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by Qin-Tao Song

Structure functions of the pion and the deuteron are studied in this thesis. The first
topic is on tensor-polarized parton distributions of the deuteron and their relation to
a spin asymmetry in the proton-deuteron Drell-Yan process. The second topic is on
generalized distribution amplitudes in the two-photon process γ∗γ → π0π0. The third
topic is on gluon transversity of the deuteron and its relation to the prompt-photon
production cross section in the proton-deuteron collision.

First, in comparison with the spin-1/2 proton, there are additional spin observables for
the deuteron because of its spin-1 nature, and they are tensor-polarized structure func-
tions. In 2005, the HERMES collaboration observed the tensor structure function b1

in the deep inelastic scattering (DIS) process with a polarized deuteron, and this mea-
surement is not consistent with the standard deuteron prediction. Furthermore, there
was an interesting indication that a finite antiquark tensor polarization exists. These
results indicate that the structure function b1 could probe an interesting new aspect in
the deuteron. In the near future, b1 will be accurately measured at Thomas Jefferson
National Accelerator Facility (JLab), and the Drell-Yan experiment is now under consid-
eration at Fermi National Accelerator Laboratory (Fermilab) by using the unpolarized
proton beam and tensor-polarized deuteron target. The tensor-polarized antiquark dis-
tributions are not easily determined from the charged-lepton DIS; however, they can
be measured in a proton-deuteron Drell-Yan process with the tensor-polarized deuteron
target. In this work, we provide theoretical predictions for the spin asymmetry of the
Fermilab Drell-Yan experiments by using optimum tensor-polarized parton distribution
functions (PDFs) to explain the HERMES measurement. We find that the asymme-
try is typically a few percent, and our results were used for proposing the polarized
proton-deuteron Drell-Yan measurement within the Fermilab-E1039 experiment. If it is
measured, it could probe new hadron physics, and such studies could create an interest-
ing field of high-energy spin physics.
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Second, the 3-dimensional (3D) structure functions, generalized parton distributions
(GPDs) and generalized distribution amplitudes (GDAs), contain information on form
factors, PDFs, distribution amplitudes (DAs) and orbital-angular-momentum contribu-
tions to the hadron spin. The GPDs provide us a way to solve the proton spin puzzle.
The GPDs can be measured by the deeply virtual Compton scattering (DVCS), and we
could also obtain GPDs by the s-t crossing from the GDAs. As for the GDAs, they can
be measured by the two-photon process γ∗γ → hh̄, which is possible at KEKB. For this
two-photon process, the cross section can be calculated theoretically with the GDAs of
the hadron h. One can obtain the GDAs by analyzing the experimental cross sections
with a reasonable parameterization of the GDAs. In 2016, the Belle collaboration re-
ported a measurement for the differential cross sections on γ∗γ → π0π0 in e+e− collision.
In this work, we obtained the pion GDAs by analyzing the Belle data. Moreover, we
investigated matrix elements of the energy-momentum tensor and the gravitational form
factors by using the obtained GDAs. The three-dimensional gravitational radii were cal-
culated as

√
〈r2〉mass = 0.32 ∼ 0.39 fm for mass radius and

√
〈r2〉mech = 0.82 ∼ 0.88 fm

for the mechanical radius. We found that the mass radius is smaller than the pion charge
radius (0.659±0.004 fm, taken from PDG 2018 [1]) and that the mechanical radius is
slightly bigger than the charge radius. At this stage, the errors of the Belle measure-
ments are large. However, the precise measurements of γ∗γ → hh̄ are expected in the
near future, since the Belle II collaboration just started taking data with a much higher
luminosity of the Super KEKB in 2019. The GDAs are related to form factors of the
energy-momentum tensor of partons. These form factors are called gravitational form
factors because matrix elements of the energy-momentum tensor are source of gravity.
Therefore, it is very interesting to study the gravitational form factors, which contain
mass, pressure, and shear-force distributions for hadrons, by obtaining accurate GDAs.

Third, the gluon transversity does not exists in the spin-1/2 nucleons; however, one can
study the gluon transversity in the spin-1 hadrons such as deuteron and ρ meson. The
gluon transversity is a leading-twist distribution function which needs the helicity flip
of a hadron with spin more than one, for example, the deuteron. It is a very important
new quantity to probe the transverse spin structure of hadrons by using the deuteron.
The deuteron is a bound state of proton and neutron. Since the nucleons themselves
do not contribute directly to the gluon transversity due to their spin-1/2 nature, the
gluon transversity could be very small in the deuteron. If a finite gluon transversity
will be found experimentally, it reflects a new aspect inside the deuteron. At present,
the only possible experimental measurement of the gluon transversity is the electron-
deuteron DIS at JLab. There is no study to measure it in the proton-deuteron collision,
for example, at Fermilab. In this work, we propose that one can use the prompt-photon
production process to obtain the deuteron gluon transversity. However, we find that
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the measurement of this process is not easy at this stage, since it is proportional to the
twist-3 effect in the proton part together with helicity observation of the photon.
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Chapter

1
Introduction

Internal structure of hadrons has been investigated by high-energy lepton-hadron scatter-
ing and hadron-hadron collisions. In elastic electron scattering, form factors of nucleons
and nuclei can be measured to find their internal charge and magnetic distributions.
To probe partonic structure of hadrons, deep inelastic scattering (DIS) of leptons has
been investigated since the Stanford Linear Accelerator Center (SLAC) experiment in
1970’s. We now know the existence and properties of partons inside the nucleon. In par-
ticular, the longitudinal-momentum distributions of the partons (quarks and gluons),
which are called parton distribution functions (PDFs), are now well determined in a
wide kinematical region.

In the polarized DIS experiment, longitudinally-polarized structure functions and PDFs
are studied. It is possible to find the quark-spin content from the experiment, and it
indicates the contribution to the nucleon spin from quarks. According to the simple
quark model, the nucleon spin 1/2 is explained simply by the combination of three
quark spins. However, the European Muon Collaboration (EMC) experiment [2, 3]
indicated that a small fraction of nucleon spin is carried by quarks. Therefore, gluon
spin and partonic orbital angular momenta also contribute to the nucleon spin, and their
contributions are not clear. This is called the spin puzzle of the nucleon. In order to solve
the spin puzzle, the generalized parton distributions (GPDs) can be used to figure out
the partonic orbital angular momentum contribution to the nucleon spin, and the GPDs
can be studied in the deeply virtual Compton scattering (DVCS) [4, 5]. The s-t crossing
quantities of GPDs are called generalized distribution amplitudes (GDAs) which can be
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Chapter 1. Introduction

measured in the two-photon process [6–8], and one could obtain the information on the
GPDs by studying GDAs. Here, s and t are Mandelstam variables. Both the GPDs
and the GDAs are three-dimensional structure functions of hadrons, and they reveal
important physical quantities of hadrons such as PDFs, electromagnetic form factors,
and gravitational form factors. The GPDs and GDAs contain information on matrix
elements of the energy-momentum tensor of partons and these matrix elements are
expressed by form factors. These form factors are conventionally called gravitational
form factors [9, 10] because the matrix elements of the energy-momentum tensor are
sources of gravity. It is difficult to probe the gravitational form factors of hadrons
directly since the gravitational interaction is too weak, so that the method of using the
GPDs and GDAs is a smart way to find the gravitational sources in hadrons. It became
a popular topic to investigate the gravitational form factors by the GPDs and the GDAs
recently.

The longitudinally-polarized structure functions and PDFs have been investigated ex-
tensively and they are relatively well determined now [11, 12]. On the other hand, the
transversely-polarized structure functions are not well studied. There exist transversely-
polarized PDFs called transversity distributions, which indicate the transverse-polarization
of partons in the transversely-polarized hadron [13–15]. The quark transversity distribu-
tions exist in the nucleon, whereas the gluon transversity does not exist in the spin-1/2
nucleon. It means that the scale evolution of the quark transversity of the nucleon is de-
coupled from the gluon, and this is very different from the longitudinally-polarized PDFs.
Therefore, the studies of transversity are important in understanding high-energy hadron
spin physics. In the transversely-polarized nucleon, there exist the quark transversity
distributions which flip the helicities of the nucleon. The quark transversity distribu-
tions are leading-twist PDFs as the longitudinally-polarized ones. Due to the chirally
odd nature, the quark transversity distributions cannot be measured in the polarized
DIS; however, one can study the quark transversity distributions by the Drell-Yan pro-
cess. The quark transversity distributions are not well determined since there is not
enough experimental data at present. As for the gluon transversity, it cannot exist in
the spin 1/2 nucleon on account of the violation of angular-momentum conservation. We
can only study the gluon transversity in the deuteron and 4 baryon with spin>1. The
gluon transversity distribution could probe non-nucleonic components in the deuteron
because the nucleons do not contribute to the gluon transversity . In this sense, it will
be interesting to measure the deuteron gluon transversity infuture.

In addition to the gluon transversity, the tensor-polarized distributions are also inter-
esting topics for the deuteron [16]. In general, the deuteron is considered as an S-D
mixture system of proton and neutron, and the tensor-polarized distributions vanish
if the deuteron is a purely S-wave state. Therefore, the tensor-polarized distributions
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Form factors and distribution amplitudes

should be small in the deuteron since it is mainly in the S-wave. In 2005, the Hermes
Collaboration observed large tensor-polarized distributions in comparison theoretical
predictions by using electron-deuteron DIS [17]. This is another puzzle in high-energy
spin physics. In the near future, this puzzle of the tensor-polarized structure could be
solved by the experiments at JLab (DIS) and Fermilab (Drell-Yan) for the deuteron.

These topics are studied in this thesis as structure functions of pion and deuteron. In
particular, GDAs of the pion, tensor structure functions and the gluon transversity of the
deuteron are investigated. In this chapter, we provide basic knowledge for investigating
them. The pion GDAs contain information on form factors and distribution ampli-
tudes, so that they are introduced in Sec. 1.1. For the studies on the deuteron structure
functions, we explain basics of parton model and deep inelastic scattering in Sec. 1.2.
Scale dependence of parton distribution functions is described by the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equations, which are discussed in Sec. 1.3.
The GDAs are one type of three-dimensional structure functions, and they are related
to the GPDs by the s-t crossing. These three-dimensional structure functions are intro-
duced in Sec. 1.4. Then, the formalism and results are discussed for the tensor-polarized
structure functions of the deuteron, especially on a tensor-polarized spin asymmetry of
the Drell-Yan process, in Chap. 2. As the second topic, we explain the GDA studies on
the pion by using the two-photon process γ∗γ → π0π0 in Chap. 3. The prompt pho-
ton production process is investigated to obtain the deuteron gluon transversity in the
Chap. 4. These results are summarized in Chap. 5.

1.1 Form factors and distribution amplitudes

1.1.1 Form factor

ki kf

q

Figure 1.1: Elastic electron scattering from the charge distribution eρ(~x).

A charge distribution of a hadron can be probed by an electron-hadron elastic scattering
process. First, let us consider the simple case of a static charge distribution eρ(~x), where
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Chapter 1. Introduction

e is the elementary electric charge and ~x is the space coordinate. We consider the elastic
electron scattering from this charge distribution as shown in Fig. 1.1, where ki, kf , and q
are momenta for the initial electron, final electron, and the virtual photon, respectively.
The cross section of the elastic electron scattering from this charge distribution is derived
in the following way [18]. The electromagnetic field Aµ(~x) of the target is expressed by
the scalar potential φ as Aµ = (φ,~0), and φ is related to the charge distribution by
the Gauss law as O2φ = −eρ(~x). The transition amplitude for this process is given
by the electron current jµ(x) = −eūfγµuie−iq·x and the electromagnetic field as Tfi =
−i
∫
d4x jµ(x)Aµ(x), which becomes

Tfi = ieūfγµuiA
µ(q), (1.1)

where Aµ(q) is the Fourier transform of Aµ(x). Using the relation Aµ(q) = 2πδ(Ef −Ei)∫
d3xei~x·~qAµ(~x), we obtain

Tfi = 2iπδ(Ef − Ei)(eūfγµui)
∫
d3xei~x·~qAµ(~x). (1.2)

By considering the relation ~∇2(ei~x·~q) = −~q 2ei~x·~q and integration by parts with the Gauss
law, we obtain

Tfi = 2iπδ(Ef − Ei)(eūfγ0ui)
1
q2 (−e)

∫
d3xei~x·~qρ(~x). (1.3)

The integral part of this equation is the Fourier transform of the charge distribution,
and it is called the form factor:

F (q2) =
∫
d3xei~x·~qρ(~x). (1.4)

Then, the cross section is expressed as

dσ

dΩ =
(
dσ

dΩ

)
Mott

|F (q2)|2. (1.5)

Here, the Mott cross section is for the pointlike particle. For a scalar hadron h, the form
factor is defined by the matrix element of the electromagnetic current Jµem as

〈h(p2)|Jµem(0)|h(p1)〉 = (p1 + p2)µF (q2). (1.6)

1.1.2 Relation between form factor and distribution amplitude

The form factor F (q2) of a hadron is factorized into a hard part calculated by perturba-
tive quantum chromodynamics (QCD) and a soft part called a distribution amplitude
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Form factors and distribution amplitudes

at large Q2 = −q2. Here, we try to express the pion form factor in the factorized form.
It is useful to use the light-cone basis a = (a0, a1, a2, a3)

a± = 1√
2

(a0 ± a3), a⊥ = (a1, a2), (1.7)

for this description. Let us consider the process γ∗π+ → π+ shown in Fig. 1.2. The
amplitude of γ∗π+ → π+ is defined as εαMα, where εα is the polarization vector of the
virtual photon, and we will show how to express Mα by the distribution amplitudes
(DAs) of the pion in the following [19]. In Fig. 1.2, we choose the virtual photon mo-
mentum (q) direction to be the z axis, and two timelike vectors ν = (1, 0, 0, 1)/

√
2 and

ν ′ = (1, 0, 0,−1)/
√

2 are introduced. The momenta in Fig. 1.2 can be expressed with ν

and ν ′, they are q = Q√
2ν −

Q√
2ν
′, p1 = Q√

2ν
′, p2 = Q√

2ν, k1 = xp1, k3 = (1− x)p1 = x̄p1,
k2 = yp2, k4 = (1 − y)p2 = ȳp2 and q1 = (1 − y)p2 − (1 − x)p1 for the gluon. The
amplitude of Fig. 1.2 is

Mα =(−i)
∫

d4k1
(2π)4

∫
d4k2
(2π)4CF

[
(−igγµ)ce

i/l ef
l2

(−ieuγα)fa
−i(−igγµ)bd

q2
1

+(−ieuγα)ce
i/l1ef
l21

(−igγµ)fa
−i(−igγµ)bd

q2
1

]

×
∫
d4ze−ik2z

〈
π+(p2) |T ūc(z)dd(0)| 0

〉 ∫
d4weik1w

〈
0
∣∣∣T d̄b(0)ua(w)

∣∣∣π+(p1)
〉

=(p1 + p2)α
∫ 1

0
dx

∫ 1

0
dy

[
φ(y, (1− y)Q) 2πCFαs(Q2)euf2

π

3(1− x)(1− y)Q2φ
∗(x, (1− x)Q)

]
,

(1.8)

where the pion decay constant fπ = 130.7 MeV [20] is defined by the matrix element

〈
π+(p2)

∣∣∣ū(0)γ5γµd(0)
∣∣∣ 0〉 = −ifπpµ2 . (1.9)

xp1

q

ȳp2x̄p1

yp2

xp1

q

ȳp2x̄p1

yp2

Figure 1.2: Electromagnetic form factor of pion in terms of distribution amplitudes.
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We use the light-cone variables in Eq. (1.8) and the momentum integrals become δ

functions for the variables z+ and ~z⊥, and it leads to the distribution amplitude (DA)
defined by

φ(y) = i

fπ

∫
dz−

2π e−i(yp
+
2 )z− 〈

π+(p2)
∣∣∣ū(z−)γ5γ+d(0)

∣∣∣ 0〉 . (1.10)

It indicates the amplitude for finding a quark and an antiquark with the momentum
k+

2 = yp+
2 and k+

4 = (1 − y)p+
2 , respectively, in π+. We have non-local operators

d̄(z−)γ5γ+u(0) for π− and 1/
√

2
[
ū(z−)γ5γ+u(0)− d̄(z−)γ5γ+d(0)

]
for π0 in the DA

definition. Here, we consider only the case that the photon interacts with a quark, it
should have the symmetry relationship (x → 1 − x, y → 1 − y) for the case that the
photon interacts with an antiquark. By adding the antiquark term, Eq. (1.8) becomes

Mα =(p1 + p2)αF (q2)

=(p1 + p2)α
∫ 1

0
dx

∫ 1

0
dy

[
φ(y, (1− y)Q) 2πCFαs(Q2)euf2

π

3(1− x)(1− y)Q2φ
∗(x, (1− x)Q)

+φ(y, yQ)2πCFαs(Q2)ed̄f2
π

3xyQ2 φ∗(x, xQ)
]
, (1.11)

so that the form factor F (q2) is obtained with the DAs at high Q2. If the isospin
symmetry is satisfied, the DA of π+ is same with those of π− and π0. The DA of π0

has the symmetry relation φ(x) = φ(1 − x) due to the charge-conjugation invariance,
and this indicates that the probability for finding the quark with momentum fraction x
is same with the probability for finding the antiquark with momentum fraction x in a
pion. The pion DA is normalized as

∫ 1

0
dxφ(x) = 1. (1.12)

In general, the DAs are scale dependent, and the Q dependence of φ(y,Q) follows the
ERBL (Efremov-Radyushkin-Brodsky-Lepage) evolution equations [21, 22], and the gen-
eral form for φ(x,Q) of the pion is given by

φ(x,Q) =6x(1− x)
∞∑

n=0,2
anC

3/2
n (2x− 1)

(
ln Q2

Λ2
QCD

)−γn/2β0

,

γn =2CF

1− 2
(n+ 1)(n+ 2) + 4

n+1∑
j=2

1
j

 , (1.13)

where C3/2
n are the Gegenbauer polynomials and γn are the one-loop anomalous dimen-

sions. Since γn are positive except for γ0 = 0, and the terms with positive γn in Eq. (1.13)
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Form factors and distribution amplitudes

will decrease rapidly as Q2 increases. Therefore, only the first term in Eq.(1.13) survives
at high energy Q2, and the asymptotic form is φ(x) = 6x(1−x) which is Q2 independent.

The DAs of mesons are important physical quantities which are often used in the high
energy exclusive processes and B meson decays. In the previous part, we only discussed
the DA of pion [19, 23–25] which is a pseudoscalar meson. There are also interesting
papers for the DAs of other mesons. In Refs. [26–28] the DAs of scalar mesons like
f0(980) are defined. The authors of Refs. [29–31] systematically studied the vector meson
DAs where the higher-twist DAs are also introduced. As for the tensor meson such as
f2(1270), the DAs are investigated in Refs. [32–34].

1.1.3 Form factors of nucleons

The electromagnetic form factors of nucleon are defined as

〈N(p2)|Jµem(0)|N(p1)〉 = ū(p2)
[
γµF1(q2) + κ

2MN
F2(q2)iσµνqν

]
u(p1), (1.14)

where κ is the anomalous magnetic moment, σµν is defined by σµν = i
2 [γµ, γν ], MN

is the nucleon mass, F1(q2) is the Dirac form factor, and F2(q2) is the Pauli form
factor. In the limit q2 → 0, the effective charge is F1(0)e and the magnetic moment is
(F1(0) + κF2(0))e/(2MN ). The elastic electron-nucleon scattering is shown in Fig. 1.3,
and the differential cross section can be expressed by the electromagnetic form factors
as

dσ

dΩ = α2

4E2
1 sin4 θ

2

E2
E1

[
(F 2

1 −
κ2q2

4M2
N

F 2
2 ) cos2 θ

2 −
q2

2M2
N

(F1 + κF2)2 sin2 θ

2

]
, (1.15)

where E1 and E2 are the initial and final electron energies, respectively. The form factors
GE and GM are defined as linear combinations of F1 and F2 so that no interference terms

p1 p2

k1

q

k2

N

e−

N

e−

Figure 1.3: Electron-nucleon elastic scattering.

7



Chapter 1. Introduction

GEGM appear in Eq. (1.15):

GE = F1 + κq2

4M2
N

F2,

GM = F1 + κF2, (1.16)

where GE and GM are the electric and magnetic form factors of the nucleon. Then, the
differential cross section is

dσ

dΩ = α2

4E2
1 sin4 θ

2

E2
E1

[
G2
E + τG2

M

1 + τ
cos2 θ

2 + 2τG2
M sin2 θ

2

]
, (1.17)

with τ = −q2/(4M2
N ). In Eq. (1.17), the first term is the electromagnetic interaction

and the second one is the magnetic interaction. This cross section is similar to the
differential cross section of electron-muon scattering

dσ

dΩ

∣∣∣∣
eµ

= α2

4E2
1 sin4 θ

2

E2
E1

[
cos2 θ

2 −
q2

2M2
N

sin2 θ

2

]
. (1.18)

In the limit q2 → 0, only the electric form-factor term survives in Eq. (1.17), both cross
sections become the same.

In the subsection 1.1.2, the form factor of pion is expressed by the DA at high Q2 (above
a few GeV2). In principle the nucleon from factors can be also factorized into a hard
part calculated by perturbative quantum chromodynamics (QCD) and a soft part which
is the nucleon DA. However, the nucleon DA is much more complicated than the one
of pion meson and it is seldom studied. Here, we will not discuss the relation between
nucleon form factors and DAs.

