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Structure Functions of Pion and Deuteron

by Qin-Tao Song

Structure functions of the pion and the deuteron are studied in this thesis. The first
topic is on tensor-polarized parton distributions of the deuteron and their relation to
a spin asymmetry in the proton-deuteron Drell-Yan process. The second topic is on
generalized distribution amplitudes in the two-photon process v*y — 7’7, The third
topic is on gluon transversity of the deuteron and its relation to the prompt-photon

production cross section in the proton-deuteron collision.

First, in comparison with the spin-1/2 proton, there are additional spin observables for
the deuteron because of its spin-1 nature, and they are tensor-polarized structure func-
tions. In 2005, the HERMES collaboration observed the tensor structure function by
in the deep inelastic scattering (DIS) process with a polarized deuteron, and this mea-
surement is not consistent with the standard deuteron prediction. Furthermore, there
was an interesting indication that a finite antiquark tensor polarization exists. These
results indicate that the structure function b; could probe an interesting new aspect in
the deuteron. In the near future, b; will be accurately measured at Thomas Jefferson
National Accelerator Facility (JLab), and the Drell-Yan experiment is now under consid-
eration at Fermi National Accelerator Laboratory (Fermilab) by using the unpolarized
proton beam and tensor-polarized deuteron target. The tensor-polarized antiquark dis-
tributions are not easily determined from the charged-lepton DIS; however, they can
be measured in a proton-deuteron Drell-Yan process with the tensor-polarized deuteron
target. In this work, we provide theoretical predictions for the spin asymmetry of the
Fermilab Drell-Yan experiments by using optimum tensor-polarized parton distribution
functions (PDFs) to explain the HERMES measurement. We find that the asymme-
try is typically a few percent, and our results were used for proposing the polarized
proton-deuteron Drell-Yan measurement within the Fermilab-E1039 experiment. If it is
measured, it could probe new hadron physics, and such studies could create an interest-

ing field of high-energy spin physics.
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Second, the 3-dimensional (3D) structure functions, generalized parton distributions
(GPDs) and generalized distribution amplitudes (GDAs), contain information on form
factors, PDFs, distribution amplitudes (DAs) and orbital-angular-momentum contribu-
tions to the hadron spin. The GPDs provide us a way to solve the proton spin puzzle.
The GPDs can be measured by the deeply virtual Compton scattering (DVCS), and we
could also obtain GPDs by the s-t crossing from the GDAs. As for the GDAs, they can
be measured by the two-photon process v*y — hh, which is possible at KEKB. For this
two-photon process, the cross section can be calculated theoretically with the GDAs of
the hadron h. One can obtain the GDAs by analyzing the experimental cross sections
with a reasonable parameterization of the GDAs. In 2016, the Belle collaboration re-
ported a measurement for the differential cross sections on v*y — 7979 in eTe™ collision.
In this work, we obtained the pion GDAs by analyzing the Belle data. Moreover, we
investigated matrix elements of the energy-momentum tensor and the gravitational form
factors by using the obtained GDAs. The three-dimensional gravitational radii were cal-
culated as /{12)mass = 0.32 ~ 0.39 fm for mass radius and /(r2) pech = 0.82 ~ 0.88 fm
for the mechanical radius. We found that the mass radius is smaller than the pion charge
radius (0.659£0.004 fm, taken from PDG 2018 [1]) and that the mechanical radius is
slightly bigger than the charge radius. At this stage, the errors of the Belle measure-
ments are large. However, the precise measurements of v*y — hh are expected in the
near future, since the Belle II collaboration just started taking data with a much higher
luminosity of the Super KEKB in 2019. The GDAs are related to form factors of the
energy-momentum tensor of partons. These form factors are called gravitational form
factors because matrix elements of the energy-momentum tensor are source of gravity.
Therefore, it is very interesting to study the gravitational form factors, which contain

mass, pressure, and shear-force distributions for hadrons, by obtaining accurate GDAs.

Third, the gluon transversity does not exists in the spin-1/2 nucleons; however, one can
study the gluon transversity in the spin-1 hadrons such as deuteron and p meson. The
gluon transversity is a leading-twist distribution function which needs the helicity flip
of a hadron with spin more than one, for example, the deuteron. It is a very important
new quantity to probe the transverse spin structure of hadrons by using the deuteron.
The deuteron is a bound state of proton and neutron. Since the nucleons themselves
do not contribute directly to the gluon transversity due to their spin-1/2 nature, the
gluon transversity could be very small in the deuteron. If a finite gluon transversity
will be found experimentally, it reflects a new aspect inside the deuteron. At present,
the only possible experimental measurement of the gluon transversity is the electron-
deuteron DIS at JLab. There is no study to measure it in the proton-deuteron collision,
for example, at Fermilab. In this work, we propose that one can use the prompt-photon

production process to obtain the deuteron gluon transversity. However, we find that



the measurement of this process is not easy at this stage, since it is proportional to the

twist-3 effect in the proton part together with helicity observation of the photon.
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Chapter

Introduction

Internal structure of hadrons has been investigated by high-energy lepton-hadron scatter-
ing and hadron-hadron collisions. In elastic electron scattering, form factors of nucleons
and nuclei can be measured to find their internal charge and magnetic distributions.
To probe partonic structure of hadrons, deep inelastic scattering (DIS) of leptons has
been investigated since the Stanford Linear Accelerator Center (SLAC) experiment in
1970’s. We now know the existence and properties of partons inside the nucleon. In par-
ticular, the longitudinal-momentum distributions of the partons (quarks and gluons),
which are called parton distribution functions (PDFs), are now well determined in a

wide kinematical region.

In the polarized DIS experiment, longitudinally-polarized structure functions and PDFs
are studied. It is possible to find the quark-spin content from the experiment, and it
indicates the contribution to the nucleon spin from quarks. According to the simple
quark model, the nucleon spin 1/2 is explained simply by the combination of three
quark spins. However, the European Muon Collaboration (EMC) experiment [2, 3]
indicated that a small fraction of nucleon spin is carried by quarks. Therefore, gluon
spin and partonic orbital angular momenta also contribute to the nucleon spin, and their
contributions are not clear. This is called the spin puzzle of the nucleon. In order to solve
the spin puzzle, the generalized parton distributions (GPDs) can be used to figure out
the partonic orbital angular momentum contribution to the nucleon spin, and the GPDs
can be studied in the deeply virtual Compton scattering (DVCS) [4, 5]. The s-t crossing
quantities of GPDs are called generalized distribution amplitudes (GDAs) which can be



Chapter 1. Introduction

measured in the two-photon process [6-8], and one could obtain the information on the
GPDs by studying GDAs. Here, s and ¢t are Mandelstam variables. Both the GPDs
and the GDAs are three-dimensional structure functions of hadrons, and they reveal
important physical quantities of hadrons such as PDFs, electromagnetic form factors,
and gravitational form factors. The GPDs and GDAs contain information on matrix
elements of the energy-momentum tensor of partons and these matrix elements are
expressed by form factors. These form factors are conventionally called gravitational
form factors [9, 10] because the matrix elements of the energy-momentum tensor are
sources of gravity. It is difficult to probe the gravitational form factors of hadrons
directly since the gravitational interaction is too weak, so that the method of using the
GPDs and GDAs is a smart way to find the gravitational sources in hadrons. It became
a popular topic to investigate the gravitational form factors by the GPDs and the GDAs

recently.

The longitudinally-polarized structure functions and PDFs have been investigated ex-
tensively and they are relatively well determined now [11, 12]. On the other hand, the
transversely-polarized structure functions are not well studied. There exist transversely-
polarized PDFs called transversity distributions, which indicate the transverse-polarization
of partons in the transversely-polarized hadron [13—15]. The quark transversity distribu-
tions exist in the nucleon, whereas the gluon transversity does not exist in the spin-1/2
nucleon. It means that the scale evolution of the quark transversity of the nucleon is de-
coupled from the gluon, and this is very different from the longitudinally-polarized PDFs.
Therefore, the studies of transversity are important in understanding high-energy hadron
spin physics. In the transversely-polarized nucleon, there exist the quark transversity
distributions which flip the helicities of the nucleon. The quark transversity distribu-
tions are leading-twist PDFs as the longitudinally-polarized ones. Due to the chirally
odd nature, the quark transversity distributions cannot be measured in the polarized
DIS; however, one can study the quark transversity distributions by the Drell-Yan pro-
cess. The quark transversity distributions are not well determined since there is not
enough experimental data at present. As for the gluon transversity, it cannot exist in
the spin 1/2 nucleon on account of the violation of angular-momentum conservation. We
can only study the gluon transversity in the deuteron and A baryon with spin>1. The
gluon transversity distribution could probe non-nucleonic components in the deuteron
because the nucleons do not contribute to the gluon transversity . In this sense, it will

be interesting to measure the deuteron gluon transversity infuture.

In addition to the gluon transversity, the tensor-polarized distributions are also inter-
esting topics for the deuteron [16]. In general, the deuteron is considered as an S-D
mixture system of proton and neutron, and the tensor-polarized distributions vanish

if the deuteron is a purely S-wave state. Therefore, the tensor-polarized distributions

2



Form factors and distribution amplitudes

should be small in the deuteron since it is mainly in the S-wave. In 2005, the Hermes
Collaboration observed large tensor-polarized distributions in comparison theoretical
predictions by using electron-deuteron DIS [17]. This is another puzzle in high-energy
spin physics. In the near future, this puzzle of the tensor-polarized structure could be

solved by the experiments at JLab (DIS) and Fermilab (Drell-Yan) for the deuteron.

These topics are studied in this thesis as structure functions of pion and deuteron. In
particular, GDAs of the pion, tensor structure functions and the gluon transversity of the
deuteron are investigated. In this chapter, we provide basic knowledge for investigating
them. The pion GDAs contain information on form factors and distribution ampli-
tudes, so that they are introduced in Sec. 1.1. For the studies on the deuteron structure
functions, we explain basics of parton model and deep inelastic scattering in Sec.1.2.
Scale dependence of parton distribution functions is described by the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equations, which are discussed in Sec. 1.3.
The GDAs are one type of three-dimensional structure functions, and they are related
to the GPDs by the s-t crossing. These three-dimensional structure functions are intro-
duced in Sec. 1.4. Then, the formalism and results are discussed for the tensor-polarized
structure functions of the deuteron, especially on a tensor-polarized spin asymmetry of
the Drell-Yan process, in Chap. 2. As the second topic, we explain the GDA studies on
the pion by using the two-photon process v*y — 7°7° in Chap.3. The prompt pho-
ton production process is investigated to obtain the deuteron gluon transversity in the

Chap. 4. These results are summarized in Chap. 5.

1.1 Form factors and distribution amplitudes

1.1.1 Form factor

ki ky

FIGURE 1.1: Elastic electron scattering from the charge distribution ep(Z).

A charge distribution of a hadron can be probed by an electron-hadron elastic scattering

process. First, let us consider the simple case of a static charge distribution ep(Z), where

3
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e is the elementary electric charge and & is the space coordinate. We consider the elastic
electron scattering from this charge distribution as shown in Fig. 1.1, where k;, kf, and ¢
are momenta for the initial electron, final electron, and the virtual photon, respectively.
The cross section of the elastic electron scattering from this charge distribution is derived
in the following way [18]. The electromagnetic field A*(Z) of the target is expressed by
the scalar potential ¢ as A* = (¢,0), and ¢ is related to the charge distribution by
the Gauss law as V2¢ = —ep(Z). The transition amplitude for this process is given
by the electron current j,(z) = —eﬁf’y,,éuie*iq'm
—i [ d*x j,(z) A*(x), which becomes

and the electromagnetic field as T'y; =

Ty = ieusy,u A (q), (1.1)

where A#(q) is the Fourier transform of A*(x). Using the relation A*(q) = 276(Ey — E;)

[ d3ze"TA*(F), we obtain

Ty = 2im6(Ey — Ei)(eﬁf'yuui)/d3xeif'qA“(f). (1.2)
By considering the relation 62(6”3"7) = —{ %" 7 and integration by parts with the Gauss
law, we obtain
1 N
Ty = 2ind(Ey — Ei)(eﬂf%ui)ﬁ(fe)/d3$emqp(f). (1.3)
q

The integral part of this equation is the Fourier transform of the charge distribution,

and it is called the form factor:
F¢?) = / P Tp(7), (1.4)
Then, the cross section is expressed as

do do
— === F(®)|?. 1.
=) re (1.5)

Here, the Mott cross section is for the pointlike particle. For a scalar hadron h, the form

factor is defined by the matrix element of the electromagnetic current J  as

(h(p2)| T (0)|R(p1)) = (p1 + p2)"F(?). (1.6)

1.1.2 Relation between form factor and distribution amplitude

The form factor F(¢?) of a hadron is factorized into a hard part calculated by perturba-

tive quantum chromodynamics (QCD) and a soft part called a distribution amplitude
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at large Q% = —¢°. Here, we try to express the pion form factor in the factorized form.
It is useful to use the light-cone basis a = (a, a', a2, a®)
+_ L0, 3 1 2
a=—(a"ta’), a; =(a,a), (1.7)

V2

for this description. Let us consider the process y*7™ — 7" shown in Fig.1.2. The
amplitude of v*7+ — 7T is defined as e, M, where ¢, is the polarization vector of the
virtual photon, and we will show how to express M by the distribution amplitudes
(DAs) of the pion in the following [19]. In Fig. 1.2, we choose the virtual photon mo-
mentum (q) direction to be the z axis, and two timelike vectors v = (1,0,0,1)/v/2 and
v/ = (1,0,0,—1)/4/2 are introduced. The momenta in Fig. 1.2 can be expressed with v
and v/, they are ¢ = %I/ - %1/, p1 = %1/, p2 = %y, k1 =ap1, ks = (1 —2)p1 = zp,
ko = yp2, ka = (1 —y)p2 = yp2 and ¢1 = (1 —y)p2 — (1 — x)p1 for the gluon. The
amplitude of Fig. 1.2 is

@ ) d4k d4k _ il R
M :(_Z)/(QW)14/(27T)24CF (_7'97 )cele(—Zeu'y )fa(q?Wl
+(_ie“7a>cedfzef(—im“)faW]
1 qq
X /d4ze—ik2z <7r+(p2) | Tic(2)dg(0))] O> /d4weik1w <() ‘Tdb(())ua(w)’ 7T+(p1)>
T a 2 e 2
=(p1 + p2)° /01 dx /01 dy [Qﬁ(y, (1-— y)Q)??(lC_Fx;((l _)y;QﬂQ 6 (x, (1 — x)Q)] ’

(1.8)

where the pion decay constant fr = 130.7 MeV [20] is defined by the matrix element

(7" (p2) [0(0)°1"d(0) 0) = —ifeph. (1.9)

FIGURE 1.2: Electromagnetic form factor of pion in terms of distribution amplitudes.
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We use the light-cone variables in Eq.(1.8) and the momentum integrals become §
functions for the variables z™ and Z|, and it leads to the distribution amplitude (DA)
defined by

ifd

-+ | % e—ilyp])z <7T+(p2) ’a(z—)fw*d(o)’ 0>_ (1.10)

o(y)

It indicates the amplitude for finding a quark and an antiquark with the momentum
k; = ypéF and k;f = (1- y)p; , respectively, in 7. We have non-local operators
d(z7)y>y*tu(0) for 7~ and 1/v/2 {ﬁ(z_)'y5’y+u(0) - J(z_)'yf"y‘*'d(())} for 7¥ in the DA
definition. Here, we consider only the case that the photon interacts with a quark, it
should have the symmetry relationship (x — 1 — z,y — 1 — y) for the case that the

photon interacts with an antiquark. By adding the antiquark term, Eq. (1.8) becomes

M* Z(p1-+]h)afxq2)
—(p1 + p2)° / e / "dy [qb(y, (1-1)Q)

2rCras(Q*)egfz
3ryQ?

QWCFas(QQ)eug . .
31 o - yer” Y9

qS*(m,a:Q)] , (1.11)

+é(y,yQ)

so that the form factor F(q?) is obtained with the DAs at high Q2. If the isospin
symmetry is satisfied, the DA of 7+ is same with those of 7= and 7°. The DA of =
has the symmetry relation ¢(x) = ¢(1 — x) due to the charge-conjugation invariance,
and this indicates that the probability for finding the quark with momentum fraction x
is same with the probability for finding the antiquark with momentum fraction x in a

pion. The pion DA is normalized as

/ﬂmw@):L (1.12)
0

In general, the DAs are scale dependent, and the @@ dependence of ¢(y, Q) follows the
ERBL (Efremov-Radyushkin-Brodsky-Lepage) evolution equations [21, 22], and the gen-
eral form for ¢(x, @) of the pion is given by

00 —vn /200
¢(z,Q) =6x(1 —z) ancﬁﬂ(zx-1)<h1 o’ ) :

2
n=0,2 AQCD

92 n+1 1
Yo =20p [1— ——2 445 — |, (1.13)
(n+Dn+2) &

where Cq%/ % are the Gegenbauer polynomials and ~, are the one-loop anomalous dimen-

sions. Since 7, are positive except for 79 = 0, and the terms with positive 7, in Eq. (1.13)
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will decrease rapidly as @Q? increases. Therefore, only the first term in Eq.(1.13) survives

at high energy @2, and the asymptotic form is ¢(x) = 62(1 —z) which is Q2 independent.

The DAs of mesons are important physical quantities which are often used in the high
energy exclusive processes and B meson decays. In the previous part, we only discussed
the DA of pion [19, 23-25] which is a pseudoscalar meson. There are also interesting
papers for the DAs of other mesons. In Refs. [26-28] the DAs of scalar mesons like
f0(980) are defined. The authors of Refs. [29-31] systematically studied the vector meson
DAs where the higher-twist DAs are also introduced. As for the tensor meson such as
f2(1270), the DAs are investigated in Refs. [32-34].

1.1.3 Form factors of nucleons

The electromagnetic form factors of nucleon are defined as

Y
2Mn

(N(p2)|TEn (0N (p1)) = t(p2) |7 F1(q°) + 57— Fa(q?)io™ g, | u(pr), (1.14)
where k is the anomalous magnetic moment, o*” is defined by o’ = %[fy“,’y”], My
is the nucleon mass, F1(q?) is the Dirac form factor, and Fy(q?) is the Pauli form
factor. In the limit ¢> — 0, the effective charge is F1(0)e and the magnetic moment is
(F1(0) + kF5(0))e/(2Mp). The elastic electron-nucleon scattering is shown in Fig. 1.3,
and the differential cross section can be expressed by the electromagnetic form factors

as

b o B
aQ AE? sin4%E1

0 q
2Y 2
Fy) cos 573 7

ngz
1M

0
(FZ — (F1 + Kk Fy)? sin? g (115)

where E1 and F» are the initial and final electron energies, respectively. The form factors

G g and Gy are defined as linear combinations of F and Fy so that no interference terms

S

FI1GURE 1.3: Electron-nucleon elastic scattering.
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GEG)yr appear in Eq. (1.15):

2

Rq
Gg=FN+—5F
E 1+4M]2V 2

Gy = F1 + kFy, (1.16)

where Gg and Gy are the electric and magnetic form factors of the nucleon. Then, the

differential cross section is

1+ 7 2

do a? @ [G% + TG?W
i

0 0
_ 2 b 2 20
Q-1 Qsin4g ) cos” = + 217Gy, sin 21 , (1.17)

with 7 = —¢?/(4M%). In Eq.(1.17), the first term is the electromagnetic interaction
and the second one is the magnetic interaction. This cross section is similar to the

differential cross section of electron-muon scattering

2 2
do o B [cos29 T sin? 91 (1.18)

dQ en - 4E? sin4gE

In the limit ¢> — 0, only the electric form-factor term survives in Eq. (1.17), both cross

sections become the same.

