

Bµ(x)(v + h(x))

)
+

ig2

2
√
2

(
W 1µ − iW 2µ(v + h(x))

−W 3µ (v + h(x))

)
LΦ = (DµΦ)

†(DµΦ)− V (Φ†Φ)

=
1

2
∂µh(x)∂

µh(x)− V (h(x))

+
g22
4
W−

µ W
+µ(v + h(x))2 +

1

2

(
1

2

)2

(g1Bµ − g2W
3µ)2(v + h(x))2

Replacing the vector filds Bµ and Wµ with the mixing vector fields Aµ and Zµ, the Lagrangian
LΦ would be

LΦ =
1

2
∂µh(x)∂

µh(x)− V (h(x))

+
g22
4
W−

µ W
+µ(v + h(x))2 +

1

2

(g21 + g22)

4
ZµZ

µ(v + h(x))2.

(4)

The masses of the vector bosons are described as coefficients of the quadratic terms of the fields.
Thus, the masses are given like

g22
4
v2W−

µ W
+µ : MW = v

g2
2

(g21 + g22)

4
v2ZµZ

µ : MZ = v

√
g21 + g22
2

Since a term of AµA
µ does not appear, mass of the field A retains mγ = 0.

2.2.4 Generating masses for fermions

The fermion masses are given by making the Higgs field interact with the fermion fields (left- and
right-). The Lagrangian giving the masses to fermions is written, using the lepton L and the
scalar Φ doublet, as

LY ukawa = −gl
[
(L†Φ)eR + e†R(Φ

†L)
]
,

Applying the spontaneous symmetry breaking, it could be

LY ukawa = −vgl√
2
(e†LeR + e†ReL)−

gl√
2
(e†LeR + e†ReL)h(x)

The masses of the leptons are given as ml = vgl whereas the mass terms for the neutrinos do not
appear in the description of the Lagrangian. The masses for quarks are also given in the same
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way.

Before the symmetry breaking the Lagrangian is given as :

LSM = L†iγµDµL+ e†Riγ
µDµeR − 1

4
BµνB

µν −
3∑
i

1

4
W i

µνW
iµν

+ (DµΦ)
†(DµΦ)− V (Φ†Φ)− gl

[
(L†Φ)eR + e†R(Φ

†L)
]
,

(5)

After the symmetry breaking the Lagrangian would be described as :

LSM
EWSB = e†Liγ

µ∂µeL + ν†Liγ
µ∂µνL + e†Riγ

µ∂µeR the kinetic terms for fermions

+e†Lγ
µeAµeL + e†Rγ

µeAµeR the interaction with the A field

−1

2

g2
cos θw

(
ν†Lγ

µZµνL − e†Lγ
µ cos 2θwZµeL

)
the interaction with the Z field

− g2
cos θw

e†Rγ
µ sin2 θwZµeR the interaction with the Z field

− g2√
2
(ν†Lγ

µW+
µ eL + e†Lγ

µW−
µ νL) the interactions with the W field

−vgl√
2
(e†LeR + e†ReL)−

gl√
2
(e†LeR + e†ReL)h(x) the fermion mass and Yukawa couplings

−1

4
BµνB

µν − 1

4
W 3

µνW
3 µν − 1

2
W−

µνW
+ µν the interaction between the vector fields

+
1

2
∂µh(x)∂

µh(x)− V (h(x)) the Higgs kinetic term and its potential

+
1

2

(g21 + g22)

4
ZµZ

µ(v + h(x))2 the Z mass and the interactions with the Higgs field

+
g22
4
W−

µ W
+µ(v + h(x))2 the W mass and the interactions with the Higgs field

where values of -1 and -2 are respectively substituted in the hyper charge Y of left- and right-
handed fermions, and g1 cos θw is given as e (elementary charge) assuming the coupling between
an electron and a photon.
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2.3 Measurements of Higgs boson and beyond the Standard Model

The SM had completely established as an effective theory which can describe a low energy region
being less than O(100) GeV. There exist, however, several phenomena that can not be explained
with the framework of the SM: masses of neutrinos, dark matter and so on. Therefore, theories
for describing such phenomena are clearly required. One of the possible ways to establish such
theories is to explore precisely and elucidate the Higgs sector, which includes the mechanism of the
mass generation, LΦ, LY ukawa, and new Lorentz structures induced by higher order field operators
composed of the Higgs boson and the SM particles, at least with the lowest dimension-6 operators1

Leff (1/Λ
2).

The Higgs sector is still unknown and any deviations from the SM expectations will connect
to physics beyond the SM. Especially, the coupling strengths between the Higgs boson and the
other SM particles, which is proportional to the masses of the particles coupled with the Higgs
boson, and also the Higgs potential which is really unique for the SM. Thus, verification of both
two things is extremely critical for the exploration of the BSM physics. Furthermore, it is known
that a pattern in deviations from the SM expectations for the familiar particles is possible to give
us suggestions how the Higgs sector should be extended: a SUSY model, a composite model, and
other models [20]. It is also predicted that those deviations are small [21, 22]. Therefore, precise
measurements for the Higgs properties are necessary .

Modifications of the Higgs boson couplings due to expansions :

One of the simplest SUSY extended models is called the minimal supersymmetric standard model
(MSSM) that is like one of the general expansion of the Higgs sector of the SM by introducing two
Higgs doublets. This general expansion is called the type-II two Higgs doublet model where five
different Higgs bosons are appeared. In the case that one of the Higgs boson mass, CP-odd Higgs
with the massMA, is heavy, a feature called decoupling limit [23] appears where the heavier Higgs
bosons become almost degenerate in mass ∼ MA and the lightest CP-even Higgs boson, h0, has
very identical properties with the Higgs boson, hSM , in the SM. Therefore, to distinguish hSM
from h0 seems a formidable challenge. Fortunately, it also has been understood that radiative
corrections derived from two angles of the supersymmetric structure, the eigenstate mixing angle
α and the vacuum mixing angle β can modify and will enhance the SM expectations. Several
theoretical studies have been performed on the general expectation of the variation of the Higgs
couplings to the SM particles with decoupling limit [22, 24]. According to the studies, the Higgs
couplings will respectively change for the vector bosons, up-type, and down-type fermions with
the moderate parameter choice like

ghV V

gSMhV V

∼ 1− 0.3 %

(
200 GeV

MA

)4

ghtt
gSMhtt

∼ 1− 1.7 %

(
200 GeV

MA

)2

ghbb
gSMhbb

=
ghττ
gSMhττ

∼ 1 + 1.7 %

(
1 TeV

MA

)2

It is understood that the Higgs couplings to the vector bosons and up-type are quickly reach their
SM values, and the couplings to the down-type will be luckily observed. In fact other theoretical
models are also predicting possible deviations of the Higgs coupling from the SM expectations,

1In the real lowest order dimension-5 operator (1/Λ)O(5), there exists only one combination: O(5) =
(LTCϵΦ)(ΦTϵL), where L, Φ are the lepton and scalar doublets, C is a charge conjugation operator, and ϵ is
a 2-dimension Levi-civita matrix. This operator is famous as Weinberg operator [19], which generates Majonara
neutrino mass and violates lepton number conservation. This does not relate to our interest in the thesis, so it is
ignored
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which are given under the composite Higgs models in [22] for the vector bosons and fermions.

ghV V

gSMhV V

∼ 1− 3 %

(
1 TeV

f

)2

ghff

gSMhff

∼ 1− 3 %

(
1 TeV

f

)2

refer to [25]

ghff

gSMhff

∼ 1− 9 %

(
1 TeV

f

)2

refer to [26]

where f is the compositeness scale and takes typically a few TeV. In any case it is obvious that
1 % precision for each Higgs coupling to the SM particles is definitely necessary to distinguish
between hSM and h0 or the extended models.

2.3.1 The κ-framework

In the early stage when the LHC had not been constructed yet, researchers had established
an interim framework to verify the deviations of the properties of the Higgs boson from the
SM expectations, which is so-called κ-framework introduced in references [27, 28]. The Higgs
couplings in the framework are described with the SM expectations and scaling factors κ, which
are generally defined using the same scaling factor for both Higgs production and Higgs decay
which are originating from the same particle A as

κAA ≡ σAA

σSMAA

, and κAA ≡ ΓAA

ΓSM
AA

.

In the early studies under the LHC environment [29] and recent many studies using real data, the κ-
framework is often used to verify the Higgs couplings. However, an application of the κ-framework
actually brings problems which relate to, for instance, model-independence of estimation of the
Higgs couplings as referred in page-4 of a reference [27]:

“Only modifications of couplings strengths, i.e. of absolute values of couplings, are taken into
account, while the tensor structure of the couplings is assumed to be the same as in the SM
prediction”. This point will be discussed in the latter part of this section.

A measurable observable for certain signal process related to the Higgs boson is σ ×BR, where
σ is production cross-section and BR denotes a branching ratio of the Higgs boson. Under the
narrow-width approximation2, this observable can be decomposed as

σii→h × BRh→jj = |M(ii→ h)|2
Γh→jj

Γh
≃ gii · gjj

Γh

where a process is assumed to be ii→ h→ ff . σii denotes the production cross-section, and Γjj

and Γh are respectively the partial decay width into jj and the total decay width of the Higgs
boson. In the application of the κ-framework all couplings are assumed to be expected values of
the SM, in which higher order QCD and EW corrections are possible to include in the parameter
evaluation. The possible deviations of the couplings from the SM are pushed on the scaling factor

2In the limit of Γ/M → 0, we can approximate the Breit-Wigner distribution by a delta function, for instance [30].

lim
Γ→0

1

(s−M2
h)

2 +M2
hΓ

2
h

≃ π

MhΓh
δ(s−M2

h)

In the case of the SM Higgs boson Γh/Mh is very small. Thus, the observable is completely decomposed.
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κ, which are given as,

gii · gjj
Γh

→ gii · gjj
Γh

·
κ2ii · κ2jj
κ2h

,

where κ2ii, κ
2
jj , and κ

2
h are defined as

σii→h

σSMii→h

= κ2ii,
Γh→jj

ΓSM
h→jj

= κ2jj , and
Γh

ΓSM
h

= κ2h .

Every definitions of the scaling parameters κi are given in [27, 28]. To determine the scaling
parameters, global fitting is performed using all Higgs related data which are measurable in the
LHC. Because the total width of the Higgs boson ΓH can not be measured directly in the LHC
environment, only ratios of the scale factors κi are measurable at the LHC. If the total width of
the Higgs boson varies, this simultaneous variation by the common factor κ2h propagate to the
other κi factors and this feature can not be actually distinguished. Therefore, several assumptions
are considered, which are also mentioned in [27,28]. Possible sensitivities to each κi parameter at
the LHC and the ILC are given in Fig. 4. Ii is clear that the capability of the LHC towards the
Higgs couplings does not reach to the required precision of less than 1 % level to test the BSM
models. In contrast, it is clearly shown that the ILC has the sufficient capability for exploring
the Higgs couplings. Fig. 5 gives examples of deviation patterns predicted by each theory and the
precision of the Higgs couplings that the ILC can reach after full physics program including the
500 GeV operation.

Problems and internal inconsistency in the κ-framework :

The κ-framework has several problems which relate to the coupling measurements.

• The κ-framework does not consider the SU(2)×U(1) gauge symmetry although the symme-
try breaking is imposed with the assumption of the SU(2)× U(1) gauge symmetry. There-
fore, the scaling factors κ for vector bosons should have some relations, but it is completely
independent in the κ-framework.

• Once staring to consider higher order radiative (loop) corrections, the κ-framework will
brings serious inconsistencies for the coupling evaluations. All contributions due to the ra-
diative corrections derived from the SM particles are regarded as one single κ factor although
it is actually composed of several κ factors.

• Once assuming new (next leading order) tensor structures which describe new dynamics
or kinematics and introducing them into the Lagrangian, the κ-framework misses internal
consistency. Because the coupling strengths of certain production process (ii → h) and a
corresponding decay process (h → ii) do not match each other in terms of the scaling due
to the new structures (which have usually momentum dependence). Therefore, the same
scaling factors κ as shown in Fig. 6 are not usable to describe both scaling.

Because of these reasons the application of the κ-framework is possible only for the leading order
consideration and not actually suitable for precise evaluation and exploration of the new physics.
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Figure 4: Expected relative precisions on the Higgs couplings between the SM particles under
constrained 7-parameter fit assuming no BSM production or decay modes. The red and yellow
bands show the expected errors from the initial phase and full operation of the ILC. The blue
bands for κγ show the effect of combined analysis using high luminosity LHC and the ILC data.
The plot is referred from [31].
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Figure 6: Two examples of models of new physics and their predicted e↵ects on the pattern

of Higgs boson couplings. Left: a supersymmetric model. Right: a model with Higgs boson

compositeness. The error bars indicate the 1� uncertainties expected from the model-

independent fit to the full ILC data set.

the Higgs field. The value of this coupling gives evidence on the nature of the phase
transition in the early universe from the symmetric state of the weak interaction
theory to the state of broken symmetry with a nonzero value of the Higgs field.

In the Standard Model, this transition is predicted to be continuous [21]. However,
if the transition were first-order, it would put the universe out of thermal equilibrium
and, through possible CP violating interactions in the Higgs sector, it would allow the
generation of a nonzero baryon-antibaryon asymmetry. This is not the only theory
for the baryon-antibaryon asymmetry, but it is the only theory in which all relevant
parameters can potentially be measured at accelerators, setting up a quantitative
experimental test.

The first step would be to test the nature of the phase transition. Models in
which the phase transition is first-order typically require the Higgs self-coupling to
di↵er from the value predicted by the Standard Model [22]. The Higgs self-coupling
can be a factor of 2 larger in some models [23].

At the High-Luminosity LHC, double Higgs production can be detected in well-
chosen final states, for example, the state in which one Higgs boson decays to ��, pro-
viding a clean signal, while the other decays to bb, providing the maximum rate. This
process should eventually be observed at the LHC, though current fast-simulation
studies are rather pessimistic [24].

At the ILC at 500 GeV, pairs of Higgs bosons are produced through e
+
e
�
! Zhh.

All Higgs decay modes are observable and will contribute to the measurement. The
modes hh ! bbbb and hh ! bbWW have been studied in full simulation at the center

12

Figure 5: Examples show new physics effects in deviation patterns of the Higgs couplings. (Left) A
supersymmetric model. (Right) A model with Higgs boson compositeness. The error bars indicate
the uncertainties. The plots is referred from [20,32].
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significantly lowers the total cross section (see [28] for a review). In the right plot of figure 2.4 the
cross section is shown as a function of the Higgs mass at three different centre-of-mass energies
taking into account the various corrections. The ZH cross section is of the order of 0.5 pb, but
drops rapidly as the sum of the two boson masses approaches the kinematic limit.
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Figure 2.4: The left plot shows the Higgsstrahlung Feynman diagram, the dominant Higgs pro-
duction mechanism at LEP. The right plot shows the ZH cross section as a function of the mass
of the Higgs boson at various centre-of-mass energies.

2.4.2 Higgs decay

This section describes the decay of the Higgs boson into fermion pairs (leptons and quarks) and
the decay into a pair of gauge bosons. The decays are shown in figure 2.5.
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Figure 2.5: This figure shows three decay modes of the Higgs. The left plot shows the decay into
fermion pairs (leptons and quarks). The decay into a pair of electroweak gauge bosons is shown
in the middle plot and the right plot shows the production of a gluon pair.
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Figure 6: If new Lorentz structures are introduced, for instance LZZh = M2
z
v ZµZ

µh+ b
ΛZµνZ

µνh
where first one is the one of the SM and the second one is the new one, the same scaling factor κZ
is not already proper. Because the new term is composed of the field strengths of the Z fields, it
has momentum dependence. Thus, the effect varies between the production and the decay process
depending on the momenta of the Z bosons, and the relation: κZ ∝ σZH ∝ ΓZZ does not hold
any more.

2.3.2 The effective field theory

To describe the Effective Field Theory (EFT) here, several papers which are related to EFT
studies are referred. The SM is the succeeded theory which explain low-energy behaviors of the
elementary particles, However, when regarding it as an effective low-energy theory, other new
interaction terms induced by higher dimension operators could appear in the Lagrangian, which
is so-called an effective Lagrangian. A first study based on the effective Lagrangian in the EFT
was given by Buchmuller and Wyler [33] where dimension-5 and dimension-6 operators are listed,
which are constructed with combinations of scalar, vector, and fermion fields in the SM.

Fermi’s theory on 4-point interaction :

Enrico Fermi in 1933 tried to describe the beta decay by introducing a 4-fermion interaction at a
single point, which was a beginning of application of the effective field theory. At sufficiently higher
energy in which a energy scale that the fermions relate to is the mass of the W boson, a propagator
of the W boson 1/(M2

W −q2) plays central roles in the interaction among the fermions. In contrast,
the propagator is approximated as 1/M2

W in the sufficiently low energy scale compared to the mass
of the W boson (E ≪ MW ), that means existence of a heavy particle induces renormalization of
a coupling constant and new Lorentz structures which are suppressed by powers of the mass scale
of the new heavy particle.

General requirements as a field theory :

An effective Lagrangian expanded from the SM-Lagrangian must satisfy several features as the
effective field theory:

• The effective Lagrangian must satisfy the Lorentz invariance and the SU(2) × U(1) gauge
symmetry under the local transformation as the SM-Lagrangian does.

• The Lagrangian has mass dimension of four. Thus, higher dimension operators appear with
a coefficient of inverse power of new energy scale of Λ and the operators are suppressed when
the energy scale is sufficiently large compared to possible experimental energies. Usually,
the scale Λ is assumed to be around TeV to the Planck scale.

• The effective Lagrangian should recover the SM in the low-energy scale of O(100) GeV.

Construction of dimension-n operators :

The effective Lagrangian is given with a general description, which was originally introduced in [33]
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as

Leff = L(4)
SM +

∑
i

C
(5)
i

Λ1
O(5)

i +
∑
i

C
(6)
i

Λ2
O(6)

i + · · · .

where L(4)
SM denotes the general Lagrangian of the SM.O(5)

i andO(6)
i show energy dimension-5 and -

6 field operators and Λ is a coefficient for reducing the field operators to the mass dimension of four.

c
(5)
i and c

(6)
i are dimensionless coupling constants, which are usually called Wilson coefficients, for

each operator in each dimension. The Lagrangian must be hermitian. Thus, each linear term
Oi must be composed of combination of the non-hermitian operator and the hermitian conjugate
operator.

Dimension-5 field operators :

When considering the dimension-5 operators with fermion fields and scalar fields (and derivatives),
and considering the fermion fields and the scalar fields are doublets, a possible operator which can
satisfy the gauge invariance is only a combination of Φ,Φ†,Ψ,Ψ†. To retain SU(2) invariant, it
must not be Φ†Φ and two Ψ must be doublets which is the left-handed L. To make Lorentz scalar,
a possible connection would be (LTCϵΦ)(ΦTϵL) only. After the symmetry breaking this structure

gives mass of ∼ (v2/Λ)ν†LνL to neutrinos, which is known as the Majorana mass. Therefore, since
this structure violates lepton number and generates the Majorana mass which would happen in
the GUT scale of Λ = 1023 GeV when assuming mν ∼ 1 eV, the dimension-5 operator is set to be
out of interest.

X3 ϕ6 and ϕ4D2 ψ2ϕ3

QG fABCGAν
µ GBρ

ν GCµ
ρ Qϕ (ϕ†ϕ)3 Qeϕ (ϕ†ϕ)(l̄perϕ)

QG̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ Qϕ! (ϕ†ϕ)!(ϕ†ϕ) Quϕ (ϕ†ϕ)(q̄purϕ̃)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QϕD

(
ϕ†Dµϕ

)⋆ (
ϕ†Dµϕ

)
Qdϕ (ϕ†ϕ)(q̄pdrϕ)

QW̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

X2ϕ2 ψ2Xϕ ψ2ϕ2D

QϕG ϕ†ϕGA
µνG

Aµν QeW (l̄pσµνer)τ IϕW I
µν Q(1)

ϕl (ϕ†i
↔

Dµ ϕ)(l̄pγµlr)

QϕG̃ ϕ†ϕ G̃A
µνG

Aµν QeB (l̄pσµνer)ϕBµν Q(3)
ϕl (ϕ†i

↔

D I
µ ϕ)(l̄pτ

Iγµlr)

QϕW ϕ†ϕW I
µνW

Iµν QuG (q̄pσµνTAur)ϕ̃GA
µν Qϕe (ϕ†i

↔

Dµ ϕ)(ēpγµer)

Q
ϕW̃

ϕ†ϕ W̃ I
µνW

Iµν QuW (q̄pσµνur)τ I ϕ̃W I
µν Q(1)

ϕq (ϕ†i
↔

Dµ ϕ)(q̄pγµqr)

QϕB ϕ†ϕBµνBµν QuB (q̄pσµνur)ϕ̃Bµν Q(3)
ϕq (ϕ†i

↔

D I
µ ϕ)(q̄pτ

Iγµqr)

QϕB̃ ϕ†ϕ B̃µνBµν QdG (q̄pσµνTAdr)ϕGA
µν Qϕu (ϕ†i

↔

Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

QϕW̃B ϕ†τ Iϕ W̃ I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(ϕ̃†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.

3

Figure 7: The table is referred from [34]. The dimension-6 field operators constructed with a
scaler (Higgs) field, here φ, except 4-fermion combination.
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Dimension-6 field operators :

It is possible to construct many dimension-6 field operators with imposition of the gauge invariance.
A set of dimension-6 operators was firstly classified in 1986 [33]. After that, a complete non-
redundant set of the field operators are written down based on specific basis in 2010 [34], which is
called Warsaw basis and includes 59 different operators as shown in Fig. 7. In LHC EFT studies,
Higgs Basis [34], which is proposed by the LHC Higgs group, has been used. All bases are generally
equivalent, and selected based on convenience of applications.
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detectors and its performance, technologies for construction, are summarized. Details of
the ILC are summarized in the ILC TDR, and will discuss in Chapter 3. In this section,
we will focus on the Higgs boson physics at the ILC.

1.3 Higgs Production at the ILC

The cross section of the Higgs production as a function of
√
s is shown in Figure 1.3.1.

The major diagrams of Higgs production are shown in Figure 1.3.2.

Figure 1.3.1: Cross sections of Higgs production processes as a function of
√
s [25]. A

Higgs mass of 125 GeV and a beam polarization combination of P (e−, e+) = (−0.8,+0.3)
are assumed in this plot.

Figure 1.3.2: The diagrams of Higgs production processes. Left: e+e− → Zh (Higgs-
strahlung), middle: e+e− → νeνeh (WW -fusion), right: e+e− → e+e−h (ZZ-fusion).

Measurements of the Higgs boson coupling constants with fermions and gauge bosons
can be performed via Higgs-strahlung process at

√
s = 250 GeV, while the contributions

from W and Z boson fusion processes is not large enough for the measurements. At
√
s =

500 GeV, the WW -fusion process is the most dominant Higgs production process.
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Figure 8: Diagrams of Higgs production processes in the ILC: (left) Higgs-strahlung, (middle)
WW -fusion, and (right) ZZ-fusion.

Dimension-7 and 8 field operators :

Much higher dimension field operators are just sub-leading of the dimension-6 operators. Thus, it
is possible to ignore them when considering current reachable energy we can provide. Furthermore,
dimensions-7 or -odd operators are generally violating the B −L symmetry (a difference between
the Baryon number and the Lepton number) which is strongly suppressed in the SM. However,
one thing we have to notice is that each experimental observable are given with squared of the
amplitude, which means that interference terms between the SM terms and dimension-8 terms can
induce several dimension-6 terms which must be considered in the future for precise evaluation.

Observables ∝

(
SM+

C
(6)
i

Λ2
+
C

(8)
i

Λ4

)2

2.3.3 Description of the effective Lagrangian L(6)
eff with the dimension-6 operators

Since the theme of this thesis is anomalous couplings between the Higgs boson and vector bosons
such as Z, γ, and W , possible production diagrams are shown in Fig. 7. When picking up relevant
operators which are composed of the Higgs field or gauge-boson fields based on the table from
Fig. 8, the Lagrangian involving such operators would be constructed with 9 dimension-6 field
operators, which is as follows,

L(6)
eff =

CΦ□
Λ2

∂µ(Φ
†Φ)∂µ(Φ†Φ) +

CΦD

Λ2
(Φ†↔D

µ

Φ)(Φ†↔DµΦ) +
cΦ
Λ2

(Φ†Φ)3

+
CΦB

Λ2
Φ†ΦBµνB

µν +
CΦW

Λ2
Φ†ΦW a

µνW
aµν +

CΦWB

Λ2
Φ†τaΦW a

µνB
µν

+
CΦB̃

Λ2
Φ†ΦBµνB̃

µν +
CΦW̃

Λ2
Φ†ΦW a

µνW̃
aµν +

CΦW̃B

Λ2
Φ†τaΦW̃ a

µνB
µν .

(6)

Coefficients for each field operator Cxx are dimensionless and show coupling constants of those
corresponding structures. W a

µν and Bµν are the Yang-Mills field-strength tensors for the SU(2)
and U(1) symmetry, which is Vµν = ∂µVν − ∂νVµ, and Dµ is the covariant derivative for retaining
the gauge invariance of SU(2)×U(1) symmetry. τa shows the SU(2) generators, which are defined

21



2 A THEORETICAL FRAMEWORK

with Pauli matrices (τa = σa/2). Φ†
↔
D

µ

Φ, and the dual field strength tensors B̃µν and W̃ aµν are
respectively given as

Φ†↔D
µ

Φ = Φ†(DµΦ)− (DµΦ)
†Φ ,

B̃µν =
1

2
ϵµνρσB

ρσ ,

W̃ a
µν =

1

2
ϵµνρσB

ρσ .

Let’s apply the spontaneous symmetry breaking (SSB) and consider the first term in the effective

Lagrangian with the Higgs doublet Φ = 1√
2

(
0

v + h(x)

)
,

CΦ□
Λ2

∂µ(Φ
†Φ)∂µ(Φ†Φ) =

CΦ□
Λ2

(
(∂µΦ

†)Φ) + Φ†(∂µΦ)
)(

(∂µΦ†)Φ) + Φ†(∂µΦ)
)

=
CΦ□
Λ2

(
v2(∂µh)(∂

µh) + 2v(∂µh)(∂
µh)h+ (∂µh)(∂

µh)h2
)

In the equation here, a new kinetic term of the Higgs boson appears in the first term, which will
affect all SM couplings between the Higgs boson as well as the Higgs potential. Thus, when the

SSB is imposed for the Lagrangian L(6)
eff , it is necessary to add the modification of the Higgs field

due to the new kinetic term and renormalize those effects which modify the SM couplings. When
going back to the the Lagrangian LSM

Φ in Eq. (4) which gives the couplings between the vector
bosons, the Higgs wave function in the Lagrangian will be redefined to negate the modification
due to the higher operator, which is

h→
(
1− CΦ□v2

Λ2

)
h .

Under the this definition the SM Lagrangian will be also modified as

LSM
Φ =

1

2

(
1− CΦ□v2

Λ2

)2
∂µh∂

µh

+
g22
4
W−

µ W
+µ
(
v +

(
1− CΦ□v2

Λ2

)
h
)2

+
1

2

(g21 + g22)

4
ZµZ

µ
(
v +

(
1− CΦ□v2

Λ2

)
h
)2

.

where the Higgs potential is completely ignored since the Higgs triple and quartic couplings are
not discussed in this thesis. As shown in the Lagrangian, firstly the new contribution coming from
the Higgs kinetic term due to the higher operator is canceled out because of the modification of
the Higgs wave function here, and secondary, the mass terms of the vector bosons are not affected
by the higher operator. These mass terms are not discussed anymore, here. When expanding the
interaction terms between the Higgs and the vector bosons in the Lagrangian with ignorance of the
quadratic term, the modified couplings of the Lagrangian derived from the first higher operator
are respectively (

1

v2
− CΦ□

Λ2

)
M2

Z

2
2vZµZ

µh+

(
1

v2
− 2

CΦ□
Λ2

)
M2

Z

2
ZµZ

µh2 , (7)(
1

v2
− CΦ□

Λ2

)
M2

W 2vW−
µ W

+µh+

(
1

v2
− 2

CΦ□
Λ2

)
M2

WW
−
µ W

+µh2 . (8)
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When considering the covariant derivative of the SU(2)×U(1) gauge: Dµ ≡ ∂µ+ i
g1
2 Bµ+ i

g2
2 Wµ,

the second term can be decomposed as

CΦD

Λ2
(Φ†↔D

µ

Φ)(Φ†↔DµΦ) =
CΦD

Λ2

(
Φ†(DµΦ)− (DµΦ)†Φ

)(
Φ†(DµΦ)− (DµΦ)

†Φ
)

=
CΦD

Λ2

i2

4

[
g1B

µ − g2W
3µ
] [
g1Bµ − g2W

3
µ

]
(v + h)4

= −CΦD

Λ2

(g21 + g22)

4
ZµZ

µ(v + h)4 ,

where Eq. (3) is used to reach the last line. When ignoring the higher order Higgs terms, the
modification because of the second higher operator appears for the couplings between the Higgs
boson and the Z boson only in the end, which is

−CΦD

Λ2
M2

ZZµZ
µ(v2 + 4vh+ 6h2) . (9)

In fact the mass terms of the Z boson is also modified, but it is ignored in this thesis. The third
term will shift the Higgs potential only like

cΦ
Λ2

(Φ†Φ)3 =
cΦ
Λ2

1

8
(v + h)6 .

Since we do not handle the Higgs potential here, we ignore this term. The second line in the
effective Lagrangian in Eq. (6) are composed of combinations with the Higgs fields and the vector
boson fields, which are respectively decomposed as follows. Unless otherwise noted, sin θw and
cos θw are simplified as sw and cw.

CΦB

Λ2
Φ†ΦBµνB

µν =
CΦB

Λ2

1

2
(v + h)2

[
(cwAµν − swZµν)(cwA

µν − swZ
µν)
]

=
CΦB

Λ2

1

2
(v + h)2

(
c2wAµνA

µν − 2swcwAµνZ
µν + s2wZµνZ

µν
)

where the field strength tensor Bµν is defined here3.
The next term would be

CΦW

Λ2
Φ†ΦW a

µνW
aµν =

CΦW

Λ2

1

2
(v + h)2(W 3

µνW
3µν + 2W−

µνW
+µν)

=
CΦW

Λ2

1

2
(v + h)2

(
s2wAµνA

µν + 2swcwAµνZ
µν + c2wZµνZ

µν

−2ig2(W
−µW+ν −W−νW+µ)(swAµν + cwZµν)

+i2g22(W
−
µ W

+
ν −W−

ν W
−
µ )(W−µW+ν −W−νW+µ) + 2W−

µνW
+µν
)

=
CΦW

Λ2

1

2
(v + h)2

(
s2wAµνA

µν + 2swcwAµνZ
µν + c2wZµνZ

µν + 2W−
µνW

+µν
)

3Each field strength tensor Bµν and W 3
µν are respectively defined in any text books.

Bµν = cwAµν − swZµν

W 3
µν = swAµν + cwZµν − ig2(W

−
µ W

+
ν −W−

ν W
+
µ )
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where the imaginary parts disappear4. Then, the sixth term would be

CΦWB

Λ2
Φ†τaΦW a

µνB
µν = −CΦWB

Λ2

1

2

1

2
(v + h)2W 3

µνB
µν

= −CΦWB

Λ2

1

2

1

2
(v + h)2[

swAµν + cwZµν − ig2(W
−
µ W

+
ν −W−

ν W
+
µ )
]
(cwA

µν − swZ
µν)

= −CΦWB

Λ2

1

2

1

2
(v + h)2

(
swcwAµνA

µν − (s2w − c2w)AµνZ
µν − swcwZµνZ

µν

+ig2(W
−
µ W

+
ν −W−

ν W
+
µ )(swZ

µν − cwA
µν)
)

= −CΦWB

Λ2

1

2

1

2
(v + h)2

(
swcwAµνA

µν − (s2w − c2w)AµνZ
µν − swcwZµνZ

µν
)

where the imaginary parts also disappear5. Up to here, new structure induced by the dimension-6
field operators placed in the second line of the Eq. (6) are shown. In the similar manner, new
structures induced by the third line of the Eq. (6) are given, which are CP violating terms. Defining
general parameters to simplify the equation and listing up the terms being relevant to the Higgs

4Using the description of the fields Aµ and Zµ which are given in Eq. (2), the imaginary part would be,

−2ig2(W
−µW+ν −W−νW+µ)(swAµν + cwZµν)

= −2ig2(W
−µW+ν −W−νW+µ)

[
sw(∂µAν − ∂νAµ) + cw(∂µZν − ∂νZµ)

]
= −2ig2(W

−µW+ν −W−νW+µ)[
sw
(
∂µ(swW

3
ν + cwBν)− ∂ν(swW

3
µ + cwBµ)

)
+ cw

(
∂µ(cwW

3
ν − swBν)− ∂ν(cwW

3
µ − swBµ)

)]
= −2ig2(W

−µW+ν −W−νW+µ)(∂µ(s
2
wW

3
ν + c2wW

3
ν )− ∂ν(s

2
wW

3
µ + c2wW

3
µ))

= −2ig2(W
−µW+ν −W−νW+µ)(∂µW

3
ν − ∂νW

3
µ)

= 0

5Similary, using the description of the fields Aµ and Zµ,

ig2(W
−
µ W

+
ν −W−

ν W
+
µ )(swZ

µν − cwA
µν)

= ig2(W
−µW+ν −W−νW+µ)[

sw
(
∂µ(cwW

3ν − swB
ν)− ∂ν(cwW

3µ − swB
µ)
)
− cw

(
∂µ(swW

3ν + cwB
ν)− ∂ν(swW

3µ + cwB
µ)
)]

= ig2(W
−
µ W

+
ν −W−

ν W
+
µ )(∂µ(swcwW

3ν − ∂ν(swcwW
3µ − ∂µ(swcwW

3ν + ∂ν(swcwW
3µ)

= 0
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and the vector boson couplings, these are as follows,

ζZZ = CΦBs
2
w + CΦW c2w + 1

2
CΦWBswcw

ζAA = CΦBc
2
w + CΦW s2w − 1

2
CΦWBswcw

ζAZ = −2CΦBcwsw + 2CΦW swcw + 1
2
CΦWB(s

2
w − c2w)

ζWW = CΦW

ZZ : ζZZZµνZ
µν

(
v

Λ2
h+

1

2Λ2
h2
)
+ ζ̃ZZZµνZ̃

µν

(
v

Λ2
h+

1

2Λ2
h2
)

AA : ζAAAµνA
µν

(
v

Λ2
h+

1

2Λ2
h2
)
+ ζ̃AAAµνÃ

µν

(
v

Λ2
h+

1

2Λ2
h2
)

AZ : ζAZAµνZ
µν

(
v

Λ2
h+

1

2Λ2
h2
)
+ ζ̃AZAµνZ̃

µν

(
v

Λ2
h+

1

2Λ2
h2
)

W−W+ : ζWWW
−
µνW

+µν

(
2
v

Λ2
h+

1

Λ2
h2
)
+ ζ̃WWW

−
µνW̃

+µν

(
2
v

Λ2
h+

1

Λ2
h2
)

Most of the structures being relevant to the structures between the Higgs and the vector bosons
induced by the dimension-6 field operators after the SSB are all presented. When compiling the
coefficients of the SM structures with ηZ and ηW like,

ηZ = −CΦ□ − 4CΦD

ηZZ = −2CΦ□ − 12CΦD

ηW = −CΦ□
ηWW = −2CΦ□

,

the general Lagrangian composed of these structures based on the Warsaw bases is given as follows,
where the contribution and the modification of the Higgs potential are ignored,

LSM + L(6)
eff =

1

2
∂µh∂

µh

+
M2

Z

v
(1 + ηZ)ZµZ

µh+
M2

Z

2v2
(1 + ηZZ)ZµZ

µh2

+
2M2

W

v
(1 + ηW )W−

µ W
+µh+

M2
W

v2
(1 + ηWW )W−

µ W
+µh2

+ ζZZZµνZ
µν

(
h

v
+

h2

2v2

)
+ ζ̃ZZZµνZ̃

µν

(
h

v
+

h2

2v2

)
+ ζAAAµνA

µν

(
h

v
+

h2

2v2

)
+ ζ̃AAAµνÃ

µν

(
h

v
+

h2

2v2

)
+ ζAZAµνZ

µν

(
h

v
+

h2

2v2

)
+ ζ̃AZAµνZ̃

µν

(
h

v
+

h2

2v2

)
+ ζWWW

−
µνW

+µν

(
2
h

v
+
h2

v2

)
+ ζ̃WWW

−
µνW̃

+µν

(
2
h

v
+
h2

v2

)
,

(10)

where the normalization of Λ is replaced with the convenient notation of v/Λ2 = 1/v to match it
to the literature [35]. In addition the original Lagrangian in Eq. (6) given by the Warsaw bases is
actually modified in the the literature [35] to make it comfortable notation for e+e− study as the
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ILC-EFT convention6

In order to fit the given effective Lagrangian to the effective Lagrangian based on the ILC-
EFT, the convention is connected to the one of the ILC-EFT. The coefficients of the operators
are replaces like, 

CΦ□ = 1
2
CH

CΦD = 1
2
CTCΦW = 4CWW

CΦB = 4CBB
s2w
c2w

CΦWB = 16CWB
sw
cw

.

Under this notation the effective Lagrangian relevant to the V V H (ZZH, γZH, and WWH)
structures would be

LV V H = M2
Z

1

v
(1 + ηZ)ZµZ

µh+ 2M2
W

1

v
(1 + ηW )W−

µ W
+µh

+
ζZZ

2v
ZµνZ

µνh+
ζAA

2v
AµνA

µνh+
ζAZ

v
AµνZ

µνh+
ζWW

v
W−

µνW
+µνh

+
ζ̃ZZ

2v
ZµνZ̃

µνh+
ζ̃AA

2v
AµνÃ

µνh+
ζ̃AZ

v
AµνZ̃

µνh+
ζ̃WW

v
W−

µνW̃
+µνh .

(11)

where each coefficients are respectively described as

ηZ = −1
2
CH − CT

ηW = −1
2
CH

ζZZ = 2(4CBB
s4w
c2w

+ 4CWW c2w + 8CWBs
2
w)

ζAA = 2(4CBBs
2
w + 4CWW s2w − 8CWBs

2
w)

ζAZ = swcw

(
−8CBB

s2w
c2w

+ 8CWW + 8CWB

(
s2w
c2w

− 1
))

ζWW = 8CWW

6For instance, the CΦ□ term in the Warsaw basis is replaced by a CH term in the ILC-EFT. This is because the
CΦ□ term can induce contact interactions like CHL/C

′
HL terms. The effect by CH terms is probably more simply

represented, for just redefinition of the Higgs wave function. Please refer the literature [35].
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3 International Linear Collider and International Large Detector

In this section overviews on both International Linear Collider (ILC) and International Large
Detector (ILD) are given. A few official reports, Technical Design Report (TDR) [36, 37] and
Detailed Baseline Document (DBD) [38], which describe the detail designs for both of the ILC
and ILD were already published. Thus, the overviews of the ILC and ILD given here are briefly
summaries since information are referred to those official reports.

3.1 An overview of the ILC design

The ILC shown in Fig. 9 is a future electron-positron collider based on superconducting acceler-
ation technology, in which electrons and positrons are linearly accelerated. An accessible range
of centre-of-mass-energy is currently from 250 to 500 GeV. However, there exists technological
capability that the energy is extended up to 1 TeV. Two main 11 km linacs are planned to build,
where superconducting cavities operating at average gradient of 31.5 MV/m will be installed.

Chapter 3
The International Linear Collider
Accelerator

3.1 The ILC Technical Design
3.1.1 Overview

The International Linear Collider (ILC) is a high-luminosity linear electron-positron collider based on
1.3 GHz superconducting radio-frequency (SCRF) accelerating technology. Its centre-of-mass-energy
range is 200–500 GeV (extendable to 1 TeV). A schematic view of the accelerator complex, indicating
the location of the major sub-systems, is shown in Fig. 3.1:

central region
5 km

2 km

positron
main linac

11 km

electron
main linac

11 km

2 km

Damping Rings

e+ source

e- source

IR & detectors

e- bunch 
compressor

e+ bunch 
compressor

Figure 3.1. Schematic layout of the ILC, indicating all the major subsystems (not to scale).

• a polarised electron source based on a photocathode DC gun;

• a polarised positron source in which positrons are obtained from electron-positron pairs by
converting high-energy photons produced by passing the high-energy main electron beam
through an undulator;

• 5 GeV electron and positron damping rings (DR) with a circumference of 3.2 km, housed in a
common tunnel;

• beam transport from the damping rings to the main linacs, followed by a two-stage bunch-
compressor system prior to injection into the main linac;

• two 11 km main linacs, utilising 1.3 GHz SCRF cavities operating at an average gradient of
31.5 MV/m, with a pulse length of 1.6 ms;

9

Figure 9: The picture is referred from [36]. A schematic view of the ILC design.

Advantages of the linear collider and the electron-positron :

Naively thinking, to explore minimum structures of material or go back to early universe where
everything probably were unified, we need to use higher energy particle (Matter wave) or create
higher energy environment. Thus, particles must be accelerated as much as possible. When making
a particle accelerate with a circular accelerator, one concern is that the particle radiates photons
(synchrotron radiations) during the acceleration and lose own energy, which can be described as
∆E ∝ (E/m)4 1/R where E, m, and R are respectively energy, mass of the particle, and radius
of the circular accelerator. Therefore, the circular accelerator is suitable to accelerate massive
particles, or it’s necessary to build bigger accelerator to achieve higher energy. However, when
assuming a linear accelerator, it’s not necessary to consider it.

In the LHC protons are accelerated. Since the proton is composed of quarks (uud) and a part
of quarks is involved in interactions of a reaction, the initial information of the reaction is not
clearly defined. In addition, a tons of processes which relate to quantum chromodynamics (QCD)
become huge backgrounds, and it contaminates interesting reactions we want to observe. Thus,
the LHC is not sufficient for precise measurements of interactions between particles. In contrast,
the ILC where an electron and a positron are used can provide extremely clean environment for
the precise measurements: well-defined initial information and very low backgrounds. The ILC
has, in addition, one more large benefit that it can make both particles polarize for left- and
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right-handed state up to ±80% and ±30% for the electron and positron, which allows us to access
specific physics studies such as the weak interactions and the chiral structures of particles. Making
the electron and positron polarize is impossible in the circular accelerator because of synchrotron
radiation and depolarization effect derived from magnets.

One of the important considerations on collider physics is to consider how many events one can
generate and whether there exist sufficient number of events to argue that something exist if
something exist. This can be described as

N [sec−1] = L [cm−2sec−1]× σ [cm2]

where N , L, and σ are respectively the number of events, luminosity, and production cross-section
of certain process. Thus, we have to make luminosity L increase as much as possible. The formula
is also understood as

L =
kNeNpf

4πσxσy

where k, Ne, Np, and f are respectively the number of bunches in per beam train, the number
of electrons and positrons per bunch, and revolution frequency of an accelerator. σx and σy are
beam sizes at a collision point. Since the ILC can not increase f , it is necessary to make both
electron and positron beam squeeze and condense. Basic designed parameters of the ILC are listed
in Fig. 10.

Figure 10: The table is referred from [36]. A summary table of the baseline ILC parameters for√
s =250–500 GeV, upgraded luminosity and energy parameters are also shown.
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3.2 An overview of the ILD design

The design of the ILD detector shown in Fig. 11 is based on a concept of particle flow analysis [39,
40] where all particles, charged and neutral ones generated through a reaction, are individually
tried to identify, and momentum and energy of those particles are measured by using the most
suitable sub-detectors. Thus, the sub-detectors are required to achieve extremely great spatial
resolution to separate them, which have approximately one-order magnitude better performance
compared to current and past utilized detectors of the high energy collider physics.

Chapter 1
ILD: Executive Summary

The International Large Detector (ILD) is a concept for a detector at the International Linear Collider,
ILC [198]. In a slightly modified version, it has also been proposed for the CLIC linear collider [199].

The ILD detector concept has been optimised with a clear view on precision. In recent years
the concept of particle flow has been shown to deliver the best possible overall event reconstruction.
Particle flow implies that all particles in an event, charged and neutral, are individually reconstructed.
This requirement has a large impact on the design of the detector, and has played a central role in
the optimisation of the system. Superb tracking capabilities and outstanding detection of secondary
vertices are other important aspects. Care has been taken to design a hermetic detector, both in
terms of solid-angle coverage, but also in terms of avoiding cracks and non-uniformities in response.
The overall detector system has undergone a vigorous optimisation procedure based on extensive
simulation studies both of the performance of the subsystems, and on studies of the physics reach
of the detector. Simulations are accompanied by an extensive testing program of components and
prototypes in laboratory and test-beam experiments.

Figure III-1.1
View of the ILD detec-
tor concept.

The ILD detector concept has been described in a number of documents in the past. Most
recently the letter of intent [198] gave a fairly in depth description of the ILD concept. The ILD
concept is based on the earlier GLD and LDC detector concepts [200, 201, 202]. Since the publication
of the letter of intent, major progress has been made in the maturity of the technologies proposed for
ILD, and their integration into a coherent detector concept.
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significant excesses of calorimetric energy compared to the
associated charged particle tracks. Nevertheless, ALEPH achieved
a jet energy resolution (for

ffiffi
s
p
¼MZ) equivalent to sE ¼ ð59%ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E=GeV
p

þ0:6ÞGeV [7]. This was the best jet energy resolution of
the four LEP experiments, but is roughly a factor two worse than
required for the ILC. Particle flow techniques are also being used
by CMS.

It is widely believed that the most promising strategy1 for
achieving the ILC jet energy goal is the Particle Flow (PFlow)
approach to calorimetry using a highly granular detector. In
contrast to a purely calorimetric measurement, PFlow calorimetry
requires the reconstruction of the four-vectors of all visible
particles in an event. The reconstructed jet energy is the sum of
the energies of the individual particles. The momenta of charged
particles are measured in the tracking detectors, while the energy
measurements for photons and neutral hadrons are obtained from
the calorimeters. In this manner, the HCAL is used to measure only
% 10% of the energy in the jet. If one were to assume calorimeter
resolutions of sE=E¼ 0:15=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E ðGeVÞ

p
for photons and

sE=E¼ 0:55
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E ðGeVÞ

p
for hadrons, a jet energy resolution of

0:19=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E ðGeVÞ

p
would be obtained with the contributions from

tracks, photons and neutral hadrons as presented in Table 1. In
practice, this level of performance cannot be achieved as it is not
possible to perfectly associate all energy deposits with the correct
particles. For example, if the calorimeter hits from a photon are
not resolved from a charged hadron shower, the photon energy is
not accounted for. Similarly, if part of charged hadron shower is
identified as a separate cluster, the energy is effectively double-
counted as it is already accounted for by the track momentum.
This confusion rather than calorimetric performance is the limiting
factor in PFlow calorimetry. Thus, the crucial aspect of PFlow
calorimetry is the ability to correctly assign calorimeter energy
deposits to the correct reconstructed particles. This places
stringent requirements on the granularity of the ECAL and HCAL.
From the point of view of event reconstruction, the sum of
calorimeter energies is replaced by a complex pattern recognition
problem, namely the Particle Flow reconstruction Algorithm
(PFA). The jet energy resolution obtained is a combination of the
intrinsic detector performance and the performance of the PFA
software.

The PandoraPFA algorithm was developed to study PFlow
calorimetry at the ILC. PandoraPFA is a Cþþ implementation of a
PFA running in the MARLIN [9] reconstruction framework. It was
developed and optimised using simulated physics events gener-
ated with the MOKKA [10] program, which provides a detailed
Geant4 [11] simulation of potential detector concepts for the ILC.
In particular, PandoraPFA was developed using the MOKKA
simulation of the LDC [12] detector concept and, more recently,
the ILD [13] detector concept. The algorithm is designed to be
sufficiently flexible to allow studies of PFlow for different detector

designs. Whilst a number of PFAs [2,14,15] have been developed
for the ILC, PandoraPFA is the most sophisticated and best
performing algorithm. In this paper PandoraPFA is described in
detail. It is then used to study the potential at a future high energy
lepton collider of PFlow calorimetry with a highly granular
detector, in this case the ILD detector concept.

2. Overview of the ILD detector model

The ILD detector concept [13], shown in Fig. 1, consists of a
vertex detector, tracking detectors, ECAL, HCAL and muon
chambers. It represents a possible configuration of a detector
suitable for PFlow calorimetry. Specifically, for the ECAL and HCAL
the emphasis is on granularity, both longitudinal and transverse,
rather than solely energy resolution. Suitable candidate
technologies are being studied by the CALICE (calorimetry for
the ILC) collaboration [16]. Amongst these are the Silicon–
Tungsten ECAL and Steel-Scintillator HCAL designs assumed for
the ILD reference detector simulation.

Both the ECAL and HCAL are located inside a solenoid which is
taken to produce the 3.5 T magnetic field. The main tracking
detector is simulated as a time projection chamber (TPC) with an
active gas volume of half-length 2.25 m and inner and outer radii
of 0.39 and 1.74 m, respectively. The vertex detector consists of six
layers of Silicon with an inner radius of 15 mm from the
interaction point (IP). The tracking is complemented by two
barrel Silicon strip detectors between the vertex detector and the
TPC and seven Silicon forward tracking disks. The ECAL is
simulated as a Silicon–Tungsten sampling calorimeter consisting
of 29 layers. The first 20 layers have 2.1 mm thick Tungsten and
the last nine layers have 4.2 mm thick Tungsten. The high
resistivity Silicon is segmented into 5 & 5 mm2 pixels. At normal
incidence, the ECAL corresponds to 23 radiation lengths ðX0Þ and
0.8 nuclear interaction lengths ðlIÞ. The HCAL is simulated as a
Steel-Scintillator sampling calorimeter comprising 48 layers of
20 mm thick Steel and 5 mm thick 3 & 3 cm2 plastic scintillator
tiles. At normal incidence the HCAL is 6lI thick.

The ECAL and HCAL in the ILD concept are well matched to the
requirements of PFlow calorimetry. Tungsten is the ideal absorber

Table 1
Contributions from the different particle components to the jet-energy resolution
(all energies in GeV).

Component Detector Energy fract. Energy res. Jet energy res.

Charged particles ðX7 Þ Tracker % 0:6Ej 10' 4E2
X 7 o3:6 & 10' 5E2

j

Photons ðgÞ ECAL % 0:3Ej 0:15
ffiffiffiffiffi
Eg

p
0:08

ffiffiffiffi
Ej

p

Neutral Hadrons ðh0Þ HCAL % 0:1Ej 0:55
ffiffiffiffiffiffiffi
Eh0

p
0:17

ffiffiffiffi
Ej

p

The table lists the approximate fractions of charged particles, photons and neutral
hadrons in a jet of energy, Ej , and the assumed single particle energy resolution.
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Fig. 1. A quadrant of the ILD detector concept (in the rz plane) showing the main
dimensions and layout of the sub-detector components.

1 The only alternative proposed to date is that of Dual Readout calorimetry as
studied by the DREAM collaboration [8].
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Figure 11: The pictures are taken from [37] (left) and [41] (right). A schematic view of the ILD
design and its quadrant cross-section where the unit is milimeter.

In the physics program covers by the ILC, identification of heavy quarks like c and b, and τ
leptons is necessary. To reconstruct such short lived particles, decay vertices must be correctly
identified, which requires that the performance of impact parameter resolution must be sufficiently
good. The required impact parameter resolution is σrϕ < 5⊕ 10/p sin3/2 θ [µm]. One of the flag
ship measurements of the Higgs boson is performed by recoil mass technique using e+e− →
ZH → l+l−H process where it is possible to measure the Higgs boson without looking at the
Higgs boson at all, and the necessity is to measure momentum of a lepton pair. In terms of the
precision measurements the required momentum resolution is σ1/pT ∼ 2 × 10−5 [GeV−1] with a
combination of a central tracker and enveloped silicon trackers. The ILD performance for both of
the impact parameter and the momentum resolution are shown in the left of Fig. 12.

Particle Flow Analysis (PFA) :

In many processes in which we have interested in the ILC condition or we do not, hadronic jets
appear, which are often from W and Z bosons, such as e+e− → tt̄→W+bW−b̄. Therefore, given
that both bosons are well reconstructed, it’s possible to separate a signal process from background
processes by exploiting the information of invariant mass of a di-jet which will correspond to the
mass of the W and Z bosons. Ultimately, the invariant mass resolution against the widths of
the gauge bosons is a goal which the ILD targets at, namely ΓW /mW ≃ ΓZ/mZ ≃ σm/m =
2.7 %. The mass resolution can be translated into jet energy resolution in the di-jet system like7:
σm/m ≃ σE/E , and also the jet energy resolution is typically described with a form of σE/E =
(α/

√
E+β), where the first and second respectively called a stochastic and a constant term. Thus,

7Mass is described as

mij = 2EiEj(1− cot θij)
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Figure III-1.4
Left: Average total
radiation length of
the material in the
tracking detectors as a
function of polar angle.
Right: Total interaction
length in the detector,
up to the end of the
calorimeter system, and
including the coil of the
detector.
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semi-digital readout of each cell.
At very forward angles, below the coverage provided by the ECAL and the HCAL, a system of

high precision and radiation hard calorimetric detectors (LumiCAL, BeamCAL, LHCAL) is foreseen.
These extend the calorimetric coverage to almost 4fi, measure the luminosity, and monitor the quality
of the colliding beams.

A large volume superconducting coil surrounds the calorimeters, creating an axial B-field of
nominally 3.5 Tesla.

An iron yoke, instrumented with scintillator strips or resistive plate chambers (RPCs), returns
the magnetic flux of the solenoid, and, at the same time, serves as a muon filter, muon detector and
tail catcher calorimeter.

To maximise the sensitivity of the detector to the physics at the ILC, the detector will be operated
in a continuous readout mode, without a traditional hardware based trigger.

Precision physics at the ILC requires that the beam parameters are known with great accuracy.
The beam energy and the beam polarization will be measured in small dedicated systems, which are
shared by the two detectors present in the interaction region.

The ILD detector has been designed and optimised as a detector which can be used in a push-pull
configuration, as described in section 5.5.

The main parameters of the ILD detector are summarised in Table III-1.1 and table III-1.2.
The performance of the ILD concept has been extensively studied using a detailed GEANT4

based simulation model and sophisticated reconstruction tools. Backgrounds have been taken into
account to the best of current knowledge. A key characteristics of the detector is the amount of
material in the detector. Particle flow requires a thin tracker, to minimise interactions before the
calorimeters, and thick calorimeters, to fully absorb the showers. Figure III-1.4 (left) shows the
material in the detector in radiation lengths, until the entry of the calorimeter. The right plot shows

Figure III-1.5
Left: Momentum res-
olution as a function
of the transverse mo-
mentum of particles,
for tracks with di�er-
ent polar angles. Also
shown is the theoreti-
cal expectation. Right:
Flavour tagging per-
formance for Z æ qq

samples at di�erent
energies.

Momentum/GeV
1 10 210

-1
 /G

eV
1/

pt
σ

-510

-410

-310

-210

-110

° = 7θ
° = 20θ
° = 30θ
° = 85θ

Efficiency
0 0.2 0.4 0.6 0.8 1

Pu
rit

y

0

0.2

0.4

0.6

0.8

1
b

c

c (b-bkg)

 = 91 GeVs qq   →a) Z 

188 ILC Technical Design Report: Volume 4, Part III

Chapter 1. ILD: Executive Summary

Figure III-1.4
Left: Average total
radiation length of
the material in the
tracking detectors as a
function of polar angle.
Right: Total interaction
length in the detector,
up to the end of the
calorimeter system, and
including the coil of the
detector.

 / degreesθ
-80 -60 -40 -20 0

0X

0

0.1

0.2

0.3

0.4

0.5 SET

outside TPC

TPC

SIT + FTD

VXT

 / degreesθ

In
te

ra
ct

io
n 

Le
ng

th
s

0

2

4

6

8

10

12

14

020406080

Coil

Hcal (LHcal/bcal)

Ecal (Lcal)

semi-digital readout of each cell.
At very forward angles, below the coverage provided by the ECAL and the HCAL, a system of

high precision and radiation hard calorimetric detectors (LumiCAL, BeamCAL, LHCAL) is foreseen.
These extend the calorimetric coverage to almost 4fi, measure the luminosity, and monitor the quality
of the colliding beams.

A large volume superconducting coil surrounds the calorimeters, creating an axial B-field of
nominally 3.5 Tesla.