1.2 Parton model and deep inelastic scattering

p

k1

PX
q

k2

p

e−

X

e−

Figure 1.4: Electron-proton deep inelastic scattering.
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Parton model and deep inelastic scattering

In Fig. 1.3, the electron-proton elastic process can be described by the electromagnetic
form factors. As the virtual-photon momentum square Q2 = −q2 increases, the proton is
broken into many hadrons, and this process is called deep inelastic scattering (DIS). The
electron-proton DIS is shown in Fig. 1.4, and the differential cross section is expressed
as

dσ = e4

q4
1

2k0
1

d3k2
(2π)3 2k0

2
2π LµνWµν , (1.19)

where Lµν = 2(kµ1kν2 + kν1k
µ
2 + q2

2 g
µν) is the lepton tensor and Wµν is the hadron tensor

defined by

Wµν = 1
4πMp

∫
d4xeiqx

1
2
∑
σ

〈 p, σ|Jµem(x)Jνem(0)| p, σ〉 . (1.20)

Here, p is the initial proton momentum, and σ indicates its spin. Since the lepton tensor
Lµν is symmetric, the symmetric form of Wµν is

Wµν = −W1g
µν + W2

M2
p

pµpν + W4
M2
p

qµqν + W5
M2
p

(pµqν + qµpν). (1.21)

In order to satisfy the current conservation qµW
µν = qνW

µν = 0, there are only two
independent structure functions W1 and W2 left in Eq. (1.21), so it can be reexpressed
as

Wµν = W1(−gµν + qµqν

q2 ) + W2
M2
p

(pµ − p · q
q2 qµ)(pν − pq

q2 q
ν). (1.22)

For the vertex γ∗p → X, there are two independent Lorentz invariant variables, Q2 =
−q2 and ν = p·q

Mp
, whereas there is only one variable Q2 in the elastic scattering (see

Eq.(1.14)). In the rest frame of the proton, ν = k0
1−k0

2 is the energy loss of the incoming
electron. By using the lepton tensor and the hadron tensor in Eq. (1.22), we obtain the
cross section in terms of the structure functions W1 and W2:

dσ

dΩ = α2

4E2
1 sin4 θ

2

E2
E1

[
W2(ν,Q2) cos2 θ

2 + 2W1(ν,Q2) sin2 θ

2

]
. (1.23)

In the limit Q2 → ∞, the proton is considered as an assembly of free quarks, and the
DIS process can be viewed as electron-quark elastic scattering. The structure functions
W1 and W2 are expressed by the parton distribution functions (PDFs) shown in Fig. 1.5,

9



Chapter 1. Introduction

and the functions F1 and F2 are usually used instead of W1 and W2:

νW1 → F2(x) =
∑
i

e2
ix [qi(x) + q̄i(x)] ,

MpW2 → F1(x) = 1
2xF2(x), (1.24)

where i indicates quark flavor and qi(x) is the probability for finding the struck quark i
with the momentum fraction x = Q2/(2Mpν) = Q2/(2p · q) of proton momentum in the
infinite momentum frame. In this Bjorken scaling limit (Q2 → ∞ and ν → ∞ limit),
F2 depends only on the Bjorken x. The second equation 2xF1(x) = F2(x) is called the
Callan-Gross relation, which results from the fact that the quark is a spin-1/2 particle.
Since the proton momentum is fully carried by partons, the momentum sum rule should
be satisfied,

∫ 1

0
dxx

[∑
i

{qi(x) + q̄i(x)}+ g(x)
]

= 1. (1.25)

Here, g(x) is the gluon distribution function. The PDFs shown in Fig. 1.5 can be ex-
pressed by the Fourier transform of a correlator as

qi(x) = 1
2

∫
dz−

2π
〈
p
∣∣∣q̄i(z−)γ+qi(0)

∣∣∣ p〉 e−ixp+z−
. (1.26)

Here, the gauge link to satisfy the color gauge invraiance is abbreviated for simplicity.

N(p)

xp xp

N(p)

Figure 1.5: PDFs for quarks.

1.3 DGLAP evolution equation for PDFs

The scale dependence of the PDFs is discussed in the following. The process γ∗p → X

is described as the quark with momentum fraction x = −q2/2p · q interacts with virtual
photon in the parton picture. However, the struck quark can radiate a gluon before or
after it is hit by the virtual photon. Then, the quark distribution functions are modified
by the process γ∗q → qg shown in Fig. 1.6. At the order αs which is the running

10



DGLAP evolution equation for PDFs

(a) (b)

(c) (d)

Figure 1.6: Quark distribution functions are modified by two types of processes. The
first one is γ∗q → qg (see (a) and (b)), and the second one is γ∗g → qq̄ (see (c) and

(d)).

coupling constant of QCD, a quark-antiquark pair can be produced by photon-gluon
collision shown in Fig. 1.6. If we also consider the contribution from γ∗g → qq̄ , the Q2

dependence of the quark distribution can be described by

dqi(x,Q2)
d logQ2 = αs

2π

∫ 1

x

dy

y

[
qi(x,Q2)Pqq(

x

y
) + g(x,Q2)Pqg(

x

y
)
]
, (1.27)

where Pqq(z) and Pqg(z) are splitting functions. The function Pqq(z) is the probability
that a quark has a fraction z of the initial momentum by emitting a gluon, and Pqg(z)
indicates the probability that the quark carries a fraction z of the gluon momentum in
the process g → qq̄. They are explicitly written as

Pqq(z) =4
3

1 + z2

(1− z)+
+ 2δ(1− z),

Pqg(z) =1
2
[
z2 + (1− z)2

]
. (1.28)

in the leading order of αs.

Similarly, the evolution of the gluon distribution function comes from the processes of a
gluon emission from quark and of three gluon vertex shown in Fig. 1.7.

dg(x,Q2)
d logQ2 = αs

2π

∫ 1

x

dy

y

[∑
i

qi(x,Q2)Pgq(
x

y
) + g(x,Q2)Pgg(

x

y
)
]
, (1.29)

where the splitting function Pgq(z) is given by Pgq(z) = Pqq(1− z), since the final gluon
with z momentum fraction means the final quark momentum fraction should be 1 − z

11



Chapter 1. Introduction

(a) (b)

Figure 1.7: Splitting processes of (a) an initial quark emits a gluon
and (b) a gluon splits into two gluons.

in the process q → qg. The splitting functions are given by

Pgq(z) =Pgq(1− z),

Pgg(z) =6
[1− z

z
+ z

(1− z)+
+ z(1− z)

]
+ (11

2 −
nf
3 )δ(1− z). (1.30)

Equations (1.27) and (1.29) are called DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi) evolution equations.

1.4 Three-dimensional structure functions of hadrons

1.4.1 Proton spin puzzle

The quark model was proposed by M. Gell-Mann and G. Zweig in 1964 to classify
numerous hadron states, and the quark model works successfully to explain major hadron
properties. In this naive quark model, the proton contains three valence quarks, and the
proton spin comes from the combination of spins of these valence quarks:

1
2 = 1

2(4uv +4dv),∆q = q+ − q−. (1.31)

In the parton model, in addition to quark spins, the proton spin could also come from
contributions of gluon spin and partonic orbital angular momenta. Therefore, the proton
spin is written as the summation of their contributions:

1
2 = 1

24Σ + Lq + (4g + Lg),

4Σ = (4u+ +4d+ +4s+),4q+ = 4q +4q̄. (1.32)

In 1988, the European Muon Collaboration discovered that only a small fraction of
the spin is carried by the quarks in the proton [2, 3], and this is called the proton
spin puzzle illustrated in Fig. 1.8. In order to solve the spin puzzle of the proton, one
needs to figure out each spin contribution in Eq. (1.32). The quark spin contribution

12



Three-dimensional structure functions of hadrons

4Σ can be measured by longitudinally polarized DIS and Drell-Yan process, and the
heavy meson production in the semi-inclusive DIS is often used to study the gluon spin
contribution4g. As for the orbital-angular momentum in the proton, the GPDs provide
us a way to investigate the contribution from partonic orbital-angular momentum 4L
to the proton spin [4, 5], and the GPDs are one type of three-dimensional structure
functions of hadrons.

Recently studies indicate 4Σ ≈ 0.30± 0.05, Lq ≈ 0.2± 0.1 and 4g + Lg ≈ 0.15± 0.10
at Q2 = 4 GeV2 [11, 12]; however, precise measurements are still needed to reduce the
uncertainties.

Figure 1.8: Proton spin puzzle, picture from BNL website.

1.4.2 Generalized parton distributions

The GPDs can be investigated in deeply virtual Compton scattering (DVCS) process [4,
5, 35–37], deeply virtual meson production (DVMP) process [38–42], timelike Compton
scattering (TCS) [43], 2→ 3 hadronic reaction processes such as N +N → N + π + B

(N : nucleon, B: baryon) [44], and exclusive pion-induced Drell-Yan process [45].

Here, we will use the DVCS to illustrate the properties of GPDs, and the details of
GPDs can be found in the review papers [46–49]. The kinematics of DVCS is shown in
Fig. 1.9, and some momentum notations are defined as follows

P̄ = p1 + p2
2 , ∆ = p2 − p1, t = ∆2, x = −q2

1
2p1 · q1

, ξ = ∆+

p+
1 + p+

2
, (1.33)

where we choose the average momentum of the nucleon P̄ to be z axis, and k+
1 = (x+ξ)P̄

and k+
2 = (x−ξ)P̄ are the momenta of initial and final quarks, respectively. In the light-

cone coordinates of Eq.(1.7), p1 and p2 are dominated by the + components. The photon

13



Chapter 1. Introduction

p1

γ∗(q1,λ1) γ(q2,λ2)

(x+ ξ)P̄

p2

(x− ξ)P̄

Figure 1.9: Deeply virtual Compton scattering of nucleon.

polarization vectors ε(λ1) are defined as follows

ε(0) = 1
Q

(|~q1|, 0, 0, q0
1), ε(±) = 1√

2
(0,∓1,−i, 0). (1.34)

The amplitude of the DVCS can be separated into a hard part and a soft part by
factorization at Q2 � Λ2

QCD, and the soft part involves the GPDs. In the following,
we show how to express the DVCS amplitude by the GPDs. The hard part is the
Compton scattering γ∗q → γq. There is another Feynman diagram by exchanging two
quark-photon vertices in Fig. 1.9, so that the amplitude is expressed as [50]

T =− i
∑
q

(−e2e2
q)ε(λ1)µε(λ2)∗ν

∫
d4k2
(2π)4

[
γµi( /k1 + /q1)γν

(k1 + q1)2 + iε
+
γνi( /k1 − /q2)γµ

(k1 − q2)2 + iε

]
ba

×
∫
d4ye−ik2y 〈h(p2) |T q̄b(y)qa(0)|h(p1)〉 , (1.35)

where a and b are the spinor indices, and the physical meaning of the second line is to
remove an incoming quark with momentum k1 in the nucleon h and to absorb a outgoing
quark with momentum k2. We use the Fierz identity

q̄b(y)qa(0) = 1
4γ

λ
abq̄γλq + 1

4(γ5γλ)abq̄γλγ5q + 1
4I

λ
abq̄q + 1

4(γ5)abq̄γ5q + 1
4σ

αβ
ab q̄σαβq,

(1.36)
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Three-dimensional structure functions of hadrons

in Eq. (1.35). Here, since the trace of an odd number of γµ is zero, only the first two
terms remain, and they are the leading-twist contributions. Then, Eq. (1.35) becomes

T =−
∑
q

(e2e2
q)ε(λ1)µε(λ2)∗ν

∫
d4k2
(2π)4

1
4

{
Tr

[
γµ( /k1 + /q1)γνγ−

(k1 + q1)2 + iε
+
γν( /k1 − /q2)γµγ−

(k1 − q2)2 + iε

]

×
∫
d4ye−ik2y

〈
h(p2)

∣∣∣T q̄(y)γ+q(0)
∣∣∣h(p1)

〉
+ Tr

[
γµ( /k1 + /q1)γνγ5γ−

(k1 + q1)2 + iε
+
γν( /k1 − /q2)γµγ5γ−

(k1 − q2)2 + iε

]

×
∫
d4ye−ik2y

〈
h(p2)

∣∣∣T q̄(y)γ+γ5q(0)
∣∣∣h(p1)

〉}
. (1.37)

The traces of the γ matrices are calculated, and then the amplitude becomes

T =−
∑
q

(e2e2
q)ε(λ1)µε(λ2)∗ν

{
gµνT

[ 1
x− ξ + iε

+ 1
x+ ξ + iε

]

× 1
2

∫
dy−

2π e−ixP̄ y
− 〈

h(p2)
∣∣∣T q̄(y−)γ+q(0)

∣∣∣h(p1)
〉

+ iεµν+−
[
− 1
x− ξ + iε

+ 1
x+ ξ + iε

]
×1

2

∫
dy−

2π e−ixP̄ y
− 〈

h(p2)
∣∣∣T q̄(y−)γ+γ5q(0)

∣∣∣h(p1)
〉}

, (1.38)

where gµνT is defined as

gµνT =


0 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 0

 . (1.39)

The terms gµνT and εµν+− in Eq. (1.38) indicate that the incoming and outgoing photons
have same transverse helicities according to Eq. (1.34).

The DVCS amplitude (1.38) contains two kinds of GPDs. One is defined by the matrix
element of q̄(y−)γ+q(0), and the other is by the one of q̄(y−)γ+γ5q(0). In this way,
the quark GPDs, Hq(x, ξ, t), Eq(x, ξ, t), H̃q(x, ξ, t), and Ẽq(x, ξ, t), are defined by the
relations

1
2

∫
dy−

2π e−ixP̄ y
− 〈

h(p2)
∣∣∣q̄(y−)γ+q(0)

∣∣∣h(p1)
〉

= 1
2P+

[
Hq(x, ξ, t)ū(p2)γ+u(p1) + Eq(x, ξ, t)ū(p2) iσ

+α∆α

2m u(p1)
]
, (1.40)

1
2

∫
dy−

2π e−ixP̄ y
− 〈

h(p2)
∣∣∣q̄(y−)γ+γ5q(0)

∣∣∣h(p1)
〉

= 1
2P+

[
H̃q(x, ξ, t)ū(p2)γ+γ5u(p1) + Ẽq(x, ξ, t)ū(p2)γ

5∆+

2m u(p1)
]
. (1.41)
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The functions Hq(x, ξ, t) and H̃q(x, ξ, t) are nucleon helicity-conserving ones, while
Eq(x, ξ, t) and Ẽq(x, ξ, t) are nucleon helicity-flipping ones. The helicity-flipping term
Eq(x, ξ, t) indicate a contribution from quark angular momenta, which can be use to
solve the proton spin puzzle [48, 51, 52]. In the forward limit (p1 = p2), the GPDs are
related to the PDFs of Eq. (1.26),

Hq(x, 0, 0) =q(x)θ(x)− q̄(−x)θ(−x),

H̃q(x, 0, 0) =∆q(x)θ(x) + ∆q̄(x)θ(−x), (1.42)

where ∆q(x) is the polarized PDF. If we integrate Eq. (1.40) over x, it becomes the
electromagnetic form factors in Eq.( 1.14):

∫ 1

−1
dxHq(x, ξ, t) =F1(t),∫ 1

−1
dxEq(x, ξ, t) =κF2(t), (1.43)

where the ξ dependence disappears after the integral. As for Eq. (1.41), it is related to
the axial and pseudoscalar form factors,

∫ 1

−1
H̃q(x, ξ, t) =gqA(t),∫ 1

−1
Ẽq(x, ξ, t) =gqP (t), (1.44)

where these form factors are defined by

〈
h(p2)

∣∣∣q̄(0)γµγ5q(0)
∣∣∣h(p1)

〉
= ū(p2)

[
γµγ5gqA(t) + γ5∆µ

2m gqP (t)
]
u(p1). (1.45)

It is possible to find the orbital-angular-momentum contribution Lq to the proton spin
by using the GPDs in combination with ∆q:

Jq =1
2

∫ 1

−1
dxx [Hq(x, ξ, t = 0) + Eq(x, ξ, t = 0)]

=1
2∆q + Lq. (1.46)

Therefore, important physical quantities, the PDFs, the form factors, and the orbital-
angular-momentum contributions, can be studied by the GPDs.

In the above discussion, the nucleon GPDs are defined through the operators q̄γµq and
q̄γµγ5q in Eq. (1.40) and Eq. (1.41), and the parton helicities are conserved because of the
vector current operator and the axial vector current operator. In Ref. [53], the nucleon
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Three-dimensional structure functions of hadrons

GPDs which flip the parton helicities are shown for both quarks and gluon, and they
are called transversity GPDs (HT , ET , H̃T , ẼT ).

So far, we considered the nucleon case; however, there are also GPDs of the scalar and
vector hadrons. For example, the GPDs of pion [54, 55] are also defined in the same
way as the nucleon ones,

Hq
π(x, ξ, t) =1

2

∫
dy−

2π e−ixP̄ y
− 〈

π+(p2)
∣∣∣q̄(y−)γ+q(0)

∣∣∣π+(p1)
〉
. (1.47)

There is no axial-vector matrix element of Eq. (1.41) due to the spinless pion. There are
more GPDs for the vector hadrons such as deuteron and ρ meson than nucleon GPDs
due to the spin-1 nature. The parton-helicity conserved GPDs of deuteron are first
studied in Ref. [56, 57], and parton-helicity flipped GPDs are investigated in Ref. [58].

In addition to the quark GPDs, there also exist gluon GPDs for mesons and nucleons
shown in Fig. 1.10 , and it is defined for the pion as

Hg
π(x, ξ, t) = 1

P̄+

∫
dy−

2π e−ixP̄
+y− 〈

π+(p2)
∣∣∣G+µ(y−)G+

µ (0)
∣∣∣π+(p1)

〉
. (1.48)

However, the details of gluon GPDs will not be discussed in this thesis since they are
involved in higher-order calculations.

h(p1)

(x+ ξ)P̄ (x− ξ)P̄

h(p2)

Figure 1.10: Gluon GPDs of hadrons

The leading-twist (twist-2) GPDs are introduced in the above section, and there are also
studies for twist-3 GPDs of nucleon, one can check the details in Refs. [59–61].

1.4.3 Generalized distribution amplitudes

In the previous section, we studied the GPDs by the DVCS. If we consider the s-t crossed
channel of the DVCS, it is γ∗γ → hh̄ in Fig. 1.11. In this two-photon process, we have
a new physical quantity called the generalized distribution amplitude (GDA) in the soft
part by factorization [6–8, 62], and the GDAs are the s-t crossing quantity of the GPDs.
The GDAs describe the production of hh̄ from a quark-antiquark or gluon pair, and it
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is similar to the DA of Eq. (1.10) except for the difference in the final state: there is
one hadron in the DA and a hadron pair in the GDA. The γ∗γ → hh̄ process is shown
in Fig. 1.11, and the kinematical variables are given as

P = q1 + q2, Q2 = −q2
1, q2

2 = 0, k+
1
P+ = z,

p+
1
P+ = ζ, s = W 2 = (p1 + p2)2, (1.49)

where k1 and k2 are the momenta of quark and antiquark, and p1 and p2 are the momenta
of final-state hadron and anti-hadron. The direction of q1 is along the z axis, and q2 is
along the negative z axis. In the light-cone coordinate, k1, k2, p1 and p2 are dominated
by the + components. We need to have Q2 � Λ2

QCD,W
2 to satisfy the factorization

condition for describing the process by the GDAs and a hard part. Here, we take the
pion as an example to study the GDA properties. The GDAs are defined by

Φππ
q (z, ζ,W 2) =

∫
dy−

2π e−iy
−(zP+) 〈π(p1)π(p2)| q̄(y−)γ+q(0) |0〉 . (1.50)

The variables of the GDAs can be related to those of the GPDs Hq
π(x, ξ, t) in Eq. (1.47)

by the s-t crossing, and one can get the expression of GPDs from GDAs by the following
replacements

1− 2ζ = 1
ξ
, 1− 2z = x

ξ
, W 2 = t,

Φππ
q (z, ξ,W 2)↔ Hπ

q

(1− 2z
1− 2ξ ,

1
1− 2ξ ,W

2
)
. (1.51)

Therefore, the GDA can be considered as another way to study the GPD. However, we
should note that the GDAs may not necessarily correspond to the physical region of the
GPDs under the replacement, and it could lead to the unphysical region.

For the ππ state with a fixed C party, we have the following relation

Φππ
q (1− z, ζ,W 2) = −CΦππ

q (z, ζ,W 2) = −Φππ
q (z, 1− ζ,W 2), (1.52)

γ(q2λ2 )

γ∗(q1λ1)
zP

h(p1)

z̄P
h̄(p2)

Figure 1.11: Generalized distribution amplitudes can be studied in two-photon pro-
cess.
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under the charge conjugation. Therefore, the GDAs for π+π− with the fixed C party
can be expressed as

Φ±q (z, ζ,W 2) = 1
2
[
Φπ+π−
q (z, ζ,W 2)± Φπ+π−

q (z, 1− ζ,W 2)
]
, (1.53)

where ± indicates the C party of π+π−. Then, we have

Φπ+π−
q (z, ζ,W 2) = Φ+

q (z, ζ,W 2) + Φ−q (z, ζ,W 2). (1.54)

Therefore, Φπ+π− contains both C-even and C-odd GDAs. Since the C parity of the
γγ∗ is even, only Φ+

q (z, ζ,W 2) is involved in the two-photon process. As for the case of
π0π0, the C party is even, so it contains only the Φ+

q (z, ζ,W 2) part. If s = W 2 is large
enough, namely, Q2 � s � Λ2

QCD, the GDA Φπ+π−
q (z, ζ,W 2) can be expressed by the

pion DA [63].