In the subsection 1.1.2, the form factor of pion is expressed by the DA at high Q? (above
a few GeV?). In principle the nucleon from factors can be also factorized into a hard
part calculated by perturbative quantum chromodynamics (QCD) and a soft part which
is the nucleon DA. However, the nucleon DA is much more complicated than the one
of pion meson and it is seldom studied. Here, we will not discuss the relation between

nucleon form factors and DAs.

1.2 Parton model and deep inelastic scattering

==

FIGURE 1.4: Electron-proton deep inelastic scattering.

/|

o=
X
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Parton model and deep inelastic scattering

In Fig. 1.3, the electron-proton elastic process can be described by the electromagnetic
form factors. As the virtual-photon momentum square Q2 = —g? increases, the proton is
broken into many hadrons, and this process is called deep inelastic scattering (DIS). The
electron-proton DIS is shown in Fig. 1.4, and the differential cross section is expressed
as
4 3
& 1 d kQ
=———- 927 L,, W 1.19

q* 2k9 (27)3 29 e (1.19)

where LM = 2(ki' kY + kY kb + % g"") is the lepton tensor and W is the hadron tensor

defined by

W =

1 4.1 xl v
it | A Y o @) O) . 0). (1.20)

[

Here, p is the initial proton momentum, and ¢ indicates its spin. Since the lepton tensor
L,,, is symmetric, the symmetric form of W#" is

, L, W W, Ws
WH = —Wg" +M2p"p +M2q”q + — (p"q¢" + ¢"p”). (1.21)

M 2(
In order to satisfy the current conservation q,WH" = ¢q,W#” = 0, there are only two
independent structure functions W; and W left in Eq. (1.21), so it can be reexpressed

as

q"q” Ws P-q v P4y,
)‘i‘ﬁ( —?qu)(P q2Q) (1.22)

WH = Wi (=g +

For the vertex v*p — X, there are two independent Lorentz invariant variables, Q? =
—¢%> and v = ]’\’/[Z, whereas there is only one variable Q? in the elastic scattering (see
Eq.(1.14)). In the rest frame of the proton, v = kY — k9 is the energy loss of the incoming
electron. By using the lepton tensor and the hadron tensor in Eq. (1.22), we obtain the

cross section in terms of the structure functions Wy and Wh:

do a? FEs 0 0

T 1 2) cos? ~ + 2W (v, Q?) sin? - | . 1.23
9 15 sin4gE1 (v, Q%) cos 5 + 2W1 (v, Q7) sin 5 (1.23)
In the limit Q2 — oo, the proton is considered as an assembly of free quarks, and the
DIS process can be viewed as electron-quark elastic scattering. The structure functions

W1 and Wy are expressed by the parton distribution functions (PDFs) shown in Fig. 1.5,



Chapter 1. Introduction

and the functions F; and F» are usually used instead of W7 and Wha:

vWh = Fy(z) = Z ex [qi(x) + qi(z)],

1
MPWQ — Fl(l') = %Fé(l'), (1.24)

where i indicates quark flavor and ¢;(x) is the probability for finding the struck quark i
with the momentum fraction z = Q?/(2M,v) = Q*/(2p- q) of proton momentum in the
infinite momentum frame. In this Bjorken scaling limit (Q? — co and v — oo limit),
F5 depends only on the Bjorken z. The second equation 2z:F}(xz) = Fa(x) is called the
Callan-Gross relation, which results from the fact that the quark is a spin-1/2 particle.
Since the proton momentum is fully carried by partons, the momentum sum rule should
be satisfied,

/01 dz |:Z{QZ(.%') +qi(x)} + g(aj):| = 1. (1.25)

Here, g(z) is the gluon distribution function. The PDFs shown in Fig. 1.5 can be ex-

pressed by the Fourier transform of a correlator as

qi(z) = ;/d;r@

Here, the gauge link to satisfy the color gauge invraiance is abbreviated for simplicity.

a:(z")v ai(0)|p) e (1.26)

FI1GURE 1.5: PDFs for quarks.

1.3 DGLAP evolution equation for PDFs

The scale dependence of the PDFs is discussed in the following. The process v*p — X
is described as the quark with momentum fraction z = —¢?/2p - ¢ interacts with virtual
photon in the parton picture. However, the struck quark can radiate a gluon before or
after it is hit by the virtual photon. Then, the quark distribution functions are modified
by the process v*q¢ — ¢gg shown in Fig.1.6. At the order oy which is the running

10
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(a) (b)

(c) (d)
FIGURE 1.6: Quark distribution functions are modified by two types of processes. The
first one is v*¢ — qg (see (a) and (b)), and the second one is v*g — ¢ (see (c) and

(d))-

coupling constant of QCD, a quark-antiquark pair can be produced by photon-gluon
collision shown in Fig. 1.6. If we also consider the contribution from v*g — ¢q , the Q>
dependence of the quark distribution can be described by
dgi(z,Q%)  as /1 dy [ 9 T 9 x
—_— = — |q; P.(— P,(=)|, 1.27
legQQ o201 Ja y ql(x7Q ) QQ(y)"i_g(va ) qg(y) ( )
where Py,(z) and Pyy(z) are splitting functions. The function Py(2) is the probability
that a quark has a fraction z of the initial momentum by emitting a gluon, and Pyy(%)
indicates the probability that the quark carries a fraction z of the gluon momentum in

the process g — qq. They are explicitly written as

22
Pas) =5 (g +20(1-2),
Pyy(2) :% 22+ (1-2)?7. (1.28)

in the leading order of .

Similarly, the evolution of the gluon distribution function comes from the processes of a

gluon emission from quark and of three gluon vertex shown in Fig. 1.7.

dg(z, @ s [Vd
m:; / yy@qz»(x,Q?)qu(j)+g<x,@2>ng<j> L (129)

where the splitting function Py, (2) is given by Pyy(2) = Pyq(1 — 2), since the final gluon

with z momentum fraction means the final quark momentum fraction should be 1 — z

11



Chapter 1. Introduction

(@) (b)

FIGURE 1.7: Splitting processes of (a) an initial quark emits a gluon
and (b) a gluon splits into two gluons.

in the process ¢ — qg. The splitting functions are given by

Pyq(z) =Pgq(1 — 2),

Pyylz) =6 | - 24 i _ZZ)+ +2(1-2)] + (151 S60-2). (30)

Equations (1.27) and (1.29) are called DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-

Parisi) evolution equations.

1.4 Three-dimensional structure functions of hadrons

1.4.1 Proton spin puzzle

The quark model was proposed by M. Gell-Mann and G. Zweig in 1964 to classify
numerous hadron states, and the quark model works successfully to explain major hadron
properties. In this naive quark model, the proton contains three valence quarks, and the

proton spin comes from the combination of spins of these valence quarks:
1 1 4 _

In the parton model, in addition to quark spins, the proton spin could also come from
contributions of gluon spin and partonic orbital angular momenta. Therefore, the proton
spin is written as the summation of their contributions:

1 1

AY = (Aut + AdT + AsT), Aqt = Aq+ Aq. (1.32)

In 1988, the European Muon Collaboration discovered that only a small fraction of
the spin is carried by the quarks in the proton [2, 3], and this is called the proton
spin puzzle illustrated in Fig.1.8. In order to solve the spin puzzle of the proton, one

needs to figure out each spin contribution in Eq. (1.32). The quark spin contribution

12



Three-dimensional structure functions of hadrons

AY. can be measured by longitudinally polarized DIS and Drell-Yan process, and the
heavy meson production in the semi-inclusive DIS is often used to study the gluon spin
contribution Ag. As for the orbital-angular momentum in the proton, the GPDs provide
us a way to investigate the contribution from partonic orbital-angular momentum AL
to the proton spin [4, 5], and the GPDs are one type of three-dimensional structure

functions of hadrons.

Recently studies indicate AX ~ 0.30 & 0.05, L, ~ 0.2 £0.1 and Ag+ L, ~ 0.15 £ 0.10
at Q? = 4 GeV? [11, 12]; however, precise measurements are still needed to reduce the

uncertainties.

1980s now

F1GURE 1.8: Proton spin puzzle, picture from BNL website.

1.4.2 Generalized parton distributions

The GPDs can be investigated in deeply virtual Compton scattering (DVCS) process [4,
5, 35-37], deeply virtual meson production (DVMP) process [38-42], timelike Compton
scattering (TCS) [43], 2 — 3 hadronic reaction processes such as N+ N — N +7+ B

(N: nucleon, B: baryon) [44], and exclusive pion-induced Drell-Yan process [45].

Here, we will use the DVCS to illustrate the properties of GPDs, and the details of
GPDs can be found in the review papers [46-49]. The kinematics of DVCS is shown in
Fig. 1.9, and some momentum notations are defined as follows

2 A+
PP Ampopr, =A% p= s T e 2 (133)

2@’ T pl+py

P=

where we choose the average momentum of the nucleon P to be z axis, and ki = (x+€ )P
and k; = (x—&)P are the momenta of initial and final quarks, respectively. In the light-

cone coordinates of Eq.(1.7), p; and py are dominated by the + components. The photon

13



Chapter 1. Introduction

Y*(q1, A1) v(g2, A2)
-
(z+&)P (z—¢&)P
_>_ _>_
D1 P2

F1GURE 1.9: Deeply virtual Compton scattering of nucleon.

polarization vectors e(\;) are defined as follows

€(0) = = (1d.0,0,49). (%) = fﬁw,m, ~i,0). (1.34)

Q

The amplitude of the DVCS can be separated into a hard part and a soft part by
factorization at Q2 > AéCD, and the soft part involves the GPDs. In the following,
we show how to express the DVCS amplitude by the GPDs. The hard part is the
Compton scattering v*q — vq. There is another Feynman diagram by exchanging two
quark-photon vertices in Fig. 1.9, so that the amplitude is expressed as [50]

d*ko

:_ZZ ee €(A1)ue(X2)y /(27r)4

X /d4y€ﬂk2y (h(p2) [T (y)qa(0)| 1(p1)) , (1.35)

i+ g )y Vi — g)*

(k1 +q)? +ie (k1 —q2)? +ic |,

where a and b are the spinor indices, and the physical meaning of the second line is to
remove an incoming quark with momentum k; in the nucleon h and to absorb a outgoing
quark with momentum k. We use the Fierz identity

1 1 5

— oG + ~

af ~
1 4(7

Iabqq + 4( Y)ab@7°q + 40ab 40084,
(1.36)

@(y)qa(0) = abd 17’0+

14



Three-dimensional structure functions of hadrons

in Eq. (1.35). Here, since the trace of an odd number of * is zero, only the first two

terms remain, and they are the leading-twist contributions. Then, Eq. (1.35) becomes

. [ d*ks 1 m(Ky + Vn— v(1) — o
7= oo i (R + S

X /d4ye_ik2y h(p2) ‘Tq C](O)’ h(p1)>

Y+ gy A (KL — q/z)v“v‘“y‘]
A [ (k1 + q1)? + i€ * (k1 — q2)? + i€
x /d4ye*““2y (h(p2) |Ta(y)r"4(0)| h(p1)>} : (1.37)

The traces of the v matrices are calculated, and then the amplitude becomes

T = YO0 {o

q

1 1
x—§+ie+x+§+ie}

“ 2 2 d2y7r e (hipa) |Taty” ) a(0) [ o)) + e+ —£1+z'e * x+§1+z’6
XZ/CZQy;e_i””Py_< (p2 ‘Tq vy Q(O)‘h(p1)>}, (1.38)
where gf is defined as
0 0 0 O
gy = 8 _01 _1 3 (1.39)
0 0 0 O

The terms ¢4 and e/~ in Eq. (1.38) indicate that the incoming and outgoing photons

have same transverse helicities according to Eq. (1.34).

The DVCS amplitude (1.38) contains two kinds of GPDs. One is defined by the matrix
element of ¢(y~)y7¢q(0), and the other is by the one of g(y~)y*t7°¢(0). In this way,
the quark GPDs, HY(z,&,t), Ed(z,€,t), H(z,£,t), and E(z, €, t), are defined by the

relations

5 %e,impy—< (p2) ’q )Y Q(O)‘h(P1)>
iocT®
2]; [Hq(w & t)u(p2)y ulpr) + B(z, &, t)u(ps) QmAQU(pl)] ; (1.40)
2 dzyﬂ P (h(ps) [aly )7 a(0)| hlpr) )
5 ~ 75A+
=5pF lH"(w & ) u(p2)y "y ulpr) + B4z, &, t)a(ps) 5 U(pl)] : (1.41)
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The functions H9(z,&,t) and H9(x,&,t) are nucleon helicity-conserving ones, while
E(z,¢,t) and EY(x,&,t) are nucleon helicity-flipping ones. The helicity-flipping term
E%(x,&,t) indicate a contribution from quark angular momenta, which can be use to
solve the proton spin puzzle [48, 51, 52]. In the forward limit (p; = p3), the GPDs are
related to the PDFs of Eq. (1.26),

H(z,0,0) =q(z)f(x) — ¢(—x)0(—x),
H%(x,0,0) =Aq(z)8(z) + Ag(z)0(—x), (1.42)

where Agq(z) is the polarized PDF. If we integrate Eq.(1.40) over x, it becomes the

electromagnetic form factors in Eq.( 1.14):

/ (e £ 1) = Fy (1),
-1

/ 11 deE(z,€,1) =k Fy(t), (1.43)

where the £ dependence disappears after the integral. As for Eq. (1.41), it is related to

the axial and pseudoscalar form factors,

1 ~
[ .0 =440
1
| Etwet) =gt (1.44)
-1
where these form factors are defined by

A
2m

(h(p2) |a(0)y"+°a(0)| hlp1)) = u(p) [Wgzaw gb(t) | ulp).  (1.45)

It is possible to find the orbital-angular-momentum contribution L, to the proton spin

by using the GPDs in combination with Ag:

Jy=t [ dra (i 0= 0) 4 B9 = 0)
2/

1
=58+ L. (1.46)

Therefore, important physical quantities, the PDFs, the form factors, and the orbital-

angular-momentum contributions, can be studied by the GPDs.

In the above discussion, the nucleon GPDs are defined through the operators gy*q and
gv"v°qin Eq. (1.40) and Eq. (1.41), and the parton helicities are conserved because of the

vector current operator and the axial vector current operator. In Ref.[53], the nucleon
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Three-dimensional structure functions of hadrons

GPDs which flip the parton helicities are shown for both quarks and gluon, and they
are called transversity GPDs (Hp, Er, Hr, ET).

So far, we considered the nucleon case; however, there are also GPDs of the scalar and
vector hadrons. For example, the GPDs of pion [54, 55] are also defined in the same
way as the nucleon ones,

1 [dy~

Hi(w.&,1) =5 [ e (x (m) [ay v a0 w (). (147)

There is no axial-vector matrix element of Eq. (1.41) due to the spinless pion. There are
more GPDs for the vector hadrons such as deuteron and p meson than nucleon GPDs
due to the spin-1 nature. The parton-helicity conserved GPDs of deuteron are first

studied in Ref. [56, 57], and parton-helicity flipped GPDs are investigated in Ref. [58].

In addition to the quark GPDs, there also exist gluon GPDs for mesons and nucleons

shown in Fig.1.10 , and it is defined for the pion as

HY(w,&,t) —pﬂ %P (7 (o) |G (GEO)| 7 (1)) (1.48)

However, the details of gluon GPDs will not be discussed in this thesis since they are

involved in higher-order calculations.
(x+§)P% é(m—é)

FIGURE 1.10: Gluon GPDs of hadrons

P

The leading-twist (twist-2) GPDs are introduced in the above section, and there are also

studies for twist-3 GPDs of nucleon, one can check the details in Refs. [59-61].

1.4.3 Generalized distribution amplitudes

In the previous section, we studied the GPDs by the DVCS. If we consider the s-t crossed
channel of the DVCS, it is v*y — hh in Fig.1.11. In this two-photon process, we have
a new physical quantity called the generalized distribution amplitude (GDA) in the soft
part by factorization [6-8, 62], and the GDAs are the s-t crossing quantity of the GPDs.
The GDAs describe the production of hh from a quark-antiquark or gluon pair, and it
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is similar to the DA of Eq. (1.10) except for the difference in the final state: there is
one hadron in the DA and a hadron pair in the GDA. The ~v*y — hh process is shown
in Fig. 1.11, and the kinematical variables are given as

o, Pl

PZQ1+Q2, QQZ_q%7 q%:(), F_Za P+:C7 52W2:(1’1+p2)27 (149)

where kq and ko are the momenta of quark and antiquark, and p; and py are the momenta
of final-state hadron and anti-hadron. The direction of ¢; is along the z axis, and ¢ is
along the negative z axis. In the light-cone coordinate, k1, ko, p1 and po are dominated
by the + components. We need to have Q2 > A(%CD,VV2 to satisfy the factorization
condition for describing the process by the GDAs and a hard part. Here, we take the
pion as an example to study the GDA properties. The GDAs are defined by

7" (2,(, W?) = /nggeiy(zpﬂ (m(p1)m(p2)l Gy~ )y q(0)]0) . (1.50)

The variables of the GDAs can be related to those of the GPDs H%(x,¢,t) in Eq. (1.47)
by the s-t crossing, and one can get the expression of GPDs from GDAs by the following

replacements
l—2c=2 1922 wroy
- = = —az = -, =1
3 3
1—-2z 1
7™ N H (— —— W2). 1.51
q (zvfu )<_> q<1_2§71_2€7 ( 5)

Therefore, the GDA can be considered as another way to study the GPD. However, we
should note that the GDAs may not necessarily correspond to the physical region of the
GPDs under the replacement, and it could lead to the unphysical region.

For the 7m state with a fixed C' party, we have the following relation

T 2 s 2 T 2
q)q (1 - Z7C7W ) = _Cq)q (ZaC7W ) = —Q)q (271 - CvW )7 (152)

FIGURE 1.11: Generalized distribution amplitudes can be studied in two-photon pro-
cess.
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Three-dimensional structure functions of hadrons

under the charge conjugation. Therefore, the GDAs for 77~ with the fixed C party

can be expressed as

(W) = L[0T G W R (1 WY)], (1)

where & indicates the C party of 777 ~. Then, we have
ata— 2\ _ &+ 2 — 2
(I)q (27C7W >_q)q (Z7C7W >+(I)q (Z7C7W ) (154)

Therefore, ®™'™ contains both C-even and C-odd GDAs. Since the C' parity of the
~y* is even, only @;(z, ¢, W?) is involved in the two-photon process. As for the case of
7970, the C party is even, so it contains only the @;(z, ¢, W?) part. If s = W? is large
enough, namely, Q? > s > A(QQCD, the GDA (I)Zfﬁ_ (2,¢,W?) can be expressed by the
pion DA [63].