An iron yoke, instrumented with scintillator strips or resistive plate chambers (RPCs), returns
the magnetic flux of the solenoid, and, at the same time, serves as a muon filter, muon detector and
tail catcher calorimeter.
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shared by the two detectors present in the interaction region.

The ILD detector has been designed and optimised as a detector which can be used in a push-pull
configuration, as described in section 5.5.

The main parameters of the ILD detector are summarised in Table III-1.1 and table III-1.2.
The performance of the ILD concept has been extensively studied using a detailed GEANT4

based simulation model and sophisticated reconstruction tools. Backgrounds have been taken into
account to the best of current knowledge. A key characteristics of the detector is the amount of
material in the detector. Particle flow requires a thin tracker, to minimise interactions before the
calorimeters, and thick calorimeters, to fully absorb the showers. Figure III-1.4 (left) shows the
material in the detector in radiation lengths, until the entry of the calorimeter. The right plot shows
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Figure 12: The plots are referred from [37, 42]. (Left) the performance of the heavy flavor tag,
(Right) the momentum resolution for several angles

the requirement of the jet energy resolution for the ILD is σm/m = α/
√
E = 2.7 %, which means

the stochastic term in a possible energy range of 150–350 GeV in the ILC is < 30 %/
√
E (GeV).
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John Marshall Particle Flow Calorimetry 25 

Particle flow objects built from 
track and (associated) clusters using 
series of simple rules: 
 
• Obtain a list of reconstructed 

and identified particles, with 
measured energies. 
 

• Calorimeter energy resolution 
not critical – most energy from 
tracks. 
 

• Level of mistakes in associating 
hits with particles dominates 
the jet energy resolution. 

• Can now start to understand performance of a Particle Flow detector… 

Particle Flow Objects 

Typical 250GeV Jet in ILD: 

3GeV e+ 

2GeV e- 

photons 

Charged 
hadrons 

Neutral hadron 

2.2 The International Large Detector

radiation length of tungsten is X0 = 3.5 mm and the hadronic interaction length is �l = 99 mm.
The very short radiation length allows building a very compact ECAL. This is crucial since
the calorimeters are positioned inside the magnet coils and the dimension of the coil is the
main cost driver and limits the maximal magnetic field strength. The design foresees 30
readout layers which add up to a total of 24X0 and can be maintained within a calorimeter
thickness of 20 cm. The large ratio of hadronic interaction and electromagnetic interaction
length (�l/X0) is beneficial for an ECAL. Photons and electrons start to shower early and
hadronically interacting particles late. The longitudinal separation helps to di↵erentiate be-
tween the particle species. In addition, the Molière radius of tungsten is comparably small
RM = 9 mm. Electromagnetic showers are contained within that radius which leads to a good
transverse separation of nearby showers. Optimization studies have shown that a segmentation
of 5 mm in the transverse direction is needed. Two options are proposed for the active part of
the readout layers. Either, silicon pin diodes with a cell size of 5 mm ⇥ 5 mm or alternating
scintillator strips with a size of 5 mm ⇥ 45 mm are considered for the ILD ECAL.

The HCAL is also designed as a sampling calorimeter which is inevitable for the longitudinal
granularity of the shower profile. Stainless steel is used as the absorber material due to its
low cost and the ability to act as support structure of the HCAL system itself. Test beam
measurements indicate a di↵erent response to electromagnetically and hadronically interacting
particles. However, the moderate ratio of radiation length (X0 = 1.8 cm) and interaction
length (�l = 17 cm) allows for a compensation based on the topological information of shower
profiles. The HCAL consists of 48 layers which add to a total of 6�l. Two di↵erent readout
technologies have shown to fulfill the requirements of ILD [33]. On the one hand, scin-
tillator tiles of 3 cm ⇥ 3 cm size are used as active layers which are read out with silicon

(a)

)/2 [GeV]kl + mij(m
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Figure 2.7: a) Simulated jet energy resolution with a particle flow algorithm at ILD [41]. b) Average
di-jet mass for the best pairing in ⌫e⌫̄eWW (blue) and ⌫e⌫̄eZZ (red) events with a jet energy resolution
as in 2.7a at

p
s = 1 TeV [33].

25

Figure 13: The plots are referred from [37,43]. (Left) the schematic view of Particle Flow Objects
based on Particle Flow Analysis and (Right) the jet energy resolution for different radius of
electromagnetic calorimeters.

Particle composition inside a hadron jet had been studied in detail in the past collider exper-
iments such as LEP and LEP2 [44]. Among particles observed in a detector, roughly 62 % is by
a charged particle which is mainly a hadron, 10 % is by a neutral hadron, 27 % is by a photon,

Therefore, the mass resolution is given by

σM

M
=

1

2

((
σE1

E1

)2

+

(
σE2

E2

)2

+

(
σθ

tan θ
2

)2) 1
2

usually the angular resolution can be measured well compared to the jet energy resolution.
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and remaining is by a neutrino. Because an electro magnetic interaction can be well measured,
the energy resolution is 15 %/

√
E (GeV). In contrast, development of a hadronic shower is more

complicated and its energy resolution is worse, which is typically 55 %/
√
E (GeV). In the tradi-

tional way the sum of the energies deposited in the ECAL and HCAL had been used to measure
the jet energy, whose jet energy resolution is typically 60 %/

√
E (GeV) due to the composition of

hadronic particles of 72 %. To achieve < 30 %/
√
E (GeV) for the jet energy resolution, it is nec-

essary to perform the measurement that energy of all particles, except neutral hadrons, composing
jet are measured with the tracker and the ECAL, and remaining neutral hadrons are measured
with the HCAL. For this purpose it is also necessary that the detector has sufficient granularity
to separate each particle well.
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4 Observables and analysis strategies for anomalous coupling mea-
surements

The general effective Lagrangian which includes relevant structures to V V H couplings is given
in Eq. (11). Because beam polarization effects are not assumed in the effective Lagrangian, we
slightly change the parametrization by replacing the general parameters to aV , bV , and b̃V to
consider left- and right-handed beam polarization states. And the new physics scale parameter Λ
is also made back to the effective Lagrangian for our convenience. The given effective Lagrangians
for the ZZH and WWH anomalous couplings are individually as follows,

LZZH = M2
Z

(1
v
+
aZ
Λ

)
ZµZ

µh+
bZ
2Λ

ZµνZ
µνh+

b̃Z
2Λ

ZµνZ̃
µνh , (12)

LWWH = 2M2
W

(1
v
+
aW
Λ

)
W−

µ W
+µh+

bW
Λ
W−

µνW
+µνh+

b̃W
Λ
W−

µνW̃
+µνh . (13)

Illustrations of kinematical distributions which are plotted from the next subsection are assumed
to be Λ = 1 TeV in any case.

4.1 Observables for anomalous ZZH couplings

The two kinds of tensor structures appeared in the effective Lagrangian in Eq. (12), ZµνZ
µν

and ZµνZ̃
µν , can bring not only different production cross-sections for the Higgs-strahlung and

ZZ-fusion processes but also kinematical distributions which are different from SM predictions.
In the moment the Z bosons generate and decay, weak isospin or weak hyper-charge when

a interaction with γ is considered, flow along relevant fermions which are production and decay
particles of the Z bosons. In the same moment, one like an electroweak magnetic field should be
generated because of running of the weak charge, that can be imagined based on an analogous
dynamics of electromagnetism. Let me result in the electromagnetism to illustrate behaviors
derived from the new tensor structures. A structure of an electromagnetic field tensor Fµν , which
describes an electromagnetic field, is given as follows,

Fµν =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

 .

where E and B show an electric field and a magnetic field which are composed of three space
components. The phenomena led by the new tensor structures should be understood, using the
Higgs-strahlung process in the Higgs rest-frame.

When the Higgs boson is generated through a (virtual) Z boson and decays into a Z boson
which also decay into a pair of fermions, charges of each pair of fermions can individually imitate
a state of an electric dipole as illustrated in Fig. 14. Because it’s possible to consider the state
that an electric current is running, a magnetic field can be also generated consequently. Inner
products of the electromagnetic tensors with the electric and the magnetic field can be easily given
as follows,

F̂µνF̂
µν ∝ B1 ·B2 −E1 ·E2

F̂µν
˜̂
F

µν

∝ E1 ·B2

where the indexes 1 and 2 mean each of the fermion pairs originating from each of the Z bosons.
The existence of the new tensor structures ZµνZ

µν and ZµνZ̃
µν would give peculiar kinematical

distributions which are clearly different form the SM expectations. One of the observables being
sensitive these structures is ∆Φ that is an angle between production planes made up from the
initial and final state fermions, where the Z boson which is a parent of the final state fermions is
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necessary to define an axis for both planes. The existence of the structure of ZµνZ
µν makes both

planes tend to take a parallel state, whereas the structure of ZµνZ̃
µν makes both planes tend to

take a perpendicular state.

4.1.1 The Higgs-strahlung e+e− → Zh→ l+l−h at
√
s =250 and 500 GeV

Variation of kinematics caused by the new structures can be also understandable based on the given
effective Lagrangian itself. In general, a boson wave-function is defined with a product of a four-
polarization vector and a wave function as Zµ = ϵµe

−iqx. Let’s focusing on the second structure
ZµνZ

µν in Eq. (12). When assuming the Higgs-strahlung process in Fig. 14 and assuming two Z
bosons that are Z1 and Z2 to be Z1(q1, ϵ1) and Z2(q2, ϵ2), where qi and ϵi denote four-momentum
and a polarization four-vector on an i-th particle (i = 1, 2), its matrix element can be calculated
as

MZh
aZ

= Z1µZ
µ
2 = ϵ1µϵ

µ
2

MZh
bZ

= Z1µνZ
µν

2 = (∂1µZ1ν − ∂1νZ1µ)(∂
µ

2 Z
ν

2 − ∂ ν
2 Z

µ
2 )

= i2(q1µϵ1ν − q1νϵ1µ)(q
µ

2 ϵ
ν
2 − q ν

2 ϵ
µ
2 )

= −2
[
(q1q2)(ϵ1ϵ2)− (q1ϵ2)(q2ϵ1)

]
where momentum (operator) q can be translated through the canonical quantization (q = −i∂).
In the case of the Higgs-strahlung Zh process, the Z1 boson assuming to be a virtual Z as
an intermediate state gives q1(

√
s,0) and the polarization vector gives ϵ1(0, ϵ1) by considering

the Lorentz condition for maintaining the gauge invariance: q1ϵ1 = 0. When another outgoing
Z2 boson is assumed to fly along the beam axis like q2(E2, 0, 0, p2Z), that means it is actually
transversely polarized according to the Lorentz condition, the polarization vector gives ϵ2(0, ϵ2).
Thus both invariant amplitudes can be calculated with consideration that the Z2 boson is outgoing
particle (q2 → −q2), which should be

MZh
aZ

= ϵ1µϵ
µ
2 = 0− (ϵ1 · ϵ2) (14)

MZh
bZ

= −2
[
− E2

√
s(−ϵ1 · ϵ2)− 0

]
= −2E2

√
s(ϵ1 · ϵ2) (15)

This formula implies that, firstly E2 must be affected, consequently absolute momentum of the
Z2 boson will vary, secondly ϵ2 must be also affected, thus a production angle of the Z2 boson
will vary. Therefore, angular and momentum information are essential to identify the anomalous
couplings between the Higgs boson and the Z boson. Secondary decay products from the Z boson
must also preserve the information of the couplings on the ZZH vertex.

To verify the anomalous ZZH couplings in leptonic Zh→ l+l−h process of the Higgs-strahlung
process, several observables are defined. The defined observables are explained below, and these
illustrations are given in Fig. 16 and Fig. 17 as examples. Since the field strength tensors have
momentum dependence of corresponding particles, the variation of shape of kinematical distribu-
tions quickly gets larger at

√
s =500 GeV compared to

√
s =250 GeV. Such behaviors can be seen

in Fig. 18 and Fig. 19.

• A momentum distribution of the outgoing Z boson interacting with the Higgs boson must
vary depending on the parameter bZ and b̃Z .

• A production(polar) angle of the outgoing Z boson must vary depending on the parameter
bZ and b̃Z . A daughter fermion in the final state which is derived from the Z boson would
also vary since the daughter fermions run away with the polarization information of the Z
boson.

• A helicity angle of the daughter fermion coming from the Z boson, which represents pro-
jection of a spin of particle, is also an important observable and must vary due to the
parameters. The helicity angle is defined an angle between a momentum direction of the Z
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detectors and its performance, technologies for construction, are summarized. Details of
the ILC are summarized in the ILC TDR, and will discuss in Chapter 3. In this section,
we will focus on the Higgs boson physics at the ILC.

1.3 Higgs Production at the ILC

The cross section of the Higgs production as a function of
√
s is shown in Figure 1.3.1.

The major diagrams of Higgs production are shown in Figure 1.3.2.

Figure 1.3.1: Cross sections of Higgs production processes as a function of
√
s [25]. A

Higgs mass of 125 GeV and a beam polarization combination of P (e−, e+) = (−0.8,+0.3)
are assumed in this plot.

Figure 1.3.2: The diagrams of Higgs production processes. Left: e+e− → Zh (Higgs-
strahlung), middle: e+e− → νeνeh (WW -fusion), right: e+e− → e+e−h (ZZ-fusion).

Measurements of the Higgs boson coupling constants with fermions and gauge bosons
can be performed via Higgs-strahlung process at

√
s = 250 GeV, while the contributions

from W and Z boson fusion processes is not large enough for the measurements. At
√
s =

500 GeV, the WW -fusion process is the most dominant Higgs production process.
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.4.2 Kinematics on a parameter correlation409

As discussed in the previous subsection, the parameters aZ and bZ are correlated, which is much410

stronger at
√
s=250 GeV since the impact of the kinematical distribution is weaker and the varia-411

tion of the cross-section gives complete negative correlation where the parameters can cancel out412

the variation of the cross-section. This negative correlation between aZ and bZ is understandable413

based on the characteristics of the process that both of the particles interacting with the Higgs414

boson are incoming (or outgoing), or one of them is incoming (or outgoing) and another is outgoing415

(or incoming). Assuming two Z bosons that are Z1 and Z2 to be Z1(q1, ϵ1) and Z2(q2, ϵ2) , where416

qi and ϵi denote four-momentum and a polarization four-vector on an i-th particle (i = 1, 2). Thus417

a wave-functions for the Z boson can be written with the four-vectors like Zµ = ϵµe−iqx.418

The invariant amplitude calculated from the first and the second term of the effective La-419

grangian are respectively,420

MaZ = Z1µZ
µ
2 = ϵ1µϵ

µ
2

MbZ = Z1µνZ
µν

2

= (∂1µZ1ν − ∂1νZ1µ)(∂
µ

2 Z ν
2 − ∂ ν

2 Z µ
2 )

= i2(q1µϵ1ν − q1νϵ1µ)(q
µ

2 ϵ
ν
2 − q ν

2 ϵ
µ
2 )

= −2
[
(q1q2)(ϵ1ϵ2)− (q1ϵ2)(q2ϵ1)

]

where momentum (operator) q can be translated through the canonical quantization (q = −i∂).421

The Higgs-strahlung Zh process :422

In the case of the Higgs-strahlung Zh process, the Z1 which is assumed to be a virtual Z as an423

intermediate state gives q1(
√
s,0) and the polarization vector gives ϵ1(0, ϵ1) by considering the424

Lorentz condition for maintaining the gauge invariance: q1ϵ1 = 0. When another outgoing Z2425

boson is assumed to fry along the beam axis, which is transversely polarized, the polarization426

vector gives ϵ2(0, ϵ2). Thus both invariant amplitudes can be calculated as follows,427

MaZ = ϵ1µϵ
µ
2 = 0− (ϵ1 · ϵ2)

= −ϵ1 · ϵ2
MbZ = −2

[
− E2

√
s(−ϵ1 · ϵ2)− 0

]

= −2E2
√
sϵ1 · ϵ2

Since both of the signs of the amplitude are same, the amplitudes cancel out each other for a428

negative direction in a aZ-bZ parameter space. Consequently the negative correlation appears until429

the impact of the kinematical distribution exceed the impact of the variation of the cross-section.430

The ZZ-fusion process or the Higgs decay :431

In the case of the ZZ-fusion production process, when Z1 is assumed to be a real particle, the mo-432

mentum four-vector is q21 = M2
Z , q1(E1, q1), and ϵ1(0, ϵ1) when the Lorentz condition is considered433

q1ϵ1 = 0. And another Z2 is assumed to be q2(E2, q2) = (Mh − E1,−q2) in the Higgs rest-frame434

and ϵ2(0, ϵ2). In this condition both of the invariant amplitudes can be calculated as follows,435

MaZ = ϵ1µϵ
µ
2 = 0− (ϵ1 · ϵ2)

= −ϵ1 · ϵ2

MbZ = −2
[(

− 1

2
(q1 + q2)

2 − q21 − q22)
)
(ϵ1 · ϵ2)− (−q1 · ϵ2)(q1 · ϵ1)

]

= (m2
h −m2

Z − q22)(ϵ1 · ϵ2)
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Figure 14: A schematic view of generation of an
electroweak and an electroweak magnetic fields
as an analogues of the electromagnetism, which is
illustrated with the Higgs-strahlung in the Higgs
rest-frame.

ΔΦ

e- e+

f

Z

Z*

H

θf*

θz

f
-

In the Laboratory frame 

Figure 15: A schematic view of the Higgs-
strahlung process e+e− → ZH → ff̄H. θZ , θ

∗
f ,

and ∆Φff̄ show the production angle of the Z
boson, the helicity angle of the fermion derived
from the Z boson, and the angle between two
production planes.

boson and a momentum direction of its daughter fermion boosted in the Z rest-frame. The
distribution of the helicity angle with the SM prediction gives a quadratic distribution since
the spin of the Z boson is 1 in the SM. Because the spin is preserved to the daughters, the
helicity angle would receive effects from the Z boson.

• An angle between production planes, which is constructed by momentum directions of the
initial state electron and the final state anti-fermion and a momentum direction of the Z
boson as a plane axis in the Higgs rest-frame/Laboratory-frame, is an useful observable ,
which is calculated as,

∆Φ(ff̄ ;V ) [0 ≤ ∆Φ ≤ 2π]

=

{
(cos ξ ≤ 0), arctan(tan ξ)
(cos ξ ≥ 0), arctan(tan ξ) + π · sgn(sin ξ)

cos ξ =
(P̂V × P̂f )× (P̂V × P̂f̄ )

|P̂V × P̂f ||P̂V × P̂f̄ |

sin ξ =
P̂V · [(P̂V × P̂f )× (P̂V × P̂f̄ )]

|P̂V × P̂f ||P̂V × P̂f̄ |

where P̂ denotes a unit vector of momentum vector of each particle. In the case of the
Higgs-strahlung process, PV and Pf are the Z boson and the initial state electron, which
are respectively denoted with PZ and Pe. cos ξ gives an angle calculated by directions of
each plane which are constructed with momenta vectors of both fermions and the Z boson
while sin ξ decides the direction of the planes against the direction of the Z boson, which is
-1 or 1. The description of the behavior is given in the previous subsection.
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Figure 16: Distributions of polar angles of the final state lepton-minus in the Higgs-strahlung
e+e− → ZH → llH process at

√
s = 250 GeV with the complete beam polarization state of

P(e−, e+)= (-100%,+100%). The calculation is done in the laboratory frame, the Z rest-frame,
and the Higgs rest-frame. The difference of upper and lower row correspond to input parameters
of bZ and b̃Z . Black and green lines show the exactly SM Higgs boson and completely the pseudo-
scalar state, and blue and red lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.
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Figure 17: Distributions of polar angle of the Z boson in the laboratory frame (cos θZ), the helicity
angle of the daughter fermion of the Z boson in the Z rest-frame (cos θ∗f ), and the angle between

production planes ∆Φ in the laboratory frame in the Higgs-strahlung e+e− → ZH → llH process
at

√
s = 250 GeV. The other explanations are same as the above.
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Figure 18: Distributions of polar angles of the final state lepton-minus in the Higgs-strahlung
e+e− → ZH → llH process at

√
s = 500 GeV with the complete beam polarization state of

P(e−, e+)= (-100%,+100%). The calculation is done in the laboratory frame, the Z rest-frame,
and the Higgs rest-frame. The difference of upper and lower row correspond to input parameters
of bZ and b̃Z . Black and green lines show the exactly SM Higgs boson and completely the pseudo-
scalar state, and blue and red lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.

Z
θcos

1 0.5 0 0.5 1

Zθ
/d

co
s

σ
 dσ

1
/

0

10

20

3
10×

Z
impact of b

 = 1
Z

b  = 0
Z

b

 =+1
Z

b  =+1 w/o SM 
Z

b

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

*

f
θcos

1 0.5 0 0.5 1

* fθ
/d

co
s

σ
 dσ

1
/

0

10

20

3
10×

Z
impact of b

 = 1
Z

b  = 0
Z

b

 =+1
Z

b  =+1 w/o SM 
Z

b

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

Helicity angle in the Z restframe

plane

f(Z)f
Φ∆

0 2 4 6

p
la

n
e f

(Z
)f

Φ∆
/dσ

 dσ
1
/

0

10

20

3
10×

Z
impact of b

 = 1
Z

b  = 0
Z

b

 =+1
Z

b  =+1 w/o SM 
Z

b

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

In the Lab. frame

Z
θcos

1 0.5 0 0.5 1

Zθ
/d

co
s

σ
 dσ

1
/

0

10

20

3
10×

Z
b
~

impact of 

 = 1
Z

b
~

 = 0
Z

b
~

 =+1
Z

b
~

 =+1 w/o SM 
Z

b
~

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

*

f
θcos

1 0.5 0 0.5 1

* fθ
/d

co
s

σ
 dσ

1
/

0

10

20

3
10×

Z
b
~

impact of 

 = 1
Z

b
~

 = 0
Z

b
~

 =+1
Z

b
~

 =+1 w/o SM 
Z

b
~

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

Helicity angle in the Z restframe

plane

f(Z)f
Φ∆

0 2 4 6

p
la

n
e f

(Z
)f

Φ∆
/dσ

 dσ
1
/

0

10

20

3
10×

Z
b
~

impact of 

 = 1
Z

b
~

 = 0
Z

b
~

 =+1
Z

b
~

 =+1 w/o SM 
Z

b
~

H @ 500GeVµµ→+ee

)=(100%,+100%)+,e


P(e

In the Lab. frame

Figure 19: Distributions of polar angle of the Z boson in the laboratory frame (cos θZ), the helicity
angle of the daughter fermion of the Z boson in the Z rest-frame (cos θ∗f ), and the angle between

production planes ∆Φ in the laboratory frame in the Higgs-strahlung e+e− → ZH → llH process
at

√
s = 500 GeV. The other explanations are same as the above.
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4.1.2 The Higgs-strahlung e+e− → Zh→ qq̄H at
√
s =250 and 500 GeV

In the case of a hadronic decay reaction of the Zh→ qq̄H channel, the angle ∆Φ will not be able
to fully reconstructed with the range of [0–2π] if any jet charge identification is not implemented
in the reconstruction chain, which is illustrated in Fig. 20. Therefore, the sensitivity that ∆Φ has
becomes half [0–π] by folding the ∆Φ distribution with ∆Φ− π when ∆Φ exceeds π.
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Figure 20: A illustration of ∆Φ in the Zh →
qq̄H channel. ∆Φ can be reconstructed within
the range of [0–π] if no jet charge identification
is imposed.
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Figure 21: A illustration of the helicity angle θ∗f
in the Zh → qq̄H channel. The angle can be
given with the range of [0–π] when folding it to-
gether with ∆Φ.

When calculating the helicity angle of a daughter fermion coming from the outgoing Z boson
cos θ∗f , it is necessary to identify the charge to distinguish the fermion from the anti-fermion.
However, a hemisphere is already distinguished by folding the information of ∆Φ. Therefore, the
helicity angle cos θ∗f can be identified with a full range of [0–π] by folding θ∗f with θ∗f − π together
with ∆Φ when ∆Φ is folded with ∆Φ− π. Such situation can be seen in Fig. 21.

Since the neutral current interaction through a Z boson has the V-A structure: (cV − cAγ
5),

the formula of coupling between a quark and the Z boson is different from the one of a lepton
case8. Therefore, the kinematics and consequently degree of variation must be different. Fig. 22
and Fig. 23 show one-dimensional distributions as illustrations in the hadronic Zh→ qq̄H channel
of the Higgs-strahlung process at

√
s =250 GeV. Fig. 24 and Fig. 25 show the variations depending

on the parameters at
√
s =500 GeV.

8The Lagrangian describing interaction of eeZ is given as

LeeZ =
g2

cos θw
ψ̄γµ cV − cAγ

5

2
ψZµ

The differential decay rate can be calculated as

dΓ =
1

2MZ

∑
spin

|M|2dΦ2 ,

dΓ

d cos θ
=

1

32πMZ

[(
c2V − c2A

2

)2

(1 + cos θ)2 +

(
c2V + c2A

2

)2

(1− cos θ)2
]

dΓ

d cos θ
=

1

32πMZ

[
g2ZQ sin4 θw(1 + cos θ)2 +

1

4
g2Z(I3 −Q sin2 θw)

2(1− cos θ)2
]

where cV and cA are respectively given as −gZ/2(I3 − 2Q sin2 θw) and −gZ/2(I3). Depending on charge and
weak-isospin of fermions, the shapes must vary.
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Figure 22: Distributions of polar angles of the final state fermion in the Higgs-strahlung e+e− →
ZH → qq̄H process at

√
s = 250 GeV with the complete beam polarization state of P(e−, e+)=

(-100%,+100%). The calculation is done in the laboratory frame, the Z rest-frame, and the Higgs
rest-frame. The difference of upper and lower row correspond to input parameters of bZ and b̃Z .
Black and green lines show the exactly SM Higgs boson and completely the pseudo-scalar state,
and blue and red lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.
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Figure 23: Distributions of momentum of the Z boson in the laboratory frame (PZ), (middle)
the full angle between production planes ∆Φ in the laboratory frame in the Higgs-strahlung
e+e− → ZH → qq̄H process at

√
s = 250 GeV, and (right) the folded angle with ∆Φ − π if ∆Φ

exceeds π. The other explanations are same as the others.
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Figure 24: Distributions of polar angles of the final state fermion in the Higgs-strahlung e+e− →
ZH → qq̄H process at

√
s = 500 GeV with the complete beam polarization state of P(e−, e+)=

(-100%,+100%). The calculation is done in the laboratory frame, the Z rest-frame, and the Higgs
rest-frame. The difference of upper and lower row correspond to input parameters of bZ and b̃Z .
Black and green lines show the exactly SM Higgs boson and completely the pseudo-scalar state,
and blue and red lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.
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Figure 25: Distributions of momentum of the Z boson in the laboratory frame (PZ), (middle)
the full angle between production planes ∆Φ in the laboratory frame in the Higgs-strahlung
e+e− → ZH → qq̄H process at

√
s = 500 GeV, and (right) the folded angle with ∆Φ − π if ∆Φ

exceeds π. The other explanations are same as the others.
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4.1.3 The ZZ-fusion e+e− → e+e−H at
√
s =250 and 500 GeV

The ZZ-fusion process will be also able to provide a clear signature on the ∆Φ distribution which
is given in Fig. 27 if the anomalous ZZH couplings exist. When focusing on the bZ term in
Eq. (12) and defining four-vectors for both of the virtual Z bosons as Z1(q1, ϵ1) and Z2(q2, ϵ2) as
illustrated in Fig. 26, the structure of the matrix element can be described as

MZZf
aZ

= ϵ1µϵ
µ
2 = −(ϵ1 · ϵ2) (16)

MZZf
bZ

= −2
[
(q1q2)(ϵ1ϵ2)− (q1ϵ2)(q2ϵ1)

]
= −2

[(1
2
(q1 + q2)

2 − q21 − q22

)
(−ϵ1 · ϵ2)− (q1 · ϵ2)(q2 · ϵ1)

]
= (q2h − 2q21 − 2q22)(ϵ1 · ϵ2) + 2(q1 · ϵ2)(q2 · ϵ1)

(17)

where qh denotes four-momentum of the Higgs boson. The structure implies that the polarization
of both Z1 and Z2 are affected by the four-momenta of the Higgs boson and the virtual Z bosons,
which will propagate to angular distributions of final state particles such as an electron, a positron,
and the Higgs boson. In addition the he structure indicate that the energy-momentum of the Higgs
boson will vary depending on the parameters. These behaviors according to the parameters bZ
and b̃Z can be seen in Fig. 28, Fig. 29 and Fig. 30, Fig. 31, which are respectively

√
s =250 GeV

and 500 GeV.

!209

detectors and its performance, technologies for construction, are summarized. Details of
the ILC are summarized in the ILC TDR, and will discuss in Chapter 3. In this section,
we will focus on the Higgs boson physics at the ILC.

1.3 Higgs Production at the ILC

The cross section of the Higgs production as a function of
√
s is shown in Figure 1.3.1.

The major diagrams of Higgs production are shown in Figure 1.3.2.

Figure 1.3.1: Cross sections of Higgs production processes as a function of
√
s [25]. A

Higgs mass of 125 GeV and a beam polarization combination of P (e−, e+) = (−0.8,+0.3)
are assumed in this plot.

Figure 1.3.2: The diagrams of Higgs production processes. Left: e+e− → Zh (Higgs-
strahlung), middle: e+e− → νeνeh (WW -fusion), right: e+e− → e+e−h (ZZ-fusion).

Measurements of the Higgs boson coupling constants with fermions and gauge bosons
can be performed via Higgs-strahlung process at

√
s = 250 GeV, while the contributions

from W and Z boson fusion processes is not large enough for the measurements. At
√
s =

500 GeV, the WW -fusion process is the most dominant Higgs production process.
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.4.2 Kinematics on a parameter correlation409

As discussed in the previous subsection, the parameters aZ and bZ are correlated, which is much410

stronger at
√
s=250 GeV since the impact of the kinematical distribution is weaker and the varia-411

tion of the cross-section gives complete negative correlation where the parameters can cancel out412

the variation of the cross-section. This negative correlation between aZ and bZ is understandable413

based on the characteristics of the process that both of the particles interacting with the Higgs414

boson are incoming (or outgoing), or one of them is incoming (or outgoing) and another is outgoing415

(or incoming). Assuming two Z bosons that are Z1 and Z2 to be Z1(q1, ϵ1) and Z2(q2, ϵ2) , where416

qi and ϵi denote four-momentum and a polarization four-vector on an i-th particle (i = 1, 2). Thus417

a wave-functions for the Z boson can be written with the four-vectors like Zµ = ϵµe−iqx.418

The invariant amplitude calculated from the first and the second term of the effective La-419

grangian are respectively,420

MaZ = Z1µZ
µ
2 = ϵ1µϵ

µ
2

MbZ = Z1µνZ
µν

2

= (∂1µZ1ν − ∂1νZ1µ)(∂
µ

2 Z ν
2 − ∂ ν

2 Z µ
2 )

= i2(q1µϵ1ν − q1νϵ1µ)(q
µ

2 ϵ ν
2 − q ν

2 ϵ µ
2 )

= −2
[
(q1q2)(ϵ1ϵ2)− (q1ϵ2)(q2ϵ1)

]

where momentum (operator) q can be translated through the canonical quantization (q = −i∂).421

The Higgs-strahlung Zh process :422

In the case of the Higgs-strahlung Zh process, the Z1 which is assumed to be a virtual Z as an423

intermediate state gives q1(
√
s,0) and the polarization vector gives ϵ1(0, ϵ1) by considering the424

Lorentz condition for maintaining the gauge invariance: q1ϵ1 = 0. When another outgoing Z2425

boson is assumed to fry along the beam axis, which is transversely polarized, the polarization426

vector gives ϵ2(0, ϵ2). Thus both invariant amplitudes can be calculated as follows,427

MaZ = ϵ1µϵ
µ
2 = 0− (ϵ1 · ϵ2)

= −ϵ1 · ϵ2
MbZ = −2

[
− E2

√
s(−ϵ1 · ϵ2)− 0

]

= −2E2
√
sϵ1 · ϵ2

Since both of the signs of the amplitude are same, the amplitudes cancel out each other for a428

negative direction in a aZ-bZ parameter space. Consequently the negative correlation appears until429

the impact of the kinematical distribution exceed the impact of the variation of the cross-section.430

The ZZ-fusion process or the Higgs decay :431

In the case of the ZZ-fusion production process, when Z1 is assumed to be a real particle, the mo-432

mentum four-vector is q21 = M2
Z , q1(E1, q1), and ϵ1(0, ϵ1) when the Lorentz condition is considered433

q1ϵ1 = 0. And another Z2 is assumed to be q2(E2, q2) = (Mh − E1,−q2) in the Higgs rest-frame434

and ϵ2(0, ϵ2). In this condition both of the invariant amplitudes can be calculated as follows,435

MaZ = ϵ1µϵ
µ
2 = 0− (ϵ1 · ϵ2)

= −ϵ1 · ϵ2

MbZ = −2
[(

− 1

2
(q1 + q2)

2 − q21 − q22)
)
(ϵ1 · ϵ2)− (−q1 · ϵ2)(q1 · ϵ1)

]

= (m2
h −m2

Z − q22)(ϵ1 · ϵ2)
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Figure 26: A diagram showing the ZZ-fusion
process, and definition of virtual Z bosons: Z1

and Z2 .
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Figure 27: A schematic view of the ZZ-fusion
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two production planes.
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Figure 28: Distributions of the polar angle of the final state electron and the polar angle of
the Higgs boson in the laboratory frame in the ZZ-fusion e+e− → ZZ → e+e−H process at√
s = 250 GeV with the complete beam polarization state of P(e−, e+)= (-100%,+100%). The

difference of upper and lower row correspond to input parameters of bZ and b̃Z . Black and green
lines show the exactly SM Higgs boson and completely the pseudo-scalar state, and blue and red
lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.
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Figure 29: Distributions of the momentum of the Higgs boson and the angle between production
planes ∆Φ in the laboratory frame and the Higgs rest-frame in the ZZ-fusion e+e− → ZZ →
e+e−H process at

√
s = 250 GeV. The other explanations are same as the above.

41



4 OBSERVABLES AND ANALYSIS STRATEGIES FOR ANOMALOUS COUPLING
MEASUREMENTS

f
θcos

1− 0.5− 0 0.5 1

fθ
/d

co
s

σ
 dσ

1
/

5−10

4−10

3−10

2−10

1−10

1

Z
impact of b

 = 1
Z

b  = 0
Z

b

 =+1
Z

b  =+1 w/o SM 
Z

b

eeH @ 500GeV→(ZZ)→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

H
θcos

1− 0.5− 0 0.5 1

Hθ
/d

co
s

σ
 dσ

1
/

0

10

20

30

3−
10×

Z
impact of b

 = 1
Z

b  = 0
Z

b

 =+1
Z

b  =+1 w/o SM 
Z

b

eeH @ 500GeV→(ZZ)→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

f
θcos

1− 0.5− 0 0.5 1

fθ
/d

co
s

σ
 dσ

1
/

5−10

4−10

3−10

2−10

1−10

1

Z
b
~

impact of 

 = 1
Z

b
~

 = 0
Z

b
~

 =+1
Z

b
~

 =+1 w/o SM 
Z

b
~

eeH @ 500GeV→(ZZ)→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

H
θcos

1− 0.5− 0 0.5 1

Hθ
/d

co
s

σ
 dσ

1
/

0

10

20

30

3−
10×

Z
b
~

impact of 

 = 1
Z

b
~

 = 0
Z

b
~

 =+1
Z

b
~

 =+1 w/o SM 
Z

b
~

eeH @ 500GeV→(ZZ)→+ee

)=(100%,+100%)+,e


P(e

Production angle in the Lab. frame

Figure 30: Distributions of the polar angle of the final state electron and the polar angle of
the Higgs boson in the laboratory frame in the ZZ-fusion e+e− → ZZ → e+e−H process at√
s = 500 GeV with the complete beam polarization state of P(e−, e+)= (-100%,+100%). The

difference of upper and lower row correspond to input parameters of bZ and b̃Z . Black and green
lines show the exactly SM Higgs boson and completely the pseudo-scalar state, and blue and red
lines are mixed states corresponding to bZ = ±1 and b̃Z = ±1.
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Figure 31: Distributions of the momentum of the Higgs boson and the angle between production
planes ∆Φ in the laboratory frame and the Higgs rest-frame in the ZZ-fusion e+e− → ZZ →
e+e−H process at

√
s = 500 GeV. The other explanations are same as the above.
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4.2 Observables for anomlaous WWH couplings

4.2.1 The WW -fusion e+e− → νeν̄eh at
√
s =250 and 500 GeV

In the WW -fusion process the observables for identifying the anomalous couplings are same with
ones of the ZZ-fusion process except ∆Φ due to missing neutrinos in the final state. Fig. 32 and
Fig. 33 illustrate the variation of the distribution of the observables at

√
s =250 GeV and 500 GeV

where the parameters set to be ±2.

4.2.2 The Higgs decay H →WW ∗

The H →WW ∗ decay process can also give sizable information for testing the anomalous WWH
couplings. Focusing on the bW term in Eq. (13) and defining the four-vectors as W1(q1, ϵ1) and
W2(q2, ϵ2) like Fig. 34 assuming the Higgs rest-frame in which the momenta of both W1 and W2

are given with back-to-back, the structure can be calculated as

MWWd
bZ

= −2
[
(q1q2)(ϵ1ϵ2)− (q1ϵ2)(q2ϵ1)

]
= −2

[(1
2
(q1 + q2)

2 − q21 − q22

)
(−ϵ1 · ϵ2)− (q1 · ϵ2)(−q1 · ϵ1)

]
= (m2

h − 2q21 − 2q22)(ϵ1 · ϵ2)

where the second term in the second line would be 0 by considering q1 = −q2 and the Lorentz
condition qϵ = 0. This structure will affect polarization of the W bosons and helicity angle of
the decay products and the four-momenta of related particles as well. As discusses in the first

10In the plot ”Azimuth angle” is written, but it is actually opening angle between X-axis and momentum direction
of the Higgs boson, which partially includes polar angle of the Higgs boson.

0By the definition of the field strength tensor Fµν , the anomalous structure FµνF
µν in the effective Lagrangian

can be decomposed into,

FµνF
µν = (∂1µA1ν − ∂1νA1µ)(∂

µ
2 A ν

2 − ∂ ν
2 A

µ
2 )

= (∂1∂2)(A1A2)− (∂1A2)(A1∂2)− (∂1A2)(A1∂2) + (∂1∂2)(A1A2)

= 2 [ (∂1∂2)(A1A2)− (∂1A2)(A1∂2) ]

(FµνF
µν)2 = 4 [ (∂1∂2)(A1A2)− (∂1A2)(A1∂2) ]

2

= 4 [ i2(q1q2)(ϵ1ϵ2)− i2(q1ϵ2)(ϵ1q2) ]
2 → several terms with different signs.

where the square of the structure is taken since the contribution of amplitude can be given with the square of the
structure. Derivatives and field potentials are translated into four-momenta (quantization) and four-polarization
vectors in going to the last line. In contrast, the structure Fµν F̃

µν can be,

Fµν F̃
µν =

1

2
ϵµνρσFµνFρσ

=
1

2
ϵµνρσ(∂1µA1ν − ∂1νA1µ)(∂2ρA2σ − ∂2σA2ρ)

=
1

2
ϵµνρσ[(∂1µA1ν)(∂2ρA2σ)− (∂1µA1ν)(∂2σA2ρ)− (∂1νA1µ)(∂2ρA2σ) + (∂1νA1µ)(∂2σA2ρ)]

=
1

2
ϵµνρσ4(∂1µA1ν)(∂2ρA2σ)

(Fµν F̃
µν)2 = 4ϵµνρσϵabcd(∂1µA1ν)(∂2ρA2σ)(∂1aA1b)(∂2cA2d)

= 4gµζgνηgρθgσγδabcdζηθγ(∂1µA1ν)(∂2ρA2σ)(∂1aA1b)(∂2cA2d)

= 4(∂ ζ
1 A

η
1 )(∂ θ

2 A
γ

2 )δabcdζηθγ(∂1aA1b)(∂2cA2d)

= 4(∂1∂1)(A1A1)(∂2∂2)(A2A2)

= 4 i2q21ϵ
2
1 i

2q22ϵ
2
2 → one term with positive sign.

(18)
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Figure 32: Distributions of the momentum, polar angle of the Higgs boson, and angle between
X-axis and momentum direction of the Higgs boson10in the laboratory frame of the WW -fusion
e+e− →WW → νν̄H process at

√
s = 250 GeV. The difference of upper and lower rows are input

parameters of bW and b̃W . Black and green lines show the exactly SM Higgs boson and completely
the pseudo-scalar state, and blue and red lines are mixed states corresponding to bW = ±2 and
b̃W = ±2.
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Figure 33: Kinematical distributions of the WW -fusion e+e− → WW → νν̄H process at
√
s =

500 GeV. The explanations are given in the above caption.
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subsection the ∆Φ distribution is one of the strong observable for testing the couplings, which is
illustrated in Fig. 35.

detectors and its performance, technologies for construction, are summarized. Details of
the ILC are summarized in the ILC TDR, and will discuss in Chapter 3. In this section,
we will focus on the Higgs boson physics at the ILC.

1.3 Higgs Production at the ILC

The cross section of the Higgs production as a function of
√
s is shown in Figure 1.3.1.

The major diagrams of Higgs production are shown in Figure 1.3.2.

Figure 1.3.1: Cross sections of Higgs production processes as a function of
√
s [25]. A

Higgs mass of 125 GeV and a beam polarization combination of P (e−, e+) = (−0.8,+0.3)
are assumed in this plot.

Figure 1.3.2: The diagrams of Higgs production processes. Left: e+e− → Zh (Higgs-
strahlung), middle: e+e− → νeνeh (WW -fusion), right: e+e− → e+e−h (ZZ-fusion).

Measurements of the Higgs boson coupling constants with fermions and gauge bosons
can be performed via Higgs-strahlung process at

√
s = 250 GeV, while the contributions

from W and Z boson fusion processes is not large enough for the measurements. At
√
s =

500 GeV, the WW -fusion process is the most dominant Higgs production process.
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Wand

Zbos
onfusi

onpro
cess

esis
not

larg
een

oug
hfor

the
measu

rem
ents

.At√
s=

500
GeV

,th
eW

W-fus
ion

pro
cess

isth
em

ost
dom

inan
tH

iggs
pro

duc
tion

pro
cess

.
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dete
ctors

and
its p

erfor
mance

, tec
hnol

ogies
for c

onst
ructi

on, a
re su

mmarize
d. D

etail
s of

the I
LC are s

ummarize
d in the I

LC TDR
, and

will
discu

ss in
Chap

ter 3
. In

this
secti

on,

we w
ill fo

cus o
n the H

iggs
boso

n phys
ics a

t the
ILC.

1.3
Higgs

Pro
duc

tion
at the

ILC

The
cross

secti
on of th

e Higg
s pro

duct
ion as a

func
tion

of √
s is sh

own
in Figu

re 1.3.1
.

The
major

diag
rams of

Higg
s pro

duct
ion are s

hown
in Figu

re 1.
3.2.

Figu
re 1.3.1

: Cros
s sec

tions
of H

iggs
prod

uctio
n proc

esses
as a

func
tion

of √
s [25].

A

Higg
s mass o

f 125
GeV

and
a be

am pola
rizat

ion combina
tion

of P
(e−

, e+
) = (−0.8

,+0.
3)

are a
ssum

ed in this
plot.

Figu
re 1.3.2

: The
diag

rams of H
iggs

prod
uctio

n proc
esses

. Left:
e+
e−

→ Zh (Hig
gs-

strah
lung

), m
iddle

: e+
e−

→ νeν
eh (WW -fusi

on),
right

: e+
e−

→ e+
e−
h (ZZ

-fusi
on).

Measu
rements

of th
e Hig

gs b
oson

coup
ling

cons
tant

s wit
h ferm

ions
and

gaug
e bo

sons

can
be p

erfor
med via Higg

s-str
ahlu

ng proc
ess a

t √
s =

250
GeV

, wh
ile th

e con
tribu

tions

from
W and

Z boso
n fusio

n proc
esses

is no
t lar

ge en
ough

for t
he m

easu
rements.

At √
s =

500
GeV

, the
WW -fusi

on proc
ess i

s the
most d

ominan
t Hig

gs pr
oduc

tion
proc

ess.
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e+
ν

e -
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-

-
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e+
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Z

W
W
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e

e

Figu
re 8: Diag

rams of H
iggs

prod
uctio

n proc
esses

in the
ILC:

(left
) Higg

s-str
ahlu

ng,
(middle

)

WW -fusi
on, a

nd (righ
t) Z

Z-fu
sion.

as fo
llow

s

297

L (6)
eff = cΦ!

Λ2 ∂µ(Φ †
Φ)∂ µ

(Φ †
Φ) + cΦD

Λ2 (Φ † ↔
D

µ

Φ)(Φ † ↔
DµΦ) + cΦ

Λ2 (Φ †
Φ) 3

+ cΦB
Λ2 Φ †

ΦB
µνB µν

+ cΦW
Λ2 Φ †

ΦW a
µνW aµν

+ cΦW
B

Λ2 Φ †
τ a
ΦW a

µνB µν

+ cΦ
B̃

Λ2 Φ †
ΦB

µν B̃ µν
+ cΦ

W̃
Λ2 Φ †

ΦW a
µν W̃ aµν

+ cΦ
WB̃

Λ2 Φ †
τ a
ΦW a

µν B̃ µν
.

The
coeffi

cient
s for each

oper
ator

cxx
are

dimensio
nless

and
show

coup
ling

cons
tant

s of th
ose

298

struc
ture

s. W a
µν and

Bµν are the
Yang

-Mills fi
eld-s

tren
gth

tens
ors f

or th
e SU(2

) an
d U(1)

sym
-

299

metry,
whic

h is Vµν
= ∂µV

ν − ∂νV
µ , an

d Dµ is the
cova

riant
deriv

ative
for retai

ning
the

gaug
e

300

inva
rianc

e of
SU(2

)×U(
1) sy

mmetry.
τ a

show
s the

SU(2
) gen

erato
rs, w

hich
are d

efine
d with

Paul
i

301

matric
es (τ a

= σa

2 ). Φ † ↔
D

µ

Φ, a
nd the

dual
field

stren
gth

tens
ors B̃ µν

and
W̃ aµν

are resp
ectiv

ely

302

given
as

303

Φ † ↔
D

µ

Φ = Φ †
(DµΦ)−

(DµΦ) †Φ

B̃µν
= 1

2 ϵµν
ρσB ρσW̃ a

µν = 1
2 ϵµν

ρσB ρσ
.

Let’s
appl

y the
spon

tane
ous

sym
metry

brea
king

(SSB
) and

cons
ider

the
first

term
in the

La-

304

gran
gian

with
the H

iggs
doub

let Φ
=
(

01√
2 (v +

h(x)
)

)

,

305

(1) cΦ!
Λ2 ∂µ(Φ †

Φ)∂ µ
(Φ †

Φ)
= cΦ!

Λ2

(
(∂µΦ †

)Φ) +
Φ †

(∂µΦ
)
)(
(∂ µ

Φ †
)Φ) +

Φ †
(∂ µ

Φ)
)

= cΦ!
Λ2

(
v 2
(∂µh

)(∂ µ
h) +

2v(∂
µh)(∂ µ

h)h
+ (∂µh

)(∂ µ
h)h 2 )

In the e
quat

ion here
, the

kine
tic t

erm
of th

e Hi
ggs b

oson
appe

ar in
the fi

rst t
erm, wh

ich will
affec

t

306

othe
r cou

pling
s an

d inter
actio

ns w
ith the v

ecto
r bo

sons
as w

ell a
s the

pote
ntial

. Th
us, w

hen
the

307

SSB
is im

pose
d for Φ

, it i
s nec

essar
y to cons

ider
the n

ew kine
tic t

erm
and

reno
rmalize

its e
ffect

s.

308

When
goin

g back
to the t

he c
ovar

iant
deriv

ative
of D

µ , and
addi

ng the k
ineti

c ter
m to the o

ne o
f

309

the H
iggs

boso
n of th

e SM
, the

dyna
mics o

f the
Higg

s fiel
d coul

d be

310

(
1 + cΦ!v 2

Λ2

)
(DµΦ) †(

D µ
Φ) ,

wher
e Φ

is gi
ven

as Φ
=
√

1 + cΦ!v 2

Λ2 ≃
(
1 + cΦ!v 2

2Λ2

)
Φ

=
(
1 + cΦ!v 2

Λ2

)(
1
2 ∂µh∂ µ

h+ 1
2

g 2
2

2 W −
µ W +µ

(v +
h) 2

+ 1
2

(g 2
1 + g 2

2 )
4 ZµZ µ

(v +
h) 2

)
,
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As
disc

usse
dinthe

prev
ious

sub
sect

ion,
the

par
ameter

sa
Zand

bZare
corr

elat
ed,

whi
chism

uch

410

stro
nge

rat√
s=2

50G
eV

sinc
eth

eim
pac

tof
the

kine
matic

ald
istr

ibut
ion

isw
eak

era
nd

the
vari

a-

411

tion
oft

hec
ross

-sec
tion

give
sco

mplet
ene

gati
vec

orre
lati

onwhe
ret

hep
aram

eter
sca

ncan
cel

out

412

the
vari

atio
noft

hec
ross

-sec
tion

.T
his

neg
ativ

eco
rrel

atio
nbetw

een
aZ

and
bZisu

nde
rsta

nda
ble

413

bas
edon

the
cha

ract
eris

tics
oft

hepro
cess

tha
tbo

thoft
hepar

ticle
sin

tera
ctin

gwith
the

Hig
gs

414

bos
ona

rein
com

ing
(or

out
goin

g),
oro

neo
fth

em
isin

com
ing

(or
out

goin
g)a

nda
not

her
iso

utg
oing

415

(or
inco

ming)
.A

ssum
ing

two
Zbos

ons
tha

tar
eZ

1and
Z2

tobeZ
1(q1,

ϵ1)
and

Z2(
q2,ϵ

2),w
here

416

qia
ndϵ

iden
ote

four
-momentu

mand
apo

lari
zati

onfour
-vec

tor
onani-th

par
ticle

(i=
1,2

).T
hus

417

awav
e-fu

ncti
ons

for
the

Zbos
oncan

bew
ritt

enwith
the

four
-vec

tors
like

Zµ
=ϵµe−iqx

.

418

The
inva

rian
tamplit

ude
calc

ulat
ed

from
the

first
and

the
seco

nd
term

oft
he

effe
ctiv

eLa-

419

gran
gian

are
resp

ecti
vely

,

420

MaZ
=

Z1
µZµ

2=ϵ1µϵµ
2

MbZ
=

Z1
µνZµν

2 =
(∂1

µZ1
ν−∂

1νZ
1µ)(∂µ

2Zν
2−∂ν

2Zµ
2)

=
i2
(q1

µϵ1ν
−q1νϵ

1µ)(qµ
2ϵν

2−qν
2ϵµ

2)

=
−2[

(q1q
2)(ϵ

1ϵ2)
−(q1ϵ

2)(q
2ϵ1)]

whe
rem

omentu
m(op

erat
or)

qcan
bet

ran
slat

edthro
ugh

the
can

onic
alq

uan
tiza

tion
(q=

−i∂)
.

421

Th
eHigg

s-st
rah

lun
gZh

pro
ces

s:

422

Inthe
case

oft
heHig

gs-s
trah

lung
Zh

pro
cess

,th
eZ1

whi
chisa

ssum
edtobe

avirt
ual

Zasa
n

423

inte
rmedia

testat
egive

sq
1(√

s,0
)an

dthe
pola

riza
tion

vect
org

ives
ϵ1(0

,ϵ1)
by

con
side

ring
the

424

Lor
entz

con
diti

on
for

maint
aini

ng
the

gau
geinva

rian
ce:

q1ϵ
1=0.

When
ano

ther
out

goin
gZ2

425

bos
on

isassu
med

tofry
alon

gthe
bea

maxis
,w

hich
istran

sver
sely

pola
rize

d,t
he

pola
riza

tion

426

vect
org

ives
ϵ2(0

,ϵ2)
.T

hus
bot

hinva
rian

tam
plit

ude
sca

nbec
alcu

late
dasf

ollo
ws,

427

MaZ
=

ϵ1µϵµ
2=0−(ϵ1

·ϵ2)

=
−ϵ1

·ϵ2
MbZ

=
−2[

−E2√
s(−ϵ

1·ϵ2)
−0]

=
−2E

2√
sϵ1

·ϵ2

Sinc
ebo

thoft
hes

igns
oft

hea
mplit

ude
are

sam
e,t

hea
mplit

ude
sca

nce
lou

tea
choth

erf
ora

428

neg
ativ

edi
rect

ion
ina

aZ-
bZpar

ameter
spa

ce.
Con

sequ
entl

yth
ene

gati
vec

orre
lati

ona
ppe

ars
unt

il

429

the
impac

tof
the

kine
matic

ald
istr

ibut
ion

exc
eed

the
impac

tof
the

vari
atio

noft
hec

ross
-sec

tion
.

430

Th
eZZ

-fus
ion

pro
ces

sor
the

Higg
sdec

ay
:

431

Inthe
case

oft
heZ

Z-fu
sion

pro
duc

tion
pro

cess
,wh

enZ1
isa

ssum
edtob

ea
real

par
ticle

,th
em

o-

432

mentu
mfour

-vec
tor

isq2
1=M2

Z,q1
(E

1,q
1),a

ndϵ
1(0,

ϵ1)
whe

nthe
Lor

entz
con

diti
onisco

nsid
ered

433

q1ϵ
1=0.A

nd
ano

ther
Z2

isa
ssum

edtobeq
2(E

2,q
2)=

(M
h−E1,−q

2)in
the

Hig
gsr

est-
fram

e

434

and
ϵ2(0

,ϵ2)
.In

this
con

diti
onbot

hoft
hei

nva
rian

tam
plit

ude
sca

nbec
alcu

late
dasf

ollo
ws,

435

MaZ
=

ϵ1µϵµ
2=0−(ϵ1

·ϵ2)

=
−ϵ1

·ϵ2
MbZ

=
−2[(

−1
2(q1

+q2)2
−q2

1−q2
2))

(ϵ1
·ϵ2)

−(−q
1·ϵ2)

(q1
·ϵ1)]

=
(m2

h−m2
Z−q2

2)(ϵ
1·ϵ2)

40

CO
NT

EN
TS

.4.2
Kine

matic
son

apar
am

ete
rcor

rela
tion

409

As
disc

usse
dinthe

pre
viou

ssu
bse

ctio
n,t

hep
ara

meter
sa

Zand
bZ

are
corr

elat
ed,

whi
chism

uch

410

stro
nge

rat√
s=2

50G
eV

sinc
eth

eim
pac

tof
the

kine
matic

ald
istr

ibu
tion

isw
eak

era
nd

the
vari

a-

411

tion
oft

hec
ross

-sec
tion

give
sco

mplet
ene

gat
ive

corr
elat

ion
whe

ret
hep

ara
meter

sca
ncan

cel
out

412

the
vari

atio
noft

hec
ross

-sec
tion

.T
his

neg
ativ

eco
rrel

atio
nbet

wee
naZ

and
bZ

isu
nde

rsta
nda

ble

413

bas
ed

on
the

cha
ract

eris
tics

oft
he

pro
cess

tha
tbo

thoft
he

par
ticl

esi
nter

acti
ng

wit
hthe

Hig
gs

414

bos
ona

rein
com

ing
(or

out
goin

g),
oro

neo
fth

em
isin

com
ing

(or
out

goin
g)a

nda
not

her
iso

utg
oing

415

(or
inco

ming)
.A

ssum
ing

two
Zbos

ons
tha

tar
eZ

1and
Z2

tobeZ
1(q1,

ϵ1)
and

Z2(
q2,ϵ

2),
whe

re

416

qia
nd
ϵid

eno
tef

our
-momentu

mand
apo

lari
zati

onfour
-vec

tor
onani-th

par
ticl

e(i
=1,2

).T
hus

417

awav
e-fu

nct
ions

for
the

Zbos
on

can
bew

ritt
enwit

hthe
four

-vec
tors

like
Zµ

=ϵµe−iqx
.

