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Abstract

In this thesis, the dynamics of revolving D-branes are discussed. In particular, the
effective potential for them is calculated. Two kinds of methods are employed in cal-
culating it. Ome of them is the improved perturbation method. Using the method,
we can remove secular terms systematically to all orders of perturbation in the general
perturbative calculation. The other is the partial modular transformation, which is to
perform the modular transformation in a part of the moduli parameter. Thanks to this
method, we can approximate the potential with the sum of contributions from both
the open and closed massless modes. We discuss the possibility of the bound state

consisting of revolving D-branes according to these calculations.



Contents

Introduction

Foundation of D-brane dynamics
2.1 D-brane action . . . . . . . . .. ...
2.2 D-brane potential . . . . . . . . ... ...
2.2.1 openchannel . . ... .. ... .. ... .
Gauge theory calculations . . . . . .. ... ... ... ... ..
2.2.2 closed channel . . . . .. .. ..o
Boundary state . . . . ... oo
Exchange of massless fields . . . . . .. ... ... ... .....
Supergravity calculation . . . . . ... .. ..o

2.2.3 Modular invariance of the potential . . . . . . . . . ... .. ..

Perturbative calculation of potential for revolving D-branes

3.1 Open strings stretched between revolving D-branes . . . . . . .. ...
3.1.1 Open strings in the rotational coordinate system . . . . . . . . .
3.1.2  Perturbative Hamiltonian with respect tov. . . . . . . . . . ..

3.2 Onme-loop partition function . . . . . . . .. .. ... ... ... . ...
3.2.1 Improved perturbation . . . . . . ... ... L.
3.2.2  Perturbative calculations of the trace . . . . . . . .. .. .. ..
3.2.3 Diagonal elements: [Hi|p, [H]p and [Ha|p . . . . . . . . .. ..
3.2.4  One-loop open string partition function . . . . . . . . . . .. ..

3.3 Effective potential at short distance . . . . . . . .. . ... ... ....
3.3.1 Massive contributions: V,>i(r,w) . . . . . ...
3.3.2  Massless contributions; Vo(r,w) . . . . . ...

3.4 DO-branes at constant velocities . . . . . . . . .. ... ...

S = T NN

13
14
15
18
19
22



CONTENTS

G

H

I

J

Field theory calculation of effective potential for revolving D-branes 44

4.1 String Threshold Corrections in D-brane Models . . . . . . .. .. ..
4.1.1 Why are the string threshold corrections important? . . . . . .
4.1.2 Partial modular transformation . . . . . .. .. ... ...
4.1.3 Another example: D3-branes at angle . . . . . . . ... ... ..
4.1.4 General Recipe . . . . . . ...

4.2 Gauge theory calculations in revolving Dp-branes . . . . . . . . . . ..
4.2.1 One-loop amplitude of SYM in revolving Dp-branes . . . . . . .
4.2.2  Effective potential V,(2r) from SYM . . .. ... ... ... ..

4.3 Supergravity calculations in revolving Dp-branes . . . . . . . . . .. ..

4.4 Effective potential at all rangesof r . . . . . . . ... ...
4.4.1 Shape of the effective potential . . . . . ... .. .. ... ...
4.4.2 Can the revolving D3-branes form a bound state? . . . . . . ..

Conclusions
Improved perturbation theory
Mode expansions

Calculation of [Hs]p
C.0.1 Diagonal parts . . . . . .. . ...
C02 [Wolp - v v o o
C.03 [ViVilp - - - o o o

Useful formulae for traces and derivation of the partition function
Matrix elements for low lying states