Now, we consider the isospin (I) of the w7 state. The I =0, 1, and 2 77 states are

1
0,0) =—= ("7~ — 7%7% + 777 ™),
V3
1
|17O> :7(7T+7T7 - 7T77T+)7
V2
1
12,0) =—=(7T7n~ + 27970 + 777 F). (1.55)

S

The 770 contains the I = 0 and I = 2 components, and the 777~ contains the I = 0,
1 and 2 components. According to the definition of the GDAs, the isospin of gg can be
0 or 1, so that the possible choices for the final w7 state are I = 0 (77", 777 ~) and
I =1 (r"7"). For the I =1 case, the angular momentum L should be even to keep the

positive C' party. At the same time, the Pauli-exclusion-principle relation
(1) x (=1 x (-=1)° = +1, (1.56)

should be satisfied, so that the I = 1 GDAs do not exist in the two-photon process.
Therefore, the w7 states should be I =0 and L = 0,2. As a consequence of the isospin

invariance, we have

'™ (2,¢, W) = @F (2,(, W?),
OF (2, W?) = ® (2,¢, W?). (1.57)
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In this case, the amplitude is same for both 7%7% and 777~ in the two-photon process.

There is a momentum sum rule for @ (z, ¢, W?) [6-8],

/01 dz(22 — 1)@} (2,¢, W?) = (7 (p1) (p2) | T,74(0)]0), (1.58)

2
(P*)?

where T} is the energy-momentum tensor for quarks. Here, we have W2 > 0, so
that (7% (p1)7~ (p2)|T, *(0)]0) is a timelike energy-momentum tensor for quarks in the
pion. In the spacelike region (W? < 0), it is (7 (p1)|T;(0)|7 " (p2)). By the analytical
continuation from the timelike region to the spacelike one, we have the sum rule at
W2 =0 [6-8],

/1 dz(2z — 1)@ (2,(,W? = 0) = —2R.((1 - (), (1.59)
0

where R™ is the momentum fraction carried by quarks in the pion.

Now, let us briefly discuss the C-odd (I=1) GDAs of 777~ in order to show the relation
to the DAs and the electromagnetic form factor, although they do not appear in the

current two-photon process. If Eq.(1.50) is integrated over z, we obtain [§]
! - 2 2
| e (W) = 2 = FW), (1.60)

where F(W?) is the timelike electromagnetic form factor, which is different from the
spacelike electromagnetic form factor of Eq. (1.6). @ (z,¢,W?) can be related to the

pion DA if the momentum of one of the pions goes to zero (¢ =0 or 1) [8] as
- _ 2 __ _ — _ 2 _ _
P, (2,(=1,W"=0)=-2,(2,(=0,W"=0) = ¢(2), (1.61)

where W?2 = 0 is taken by neglecting the pion mass, and ¢(z) is defined in Eq. (1.10).
As for the gluon GDA, it is defined by

By (¢, W) = [ L=V (i )n(a) [ 67 7)GE(0)]0)

=2(1 - 2)P* / C;y—w_e_izpw_ (m(p1)7(p2) |A* (y~)AL(0)] 0). (1.62)

The symmetry relation of the gluon GDA reads
(I)g(za C? WQ) = q)g(l — % Ca W2) = (I)g(l — % 1- C? WQ)) (163)

which is obtained by the exchanges of gluons and also final-state pions.

In Sec. 1.1, we discussed the Q? evolution of the DAs for the pion. It is slightly different
for the GDAs, since the C-even GDAs & (I = 0) can be mixed with the gluon GDA
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due to the evolution. The general expressions of the Q%-evolved <I>; and ®, are

nf n+1
ST el (2, W =2(1-2) Y 6np Y Bu(W2,Q*)P(2¢ — 1)C3/2(22 — 1),
q=1 oddn evenl
n+1
By(2,CW2QY) =22(1- 223 Y BL(W2, QY R((2¢ - 1)C% (22— 1), (1.64)
oddn evenl

where P, is the Legendre polynomial, and it indicates that the final w7 state is in the
angular-momentum state L = [, L, = 0, and B,; and B}, are expansion coefficients. The
Q? dependence for B,,;(W?,Q?) is written as

(02 Ky (02 5
an(WQ,QQ)—B;LLl(WZ)(aZEg%D +B;Z(W2)<aig%;> , (1.65)

where Q2 is the initial scale. This Q? dependence is the same for B/, (W?,Q?) in the
gluon GDA. The detailed expressions of K= are found in Ref. [7]. Since KT is positive
except for K = 0, only the term with K, survives in Eq.(1.65) at very large Q>.

Therefore, we have the asymptotic form for GDAs as

nf
> 0F (¢ W) = 18np2(1 - 2) [Bip(W2) + Bp(W?)Py(2¢ - 1)]

q=1

By (2, ¢, W) = 48:2(1 - 2)? [ Big (W) + Bz (W) Pa(2¢ - 1)] . (1.66)

By using Eq. (1.59) and Eq. (1.64), we have [6-8]

_ _ 10R,
312(0) = —Blo(o) = 9nf ) (1~67)

where n is the number of flavors.

As for the @ (z, ¢, W?), it is very similar to the pion DA, since it does not mix with the
gluon GDA:

n+1

O, (2, W2 QY =62(1-2) S . Bu(W2Q%)C*(2¢ —1)C3% (22 — 1), (1.68)
evenn oddl

The Q? dependence of B,,;(W?2,Q?) is same as that of the pion DA in Eq. (1.13). Ac-

cording to Eq. (1.60), Bo1(W?) is the timelike electromagnetic form factor of 7*. With

isospin invariance, we have the relation ®,; = —®_.

In the above case, the leading-twist GDAs are discussed for pion, and the twist-3 GDAs
of pion are investigated in Ref. [64]. There are also studies of GDAs for other types of

hadrons such as baryons and vector hadrons. For example, the GDAs of baryon [65] are
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involved in the process v*y — BB (B for baryon), and the proton GDAs are just the
s-t crossing quantities of the proton GPDs which reveal the orbital-angular momentum
contribution in the proton. As for the GDAs of vector hadrons, the authors of Ref. [66]
studied the p GDA in the process of v*y — p°p°. To generalize the process v*y — 7,
the 3m GDAs are proposed for y*y — wrm [67].
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Chapter

Spin Asymmetry for Drell-Yan
Process at Fermilab with

Tensor-Polarized Deuteron

2.1 Puzzle of tensor-polarized structure function in the

deuteron

Tensor-polarized structure functions of the deuteron are different spin observables from
the polarized proton structure functions [16, 68], and they are not well understood. It
is an interesting topic and the field of tensor structure functions could become a hot
topic in a few years, because the JLab experiment will start soon, as the proton spin
puzzle created the field of high-energy spin physics. The deuteron could be considered
as a nucleus which contains proton and neutron in S wave. In this case, the magnetic
moment of deuteron is equal to the sum of magnetic moments of proton and neutron,
and the experimental measurement of the magnetic moment supported this S-wave idea.
However, the existence of the electric quadrupole moment indicated that the deuteron
should also contains a small fraction of the D wave in addition to the S wave. This D-
wave admixture is now widely accepted. The D-wave contribution implies finite tensor-
polarized structure functions in the deuteron, because there is no tensor polarization for a
purely S-wave deuteron. One of the tensor-polarized structure functions is b1, and it was
measured by the HERMES collaboration in 2005 [17]. Although their errors are large,
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the data showed that b; is much larger than the theoretical prediction in the S-D mixture
picture [16, 69]. Therefore, the standard S-D mixture cannot explain the experimental
data. In order to solve this puzzle, there are several possible explanations such as six
quarks configuration of the deuteron [70], shadowing effects of the nucleus [71-73], and
pion effects in the deuteron [70]. Recently, the original calculation of Refs.[16, 69] on
the S-D mixture was corrected [74]; however, the theoretical results still indicate large
discrepancies from the HERMES data. In this work, we study tensor structure of the
tensor-polarized PDFs through the spin asymmetries in the proton-deuteron Drell-Yan
process [75], and we hope that future measurements will provide crucial information to

find a mechanism for solving the issue.

2.2 Tensor-polarized structure function b,

FIGURE 2.1: Deep inelastic scattering of unpolarized electron from polarized deuteron.

The tensor structure function b; of deuteron can be studied by DIS, where the beam is
unpolarized lepton and the target is the polarized deuteron in Fig. 2.1. For the spin-1

deuteron, there are 8 structure functions in the hadron tensor W:,f A [16, 76]:

A 1 ,
Wl = / 42 (p X g T, ()], (0)|p As)
. o g A 199 N
=— Figuw + A PP+ Cwaad 57 + PRk (p-qs” —s-qp7)

1 1 1
— b1 + 652(3;“/ + b + w) + 553(3#1/ — Upw) + 554(3;”/ — ). (2.1)

where My, p, and ¢ are deuteron mass, deuteron momentum, and momentum transfer.
G and P, are defined by G = g — 9uq/q* and P, = pu — (p- ¢/¢%) qu- We have
v =p-q/Mg, and the antisymmetric tensor is defined by €p123 = +1. The initial and
final spin states of the deuteron are denoted as A\; and Ay, respectively. The spin vector

of the deuteron is s* which is expressed by the polarization vectors of the deuteron
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EH(X) as

Z‘ ra *
(sapa) = —ﬁde“ PES(Nf)Ea(N)ps,

;5(07 +1,-4,0), EM(A=0) = (0,0,0,1). (2.2)

The tensors 7., Sy, tu, and u,, are defined as

EF(\ = +1) =

o 1,7,
s =34+ B e BOW) = 50 g
2 . 1 Pubv
Md * % r 2. 2
Upy =—— [E ()\f) v(Ai) + Ey()\f)Eu()\i) + gg,w - 3M2pupuj|7

» =$ {a- B O0) [l (0) + Do Bu(M)]

A Dok o P 4u
+ [BuBr () + BB ()] 0 B(N) - 300, pupu}- (2.3)

The structure functions b1, bo, b and b, are the new quantities for the spin-1 deuteron,

whereas Fi, Fb, g1 and g2 also exist in the spin-1/2 proton.

In the parton picture, F} can be expressed by the PDFs, Fi = 3" e? [g;(z, Q%) + @i(z, Q?)].

Similarly, by is expressed by tensor-polarized PDFs as

1

b= 3> [orai(e, Q) + 0rai(x, Q)]

+1 2 1 9
5’1‘(]2‘(;177@2) —_ Q?(CC,Q2) N q; (xaQ )";ql (l‘,Q )7

(2.4)

where 67q;(z,Q?) is the tensor-polarized PDF, and qi)‘ indicates an unpolarized quark
distribution of flavor ¢ in the deuteron spin state A. The Callan-Gross relation is known
as 2cF) = F5 in the Bjorken scaling limit, and b; and by are also related to each other
by the similar relation 2xb; = bs. There exits a sum rule based on the parton model

[77]. From the expression (2.4), we obtain the relation
) 1 _ - _
/ doby(z) = lim >t Fo(t) + 5 / da [46ra(x) + 40rd(x) + 6rs(x)] . (25)

where Fp(t) is the electric quadrupole form factor. If the tensor-polarized antiquark

distributions does not exist, it leas to an interesting sum rule for b;:

/ da by (x) = 0. (2.6)

However, finite antiquark distributions exist, the sum becomes [ dz by (z) = [dx[407u(x)+

467d(x) 4 675(x)]/9. Therefore, a finite sum indicates that there exist tensor-polarized

25



Chapter 2. Spin Asymmetry for Drell-Yan Process at Fermilab with Tensor-Polarized
Deuteron

antiquark distributions in the deuteron.

The HERMES collaboration conducted the first measurement of the deuteron structure
function by in 2005; however, the experimental measurements indicated that b7 is not as
small as the prediction by the standard convolution model based on the S-D admixture
[17]. In this case, it is necessary to study the tensor structure puzzle of the deuteron
by considering other mechanisms on the tensor structure in terms of quark and gluon

degrees of freedom. The HERMES collaboration also reported the integrals of b; as

0.85
/ dz by (x) = [1.05 £ 0.34(stat) £ 0.35(sys)] x 1072,
0.002

0.85
/ dz by (x) = [0.35 £ 0.10(stat) £ 0.18(sys)] x 1072, (2.7)
0.02

where the first value is obtained in the measured energy range, and the second one is
in the range of Q> > 1 GeV2. The nonzero integral of b; indicates the existence of
tensor-polarized distributions for antiquarks d7¢(z) in the deuteron. In the near future,
the structure function b; can be measured at JLab, and this could help us to solve the

puzzle of tensor structure in the deuteron.

2.3 Tensor-polarized spin asymmetry in proton-deuteron

Drell-Yan process

The tensor structure of the deuteron can also be studied by the proton-deuteron Drell-
Yan process, and it has the merit in probing drg(z) directly. The Drell-Yan process p +
d — ptpu~ + X is shown in Fig. 2.2. In the Fermilab-E1309 experiment, the unpolarized
proton beam (120 GeV) is provided by the Main Injector, and the polarized deuteron is

the target. The center-of-mass energy is s = (p; + p2)?, and the dimuon-mass squared

p*i

. w (k1)
i AR
% T

FIGURE 2.2: Drell-Yan process for unpolarized proton and tensor-polarized deuteron.
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is given by M 5# = QQ? = z1125. In this process, the hadron tensor is defined as

1
WDy —
Y A My

Jatee BRI a5 (0) | pd). (28)

There exists many structure functions and polarization asymmetries in the Drell-Yan
process with unpolarized proton and polarized deuteron. Among them, the tensor-
polarized spin asymmetry Ag [78, 79] can reveal the tensor-polarized PDFs of deuteron.
It is defined by

1 o(e,+1)+o(e,—1)
_ : ’

(2.9)

where 4+ and 0 indicate the deuteron spin states and e is the unpolarized proton. In the
parton model, the asymmetry Ag is expressed by the PDFs and the tensor-polarized
PDFs of the deuteron as

> €f lgi(21)0rgi(x2) + (7i($1)5TQi(332)].

Ao = i €2 [qi(x1)qi(w2) + Gi(21)gi(w2))

(2.10)

In this case, the tensor-polarized distributions d7q(z) and d7g(z) of the deuteron can be
studied by the spin asymmetry Ag. Since the antiquark PDFs are extremely small in the
large x1 region, we have the relations ¢;(x1)d7q;(x2) > Gi(z1)drqi(x2) and g;(z1)g;(x2) >
gi(x1)gi(x2), so that the spin asymmetry of Ag at large xp = z1 — x2 can be simplified

as

-~ i €2 [qi(21) 07 (22)]
o= i €2 [qi(w1)qi(w2)]

at large zp. (2.11)

Therefore, the tensor-polarized antiquark distributions dpg;(x) can be directly probed
by the measurements of the spin asymmetry Ag at large xp. It is necessary to mea-
sure the tensor-polarized antiquark distributions by the Drell-Yan process, since they
were already indicated by the HERMES data in Eq. (2.7). This Drell-Yan process with
the unpolarized proton and polarized deuteron is now under consideration within the

Fermilab-E1309 experiment as a future project.

2.4 Results

In calculating Ag(x1,x2) for the Fermilab-E1309 experiment, the unpolarized distribu-
tions of proton and deuteron are taken from the MSTW (Martin, Stirling, Thorne, and
Watt) PDFs in the leading order of a, [80]. We adopt the functional form of param-

eterizations for the tensor-polarized distributions of deuteron based on the HERMES
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0.004
% HERMES
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X

FIGURE 2.3: The structure functions xb; are shown for both set 1 and set 2. The
orange bands is the uncertainties for the set-2 curve [81].

data at the average scale Q% = 2.5 GeV? in Ref.[81]. In the parameterization, there
are two analysis types in order to check the impact of tensor-polarized antiquark distri-
butions. In set 1, only the tensor-polarized valence-quark distributions are considered
at Q2 = 2.5 GeV?, while finite tensor-polarized antiquark distributions (§7u=drd=0675)
are also assumed to be available at the initial scale for the set-2 analysis. With the
tensor-polarized PDFs for both set 1 and set 2, the values and error bands of xzb; are
shown in Fig. 2.3 in comparison with experimental data. The error bands of a physical

quantity f(z) are expressed by the Hessian matrix H;;,

i = s [ 57] 7 [%ﬂg .12

where &; is a parameter, and & is the minimum parameter set. The Hessian matrix is

obtained by expanding x? around the minimum parameter set as f

(€ +08) = X*(§) = D Hijokio;. (2.13)

i?j
Here, we take Ax? = 1 for the error bands in our results. The set-2 tensor-polarized
PDFs provides a better description of the HERMES data in comparison with those of the
set 1. Moreover, the experimental measurements of the b; integral in Eq. (2.7) indicate

that the tensor-polarized antiquark distributions are necessary at the initial scale.

In Fig. 2.4, we show the tensor-polarized distributions at Q% = 2.5 GeV?2. The tensor-
polarized antiquark distributions are dominant in the small-z region (z < 0.02) in the

set 2. There is a node at x = 0.229 for set 1 and = = 0.221 for set 2 to satisfy the
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sum rule [ dz(b1)yaience = 0, and this node is also predicted by standard S-D mixture
calculations for the deuteron [16, 69, 74]. The tensor-polarized gluon distribution is set

to be 0 at Q% = 2.5 GeV?.

0.005 —
x0,q
x0,f il H
0 i T
(
\
\ ,'
8,q,—\/!
00051 )22 5 GeV2 X074, y
I
= = = = without tensor-polarized antiquark (set 1) “ ']
' 4
++s  with tensor-polarized antiquark (set 2)
-0.01 ‘ ‘
0.001 0.01 0.1 1

X

FIGURE 2.4: Tensor-polarized PDFs at the initial energy scale (Q? = 2.5GeV?). The

dashed curve is the valence-quark distributions zdrq, in set-1 analysis, where there

is no antiquark distribution zd7g. The solid and dotted curves are the valence-quark
distributions zdrg, and the antiquark distribution zdrq in set 2, respectively. [75].

The tensor-polarized distributions at other Q? scales (Q* = x122s) can be obtained by
using the DGLAP evolution equations [16]. In Fig. 2.5, we present the tensor-polarized
PDFs of the set 1 at the typical Q? scale Q? = 30 GeV? for the Fermilab-E1309 Drell-Yan
process. We notice that there also exists the finite tensor-polarized distribution for gluon,

even though it is set to be zero at the initial scale Q? = 2.5 GeV2. Because there are

x9,f(x)

0.006
- === 02=25GeV2
0.004 02=30 GeV2
-7 s
0.002- = ‘\
_— — \
S s xé,c=x6,c .
x6,u=x0,d=x0,5
-0.002-
-0.004
-0.006 ] T TEETT N
Tensor PDF set-1 ‘\ ,'
-0.008 ; =
0.01 0.1 1
X

FIGURE 2.5: Tensor-polarized PDFs at Q? = 30 GeV? (solid curves) are compared with
the tensor-polarized PDFs at the initial scale (dashed curves) in the set-1 analysis [75].
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FIGURE 2.6: Tensor-polarized PDFs (solid curves) at Q% = 30 GeV? in comparison
with the tensor-polarized PDFs (dashed curves) at the initial energy scale for set-2
analysis [75].

no antiquark tensor-polarized distributions at Q2 = 2.5 GeV?, the symmetric antiquark
distributions (7% = 67d = 675 = dp¢ = 0) hold for any Q2 scale in the leading order
of a;. The set-2 tensor-polarized distributions at Q% = 2.5 GeV? and Q? = 30 GeV?
are shown in Fig. 2.6, and their magnitude is the 10~ order for both tensor-polarized
quark and antiquark PDFs. The equality for the antiquarks (674 = é7d = 675 # 0) also

holds as we change the Q2 scale.