418

The
inva

rian
tamplit

ude
calc

ulat
ed

from
the

first
and

the
seco

nd
term

oft
he

effe
ctiv

eLa-

419

gra
ngia

nare
resp

ecti
vely

,

420

MaZ
=

Z1
µZµ

2=ϵ1µϵµ
2

MbZ
=

Z1
µνZµν

2
=

(∂1
µZ1

ν−∂
1νZ

1µ)(∂µ
2Zν

2−∂ν
2Zµ

2)

=
i2
(q1

µϵ1ν
−q1νϵ

1µ)(qµ
2ϵν

2−qν
2ϵµ

2)

=
−2[

(q1q
2)(ϵ

1ϵ2)
−(q1ϵ

2)(q
2ϵ1)]

whe
rem

omentu
m(op

erat
or)

qcan
bet

ran
slat

edthro
ugh

the
can

onic
alq

uan
tiza

tion
(q=

−i∂)
.

421

Th
eHigg

s-st
rah

lun
gZh

pro
ces

s:

422

Inthe
case

oft
he

Hig
gs-s

trah
lun

gZh
pro

cess
,th

eZ1
whi

chisa
ssum

ed
tobe

avirt
ual

Zasa
n

423

inte
rmedia

testat
egive

sq
1(√

s,0
)an

dthe
pola

riza
tion

vec
tor

give
sϵ

1(0,
ϵ1)

by
con

side
ring

the

424

Lor
entz

con
diti

on
for

maint
aini

ng
the

gau
ge

inva
rian

ce:
q1ϵ

1=0.
When

ano
the

rout
goin

gZ2

425

bos
on

isassu
med

tofry
alon

gthe
bea

maxis
,w

hich
istran

sver
sely

pola
rize

d,t
he

pola
riza

tion

426

vec
tor

give
sϵ

2(0,
ϵ2).

Thu
sbo

thinva
rian

tam
plit

ude
sca

nbec
alcu

late
dasf

ollo
ws,

427

MaZ
=

ϵ1µϵµ
2=0−(ϵ1

·ϵ2)

=
−ϵ1

·ϵ2
MbZ

=
−2[

−E2√
s(−ϵ

1·ϵ2)
−0]

=
−2E

2√
sϵ1

·ϵ2

Sin
ceb

oth
oft

hes
igns

oft
hea

mplit
ude

are
sam

e,t
hea

mplit
ude

sca
nce

lou
tea

choth
erf

ora

428

neg
ativ

edi
rect

ion
ina

aZ-
bZpar

ameter
spa

ce.
Con

seq
uen

tly
the

neg
ativ

eco
rrel

atio
nap

pea
rsu

ntil

429

the
impac

tof
the

kine
matic

ald
istr

ibu
tion

exc
eed

the
impac

tof
the

vari
atio

noft
hec

ross
-sec

tion
.

430

Th
eZZ

-fu
sion

pro
ces

sor
the

Higg
sdec

ay
:

431

Inthe
case

oft
heZ

Z-f
usio

npro
duc

tion
pro

cess
,wh

enZ1
isa

ssum
edtob

ea
real

par
ticl

e,t
hem

o-

432

mentu
mfour

-vec
tor

isq2
1=M2

Z,q
1(E

1,q
1),a

nd
ϵ1(0

,ϵ1)
whe

nthe
Lor

entz
con

diti
onisc

ons
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433

q1ϵ
1=0.A
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2isa
ssum

edtobe
q2(E

2,q
2)=

(M
h−E1,−q

2)in
the

Hig
gsr

est-
fram

e

434

and
ϵ2(0

,ϵ2)
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=
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+q2)2
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(ϵ1
·ϵ2)

−(−q
1·ϵ2)

(q1
·ϵ1)]

=
(m2

h−m2
Z−q2

2)(ϵ
1·ϵ2)
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208

detectors and
its perform

ance, technologies for construction, are
sum

m
arized. Details of

the ILC
are sum

m
arized

in
the ILC

TDR, and
will discuss in

Chapter 3. In
this section,

we will focus on
the Higgs boson

physics at the ILC.

1.3
H
iggs

P
roduction

at
the

ILC

The
cross section

of the
Higgs production

as a
function

of √
s
is shown

in
Figure

1.3.1.

The m
ajor diagram

s of Higgs production
are shown

in
Figure 1.3.2.

Figure
1.3.1:

Cross
sections

of Higgs
production

processes
as
a
function

of √
s
[25].

A

Higgs m
ass of 125

G
eV

and
a
beam

polarization
com

bination
of P

(e −
, e +

) =
(−
0.8,+0.3)

are assum
ed
in
this plot.

Figure
1.3.2:

The
diagram

s
of Higgs

production
processes.

Left:
e +
e −

→
Zh

(Higgs-

strahlung), m
iddle: e +

e −
→
ν
e ν
e h

(W
W
-fusion), right: e +

e −
→
e +
e −
h
(ZZ-fusion).

M
easurem

ents of the Higgs boson
coupling

constants with
ferm

ions and
gauge bosons

can
be perform

ed
via

Higgs-strahlung
process at √

s =
250

G
eV, while the contributions

from
W
and

Z
boson

fusion
processes is not large enough

for the m
easurem

ents. At √
s =

500
G
eV, the W

W
-fusion

process is the m
ost dom

inant Higgs production
process.
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2THEORETICALFRAMEWORK

205

detectorsanditsperformance,technologies
forconstruction,

aresummarized.Detailsof

theILCaresummarizedintheILCTDR,andwilldiscussinChapter3.Inthissection,

wewillfocusontheHiggsbosonphysicsattheILC.

1.3HiggsProductionattheILC

ThecrosssectionoftheHiggsproductionasafunctionof
√

sisshowninFigure1.3.1.

ThemajordiagramsofHiggsproduc
tionareshowninFigure1.3.2.

Figure1.3.1:CrosssectionsofHiggsproductionprocessesasafunctionof
√

s[25].A

Higgsmassof125GeVandabeampolarizationcombinationofP(e−,e+)=(−0.8,+0.3)

areassumedinthisplot.

Figure1.3.2:ThediagramsofHiggsproductionprocesses.Left:e+e−→Zh(Higgs-

strahlung),middle:e
+e−→νeνeh(WW-fusion),right:e

+e−→e+e−h(ZZ-fusion).

MeasurementsoftheHiggs
bosoncouplingconstantswithfermionsandgaugebosons

canbeperformedviaHiggs-strahlungprocessat
√

s=250GeV,whilethecontributions

fromWandZbosonfusionprocessesisnotla
rgeenoughforthemeasurements.At

√
s=

500GeV,theWW-fusionprocessisthemostdominantHiggsprodu
ctionprocess.
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Thecoefficientsforeachoperatorcxxaredimensionlessandshowcouplingconstantsofthose
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300

invarianceofSU(
2)×U(1)symmetry.τ

ashowstheSU(2)
generators,which

aredefinedwithPauli

301

matrices(τa=σa

2
).Φ†

↔
D

µ
Φ,andthedualfieldstrengthtensorsB̃µνandW̃aµνarerespectively

302

givenas
303

Φ†↔D
µ

Φ=Φ†(DµΦ)−(DµΦ)
†Φ

B̃µν=
1

2
ϵµνρσB

ρσ

W̃a
µν=

1

2
ϵµνρσB

ρσ.

Let’sapplythespontaneoussymmetrybreaking(SSB)andconsiderthefirsttermintheLa-

304

grangianwiththeHiggsdoubletΦ
=

(
0

1√
2
(v+h(x))

)
,

305

(1)
cΦ!

Λ2
∂µ(Φ

†Φ)∂
µ(Φ†Φ)=

cΦ!

Λ2

(
(∂µΦ

†)Φ)+Φ†(∂µΦ)
)(

(∂µΦ
†)Φ)+Φ†(∂µΦ)

)

=
cΦ!

Λ2

(
v2(∂µh)(∂

µh)+2v(∂µh)(∂
µh)h+(∂µh)(∂

µh)h2
)

Intheequationhere,thekinetict
ermoftheHiggsboso

nappearinthefirstterm,whichwillaffect

306

othercouplingsa
ndinteractionswith

thevectorbosonsas
wellasthepotential.Thus,

whenthe
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Figure 34: A diagram showing the H → WW
decay process, and definition of W1 and W2.
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Figure 35: A schematic view to define angles in
the H → WW decay process. Assuming the
Higgs rest-frame, a helicity angle of a daughter
fermion of the W boson which is θ∗f and an angle
constructed with decay planes which is ∆Φ are
defined.

Several useful kinematical information for testing the anomalous WWH couplings are listed
below, and those one-dimensional distributions are illustrated in Fig. 36 and Fig. 37.

• A momentum distribution of the W boson in the Higgs rest-frame decaying from the Higgs
boson must vary depending on the parameters.

• Since the polarization of the W bosons are affected by the parameters, a helicity angle
distribution of a daughter fermion decaying from the W bosons, which is defined an angle
between a momentum direction of the W boson in the Higgs rest-frame and a momentum
direction of its daughter fermion boosted in the W rest-frame, must also change. If no
algorithm identifying jet charged is implemented, the helicity angle must be folded.

• The angle between decay planes, which is denoted with ∆Φ and constructed by a fermion
from one W and an anti-fermion from another W with a momentum direction of one W as
a plane axis in the Higgs rest-frame, must vary. In the case that jet charges and flavors are
not identified, the sensitivity of ∆Φ becomes minimum angle with the range of [0–π/2] by
folding it: if ∆Φ exceeds π, ∆Φ must be folded with ∆Φ− π, and, if it still exceeds π/2, it
must additionally be folded with π−∆Φ, which is the minimum angle constructed with two
jets from each W .
When the final state is the WW → qql+ν process, a final state lepton can be identified as a
fermion or an anti-fermion. In such a case, ∆Φ must be folded with ∆Φ = ∆Φ − π if ∆Φ
exceeds π. Similarly, in the case that the final state has two heavy flavor quarks in a decay
WW → cq̄qc̄, it is not clear to distinguish which one is a fermion or an anti-fermion. In such
a case, ∆Φ must be folded with ∆Φ = 2π −∆Φ when ∆Φ exceeds π.

These are illustrated in Fig. 38 and Fig. 39. Fig. 40 and Fig. 41 show variation of the ∆Φ
distributions after folding it.
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4 OBSERVABLES AND ANALYSIS STRATEGIES FOR ANOMALOUS COUPLING
MEASUREMENTS
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Figure 36: Distributions of the momentum of theW boson in the Higgs rest-frame PW , the helicity
angle of the daughter fermion of the W boson, and the folded helicity angle in the W rest-frame
in the Higgs decay H →WW process. The difference of upper and lower row correspond to input
parameters of bW and b̃W . Black and green lines show the exactly SM Higgs boson and completely
the pseudo-scalar state, and blue and red lines are mixed states corresponding to bW = ±2 and
b̃W = ±2.
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Figure 37: Distributions of the opening angle of the W bosons in the laboratory frame, and the
angle between decay planes ∆Φ in the Higgs rest-frame in the Higgs decay H → WW process.
The other explanations are same as the above.
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Figure 38: A view shows an illustration of ∆Φ in the process of WW → qql+ν in which another
fermion decaying from another W boson is not identified. ∆Φ must be folded with ∆Φ = ∆Φ−π
if ∆Φ exceeds π.
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Figure 39: A view shows an illustration of ∆Φ in the process of WW → cq̄qc̄ in which a direction
of an axis given by a specificW boson and consequently clockwise rotation can not be determined.
∆Φ must be folded with ∆Φ = 2π −∆Φ when ∆Φ exceeds π.
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Figure 40: Distributions of ∆Φ with range of [0–π] in the WW → cq̄qc̄ process, assuming that
complete c-flavor identification and no jet charge identification are imposed. Black and green lines
show the exactly SM Higgs boson and completely the pseudo-scalar state, and blue and red lines
are mixed states corresponding to bW = ±2 and b̃W = ±2.
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4.2.3 The Higgs decay H →WW ∗ via the WW -fusion at
√
s =500 GeV

At 500 GeV the H →WW ∗ decay through generation of the WW -fusion process might be useful.
Since two WWH exist in the process, the W boson in the final state might be largely affected
by these vertex. If the Higgs rest-frame is selected, the variation of the W momentum affected
by the first vertex will be canceled when boosting decay products to the Higgs frame. Thus, the
laboratory frame is selected to observe the W momentum, which is illustrated in Fig. 42.
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Figure 41: Distributions of ∆Φ with range of [0–π] in the WW → qql+ν process where no jet
charge identification is assumed. The color definitions are same with above.
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Figure 42: Distributions of the on-shell W boson momentum PW in the laboratory-frame, which
decays from the Higgs boson which is generated via WW -fusion. Black and green lines show the
exactly SM Higgs boson and completely the pseudo-scalar state, and blue and red lines are mixed
states corresponding to bW = ±2 and b̃W = ±2.
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4.3 Production cross-sections due to anomalous ZZH and WWH couplings

The variation of the production cross-section on the Higgs-strahlung process and the vector boson
fusion process is important information for the anomalous couplings studies. Particularly, the
identification of the parameter aV completely depends on this information. Plots in Fig. 43,
Fig. 44, and Fig. 45 show relative variation of the production cross-section of the Higgs-strahlung,
the ZZ-fusion, and WW -fusion processes at both center-of-mass energies

√
s = 250 and 500 GeV

respectively. Since the SM-like depending on aV does not have momentum dependence, a degree of
variation of the cross-section due to aV does not change at all compared to 500 GeV. In contrast,
a degree of variation due to bV and b̃V get sizably large at 500 GeV processes. Because the matrix
element given in Eq. (14) and Eq. (15) in the Higgs-strahlung process have same sign which is
negative, contributions from both structure have same tendency: the differences are positively vary
when making the parameters increase, and vice versa. On the other hand, the matrix element of
the bZ term in the ZZ-fusion process given in Eq. (17) has different sign from the aZ term, which
is positive. Therefore, the tendency of the variation can be opposite compared to the aZ term:
the positive variation happens when making the parameters decrease, and vice versa.

The contribution derived from the b̃Z is always positive and symmetry. Because the structure
of the b̃Z term can be calculated as Eq. (18), the contribution is always positive. Furthermore,
when integrating the differential cross-section which is given by a charged particle, asymmetric
information is completely gone. Thus, the cross-section is a CP-even observable. Because of these
reason the contribution of the b̃Z is always positive and symmetry.
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Figure 43: Plots show the relative variation of the production cross-section in the Higgs-strahlung
process. The variation is described for one parameter dependence aZ , bZ , or b̃Z . Left and right
plot correspond to

√
s = 250 and 500 GeV respectively.
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Figure 44: Plots show the relative variation of the production cross-section in the ZZ-fusion
process. The variation is described for one parameter dependence aZ , bZ , or b̃Z . Left and right
plot correspond to
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4.4 A general strategy for evaluating the anomalous couplings

From this subsection a strategy of the analysis for detecting the anomalous V V H (ZZH and
WWH) couplings is described. The strategy we took in this thesis is a general chi-squared test
that is employed to distinguish whether one theoretical model is statistically reasonable or not
based on stochastic basis. This method or a further extended method have been usually used in
a high energy physics field to discard theoretical models beyond the SM.

As shown in the previous section, differential cross-sections showing kinematical distributions
are possible to calculate for particles interacting with the Higgs boson using the SM parameters.
In the case the anomalous couplings exist, it is also possible to calculate and predict the kinemat-
ical distributions that must be affected by the anomalous couplings, and construct one-, two- or
n-dimensional distributions for any explicit anomalous parameters. In the analysis we performed,
which is mentioned in the later section, each kinematical distributions are binned and those his-
tograms are prepared in data-manipulation. Therefore, we perform the least squared minimization
fitting, which is one of the technique in chi-squared test, and try to detect the anomalous couplings.

4.4.1 Constructing differential cross-section dσ
dx (aV , bV , b̃V )

The differential-cross sections for angles and momenta of each particle based on the SM param-
eters, even with the parameters being affected by the anomalous parameters, can be obtained
analytically by calculation of a scattering amplitude. The effective Lagrangian Leff which in-

cludes the anomalous couplings can be decomposed as Leff = LSM + aV LaV + bV LbV + b̃V Lb̃V
.

The scattering amplitude A0 that denotes the interaction with the SM parameters is also given
with | ⟨f |LSM |i⟩ |2 ∝ |A0|2, where f and i show a final state and an initial state of certain pro-
cess. Thus, a function of the differential cross-section which has the anomalous couplings can be
described as follows,

dσ

dx
(aV , bV , b̃V ) =

∣∣A0 + aV AaV + bV AbV + b̃V Ab̃V

∣∣2
where A0 corresponds to the scattering amplitude calculated with the SM parameters, and AaV ,
AbV , and Ab̃V

correspond to the scattering amplitude that are affected by the anomalous couplings

derived from the parameters aV , bV , and b̃V (V = Z or W ). Since the parameter aV does not
change any kinematical distribution, which, in fact, affects only normalization of a corresponding
process, the first term and the second term, which is normalized with the SM contribution 1/v,
can be grouped, which is as follows,

dσ

dx
(aV , bV , b̃V ) =

∣∣∣∣(C + aV )

C
A0 + bV AbV + b̃V Ab̃V

∣∣∣∣2
=

(C + aV )
2

C2
|A0|2 + b2V |AbV |

2 + b̃2V |Ab̃V
|2

+

(
C + aV
C

)
bV (A0A∗

bV
+AbV A

∗
0) +

(
C + aV
C

)
b̃V (A0A∗

b̃V
+Ab̃V

A∗
0)

+ bV b̃V (AbV A
∗
b̃V

+Ab̃V
A∗

bV
)

=
(C + aV )

2

C2

dσ

dx

∣∣∣∣
SM

+ b2V
dσ

dx

∣∣∣∣pure
bV

+ b̃2V
dσ

dx

∣∣∣∣pure
b̃V

+
(C + aV )bV

C

dσ

dx

∣∣∣∣inter
aV bV

+
(C + aV )b̃V

C

dσ

dx

∣∣∣∣inter
aV b̃V

+ bV b̃V
dσ

dx

∣∣∣∣inter
bV b̃V

.

where C is a constant value originating from the settings of the analysis, which is C = Λ/v by
assuming Λ = 1 TeV and v = 246 GeV. The second and third terms denoting pure in the last
line give pure contributions from the anomalous parameters bV and b̃V whereas last three terms
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denoting inter in the last line give interfered contributions from each anomalous parameter aV ,
bV , and b̃V .

When one wants to construct each differential cross-section showing the kinematical distribu-
tions analytically using the different anomalous parameters, each six term, which are like vectors
showing distributions, are necessary. By setting the anomalous parameters aV = −C and bV = 1,
the pure terms depending on the anomalous parameter bV can be constructed. The pure term
of b̃V is given as well. Once the pure terms are prepared, it is also possible to construct the
remaining three interference terms of the differential cross-section. The interference term between
the parameters aV and bV , for instance, can be constructed by setting the parameters aV = 0,
bV = 1 and b̃V = 0. In this settings the given distribution has the contributions of both SM and
bV as follows,

dσ

dx
(0, 1, 0) =

dσ

dx

∣∣∣∣
SM

+
dσ

dx

∣∣∣∣pure
bV

+
dσ

dx

∣∣∣∣inter
aV bV

Therefore, the interfered distributions are constructed by subtracting the two distributions which
are the SM distribution dσ/dx|SM and the pure bV distribution dσ/dx|purebV

.

Construction of the differential cross-section with basis vectors :

In the case there exist two vertices in a process, which are possible to take the anomalous couplings,
for instance e+e− → (WW -fusion)νν̄h, h → WW ∗ where two anomalous WWH couplings can
be considered, the function of the differential cross-section would be

dσ

dx
(aW , bW , b̃W ) =

∣∣∣((1 + aWc)A01 + bWAb1 + b̃WAb̃1

)
(
(1 + aWc)A02 + bWAb2 + b̃WAb̃2

)∣∣∣2
where aWc is aW /C. Indices of subscripts, for instance A01,A02 represent the amplitude with
the parameter a in the production(1) and decay(2) vertices. This squared formula gives many
terms, and it is impossible to extract properly the interference terms between each amplitude as
described just above. Therefore, alternative way is considered, which is to exploit the fact that
each arbitrary differential cross-section of certain process is constructed based on corresponding
basis vectors of each term in linear expression of the function. The above function describing the
differential cross-section gives 35 independent terms. The description of the formula would be

dσ

dx
(aW , bW , b̃W ) = ( 35 independent terms · · · )

 d̂σ
dx

35 basis vectors
...


where ˆdσ/dx gives “an unit” vector of certain term. When preparing 35 independent combinations
of (a, b, b̃), the formula would be described with the matrix of the independent terms, which is

dσ
dx

35 combinations
...

 = M

 d̂σ
dx

35 basis vectors
...


where M is a matrix composed of 35×35 independent terms. When multiplying above description
by an inverse matrix M−1, each basis vector for constructing the differential cross-section can be
given.
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4.4.2 Constructing event acceptance η and migration matrix f̄ functions

Required kinematical angular distributions for the evaluation of the sensitivity to the anomalous
couplings are “detector-level” distributions which would be observed with the detectors in reality.
Because reconstructed observables are subject to migration effects derived from detector finite
resolutions and undetectable particles such as neutrinos, the distributions get smeared and shifted
from the predicted models of the SM. Since the distributions being possible for us to generate
with the anomalous parameters are pure “generator-level” distributions, the “generator-level”
distributions have to be made transfer to the “detector-level” distributions by including all those
kinds of migration effects, which will be realistic distributions given in the real experiment.
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Figure 46: Plots show the two-dimensional distribution of x(cos θZ , cos θ
∗
f ) of a full hadronic

channel in the Higgs-strahlung e+e− → ZH → qq̄bb̄ at
√
s =250 GeV for illustrating the migration

effects, where the left shows a generator distribution and the right shows a distribution that would
be observed in the ILD detector in reality.

To transfer the “generator-level” distributions, two effects are considered as components of a
detector response function denoted with f . The first effect is an event acceptance represented
with ηi that gives the meaning that events generated at i-th bin are successfully accepted (or not)
after event reconstruction and background suppression, which can be simply defined for i-th bin
using Monte Carlo (MC) truth information as ηi = Naccept

i /Ngene
i , where Naccept

i and Ngene
i mean

the number of accepted and generated events.
The second effect is a so-called migration effect. The reconstructed observables affected by the

detector finite resolutions and physical phenomena migrates from a generated bin (a truth bin)
to the other bin through reconstruction chain and data-manipulation. Thus, special care must be
taken for the consideration of these migration effects, which is important to predict the kinematical
distributions observed in reality. In order to include these migration effects into the“generator-
level” distributions, a migration matrix denoted with f̄ji is constructed, that gives probability of
the migration of bin-to-bin for the reconstruction of j-th bin. Reflecting the event acceptance ηi
to the migration matrix f̄ji, the overall detector response function f is given as follows,

NRec(xRec
j ) =

∑
i

f(xRec
j , xGen

i ) ·NGen(xGen
i )

NRec(xRec
j ) =

∑
i

fji ·NGen
i =

∑
i

f̄ji · ηi ·NGen
i

ηi ≡
NAccept

i

NGene
i

(Event acceptance)

f̄ji ≡
NAccept

ji

NAccept
i

(Migration matrix)

(19)

53



4 OBSERVABLES AND ANALYSIS STRATEGIES FOR ANOMALOUS COUPLING
MEASUREMENTS

where xRec
j and xGen

i correspond to the number of reconstructed and generated events on j-th
and i-th bin. The generated distribution receives the event acceptance ηi and the migrations
through the probability migration matrix f̄ji, in which events are transferred from the i-th bin to
the j-th bin, and the reconstructed distribution on the j-th bin is given by summing events along
i. Above equation can be applied for a one-dimensional distribution. The event acceptance and
the migration matrix for a multi-dimensional distribution are easily expanded based on the above
equation of the one-dimensional distribution, for instance, for the two-dimensional distribution:

NReco(xReco
jβ ) =

∑
i

∑
α

f(xReco
jβ , xGene

iα ) ·NGene(xGene
iα ) =

∑
i

∑
α

fjβiα ·NGene
iα

NReco(xReco
jβ ) =

∑
i

∑
α

f̄jβiα · ηiα ·NGene
iα

ηiα ≡
NAccept

iα

NGene
iα

(Event Acceptance)

f̄jβiα ≡
NAccept

jβiα

NAccept
iα

(Migration Matrix)

...

4.4.3 Constructing a chi-squared function for shape: χ2
shape

The chi-squared formula defined as follows is used for extracting an impact derived from the
variation of the kinematical distributions only. A formula for extracting an impact coming form
the variation of the production cross-section is constructed later.

χ2
shape =

n∑
j=1

[
NSM

∑n
i=1

(
1
σ
dσ
dx (xi) · fji −

1
σ
dσ
dx (xi; aV , bV , b̃V ) · fji

)
∆nobsSM (xj)

]2
(20)

where 1
σ
dσ
dx (xi) and

1
σ
dσ
dx (xi; aV , bV , b̃V ) are the normalized theoretical kinematical distributions for

the SM and for the non-zero anomalous parameters, respectively, and x is a kinamatical variable.
The kinematical distributions are renormalized to the number of expected events of the SM NSM

to extract the variation of the kinematical distributions depending on the parameters from the
predictions of the SM.

n and j denote the total number of bins and certain bin number in an kinematical distribu-
tion. f is the detector response function for reconstructing the j-th bin including the detector
acceptance, the detector resolutions, and the migration effects, which is composed of the event ac-
ceptance η and the probability matrix of the migration effectsx f̄ which are defined and given in the
previous section. ∆nobsSM (xj) represents an observed statistical error for the j-th bin, where a sim-

ple standard statistical error based on Poisson probability (=
√
nsig(xj) + nbkg(xj)) is considered

with full detector simulation. It is also possible to estimate the error by constructing probability
density functions for the signal and the backgrounds distributions at each bin. However, a tons of
background MC samples are necessary for constructing them because the kinematical distributions
are divided into many bins. Thus it does not apply in this thesis. In the case multi-dimensional
distributions are used for the chi-squared test, the above function can be easily expanded as
follows,

χ2
shape =

n∑
β=1

n∑
j=1

[NSM
∑n

α=1

∑n
i=1

(
1
σ
dσ
dx (xiα) · fjβiα − 1

σ
dσ
dx (xiα; aV , bV , b̃V ) · fjβiα

)
∆nobsSM (xβj)

]2
...
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4.4.4 Constructing a chi-squared function for cross-section: χ2
norm

Another chi-squared formula is defined in order to include the impact of variation of the (produc-
tion) cross-section separately, which is also affected by existence of the anomalous couplings.

In the processes of the Higgs-strahlung e+e− → ZH and the ZZ-fusion :

The given equation is

χ2
norm =

[
NSM −NBSM (aV , bV , b̃V )

δσZh(δσeeh) ·NSM

]2
(21)

where δσZh and δσeeh show relative error of the production cross-section for the Zh and the ZZ-
fusion processes, and NBSM is the number of expected events for BSM models determined with
the anomalous parameters. The relative error of the production cross-section for the Zh process
is referred from the full simulation based studies, in which 2.0% and 3.0% for

√
s =250 GeV and

500 GeV have been evaluated under the assumption of the accumulated luminosities of 250 fb−1

and 500 fb−1 [45, 46], respectively.
In the case of the ZZ-fusion process, the decay channel of the Higgs boson H → bb̄ is selected,

which will be shown in the analysis part later. The Higgs branching fraction BRhbb must vary
depending on the anomalous ZZH and WWH couplings because of variation of the widths and it
is not clear to handle properly. To cancel out the variation of BRhbb, a relative error δσeeh only is
considered11, which can be calculated by propagating errors using two independent measurements
σeeh ·BRhbb and BRhbb:

σeeh =
(σeeh ·BRhbb)

BRhbb
.

The measurement of the relative error δ(σeeh ·BRhbb) have been evaluated for
√
s =250 GeV with

250 fb−1 and 500 GeV with 500 fb−1 based on the full simulation studies, which are 27.0% and
4.0% [50,51], respectively. Since the relative error of the branching fraction δBRhbb are also given
under the model independent measurements as 2.9 % and 3.5 % for

√
s =250 GeV and 500 GeV

with the same condition [32], the input values to δσeeh are 27.16 % and 5.32 % for the settings of√
s =250 GeV with 250 fb−1 and 500 GeV with 500 fb−1, respectively. To produce the combined

results which are given based on the combination of 250 GeV and 500 GeV, the relative error
δBRhbb which is measured at 250 GeV is possible to be propagated, where 2.2 % is inputted as
the error of a weighted average of the branching fraction of δBRhbb.

To calculate the number of expected events with the anomalous parameters NBSM (aV , bV , b̃V )
the cross section with the different anomalous parameters σBSM (aV , bV , b̃V ) is necessary. The

11Because of the same reason, we use the relative error δσννh in WW -fusion process.

σννh =
(σννh ·BRhbb)

BRhbb
.

The relative errors of δ(σννh · BRhbb) has been evaluated for
√
s =250 GeV with 250 fb−1 and 500 GeV with

500 fb−1, which are respectively 8.1% and 1.0% [47–49].
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σBSM (aV , bV , b̃V ) is also possible to calculate analytically.

σ(aV , bV , b̃V ) = |A0 + aV AaV + bV AbV + b̃V Ab̃V
|2

= |A0|2 + a2V |AaV |
2 + b2V |AbV |

2 + b̃2V |Ab̃V
|2

+ 2aV Re(A0AaV ) + 2bV Re(A0AbV ) + 2b̃V Re(A0Ab̃V
)

+ 2aV bV Re(AaV AbV ) + 2aV b̃V Re(AaV Ab̃V
) + 2bV b̃V Re(AbV Ab̃V

)

= σSM + a2V σaV + b2V σbV + b̃2V σb̃V

+ 2aV I0aV + 2bV I0bV + 2b̃V I0b̃V
+ 2aV bV IaV bV + 2aV b̃V IaV b̃V

+ 2bV b̃V IbV b̃V

(22)

When considering amplitude of a wave function, a real part gives physical meaning and an
imaginary part does not. By the above equation each value of the interference terms can be given
by making the other parameters cancel with C which is the specific constant value. For example,
in the case of σ(1, 0, 0) which gives interference with the SM and aV , the contribution would be

σ(1, 0, 0) = σSM + σaV + 2I0aV ,

where I0aV =
1

2

[
σ(1, 0, 0)− σSM (0, 0, 0)− σaV (−C + 1, 0, 0)

]
,

and likewise, the other values of the interference terms can be given as,

I0bV =
1

2

[
σ(0, 1, 0)− σSM (0, 0, 0)− σbV (−C, 1, 0)

]
I0b̃V =

1

2

[
σ(0, 0, 1)− σSM (0, 0, 0)− σb̃V (−C, 0, 1)

]
IaV bV =

1

2

[
σaV bV (−C + 1, 1, 0)− σaV (−C + 1, 0, 0)− σbV (−C, 1, 0)

]
IaV b̃V

=
1

2

[
σaV b̃V

(−C + 1, 0, 1)− σaV (−C + 1, 0, 0)− σb̃V (−C, 0, 1)
]

IbV b̃V
=

1

2

[
σbV b̃V

(−C, 1, 1)− σbV (−C, 1, 0)− σb̃V (−C, 0, 1)
]

4.4.5 Pseudo-experiment and correlation coefficients

Not only errors of each parameter but also correlated errors between parameters are important in
the case that these parameter are used as input values to other evaluations or measurement: when
a statistical parameter is given with a linear combination of two parameters like c = maV + nbV ,

its error can be given as, σc =
√
m2σ2aV + n2σ2bV + 2mnCov(aV , bV ). Thus, showing correlations

between parameters is required. To extract the correlations, pseudo-experiment is performed
where statistical fluctuation is taken into account. The signal distribution, which is reflected
with the detector response function shown in Eq. (19), is fluctuated according to the Poisson
probability.

NSM

n∑
i=1

1

σ

dσ

dx
(xi) · fji ≡ SSM (xj) , which is a shape of the SM.

S
′
SM (xj) =

Poiss(SSM (xj) +B(xj))
n∑

j=1

[
Poiss(SSM (xj) +B(xj))−B(xj)

] ·NSM
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where “Poiss” in the equation denotes the Poisson probability, and B(xj) is a background distri-
bution on j-th bin.

A relation between a least squared method and pseudo-experiment :

103

x

x0 = x(a0)~
x = x(a)~xi

measurement space

hyper surface 
 on parameter space

χ2 χ2
0

χ2Δ

single experiment

truth point

Figure 47: A schematic view shows a measurement space defined with basis vectors x which
corresponds to observables on i-th bin. There exists a hyper surface parametrized by parameters
a in the same coordinate system with the measurement space.

The number of events in each bin, where i-th bin is denoted with ni, is statistically independent
from the other bins. The averaged number of events on i-th bin can be represented as,

n̄i = L

∫
x∈bin i

dx

∫
dx′f(x,x′)

dσ

dx′ (23)

where L and f show luminosity and a detector response function. In the case that n̄i is sufficiently
large, its statistical fluctuation is given with the Poisson distribution of a gaussian shape. When
the defined number of bins is m: n = (n1, ..., nm), a probability density function for a single
experiment is defined as follows,

P (n) =
m∏
i

(
1√
2πn̄i

)
exp

(
− 1

2

[
(ni − n̄i)√

n̄i

]2)
dni (24)

When n̄i is normalized with Poisson error
√
n̄i and xi = n̄i/

√
n̄i is defined, the above probability

function becomes

P (x) =
m∏
i

(
1√
2π

)
exp

(
− 1

2

[
(xi − x̄i)

]2)
dxi . (25)

Assuming that the current measurement space is represented as x = (x1, ..., xm), and the modeled
hyper surface parametrized with parameters a = (aV , bV , b̃V ) forms a hyper surface in a curvilinear
coordinate system which is defined with x. Since a reference sample we used in the analysis is the
SM, the corresponding true point on the hyper surface is (aV , bV , b̃V ) = (0, 0, 0), that also gives
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the true point in the measurement space:

x̄ = (x̄l, ..., x̄m) (26)

The defined chi-squared can represent the squared distance between the measured vector given
with x and the true point x̄. Under this situation, minimization fitting with the given chi-squared
function means that a minimum distance point from the measured vector x to the hyper surface
is tried to find, that gives a line passing through x and being vertical to the hyper surface at x0.
All points along the line give the same fitting results, and the probability of getting x for a single
experiment is controlled by the total χ2 which gives the distance squared between x and the true
point x̄, and it can be decomposed into two components,

χ2 ∼= (x− x0)
2 + (x0 − x̄)2 = χ2

0 +∆χ2 (27)

where χ2
0 corresponds to the distance squared between x and the minimum distance point x0, and

∆χ2 corresponds to the distance squared between x0 and the true point x̄. This decomposition
must be realized under the assumption that the hyper surface is locally defined by a flat plain
within an expected range of statistical fluctuations. Additionally, since there exists one-to-one
correspondence between x0 and the point in the hyper surface described with the parameters
(aV , bV , b̃V ), x0 can be denoted as x̃(a0) at the hyper surface parametrized with the parameters.
x̄ is similarly given with x̃(ā) in the hyper surface. When x̃(a0), which is the multivariable
function of a, is expanded in the vicinity of ā, a given expansion in the first order and ∆χ2 can
be written as,

x̃(a0) = x̃(ā) +
( ∂x̃
∂a0

(ā)
)
· (a0 − ā) , and (28)

∆χ2 = (x0 − x̄)2 = (x̃(a0)− x̃(ā))2 (29)

= ∆aT
0

( ∂x̃
∂a0

(ā)
)T( ∂x̃

∂a0
(ā)
)
∆a0 (30)

where the third line corresponds to diagonal elements of the second line. The probability of getting
(aV , bV , b̃V ) as a best fit point is given by integrating Eq. (25) along the minimum distance
line, which shows the probability for getting the best fit point x0 on the hyper surface in the
measurement space. The resultant probability density function for x0 is decided with the number
of parameters, which is given by

P∥(x0) =

∫
d(x− x0)P (x)

=

3∏
i

(
1√
2π

)
exp

(
− 1

2

[
(x0 − x̄)

]2) (31)

On the other hand, the probability taking P∥(x0) can be also represented in the coordinate system
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on the parameter hyper surface, which is given by

P (a) =

∫
∥
P (x0)dx (32)

=

∫
∥
P (x̃(a0))

∣∣∣∣ ∂x̃∂a0
(ā)

∣∣∣∣da (x0 → x̃(a0)) (33)

=
3∏
i

(
1√
2π

)∣∣∣∣ ∂x̃∂a0
(ā)

∣∣∣∣ exp(− 1

2
∆aT

0

( ∂x̃
∂a0

)T( ∂x̃
∂a0

)
∆a0

)
(34)

=

3∏
i

(
1√
2π

)∣∣∣∣ ∂x̃∂a0
(ā)

∣∣∣∣ exp(− 1

2
∆aT

0E
−1
a0

∆a0

)
(35)

E−1
a0

gives a variance-covariance matrix which includes statistical fluctuations and correlation
coefficients for the parameter a. These two equations showing P∥(x0) and P (a) are equivalent,

that mean χ2
0 calculated as the minimum distance squared between x0 and x̄ give same results

with ∆χ2 calculated in the hyper surface defined with the parameters a.
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5 A framework and standard tools for analysis and reconstruction

For various physics studies, a full detector Montecarlo simulation package called ILCSoft [52] is
prepared where the ILD detector for the future ILC experiment is available. The ILD detector
model is described based on GEANT4 [53], which is called MOKKA [54] (Modellierung mit Ob-
jekten eines Kompakten Kalorimeters [55]). Realistic reconstruction chain is implemented by a
framework called MARLIN [56] (Modular Analysis and Reconstruction for the LINear collider).
All SM samples including Higgs processes, even for BSM processes, are commonly prepared for
ILC and ILD related physics studies.

5.1 Montecarlo samples

Event generation of Montecarlo samples was performed with frameworks called WHIZARD [57]
and PHYSSIM [58], (the latter one is used for several specific Higgs related signal processes),
where both of the frameworks can handle electron and positron beam parameters and physical
processes of the beams such as beam polarization, beam-strahlung, initial state radiation, and
bremsstrahlung. Hadronization and parton-showering are implemented by PYTHIA [59] in both
frameworks. After generating seed event samples, they are fed into the detector model, where the
detector model used for the physics study is explicitly MOKKA-ILD o1 v05, which is designed
based on the descriptions mentioned in a detailed baseline design called DBD [38].

The generated particles are tracked inside the detectors while interacting with materials which
configure the sub-detectors and depositing energy due to the interactions until it reaches certain
cut-off energy. The deposited energies in the sub-detectors are stored as analogs of measured
energy by the sub-detectors and used for the following reconstruction chain as inputs. The events
are reconstructed in MARLIN. A tracking algorithm such as Kalman filter [60] is implemented
to reconstruct each charged track, and these are stored as track objects eventually. Hits in the
calorimeters are also clustered into calorimeter objects by an algorithm installed in the software
package, which is called PandoraPFA [41]. After completing clustering of the objects, a pattern
recognition is performed for all reconstructed objects, and all objects are identified as: charged
tracks with fragments in the calorimeters, neutral particles without charged tracks, and so on,
which are, in the end, handled as Particle Flow Objects (PFO) for physics studies.

The physics processes and the number of Montecarlo samples used for the analysis mentioned
in this thesis are given in the flowing Table 1 and Table 2 for both of the center-of-mass energies
which are 250 and 500 GeV. In all event samples a γγ →hadrons process caused by the radiated
photons due to beam-beam interactions in the initial state is overlaid on the main processes. The
number of expected overlaid γγ →hadrons events per bunch crossing are respectively estimated as
< N >=0.33 and 1.7 for both 250 and 500 GeV [49,61], which are inputted in the reconstruction
step.

The MC samples are produced with complete polarized electron and positron beams with four
combinations which are P(e−, e+) = (−100%,+100%), (+100%,−100%), (−100%,−100%), and
(+100%,+100%). Any beam polarization states and also corresponding cross-sections are possible
to calculate by mixing up each polarization sample. When describing each beam polarization state
as the total number of left- and right handed polarized electors or positrons inside the beam, it
can be normalized by the sum of them. Therefore, each coefficient for mixing the samples are
given as polarization factors for both right- PR

e− and left-handed PL
e− as

Pe− =
NR

e− −NL
e−

NR
e− +NL

e−
=

NR
e−

NR
e− +NL

e−
−

NL
e−

NR
e− +NL

e−

≡ PR
e− − PL

e− ,

and the sum is given as PR
e− + PL

e− = 1

where N
R/L
e− denotes the number of right- and left-handed polarized electrons. The given polar-
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Table 1: Generated MC events of the Higgs production processes as additions of the common
ILD samples. The MC samples are generated with fully beam polarization states: P(e−, e+)=
PL
e−P

R
e+ = (−100%,+100%) and the reconstructed performed using the MOKKA-ILD o1 v05 with

the overlayed γγ →hadrons.

process fully polarization

Energy Process PL
e−P

R
e+ PR

e−P
L
e+ PL

e−P
L
e+ PR

e−P
R
e+

250 GeV Zh→ l+l−h 4.0 · 104 1.0 · 104 0 0

500 GeV Zh→ l+l−h 4.0 · 104 1.0 · 104 0 0

250 GeV Zh→ qq̄bb̄ 4.0 · 105 2.0 · 105 0 0

500 GeV Zh→ qq̄bb̄ 2.5 · 105 1.0 · 105 0 0

250 GeV (t)e+e−h→ e+e−bb̄ 1.0 · 104 1.0 · 104 3992 3992

500 GeV (t)e+e−h→ e+e−bb̄ 3.8 · 104 0.8 · 104 4.8 · 104 4.4 · 104

250 GeV (t)νν̄h 1.0 · 105 0 0 0

250 GeV (s)νν̄h 1.0 · 105 1.0 · 105 0 0

500 GeV (t)νν̄h 4.4 · 105 0 0 0

500 GeV (s)νν̄h 3.4 · 104 2.2 · 104 0 0

250 GeV Zh→ qq̄WW ∗ → 2q2qlν 6.0 · 104 3.0 · 105 0 0

250 GeV Zh→ qq̄WW ∗ → 2q4q 1.3 · 105 8.0 · 104 0 0

250 GeV Zh→ νν̄WW ∗ → 2ν4q 1.3 · 105 1.3 · 105 0 0

500 GeV (t)νν̄h→ νν̄WW ∗ → 2ν4q 2.0 · 105 0 0 0

ization factors for the right- and left-handed electron beam are described as,

PR
e− =

1 + Pe−

2
, PL

e− =
1− Pe−

2

The cross sections of each process with any beam polarization states, for instance, can be
calculated by using these polarization factors and taking all polarization combinations, which can
be described as

σP(e−,e+) = PL
e−P

R
e+ · σLR + PR

e−P
L
e+ · σRL + PL

e−P
L
e+ · σLL + PR

e−P
R
e+ · σRR ,

where PL
e− , P

R
e+ , and σLR respectively represent the polarization factors for the electron and

positron beams and the cross-section calculated with the fully polarized beam.
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Table 2: Cross-sections and number of generated MC samples on the Higgs production processes
and the major SM background processes for both

√
s = 250 and 500 GeV. The cross-sections given

in the table are set to be each operation beam polarization states: P(e−, e+) = (−80%,+30%)
and P(e−, e+) = (+80%, −30%), whereas the number of MC samples are given with fully beam
polarization states: P(e−, e+)= PL

e−P
R
e+ = (−100%,+100%). The eeH(s) and eeH(t) denote the

s-channel ZH process and the t-channel ZZ-fusion processes. 2f l and 2f h in the table indicate
that the final state has a lepton pair such as charged leptons or neutrinos, and a quark pair like
uū, dd̄ except tt̄. 4f l and 4f h are the same indication with 2f l or 2f h, that means a final
state has two lepton pairs or two quark pairs. 4f sl shows that a final state has a lepton pair and
a quark pair. At

√
s = 500 GeV 6f is included in the SM backgrounds, where possible diagrams

of 6 fermions in a final state are considered such as tt̄ and a fermion pair with two W bosons and
two fermion pairs with the Z boson.

√
s=250 GeV operation polarization fully polarization

Cross-section (fb) MC sample

P(e−, e+) (−80%,+30%) (+80%,−30%) PL
e−P

R
e+ PR

e−P
L
e+ PL

e−P
L
e+ PR

e−P
R
e+

eeH(s) 10.7 7.14 4.00 · 104 1.00 · 104 0 0

eeH(t) 0.71 0.52 1.00 · 104 1.00 · 104 3992 3992

µµH 10.4 7.03 4.00 · 104 1.00 · 104 0 0

qqH 210.2 141.9 5.45 · 105 2.94 · 105 0 0

ννH (s) 61.6 41.6 12.8 · 104 6.50 · 104 0 0

ννH (t) 15.4 0.93 12.8 · 104 6.50 · 104 0 0

2f l 3.82 · 104 3.49 · 104 2.63 · 106 2.13 · 106 5.03 · 105 5.03 · 105

2f h 7.80 · 104 4.62 · 104 1.75 · 106 1.43 · 106 0 0

4f l 6.03 · 103 1.47 · 103 2.25 · 106 9.80 · 104 2.73 · 105 2.73 · 105

4f sl 1.84 · 104 2.06 · 103 4.04 · 106 3.56 · 105 9.78 · 104 9.78 · 104

4f h 1.68 · 104 1.57 · 103 2.38 · 106 2.42 · 105 0 0

√
s=500 GeV operation polarization fully polarization

Cross-section (fb) MC sample

P(e−, e+) (−80%,+30%) (+80%,−30%) PL
e−P

R
e+ PR

e−P
L
e+ PL

e−P
L
e+ PR

e−P
R
e+

eeH(s) 3.44 2.32 4.00 · 104 1.00 · 104 0 0

eeH(t) 7.49 4.64 3.79 · 104 0.80 · 104 4.84 · 104 4.41 · 104

µµH 3.45 2.33 4.00 · 104 1.00 · 104 0 0

qqH 69.7 46.9 3.00 · 105 1.20 · 105 0 0

ννH(s) 20.5 13.8 18.7 · 104 2.15 · 104 0 0

ννH(t) 152.5 9.1 18.7 · 104 0 0 0

2f l 6.77 · 103 5.96 · 103 4.54 · 105 3.59 · 105 8.41 · 104 8.41 · 104

2f h 1.96 · 104 1.16 · 104 1.51 · 106 8.37 · 105 0 0

4f l 1.06 · 103 7.48 · 103 3.57 · 106 1.40 · 106 1.07 · 106 1.07 · 106

4f sl 1.32 · 104 2.94 · 103 9.70 · 105 9.99 · 104 7.18 · 104 7.18 · 104

4f h 8.65 · 103 7.41 · 102 6.87 · 105 1.77 · 104 0 0

6f 8.08 · 102 3.31 · 102 5.06 · 105 5.05 · 105 9.54 · 104 9.54 · 104
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5.2 Isolated lepton identification

A few isolated leptons are expected to exist in the final state of many Higgs related production
and decay processes. Identification of these isolated leptons is efficiently a key point for the Higgs
related physics studies, and on discrimination of certain signal process and background processes
as well.

Classical method for the isolated lepton identification:

Leptons such as an electron and a muon can be generally extracted by using information of
deposited energies in calorimeters. The electron basically deposits almost all of its energy in
the ECAL through electro-magnetic (EM-) shower (which is caused by interactions with heavy
materials, and brings emissions of bremsstrahlung photons and their pair productions). Since mass
of the muon is about two hundred times heavier than that of the electron, it is much less likely to
cause the EM-shower due to the interactions with the materials. Thus, the muon can easily passes
through the materials and deposits a small fraction of its energy in the both calorimeters, the
ECAL and the HCAL. On the other hand, a charged hadron can induces hadron shower caused
by a strong interaction with nucleus in the HCAL. Therefore, large energy deposit can be seen
in the HCAL for the charged hadron. In addition, it is possible that a charged pion drops own
energy in the ECAL, or an unstable charged kaon can decay into an electron by emitting a neutral
pion (π0). These particles can make the EM-shower in the ECAL and resemble in electrons. This
can sometimes cause misidentification of electrons. Because a high energy charged pion which is
a stable particle, at least within a detector, can sometimes pass through the both calorimeters
without making the shower, this pion also resembles in muons, and causes the misidentification.5 Software framework and reconstruction

'0

z0

d0

R

�

x
y

z

Figure 5.1: Sketch of the five track parameters of the track model in LCIO [103].

implicitly in the set of parameters and is typically the global origin. Therefore, the track is
parameterized by a set of five parameters. One advantage of the perigee parametrization is
that the parameters are Gaussian distributed, which simplifies error propagation, and that poles
are avoided. Figure 5.1 sketches the track parameters. A definition of the arc lengths s of the
circle in the xy-plane must be introduced before the track parameters can be explained. The arc
length is zero at the point of closest approach and rises in the direction of motion of the charged
particle. The track follows a straight line in the sz-plane. The set of track parameters are:

d0 distance to the point of closet approach and the reference point in the xy-plane
z0 the z-position of the point of closest approach
'0 angle between the momentum of the charged particle at the point of closest

approach and the positive x-axis
tan � the slope of the straight line in the sz-plane
⌦ the curvature of the circle in the xy-plane (|⌦| = 1/R). The sign of the curvature

represents the charge sign of the particle.

In the limit of ⌦ = 0, the trajectory parameterization represents a straight line. This is needed
for prototype detectors since many events are taken without a magnetic field. A detailed
description on track parameters can be found in [103].

The Modular Analysis and Reconstruction for the LINear collider (Marlin) package is a C++
framework for reconstruction and analysis using the LCIO data format [104, 105]. As the name
suggests, each computational task in Marlin is structured into modules (called processors).
A steering file written in the eXtensible Markup Language (XML) is used to chose which
processors are executed and the order of their execution at runtime. Furthermore, predefined
processor parameters as well as some globally defined parameters can be configured in the
XML steering files. Marlin operates on an event-by-event basis. Typically, a processor has
an input (e.g. raw data from a prototype detector) and writes out an output into the current
event. Then, this output is used by the next processor. A chain of processors is run until the
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Figure 48: A schematic view of general track parameters and given cone along a momentum
direction of a track13. The view is referred from [49,62].

13The definitions of the track parameters are as follows by referring a point of closest approach (POCA),

• d0: Distance between a reference point and POCA in the XY-plane.

• Z0: Distance between a reference point and POCA along the Z-axis (beam-axis).

• ϕ0: An angle between a momentum direction of a track at POCA and the positive X-axis.

• tanλ: A slope of the straight line in the YZ-plane (radius of curvature).
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A tau leptons is also possible to be misidentified as an electron or a muon. However, since the
tau has clearly heavy mass and is unstable, the tau flies short length (Cτ ∼ 240µm) and decays
into leptons (or hadrons). To observe the flight length, impact parameters are generally exploited,
which are defined as distances between an extrapolated track and the interaction point (IP) as
shown in Fig. 48. Because the impact parameters, especially d0 and Z0 which are defined in a r-ϕ
plane (XY-plane) and a Z-axis, tend to be larger for leptons originating from the tau, and these
parameters are useful for the discrimination of the tau.

When requiring the isolation, a cone energy method has been classically applied. A cone is
defined along the momentum direction of a charged particle (a lepton). After giving a parameter
θ, which is an angle between the charged particle and other particles, and energies of particles
inside the cone are checked and summed. By checking the cone energy, the isolation is judged.
Other discriminations for both lepton identification and the isolation are considered by looking
momentum of the charged particle measured with the tracker and comparing the momentum and
the energies in the calorimeters.

Multivariate Analysis (MVA) method for the isolated lepton identification:

For physics studies on the Higgs boson at the ILC, a new idea for the isolated lepton identification
was proposed based on Multivariate Analysis (MVA) method [63] and it has been developed and
applied to the studies. ROOT [64] is supporting softwares for manipulation of MVA, which is
known as The Toolkit for Multivariate Data Analysis with ROOT (TMVA) [65], and several
classifiers are available inside the TMVA: Likelihood, Neural Nets (MLP), Boosted Decisions Tree
(BDT). In this thesis the isolated lepton identification with the MVA base is implemented for the
analysis of each channel which require extracting isolated leptons. Because one of the classifier
methods, MLP, can provide better performance among several classifiers, MLP is used for the
identification of the isolated leptons.

In order to train and construct neural nets of MLP, several observables must be given, which
are extracted from each signal and background event samples. Several weight files are currently
available for the physics studies at each center-of-mass energy

√
s = 250, 350, and 500 GeV,

whose neural nets are separately trained for each energy using full hadronic background processes
together with certain process which has isolated leptons in the final state. The trained neural nets
are respectively prepared for an isolated electron and an isolated muon. The input observables
used for the training of the neural nets are described below for both electron and muon, and they
are illustrated in Fig. 49 and Fig. 50,

• Cone energy:
This is a classical observable mentioned in the previous subsection. It is expected to be
larger for misidentified isolated leptons which come from hadronic processes. If a charged
(or a neutral) particle is considered, it will be labeled as charged (or neutral) cone energy.
in a plot.

• Momentum:
A misidentified isolated lepton basically has smaller momentum compared with a real isolated
lepton. The total momentum should be pay attention to require the isolation.

• An energy ratio Elep/(Elep + Econe) :
A cone around the momentum direction of certain charged particle is defined and the sum
of energies of particles inside the cone is taken. An isolated lepton should have small cone
energy, so the energy ratio of the isolated lepton should be close to 1. If final state radiations
happens, the ratio will be shifted slightly.

• Cone angle cos θlargecone :
cos θcone is defined as an angle between a charged particle and certain PFO, and cos θcone =

• ω: A curvature of the circle in the XY-plane. A sign of the curvature represents the sign of the track
(geometrical curvature).
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0.95 is taken as a reference of a size of a jet. cos θcone is calculated for all particles with respect
to the charged particle, and cos θlargecone is taken as the largest value. Because a misidentified
isolated lepton can be a part of a jet, the largest value of cos θcone can be larger compared
to the real isolated leptons.

• A ratio ECAL/CAL:
CAL denotes the sum of energies deposited in calorimeters. The ratio of the deposited
energy in the ECAL to the CAL should be close to 1 for the electron, which is a clear
feature for the electron.
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Figure 49: The plots show input variables for training neural nets, where
√
s=250 GeV e+e− →

e+e−h process and e+e− → bbbb full hadronic process are given as the signal and background
samples.

• A ratio CAL/P :
P denotes momentum of certain charged particle. The ratio of the deposited energy in the
CAL to the momentum P measured with the racker should be close to 1 for the electron,
which is also a clear feature for the electron.

• Yoke energy:
The yoke energy is expected to be larger for isolated muons compared to other charged
particles.

• d0 and Z0:
The impact parameters as distances between extrapolated tracks and the interaction point
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in a r-ϕ plane (XY-plane) and a Z-axis. These values are expected to be useful for the
discrimination of the tau leptons as described in the text.

The training of the neural nets are performed for charged particles which satisfy several re-
quirements. For a electron and a muon, the momentum must be greater than 5 GeV, then,
additional energy and momentum requirements for the electron are 0.5 < ECAL/P < 1.3 and
0.9 < EECAL/ECAL, and ones for the muon are ECAL/P < 0.3 and 1.2 GeV< Eyoke. Further-
more, primary vertex constraints using impact parameters, d0 and z0, are also given, which are
|d0/δd0| < 50 and |z0/δz0| < 5 for the electron, and also |d0/δd0| < 5 and |z0/δz0| < 5 for the
muon. The output responses for both of the leptons and non-leptons are shown in Fig. 51.
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Figure 50: The plots show input variables for training neural nets, where
√
s=250 GeV e+e− →

µ+µ−h process and e+e− → bbbb full hadronic process are given as the signal and background
samples.
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Figure 51: The MLP outputs for the muon versus backgrounds (Left) and electron versus back-
grounds (Right).
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5.3 Jet clustering algorithms

Quarks such as u, d and so on can not be seen alone in nature because of the color confinement in
the QCD. Generated quarks through reactions originating from the electron and the positron can
not be observed alone as well. Since single quarks have a so-called color charge, the state these
quarks can take a stable state in nature is a colorless state in total, which is understood in the
SM. When trying to tear off the quarks each other in high energy reaction of collider experiments,
a pair of new quarks, which is also colorless, is generated between the quarks which are teared off
and new colorless particles are generated. In the high energy reaction this process continuously
happen, and the generated colorless particles which are often unstable particles can decay into
other stable particles before reaching detectors. Eventually, particle jets called hadron jets which
are composed of many colorless particles of mesons and baryons are observed as remnants of the
initial quarks inside the detectors.

As with the case that an electron can emit a photon due to the initial state radiation or the
bremsstrahlung, a quark can also emit a gluon when the quark is bended by a field formed by the
color charges of nuclei. Based on knowledge of QCD, because the gluon, which can mediate the
strong interaction, is equal to the colorless state which is same with the sate composed of quark
and anti-quark, the gluon can form a gluon jet like the hadron jet. Fig. 52 gives such reactions.