Integration for Vy, and V3

[HQ(Z)]D for the linear system

Supergravity potential between revolving branes

w expansion of SYM potential V,(r)

r expansion of SYM potential f/o(r)

i

44

65

68

70

71
73
74
76

80

82

84

85

90

92

96



Chapter 1

Introduction

As widely known, superstring theory is a promising candidate for quantum gravity.
In the history of the theory, there are some revolutions. Even among them, the dis-
covery of the D-brane is remarkably significant [13], [14]. D-brane is the key subject
to understanding the non-perturbative nature of string theory along with the various
dualities. Since it was found in 1995 [1], a variety of works that investigate or make use
of the D-branes have been published [12,17,18,25]. The important feature of D-brane is
that open strings can have the end on it. The low energy effective theory of these open
strings gives the field theory on the Dp-brane world volume. Considering the various
configurations of D-branes, many attempts that give the geometrical understanding of
supersymmetric gauge theories or realize our four-dimensional universe on it have been
done [2-7,16,21]. When we consider multiple D-branes, their multiplicity determines
the gauge symmetry and their location or trajectory gives the vacuum expectation
value of scalars on the worldvolume theory. The supersymmetry on the worldvolume
also depends on their configuration. From this perspective, we can discuss the gauge
symmetry or supersymmetry and their breaking uniformly, in a geometrical way. Fur-
thermore, since D-brane is a dynamical object, it is possible to construct the models

such that the configuration is allowed by the string theory rather than set up by hand.

In spite of the elaborate investigations over the last 30 years, we hardly know the
dynamics of D-brane yet. For simple configurations, like a static parallel case, tilted
case or moving with a constant velocity case, we know how to calculate the effective
potential which arises between D-branes [13], [14]. It is given as the one-loop effective
potential of open strings stretched between D-branes or the amplitude for the exchange
of massless fields between them. For the D-branes with acceleration, however, it had

not known how to calculate the effective potential. Many of the models so far are based



on the static D-branes that preserve the supersymmetry. For the static D-branes, the
system which violates the supersymmetry becomes unstable unless performing special
manipulations like an orientifolding. Considering the moving D-branes, we can innovate
a new mechanism to stabilize D-brane systems and afford the possibility that spreads
the directions to describe the open questions of our four-dimensional universe, like the

hierarchy problem, the cosmological constant problem and so on.

In this thesis, as a first step to fully understand the D-brane dynamics and describe
the four-dimensional theories on which, we concentrate on a pair of D-branes that
revolving around each other in a flat spacetime. For static parallel D-branes, which is a
BPS state, there is no potential because of the supersymmetry. By rotating them, the
supersymmetry is broken and an attractive force arises. Naively, we can guess that these
revolving D-branes compose a bound state due to balancing the attractive force that
arises from strings stretched between them and the centrifugal force. If the distance
between both of D-branes, which gives the vacuum expectation value of a scalar field
of the D-brane worldvolume theory, is sufficiently smaller than the Planck scale or the
string scale, it follows that this model describes the origin of the electroweak scale
from the string theory perspective. Therefore, it is required to calculate the effective
potential for these revolving D-branes for investigating whether a bound state exists.
As I mentioned above, however, the method to calculate the D-brane effective potential
is not sufficiently known yet. The main obstacle to calculate it is the difficulty of
quantization of open strings between D-branes for general configurations. For open
strings attached to accelerating D-branes, boundary conditions to become complicated,
as explained in the following chapters. To avoid this difficulty, we can employ two kinds
of methods. One of them is performing the perturbative calculation in the rotating
coordinate [26]. By employing the rotating coordinate, boundary conditions for open
strings become negative in exchange for the simplicity of the equation of motions. Then
we can perform the mode expansion of operators and calculate the effective potential
perturbatively. For perturbative calculation in the Heisenberg picture, however, there
are secular terms that are a monotonic increasing function of the time and violate the
validity of perturbation in operators and the Dyson series. Therefore, we developed
the improved perturbation method by which secular terms are systematically removed
and we can get the appropriate result. Using this method, we calculate the effective
potential for revolving D-branes and see that it is governed by the distance r and the
angular frequency w. The other method is the partial modular transformation [32].
In general, string amplitudes have the modular invariance and interpreted in both of

the open and closed channels. The partial modular transformation is performing the