Now, we consider the isospin (I) of the ππ state. The I = 0, 1, and 2 ππ states are

|0, 0〉 = 1√
3

(π+π− − π0π0 + π−π+),

|1, 0〉 = 1√
2

(π+π− − π−π+),

|2, 0〉 = 1√
6

(π+π− + 2π0π0 + π−π+). (1.55)

The π0π0 contains the I = 0 and I = 2 components, and the π+π− contains the I = 0,
1 and 2 components. According to the definition of the GDAs, the isospin of q̄q can be
0 or 1, so that the possible choices for the final ππ state are I = 0 (π0π0, π+π−) and
I = 1 (π+π−). For the I = 1 case, the angular momentum L should be even to keep the
positive C party. At the same time, the Pauli-exclusion-principle relation

(−1)L × (−1)I × (−1)S = +1, (1.56)

should be satisfied, so that the I = 1 GDAs do not exist in the two-photon process.
Therefore, the ππ states should be I = 0 and L = 0, 2. As a consequence of the isospin
invariance, we have

Φπ0π0
q (z, ζ,W 2) = Φ+

q (z, ζ,W 2),

Φ+
u (z, ζ,W 2) = Φ+

d (z, ζ,W 2). (1.57)
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In this case, the amplitude is same for both π0π0 and π+π− in the two-photon process.
There is a momentum sum rule for Φ+

u (z, ζ,W 2) [6–8],

∫ 1

0
dz(2z − 1)Φ+

q (z, ζ,W 2) = 2
(P+)2

〈
π+(p1)π−(p2)

∣∣∣T++
q (0)

∣∣∣ 0〉 , (1.58)

where Tµνq is the energy-momentum tensor for quarks. Here, we have W 2 > 0, so
that 〈π+(p1)π−(p2)|T++

q (0)|0〉 is a timelike energy-momentum tensor for quarks in the
pion. In the spacelike region (W 2 < 0), it is 〈π+(p1)|T++

q (0)|π+(p2)〉. By the analytical
continuation from the timelike region to the spacelike one, we have the sum rule at
W 2 = 0 [6–8],

∫ 1

0
dz(2z − 1)Φ+

q (z, ζ,W 2 = 0) = −2Rπζ(1− ζ), (1.59)

where Rπ is the momentum fraction carried by quarks in the pion.

Now, let us briefly discuss the C-odd (I=1) GDAs of π+π− in order to show the relation
to the DAs and the electromagnetic form factor, although they do not appear in the
current two-photon process. If Eq.(1.50) is integrated over z, we obtain [8]

∫ 1

0
dzΦ−q (z, ζ,W 2) = (2ζ − 1)F (W 2), (1.60)

where F (W 2) is the timelike electromagnetic form factor, which is different from the
spacelike electromagnetic form factor of Eq. (1.6). Φ−q (z, ζ,W 2) can be related to the
pion DA if the momentum of one of the pions goes to zero (ζ = 0 or 1) [8] as

Φ−q (z, ζ = 1,W 2 = 0) = −Φ−q (z, ζ = 0,W 2 = 0) = φ(z), (1.61)

where W 2 = 0 is taken by neglecting the pion mass, and φ(z) is defined in Eq. (1.10).
As for the gluon GDA, it is defined by

Φg(z, ζ,W 2) = 1
P+

∫
dy−

2π e−izP
+y− 〈

π(p1)π(p2)
∣∣∣G+µ(y−)G+

µ (0)
∣∣∣ 0〉

=z(1− z)P+
∫
dy−

2π e−izP
+y− 〈

π(p1)π(p2)
∣∣Aµ(y−)Aµ(0)

∣∣ 0〉 . (1.62)

The symmetry relation of the gluon GDA reads

Φg(z, ζ,W 2) = Φg(1− z, ζ,W 2) = Φg(1− z, 1− ζ,W 2), (1.63)

which is obtained by the exchanges of gluons and also final-state pions.

In Sec. 1.1, we discussed the Q2 evolution of the DAs for the pion. It is slightly different
for the GDAs, since the C-even GDAs Φ+

q (I = 0) can be mixed with the gluon GDA
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due to the evolution. The general expressions of the Q2-evolved Φ+
q and Φg are

nf∑
q=1

Φ+
q (z, ζ,W 2, Q2) = z(1− z)

∑
oddn

6nf
n+1∑
even l

Bnl(W 2, Q2)Pl(2ζ − 1)C3/2
n (2z − 1),

Φg(z, ζ,W 2, Q2) = z2(1− z)2 ∑
oddn

n+1∑
even l

B′nl(W 2, Q2)Pl(2ζ − 1)C5/2
n−1(2z − 1), (1.64)

where Pl is the Legendre polynomial, and it indicates that the final ππ state is in the
angular-momentum state L = l, Lz = 0, and Bnl and B′nl are expansion coefficients. The
Q2 dependence for Bnl(W 2, Q2) is written as

Bnl(W 2, Q2) = B+
nl(W

2)
(
αs(Q2)
αs(Q2

0)

)K+
n

+B−nl(W
2)
(
αs(Q2)
αs(Q2

0)

)K−
n

, (1.65)

where Q2
0 is the initial scale. This Q2 dependence is the same for B′nl(W 2, Q2) in the

gluon GDA. The detailed expressions of K±n are found in Ref. [7]. Since K±n is positive
except for K−1 = 0, only the term with K−1 survives in Eq. (1.65) at very large Q2.
Therefore, we have the asymptotic form for GDAs as

nf∑
q=1

Φ+
q (z, ζ,W 2) = 18nfz(1− z)

[
B−10(W 2) +B−12(W 2)P2(2ζ − 1)

]
,

Φg(z, ζ,W 2) = 48z2(1− z)2
[
B′−10 (W 2) +B′−12 (W 2)P2(2ζ − 1)

]
. (1.66)

By using Eq. (1.59) and Eq. (1.64), we have [6–8]

B−12(0) = −B−10(0) = 10Rπ
9nf

, (1.67)

where nf is the number of flavors.

As for the Φ−q (z, ζ,W 2), it is very similar to the pion DA, since it does not mix with the
gluon GDA:

Φ−q (z, ζ,W 2, Q2) = 6z(1− z)
∑
evenn

n+1∑
odd l

Bnl(W 2, Q2)C1/2
l (2ζ − 1)C3/2

n (2x− 1). (1.68)

The Q2 dependence of Bnl(W 2, Q2) is same as that of the pion DA in Eq. (1.13). Ac-
cording to Eq. (1.60), B01(W 2) is the timelike electromagnetic form factor of π+. With
isospin invariance, we have the relation Φ−u = −Φ−d .

In the above case, the leading-twist GDAs are discussed for pion, and the twist-3 GDAs
of pion are investigated in Ref. [64]. There are also studies of GDAs for other types of
hadrons such as baryons and vector hadrons. For example, the GDAs of baryon [65] are
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involved in the process γ∗γ → BB̄ (B for baryon), and the proton GDAs are just the
s-t crossing quantities of the proton GPDs which reveal the orbital-angular momentum
contribution in the proton. As for the GDAs of vector hadrons, the authors of Ref. [66]
studied the ρ GDA in the process of γ∗γ → ρ0ρ0. To generalize the process γ∗γ → ππ,
the 3π GDAs are proposed for γ∗γ → πππ [67].
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2
Spin Asymmetry for Drell-Yan

Process at Fermilab with
Tensor-Polarized Deuteron

2.1 Puzzle of tensor-polarized structure function in the
deuteron

Tensor-polarized structure functions of the deuteron are different spin observables from
the polarized proton structure functions [16, 68], and they are not well understood. It
is an interesting topic and the field of tensor structure functions could become a hot
topic in a few years, because the JLab experiment will start soon, as the proton spin
puzzle created the field of high-energy spin physics. The deuteron could be considered
as a nucleus which contains proton and neutron in S wave. In this case, the magnetic
moment of deuteron is equal to the sum of magnetic moments of proton and neutron,
and the experimental measurement of the magnetic moment supported this S-wave idea.
However, the existence of the electric quadrupole moment indicated that the deuteron
should also contains a small fraction of the D wave in addition to the S wave. This D-
wave admixture is now widely accepted. The D-wave contribution implies finite tensor-
polarized structure functions in the deuteron, because there is no tensor polarization for a
purely S-wave deuteron. One of the tensor-polarized structure functions is b1, and it was
measured by the HERMES collaboration in 2005 [17]. Although their errors are large,
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the data showed that b1 is much larger than the theoretical prediction in the S-D mixture
picture [16, 69]. Therefore, the standard S-D mixture cannot explain the experimental
data. In order to solve this puzzle, there are several possible explanations such as six
quarks configuration of the deuteron [70], shadowing effects of the nucleus [71–73], and
pion effects in the deuteron [70]. Recently, the original calculation of Refs.[16, 69] on
the S-D mixture was corrected [74]; however, the theoretical results still indicate large
discrepancies from the HERMES data. In this work, we study tensor structure of the
tensor-polarized PDFs through the spin asymmetries in the proton-deuteron Drell-Yan
process [75], and we hope that future measurements will provide crucial information to
find a mechanism for solving the issue.

2.2 Tensor-polarized structure function b1

p

k

PXγ∗, q

k′

d

e−

X

e−

1

Figure 2.1: Deep inelastic scattering of unpolarized electron from polarized deuteron.

The tensor structure function b1 of deuteron can be studied by DIS, where the beam is
unpolarized lepton and the target is the polarized deuteron in Fig. 2.1. For the spin-1
deuteron, there are 8 structure functions in the hadron tensor W λfλi

µν [16, 76]:

W
λfλi
µν = 1

4πM

∫
d4xeiqx 〈p λf |Jµ(x)Jν(0)|p λi〉

=− F1ĝµν + F2
Mdν

p̂µp̂ν + ig1
ν
εµνλσq

λsσ + ig2
Mdν2 εµνλσq

λ(p · qsσ − s · qpσ)

− b1rµν + 1
6b2(sµν + tµν + uµν) + 1

2b3(sµν − uµν) + 1
2b4(sµν − tµν). (2.1)

where Md, p, and q are deuteron mass, deuteron momentum, and momentum transfer.
ĝµν and p̂µ are defined by ĝµν ≡ gµν − qµqν/q2 and p̂µ ≡ pµ − (p · q/q2) qµ. We have
ν = p · q/Md, and the antisymmetric tensor is defined by ε0123 = +1. The initial and
final spin states of the deuteron are denoted as λi and λf , respectively. The spin vector
of the deuteron is sµ which is expressed by the polarization vectors of the deuteron
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Eµ(λ) as

(sλfλi)
µ = − i

Md
εµναβE∗ν(λf )Eα(λi)pβ,

Eµ(λ = ±1) = 1√
2

(0,∓1,−i, 0), Eµ(λ = 0) = (0, 0, 0, 1). (2.2)

The tensors rµν , sµν , tµν , and uµν are defined as

rµν = 1
ν2

[
q · E∗(λf )q · E(λi)−

1
3ν

2κ

]
ĝµν ,

sµν = 2
ν2

[
q · E∗(λf )q · E(λi)−

1
3ν

2κ

]
p̂µp̂ν
Mdν

,

uµν =Md

ν

[
Ê∗µ(λf )Êν(λi) + Ê∗ν(λf )Êµ(λi) + 2

3 ĝµν −
2

3M2
d

p̂µp̂ν

]
,

tµν = 1
2ν2

{
q · E∗(λf )

[
p̂µÊν(λi) + p̂νÊµ(λi)

]
+
[
p̂µÊ

∗
ν(λf ) + p̂νÊ

∗
µ(λf )

]
q · E(λi)−

4ν
3Md

p̂µp̂ν

}
. (2.3)

The structure functions b1, b2, b3 and b4 are the new quantities for the spin-1 deuteron,
whereas F1, F2, g1 and g2 also exist in the spin-1/2 proton.

In the parton picture, F1 can be expressed by the PDFs, F1 = 1
2
∑
i e

2
i

[
qi(x,Q2) + q̄i(x,Q2)

]
.

Similarly, b1 is expressed by tensor-polarized PDFs as

b1 = 1
2
∑
i

e2
i

[
δT qi(x,Q2) + δT q̄i(x,Q2)

]
,

δT qi(x,Q2) = q0
i (x,Q2)− q+1

i (x,Q2) + q−1
i (x,Q2)

2 , (2.4)

where δT qi(x,Q2) is the tensor-polarized PDF, and qλi indicates an unpolarized quark
distribution of flavor i in the deuteron spin state λ. The Callan-Gross relation is known
as 2xF1 = F2 in the Bjorken scaling limit, and b1 and b2 are also related to each other
by the similar relation 2xb1 = b2. There exits a sum rule based on the parton model
[77]. From the expression (2.4), we obtain the relation∫

dx b1(x) =− lim
t→0

5
24 t FQ(t) + 1

9

∫
dx
[
4δT ū(x) + 4δT d̄(x) + δT s̄(x)

]
, (2.5)

where FQ(t) is the electric quadrupole form factor. If the tensor-polarized antiquark
distributions does not exist, it leas to an interesting sum rule for b1:∫

dx b1(x) = 0. (2.6)

However, finite antiquark distributions exist, the sum becomes
∫
dx b1(x) =

∫
dx[4δT ū(x)+

4δT d̄(x) + δT s̄(x)]/9. Therefore, a finite sum indicates that there exist tensor-polarized
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antiquark distributions in the deuteron.

The HERMES collaboration conducted the first measurement of the deuteron structure
function b1 in 2005; however, the experimental measurements indicated that b1 is not as
small as the prediction by the standard convolution model based on the S-D admixture
[17]. In this case, it is necessary to study the tensor structure puzzle of the deuteron
by considering other mechanisms on the tensor structure in terms of quark and gluon
degrees of freedom. The HERMES collaboration also reported the integrals of b1 as

∫ 0.85

0.002
dx b1(x) = [1.05± 0.34(stat)± 0.35(sys)]× 10−2,∫ 0.85

0.02
dx b1(x) = [0.35± 0.10(stat)± 0.18(sys)]× 10−2, (2.7)

where the first value is obtained in the measured energy range, and the second one is
in the range of Q2 > 1 GeV2. The nonzero integral of b1 indicates the existence of
tensor-polarized distributions for antiquarks δT q̄(x) in the deuteron. In the near future,
the structure function b1 can be measured at JLab, and this could help us to solve the
puzzle of tensor structure in the deuteron.

2.3 Tensor-polarized spin asymmetry in proton-deuteron
Drell-Yan process

The tensor structure of the deuteron can also be studied by the proton-deuteron Drell-
Yan process, and it has the merit in probing δT q̄(x) directly. The Drell-Yan process p+
d→ µ+µ−+X is shown in Fig. 2.2. In the Fermilab-E1309 experiment, the unpolarized
proton beam (120 GeV) is provided by the Main Injector, and the polarized deuteron is
the target. The center-of-mass energy is s = (p1 + p2)2, and the dimuon-mass squared

p2

p1

x1

x2 Q

d

p

µ+(k2)

µ−(k1)

1

Figure 2.2: Drell-Yan process for unpolarized proton and tensor-polarized deuteron.
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is given by M2
µµ = Q2 = x1x2s. In this process, the hadron tensor is defined as

WDY
µν = 1

4πMd

∫
d 4ξ e−i(k1+k2)·ξ〈 p d | J emµ (ξ)J emν (0) | p d 〉. (2.8)

There exists many structure functions and polarization asymmetries in the Drell-Yan
process with unpolarized proton and polarized deuteron. Among them, the tensor-
polarized spin asymmetry AQ [78, 79] can reveal the tensor-polarized PDFs of deuteron.
It is defined by

AQ = 1
〈σ〉

[
σ(•, 0)− σ(•,+1) + σ(•,−1)

2

]
, (2.9)

where ± and 0 indicate the deuteron spin states and • is the unpolarized proton. In the
parton model, the asymmetry AQ is expressed by the PDFs and the tensor-polarized
PDFs of the deuteron as

AQ =
∑
i e

2
i [qi(x1)δT q̄i(x2) + q̄i(x1)δT qi(x2)]∑
i e

2
i [qi(x1)q̄i(x2) + q̄i(x1)qi(x2)]

. (2.10)

In this case, the tensor-polarized distributions δT q(x) and δT q̄(x) of the deuteron can be
studied by the spin asymmetry AQ. Since the antiquark PDFs are extremely small in the
large x1 region, we have the relations qi(x1)δT q̄i(x2)� q̄i(x1)δT qi(x2) and qi(x1)q̄i(x2)�
q̄i(x1)qi(x2), so that the spin asymmetry of AQ at large xF = x1 − x2 can be simplified
as

AQ '
∑
i e

2
i [qi(x1)δT q̄i(x2)]∑
i e

2
i [qi(x1)q̄i(x2)]

at large xF . (2.11)

Therefore, the tensor-polarized antiquark distributions δT q̄i(x) can be directly probed
by the measurements of the spin asymmetry AQ at large xF . It is necessary to mea-
sure the tensor-polarized antiquark distributions by the Drell-Yan process, since they
were already indicated by the HERMES data in Eq. (2.7). This Drell-Yan process with
the unpolarized proton and polarized deuteron is now under consideration within the
Fermilab-E1309 experiment as a future project.

2.4 Results

In calculating AQ(x1, x2) for the Fermilab-E1309 experiment, the unpolarized distribu-
tions of proton and deuteron are taken from the MSTW (Martin, Stirling, Thorne, and
Watt) PDFs in the leading order of αs [80]. We adopt the functional form of param-
eterizations for the tensor-polarized distributions of deuteron based on the HERMES
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Figure 2.3: The structure functions xb1 are shown for both set 1 and set 2. The
orange bands is the uncertainties for the set-2 curve [81].

data at the average scale Q2 = 2.5 GeV2 in Ref. [81]. In the parameterization, there
are two analysis types in order to check the impact of tensor-polarized antiquark distri-
butions. In set 1, only the tensor-polarized valence-quark distributions are considered
at Q2 = 2.5 GeV2, while finite tensor-polarized antiquark distributions (δT ū=δT d̄=δT s̄)
are also assumed to be available at the initial scale for the set-2 analysis. With the
tensor-polarized PDFs for both set 1 and set 2, the values and error bands of xb1 are
shown in Fig. 2.3 in comparison with experimental data. The error bands of a physical
quantity f(x) are expressed by the Hessian matrix Hij ,

[δf(x)]2 = ∆χ2∑
i,j

[
∂f(x)
∂ξi

]
ξ̂

H−1
ij

[
∂f(x)
∂ξj

]
ξ̂

, (2.12)

where ξi is a parameter, and ξ̂ is the minimum parameter set. The Hessian matrix is
obtained by expanding χ2 around the minimum parameter set as ξ̂

χ2(ξ̂ + δξ̂)− χ2(ξ̂) =
∑
i,j

Hijδξiδξj . (2.13)

Here, we take ∆χ2 = 1 for the error bands in our results. The set-2 tensor-polarized
PDFs provides a better description of the HERMES data in comparison with those of the
set 1. Moreover, the experimental measurements of the b1 integral in Eq. (2.7) indicate
that the tensor-polarized antiquark distributions are necessary at the initial scale.

In Fig. 2.4, we show the tensor-polarized distributions at Q2 = 2.5 GeV2. The tensor-
polarized antiquark distributions are dominant in the small-x region (x < 0.02) in the
set 2. There is a node at x = 0.229 for set 1 and x = 0.221 for set 2 to satisfy the
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sum rule
∫
dx(b1)valence = 0, and this node is also predicted by standard S-D mixture

calculations for the deuteron [16, 69, 74]. The tensor-polarized gluon distribution is set
to be 0 at Q2 = 2.5 GeV2.

-0.01

-0.005

0

0.005

0.001 0.01 0.1 1

xδT q

xδT qv

with tensor-polarized antiquark (set 2)

without tensor-polarized antiquark (set 1)

x

x  δT f

Q2 =2.5 GeV2

Figure 2.4: Tensor-polarized PDFs at the initial energy scale (Q2 = 2.5GeV2). The
dashed curve is the valence-quark distributions xδT qv in set-1 analysis, where there
is no antiquark distribution xδT q̄. The solid and dotted curves are the valence-quark

distributions xδT qv and the antiquark distribution xδT q̄ in set 2, respectively. [75].

The tensor-polarized distributions at other Q2 scales (Q2 = x1x2s) can be obtained by
using the DGLAP evolution equations [16]. In Fig. 2.5, we present the tensor-polarized
PDFs of the set 1 at the typical Q2 scale Q2 = 30 GeV2 for the Fermilab-E1309 Drell-Yan
process. We notice that there also exists the finite tensor-polarized distribution for gluon,
even though it is set to be zero at the initial scale Q2 = 2.5 GeV2. Because there are

-0.008
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-0.004
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0

0.002

0.004

0.006
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x  δTg
x  δT  uv=x  δT  dv

Figure 2.5: Tensor-polarized PDFs at Q2 = 30 GeV2 (solid curves) are compared with
the tensor-polarized PDFs at the initial scale (dashed curves) in the set-1 analysis [75].

29



Chapter 2. Spin Asymmetry for Drell-Yan Process at Fermilab with Tensor-Polarized
Deuteron

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.01 0.1 1

Tensor PDF set-2

Q2 =2.5 GeV2

Q2 =30  GeV2

x

x  δTg

x  δTu=x  δTd =x  δTs

x  δT  c=x  δTc

x  δT  uv=x  δT  dv

x  δT f (x)

Figure 2.6: Tensor-polarized PDFs (solid curves) at Q2 = 30 GeV2 in comparison
with the tensor-polarized PDFs (dashed curves) at the initial energy scale for set-2

analysis [75].

no antiquark tensor-polarized distributions at Q2 = 2.5 GeV2, the symmetric antiquark
distributions (δT ū = δT d̄ = δT s̄ = δT c̄ = 0) hold for any Q2 scale in the leading order
of αs. The set-2 tensor-polarized distributions at Q2 = 2.5 GeV2 and Q2 = 30 GeV2

are shown in Fig. 2.6, and their magnitude is the 10−3 order for both tensor-polarized
quark and antiquark PDFs. The equality for the antiquarks (δT ū = δT d̄ = δT s̄ 6= 0) also
holds as we change the Q2 scale.
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A Q

Figure 2.7: The spin asymmetries AQ estimated at typical values x1 = 0.2, 0.4 and
0.6. The solid and dashed curves indicate the spin asymmetries of set 2 and set 1,

respectively [75].