Chapter 4

Standard tools

In this section a few of the tools that are used when studying multi-jet final states are introduced
and discussed shortly. The section ends with a description of the selection criteria used to select
a pure sample of 4 quark final states from all e+e− interactions. This forms the starting point of
both the fully hadronic ZZ cross section measurement and the search for the SM Higgs boson.

4.1 Production of multi-jet final states
The quarks that are produced in the e+e− interaction can not be observed freely in nature. Due to
the colour confinement in QCD they will fragment and form jets of colour neutral particles, allow-
ing quarks and gluons only to be observed through their remnants in the form of (collimated) jets
of particles. The translation from jet-characteristics back to partons-characteristics is described
in section 4.2. Inversely, the fragmentation from partons to jets, as shown schematically in figure
4.1, is shortly discussed below.

γisr

positron

electron

q

q

q

q

−

−

(1) (2) (3) (4)

jet 4

jet 3

jet 2

jet 1

electroweak and hard gluon radiation hadronisation, decay and
       detector response

Figure 4.1: Schematic representation of an e+e− interaction producing a multi-jet final state.

In the process leading from the initial e+e− system to a set of (collimated) jets of particles, various
physics processes and regimes are encountered. To obtain an optimal description of the full pro-

33

Figure 52: The schematic view is referred from [16]. The view illustrates interactions of an electron
and a positron to a process of a four jets final state.

As explained above, the initial quarks and gluons which are generated through the interac-
tions are observed as groups of many particles inside the detectors. Thus, if one wants to know
dynamics of initial interactions, it’s necessary to reconstruct the dynamics of parton-level using
observed information, and extract information of the parton-level to evaluate the dynamics of
the interactions. In generally, clustering algorithms are used to reconstruct the parton-level using
particle energy and momentum, which try to cluster all particles originating from the partons into
the corresponding partons. It is so-called jet clustering. Here, two general methods of the jet
clustering algorithms, the Durham jet clustering and the kT jet clustering which were widely used
in the LEP2 experiment for the jet clustering, are briefly described. These jet clustering are also
commonly used in the analysis of this thesis.

General jet clustering algorithms:

There are several general criteria for building up jets, which are :
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• Distance between particles (yij):
This parameter defines how much two particles i and j are a part from each other. This
value becomes a criterion to decide which two particles should be combined at first.

• Maximum distance (ycut):
This parameter defines maximum distance to consider which two particles should be com-
bined. This value becomes a criterion when the clustering should be ended.

• A recombination scheme:
A rule of how four-momentum of particles are combined when two particles are merged.

Many jet clustering algorithms to cluster particles into jets take a similar way basically: Iter-
ative procedures are implemented for each event using all particles. Taking two particles (i,j) in
the final state, and calculate the distance between them based on certain definition of the algo-
rithm. If a pair of the two particles (i,j) has the smallest value of yij compared to the other pairs,
the particles (i,j) are combined by merging four-momentum of both particles and providing new
four-momentum Pµ(i, j) = Pµ(i) + Pµ(j), which is based on the first definition of the recombi-
nation scheme. When the maximum distance parameter ycut is set as a restriction criterion, the
clustering is performed only for the condition that yij is smaller than the ycut when the jets are
built up. After the clustering is performed for two particles i and j, the event has n− 1 particles
and the distance between each pair are calculated agin. The procedure is repeated until all pairs of
particles have yij ¿ ycut and the number of remaining particles is equal to the number of requested
jets which one gives.

The Durham jet clustering algorithm: [66]:

The Durham jet clustering algorithm is the most general jet clustering algorithm for the lepton
collider experiments. In the Durham clustering, the distance between two particles yij is defined
as follows, and a pair of two particles i and j, which has a minimum value of yij compared to the
other, is combined. Based on the Lorentz invariant E scheme, which is one of the definition for
the recombination procedure, jets called pseudo-jets are built up.

yij =
2min(E2

i , E
2
j )(1− cos θij)

E2
vis

pµij = pµi + pµj (E-scheme)

where Ei and Ej show energy of particles i and j, and θij shows an angle between two particles
i and j. The distance yij is converted into a dimensionless value by normalizing to total squared
visible energy in the event. When the number of merged pseudo-jets reaches to the number of
requested jets one gives, the iteration of the Durham algorithm ends. The Durham clustering
makes all particles forcibly involve into the requested number of jets. This algorithm can provide
two kinds of output information ym,m+1 and ym−1,m, where m denotes the number of requested
jets. When starting with n particles, the iterative procedure gives n− 1, n− 2, n− 3, … and m
pseudo-jets until the requested number of jets (m) is provided. These values ym,m+1 and ym−1,m

indicate a kind of transition of the number of jets in the final state, and are useful for discrimination
of the signal and backgrounds which have different the number of jets in the final state.

The kT jet clustering algorithms: [67, 68]

The kT jet clustering algorithm is generally used in hadron collider experiments such as the
LHC experiment. Particles which are derived from interactions of γγ →hadrons (called overlaid)
induced by beam backgrounds have to be eliminated from reconstruction of events because these
particles have nothing to do with the interaction one wants to focus on at all. The overlaid
γγ →hadrons events have small transverse momenta. Since they tend to fly along beam line
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(beam jet), these objects could be removed efficiently using the kT jet clustering with the exclusive
procedure.

The exclusive kT jet clustering can judge whether a particle is a part of the beam jet or not,
using an additional observable which is defined as distance between a position of the particle and
the beam axis. In the case that the particle is regarded as a part of the beam jet, the particle
is excluded from a particle list when pseudo-jets are built up. In the exclusive kT jet clustering,
all particles in the final state are not clustered, which is a different point with the Durham jet
clustering. Firstly, one has to give a distance dij between particles i and j for usage of the kT jet
clustering, which are defined as,

dij = min(k2Ti, k
2
Tj)

∆R2
ij

R2

∆R2
ij = (ηi − ηj)

2 + (ϕi − ϕj)
2

d2iB = k2Ti

where kTi shows transverse momentum of a particle i against the beam axis, and R is a parameter
called jet-radius, which is necessary to set to adjust easiness of combine of particles into the beam
jet depending on the situation. ∆Rij is defined from two angles ηi and ϕi which show a psudo-
rapidity and azimuthal angle, respectively. It is also required to define a distance diB between
a position of particle and the beam axis in order to judge if the particle is originated from the
interaction of the γγ overlay process or not.

In the exclusive kT jet algorithm the values of diB and dij are calculated for every particle and
every pair of (i,j). If dij < diB, particle i and j are paired as a pseudo-jet by combining their
four-momenta Pµ(i, j) = Pµ(i) + Pµ(j). If diB < dij , the origin of the particle i is regards as the
interaction of the γγ process and the particle i is removed from the particle list. This procedure
is iterated until the number of pseudo-jet reaches to the number of requested jets.

After this jet-clustering procedure two beam jets and the requested number of jets are left. In
the process of the exclusive kT jet clustering, almost all of the overlaid γγ →hadrons process is
expected to be excluded. The analysis described in the thesis uses the exclusive kT jet clustering
only for this purpose. The jets clustered with the kT clustering are decomposed back into original
single particles and these particles are used again with the latter analysis.
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5.4 Heavy-flavor tagging

As mentioned above, the jets observed in the final state are originally quarks. Therefore, heavy
quarks, particularly b-quark and c-quark, are possible to perform identification by exploiting its
lifetime and corresponding travel distance until they decay, which is known as the heavy flavor
tagging and a important technique for the Higgs and top quark physics since many b-quarks appear
in the final state of the related processes. B-hadrons have relatively longer life times compared
to other C-hadrons or S-hadrons. Currently the interactions between quarks through the weak
force and its mixing are understood and described by the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [69].
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ū

b̄

B−

W*−

Vcb
c D0

Vcs

ū
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Figure 53: A schematic view of cascaded decay of a b-hadron, and the heavy-flavour tagging using
secondary and thirdly vertices.

u- and d-quarks in the first generation can not decay themselves, and c- and s-quarks in the
second generation can decay into light quarks such as the u- and d-quarks, whose tendencies or
factors are given as elements of the CKM matrix14. In contrast, b-quark has much larger factors
with its partner t-quark, and it has very small factors for different flavors, which are |Vtb| = 0.999
for t-quark and |Vcb| = 0.041 for c-quark (and physical phenomena are given with square of the
factors). Furthermore, since t-quark has huge mass compared with the b-quark, the decay from b-
to t-quark is not allowed. The possible decay of b-quark is from b- to c-quark by emitting (virtual)
W boson through the weak force. And this decay is not very likely, but happen in the last. Thus,
B-hadrons can have the longer lifetime and travel several millimeters in the detector before they
decay. In higher energy particles receive Lorentz boost, and the lifetime could be expanded more.
Because of similar reason, C-hadrons also have relatively longer lifetime. The identification of
c-quark is possible, the b-quark as well. Fig. 53 gives such reactions.

In the ILCSoft framework, the heavy flavor identification is implemented in a software package
called LCFIPlus [72]. The LCFIPlus performs the flavor identification based on Boosted Decision
Trees (BDTs) inside TMVA framework with several input observables of clustered jets and found

14The matrix elements of the CKM matrix [70,71] which are currently evaluated based on each measurement are
given like, |Vud| |Vus| |Vub|

|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =

0.97428 0.2253 0.00347
0.2252 0.97345 0.0410
0.00862 0.0403 0.99915

 .
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secondary vertices: the impact parameters d0 and z0, direction and energy of jet. The output is
given as b-likeness and c-likeness and added for each jet.

5.5 Event shape observables

Each physical process have different event shapes [73] and these shapes become useful observables
to discriminate the signal process against background processes. The jet clustering parameters
yn,n+1 described in the previous section are also one of the event shape observables. In the
analysis of this thesis, the several event shape observables are used for the discrimination of the
signal process, which are listed below,

• Thrust T , Thrust-major Tmaj, and Thrust-minor Tmin : [74, 75]
Thrust values are respectively defined as,

T = max
⃗̂nT

(∑
i |P⃗i · ⃗̂nT |∑

i |P⃗i|

)
,

Tmaj = max
⃗̂n⊥⃗̂nT

(∑
i |P⃗i · ⃗̂n|∑
i |P⃗i|

)
,

Tmin =

∑
i |P⃗i · ⃗̂nTmin |∑

i |P⃗i|
, with ⃗̂nTmin = ⃗̂nT × ⃗̂nTmaj

In the definition of Thrust a thrust axis ⃗̂nT is chosen to make the expression maximize. The
value can indicate that T = 1 gives narrower two-jet event and T = 1/2 gives spherical
event. To define the Thrust-major Tmaj , the axis is taken for maximizing the expression

and to be orthogonal to the thrust axis ⃗̂nT , where Tmaj = 0 and =1/2 indicate two-jet-like
and spherical-like event shape. For the Thrust-minor Tmin, the axis is taken as a direction
perpendicular for both ⃗̂nT and ⃗̂nTmaj . Tmin=0 and 1/2 indicate that the event is two- or
three-jet event and spherical-like event, respectively.

• Oblateness O : [76]
The Oblateness is defined with the difference between Thrust-major Tmaj and Thrust-minor
Tmin as O = Tmaj − Tmin, which indicates that O = 0 and = Tmaj give two-jet or spherical-
like event, and three-jet event.

• Sphericity S : [77, 78]
The Sphericity is defined as

Sαβ =

∑
i P⃗

α
i P⃗

β
i∑

i |P⃗i|2
(α, β = components of x, y, z)

where the calculation runs over all particles. This observable indicates how a reaction is
spherical-like event. S = 0 indicates the event is straight-like whereas S = 1 indicates the
event is spherical-like.

Other useful observables have been defined and used for the LEP and LEP2 experiments, where
certain standard set of event shape observables were defined. Although they are not used in this
thesis, it would be worth knowing these ideas and results from [79–81].
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6 Analysis on the anomalous ZZH couplings

The analysis we performed for evaluation of the sensitivity to the anomalous ZZH couplings
that the ILC experiment can reach is described from this section. Since the ILC experiment is
currently planned to operate from the center-of-mass energy

√
s =250 GeV, Higgs production

events coming from the Higgs-strahlung process e+e− → ZH will be observed. The large number
of SM background events which contaminates with the Higgs process is also observed. To remove
the SM background processes and extract the signal process, background suppression need to be
performed using various kinematical or topological observables and characteristics that the signal
and the background processes have. When applying the background suppression to the events
using these observables, signal significance Ssig, defined as flows, is calculated for each observable
while scanning given regions of the observables and minimizing the regions gradually, and then,
certain region which gives a maximum Ssig is taken as the optimized point.

Ssig ≡ Nsig√
Nsig +Nbkg

where Nsig and Nbkg denote the number of remaining signal and backgrounds events. Above
signal significance Ssig is, in fact, established by considering Poisson distribution. Events that are
discretely and independently given one another in certain given interval are generally described
by Poisson distribution that can give a probability for finding the number of events of N , which
would be.

f(N ;λ) =
λN

N !
e−λ

where λ = N is the average number of events, and variance σ2 showing how large a value fluctuates
from its mean value is also given by σ2 = N̄ . In a real experiment, a probability distribution when
the number of observed events in certain given interval is Nobs is also given by Poisson distribution.
Nobs is usually given as Nobs = Nsig +Nbkg, and Nsig and Nbkg denote the number of signal and
background events.

On a cross-section measurement of certain unclear process, for instance, the number of expected
signal events is N sig = σsig · L, whereas the number of expected background events coming from
well-known background processes is given as N bkg = σbkg · L, where L denotes an integrated
luminosity. When the sum of observed events Nobs is given, the measured cross-section for the
signal process is given as σmeas = (Nobs−Nbkg)/L, and its statistical error is also given as ∆σmeas =

(∆Nobs)/L =
√
Nobs/L based on Poisson distribution. In the case better measurement is required,

which means extraction of a better error is necessary, the situation that a statistical error is kept at
a minimum value against the fluctuation of the background processes is recommended. Statistical
precision for the measured cross-section is described as follows,

∆σmeas

σmeas
=

√
Nobs/L

(Nobs −Nbkg)/L
=

√
Nsig +Nbkg

Nsig
=

1

Ssig

Therefore, the fact that making the statistical error minimize is identical with the situation that
making the signal significance Ssig maximize.

General criteria on background suppression :

The most useful and effective observables for verifying the existence of the anomalous couplings
are each kinematical angular distribution. In that case that these angular information are used
for the background suppression, the corresponding regions of angular distributions which are
suppressed also become completely insensible for the signal process as well. It will cause a bias to
the sensitivity of the anomalous couplings, consequently. To avoid such situation the background
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6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

suppression is implemented without the angular information and observables which are correlated
with the angular distribution as much as possible although these angular information are very
useful for the suppression of several background processes.

Processes for evaluating the anomalous ZZH couplings :

To evaluate the sensitivity to the anomalous ZZH couplings, the following 8 channels of the
two kinds of Higgs production processes at both center-of-mass energies

√
s = 250 and 500 GeV

are used in this thesis. The analysis of each process for evaluating the anomalous couplings is
mentioned from the next subsection.



√
s = 250 GeV e+e− → Zh→ µ+µ−h (Higgs-strahlung)

· · · e+e− → Zh→ e+e−h ( · · · )

· · · e+e− → Zh→ qq̄h, h→ bb̄ ( · · · )

· · · e+e− → e+e−h, h→ bb̄ (ZZ-fusion)
√
s = 500 GeV e+e− → Zh→ µ+µ−h (Higgs-strahlung)

· · · e+e− → Zh→ e+e−h ( · · · )

· · · e+e− → Zh→ qq̄h, h→ bb̄ ( · · · )

· · · e+e− → e+e−h, h→ bb̄ (ZZ-fusion)

In the analysis both of the variations which are extracted from the kinematical shape distribution
of each process and the production cross-section of the Higgs-strahlung and ZZ-fusion process are
used for the estimation of the sensitive to the anomalous ZZH couplings. The analysis of two
main channels, which are muon and hadronic channels of the Higgs-strahlung, are mentioned in
the main text as examples. The other channels are summarized in the appendix.

6.1 e+e− → Zh → µ+µ−h at
√
s = 250 GeV

In the process that the Z boson decays into a stable lepton pair, here an electron or a muon pair is
assumed, it is expected that four-momentum of the final state leptons are precisely measured using
the tracking detectors. Thus, the reconstructed Z boson from the lepton pair can also give the
precise information on itself. Since the Higgs-strahlung Zh process is a simple two‐ body decay,
the reaction related to the Higgs boson can be fully reconstructed by kinematical calculation using
four-momenta of the initial state and the final state Z boson without looking at the Higgs boson,
which is a so-called recoil mass technique described as follows,

M2
higgs =M2

rec = (
√
2− EZ)

2 − |PZ |2

where EZ and PZ show energy and absolute momentum of the Z boson reconstructed by the
lepton pair. What is necessary to maximize the information that the Higgs-strahlung Zh process
has is to identify these isolated leptons decaying from the Z boson efficiently.

6.1.1 Reconstruction and background suppression

Isolated lepton finding and radiation recovering :

The MVA based lepton finding is implemented for the selection of the isolated leptons, which
is explained in the previous section. The MVA lepton finder can give likeness for each charged
track based on input observables such as the measured momentum, the deposited energy in each
calorimeter, impact parameters, and so on. To extract candidates of the isolated lepton, the
electron-likeness of > 0.5 is applied to find the isolated electron, and the muon-likeness of > 0.7
is applied to find the isolated muon in the analysis.
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6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

After the MVA selection of the isolated leptons, it’s necessary to identify which lepton pair
is derived from the Z boson. The invariant mass of the Z boson MZ must be 91.187 GeV [70]
when the invariant mass is calculated using the lepton pair, which is well-known precisely. A
requirement |Mll −MZ | < 40(60) GeV, where Mll denotes the invariant mass of the lepton pair,
is also given for the µ(e) channels as an additional criterion to identify the proper lepton pair
decaying from the Z boson. In the case of the electron, a trajectory of the electron is bended
by a magnetic field or electrostatic force from molecules of gas inside the TPC while the electron
is flying in the detectors. Therefore, the electron tends to radiate photons, and its probability
is larger than that of the muon because of smallness of mass. The momenta of the final state
electrons are often observed relatively lower than that of original one which are given shortly after
the decay of the Z boson due to the radiated photons Thus, the reconstructed invariant mass of
the Z boson are shifted compared with the muon pair without any recoveries of the final state
radiation. Because of this reason the requirement for the invariant mass for the electron pair is
set to be relatively loose. In the case the invariant mass of the lepton pare Mll calculated by
leptons from other semi-leptonic or full hadronic processes is largely deviated from the invariant
mass of the Z boson. The above requirement is effective for the suppression of semi-leptonic or
full hadronic background processes.

The reconstructed recoil mass Mrec distribution has broader tail due to several effects such as
beam-strahlung, initial state radiations (ISR), bremsstrahlung, final state radiations (FSR), and
finite resolution of the detectors. Since the beam-strahlung and ISR happen before interactions,
and emitted photons fly along a direction of the beam axis, it is impossible to detect them and
estimate the effects. These effects can be seen in the right tail of the recoil mass distribution in
Fig. 54. In contrast the bremsstrahlung and FSR can be recovered because the emitted photons
are possible to detect with the detectors.
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Figure 54: Distributions of the invariant mass of the muon pair Mll (left) and the recoil mass
Mreco (right) in Zh→ µ+µ−h of the Higgs-strahlung process at

√
s=250 GeV. Black and red lines

on both plots correspond to without and with recovering photons, respectively.

As a basic idea for recovering such photons, a cone is constructed along a momentum axis of
the isolated leptons. A polar angle is calculated between the cone axis and momentum direction of
all neutral particles which become a candidate of the bremsstrahlung and FSR photon. If cos θ of
the polar angle exceeds 0.995, these neutral particles are regarded as the bremsstrahlung or FSR
photons, and its four-momentum are combined into that of the isolated leptons. This method
for recovering the bremsstrahlung and FSR photons is implemented for both µ and e channels.
Fig. 54 show comparison of the reconstructed invariant mass of the lepton pair Mll and the recoil
mass Mreco distributions at

√
s = 250 GeV with and without recovering the bremsstrahlung and

FSR.

Reconstructed angular observables :
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6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

Fig. 55 show two important angular distributions which are sensitive to the anomalous couplings
after reconstructing events with the ILD model through the realistic reconstruction chain of the
framework of the ILC soft, MC truth and reconstructed distributions of cos θZ and ∆Φ are plotted,
which are the polar angle of the Z boson and the the angle between production planes that are
composed of momenta of the initial state electron and the final state anti-fermion (µ+) with a
momentum direction of the Z boson as an axis in the laboratory frame. Since the Higgs boson
almost rests in the Higgs-strahlung process at 250 Gev, the laboratory frame can give the same
observation on ∆Φ.
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Figure 55: Plots show the MC truth and reconstructed distributions of both cos θZ and ∆Φ
in Zh → µ+µ−h of the Higgs-strahlung process at

√
s=250 GeV. These observables give the

sensitivities to the anomalous ZZH couplings. The clear dips at 0, π, and 2π on ∆Φ is due to
the missing final state muons.

In the plot of the reconstructed ∆Φ distribution, clear dips can be seen at 0, π, and 2π. This
is because one or both of the final state muons are missing when those muons fly along a beam
pipe. At 0 and 2π the muon flies to the opposite (beam) direction of the initial electron, and the
muon flies to the same direction with the initial electron. Except this unavoidable fact, it can be
seen that each angle is precisely reconstructed.

Background suppression :

Since the channels of the Higgs-strahlung process with the leptonic decays of the Z boson have
a very clear signature, the signals can be easily distinguished from the backgrounds with several
kinematical and topological observables. Cut values for each observable are given by maximizing
the signal significance Ssig as explained in the first part of this section. The following observables
and values given in parentheses are imposed for the background suppressions, where the values
are for the left-handed polarization state, which is P(e−, e+)= (-80%,+30%).

• Two leptons having opposite sign with the same flavor must exist exactly in one event (muon
and anti-muon), which is given as a pre-selection.

• Ntracks ∈ [6, 60]

The number of charged tracks, which is useful to remove huge two-fermion backgrounds.

• EZ ∈ [104.6, 111.7] GeV

Since energy of the di-lepton system derived from one of the dominant background processes
e+e− → llqq (ZZ-fusion) has a peak at 125 GeV, this observable is useful to separate it.

• MZ ∈ [83.0, 96.4] GeV

The invariant mass of di-lepton Mµ+µ− must be close to the mass of the Z boson.
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• Evis − EZ(≡ Esub) ∈ [60.0, 170.0] GeV

Visible energy shows measured energy in the detectors. The subtracted value by the energy
of the Z boson is close to 0 for the two-fermion process, which is still useful to distinguish
the Higgs boson from other dispersed backgrounds.

• Mrec ∈ [120, 137] GeV

Recoil mass against the di-lepton system, which becomes a conclusive mass window to deter-
mine a Poisson error calculated by the remaining number of events on each bin on kinematical
histograms.

Table 3: Tables show the expected number of remaining signal and background events after each
cut for the Zh→ µ+µ−h at

√
s=250 GeV, with both of the beam polarization states: P(e−, e+)=

(-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table.

√
s=250 GeV P(e−, e+)= (-80%,+30%)

Cut variables µµH ϵ eeH ττH 2f 4f Ssig
No cut 2603 100 2671 2598 2.91 · 107 1.02 · 107 -
ID of a di-lepton pair 2433 93.46 3 6 4.30 · 105 8.34 · 104 3.38
Ntracks ∈ [6, 60] 2246 86.28 1 4 6771 2.43 · 104 12.3
EZ ∈ [104.6, 111.7] GeV 1740 66.84 0 0 156 1470 30.0
MZ ∈ [83.0, 96.4] GeV 1673 64.27 0 0 104 995 31.6
Esub ∈ [60.0, 170.0] GeV 1628 62.54 0 0 34 954 31.7
Mreco ∈ [120, 137] GeV 1624 62.39 0 0 34 923 31.8

√
s=250 GeV P(e−, e+)= (+80%,-30%)

Cut variables µµH ϵ eeH ττH 2f 4f Ssig
No cut 1756 100 1786 1752 2.03 · 107 1.27 · 106 -
ID of a di-lepton pair 1641 93.45 2 4 3.44 · 105 2.61 · 104 2.69
Ntracks ∈ [6, 60] 1515 86.27 1 3 5294 1.31 · 104 10.7
EZ ∈ [102.9, 112.0] GeV 1265 72.04 0 0 173 982 25.7
MZ ∈ [83.0, 98.2] GeV 1219 69.42 0 0 123 703 27.0
Esub ∈ [60.0, 170.0] GeV 1187 67.59 0 0 45 684 27.1
Mreco ∈ [120, 137] GeV 1154 65.72 0 0 35 598 27.3

The distributions of each observable for suppressing the backgrounds and the recoil mass of
the Z boson are plotted in Fig. 56, and the Table 3 shows the number of remaining signal and
background events after each cut, where the integrated luminosity of 250 fb−1 with both of the
beam polarization states: P(e−, e+)= (-80%,+30%) and (+80%,-30%) are assumed. The signal
efficiency and the signal significance are also given for each cut.
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Figure 56: The distributions show each observable used for the background suppression assuming
250 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.

6.1.2 Acceptance and migration on observables

Each sensitive observable is binned for the χ2 test, and the statistical errors of each bin on each
observable are given as the standard deviation of the Poisson probability using the remaining
signal and background events, which is specifically given as: Error =

√
Nsig +Nbkg. Each

observable are respectively binned in 30, 10, and 5 for the one-dimensional, two-dimensional,
and three-dimensional distributions. As discussed in the section of the analysis strategy of the
anomalous couplings, the most important key information to evaluate the sensitivity when the
angular distributions are used is the detector response function which is composed of the event
acceptance η and the probability of the migration effects f̄ . Fig. 57 and Fig. 58 show summary
plots on the one-dimensional angular distributions of cos θZ and ∆Φ binned in 30, respectively.
Since any angular cuts are not applied, the event acceptance η of cos θZ maintains flatness, and
one for ∆Φ also maintains flatness except for the dips at 0, π, and 2π.

The probabilities of the migration effects are also very clear as given in the plots. In the case
that certain bin of a realistic distribution xRec

j , for instance the 0-th bin xRec
0 , is tried to construct

from a theoretical distribution xGen
i , things to do is just to multiply the theoretical distribution

xGen
i by the event acceptance ηi and the probability of the migration f̄0i. In this manner over

the number of bins, theoretical angular distribution can be transferred to the realistic angular
distribution which would be observed in the real detectors.

Summary plots of the two-dimensional angular distribution of x(cos θZ ,∆Φff̄ ) binned in 10×10
is also plotted instead of the three-dimensional distribution (because the illustration of the three-
dimensional distribution is too difficult) as demonstration of a multi-dimensional distribution,
which is given in Fig. 59. Similarly for the reconstruction of certain bin of a realistic distribution
xRec
jb , for instance the (0,0)-th bin xRec

00 , things to do is to multiply the theoretical distribution

xGen
ia by the acceptance ηia and the probability of the migration f̄00ia.
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Figure 57: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 58: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Figure 59: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.

6.1.3 Impact of angular distributions

Using the event acceptance η and the probability of the migration effects f̄ that are evaluated
through the full simulation by the last section, the χ2 test is performed, which is described in
the section Sec. 4.4.3. Fig. 60 show the sensitivity to the anomalous ZZH couplings with one-
parameter space of aZ , bZ , and b̃Z , where ∆χ2 is given as ∆χ2 = χ2 − χ2

min and χ2
min is

exactly 0 in the current settings since 0 values for each parameter can exactly recover the SM
distributions. The evaluations are performed using the one-dimensional distributions of x(cos θZ)
and x(∆Φff̄ ) as the demonstration, which are binned in 20, and the three-dimensional distribution
of x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 is also used to confirm the impact of the multi-
dimensional distribution. Since the parameter aZ , which is the SM-like one, does not change
any angular distributions at all, the values of ∆χ2 of aZ is uniformly 0 over the parameter space
whereas the existence of the parameter bZ or b̃Z would be detectable because both parameters bZ
and b̃Z can change the angular distribution largely from the SM predictions. It is also seen that
both beam polarization states P(e−, e+)= (-80%,+30%) and (+80%,-30%) have similar impact on
the sensitivity to the anomalous ZZH couplings.
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Figure 60: The distributions show ∆χ2 as a function of each parameter of the anomalous ZZH
couplings, and the evaluation is done in the one-parameter space. Black, red, and blue lines
on the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information
is considered here, the χ2 values of aZ is exactly 0 over the given range. In upper and lower
plots, the different beam polarizations are assumed with the integrated luminosity of 250 fb−1:
P(e−, e+)= (-80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular
distributions used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in
20, and (right) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 are used respectively.

Fig. 61 also show color plots of ∆χ2 where the evaluations are done for each two-parameter
space of aZ-bZ , aZ-b̃Z , and bZ-b̃Z . The one-dimensional distributions of x(cos θZ) and x(∆Φff̄ ),
which are binned in 20, and three-dimensional distribution of x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in
5×5×5 are used as the demonstrations. As well as the evaluation in the one-parameter space,
the sensitivity for any aZ when the parameter bZ or b̃Z is 0 is nothing. The impact of difference
of the angular distributions can be observed especially for the bZ-b̃Z parameter space, and the
three-dimensional distribution has both power.

6.1.4 Impact of production cross-section

The total production cross-section of the Higgs-strahlung process e+e− → ZH is also the strong
observable for verifying the anomalous ZZH couplings. The relative variation of the production
cross-section of the muon channel due to the anomalous couplings is illustrated in Fig. 43. Based
on this variation of the production cross-section, the χ2 test is performed. A clear different
point compared to the impact of the angular distributions is the impact on the parameter aZ ,
in which the sensitivity is quickly rising. Furthermore, compared with the impact of the angular
distributions on the parameters bZ and b̃Z , the impact of the cross-section is considerably powerful
for the parameter bZ and equivalently for the parameter b̃Z . These situation can be seen in Fig. 62.
However, the parameter space of aZ-bZ has a strong correlation as shown in Fig. 62 where the
same cross-section with he SM expectation is taken by tuning the parameters and the sensitivities
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Figure 61: The distributions show ∆χ2 in the two-dimensional parameter space aZ-bZ , aZ-b̃Z ,
and bZ-b̃Z . Only each angular distribution is used for the evaluations: (top) x(cos θZ) binned in
20, (middle) x(∆Φff̄ ) binned in 20, and (bottom) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 are used

respectively. The results are given only for the beam polarization of P(e−, e+)= (-80%,+30%).
The sensitivity is 0.0 for the any az when bZ or b̃Z is 0.0.
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Figure 62: (Left) The distribution shows ∆χ2 as a function of each parameter in the one pa-
rameter space, where the normalization information only is used for the evaluation. (Right) The
distributions show ∆χ2 in the two-dimensional parameter space of aZ-bZ .

are cancelled eventually. Thus, It is not definitely sufficient to make use of information of the
cross-section only, and it is clearly necessary to use the angular distribution to disentangle the
observed strong correlation between aZ-bZ .

6.1.5 Sensitivity in three parameter space

To get the full sensitivity to the anomalous ZZH couplings with the muon channel only, evaluation
by fitting is performed assuming the integrated luminosity of 250 fb−1 with both of the beam
polarization states P(e−, e+)= (-80%,+30%) and (+80%,-30%). Both of the angular information of
the three-dimensional distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 and the information of the
production cross-section are combined. The fitting for extracting the sensitivity to each anomalous
parameter is done by minimizing the two χ2 functions defined in Sec. 4.4.3 and Sec. 4.4.4, where
the three anomalous parameters aZ , bZ , and b̃Z are set to be completely free. A simultaneous
minimization procedure for minimizing the χ2 value is carried out by the TMunit package [82]
implemented in the ROOT.

In the previous section, it seems that the variation of the cross-section is the strong information
to verify the anomalous V V H couplings. However, once the information is applied to the three
parameter space aZ-bZ-b̃Z , the parameter bounds can not be restricted because of adjustment of
the cross-section by the third parameter, which is shown in the left figure of Fig. 63. Since the
amplitude of the parameters, which is |A0 + aZAaZ + bZAbZ |2 when focusing on aZ and bZ , is
analytical given as a formula of a general ellipse. When using the information of the cross-section,
such behavior can be seen in the plot. Explanations of each direction of the color map are,

1. Both aZ and bZ can adjust each other by making the corse-section increase or decrease.

2. Both aZ and bZ can make the cross-section increase. However, any b̃Z can not adjust it as
the third parameter since any b̃Z must increase the cross-section, whose tendency can be
seen in Fig. 43. Thus, the bound is quickly restricted in this direction.

3. Both aZ and bZ can make the cross-section decrease. The third parameter b̃Z has huge room
to recover the SM value by increasing the cross-section.

Once the shape information is included in the analysis, the bound is strongly constrained as
illustrated with contours plotted in the right figure of Fig. 63.
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Figure 63: (Left) The plot shows the color map of the ∆χ2 distribution in the three parameter
space, where only the cross-section information is used to calculate ∆χ2. The physical parame-
ter limits are set to be < 8. (Right) when adding the shape information into the cross-section
information, the sensitive bounds are strongly constrained. The 1σ and 2σ contours can be seen.

Upper plots in Fig. 64 illustrate the contours showing 1σ and 2σ bounds, where the simultane-
ous minimization fitting is performed in the three parameter space and the contours are projected
onto the corresponding two-dimensional parameter space aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Middle plots
in Fig. 64 give ∆χ2 distributions as a function of each anomalous parameter aZ , bZ , and b̃Z .
The evaluation is performed by scanning ∆χ2 along one parameter axis while setting the other
two parameters free, which corresponds to the simultaneous minimization in the three parameter
space.

The results are evaluated using both of the angular and the cross-section information of the
muon channel only. Explicit values corresponding to the 1σ bounds for each anomalous parameter
aZ , bZ , and b̃Z and correlation matrix ρ which indicates correlation coefficients between the
parameters are given in the last line of Fig. 64. Both beam polarization states P(e−, e+)= (-
80%,+30%) and (+80%,-30%) with the benchmark integrated luminosity of 250 fb−1 are assumed.
The correlation coefficients of the correlation matrix ρ are extracted from the pseudo-experiment
which is described in Sec. 4.4.5.
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Figure 64: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 250 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 and the production cross-section are combined.

(Middle): The plots show ∆χ2 distributions as a function of each parameter space of the anoma-
lous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information (the
angles and the cross-section) and scanning one parameter while setting the other two parameters
to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.
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6.2 e+e− → Zh → qq̄H, h → bb̄ at
√
s = 250 GeV

Since a branching fraction of the Z boson decaying into lepton pairs is a sum of approximately
10 %, as far as the pairs of electrons and muons are concerned, it is respectively about 3.4 %,
the sensitivity is, therefore, statistically limited. In contrast, because the branching fraction of
the Z boson decaying into a pair of quarks is about 70 %, usage of the quark channels has a big
advantage statistically. It is expected that the sensitivity to the anomalous ZZH couplings is
sizably improved by adding results of the analysis of the Z → qq̄ hadronic channels.

6.2.1 Reconstruction and background suppression

Jet clustering and pairing :

In the analysis with the Z → qq̄ hadronic channel the h → bb̄ channel is selected because the
branching fraction of h → bb̄ is the largest, and performance of the heavy flavor tagging of b-
quarks is expected to be superior, which is implemented by LCFIPlus in the ILCSoft framework.
After removing isolated leptons from a event, remaining final state particles in each event are
clustered into four jets by employing a Durham jet algorithm. The Durham algorithm can also
provide one of the useful topological observables yij which is distance between pseudo-clustered
jets. This observable is effective for discrimination of certain processes which have the different
number of jets from the signal process. Since the final state of the signal process has a signature
of four jets, combinations of a few pairs are possible to take. Proper jet pairs which come from
the Z and the Higgs boson are chosen by minimizing the following χ2 function,

χ2 =
(Mij −Mh

σh

)2
+
(Mkl −MZ

σZ

)2
(36)

where i–l denote jets, and MZ and Mh denote the mass of the Z boson and the Higgs boson. σZ
is set to be 5.2 GeV and σh is set to be 7.0 GeV, which represent the Z mass and the Higgs mass
resolutions, respectively.
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Figure 65: Plots show the MC truth and reconstructed distributions of the polar angle of the
Z boson cos θZ and the angle between production planes ∆Φ in the qq̄h(h → bb̄) channel of the
Higgs-strahlung process at

√
s=250 GeV. These observables give the sensitivities to the anomalous

ZZH couplings. Unless jet charge identification is applied, full sensitivity of ∆Φ [0–2π] is not
available, and it becomes [0–π] by folding back the distribution if ∆Φ exceeds π.

Reconstructed angular observables :

Fig. 65 show the reconstructed angular distributions of the polar angle of the Z boson (cos θZ)
and the difference of the angle between production planes (∆Φ) in the laboratory frame, which are
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important observables for detecting the anomalous ZZH couplings. Since jet charges identification
for both b-jets decaying from the Higgs boson is not implemented for the current analysis technic,
∆Φ can not be fully reconstructed in [0–2π] range which is explained in Sec. 4.1.2. When the
calculated value of ∆Φ is exceeded in π, ∆Φ is folded as ∆Φ− π. Thus, the available sensitivity
of the ∆Φ distribution is [0–π] which is shown right side of Fig. 65.

Background suppression :

The following observables and values are imposed for the background suppressions. The distribu-
tions of each observable for the suppression and the invariant mass of the Higgs boson are shown in
Fig. 66, and the reduction tables showing the number of remaining signal and background events
in each cut is given in Table 11, where the integrated luminosity of 250 fb−1 with both of the beam
polarization states P(e−, e+)= (-80%,+30%) and (+80%,-30%) are assumed. The signal efficiency
and the signal significance are also given for each cut.
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Figure 66: The distributions show each observable used for the background suppression assuming
250 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.
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• Njet = 4 and Nisolep = 0

Properly four jets are clustered and exist in a event, additionally the number of isolated
leptons must be 0 since the final state of the signal process is full hadronic environment.

• Npfo ∈ [55, 170]

The number of Particle Flow Objects (PFOs). Two fermion processes and four fermion
semi-leptonic decay processes can be almost suppressed with this observable.

• EZ ∈ [87.8, 118.5] GeV and MZ ∈ [82.3, 102.3] GeV

The energy of the Z boson calculated with the paired two jets. The invariant mass of the Z
boson calculated with the paired two jets, which should be close to the mass of the Z boson.

• The sum of b-tag ∈ [1.25, 2.0]

Both of the jets originating from the Higgs boson have higher b-likeness since the h → bb̄
channel is selected as the signal process.

• EH ∈ [98.7, 150.7] GeV

The energy of the Higgs boson.

• The number of minimum PFOs Npfo ∈ [5, 40] among jet objects, and the jet clustering
parameters - log y32 ∈ [0.5, 3.62] and - log y43 ∈ [1.8, 5.52]

y32 show the minimum distance when the pseudo-jets are merged from 3 to 2. This is useful
to discriminate topology of two jets environment from that of multiple jets. y43 also show
the minimum distance when the pseudo-jets are merged from 4 to 3.

• The thrust value T ∈ [0.5, 0.89]

T denotes the thrust value explained in Sec. 5.5. When T is close to 1, an event topology
could be a pair of narrow jets generated linearly. If T gets close to 1/2, the topology will be
multiple jets which spread to all directions in the detector.

• MH ∈ [90, 142] GeV

The invariant mass of the Higgs boson calculated with the paired two jets, which is the mass
window to determine a Poisson error calculated by the remaining number of events on each
bin on kinematical histograms.

6.2.2 Acceptance and migration on observables

Fig. 67 and Fig. 68 show the summary plots on the one-dimensional angular distributions of cos θZ
and ∆Φ binned in 30. The error of the remaining signal and background distributions is given with
the standard error of the Poisson probability. Similarly, summary plots of the two-dimensional
distribution of x(cos θZ ,∆Φff̄ ) is also given in Fig. 69 which is binned in 10×10.

A big difference of this hadronic channel qq̄bb̄(h) compared to the lepton channel of the Zh
process is the probability of the migration effects. Since the full hadronic qq̄bb̄(h) channel has
the multiple jet environment, the number of observed particles in the final state, which have
various energy, is large. An effect of missing neutrinos will make observed distributions shift from
the generated distributions. Finite detector resolutions will also smear the observed information.
Thus, the larger migration can be given, which are clearly seen in the observables.
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Table 4: The expected number of remaining signal and background events after each cut for
the Zh → qq̄bb̄ at

√
s=250 GeV, with with both of the beam polarization states: P(e−, e+)=

(-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table.

√
s=250 GeV P(e−, e+)= (-80%,+30%)

Cut variables qq̄bb̄ ϵ qq̄H(H /∈ bb̄) 2f 4f Ssig

No cut 30372 100 22175 2.9 · 107 1.02 · 107 -

Nisolep = 0 30314 99.8 17492 2.6 · 107 6.9 · 106 5.28

Npfo ∈ [55, 170] 30218 99.5 15141 6.0 · 106 4.4 · 106 9.37

EZ ∈ [87.75, 118.50] GeV 25712 84.7 11365 3.3 · 106 2.8 · 106 10.35

MZ ∈ [82.29, 102.29] GeV 18658 61.4 7572 3.8 · 105 1.0 · 106 15.62

b-tag ∈ [1.25, 2.0] 11203 36.9 381 9364 8454 65.76

EH ∈ [98.67, 150.67] GeV 10909 35.9 368 8242 7998 66.21

Min Npfo ∈ [5, 40] 10841 35.7 358 6932 7792 67.81

- log y32 ∈ [0.5, 3.62] 10409 34.3 349 3917 7453 70.53

- log y43 ∈ [1.8, 5.52] 10065 33.2 346 2921 7027 71.15

thrust T ∈ [0.5, 0.89] 9966 32.8 345 2520 7004 71.39

MH ∈ [90, 142] GeV 9907 32.6 335 2419 6382 72.43

√
s=250 GeV P(e−, e+)= (+80%,-30%)

Cut variables qq̄bb̄ ϵ qq̄H(H /∈ bb̄) 2f 4f Ssig

No cut 20512 100 14976 2.03 · 107 1.27 · 106 -

Nisolep = 0 20473 99.8 11813 1.76 · 107 8.21 · 105 4.77

Npfo ∈ [55, 170] 20408 99.5 10226 3.55 · 106 4.20 · 105 10.20

EZ ∈ [91.5, 119.25] GeV 16830 82.0 7435 1.82 · 106 2.63 · 105 11.60

MZ ∈ [82.3, 102.86] GeV 12670 61.8 5182 2.30 · 105 1.06 · 105 21.28

b-tag ∈ [1.15, 2.0] 8240 40.2 317 6784 4244 58.87

EH ∈ [97.33, 154.00] GeV 8127 39.6 312 6350 4144 59.06

Min Npfo ∈ [4, 40] 8107 39.5 307 5615 4068 60.26

- log y32 ∈ [0.5, 3.80] 7888 38.5 303 3581 3929 62.95

- log y43 ∈ [1.8, 6.00] 7796 38.0 302 3002 3814 63.84

thrust T ∈ [0.5, 0.89] 7674 37.4 301 2442 3792 64.38

MH ∈ [90, 142] GeV 7608 37.1 291 2279 3404 65.28
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Figure 67: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 68: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Figure 69: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.

6.2.3 Impact of angular distribution

Fig. 70 show the ∆χ2 distributions as the sensitivities to the anomalous ZZH couplings in the
one-parameter space of aZ , bZ , and b̃Z , where the one-dimensional distributions of x(cos θZ) and
x(∆Φff̄ ) binned in 20 are used as the demonstrations, and the three-dimensional distribution
of x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 is also used to compare the impact of the multi-

dimensional distribution. The evaluations are given for both beam polarization states P(e−, e+)=
(-80%,+30%) and (+80%,-30%) with the integrated luminosities of

∫
L =250 fb−1. Fig. 71 give

the color maps showing the ∆χ2 value in each two-parameter space of aZ-bZ , aZ-b̃Z , and bZ-b̃Z .
Although the probability of the migration effects are significantly larger, and furthermore the

sensitivity given by the ∆Φ distribution is half compared to the muon channel, the impact of the
angular information is sizably larger than that of the muon channels. This is simply the benefit
of the statistics of the hadronic qq̄bb̄(h) channel, which is roughly six times better than the lepton
channel.
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Figure 70: Distributions show ∆χ2 as a function of each parameter which gives anomalous ZZH
couplings, and the evaluation is done in the one-parameter axis. Black, red, and blue line on
the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information is
considered here, the χ2 values of aZ is 0.0 over the given range. In upper and lower plots the
different beam polarizations are assumed with the integrated luminosity of 250 fb−1: P(e−, e+)= (-
80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular distributions
used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in 20, and (right)
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 are used respectively.

6.2.4 Sensitivity in three parameter space

The sensitivity to the anomalous ZZH couplings with the Higgs hadronic qq̄H(bb̄) channel only is
evaluated assuming the integrated luminosity of 250 fb−1 with both of the beam polarization states
P(e−, e+)= (-80%,+30%) and (+80%,-30%). The angular information of the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 , and the information of the production cross-
section is combined. The minimization fitting is done in the three anomalous parameter space.

Upper plots in Fig. 72 give contours showing 1σ and 2σ bounds for each parameter, which
are projected onto the corresponding two-dimensional parameter space aZ-bZ , aZ-b̃Z , and bZ-b̃Z .
The strong correlation between the aZ and bZ parameters is also seen same as the lepton channels.
Middle plots in Fig. 72 give ∆χ2 distributions as a function for each anomalous parameter aZ ,
bZ , and b̃Z . The evaluation is performed by scanning ∆χ2 along one parameter axis while setting
the other two parameters free, which corresponds to the simultaneous minimization in the three
parameter space. The results are given using both of the angular and the cross-section information
of the electron channel only. Explicit values corresponding to the 1σ bounds for each anomalous
parameter aZ , bZ , and b̃Z and correlation matrix ρ indicating correlation coefficients between
the parameters are given in the last line of Fig. 72. Both beam polarization states P(e−, e+)= (-
80%,+30%) and (+80%,-30%) with the benchmark integrated luminosity of 250 fb−1 are assumed.
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Figure 71: The distributions show ∆χ2 in the two-dimensional parameter space aZ-bZ , aZ-b̃Z ,
and bZ-b̃Z . Only each angular distribution is used for the evaluations: (top) x(cos θZ) binned in
20, (middle) x(∆Φff̄ ) binned in 20, and (bottom) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 are used

respectively. The results are given only for the beam polarization of P(e−, e+)= (-80%,+30%).
The sensitivity is 0.0 for the any az when bZ or b̃Z is 0.0.

93



6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

  Zb
0.4 0.2 0 0.2 0.4

  
Z

a

3

2

1

0

1

2

3

=250GeVs) bb→H(Hq q→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  Zb
~

0.4 0.2 0 0.2 0.4

  
Z

a
3

2

1

0

1

2

3

=250GeVs) bb→H(Hq q→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  Zb
~

0.4 0.2 0 0.2 0.4

  
Z

b

1

0.5

0

0.5

1

=250GeVs) bb→H(Hq q→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  
Z

a
3− 2− 1− 0 1 2 3

  
2 χ∆

0

2

4

6

8

10

)bb→H(Hq q→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

  
Z

b
1− 0.5− 0 0.5 1

  
2 χ∆

0

2

4

6

8

10

)bb→H(Hq q→e+e

1
Ldt=250fb∫=250GeV, s

)bb→H(Hq q→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

  
Z

b
~

1− 0.5− 0 0.5 1
  

2 χ∆
0

2

4

6

8

10

)bb→H(Hq q→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−0.512, 0.506]

bZ = [−0.183, 0.184]

b̃Z = [−0.0837, 0.0837]

, ρ =

 1 − 0.9998 −0.0757

- 1 0.0796

- - 1


√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (+80%,−30%)

aZ = [−0.540, 0.533]

bZ = [−0.193, 0.195]

b̃Z = [−0.0891, 0.0889]

, ρ =

 1 − 0.9997 −0.0012

- 1 0.0048

- - 1


Figure 72: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the hadronic channel only under the
three free parameter space. The integrated luminosity of 250 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 and the production cross-section are combined.

(Middle): The plots show ∆χ2 distributions as a function of each parameter space of the anoma-
lous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information (the
angles and the cross-section) and scanning one parameter while setting the other two parameters
to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.

94



6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

6.3 Combined results on the sensitivity to the anomalous ZZH couplings

All information evaluated using each channel of the two leading Higgs production processes must
be combined to give the achievable sensitivities in the ILC. The available information which sutisfy
statistically independent are the kinematical distributions derived from each channel, which are
three-dimensional distributions from the Higgs-strahlung process and one-dimensional distribution
from the ZZ-fusion, respectively. The variation of the production cross-section of both of the
process are also strong information to constraint the anomalous couplings.

6.3.1 Results in parameter space of (aZ , bZ , b̃Z)

With the benchmarking luminosity at
√
s = 250 GeV :

Plots in Fig. 73 give 1σ and 2σ bounds as the prospective sensitivities to the anomalous ZZH
couplings, where the sensitivities coming from both of the ZH and ZZ processes are separately
plotted onto each parameter space. The 1σ bound in the ZZ process which can be seen in the
aZ-bZ space is actually extending to the left side of the plot. Thus, the lower bound along aZ is
hidden in the aZ-bZ space,

  Zb
0.4− 0.2− 0 0.2 0.4

  
Za

1−

0.5−

0

0.5

1
-1

Ldt=250fb∫=250GeV, s

)=(-80%,+30%)+,e-P(e

SM

=12χ∆ZH 

=42χ∆ZH 
=12χ∆ZZ 

=42χ∆ZZ 

  Zb
~0.4− 0.2− 0 0.2 0.4

  
Za

1−

0.5−

0

0.5

1

-1
Ldt=250fb∫=250GeV, s

)=(-80%,+30%)+,e-P(e

SM
=12χ∆ZH 

=42χ∆ZH 
=12χ∆ZZ 

=42χ∆ZZ 

  Zb
~0.4− 0.2− 0 0.2 0.4

  
Zb

0.4−

0.2−

0

0.2

0.4 -1
Ldt=250fb∫=250GeV, s

)=(-80%,+30%)+,e-P(e

SM

=12χ∆ZH 

=42χ∆ZH 

=12χ∆ZZ 

Zb
0.4− 0.2− 0 0.2 0.4

Za

1−

0.5−

0

0.5

1

SM

=12χ∆
=42χ∆

-1Ldt=250fb∫)=(-80%,+30%), +,e-=250GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Zb
~-0.4 -0.2 0 0.2 0.4

Za

-1

-0.5

0

0.5

1

SM

=12χ∆
=42χ∆

-1Ldt=250fb∫)=(-80%,+30%), +,e-=250GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Zb
~-0.4 -0.2 0 0.2 0.4

Zb

-0.4

-0.2

0

0.2

0.4

SM

=12χ∆
=42χ∆

-1Ldt=250fb∫)=(-80%,+30%), +,e-=250GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Figure 73: The Plots show contours corresponding to the 1σ and 2σ sensitivity to the anomalous
ZZH couplings at

√
s = 250 GeV with the assumption of the integrated luminosity of 250 fb−1 and

the beam polarization state P(e−, e+)= (-80%,+30%). Both of the information are considered: the
three-dimensional distributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 and the one-dimensional

distribution x(∆Φff̄ ) binned in 5 respectively for three channels of the Zh and one channel of the
ZZ processes. After the simultaneous fitting the results are projected onto the two-dimensional
parameter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . (Upper): The results are separately given, which are
the Higgs-strahlung and the ZZ-fusion process. The sensitive region of the 1σ bound in the ZZ
process is extending to the left side to some extent. (Lower): The results are combined into one.
The physical parameter limits are set to be < 8 for all case.

95



6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

  
Z

a
1 0.5 0 0.5 1

  
2 χ∆

0

1

2

3

4

5

6

7

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

w/ ZH

w/ ZH+ZZ

  Zb
0.4 0.2 0 0.2 0.4

  
2 χ∆

0

1

2

3

4

5

6

7

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

w/ ZH

w/ ZH+ZZ

  Zb
~0.2 0.1 0 0.1 0.2

  
2 χ∆

0

1

2

3

4

5

6

7

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

w/ ZH

w/ ZH+ZZ

Figure 74: Plots show ∆χ2 distributions as a function of each parameter space of the anomalous
couplings aZ , bZ , and b̃Z at

√
s = 250 GeV with 250 fb−1, where the four channels of the Zh

(black) and the ZZ-fusion (red) processes are plotted. The distributions are obtained by using both
information and scanning one parameter while setting the other two parameters to be completely
free. The three-dimensional distributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 are used for

the three channels of the Zh process and the one-dimensional distribution x(∆Φff̄ ) binned in 5
is used for the ZZ-fusion process. (The physical parameter limits are set to be < 8 for all case,
which is sufficiently large compared to the area we focus.)

Zh at
√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−0.409, 0.407]

bZ = [−0.146, 0.146]

b̃Z = [−0.0648, 0.0648]

, ρ =

 1 −0.9998 0.0062

- 1 −0.0062

- - 1


Zh at

√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (+80%,−30%)

aZ = [−0.439, 0.436]

bZ = [−0.157, 0.157]

b̃Z = [−0.0717, 0.0716]

, ρ =

 1 −0.9998 −0.0061

- 1 0.0062

- - 1


Zh+ ZZ at

√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−0.323, 0.311]

bZ = [−0.112, 0.116]

b̃Z = [−0.0646, 0.0646]

, ρ =

 1 −0.9924 −0.0036

- 1 0.0035

- - 1


Zh+ ZZ at

√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (+80%,−30%)

aZ = [−0.335, 0.321]

bZ = [−0.115, 0.120]

b̃Z = [−0.0717, 0.0716]

, ρ =

 1 −0.9927 −0.0019

- 1 0.0018

- - 1
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Fig. 74 give the ∆χ2 distributions as a function of each parameter space for the benchmark
performance, where the left-handed polarization state P(e−, e+)= (-80%,+30%) is elected as the
illustration. The impact of the Zh and the ZZ-fusion process are separately plotted in each
parameter. Because the impact of the kinematical distribution derived from the ZZ-fusion process
is too less to increase the sensitivity to the parameter due to the lack of statistics, at least for the
benchmark luminosity of 250 fb−1, it can not give any improvement for the parameter b̃. However,
the correlation between parameters aZ and bZ in the ZZ-fusion process is the opposite diagonal
compared to the direction of the correlation with the Zh process as shown in the plots. The
information of the ZZ-fusion process can constrain the parameters and squeeze the parameter
space which is allowed to move in the aZ-bZ plane. The summary of the sensitivities to the
anomalous ZZH couplings corresponding to 1σ bounds as the prospective results at

√
s = 250 GeV

with the benchmark integrated luminosities of 250 fb−1 is given for both beam polarization states
P(e−, e+)= (-80%,+30%) and (+80%,-30%) in the Fig. 74.

  Zb
0.15− 0.1− 0.05− 0 0.05 0.1 0.15

  
Za

0.4−

0.2−

0

0.2

0.4 -1
Ldt=500fb∫=500GeV, s

)=(-80%,+30%)+,e-P(e

SM

=12χ∆ZH 

=42χ∆ZH 

=12χ∆ZZ 

=42χ∆ZZ 

  Zb
~0.15− 0.1− 0.05− 0 0.05 0.1 0.15

  
Za

0.4−

0.2−

0

0.2

0.4 -1
Ldt=500fb∫=500GeV, s

)=(-80%,+30%)+,e-P(e

SM

=12χ∆ZH 

=42χ∆ZH 

=12χ∆ZZ 

=42χ∆ZZ 

  Zb
~0.15− 0.1− 0.05− 0 0.05 0.1 0.15

  
Zb

0.1−

0

0.1
-1

Ldt=500fb∫=500GeV, s

)=(-80%,+30%)+,e-P(e

SM

=12χ∆ZH 

=42χ∆ZH 

=12χ∆ZZ 
=42χ∆ZZ 

Zb
0.15− 0.1− 0.05− 0 0.05 0.1 0.15

Za

0.4−

0.2−

0

0.2

0.4

SM

=12χ∆
=42χ∆

-1Ldt=500fb∫)=(-80%,+30%), +,e-=500GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Zb
~-0.15 -0.1 -0.05 0 0.05 0.1 0.15

Za

-0.4

-0.2

0

0.2

0.4

SM

=12χ∆
=42χ∆

-1Ldt=500fb∫)=(-80%,+30%), +,e-=500GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Zb
~-0.15 -0.1 -0.05 0 0.05 0.1 0.15

Zb

-0.1

0

0.1

SM

=12χ∆
=42χ∆

-1Ldt=500fb∫)=(-80%,+30%), +,e-=500GeV, P(es

H/qqH(bb)-e+H/e-µ+µ→ZH→-e+e

H(bb)-e+e→ZZ→-e+e

Figure 75: Plots show contours corresponding to the 1σ and 2σ sensitivity to the anomalous
ZZH couplings at

√
s = 500 GeV. Fitting is performed with the three free parameters under the

assumption of the integrated luminosity of 500 fb−1 with the beam polarization state P(e−, e+)=
(-80%,+30%). The results are projected onto the two-dimensional parameter spaces aZ-bZ , aZ-
b̃Z , and bZ-b̃Z . (Upper) The results are separately given, which are the Higgs-strahlung Zh
and the ZZ-fusion process and (lower) the results are combined into one. Both information are
considered: the three-dimensional distributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 and the

two-dimensional distribution x(cos θhiggs,∆Φff̄ ) binned in 10×10 for three channels of the Zh and
one channel of the ZZ processes.
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The strong correlation in the aZ-bZ plane :

As discussed in Sec. 4.1, the matrix elements contributing from both of the Zh and the ZZ-fusion
process are described as,{

MZh
aZ

= −(ϵ1 · ϵ2)
MZh

bZ
= −2E2

√
s(ϵ1 · ϵ2){

MZZf
aZ

= −(ϵ1 · ϵ2)
MZZf

bZ
= (q2h − 2q21 − 2q22)(ϵ1 · ϵ2) + 2(q1 · ϵ2)(q2 · ϵ1)

MZh
aZ

and MZZf
aZ have the same structure because the Z bosons have energy and the Lorentz

condition is imposed in any case. Although the actual contributions are given with squared of the
both matrix elements, the tendency is understandable from the elements. The signs of the matrix
elements for Zh are same while the signs for the ZZ-fusion are different each other. Therefore,
the opposite correlation will be appear in both Zh and ZZ-fusion process in the aZ-bZ plane.