CHAPTER 1. INTRODUCTION

modular transformation in a part of the modular integral. Using this method, we
can approximate the amplitude which gives the effective potential for D-branes with
the sum of the contributions from the open massless modes and closed massless modes
with good accuracy. Each contribution can be calculated in the low energy descriptions,
namely, the super Yang-Mills theory for open strings and the supergravity for the closed
strings. Therefore, we can obtain the effective potential without quantizing the open
strings between D-branes exactly. Furthermore, we can investigate the short distance
behavior of the effective potential which is significant to consider the possibility of
bound states. Besides, from the worldvolume theory point of view, the contribution of
closed massless modes is interpreted as the threshold correction of all of the massive
open modes. We can see that the leading term of this correction is the fourth term of
the relative velocity v of D-branes which decides the SUSY breaking scale for general
trajectories. This fact also might be the key to understand the origin of the electroweak
scale and its stability against the physics at the high energy scale.

This thesis is organized as follows. In chapter 2, we review the basics of string theory
and D-brane. In particular, we calculate the effective potential between two D-branes
for some simple configurations in both of the open and closed channels. In chapter 3
we focus on the D-branes which revolve around each other in the bosonic string theory.
To calculate the effective potential, we employ the rotating coordinate and utilize the
improved perturbation method. Then we consider the revolving D-branes in superstring
theory. We show that the partial modular transformation enables us to calculate the
effective potential without quantizing the open strings between these D-branes exactly
in chapter 4. The existence of a resonant state is also discussed. Finally, in chapter
5 we conclude with a summary and future directions. Appendices are devoted to the

details of the calculations.



Chapter 2
Foundation of D-brane dynamics

First, we will review the foundation of string theory, in particular the D-brane and

the effective potential between them.

2.1 D-brane action

In this section, we will review the low energy effective action of D-branes, which
governs the motion of D-branes in the spacetime. The D-brane is the extended object
and open strings can be attached to it. Therefore, the low energy effective action of
D-brane is described by the fields corresponding to the massless excitations of open

strings. The bosonic part of the action for a Dp-brane is obtained as

SDBI+CS = _Tp/dp+1< [64) \/_ det (gaﬁ + Baﬁ + 2ma/ Aaﬁ) + ép+1 ) (2'1'1)

where the first term is so called DBI action and the second term is Chern-Simons term.
In this action, ®, g,, and C,..,, are the dilaton, the gravitons and the R-R fields.
F., = 0,A, — 0,A, is the filed strength of the U(1) field A,. In addition, the hat
denotes the induced operators like gog = g0, X 03 X", where p,v = 0,---,9 and

a,B8=0,---,p. The tension of D-branes T}, is determined as
™ _
T, = SUra)™?
= 4r’(dn’a’)" gt (2.1.2)

so that the potential for the static parallel Dp-branes disappear in consequence of the
supersymmetry. We should mention that A; for I = p+ 1,---9 are related to the
collective coordinate of D-branes X; as X; = 2wa’A; by T-duality. Therefore, by
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CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

solving the equations of motion of these fields, we can know how the D-brane moves in
the spacetime.

The D-brane is considered as also the solitonic object of the supergravity theory
which is obtained as low energy effective theory of the string theory. As we will see later,
when we consider the potential for D-branes, exchanges of the massless fields between
D-branes are important. The couplings between the massless fields of supergravity and
the D-brane can be read off from this action with the background corresponding to
the trajectory which is under the consideration. In order to read off the couplings and
calculate the amplitude for exchanges of messless fields, it is convenience to employ the
another flame. The above expression of the action is often called “the string frame”.
In this frame, the dilaton is exponentiated in the action of the supergravity. On the

other hand, by rescaling the metric as
1
g = ey, (2.1.3)

we obtain “the Einstein frame”, in which the kinetic term of the dilaton in the action
of the supergravity becomes canonical. In this frame, the low energy effective action of

D-branes becomes

Sppreos = T, / dric [e”f’é\/ —det (35 + B +2ma B + G| (21.9)

We have seen the action of a single Dp-brane so far, however, we can consider
multiple D-branes as well. For the multiple D-branes, corresponding to various open
strings that have the ends on the different branes, the fields in the action becomes the

matrices. Due to this adjustment, the worldvolume action is modified as

6_¢\/— det (gaﬁ + Ba,@ + 27T04/Fa5> + @ ([X[, XJ]2) s
(2.1.5)

SDBI == —Tp/dp+1CTI‘

where I.J =p+1,---9.