The spin asymmetries AQ(x1, x2) of set 1 and set 2 are shown in Fig. 2.7 at the typical
values of x1 = 0.2, x1 = 0.4 and x1 = 0.6 [75]. The set-1 results are very different
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from those of set 2 at small x2, and this is because that the antiquark tensor-polarized
distributions play an important role when x2 is small according to Eq. (2.11). The spin
asymmetries AQ(x1, x2) are of the oder 10−2 for both set 1 and set 2. In Fig. 2.8, we
show the spin asymmetries AQ(x1, x2) and its error bands at Q2 = 30 GeV2, which is
typical energy scale for the Fermilab-E1309 Drell-Yan process. We believe that the set-2
results should be more reliable than those of set 1, because the tensor-polarized antiquark
PDFs are indicated by the HERMES data with Eq. (2.7). The measurements of the spin
asymmetries are now under consideration by the Fermilab-E1309 Collaboration by using
our results, and we hope that our studies should be useful for the upcoming experiment.
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Figure 2.8: Spin asymmetries AQ estimated at Q2 = 30 GeV2. The dashed curve is
set-1 results, and the solid curve indicates spin asymmetries AQ of the set 2 with the

error bands [75].

2.5 Summary

There are new structure functions for the deuteron associated with its tensor structure
in comparison with those of proton. In 2005, the tensor-polarized distributions were
first measured by HERMES collaboration; however, there is a discrepancy between the
experimental data and the theoretical prediction. In order to understand this puzzle,
one can use DIS and Drell-Yan process to measure the details of the tensor-polarized
distributions. In the Drell-Yan process, the spin asymmetry AQ is expressed by the
tensor-polarized distributions, and it has the advantage to study the tensor-polarized
antiquark distributions. In this work, we estimated of the spin asymmetry AQ for Drell-
Yan process at Fermilab, and we found that it is of the order of a few percent. In future,

31



Chapter 2. Spin Asymmetry for Drell-Yan Process at Fermilab with Tensor-Polarized
Deuteron

the tensor-polarized distributions will be measured by JLab (b1) and Fermilab (AQ),
which may reveal the puzzle of deuteron.
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3
Generalized Distribution

Amplitudes for Pion in
Two-Photon Process

3.1 Motivation

The proton spin puzzle indicates that only a small fraction of the spin is carried by
the quarks in the proton, and this issue could be solved by investigating the GPDs
in the DVCS. As shown in Eq. (1.46), we can obtain the orbital-angular-momentum
contribution to the proton spin from the GPDs. In the kinematics where the factorization
works, the soft part of the DVCS is expressed by the GPDs. In addition, the GPDs could
be measured in the deeply virtual meson production [42], the exclusive hadoronic 2→ 3
process [44], and the exclusive pion-induced Drell-Yan process [45]. If we consider the s-t
cross channel of DVCS, we get the exclusive process γ∗γ → hh̄. Similarly, the soft part
is described by the amplitude of qq̄ → hh̄, which is the GDA. These three-dimensional
structure functions will provide us valuable information on internal structure of hadrons
such as form factors, PDFs, DAs, and angular-momentum contribution of partons to the
nucleon spin.

The GPDs are mainly investigated by ep→ eγp process, for example, at JLab, and the
exclusive pion-induced Drell-Yan process π− + p → µ+µ− + n could be conducted at
Japan Proton Accelerator Research Complex (J-PARC) in future. As for the GDAs,
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the Belle Collaboration recently released the measurement of differential cross section
for γ∗γ → π0π0 [82]. In this work, we try to obtain the pion GDAs by analyzing the
Belle data. In 2019, the Belle II colloration started to collect data with the updated
super KEKB, and the GDAs of other hadrons can be investigated with more precise
measurements of γγ∗ → hh̄ in the near future.

3.2 Pion GDA in process γ∗γ → π0π0

There are two subprocesses for the reaction eγ → eππ in Fig. 3.1. The ππ pair must
have C = + for the charge conjugation in the γ∗γ scattering process, so that both π+π−

and π0π0 can be produced, and the cross section is determined by GDAs Φππ
q (z, ξ,W 2).

The amplitudes of π+π− and π0π0 are same due to Eqs. (1.54) and (1.57). As for the
bremsstrahlung process, the ππ pair must have C = −1 for the charge conjugation on
account of the single virtual photon and only π+π− is available, and this subprocess
is determined by the electromagnetic form factor or distribution amplitudes of π± (see
Fig. 2.1 in Sec. 1.1).

γ

e

π

e

π

γ
∗

γ

e

π

e

πγ
∗

(a) (b)

Figure 3.1: Subprocess (a) ππ production through γ∗γ scattering and subprocess (b)
ππ production through bremsstrahlung.

In 2016, the Belle Collaboration reported a measurement of the differential cross section
for γ∗γ → π0π0 in the e+e− collision, where the electron (or positron) is detected with
π0π0 while the positron (or electron) is scattered in the forward direction and undetected
[82]. In the e+e− collision, the π0π0 can also come from the collision of two virtual
photons, namely, γ∗γ∗ → π0π0. However, the contribution of γ∗γ∗ → π0π0 is very small
in comparison with the one of γ∗γ → π0π0[83]. The Q2 and W regions of the Belle data
are 3.46 GeV2 6 Q2 6 24.25 GeV2 and 0.5 GeV <

√
s = W < 2.1 GeV. Due to the charge

conjugation, only the subprocess γ∗γ scattering in the Fig. 3.1 contributes to the Belle
data, and the GDAs for π0 can be obtained without the interference from bremsstrahlung
progress. Therefore, only the GDAs Φπ0π0

q (z, ξ,W 2) are needed to explain the Belle data.
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γ(q2λ2 )

γ∗(q1λ1) π0(p1)

Soft part: DAHard part

Figure 3.2: The transition form factor Fγ∗γ→π0 .

The process of γ∗γ → π0π0 is very similar to γ∗γ → π0 shown in Fig. 3.2, and the latter
one is determined by the transition form factor Fγ∗γ→π0 or the pion DAs [19]. In the
factorized processes, they have the same hard part γ∗γ → qq̄. However, the soft part
of the GDAs corresponds to the vector current q̄γµq, since the ππ state has the same
quantum numbers as the scalar meson f0 and the tensor meson f2. The pion DAs are
for the axial current q̄γµγ5q due to the pseudoscalar properties of π. In the process
of γ∗γ → π0, the two photons have the same helicities since π0 spin is 0. The hadron
tensor of γ∗γ → π0 is expressed by the DA of pion [7, 19, 84–86],

Tµν = i

∫
d4xe−iq1x

〈
π0(P )|TJµ(x)Jν(0)|0

〉
= εµνT

∑
q

e2
q

2

∫ 1

0
dz

φq(z)
z(1− z) , (3.1)

where φq(z) is the DA of pion, and antisymmetric tensor εµνT only has nonvanishing
transverse components ( ε12

T = 1). In γ∗γ → π0π0, the photon helicities are also same
and transverse in the leading twist and leading order, and the angular momentum of
π0π0 should be L = 0, 2 and Lz = 0.

In the following, we show the relation between the GDAs and the cross section of γ∗γ →
π0π0 in Fig. 3.3. In the center mass frame of γ∗ and γ, the momentum of the virtual
photon is along z axis, and the polarization vectors ε(λ1) of the virtual photon can be
found in Eq. (1.34). The polarization vectors ε(λ2) of the real photon are

ε(±) = 1√
2

(0,∓1, i, 0). (3.2)
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γ(q2λ2 )

γ∗(q1λ1)

π0(p2)

π0(p1)

Figure 3.3: γ∗γ → π0π0 process.

The cross section of two-photon process is expressed as

dσ = 1
4

1

4
√

(q1 · q2)2 − q2
1q

2
2

∑
λ1,λ2

|(−iTµνεµ(λ1)εν(λ2))|2dΦ2, (3.3)

where dΦ2 is the two-body phase space, and the factor 1/4 is from the spin average, and
4
√

(q1 · q2)2 − q2
1q

2
2 is the flux factor according to the conventions of Refs. [82, 87]. The

hadron tensor Tµν is defined as

Tµν = i

∫
d4xe−iq1x 〈π(p1)π(p2)|TJµ(x)Jν(0)|0〉 , (3.4)

and the two-body phase space is given by

∫
dΦ2 =

∫
d3p1

(2π)32E1

d3p2
(2π)32E2

(2π)4δ4(P − p1 − p2)

= 1
32π2

√
1− 4m2

π/s

∫
sinθdθdφ, (3.5)

γ(q2λ2 )

γ∗(q1λ1)
k1

π0(p1)

k2
π0(p2)

Figure 3.4: In the process γγ∗ → π0π0, the amplitude contains the hard part γγ∗ →
qq̄ and the soft part of the GDAs by factorization. Here, only the leading-twist and

leading-order contributions are considered.
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where mπ is the pion mass. Here, θ and φ are polar and azimuthal angles of the pion in
the center-of-mass frame.

In Fig. 3.4, we have q2
1 = −Q2, q2

2 = 0, and s = W 2 = (q1 + q2)2 = P 2 for the
center-of-mass energy squared. In the Breit frame, q1 is defined along the z axis, and we
introduce two timelike vectors ν = (1, 0, 0, 1)/

√
2 and ν ′ = (1, 0, 0,−1)/

√
2. The vectors

can be expressed by ν and ν ′, and they are q1 = Q√
2ν −

Q√
2ν
′, q2 = Q2+W 2

√
2Q ν ′, k1 = z Q√

2ν

and k2 = (1 − z) Q√
2ν. By the factorization at Q2 � W 2,Λ2, the hadron tensor can be

expressed by the GDAs in the following way. First, Tµν is expressed by considering the
process of Fig. 3.4 as

Tµν = i

∫
d4xe−iq1x 〈π(p1)π(p2)|TJµ(x)Jν(0)|0〉

=
∑
q

(−e2e2
q)
∫

d4k1
(2π)4

[
γµ( /k1 − /q1)γν

(k1 − q1)2 + iε
+
γν( /q1 − /k2)γµ

(q1 − k2)2 + iε

]
ba

×
∫
d4ye−ik1y 〈π(p1)π(p2)|T q̄b(y)qa(0)|0〉 . (3.6)

For q̄b(y)qa in this equation, we use the Fierz identity of Eq. (1.36), where the first two
terms [γλabq̄γλq/4, (γλγ5)abq̄γλγ5q/4] and the last one [σαβab q̄σαβq/4] are the leading twist
terms, while the third and fourth ones [Iλabq̄q/4, (γ5)abq̄γ5q/4] are twist-3 terms. Since
the trace of an odd number of γλ is zero, only the first two terms survive. The second
term is the axial-vector current, which cannot exist for π0π0 state due to the parity
invariance. Then, we obtain

Tµν =
∑
q

(−e2e2
q)

1
4

∫
dk+

1
(2π)Tr(

γµ( /k1 − /q1)γν/ν
(k1 − q1)2 + iε

+
γν( /q1 − /k2)γµ/ν
(q1 − k2)2 + iε

)

×
∫
dy−e−iy

−(zP+)
〈
π(p1)π(p2)|T q̄(y−)γ+q(0)|0

〉
. (3.7)

Calculating the hard parts of this equation, we finally obtain the expression in terms of
the GDAs as

Tµν = −gµνT
∑
q

(
e2e2

q

2 )
∫ 1

0
dz

2z − 1
z(1− z)

∫
dy−

2π e−iy
−(zP+)

〈
π(p1)π(p2)|T q̄(y−)γ+q(0)|0

〉

= −gµνT
∑
q

(
e2e2

q

2 )
∫ 1

0
dz

2z − 1
z(1− z)Φππ

q (z, ξ,W ), (3.8)

where the matrix gµνT is found in Eq. (1.39). Next, Tµν is multiplied by the photon
polarization vectors of Eqs. (1.34) and (3.2) to obtain the cross section of Eq. (3.3), we
have the differential cross section

dσ = 1
4α

2π

√
1− 4m2

s

Q2 + s
|A++|2sin θdθ. (3.9)
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γ(q2λ2 )

γ∗(q1λ1) π0(p1)

π0(p2)

Figure 3.5: γ∗γ → π0π0.

Here, the helicity amplitude is defined as Aλ1λ2 = 1
e2 ε

µ(λ1)εν(λ2))Tµν , and only the
leading-twist and leading-order contributions A−− and A++ are considered. The leading-
twist amplitude A++ is expressed by the GDA Φπ0π0

q (z, ξ,W 2) as

A++ =
∑
q

e2
q

2

∫ 1

0
dz

2z − 1
z(1− z)Φπ0π0

q (z, ξ,W 2). (3.10)

We have A−− = A++ due to the parity invariance.

For the γ∗γ → π0π0 process, there are only three independent helicity amplitudes A++,
A+− and A0+ by the parity invariance. The amplitude A++ is the leading-twist, so it
is dominant at large Q2. In this case, the helicities of two photons are same and trans-
verse. The A+− indicates that the angular momentum projection is Lz = 2 for the two
photons, while the collinear quark-antiquark pair can not have Lz = 2. Therefore, A+−

contributes to the cross ssction with the gluon GDA at the next-to-leading order [88],
and it is suppressed by αs(Q2) (see Fig. 3.5). The higher-twist contribution A0+ with a
longitudinal polarization requires a helicity flip along the fermion line, and it decreases
as 1/Q [7, 64, 88]. Therefore, only the leading-twist and leading-order contributions
A++ = A−− are considered in Eq. (3.9).
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3.3 GDA expression

3.3.1 Relation between GDAs and ππ elastic scattering

The following is the general expression of the GDAs at very large Q2 = −q2
1 as shown

by the asymptotic form of Eq. (1.66):

∑
q

Φπ0π0
q (z, ξ,W 2) = 18nfz(1− z)(2z − 1)[B̃10(W ) + B̃12(W )P2(cos θ)],

B̃nl(W ) = B̄nl(W ) exp(iδl). (3.11)

Since the variable ζ is expressed by the angle θ as

ζ = 1 + β cos θ
2 , (3.12)

we have the following relations between B̃nl(W ) and Bnl(W ):

[B10(W ) +B12(W )P2(2ζ − 1)] = [B̃10(W ) + B̃12(W )P2(cos θ)],

B̃10(W ) = B10(W )− 1− β2

2 B12(W ),

B̃12(W ) = β2B12(W ), β2 = 1− 4m2
π/s. (3.13)

In the limit of W 2 = 0, there is a relation B12(0) = −B10(0) = 10/(9nf )Rπ, where
Rπ is the momentum fraction carried by quarks, as shown in Eq. (1.59), and below the
KK̄ threshold, the δ0 and δ2 are the ππ elastic scattering phase shifts in the isospin=0
channel [7, 89]. In the process γ∗γ → π0π0, the intermediate states MM̄ can be ππ,
KK̄ and ηη. The imaginary part of the GDA appears when the intermediate states are
on shell.

γ(q2)

γ
∗(q1)

M̄(l2)

M(l1)

π
0(p2)

π
0(p1)

Figure 3.6: γ∗γ → π0π0 through the intermediate states MM̄ , the amplitude is
marked as M0.
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In the Fig. 3.6, the discontinuity part of the amplitude is

DiscM0 =
∑
MM̄

M∗2M1,

DiscM0 = −i2

∫
d4l1

(2π)4 (−2πi)δ(l21 −m2
π)(−2πi)δ((k − l1)2 −m2)M∗2 (s, cos θ)M1(s, cos θl),

DiscM0 = i

64π2β

∫
dΩM∗2 (s, cos θ)M1(s, cos θl), (3.14)

γ(q2)

γ∗(q1)

M̄(l2)

M(l1)

M̄(l2)

M(l1)

π0(p2)

π0(p1)

(a) (b)

Figure 3.7: (a): γγ∗ → MM̄ process, the amplitude is marked as M1. (b): MM̄ →
π0π0 process , the amplitude is marked as M2 .

where l1 and l2 are the momenta of M and M̄ , respectively, k = l1 + l2 is the total
momentum, β =

√
1− 4m2

π/s, and M1 is the amplitude of γ∗γ → MM̄ and M2 is the
amplitude of MM̄ → π0π0 shown in the Fig. 3.7 .

Below the KK̄ threshold, we only need to consider ππ as the intermediate state, and
the amplitude M2 is just ππ elastic scattering in the isospin=0 channel. Therefore, the
amplitude M∗2 (s, cos θ) can be expressed as

M2(s, cosθ) = 32π
∞∑
l=0

(2l + 1)tl(s)Pl(cos θ), tl(s) = sin δl(s)eiδl(s)

β
, (3.15)

where s is the center-of-mass energy squared, Pl(cos θ) is the Legendre polynomial, and
δl(s) is the phase shift in the process of MM̄ → π0π0.

Since DicsM0 = 2iImM0,

ImM0 = 1
128π2β

∫
dΩM∗2 (s, cos θ)M1(s, cos θl), (3.16)

and the amplitude M1 can be determined by the pion GDA (see Eq. (3.10)).

M1(s, cosθl) = 2A++ = c[B̃10(W ) + B̃12(W )P2(cosθl)], (3.17)
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where c is a constant. Take the S-wave case as an example, we can prove

ImM0 = 1
128π2β

∫
dΩM∗2 (s, cos θ)M1(s, cosθl),

ImM0 = 1
128π2β(2π)

∫
dθ sin θ(32π)sin δ0(s)e−iδ0(s)

β
c(B̃10(W )),

c ∗ Im(B̃10(W )) = c ∗ B̃10(W ) ∗ sin δ0(s)e−iδ0(s). (3.18)

Therefore, we have Arg(B̃10(W )) = δ0(s) below the KK̄ threshold [7]. Similarly, we can
obtain Arg(B̃12(W )) = δ2(s) [7] for the D wave.

Above the threshold of KK̄, the inelastic channels open and we need to introduce
additional phase to describe the inelastic effect. We adopt the S-wave and D-wave ππ
phase shifts in Refs. [90, 91], and they are shown in Fig. 3.8.
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Figure 3.8: S-wave and D-wave phase shifts of ππ scattering in the I = 0 channel.

3.3.2 Resonance effects in pion GDA

In the process of γ∗γ → π0π0, the final π0π0 can be produced through the resonance
states h shown in Fig. 3.9, and they could be scalar mesons (e.g. f0(500)) and tensor
mesons (e.g. f2(1270)). The pion GDAs are related with the resonances especially in the
resonance energy regions [92, 93]. The isosinglet scalar mesons contribute to the S-wave
production of π0π0, and tensor mesons produce the D-wave π0π0.

This resonance effect can be significant near the resonance region, namely, the GDA
is mainly determined by resonance effect in this region. We can express the resonance
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γ(q2λ2 )

γ∗(q1λ1)
π0(p1)

π0(p2)

h ghπ0π0fh

Figure 3.9: Resonance effects in GDA.

effect as follows

〈π0(p1)π0(p2)| q(−z/2)γµq(z/2) |0〉 = 〈π0(p1)π0(p1)|h(P )〉 1
M2
h −W 2 − iΓMh

× 〈h(P )| q(−z/2)γµq(z/2) |0〉+ · · · , (3.19)

where q̄q can be ūu or d̄d, and P 2 = W 2. The left side of Eq. (3.19) is just the definition
of GDA. As for the right side of Eq. (3.19), 〈h(P )| q(−z/2)γµq(z/2) |0〉 is the DA of
hadron h, and 〈π0(p1)π0(p1)|h(P )〉 describe the amplitude of h→ π0π0. The resonance
state h can be S-wave and D-wave. Here, we take S-wave resonance f0 as an example
to illustrate the resonance effect.

We have the following definitions for the f0 resonance [26–28]

〈π0(p1)π0(p2)| f0(P )〉 = −igf0π0π0 ,

〈f0(P )| q(−z/2)γµq(z/2) |0〉 = 1√
2
ff0Pµ

∫
φ(y)ei(1−2y)p.z/2dy,

〈π0(p1)π0(p2)| q(−z/2)γµq(z/2) |0〉 = Pµ

∫
Φq(y, ξ,W 2)ei(1−2y)P.z/2dy, (3.20)

where ff0 is the decay constant of f0, it evolves with the energy scale Q2 as ff0(Q2) =
ff0(Q2

0)(αs(Q)/αs(Q0))k, k = 32(11−2nf/3)/9. As for the coupling constant gf0π0π0 , it
is determined by the decay with of Γ(f0 → π0π0). By considering the isospin properties
of π0π0 and π+π−, the two-pion states are expressed as

|π0π0〉 =
√

2
3 |I = 2, I3 = 0〉 −

√
1
3 |I = 0, I3 = 0〉 ,

|π+π−〉 =
√

1
6 |I = 2, I3 = 0〉+

√
1
3 |I = 0, I3 = 0〉+

√
1
2 |I = 1, I3 = 0〉 . (3.21)
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We can obtain Γ(f0 → π0π0) = (1/3)Γ(f0 → ππ), since only the |I = 0, I3 = 0〉 part of
ππ will contribute in the decay f0 → ππ, and it is given by

1
3Γ(f0 → ππ) = 1

2
g2
f0π0π0

16πMf0

, gf0ππ =
√

2
316πΓ(f0 → ππ)Mf0 , (3.22)

where the factor 1/2 appears on account of identical particles.