With the benchmarking luminosity at
√
s = 500 GeV :

Plots in Fig. 75 give 1σ and 2σ bounds as the prospective sensitivities to the anomalous ZZH
couplings and in Fig. 76 give ∆χ2 distributions as a function of each parameter space at

√
s =

500 GeV with a benchmark integrated luminosities of 500 fb−1, assuming the left-handed polar-
ization state P(e−, e+)= (-80%,+30%). The impact of the Zh process and the ZZ-fusion process
are separately plotted.

Thanks to the higher energy and higher momentum of the Z bosons, which can lead quick
variation of the kinematical distributions of the process, the strong correlation appears in aZ-bZ
plane at 250 GeV is well squeezed compared. The impact of the ZZ-fusion that can give the
opposite diagonal correlation is additionally sizable to improve the sensitivity to the anomalous
ZZH couplings. The summary of the sensitivities to the anomalous ZZH couplings correspond-
ing to 1σ bounds as the prospective results at

√
s = 500 GeV with the benchmark integrated

luminosities of 500 fb−1 is given for both beam polarization states P(e−, e+)= (-80%,+30%) and
(+80%,-30%) in the Fig. 76.
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Figure 76: Plots show ∆χ2 distributions as a function of each parameter space of the anomalous
couplings aZ , bZ , and b̃Z at

√
s = 500 GeV with 500 fb−1, where the four channels of the Zh

(black) and the ZZ-fusion (red) processes are plotted. The distributions are obtained by using both
information and scanning one parameter while setting the other two parameters to be completely
free. The three-dimensional distributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 are used for the

three channels of the Zh process and the one-dimensional distribution x(cos θhiggs,∆Φff̄ ) binned
in 10 is used for the ZZ-fusion process.

Zh at
√
s = 500 GeV with

∫
Ldt = 500 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−0.133, 0.136]

bZ = [−0.0278, 0.0266]

b̃Z = [−0.0250, 0.0250]

, ρ =

 1 −0.9910 −0.0198

- 1 0.0148

- - 1


Zh at

√
s = 500 GeV with

∫
Ldt = 500 fb−1 and P(e−, e+) = (+80%,−30%)

aZ = [−0.133, 0.136]

bZ = [−0.0278, 0.0267]

b̃Z = [−0.0255, 0.0255]

, ρ =

 1 −0.9892 0.0037

- 1 −0.0037

- - 1


Zh+ ZZ at

√
s = 500 GeV with

∫
Ldt = 500 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−0.0821, 0.0813]

bZ = [−0.0191, 0.0188]

b̃Z = [−0.0231, 0.0231]

, ρ =

 1 −0.7605 −0.0146

- 1 0.0146

- - 1


Zh+ ZZ at

√
s = 500 GeV with

∫
Ldt = 500 fb−1 and P(e−, e+) = (+80%,−30%)

aZ = [−0.0818, 0.0809]

bZ = [−0.0190, 0.0188]

b̃Z = [−0.0240, 0.0240]

, ρ =

 1 −0.7579 0.00784

- 1 −0.0167

- - 1
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6.3.2 Results in parameter space of (ηZ , ζZZ , ζ̃ZZ , ζAZ , ζ̃AZ)

In this section the effective Lagrangian describing the ZZH couplings defined in Eq. (12) is
expanded to include the anomalous γZH couplings in the evaluation of the sensitivities.

The e+e− → ZH process is conducted by a s-channel exchange of the Z boson. The ZH
diagram conducted by a photon exchange and existence of the direct γZH couplings can be
naively assumed although it is completely forbidden at tree level because of no interaction of the
Higgs boson via an electric charge and allowed to include as loop corrections caused with charged
massive particles. In the SM framework, fields of the photon Aµ and the Z boson Zµ are mixing
through the gauge fields Bµ andWµ

3 which are generated by the SU(2)L⊗U(1)Y gauge symmetry.
Once the anomalous ZZH couplings are assumed to exist as the loop corrections of the SM,
the anomalous γZH couplings must be possible to exist as anomalies which are automatically
generated by the higher dimension field operators as discussed in Sec. 2.3.2. Thus, one must
consider these contributions in the effective Lagrangian.

The sensitivity to the anomalous γZH couplings that the ILC experiment will reach can
be also evaluated by exploiting two different beam polarization states: namely left-handed and
right-handed states. As mentioned above, because of the mixing of the gauge fields Bµ and Wµ

3 ,
interference of both fields can not be disentangled with only one beam polarization state. However,
utilizing the two beam polarization states and the fact that the gauge field Bµ couples to both
left-handed and right-handed fermions in the same way through the U(1)Y gauge symmetry and
the field Wµ

3 couples to the left-handed fermions only through the SU(2)L gauge symmetry, the
interference must be disentangled.

1

ZZ

H　　 H　　

ζAZ  × 
Z  γ 

ζZZ    × ＋

Measurement of Higgs couplings and mass in e+e� collisions at CLIC

Table 1: The leading-order Higgs unpolarized cross sections for the Higgs-strahlung, WW-fusion, and ZZ-
fusion processes for mH = 125 GeV at the three center-of-mass energies discussed in this document. The
quoted cross sections include the effects of ISR but do not include the effects of beamstrahlung. Also listed
are the numbers of expected events including the effects of beamstrahlung and ISR.

350 GeV 1.4 TeV 3 TeV

Lint 500 fb�1 1500 fb�1 2000 fb�1

s(e+e� ! ZH) 134 fb 9 fb 2 fb
s(e+e� ! Hnene) 52 fb 279 fb 479 fb
s(e+e� ! He+e�) 7 fb 28 fb 49 fb
# ZH events 68,000 20,000 11,000
# Hnene events 26,000 370,000 830,000
# He+e� events 3,700 37,000 84,000

processes with the highest cross section are shown in Figure 1. The expected number of ZH and
Hnene events at the different stages in a CLIC energy staged scenario is compared in Table 1 [4].

The results of the presented studies are based on detailed GEANT4 detector simulations, with
the dominant gg ! hadrons background overlaid and with full reconstruction of simulated events.
All relevant SM background processes are considered.
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Figure 1: The three Higgs production processes at CLIC with the highest cross section. From left to right:
Higgs-strahlung process (dominates below

p
s ⇡ 500 GeV), W-boson fusion and Z-boson fusion.

In addition to high cross section processes, an access is provided to top Yukawa coupling and
trilinear Higgs self-coupling through the e+e� ! tt̄H and e+e� ! HHnen̄e processes, shown in
Figure 2.
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Figure 2: Rare processes at CLIC involving, from left to right, the top Yukawa coupling gttH , the Higgs
boson trilinear self-coupling l and the quartic coupling gHHWW .
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Figure 77: A view illustrates vertices of the ZZH and the γZH on the ZH process. The given
parameters ζZZ and ζAZ are describing both contributions.

To include the anomalous γZH couplings into the effective Lagrangian, the defined param-
eterization of the anomalous ZZH couplings in Eq. (12) is replaced with new parameterization
which is composed of both of the anomalous ZZH and γZH couplings. The parameters bZ
and b̃Z are replaced by introducing dimensionless parameters ζZZ and ζ̃ZZ , which are defined in
Eq. (37). In addition, new dimensionless parameters ζAZ and ζ̃AZ which describe the anomalous
γZH couplings, as illustrated in Fig. 77, are also introduced into the effective Lagrangian.

ηZ =
v

Λ
aZ , ζZZ =

v

Λ
bZ , and ζ̃ZZ =

v

Λ
b̃Z (37)

LZZH+γZH = M2
Z

1

v

(
1 + ηZ

)
ZµZ

µh

+
ζZZ

2v
ZµνZ

µνh+
ζAZ

v
AµνZ

µνh

+
ζ̃ZZ

2v
ZµνZ̃

µνh+
ζ̃AZ

v
AµνZ̃

µνh

(38)

where v and Λ denote the vacuum expectation value and the new physics scale, which are 246 GeV
and 1 TeV. The new effective Lagrangian describing both of the anomalous ZZH and γZH
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6 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS

couplings redefined in Eq. (38) are recovering Eq. (11) except the anomalous WWH and γγH
couplings.

Contributions of each structure derived from both ZZH and γZH couplings can be evaluated
by connecting the first parameterization with the new one and considering the two different beam
polarization states. To clarify the connection of both of the parameterizations, theoretical calcula-
tion was performed with the PHYSSIM generator to put the coefficients giving the contributions,
which are calculated in terms of relative difference of the production cross-section of σBSM/σSM .
The given relation between the two parameterizations for the

√
s=250 GeV are as follows, in the

case of bZ ,  e−Le
+
R : 1 + 5.70 ζZZ + 7.70 ζAZ = 1 + 5.70 b

e−L e+R
Z

e−Re
+
L : 1 + 5.70 ζZZ − 9.05 ζAZ = 1 + 5.70 b

e−Re+L
Z

(39)

 ζZZ = 0.54 b
e−L e+R
Z + 0.46 b

e−Re+L
Z

ζAZ = 0.34 b
e−L e+R
Z − 0.34 b

e−Re+L
Z

(40)

and as for b̃Z ,  e−Le
+
R : 1− 1.14

103
ζ̃ZZ − 1.80

103
ζ̃AZ = 1− 1.14

103
b̃
e−L e+R
Z

e−Re
+
L : 1 + 2.40

103
ζ̃ZZ + 1.18

103
ζ̃AZ = 1 + 2.40

103
b̃
e−Re+L
Z

(41)

 ζ̃ZZ = −0.46 b̃
e−L e+R
Z + 1.46 b̃

e−Re+L
Z

ζ̃AZ = 0.93 b̃
e−L e+R
Z − 0.93 b̃

e−Re+L
Z

(42)

where b
e−L e+R
Z and b

e−Re+L
Z given in the relations denote the anomalous parameters corresponding

to the nominal beam polarizations: P(e−, e+) = (−80%,+30%) and (+80%,−30%), respectively.
In the equations of Eq. (39) and Eq. (41), for instance, the left side show the variation of the
normalization described with the new parameters ζZZ and ζAZ , while the right side show the
variation described with bZ . The same relation can be established for the parameter b̃Z , and
similarly for the higher energy

√
s =500 GeV.

With the benchmarking luminosity at
√
s = 250 GeV :

Under this connection the fitting was performed to give the sensitivities to both of the ZZH and
γZH couplings simultaneously assuming the benchmark luminosity of 250 fb−1. Fig. 78 show
summaries of the evaluation for each parameter. Notice that the relations Eq. (40) and Eq. (42)
are directly using to translate to the ζ parameters. Thus, the given values must be multiplied by
Λ/v = 4.065.
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Figure 78: (Upper): The color maps give the ∆χ2 after 5 parameters fit, which are projected onto
several parameter spaces as examples. (Middle) The distributions show the ∆χ2 distributions pro-
jected onto each parameter axis. The variation of the cross-section and the three-dimensional dis-
tributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 and the one-dimensional distribution x(∆Φff̄ )

binned in 5 respectively for three channels of the Zh and one channel of the ZZ processes are
used. (Lower) The given values correspond 1σ bounds as the sensitivities to each anomalous ZZH
and γZH couplings. Since the aZ , bZ , and b̃Z parameters directly used, it is necessary to convert
them by a factor of Λ/v = 4.065.
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With the benchmarking luminosity at
√
s = 500 GeV :

The following relations are calculated at
√
s=500 GeV as the coefficients of the contributions,

which are respectively for bZ e−Le
+
R : 1 + 9.77 ζZZ + 14.73 ζAZ = 1 + 9.77 b

e−L e+R
Z

e−Re
+
L : 1 + 9.75 ζZZ − 17.22 ζAZ = 1 + 9.75 b

e−Re+L
Z

(43)

 ζZZ = 0.54 b
e−L e+R
Z + 0.46 b

e−Re+L
Z

ζAZ = 0.306 b
e−L e+R
Z − 0.306 b

e−Re+L
Z

(44)

and for b̃Z  e−Le
+
R : 1− 6.72

103
ζ̃ZZ − 9.71

103
ζ̃AZ = 1− 6.72

103
b̃
e−L e+R
Z

e−Re
+
L : 1 + 2.42

103
ζ̃ZZ − 6.47

102
ζ̃AZ = 1 + 2.42

103
b̃
e−Re+L
Z

(45)

 ζ̃ZZ = 0.950 b̃
e−L e+R
Z + 0.051 b̃

e−Re+L
Z

ζ̃AZ = 0.0355 b̃
e−L e+R
Z − 0.0355 b̃

e−Re+L
Z

(46)

The sensitivities to both of the ZZH and γZH couplings assuming the benchmark luminosity of
500 fb−1 are given in Fig. 79. Again, notice that the relations Eq. (44) and Eq. (46) are directly
using to translate to the ζ parameters. Thus, the given values must be multiplied by Λ/v = 4.065.

With ILC full operation :

The achievable sensitivities to the anomalous couplings assuming ILC full operation are also eval-
uated. One of the scenarios among the operation proposals of the ILC [46] is known as H20,
where total luminosities of 2 ab−1 and 4 ab−1 are planned to be accumulated for

√
s =250

and 500 GeV, respectively. Approximately 67.5 % and 22.5 % out of the integrated luminos-
ity of 2 ab−1 are planed to be assigned for both of the beam polarization states of P(e−, e+) =
(−80%,+30%) and (+80%,−30%) at

√
s=250 GeV, whereas 40 % out of the 4 ab−1 are also

planned to be assigned for both polarization states at
√
s=500 GeV. Fig. 80 illustrate ∆χ2 distri-

butions showing the prospective sensitivities to the anomalous ZZH and γZH couplings which
are evaluated under the assumption of the H20 scenario, where all information evaluated up to
here are combined. Notice again that the given values must be multiplied by Λ/v = 4.065.

The sensitivity to ηZ , which is the SM-like parameter, can reach 0.55 %, and the sensitivities to
the other new structures describing anomalous ZZH couplings can also respectively reach 0.2 %
and 0.3 %. The sensitivities to the new structures describing anomalous γZH couplings can reach
less than 0.1 % as well.
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Figure 79: (Upper): The color maps give the ∆χ2 after 5 parameters fit, which are projected onto
several parameter spaces as examples. (Middle) The distributions show the ∆χ2 distributions pro-
jected onto each parameter axis. The variation of the cross-section and the three-dimensional dis-
tributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 and the one-dimensional distribution x(∆Φff̄ )

binned in 5 respectively for three channels of the Zh and one channel of the ZZ processes are
used. (Lower) The given values correspond 1σ bounds as the sensitivities to each anomalous ZZH
and γZH couplings. Since the aZ , bZ , and b̃Z parameters directly used, it is necessary to convert
them by a factor of Λ/v = 4.065.
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Figure 80: (Upper): The color maps give the ∆χ2 after 5 parameters fit, which are projected onto
several parameter spaces as examples. (Middle) The distributions show the ∆χ2 distributions pro-
jected onto each parameter axis. The variation of the cross-section and the three-dimensional dis-
tributions x(cos θZ , cos θ

∗
f ,∆Φff̄ ) binned in 5×5×5 and the one-dimensional distribution x(∆Φff̄ )

binned in 5 respectively for three channels of the Zh and one channel of the ZZ processes are
used. (Lower) The given values correspond 1σ bounds as the sensitivities to each anomalous ZZH
and γZH couplings. Since the aZ , bZ , and b̃Z parameters directly used, it is necessary to convert
them by a factor of Λ/v = 4.065.
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7 Analysis on the anomalous WWH couplings

In the framework of the EFT, the field operators being the gauge invariant can generate not
only the anomalous ZZH and γZH couplings but also the anomalous WWH couplings as well
because of the SU(2) symmetry, which are included in the effective Lagrangian given in Eq. (13)
as the ηW , ζW , and ζ̃W parameters. The effect derived from the anomalous WWH couplings
is assumed to appear in the variation of cross-section and kinematical distributions which are
strongly originating from the new Lorentz structures. The anomalous WWH couplings originally
have a relation with the anomalous ZZH couplings by requiring the SU(2) × U(1) invariance
which are ensured by the field operators of the EFT. Therefore, on the study exploiting the EFT
framework in the ILC [32], ηW and ζW are considered as the parameters which are constrained
with measurement accuracies of the cross-section, and a part of the global fitting to evaluate all
parameter precisions simultaneously.

However, as with the estimation of the sensitivity to the anomalous ZZH, there exists sufficient
capability that both sensitivities to ηW and ζW are improved by using the kinematical distribution
derived from the structures of the anomalous WWH couplings. But this consideration has not
been given in the EFT framework discussed in [32] for the moment. The purpose of this section
is to evaluate how much the sensitivities to WWH couplings which are independently evaluated
from the anomalous ZZH studies by exploiting the kinematical distribution can reach, compared
to the results given by the ZZH studies alone, and to estimate whether the sensitivities toWWH
couplings can improve the results of the anomalous V V H couplings or not.

Processes for evaluating the anomalous WWH couplings :

To evaluate the sensitivity to the anomalous WWH couplings, the following 6 channels of both
of the Higgs production process through the WW -fusion and Higgs decay processes through the
Higgs-strahlung at both center-of-mass energies

√
s = 250 and 500 GeV are considered:



√
s = 250 GeV e+e− → νeν̄eh, h→ bb̄ (WW -fusion process)

· · · e+e− → Zh→ qq̄h, h→WW ∗ → qq̄lν̄ (Higgs-strahlung)

· · · e+e− → Zh→ qq̄h, h→WW ∗ → qq̄qq̄ ( · · · )

· · · e+e− → Zh→ νν̄h, h→WW ∗ → qq̄qq̄ ( · · · )
√
s = 500 GeV e+e− → νeν̄eh, h→ bb̄ (WW -fusion process)

· · · e+e− → νeν̄eh, h→WW ∗ → qq̄qq̄ ( · · · )

The WW -fusion at 250 GeV listed in the first line can give both information: variation of the
production cross-section in the production vertex and the kinematical distribution derived from
the vertex, which is expected to have small migration effects because of a clear feature of the final
state. However, the process Zh→ νν̄bb̄ of the Higgs-strahlung has same final state and is possible
for the shape to vary depending on the anomalous ZZH couplings. which must be care in the
analysis. The analysis of two main channels, which are the WW -fusion process with the h → bb̄
decay and the Higgs-strahlung process with the h → W+W− → qq̄lν are mentioned in the main
text as examples. The other channels are summarized in the appendix.

A full hadronic channel Zh → qq̄h, h → WW ∗ → qq̄qq̄ of the Higgs-strahlung seems to have
advantage in terms of the statistics. However, the shape information of kinematical distributions
of this channel receives the huge migration effects due to multi jet environment. Therefore, most
of the shape information is lost and can not be extracted at all, which is discussed in Sec. B.1.
The Z decaying to neutrino channel Zh → νν̄h, h → WW ∗ → qq̄qq̄ is tried to categorize to
maximize the sensitivity to the parameter b̃W that is given from the angle between decay planes
∆Φ. The key performance is the heavy flavor tagging to identify c-quarks. This will be also
discussed in Sec. B.2.
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

7.1 e+e− → νeν̄eh, h → bb̄ at
√
s = 250 GeV

7.1.1 Reconstruction and background suppression

The event reconstruction was done by clustering inclusively all PFOs into two jets with the Durham
jet algorithm and the heavy flavor tagging was implemented with LCFIPlust software package.
When extracting the shape information at

√
s=250 GeV using the t-channel νν̄h reaction of

the WW -fusion process, one problem is interference with the s-channel Higgs-strahlung process
that has the same final state of νν̄h and a larger cross-section of 61.6 fb with the left-handed
polarization: P(e−, e+)= (-80%,+30%), which is a few times larger than that of the signal whose
cross-section is 15.4 fb. This s-channel process completely overlaps with the signal process and it
is almost irreducible. A two-fermion SM process of hadronic reaction e+e− → qq̄ + (γ), where γ
denotes a radiative return to the Z boson, has more than 1000 times large cross-section and it is
also possible source as the background suppression.
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Figure 81: The distributions show each observable used for the background suppression assuming
250 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.
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Available observables which are sensitive to the anomalous WWH couplings in the WW -
fusion process are the momentum Ph and the polar angle cos θh distribution of the Higgs boson
as illustrated in Sec. 4.2. However, a lot of two-fermion backgrounds, for instance, are possible to
cover the sensitive area of the polar angle of the Higgs boson after the background suppression as
illustrated in the first plot of Fig. 81. The most strong observable among the shape information for
testing the anomalous couplings seems to be the momentum distribution of the Higgs according
to the variation of the shape listed in Sec. 4.2. For the purpose of making the sensitivity coming
from the momentum distribution of the Higgs boson maximize and the signal significance increase,
the polar angle cut was imposed together with the other cuts to suppress the huge two-fermion
background. All cut observables for the suppression are as follows, and Table 5 shows reduction
table of the signal and backgrounds.

Table 5: The expected number of remaining signal and background events after each cut on the
t-channel νν̄h, h→ bb̄ at

√
s=250 GeV. The integrated luminosity of 250 fb−1 is assumed. ϵ and

Ssig denote the signal efficiency and significance respectively.

Cut variables
√
s=250 GeV P(e−, e+)= (-80%,+30%)

νν̄h SM backgrounds
process (t)h→ bb̄ ϵ h→others (s)νν̄h 2f 4f Ssig
cross-section (fb) 9.12 - 6.28 61.60 - - -

Expected 2279 100 1571 15177 2.91 · 107 1.02 · 107 -
NisoLeps = 0 2273 99.74 1213 13923 2.15 · 107 9.69 · 106 0.43
NPFOs ∈ [30, 90] 2210 96.97 892 12379 1.72 · 107 6.11 · 106 0.47
sum of b-tag > 1.0 2062 90.47 18 8302 2.97 · 106 4.64 · 106 1.15
cos θh ∈ [−0.928, 0.927] 1862 81.70 16 7751 7.25 · 106 1.80 · 105 1.95
Evis ∈ [110.0, 161.25] 1687 74.02 14 7190 1.04 · 104 3.14 · 104 7.50
- log y23 ∈ [2.67, 10.83] 1574 69.06 14 6721 7980 2.58 · 104 7.68
min NPFOs > 10 1556 68.27 11 6647 7624 2.31 · 104 7.88
cos θopenjets < 0.0 1555 68.23 11 6645 7602 1.98 · 104 8.24

Mh ∈ [108, 132] 1319 57.87 9 5526 2370 3684 11.6

• NisoLeps = 0, NPFOs ∈ [30, 90], and sum of b-tag for both jets > 1.0

Since an isolated lepton is expected not to be exist in the final state and it is not a multiple jet
environment, the number of isolated leptons and PFOs are useful observable to distinguish
the signal from the background. Additionally two clustered jet have larger b-likeness.

• cos θh ∈ [−0.928, 0.927]

The polar angle of the di-jet is useful to suppress the 2-fermion events originating from the
radiative return to the Z. The radiated γ flies along the beam axis and becomes missing,
and the Z boson generated in the reaction also flies back-to-back to the γ. Thus it has the
very small polar angle.

• Evis ∈ [110.0, 161.25] GeV,
the jet clustering parameter - log y23 ∈ [2.67, 10.83], and min NPFOs > 10

The visible energy in the reaction, the parameter for giving jet transition from 2 to 3 jets,
and the number of minimum PFOs among jets in the reaction. These values are useful to
suppress full hadronic process and processes which has the different number of jets in the
reaction.

• cos θopenjets < 0.0

A clear difference can been seen between t-channel and s-channel processes because products
through t-channel reactions fly to very forward and backward area kinematically.
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Figure 82: The distributions show the summary of the Higgs momentum Ph distribution after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical
error is given as the standard deviation of the Poisson probability. Notice that the s-channel
νν̄h process overlaps in the sensitive area of the t-channel νν̄h process. (Top right): the event
acceptance function ηi. (Bottom left and middle): the distribution shows the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ ,
and the cross-sections of f̄ji as 1-dim plots.
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Figure 83: The distributions show the summary of the Higgs polar angle cos θhiggs after the back-
ground suppression. (Top left and middle): the remaining signal and the background distribution,
which are given with the MC truth and the reconstructed. (Top right): the event acceptance func-
tion ηi. (Bottom left and middle): the probability matrix of the migration (f̄ji) that is applied
for the reconstruction of cos θhiggs, and the cross-sections of f̄ji as 1-dim plots.

109
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• Mh ∈ [108, 132] GeV

The invariant mass of the di-jet system, which becomes a conclusive mass window to deter-
mine the statistical error on each bin of kinematical histograms.

The momentum and polar angle distributions of the Higgs boson after all cuts are given in
Fig. 82 and Fig. 83, where the 2-fermion background is sufficiently suppressed while a lot of s-
channel νν̄h events still remain, which completely cover the signal region of the t-channel νν̄h
process as shown in Fig. 82. Since there are only clear two jets in the final state and the jets can
be separated because of the less boost, it can be seen that the migration effects is very small.

7.1.2 Impact of kinematical distribution

To evaluate the impact of the shape information, χ2 test was performed using Ph, cos θh, and the
three-dimensional distribution composed of (Ph, cos θh, cosϕh), where cosϕh denotes the azimuth
angle. Fig. 84 give the ∆χ2 for each anomalous WWH parameter. The results in which the polar
angle cut is not imposed are also given to consider the effect of the polar angle cut.
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Figure 84: Distributions show ∆χ2 as a function of each anomalous WWH parameter aW , bW ,
and b̃W . The evaluation is done in the one-parameter axis. Black, red, and blue line on the plots
correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information is considered
here, the χ2 values of aW is 0.0 over the given range. (Upper) the polar angle cut is not imposed.
(Lower) the polar angle cut is imposed to maximize the sensitivity given by Ph of the Higgs boson.
Each distribution are used: respectively (left) x(Ph), (middle) x(cos θh) which are binned in 20,
and (right) x(Ph, cos θh, cosϕh) binned 5×5×5 . The integrated luminosity of 250 fb−1 and the
beam polarization of P(e−, e+)= (-80%,+30%) are assumed.
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

It is seen that the sensitivity coming from the Ph is significantly improved and one of cosϕh
is slightly worse because of respectively the less background and the lost of the acceptance in the
edge of the distribution. However, it is also observed that the impact of the three-dimensional
distribution does not change with and without the polar angle cut. This is because, when the multi-
dimension, for instance x(Ph, cos θh) is focused on as given in Fig. 85, the 2-fermion backgrounds
distribute around especially the edge of cos θh = ±1 and do not exist in the center area whereas
the signal process distributes uniformly over the area and the variation of the shape depending
on the parameter can also happen over the given area. Therefore, even if a lot of 2-fermion
backgrounds remain, it does not strongly affect the sensitivity that the momentum distribution
can give as far as the multi-dimensional distribution is used. Nevertheless, because the results
with the polar angle cut give the slightly better sensitivity for both parameters, these results are
used for extracting the shape information.
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Figure 85: The scatter plots show x(Ph, cos θh) for both of the t-channel νν̄h and the two-fermion
SM background processes, where the index h denotes the di-jets system.

7.1.3 Impact of production cross-section

The branching fraction of the Higgs boson to b-quark would possible to vary because of the
variation of the partial width of h → ZZ and h → WW and its Higgs total width due to the
anomalous couplings. Therefore, only the variation coming from the h→WW production vertex
is considered, whose explanation is given in Sec. 4.4.4. According to the distributions showing the
relative difference of the production cross-section of the WW -fusion σννh illustrated in Fig. 45,
each variation given by each parameter of the anomalous WWH couplings are slightly small
compared to the variation of the production cross-section of the ZZ-fusion. Nevertheless, the
variation of the cross-section depending on the parameter aW is still strong and powerful to find
out the anomalous structures whereas ones depending on the parameters bW and b̃W might be
relatively weak.

A left plot in Fig. 86 gives ∆χ2 distribution as a function of each anomalous parameter using
only the variation of the cross-section. The error of the production cross-section δσννh is given
through error propagation to cancel out the variation of the branching fraction of the b-quark,
which has already discussed in Sec. 4.4.4. A right plot in Fig. 86 also gives color map of ∆χ2 in
two-parameter space of aW -bW .
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Figure 86: (Left) The distribution shows ∆χ2 as a function of each parameter in the one pa-
rameter space, where the normalization information only is used for the evaluation. (Right) The
distributions show ∆χ2 in the two-dimensional parameter space of aW -bW .

7.1.4 Consideration on contribution of the anomalous ZZH couplings

As clearly shown in Fig. 82, the large number of s-channel νν̄h events is remaining. Since the
s-channel νν̄h is the interaction through the ZZH vertex, the kinematical distributions and the
normalization of the s-channel process can vary depending on the existence of the anomalous
ZZH couplings. To consider the contributions of the variation of the anomalous ZZH couplings,
the chi-squared formula is expanded to include such variation effects which is originating from the
ZZH couplings as follows,

χ2
total =

n∑
j

(
St-ννh
SM (xj)− St-ννh

BSM(xj; a⃗W ) + Ss-ννh
SM (xj)− Ss-ννh

BSM (xj; a⃗Z)

∆nobs
SM(xj)

)2

+

(
N t-ννh

SM −N t-ννh
BSM (⃗aW ) +N s-ννh

SM −N s-ννh
BSM (⃗aZ)

δσννh ·N t-ννh
SM

)2

+ a⃗ T
Z (C250GeV

ZZH )−1 a⃗Z ,

where the shape denoted with S is given by applying each fji and normalizing as,

St/s-ννh(xj) = N
t/s-ννh
SM

n∑
i=1

1

σ

dσ

dx
(xi; a⃗V )

∣∣∣∣
t/s-ννh

· f t/s-ννh
ji

The column vectors a⃗V and the variance-covariance matrix CZZH are respectively
given as,

a⃗V =

aV
bV
b̃V

 , CZZH =

 σ2
aZ

ρaZbZσaZσbZ ρaZ b̃Z
σaZσb̃Z

ρaZbZσaZσbZ σ2
bZ

ρbZ b̃Z
σbZσb̃Z

ρaZ b̃Z
σaZσb̃Z

ρbZ b̃Z
σbZσb̃Z

σ2
b̃Z


The first and the second terms are including the variation of the production cross-section and
the kinematical distributions derived from the t-channel νν̄h and s-channel νν̄h processes, which
depend on the anomalous WWH and anomalous ZZH couplings represented with the indication
of t-νν̄h and s-νν̄h in the formula. The variation and the correlations of the anomalous ZZH

112



7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

parameters derived from the ZZH vertex in the s-channel νν̄h is constrained and are given with a
variance-covariance matrix denoted by C250GeV

ZZH which is evaluated through the anomalous ZZH
studies described in the previous section, where the index of 250GeV means the results with
250 GeV.

7.1.5 Sensitivity in three parameter space

Once expanding the parameter space from the two to three, the third parameter start to adjust to
recover the SM situations. Thus the cross-section information only is not sufficient to constrain
the parameter space. A left plot in Fig. 87 show the color map of ∆χ2 distribution in the aW -
bW plane after performing the simultaneous fitting with three parameters using the cross-section
information only. It is obvious that the huge ellipse apperas including the SM point where there
exit no constraints for the anomalous WWH couplings. When adding the shape information to
the cross-section, the sensitive bounds are given around the SM, which is shown in the right plot.

1. In this direction, aW makes the cross-section decrease, and both of the permeates bZ and
b̃W have huge room to adjust the value and recover the SM condition by increasing and
decreasing the cross-section.

2. aW can make the cross-section increase, but bW can not change it largely by moving the
positive direction since the positive direction also makes the cross-section increase. Further-
more, any b̃W can not adjust it since any b̃Z make the cross-section increase. Thus, the
bound is quickly restricted in this direction.
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Figure 87: (Left) The plot shows the color map of the ∆χ2 distribution in the three parameter
space, where only the cross-section information is used to calculate ∆χ2. The physical parameter
limits are set to be < 10. (Right) when adding the shape information into the cross-section
information, the sensitive bounds are strongly constrained. The 1σ and 2σ contours can be seen.

Fig. 88 give the sensitivity to the anomalous WWH couplings after performing simultaneous
fitting in the three parameter space of aW , bW , and b̃W , where the benchmark luminosity of
250 fb−1 is assumed. Compared to the results which do not include the contributions of the
anomalous ZZH couplings, the results with the ZZH contributions get slightly worse, which is
a few percent level for bW . The parameters between aZ and bZ of the anomalous ZZH couplings
have the strong negative correlation. Because of this reason the sensitivity of a⃗W does not affect
strongly by ZZH couplings. Nevertheless, because there is a small room that the parameters a⃗Z
can take values along positive diagonal, the variation of a⃗Z can make a⃗W get slightly worse.
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Figure 88: Upper plots show contours projected onto the two-dimensional parameter spaces aW -
bW , aW -b̃W , and bW -b̃W with the simultaneous minimization, which correspond to the 1σ and 2σ
sensitivity to the anomalous WWH couplings at

√
s =250 GeV with Lint =250 fb−1 and beam

polarization of P(e−, e+)= (-80%,+30%) . Middle plots are ∆χ2 distributions as a function of each
parameter space of the anomalous couplings aW , bW , and b̃W . Both of the information: the shape
of the three-dimensional distribution of x(cos θh, Ph, cosϕh) binned 5×5×5 and the production
cross-section are combined. Lower values give the 1σ bounds for each anomalous parameter aW ,
bW , and b̃W and correlation matrix indicating correlation coefficients between the parameters.
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7.2 e+e− → Zh → qq̄h, h → WW ∗ → qq̄lν̄ at
√
s = 250 GeV

Through the LEP and LEP2 experiment the W boson was well studied and fractions of a pair of
the W bosons to a fully hadronic state, a semi-leptonic state, and a fully leptonic state have been
well measured, which are respectively 45.7 %, 43.8%, and 10.5% [70].

In the first analysis of the Higgs decay h→WW ∗ of the Higgs-strahlung process, the hadronic
decay channel of the Z boson Z → qq̄ is selected, which gives larger cross-section. Nevertheless, the
fully leptonic channel of the W bosons of the Higgs decay process has less statistics, furthermore,
there are two neutrinos in the final state generating from the decay of the W bosons, which
are undetectable. Thus, most of the information of the shape which can give connection to the
anomalous WWH coupling will be missing. In contrast, the fully hadronic of Z and the semi-
leptonic channel of the W pair will have sufficient statistics for extracting the shape information
of the kinematics of reactions.

The semi-leptonic channel would be much clear information than the fully hadronic channel
since the final state has one isolated lepton and a missing neutrino which can be recovered based
on the momentum conservation between the initial and the final state. Additionally, since a charge
of the lepton can be identified, the distribution of ∆Φ is possible to reconstruct with the range of
[0–π] and it is expected that it can give better sensitivity to the parameter b̃W .

7.2.1 Reconstruction and background suppression

To extract the isolated lepton in the final state, the MVA based isolated lepton finding is firstly
applied to a event, where only an electron and a muon which should have momentum of more than
5 GeV are considered while a tau is ignored completely. After applying the lepton finding and
extracting the isolated leptons, the rest of remaining particles are forcibly clustered into four jets
with the Durham jet algorithm. The four jets are tried to pair each other based on the chi-squared
mass constraint15. A neutrino in the final state decaying from one W boson is also reconstructed
by imposing the constraint of the momentum conservation and assuming it is a massless particle16.
The on-shell W boson is also identified by comparing the invariant mass of the W boson, which
is mW = 80.385 GeV [70], after the missing neutrino was reconstructed.

Background supression :

The observables used for the background suppression are listed below, and Table 6 gives the
number of remaining signal and background events after the background suppression using each
cut, where the integrated luminosity of 250 fb−1 with the both beam polarization states are
assumed. The several distributions of the observables used for reduction of the backgrounds are
illustrated in Fig. 89.

• Require that an isolated electron or muon having momentum of more then 5 GeV exists in
a event. (Notice that the reconstruction of a tau is not taken into account here.)

15The mass constraint among four jets in the final state, which are derived from the Z and the Higgs boson, is
given with the equation,

χ2 =

(
Mij −MZ

σZ

)2

where i and j denote the each jet and the mass resolution σZ is set to be 5.2 GeV.

16In the final state it is assumed to exist the Z boson, and the W boson and the isolated lepton which are coming
from the Higgs boson. Thus, the equations imposing the conservation is

(
√
s sin(0.007), 0, 0) = P⃗Z + P⃗W + P⃗l + P⃗ν (momentum conservation)

E2
ν = |P⃗ν |2 (for massless particle)

where 0.007 with a unit of rad gives correction of a crossing angle of the initial state. Since a ISR photon emitted
along the beam pipe sometimes exist, which has four-momentum of (|P⃗γ |, P⃗γ). Although this might have to be
considered, it is not given here.
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• NPFOs ∈ [45, 150] and Evis ∈ [140, 250]

The number of Particle Flow Objects and the observed energy in the reaction are useful to
suppress hadronic decay processes which have relatively the number of larger particles.

• MZ ∈ [85.5, 102.0] GeV, EZ ∈ [89.33, 118.67] GeV,
MW ∈ [46.67, 90.0] GeV, and EW ∈ [49.0, 102.25] GeV

The final state of the signal process has the Z boson and one on-shell W boson decaying
from the Higgs boson. Therefore, clear peaks at the MZ and MW can be seen.
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Figure 89: The distributions show each observable used for the background suppression assuming
250 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Black arrows on each plot indicate the cut values applied to each observable as the background
suppression. The signal process is Zh→ qq̄h, h→WW ∗ → qq̄lν̄.

• - log y23 ∈ [0.92, 4.04], - log y34 ∈ [1.50, 5.18],
min thrust∈ [0.12 0.55], and min NPFOs ∈ [7, 27]

There are still the large number of 4-fermion hadronic processes that include one W and Z
boson and 2-fermion Z → qq̄ SM backgrounds would remain, which generate the different
number of jets in the final state. Thus, the parameter of the jet clustering which shows the
jet transition and the minimum number of PFOs among jets are useful to suppress them.

• Mh ∈ [100, 160] GeV
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Table 6: The expected number of remaining signal and background events after the suppression
using each cut for the Zh → qq̄h, h → WW ∗ → qq̄lν̄ channel at

√
s=250 GeV, with both beam

polarization states: P(e−, e+)= (-80%,+30%) and (+80%,-30%). The integrated luminosity of
250 fb−1 is assumed. The signal efficiency ϵ and significance Ssig are also given in the table.

Cut variables
√
s=250 GeV P(e−, e+)= (-80%,+30%)

Zh→ qq̄WW ∗ → qq̄+ SM backgrounds

process qq̄lν ϵ other h /∈WW ∗ 2f 4f Ssig
cross-section (fb) 19.87 - 25.52 164.79 - - -

Expected 4969 100 6382 41196 2.91 · 107 1.02 · 107 -

ID an iso-lepton (e/µ) 2933 59.02 572 644 1.36 · 106 3.14 · 106 1.38

NPFOs ∈ [45, 150] 2882 57.99 572 422 8.79 · 104 1.17 · 106 2.56

Evis ∈ [140, 250] 2834 57.03 290 380 5.57 · 104 1.12 · 106 2.61

MZ ∈ [85.5, 102.0] 1983 39.90 64 159 9967 3.30e · 104 9.20

EZ ∈ [89.33, 118.67] 1832 36.86 58 134 5284 2.46e · 104 10.14

MW ∈ [46.67, 90.0] 1642 33.04 36 63 2193 1.93e · 104 10.66

EW ∈ [49.0, 102.25] 1473 29.64 33 57 1975 1.21e · 104 11.62

- log y23 ∈ [0.92, 4.04] 1370 27.57 25 52 1510 9360 12.14

- log y34 ∈ [1.50, 5.18] 1119 22.51 9 33 678.2 4126 14.08

min thrust∈ [0.12 0.55] 1082 21.77 8 21 526.8 3724 14.31

min NPFOs ∈ [7, 27] 966 19.44 3 21 177.8 1087 19.06

Mh ∈ [100, 160] 966 19.44 3 21 177.8 1087 19.06

Cut variables
√
s=250 GeV P(e−, e+)= (+80%,-30%)

Zh→ qq̄WW ∗ → qq̄+ SM backgrounds

process qq̄lν ϵ other h /∈WW ∗ 2f 4f Ssig
cross-section (fb) 13.42 - 17.24 111.29 - - -

Expected 3356 100 4310 27823 1.23 · 107 1.27 · 106 -

ID an iso-lepton (e/µ) 1981 59.03 387 435 1.23 · 106 3.12 · 106 1.59

NPFOs ∈ [45, 150] 1946 57.99 223 285 5.23 · 104 9.79 · 104 4.98

Evis ∈ [140, 250] 1914 57.03 195 256 3.30 · 104 9.04 · 104 5.39

MZ ∈ [85.0, 104.0] 1403 41.81 47 115 6542 5565 11.96

EZ ∈ [89.33, 118.0] 1272 37.90 17 95 3286 3579 13.92

MW ∈ [63.33, 89.17] 993 29.59 15 20 519.1 1650 17.47

EW ∈ [67.0, 106.75] 949 28.28 12 18 456.7 1269 18.16

- log y23 ∈ [0.62, 4.28] 894 26.64 12 17 355.5 993.3 18.66

- log y34 ∈ [1.50, 5.76] 811 24.17 6 13 206.6 578.2 20.04

min thrust∈ [0.10, 0.55] 796 23.72 6 13 179.4 534.2 20.21

min NPFOs ∈ [4, 29] 782 23.30 4 11 105.3 267.2 22.66

Mh ∈ [100, 160] 782 23.30 4 11 105.3 267.2 22.66
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

The invariant mass of the Higgs boson reconstructed two W bosons. This is a mass window
to determine the statistical error.

7.2.2 Impact of kinematical distribution

To demonstrate the acceptance and the migration of observables which are sensitive to theWWH,
PW and ∆Φ are shown in Fig. 90 and Fig. 91, which are the momentum distribution of theW boson
in the Higgs rest-frame and the the difference of the angle between both decay planes calculated
in the Higgs rest-frame. Thanks to the unique signature of the reaction of h → WW ∗ → qq̄lν,
as expected, it can be seen that the migration effects for each sensitive observable for testing the
WWH couplings are relatively small.
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Figure 90: The distributions show the summary of the momentum distribution of the W boson
(PW ) calculated in the Higgs rest-frame after the background suppression. (Top left and middle):
the remaining signal and the background distributions which are given with the MC truth and the
reconstructed, where the statistical error is given as the standard deviation of the Poisson proba-
bility. (Top right): the event acceptance function ηi. (Bottom left and middle): the distribution
shows the probability matrix of the migration (f̄ji) that is applied for the reconstruction of the
realistic distribution of PW , and the cross-sections of f̄ji as 1-dim plots.

Event acceptance and off-shell W bosons :

The event acceptance for the ∆Φ distribution is maintaining flatness well over the given region. In
contrast, the event acceptance on the PW distribution drops around 35 GeV, which corresponds
to the transition of the PW distribution. In the higher region >50 GeV the acceptance gets worse.
However, both of the W bosons which are came from the Higgs boson and have the momentum
of >50 GeV in the Higgs rest-frame are off-shell W boson as shown in Fig. 92. Because it can not
be identified whether certain event is given by the Higgs reaction or not if both of the W bosons
are off-shell, these events should be removed from the evaluation of the anomalous couplings.
Therefore, the degradation of the event acceptance at higher region does not care. (Although the
acceptance is slightly given in the plot, the contribution summed to be negligible because of the
less remaining events.)

To extract the sensitivity of the kinematical shape information to the anomalous WWH cou-
plings, the chi-squared test was performed using the one-dimensional distributions of the momen-
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Figure 91: The distributions show the summary of the angle between decay planes in the Higgs
rest-frame (∆Φ) after the background suppression. (Top left and middle): the remaining signal
and the background distribution, which are given with the MC truth and the reconstructed. (Top
right): the event acceptance function ηi. (Bottom left and middle): the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as 1-dim
plots.

tum of the W boson x(PW ) binned in 20, the angle between decay planes x(∆Φ) binned in 20,
and the three-dimensional distribution of x(cos θ∗Wl, PW ,∆Φ) by adding the helicity angle of the
daughter lepton originating from the W boson, which is binned in 5×5×5 . Fig. 93 give the results
for both beam polarization states under the assumption of the integrated luminosity of 250 fb−1.
It can be seen that:

• The main sensitivity to the bW parameter is given by the W momentum distribution, which
can be clearly seen in the results which are evaluated by using the three-dimensional distri-
bution and the one-dimensional distribution of x(PW ).

• In contrast, the impact of ∆Φ to both bW and b̃W is very small compared to the results
with x(PW ). However, when focusing on the results evaluated by the three-dimensional
distribution, there is a little sensitivity to b̃W , which is derived from ∆Φ and its combination
with PW . The variation of PW depending on b̃W is quite small, but one of ∆Φ is large, which
can be seen in the plots of Sec. 4.2.2 illustrating the variations of the kinematical shape.

7.2.3 Sensitivity in three parameter space

Because the available information is the kinematical distribution and the information of the cross-
section is missing, the large are of the parameter space will not be constrained. Therefore, we skip
the fitting in three parameter space here.
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Figure 92: The distribution, given with the log scale, shows the momentum of the W boson in
the Higgs rest-frame versus the mass of the heavier W boson in two W bosons which come from
the Higgs boson. The W boson which has the momentum of > 50 GeV in the Higgs frame is a
off-shell particle.
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Figure 93: The distributions show ∆χ2 as a function of each parameter aW , bW , and b̃W , where
both of the beam polarizations: P(e−, e+)= (-80%,+30%) and (+80%,-30%), and the integrated
luminosity of 250 fb−1 are assumed. The one-dimensional distributions of x(PW ) (left) and x(∆Φ)
(middle) binned in 20, and the three-dimensional distribution of x(cos θ∗Wl, PW ,∆Φ) binned 5×
5×5 (right) are used respectively.
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

7.3 Combined results on the sensitivity to the anomalous WWH couplings

In this subsection combined results showing the sensitivity to the anomalous WWH couplings are
given for

√
s =250 and 500 GeV using each information evaluated up to here. Results with the

assumption of the ILC full operation based on the scenario of H20 are also given.

7.3.1 Results in parameter space of (aW , bW , b̃W )

The results of the sensitivities of each anomalous parameter at
√
s = 250 GeV are given for

left-handed beam condition of P(e−, e+)= (-80%,+30%) as examples. The results with the right-
handed beam condition can not give good constraints on the parameters because the available
information is the shape information of the Higgs-strahlung process only. Therefore, the right-
handed results are omitted for

√
s = 250 GeV.

With the benchmarking luminosity at
√
s = 250 GeV :

For benchmarking of the performance of the sensitivity to WWH couplings under the condition
of

√
s = 250 GeV and the integrated luminosity of

∫
Ldt = 250 fb−1, the information used for the

evaluation are as follows,

• The variation of the production cross-section of the t-channel WW -fusion process σνν̄h is
included, where the relative error of the production cross-section is used. The error is δσνν̄h =
8.20% through the error propagation of δ(σνν̄hBRhbb̄) = 8.1% and δ(BRhbb̄) = 2.9%. The
σ×BR would change depending on the Higgs width which will be affected by the anomalous
couplings of ZZH and WWH if they exist. To retain model independent estimation, we
avoid such situation and remove the unclear variation of the Higgs widths.

• The variation of the kinematical shape distribution of the t-channel WW -fusion process is
included, where the channel h → bb̄ is selected and the three-dimensional distribution of
x(cos θh, Ph, cosϕh) binned in 5×5×5 is used.

• In the above consideration, the variation of the production cross-section and the kinematical
shape distribution of the t-channel WW -fusion process are possible to be affected by the
variation derived from the anomalous ZZH couplings in the s-channel νν̄h of the Higgs-
strahlung process. Thus, these contributions have to be taken into account, which is realized
to include the variance-covariance matrix that must be evaluated using the 250 GeV process
with left-handed polarization, which is given in third line under Fig. 74.

• The variation of the kinematical shape distribution of the Higgs decay h→WW ∗ → qq̄lν of
the Higgs-strahlung process is included in the evaluation. The three-dimensional distribution
of x(cos θ∗Wl, PW ,∆ϕ[0-π]) binned in 5×5×5 is used.

• The variation of the kinematical shape distribution of the Higgs decay h→WW ∗ → qq̄qq̄ of
the Higgs-strahlung process is also included in the evaluation. The final states of the channel
are categorized by appling the flavor tagging into qq̄qq̄ and cx̄xc̄ to extract the sensitivity
to b̃W . The three-dimensional distribution of x(cos θ∗Wl, PW ,∆ϕ[0-

1
2π]) binned in 5×5×5 is

used for the channel of qq̄qq̄ and the one-dimensional distribution of x(∆ϕ[0-π]) binned in 5
is used for the channel of cx̄xc̄.

Fig. 94 give the sensitivity to each anomalous parameter. The sensitivity to each parameter
using the t-channel WW -fusion process only can not be strongly given due to less information
because of the missing neutrinos, insufficient cross-section measurement compared to the Zh
process, and the correlation between the parameters aW -bW . However, the inclusion of the Higgs
decay process h→WW ∗ to extract the shape information can significantly improve the sensitivity,
especially for the disentangling of the correlation, where the dominant process contributing the
improvement is the WW ∗ → qq̄lν semi-leptonic decay process. Unfortunately, because the fully
reconstruction of the observable ∆Φ which is very sensitive to b̃W can not be performed with any
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aW = [−0.373, 0.206]

bW = [−0.929, 0.630]

b̃W = [−1.312, 1.305]

aZ = ±0.298

bZ = ±0.107

b̃Z = ±0.065

, ρ =



1 .3399 .0076 −.0577 −.0011 −.0028

- 1 .0156 −.1070 .1079 −.0048

- - 1 −.0153 .0154 −.0006

- - - 1 −.9912 .0429

- - - - 1 −.0424

- - - - - 1


Figure 94: (Upper) The plots show contours projected onto the two-dimensional parameter spaces
aW -bW , aW -b̃W , and bW -b̃W after the simultaneous fitting in the three-parameter spaces. Each
contour correspond to the 1σ and 2σ sensitivity to the anomalous WWH parameters. (Middle)
The plots are ∆χ2 distributions as a function of each parameter of the anomalous couplings of
aW , bW , and b̃W . The informations used for the evaluation are listed in the main text. (Lower)
The values give the 1σ bounds for each anomalous parameter of aW , bW , and b̃W . The values
which make the variation of the ZZH are also given as the results of the simultaneous fitting,
which includes the correlations between each parameter.
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

Higgs reactions for the WWH couplings, the sensitive to b̃W is relatively worse compared to the
ZZH studies.

With the benchmarking luminosity at
√
s = 500 GeV :

The achievable sensitivity to anomalous WWH couplings at
√
s = 500 GeV is also evaluated.

The main difference is that the Higgs-strahlung process is not considered to extract the shape
information since the production cross-section is very small compared to the WW -fusion process
at 500 GeV. The impact on the sensitivity is completely dominated by the WW -fusion process
at 500 GeV, and there will be no expectation that the small Higgs-strahlung contribution can
improve the sensitivity over the impact coming from theWW -fusion process. However, the Higgs-
strahlung process is considered as the background which would vary depending on the existence of
the anomalous ZZH couplings. Since the WW -fusion process has large production cross-section
at 500 GeV, the Higgs decay h→WW ∗ gives sufficient the number of events to extract the shape
information, where two WWH vertices are contributing the reaction. Therefore, the Higgs decay
h→WW ∗ in the t-channel WW -fusion process is considered in the simultaneous fitting.

• The variation of the production cross-section of the t-channel WW -fusion process σνν̄h is
included, where the relative error of the production cross-section only is considered which is
δσνν̄h = 1.59% through the error propagation of δ(σνν̄hBRhbb̄) = 1.0% and δ(BRhbb̄). This
is because the variation of the branching fraction would change depending on the existence
of the anomalous couplings of ZZH and WWH which affect the Higgs width and it should
avoid the unpredictable variation.

• The variation of the kinematical shape distribution of the t-channel WW -fusion process is
included, where the channel h → bb̄ is selected and the three-dimensional distribution of
x(cos θh, Ph, cosϕh) binned in 5×5×5 is used.

• In the above consideration, the variation of the production cross-section and the kinematical
shape distribution of the t-channel WW -fusion process are possible to be affected by the
variation derived from the anomalous ZZH couplings in the s-channel νν̄h of the Higgs-
strahlung process. Thus, these contributions have to be taken into account, which is realized
to include the variance-covariance matrix that must be evaluated using the 500 GeV process
with left-handed polarization, which is given in third line under Fig. 76.

• The variation of the kinematical shape information of the Higgs decay h→WW ∗ → qq̄qq̄ in
the t-channel WW -fusion process is also included in the evaluation. The final states of the
channel are not categorized as it is done at 250 GeV because the variation of the momen-
tum distribution is stronger as illustrated in Fig. 42. The three-dimensional distribution of
x(cos θ∗Wl, PW ,∆ϕ[0-

1
2π]) binned in 5×5×5 is used for this channel. The observable PW is

measured in the laboratory frame.

Fig. 95 give a summery of the sensitivity to each anomalous parameter at 500 GeV with the
benchmark luminosity. It was already mentioned in the Sec. B.3 that the variation coming from
the anomalous ZZH couplings through the Higgs-strahlung process does not affect the sensitivity
to the anomalous WWH couplings because the anomalous ZZH couplings are clearly identified
at 500 GeV. Additionally it can be also seen that the Higgs decay h→WW ∗ can not improve the
sensitivity at 500 GeV. Since the variation of the information, the cross-section and the shape,
is really strong at 500 GeV and the statistics of the event of the WW -fusion process with the
h→ bb̄ channel is sufficiently provided to give the strong constraints to the anomalous parameters.
Although two HWW vertices contribute to the chain reaction of W−W+ → h, h → W−W+ and
make the kinematical distribution change, the statistics of this channel is insufficient to improve
the sensitivities over the impact given by the h→ bb̄ channel only.

7.3.2 Results in parameter space of (ηW , ζWW , ζ̃WW )

To evaluate the sensitivities to the general parametrization of η and ζ as given in Eq. (11), both
of the beam polarization states are combined, where each parameter aW , bW , and b̃W are replaced
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aW = [−0.094, 0.075]

bW = [−0.153, 0.065]

b̃W = [−0.253, 0.256]

aZ = ±0.0800

bZ = ±0.0182

b̃Z = ±0.0231

, ρ =



1 .1831 .0141 −.0142 −.0152 −4.2 · 10−5

- 1 .0117 .0015 −.0020 −.0004

- - 1 −.0124 .0168 5.5 · 10−5

- - - 1 −.7382 −.0144

- - - - 1 .0146

- - - - - 1



Figure 95: (Upper) The plots show contours projected onto the two-dimensional parameter spaces
aW -bW , aW -b̃W , and bW -b̃W after the simultaneous fitting in the three-parameter spaces. Each
contour correspond to the 1σ and 2σ sensitivity to the anomalous WWH parameters. (Middle)
The plots are ∆χ2 distributions as a function of each parameter of the anomalous couplings of
aW , bW , and b̃W . The informations used for the evaluation are listed in the main text. (Lower)
The values give the 1σ bounds for each anomalous parameter of aW , bW , and b̃W . The values
which make the variation of the ZZH are also given as the results of the simultaneous fitting,
which includes the correlations between each parameter.
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7 ANALYSIS ON THE ANOMALOUS WWH COUPLINGS

with ηW , ζWW , and ζ̃WW by multiplying the factor of Λ/v = 4.065.