0.02

Tensor PDF set-2

0.01 /\ ————— Tensor PDF set-1
Y R B

Q

-0.01-

-0.02-

p+ d Drell-Yan
003 E,=120 GeV

02>2.5 GeV? —
-0.04 ‘ : : ‘ ‘
0 0.1 02 03 04 05 0.6
Xy

FIGURE 2.7: The spin asymmetries Ag estimated at typical values 1 = 0.2,0.4 and
0.6. The solid and dashed curves indicate the spin asymmetries of set 2 and set 1,
respectively [75].

The spin asymmetries Ag(z1,x2) of set 1 and set 2 are shown in Fig. 2.7 at the typical

values of 1 = 0.2, 1 = 0.4 and 21 = 0.6 [75]. The set-1 results are very different
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from those of set 2 at small x5, and this is because that the antiquark tensor-polarized
distributions play an important role when z9 is small according to Eq. (2.11). The spin
asymmetries Ag(z1,x2) are of the oder 1072 for both set 1 and set 2. In Fig. 2.8, we
show the spin asymmetries Ag(z1,22) and its error bands at Q? = 30 GeV?, which is
typical energy scale for the Fermilab-FE1309 Drell-Yan process. We believe that the set-2
results should be more reliable than those of set 1, because the tensor-polarized antiquark
PDFs are indicated by the HERMES data with Eq. (2.7). The measurements of the spin
asymmetries are now under consideration by the Fermilab-E1309 Collaboration by using

our results, and we hope that our studies should be useful for the upcoming experiment.
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001l Iy 00000 m———— Tensor PDF set-1

A 0 0 |||||||||||I|||....

1 0
01 Xy,
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Il
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FIGURE 2.8: Spin asymmetries Ag estimated at Q? = 30 GeV?. The dashed curve is
set-1 results, and the solid curve indicates spin asymmetries Ag of the set 2 with the
error bands [75].

2.5 Summary

There are new structure functions for the deuteron associated with its tensor structure
in comparison with those of proton. In 2005, the tensor-polarized distributions were
first measured by HERMES collaboration; however, there is a discrepancy between the
experimental data and the theoretical prediction. In order to understand this puzzle,
one can use DIS and Drell-Yan process to measure the details of the tensor-polarized
distributions. In the Drell-Yan process, the spin asymmetry Ag is expressed by the
tensor-polarized distributions, and it has the advantage to study the tensor-polarized
antiquark distributions. In this work, we estimated of the spin asymmetry Ag for Drell-

Yan process at Fermilab, and we found that it is of the order of a few percent. In future,
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the tensor-polarized distributions will be measured by JLab (b;) and Fermilab (Ag),

which may reveal the puzzle of deuteron.
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Generalized Distribution

Amplitudes for Pion in
Two-Photon Process

3.1 Motivation

The proton spin puzzle indicates that only a small fraction of the spin is carried by
the quarks in the proton, and this issue could be solved by investigating the GPDs
in the DVCS. As shown in Eq.(1.46), we can obtain the orbital-angular-momentum
contribution to the proton spin from the GPDs. In the kinematics where the factorization
works, the soft part of the DVCS is expressed by the GPDs. In addition, the GPDs could
be measured in the deeply virtual meson production [42], the exclusive hadoronic 2 — 3
process [44], and the exclusive pion-induced Drell-Yan process [45]. If we consider the s-t
cross channel of DVCS, we get the exclusive process v*y — hh. Similarly, the soft part
is described by the amplitude of ¢§ — hh, which is the GDA. These three-dimensional
structure functions will provide us valuable information on internal structure of hadrons
such as form factors, PDFs, DAs, and angular-momentum contribution of partons to the

nucleon spin.

The GPDs are mainly investigated by ep — e7yp process, for example, at JLab, and the
exclusive pion-induced Drell-Yan process 7~ +p — putu~ + n could be conducted at
Japan Proton Accelerator Research Complex (J-PARC) in future. As for the GDAs,
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the Belle Collaboration recently released the measurement of differential cross section
for v*y — 7970 [82]. In this work, we try to obtain the pion GDAs by analyzing the
Belle data. In 2019, the Belle II colloration started to collect data with the updated
super KEKB, and the GDAs of other hadrons can be investigated with more precise

measurements of yy* — hh in the near future.

3.2 Pion GDA in process v*y — 7’7"

There are two subprocesses for the reaction ey — enm in Fig.3.1. The 7x pair must
have C' = + for the charge conjugation in the y*v scattering process, so that both 77~
and 707° can be produced, and the cross section is determined by GDAs 7™ (2, ¢, W?2).
The amplitudes of 777~ and 7%7° are same due to Eqgs. (1.54) and (1.57). As for the
bremsstrahlung process, the 77 pair must have C' = —1 for the charge conjugation on
account of the single virtual photon and only 77~ is available, and this subprocess
is determined by the electromagnetic form factor or distribution amplitudes of 7% (see
Fig. 2.1 in Sec.1.1).

(b)

FIGURE 3.1: Subprocess (a) 77 production through v*v scattering and subprocess (b)
w7 production through bremsstrahlung.

In 2016, the Belle Collaboration reported a measurement of the differential cross section
for v*y — 7970 in the ete™ collision, where the electron (or positron) is detected with
7970 while the positron (or electron) is scattered in the forward direction and undetected
[82]. In the eTe™ collision, the 797" can also come from the collision of two virtual
photons, namely, v*v* — 7%7°. However, the contribution of v*v* — 7970 is very small
in comparison with the one of yv*y — 797°[83]. The Q2 and W regions of the Belle data
are 3.46 GeV? < Q? < 24.25 GeV? and 0.5 GeV < /s = W < 2.1 GeV. Due to the charge
conjugation, only the subprocess v*v scattering in the Fig. 3.1 contributes to the Belle
data, and the GDAs for ¥ can be obtained without the interference from bremsstrahlung

progress. Therefore, only the GDAs @goﬁo (z,&,W?) are needed to explain the Belle data.
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Y*(q1 A1) o ™ (p1)

Y(g2A2 ) T —

Hard part Soft part: DA

FIGURE 3.2: The transition form factor F.«,_,-o.

The process of v*y — 7070 i

is very similar to v*y — 7° shown in Fig. 3.2, and the latter
one is determined by the transition form factor F.., o or the pion DAs [19]. In the
factorized processes, they have the same hard part v*y — qgq. However, the soft part
of the GDAs corresponds to the vector current gv*q, since the nm state has the same
quantum numbers as the scalar meson fy and the tensor meson fs. The pion DAs are
for the axial current gy“+°q due to the pseudoscalar properties of 7. In the process
of v*y — 70, the two photons have the same helicities since 7¥ spin is 0. The hadron

tensor of v*y — 7% is expressed by the DA of pion [7, 19, 84-86],
v / dtzemine WO(P)|TJ“(JC)J”(O)|O>

1

Z / 1 —2) (3.1)

where ¢4(z) is the DA of pion, and antisymmetric tensor €7 only has nonvanishing
transverse components ( e4? = 1). In v*y — 797%, the photon helicities are also same
and transverse in the leading twist and leading order, and the angular momentum of
7970 should be L = 0,2 and L, = 0.

In the following, we show the relation between the GDAs and the cross section of v*y —
7970 in Fig.3.3. In the center mass frame of v* and +, the momentum of the virtual
photon is along z axis, and the polarization vectors €(A;) of the virtual photon can be

found in Eq. (1.34). The polarization vectors e(A2) of the real photon are

e(£) = —(0,F1,4,0). (3.2)

7

35



Chapter 3. Generalized Distribution Amplitudes for Pion in Two-Photon Process

FIGURE 3.3: v*y — 7%7% process.

The cross section of two-photon process is expressed as

1 Z| —iTye" (M1)€’ (A2))[2d®s, (3.3)

do =
4\/((]1 ’ q2) - Q1Q2 A1,A2

e

where d®, is the two-body phase space, and the factor 1/4 is from the spin average, and

4\/ (q1 - q2)%2 — ¢343 is the flux factor according to the conventions of Refs. [82, 87]. The

hadron tensor T}, is defined as

Ty =1 / d*ze™" M (1 (p1)m(p2)| T Ju(2) 1, (0)]0) (3.4)

and the two-body phase space is given by

d*p1 d*py
[ = TR ARG
3217r 1 —4m?2 /s/sm@d@dgb, (3.5)
Y (q1 A1) > T (p1)

A

V(q2A2 ) T O

"N

FIGURE 3.4: In the process yv* — 7270, the amplitude contains the hard part yy* —
qq and the soft part of the GDAs by factorization. Here, only the leading-twist and
leading-order contributions are considered.
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where m, is the pion mass. Here, 6 and ¢ are polar and azimuthal angles of the pion in

the center-of-mass frame.

In Fig. 3.4, we have ¢ = —Q?% ¢5 = 0, and s = W2 = (q1 + 2)* = P? for the
center-of-mass energy squared. In the Breit frame, q; is defined along the 2 axis, and we
introduce two timelike vectors v = (1,0,0,1)/y/2 and v/ = (1,0,0, —1)/+/2. The vectors
can be expressed by v and v/, and they are ¢; = %V — %1/, qo = Qf;gﬂu ki = z\%u
and k2 = (1 9 1. By the factorization at Q% > W2, A2, the hadron tensor can be
expressed by the GDAs in the following way. First, 7}, is expressed by considering the

_ Z)ﬁ
process of Fig. 3.4 as

Ty =i [ dtoe™ % (r(p) () [T ,(2) 1, (0)]0)
_ Z / d*ky lv“(k/l — ) . v (g — Ho)y*

) (kl — q1)2 + 1€ (q1 — k2)2 + 1€ "

< [y (w (o) (e Tib()an(0)]0) (3.

For q(y)q, in this equation, we use the Fierz identity of Eq. (1.36), where the first two
terms [v),d7a/4, (Y5)ab@1275q/4] and the last one [agf qoapq/4] are the leading twist
terms, while the third and fourth ones [1,dq/4, (75)apq7V59/4] are twist-3 terms. Since
the trace of an odd number of v is zero, only the first two terms survive. The second
term is the axial-vector current, which cannot exist for 797° state due to the parity

invariance. Then, we obtain

/ dk:Jr 'y“ K="y (g — Ko)y™y
4

T
= kl — q1) + 1€ (q1 — k2)2 + 1€

q
— —iv— (2P o
x / dy~e™ ) (n(pa)e(pa) T7(67)7* 0(0)10) (37)
Calculating the hard parts of this equation, we finally obtain the expression in terms of
the GDAs as

6 6 Z — 1 d - iy (2 — —
T =gt (50 [z i 3 (reomeITat )y a)l0)

- —gai”2<%> [ a2 e em), (33)

where the matrix ¢4 is found in Eq.(1.39). Next, T}, is multiplied by the photon
polarization vectors of Egs. (1.34) and (3.2) to obtain the cross section of Eq. (3.3), we

have the differential cross section

1 /1 — 4m?2
2 7;]A++\25m 0do. (3.9)

do = -a“m

4 Q? +
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Y (g1 M) 7™ (p1)

Y(g2A2 ) 7 (p2)

FIGURE 3.5: vy*y — 7970,

Here, the helicity amplitude is defined as Ay,), = e%e“()\l)e”()\g))Tw,, and only the
leading-twist and leading-order contributions A__ and A4 are considered. The leading-

twist amplitude A4 is expressed by the GDA @goﬂo(z, E,W?) as

Ay, = Zeg/ldz%_l@“o”o(z & W?) (3.10)
++ — - 2 0 Z(]. - Z) q Sy . .
We have A__ = A, due to the parity invariance.

For the v*y — 7070 process, there are only three independent helicity amplitudes A, .,
As_ and Apy by the parity invariance. The amplitude A, is the leading-twist, so it
is dominant at large Q2. In this case, the helicities of two photons are same and trans-
verse. The A, _ indicates that the angular momentum projection is L, = 2 for the two
photons, while the collinear quark-antiquark pair can not have L, = 2. Therefore, A, _
contributes to the cross ssction with the gluon GDA at the next-to-leading order [88],
and it is suppressed by as(Q?) (see Fig. 3.5). The higher-twist contribution Aoy with a
longitudinal polarization requires a helicity flip along the fermion line, and it decreases
as 1/Q [7, 64, 88]. Therefore, only the leading-twist and leading-order contributions
Ayy = A__ are considered in Eq. (3.9).
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3.3 GDA expression

3.3.1 Relation between GDAs and 77 elastic scattering

The following is the general expression of the GDAs at very large Q* = —¢? as shown

by the asymptotic form of Eq. (1.66):

S 0m ™ (2,6, W?) = 18ns2(1 — 2)(22 — 1)[Bio(W) + Bi2(W)Pa(cos 0)],

Bnl(W) = Bnl(W) exp(iél). (3.11)

Since the variable ¢ is expressed by the angle 6 as

1+ Bcost

¢ 7 (3.12)
we have the following relations between B,,;(W) and B, (W):
[Blo(W) + 312(W)P2(2C - 1)] = [Blo(W) + Blg(W)PQ(COS 0)],
32
Buo(W) = Bio(W) — - Buy(w),
Blg(W) - BQBH(W), ,82 =1- 4m72r/s (313)

In the limit of W? = 0, there is a relation Bi2(0) = —Bio(0) = 10/(9nf) R, where
R is the momentum fraction carried by quarks, as shown in Eq. (1.59), and below the
KK threshold, the 8y and d, are the 77 elastic scattering phase shifts in the isospin=0

079, the intermediate states MM can be 7,

channel [7, 89]. In the process v*y — 7
KK and nn. The imaginary part of the GDA appears when the intermediate states are

on shell.

v*(q1)

N
v(g2) ~—~

M

M(L) /
Wo(pl)
770(292)
(I2)

FIGURE 3.6: ~v*y — 7%70 through the intermediate states MM, the amplitude is
marked as M.
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In the Fig. 3.6, the discontinuity part of the amplitude is

DiscMo = Y MyM;,

MM
— 4
DiscMy = 72 (;l l)14 (—2mi)0(13 — m2)(—2mi)6((k — 11)* — m?) M3 (s, cos ) My (s, cos 6;),
™
: i .
DiscMy = 647r25/dQM2 (s,cos6)M;(s,cos b)), (3.14)

v(fr)ffi (o) M (lz)/ \Wo(pz)

(2) (b)

FIGURE 3.7: (a): yy* — MM process, the amplitude is marked as M;. (b): MM —
7970 process , the amplitude is marked as My .

where [; and Iy are the momenta of M and M, respectively, k = I3 + lo is the total
momentum, 3 = /1 —4m2/s, and M; is the amplitude of y*y — MM and M is the
amplitude of MM — 7%70 shown in the Fig. 3.7 .

Below the KK threshold, we only need to consider 77 as the intermediate state, and
the amplitude M is just w7 elastic scattering in the isospin=0 channel. Therefore, the

amplitude M3 (s, cosf) can be expressed as

— 1 i6l(8)
Ma(s,cost) = 32w 3 (21 + V() Fiosd), i(s) = T2

smons)e (3.15)
1=0 B

where s is the center-of-mass energy squared, P;(cos ) is the Legendre polynomial, and

81(s) is the phase shift in the process of MM — 7079,

Since DicsMy = 2iIm M,
1
ImM, = 7ﬁ/dQM§(S,COS 0)M; (s, cos b)), (3.16)
12872
and the amplitude M; can be determined by the pion GDA (see Eq. (3.10)).

M, (s,cos0;) = 24,4, = c[B1g(W) + Bio(W)Py(cosb;)], (3.17)
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GDA expression

where ¢ is a constant. Take the S-wave case as an example, we can prove

1
ImM,y = 7B/dQM2*(s,cos 0) M, (s, cosby),
12872
B . sin 6 (s)e"00(s) .
Mo = 2 (2m) / d6 sin 6(327) E c(Bio(W)),
¢ % Im(B1o(W)) = ¢ % Big(W) % sin 6y(s)e %) (3.18)

Therefore, we have Arg(B1o(W)) = do(s) below the KK threshold [7]. Similarly, we can
obtain Arg(B12(W)) = d2(s) [7] for the D wave.

Above the threshold of KK, the inelastic channels open and we need to introduce
additional phase to describe the inelastic effect. We adopt the S-wave and D-wave 7

phase shifts in Refs. [90, 91], and they are shown in Fig. 3.8.
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(=}
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Phase shifts (Degree)

—_
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(=}

0.5 0.9 1.3 1.7 2.1
W (GeV)

FIGURE 3.8: S-wave and D-wave phase shifts of 77 scattering in the I = 0 channel.

3.3.2 Resonance effects in pion GDA

In the process of v*y — 7979, the final 7%7% can be produced through the resonance
states h shown in Fig. 3.9, and they could be scalar mesons (e.g. fo(500)) and tensor
mesons (e.g. f2(1270)). The pion GDAs are related with the resonances especially in the
resonance energy regions [92, 93]. The isosinglet scalar mesons contribute to the S-wave
production of 7%7%, and tensor mesons produce the D-wave 7079,

This resonance effect can be significant near the resonance region, namely, the GDA

is mainly determined by resonance effect in this region. We can express the resonance
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Chapter 3. Generalized Distribution Amplitudes for Pion in Two-Photon Process

FIGURE 3.9: Resonance effects in GDA.

effect as follows

_ 1
(=07 () 7=/ 2)a(2/2) 0) = (= )n 00) AP 3

x (h(P)|q(=2/2)7uq(2/2) |0) + -~ -, (3.19)

where Gq can be @u or dd, and P2 = W2. The left side of Eq. (3.19) is just the definition
of GDA. As for the right side of Eq.(3.19), (h(P)|q(—2/2)v.q(2/2)]0) is the DA of
hadron h, and (7%(p1)7%(p1)| h(P)) describe the amplitude of h — 77°. The resonance
state h can be S-wave and D-wave. Here, we take S-wave resonance fy as an example

to illustrate the resonance effect.

We have the following definitions for the fy resonance [26-28]

(7 (p1) 7 (p2)| fo(P)) = —igyroz0,

(P (== /2 a(=/2)10) = 5

(7 (p1)7° (p2)| G(—2/2) Yua(2/2) 10) = Pu/@q(y,é, W2)elt=20P=2qy - (3.20)

FinPu [ o)==y,

where fy, is the decay constant of fo, it evolves with the energy scale Q2 as ff,(Q?) =

F10(Q3) (s(Q)/as(Q0))*, k = 32(11—2ns/3) /9. As for the coupling constant gy, 0,0, it
is determined by the decay with of I'(fo — 7%7°). By considering the isospin properties

of 7979 and 77, the two-pion states are expressed as

2 1
|7T07r0):\/;|I:2,13:0)—\/;|I:0,13:()>,
N 1 1 1
|rtn™) = 6|1r:2,1r3=o>+ guzo,fgzow 5|1r=1,1r3:0). (3.21)
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We can obtain I'(fo — 7°7%) = (1/3)I'(fo — =), since only the |I = 0, I3 = 0) part of

7w will contribute in the decay fy — 7w, and it is given by

1 gJQco,Toﬂ.o

2
wr =1/ 21677 M., 3.22
2 167TMf0’ ng \/3 ™ (fo — T‘-ﬂ-) fo ( )

%F(fo —7mw) =

where the factor 1/2 appears on account of identical particles.