The action not only governs the D-brane motion in a target space, but also describes
the physics on the D-brane worldvolume. Especially, the collective coordinates of D-
branes are regarded as the scalar fields from the worldvolume point of view. From this
aspect, the one-loop effective potential of the worldvolume theory gives the effective
potential for D-branes. In order to calculate this, we often focus on the leading part

of the o/ expansion of the D-brane action. Actually, this effective theory becomes the



2.2. D-BRANE POTENTIAL

p-dimensional super Yang-Mills theory

1 1 1 1
Ssym = — /dp“x Tr |—~F,, F" — ~D,®; D'’ + —([®;, ®,])?
9oy m 4 2 4
- -
+%\I/F“DM\IJ + U [@, 0] (2.1.6)

where I, T'! are the Dirac matrices in ten dimensions. The maximally supersymmetric
Yang-Mills theory in p+1 dimensions consists of gauge fields A, (x =0,1,--- ,p), scalar
fields ®; (I =p+1,---,9) which correspond to the collective coordinates of D-branes
and fermions which are obtained from a Majorana-Weyl fermion ¥ in ten dimensions via
the dimensional reduction. For the stack of N D-branes, the low energy action becomes
the U(N) SYM. As the distance between these branes becomes large, strings between
them become heavier. Then, these massive modes are integrated out and the gauge
symmetry of the low energy theory becomes small. For example, when a stack of N
branes split into K and L branes, the gauge symmetry breaks as U(N) — U(K)xU(L).
Therefore, the scalars corresponding to the branes locations play the Higgs role. To fix
the diagonal components of scalars by considering a certain configuration of D-branes

means to give the expectation value of the Higgs field.

In order to calculate the potential between two D-branes, we should consider the
U(2) case. The way to calculate the potential for D-branes will be shown in the next

section.

2.2 D-brane potential

The effective potential between D-branes is given as the corresponding string ampli-
tude. It is calculated in the both of the open and closed channel due to the open-closed
duality of the worldsheet theory. The one written in the form of one side can be trans-
lated in the other form by the modular transformation and the change of the integral
variable (modular parameter). We can see that the open or closed string point of view

is efficient for small or large distances respectively.

In this section, we will see how to calculate the potential in the open and closed

channel respectively in some simple examples.
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CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

2.2.1 open channel

In the open string point of view, the potential between D-brane is given by the

one-loop partition function of open strings stretched between them. It is written as

— = ﬁ —2nsH
Z_/O T e ] (2.2.1)

For the simple configuration the boundary condition for open strings is sufficiently
simple and we can quantize them. Then the Hamiltonian in the above expression is
written down in the mode operators of open strings. Therefore, we can calculate the
partition function exactly. First, we consider the static parallel Dp-Dp’ system in the ten
dimensional flat spacetime as the simplest example. The strings in the flat spacetime

is described by the action

1 1 le' - lo"
Sar = 0 s d’c <Jaaxua XM — i), pa0 W) , (2.2.2)
or
1 1
Sstr = _E dQU (aaaXuaaXu - 1%,7 (aa + at) wﬁ - wu,+ (60' - 815) ¢i) (223)
by

in terms of the Weyl representation, where p,, is the two-dimensional Dirac matrices and
we employ the conformal gauge for the metric. The worldsheet coordinate is spanned
by (0o = t,01 = o). In the following, we employ the Euclidean signature by the wick
rotation 7 = t.