With the benchmarking luminosity at
√
s = 250 GeV :

Assuming the benchmarking luminosity of 250 fb−1 for both of the beam polarizations and con-
sidering the contribution of the variation coming from the anomalous ZZH and γZH couplings,
the evaluated sensitivities are given as follows,
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Figure 96: The plots show contours corresponding to the 1σ and 2σ bounds in the ηZ-ηW pa-
rameter space and the ζZ-ζW parameter space assuming the ILC benchmark operation, where the
accumulated luminosities for both beam polarization are 250 fb−1.



ηW = [−0.0691, 0.0499]

ζWW = [−0.1553, 0.1297]

ζ̃WW = [−0.2783, 0.2793]

ηZ = ±0.0544

ζZZ = ±0.0195

ζAZ = ±0.0034

ζ̃ZZ = ±0.0267

ζ̃AZ = ±0.0440

,

ρ =



1 0.2852 −0.0123 −0.0381 −0.0083 −0.3217 −0.0006 0.0008

- 1 −0.0207 −0.0657 0.0663 0.0071 0.0002 0.0003

- - 1 −0.0061 0.0061 0.0006 3.0 · 10−5 3.1 · 10−5

- - - 1 −0.9913 0.0170 −0.0040 −0.0048

- - - - 1 −0.0067 0.0040 0.0140

- - - - - 1 0.0066 0.0047

- - - - - - 1 −0.8967

- - - - - - - 1
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With the benchmarking luminosity at
√
s = 500 GeV :

Assuming the benchmarking luminosity of 500 fb−1 for both of the beam polarizations, the achiev-
able sensitivities are given as follows,
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Figure 97: The plots show contours corresponding to the 1σ and 2σ bounds in the ηZ-ηW pa-
rameter space and the ζZ-ζW parameter space assuming the ILC benchmark operation, where the
accumulated luminosities for both beam polarization are 500 fb−1.



ηW = [−0.0211, 0.0154]

ζWW = [−0.0345, 0.0158]

ζ̃WW = [−0.0616, 0.0625]

ηZ = ±0.0137

ζZZ = ±0.0031

ζAZ = ±0.0026

ζ̃ZZ = ±0.0054

ζ̃AZ = ±0.0006

,

ρ =



1 0.2150 0.0152 −0.0454 −0.0537 0.0923 0.0009 −0.00281

- 1 0.0172 8.9 · 10−5 −0.0003 −0.0022 −0.0004 −0.0003

- - 1 −0.0038 0.0053 0.0013 −0.0002 −0.0002

- - - 1 −0.7465 0.0089 −0.0102 −0.0003

- - - - 1 0.0636 0.0085 0.0113

- - - - - 1 0.0079 0.0008

- - - - - - 1 0.6520

- - - - - - - 1
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With ILC full operation :

Assuming the ILC full operation, where the total luminosities of 2 ab−1 and 4 ab−1 are accumulated
for

√
s =250 and 500 GeV, respectively. Approximately 67.5 % and 22.5 % out of the integrated

luminosity of 2 ab−1 are assigned for both of the beam polarization at
√
s=250 GeV, whereas 40 %

out of the 4 ab−1 are assigned for both polarization at
√
s=500 GeV. The achievable sensitivities

are given below.

ηW = [−0.0080, 0.0045]

ζWW = [−0.0172, 0.0088]

ζ̃WW = [−0.0429, 0.0438]

ηZ = ±0.0054

ζZZ = ±0.0016

ζAZ = ±0.0010

ζ̃ZZ = ±0.0027

ζ̃AZ = ±0.0003

,

ρ =



1 0.4071 −0.0546 −0.0148 −0.0773 0.006 −0.0004 −0.0016

- 1 −0.0833 −0.0076 0.0005 0.010 −3.6 · 10−6 4.8 · 10−7

- - 1 0.0024 −0.0010 0.0007 3.4 · 10−5 6.8 · 10−6

- - - 1 −0.8523 −0.1888 −0.0115 −0.0115

- - - - 1 0.0829 0.0103 0.0140

- - - - - 1 0.0066 −0.0001

- - - - - - 1 0.6000

- - - - - - - 1
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8 DISCUSSIONS AND CONCLUSION

8 Discussions and conclusion

Systematic uncertainties on the study :

In the analysis discussed up to here, the results include the statistical error only and the systematic
uncertainties have not been considered. Since the systematic uncertainties must be taken into
account in measurements, several uncertainties related to the study are shortly discussed below.

• Uncertainty on center-of-mass energies including beamstrahlung
To distinguish the Higgs process Zh→ e+e−h/µ+µ−h from the SM backgrounds, the recoil
mass technique was used, which strongly depends on the initial information. The uncer-
tainties of the center-of-mass energies and the beamstrahlung directly propagate to mea-
surements realized by the recoil mass technique. This consideration has been discussed, for
instance, in [83, 84]. According to the documents, the ZZ-final state process can be avail-
able. We know the mass of the Z boson with precision of a few MeV level [70]. By applying
the same technique to the ZZ-final state process, the measured values as the center-of-mass
energies are precisely controlled. Through measurements using beam calorimeter, which is
installed in just outside of the beam pipe and called BeamCal, the beam parameters will be
understood well.

• Uncertainty on beam polarization and luminosity
The uncertainty on the beam polarization is also discussed in [84]. Since the beam polariza-
tion affect cross-section of the BhaBha scattering process and the WW -final state process
which is one of the sensitive processes to the polarization, these processes are available for
the evaluation of the beam polarization. The uncertainty of the beam polarization was es-
timated as 10−3 [84]. This uncertainty is negligible compared to the statistical errors of
the several cross-section measurements, which are inputs of the anomalous V V H couplings
study. The luminosity will be precisely measured using the BhaBha process and luminosity
calorimeter called LumiCal. The beam calorimeter is also useful to measure bunch-by-bunch
luminosity. The relative precision will be reach to 10−3 [85] which includes several system-
atic uncertainties such as the beam polarization, cross-section of the BhaBha and resolution
of the calorimeters.

• Uncertainty on momentum, lepton identification, and flavor tagging
Measured momenta are also possible causes of the uncertainty, which is derived from mis-
alignment of tracking system, non uniformity of magnetic and electric field, bremsstrahlung
and so on. Using 2-fermion process Z → l+l− and measuring the invariant mass of the Z
boson, the tracking system can be precisely calibrated and the uncertainty strongly con-
strained. The uncertainty of flavor tagging will be also well evaluated by using the large
number of Z → qq̄ samples and comparing the samples with real data.

• Uncertainty on method of background suppression
Cut variables applied for the background suppression are basic observables. The uncer-
tainties can be small. In fact, the MVA method, which is almost blackbox and difficult to
evaluate the uncertainty, was applied for the ZZ-fusion process of

√
s =250 GeV. However,

the statistical error is completely dominant in this process since the cross-section is small.

• Uncertainty on event acceptance and detector response functions
To evaluate both of the functions, the large number of MC samples are used. Therefore, the
uncertainties for both functions are assumed to be negligible.

• Uncertainty on theoretical Higgs properties
The theoretical uncertainties for the Higgs couplings and production cross-sections related
to the Higgs are less than 1% level, which are negligible compared to expected experimental
statistical errors, at least, up to

√
s =500 GeV [86]. However, the document concluded that

some considerations are necessary when the energy goes to 1 TeV.
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• Uncertainty on event generator, parton showering, geometries of the detector and so on
Every event samples used in the study was generated with PYTHIA. It might be useful to
use different event generators and compare differences among them. Inconsistency between
the detector geometry and the real detector will be also source of the uncertainty. These
kinds of estimations will be future tasks, but we assume that it is negligible.

Precisions of the Higgs couplings with full ILC-EFT fit :

The remarkable point we revealed through the anomalous V V H studies is that, if the available
information is the cross-section only, we can not give any constraints to the anomalous parameters
due to the adjustment of the third parameter. Therefore, the inclusion of the shape information
is definitely indispensable to give the constraints to the parameters of EFT. Fig. 98 shows the
precisions of the Higgs couplings to the other SM particles with the EFT framework, where the
evaluation was performed including the correlation of the ZZH couplings which we provided from
the study. Even with the ILC-250 GeV physics program, which was proposed as a new ILC
Higgs physics program at 2016 [87], the precisions for the vector bosons, up-type, and down-type
fermions can reach 1 % level.
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図 5: 表 1 に示した EFT 形式によるヒッグス結合の測定精度と ATLAS 共同実験グループによる HL-LHC で
のモデル依存フィットによるヒッグス結合の予想精度 [23] の比較。それ以前の HL-LHC 予想値については文
献 [28] にまとめられている。

4.3 有効場理論（EFT）形式におけるヒッグス粒子の結合定数の測定精度

有効場理論（EFT）形式においては、ヒッグス-Z 相互作用は式 (4) に示したように、二つの異な
るローレンツ構造からなる。前節で説明したように、関係式 (9) は ζZ 項の存在によって破れている。
従って、κ 形式はモデル非依存ではなく、また、EFT 形式ほど一般性がない。

それに対し、EFT 形式では、はるかに大きなグローバルフィットでヒッグス結合を見積もることが
できる。このフィットは 4.1 節で定義した基本的物理量だけでなく、e+e− → Zh 反応に関する他の
物理量や、種々の電弱精密測定および e+e− → W+W− 反応に関する物理量も含む。後者の測定も
含めたフィットが可能になるのは、EFT ラグランジアンが完全なラグランジアンであり、電子・陽電
子対消滅が起こす全ての反応に適応できるためである。フィットすべきパラメータ数がかなり増える
にもかかわらず、各々のパラメータを実験的によく制御できることが分かっている。その結果、EFT

形式では、ヒッグス粒子の結合定数測定の精度が大きく改善する。EFT 形式によるフィット戦略の詳
細は第 3 節と文献 [15,19] に示されている。文献 [15,19] で使用されたフィッティングプログラムによ
るヒッグス結合の測定精度の評価結果を、表 1 に示す。図 5 は、これらの結果を視覚化し、ATLAS

実験グループによる HL-LHC でのヒッグス結合測定の精度予想と比較したものである。

EFT 係数は、本来、重い新粒子の影響によるヒッグス結合のずれをパラメータ化するものである
が、ここでのフィットには、不可視崩壊や、他のエキゾチック崩壊として、ヒッグス粒子が mh/2 よ

14

LHC 3000 fb-1 ATL-PHYS-PUB-2014-016 (2014),                
Model Dependent κ-fit 

LHC 3000 fb-1    +    ILC 250 GeV 2000 fb-1   EFT-fit
LHC 3000 fb-1    +    ILC250  2000 fb-1, 

 + ILC350  200 fb-1 , +    ILC500  4000 fb-1,   EFT-fit                    

!14

Precision in EFT-formalism at the ILC

and Synergy with HL-LHC 
Precision of Higgs Couplings [%]

arXiv:1710.07621 [hep-ex]

Figure 98: The plot is referred from [87]. Precision of the Higgs boson coupling to the SM particles
under the EFT framework. Comparison with the results of the model-dependent estimation of
the HL-LHC is also presented.

Impact of the anomalous WWH couplings study :

In fact, the precisions with the full ILC-EFT fit shown above does not include the results of the
anomalous WWH study although the result of the cross-section measurement of the WW -fusion
process is included. It is supposedly expected that the information of the differential cross-section
given by the WW -fusion process and the Higgs decay process h → W+W− can further more
improve the sensitivities to the EFT parameters, and consequently the precisions to the other SM
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8 DISCUSSIONS AND CONCLUSION

particles can be also improved. Therefore, it is worth mentioning the improvement of the precisions
to some extent. However, because the discussion has not sufficiently done for the moment, the
concrete values are not shown here. Since the evaluated errors for the anomalous WWH are
asymmetric errors, the better bound is taken as the sensitivities to the parameters ηW and ζW ,
and also the correlation between them. The evaluated precisions under this condition give a few
% relative improvement for the ZZH and WWH couplings compared to the precisions with the
full ILC-EFT fit shown above. This improvement can also improve the other precisions of the
Higgs couplings.

Comparison with the expectation of LHC :

The ATLAS group of the LHC collaboration is also studying the Lorentz structures of the Higgs
couplings to the SM gauge bosons under the framework of EFT using real data [88]. According
to the report they published using accumulated 36 fb−1, the precisions for κHV V and κAV V are
not good, which correspond to roughly (-30%, 200%) and (-200%, 200%) when interpreting to our
bV and b̃V . The final precisions they will reach when assuming 3000 fb−1 can be (-3%, 20%) and
(-20%, 20%), which are roughly 10 times larger compared to the precisions of ζZZ and ζ̃ZZ in the
ILC-250 program.

Conclusion :

Analysis on the anomalous V V H couplings at the future International Linear Collider was pre-
sented by employing the framework of the Effective Filed Theory with the lowest dimension-6 filed
operators. The evaluations of the sensitivities to the anomalous V V H couplings were done using
full detector simulation of the International Large Detector model where the SM backgrounds
are also included. To include the shape information (differential cross-section) of the processes,
the event acceptance and detector response functions were constructed, which are applied for the
construction of the shape with the different anomalous parameters.

The anomalous ZZH and γZH couplings were evaluated by using 8 channels of the major
Higgs production processes, the Higgs-strahlung and the ZZ-fusion, and the left- and right-handed
beam polarizations were considered to disentangle the mixing of the Z boson and γ, which is the
advantage of the linear collider. Under the general parametrization of (ηZ , ζZZ , ζAZ , ζ̃ZZ , ζ̃AZ),
the evaluated sensitivities to each anomalous coupling with the ILC full operation following the
H20 scenario are given in Fig. 80. The sensitivity of 0.55 % is possible to achieve for the SM-
like coupling of ηZ , and the sensitivities to the other anomalous couplings relevant to the ZZH
couplings are also less than 0.30 % for both of the CP-even and -odd structures. The sensitivities
to the anomalous γZH couplings are more strongly constrained, which reach to less than 0.10 %.

The anomalous WWH couplings were also evaluated as well, where the WW -fusion Higgs
production and the decay of the Higgs boson in the Higgs-strahlung process are considered for the
evaluation of the couplings ofWWH. In theWW -fusion process, the contamination of the Higgs-
strahlung process, which has the same final state of s-channel νν̄h, was considered because it is
possible that the kinematical distribution and the normalization of the s-channel vary depending
on the existence of the anomalous ZZH couplings. The evaluated sensitivities to the anomalous
coupling of the general parametrization of (ηW , ζWW , ζ̃WW ) with the ILC full operation following
the H20 scenario are given in Eq. (49), where the contribution of the parameters (ηZ , ζZZ , ζAZ ,
ζ̃ZZ , ζ̃AZ) is considered.

The sensitivity to the SM-like coupling of ηW in the anomalousWWH couplings reach 0.45 %–
0.80 %, which is similarly sensitivity with ηZ of the ZZH couplings. The sensitivity to the CP-even
structure was evaluated as 0.88 %–1.72 %. Unfortunately, the sensitivity to the CP-odd structure
will reach approximately 4.40 %, which is a bit weaker sensitivity compared to the ZZH couplings.
This is because it is difficult to perform fully reconstruction of the observable sensitive to the CP-
odd structure like ∆Φ due to the missing neutrinos and less performance of c-quark flavor tagging
implemented with the LCFIPlus package. However, if the c-quark tagging is specially tuned with
new information such as existence of a K meson in a hadron jet, the performance will improve
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and the sensitivity be improved. In fact, it can be also true that the CP-odd structure will be
complete identified through the anomalous ZZH couplings. It is also observed that ηW and ζWW

have the correlation by the adjustment of the cross-sections, and here, notable thing is that, when
assuming the ILC-250 GeV physics program, the achievable sensitivity to ηW is [−3.5 %– + 2.5 %]
whereas the one to ηZ is ±2.9 %. This is because of the magnitude of the correlation between
a-b (or η-ζ) are different. Therefore, ηW gives roughly 15 % better sensitivity, and potentially it
might be possible to improve the results of the global fitting shown in Fig. 98.

This study indicated that the future ILC experiment has sufficient capability to decide the
structure of the V V H couplings precisely, which is one of the important information to reveal the
Higgs sector completely.

131



9 PROSPECTS

9 Prospects

In the end of the thesis it is worth mentioning prospect of further improvement of the sensitivities
to the anomalous V V H couplings. One of the advanced analysis methods utilized in high energy
physics is the Matrix Element method, which can directory link observed events to a theory in
terms of observed momenta of particles. The ME method was originally developed for top quark
physic by D0 and CDF collaboration at the Tevatron experiment [89–92], and became widely used
after that to compare real data and theories and verify theoretical parameters describing physics
processes. Usually, in order to verify the theory and the real data, we construct distributions
directly: one is based on observed events and another is generated one according to the theory,
which detector simulation is applied to later. In contrast, the ME method gives likelihood based
on the events we observed, which is completely based on the theory in terms of differential cross-
section of certain process and calculation in terms of the specific parameters describing the theory.
When one wants to have a multi-dimensional distribution to increase the available information, the
construction of such distribution is sometimes difficult because of lack of the statistics. However,
the ME method can provide a single observable in which all kinematical information are encoded
by exporting the fact that any kinematical information are calculated based on the observed mo-
menta. Therefore, the usage of the ME method corresponds to the usage of the multi-dimensional
distribution, which gives us complete information.

Application to e+e− → µ+µ−h process at
√
s=250 GeV as a trial :

To discuss prospective sensitivity to the anomalous couplings with the ME method, we apply the
method to the Zh → µ+µ−h which is the simplest process in the e+e− reaction relevant to the
Higgs boson. However, the method in the ILC analysis framework has been still beginning of
development, which is called MarlinPhyssim [50], and we will take long time to implement it. In
fact, through the analysis of the application to the µ+µ−h, it turns out that handling of the initial
state radiation and bremsstrahlung, which are the Next Leading Order (NLO) contribution, is
critical toward the evaluation when would like to discuss less than 1 % sensitivity to the anomalous
couplings.

The implementation of the ISR and the bremsstrahlung in the ME calculator is not easy within
a short period of time. Therefore, we try to compare the sensitivities which are evaluated with the
signal process only, preparing two results: one is evaluated based on the traditional analysis, where
the shape, the cross-section information and the ISR and bremsstrahlung are considered, another
one is evaluated based on the ME method, where the ISR and bremsstrahlung are temporary
ignored.

Constructing a probability density function for given theoretical assumption :

A probability density function to each event, which has a parameter α, would be given in terms
of observed momenta of particles as

P (p̄µ;α) =
1

σ(α)

∫
dΦf |M(p̄µ;α)|2

where |M(p̄µ;α)|2 is the squared matrix element for given p̄µ in the final state f particles and the
theoretical parameter α, and dΦf shows a phase space term in the f -body phase space that must
be integrated over the possible four-momentum space based on the four-momentum conservation,

which is generally given as dΦf =
∏

f

[ ∫ d3p̄f

(2π)32Ef

]
(2π)4δ4(Σf p̄

µ
f − p̄µ

e− − p̄µ
e+
). The integrated

value is normalized with σ(α) to guarantee P (p̄µ;α) gives likelihood.
However, this probability based on the theory and does not include any physical effects such

as detector resolution as input from experiment [93,94]. Thus, the function is expanded as
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P (p̄µ;aZ) =
1

A(aZ)σ(aZ)

∫
dΦf |M(p̄µ;aZ)|2 T (pµ, p̄µ) ϵ(pµ)

where p̄µ and pµ respectively stand for the true momentum and observed momentum, and the
theoretical parameter is replaced aZ which shows the anomalous ZZH couplings. The transfer
function T (pµ, p̄µ) gives the probability which gives a connection between observed momentum
and theoretical momentum of certain particle. The acceptance of an event in which particles have
momenta of pµ is described with ϵ(pµ). The denominator of the probability A(aZ)σ(aZ) includes
the cross-section of the process with the parameter aZ , which is affected by the overall acceptance
A(aZ) of the process.

As far as the momenta of the particles are extremely well measured, the transfer function can
be assumed to be a delta function: T (pµ, p̄µ) ≃ δ(pµ − p̄µ). In that case the probability function
can be simplified like

P (pµ;aZ) =
|M(pµ;aZ)|2 ϵ(pµ)

A(aZ)σ(aZ)
(50)

Calculation of the denominator :

Independent calculation of σ(aZ) is easily performed using the physics generator, in our case
PHYSSIM. To evaluate the overall acceptance A(aZ), it is necessary to integrate over all possi-
ble momentum configurations where the momentum acceptance ϵ(pµ) must be included for each
momentum same time. To calculate the cross-section which includes the over all acceptance for
any configuration of the anomalous couplings, each contribution from pure and interference terms
are calculated, which is discussed in Sec. 22, while including the momentum acceptance ϵ(pµ)
which is set by putting the one-dimensional distribution of ∆Φ as shown in Fig. 58 after applying
smoothing to realize a continuous function. Fig. 99 show the smoothed ∆Φ distribution to apply
the momentum acceptance and the analytic distribution showing A(aZ)σ(aZ), where the process
is e+e− → µ+µ−h process at

√
s=250 GeV and fully left- and right-handed polarization for the

electron and the positron beams are assumed.
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µ+µ−h process at

√
s=250 GeV with fully left- and right-handed polarization for the electron and

the positron beams.
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Likelihood ratio test :

To estimate the parameters of a theoretical mode, one of the analysis techniques is Maximum
Likelihood (ML) where we test the parameters to find which parameters can explain the data
more suitably based on the observed information. Using the maximum Likelihood, two theoretical
models can be also compared.

χ2 = −2 log∆L = −2wpol

(
logL(aZ)− logLSM

)
where wpol is a factor for scaling the MC events to the number of expected real events. L(aZ)
denotes the likelihood function depending on the anomalous ZZH couplings, which is defined
with

L(aZ) = Lshape(aZ) · Lnorm(aZ)

=
MCevents∏

i=1

Pshape(p
µ
i ;aZ) · Pnorm(aZ)

where Pshape(p
µ
i ;aZ) corresponds to Eq. (50). Because, for the moment, we have interested in

the development of the first probably, so the second probably coming from the normalization
information is ignored.

Prospects :

To compare the “intrinsic” performance which the ME method provides us, a χ2 value is extracted
over the parameter space of bZ-b̃Z using the signal sample only, which is generated with ISR,
bremsstrahlung, and FSR, and without them. Notice that the ME calculator can handle LO order
only.
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fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642

VII. SENSITIVITY TO ANOMALOUS ZZH643

COUPLINGS644

In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
s =647

250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705

the ZH process e+e−H, µ+µ−H, and qq̄h(H → bb̄),706
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b
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Figure 100: The distributions show the ∆χ2 distributions with the different conditions using the
e+e− → µ+µ−h process at 250 GeV: (left) the traditional shape analysis, (middle) the ME method
assuming the LO contributions, and (right) the ME method assuming the LO contributions but
the sample includes the NLO contributions.

Fig. 100 show the ∆χ2 distributions for each condition, where the result based on the standard
method with the shape information is plotted for the comparison. The second plot gives presum-
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9 PROSPECTS

ably “intrinsic” sensitivity to the parameters, where the suitable condition is considered, which
means the ME calculator handles LO and there exists LO process of e+e− → µ+µ−h. Once ISR
and bremsstrahlung and considered in the process, ME with LO can not perform proper estima-
tion since the momenta of final state particles are slightly vary, which is shown in the third plot.
Therefore, when implementing the handling of NLO in ME, it is expected that the sensitivity will
get better to the extent of the second plot.

135



REFERENCES

References

[1] S. L. Glashow, M. Gell-Mann, Gauge theories of vector particles, Annals of Physics 15 (3)
(1961) 437 – 460. doi:https://doi.org/10.1016/0003-4916(61)90193-2.
URL http://www.sciencedirect.com/science/article/pii/0003491661901932

[2] F. Englert, R. Brout, Broken symmetry and the mass of gauge vector mesons, Phys. Rev.
Lett. 13 (1964) 321–323. doi:10.1103/PhysRevLett.13.321.
URL https://link.aps.org/doi/10.1103/PhysRevLett.13.321

[3] P. W. Higgs, Broken symmetries and the masses of gauge bosons, Phys. Rev. Lett. 13 (1964)
508–509. doi:10.1103/PhysRevLett.13.508.
URL https://link.aps.org/doi/10.1103/PhysRevLett.13.508

[4] S. Weinberg, A model of leptons, Phys. Rev. Lett. 19 (1967) 1264–1266. doi:10.1103/

PhysRevLett.19.1264.
URL https://link.aps.org/doi/10.1103/PhysRevLett.19.1264

[5] Example: Standard model of physics.
URL http://www.texample.net/tikz/examples/model-physics/

[6] A. Airapetian et al., ATLAS: Detector and physics performance technical design report.
Volume 1.

[7] A. Airapetian et al., ATLAS detector and physics performance: Technical Design Report, 2,
Technical Design Report ATLAS, CERN, Geneva, 1999.
URL https://cds.cern.ch/record/391177

[8] S. Chatrchyan et al., The CMS Experiment at the CERN LHC, JINST 3 (2008) S08004.
doi:10.1088/1748-0221/3/08/S08004.

[9] G. Aad et al., Observation of a new particle in the search for the standard model higgs boson
with the atlas detector at the LHC, Physics Letters B 716 (1) (2012) 1 – 29. doi:https:

//doi.org/10.1016/j.physletb.2012.08.020.
URL http://www.sciencedirect.com/science/article/pii/S037026931200857X

[10] S. Chatrchyan et al., Observation of a new boson at a mass of 125 GeV with the cms ex-
periment at the LHC, Physics Letters B 716 (1) (2012) 30 – 61. doi:https://doi.org/10.
1016/j.physletb.2012.08.021.
URL http://www.sciencedirect.com/science/article/pii/S0370269312008581

[11] L. Evans, P. Bryant, Lhc machine, Journal of Instrumentation 3 (08) (2008) S08001.
URL http://stacks.iop.org/1748-0221/3/i=08/a=S08001

[12] Event display of a H→ 4e candidate event, general Photo (Jul 2012).
URL http://cds.cern.ch/record/1459495

[13] S. Dawson et al., Higgs working group report of the snowmass 2013 community planning
study (2013). arXiv:arXiv:1310.8361.

[14] W. N. Cottingham, D. A. Greenwood, An introduction to the standard model of particle
physics, Cambridge University Press, 2007.

[15] F. Halzen, A. D. Martin, QUARKS AND LEPTONS: AN INTRODUCTORY COURSE IN
MODERN PARTICLE PHYSICS, 1984.

[16] I. B. van Vulpen, Measurement of Z boson pair production and a search for the Higgs boson
in e+e− collisions at LEP, Ph.D. thesis, NIKHEF, Amsterdam (2002).
URL http://inspirehep.net/record/585652/files/cer-002704727.pdf

136

http://www.sciencedirect.com/science/article/pii/0003491661901932
http://dx.doi.org/https://doi.org/10.1016/0003-4916(61)90193-2
http://www.sciencedirect.com/science/article/pii/0003491661901932
https://link.aps.org/doi/10.1103/PhysRevLett.13.321
http://dx.doi.org/10.1103/PhysRevLett.13.321
https://link.aps.org/doi/10.1103/PhysRevLett.13.321
https://link.aps.org/doi/10.1103/PhysRevLett.13.508
http://dx.doi.org/10.1103/PhysRevLett.13.508
https://link.aps.org/doi/10.1103/PhysRevLett.13.508
https://link.aps.org/doi/10.1103/PhysRevLett.19.1264
http://dx.doi.org/10.1103/PhysRevLett.19.1264
http://dx.doi.org/10.1103/PhysRevLett.19.1264
https://link.aps.org/doi/10.1103/PhysRevLett.19.1264
http://www.texample.net/tikz/examples/model-physics/
http://www.texample.net/tikz/examples/model-physics/
https://cds.cern.ch/record/391177
https://cds.cern.ch/record/391177
http://dx.doi.org/10.1088/1748-0221/3/08/S08004
http://www.sciencedirect.com/science/article/pii/S037026931200857X
http://www.sciencedirect.com/science/article/pii/S037026931200857X
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2012.08.020
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2012.08.020
http://www.sciencedirect.com/science/article/pii/S037026931200857X
http://www.sciencedirect.com/science/article/pii/S0370269312008581
http://www.sciencedirect.com/science/article/pii/S0370269312008581
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2012.08.021
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2012.08.021
http://www.sciencedirect.com/science/article/pii/S0370269312008581
http://stacks.iop.org/1748-0221/3/i=08/a=S08001
http://stacks.iop.org/1748-0221/3/i=08/a=S08001
http://cds.cern.ch/record/1459495
http://cds.cern.ch/record/1459495
http://arxiv.org/abs/arXiv:1310.8361
http://inspirehep.net/record/585652/files/cer-002704727.pdf
http://inspirehep.net/record/585652/files/cer-002704727.pdf
http://inspirehep.net/record/585652/files/cer-002704727.pdf


REFERENCES

[17] A. Kopp, Search for higgs bosons using the l3 detector at lep, Ph.D. thesis.

[18] M. Dam, Tests of the electroweak theory with the delphi detector atlep, Ph.D. thesis.

[19] S. Weinberg, Baryon- and lepton-nonconserving processes, Phys. Rev. Lett. 43 (1979) 1566–
1570. doi:10.1103/PhysRevLett.43.1566.
URL https://link.aps.org/doi/10.1103/PhysRevLett.43.1566

[20] K. Fujii et al., Physics Case for the International Linear ColliderarXiv:1506.05992.

[21] R. S. Gupta, H. Rzehak, J. D. Wells, How well do we need to measure higgs boson couplings?,
Phys. Rev. D 86 (2012) 095001. doi:10.1103/PhysRevD.86.095001.
URL https://link.aps.org/doi/10.1103/PhysRevD.86.095001

[22] H. Baer et al., The International Linear Collider Technical Design Report - volume 2: Physics
(2013). arXiv:arXiv:1306.6352.

[23] H. E. Haber, Challenges for nonminimal Higgs searches at future colliders, in: Perspectives
for electroweak interactions in e+e− collisions. Proceedings, Ringberg Workshop, Tegernsee,
Germany, February 5-8, 1995, 1996, pp. 219–232, [,151(1995)]. arXiv:hep-ph/9505240.
URL http://preprints.cern.ch/cgi-bin/setlink?base=preprint&categ=cern&id=

th95-109

[24] M. Carena et al., Distinguishing a minimal supersymmetric standard model higgs boson from
the sm higgs boson at a linear collider, Phys. Rev. D 65 (2002) 055005. doi:10.1103/

PhysRevD.65.055005.
URL https://link.aps.org/doi/10.1103/PhysRevD.65.055005

[25] K. Agashe, R. Contino, A. Pomarol, The minimal composite higgs model, Nuclear Physics B
719 (1) (2005) 165 – 187. doi:https://doi.org/10.1016/j.nuclphysb.2005.04.035.
URL http://www.sciencedirect.com/science/article/pii/S0550321305003445

[26] R. Contino, L. Da Rold, A. Pomarol, Light custodians in natural composite higgs models,
Phys. Rev. D 75 (2007) 055014. doi:10.1103/PhysRevD.75.055014.
URL https://link.aps.org/doi/10.1103/PhysRevD.75.055014

[27] A. David et al., LHC hxswg interim recommendations to explore the coupling structure of a
higgs-like particle (2012). arXiv:arXiv:1209.0040.

[28] S. Heinemeyer et al., Handbook of LHC higgs cross sections: 3. higgs propertiesarXiv:arXiv:
1307.1347, doi:10.5170/CERN-2013-004.

[29] D. Zeppenfeld et al., Measuring higgs boson couplings at the cern LHC, Phys. Rev. D 62
(2000) 013009. doi:10.1103/PhysRevD.62.013009.
URL https://link.aps.org/doi/10.1103/PhysRevD.62.013009

[30] S. Bock, Higgs physics at the LHC (fakultat fur physik und astronomie ruprecht-karls-
universitat heidelberg), Ph.D. thesis.
URL https://www.thphys.uni-heidelberg.de/~plehn/includes/theses/bock_m.pdf

[31] K. Fujii et al., Physics case for the international linear collider (2015). arXiv:arXiv:1506.
05992.

[32] T. Barklow et al., Improved formalism for precision higgs coupling fits, Phys. Rev. D 97
(2018) 053003. doi:10.1103/PhysRevD.97.053003.
URL https://link.aps.org/doi/10.1103/PhysRevD.97.053003

[33] W. Buchmuller, D. Wyler, Effective Lagrangian Analysis of New Interactions and Flavor
Conservation, Nucl. Phys. B268 (1986) 621–653. doi:10.1016/0550-3213(86)90262-2.

137

https://link.aps.org/doi/10.1103/PhysRevLett.43.1566
http://dx.doi.org/10.1103/PhysRevLett.43.1566
https://link.aps.org/doi/10.1103/PhysRevLett.43.1566
http://arxiv.org/abs/1506.05992
https://link.aps.org/doi/10.1103/PhysRevD.86.095001
http://dx.doi.org/10.1103/PhysRevD.86.095001
https://link.aps.org/doi/10.1103/PhysRevD.86.095001
http://arxiv.org/abs/arXiv:1306.6352
http://preprints.cern.ch/cgi-bin/setlink?base=preprint&categ=cern&id=th95-109
http://arxiv.org/abs/hep-ph/9505240
http://preprints.cern.ch/cgi-bin/setlink?base=preprint&categ=cern&id=th95-109
http://preprints.cern.ch/cgi-bin/setlink?base=preprint&categ=cern&id=th95-109
https://link.aps.org/doi/10.1103/PhysRevD.65.055005
https://link.aps.org/doi/10.1103/PhysRevD.65.055005
http://dx.doi.org/10.1103/PhysRevD.65.055005
http://dx.doi.org/10.1103/PhysRevD.65.055005
https://link.aps.org/doi/10.1103/PhysRevD.65.055005
http://www.sciencedirect.com/science/article/pii/S0550321305003445
http://dx.doi.org/https://doi.org/10.1016/j.nuclphysb.2005.04.035
http://www.sciencedirect.com/science/article/pii/S0550321305003445
https://link.aps.org/doi/10.1103/PhysRevD.75.055014
http://dx.doi.org/10.1103/PhysRevD.75.055014
https://link.aps.org/doi/10.1103/PhysRevD.75.055014
http://arxiv.org/abs/arXiv:1209.0040
http://arxiv.org/abs/arXiv:1307.1347
http://arxiv.org/abs/arXiv:1307.1347
http://dx.doi.org/10.5170/CERN-2013-004
https://link.aps.org/doi/10.1103/PhysRevD.62.013009
http://dx.doi.org/10.1103/PhysRevD.62.013009
https://link.aps.org/doi/10.1103/PhysRevD.62.013009
https://www.thphys.uni-heidelberg.de/~plehn/includes/theses/bock_m.pdf
https://www.thphys.uni-heidelberg.de/~plehn/includes/theses/bock_m.pdf
https://www.thphys.uni-heidelberg.de/~plehn/includes/theses/bock_m.pdf
http://arxiv.org/abs/arXiv:1506.05992
http://arxiv.org/abs/arXiv:1506.05992
https://link.aps.org/doi/10.1103/PhysRevD.97.053003
http://dx.doi.org/10.1103/PhysRevD.97.053003
https://link.aps.org/doi/10.1103/PhysRevD.97.053003
http://dx.doi.org/10.1016/0550-3213(86)90262-2


REFERENCES

[34] B. Grzadkowski et al., Dimension-six terms in the standard model lagrangianarXiv:arXiv:
1008.4884, doi:10.1007/JHEP10(2010)085.

[35] T. Barklow et al., Model-independent determination of the triple higgs coupling at e+e−

colliders, Phys. Rev. D 97 (2018) 053004. doi:10.1103/PhysRevD.97.053004.
URL https://link.aps.org/doi/10.1103/PhysRevD.97.053004

[36] T. Behnke et al., The International Linear Collider Technical Design Report - volume 1:
Executive summary (2013). arXiv:arXiv:1306.6327.

[37] C. Adolphsen et al., The International Linear Collider Technical Design Report - volume 3:
Accelerator R&D in the technical design phase (2013). arXiv:arXiv:1306.6353.

[38] T. Behnke et al., The International Linear Collider Technical Design Report - volume 4:
Detectors (2013). arXiv:arXiv:1306.6329.

[39] Particle-Flow Event Reconstruction in CMS and Performance for Jets, Taus, and MET, Tech.
Rep. CMS-PAS-PFT-09-001, CERN, Geneva (Apr 2009).
URL https://cds.cern.ch/record/1194487

[40] M. A. Thomson, Particle flow calorimetry at the international linear collider, Pramana 69 (6)
(2007) 1101–1107. doi:10.1007/s12043-007-0236-9.
URL https://doi.org/10.1007/s12043-007-0236-9

[41] M. Thomson, Particle flow calorimetry and the pandoraPFA algorithm, Nucl. Instrum. Meth.
A 611 (1) (2009) 25 – 40. doi:https://doi.org/10.1016/j.nima.2009.09.009.
URL http://www.sciencedirect.com/science/article/pii/S0168900209017264

[42] T. Abe et al., The International Large Detector: Letter of Intent arXiv:1006.3396, doi:
10.2172/975166.

[43] J. S. Marshall, M. A. Thomson, Pandora Particle Flow Algorithm, in: Proceedings, Interna-
tional Conference on Calorimetry for the High Energy Frontier (CHEF 2013): Paris, France,
April 22-25, 2013, 2013, pp. 305–315. arXiv:1308.4537.
URL http://inspirehep.net/record/1250003/files/arXiv:1308.4537.pdf

[44] M. G. Green, S. L. Lloyd, P. N. Ratoff, Electron positron physics at the Z, Studies in high
energy physics, cosmology and gravitation, IOP, Bristol, 1998.
URL http://cds.cern.ch/record/357258

[45] D. M. Asner et al., ILC higgs white paper (2013). arXiv:arXiv:1310.0763.

[46] T. Barklow et al., ILC operating scenarios (2015). arXiv:arXiv:1506.07830.

[47] H. Ono, A. Miyamoto, A study of measurement precision of the higgs boson branching ratios
at the international linear collider, The European Physical Journal C 73 (3) (2013) 2343.
doi:10.1140/epjc/s10052-013-2343-8.
URL https://doi.org/10.1140/epjc/s10052-013-2343-8

[48] C. Durig et al., Model independent determination of HWW coupling and higgs total width
at ILC (2014). arXiv:arXiv:1403.7734.

[49] F. J. Mueller, Development of a Triple GEM Readout Module for a Time Projection
Chamber & Measurement Accuracies of Hadronic Higgs Branching Fractions in ννH at a
350 GeV ILC, Ph.D. thesis, DESY, Hamburg (2016). doi:10.3204/PUBDB-2016-02659.
URL http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=

reportnumber:DESY-THESIS-2016-018

[50] J. Tian, Matrix Element Method for ILC Physics Analysis.
URL https://agenda.linearcollider.org/event/6301/contributions/29469/

attachments/24440/37804/MatrixElement_AWLC14.pdf

138

http://arxiv.org/abs/arXiv:1008.4884
http://arxiv.org/abs/arXiv:1008.4884
http://dx.doi.org/10.1007/JHEP10(2010)085
https://link.aps.org/doi/10.1103/PhysRevD.97.053004
https://link.aps.org/doi/10.1103/PhysRevD.97.053004
http://dx.doi.org/10.1103/PhysRevD.97.053004
https://link.aps.org/doi/10.1103/PhysRevD.97.053004
http://arxiv.org/abs/arXiv:1306.6327
http://arxiv.org/abs/arXiv:1306.6353
http://arxiv.org/abs/arXiv:1306.6329
https://cds.cern.ch/record/1194487
https://cds.cern.ch/record/1194487
https://doi.org/10.1007/s12043-007-0236-9
http://dx.doi.org/10.1007/s12043-007-0236-9
https://doi.org/10.1007/s12043-007-0236-9
http://www.sciencedirect.com/science/article/pii/S0168900209017264
http://dx.doi.org/https://doi.org/10.1016/j.nima.2009.09.009
http://www.sciencedirect.com/science/article/pii/S0168900209017264
http://arxiv.org/abs/1006.3396
http://dx.doi.org/10.2172/975166
http://dx.doi.org/10.2172/975166
http://inspirehep.net/record/1250003/files/arXiv:1308.4537.pdf
http://arxiv.org/abs/1308.4537
http://inspirehep.net/record/1250003/files/arXiv:1308.4537.pdf
http://cds.cern.ch/record/357258
http://cds.cern.ch/record/357258
http://arxiv.org/abs/arXiv:1310.0763
http://arxiv.org/abs/arXiv:1506.07830
https://doi.org/10.1140/epjc/s10052-013-2343-8
https://doi.org/10.1140/epjc/s10052-013-2343-8
http://dx.doi.org/10.1140/epjc/s10052-013-2343-8
https://doi.org/10.1140/epjc/s10052-013-2343-8
http://arxiv.org/abs/arXiv:1403.7734
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-018
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-018
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-018
http://dx.doi.org/10.3204/PUBDB-2016-02659
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-018
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-018
https://agenda.linearcollider.org/event/6301/contributions/29469/attachments/24440/37804/MatrixElement_AWLC14.pdf
https://agenda.linearcollider.org/event/6301/contributions/29469/attachments/24440/37804/MatrixElement_AWLC14.pdf
https://agenda.linearcollider.org/event/6301/contributions/29469/attachments/24440/37804/MatrixElement_AWLC14.pdf


REFERENCES

[51] Internal note: The ZZ-fusion process at the International Linear Collider is under prepara-
tion.

[52] Common software packages developed for the International Linear Collider ILC.
URL http://ilcsoft.desy.de/portal

[53] S. Agostinelli, GEANT4: A Simulation toolkit, Nucl. Instrum. Meth. A506 (2003) 250–303.
doi:10.1016/S0168-9002(03)01368-8.

[54] P. M. de Freitas, H. Videau, Detector simulation with MOKKA / GEANT4: Present and
future, lc-tool-2003-010.
URL http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/

desy.de/group/flc/lcnotes/LC-TOOL-2003-010.ps.gz

[55] Laboratory leprince-ringuet (llr).
URL https://indico.ihep.ac.cn/event/4287/contribution/3/material/slides/0.

pdf

[56] Marlin [modular analysis and reconstruction for the linear collider].
URL http://ilcsoft.desy.de/Marlin/current/doc/html/index.html

[57] J. R. W. Kilian, T. Ohl, The whizard event generator, Eur. Phys. J. C 71 (2011) 1742.
URL https://whizard.hepforge.org

[58] Physics study libraries. physsim.
URL http://www-jlc.kek.jp/subg/offl/physsim/

[59] High-energy-physics event generation with PYTHIA.
URL http://home.thep.lu.se/~torbjorn/Pythia.html

[60] F. Gaede et al., Track reconstruction at the ilc: the ild tracking software, Journal of Physics:
Conference Series 513 (2) (2014) 022011.
URL http://stacks.iop.org/1742-6596/513/i=2/a=022011

[61] C. F. Durig, Measuring the Higgs Self-coupling at the International Linear Collider, Ph.D.
thesis, Hamburg U., Hamburg (2016).
URL http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=

reportnumber:DESY-THESIS-2016-027

[62] T. Kramer, Track parameters in LCIO.
URL http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/

desy.de/group/flc/lcnotes/LC-DET-2006-004.pdf

[63] J. Tian, Isolated lepton tagging and new jet clustering.
URL https://agenda.linearcollider.org/event/6869/contributions/33771/

attachments/27825/42160/IsoLep_JetClustering_20150905.pdf

[64] R. Brun, F. Rademakers, ROOT: An object oriented data analysis framework, Nucl. Instrum.
Meth. A389 (1997) 81–86. doi:10.1016/S0168-9002(97)00048-X.

[65] A. Hocker et al., TMVA - Toolkit for Multivariate Data Analysis, PoS ACAT (2007) 040.
arXiv:physics/0703039.

[66] S. Catani et al., New clustering algorithm for multijet cross sections in e+e－ annihilation,
Physics Letters B 269 (3) (1991) 432 – 438. doi:https://doi.org/10.1016/0370-2693(91)
90196-W.

[67] S. Catani et al., Longitudinally-invariant k ⊥ -clustering algorithms for hadron-hadron col-
lisions, Nuclear Physics B 406 (1) (1993) 187 – 224. doi:https://doi.org/10.1016/

0550-3213(93)90166-M.
URL http://www.sciencedirect.com/science/article/pii/055032139390166M

139

http://ilcsoft.desy.de/portal
http://ilcsoft.desy.de/portal
http://dx.doi.org/10.1016/S0168-9002(03)01368-8
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-TOOL-2003-010.ps.gz
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-TOOL-2003-010.ps.gz
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-TOOL-2003-010.ps.gz
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-TOOL-2003-010.ps.gz
https://indico.ihep.ac.cn/event/4287/contribution/3/material/slides/0.pdf
https://indico.ihep.ac.cn/event/4287/contribution/3/material/slides/0.pdf
https://indico.ihep.ac.cn/event/4287/contribution/3/material/slides/0.pdf
http://ilcsoft.desy.de/Marlin/current/doc/html/index.html
http://ilcsoft.desy.de/Marlin/current/doc/html/index.html
https://whizard.hepforge.org
https://whizard.hepforge.org
http://www-jlc.kek.jp/subg/offl/physsim/
http://www-jlc.kek.jp/subg/offl/physsim/
http://home.thep.lu.se/~torbjorn/Pythia.html
http://home.thep.lu.se/~torbjorn/Pythia.html
http://stacks.iop.org/1742-6596/513/i=2/a=022011
http://stacks.iop.org/1742-6596/513/i=2/a=022011
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-027
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-027
http://bib-pubdb1.desy.de/search?cc=Publication+Database&of=hd&p=reportnumber:DESY-THESIS-2016-027
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-DET-2006-004.pdf
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-DET-2006-004.pdf
http://flc.desy.de/lcnotes/notes/localfsExplorer_read?currentPath=/afs/desy.de/group/flc/lcnotes/LC-DET-2006-004.pdf
https://agenda.linearcollider.org/event/6869/contributions/33771/attachments/27825/42160/IsoLep_JetClustering_20150905.pdf
https://agenda.linearcollider.org/event/6869/contributions/33771/attachments/27825/42160/IsoLep_JetClustering_20150905.pdf
https://agenda.linearcollider.org/event/6869/contributions/33771/attachments/27825/42160/IsoLep_JetClustering_20150905.pdf
http://dx.doi.org/10.1016/S0168-9002(97)00048-X
http://arxiv.org/abs/physics/0703039
http://dx.doi.org/https://doi.org/10.1016/0370-2693(91)90196-W
http://dx.doi.org/https://doi.org/10.1016/0370-2693(91)90196-W
http://www.sciencedirect.com/science/article/pii/055032139390166M
http://www.sciencedirect.com/science/article/pii/055032139390166M
http://dx.doi.org/https://doi.org/10.1016/0550-3213(93)90166-M
http://dx.doi.org/https://doi.org/10.1016/0550-3213(93)90166-M
http://www.sciencedirect.com/science/article/pii/055032139390166M


REFERENCES

[68] S. D. Ellis, D. E. Soper, Successive combination jet algorithm for hadron collisions, Phys.
Rev. D 48 (1993) 3160–3166. doi:10.1103/PhysRevD.48.3160.
URL https://link.aps.org/doi/10.1103/PhysRevD.48.3160

[69] M. Kobayashi, T. Maskawa, CP-Violation in the Renormalizable Theory of Weak Interaction,
Progress of Theoretical Physics 49 (1973) 652–657. doi:10.1143/PTP.49.652.

[70] C. Patrignani et al., Review of Particle Physics, Chin. Phys. C40 (10) (2016) 100001. doi:

10.1088/1674-1137/40/10/100001.

[71] C. Patrignani et al., Ckm quark-mixing matrix.
URL http://pdg.lbl.gov/2017/reviews/rpp2017-rev-ckm-matrix.pdf

[72] T. Suehara, T. Tanabe, LCFIPlus: A Framework for Jet Analysis in Linear Collider Studies,
Nucl. Instrum. Meth. A808 (2016) 109–116. arXiv:1506.08371, doi:10.1016/j.nima.2015.
11.054.

[73] G. Abbiendi et al., Measurement of event shape distributions and moments in e+e− →
hadrons at 91-209 gev and a determination of αs.

[74] S. Brandt et al., The Principal axis of jets. An Attempt to analyze high-energy collisions as
two-body processes, Phys. Lett. 12 (1964) 57–61. doi:10.1016/0031-9163(64)91176-X.

[75] E. Farhi, Quantum chromodynamics test for jets, Phys. Rev. Lett. 39 (1977) 1587–1588.
doi:10.1103/PhysRevLett.39.1587.
URL https://link.aps.org/doi/10.1103/PhysRevLett.39.1587

[76] D. P. Barber et al., Discovery of three-jet events and a test of quantum chromodynamics at
petra, Phys. Rev. Lett. 43 (1979) 830–833. doi:10.1103/PhysRevLett.43.830.
URL https://link.aps.org/doi/10.1103/PhysRevLett.43.830

[77] J. D. Bjorken, S. J. Brodsky, Statistical model for electron-positron annihilation into hadrons,
Phys. Rev. D 1 (1970) 1416–1420. doi:10.1103/PhysRevD.1.1416.
URL https://link.aps.org/doi/10.1103/PhysRevD.1.1416

[78] G. Hanson et al., Evidence for jet structure in hadron production by e+e− annihilation, Phys.
Rev. Lett. 35 (1975) 1609–1612. doi:10.1103/PhysRevLett.35.1609.
URL https://link.aps.org/doi/10.1103/PhysRevLett.35.1609

[79] A. Heister et al., Studies of QCD at e+e− centre-of-mass energies between 91-GeV and 209-
GeV, Eur. Phys. J. C35 (2004) 457–486. doi:10.1140/epjc/s2004-01891-4.

[80] J. Abdallah et al., The Measurement of alpha(s) from event shapes with the DELPHI detector
at the highest LEP energies, Eur. Phys. J. C37 (2004) 1–23. arXiv:hep-ex/0406011, doi:
10.1140/epjc/s2004-01889-x.

[81] P. Achard et al., Studies of hadronic event structure in e+e- annihilation from 30 to 209gev
with the l3 detector, Physics Reports 399 (2) (2004) 71 – 174. doi:https://doi.org/10.

1016/j.physrep.2004.07.002.
URL http://www.sciencedirect.com/science/article/pii/S0370157304002753

[82] F. James, MINUIT Function Minimization and Error Analysis: Reference Manual Version
94.1.

[83] H. Li, Higgs Recoil Mass and Cross-Section Analysis at ILC AND Calibration of the CALICE
SiW ECAL Prototype, Ph.D. thesis, Orsay (2009-09).
URL https://tel.archives-ouvertes.fr/tel-00430432/fr/

[84] H. Abramowicz et al., Forward Instrumentation for ILC Detectors, JINST 5 (2010) P12002.
arXiv:1009.2433, doi:10.1088/1748-0221/5/12/P12002.

140

https://link.aps.org/doi/10.1103/PhysRevD.48.3160
http://dx.doi.org/10.1103/PhysRevD.48.3160
https://link.aps.org/doi/10.1103/PhysRevD.48.3160
http://dx.doi.org/10.1143/PTP.49.652
http://dx.doi.org/10.1088/1674-1137/40/10/100001
http://dx.doi.org/10.1088/1674-1137/40/10/100001
http://pdg.lbl.gov/2017/reviews/rpp2017-rev-ckm-matrix.pdf
http://pdg.lbl.gov/2017/reviews/rpp2017-rev-ckm-matrix.pdf
http://arxiv.org/abs/1506.08371
http://dx.doi.org/10.1016/j.nima.2015.11.054
http://dx.doi.org/10.1016/j.nima.2015.11.054
http://dx.doi.org/10.1016/0031-9163(64)91176-X
https://link.aps.org/doi/10.1103/PhysRevLett.39.1587
http://dx.doi.org/10.1103/PhysRevLett.39.1587
https://link.aps.org/doi/10.1103/PhysRevLett.39.1587
https://link.aps.org/doi/10.1103/PhysRevLett.43.830
https://link.aps.org/doi/10.1103/PhysRevLett.43.830
http://dx.doi.org/10.1103/PhysRevLett.43.830
https://link.aps.org/doi/10.1103/PhysRevLett.43.830
https://link.aps.org/doi/10.1103/PhysRevD.1.1416
http://dx.doi.org/10.1103/PhysRevD.1.1416
https://link.aps.org/doi/10.1103/PhysRevD.1.1416
https://link.aps.org/doi/10.1103/PhysRevLett.35.1609
http://dx.doi.org/10.1103/PhysRevLett.35.1609
https://link.aps.org/doi/10.1103/PhysRevLett.35.1609
http://dx.doi.org/10.1140/epjc/s2004-01891-4
http://arxiv.org/abs/hep-ex/0406011
http://dx.doi.org/10.1140/epjc/s2004-01889-x
http://dx.doi.org/10.1140/epjc/s2004-01889-x
http://www.sciencedirect.com/science/article/pii/S0370157304002753
http://www.sciencedirect.com/science/article/pii/S0370157304002753
http://dx.doi.org/https://doi.org/10.1016/j.physrep.2004.07.002
http://dx.doi.org/https://doi.org/10.1016/j.physrep.2004.07.002
http://www.sciencedirect.com/science/article/pii/S0370157304002753
https://tel.archives-ouvertes.fr/tel-00430432/fr/
https://tel.archives-ouvertes.fr/tel-00430432/fr/
https://tel.archives-ouvertes.fr/tel-00430432/fr/
http://arxiv.org/abs/1009.2433
http://dx.doi.org/10.1088/1748-0221/5/12/P12002


REFERENCES

[85] T. Abe et al., The International Large Detector: Letter of IntentarXiv:1006.3396, doi:
10.2172/975166.

[86] A. Droll, H. E. Logan, Physics impact of ilc higgs coupling measurements: The effect of
theory uncertainties, Phys. Rev. D 76 (2007) 015001. doi:10.1103/PhysRevD.76.015001.
URL https://link.aps.org/doi/10.1103/PhysRevD.76.015001

[87] K. Fujii et al., Physics Case for the 250 GeV Stage of the International Linear ColliderarXiv:
1710.07621.

[88] M. Aaboud et al., Measurement of the Higgs boson coupling properties in the H → ZZ∗ → 4ℓ
decay channel at

√
s = 13 TeV with the ATLAS detector, JHEP 03 (2018) 095. arXiv:

1712.02304, doi:10.1007/JHEP03(2018)095.

[89] K. Kondo, Dynamical likelihood method for reconstruction of events with missing momentum.
i. method and toy models, Journal of the Physical Society of Japan 57 (12) (1988) 4126–4140.
doi:10.1143/JPSJ.57.4126.
URL https://doi.org/10.1143/JPSJ.57.4126

[90] K. Kondo, Dynamical likelihood method for reconstruction of events with missing momentum.
ii. mass spectra for 2→ 2 processes, Journal of the Physical Society of Japan 60 (3) (1991)
836–844. doi:10.1143/JPSJ.60.836.
URL https://doi.org/10.1143/JPSJ.60.836

[91] K. Kondo, T. Chikamatsu, S.-H. Kim, Dynamical likelihood method for reconstruction of
events with missing momentum. iii. analysis of a cdf high pt eµ event as tt̄ production, Journal
of the Physical Society of Japan 62 (4) (1993) 1177–1182. doi:10.1143/JPSJ.62.1177.
URL https://doi.org/10.1143/JPSJ.62.1177

[92] V. M. Abazov et al., A precision measurement of the mass of the top quark, Nature 429
(2004) 638–642. arXiv:hep-ex/0406031, doi:10.1038/nature02589.