In the asymptotic limit, the DA of fy is ¢(y) = 30y(1 — y)(2y — 1), and the S-wave part
of GDA in Eq. (3.11) can be expressed as

Dy(y, &, W?) = 18y(1 — y)(2y — 1) Bio(W). (3.23)

With the help of Eqs. (3.19) and (3.24), one can obtain Bjg(W) around the resonance

region of fy:

5 _5ng 7r7rff
BlO(W) - § 0. )
3v2[m3 — W2 — T My,]

D 5 T
Buo(W) = D ff; —, (3.24)
3V2,/[(M}, — W?)? + T3 M3]
where My, = 0.475 GeV and I'y, = 0.55 GeV [20]. As for the decay constant f,, since

we do not find any information, it could be considered as a parameter to be determined.

If we extend this expression to the whole energy region of W2, we express Bjg as

B 5gf07r7rff0
o ’ 3.25
10(W) = fro(W) + 3V2,/[(M3, — W?)? + T3 M3] ()

f10(W) describes the S-wave continuum contribution to the GDAs. Because we will take
the square of the GDAs for the cross section of v*y — 7979 (see Egs. (3.9) and (3.10)),
the second term of Eq. (3.25) will play a role as a Breit-Wigner distribution. Therefore,
we only need to parameterize the expression f1o(W) in the GDA analysis in comparison

with the Belle data.

Similarly, we can also obtain the D-wave resonance effect such as fo meson. The coupling

constant gy, .00 and DA of f [33, 93] are defined as

(70(p1) 7" (p2)] f2(P, ) = igpymom0€) (1 — p2)" (p1 — p2)",
e(/\ﬁ)*zazﬁ

(PNl a(=/2a(:/2)10) = L20sf, [ ayotn)et-2me2p, 20 = 26)

where A is the helicity of fs, and efj\y) is the polarization tensor [93]. The decay constant

ff, has the same evolution properties as the decay constant fy,. In the asymptotic
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limit, the DA is ¢(y) = 30y(1 — y)(2y — 1) for fo and the D-wave part of GDA is
D, (y, &, W?) = 18y(1 — y)(2y — 1) B1o(W) Pa(cos §). Finally, Bia(W) = B12(W) exp(ids)

mainly depends the D-wave resonance effect in the resonance region as [93]

(W) = 109, 7070 ff2MJ%2
R 9v3,/(M}, - W2)2 + T3 M3
P f2 " fa

(3.27)

where My, = 1.275 GeV, I'y, = 0.185 GeV, and the coupling constant gy, 0.0 is defined
by

2247 (fo — 7o)
gf27r07r0 = \l g M?Q y F(fQ — 7T7T) = 085Ff2 (328)

Here, the factor 0.85 is the branching ratio of I'( f — 77) according to the Particle Data
Group (PDG) [20]. If Bia(W) is extended to the whole energy region (0.5 GeV—2.1
GeV), we have

109f27r7rff2Mf22
2 2 A2
gﬁ\/(Mfz o W2)2 +T 2Mf2

Bia(W) = fr2(W) + (3.29)
The first term fi2(W) describes the D-wave continuum contribution to the GDAs, and

we need to adopt a parameterization for fio(W). If the small W limit is taken, we have
the following constraints for B1o(W) and Bio(W) [7, 8]:

—3+ B2 10R,
2 9nf

2 IORT(

Bio(0) = )
10(0) o,

, B12(0) =3

(3.30)

3.4 Belle measurements of process 7"y — 77"

In Ref. [82], the Belle collaboration measured the yy* — 7970

region of 3.46 GeV? < Q% < 24.25 GeV? and 0.5 GeV < /s = W < 2.1 GeV. In
principle, we can obtain the pion GDAs by analyzing the Belle data. In older to keep

cross section in the energy

the factorization condition (Q? > W?2, A?) satisfied, we only used the Belle data at large
Q? ( Q% > 8.92 GeV?). The energy region of Belle data is 8.92 GeV? < Q? < 24.25 GeV?
and 0.5 GeV < /s = W < 2.1 GeV in our GDA analysis. In Fig.3.10, we show the
differential cross section of vy* — 707% [82]. The data with Q2 = 8.92 and 13.37 GeV?
are shown in this figure, and the pion angles are cosf = 0.1 and 0.5. We can clearly
see the resonance contribution of f»(1270) around the region W = 1.2 GeV, and other

resonance effects are not clear due to the large errors of the experimental measurements.
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Belle measurements of process v*y — w°m
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FIGURE 3.10: Differential cross sections of y*y — 7°

oration with fixed Q2 and cos 9 [82].

9 measured by the Belle collab-

In the Sec. 3.3, we discussed the Q? independent (asymptotic) form of GDA, and we need
to check the Q% dependence of the pion GDA based on Belle data before we analyze the

experimental measurements. If the differential cross section do/d|cosf| is multiplied by

the factor (Q? + s)//3, this quantity is proportional to the square of GDA:

2
(Q° + s)do ‘ 0.0 2
2 T o 0™ (2, cos 6, W, \ 3.31
245 d . 0*+s_dog -
logﬂ”dcé’;o ( 0 5] \ B dcos@ [10 5]
[ W=0.5:25 GeV cos6=0.1 [ W=05325 GeV cos@=0.5
10 B W=0975 GeV 10- B W=0975 Gev
® W=1.s§ocev ® W=1550 Gev
8| . 8
—_— —_—
uscd data : used data
6 6| _ .
022892 Gev? 02=8.92 GeV?
o
4 4- '
2 1 2 * ;
% | ;
0 & : - b ; ; 0 ; li 3 ¢ ; :
0 10 15 20 25 30 ) 5 10 15 20 25 30
02 (GeV?) 02 (GeV?)
FIGURE 3.11: The scaling violation of the Belle data. The data are denoted by black

and white for W = 0.525 GeV, blue for W = 0.975 GeV, and red for W = 1.55 GeV.
The left panel is for cosf = 0.3 and the right one is for cos§ = 0.5.
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With fixed W and cos#, one can test the ? dependence of the GDA from Belle mea-
surements. We present the Belle data of (Q? + s)do/(Bd|cos6]) in Fig. 3.11, where the
data of W = 0.525 GeV, 0.975 GeV, and 1.55 GeV are plotted as the function of Q2.
The pion GDA should be Q? independent when @2 is large enough. The typical energy
scale for Belle data is Q? = 16.6 GeV?2. In principle, the pion GDA from the Belle data
should be Q2-dependent at this energy scale. However, the scaling violation of the GDA
is not so obvious in Belle measurements on account of the large errors in Fig. 3.11, so

that the Q?-independent GDAs could be used in analyzing the Belle data.

3.5 GDAs analysis of Belle data

Without the resonance effects and phase shifts, a simple expression for the GDAs could

be expressed as [94]

' (2,6 W?) = Ny Ryz*(1 = 2)° (22 = (1 = QF(W?),
—4(20+ 3) 1

N, —
" Bla+la+1) [1+ (W2 —4m2)/A2r—1’

E,(W?) = (3.32)
where the momentum carried by quarks is 3, Ry = Ry = 0.5, and a works as a input
parameter. The function Fj,(W?) is the form factor of the quark part of the energy-
momentum tensor, and it is normalized as Fy(4m37) = 1. The parameter A is the
momentum cutoff in the form factor, and B(a + 1, + 1) is the beta function. Here, n
is the number of active constituents in a meson, it could be predicted by the constituent
counting rule in the high energy limit [95]. In Ref. [94], n is used to distinguish ordinary
hadrons (¢q, qqq) with exotic states (¢qqq, ¢999q)-

In our studies, we include the resonance effects and the phase shifts, which are essential
to explain the Belle data. We consider a more general GDA expression [96] to analyze
the Belle data. We add the contributions of scalar meson fy(500) and tensor meson
f2(1270) in Eqgs.(3.24) and (3.27) as

o™ (2,6, W?) = _—3th°‘(1 — 2)%(22 — 1)[B1o(W) + B12(W) Py (cosb)],

20
_ —3+ 2 10R, 59 for0x0 f i
Bo(W) = {26 In Fh(W2) * 2 L 2 ;”o o1 (€ 60’
I 3\@\/[(Mf0 — W2)2 +T% M3 ]
- 10R, 10g ¢, 0,0 f 1, M? :
Bio(W) = {52 on Fp(W?) + 2f2 2f22 f2 —— e b2, (3.33)
f 9\@\/(Mf2 —W2)2 4+ T% M3,

Below the KK threshold, the dy and d are the mr elastic scattering phase shifts in
the isospin=0 channel, and we introduce the additional phase shift to §y above the KK
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threshold:

6o(W)BKNs, W < 2my,
50(W) = 50(W)BKNS + as (W — QmK)b‘s, W = 2my, (3.34)

where the parameters as and bs are determined by y? fitting of experimental measure-
ments. In our analysis, we employ the S-wave 77 scattering phase shift do(W)pkns and
D-wave mm scattering phase shift d2(W)pkns (BKNS is short for Bydzovsky, Kamin-
ski, Nazari, and Surovtsev) in Refs. [90, 91], and they are shown shown in Fig.3.8.
The parameter n is fixed as n = 2, since it is predicted by the counting rule [95] with
do/d|cosf|x 1/WC. The parameter a = 1 is the asymptotic value for the GDAs, here
it is considered as a parameter to be determined. The function N}, is dependent on «,

and it is constrained by the following sum rule [§],
1 0.0
/ d2(22 — 1) 07 (2, ¢, 0) = —2RC(1— ). (3.35)
0

The resonance contribution of f2(1270) is significant around W ~ 1.27 GeV in the
Fig. 3.10, so that the resonance effect of f2(1270) is necessary to be introduced to explain
the Belle data as given in Eq.(3.33). The mass My, = 1.275 GeV and decay width
I, = 0.185 GeV are taken from PDG [20], and the coupling constant gy, 00 is obtained
by the decay width as explained in Eq. (3.28). For the decay constant, it is f7, = 0.101
GeV at Q% =1 GeV? in Ref. [34]. Since the average energy scale of Belle data used in
the analysis is Q% = 16.6 GeV?, the decay constant is estimated as fr. = 0.0754 GeV at

this scale by considering the following evolution equation,

32(11—2n¢/3)

ois(go)) } 9

(@) = 1@ { (3.36)

In the S-wave resonance effect, the coupling constant g¢, 00 is determined by the decay
width in Eq. (3.22). However, the decay width and mass of f,(500) are not well measured
by experiments, and we use the middle values in the PDG [20] as I'f; = 550 MeV and
Mj

0

= 475 MeV. Since we cannot find the theoretical value of fj 500y, it could be
considered as a parameter. In older to distinguish the resonance effect of fy(500), there
are two sets of analysis. In set-1 analysis, only the resonance effect of f2(1270) is
introduced, and there are 4 parameters to be determined. However, both the resonance
effects of fo(1270) and fp(500) are included in set-2 analysis, and 5 parameters are

involved in this analysis.
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We need to mention that other resonances could affect the cross section in the relevant

energy regions, and the candidates are

I9(07C) = 07 (07F) « £6(980), fo(1370), fo(1500), fo(1710),

I90P9) = 01 (271) : £2(1525), £5(1950), f2(2010), (3.37)

where only neutral scalar or tensor mesons with isospin I = 0 could contribute. We do
not include these resonances in the analysis, since the resonances such as fp(980) are not
shown in Belle differential cross-setion measurements [82] due to the large experimental
€ITors.

TABLE 3.1: Parameter values of the pion GDA are obtained by x? fitting of experi-

mental measurements for both set 1 and set 2. The decay constant fy, (1270 is a fixed
parameter taken from Ref. [34]

Parameter Set 1 Set 2
« 0.801 £0.042 1.157 +0.132
A (GeV) 1.602 £0.109 | 1.928 +£0.213
fo(500) (GeV) 0 (fixed) 0.0184 £ 0.0034

fr270) (GeV)

0.0754 (fixed)

0.0754 (fixed)

as

3.878 £0.165

3.800 £0.170

0.407 £ 0.041

bs 0.382 £ 0.040

The parameters are obtained by fitting the data of the differential cross section v*y —
7970 with Eq. (3.9), and they are shown in Table 3.1. Both set-1 analysis and set-2
analysis give a good description of the Belle data with x?/d.o.f = 1.22 for set 1 and
x%/d.o.f = 1.09 for set 2. The parameter value of « is always around 1 for two sets
of analysis, which is consistent with the prediction @ = 1 from the asymptotic form of
GDA in Eq. (3.11). The momentum cutoff A is close to 2 GeV, which is the typical scale

for pion meson.

In Fig. 3.12, we show the comparison between the differential cross section of y*y — 797
from the obtained GDA and the Belle measurements, the energy scale Q? is fixed as 8.92
GeV? and 13.37 GeV? and cos 6 is set as 0.1 and 0.5. The resonance peak of f2(1270) is
clearly seen around W = 1.2 GeV, and other resonances are not shown due to the large

errors of experimental measurements.

The differential cross section of v*y — 7970 is shown in Fig.3.13 with the different
energy scales Q2 = 17.73 GeV? and Q? = 24.25 GeV?2. Both set 1 and set 2 can describe

the experimental cross section well enough, and the big difference between set-1 analysis
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FIGURE 3.12: The differential cross section of v*y — 7%7° (in units of nb) from the
obtained GDA for set-1 analysis and for set-2 analysis. The values of Q2 are fixed as
8.92 GeV? and 13.37 GeV?, and cos is 0.1 and 0.5 [96].

and set-2 analysis appears around W=0.5 GeV since the resonance effect of fy(500) only

affect the resonance region.

In this analysis, we add the additional phase shift to §y above the KK threshold in
Eq. (3.34). In the same way, we can also add the additional phase shift to d9 as follows,

Go(W) =
o (W) =

S2(W)pkns, W < 2my,
82(W)gkns + as (W — 2mg )", W > 2my, (3.38)
This D-wave analysis gives the similar x?/d.o.f as the previous analysis, and the param-

eter values (o, A and fy,(500)) just slightly change.

3.6 Gravitational form factors of pion
As we discussed before, the operator g(—y/2)y"q(y/2) appears in the definition of GDA,

B (o, W) = [P L2 (i) a(—y /2 el /D) 10). (339
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FIGURE 3.13: The differential cross section of v*y — 7%7° (in units of nb) from the
obtained GDA for set-1 analysis and for set-2 analysis. The values of Q? are set as 8.92
GeV? and 13.37 GeV2, and cos @ is 0.1 and 0.5 [96].

If we take momentum integral of this operator, we obtain [47]

pt 1 e dy~ . . — e
=5 ), ) 1/21/76“2 DE a(—y/2)vF q(y/2)

~a(0)7" i +)n1 a(0), (3.40)

where the notation @ is defined as A9 B = [A(0B) — (0A)B] /2. When n = 1,
the matrix element of the right side of Eq.(3.40), <h(p1)fz(p2)‘ q(0)y*q(0)]0), is the
electromagnetic form factor for hadron A in the timelike region, and this is shown in
the left panel of Fig.3.14. This relation is same as those of Eq. (1.43) for GPDs,
which probe the form factors in the spacelike region. Furthermore, the matrix elements
of the energy-momentum tensor for hadron h can be investigated if n = 2, and they
are expressed with gravitational form factors which are important quantities for the
gravitational interaction shown in the right panel of Fig.3.14. Similarly, gravitational

form factors in the spacelike region can also by obtained by GPDs of hadrons.

/_11 doz Hy(w, & ) = 2(]51+)2<h(p2) | T,74(0) [ (1)), (3.41)
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here, h is a scalar meson, and the GPD definition can be found in Eq. (1.47). The

energy-momentum tensor for the quark ¢ is defined as
v — <—> v
T () = ()i DV g(), (3.42)

where AU} = 1/2(A" + AY) symmetrizes the tensor.

FIGURE 3.14: Left panel: vector current interaction such as electromagnetic interac-
tion. Right panel: tensor current interaction such as gravitational interaction.

With the help of Eq. (3.40), one can connect the GDA to the energy-momentum tensor
and gravitational form factors of pion. In general, gravitational form factors can not be
directly probed by gravitational interaction since it is too weak; however, the GPDs and
GDAs provide us an indirect way to obtain gravitational form factors. In the previous
section, we obtained the pion GDA by analyzing Belle data. Futhermore, we can study

energy-momentum tensor of pion by using the obtained GDA [§]

[ sz =087 e, ¢ W) = (o) ) | T 0)0). (3.43)

(P*)?

where T}" is the energy-momentum tensor of the quark type g for the pion, and it can

be expressed by the gravitational form factors as [9, 10, 97-101]

[(sg"’ — PPPY) ©1(s) + APAY ©y(s)],  (3.44)

N =

(7 (p1) T (p2) 1D T} (0)|0) =

where ©; and O are the gravitational form factors, and the symmetry of T4 = T}" is
used. O1 is related with the mass or energy, and ©s can reveal the pressure distribution
and the sheer-force distribution of the hadron shown in Fig. 3.15. The gravitational form
factors ©1 and O for the pion can be estimated from the pion GDA with the help of
Egs. (3.43) and (3.44):
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Shear force

Pressure

FIGURE 3.15: Pressure and the sheer force of the hadron

O1(s) = g(éu(mﬂ) —2Bio(W2)), Os(s) = 5%2§12(W2). (3.45)

O1(s) is expressed by S-wave term Bjo(W?2) and D-wave term Bio(W?), and ©y(s) is
determined only by Bia(W?2). The absolute values of gravitational form factors ©1(s)
and Oa(s) are shown in Fig.3.16. The resonance peak fo(1270) appears in the |©1(s)]
and |O,(s)|. Since ©1(s) contains both Byo(W?2) and Bia(W?2), and Bio(W?) interferes
with Bio(W?2).

e,,(s)\

2

1.5-

.

.~ .
i
I

@l(s)'~'~...~,~'

0 1 2 3 4 5 6 7
s (GeV2)

FIGURE 3.16: Absolute values of gravitational form factors ©(s) and O2(s) for pion
dependent on s = W2 [96].