The equations of motion are
(02 + 01 X" (0,7) =0, (0, F 10, ) (o,7) = 0. (2.2.4)

The boundary conditions for the open strings are obtained by the requirement that

the surface terms vanish. For worldsheet bosons, they are given as

Neumann: 0o X, (T,0)|5=0r =0,

(2.2.5)
Dirichlet: X (r,0=0,7) =c,,

where ¢, are some constants which correspond to the D-brane location. In order to

satisfy the equations of motion and the boundary conditions corresponding to static

7



2.2. D-BRANE POTENTIAL

parallel D-branes, the mode expansions of worldsheet bosons are given as

X M
N-N: X¥(1,0) = a4+ 2a'p"T 4+ iV2a/ g In =nr cos(no),
n
n#0

© O Ak
D-D: X¥(r,0) = Lot v Z In g-nr sin(no),
m =

N-D: X*(r,0) = V2 Z Oz%f e " cos(ro), (2.2.6)
r€Z+1/2
where N-N or D-D indicate that both sides of open strings stretched between D-branes
satisfy the same Neumann or Dirichlet type boundary conditions and N-D means that
the conditions for each end of open strings are different types. In the D-D expressions,
y; is the relative position of one of D-branes from the other. The mode operators
satisfy the commutation relations [, o] = an,,0,,p. Since integers p and p’ can take
only the same parity, for parallel D-branes, the number of N-D type direction #N D
is always even. Due to the boundary conditions, left and right moving modes are no
longer independent of each other.
In the following, we assume that p < p’. Substituting the mode expansions of X,
into the Hamiltonian in the partition function, its contribution for the integrand of
(2.2.1) is obtained as

dp+1]€ / R?
Zp(t) =V / (27 )P+l ¢ e !

x Tr [6_27“(8_”) Yn=r(@nantn/2) e*QWtVZr:uz(a—rarﬂ/?)]

8—v v
oo oo
Vi1 _p+l _ _R? Tt 1 _mt 1
p+ t
= {7 2 ¢ 2rd e12 _ e 24 _
(87r2o/)*p;1 1 — e—2mnt 1 — 2t |
n=1 r=1/2

(2.2.7)

where we use the v for the number of N-D directions instead of #/N N for the simplicity
of the expression. Here, we have already taken into account the contribution from the
ghost mods arising from the gauge fixing of the diffeomorphism on the worldsheet. It
cancels the unphysical contributions from the one timelike direction and one spacelike
direction.

On the other hand, the Neumann type conditions for fermionic fields are given as

P (m,7) Ramond

2.2.8
—"(m,7) Neveu-Schwarz ( )

P07 = 0 (0,), () = {

8



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

The Dirichlet type conditions for fermions are determined as

—pt(m, 7) Ramond

2.2.9
P! (7, 7) Neveu-Schwarz ( )

¢i(07 7_) = _7705(07 7-)7 ZUi(?T, 7-) = {
such that the worldsheet supersymmetry is preserved with correspondence to same type
conditions for bosons. According to these boundary conditions, fermionic fields on the

worldsheet are expanded as

N-N : Z Pre (o), Y= ate ), (2.2.10)
D-D : 1/)_"_ _ Zl/),u - r+1/2)(7—+ia) 1/}/1 _ _ Z¢u€_(T+1/2)(7_ig); (2211)

N-D : ¢+ _ Z¢T+1/2 —(r+1/2) 7'+’LO') P = Z¢r+l 26—(r+1/2 (r— w) (2.2.12)

where r € Z for the R-sector and r € Z + 1/2 for the NS-sector respectively. The anti-
commutation relations that mode operators should satisfy are {44 ., ¥ ;} = 00, .
Taking into account the contributions from the superghost, after the GSO projection,

the fermionic contributions are obtained as

P
Znlt) = —Tv {1 + (2—1) 2Tt (8 1) Ty (o0 2) | =270 Sy o (7 =1 /2)

v

8—v
1 _LOO —27n It . —27r
——§<\/§e 151_[1(1+62 t)) e 1_1[/2(1+62 t)

8
00

1 x
+ 551/,8 e H (1—e) | |

r=1/2

F
ZNS(t) Ty |:1 + (_1) e—27rt(8—1/) ZT:UQ(rzpfrl/)r—r/Q) . eQﬂtuanl(nw_nwnn/2):|

2
~ 8—v - v
:% o5t H (1 +€—27r7't) (\/Ee_g H (1 +e—27rnt))
r=1/2 n=1
8
1 _ 00
_ 55%0 6271 H (1 _ 6—27r7‘t)
r=1/2

(2.2.13)

For v # 0,8, the second term in the first line which includes factor (—1)% vanishes due

to the sum over zero modes in the N-N or D-D type contributions for the R-sector and

9



2.2. D-BRANE POTENTIAL

the N-D type contributions for the NS-sector. The factor V/2 also comes from the zero
mode sum. Whereas, for v = 0, 8, since there is no sum over the zero modes in one of
the sectors, (—1)f term also contributes to the amplitude.