[93] V. M. Abazov et al., Measurement of the top quark mass in the lepton+jets final state with the
matrix element method, Phys. Rev. D 74 (2006) 092005. doi:10.1103/PhysRevD.74.092005.
URL https://link.aps.org/doi/10.1103/PhysRevD.74.092005

[94] F. Fiedler et al., The matrix element method and its application to measurements of the top
quark mass, Nuclear Instruments and Methods in Physics Research Section A: Accelerators,
Spectrometers, Detectors and Associated Equipment 624 (1) (2010) 203 – 218. doi:https:
//doi.org/10.1016/j.nima.2010.09.024.
URL http://www.sciencedirect.com/science/article/pii/S0168900210020176

[95] Y. Takubo et al., Measuring anomalous couplings in h → WW ∗ decays at the international
linear collider, Phys. Rev. D 88 (2013) 013010. doi:10.1103/PhysRevD.88.013010.
URL https://link.aps.org/doi/10.1103/PhysRevD.88.013010

141

http://arxiv.org/abs/1006.3396
http://dx.doi.org/10.2172/975166
http://dx.doi.org/10.2172/975166
https://link.aps.org/doi/10.1103/PhysRevD.76.015001
https://link.aps.org/doi/10.1103/PhysRevD.76.015001
http://dx.doi.org/10.1103/PhysRevD.76.015001
https://link.aps.org/doi/10.1103/PhysRevD.76.015001
http://arxiv.org/abs/1710.07621
http://arxiv.org/abs/1710.07621
http://arxiv.org/abs/1712.02304
http://arxiv.org/abs/1712.02304
http://dx.doi.org/10.1007/JHEP03(2018)095
https://doi.org/10.1143/JPSJ.57.4126
https://doi.org/10.1143/JPSJ.57.4126
http://dx.doi.org/10.1143/JPSJ.57.4126
https://doi.org/10.1143/JPSJ.57.4126
https://doi.org/10.1143/JPSJ.60.836
https://doi.org/10.1143/JPSJ.60.836
http://dx.doi.org/10.1143/JPSJ.60.836
https://doi.org/10.1143/JPSJ.60.836
https://doi.org/10.1143/JPSJ.62.1177
https://doi.org/10.1143/JPSJ.62.1177
http://dx.doi.org/10.1143/JPSJ.62.1177
https://doi.org/10.1143/JPSJ.62.1177
http://arxiv.org/abs/hep-ex/0406031
http://dx.doi.org/10.1038/nature02589
https://link.aps.org/doi/10.1103/PhysRevD.74.092005
https://link.aps.org/doi/10.1103/PhysRevD.74.092005
http://dx.doi.org/10.1103/PhysRevD.74.092005
https://link.aps.org/doi/10.1103/PhysRevD.74.092005
http://www.sciencedirect.com/science/article/pii/S0168900210020176
http://www.sciencedirect.com/science/article/pii/S0168900210020176
http://dx.doi.org/https://doi.org/10.1016/j.nima.2010.09.024
http://dx.doi.org/https://doi.org/10.1016/j.nima.2010.09.024
http://www.sciencedirect.com/science/article/pii/S0168900210020176
https://link.aps.org/doi/10.1103/PhysRevD.88.013010
https://link.aps.org/doi/10.1103/PhysRevD.88.013010
http://dx.doi.org/10.1103/PhysRevD.88.013010
https://link.aps.org/doi/10.1103/PhysRevD.88.013010


REFERENCES

Acknowledgement

The author would like to thank Keisuke Fujii and Junping Tian for their strong support, advises,
corrections, and teaching on the physics study, and also Daniel Jeans for teaching me English. In
the end, the author would also like to really thank Toru Takeshita and Katsushige Kotera on their
many guidance in this field and attitude toward a study. I continued to work hard during this more
than 5 years, maybe because of you, Kotera-san, and I will keep it! ... Oh, no, I almost forgot!
thank Makoto Kobayashi (not a laureate of Nobel prize) for your lectures on TPC experiments
over night, over night, and over night :).

142



A THE OTHER CHANNELS FOR THE ANOMALOUS ZZH COUPLINGS

A The other channels for the anomalous ZZH couplings

A.1 e+e− → Zh → e+e−h at
√
s = 250 GeV

The electron channel of the Higgs-strahlung Zh process has a similar signature with the muon
channel, thus this channel is also expected to give the similar sensitivity to the anomalous ZZH
couplings as with the muon channel although the effect of the photon radiations could be larger
compared with the muon channel. The strategy of the analysis of the electron channel is basically
same as the muon channel.

A.1.1 Reconstruction and background suppression

Isolated lepton finding and radiation recovering :

Finding the final state electrons and recovering the photon radiations in the electron channel is
performed as with the muon channel using the MVA based lepton finding algorithm.

• charged particle has momentum of more than 5 GeV.

• MLP response for the electron candidate must be larger than 0.5.

• Neutral particles which are identified as a photon are merged into the charged particle if the
polar angle between both exceeds 0.99.

Charged tracks that the algorithm gives electron-likeness of > 0.5 are regarded as the isolated
electron, and the candidates of the electron decaying from the Z boson are paired to find the
proper electrons as the daughter particles of the Z boson. After finding the proper electron-
positron pair, the algorithm for receiving the radiated photons is implemented, which is the once
based technique mentioned in the section of the muon channel.
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Figure 101: Distributions of the invariant mass of the electron pair Mll (left) and the recoil mass
Mreco (right) of the electron channel in the Higgs-strahlung Zh process at

√
s=250 GeV. Black

and red lines on both plots correspond to without and with recovering photons, respectively.

Fig. 101 show the comparison of the reconstructed invariant mass of the electron pair Mll and
the recoil mass distributions of the electron channel with and without recovering the bremsstrahlung
and FSR. Since the electron tends to emit the photons, it is clearly seen that the algorithm for
recovering the radiated photons is more effective compared to the muon channel.

Reconstructed angular observables :

Plots in Fig. 102 show the reconstructed observables on the polar angle of the Z boson cos θZ and
the angle between production planes ∆Φ, which are sensitive to the anomalous ZZH couplings.
The distribution of ∆Φ has clear dips at 0, π, and 2π, which is the same situation with the muon
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Figure 102: Plots show the MC truth and reconstructed distributions (left), the migration effects
(middle), and resolutions (right) of cos θZ , cos θ

∗
f , and ∆Φ of the electron channel in the Higgs-

strahlung Zh process at
√
s=250 GeV. Those observables give the sensitivities to the anomalous

ZZH couplings. The clear dips at 0, π, and 2π on ∆Φ is due to the missing final state electrons.

channel as shown in Fig. 55, which is due to the missing one or both final state fermions coming
from Z. The overall acceptance is bit worse compared to the muon channel, which is shown in the
plots between Fig. 102 and Fig. 55 or a table in Table 7. This is probably because the invariant
mass of the di-lepton system, which should be close to the mass of the Z boson, is rather shifted
from the constraints because of radiated photons due to the bremsstrahlung of the final state
electron and positron.

Background suppression :

The observables used for the background suppression are same ones with the muon channel al-
though detailed values are optimized for the electron channel. The following observables and values
given in parentheses are imposed for the background suppressions in the electron channel, where
the values are for the left-handed polarization state: P(e−, e+)= (-80%,+30%). The distributions
of the each observable for suppressing the backgrounds and the recoil mass of the Z boson are
plotted in Fig. 103, and the Table 7 shows the number of remaining signal and background events
after each cut, where the integrated luminosity of 250 fb−1 with both of the beam polarization
states: P(e−, e+)= (-80%,+30%) and (+80%,-30%) are assumed. The signal efficiency and the
signal significance are also given for each cut.

• Two leptons having opposite sign with the same flavor must exist exactly in one event
(electron and anti-electron), which is given as a pre-selection.

• Ntracks ∈ [6, 60]
The number of charged tracks, which is useful to remove huge two-fermion backgrounds.

• EZ ∈ [103.1, 112.5] GeV
Since energy of the di-lepton system derived from one of the dominant background process
e+e− → ZZ → semi-leptonic decay has a peak at 125 GeV, this observable is useful to
separate it.

• MZ ∈ [86.0, 97.3] GeV
The invariant mass of di-lepton Me+e− must be close to the mass of the Z boson.

• Evis − EZ(≡ Esub) ∈ [50.0, 165.0] GeV
Visible energy shows measured energy in the detectors. The subtracted value by the energy
of the Z boson is close to 0 for the two-fermion process, which is still useful to distinguish
the Higgs boson from other dispersed backgrounds.

• Mrec ∈ [119, 138] GeV
Recoil mass against the di-lepton system, which becomes a conclusive mass window to deter-
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mine a Poisson error calculated by the remaining number of events on each bin on kinematical
histograms.
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Figure 103: The distributions show each observable used for the background suppression assuming
250 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.

A.1.2 Acceptance and migration on observables

Fig. 104 and Fig. 105 illustrate summary plots showing the remaining signal and background
distributions, event acceptance η, and the probability of the migration effects f̄ on the one-
dimensional angular distribution of cos θZ and ∆Φff̄ binned in 30. Similarly, Fig. 106 show
summary plots on the two-dimensional distribution of x(cos θZ ,∆Φff̄ ) binned in 10×10. The event
acceptance for each angular distribution retain flatness over the given range except the ineluctable
dips in ∆Φff̄ . However, he probabilities of the migration effects slightly worse compared to the
muon channel as shown in Fig. 57 although it is still great clear compared to the hadronic channel
as shown in Fig. 67. This is because the recovery of the radiated photons is not complete. Since
the radiated photons carry away moment from the electron, the measured moment of di-lepton
will be shifted as if the radiated photons are not complete combined.
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Figure 104: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 105: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Table 7: Tables show the expected number of remaining signal and background events after each
cut for the Zh→ e+e−h at

√
s=250 GeV, with both of the beam polarization states: P(e−, e+)=

(-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table.

√
s=250 GeV P(e−, e+)= (-80%,+30%)

Cut variables (s)eeh ϵ µµh ττh 2f 4f Ssig
No cut 2671 100 2603 2598 2.91 · 107 1.02 · 107 -
ID of a di-lepton pair 2343 87.72 1 12 1.54 · 106 1.87 · 105 1.78
Ntracks ∈ [6, 60] 2171 81.28 0 9 3.46 · 104 4.83 · 104 7.44
EZ ∈ [103.1, 112.5] GeV 1721 64.43 0 1 1641 5706 18.1
MZ ∈ [86.0, 97.3] GeV 1588 59.45 0 1 337 1179 28.5
Esub ∈ [50.0, 165.0] GeV 1551 58.07 0 1 270 1120 28.6
Mreco ∈ [119, 138] GeV 1532 57.36 0 1 254 1036 28.8

√
s=250 GeV P(e−, e+)= (+80%,-30%)

Cut variables (s)eeh ϵ µµh ττh 2f 4f Ssig
No cut 1786 100 1756 1752 2.03 · 107 1.27 · 106 -
ID of a di-lepton pair 1566 87.68 0 8 1.51 · 106 8.95 · 104 1.24
Ntracks ∈ [6, 60] 1452 81.30 0 6 3.37 · 104 3.75 · 104 5.38
EZ ∈ [103.8, 112.5] GeV 1128 63.16 0 0 1516 4218 13.6
MZ ∈ [86.0, 96.0] GeV 1026 57.44 0 0 268 811 22.4
Esub ∈ [50.0, 165.0] GeV 1002 56.10 0 0 205 787 22.4
Mreco ∈ [119, 138] GeV 998 55.88 0 0 201 750 22.6
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Figure 106: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.
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A.1.3 Impact of angular distribution

The χ2 test is performed for the electron channel only, using the evaluated event acceptance η, the
probability of the migration effects f̄ , and statistical error. Fig. 107 show the ∆χ2 distributions
in the one parameter axis of the anomalous couplings aZ , bZ , and b̃Z . The sensitivities are
individually evaluated using the one-dimensional distributions of cos θZ and ∆Φ are binned 20,
and the three-dimensional distribution of x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 respectively
for both of the beam polarization states. The overall power from the angular information of
the electron channel is slightly worse than that of the muon channel because the remaining SM
backgrounds are more compared to the muon channel. Especially, two-fermion events remain in
the very forward and backward region, which are the sensitive area to the anomalous couplings,
and it makes statistical error increase and the impact of the angular information degrade, which
is clearly seen in the plot of Fig. 104 showing the cos θZ distribution. It also remains around π
of the ∆Φ distribution as well, which is also shown in Fig. 105 (π in ∆Φ corresponds to the very
forward and backward directions).
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Figure 107: The distributions show ∆χ2 as a function of each parameter of the anomalous ZZH
couplings, and the evaluation is done in the one-parameter space. Black, red, and blue lines
on the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information
is considered here, the χ2 values of aZ is exactly 0 over the given range. In upper and lower
plots, the different beam polarizations are assumed with the integrated luminosity of 250 fb−1:
P(e−, e+)= (-80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular
distributions used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in
20, and (right) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used respectively.
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A.1.4 Sensitivity in three parameter space

The sensitivity to the anomalous ZZH couplings with the electron channel only is evaluated as-
suming the integrated luminosity of 250 fb−1 with both of the beam polarization states: P(e−, e+)=
(-80%,+30%) and (+80%,-30%). The variation of the angular distribution of the three-dimensional
distribution x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 , and the variation of the production cross-
section are combined. The minimization fitting is done in the three-parameter space of the anoma-
lous couplings.

Upper plots in Fig. 108 give contours corresponding to 1σ and 2σ bounds, which are projected
onto each two-dimensional parameter space aZ-bZ , aZ-b̃Z , and bZ-b̃Z after the simultaneous fitting
in the three-parameter space. The strong correlation can be seen between aZ and bZ as shown in
the muon channel. Middle plots in Fig. 108 give ∆χ2 distributions as a function of each anomalous
parameter aZ , bZ , and b̃Z . The evaluation is performed by scanning ∆χ2 along the parameter axis
while setting the other two parameters free, which corresponds to the simultaneous minimization
in the three parameter space. The results are given using both of the angular and the cross-
section information of the electron channel only. Explicit values corresponding to the 1σ bounds
for each anomalous parameter aZ , bZ , and b̃Z and a correlation matrix ρ indicating correlation
coefficients between the parameters are given in the last line of Fig. 108. Both beam polarization
states P(e−, e+)= (-80%,+30%) and (+80%,-30%) with the benchmark integrated luminosity of
250 fb−1 are assumed.

149



A THE OTHER CHANNELS FOR THE ANOMALOUS ZZH COUPLINGS

  
Z

b
1 0.5 0 0.5 1

  
Z

a

3

2

1

0

1

2

3
=250GeVsH  e+ e→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  
Z

b
~

1 0.5 0 0.5 1

  
Z

a
3

2

1

0

1

2

3

=250GeVsH  e+ e→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  
Z

b
~

1 0.5 0 0.5 1

  
Z

b

1.5

1

0.5

0

0.5

1

1.5
=250GeVsH  e+ e→e+e

1
Ldt=250fb∫)=(80%,+30%), +,e


P(e

SM

=12χ∆
=42χ∆

  
Z

a
3 2 1 0 1 2 3

  
2 χ∆

0

2

4

6

8

10

H


e+ e→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

  
Z

b
1.5 1 0.5 0 0.5 1 1.5

  
2 χ∆

0

2

4

6

8

10

H


e+ e→e+e

1
Ldt=250fb∫=250GeV, s

H


e+ e→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

  
Z

b
~

1.5 1 0.5 0 0.5 1 1.5
  

2 χ∆
0

2

4

6

8

10

H


e+ e→e+e

1
Ldt=250fb∫=250GeV, s

)=(80%,+30%)+,e


P(e

)=(+80%,30%)+,e


P(e

√
s = 250 GeV with

∫
Ldt = 250 fb−1 and P(e−, e+) = (−80%,+30%)

aZ = [−1.015, 0.997]
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Figure 108: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 250 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 and the production cross-section are com-

bined. (Middle): The plots show ∆χ2 distributions as a function of each parameter space of the
anomalous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information
(the angles and the cross-section) and scanning one parameter while setting the other two param-
eters to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.
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A.2 e+e− → e+e−h, h → bb̄ at
√
s = 250 GeV

At the center-of-mass energy
√
s =250 GeV the cross section of the ZZ-fusion process e+e− →

e+e−h predicted with the SM parameters is very small, which is approximately 0.71 fb, and it is be
0.41 fb when the h→ bb decay is considered. Nevertheless, the variation of both of the production
cross-section and the angular distribution depending on the anomalous ZZH couplings is expected
to give good information and improvement of the sensitivity to these couplings. In the case that
events are accumulated through the ILC full operation, the ZZ-fusion process would give sizable
impact for the sensitivity, even at

√
s =250 GeV.

A.2.1 Reconstruction and background suppression

The production cross-section of the ZZ-fusion process at 250 GeV is

Isolated lepton finding and radiation recovering :

Concerning the selection of the final state electron pair, MVA based selection is implemented as
with the analysis of the Higgs-strahlung process. However, the identification that the isolated
leptons are derived from the Z boson is not implemented in this channel.

• A charged particle must have momentum of greater than 5 GeV.

• MLP response for the electron candidate must be larger than 0.5.

• A neutral particle which is identified as a photon based on the criterion that the polar angle
along the charged particle exceeds 0.999 is merged into the charged particle as a radiated
photon because of bremsstrahlung.

The comparison with and without the recovering is given in Fig. 109.
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Figure 109: Distributions of the invariant mass of the electron pair Mdilep (left) and the recoil
mass Mreco (right) of the ZZ-fusion process at

√
s=250 GeV. Black and red lines on both plots

correspond to without and with recovering photons, respectively.

Suppression with MVA method :

A problem of the t-channel ZZ-fusion process at
√
s =250 GeV is irreducible dominant back-

grounds that are the s-channel Higgs-strahlung Zh process and processes being consisting of
single Z boson and a pair of an electron and a positron (single Zee). Both of the processes are
quite large production cross-sections, compared with the ZZ-fusion process at

√
s =250 GeV.

Furthermore, these dominant backgrounds make a peak at the invariant mass of the Z boson in
which the signal process also makes a broader peak. Because these dominant backgrounds are
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Figure 110: The distributions show the several observables in the signal and the dominant back-
grounds processes at 500 GeV: the di-lepton massMdilep, the polar angle of the Higgs boson cos θh,
the opening angle in the di-lepton system cos θopenep , the recoil mass against the di-lepton system
Mreco, and the polar angle of the final state electron cos θe. Red line is the signal process of the
ZZ-fusion.

completely overlapped as given in Fig. 110, it makes difficult to separate the signal and the back-
grounds. Therefore, multivariate analysis implemented in a TMVA package is employed to exploit
combination of kinematical observables and extract the signal process.

Although the original strategy of the analysis is that any angular observables and corresponding
information should not be used for the background suppression in order to avoid insensitive regions
which become bias against the sensitivity to the anomalous couplings, distributions such as the
production angles of the Higgs boson cos θh and the final state electron cos θe and positron cos θp
are input into MVA training as variables. The observables input into the MVA are: cos θh, cos θe,
cos θp, Mdilep which is the invariant mass of the di-lepton system, and Mhiggs which is calculated
with two b-jets decaying from the Higgs boson. Fig. 111 gives performance showing rejection-
efficiency on several main MVA classifiers, and response of BDT classifier which gives the best
performance among the MVA classifiers.

The following observables and values are imposed for the background suppressions. The dis-
tributions of each observable for the suppression, the BDT output, and the invariant mass of the
Higgs boson are shown in Fig. 112, and the reduction tables showing the number of remaining
signal and background events in each cut is given in Table 8, where the integrated luminosity
of 250 fb−1 with the beam polarization states P(e−, e+)= (-80%,+30%) and (+80%,-30%) are
assumed. The signal efficiency and the signal significance are also given for each cut.

• There must exist one electron and one positron exactly in one event.

• Etracks ∈ [15, 55]

Since the final state of the signal process has multi jet environment, the number of charged
tracks are larger than that of leptonic processes. This observable is applied as a pre-cut
before MVA training.

• Sum of b-tag for di-jets coming from the Higgs boson > 1.004

Sum of the b-likeness of di-jet decaying from the Higgs boson has a large value. This
observable is applied as a pre-cut before MVA training.
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• cos θh ∈ [−0.920, 0.920]

There is no preferable production direction since spin of the Higgs boson is 0 while a Z boson
has a specific direction. Thus this observable is useful for supreeing several processes such
as a single Z+ electron pair process. This observable is inputted into the MVA training.

• cos θe ∈ [−0.200, 0.986] and cos θp ∈ [−0.986, 0.204]

Since the signal process is the t-channel interaction, the final state electron and positron
flies towards the very forward and backward regions. This observable is useful to remove
the s-channel Higgs production which has the same final state. This observable is inputted
into the MVA training.

• Mdilep ∈ [25.17, 124.83]

Since the dominant backgrounds make a peak at the invariant mass of the Z boson and
these are completely overlapped with the signal process, this is not powerful for the par-
ticular processes. Nevertheless the other broader backgrounds can be suppressed with this
observable. This observable is inputted into the MVA training.

• Mreco ∈ [119.95, 146.35]

This observable is useful to remove one of the dominant backgrounds which is a single Z
with an electron pair process and it makes a peak at MZ .

• BDT > 0.14

BDT response after training and testing using the inputted five observables, which are
explained in the above text.

• Mdijet ∈ [90, 160]

The invariant mass of the Higgs boson calculated with the di-jet system, which is a mass
window to determine a statistical error calculated using the remaining number of events on
each bin of the distribution
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Figure 111: (Left) A plot shows Receiver Operating Characteristic (ROC) curves for each MVA
classifiers, which gives the performance of the classifiers. (Right) Response of the BDT classifier
for the signal and background processes.

A.2.2 Acceptance and migration on observables

Fig. 113 and Fig. 114 are the summary plots showing the Higgs momentum Ph and the angle
between production planes ∆Φ in the Higgs rest-frame. Since the number of remaining events
is too less because of the small production cross-section, an available distribution would be the
one-dimensional distribution only at

√
s =250 GeV.

The event acceptance of the ∆Φ distribution can maintain the fatness. However, one of the
momentum Ph distribution seems to be slightly dropped at higher edge. This is because the
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Figure 112: Distributions show each observable used for the background suppression. Explanation
of the observables are given in the text. Black arrows on the plots indicate the cut values applied
to each observable.

154



A THE OTHER CHANNELS FOR THE ANOMALOUS ZZH COUPLINGS

Table 8: The expected number of remaining signal and background events after each cut for
the ZZ → e+e−h, h → bb̄ at

√
s=250 GeV, with with both of the beam polarization states:

P(e−, e+)= (-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed.
The signal efficiency ϵ and significance Ssig are also given in the table. (t) and (s) in the table
denote t-channel and s-channel Higgs production.

√
s=250 GeV P(e−, e+)= (-80%,+30%)

Cut variables (t)eeh(bb̄) ϵ (t)eeh(h /∈ bb̄) (s)eeh 2f 4f Ssig

No cut 103 100 75 2671 2.91 · 107 1.02 · 107 -

ID of a ep pair 82 79.61 46 2070 2.66 · 106 1.60 · 105 0.05

Ntracks ∈ [15, 55] 80 77.67 34 1840 4877 3.64 · 104 0.38

Sum b-tag> 1.004 75 72.81 2 1242 54 6450 0.84

cos θh ∈ [−0.920, 0.920] 68 66.02 1 1153 19 4108 0.93

cos θe ∈ [−0.200, 0.986] 64 62.13 1 711 19 2787 1.07

cos θp ∈ [−0.986, 0.204] 61 59.22 1 580 19 1919 1.19

Mdilep ∈ [25.17, 124.83] 60 58.25 1 580 6 1569 1.28

Mreco ∈ [119.95, 146.35] 56 54.39 1 547 0 192 1.98

BDT> 0.14 31 30.10 1 16 0 24 3.68

Mreco ∈ [90, 160] 31 30.10 1 16 0 24 3.68

√
s=250 GeV P(e−, e+)= (+80%,-30%)

Cut variables (t)eeh(bb̄) ϵ (t)eeh(h /∈ bb̄) (s)eeh 2f 4f Ssig

No cut 74 100 54 1786 2.02 · 107 1.27 · 106 -

ID of a ep pair 59 79.39 33 1384 2.60 · 106 1.20 · 105 0.04

Ntracks ∈ [15, 55] 58 78.38 24 1231 4743 2.82 · 104 0.31

Sum b-tag> 1.004 54 72.98 1 830 52 5105 0.69

cos θh ∈ [−0.884, 0.884] 47 63.51 1 746 18 2889 0.77

cos θe ∈ [+0.272, 0.986] 39 52.70 1 302 18 1459 0.92

cos θp ∈ [−0.986, 0.153] 35 47.30 1 232 18 875 1.04

Mdilep ∈ [31.67, 123.83] 35 47.30 1 232 6 639 1.16

Mreco ∈ [119.4, 147.45] 33 44.60 1 221 0 83 1.79

BDT> 0.10 23 31.08 0 18 0 19 2.99

Mreco ∈ [90, 160] 23 31.08 0 18 0 18 2.99
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absolute momentum of the Higgs boson is correlated with the invariant mass of the di-lepton
system (the electron and the position in the final state) and the opening angle calculated between
them as well to a certain extent. These observables are used for the background suppression to
remove the huge dominant single Z with a pair of an electron and a positron process. When the
final state particles boosted into the very forward and backward area with smaller angles along
the beam axis, uncertainty of momentum measurement of a charged track gets worse due to the
number of measured points, and also a photon as the bremsstrahlung sometimes become missing.
Consequently the momentum of the Higgs boson and both of the opening angle and the invariant
mass of the di-lepton system have correlation each other to some extent 17 This tendency is also
clearly seen in analysis of 500 GeV process discussed in latter A.6.

The migration effects of both of the observables are not large since the signal reaction has a
pair of the electron and the positron, which is clearly seen, and two jets in back-to-back only.

A.2.3 Impact of angular distribution

Fig. 115 show the ∆χ2 distributions in the one-parameter space of aZ , bZ , and b̃Z . The
one-dimensional kinematical distributions of x(Phiggs) and x(∆Φff̄ ) binned in 5 are only used
for demonstrating the sensitivity. The evolution are given for both beam polarization states
P(e−, e+)= (-80%,+30%) and (+80%,-30%) with the integrated luminosities of Lint =250 fb−1.
Fig. ?? also show ∆χ2 each two-parameter space of aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Since the remaining
signal events are too less to extract the sensitivity to the anomalous couplings by using kinematical
distributions. the results are not good in this channel.

A.2.4 Impact of production cross-section

Effect of the variation of the production cross-section of the ZZ-fusion process e+e− → e+e−h is
also included in the evaluation, whose variations as a function of each anomalous parameter are
illustrated in Fig. 44. As discussed in Sec. 4.4.4, the error of the production cross-section is given
through the error propagation. The left plot in Fig. 116 give ∆χ2 in one-dimensional parameter
space, where the information of the cross-section is used for the evaluation. The impact on the
sensitivity coming from the variation of the cross-section looks large even though the cross-section
itself is small at

√
s =250 GeV. A remarkable thing is that the correlation between the parameters

aZ and bZ given in the ZZ-fusion process is oppositely correlated compared with that of the Higgs-
strahlung process, which can partially squeeze the sensitivity to the anomalous ZZH couplings in

17Thinking a simple two-body decay in the laboratory frame, where an initial electron decays into a positron and
a vector boson, which have four momentum as follows,

qe− = (Ei, 0, 0, Ei )

qe+ = (Ef , 0, |pe+ | sinϕ, |pe+ | cosϕ)

qV = (EV , 0, |pV | sin θ, |pV | cos θ)

where me− << E is assumed, and ϕ and θ are defined for angles along the beam axis, which give polar angles.
When imposing the four-momentum conservation, a relation would be given as,

q2e+ = (qe− − qV )2 = q2e− − 2qe−qV + q2V

0 = −2EiEV + 2Ei|pV | cos θ +M2
V

cos θ =
EV

|pV | −
M2

V

2Ei|pV |

where the mass of positron is assumed to be me+ << Ef . If assuming the vector boson is highly boosted, MV <<
|pV |, and ignoring the second term, the equation will be

cos θ ∼ EV

|pV | ∼ 1 in the limit.

where ϕ has similarly small angle. Therefore, when a high momentum Higgs boson is produced through the ZZ-
fusion, the final state positron has small angle, which brings the large opening angle for the e−-e+ system and
relatively larger measurement error for Me−e+ , consequently it becomes correlations.
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Figure 113: Distributions show the summary on the absolute momentum of the Higgs boson
(Ph) after the background suppression. (Top left and middle) The remaining signal (which are
given with the MC truth and the reconstructed) and the background distribution, in which the
statistical error is given as the standard deviation of the Poisson probability. (Top right) The
event acceptance function ηi shows whether each signal event on each bin is accepted or not after
the suppression. (Bottom left and middle) The distribution shows the probability matrix of the
migration that is applied for reconstructing a realistic distribution of Ph, and several plots of 1d.
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Figure 114: Distributions show the summary on the angle between production planes in the Higgs
rest frame (∆Φ) after the background suppression. (Top left and middle) The remaining signal
and the background distribution. (Top right) The event acceptance function ηi. (Bottom left and
middle) The distribution shows the probability matrix of the migration, and several plots of 1d.
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Figure 115: Distributions show ∆χ2 as a function of each parameter. The evaluations are done
in the one-parameter axis. Each color corresponds to the parameters aZ , bZ , and b̃Z . Since only
the angular information is considered, the χ2 values of aZ is 0.0 over the given range. In upper
and lower plots the different beam polarizations are assumed with the integrated luminosity of
250 fb−1: P(e−, e+)= (-80%,+30%) and (+80%,-30%), respectively. Difference of each column is
the knematical distributions used for the evaluation: (left) x(Phiggs) binned in 5, (right) x(∆Φff̄ )
binned in 5.
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the three parameter space. This behavior was discussed in Sec. 6.3.
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A.3 e+e− → Zh → µ+µ−h at
√
s = 500 GeV

Although the production cross-section of the Higgs-strahlung Zh process becomes less than half
at

√
s=500 GeV compared to that of 250 GeV, the increase of momentum of the Z boson in

the reaction can lead the strong anomalous couplings and give quick and clear variations of the
kinematical distribution. Therefore, inclusion of results at 500 GeV processes could give sizable
impacts on the improvement of the sensitivity to the anomalous ZZH couplings.

A.3.1 Reconstruction and background suppression

The strategy of the analysis is almost same as the analysis of the case at 250 GeV.

Isolated lepton finding and radiation recovering :

The finding of the isolated muons derived from the Z boson and the recovering of the radiated
photons in the final state are implemented as with the analysis of 250 GeV processes. The
requirements for extracting the isolated muons are

• A charged particle has momentum of more than 5 GeV.

• MLP response for the muon candidate must be larger than 0.7.

• Neutral particles which are identified as a photon are merged into the charged particle if the
polar angle between both exceeds 0.99.

After pairing isolated muons by referring the invariant mass of the Z boson, the daughters
decaying from the Z boson are identified. Plots in Fig. 117 give the invariant mass of the Z boson
and its recoil mass, and the effect of the photon recovery.
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Figure 117: Distributions of the invariant mass of the muon pair Mll (left) and the recoil mass
Mreco (right) of the muon channel in the Higgs-strahlung Zh process at

√
s=500 GeV. Black and

red lines on both plots correspond to without and with recovering photons, respectively.

Reconstructed angular observables :

The reconstructed observables being sensitive to the anomalous couplings are illustrated in Fig. 118,
where the production angle of the Z boson cos θZ and the angle between production planes ∆Φ
are given. Due to the fact that the one or both muons fly to the beam direction, which is same
reason with the case at 250 GeV, dips at 0, π, and 2π appear, and it is irreducible reactions.

Background suppression :

The background suppression was performed by using the same observables which are used for
the µ+µ−H study at 250 GeV. Each observable implemented for the suppression is illustrated
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Figure 118: Plots show the MC truth and reconstructed distributions (left), the migration effects
(middle), and resolutions (right) of cos θZ , cos θ

∗
f , and ∆Φ of the muon channel in the Higgs-

strahlung Zh process at
√
s=500 GeV. Those observables give the sensitivities to the anomalous

ZZH couplings. The clear dips at 0, π, and 2π on ∆Φ is due to the missing final state muons.

in Fig. 119. The explicit values for each observable are optimized by calculating the signal sig-
nificance and its detail is given in Table 9, where the left-handed polarization state: P(e−, e+)=
(-80%,+30%) with the integrated luminosity of 500 fb−1 are assumed.

• Two leptons having opposite sign with the same flavor must exist exactly in one event (muon
and anti-muon), which is given as a pre-selection.

• Ntracks ∈ [13, 70]
The number of charged tracks, which is useful to remove huge two-fermion backgrounds.
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Figure 119: The distributions show each observable used for the background suppression assuming
500 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.

• EZ ∈ [190.8, 245.0] GeV, and MZ ∈ [77.45, 109.30] GeV
Since energy of the di-lepton system derived from one of the dominant background process

161



A THE OTHER CHANNELS FOR THE ANOMALOUS ZZH COUPLINGS

e+e− → ZZ → semi-leptonic decay has a peak at 125 GeV, this observable is useful to
separate it. The invariant mass of di-lepton Me+e− must be close to the mass of the Z
boson.

• Evis − EZ(≡ Esub) ∈ [122.92, 302.08] GeV
Visible energy shows measured energy in the detectors. The subtracted value by the energy
of the Z boson is close to 0 for the two-fermion process, which is still useful to distinguish
the Higgs boson from other dispersed backgrounds.

• Mrec ∈ [112, 236] GeV
Recoil mass against the di-lepton system, which becomes a conclusive mass window to deter-
mine a Poisson error calculated by the remaining number of events on each bin on kinematical
histograms.

Table 9: The expected number of remaining signal and background events after each cut for the
Zh → µ+µ−h at

√
s=500 GeV, with with both of the beam polarization states: P(e−, e+)= (-

80%,+30%) and (+80%,-30%). The integrated luminosity of 500 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table. 6f SM background processes are not
considered here, which would give no contamination to the clear µ+µ−h signal channel.

√
s=500 GeV P(e−, e+)= (-80%,+30%)

Cut variables µµh ϵ eeh ττh 2f 4f Ssig
No cut 1725 100 1720 1720 1.32 · 107 1.62 · 107 -
ID of a di-lepton pair 1602 92.87 3 3 1.81 · 105 7.45 · 104 3.16
Ntracks ∈ [13, 70] 1432 83.02 1 1 1.69 · 104 2.30 · 104 7.04
EZ ∈ [190.8, 245.0] GeV 1209 70.09 0 1 5180 8719 9.84
MZ ∈ [77.45, 109.30] GeV 1179 68.35 0 0 4634 7519 10.2
Esub ∈ [122.92, 302.08] GeV 1094 63.42 0 0 1058 6273 11.9
Mreco ∈ [112, 236] GeV 1039 60.23 0 0 987 5748 11.8

√
s=500 GeV P(e−, e+)= (+80%,-30%)

Cut variables µµh ϵ eeh ττh 2f 4f Ssig
No cut 1163 100 1162 1162 8.81 · 106 5.58 · 106 -
ID of a di-lepton pair 1080 92.86 2 2 1.46 · 105 4.43 · 104 2.47
Ntracks ∈ [13, 70] 965 82.98 1 1 1.36 · 104 1.26 · 104 5.86
EZ ∈ [168.33, 245.0] GeV 866 74.46 0 0 4695 5269 8.32
MZ ∈ [84.80, 104.40] GeV 811 69.73 0 0 3861 4113 8.65
Esub ∈ [133.33, 304.17] GeV 746 64.14 0 0 891 3324 10.6
Mreco ∈ [112, 236] GeV 673 57.87 0 0 738 2851 10.3

A.3.2 Acceptance and migration on observables

Fig. 120, and Fig. 121 show summary plots on the one-dimensional angular distributions of cos θZ ,
and ∆Φ binned in 30, which include the remaining signal and background distributions, event
acceptance η, and the probability of the migration effects f̄ after the background suppression.
Summary plots of the two-dimensional distribution of x(cos θZ ,∆Φff̄ ) are also given in Fig. 122
which are binned in 10×10. The event acceptance of ∆Φ distribution maintains flatness well,
but drops appear in the cos θZ distribution. The probabilities of the migration effects of each
distribution are also extremely clear.

Main difference compared to the 250 GeV process is that the event acceptance of the cos θZ
drops at the edge of the distribution (-1 and +1) although any observables which are correlated to
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Figure 120: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 121: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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the angle cos θZ are not used. Since the leptons decaying form the Z boson have larger energy and
corresponding momenta, they are highly boosted, and one or both leptons tend to fly along the
momentum direction of the Z boson. When the high momentum Z boson is generated toward the
beam direction, its daughters could fly toward the beam direction, and eventually they become
missing particles. If looking a plot showing ∆Φ vs cos θZ with missing events, the correlation
between ∆Φ and cos θZ can be clearly seen for 500 GeV and not for 250 GeV. Thus, the drops at
(-1 and +1) in cos θZ distribution are also irreducible.
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Figure 122: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.

A.3.3 Impact of angular distributions

Fig. 123 give ∆χ2 distributions for each one-dimensional parameter axis, where one-dimensional
distributions of x(cos θZ) and x(∆Φ) binned in 20, and the three-dimensional distribution of
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used for the evaluation. Each of one-dimensional
distribution has different power, and there dimensional distribution can give the improvement of
the sensitivity.

Notable things is that, because it seem that there exist certain area that can negate the
variation of the kinematical distribution and recover the SM distribution, the minimum point,
where ∆χ2 is close to 0, appear for bZ with the cos θZ distribution only. However, by adding the
information of the ∆Φ, it can be identified. It also observed that the sensitivity given by the ∆Φ
distribution is limited because of statistical error although the variation of the ∆Φ distribution is
strong and quickly reach maximum. Since the cross-section with right-handed beam polarization
is less compared to the left-handed due to the conservation of angular momentum, the sensitivity
gets slightly worse.

Fig. 124 give ∆χ2 distributions for each two-dimensional parameter space with each kine-
matical information. The similar behavior with the one-dimensional ∆χ2 distribution can be
seen. With cos θZ the area that can negate the variation appear except the direction along aZ
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for aZ-bZ and bZ-b̃Z parameter space. And these are clearly identified with the three-dimensional
distribution.
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Figure 123: The distributions show ∆χ2 as a function of each parameter of the anomalous ZZH
couplings, and the evaluation is done in the one-parameter space. Black, red, and blue lines
on the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information
is considered here, the χ2 values of aZ is exactly 0 over the given range. In upper and lower
plots, the different beam polarizations are assumed with the integrated luminosity of 500 fb−1:
P(e−, e+)= (-80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular
distributions used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in
20, and (right) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used respectively.
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Figure 124: The distributions show ∆χ2 in the two-dimensional parameter space aZ-bZ , aZ-b̃Z ,
and bZ-b̃Z . Only each angular distribution is used for the evaluations: (top) x(cos θZ) binned in
20, (middle) x(∆Φff̄ ) binned in 20, and (bottom) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used

respectively. The results are given only for the beam polarization of P(e−, e+)= (-80%,+30%).
The sensitivity is 0.0 for the any az when bZ or b̃Z is 0.0.
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A.3.4 Impact of production cross-section

The variation of the production cross-section which depends on the anomalous parameters is also
useful observable. At 500 GeV, the variation of the cross-section rather quickly change compared
to the case of 250 GeV, which is illustrated in Fig. 125. In this information the are that can
cancel out the variation of the cross-section appears, and it is necessary to use the variation of the
kinematical distribution to disclose the canceled area. Both of the informations are complementary
each other.
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Figure 125: (Left) The distribution shows ∆χ2 as a function of each parameter in the one pa-
rameter space, where the normalization information only is used for the evaluation. (Right) The
distributions show ∆χ2 in the two-dimensional parameter space of aZ-bZ .

A.3.5 Sensitivity in three parameter space

The sensitivities to the anomalous ZZH couplings with the muon channel only are given in
Fig. 126, where the variation of the three-dimensional distribution x(cos θ∗f , cos θZ ,∆Φff̄ ) binned
in 5×5×5 and the variation of the production cross-section are considered.
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Figure 126: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 500 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 and the production cross-section are com-

bined. (Middle): The plots show ∆χ2 distributions as a function of each parameter space of the
anomalous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information
(the angles and the cross-section) and scanning one parameter while setting the other two param-
eters to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.
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A.4 e+e− → Zh → e+e−h at
√
s = 500 GeV

The electron channel, which is another clear lepton channel, is expected to give similar sensitivity
with the muon channel discussed in the previous section.

A.4.1 Reconstruction and background suppression

The flow of the analysis is same as the analysis of the muon channel.

Isolated lepton finding and radiation recovering :

The finding of the isolated electrons and the recovering of the radiated photons are implemented
by IsoLeptonFinder as with the analysis of 250 GeV. The requirements for extracting the isolated
electrons are,

• charged particle has momentum of more than 5 GeV.

• MLP response for the electron candidate must be larger than 0.5.

• Neutral particles which are identified as a photon are merged into the charged particle if the
polar angle between both exceeds 0.99.

After pairing isolated electrons by referring the invariant mass of the Z boson, the daughters
decaying from the Z boson are identified. Plots in Fig. 127 give the invariant mass of the Z boson
and its recoil mass, and the effect of the photon recovery.
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Figure 127: Distributions of the invariant mass of the muon pair Mll (left) and the recoil mass
Mreco (right) of the electron channel in the Higgs-strahlung Zh process at

√
s=500 GeV. Black

and red lines on both plots correspond to without and with recovering photons, respectively.

Reconstructed angular observables :

The reconstructed observables for verifying the anomalous couplings are illustrated in Fig. 128,
where the production angle of the Z boson cos θZ and the angle between production planes ∆Φ
are given as with the muon channel. The dips can be seen at 0, π, and 2π.

Background suppression :

The background suppression was performed by using the same observables which are used for
the e+e−h study at 250 GeV. Each observable implemented for the suppression is illustrated in
Fig. 129. The explicit values for each observable are optimized by calculating the signal signif-
icance and its detail is given in Table 10, where the left-handed polarization state: P(e−, e+)=
(-80%,+30%) with the integrated luminosity of 500 fb−1 are assumed.
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Figure 128: Plots show the MC truth and reconstructed distributions (left), the migration effects
(middle), and resolutions (right) of cos θZ , cos θ

∗
f , and ∆Φ of the electron channel in the Higgs-

strahlung Zh process at
√
s=500 GeV. Those observables give the sensitivities to the anomalous

ZZH couplings. The clear dips at 0, π, and 2π on ∆Φ is due to the missing final state muons.

• Two isolated leptons, which have opposite signs: electron and positron, must exist exactly
in one event. The reaction that does not have two isolated leptons is suppressed.

• Ntracks ∈ [13, 70]
This represents the number of charged tracks in each reaction, which is useful to remove
huge two-fermion SM backgrounds.

• EZ ∈ [190.8, 245.0] GeV and MZ ∈ [77.45, 109.30] GeV
Since energy of the di-lepton system derived from one of the dominant background process
e+e− → ZZ → semi-leptonic decay has a peak at 125 GeV, this observable is useful to
separate it. The invariant mass of di-lepton Me+e− must be close to the mass of the Z
boson.

• Evis − EZ(≡ Esub) ∈ [122.92, 302.08] GeV
Visible energy shows measured energy in the detectors. The subtracted value by the energy
of the Z boson is close to 0 for the two-fermion process, which is still useful to distinguish
the Higgs boson from other dispersed backgrounds.

• Mrec ∈ [112, 236] GeV
Recoil mass against the di-lepton system, which becomes a conclusive mass window to deter-
mine a Poisson error calculated by the remaining number of events on each bin on kinematical
histograms.
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Figure 129: The distributions show each observable used for the background suppression assuming
500 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.

Table 10: The expected number of remaining signal and background events after each cut for
the Zh → e+e−h at

√
s=500 GeV, with with both of the beam polarization states: P(e−, e+)=

(-80%,+30%) and (+80%,-30%). The integrated luminosity of 500 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table. 6f SM background processes are not
considered here, which would give no contamination to the clear µ+µ−h signal channel.

√
s=500 GeV P(e−, e+)= (-80%,+30%)

Cut variables (s)eeh ϵ (t)eeh µµh ττh 2f 4f Ssig
No cut 1720 100 3745 1725 1720 1.32 · 107 1.62 · 107 -
ID of a di-lepton pair 1536 89.30 400 0 6 2.07 · 105 2.20 · 105 2.34
Ntracks ∈ [13, 70] 1375 79.94 331 0 4 1.86 · 104 4.90 · 104 5.22
EZ ∈ [203.33, 245.0] GeV 998 58.02 91 0 0 4024 1, 76 · 104 6.62
MZ ∈ [87.95, 97.75] GeV 758 44.07 5 0 0 542 4490 9.96
Esub ∈ [123.23, 322.62] GeV 723 42.03 5 0 0 266 3823 10.4
Mreco ∈ [112, 232] GeV 705 40.99 4 0 0 262 3688 10.3

√
s=500 GeV P(e−, e+)= (-80%,+30%)

Cut variables (s)eeh ϵ (t)eeh µµh ττh 2f 4f Ssig
No cut 1162 100 2319 1163 1162 8.81 · 106 5.58 · 106 -
ID of a di-lepton pair 1037 90.96 247 0 4 1.96 · 105 1.49 · 105 1.76
Ntracks ∈ [14, 70] 920 79.17 201 0 3 1.46 · 104 3.71 · 104 4.00
EZ ∈ [190.83, 245.83] GeV 731 62.91 69 0 0 4039 1.66 · 104 4.99
MZ ∈ [86.90, 98.10] GeV 583 50.17 4 0 0 583 5100 7.36
Esub ∈ [131.54, 308.08] GeV 538 46.30 4 0 0 195 4256 7.61
Mreco ∈ [112, 232] GeV 494 42.51 3 0 0 166 3761 7.43
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A.4.2 Acceptance and migration on observables

Fig. 130, and Fig. 131 show summary plots on the one-dimensional angular distributions of cos θZ ,
and ∆Φ binned in 30, where the remaining signal and background distributions, event acceptance
η, and the probability of the migration effects f̄ after the background suppression are shown.
Summary plots of the two-dimensional distribution of x(cos θZ ,∆Φff̄ ) are also given in Fig. 132
which are binned in 10×10. The event acceptance of ∆Φ distribution maintains flatness, but drops
appear in the cos θZ distribution. The probabilities of the migration effects of each distribution
are also extremely clear.
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Figure 130: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 131: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Figure 132: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.
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A.4.3 Impact of angular distributions

Fig. 133 give ∆χ2 distributions for each one-dimensional parameter axis, where one-dimensional
distributions of x(cos θZ) and x(∆Φ) binned in 20, and the three-dimensional distribution of
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used for the evaluation.

Compared to the muon channel, the overall sensitivity that the electron channel can provide
is little bit worse. This is simply because the remaining background is larger than that of the
muon channel, and it cause the large statistical error and make the variation of the kinematical
distribution unclear. The behaviors, like, the are that can negate the variation of the kinematical
distribution appear, is same with the muon channel.

A.4.4 Sensitivity in three parameter space

The sensitivities to the anomalous ZZH couplings with the muon channel only are given in
Fig. 134, where the variation of the three-dimensional distribution x(cos θ∗f , cos θZ ,∆Φff̄ ) binned
in 5×5×5 and the variation of the production cross-section are considered.
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Figure 133: The distributions show ∆χ2 as a function of each parameter of the anomalous ZZH
couplings, and the evaluation is done in the one-parameter space. Black, red, and blue lines
on the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information
is considered here, the χ2 values of aZ is exactly 0 over the given range. In upper and lower
plots, the different beam polarizations are assumed with the integrated luminosity of 500 fb−1:
P(e−, e+)= (-80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular
distributions used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in
20, and (right) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used respectively.
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Figure 134: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 500 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 and the production cross-section are com-

bined. (Middle): The plots show ∆χ2 distributions as a function of each parameter space of the
anomalous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information
(the angles and the cross-section) and scanning one parameter while setting the other two param-
eters to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.
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A.5 e+e− → Zh → qq̄h, h → bb̄ at
√
s = 500 GeV

Among the analysis using 250 GeV processes, the most powerful channel was the hadronic channel
of the Zh although one of the useful observable ∆Φ is not fully reconstructed with the sensitivity
from 0 to 2π. At 500 GeV the production cross-section is actually less than that of 250 GeV,
nevertheless, it is expected that better sensitivity to the anomalous couplings can be extracted
with the hadronic channel, compared to the leptonic channels.

A.5.1 Reconstruction and background suppression

Contamination of the signal process due to the γγ-hadrons which is derived from radiated photons
from the initial electron-positron beam become serious at 500 GeV. The reaction γγ-hadrons gen-
erate objects which have low transverse momenta and these objects fly parallel to beam direction.
These objects are mixed with the signal process and pollute it.

Removing overlay and jet pairing :

The kT jet clustering which is described in the previous section is often implemented to remove
these overlaid objects frying along the beam direction. Fig. 135 show the invariant mass of the
Higgs and the Z boson in the process e+e− → Zh → qqh at 500 GeV. Events are generated and
reconstructed with and without the overlaid objects and all PFOs are inclusively clustered into
four pseudo jets with the Durham jet clustering and paired by constraining with χ2 = ((Mij −
Mh)/σh)

2 + ((Mkl −MZ)/σZ)
2, where i, j, k, and l give indices for each pseudo jet.
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Figure 135:

If the Durham jet clustering is applied directly without the exclusive kT jet clustering, the
mass distributions are clearly broader. When the exclusive kT jet clustering is applied with the
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parameter R, the mass distribution of the Higgs boson become gradually shaper. To quantify
the effect of the overlaid objects and optimize the parameter R, the RMS90 is defined, which is

defined as RMS (=
√∑n

i x
2
i /n) in the smallest range of the mass distribution containing 90 % of

the events *** reference***. The value of RMS90 gets plateau at R of more than 1.5.
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Figure 136: The distributions show each observable used for the background suppression assuming
500 fb−1 with P(e−, e+)= (-80%,+30%). The explanation of the observables are given in the text.
Red arrows on each plot indicate the cut values applied to each observable as the background
suppression.

Background suppression :

The background suppression was performed by using the same observables which are used for
the e+e−h study at 250 GeV. Each observable implemented for the suppression is illustrated in
Fig. 129. The explicit values for each observable are optimized by calculating the signal signif-
icance and its detail is given in Table 10, where the left-handed polarization state: P(e−, e+)=
(-80%,+30%) with the integrated luminosity of 500 fb−1 are assumed.

• Njet = 4 and Nisolep = 0
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Properly four jets are clustered and exist in a event, additional the number of isolated leptons
must be 0 since the final state of the signal process is full hadronic environment.

• Npfo ∈ [55, 170]
The number of Particle Flow Objects (PFOs). Two fermion processes and four fermion
semi-leptonic decay processes can be almost suppressed with this observable.

• EZ ∈ [87.8, 118.5] GeV and MZ ∈ [82.3, 102.3] GeV
The energy of the Z boson calculated with the paired two jets. The invariant mass of the Z
boson calculated with the paired two jets, which should be close to the mass of the Z boson.

• The sum of b-tag ∈ [1.25, 2.0]
Both of the jets originating from the Higgs boson have higher b-likeness since the h → bb̄
channel is selected as the signal process.

• Eh ∈ [98.7, 150.7] GeV
The energy of the Higgs boson.

• Minimum Npfo ∈ [5, 40] among jets and
The jet clustering parameter - log y32 ∈ [0.5, 3.62] and - log y43 ∈ [1.8, 5.52]
The minimum number of PFOs among each jet. y32 show the minimum distance when
the pseudo-jets are merged from 3 to 2. This is useful to discriminate topology of two jets
environment from that of multiple jets. y43 show the minimum distance when the pseudo-jets
are merged from 4 to 3.

• The thrust value T ∈ [0.5, 0.89]
T denotes the thrust value explained in Sec. 5.5. When T is close to 1, an event topology
could be a pair of narrow jets generated linearly. If T gets close to 1/2, the topology will be
multiple jets which spread to all directions in the detector.

• Mh ∈ [90, 142] GeV
The invariant mass of the Higgs boson calculated with the paired two jets, which is the mass
window to determine a Poisson error calculated by the remaining number of events on each
bin on kinematical histograms.
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Table 11: The expected number of remaining signal and background events after each cut for
the Zh → qq̄bb̄(h) at

√
s=250 GeV, with with both of the beam polarization states: P(e−, e+)=

(-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed. The signal
efficiency ϵ and significance Ssig are also given in the table.

√
s=500 GeV P(e−, e+)= (-80%,+30%) Lint=500 fb−1

Zh→ SM backgrounds

Cut variables qq̄bb̄ ϵ qq̄+others 2f 4f 6f Ssig

No cut 20134 100 14700 1.32 · 107 1.62 · 107 4.04 · 105 -

Nisolep = 0 20094 99.80 11974 1.11 · 107 1.06 · 107 2.15 · 105 4.28

Npfo ∈ [55, 190] 20041 99.53 11021 5.41 · 106 5.50 · 106 2.05 · 105 5.99

MZ ∈ [88.29, 105.4] GeV 11660 57.91 5109 3.90 · 105 4.25 · 105 5.10 · 104 12.4

EZ ∈ [134.3, 257.0] GeV 11062 54.94 4761 3.36 · 105 3.31 · 105 4.12 · 104 13.0

Eh ∈ [153.5, 264.5] GeV 9980 49.56 4174 1.64 · 105 2.42 · 105 3.14 · 104 14.9

b-tag ∈ [1.46, 2.0] 6911 34.32 140 3210 6760 5334 46.2

Min Npfo ∈ [5, 40] 6857 34.05 131 2248 6636 5040 47.4

- log y23 ∈ [0.22, 4.33] 6526 32.41 120 1538 5130 5003 48.2

- log y34 ∈ [2.27, 6.23] 6330 31.43 118 794 4774 4953 48.6

thrust T ∈ [0.8, 0.91] 5731 28.46 93 466 1837 1466 58.5

Mh ∈ [90, 145] GeV 5670 28.16 90 240 1608 882 61.5

√
s=500 GeV P(e−, e+)= (+80%,-30%) Lint=500 fb−1

Zh→ SM backgrounds

Cut variables qq̄bb̄ ϵ qq̄+others 2f 4f 6f Ssig

No cut 13574 100 9910 8.81 · 106 5.58 · 106 1.65 · 105 -

Nisolep = 0 13547 99.80 8072 6.97 · 107 3.67 · 106 8.78 · 104 4.13

Npfo ∈ [55, 190] 13511 99.53 7430 3.22 · 106 6.00 · 105 8.42 · 104 6.81

MZ ∈ [88.29, 108.0] GeV 8139 59.96 3603 2.50 · 105 6.47 · 104 2.38 · 104 13.8

EZ ∈ [115.7, 255.7] GeV 7771 57.24 3415 2.19 · 105 5.49 · 104 2.21 · 104 14.0

Eh ∈ [141.5, 264.5] GeV 7086 52.20 3035 1.13 · 105 4.18 · 104 1.83 · 104 16.5

b-tag ∈ [1.30, 2.0] 5275 38.86 134 2928 3411 4058 42.0

Min Npfo ∈ [5, 40] 5233 38.55 121 2231 3299 3751 43.3

- log y23 ∈ [0.27, 4.55] 5108 37.63 115 1593 2854 3735 44.1

- log y34 ∈ [2.27, 6.49] 4991 36.76 113 897 2695 3709 44.8

thrust T ∈ [0.80, 0.909] 4403 32.43 90 522 1027 983 52.5

Mh ∈ [90, 145] GeV 4351 32.05 86 282 887 598 55.2
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A.5.2 Acceptance and migration on observables

Fig. 137, and Fig. 138 show summary plots on the one-dimensional angular distributions of cos θZ ,
and ∆Φ binned in 30, where the remaining signal and background distributions, event acceptance
η, and the probability of the migration effects f̄ after the background suppression are shown.
Summary plots of the two-dimensional distribution of x(cos θZ ,∆Φff̄ ) are also given in Fig. 139
which are binned in 10×10.

The event acceptance of ∆Φ distribution maintains flatness well, but drops as well appear
in the cos θZ distribution. Theses drops in both edges are not seen in the hadronic channel at
250 GeV. This could be come from the situation of the boosted final state objects and the usage
of the kT jet algorithm. Since the final state objects decaying from the high momentum Z boson
are boosted and could fly rather along the direction of the Z boson, and become missing if the
objects fly along the beam pipe. Furthermore, the objects which are located in a close area could
be removed because of the usage of the kT jet algorithm. Therefore, the reconstructed Z bosons
in such reactions have incomplete information as the Z boson, and those events are removes when
applying the cuts using the information of the Z boson. This situation is also irreducible. The
migration effects are slightly observed for both observables, which is mainly derived from the miss
pairing of the pseudo-jets.
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Figure 137: The distributions show the summary of the polar angle of the Z boson (cos θZ) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ , and the
cross-sections of f̄ji as 1-dim plots.
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Figure 138: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Figure 139: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Z boson cos θZ and the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.
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A.5.3 Impact of angular distributions

Fig. 140 give ∆χ2 distributions for each one-dimensional parameter axis, where one-dimensional
distributions of x(cos θZ) and x(∆Φ) binned in 20, and the three-dimensional distribution of
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used for the evaluation. Also, Fig. 141 give ∆χ2

distributions for each two-dimensional parameter space with each kinematical information. The
∆Φ distribution actually gives the half sensitivity [0–π], compared to the lepton channel. However,
because the large number of signal events remain, significantly better sensitivity is achievable. The
plots indicate that the different shape information have different power against the anomalous
parameters.