With the pion GDA, the timelike gravitational form factors are estimated. Moreover,

the timelike form factors can be transformed into the spacelike form factors by using the
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dispersion relation [102],

Fh(t) = A * dsImF'(s) (3.46)

)
m2 Ts—1—1¢

where F"(s) is the timelike form factor for hadron h, and mj, is the mass of hadron
h. By using the dispersion relation, we also calculate the spacelike gravitational form
factors ©1(t) and ©3(t). We normalize ©1(¢) and Oz(t) as ©1(0) = 1 and O2(0) = 1,
respectively. The normalized form factors ©1(t)/01(0) and O4(t)/O©2(0) are shown in
the left panel of Fig.3.17. Both 0;(¢)/01(0) and ©2(t)/O2(0) decrease as |t| increases,
and ©1(t)/01(0) drops faster than ©2(t)/O2(0). In the right panel of Fig. 3.17, they are
p1(r) and pa(r) which they are the Fourier transforms of ©1(¢)/©1(0) and ©2(t)/02(0),

respectively:

Pq i > d|q|
= T ph (¢ :/ 71 250(|q |r) F" (¢ 4
o) = | G TN = [T 55121%07IN ), (3.47)
where t = —|7|? and jo(|¢|r) is the spherical Bessel function. The function pi(r) is

distributed at small the region of » = 0.1 — 0.3 fm, and p2(r) is distributed at slightly

larger region of r = 0.1 — 0.5 fm.

0,1 /0,(0) 4zr2p,(r) (1/fm)
1 3
08/ 125 4nr2p,(r)
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0.6
1.5] drr2p (r)
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oL , : , 0 , : ‘ ‘
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FIGURE 3.17:  Left panel: Spacelike gravitational form factors 0;(¢)/©1(0) and
O5(t)/02(0). Right panel: p;(r) is the Fourier transforms of ©4(¢)/01(0), and py(r) is
the Fourier transforms of ©5(t)/©2(0) [96].

The three-dimensional rms (root mean square) radii are also investigated for gravita-
tional form factors ©1(¢) and ©O2(t), which are just the slopes at ¢ = 0 for ©;(¢) and
Oa(t).

<r2> 6 dF"(t) 6 /°° ds Im F"(s)
h = Tohiy — = Thir — 2 0
Fh(t=0) dt 50 Fh(t=0) Jamz © S
% dsIm F*
it =0) :/ ﬁm’ (3.48)
4m2 T S
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where the form factor F"(t) can be ©1(t) or ©5(t), and the existence of F"(t = 0)
is to normalize F"(t) as F"(t)/F"(t = 0). The mass radius for ©; is estimated as

(r?)mass = 0.39 fm, and the mechanical (pressure and sheer force) radius for O is
calculated as /(r%)mech = 0.82 fm [96]. For the charged pion, the three-dimensional
rms charge radius is the slope of electromagnetic form factor which is y/(r?)charge =
0.659 £ 0.004 fm [1]. The mass radius is smaller than the charge radius, and this is
consistent with the theocratical predictions in Refs. [99, 103]. However, the mechanical
radius is slightly larger than the charge radius. At present there are not so many studies
of the mechanical radius. In Ref. [104], the form factors ©(¢) and ©y(t) are calculated
by lattice QCD, and it indicates that the slope of ©1(t) is larger than the one of O(t)
at t = 0. Namely, the mechanical radius is larger than the mass radius, which agrees
with our results. This is a very interesting discovery, and more studies are needed to

explain this mechanism in the future.

In this analysis, the additional phase shift was added to S-wave phase shift Jy in
Eq. (3.34) when s > 2mg, and this additional phase shift reflects the inelastic channel
in w7 scattering. Similarly, we can also introduce the additional phase to the D-wave
one 0y as discussed in Eq.(3.38). The gravitational radii /(r?)mass = 0.32 fm and

(r?)mech = 0.88 fm are obtained for this D-wave analysis, and they are pretty similar
with those of S-wave analysis. By considering both S-wave analysis and D-wave analysis,

we can write the three-dimensional rms radii as [96]

(r2) mass = 0.32 ~ 0.39 fm,

V) mecn = 0.82 ~ 0.88 fm. (3.49)

3.7 Recent studies on gravitational form factors of the

hadron

Recently, there are many studies on the energy-momentum tensor and gravitational form
factors of the hadron in both theory and experiment, and much progress is made to help
us understand the hadron properties on this topic. Reference [105] is a progress report on
recent studies on the energy-momentum tensor of the hadron, and a different definition of
the mechanical radius is given from the our Eq. (3.48). In 2018, the pressure distribution
come from the quarks in the proton was obtained by analyzing DVCS measurements at
JLab [106]. They found that the pressure is repulsive at small range of r (0-0.6 fm), and
the binding (attractive) pressure is obtained at large r. The gravitational form factors
of the proton and the pion were calculated for the gluon by using Lattice QCD [107].

Furthermore, the pressure distribution and shear force distribution of the nucleon are
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studied by considering both the quark contribution and the gluon contribution in Ref.
[108]. The recent theoretical studies also showed the relation between the gravitational
form factors and the higher-twist effects [109, 110]. The authors of Ref. [111] investigated
the gravitational form factors for the light mesons (7,0 and p) by using the Nambu-
Jona-Lasinio model of QCD, and they find the two-dimensional mass radius of 0.27 fm
for the pion . If the multiply the two-dimensional radius with the factor \/3/2, it is 0.33
fm for the three-dimensional mass radius of the pion, and this is consistent with the

mass radius /(r?) pass = 0.32 ~ 0.39 fm which is obtained from our GDA analysis.

3.8 Summary

The three-dimensional structure functions can reveal inner structure of the hadrons, for
example, one can obtain the orbital-angular momentum contribution inside the nucleon
with the help of GPDs. Moreover, it become more and more popular to investigate
the energy-momentum tensor and gravitational form factors of the hadron by using
GPDs. Since the gravitational interaction is too weak to probe directly, the GPDs
are be considered as an alternative way to study the energy-momentum tensor of the
hadron. The GDAs are another kind of three-dimensional structure functions, and
they are s-t crossed quantities of the GPDs, so that one could obtain the information
on the GPDs from the GDAs. The GDAs can be studied in the two-photon process
v*~y — hh, and they describes the amplitude of the process qg — hh. In 2016, the Belle
collaboration released the measurements on the differential cross section of y*y — 7979,
By adopting a simple GDA expression with a few parameters, we analyzed the Belle
measurements on v*y — 7°7% and obtained the pion GDAs. The obtained GDAs give
a reasonably good description of the Belle data with x2/d.o.f = 1.09. Furthermore, we
studied the energy-momentum tensor with the pion GDAs, and the gravitational form
factors ©1(t) and ©Oy(t) were estimated in the timelike region. By using the dispersion
relation, the spacelike gravitational form factors ©;(t) and ©3(t) were also obtained.
The three-dimensional mass radius was calculated from the O2(t) as \/(r?)mass = 0.32 ~
0.39 fm, and the three-dimensional mechanical radius was computed from the 0;(t) as

(r*)mech = 0.82 ~ 0.88fm . The mass radius is much smaller than the charge radius
of pion, while the mechanical radius is slightly larger than the charge radius. This is
the first estimate of gravitational radii by analyzing the experimental measurements.
At this stage, the Belle measurements are not so precise, and the experimental errors
come mainly from the statistical errors. This situation will change soon, since the Belle
IT collaboration just started taking data with a much higher luminosity Super KEKB

0

in 2019, precise measurements of v*y — 7%70 are expected. Therefore, a more general

GDA analysis which may include Q? dependence is needed in the near future, and one
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can possibly study gravitational form factors, pressure distribution, and shear force

distribution with the accurate GDAs of hadrons.
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Chapter

Gluon Transversity in Deuteron

4.1 Polarized parton distribution functions in nucleon

4.1.1 Spin vector of nucleon

In the previous sections of this thesis, we discussed the unpolarized PDFs, GPDs, and
GDAs of the hadrons. In actual high energy experiments, polarized hadrons are widely
used, such as the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Labo-
ratory, the CEBAF accelerator at JLab and the Electron Ion Collider in future. In order
to study the polarized PDFs, we first define the spin vector S* of the nucleon [14, 15]:

P 9
St = < , 8+ ) , 4.1

My My(My + p°) (1)
where p is the momentum of the nucleon and § is the spin vector in the rest frame of

the nucleon:
St =(0,5), S*=-1. (4.2)

For example, when the spin of the nucleon is along z axis, it is S* = (0,0,0,1) in the rest
frame. Therefore, one can transfer Eq. (4.2) into Eq. (4.1) by taking the Lorentz boost.
For the case that §is parallel to p, it is given by S* = (|p|/ My, §+p[pl/[Mn(Mn + p°)]),
and it is the longitudinal polarization. The nucleon is transversely polarized if § is

perpendicular to p. If the energy of the nucleon is high enough, the spin vector of

57



Chapter 4. Gluon Transversity in Deuteron

Eq. (4.1) becomes
p .
S = A]@—N + 84, 84 =(0,5r,0) (4.3)

where A is the helicity, and Sp is the transverse spin vector.

4.1.2 Polarized quark distribution functions in nucleon

The PDFs are generally expressed in parton correlation functions. The quark correlation

function ® is defined as

@y(e) = [ 55 (0.5 [g:00 atrn) . 8) €7, (44)

where i is the spinor index, x is momentum fraction carried by the quark, and n* =
1/v2(1/p*,0,0,—1/pT). Here, the gauge link, for satisfying the color gauge invariance,
is abbreviated just for simplicity. The function ® can be expressed by the PDFs and

gamma matrices [13, 112, 113] as

@(x) =1 {a(@)p + Aoq(@)p + Dra(@)py* S}

=3
+ 200 Lew) + g + S0 o] (4.5

The first term ¢(z) is the unpolarized PDF in Eq. (1.26), which can be probed by
the unpolarized DIS and Drell-Yan process. The second term Ag(x) is the helicity
distribution which exists in the longitudinally polarized nucleon S* = Ap#/Mpy. The
physical picture of Ag(x) is shown in Fig.4.1. In the longitudinally polarized nucleon,
the probability of finding a parton with its spin parallel to the hadron spin is ¢4 (x), and
the probability of finding a parton with anti-parallel spin is ¢_(z), and the Ag(x) is the
difference between ¢ (x) and g (x). In order to probe Ag(x), one uses the longitudinally
polarized DIS and the longitudinally polarized Drell-Yan process. In the longitudinally
polarized proton-proton Drell-Yan process, the differential cross section is expressed as

do (A1, A2) with the proton helicities \; and Ay. If one measures the spin asymmetry
APY 1114, 115]:

ADY _ do(+,+) —do(+,—)
L™ do(+, +) + do(+, —)
_ Xgeq[Da(@)Ad(x) + A1) Ag(xs)] (46)
Spealg(ri)q(ze) + q(z)q(x2)] '
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Polarized parton distribution functions in nucleon

the helicity distributions Ag(z) are obtained with the knowledge of the unpolarized
PDFs g(z). At present, the quark helicity distributions are well determined by many

experimental measurements.

e e s

FIGURE 4.1: Helicity distribution of the nucleon, the blue arrow is the spin vector of
the nucleon, and the red arrow is the spin vector of the quark.

The function Apg(x) in Eq. (4.5) is called the transversity distribution, which appears in
the transversely polarized nucleon. It indicates the probability to find a quark with spin
along the transverse nucleon spin minus the one to find it oppositely. In the Fig. 4.2, it is
the hadron tensor for DIS, the lower part is the transversity distribution Arg(z) which
flips the helicity of the hadron (from A = + to from A = —). However, the higher (hard)
part of Fig. 4.2 is zero, because the operator ]/’75$T in Eq. (4.5) is chirally odd. There-
fore, we cannot use the DIS process to investigate the quark transversity distribution. In
the transversely polarized Drell-Yan process, proton(ng) + proton(ggT) —utpm + X,
the tansverse spin asymmetry ARY [13, 116, 117] is given by

do(Syr, Sor) — do(Si7, —Sar)
do(Sir,S17) + do(Sir, —Sar)

= = sin?0cos(2¢ — s, — bs,)
=|517[S2r| 14 cos26

oo [Arq(x1) Arq(z2) + Arg(er) Arq(as)]
>q€q a(x1)q(z2) + q(z1)q(z2)] 7

DY __
ATT -

(4.7)

where 6 is the polar angle of utu~ and ¢s, denotes the azimuthal angle of the spin
vector Sip. By using Eq. (4.7), the transversity distributions Apg(x) can be measured
in the Drell-Yan process. However, there is not enough experimental data to determine

the transversity distributions, and it is poorly known.

In the nonrelativistic limit (low Q?), the transversity distributions Apq(x) are approxi-

mately equal to the helicity distributions Ag(x),

Arq(z, Q%) = Dq(z, Q7). (4.8)

This relation is often used in the theoretical studies since the transversity distributions
are not well determined at this stage. The scale dependence of the transversity was

investigated in Ref. [118]. There are also some bounds for the PDFs, and they are often
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Chapter 4. Gluon Transversity in Deuteron

used in numerical calculations:

|Aq(7)|< gq(z),
|Arq(z)|< q(z),
2|Arq(z)|< Dq(z) + q(2). (4.9)

The last relation is called the Soffer inequality [119].

v(q) v(q)
-
Cap, I R
o e
N(p) N(p)

FIGURE 4.2: Transversity distribution in DIS. The lower (soft) part is the transversity
distribution, and it flips the helicity of the nucleon.

The other terms of Eq. (4.5) are the higher twist (twist-3) PDFs, and there is a factor
Mp /2 before higher twist PDFs. In comparison with the leading-twist terms with Ps
the contributions of the twist-3 PDFs are suppressed by Mpy/Q in the cross section,
and they can be neglected at large Q2. The function e(z) is the unpolarized twist-3
PDF, and hf{ (x) exists in the longitudinally polarized nucleon. As for the twist-3 PDF
g% (z), it appears in the transversely polarized nucleon, and it can be measured in the

transversely polarized DIS unlike the transversity distribution Apq(x).

4.1.3 Polarized gluon distribution functions in nucleon

In the previous section, we discussed the quark distribution functions. How about the
gluon distribution functions? They are very important especially in the small z region.
In future, the Electron Ion Collider (EIC) could be built in US with high energy and high
luminosity, and it is perfect to probe the gluon PDFs. For example, one of the main
purposes of EIC is to measure the gluon helicity distribution, namely gluon helicity
contribution for proton spin, in the proton, and this will help us solve the proton spin

puzzle.
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N@) N)
/ \

FIGURE 4.3: Gluon distribution functions in the electron-proton DIS. The lower (soft)
part is the gluon distribution, and the higher part is a NLO correction of QCD in the
cross section.

The gluon distributions often appear as the next-to-leading-order(NLO) correction in
the cross section. In Fig. 4.3, it is a NLO correction of the DIS, where the additional ag

suppresses contributions of the gluon distributions in the high energy region.

In order to study the gluon distributions, one can define the gluon density matrix [120],

pun@) = [ 55 (0,514 (0) 4" (rn)] . 5) (1.10)

where A" is the gluon field. By considering hermiticity, parity invariance and time-

reversal invariance, the gluon density matrix p,,(x) [120] can be expresssed as

1

1 o
pul/(x) = %g(x)gT;w - %Ag(x)ZMNeu aﬁpanﬁ(s : n)
1 1
— ~g3(2)iMne" P Srang + ~ga(z) Mintn”. (4.11)
x x

Here, g(z) is the unpolarized gluon distribution function (twist-2) and the definition of
g1 s given in Eq. (1.39). The function Ag(x) is the gluon helicity distribution which
exists in the longitudinally polarized nucleon, and the physical interpretation is shown
in Fig. (4.1). The factor ¢¥* is Levi-Civita tensor with ¢*'?®> = 1 and the vector n is
same as the one in Eq. (4.5). The third function g3(x) is the twist-3 gluon distribution
function, and it requires a transversely polarized nucleon. The last one g4(x) is the
unpolarized twist-4 gluon distribution function which is suppressed by M3, /Q? at high
Q.

If Eq. (4.5) is compared with Eq. (4.11), we find there is no gluon transversity distribu-
tion, whereas the quark transversity distribution Apg(z) exist in the nucleon. This is
because there is no way to satisfy the helicity (angular momentum) conservation. In
Fig.4.10, the gluon transversity distribution [16, 68, 121-123] flips the helicity by the
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Chapter 4. Gluon Transversity in Deuteron

unit of 2 for the gluon; however, the nucleon helicity is changed from A\; = 4+ to Ao = —.
The angular momentum conservation A\;/2 + ha = A\y/2 + hp is not satisfied due to
spin 1/2 nature of the nucleon. For a spin-1 hadron such as p or deuteron, the gluon

transversity distribution exists and the angular momentum conservation is satisfied.

zp, hl - % éxpa h2 -

N(p, \1 —/ \p, A2 = —)

FIGURE 4.4: Gluon transversity in the nucleon. h; and ho are the helicities of the
outgoing gluon and the incoming gluon, respectively. A1 and Ay are the helicities of the
initial and final nucleons.

4.2 Next-to-leading order corrections in hadron reactions

4.2.1 Leading-order Drell-Yan process

Since experimental measurements become more and more precise recently in high-energy
hadron reactions, it is necessary to study next-to-leading order (NLO) corrections. Here,
we take the unpolarized Drell-Yan as an example to illustrate the NLO corrections in

hadron reactions.

. p (k1)
I AR
— <

FIGURE 4.5: Leading-order contribution of proton-proton Drell-Yan process.

At the leading-order (LO) level, the cross section of Drell-Yan process can be expressed

by the quark and antiquark distribution functions as [124] ,

do = q(x1)q(wa)dr1dz26 (g +§ — phu), (4.12)
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where 6(q +q — ptu™) is the cross section for the subprocess ¢ + ¢ — putu~ shown
in Fig. 4.5. The variable s is the proton-proton center-of-mass energy squared, and
the center-of-mass energy squared of the subprocess is § = zjz9s. In the high energy
limit, one can neglect the muon mass, so that the cross section for the subprocess
q(p1) + q(p2) = p* (k1) + p~ (k2) is expressed as

dra’e?

o' =o(g+a—ptuT) =t (4.13)

where m? = (k1 + k2)? is the center-of-mass energy squared of muon pair, « is the fine
structure constant, and e, is the quark charge. If we define x; = \/7e¥ and z3 = \/Te” Y,

y is rapidity and 7 = m?/s. With dzidzs = drdy, the cross section can be reexpressed,

do B A

drdy ~ omz La(TH )

Pyg(z1,22) Ze q(z2) + q(x1)q(z2)] - (4.14)

If one integrate Eq. (4.14) over y, it becomes

do Ao /1 dxy T

— = —P —). 4.15
= oy | o Pl ) (415)

With the experimental measurements of Drell-Yan process, the PDFs can be determined.

4.2.2 Next-to-leading-order corrections of Drell-Yan process and their

relation to prompt-photon production process

At the NLO level, one needs to consider the contributions of other Feynman diagrams
such as q(p1) + g(p2) — u (k1) + p~ (k2) + ¢(g2) shown in Fig. 4.6. In this subprocess,
three are three particles in the final state, and the cross section is expressed as [124]

lMM

dé(qg+g—p"+p" +q) = UV [ Ry, (4.16)

25 mt
where M* is the amplitude of ¢ + ¢ — 7* + ¢, and m* comes from the propagator of
the virtual photon. dRjs is the three-body phase space, and L*” is the lepton tensor for

muon pair. We decompose the three-body phase space into the two-body phase space

as
1 L dt
do(g+g—pt+u +q) = *MM dR12dm 1623
dR3 = dR dm2d7£ (4.17)
8T TR Y6r28 '
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FIGURE 4.6: The subprocess q(p1) + g(p2) = p* (k1) + p~ (k2) + q(g2).

where dR12 is the two-body phase space for muon pair, and ¢ = (p; — ¢1)? is defined for
the process ¢ + g — v* + q. The variable ¢; is the momentum of the virtual photon,
and § is the center-of-mass energy squared for this subprocess. Integrating L*” with the

two-body phase space, we obtain

o

wy
T =

de?a

20e?
=(¢'q¥ — m?g")—2. 4.18
(¢1qi —m=g )3m4 (4.18)

The term ¢'q}¥ does not contribute due to M,q}" = 0, so that the cross section becomes

. _ 1 5 20e? dt
d6(q+g—pt+p" +q) = %MuMi(—g“ ) ——odm?