In the asymptotic limit, the DA of f0 is φ(y) = 30y(1− y)(2y− 1), and the S-wave part
of GDA in Eq. (3.11) can be expressed as

Φq(y, ξ,W 2) = 18y(1− y)(2y − 1)B̃10(W ). (3.23)

With the help of Eqs. (3.19) and (3.24), one can obtain B̃10(W ) around the resonance
region of f0:

B̃10(W ) = −5igf0ππff0

3
√

2[m2
f0
−W 2 − iΓMf0 ]

,

B̄10(W ) = 5gf0ππff0

3
√

2
√

[(M2
f0
−W 2)2 + Γ2

f0
M2
f0

]
, (3.24)

where Mf0 = 0.475 GeV and Γf0 = 0.55 GeV [20]. As for the decay constant ff0 , since
we do not find any information, it could be considered as a parameter to be determined.
If we extend this expression to the whole energy region of W 2, we express B̄10 as

B̄10(W ) = f10(W ) + 5gf0ππff0

3
√

2
√

[(M2
f0
−W 2)2 + Γ2

f0
M2
f0

]
, (3.25)

f10(W ) describes the S-wave continuum contribution to the GDAs. Because we will take
the square of the GDAs for the cross section of γ∗γ → π0π0 (see Eqs. (3.9) and (3.10)),
the second term of Eq. (3.25) will play a role as a Breit-Wigner distribution. Therefore,
we only need to parameterize the expression f10(W ) in the GDA analysis in comparison
with the Belle data.

Similarly, we can also obtain the D-wave resonance effect such as f2 meson. The coupling
constant gf2π0π0 and DA of f2 [33, 93] are defined as

〈π0(p1)π0(p2)| f2(P, λ)〉 = igf2π0π0ε(λ)
µν (p1 − p2)µ(p1 − p2)ν ,

〈f2(P, λ)| q(−z/2)γµq(z/2) |0〉 = ff2√
2
M2
f2

∫
dyφ(y)ei(1−2y)p.z/2Pµ

ε
(λ)∗
αβ zαzβ

(P · z)2 , (3.26)

where λ is the helicity of f2, and ε(λ)
µν is the polarization tensor [93]. The decay constant

ff2 has the same evolution properties as the decay constant ff0 . In the asymptotic
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limit, the DA is φ(y) = 30y(1 − y)(2y − 1) for f2 and the D-wave part of GDA is
Φq(y, ξ,W 2) = 18y(1− y)(2y− 1)B̃12(W )P2(cos θ). Finally, B̃12(W ) = B̄12(W ) exp(iδ2)
mainly depends the D-wave resonance effect in the resonance region as [93]

B̄12(W ) =
10gf2π0π0ff2M

2
f2

9
√

2
√

(M2
f2
−W 2)2 + Γ2

f2
M2
f2

, (3.27)

where Mf2 = 1.275 GeV, Γf2 = 0.185 GeV, and the coupling constant gf2π0π0 is defined
by

gf2π0π0 =

√√√√2
3

24πΓ(f2 → ππ)
M3
f2

, Γ(f2 → ππ) = 0.85Γf2 . (3.28)

Here, the factor 0.85 is the branching ratio of Γ(f2 → ππ) according to the Particle Data
Group (PDG) [20]. If B̄12(W ) is extended to the whole energy region (0.5 GeV−2.1
GeV), we have

B̄12(W ) = f12(W ) +
10gf2ππff2M

2
f2

9
√

2
√

(M2
f2
−W 2)2 + Γ2

f2
M2
f2

. (3.29)

The first term f12(W ) describes the D-wave continuum contribution to the GDAs, and
we need to adopt a parameterization for f12(W ). If the small W limit is taken, we have
the following constraints for B̄10(W ) and B̄12(W ) [7, 8]:

B̄10(0) = −3 + β2

2
10Rπ
9nf

, B̄12(0) = β2 10Rπ
9nf

. (3.30)

3.4 Belle measurements of process γ∗γ → π0π0

In Ref. [82], the Belle collaboration measured the γγ∗ → π0π0 cross section in the energy
region of 3.46 GeV2 6 Q2 6 24.25 GeV2 and 0.5 GeV <

√
s = W < 2.1 GeV. In

principle, we can obtain the pion GDAs by analyzing the Belle data. In older to keep
the factorization condition (Q2 �W 2,Λ2) satisfied, we only used the Belle data at large
Q2 ( Q2 > 8.92 GeV2). The energy region of Belle data is 8.92 GeV2 6 Q2 6 24.25 GeV2

and 0.5 GeV <
√
s = W < 2.1 GeV in our GDA analysis. In Fig. 3.10, we show the

differential cross section of γγ∗ → π0π0 [82]. The data with Q2 = 8.92 and 13.37 GeV2

are shown in this figure, and the pion angles are cos θ = 0.1 and 0.5. We can clearly
see the resonance contribution of f2(1270) around the region W = 1.2 GeV, and other
resonance effects are not clear due to the large errors of the experimental measurements.
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Figure 3.10: Differential cross sections of γ∗γ → π0π0 measured by the Belle collab-
oration with fixed Q2 and cos θ [82].

In the Sec. 3.3, we discussed the Q2 independent (asymptotic) form of GDA, and we need
to check the Q2 dependence of the pion GDA based on Belle data before we analyze the
experimental measurements. If the differential cross section dσ/d|cosθ| is multiplied by
the factor (Q2 + s)/β, this quantity is proportional to the square of GDA:

(Q2 + s)dσ
β d|cos θ| ∝

∣∣∣Φπ0π0(z, cos θ,W,Q)
∣∣∣2 . (3.31)
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Figure 3.11: The scaling violation of the Belle data. The data are denoted by black
and white for W = 0.525 GeV, blue for W = 0.975 GeV, and red for W = 1.55 GeV.

The left panel is for cos θ = 0.3 and the right one is for cos θ = 0.5.
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With fixed W and cos θ, one can test the Q2 dependence of the GDA from Belle mea-
surements. We present the Belle data of (Q2 + s)dσ/(βd|cos θ|) in Fig. 3.11, where the
data of W = 0.525 GeV, 0.975 GeV, and 1.55 GeV are plotted as the function of Q2.
The pion GDA should be Q2 independent when Q2 is large enough. The typical energy
scale for Belle data is Q2 = 16.6 GeV2. In principle, the pion GDA from the Belle data
should be Q2-dependent at this energy scale. However, the scaling violation of the GDA
is not so obvious in Belle measurements on account of the large errors in Fig. 3.11, so
that the Q2-independent GDAs could be used in analyzing the Belle data.

3.5 GDAs analysis of Belle data

Without the resonance effects and phase shifts, a simple expression for the GDAs could
be expressed as [94]

Φπ0π0
q (z, ξ,W 2) = NhRqz

α(1− z)α(2z − 1)ζ(1− ζ)Fh(W 2),

Nh = −4(2α+ 3)
B(α+ 1, α+ 1) , Fh(W 2) = 1

[1 + (W 2 − 4m2
h)/Λ2]n−1 , (3.32)

where the momentum carried by quarks is
∑
q Rq = Rπ = 0.5, and α works as a input

parameter. The function Fh(W 2) is the form factor of the quark part of the energy-
momentum tensor, and it is normalized as Fh(4m2

h) = 1. The parameter Λ is the
momentum cutoff in the form factor, and B(α+ 1, α+ 1) is the beta function. Here, n
is the number of active constituents in a meson, it could be predicted by the constituent
counting rule in the high energy limit [95]. In Ref. [94], n is used to distinguish ordinary
hadrons (qq̄, qqq) with exotic states (qq̄qq̄, qqqqq̄).

In our studies, we include the resonance effects and the phase shifts, which are essential
to explain the Belle data. We consider a more general GDA expression [96] to analyze
the Belle data. We add the contributions of scalar meson f0(500) and tensor meson
f2(1270) in Eqs.(3.24) and (3.27) as

Φπ0π0
q (z, ξ,W 2) = −3

20 Nhz
α(1− z)α(2z − 1)[B̃10(W ) + B̃12(W )P2(cosθ)],

B̃10(W ) =

−3 + β2

2
10Rπ
9nf

Fh(W 2) +
5gf0π0π0ff0

3
√

2
√

[(M2
f0
−W 2)2 + Γ2

f0
M2
f0

]

 eiδ0 ,

B̃12(W ) =

β2 10Rπ
9nf

Fh(W 2) +
10gf2π0π0ff2M

2
f2

9
√

2
√

(M2
f2
−W 2)2 + Γ2

f2
M2
f2

 eiδ2 . (3.33)

Below the KK̄ threshold, the δ0 and δ2 are the ππ elastic scattering phase shifts in
the isospin=0 channel, and we introduce the additional phase shift to δ0 above the KK̄
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threshold:

δ0(W ) = δ0(W )BKNS,W < 2mk,

δ0(W ) = δ0(W )BKNS + aδ (W − 2mK)bδ ,W > 2mk, (3.34)

where the parameters aδ and bδ are determined by χ2 fitting of experimental measure-
ments. In our analysis, we employ the S-wave ππ scattering phase shift δ0(W )BKNS and
D-wave ππ scattering phase shift δ2(W )BKNS (BKNS is short for Bydzovsky, Kamin-
ski, Nazari, and Surovtsev) in Refs. [90, 91], and they are shown shown in Fig. 3.8.
The parameter n is fixed as n = 2, since it is predicted by the counting rule [95] with
dσ/d|cosθ|∝ 1/W 6. The parameter α = 1 is the asymptotic value for the GDAs, here
it is considered as a parameter to be determined. The function Nh is dependent on α,
and it is constrained by the following sum rule [8],

∫ 1

0
dz(2z − 1) Φπ0π0

q (z, ζ, 0) = −2Rπζ(1− ζ). (3.35)

The resonance contribution of f2(1270) is significant around W ' 1.27 GeV in the
Fig. 3.10, so that the resonance effect of f2(1270) is necessary to be introduced to explain
the Belle data as given in Eq. (3.33). The mass Mf2 = 1.275 GeV and decay width
Γf2 = 0.185 GeV are taken from PDG [20], and the coupling constant gf2π0π0 is obtained
by the decay width as explained in Eq. (3.28). For the decay constant, it is ff2 = 0.101
GeV at Q2 = 1 GeV2 in Ref. [34]. Since the average energy scale of Belle data used in
the analysis is Q2 = 16.6 GeV2, the decay constant is estimated as ff2 = 0.0754 GeV at
this scale by considering the following evolution equation,

ff2(Q2) = ff2(Q2
0)
{
αs(Q)
αs(Q0)

} 32(11−2nf/3)
9

. (3.36)

In the S-wave resonance effect, the coupling constant gf0π0π0 is determined by the decay
width in Eq. (3.22). However, the decay width and mass of f0(500) are not well measured
by experiments, and we use the middle values in the PDG [20] as Γf0 = 550 MeV and
Mf0 = 475 MeV. Since we cannot find the theoretical value of ff0(500), it could be
considered as a parameter. In older to distinguish the resonance effect of f0(500), there
are two sets of analysis. In set-1 analysis, only the resonance effect of f2(1270) is
introduced, and there are 4 parameters to be determined. However, both the resonance
effects of f2(1270) and f0(500) are included in set-2 analysis, and 5 parameters are
involved in this analysis.
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We need to mention that other resonances could affect the cross section in the relevant
energy regions, and the candidates are

IG(0PC) = 0+(0++) : f0(980), f0(1370), f0(1500), f0(1710),

IG(0PC) = 0+(2++) : f2(1525), f ′2(1950), f2(2010), (3.37)

where only neutral scalar or tensor mesons with isospin I = 0 could contribute. We do
not include these resonances in the analysis, since the resonances such as f0(980) are not
shown in Belle differential cross-setion measurements [82] due to the large experimental
errors.

Table 3.1: Parameter values of the pion GDA are obtained by χ2 fitting of experi-
mental measurements for both set 1 and set 2. The decay constant ff2(1270) is a fixed

parameter taken from Ref. [34]

Parameter Set 1 Set 2

α 0.801± 0.042 1.157± 0.132

Λ (GeV) 1.602± 0.109 1.928± 0.213

ff0(500) (GeV) 0 (fixed) 0.0184± 0.0034

ff2(1270) (GeV) 0.0754 (fixed) 0.0754 (fixed)

aδ 3.878± 0.165 3.800± 0.170

bδ 0.382± 0.040 0.407± 0.041

The parameters are obtained by fitting the data of the differential cross section γ∗γ →
π0π0 with Eq. (3.9), and they are shown in Table 3.1. Both set-1 analysis and set-2
analysis give a good description of the Belle data with χ2/d.o.f = 1.22 for set 1 and
χ2/d.o.f = 1.09 for set 2. The parameter value of α is always around 1 for two sets
of analysis, which is consistent with the prediction α = 1 from the asymptotic form of
GDA in Eq. (3.11). The momentum cutoff Λ is close to 2 GeV, which is the typical scale
for pion meson.

In Fig. 3.12, we show the comparison between the differential cross section of γ∗γ → π0π0

from the obtained GDA and the Belle measurements, the energy scale Q2 is fixed as 8.92
GeV2 and 13.37 GeV2 and cos θ is set as 0.1 and 0.5. The resonance peak of f2(1270) is
clearly seen around W = 1.2 GeV, and other resonances are not shown due to the large
errors of experimental measurements.

The differential cross section of γ∗γ → π0π0 is shown in Fig. 3.13 with the different
energy scales Q2 = 17.73 GeV2 and Q2 = 24.25 GeV2. Both set 1 and set 2 can describe
the experimental cross section well enough, and the big difference between set-1 analysis
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Figure 3.12: The differential cross section of γ∗γ → π0π0 (in units of nb) from the
obtained GDA for set-1 analysis and for set-2 analysis. The values of Q2 are fixed as

8.92 GeV2 and 13.37 GeV2, and cos θ is 0.1 and 0.5 [96].

and set-2 analysis appears around W=0.5 GeV since the resonance effect of f0(500) only
affect the resonance region.

In this analysis, we add the additional phase shift to δ0 above the KK̄ threshold in
Eq. (3.34). In the same way, we can also add the additional phase shift to δ2 as follows,

δ2(W ) = δ2(W )BKNS,W < 2mk,

δ2(W ) = δ2(W )BKNS + aδ (W − 2mK)bδ ,W > 2mk, (3.38)

This D-wave analysis gives the similar χ2/d.o.f as the previous analysis, and the param-
eter values ( α, Λ and ff0(500)) just slightly change.

3.6 Gravitational form factors of pion

As we discussed before, the operator q(−y/2)γ+q(y/2) appears in the definition of GDA,

Φhh̄
q (z, ζ,W 2) =

∫
dy−

2π ei(2z−1)P+y−/2
〈
h(p1)h̄(p2)

∣∣∣ q̄(−y−/2)γ+q(y−/2) |0〉 . (3.39)
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Figure 3.13: The differential cross section of γ∗γ → π0π0 (in units of nb) from the
obtained GDA for set-1 analysis and for set-2 analysis. The values of Q2 are set as 8.92

GeV2 and 13.37 GeV2, and cos θ is 0.1 and 0.5 [96].

If we take momentum integral of this operator, we obtain [47]

2(P
+

2 )n
∫ 1

0
dz (2z − 1)n−1

∫
dy−

2π ei(2z−1)P+y−/2q(−y/2)γ+q(y/2)

=q(0)γ+
(
i
←→
∂

+
)n−1

q(0), (3.40)

where the notation
←→
∂ is defined as A

←→
∂ B = [A(∂B)− (∂A)B] /2. When n = 1,

the matrix element of the right side of Eq. (3.40),
〈
h(p1)h̄(p2)

∣∣∣ q̄(0)γ+q(0) |0〉, is the
electromagnetic form factor for hadron h in the timelike region, and this is shown in
the left panel of Fig. 3.14. This relation is same as those of Eq. (1.43) for GPDs,
which probe the form factors in the spacelike region. Furthermore, the matrix elements
of the energy-momentum tensor for hadron h can be investigated if n = 2, and they
are expressed with gravitational form factors which are important quantities for the
gravitational interaction shown in the right panel of Fig. 3.14. Similarly, gravitational
form factors in the spacelike region can also by obtained by GPDs of hadrons.

∫ 1

−1
dxxHq(x, ξ, t) = 1

2(P̄+)2 〈h(p2) |T++
q (0) |h(p1) 〉, (3.41)
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here, h is a scalar meson, and the GPD definition can be found in Eq. (1.47). The
energy-momentum tensor for the quark q is defined as

Tµνq (x) = q(x) γ{µi←→D ν} q(x), (3.42)

where A{µν} = 1/2(Aµν +Aνµ) symmetrizes the tensor.

Figure 3.14: Left panel: vector current interaction such as electromagnetic interac-
tion. Right panel: tensor current interaction such as gravitational interaction.

With the help of Eq. (3.40), one can connect the GDA to the energy-momentum tensor
and gravitational form factors of pion. In general, gravitational form factors can not be
directly probed by gravitational interaction since it is too weak; however, the GPDs and
GDAs provide us an indirect way to obtain gravitational form factors. In the previous
section, we obtained the pion GDA by analyzing Belle data. Futhermore, we can study
energy-momentum tensor of pion by using the obtained GDA [8]

∫ 1

0
dz(2z − 1) Φπ0π0

q (z, ζ, W 2) = 2
(P+)2 〈π

0(p1)π0(p2) |T++
q (0) | 0 〉. (3.43)

where Tµνq is the energy-momentum tensor of the quark type q for the pion, and it can
be expressed by the gravitational form factors as [9, 10, 97–101]

〈π0(p1)π0(p2) |
∑
q

Tµνq (0) | 0 〉 = 1
2 [ (s gµν − PµP ν) Θ1(s) + ∆µ∆ν Θ2(s) ] , (3.44)

where Θ1 and Θ2 are the gravitational form factors, and the symmetry of Tµνu = Tµνd is
used. Θ1 is related with the mass or energy, and Θ2 can reveal the pressure distribution
and the sheer-force distribution of the hadron shown in Fig. 3.15. The gravitational form
factors Θ1 and Θ2 for the pion can be estimated from the pion GDA with the help of
Eqs. (3.43) and (3.44):
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Pressure

Shear force

Figure 3.15: Pressure and the sheer force of the hadron

Θ1(s) = 3
5(B̃12(W 2)− 2B̃10(W 2)), Θ2(s) = 9

5β2 B̃12(W 2). (3.45)

Θ1(s) is expressed by S-wave term B̃10(W 2) and D-wave term B̃12(W 2), and Θ2(s) is
determined only by B̃12(W 2). The absolute values of gravitational form factors Θ1(s)
and Θ2(s) are shown in Fig. 3.16. The resonance peak f2(1270) appears in the |Θ1(s)|
and |Θ2(s)|. Since Θ1(s) contains both B̃10(W 2) and B̃12(W 2), and B̃10(W 2) interferes
with B̃12(W 2).
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Figure 3.16: Absolute values of gravitational form factors Θ1(s) and Θ2(s) for pion
dependent on s = W 2 [96].

With the pion GDA, the timelike gravitational form factors are estimated. Moreover,
the timelike form factors can be transformed into the spacelike form factors by using the
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dispersion relation [102],

F h(t) =
∫ ∞

4m2
h

ds

π

ImF h(s)
s− t− iε

, (3.46)

where F h(s) is the timelike form factor for hadron h, and mh is the mass of hadron
h. By using the dispersion relation, we also calculate the spacelike gravitational form
factors Θ1(t) and Θ2(t). We normalize Θ1(t) and Θ2(t) as Θ1(0) = 1 and Θ2(0) = 1,
respectively. The normalized form factors Θ1(t)/Θ1(0) and Θ2(t)/Θ2(0) are shown in
the left panel of Fig. 3.17. Both Θ1(t)/Θ1(0) and Θ2(t)/Θ2(0) decrease as |t| increases,
and Θ1(t)/Θ1(0) drops faster than Θ2(t)/Θ2(0). In the right panel of Fig. 3.17, they are
ρ1(r) and ρ2(r) which they are the Fourier transforms of Θ1(t)/Θ1(0) and Θ2(t)/Θ2(0),
respectively:

ρ(r) =
∫

d3q

(2π)3 e
−i~q·~r F h(t) =

∫ ∞
0

d|~q |
2π2 |~q |

2j0(|~q |r)F h(t), (3.47)

where t = −|~q | 2 and j0(|~q |r) is the spherical Bessel function. The function ρ1(r) is
distributed at small the region of r = 0.1 − 0.3 fm, and ρ2(r) is distributed at slightly
larger region of r = 0.1− 0.5 fm.
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Figure 3.17: Left panel: Spacelike gravitational form factors Θ1(t)/Θ1(0) and
Θ2(t)/Θ2(0). Right panel: ρ1(r) is the Fourier transforms of Θ1(t)/Θ1(0), and ρ2(r) is

the Fourier transforms of Θ2(t)/Θ2(0) [96].

The three-dimensional rms (root mean square) radii are also investigated for gravita-
tional form factors Θ1(t) and Θ2(t), which are just the slopes at t = 0 for Θ1(t) and
Θ2(t).