A.5.4 Sensitivity in three parameter space

The sensitivities to the anomalous ZZH couplings with the hadronic channel only are given in
Fig. 142, where the variation of the three-dimensional distribution x(cos θ∗f , cos θZ ,∆Φff̄ ) binned
in 5×5×5 and the variation of the production cross-section are considered.
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Figure 140: Distributions show ∆χ2 as a function of each parameter which gives anomalous ZZH
couplings, and the evaluation is done in the one-parameter axis. Black, red, and blue line on
the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information is
considered here, the χ2 values of aZ is 0.0 over the given range. In upper and lower plots the
different beam polarizations are assumed with the integrated luminosity of 250 fb−1: P(e−, e+)= (-
80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular distributions
used for the evaluation: (left) x(cos θZ) binned in 20, (middle) x(∆Φff̄ ) binned in 20, and (right)
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used respectively.
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Figure 141: The distributions show ∆χ2 in the two-dimensional parameter space aZ-bZ , aZ-b̃Z ,
and bZ-b̃Z . Only each angular distribution is used for the evaluations: (top) x(cos θZ) binned in
20, (middle) x(∆Φff̄ ) binned in 20, and (bottom) x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 are used

respectively. The results are given only for the beam polarization of P(e−, e+)= (-80%,+30%).
The sensitivity is 0.0 for the any az when bZ or b̃Z is 0.0.
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Figure 142: (Upper): The plots show contours corresponding to the 1σ and 2σ sensitivities to the
anomalous ZZH couplings. The fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 500 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional param-
eter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both of the information, which are the three-dimensional
distributions x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 and the production cross-section are com-

bined. (Middle): The plots show ∆χ2 distributions as a function of each parameter space of the
anomalous couplings aZ , bZ , and b̃Z . The distributions are obtained by using both information
(the angles and the cross-section) and scanning one parameter while setting the other two param-
eters to be completely free. (Lower): The explicit values corresponding to the 1σ bounds for each
anomalous parameter aZ , bZ , and b̃Z and the correlation matrix indicating correlation coefficients
between the parameters.
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A.6 e+e− → e+e−h, h → bb̄ at
√
s = 500 GeV

At
√
s =500 GeV the ZZ-fusion process opens and has large cross-section which is twice larger

than the electron channel of the Higgs-strahlung process. Therefore, the ZZ-fusion process is
expected to give sizable impact on the improvement of the sensitivity to the anomalous ZZH
couplings because the aZ and bZ parameter relation has opposite correlation with the Higgs-
strahlung process as discussed in Sec. 6.3. Furthermore, a reaction of the ZZ-fusion event has a
very clear features such as, a pair of an electron and positron which have high momentum and
fly to very forward and backward region, and there are clear Higgs decay objects in addition,
especially when selecting the decay of h → bb̄. Thus, the identification of the signal reaction
will be easier compared to other Higgs channels. It is also expected that SM backgrounds can
be almost suppressed by exploiting there signal features, which is discussed in Sec. A.2 to some
extent.

A.6.1 Reconstruction and background suppression

The flow of the analysis is basically similar with the selection of the other lepton channels of the
Higgs-strahlung and the ZZ-fusion process at 250 GeV.

Isolated lepton finding and radiation recovering :

The finding of the isolated electrons and the recovering of the radiated photons are implemented
by IsoLeptonFinder, which is explained in Sec. 5.2. The requirements for extracting the isolated
electrons are as follows,

• A charged particle must have momentum of greater than 5 GeV.

• MLP response for the electron candidate must be larger than 0.5.

• A neutral particle which is identified as a photon based on the criterion that the polar angle
along the charged particle exceeds 0.999 is merged into the charged particle as a radiated
photon because of bremsstrahlung.

Plots in Fig. 143 illustrate the invariant mass of the pair of the electron and positron and the
recoil mass against the pair, where the effect of the radiation recovering is separately plotted.
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Figure 143: The distributions show (left) the invariant mass of the pair of the electron and
positron Mdi−lep in the ZZ-fusion process at

√
s=500 GeV and (right) the recoil mass against

the pair Mreco. Black and red lines in both plots correspond to the situation which the radiation
recovering is applied to or is not, respectively.

Removing overlay and jet clustering :

Since relatively large γγ →hadrons coming from the beam interactions are overlaid in events at
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500 GeV, the kT jet algorithm is exclusively implemented to remove them. After disentangling
the pseudo jets, the Durham jet algorithm is applied to cluster the remaining objects inclusively
into the expected jets. where the heavy flavor tagging is also implemented through LCFIPlus.

Reconstructed angular observables :

Fig. 144 show the reconstructed Higgs momentum Phiggs in the laboratory frame and the angle
between production planes ∆Φ in the Higgs rest-frame, which are sensitive to the anomalous
couplings. The reconstructed ∆Φ distribution has dips, which is the same reason with the other
lepton channels of the Higgs-strahlung process (a missing final state positron which flies along the
beam axis). The reconstructed Phiggs distribution is slightly shifted from the truth distribution
because missing neutrinos are generated through decay chains of the b-quark like b→W (→ lν)+c
and so on.
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Figure 144: Plots show the MC truth and reconstructed distributions (left), the migration effects
(middle), and resolutions (right) of cos θh, ∆Φ, and Ph in the ZZ-fusion process at

√
s=250 GeV.

Those observables give the sensitivities to the anomalous ZZH couplings. The clear dip can be
seen at π due to the missing final state positron.

Background suppression :

Unlike in the case of the ZZ-fusion analysis at 250 GeV, the SM backgrounds and the s-channel
Higgs production processes which has the same final state but the different feature are easily
removed from the signal reaction by using several observables. The only dominant background is
a diagram which generates a single Z boson together with a pair of e− and e+. These background
candidates are illustrated in Fig. 145.

The s-channel Higgs production with the decay of Z → e−e+ has the same final state with the
signal process, whose kinematics is possible to change depending on the existence of the anomalous
couplings. Therefore, s-channel should be removed using the mass of the di-lepton systemMdi−lep,
which is close toMZ for s-channel process. However, because the lower are of theMdi−lep is slightly
correlated with higher area of the momentum of the Higgs boson as discussed in Sec. A.2.2, the
usage of Mdi-lep slightly will affect the acceptance of the momentum distribution. The observables
applied for the background suppression are listed as follows, and several ones are illustrated in
Fig. 147. The detail numbers for each cut are given in Table 12.

• A pair of an electron and a positron must exist exactly in one event, in which MVA based
lepton selection is used except the constraint of the mass of the Z boson.

• Ntracks ∈ [13, 65]

This gives the number of charged tracks, which is useful to remove large two-fermion SM
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Figure 145: The distributions show the several observables in the signal and the dominant back-
grounds processes at 500 GeV: the di-lepton massMdilep, the polar angle of the Higgs boson cos θh,
the opening angle in the di-lepton system cos θopenep , the recoil mass against the di-lepton system
Mreco, and the polar angle of the final state electron cos θe. Red line is the signal process of the
ZZ-fusion.

backgrounds.

• Mdilep ∈ [126.0, 385.0] GeV

The mass of the di-lepton system has a clear peak at the mass of the Z boson in s-channel
process, so this observable can remove such events,

• Sum of b-tag > 1.16

Both of the jets originating from the Higgs boson have higher b-likeness since the h → bb̄
channel is selected as the signal process.

• Mreco > 114.3

This observable is useful to remove one of the dominant backgrounds which is a single Z
with an electron pair process and it makes a peak at MZ .

• Edijet ∈ [108.0, 255.4] GeV

The visible energy of the di-jet system, which is used to remove scattered remaining SM
backgrounds.

• Mdijet ∈ [100, 150]

The invariant mass of the Higgs boson calculated with the di-jet system, which is a mass
window to determine a statistical error calculated using the remaining number of events on
each bin of the distribution

A.6.2 Acceptance and migration on observables

Fig. 147, and Fig. 148 show summary plots on the one-dimensional angular distributions of Ph, and
∆Φ binned in 30 after the background suppression, where the remaining signal and background
distributions, the event acceptance η, and the probability of the migration effects f̄ are shown. A
summary plot of the two-dimensional distribution of x(cos θh,∆Φ) binned in 10×10, where cos θh
denotes polar angle of the Higgs boson, is also given in Fig. 149.
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Table 12: The expected number of remaining signal and background events after each cut for
the ZZ → e+e−h, h → bb̄ at

√
s=500 GeV, with with both of the beam polarization states:

P(e−, e+)= (-80%,+30%) and (+80%,-30%). The integrated luminosity of 500 fb−1 is assumed.
The signal efficiency ϵ and significance Ssig are also given in the table. (t) and (s) in the table
denote t-channel and s-channel Higgs production. 6f SM background processes are not considered
here.

√
s=500 GeV P(e−, e+)= (-80%,+30%)

e+e−h SM backgrounds

Cut variables (t)h→ bb̄ ϵ h→others (s)e+e−h 2f 4f Ssig

No cut 2165 100 1580 1720 1.32 · 107 1.62 · 107 -

ID of a ep pair 1471 67.94 883 1395 1.07 · 106 4.05 · 105 1.21

Ntracks ∈ [13, 65] 1466 67.71 722 1301 1.13 · 105 1.01 · 105 3.14

Mdilep ∈ [126.0, 385.0] 1424 65.77 686 10 8.16 · 104 5.36 · 104 3.84

Sum of b-tag > 1.16 1160 53.61 24 8 166 4506 15.2

Mreco > 114.3 1127 52.06 23 8 100 2875 17.5

Edijet ∈ [108.0, 255.4] 1091 50.39 17 7 28 2452 18.2

Mdijet ∈ [100, 150] 977 45.13 12 7 0 337 26.8

√
s=500 GeV P(e−, e+)= (+80%,-30%)

e+e−h SM backgrounds

Cut variables (t)h→ bb̄ ϵ h→others (s)e+e−h 2f 4f Ssig

No cut 1340 100 979 1161 8.81 · 106 5.56 · 106 -

ID of a ep pair 911 67.99 547 942 1.02 · 106 2.73 · 105 0.8

Ntracks ∈ [13, 65] 908 67.76 447 878 1.08 · 105 8.07 · 104 2.1

Mdilep ∈ [126.0, 385.0] 882 65.82 425 7 7.79 · 104 4.18 · 104 2.5

Sum of b-tag > 0.999 821 61.27 29 6 420 5422 10.0

Mreco ∈ [118.6, 307.1] 770 57.46 27 6 202 3190 11.9

Ehiggs ∈ [105.9, 245.5] 738 55.07 22 5 58 2694 12.5

Mhiggs ∈ [90, 160] 640 47.76 15 4 0 372 19.9
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Figure 146: The distributions show several observable used for the background suppression. Ex-
planation of the observables are given in the text. Red arrows on the plots indicate the cut values
applied to each observable.

The event acceptance of Ph slightly goes down in the most higher area. Because the momentum
of the Higgs boson and the invariant mass of the di-lepton system has correlation, which is discussed
in the analysis of the 250 GeV process as shown in Sec. A.2.2. Nevertheless, the lower cut of the
di-lepton mass is definitely necessary to remove s-channel Higgs production process. Thus, the
lower cut is made lose as much as possible. The event acceptance of ∆Φ at 0, π, and 2π also drops
due to the same reason with the other lepton channels.

A.6.3 Impact of angular distributions

As illustrated in Fig. 148, the number of MC samples of the background processes is insufficient and
the background distribution is not smooth. This might bring a problem that the error estimation
in the evaluation is not properly done, especially the case that a kinematical distribution is binned
into a two- or three-dimensional distribution.

A background distribution with reweighted statistics:

To avoid this situation, the background distribution was constructed separately with large statis-
tics by removing one of the observables used for the background suppression in the analysis, such
as the b-tag cut, whose performance is expected to have nothing to do with the angular informa-
tion. If an observable is depending on the angular information, the large statistics background
distribution will differ from the one which the full suppression is applied to. The constructed
background distribution with the large statistics must be properly weighted by scaling to the
number of background events with the full suppression. Fig. 150 illustrate the two-dimensional
background distribution after applied the reweighted of the statistics. The statistics error of each
bin is also calculated again using both of the signal and the reweighted background distributions,
and these errors are used for the evaluation.

Fig. 151 give ∆χ2 distributions for each one-dimensional parameter axis, where the one-
dimensional distribution of x(Ph) and x(∆Φ) binned in 20, and the two-dimensional distribution
of x(Ph, cos θh, ∆Φff̄ ) binned in 5×5×5 are respectively used for the evaluation. Compared
the results between the one-dimensional distribution and the two-dimensional distribution, it can
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Figure 147: The distributions show the summary of the momentum of the Higgs boson (Ph) after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical error
is given as the standard deviation of the Poisson probability. (Top right): the event acceptance
function ηi. (Bottom left and middle): the distribution shows the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of the realistic distribution of Ph, and the
cross-sections of f̄ji as 1-dim plots.
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Figure 148: The distributions show the summary of the angle between production planes in the
laboratory frame (∆Φ) after the background suppression. (Top left and middle): the remaining
signal and the background distribution, which are given with the MC truth and the reconstructed.
(Top right): the event acceptance function ηi. (Bottom left and middle): the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as
1-dim plots.
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Figure 149: The distributions show the summary of the two-dimensional distribution consisted
of the production angle of the Higgs boson cos θh and the angle between production planes in
the laboratory frame (∆Φ) after the background suppression. (Top left, middle, and right): The
remaining MC truth and the reconstructed signal distribution, and the background distribution,
respectively. (Bottom left): The event acceptance function ηia shows whether each signal event on
each bin is accepted or not after the suppression. (Bottom middle and right): Several examples
on the probability matrix of the migration where the 2-dim plots give the cross-sections of f̄jbia
since the illustration of the migration is too difficult which is a 4-dimension distribution.

be seen that the results with the two-dimensional distribution get slightly improved for especially
both edges of the bZ parameter. b̃Z is strongly constrained by the distribution of ∆Φ. Thus, the
clear improvement can not be seen in the results with the two-dimensional distribution.
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Figure 150: The plots show the two-dimensional background distribution of x(cos θh,∆Φff̄ ). Be-
cause of insufficent MC events, the distribution is not smooth enough, which gets smooth after
applying the reweighted statistics as shown in the right.

A.6.4 Impact of production cross-section

Effect of the variation of the production cross-section of the ZZ-fusion process e+e− → e+e−h is
also included in the evaluation, whose variations as a function of each anomalous parameter are
illustrated in Fig. 44. As discussed in Sec. 4.4.4, the error of the production cross-section is given
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Figure 151: Distributions show ∆χ2 as a function of each parameter which gives anomalous ZZH
couplings, and the evaluation is done in the one-parameter axis. Black, red, and blue line on
the plots correspond to the parameters aZ , bZ , and b̃Z . Since only the angular information is
considered here, the χ2 values of aZ is 0.0 over the given range. In upper and lower plots the
different beam polarizations are assumed with the integrated luminosity of 500 fb−1: P(e−, e+)= (-
80%,+30%) and (+80%,-30%), respectively. Difference of each column is the angular distributions
used for the evaluation: (left) x(Phiggs) binned in 20, (middle) x(∆Φff̄ ) binned in 20, and (right)
x(Phiggs,∆Φff̄ ) binned in 10×10, respectively.

192



A THE OTHER CHANNELS FOR THE ANOMALOUS ZZH COUPLINGS

through the error propagation. The left plot in Fig. 151 give ∆χ2 in one-dimensional parameter
space, where the information of the cross-section is used for the evaluation. The impact on the
sensitivity coming from the variation of the cross-section seems large and looks a band, so, to give
constraints in the sensitivity the shape information is definitely necessary.

A.6.5 Sensitivity in three parameter space

The sensitivities to the anomalous ZZH couplings with the ZZ-fusion process at
√
s = 500 GeV

only are given in Fig. 153, where the variation of the three-dimensional distribution x(Ph, cos θh,∆Φff̄ )
binned in 5×5×5 and the variation of the production cross-section are considered.
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Figure 152: (Left) The distribution shows ∆χ2 as a function of each parameter in the one pa-
rameter space, where the normalization information only is used for the evaluation. (Right) The
distributions show ∆χ2 in the two-dimensional parameter space of aZ-bZ .
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b̃Z = [−0.0611, 0.0609]

, ρ =
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Figure 153: (Upper) Plots show contours corresponding to the 1σ and 2σ sensitivity to the
anomalous ZZH couplings. Fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 250 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional pa-
rameter spaces aZ-bZ , aZ-b̃Z , and bZ-b̃Z . Both information of the three-dimensional distributions
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned in 5×5×5 and of the production cross-section are combined. (Middle)

Plots show ∆χ2 distributions as a function of each parameter space of the anomalous couplings
aZ , bZ , and b̃Z . The distributions are obtained by using both information (the angles and the
cross-section) and scanning one parameter while setting the other two parameters to be completely
free. (Lower) Explicit values corresponding to the 1σ bounds for each anomalous parameter aZ ,
bZ , and b̃Z and correlation matrix indicating correlation coefficients between the parameters.
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B The other channels for the anomalous WWH couplings

B.1 e+e− → Zh → qq̄h, h → WW ∗ → qq̄qq̄ at
√
s = 250 GeV

Because the fraction of a pair of W bosons to a fully hadronic state is 45.7 % and there exit no
missing neutrinos in the final state. Therefore, it is possible to reconstruct reaction completely
and it seems to be expected, thanks to the sufficient statistics, that the hadronic process gives
good power to improve the sensitivities by using the information of the kinematical distribution.
However, it turned out that the probability of the migration effect, which is coming from miss
clustering presumably, is really enormous because of the multi six jets environment and these jets
are relatively wider since they are coming from the decay chain of Zh process. And it can easily
guess that all kinematical shape information will disappear.

In this section the analysis are roughly described to illustrate such situation, but the analysis
is not used for the combined results to show the sensitivity to the anomalous WWH couplings
since the improvement can not be almost expected.

Reconstruction of the reaction :

Firstly, the MVA based lepton finding is applied to a event to separate the signal from the back-
grounds which look like a leptonic process later. After applying the lepton finding, all PFOs
are forcibly clustered into six jets with the Durham jet algorithm together with the heavy flavor
tagging using LCFIPlus. Then the jets are paired each of them based on the chi-squared mass
constraint18 to find proper pairs that correspond to the Z and W bosons and off-shell W boson.

Reconstruction of the reaction :

Using several observers, the SM backgrounds are suppressed although the values are not optimized
well and listed here explicitly. The distributions of the momentum of the W boson in the Higgs
rest-frame after the suppression are given in Fig. 154, where the evaluation of the signal significance
Ssig is 7.5. A notable thing here is that huge migration is observed, and the similar migrations
are also observed for the other observables such as the helicity angle and the angle between decay
planes. Therefore, it can be concluded that all shape information being sensitive to the anomalous
couplings will disappear and it is not useful to improve the sensitivity.

B.2 e+e− → Zh → νν̄h, h → WW ∗ → qq̄qq̄ at
√
s = 250 GeV

Unfortunately, the fully hadronic state of the Higgs-strahlung Zh → qq̄WW ∗ that was described
in the previous part of Sec. B.1 does not seem to give the expectation that the shape information
is provided for the improvement because of the huge migration effects coming from the multiplicity
of the jets in the final state. Whereas, in the process with the Z → νν̄ decay: Zh → νν̄h, h →
WW ∗ → qq̄qq̄, it can be possible to extract the shape information well since the final state has
only four jets coming from the pair of the W bosons. The branching fraction of the W boson to a
quark pair is understood through the CKM matrix in the SM where six parameters are given as
matrix elements which describe phenomena related to each quark pair and these values have been
measured experimentally Sec. 5.4. The CKM matrix is currently understood that the diagonal
elements are dominant, which means the W boson mainly decays to a quark pair being in the
same generation such as ud̄ and cs̄, except tb̄ because of the mass constraint by the W boson.

18The chi-squared formula for giving the mass constraint is given with

χ2 =

(
Mij −MZ

σZ

)2

+

(
Mkl −MW

σW

)2

,

where k, l, m, and n denote each jet, and the mass resolution σZ and σW are respectively set to be 5.2 and 4.5 GeV.
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Figure 154: The distributions show the summary of the W boson momentum PW in the Higgs
rest-frame. (Top left and middle): the remaining signal and the background distribution, which
are given with the MC truth and the reconstructed. (Top right): the event acceptance function
ηi. (Bottom left and middle): the distribution shows the probability matrix of the migration (f̄ji)
that is applied for the reconstruction of the realistic distribution of PW , and the cross-sections of
f̄ji as 1-dim plots.

Additionally, there is the fact that c-hadrons such as a D-meson can fly about several hundred
micro meter. If both c-jets coming from the pair of the W bosons decaying from the Higgs boson
are successfully well identified by utilizing this reaction and finding secondary vertices created by
a decay reaction of the c-hadrons, the reconstruction of ∆Φ, which is sensitive to the parameter
b̃W , is possible with the sensitivity of [0–π]. Of course, as far as a special algorithm like jet charge
identification is not applied, it can not be really identified whether one c-jet is a fermion or an
anti-fermion. Thus, the full sensitivity of [0–2π] is not achievable, and ∆Φ have to be folded as
π−∆Φ if ∆Φ exceed 2π as mentioned in the section Sec. 4.2.2. The ILD would be possible to attain
both implementations in the future software development although the jet charge identification is
not considered in this study.

B.2.1 Reconstruction and background suppression

For the purpose of the improvement of the sensitivity to the parameter b̃W , the signal process
Zh→ νν̄h, h→WW ∗ → qq̄qq̄ is categorized into two categories: one is the full hadronic process
of WW ∗ → qq̄qq̄, and another is the process that c-tag identification is performed.

The procedure of the reconstruction and the background suppressions are common before
categorizing events into two categories. The algorithm for finding an isolated lepton firstly apply
to each event. After extracting the isolated leptons (if it exists), remaining PFOs are forcibly
clustered into four jets with the Durham jet algorithm in which the flavor tag with LCFIPlus
is also implemented. The clustered jets are paired each other with the mass constraint19. The

19The chi-squared formula for giving the constraint is given with

χ2 =

(
Mij −MW

σW

)2

,

where i and j denote each jet, and the mass resolution σW are set to be 4.5 GeV.
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background suppression was performed with the following observables, and several corresponding
distributions are illustrated in Fig. 155. Table 15 gives the number of remaining signal and
background events after each cut with the assumption of the integrated luminosity of 250 fb−1

and the both beam polarization states.

• Require that there is no isolated lepton in the final state of a reaction.

• NPFOs ∈ [45, 95], Evis ∈ [123.79, 144.36], and sum of b-tag < 0.926

The number of Particle Flow Objects and the observed energy in the reaction, which can
suppress large number of full-hadronic decay processes. Existing PFOs are also clustered
into two jets in addition with the flavor tagging, and the sum of b-likeness from two jets is
taken. This can be useful mainly to suppress the decay of the Higgs boson of h→ bb̄.
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Figure 155: Distributions show the several observables used for the background suppression, where
the signal process is Zh → νν̄h, h → WW ∗ → qq̄qq̄. The cut values are mentioned in the main
text.

• Mmiss ∈ [85.9, 111.8] GeV, Emiss < 118.6 GeV, MW ∈ [65.0, 95.33] GeV

The final state of the signal process has the Z boson which would appear as the missing
mass derived form the neutrinos. The one on-shell W boson decaying from the Higgs boson
exist.

• - log y23 ∈ [1.61, 3.92], - log y34 ∈ [2.72, 5.36]

min NPFOs > 6, and thrust ∈ [0.56 0.83]
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To suppress the remaining 2-fermion hadronic and 4-fermion semi-leptonic SM background
processes, several event topology cuts are useful: the jet transition parameters of the jet
clustering, the minimum number of PFOs among clustered jets, and thrust value.

• c-tag categorization: require that one c-jet for each W boson exist.

To detect c-jet decaying from both W bosons and take an optimal point where c-tag per-
formance is maximized, efficiency and purity are defined, which can give information how
efficiently and purely c-jets are tagged,

efficiency =
ID c-jet = 1 ∩ truth(W → cx̄)

truth(W → cx̄)

purity =
ID c-jet = 1 ∩ truth(W → cx̄)

ID c-jet = 1

where the vale of “ID c-jet” is given by comparing tagged c-likeness for two jet each, which
is
∑2

j tagged-cj > c-likeness. Fig. 156 gives a plot showing the efficiency and the purity for
both W bosons where the c-likenesses of each jet from both W bosons are scanned from 0
to 1. Optimal points which are respectively 0.75 for W and 0.66 for W ∗ are taken for the
c-tag categorization.
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Figure 156: A plot shows the efficiency versus the purity for both W bosons. The optimal points
are taken for the c-tag categorization.

After applying c-tag categorization, the remaining events for cx̄xc̄ are 144 → 21 with the
P(e−, e+)= (-80%,+30%) state, consequently the overall efficiency for the cx̄xc̄ selection is
approximately 15 %. The remaining events of 123 excluding 21 are included in the qq̄qq̄
category. The performance of the cx̄xc̄ selection of 15 % is significantly small compared to
previous study [95], where the performance of the cx̄xc̄ selection is 80 %. An event ratio
of finding the secondary vertices in the reaction of h → WW ∗ → cx̄xc̄ is given in Fig. 157.
It can be seen that the event ration that two secondary vertices are correctly found in the
reaction is about 5 %.
This is probably because c-hadrons derived from the chain reaction of h→WW ∗ decay into
other particles with relatively short lifetime, and due to this unfoundness of the secondary
vertices, the performance of c-identification cannot become better. This would be a point
the performance should be improved20.

20Common LCFIPlus package was used in the analysis, which is trained including b-hadrons for the b-jet identi-
fication. If the LCFIPlus is specially tuned under the assumption that there exists no b-jet in the final state, where
there are only c-jet and other light jets (since this process does not include any b-jet in the final state), it can be
expected that the performance of the c-jet identification will be improved to some extent.
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Figure 157: (Left) Plot shows the event ration of finding the secondary vertices in the reaction of
h → WW ∗ → cx̄xc̄. The ratio that two secondary vertices are correctly found in the reaction of
cx̄xc̄ is about 5 %. (Right) Plot shows the content ration of the origin of the secondary vertex
in the reaction that two secondary vertices are correctly found. The ratio of the origin of the
secondary vertex for W and W ∗ are the similar ratio.

• Mh ∈ [100, 160] GeV

The invariant mass of the Higgs boson reconstructed two W bosons. This is a mass window
to deter- mine the statistical error.

B.2.2 Acceptance and migration on observables

Fig. 158 show the summary plots on the PW distribution of the qq̄qq̄ category. The acceptance of
the PW distribution degrade at the higher edge, which is affected by the cut of the invariant mass
of the on-shell W boson, where both W bosons are off-shell as discussed in the section Sec. 7.2.2.
Since two W bosons are off-shell, it is unknown whether a parent generating two W bosons is
originating from the Higgs boson or not. Thus, it should be removed, but special treatment is not
applied here because the number of remaining evens is less. A clear dip at around 35 GeV is an
edge of the transition of the distribution, which has component of the two off-shell W bosons and
the acceptance drops luckily (in fact we do not want to have the acceptance in the highest region
because two W bosons are off-shell). The migration effects are relatively large compared to the
previous semi-leptonic decay process. Because the jets in the final state of this process come from
the decay chain of h → WW ∗ → qq̄qq̄, energy of each jet get relatively small and can be wider
than jets having larger energy, which are, for instance, jets derived from Z → qq̄ in the previous
process.

The ∆Φ distributions of the cx̄xc̄ category are also illustrated in Fig. 159. The remaining
events of the signal are too less to extract the information and say something. However, the
acceptance keeps flatness and the migration are relatively small within the accepted events.

B.2.3 Impact of angular distributions

Fig. 160 show ∆χ2 distributions as impact of the angular distributions: the momentum of the W
boson in the Higgs ret frame, ∆Φ in the qq̄qq̄ category whose sensitivity is (0–π/2), and three-
dimensional distribution distribution including the polar angle of the lepton decaying from the W
boson. It is clearly shown that ∆Φ does not contribute to the sensitivity to the anomlaous WWH
couplings. All sensitivity is given with the momentum distribution of the W boson.

Fig. 161 also show ∆χ2 as a function of each parameter aW , bW , and b̃Wwith the ∆Φ distri-
bution in the cx̄xc̄ category whose sensitivity is (0–π). It is shown that the sensitivity given with
∆Φ is less due to small number of remaing events. Even with the large integrated luminosity, the
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Table 13: The expected number of remaining signal and background events after each cut for the
Zh → νν̄h, h → WW ∗ → qq̄qq̄ channel at

√
s=250 GeV, with both beam polarization states:

P(e−, e+)= (-80%,+30%) and (+80%,-30%). The integrated luminosity of 250 fb−1 is assumed.
The index qq̄qq̄ in the table indicates cx̄xc̄ is excluded. The selection is for the qq̄qq̄ analysis.

Cut variables
√
s=250 GeV P(e−, e+)= (-80%,+30%)

Zh→ νν̄WW ∗ → νν̄+ SM backgrounds

process cx̄xc̄ qq̄qq̄ ϵ h /∈WW ∗ 2f 4f Ssig
cross-section (fb) 1.52 4.57 - 48.30 - - -

Expected 479 1437 100 15196 2.91 · 107 1.02 · 107 -

Niso-leptons=0 478 1435 99.84 14670 2.09 · 107 5.98 · 106 0.37

NPFOs ∈ [45, 95] 451 1334 93.16 11101 1.09 · 107 4.23 · 106 0.46

sum of b-tag < 0.926 419 1310 90.24 2402 8.25 · 106 3.89 · 106 0.50

Evis ∈ [123, 79 144.36] 345 1071 73.90 1855 2.07 · 106 1.68 · 105 0.95

Mmiss ∈ [85.9, 111.8] 303 942 64.98 1566 5.97 · 104 5.11 · 104 3.69

Emiss < 118.6 260 863 58.61 1364 1.31 · 104 2.17 · 104 5.82

MW ∈ [65.0, 95.33] 243 805 54.70 1058 1.02 · 104 1.74 · 104 6.08

min NPFOs > 6 216 704 48.02 934 5925 5383 8.02

- log y23 ∈ [1.61, 3.92] 195 640 43.58 487 2770 4012 9.27

- log y34 ∈ [2.72, 5.36] 158 526 35.70 258 1351 1937 10.51

thrust ∈ [0.56 0.83] 144 481 32.62 221 863 1546 10.96

c-tag categorization 123 479 32.51 215 843 1494 10.71

Mh ∈ [100, 160] 123 479 32.52 215 843 1494 10.71

√
s=250 GeV P(e−, e+)= (+80%,-30%)

Zh→ qq̄WW ∗ → qq̄+ SM backgrounds

Cut variables cx̄xc̄ qq̄qq̄ ϵ h /∈WW ∗ 2f 4f Ssig

Expected 263 789 100 8347 2.03 · 107 1.27 · 106 -

Niso-leptons=0 263 788 99.90 8057 1.28 · 107 6.462e · 105 0.29

NPFOs ∈ [44, 95] 248 733 93.25 6097 6.48 · 106 4.153e · 105 0.37

sum of b-tag < 0.909 228 718 89.93 1303 4.86 · 106 3.503e · 105 0.41

Evis ∈ [123.14, 145.0] 193 603 75.67 1035 1.29 · 106 2.381e · 104 0.70

Mmiss ∈ [85.5, 115.0] 175 542 68.16 902 4.57 · 104 1.068e · 104 2.98

Emiss < 120.08 156 510 63.31 813 1.06 · 104 3200 5.38

MW ∈ [65.0, 95.33] 145 475 58.94 631 8313 2557 5.63

min NPFOs > 6 129 415 51.71 557 4728 974 6.59

- log y23 ∈ [1.54, 3.78] 113 367 45.63 268 2008 547 8.35

- log y34 ∈ [2.80, 6.20] 106 348 43.16 217 1433 396 9.08

thrust ∈ [0.56 0.857] 102 336 41.63 201 1096 352 9.59

c-tag categorization 87 335 40.11 197 1073 341 9.35

Mh ∈ [100, 160] 87 335 40.11 197 1073 341 9.35
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Figure 158: The distributions show the summary of the W momentum PW distribution in the
Higgs rest-frame after the background suppression. (Top left and middle): the remaining signal
and the background distribution, which are given with the MC truth and the reconstructed. (Top
right): the event acceptance function ηi. (Bottom left and middle): the distribution shows the
probability matrix of the migration (f̄ji) that is applied for the reconstruction of the realistic
distribution of PW , and the cross-sections of f̄ji as 1-dim plots.
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Figure 159: The distributions show the summary of the angle between decay planes ∆Φff̄ in the
Higgs rest-frame after the background suppression. (Top left and middle): the remaining signal
and the background distribution, which are given with the MC truth and the reconstructed. (Top
right): the event acceptance function ηi. (Bottom left and middle): the probability matrix of the
migration (f̄ji) that is applied for the reconstruction of ∆Φ, and the cross-sections of f̄ji as 1-dim
plots.
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sensitivity to the anomalous WWH given with ∆Φ is small. One expectation for the improve-
ment is that, if the flavor tagging implemented in LCFIPlus is specially tuned focusing on finding
c-quark in the condition that there is no b-quark, the performance might be improved.
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Figure 160: Distributions show ∆χ2 as a function of each parameter aW , bW , and b̃W , where
the beam polarization of P(e−, e+)= (-80%,+30%) and the integrated luminosity of 250 fb−1

are assumed. The category of the analysis is qq̄qq̄. The one-dimensional distributions of x(PW )
calculated in the Higgs rest frame (left) and x(∆Φ) whose sensitivity is [0–π/2] (middle) binned in
20, and the three-dimensional distribution of x(cos θ∗Wl, PW ,∆Φ) binned 5×5×5 (right) are used
respectively. It is clear that ∆Φ does not give the sensitivity and all sensitivity come from PW .
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Figure 161: Distributions show ∆χ2 as a function of each parameter aW , bW , and b̃W , where the
beam polarization of P(e−, e+)= (-80%,+30%) is assumed. The category of the analysis is cx̄xc̄
and the used distribution is x(∆Φ) whose sensitivity is [0–π]. The assumed integrated luminosities
are 250 fb−1 (left) and H20 of 250 GeV which is 5.4 times larger luminosity. Even with the high
luminosity the current result is not good.

202



B THE OTHER CHANNELS FOR THE ANOMALOUS WWH COUPLINGS

B.3 e+e− → νeν̄eh, h → bb̄ at
√
s = 500 GeV

At
√
s =500 GeV the WW -fusion Higgs production process sufficiently open and become leading,

which has a roughly 1.5 times larger production cross-section compared to the Higgs-strahlung
process. As already shown in the analysis at

√
s =250 GeV, or when refering other physics

studies using theWW -fusion process, it is expected that large sensitivity to the anomalousWWH
couplings can be also obtained.

B.3.1 Reconstruction and background suppression

Firstly, the MVA based isolated lepton finding was applied for all reconstructed PFOs. Since
electron and position beam that are highly accelerated tend to emit photons because of the
bremsstrahlung or synchrotron radiation derived from electric and magnetic field created by each
beam, the reaction of γγ → hadrons become significant compared to the reaction at

√
s =250 GeV.

Thus, the exclusive kt-jet clustering with R of 1.5 was implemented to remove these reactions,
where two jets are required in the final state. After dispersing clustered jets to PFOs again, all
PFOs are inclusively clustered again to two jets with the Durham jet clustering together with the
implementation of the flavor tag. The background suppression was also performed using several
observables as follows, and Table 14 shows reduction of the signal and backgrounds.

• NisoLeps = 0, NPFOs ∈ [40, 100], Evis ∈ [100.0, 320.0], and sum of b-tag > 1.0

Since an isolated lepton is expected not to be exist in the final state and it is not a multiple jet
environment, the number of isolated leptons and PFOs are useful observables to distinguish
the signal from backgrounds which especially decay leptonically and hadronically. The two
clustered jets coming from the Higgs boson expected to have larger b-likeness.
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Figure 162: Distributions show the observables used for the background suppression. The cut
values are mentioned in the main text.

Additionally the visible energy cut is added as shown in Fig. 162 to suppress mainly the
large number of two fermion hadronic state. Because the visible energy and the absolute
momentum of the Higgs boson are slightly correlated, the cut values for upper side is set to
be relatively loose. Although the usage of this cut affect the flatness of the acceptance of
the absolute momentum distribution, a benefit for reducing statistical uncertainty is larger
compared to the slight loss of the acceptance when getting the final results.
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• - log y12 < 2.875, - log y23 ∈ [1.87, 10.38], - log y34 ∈ [4.00, 11.60]

min thrust∈ [0.03, 0.3], and min NPFOs > 8

The parameter for giving jet transition from 1 to 2 jets, from 2 to 3 jets, and from 3 to 4
jets, which are useful topological observables. The minor thrust angle can suppress other
backgrounds. the number of minimum PFOs among jets in the reaction can also suppress
other backgrounds.

• cos θh∈ [−0.975, 0.975]

The polar angle of the di-jet is also given to suppress the 2-fermion events originating from
the radiative return to the Z, which is also shown in Fig. 162. This observable also affect
the flatness of the acceptance of the polar angle distribution of the Higgs boson. However,
as discussed in the analysis at 250 GeV, the benefit for reducing statistical uncertainty is
larger compared to the slight loss of the acceptance.

• Mh ∈ [107, 140] GeV

The invariant mass of the di-jet system, which becomes a conclusive mass window to deter-
mine the statistical error on each bin of kinematical histograms.

B.3.2 Acceptance and migration on observables

Fig. 163 and Fig. 164 give summary plots on two observables Phiggs and cos θhiggs. The event
acceptance of the upper area of the Phiggs distribution and the edges of the cos θhiggs distribution
are slightly affected because of the cut values whereas the probabilities of the migration for both
observables are very clear.

B.3.3 Impact of kinematical distribution

Fig. 166 illustrate impacts of the shape information, where two situations, cos θhiggs cut is applied
or not applied, are given. When focusing on one-dimensional distribution, because of better sta-
tistical unsertainties the sensitivities to each parameter with the cos θhiggs cut get larger although
some acceptances of the observables are slightly lost. Even focusing on three-dimensional distri-
bution can give better sensitivity, which is b̃W=±0.614 for ∆χ2=1 with the simultaneous three
parameter fit whereas b̃W= ±0.615 without the cos θhiggs cut. Thus, the results with the cos θhiggs
cut are used.

B.3.4 Impact of production cross-section

Since the anomalous tensor structures depend on the momentum of the W boson, the higher
energy can also bring the large variation of the production cross-section. Fig. 166 gives the relative
variation of the production cross-section and the impact to the each anomalous parameter.

B.3.5 Consideration on contribution of the anomalous ZZH couplings

Since a few number of s-channel νν̄h process remain in the upper area of the Phiggs distribu-
tion and cover over the cos θhiggs distribution, contributions of the variation of the anomalous
ZZH couplings are also considered. The method is same with the analysis at 250 GeV pro-
cess, where a variance-covariance matrix evaluated through the 500 GeV processes C500

ZZH is used.
The error of the production cross-section is given through the error propagation of the relation
δ(σνν̄hBRhbb̄)/δ(BRhbb̄), where δ(σνν̄hBRhbb̄) and δ(BRhbb̄) are respectively assumed to be 1.0 %
and 3.5 % from references.

Fig. 167 give the sensitivity to each parameter of anomalous WWH couplings with the infor-
mation that can be provided with the νν̄h, h→ bb̄ only. The results with the contributions of the
variation coming from the s-channel νν̄h process are also given.
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Table 14: The expected number of remaining signal and background events after each cut on the
t-channel νν̄h, h→ bb̄ at

√
s=250 GeV. The integrated luminosity of 250 fb−1 is assumed. ϵ and

Ssig denote the signal efficiency and significance respectively.

Cut variables
√
s=500 GeV P(e−, e+)= (-80%,+30%) Lint=500 fb−1

(t)νν̄h, h→ SM backgrounds
process bb̄ ϵ others (s)νν̄h 2f 4f 6f Ssig
cross-section (fb) 90.3 - 62.2 20.5 - - - -

Expected 45157 100 31122 10229 1.32 · 107 1.62 · 107 4.04·105 -
NisoLeps = 0 45125 99.93 24707 9396 1.06 · 107 1.01 · 107 2.15·105 9.90
Evis ∈ [100.0, 320.0] 44714 99.02 21625 8731 5.54 · 106 3.03 · 106 2.56·104 15.21
NPFOs ∈ [40, 100] 40927 90.63 16805 7411 3.90 · 106 1.39 · 106 1.88·104 17.69
sum of b-tag > 0.995 38047 84.25 1050 5008 8.89 · 105 1.18 · 105 1.12·104 37.11
min NPFOs > 8 37755 83.61 1006 4944 8.72 · 105 1.02 · 105 1.02·104 37.44
- log y12 < 2.875 35950 79.61 930 3691 4.61 · 105 6.79 · 104 9936 47.66
- log y23 ∈ [1.87, 10.38] 35664 78.98 929 3577 4.31 · 105 6.68 · 104 9845 48.61
- log y34 ∈ [4.00, 11.60] 35497 78.61 908 3536 4.18 · 105 6.61 · 104 9379 49.02
min thrust∈ [0.03, 0.3] 35279 78.13 883 3488 4.04 · 105 6.44 · 104 8847 49.50
cos θh∈ [−0.975,0.975] 33245 73.62 828 3440 2.49 · 104 5.05 · 104 8582 98.93
Mh ∈ [107, 140] 25192 55.79 465 2783 1174 3419 1619 138.6

Cut variables
√
s=500 GeV P(e−, e+)= (+80%,-30%) Lint=500 fb−1

(t)νν̄h, h→ SM backgrounds
process bb̄ ϵ others (s)νν̄h 2f 4f 6f Ssig
cross-section (fb) 5.4 - 3.7 13.8 - - - -

Expected 2702 100 1842 6891 8.81 · 106 5.58 · 106 1.65·105 -
NisoLeps = 0 2700 99.93 1478 6330 6.50 · 106 3.39 · 106 8.77·104 0.85
Evis ∈ [100.0, 320.0] 2675 99.02 1294 5882 3.38 · 106 1.33 · 106 9163 1.23
NPFOs ∈ [40, 100] 2449 90.63 1005 4993 2.32 · 106 2.75 · 105 6646 1.52
sum of b-tag > 0.995 2276 84.25 63 3374 5.29 · 105 2.74 · 104 4712 3.02
min NPFOs > 8 2259 83.61 60 3331 5.19 · 105 2.45 · 104 4270 3.04
- log y12 < 2.875 2151 79.61 56 2487 2.74 · 105 1.48 · 104 4195 3.94
- log y23 ∈ [1.87, 10.38] 2134 78.98 56 2410 2.57 · 105 1.44 · 104 4157 4.03
- log y34 ∈ [4.00, 11.60] 2124 78.61 54 2382 2.49 · 105 1.42 · 104 3957 4.07
min thrust∈ [0.03, 0.3] 2111 78.13 53 2350 2.40 · 105 1.38 · 104 3729 4.12
cos θh∈ [−0.975,0.975] 1989 73.62 50 2317 1.50 · 104 8995 3622 11.1
Mh ∈ [107, 140] 1507 55.79 28 1875 725 578 685 20.5
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Figure 163: The distributions show the summary of the Higgs momentum Ph distribution after
the background suppression. (Top left and middle): the remaining signal and the background
distribution, which are given with the MC truth and the reconstructed, where the statistical
error is given as the standard deviation of the Poisson probability. Notice that the s-channel
νν̄h process overlaps in the sensitive area of the t-channel νν̄h process. (Top right): the event
acceptance function ηi. (Bottom left and middle): the distribution shows the probability matrix
of the migration (f̄ji) that is applied for the reconstruction of the realistic distribution of cos θZ ,
and the cross-sections of f̄ji as 1-dim plots.
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Figure 164: The distributions show the summary of the Higgs polar angle cos θhiggs after the back-
ground suppression. (Top left and middle): the remaining signal and the background distribution,
which are given with the MC truth and the reconstructed. (Top right): the event acceptance func-
tion ηi. (Bottom left and middle): the probability matrix of the migration (f̄ji) that is applied
for the reconstruction of cos θhiggs, and the cross-sections of f̄ji as 1-dim plots.
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Figure 165: Distributions show ∆χ2 as a function of each anomalous WWH parameter aW , bW ,
and b̃W . The evaluation is done in the one-parameter axis. Since only the angular information
is considered, the χ2 values of aW is 0 over the given range. (Upper) the polar angle cut is not
imposed. (Lower) the polar angle cut is imposed to maximize the sensitivity of Ph of the Higgs
boson. Each distribution are used: respectively (left) x(Ph), (middle) x(cos θh) which are binned
in 20, and (right) x(Ph, cos θh, cosϕh) binned 5×5×5 .
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Figure 166: (Left) The distribution shows ∆χ2 as a function of each parameter in the one pa-
rameter space, where the normalization information only is used for the evaluation. (Right) The
distributions show ∆χ2 in the two-dimensional parameter space of aW -bW .
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b̃W = [−0.251, 0.255]

, ρ =

 1 0.1904 −0.0604

- 1 −0.1760

- - 1


√
s = 250 GeV with Lint = 250 fb−1 and P(e−, e+) = (−80%,+30%)

w/ ZZH contributions
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bW = [−0.153, 0.0651]

b̃W = [−0.249, 0.254]

aZ = [−0.136, 0.136]

bZ = [−0.028, 0.028]

b̃Z = [−0.025, 0.025]

, ρ =



1 .1888 −.0637 −.0463 .0439 .0009
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Figure 167: Upper plots show contours projected onto the two-dimensional parameter spaces aW -
bW , aW -b̃W , and bW -b̃W with the simultaneous minimization, which correspond to the 1σ and 2σ
sensitivity to the anomalous WWH couplings at

√
s =250 GeV with Lint =250 fb−1 and beam

polarization of P(e−, e+)= (-80%,+30%) . Middle plots are ∆χ2 distributions as a function of each
parameter space of the anomalous couplings aW , bW , and b̃W . Both of the information: the shape
of the three-dimensional distribution of x(cos θh, Ph, cosϕh) binned 5×5×5 and the production
cross-section are combined. Lower values give the 1σ bounds for each anomalous parameter aW ,
bW , and b̃W and correlation matrix indicating correlation coefficients between the parameters.
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B.4 e+e− → νeν̄eh, h → WW ∗ → qq̄qq̄ at
√
s = 500 GeV

In the decay process h→WW ∗ following theWW -fusion process, twoWWH vertices exist. Since
the anomalous couplings affect the momentum distribution of the W bosons, the Higgs boson
interacting with those W bosons also gets some influence and the momentum distribution can
vary. The influence that the Higgs boson is received could be also propagated to the W bosons
appeared in the final state. Thus, it is expected that the W bosons decaying from the Higgs
boson will give the momentum distribution which shows the stronger influence of the anomlaous
couplings. If the Higgs rest-frame is used for the calculation of the momentum of the W boson,
the variation derived from the production vertex will be removed. Because of this reason the
momentum of the W boson should be observed in the laboratory frame. As for the other angles
are observed in the Higgs rest-frame because the angular variation appear around the Higgs boson
and the Higgs frame is the best frame to observe them.

B.4.1 Reconstruction and background suppression

The reconstruction of the events is implemented as follows,

• Try to find out isolated leptons for each reaction using IsolatedLeptonFinder which is
based on the MVA method.

• PFOs after applying the lepton finding (if they exist) are clustered into four jets with the
kT jet algorithm which is done exclusively with the parameter R of 1.5. This jet algorithm
is to remove the overlaid objects derived from the γγ →hadrons.

• The clustered pseudo-jet objects are disentangled and clustered again using the Durham jet
algorithm into four jets with the flavor tagged information implemented with the LCFIPlus
package.

Background suppression :

The background suppression was performed using the following observables, several of those are
illustrated in Fig. 168. The explicit values for each observable are optimized by calculating the
signal significance and its detail is given in Table ??. Because several observables for suppressing
the backgrounds are strongly correlated with the momentum of the W boson which is observed
in the laboratory frame, those correlated observables are arbitrary made loosen to maintain the
flatness of the acceptance function.

Through the analysis of the process h→WW ∗ → qq̄qq̄ at 250 GeV with the categorization into
qq̄qq̄ and cx̄xc̄, it turned out that the flavor tag for c-quack does not give sufficient information with
the current standard usage of LCFIPlus and the reconstructed ∆Φ does not effectively improve
the sensitivity to the anomlaous WWH couplings. Furthermore, as shown in the plots of the
section [?], the momentum distribution of the W boson observed in the laboratory frame seems
to observe the large variation against the parameter of b̃W in the h → WW ∗ → qq̄qq̄ of the
WW -fusion at 500 GeV. Thus, the categorization used in 250 GeV analysis is not applied here.
The signal is regarded as qq̄qq̄ to maximize the sensitivity which the momentum distribution can
provide us.

• Require that there is no isolated leptons in the reaction. This can suppress large number of
the leptonic processes.

• NPFOs ∈ [45, 95], Evis ∈ [125.72 300], and sum of b-tag < 0.926
The number of PFOs and the energy observed in the reaction, which can suppress large
number of the full-hadronic decay processes. Because the observable Evis is correlated
with the momentum of the W boson, the upper bound of Evis is loosen slightly. Since it
is expected that there is no b-jet in the final state, the requirement of the b-likeness can
effectively suppress h→ bb̄ decay proess.
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• MW ∈ [59.83, 94.83], PW < 55,
MW ∗ ∈ [22.5, 56.3], and EW ∗ ∈ [30.63, 103.54
It can be expected that the clustered jets are originating from the on-shellW and the off-shell
W . Thus, these information on the W bosons are useful.
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Figure 168: Distributions show the several observables used for the background suppression, where
the signal process is e+e− → νeν̄eh, h → WW ∗ → qq̄qq̄(cx̄xc̄). The cut values are mentioned in
the main text.

• min NPFOs > 8, - log y34 ∈ [2.64, 7.0],
thrust min > 0.1, and thrust ∈ [0.5 0.9]
The number of minimum PFOs among the clustered jets, transition parameter of the jet
clustering, and thrust values. These topological information are also useful to discriminate
the signal process from the SM backgrounds. Because these observables except NPFOs are
correlated with the momentum of the W boson, the values for both upper and lower bounds
are slightly loosen from the optimal values.

• Mh ∈ [116, 138]
The invariant mass of the Higgs boson calculated with the paired two jets, which is the mass
window to determine Poisson error which is calculated by the remaining number of events
of each bin of kinematical histograms.
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B.4.2 Consideration on the shape

One concern is that the h → ZZ∗ channel of about 185 events remains in the remaining back-
grounds of 2190 in the t-channel νeν̄eh process, and also h → WW ∗ channel of about 202 events
from the s-channel νeν̄eh process remains. These two channels coming through the ZZH vertex
are possible to vary the shape of the background distribution. However, The anomalous ZZH
couplings are sufficiently identified, which have been already shown in the ZZH analysis in [?],
and also it has been shown in the previous section that the contaminations coming from the
anomalous ZZH couplings at 500 GeV are almost negligible in the parameter space where the
anomalous ZZH parameters can take. Therefore, it can be concluded that the effect due to the
contamination by each roughly 200 events could be negligible since such small variations of the
distribution depending on the anomalous ZZH couplings will be hidden in the statistical error of
each bin. Because of this reason, special care is not taken for this point here21.

Table 15: The expected number of remaining signal and background events after each cut for the
e+e− → νeν̄eh, h → WW ∗ → qq̄qq̄ channel at

√
s=500 GeV, with the beam polarization state:

P(e−, e+)= (-80%,+30%). The integrated luminosity of 500 fb−1 is assumed. The selection is for
the qq̄qq̄ analysis and the index qq̄qq̄ in the table does not include the cx̄xc̄ channel (separately
shown).

Cut variables
√
s=500 GeV P(e−, e+)= (-80%,+30%)

(t)νeν̄eh, h→WW ∗ → SM backgrounds

process cx̄xc̄ qq̄qq̄ ϵ h /∈WW ∗ (s)νν̄h 2f 4f 6f Ssig

cross-section (fb) 3.77 11.3 - 119.6 20.5 - -

Expected 1884 5655 100 59803 10229 1.3 · 107 1.6 · 107 4.0 · 105 -

Niso-leptons=0 1882 5646 99.8 58472 9352 1.1 · 107 9.9 · 106 2.2 · 104 1.65

NPFOs ∈ [48, 125] 1799 5333 93.1 45581 7327 6.5 · 106 5.7 · 106 1.1 · 104 2.02

sum of b-tag < 0.94 1564 5091 90.2 9599 2334 4.8 · 106 4.7 · 106 2.3 · 104 2.16

MW ∈ [59.83, 94.83] 1462 4795 54.7 7678 1961 3.3 · 106 4.2 · 106 2.0 · 104 2.28

PW < 55 1446 4736 73.9 7446 1813 1.5 · 106 5.1 · 105 3582 4.40

Evis ∈ [125.72 300] 1420 4672 73.9 7264 1704 1.2 · 106 3.3 · 105 1953 4.88

min NPFOs > 8 1004 3237 48.0 5170 1141 4.7 · 105 9.6 · 104 948 5.56

- log y34 ∈ [2.64, 7.0] 973 3154 35.7 4330 832 1.2 · 105 5.6 · 104 890 9.63

thrust min > 0.1 938 3043 32.6 3862 700 6.3 · 104 4.4 · 104 838 11.68

MW∗ ∈ [22.5, 56.3] 772 2522 64.9 2897 581 3.2 · 104 1.7 · 104 211 13.94

EW∗ ∈ [30.63, 103.54 738 2402 58.6 2779 416 2.5 · 104 1.4 · 104 171 14.70

thrust ∈ [0.5 0.9] 728 2368 32.6 2621 392 1.3 · 104 1.2 · 104 167 17.47

Mh ∈ [116, 138] 600 1994 32.5 2190 334 4072 3969 69 22.56

Fig. 169 give summary plots on the momentum distribution of the W boson PW measured in
the laboratory frame. Fig. 170 also give the momentum distribution of theW boson PW measured
in the Higgs rest-frame for the comparison, where the remaining signal and the signal significance
are respectively 1794 and 22.6 with the optimal cut values although the detail is not described in
the text. Both of the distributions are binned in 30 for visualization.

21Another technical reason in terms of constructing the shape distribution is that the amplitude with the combi-
nation of anomalous ZZH and WWH couplings can be described as,

dσ

dx
(aW , bW , b̃W , aZ , bZ , b̃Z) =

∣∣∣((1 + aWc)A0aW + bWAbW + b̃WAb̃W

)(
(1 + aZc)A0aZ + bZAbZ + b̃ZAb̃Z

)∣∣∣2
where aWc and aZc are respectively aW /C and aZ/C. This description will give 210 independent linear terms. To
extract basis vectors for constructing the kinematical shape, it is necessary to give 210 independent combinations of
(aW , bW , b̃W , aZ , bZ , b̃Z). If the situation of the analysis seems that the variation depending on the ZZH parameters
largely affect the results, it will have to make an effort for this contamination.
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Figure 169: Distributions show the summary plots of the W boson momentum PW distribution
under the assumption of

√
s=500 GeV and Lint=500 fb−1. PW is calculated in the laboratory

frame. The s-channel νeν̄eh process is slightly overlapping in the high momentum region of the
t-channel νeν̄eh process, which is sensitive region to the anomalous couplings.
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Figure 170: Distributions show the summary plots of the W boson momentum PW distribution
under the assumption of

√
s=500 GeV and Lint=500 fb−1. PW is calculated in the Higgs-rest

frame.
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B.4.3 Impact of the kinematical distribution

Plots in Fig. 171 show impact of the kinematical distribution, where the two kinds of plots of the
W momentum which is calculated in the laboratory frame and the Higgs rest-frame are given. It
is clearly shown that all sensitivity is given with the W momentum distribution when comparing
the 1-dimension and 3-dimension distributions, and also shown that the W momentum calculated
in the laboratory frame has more sensitivities to the anomalous WWH couplings.
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Figure 171: Distributions show ∆χ2 as a function of each parameter aW , bW , and b̃W , assuming
the beam polarization of P(e−, e+)= (-80%,+30%) and the integrated luminosity of 500 fb−1. In
the left two plots theW momentum is calculated in the Higgs-rest frame. In the right two plots the
W momentum is calculated in the laboratory frame. The difference between upper and lower plots
are the distributions used for the evaluation: the one-dimensional distributions of the W boson
momentum for the upper plots, and the three-dimensional distributions of x(cos θ∗Wl, PW ,∆Φ[0−
−π/2]) binned 5×5×5 for the lower ones. The kinematical distributions only are used for the
evaluation.
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