3m? 16725’
do(qg+g9—9"+4q) 1
A = M, M} (—g"). 4.1
dt 167T§2 H l/( g ) ( 9)

The term MMMJ(—_Q“V) is actually the amplitude squared of ¢ + g — +v* + ¢, and the
polarization sum of the vitual photon is —¢**. Integrating the cross section over ¢, we
have

do(g+g—pt+p” +9q) 3

= 36 =y 4 q). 4.20
P 47T2a6380(q4rg 7 +4q) (4.20)

where ¢ is shown in Eq. (4.13) and # = m?/3. Then, the 2 — 3 process is described by
the 2 — 2 process by considering the virtual photon as a massive boson, and this will
simplify our calculation. Therefore, the Drell-Yan formalism can be used for describing

the cross section of the prompt-photon-production process.
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There are both ultraviolet divergences and infrared divergences in the NLO calculation.
The ultraviolet divergences appear in the photon-quark vertex correction and external
quark-leg corrections. The infrared divergences exist since we consider quarks as massless
particles, and we will encounter them in the photon-quark vertex correction, the external
quark-leg correction, and the quark propagator 1/f (see Fig. 4.6). In order to handle

the divergences, one needs to regularize them.

A popular regularization scheme is the dimensional regularization, where one calculates
the amplitude and phase space in the D = 4 4 ¢ dimensions, and the divergences show
up as 1/e. Both the infrared divergences and the ultraviolet divergences are regularized
at the same time in the dimensional regularization, therefore, it is a convenient method.
Moreover, the dimensional regularization is widely used in the higher-older calculations
such as next-to-next-to-leading order corrections. In this thesis, we will use the dimen-
sional regularization for discussing the NLO corrections of Drell-Yan process. In the
D = 4 + € dimensions, Eq. (4.20) is slightly changed,

dé(q+g—pr+p”+aq _ 3 6(a+g =7+ ), (4.21)

oVd7 Arlael(1+5)

where oY is the Born cross section in the D = 4 + ¢ dimensions.

There are two subprocesses for the NLO corrections of the Drell-Yan process: ¢ + ¢ —
v*4+gand g+ g = v+ q. We will first consider the contribution of ¢+ ¢ — v* + g, and
quark PDFs and antiquark PDFs are involved in this process. Integrating the amplitude
squared of ¢ + ¢ — v* + ¢g with the two-body phase space in the D = 4 4 ¢ dimensions,

we have

A - * 1 Ewa
dé(q+q— +g)=/;§|Ml2dRz,

€/2

1-7 m2(1 — )2 LIS )
- M1 — ) %dy, (4.22
327520 (1 + €/2) l Ans L 1| "(1 =) dy, (4.22)

where the two-body phase space dRs is given in Appendix A.1, y = cosf, + = m?/3,
and the angle between p; and ¢ is 6. In Fig. 4.7, there are two Feynman diagrams

which contribute to the amplitude.

The amplitude squared of M7 can be expressed as

(M1 [2=c;Tr [pory" k" phvskv] (];)2

:2Cf(2 + 6)2

|

: (4.23)
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M1 M2

FIGURE 4.7: Feynman diagrams of ¢(p1) + g(p2) = 7*(q1) + 9(g2) at the order of «.

M is the t channel amplitude and M, is the v channel one.

167r204a5De

2 n A
where ¢y = ——52-2, t = kK2 = (p1 — q1)? = (p2 — @)%, and 0@ = k?

(p1 — q2)* =

(p2 — q1)%. In the D dimensions, the strong coupling constant a3, should have the mass

dimension of €, and a}, = as(m,)¢ is introduced to make sure «; is dimensionless. Here,

my is called regularization mass.

Similarly, the amplitude squared for Ms can be calculated as

_ 1
|M2\2:chr {pévﬁlﬁ/wﬂmw%w] (k%)g
¢
=2¢+(2+ €)%=

cr(2+¢€) Z

There are also contributions for the interference terms of M7 and Ms:

My M + MyM| =2Re(M; M)

11
=2cfTr [pﬁ’y“%”yﬁgﬁ’m/ﬁﬁ’w} 72 52
1
sm? e
+ ).

at 2

€
Summing over all the contributions, we have

| M [=| M [>+|Ma|*+2Re(M; M)

~92 V) 24 ~ 7\2

e |+t +2m°8 e (a+1)
=8cs(1+ = = + =
r+3) ai 2
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Expressing @ and £ with y = cos# and 7, we obtain

€ 7 2 _% 2,2
s+ ) [ALEDEEH I 2,
P= SRy =1 A +y). (4.27)

We substitute Eq. (4.27) into Eq. (4.22) and integrate over y. Then, the cross section is
obtained for ¢ + ¢ — 7* + ¢ as

2°2T(1+ %)
VL () }
0 +3)

q
95

(Y
I+

6g+q—7"+g) =

Araage? 2(1 —4)2
s [m( 1 0y

(1+47)
1—7)?

+e (4.28)

where the integrals over y are found in Appendix A.2. By using Eq. (4.21), one obtains
the cross section 645 =6(¢+q— pt +p~ +g) as

A ~\27€/2 R N
dogg _ dos o[m*(1 =721 L +5) [A+7)2  1-7 | (4.20)
dr 3 Trm2 Ml4+e) | 1—-7 € 1+e
where the following relation is used,
L(1+%) (1+%2)2Jr 1—7
—+e€
M(1+e€) | 1—7 ¢ 1+e
1—7 (& 1+ 7)2 N
_ - (VAL L[4 D VETE )
244l (14 5) | D(5 +3) (1-7) I'(g+3)

In Eq. (4.29), it seems that the most divergent term is ~ 1/e. However, one can find the

term of ~ 1/€? by expanding e [125]:

_ 1 1 In(1 —7)
1-#)ED =251 —#) 4 —— [ . 4.31
Then, the most divergent term in Eq. (4.29) actually behaves like ~ 1/€2,
A €/2
déeg 16as o | m? €1 .
~ I'l—=)=0(1—17). 4.32
@ " 3r C Lhrmg =502t =7) (4.32)

The definition of the plus function [f(x)], is given in Appendix A.3.

There are also virtual corrections for the quark-antiquark annihilation process ¢+q — ~*,
and Feynman diagrams are shown in Fig. 4.8. The first diagram is the quark vertex
correction, and the other two are external quark-leg corrections. There are both infrared

divergences and the ultraviolet divergences in those diagrams, and they can be also
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Chapter 4. Gluon Transversity in Deuteron

FIGURE 4.8: Quark vertex correction and the quark-leg corrections at next-to-leading
order.

regularized by dimensional regularization. The cross section of these virtual corrections

is expressed as

dé, 20500 | m? /2 € 8 6 9 N

When one combines the contribution in Eq. (4.29) with the virtual corrections in Eq. (4.33),
the divergent term of 1/€? is exactly cancelled (see Eq. (4.32)):

dogq  as N m? Qa5 Am? T R .
oVd7 N ™ qu(T) ln( 2) 3T ( 3 - 2)6(1 - 7_) + QOésfq(T),
. 20 o [In(1—7 1442 A 2 9 A
Qg L [2
+ 5 Faa(7) L +% = ln(47r)} : (4.34)

where Py, (7) is the splitting function for ¢ — ¢ in Eq.(1.28). Therefore, the divergent
term of 1/e still appears in the total cross section, and this term is purely the infrared

divergence [124].

Now let us discuss the contributions of the subprocess q(p1)+g(p2) — pt (k1) +p~ (k2)+

q(g2). There are two Feynman diagrams for this subprocess shown in Fig. 4.9, the first
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Next-to-leading order corrections in hadron reactions

one is s-channel and the second one is ¢-channel.

L1 L2

FIGURE 4.9: Feynman diagrams of ¢(p1) + g(p2) — v* + q(g2) at the order of as.

The amplitude squared of the s-channel Feynman diagram is expressed as

’fl |2 :Cfrrl“ [HQ’YM?VBM 75?7/1«} (p; ) 2

—
=2cp(2 + 6)2?, (4.35)

where 8 = p® = (p1 +p2)* = (@1 + ¢2)* and L = (p1 — @1)* = (p2 — ¢2)*. The amplitude

squared |L;|? is free of divergence. Similarly, we calculate the contribution of the ¢-

channel amplitude as

|Lo|?=c;Tr [qﬂﬁ%v”%w%w] (ki)Q
=2¢(2 + 6)2_;. (4.36)

The divergence appears in [L1|? due to the term 1/f ~ 1/(1 — y), and it is the infrared

divergence. Finally, we will consider the contribution from the interference terms:

L L} + LyLT =2Re(Ly L),

11
=2¢;Tr [q/ﬂﬂ }év“mwmu] 2
€ ﬁm2 €
=16c,(1+ 3)(~ P 3) (4.37)
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where the infrared divergence appears in the collinear limit. The amplitude squared for

g+ g — v* + q is obtained as

|L*=[L |*+|L2[*+2Re(L1 L),
e U R RS
it 2 &

—8cp(1+ %) . (4.38)

Substituting = —g(l —7)(1—y)and a = —%(1 —7)(1 4 y) into Eq. (4.38), we have

= e+ ) | P m LDy,
4+ 1 -1 +y)
Next, integrating |L|? with the phase space by using Eq. (4.22), we obtain
) . Waasegf(l +¢€/2) [m2(1 — 7)? /2
B+ 92749 ="Grarg [ 4n? ] (1+e/2)
X |2(T + (1 - %)2)2 +(B+7— 372)} , (4.40)

where the integrals over y is found in Appendix A.2. The divergence behaves like 1/e,
and it is the infrared divergence which appears in the collinear limit (y = 0). The cross

section of ¢ + g — v* + ¢ is changed for the one of ¢ + g — put + = + ¢q [124] as

A ~ €/2
dogy  as m2(1 — 7)? ra+5) 71, , o2 1 9
Uod%%[ T+ [(T +(1-7) )7—1-1(34—27'—37') . (4.41)

Tim2 2 €

m2(1_%)2r/2

Expanding [ ez over €, we obtain
S

do. Qs . m? .
04t =5 Pas(P)In(5) + aafy(7),
o Qs [ o oy, (1=7)2 1
ag fo(T) _ﬂ{ (T +(1—-7) >IHT 5(3—&— 21 — 31 )}
g L [2
+ 52 Py(7) |2 49— halam)|. (1.42)

where P,4(7) is the gluon splitting function for ¢ — ¢ in Eq.(1.30). Substituting
Eq. (4.42) and Eq. (4.34) into the cross section of Drell-Yan process, we have

d 1 dq d do
JDY / xl/ ﬂq (1) (332)—?. (4.43)
T/wl dT
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Next-to-leading order corrections in hadron reactions

With the NLO corrections, the cross section can be expressed as [124]

dopy 47rae 1 dml dxg
S =Y et [ [ S Gt + aenates)

9r 3w

T s .. m? .
(1+a (8 ))5(1 = 7)+ —Fag(F)In(5) + Q%fq(T)l

0 R 2 .
+[q(z1)g(w2) + g(x1)q(x2)] l%qu(T) In(—) + asfg(ﬂ]

Qg . m? .
+[q(z1)g(72) + g(x1)q(x2)] l%qu(T) IH(W)Jrasfg(T)]- (4.44)

In this cross section, we still find infrared divergence 1/e in f,(7) and fy(7), and it
belongs to the nonpertubative part of QCD. In order to handle the divergence, one
needs to renormalize the PDFs, namely, the divergence terms are absorbed into the
nonpertubative PDFs. Therefore, one considers the PDFs in Eq.(4.44) as the bare PDFs
¢°(x), and the physical PDFs are defined as

2

o m o 2
1+ ﬁpqq ln(ﬁg) + ipqq (6 + Ye — hl(‘“))]

q(z,m?) =¢° ®

2

aS m as 2
+go® —i-%quln(Eg)—i-%qu (6 +’)/5—1H(47T)>‘| s

m2

o) = & 14 52 g y) + 52 Py (220 aam) )

2

+Zq ®[ quln( )+ qu(i+’yeln(47r))]. (4.45)

Here, we define the convolution integral notation:

Ldy Ldy
f(z)=g®c= 9(z/y)ely) = [ —gy)e(z/y). (4.46)
z Y z Y

If we differentiate the physical PDFs with respect to m? for the quark and gluon distribu-
tions, one obtains the DGLAP evolution equation in Eq. (1.27) and Eq. (1.29). Reexpress
Eq. (4.44) with the physical PDFs [124],

d 47rae Ld d
U T L et e

X |:1+Oés(97r 3

|a(@,m?)g(w2,m?) + glz1,m?)q(w2,m?)] [asey(7)]

(@@, m?)g(w3,m?) + glz1,m?)q(w2,m?)] [sey (7)) (4.47)

T5(01— ) + 20407 )}
+
+
This final cross section is free of divergence, and we can use this theoretical cross section
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to investigate experimental measurements. The functions ¢,(7) and ¢4(7) are defined as

follows
s ~ n(l—7 ’7A'2 . 2 R
asCq(7) :2377 {2(1 + 72) [151_%) L (11t %) In(7) — (= + 2)5(1 — 7')},
ascq(7) :ZL;{ (7 +01-#?)In (1_77)2 - %(3 +2r - 3r%) . (4.48)

4.3 Gluon transveristy of deuteron in DIS

4.3.1 Introduction to gluon transveristy in deuteron

In Section 4.1.3, we discussed the polarized gluon distributions in the nucleon. We no-
ticed that there is no gluon transversity in the nucleon because of the angular-momentum
conservation. However, there exists gluon transversity in p meson and deuteron since
their spin is S = 1 [16, 68, 121-123]. The deuteron is a stable hadron which is widely
used as targets in high energy hadron experiments, so it is possible to investigate the

gluon transversity in the deuteron.

The deuteron is considered as a loosely bound system of proton and neutron, and it is
often used to investigate structure functions of the neutron since the neutron cannot
be used as a stable target. If the deuteron is loosely bounded, the gluon transver-
sity is small because the spin-1/2 nucleons do not contribute [123]. Therefore, a finite
gluon transversity could reflect an interesting dynamical aspect in the deuteron. In
this case, it is very interesting to measure the gluon transversity experimentally for the
deuteron. In Chapter 2, we studied the tensor-polarized structure of the deuteron, and
the experimental measurements by HERMES collaboration do not quite agree with the
conventional picture that the deuteron as a bound state of proton and neutron. To-
gether with the tensor-polarized structure, the gluon transversity will probe interesting

dynamical structure of the deuteron.

In Ref. [123], the gluon transversity was first theoretically estimated by a model that the
deuteron state is |d) = | NN ) +¢| AA). The spin of A baryon is bigger than 1, and the
deuteron gluon transversity comes from the component | AA). The gluon transversity
is the leading-twist PDF in the deuteron, so that the contribution could be significant

to be measured. It will be measured in the electron-deuteron DIS process at JLab [126].
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rp, >\1 rp, )\2

d(p, Av) d(p, A2)

F1GURE 4.10: Gluon transversity in the deuteron. A; and Ay are helicities of deuteron,
and A1 and Ao are helicities of gluon.

4.3.2 Deuteron polarizations

Gluon distribution in the deuteron is schematically shown in Fig.4.10, and it appears
if the helicities of the deuteron and gluon are flipped. In order to keep the angular-
momentum conservation A; + Ay = As + A1 so as to have the gluon transversity, the
helicities should be Ay = A\; = £+ and A2 = Ay = F. Polarization vectors e*(A) are used
to describe the spin states of the deuteron. For the deuteron with its momentum P =
(P°,0,0, P?), the helicity states A = + are expressed by (A = +) = %(0, F1,—4,0) in
the same way with the photon case. In addition to the helicity state of A = &+, there is

also the helicity A = 0 state:

p3 pY
Eﬂ(A = O) = (M, O, 0, ]\4d> s (449)

where M, is the deuteron mass. In order to describe the polarization states of deuteron,

the spin vector S* is also used:

Pl/

Sy = —€uvas 7 Im(e*%e?). (4.50)

For polarization vector e*(A = £), we have S* = (i%,0,0, i%). If the deuteron is

linearly polarized,
ez = (0,1,0,0),¢, = (0,0,1,0), (4.51)

the spin vector is S* = 0.

73



Chapter 4. Gluon Transversity in Deuteron

4.3.3 Gluon transveristy in DIS

The gluon transversity is probed in the electron-deuteron DIS process shown in Fig. 4.11,
where the virtual photon comes from the electron. The deuteron helicity is flipped from
+ to F by the polarized-gluon emission and absorption, and the helicity of the photon
is also flipped to compensate the helicity change of the gluon. The hard part is just the
helicity amplitude of v*(q1, A1)g(g2, A1) — 7" (g2, AM1)g(ge, A2) where the intermediate

state is on shell.

+ + Soft part: gluon
transversity

d(P,+) d(P,F)

FIGURE 4.11: Helicity amplitude v*(q1, A1)g(g2, A1) = v*(q2, A\1)g(ge, A2).

In the following, we show how to calculate the helicity amplitude of v*(q1, A\1)g(g2, A1) —
(g2, A\1)g(q2, A2) [16, 68, 121, 123, 126, 127], and we define the helicity amplitude as

Axdrons = (A1) €5(A2) Tog ueg (A1) €h(A2)", (4.52)

where ¢, is the photon polarization vector and ¢, is the gluon polarization vector. By
considering the parity invariance, A__ . = Ay, __and A, _ = A_ |, the he-
licity amplitude vanishes for A, _ = A_, ,_ since the auglular momentum is not

conserved. Then, we have the relations:

Ay =Ay —+ A4

= (1) (=) Tagur [g(H) (=) + eg(=)'es(+)*]
A=A+ A

= &p(—) 6 (+) Tag o [eg(—)”e;(ﬂ” + ég(+)“62(—)”] ; (4.53)
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Adding these two equations, we obtain

2411 = (=) ()7 + ()6 (=)° | Tapw [e(=)es(+)” + eg(+)es(—)"]
(4.54)
Therefore, we define a photon tensor as E%f = ep(—)ae;(—i—)ﬁ + ep(+)ae;(—)ﬁ and a
gluon tensor as B = eg(—)!ey(+)” + €g(+)!ey(—)". If the virtual-photon momentum

is chosen as the z axis and the gluon momentum is —z axis, we can use Eq. (1.34) as the

photon polarization vectors and Eq. (3.2) as the gluon polarization vectors:

0 0 00
0 -1 0 0
Ery = By = Br = . (4.55)
0 0 10
0 0 00
It is actually Ef” = —(elel — eliey) in Eq.(4.51), namely, the gluon transversity can be

considered as the difference between linearly x polarization and linearly y polarization.