〈 r2 〉h = 6
F h(t = 0)

dF h(t)
dt

∣∣∣∣∣
|t|→0

= 6
F h(t = 0)

∫ ∞
4m2

π

ds

π

ImF h(s)
s2 ,

F h(t = 0) =
∫ ∞

4m2
π

ds

π

ImF h(s)
s

, (3.48)
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where the form factor F h(t) can be Θ1(t) or Θ2(t), and the existence of F h(t = 0)
is to normalize F h(t) as F h(t)/F h(t = 0). The mass radius for Θ1 is estimated as√
〈r2〉mass = 0.39 fm, and the mechanical (pressure and sheer force) radius for Θ2 is

calculated as
√
〈r2〉mech = 0.82 fm [96]. For the charged pion, the three-dimensional

rms charge radius is the slope of electromagnetic form factor which is
√
〈r2〉charge =

0.659 ± 0.004 fm [1]. The mass radius is smaller than the charge radius, and this is
consistent with the theocratical predictions in Refs. [99, 103]. However, the mechanical
radius is slightly larger than the charge radius. At present there are not so many studies
of the mechanical radius. In Ref. [104], the form factors Θ1(t) and Θ2(t) are calculated
by lattice QCD, and it indicates that the slope of Θ1(t) is larger than the one of Θ2(t)
at t = 0. Namely, the mechanical radius is larger than the mass radius, which agrees
with our results. This is a very interesting discovery, and more studies are needed to
explain this mechanism in the future.

In this analysis, the additional phase shift was added to S-wave phase shift δ0 in
Eq. (3.34) when s > 2mK , and this additional phase shift reflects the inelastic channel
in ππ scattering. Similarly, we can also introduce the additional phase to the D-wave
one δ2 as discussed in Eq. (3.38). The gravitational radii

√
〈r2〉mass = 0.32 fm and√

〈r2〉mech = 0.88 fm are obtained for this D-wave analysis, and they are pretty similar
with those of S-wave analysis. By considering both S-wave analysis and D-wave analysis,
we can write the three-dimensional rms radii as [96]

√
〈r2〉mass = 0.32 ∼ 0.39 fm,√
〈r2〉mech = 0.82 ∼ 0.88 fm. (3.49)

3.7 Recent studies on gravitational form factors of the
hadron

Recently, there are many studies on the energy-momentum tensor and gravitational form
factors of the hadron in both theory and experiment, and much progress is made to help
us understand the hadron properties on this topic. Reference [105] is a progress report on
recent studies on the energy-momentum tensor of the hadron, and a different definition of
the mechanical radius is given from the our Eq. (3.48). In 2018, the pressure distribution
come from the quarks in the proton was obtained by analyzing DVCS measurements at
JLab [106]. They found that the pressure is repulsive at small range of r (0-0.6 fm), and
the binding (attractive) pressure is obtained at large r. The gravitational form factors
of the proton and the pion were calculated for the gluon by using Lattice QCD [107].
Furthermore, the pressure distribution and shear force distribution of the nucleon are
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studied by considering both the quark contribution and the gluon contribution in Ref.
[108]. The recent theoretical studies also showed the relation between the gravitational
form factors and the higher-twist effects [109, 110]. The authors of Ref. [111] investigated
the gravitational form factors for the light mesons (π, σ and ρ) by using the Nambu-
Jona-Lasinio model of QCD, and they find the two-dimensional mass radius of 0.27 fm
for the pion . If the multiply the two-dimensional radius with the factor

√
3/2, it is 0.33

fm for the three-dimensional mass radius of the pion, and this is consistent with the
mass radius

√
〈r2〉mass = 0.32 ∼ 0.39 fm which is obtained from our GDA analysis.

3.8 Summary

The three-dimensional structure functions can reveal inner structure of the hadrons, for
example, one can obtain the orbital-angular momentum contribution inside the nucleon
with the help of GPDs. Moreover, it become more and more popular to investigate
the energy-momentum tensor and gravitational form factors of the hadron by using
GPDs. Since the gravitational interaction is too weak to probe directly, the GPDs
are be considered as an alternative way to study the energy-momentum tensor of the
hadron. The GDAs are another kind of three-dimensional structure functions, and
they are s-t crossed quantities of the GPDs, so that one could obtain the information
on the GPDs from the GDAs. The GDAs can be studied in the two-photon process
γ∗γ → hh̄, and they describes the amplitude of the process qq̄ → hh̄. In 2016, the Belle
collaboration released the measurements on the differential cross section of γ∗γ → π0π0.
By adopting a simple GDA expression with a few parameters, we analyzed the Belle
measurements on γ∗γ → π0π0 and obtained the pion GDAs. The obtained GDAs give
a reasonably good description of the Belle data with χ2/d.o.f = 1.09. Furthermore, we
studied the energy-momentum tensor with the pion GDAs, and the gravitational form
factors Θ1(t) and Θ2(t) were estimated in the timelike region. By using the dispersion
relation, the spacelike gravitational form factors Θ1(t) and Θ2(t) were also obtained.
The three-dimensional mass radius was calculated from the Θ2(t) as

√
〈r2〉mass = 0.32 ∼

0.39 fm, and the three-dimensional mechanical radius was computed from the Θ1(t) as√
〈r2〉mech = 0.82 ∼ 0.88 fm . The mass radius is much smaller than the charge radius

of pion, while the mechanical radius is slightly larger than the charge radius. This is
the first estimate of gravitational radii by analyzing the experimental measurements.
At this stage, the Belle measurements are not so precise, and the experimental errors
come mainly from the statistical errors. This situation will change soon, since the Belle
II collaboration just started taking data with a much higher luminosity Super KEKB
in 2019, precise measurements of γ∗γ → π0π0 are expected. Therefore, a more general
GDA analysis which may include Q2 dependence is needed in the near future, and one
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can possibly study gravitational form factors, pressure distribution, and shear force
distribution with the accurate GDAs of hadrons.
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Chapter

4
Gluon Transversity in Deuteron

4.1 Polarized parton distribution functions in nucleon

4.1.1 Spin vector of nucleon

In the previous sections of this thesis, we discussed the unpolarized PDFs, GPDs, and
GDAs of the hadrons. In actual high energy experiments, polarized hadrons are widely
used, such as the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Labo-
ratory, the CEBAF accelerator at JLab and the Electron Ion Collider in future. In order
to study the polarized PDFs, we first define the spin vector Sµ of the nucleon [14, 15]:

Sµ =
(
~p · ~s
MN

, ~s+ (~p · ~s) ~p
MN (MN + p0)

)
, (4.1)

where p is the momentum of the nucleon and ~s is the spin vector in the rest frame of
the nucleon:

Sµ = (0, ~s ), S2 = −1. (4.2)

For example, when the spin of the nucleon is along z axis, it is Sµ = (0, 0, 0, 1) in the rest
frame. Therefore, one can transfer Eq. (4.2) into Eq. (4.1) by taking the Lorentz boost.
For the case that ~s is parallel to ~p, it is given by Sµ = (|~p|/MN , ~s+~p |~p|/

[
MN (MN + p0)

]
),

and it is the longitudinal polarization. The nucleon is transversely polarized if ~s is
perpendicular to ~p. If the energy of the nucleon is high enough, the spin vector of
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Eq. (4.1) becomes

Sµ = λ
pµ

MN
+ SµT , SµT =

(
0, ~ST , 0

)
(4.3)

where λ is the helicity, and ~ST is the transverse spin vector.

4.1.2 Polarized quark distribution functions in nucleon

The PDFs are generally expressed in parton correlation functions. The quark correlation
function Φ is defined as

Φij(x) =
∫
dτ

2π
〈
p, S

∣∣∣q̄j(0)γ+qi(τn)
∣∣∣ p, S〉 eiτx, (4.4)

where i is the spinor index, x is momentum fraction carried by the quark, and nµ =
1/
√

2(1/p+, 0, 0,−1/p+). Here, the gauge link, for satisfying the color gauge invariance,
is abbreviated just for simplicity. The function Φ can be expressed by the PDFs and
gamma matrices [13, 112, 113] as

Φ(x) =1
2
{
q(x)/p+ λ4q(x)/p+4T q(x)/pγ5/ST

}
+ MN

2

{
eq(x) + gqT (x)γ5/ST + λ

2h
q
L(x)γ5

[
/p, /n

]}
. (4.5)

The first term q(x) is the unpolarized PDF in Eq. (1.26), which can be probed by
the unpolarized DIS and Drell-Yan process. The second term 4q(x) is the helicity
distribution which exists in the longitudinally polarized nucleon Sµ = λpµ/MN . The
physical picture of 4q(x) is shown in Fig. 4.1. In the longitudinally polarized nucleon,
the probability of finding a parton with its spin parallel to the hadron spin is q+(x), and
the probability of finding a parton with anti-parallel spin is q−(x), and the 4q(x) is the
difference between q+(x) and q−(x). In order to probe4q(x), one uses the longitudinally
polarized DIS and the longitudinally polarized Drell-Yan process. In the longitudinally
polarized proton-proton Drell-Yan process, the differential cross section is expressed as
dσ(λ1, λ2) with the proton helicities λ1 and λ2. If one measures the spin asymmetry
ADYLL [114, 115]:

ADYLL = dσ(+,+)− dσ(+,−)
dσ(+,+) + dσ(+,−)

=
∑
q e

2
q [4q(x1)4q̄(x2) +4q̄(x1)4q(x2)]∑
q e

2
q [q(x1)q̄(x2) + q̄(x1)q(x2)] , (4.6)
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the helicity distributions 4q(x) are obtained with the knowledge of the unpolarized
PDFs q(x). At present, the quark helicity distributions are well determined by many
experimental measurements.

Figure 4.1: Helicity distribution of the nucleon, the blue arrow is the spin vector of
the nucleon, and the red arrow is the spin vector of the quark.

The function4T q(x) in Eq. (4.5) is called the transversity distribution, which appears in
the transversely polarized nucleon. It indicates the probability to find a quark with spin
along the transverse nucleon spin minus the one to find it oppositely. In the Fig. 4.2, it is
the hadron tensor for DIS, the lower part is the transversity distribution 4T q(x) which
flips the helicity of the hadron (from λ = + to from λ = −). However, the higher (hard)
part of Fig. 4.2 is zero, because the operator /pγ5/ST in Eq. (4.5) is chirally odd. There-
fore, we cannot use the DIS process to investigate the quark transversity distribution. In
the transversely polarized Drell-Yan process, proton(~S1T ) + proton(~S2T )→ µ+µ− +X,
the tansverse spin asymmetry ADYTT [13, 116, 117] is given by

ADYTT =dσ(~S1T , ~S2T )− dσ(~S1T ,−~S2T )
dσ(~S1T , ~S1T ) + dσ(~S1T ,−~S2T )

=|~S1T ||~S2T |
sin2 θ cos(2φ− φs1 − φs2)

1 + cos2 θ

×
∑
q e

2
q [4T q(x1)4T q̄(x2) +4T q̄(x1)4T q(x2)]∑

q e
2
q [q(x1)q̄(x2) + q̄(x1)q(x2)] , (4.7)

where θ is the polar angle of µ+µ− and φsi denotes the azimuthal angle of the spin
vector ~SiT . By using Eq. (4.7), the transversity distributions 4T q(x) can be measured
in the Drell-Yan process. However, there is not enough experimental data to determine
the transversity distributions, and it is poorly known.

In the nonrelativistic limit (low Q2), the transversity distributions 4T q(x) are approxi-
mately equal to the helicity distributions 4q(x),

4T q(x,Q2) ≈ 4q(x,Q2). (4.8)

This relation is often used in the theoretical studies since the transversity distributions
are not well determined at this stage. The scale dependence of the transversity was
investigated in Ref. [118]. There are also some bounds for the PDFs, and they are often
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used in numerical calculations:

|4q(x)|6 q(x),

|4T q(x)|6 q(x),

2|4T q(x)|6 4q(x) + q(x). (4.9)

The last relation is called the Soffer inequality [119].

+ _
_+

N(p)

γ(q) γ(q)

xp

N(p)

xp

Figure 4.2: Transversity distribution in DIS. The lower (soft) part is the transversity
distribution, and it flips the helicity of the nucleon.

The other terms of Eq. (4.5) are the higher twist (twist-3) PDFs, and there is a factor
MN/2 before higher twist PDFs. In comparison with the leading-twist terms with /p,
the contributions of the twist-3 PDFs are suppressed by MN/Q in the cross section,
and they can be neglected at large Q2. The function e(x) is the unpolarized twist-3
PDF, and hqL(x) exists in the longitudinally polarized nucleon. As for the twist-3 PDF
gqT (x), it appears in the transversely polarized nucleon, and it can be measured in the
transversely polarized DIS unlike the transversity distribution 4T q(x).

4.1.3 Polarized gluon distribution functions in nucleon

In the previous section, we discussed the quark distribution functions. How about the
gluon distribution functions? They are very important especially in the small x region.
In future, the Electron Ion Collider (EIC) could be built in US with high energy and high
luminosity, and it is perfect to probe the gluon PDFs. For example, one of the main
purposes of EIC is to measure the gluon helicity distribution, namely gluon helicity
contribution for proton spin, in the proton, and this will help us solve the proton spin
puzzle.
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N(p) N(p)

Figure 4.3: Gluon distribution functions in the electron-proton DIS. The lower (soft)
part is the gluon distribution, and the higher part is a NLO correction of QCD in the

cross section.

The gluon distributions often appear as the next-to-leading-order(NLO) correction in
the cross section. In Fig. 4.3, it is a NLO correction of the DIS, where the additional αs
suppresses contributions of the gluon distributions in the high energy region.

In order to study the gluon distributions, one can define the gluon density matrix [120],

ρµν(x) =
∫
dτ

2π 〈p, S |A
µ(0)Aν(τn)| p, S〉 eiτx, (4.10)

where Aµ is the gluon field. By considering hermiticity, parity invariance and time-
reversal invariance, the gluon density matrix ρµν(x) [120] can be expresssed as

ρµν(x) =− 1
2xg(x)gTµν −

1
2x4g(x)iMN ε

µναβpαnβ(S · n)

− 1
x
g3(x)iMN ε

µναβSTαnβ + 1
x
g4(x)M2

Nn
µnν . (4.11)

Here, g(x) is the unpolarized gluon distribution function (twist-2) and the definition of
gTµν is given in Eq. (1.39). The function 4g(x) is the gluon helicity distribution which
exists in the longitudinally polarized nucleon, and the physical interpretation is shown
in Fig. (4.1). The factor εµναβ is Levi-Civita tensor with ε0123 = 1 and the vector n is
same as the one in Eq. (4.5). The third function g3(x) is the twist-3 gluon distribution
function, and it requires a transversely polarized nucleon. The last one g4(x) is the
unpolarized twist-4 gluon distribution function which is suppressed by M2

N/Q
2 at high

Q2.

If Eq. (4.5) is compared with Eq. (4.11), we find there is no gluon transversity distribu-
tion, whereas the quark transversity distribution 4T q(x) exist in the nucleon. This is
because there is no way to satisfy the helicity (angular momentum) conservation. In
Fig. 4.10, the gluon transversity distribution [16, 68, 121–123] flips the helicity by the
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unit of 2 for the gluon; however, the nucleon helicity is changed from λ1 = + to λ2 = −.
The angular momentum conservation λ1/2 + h2 = λ2/2 + h1 is not satisfied due to
spin 1/2 nature of the nucleon. For a spin-1 hadron such as ρ or deuteron, the gluon
transversity distribution exists and the angular momentum conservation is satisfied.

N(p,λ1 = +)

xp, h1 = + xp, h2 = −

N(p,λ2 = −)

Figure 4.4: Gluon transversity in the nucleon. h1 and h2 are the helicities of the
outgoing gluon and the incoming gluon, respectively. λ1 and λ2 are the helicities of the

initial and final nucleons.

4.2 Next-to-leading order corrections in hadron reactions

4.2.1 Leading-order Drell-Yan process

Since experimental measurements become more and more precise recently in high-energy
hadron reactions, it is necessary to study next-to-leading order (NLO) corrections. Here,
we take the unpolarized Drell-Yan as an example to illustrate the NLO corrections in
hadron reactions.

P2

P1

x1

x2 Q

p

p

µ+(k2)

µ−(k1)

Figure 4.5: Leading-order contribution of proton-proton Drell-Yan process.

At the leading-order (LO) level, the cross section of Drell-Yan process can be expressed
by the quark and antiquark distribution functions as [124] ,

dσ = q(x1)q̄(x2)dx1dx2σ̂(q + q̄ → µ+µ−), (4.12)
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where σ̂(q + q̄ → µ+µ−) is the cross section for the subprocess q + q̄ → µ+µ− shown
in Fig. 4.5. The variable s is the proton-proton center-of-mass energy squared, and
the center-of-mass energy squared of the subprocess is ŝ = x1x2s. In the high energy
limit, one can neglect the muon mass, so that the cross section for the subprocess
q(p1) + q̄(p2)→ µ+(k1) + µ−(k2) is expressed as

σ0 = σ̂(q + q̄ → µ+µ−) =
4πα2e2

q

9m2 , (4.13)

where m2 = (k1 + k2)2 is the center-of-mass energy squared of muon pair, α is the fine
structure constant, and eq is the quark charge. If we define x1 =

√
τey and x2 =

√
τe−y,

y is rapidity and τ = m2/s. With dx1dx2 = dτdy, the cross section can be reexpressed,

dσ

dτdy
= 4πα2

9m2 Pqq̄(x1, x2),

Pqq̄(x1, x2) =
∑
q

e2
q [q(x1)q̄(x2) + q̄(x1)q(x2)] . (4.14)

If one integrate Eq. (4.14) over y, it becomes

dσ

dτ
= 4πα2

9m2

∫ 1

τ

dx1
x1

Pqq̄(x1,
τ

x1
). (4.15)

With the experimental measurements of Drell-Yan process, the PDFs can be determined.

4.2.2 Next-to-leading-order corrections of Drell-Yan process and their
relation to prompt-photon production process

At the NLO level, one needs to consider the contributions of other Feynman diagrams
such as q(p1) + g(p2)→ µ+(k1) + µ−(k2) + q(q2) shown in Fig. 4.6. In this subprocess,
three are three particles in the final state, and the cross section is expressed as [124]

dσ̂(q + g → µ+ + µ− + q) = 1
2ŝ
MµM

†
ν

m4 LµνdR3, (4.16)

where Mµ is the amplitude of q + g → γ∗ + q, and m4 comes from the propagator of
the virtual photon. dR3 is the three-body phase space, and Lµν is the lepton tensor for
muon pair. We decompose the three-body phase space into the two-body phase space
as

dσ̂(q + g → µ+ + µ− + q) = 1
2ŝMµM

†
ν

Lµν

m4 dR12dm
2 dt̂

16π2ŝ
,

dR3 = dR12dm
2 dt̂

16π2ŝ
, (4.17)
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Figure 4.6: The subprocess q(p1) + g(p2)→ µ+(k1) + µ−(k2) + q(q2).

where dR12 is the two-body phase space for muon pair, and t̂ = (p1 − q1)2 is defined for
the process q + g → γ∗ + q. The variable q1 is the momentum of the virtual photon,
and ŝ is the center-of-mass energy squared for this subprocess. Integrating Lµν with the
two-body phase space, we obtain

Tµν =Lµν

m4 dR12,

=(qµ1 qν1 −m2gµν)
2αe2

q

3m4 . (4.18)

The term qµ1 q
ν
1 does not contribute due to Mµq

µ
1 = 0, so that the cross section becomes

dσ̂(q + g → µ+ + µ− + q) = 1
2ŝMµM

†
ν (−gµν)

2αe2
q

3m2 dm
2 dt̂

16π2ŝ
,

dσ̂(q + g → γ∗ + q)
dt̂

= 1
16πŝ2MµM

†
ν (−gµν). (4.19)

The term MµM
†
ν (−gµν) is actually the amplitude squared of q + g → γ∗ + q, and the

polarization sum of the vitual photon is −gµν . Integrating the cross section over t̂, we
have

dσ̂(q + g → µ+ + µ− + q)
σ0dτ̂

= 3
4π2αe2

q

ŝσ̂(q + g → γ∗ + q). (4.20)

where σ0 is shown in Eq. (4.13) and τ̂ = m2/ŝ. Then, the 2→ 3 process is described by
the 2 → 2 process by considering the virtual photon as a massive boson, and this will
simplify our calculation. Therefore, the Drell-Yan formalism can be used for describing
the cross section of the prompt-photon-production process.
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There are both ultraviolet divergences and infrared divergences in the NLO calculation.
The ultraviolet divergences appear in the photon-quark vertex correction and external
quark-leg corrections. The infrared divergences exist since we consider quarks as massless
particles, and we will encounter them in the photon-quark vertex correction, the external
quark-leg correction, and the quark propagator 1/t̂ (see Fig. 4.6). In order to handle
the divergences, one needs to regularize them.

A popular regularization scheme is the dimensional regularization, where one calculates
the amplitude and phase space in the D = 4 + ε dimensions, and the divergences show
up as 1/ε. Both the infrared divergences and the ultraviolet divergences are regularized
at the same time in the dimensional regularization, therefore, it is a convenient method.
Moreover, the dimensional regularization is widely used in the higher-older calculations
such as next-to-next-to-leading order corrections. In this thesis, we will use the dimen-
sional regularization for discussing the NLO corrections of Drell-Yan process. In the
D = 4 + ε dimensions, Eq. (4.20) is slightly changed,

dσ̂(q + g → µ+ + µ− + q)
σ0dτ̂

= 3
4π2αe2

q(1 + ε
2) ŝσ̂(q + g → γ∗ + q), (4.21)

where σ0 is the Born cross section in the D = 4 + ε dimensions.

There are two subprocesses for the NLO corrections of the Drell-Yan process: q + q̄ →
γ∗+ g and q+ g → γ∗+ q. We will first consider the contribution of q+ q̄ → γ∗+ g, and
quark PDFs and antiquark PDFs are involved in this process. Integrating the amplitude
squared of q + q̄ → γ∗ + g with the two-body phase space in the D = 4 + ε dimensions,
we have

dσ̂(q + q̄ → γ∗ + g) =
∫ 1

2ŝ |M |
2dR2,

= 1− τ̂
32πŝ2εΓ(1 + ε/2)

[
m2(1− τ̂)2

4πτ̂

]ε/2 ∫ 1

−1
|M |2(1− y2)ε/2dy, (4.22)

where the two-body phase space dR2 is given in Appendix A.1, y = cos θ, τ̂ = m2/ŝ,
and the angle between p1 and q1 is θ. In Fig. 4.7, there are two Feynman diagrams
which contribute to the amplitude.