Combinning these contributions, we obtain the effective potential for the static
paralel D-branes as

Z:L/m by ep
0

+1
£ t

(8m2a’) 2

Here, n- and ¢- functions are defined as

ﬁ e?mima) (2.2.15)

m=1

18

1900(a, b) = (1 _ €2m'mb) (1 + 62m‘a€27ri(m71/2)b) (1 + e*?ﬂia€2ﬂi(mfl/2)b) :

m=1
1901 ((l, b) — H (1 o 627rimb) (1 i e27ria€27ri(m—l/2)b) (1 . e—27ria€27ri(m—1/2)b) :

" (2.2.16)
D10(a, b) =2 cos ma H e2mimb) (1 4 g2rilatmb)) (1 4 p2mil-atmb)).
W (a,b) = — 2¢™* sin wa H (1- e27rimb) (1- e27ri(a+mb)) (1- e27ri(a+mb)) .

m=1
For the ¥-functions, Jacobi’s abstruse equation
Poo(0,it)" — Dor (0, it)" — V10(0, it)" = 0 (2.2.17)

holds. From this expression, it is found that the potential vanishes when the num-
ber of ND type directions is a multiple of 4, #ND = 0,4,8. It is understood as
the cancelation of contributions from both of spacetime bosons and fermions, in con-
sequence of the remained supersymmetry on the branes. In Type II string theory,
there are 32 supercharges Q, and Q. for & = 1,---16. When there is a Dp-brane,
left and right moving modes are related by the boundary conditions. Therefore, only

Qo + (6(1’)(2)&, where g®) = H?:pﬂ (% is a product of parity transformations 3¢, are

10



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

conserved and the supersymmetry becomes one-half on it. In the case that one more
Dyp/-brane exists, similar condition Q4+ (3%)Q), is imposed to supercharges. In conse-
quence, the remained supersymmetry of whole theory are restricted to those that satisfy
Qo+ (BPQ)a = Qu+ (B7)Q) 4, namely, that are invariant under NP := (ﬁ(fl’))_1 B
which corresponds to parity transformations for N-D directions. The transformation
Bnp has the eigenvalue 1 only when # N D is a multiple of 4. This is why the potential
vanishes when #ND = 0,4,8. Furthermore, it is found that 8 supercharges are left,
from the fact that Syp is a traceless matrix on a 16-dimensional space and 8%, = 1.
As an exception, when p = p/, since Syp = 1, there are 16 unbroken supersymmetry
similar to single brane cases. Even for such supersymmetric combinations, when rela-
tive angles or velocity exist, the supersymmetry is broken and the potential arises as
we will see below.

As a more general situation, we can consider relatively tilted D-branes. For example,
let as consider two D3-branes located at X9 = 0 and X9 = R. We assume that one
of the branes is expanded to X, directions for a = 0,---,3 and another is tilted to
Xao-Xqi3 planes with angles 6, for a = 1,2,3. Both branes are perpendicular to X;
for « = 7,8,9. In this system, boundary conditions for X3, --- , X4 on the tilted brane
become

Oy (c080,X%(0,7) +sin0,X""(0,7)) |r=r =0,
sin 0, X (7, 7) — cos 0, X" (7, 7) = 0918
cos 0,05 (7, 7) + sin b, i+3(7r, T)F (COS 0,00 (10, 7) + sin 0,3 (7, 7 (2.2.18)