FIGURE 4.12: Leading-order contribution to the amplitude v*(q1)g(g2) — v*(¢1)9(g2),
where quark and antiquark are on shell.

The leading-order contribution for the amplitude v*(q1)g(q2) — v*(q2,)g(g2) is shown
in Fig.4.12, which is just the amplitude squared of v*(q1)g(q2) — q(k1)q(k2). In the
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center-of-mass frame of ¢; and ¢o, the kinematical variables are defined as follows:

s+ Q2

= (¢4, 0,0 = (q,0,0, — 2= _Q% ¢q=
q1 (%77#])7 q2 <q777 q)7 a1 Q7q 2\/;7

k1= \f (1,sin @ cos ¢, sin 0 cos ¢, cos §),

ko = \f (1, —sin @ cos ¢, — sin @ cos ¢, — cos 0),

t= —8+2Q2 (1—cosh), u= —S+Q2 (14 cos®),

K = s 51;1297 K2 kf/ _ s sin? 6 (00542 ¢ — sin? gb)7 (4.56)

where k:% = k?g + k;, k1z = —koy = ky and k1y = —koy = ky. Here, the initial photon
and gluon momenta are ¢; and g2, and the quark and antiquark momenta are k; and

ko. The polar and azimuthal angles of the quark are denoted as 6 and ¢, and kp is its

transverse momentum.

L1 L2

FIGURE 4.13: Feynman diagrams of v*(q1)g(q2) — q(k1)q(k2).

In Fig.4.13, there are two Feynman diagrams for the process v*(q1)g(q2) — q(k1)q(k2).

The amplitude L; is called the t-channel one, and its squared is expressed as

L1 |? = (e2g?)Tx [k/l’va(qu — K2)Vukov (gh — k/z)v@} %E%BE;V

—Kk3t — 2(k2 — k2)?
= 16(6262g§) T t(2 k) (4.57)

Similarly, the u channel amplitude squared is

1 (0% v
[Laf? = (e2g)Tr [ (hs — @) vablons (W — g)s] — B3 B
K3 — 2(k2 — k2)?

= 16(626393) w2

(4.58)
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Finally, the interference terms between L, and Lo are

2LYL1 = 2(e®e2g?)Tr [%%(q/z — ko) vk (B — %)%} %

—kg(u+t) — 4(kZ — k2)? — ut

Bl

= 16(e’e2g2) " (4.59)
In total, the absolute-value squared of the amplitude becomes
ut {2k%(u+t) +ut} + 2(k2 — k2)?(u + t)?
|L’2 16626293 { T }2 > y) ( )
u-t
9 2 E s? cos4¢p Q*
=—16e¢ O+ s +(Q2—|—s) . (4.60)

There is no collinear divergence in the amplitude at k7 = 0. Therefore, it does not need
the dimensional regularization as we had in the longitudinal polarized DIS process. If
|L|? is integrated over the two-body phase space dRg = 1/(47)? sin 0d¢, we obtain

Q2

2
2 _ 2 2 27 —
|L‘ dRQ = € gs , &= m (461)

The amplitude vanishes at @? = 0, namely, the massless quark and antiquark pair
cannot be produced from the real-photon and real-gluon collision with the same helicity.
This happens because of the vector current nature of QCD and QED. However, if Q?
is finite (Q? should be bigger than a few GeV? ) in the DIS, the gluon transversity can
be measured in a transversely polarized or linearly-polarized deuteron in the DIS. For
example, the DIS process is possible at JLab with the unpolarized electron beam and the
transversely polarized deuteron target, and the differential cross section of e(l)+d(P) —
e+7*(q) +d(P) — e(lh) + X [16, 68, 121, 123, 126, 127] is expressed as

do e*ME 9 9 o z(l—1y) 9
dxdyd¢1 - 4772Q4 ry Fl(xaQ )+(1_y)F2($7Q )_ 2 A($7Q )COqul )
Q* q-P
= 2P_q7 y: 7‘l7 (4.62)

where ¢; is the azimuthal angle for Iy, and the structure functions Fi(z,Q?) and
Fy(z,Q?) of the deuteron are found in Eq. (1.24). As for the structure function A(z, Q?),

it contains the information of the deuteron gluon transversity g.(x, Q) — g,(x, Q?):

as Z : 2/ (9:(,Q%) — gy, QY)] . (4.63)
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4.4 Gluon transveristy in proton-deuteron collision

4.4.1 Introduction to prompt photon production

The deuteron gluon transversity has been studied in the DIS process; however, it has
never been investigated in the proton-deuteron collision, both theoretically and experi-
mentally. Here, we theretically propose a possible process on prompt-photon production

in the proton-deuteron collision with linearly-polarized deuteron.

In the proton-deuteron collision, there are some processes that we can use them to
explore the gluon transversity of the deuteron. For example, we consider the hadron
production p + d — A + X and the prompt photon production p4+d — v+ X. In
the first processes, the cross section vanishes as far as we studied, so they cannot be
used to study the gluon transversity. However, the gluon transversity is involved in the
prompt-photon production with the higher-twist (twist-3) term of the proton. In the
following, we explain the prompt-photon production and show how we obtain the gluon

transversity.

FIGURE 4.14: Prompt-photon production in the proton-deuteron collision, p(p.) +
d(pe) = v(q1) + ala2) + X.

In Fig.4.14, the prompt-photon production [128-132] in the proton-deuteron collision

is shown. In the center mass frame of proton and deuteron, we define the kinematical
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variables of Fig. 4.14 as follows:

§ = zqmps = (p1 + p2)°,
t=(p1—q)’=p2— @) = —zprvse?,
= (p1 — @)* = (p2 — q1)* = —zpprV/5€Y,

Tar/S
2

Xz S
(1707071)7 P2 = TpPy = b2\/>(170707_1)7

q1 = pr(coshy, cos ¢, sin ¢, sinh y). (4.64)

P1 = TaPa =

Here, p; is the momentum of the quark which comes from proton, po is the momentum
of the gluon, y is rapidity for photon, ¢; and g2 are momenta of the photon and the
quark in the final state, respectively. The cross section of the prompt-photon production

is written as [128]

1
do = a(wa) g(w) da day M (g + g = 7 + o)
Baq o

x (2m) 6 (p1 +p2 — 1 — : 4.65
N S o 7 e T o
Integrating the cross section over ¢o, we have
do § dé(qg+g9g—>v+4q) .
0 . .
—_— = — dxqd = 0 t . 4.66
W = [ Zaten)aa)dade, L (+i+a). (460
By substituting § = —x,pr/se” ¥ and 4 = —xzppr+/se? and integrating over x; to remove
the 0 function, the cross section becomes [128]
do 2 [l Texy  do(q+g— v +q)
_—— =— d = , 4.67
oo @y " ), e i (4.67)

where the following relations are used: d3q1/q) = prdprdédy, xr = 2pr/\/s, Tp =

(xqxre V) /(224 — xpe?), and the minimum value is Tamin = (z7€e¥)/(2 — xpe™Y).

4.4.2 Gluon transveristy in prompt-photon production

The following differential cross section combination is investigated for the prompt-photon

production in the proton-deuteron collision:
do; = [do(s1,€x;+) — do(s1, €x;—)] — [do(s1,€y5+) — do(s1, €45 —)], (4.68)

where €, = (0,1,0,0) and €, = (0,0, 1,0) are linear-polarization vectors of the deuteron,

and the helicity of final photon is marked as +/—. s; is the transverse-polarization
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vector of the proton:
s1 = (0, cos ¢g, sin ¢, 0). (4.69)

In the transversely-polarized proton, only three types of the PDFs exist up to the twist-
3 level. They are unpolarized PDFs ¢(x), transversity distributions Apg(x), and the
twist-3 PDFs g/ (x) (see Eq. (4.5)). The contribution of unpolarized PDFs vanishes in
Eq. (4.68). As for the transversity distribution Apq(x), it is chirally odd and it brings
two ~ matrices into the amplitude squared of ¢(p1) + g(p2) — Y(q1) + q(g2), so the
amplitude squared will vanish. Then the only choice left is the twist-3 PDFs g4 (), and

the contribution in the final cross section is suppressed by M,/Q.

M1 M2

FIGURE 4.15: Feynman diagrams of q(p1) + g(p2) — v(q1) + ¢(g2). The amplitude of
s channel is marked as M; and the amplitude of ¢ channel is marked as M.

In the prompt-photon production, there are two leading Feynman diagrams on ¢(p1) +
g(p2) — v(q1) +q(g2) as shown in Fig. 4.15. Since the deuteron spin asymmetry is taken
between €, and €,, the gluon polarization tensor [127, 133-135] in this subprocess is

EYP =P — ¢

2 = el — el = = [e(+) e (=) + e(-)* e (+)], (4.70)

and the gluon helicity is flipped by 2 for q(p1) + g(p2) — v(q1) + q(g2). The amplitude
of Fig.4.15 is expressed as
M = (M + MF) €5 (), (4.71)

where eZ(A) is the polarization vector of the outgoing photon. Furthermore, one obtains

the amplitude squared of Eq. (4.71) as

MM' = (MyM{7 + Mg MJ7 + My MJ7 + Mg M{%)[e,(+)eq (+) — e (=)ea ()] (4.72)

w

There are two choices to define the antisymmetric photon polarization tensor P,, =
eo(H)eo(+) — € ()eo(—):
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(1) € (+)eo(+) — €(—)ea(—) = €(+)ex(+) — €w(+)€es(+) is antisymmetric, Lorentz
invariant, and vertical to photon momentum ¢;, so that this combination should
be expressed as ewgqui‘ rY. Since €,(\) can be defined as the convenient one
which does not have zero component (eg(A) = 0), we take ¥ = ¢ to cancel the

zero component in the tensor [136-138]:

* * .ewU/.LVQing
Poo = €,(+H)ea(+) — 5 (—)eo(—) = i———. (4.73)
a1 - q2
(2) It is convenient to express €,(A) by the Lorentz invariants in the process ¢(p1) +
9(p2) — v(q1) + q(g2). If the direction of the photon momentum is chosen as the
z axis, the x axis can be defined as ¥ = —(q1 - @2pf — q1 - P1¢5 — p1 - @2¢%), and
the y axis can be defined as e = —€ewpudhPi g . Therefore, one writes the photon

polarization vectors e(+) by e, and e, as [139, 140]

2 : 2 .
1) = =] = (ex +iey), €(=) = | —=(ex —iey).
() = = s (en +iey), (=) = | = (ea —iey)

Then, the antisymmetric photon polarization tensor P, is expressed by the Lorentz

o
IS

invariants.

In order to confirm our results, the two different choices of antisymmetric photon polar-

ization tensor P,, are used in calculating the amplitude squared of ¢ + g — v + ¢.

There are four terms in the amplitude squared:

MidM;m = Cf [ g ]7/1 +9§)70%7w(271 + ]72)’74 a
Ui oy -]
My M} = Tr |V’ shv5(0h + 92) Vo gova(h — qﬁ)%} ESP,

My M| = [v %0 (Bh — )89 Ve (A +pé)’m} B, (4.74)

where the factor cy is given by c; = MT% 202922, M, is the proton mass which exists
due to the twist-3 PDFs g4.(z) in Eq. (4.5), and 1/6 is the color factor. The summation

of these terms are

|M 2= (MfM*" + M;MT” + MEMI + M§ M) P,

- t ( 2 6 ag gs )
16COS(¢+¢5) 2 92 9
4.75
xa\[ey(26aggs) (4.75)

81



Chapter 4. Gluon Transversity in Deuteron

where A- Er - B = AanaﬁBﬁ and ¢ - Ep - s1 = —ks - Ep - s1 = prcos(¢ + ¢5) are
used. In Eq.(4.75), the factor 1/f appears which is divergent at the collinear limit
(pr = 0). However, we do not need to handle this divergence as we did in Sec.4.2
because the relatively large-pr region (pr > 1 GeV) is investigated for the prompt

photon production.

The differential cross section of ¢ + g — v + ¢ is expressed as

s, 1 )
@i~ 1eme M (4.76)

Substituting Eq. (4.76) into Eq. (4.67), one finally obtains the differential cross section
for the prompt photon production:
do, 2 1 ToTy A6
T = d q 2 A 2y  ~a®b 7AT
or de d¢ dy . /a: Tq gT(xaaQ ) Tg(xbaQ ) 2$a — .’ET@y dt 9

amin

(4.77)

where gh(x) is the twist-3 quark PDF in Eq.(4.5), and Arg(z,Q?) = g.(z,Q?) —
gy(x, Q?) is the deuteron gluon transversity. The energy scale Q? = p% is often used in

the prompt-photon production.

4.4.3 Summary

The deuteron gluon transversity is a very important quantity, since it reflects new dy-
namical structure inside the deuteron. The knowledge of the deuteron gluon transversity
will help us to understand an interesting exotic aspect of the deuteron structure beyond
the simple two-nucleon bound state. However, we know nothing about the deuteron
gluon transversity until now. Therefore, it will be very interesting investigate it in the
proton-deuteron collision. In this work, we proposed that the prompt photon production
process can be used to study the deuteron gluon transversity. In experiment, the mea-
surement of this process is still difficult at this stage because of higher-twist (twist-3)

effect and because it may be not easy to detect the helicity of final photon.
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Summary

The tensor-structure of the deuteron can be investigated at high energies by both the
structure function by in the DIS process and the spin asymmetry Ag in the proton-
deuteron Drell-Yan process. It is much easier to probe the tensor-polarized antiquark
distributions by the asymmetry Ag. In this work, we gave the theoretical estimate of the
spin asymmetry Ag of the Drell-Yan process by using possible tensor-polarized PDFs to
explain the HERMES data, and we found that the asymmetry Ag is of the order of a few
percent. We also found the existence of tensor-polarized gluon PDFs as the Q2 evolves.
In the near future, the structure function b; and the asymmetry Ag will be measured
by JLab and Fermilab, respectively. Since the standard deuteron model predication is
much different from the HERMES measurement, there is a possibility that a new field
of spin physics could be developed by these experimental measurements. The deuteron

tensor structure is expected to be understood much better by these measurements.

In order to understand the origin of proton spin, it is necessary to understand con-
tributions from partonic orbital angular momenta. As the observables to probe such
contributions, three-dimensional (3D) structure functions are proposed. They contain
information on form factors and PDFs. In particular, the generalized parton distri-
butions (GPDs) have been investigated as one of such 3D structure functions. Other
important three-dimensional structure functions are the generalized distribution am-
plitudes (GDAs), and the GPDs can be obtained by the s-t crossing from the GDAs.
One way to study the GDAs is the two-photon process v*y — hh, which is possible at

KEKB. In this work, we analyzed the Belle cross-section measurements of v*y — 797
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in the ete™ collision. The pion GDAs used in this analysis are expressed by a few
parameters, and resonance contributions of f(500) and f2(1270) are included. The
obtained GDAs explain the Belle data well enough with x?/d.o.f. = 1.09. The ma-
trix elements of the energy-momentum tensor and the gravitational form factors were
investigated from the pion GDA. It is difficult to probe the gravitational form factors
directly in experiments since gravitational interactions are too weak. The GPDs and
GDAs provide us an alternative way to study these form factors. We also estimated the
three-dimensional gravitational radii, and they are \/(r?)ass = 0.32 ~ 0.39 fm for mass
radius and /{r2)pecn = 0.82 ~ 0.88fm for the mechanical radius. The mass radius is
smaller than the pion charge radius (0.65940.004 fm [1]), and the mechanical radius is
bigger than the charge radius. This is the first estimate of the gravitational radii by
analyzing actual experimental measurements. In our analysis, the Belle measurements
still have large errors which mainly come from the statistical errors. However, the Belle
IT collaboration just started taking data with a much higher luminosity in 2019, and the
errors are expected to be reduced significantly. Therefore, more precise GDAs can be
obtained for the pion and other hadrons in the near future. Accurate GDAs will help us
to study gravitational form factors, pressure distributions, and shear-force distributions

for hadrons.

The gluon transversity is a twist-2 distribution function for the deuteron, so that it is
important for the structure studies of deuteron. The deuteron is a bound state of the
proton and neutron. However, the nucleons do not contribute to the gluon transversity
directly because they are spin-1/2 particles, so that the gluon transversity is expected
to be small. However, a finite gluon transversity could reflect non-nucleonic components
in the deuteron, and it probes a new dynamical aspect in hadrons. The deuteron gluon
transversity will be measured in the electron-deuteron DIS. In this work, we proposed a
possible process to probe the deuteron gluon transversity by using the prompt-photon
production process in the proton-deuteron collision. We showed that the cross section is
proportional to the gluon transversity of the deuteron and the twist-3 structure function
gr(x) of the proton by using the linearly-polarized deuteron and the trasversely-polarized
proton. The studies of the gluon transversity could lead to a finding of a new exotic

component in the deuteron.
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Appendix

Formulae in dimensional

regularization

A.1 Two-body phase space in D dimension

In the process q(p1) + g(p2) — v*(q1) + ¢(g2), the virtual photon is considered as a
massive boson. We can define the kinematical variables in the center-mass frame of pq

and po as follows

s=p*=(p1+p)t= (1 —q)=p2— @)
2

. om

= (p1— @)= (p—q)* ¢ =m? 7=

A 2

S—m
Ey = l|ai = lgb|= ——. Al
2 = |q1]= |@2] W (A1)

A
S

The phase space in the D dimension is expressed as

dR —/ Pl AP o0, )
2= | @n)P12E; (2n)D-12E, P =P =),

1 delq
:/ (2m)D-2 (2E1)(2£1?2)5(\/§ - B - By). (A.2)
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If we define the momentum p; as the z-axis, the angle between p; and ¢; is . Then,

the D-dimensional integral is calculated by

D—-2
2m 2
D-1_ _ D—2 _ ,2\D/2-2
/d a1 (D2 = 1)E2 dE>(1 —y*) dy, (A.3)

where y = cos. We use Eq. (A.3) for Eq. (A.2) and integrate it over Es = |g1| to obtain

B 71-D/2 E} -3
) 2D83T(D/2 - 1) 44/3

dR, (1 —y?)P/22qy, (A.4)

A.2 Integrals used in dimensional regularization

The following integrals are used in the dimensional regularization:

2 €
Yy < VAl(5
Jar -y = Y

y [(5+3)
/d (1 +z)(1 )= x/igf(gi)g)(é)

where there is no divergence in the forth integral; however, the divergence appears as
I'(5) ~ 2/e in the other ones.

A.3 Plus function

The plus function [f(x)], is defined as follows [124, 141]
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Plus function

where () is the step function. The plus function often appears in the integral, so it is

more convenient to reexpress
1
IR CIOIRE

= [ o9 51z~ 50 [ o).

If f(z) =1/(1 — x), we have
dy

/lg(x)[li +y

19 —yy(z) d
- = 1_ e = gl log(1 — ),

For f(z) =In(1 —z)/(1 — z), it is given by
Loz [In(l-y)] dy
~/ac g(y)[ 1—y + Y
/1 In(1 - y) 9(5) —yglx )}@Jr@
B —y y 2

log?(1 — ).

(A7)

(A.9)
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