The amplitude squared of M1 can be expressed as

|M1|2=cfTr
[
/p2γ

µ/kγβ /p1γβ/kγµ
] 1

(k2)2 ,

=2cf (2 + ε)2 û

t̂
, (4.23)
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M2M1

Figure 4.7: Feynman diagrams of q(p1) + q̄(p2) → γ∗(q1) + g(q2) at the order of αs.
M1 is the t channel amplitude and M2 is the u channel one.

where cf = 16π2ααsDe
2
q

9 , t̂ = k2 = (p1 − q1)2 = (p2 − q2)2, and û = k2
1 = (p1 − q2)2 =

(p2 − q1)2. In the D dimensions, the strong coupling constant αsD should have the mass
dimension of ε, and αsD = αs(ms)ε is introduced to make sure αs is dimensionless. Here,
ms is called regularization mass.

Similarly, the amplitude squared for M2 can be calculated as

|M2|2=cfTr
[
/p2γ

β /k1γ
µ
/p1γµ /k1γβ

] 1
(k2

1)2

=2cf (2 + ε)2 t̂

û
. (4.24)

There are also contributions for the interference terms of M1 and M2:

M1M
†
2 +M2M

†
1 =2Re(M1M

†
2)

=2cfTr
[
/p2γ

µ/kγβ /p1γµ /k1γβ
] 1
k2

1
k2

1

=16cf (1 + ε

2)( ŝm
2

ût̂
+ ε

2). (4.25)

Summing over all the contributions, we have

|M |2=|M1|2+|M2|2+2Re(M1M
†
2)

=8cf (1 + ε

2)
[
û2 + t̂2 + 2m2ŝ

ût̂
+ ε

2
(û+ t̂)2

ût̂

]
. (4.26)
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Expressing û and t̂ with y = cos θ and τ̂ , we obtain

|M |2= 8cf (1 + ε

2)
[

2(1 + τ̂)2 + 2(1− τ̂)2y2

(1− τ̂)2(1− y2) + ε
2

1− y2

]
,

t̂ = − ŝ2(1− τ̂)(1− y), û = − ŝ2(1− τ̂)(1 + y). (4.27)

We substitute Eq. (4.27) into Eq. (4.22) and integrate over y. Then, the cross section is
obtained for q + q̄ → γ∗ + g as

σ̂(q + q̄ → γ∗ + g) =
4πααse2

q

9ŝ

[
m2(1− τ̂)2

πτ̂m2
s

]ε/2
(1 + ε

2) (1− τ̂)
2εΓ(1 + ε

2)

×
{ √πΓ( ε2)

Γ( ε2 + 3
2)

+ 2
[

(1 + τ̂)2

(1− τ̂)2 + ε

] √
πΓ( ε2)

Γ( ε2 + 1
2)

}
(4.28)

where the integrals over y are found in Appendix A.2. By using Eq. (4.21), one obtains
the cross section σ̂qq̄ = σ̂(q + q̄ → µ+ + µ− + g) as

dσ̂qq̄
dτ̂

= 4αs
3π σ

0
[
m2(1− τ̂)2

πτ̂m2
s

]ε/2 Γ(1 + ε
2)

Γ(1 + ε)

[
(1 + τ̂2)

1− τ̂
2
ε

+ ε
1− τ̂
1 + ε

]
, (4.29)

where the following relation is used,

Γ(1 + ε
2)

Γ(1 + ε)

[
(1 + τ̂2)

1− τ̂
2
ε

+ ε
1− τ̂
1 + ε

]

= (1− τ̂)
2ε4Γ(1 + ε

2)

{ √
πΓ( ε2)

Γ( ε2 + 3
2)

+ 2
[

(1 + τ̂)2

(1− τ̂)2 + ε

] √
πΓ( ε2)

Γ( ε2 + 1
2)

}
. (4.30)

In Eq. (4.29), it seems that the most divergent term is ∼ 1/ε. However, one can find the
term of ∼ 1/ε2 by expanding ε [125]:

(1− τ̂)(ε−1) = 1
ε
δ(1− τ̂) + 1

(1− τ̂)+
+ ε

[ ln(1− τ̂)
1− τ̂

]
+
. (4.31)

Then, the most divergent term in Eq. (4.29) actually behaves like ∼ 1/ε2,

dσ̂qq̄
dτ̂
∼16αs

3π σ0
[
m2

4πm2
s

]ε/2
Γ(1− ε

2) 1
ε2
δ(1− τ̂). (4.32)

The definition of the plus function [f(x)]+ is given in Appendix A.3.

There are also virtual corrections for the quark-antiquark annihilation process q+q̄ → γ∗,
and Feynman diagrams are shown in Fig. 4.8. The first diagram is the quark vertex
correction, and the other two are external quark-leg corrections. There are both infrared
divergences and the ultraviolet divergences in those diagrams, and they can be also
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Figure 4.8: Quark vertex correction and the quark-leg corrections at next-to-leading
order.

regularized by dimensional regularization. The cross section of these virtual corrections
is expressed as

dσ̂r
dτ̂

=2αsσ0

3π

[
m2

4πm2
s

]ε/2
Γ(1− ε

2)
[
− 8
ε2
− 6
ε
− 8 + π2

]
δ(1− τ̂). (4.33)

When one combines the contribution in Eq. (4.29) with the virtual corrections in Eq. (4.33),
the divergent term of 1/ε2 is exactly cancelled (see Eq. (4.32)):

dσ̂qq̄
σ0dτ̂

=αs
π
Pqq(τ̂) ln(m

2

m2
s

) + 2αs
3π (4π2

3 − 7
2)δ(1− τ̂) + 2αsfq(τ̂),

αsfq(τ̂) =2αs
3π
{

2(1 + τ̂2)
[ ln(1− τ̂)

1− τ̂

]
+
− (1 + τ̂2)

1− τ̂ ln(τ̂)− (π
2

3 + 9
4)δ(1− τ̂)

}
,

+ αs
2πPqq(τ̂)

[2
ε

+ γe − ln(4π)
]
, (4.34)

where Pqq(τ̂) is the splitting function for q → q in Eq.(1.28). Therefore, the divergent
term of 1/ε still appears in the total cross section, and this term is purely the infrared
divergence [124].

Now let us discuss the contributions of the subprocess q(p1)+g(p2)→ µ+(k1)+µ−(k2)+
q(q2). There are two Feynman diagrams for this subprocess shown in Fig. 4.9, the first
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one is s-channel and the second one is t-channel.

L2L1

Figure 4.9: Feynman diagrams of q(p1) + g(p2)→ γ∗ + q(q2) at the order of αs.

The amplitude squared of the s-channel Feynman diagram is expressed as

|L1|2=cfTr
[
/p2γ

µ
/pγ

β
/p1γβ/pγµ

] 1
(p2)2

=2cf (2 + ε)2−t̂
ŝ
, (4.35)

where ŝ = p2 = (p1 + p2)2 = (q1 + q2)2 and t̂ = (p1 − q1)2 = (p2 − q2)2. The amplitude
squared |L1|2 is free of divergence. Similarly, we calculate the contribution of the t-
channel amplitude as

|L2|2=cfTr
[
/q2γ

β/kγµ /q1γµ/kγβ
] 1

(k2)2

=2cf (2 + ε)2−ŝ
t̂
. (4.36)

The divergence appears in |L1|2 due to the term 1/t̂ ∼ 1/(1− y), and it is the infrared
divergence. Finally, we will consider the contribution from the interference terms:

L1L
†
2 + L2L

†
1 =2Re(L1L

†
2),

=2cfTr
[
/q2γ

β/kγµ /p1γβ/pγµ
] 1
k2

1
p2 ,

=16cf (1 + ε

2)(− ûm
2

ŝt̂
− ε

2), (4.37)
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where the infrared divergence appears in the collinear limit. The amplitude squared for
q + g → γ∗ + q is obtained as

|L|2=|L1|2+|L2|2+2Re(L1L
†
2),

=8cf (1 + ε

2)
[
− ŝ

2 + t̂2 + 2m2û

ŝt̂
− ε

2
(ŝ+ t̂)2

ŝt̂

]
. (4.38)

Substituting t̂ = − ŝ
2(1− τ̂)(1− y) and û = − ŝ

2(1− τ̂)(1 + y) into Eq. (4.38), we have

|L|2= 3cf (1 + ε

2)
[

4 + (1− τ̂)2(1− y)2 − 4τ̂(1− τ̂)(1 + y)
2(1− τ̂)(1− y) ,

+ ε
[4 + (1− τ̂)(1 + y)]2

4(1− τ̂)(1− y)

]
. (4.39)

Next, integrating |L|2 with the phase space by using Eq. (4.22), we obtain

dσ̂(q + g → γ∗ + q) =
πααse

2
qΓ(1 + ε/2)

6ŝΓ(1 + ε)

[
m2(1− τ̂)2

4πτ̂

]ε/2
(1 + ε/2)

×
[
2(τ2 + (1− τ̂)2)2

ε
+ (3 + τ − 3τ2)

]
, (4.40)

where the integrals over y is found in Appendix A.2. The divergence behaves like 1/ε,
and it is the infrared divergence which appears in the collinear limit (y = 0). The cross
section of q + g → γ∗ + q is changed for the one of q + g → µ+ + µ− + q [124] as

dσ̂qg
σ0dτ̂

= αs
2π

[
m2(1− τ̂)2

πτ̂m2
s

]ε/2 Γ(1 + ε
2)

Γ(1 + ε)

[1
2(τ2 + (1− τ̂)2)2

ε
+ 1

4(3 + 2τ − 3τ2)
]
. (4.41)

Expanding
[
m2(1−τ̂)2

πτ̂m2
s

]ε/2
over ε, we obtain

dσ̂qg
σ0dτ̂

=αs
2πPqg(τ̂) ln(m

2

m2
s

) + αsfg(τ̂),

αsfg(τ̂) =αs
4π
{(

τ2 + (1− τ̂)2
)

ln (1− τ̂)2

τ̂
+ 1

2(3 + 2τ − 3τ2)
}

+ αs
2πPqg(τ̂)

[2
ε

+ γe − ln(4π)
]
, (4.42)

where Pqg(τ̂) is the gluon splitting function for g → q in Eq. (1.30). Substituting
Eq. (4.42) and Eq. (4.34) into the cross section of Drell-Yan process, we have

dσDY
dτ

=
∫ 1

τ

dx1
x1

∫ 1

τ/x1

dx2
x2

q(x1)q(x2)dσ̂
dτ̂
. (4.43)

70



Next-to-leading order corrections in hadron reactions

With the NLO corrections, the cross section can be expressed as [124]

s
dσDY
dm2 =

∑
q

4παe2
q

9m2

∫ 1

τ

dx1
x1

∫ 1

τ/x1

dx2
x2

[q(x1)q̄(x2) + q̄(x1)q(x2)]

×
[
(1 + αs(

8π
9π −

7
3π ))δ(1− τ̂) + αs

π
Pqq(τ̂) ln(m

2

m2
s

) + 2αsfq(τ̂)
]

+ [q(x1)g(x2) + g(x1)q(x2)]
[
αs
2πPqg(τ̂) ln(m

2

m2
s

) + αsfg(τ̂)
]

+ [q̄(x1)g(x2) + g(x1)q̄(x2)]
[
αs
2πPqg(τ̂) ln(m

2

m2
s

) + αsfg(τ̂)
]
. (4.44)

In this cross section, we still find infrared divergence 1/ε in fq(τ̂) and fg(τ̂), and it
belongs to the nonpertubative part of QCD. In order to handle the divergence, one
needs to renormalize the PDFs, namely, the divergence terms are absorbed into the
nonpertubative PDFs. Therefore, one considers the PDFs in Eq.(4.44) as the bare PDFs
q0(x), and the physical PDFs are defined as

q(x,m2) =q0 ⊗
[
1 + αs

2πPqq ln(m
2

m2
s

) + αs
2πPqq

(2
ε

+ γe − ln(4π)
)]

+ g0 ⊗
[
1 + αs

2πPqg ln(m
2

m2
s

) + αs
2πPqg

(2
ε

+ γe − ln(4π)
)]

,

g(x,m2) =g0 ⊗
[
1 + αs

2πPqq ln(m
2

m2
s

) + αs
2πPgg

(2
ε

+ γe − ln(4π)
)]

+
∑
q

q0 ⊗
[
αs
2πPgq ln(m

2

m2
s

) + αs
2πPgq

(2
ε

+ γe − ln(4π)
)]

. (4.45)

Here, we define the convolution integral notation:

f(z) = g ⊗ c =
∫ 1

z

dy

y
g(z/y)c(y) =

∫ 1

z

dy

y
g(y)c(z/y). (4.46)

If we differentiate the physical PDFs with respect to m2 for the quark and gluon distribu-
tions, one obtains the DGLAP evolution equation in Eq. (1.27) and Eq. (1.29). Reexpress
Eq. (4.44) with the physical PDFs [124],

s
dσDY
dm2 =

∑
q

4παe2
q

9m2

∫ 1

τ

dx1
x1

∫ 1

τ/x1

dx2
x2

[
q(x1,m

2)q̄(x2,m
2) + q̄(x1,m

2)q(x2,m
2)
]

×
[
1 + αs(

8π
9π −

7
3π )δ(1− τ̂) + 2αscq(τ̂)

]
+
[
q(x1,m

2)g(x2,m
2) + g(x1,m

2)q(x2,m
2)
]

[αscg(τ̂)]

+
[
q̄(x1,m

2)g(x2,m
2) + g(x1,m

2)q̄(x2,m
2)
]

[αscg(τ̂)] . (4.47)

This final cross section is free of divergence, and we can use this theoretical cross section
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to investigate experimental measurements. The functions cq(τ̂) and cg(τ̂) are defined as
follows

αscq(τ̂) =2αs
3π
{

2(1 + τ̂2)
[ ln(1− τ̂)

1− τ̂

]
+
− (1 + τ̂2)

1− τ̂ ln(τ̂)− (π
2

3 + 9
4)δ(1− τ̂)

}
,

αscg(τ̂) =αs
4π
{(

τ2 + (1− τ̂)2
)

ln (1− τ̂)2

τ̂
+ 1

2(3 + 2τ − 3τ2)
}
. (4.48)

4.3 Gluon transveristy of deuteron in DIS

4.3.1 Introduction to gluon transveristy in deuteron

In Section 4.1.3, we discussed the polarized gluon distributions in the nucleon. We no-
ticed that there is no gluon transversity in the nucleon because of the angular-momentum
conservation. However, there exists gluon transversity in ρ meson and deuteron since
their spin is S = 1 [16, 68, 121–123]. The deuteron is a stable hadron which is widely
used as targets in high energy hadron experiments, so it is possible to investigate the
gluon transversity in the deuteron.

The deuteron is considered as a loosely bound system of proton and neutron, and it is
often used to investigate structure functions of the neutron since the neutron cannot
be used as a stable target. If the deuteron is loosely bounded, the gluon transver-
sity is small because the spin-1/2 nucleons do not contribute [123]. Therefore, a finite
gluon transversity could reflect an interesting dynamical aspect in the deuteron. In
this case, it is very interesting to measure the gluon transversity experimentally for the
deuteron. In Chapter 2, we studied the tensor-polarized structure of the deuteron, and
the experimental measurements by HERMES collaboration do not quite agree with the
conventional picture that the deuteron as a bound state of proton and neutron. To-
gether with the tensor-polarized structure, the gluon transversity will probe interesting
dynamical structure of the deuteron.

In Ref. [123], the gluon transversity was first theoretically estimated by a model that the
deuteron state is | d 〉 = |NN 〉+ ε|∆∆ 〉. The spin of ∆ baryon is bigger than 1, and the
deuteron gluon transversity comes from the component |∆∆ 〉. The gluon transversity
is the leading-twist PDF in the deuteron, so that the contribution could be significant
to be measured. It will be measured in the electron-deuteron DIS process at JLab [126].
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d(p,Λ1)

xp,λ1 xp,λ2

d(p,Λ2)

Figure 4.10: Gluon transversity in the deuteron. Λ1 and Λ2 are helicities of deuteron,
and λ1 and λ2 are helicities of gluon.

4.3.2 Deuteron polarizations

Gluon distribution in the deuteron is schematically shown in Fig. 4.10, and it appears
if the helicities of the deuteron and gluon are flipped. In order to keep the angular-
momentum conservation Λ1 + λ2 = Λ2 + λ1 so as to have the gluon transversity, the
helicities should be Λ1 = λ1 = ± and Λ2 = λ2 = ∓. Polarization vectors εµ(Λ) are used
to describe the spin states of the deuteron. For the deuteron with its momentum P =
(P 0, 0, 0, P 3), the helicity states Λ = ± are expressed by ε(Λ = ±) = 1√

2(0,∓1,−i, 0) in
the same way with the photon case. In addition to the helicity state of Λ = ±, there is
also the helicity Λ = 0 state:

εµ(Λ = 0) =
(
P 3

Md
, 0, 0, P

0

Md

)
, (4.49)

where Md is the deuteron mass. In order to describe the polarization states of deuteron,
the spin vector Sµ is also used:

Sµ = −εµναβ
P ν

Md
Im(ε∗αεβ). (4.50)

For polarization vector εµ(Λ = ±), we have Sµ =
(
± P 3

Md
, 0, 0,± P 0

Md

)
. If the deuteron is

linearly polarized,

εx = (0, 1, 0, 0), εy = (0, 0, 1, 0), (4.51)

the spin vector is Sµ = 0.
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4.3.3 Gluon transveristy in DIS

The gluon transversity is probed in the electron-deuteron DIS process shown in Fig. 4.11,
where the virtual photon comes from the electron. The deuteron helicity is flipped from
± to ∓ by the polarized-gluon emission and absorption, and the helicity of the photon
is also flipped to compensate the helicity change of the gluon. The hard part is just the
helicity amplitude of γ∗(q1, λ1)g(q2,Λ1) → γ∗(q2, λ1)g(q2,Λ2) where the intermediate
state is on shell.

d(P,±)

±

±,

∓

∓

d(P,∓)

Hard part

Soft part: gluon 
transversity

Figure 4.11: Helicity amplitude γ∗(q1, λ1)g(q2,Λ1)→ γ∗(q2, λ1)g(q2,Λ2).

In the following, we show how to calculate the helicity amplitude of γ∗(q1, λ1)g(q2,Λ1)→
γ∗(q2, λ1)g(q2,Λ2) [16, 68, 121, 123, 126, 127], and we define the helicity amplitude as

Aλ1Λ1,λ2Λ2 = εp(λ1)αε∗p(λ2)βTαβ,µνεg(Λ1)µε∗g(Λ2)ν , (4.52)

where εp is the photon polarization vector and εg is the gluon polarization vector. By
considering the parity invariance, A−−,++ = A++,−− and A+−,−+ = A−+,+−, the he-
licity amplitude vanishes for A+−,−+ = A−+,+− since the auglular momentum is not
conserved. Then, we have the relations:

A++,−− = A++,−− +A+−,−+

= εp(+)αε∗p(−)βTαβ,µν
[
εg(+)µε∗g(−)ν + εg(−)µε∗g(+)ν

]
,

A−−,++ = A−−,++ +A−+,+−

= εp(−)αε∗p(+)βTαβ,µν
[
εg(−)µε∗g(+)ν + εg(+)µε∗g(−)ν

]
, (4.53)
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Adding these two equations, we obtain

2A++,−− =
[
εp(−)αε∗p(+)β + εp(+)αε∗p(−)β

]
Tαβ,µν

[
εg(−)µε∗g(+)ν + εg(+)µε∗g(−)ν

]
,

(4.54)

Therefore, we define a photon tensor as EαβTp = εp(−)αε∗p(+)β + εp(+)αε∗p(−)β and a
gluon tensor as EµνTg = εg(−)µε∗g(+)ν + εg(+)µε∗g(−)ν . If the virtual-photon momentum
is chosen as the z axis and the gluon momentum is −z axis, we can use Eq. (1.34) as the
photon polarization vectors and Eq. (3.2) as the gluon polarization vectors:

ETp = ETg = ET =



0 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 0


. (4.55)

It is actually EµνT = −(εµxενx − εµy ενy) in Eq.(4.51), namely, the gluon transversity can be
considered as the difference between linearly x polarization and linearly y polarization.

Figure 4.12: Leading-order contribution to the amplitude γ∗(q1)g(q2)→ γ∗(q1)g(q2),
where quark and antiquark are on shell.

The leading-order contribution for the amplitude γ∗(q1)g(q2) → γ∗(q2, )g(q2) is shown
in Fig. 4.12, which is just the amplitude squared of γ∗(q1)g(q2) → q(k1)q̄(k2). In the
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center-of-mass frame of q1 and q2, the kinematical variables are defined as follows:

q1 = (qv, 0, 0, q), q2 = (q, 0, 0,−q), q2
1 = −Q2, q = s+Q2

2
√
s
,

k1 =
√
s

2 (1, sin θ cosφ, sin θ cosφ, cos θ),

k2 =
√
s

2 (1,− sin θ cosφ,− sin θ cosφ,− cos θ),

t = −s+Q2

2 (1− cos θ), u = −s+Q2

2 (1 + cos θ),

k2
T = s sin2 θ

4 , k2
x − k2

y = s sin2 θ (cos2 φ− sin2 φ)
4 , (4.56)

where k2
T = k2

x + k2
y, k1x = −k2x = kx and k1y = −k2y = ky. Here, the initial photon

and gluon momenta are q1 and q2, and the quark and antiquark momenta are k1 and
k2. The polar and azimuthal angles of the quark are denoted as θ and φ, and kT is its
transverse momentum.