))
sin 0,4% (m, 7) — cos 0,004 (m, 7) £ (sin 6,00 (7, 7) — cos 0,00 (m, 7)) =

where upper and lower signatures are used for the R and NS sector respectively in
fermionic conditions. To satisfy those conditions, mode expansions of worldsheet fields
are given as

al,

o a
O a
. n _na n_ _,a
X*(o,7) =iv2a" > (—* " cosno 4+ ——e T cosn‘ia),
n n
n=0

€
a
+

. . (2.2.19)
a”i —nS T : a a”g —neT - a
e "t smn o — e — smn_o
ne + ne )
+

X3 (0, 1) =iv2a/ g (

a _ a —ri(ttio) a —r_(rxio)
¢i(g7 T) _Z (lprie +¢r‘ie ) )

, " (o) (o) (2.2.20)
a+ _ s a ,—ry(txiwo) _ ,a —T_(Txio
T o, T)=—1 E (Qﬁ,,ie + Yya € ) ,

T

where n% (r}) :=n(r) £ 0%/x.

11



2.2. D-BRANE POTENTIAL

Actually, expressions for parallel branes are realized by setting angles to 0. In use

of these expansions, we can obtain the one-loop potential for the branes as

V(R) =

 dt SR | R LA
—/ 7(87r2a't)_%e_21:a/t Loy 90 (GOt i1) (2.2.21)
0

0(it)* [Tacy O (2t it)
where
/ 1 / 1
91 = 5(01+92+93), 02 . 5(914‘02—93),
1 1
Qé = 5(‘91 — 92 + 93), 92 = 5(01 — 92 — ‘93) (2222)
For general angles, this potential does not vanish. As mentioned before, this fact is the
consequence of the violation of supersymmetry on the branes.
The potential for branes with a constant relative velocity can be calculated by

performing the Wick rotation to the tilted system. For two parallel Dp-branes, the

one-loop amplitude of open strings is obtained as

R VA *dt e w2, O (ut/2m,it)!
= - —t p/2 27roz’t ’ 2223
A= gy /0 ¢ )0 (ut /7, it) (22.23)

or, by the modular transformation which is discussed later,

Ao /OO A oyf2 e Ouilin/2m ift) (2.2.24)
(87'(20/)P/2 0 t n(Z/t)gﬂll(ZU//’/T,Z/t)

where v = tanh u. The potential V (R, v) defined such that its integral over the worldline

gives the amplitude,

A= —i/ dr V(R(T),v) (R(1)? := R* + v*77), (2.2.25)
is given as
, 20V, Cdt s _R? Yy (iu /27,0 /t)4
_ A (5-pj2 -t )
V(R v) Z(87T20/75)(P+1)/2/0 t . n(i/t)%0 (iu/m,i/t) (2.2.26)
s ot 7T—p o
= — 4l rp(5=3p)/2/3 pl/;—ﬂiplj (—2 ) + O@").

It can be found that the lowest order term of the velocity v is the quartic term. This
behavior can be estimated by the dimensional analysis. We should mention that, how-
ever, above expression is valid only for R > o/'/?v/2. This shall not apply for a smaller

value of R.
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CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

Gauge theory calculations

For the low energy, the potential is given by the worldvolume theory described by
the lightest modes. Especially, it is convenience to consider the o’ expansion. As we
have shown in 2.1, it becomes the p-dimensional Super Yang-Mills theory. Since we
want to describe two Dp-branes revolving around each other, we choose the gauge group
to be SU(2). The U(1) part describes the center of mass degrees of freedom and it is
irrelevant in the present analysis.

The action including a gauge-fixing term and the associated ghost action is given
by

1 1 , 1 1
SSYM = ?/derlx Tr |:_ZFAWF“ _§D#(I)]DN(I)I+ZL([(I)[7(PJ])2

o .
+%\11rﬂpu\11 + ST, V]

—2%2 e Tr [(0" A, — i[B', ©4])°]
—l—% /dp“x Tr [¢(8"Dyc — (B, [@4,c]])] (2.2.27)
g

where Bj are background fields for the scalars ®;, and c is the ghost field. We have
chosen the background field gauge

A, —i[Br,®] =0. (2.2.28)

(See e.g. [29].) This is a natural gauge choice from the point of view of ' =1 SYM
theory in ten dimensions.