L1 L2

Figure 4.13: Feynman diagrams of γ∗(q1)g(q2)→ q(k1)q̄(k2).

In Fig. 4.13, there are two Feynman diagrams for the process γ∗(q1)g(q2)→ q(k1)q̄(k2).
The amplitude L1 is called the t-channel one, and its squared is expressed as

|L1|2 = (e2e2
qg

2
s)Tr

[
/k1γα( /q2 − /k2)γµ /k2γν( /q2 − /k2)γβ

] 1
t2
EαβT EµνT

= 16(e2e2
qg

2
s)
−k2

T t− 2(k2
x − k2

y)2

t2
(4.57)

Similarly, the u channel amplitude squared is

|L2|2 = (e2e2
qg

2
s)Tr

[
/k1γµ( /k1 − /q2)γα /k2γν( /k1 − /q2)γβ

] 1
u2E

αβ
T EµνT

= 16(e2e2
qg

2
s)
−k2

Tu− 2(k2
x − k2

y)2

u2 . (4.58)
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Finally, the interference terms between L1 and L2 are

2L†2L1 = 2(e2e2
qg

2
s)Tr

[
/k1γα( /q2 − /k2)γµ /k2γβ( /k1 − /q2)γν

] 1
ut
EαβT EµνT

= 16(e2e2
qg

2
s)
−k2

T (u+ t)− 4(k2
x − k2

y)2 − ut
ut

. (4.59)

In total, the absolute-value squared of the amplitude becomes

|L|2=− 16 e2 e2
q g

2
s

ut
{
2k2

T (u+ t) + ut
}

+ 2(k2
x − k2

y)2(u+ t)2

u2t2

= −16 e2 e2
q g

2
s

[
s2 cos 4φ
Q2 + s

+ ( Q2

Q2 + s
)2
]
. (4.60)

There is no collinear divergence in the amplitude at kT = 0. Therefore, it does not need
the dimensional regularization as we had in the longitudinal polarized DIS process. If
|L|2 is integrated over the two-body phase space dR2 = 1/(4π)2 sin θdφ, we obtain

|L|2dR2 = −2 e2 e2
q g

2
s

z2

π
, z = Q2

Q2 + s
. (4.61)

The amplitude vanishes at Q2 = 0, namely, the massless quark and antiquark pair
cannot be produced from the real-photon and real-gluon collision with the same helicity.
This happens because of the vector current nature of QCD and QED. However, if Q2

is finite (Q2 should be bigger than a few GeV2 ) in the DIS, the gluon transversity can
be measured in a transversely polarized or linearly-polarized deuteron in the DIS. For
example, the DIS process is possible at JLab with the unpolarized electron beam and the
transversely polarized deuteron target, and the differential cross section of e(l)+d(P )→
e+ γ∗(q) + d(P )→ e(l1) +X [16, 68, 121, 123, 126, 127] is expressed as

dσ

dxdydφ1
= e4ME

4π2Q4

[
xy2F1(x,Q2) + (1− y)F2(x,Q2)− x(1− y)

2 ∆(x,Q2) cosφ1

]
,

x = Q2

2P · q , y = q · P
P · l

, (4.62)

where φ1 is the azimuthal angle for l1, and the structure functions F1(x,Q2) and
F2(x,Q2) of the deuteron are found in Eq. (1.24). As for the structure function ∆(x,Q2),
it contains the information of the deuteron gluon transversity gx(x,Q2)− gy(x,Q2):

∆(x,Q2) = αs
2π
∑
q

e2
qx

2
∫ 1

x

dy

y3

[
gx(x,Q2)− gy(x,Q2)

]
. (4.63)
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4.4 Gluon transveristy in proton-deuteron collision

4.4.1 Introduction to prompt photon production

The deuteron gluon transversity has been studied in the DIS process; however, it has
never been investigated in the proton-deuteron collision, both theoretically and experi-
mentally. Here, we theretically propose a possible process on prompt-photon production
in the proton-deuteron collision with linearly-polarized deuteron.

In the proton-deuteron collision, there are some processes that we can use them to
explore the gluon transversity of the deuteron. For example, we consider the hadron
production p + d → Λ + X and the prompt photon production p + d → γ + X. In
the first processes, the cross section vanishes as far as we studied, so they cannot be
used to study the gluon transversity. However, the gluon transversity is involved in the
prompt-photon production with the higher-twist (twist-3) term of the proton. In the
following, we explain the prompt-photon production and show how we obtain the gluon
transversity.

p

d

Figure 4.14: Prompt-photon production in the proton-deuteron collision, p(pa) +
d(pb)→ γ(q1) + q(q2) +X.

In Fig. 4.14, the prompt-photon production [128–132] in the proton-deuteron collision
is shown. In the center mass frame of proton and deuteron, we define the kinematical

78



Gluon transveristy in proton-deuteron collision

variables of Fig. 4.14 as follows:

ŝ = xaxbs = (p1 + p2)2,

t̂ = (p1 − q1)2 = (p2 − q2)2 = −xapT
√
se−y,

û = (p1 − q2)2 = (p2 − q1)2 = −xbpT
√
sey,

p1 = xapa = xa
√
s

2 (1, 0, 0, 1), p2 = xbpb = xb
√
s

2 (1, 0, 0,−1),

q1 = pT (cosh y, cosφ, sinφ, sinh y). (4.64)

Here, p1 is the momentum of the quark which comes from proton, p2 is the momentum
of the gluon, y is rapidity for photon, q1 and q2 are momenta of the photon and the
quark in the final state, respectively. The cross section of the prompt-photon production
is written as [128]

dσ = 1
2ŝ q(xa) g(xb) dxa dxb |M(q + g → γ + q)|2

× (2π)4 δ4(p1 + p2 − q1 − q2) d3q1
(2π)32q0

1

d3q2
(2π)32q0

2
. (4.65)

Integrating the cross section over q2, we have

q0
1
dσ

d3q1
=
∫
ŝ

π
q(xa)g(xb)dxadxb

dσ̂(q + g → γ + q)
dt̂

δ(ŝ+ t̂+ û). (4.66)

By substituting ŝ = −xapT
√
se−y and û = −xbpT

√
sey and integrating over xb to remove

the δ function, the cross section becomes [128]

dσ

pT dpT dφ dy
= 2
π

∫ 1

xamin

q(xa)g(xb)dxa
xaxb

2xa − xT ey
dσ̂(q + g → γ + q)

dt̂
, (4.67)

where the following relations are used: d3q1/q
0
1 = pTdpTdφdy, xT = 2pT /

√
s, xb =

(xaxT e−y)/(2xa − xT ey), and the minimum value is xamin = (xT ey)/(2− xT e−y).

4.4.2 Gluon transveristy in prompt-photon production

The following differential cross section combination is investigated for the prompt-photon
production in the proton-deuteron collision:

dστ = [dσ(s1, εx; +)− dσ(s1, εx;−)]− [dσ(s1, εy; +)− dσ(s1, εy;−)] , (4.68)

where εx = (0, 1, 0, 0) and εy = (0, 0, 1, 0) are linear-polarization vectors of the deuteron,
and the helicity of final photon is marked as +/−. s1 is the transverse-polarization
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vector of the proton:

s1 = (0, cosφs, sinφs, 0). (4.69)

In the transversely-polarized proton, only three types of the PDFs exist up to the twist-
3 level. They are unpolarized PDFs q(x), transversity distributions 4T q(x), and the
twist-3 PDFs gqT (x) (see Eq. (4.5)). The contribution of unpolarized PDFs vanishes in
Eq. (4.68). As for the transversity distribution 4T q(x), it is chirally odd and it brings
two γ matrices into the amplitude squared of q(p1) + g(p2) → γ(q1) + q(q2), so the
amplitude squared will vanish. Then the only choice left is the twist-3 PDFs gqT (x), and
the contribution in the final cross section is suppressed by Mp/Q.

M1 M2

Figure 4.15: Feynman diagrams of q(p1) + g(p2) → γ(q1) + q(q2). The amplitude of
s channel is marked as M1 and the amplitude of t channel is marked as M2.

In the prompt-photon production, there are two leading Feynman diagrams on q(p1) +
g(p2)→ γ(q1)+q(q2) as shown in Fig. 4.15. Since the deuteron spin asymmetry is taken
between εx and εy, the gluon polarization tensor [127, 133–135] in this subprocess is

EαβT = εαxε
∗β
x − εαy ε∗βy = −

[
ε(+)αε∗β(−) + ε(−)αε∗β(+)

]
, (4.70)

and the gluon helicity is flipped by ±2 for q(p1) + g(p2)→ γ(q1) + q(q2). The amplitude
of Fig. 4.15 is expressed as

M = (Mω
1 +Mω

2 ) ε∗ω(λ), (4.71)

where ε∗µ(λ) is the polarization vector of the outgoing photon. Furthermore, one obtains
the amplitude squared of Eq. (4.71) as

MM † = (Mω
1 M

†σ
1 +Mω

2 M
†σ
2 +Mω

1 M
†σ
2 +Mω

2 M
†σ
1 )[ε∗ω(+)εσ(+)− ε∗ω(−)εσ(−)]. (4.72)

There are two choices to define the antisymmetric photon polarization tensor Pωσ =
ε∗ω(+)εσ(+)− ε∗ω(−)εσ(−):
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(1) ε∗ω(+)εσ(+) − ε∗ω(−)εσ(−) = ε∗ω(+)εσ(+) − εω(+)ε∗σ(+) is antisymmetric, Lorentz
invariant, and vertical to photon momentum q1, so that this combination should
be expressed as ∝ εωσµνq

µ
1 r

ν . Since εω(λ) can be defined as the convenient one
which does not have zero component (ε0(λ) = 0), we take rν = qν2 to cancel the
zero component in the tensor [136–138]:

Pωσ = ε∗ω(+)εσ(+)− ε∗ω(−)εσ(−) = i
εωσµνq

µ
1 q

ν
2

q1 · q2
. (4.73)

(2) It is convenient to express εω(λ) by the Lorentz invariants in the process q(p1) +
g(p2) → γ(q1) + q(q2). If the direction of the photon momentum is chosen as the
z axis, the x axis can be defined as eωx = −(q1 · q2p

ω
1 − q1 · p1q

ω
2 − p1 · q2q

ω
1 ), and

the y axis can be defined as eωy = −εωρµνqρ2p
µ
1q
ν
1 . Therefore, one writes the photon

polarization vectors ε(±) by ex and ey as [139, 140]

ε(+) = −
√

2
ŝt̂û

(ex + iey), ε(−) =
√

2
ŝt̂û

(ex − iey).

Then, the antisymmetric photon polarization tensor Pωσ is expressed by the Lorentz
invariants.

In order to confirm our results, the two different choices of antisymmetric photon polar-
ization tensor Pωσ are used in calculating the amplitude squared of q + g → γ + q.

There are four terms in the amplitude squared:

Mω
1 M

†σ
1 = cf

1
ŝ2 Tr

[
γ5
/s1γβ( /p1 + /p2)γσ /q2γω( /p1 + /p2)γα

]
EαβT ,

Mω
2 M

†σ
2 = cf

1
t̂2

Tr
[
γ5
/s1γσ( /p1 − /q1)γβ /q2γα( /p1 − /q1)γω

]
EαβT ,

Mω
1 M

†σ
2 = cf

1
ŝt̂

Tr
[
γ5
/s1γβ( /p1 + /p2)γσ /q2γα( /p1 − /q1)γω

]
EαβT ,

Mω
2 M

†σ
1 = cf

1
ŝt̂

Tr
[
γ5
/s1γσ( /p1 − /q1)γβ /q2γω( /p1 + /p2)γα

]
EαβT , (4.74)

where the factor cf is given by cf = Mp

2
1
6e

2
ag

2g2
sxa, Mp is the proton mass which exists

due to the twist-3 PDFs gqT (x) in Eq. (4.5), and 1/6 is the color factor. The summation
of these terms are

|M |2=(Mω
1 M

†σ
1 +Mω

2 M
†σ
2 +Mω

1 M
†σ
2 +Mω

2 M
†σ
1 )Pωσ

=− 16q · ET · s1

t̂
(Mp

2
1
6e

2
ag

2g2
sxa)

=16 cos(φ+ φs)
xa
√
se−y

(Mp

2
1
6e

2
ag

2g2
sxa). (4.75)

81



Chapter 4. Gluon Transversity in Deuteron

where A · ET · B = AαE
αβ
T Bβ and q · ET · s1 = −k3 · ET · s1 = pT cos(φ + φs) are

used. In Eq. (4.75), the factor 1/t̂ appears which is divergent at the collinear limit
(pT = 0). However, we do not need to handle this divergence as we did in Sec. 4.2
because the relatively large-pT region (pT > 1 GeV) is investigated for the prompt
photon production.

The differential cross section of q + g → γ + q is expressed as

dσ̂τ

dt̂
= 1

16πŝ2 |M |
2. (4.76)

Substituting Eq. (4.76) into Eq. (4.67), one finally obtains the differential cross section
for the prompt photon production:

dστ
pT dpT dφ dy

= 2
π

∫ 1

xamin

dxa g
q
T (xa, Q2) ∆T g(xb, Q2) xaxb

2xa − xT ey
dσ̂τ

dt̂
, (4.77)

where gqT (x) is the twist-3 quark PDF in Eq. (4.5), and ∆T g(x,Q2) = gx(x,Q2) −
gy(x,Q2) is the deuteron gluon transversity. The energy scale Q2 = p2

T is often used in
the prompt-photon production.

4.4.3 Summary

The deuteron gluon transversity is a very important quantity, since it reflects new dy-
namical structure inside the deuteron. The knowledge of the deuteron gluon transversity
will help us to understand an interesting exotic aspect of the deuteron structure beyond
the simple two-nucleon bound state. However, we know nothing about the deuteron
gluon transversity until now. Therefore, it will be very interesting investigate it in the
proton-deuteron collision. In this work, we proposed that the prompt photon production
process can be used to study the deuteron gluon transversity. In experiment, the mea-
surement of this process is still difficult at this stage because of higher-twist (twist-3)
effect and because it may be not easy to detect the helicity of final photon.
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5
Summary

The tensor-structure of the deuteron can be investigated at high energies by both the
structure function b1 in the DIS process and the spin asymmetry AQ in the proton-
deuteron Drell-Yan process. It is much easier to probe the tensor-polarized antiquark
distributions by the asymmetry AQ. In this work, we gave the theoretical estimate of the
spin asymmetry AQ of the Drell-Yan process by using possible tensor-polarized PDFs to
explain the HERMES data, and we found that the asymmetry AQ is of the order of a few
percent. We also found the existence of tensor-polarized gluon PDFs as the Q2 evolves.
In the near future, the structure function b1 and the asymmetry AQ will be measured
by JLab and Fermilab, respectively. Since the standard deuteron model predication is
much different from the HERMES measurement, there is a possibility that a new field
of spin physics could be developed by these experimental measurements. The deuteron
tensor structure is expected to be understood much better by these measurements.

In order to understand the origin of proton spin, it is necessary to understand con-
tributions from partonic orbital angular momenta. As the observables to probe such
contributions, three-dimensional (3D) structure functions are proposed. They contain
information on form factors and PDFs. In particular, the generalized parton distri-
butions (GPDs) have been investigated as one of such 3D structure functions. Other
important three-dimensional structure functions are the generalized distribution am-
plitudes (GDAs), and the GPDs can be obtained by the s-t crossing from the GDAs.
One way to study the GDAs is the two-photon process γ∗γ → hh̄, which is possible at
KEKB. In this work, we analyzed the Belle cross-section measurements of γ∗γ → π0π0
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in the e+e− collision. The pion GDAs used in this analysis are expressed by a few
parameters, and resonance contributions of f0(500) and f2(1270) are included. The
obtained GDAs explain the Belle data well enough with χ2/d.o.f. = 1.09. The ma-
trix elements of the energy-momentum tensor and the gravitational form factors were
investigated from the pion GDA. It is difficult to probe the gravitational form factors
directly in experiments since gravitational interactions are too weak. The GPDs and
GDAs provide us an alternative way to study these form factors. We also estimated the
three-dimensional gravitational radii, and they are

√
〈r2〉mass = 0.32 ∼ 0.39 fm for mass

radius and
√
〈r2〉mech = 0.82 ∼ 0.88 fm for the mechanical radius. The mass radius is

smaller than the pion charge radius (0.659±0.004 fm [1]), and the mechanical radius is
bigger than the charge radius. This is the first estimate of the gravitational radii by
analyzing actual experimental measurements. In our analysis, the Belle measurements
still have large errors which mainly come from the statistical errors. However, the Belle
II collaboration just started taking data with a much higher luminosity in 2019, and the
errors are expected to be reduced significantly. Therefore, more precise GDAs can be
obtained for the pion and other hadrons in the near future. Accurate GDAs will help us
to study gravitational form factors, pressure distributions, and shear-force distributions
for hadrons.

The gluon transversity is a twist-2 distribution function for the deuteron, so that it is
important for the structure studies of deuteron. The deuteron is a bound state of the
proton and neutron. However, the nucleons do not contribute to the gluon transversity
directly because they are spin-1/2 particles, so that the gluon transversity is expected
to be small. However, a finite gluon transversity could reflect non-nucleonic components
in the deuteron, and it probes a new dynamical aspect in hadrons. The deuteron gluon
transversity will be measured in the electron-deuteron DIS. In this work, we proposed a
possible process to probe the deuteron gluon transversity by using the prompt-photon
production process in the proton-deuteron collision. We showed that the cross section is
proportional to the gluon transversity of the deuteron and the twist-3 structure function
gT (x) of the proton by using the linearly-polarized deuteron and the trasversely-polarized
proton. The studies of the gluon transversity could lead to a finding of a new exotic
component in the deuteron.
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Appendix

A
Formulae in dimensional

regularization

A.1 Two-body phase space in D dimension

In the process q(p1) + g(p2) → γ∗(q1) + q(q2), the virtual photon is considered as a
massive boson. We can define the kinematical variables in the center-mass frame of p1

and p2 as follows

ŝ = p2 = (p1 + p2)2, t̂ = (p1 − q1)2 = (p2 − q2)2,

û = (p1 − q2)2 = (p2 − q1)2, q2
1 = m2, τ̂ = m2

ŝ
,

E2 = |~q1|= |~q2|=
ŝ−m2

2
√
ŝ
. (A.1)

The phase space in the D dimension is expressed as

dR2 =
∫

dD−1q1
(2π)D−12E1

dD−1q2
(2π)D−12E2

(2π)DδD(p− p1 − p2),

=
∫ 1

(2π)D−2
dD−1q1

(2E1)(2E2)δ(
√
s− E1 − E2). (A.2)
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Appendix A. Formulae in dimensional regularization

If we define the momentum p1 as the z-axis, the angle between p1 and q1 is θ. Then,
the D-dimensional integral is calculated by

∫
dD−1q1 = 2π

D−2
2

Γ(D/2− 1)E
D−2
2 dE2(1− y2)D/2−2dy, (A.3)

where y = cos θ. We use Eq. (A.3) for Eq. (A.2) and integrate it over E2 = |~q1| to obtain

dR2 =
∫

π1−D/2

2D−3Γ(D/2− 1)
ED−3

2
4
√
ŝ

(1− y2)D/2−2dy. (A.4)

A.2 Integrals used in dimensional regularization

The following integrals are used in the dimensional regularization:

∫
dy

y2

1− y2 (1− y2)
ε
2 =

√
πΓ( ε2)

2Γ( ε2 + 3
2)
,

∫
dy

1
1− y2 (1− y2)

ε
2 =

√
πΓ( ε2)

Γ( ε2 + 1
2)
,

∫
dy

1
1− y (1− y2)

ε
2 =

√
πΓ( ε2)

Γ( ε2 + 1
2)
,

∫
dy

(1− y)2

1− y (1− y2)
ε
2 =
√
πΓ( ε2 + 1)
Γ( ε2 + 3

2)
,

∫
dy

(1 + y)
1− y (1− y2)

ε
2 =
√
π(ε+ 2)Γ( ε2)
2Γ( ε2 + 3

2)
,

∫
dy

(1 + y)2

1− y (1− y2)
ε
2 =
√
π(ε+ 4)Γ( ε2)
2Γ( ε2 + 3

2)
, (A.5)

where there is no divergence in the forth integral; however, the divergence appears as
Γ( ε2) ∼ 2/ε in the other ones.

A.3 Plus function

The plus function [f(x)]+ is defined as follows [124, 141]

∫ 1

0
[f(x)]+ dx = 0,

[f(x)]+ = lim
β→0

[
f(x)θ(1− x− β)− δ(1− x− β)

∫ 1−β

0
f(y)dy

]
, (A.6)
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where θ(x) is the step function. The plus function often appears in the integral, so it is
more convenient to reexpress

∫ 1

x
g(z) [f(z)]+ dz

=
∫ 1

x
[g(z)g(1)] f(z)dz − f(1)

∫ x

0
g(z)dz. (A.7)

If f(x) = 1/(1− x), we have

∫ 1

x
g(x
y

)
[ 1

1− y

]
+

dy

y

=
∫ 1

x

g(xy )− yg(x)
1− y

dy

y
+ g(x) log(1− x). (A.8)

For f(x) = ln(1− x)/(1− x), it is given by

∫ 1

x
g(x
y

)
[ ln(1− y)

1− y

]
+

dy

y

=
∫ 1

x

ln(1− y)
[
g(xy )− yg(x)

]
1− y

dy

y
+ g(x)

2 log2(1− x). (A.9)
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