We expand the action of eq.(2.2.27) around the background B; by setting
AM = Qay, (I)[:BI+¢I, \\J :@D (2229)
The relevant part Sy of the action for obtaining the one-loop determinant consists of
terms quadratic in the fluctuations a,, ¢ and v. It is given by

1 1 1 1 1
SQ = ? /dp+1$ TI‘ [—E(a#ay)2 + Q[Bb CL‘M]2 — 5(8#925[)2 + é[B[, ¢J]2

+[Br, Bj)[¢", ¢ + 219, B;[a", 6]

%JJFM@W + %QEFI [Br, 4] + ¢0"0,c — ¢[B”, [By, d]
(2.2.30)

13



2.2. D-BRANE POTENTIAL

In the following, we are interested in a background configuration B; corresponding

to a motion of the Dp-branes. The background configuration B; takes the form of
B[ = b[(t)O'g, (2231)

where b;(t) are functions of time ¢, describing the trajectories of the Dp-branes, and o
are Pauli matrices. It turns out that most of the terms in Sy including B; are the mass
terms for the fluctuations. In addition, there is a mixing term of the gauge field a* and
the scalar field ¢', 2i0, Bj[a*, ¢'] which gives a non-trivial effect of the background to
the one-loop determinant.

The effective potential between the Dp-branes are induced by an open string stretched
between them. Such an open string corresponds to the off-diagonal components of the
fluctuations, which are proportional to o;2. To compute the one-loop determinant

relevant for the effective potential, we perform the Wick rotation
t = —iT, ap = ia,, %= —il, (2.2.32)
to regularize the path integral, and set
Uy = g0y + @) 0, Or = proy + goJ}J,, V= xoL + X0_, (2.2.33)

where o4 = %(01 +i09) and m = 1,--- | p,7. Note that xy and y are related to each

other by the Majorana-Weyl condition of ¢. Inserting them into S5, we obtain

1
S0 = o5 [ @V T [Onanl + 4t Pl +100er + 401l
—4i0mb1(amgpy —al 1) + iXTmOmx — 2XT1brx
+E+82C+ + 573267 — 4(b[>2(E+C+ + E,C,ﬂ s (2234)

where we denoted a,, instead of a,, for notational simplicity.

2.2.2 closed channel

The effective potential for D-branes can be calculated also from the closed string
point of view. It is given as the amplitude for the exchange of closed strings between
D-branes. In this subsection, to calculate the potential, we construct the boundary
state which corresponding to the D-brane first. Then, we will see the way to calculate
the potential in use of the boundary states. The low energy description which given as

the exchange of massless fields in the supergravity will be shown after that.

14



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

Boundary state

The state corresponding a D-brane is able to be constructed as a coherent state in
the Hilbert space of closed strings. Here, we will see how to construct the such a state,
which is called the boundary state, and that a boundary state couples to the massless
fields in the supergravity appropriately. The boundary state can be used to compute
the effective potential for a pair of D-brane as described later.

As explained in 2.1.5, the D-brane is an object on which open strings can have
the end. Therefore, boundary conditions for open strings attached a D-brane is the
Neumann type for the horizontal direction and the Dirichlet type for the perpendicular

direction as

0,X%c =0) =0, Xi(oc=0)=1", (2.2.35)

where a(7) is assigned for directions parallel (perpendicular) to the D-brane. Based on
this boundary conditions, we can construct the boundary state, in use of the open-closed
duality.

The closed strings satisfy (anti-)periodic boundary conditions

XH(o +2m, 1) = X"(0o,7),

- - (2.2.36)
Yo + 2w, 1) = £ YH(o,T), V(o + 2m, 1) = £YH (0, T)
and the mode expansions are
[o/ p . M .
XHMo,7) =o'+ a'plt +i @ Z (%e—n(T—lo) + %e—n(ﬂruﬂ)
2 n n

w,u(o_’ 7_) _ e—iw/2 Z 1/};1,6—7‘(7—1'0)7 775;4(0_’ 7_) _ 6i7r/2 Z Q;ﬁe_r(T—H‘U).

r

In order to transfer to the closed string point of view, we rotate the worldsheet
coordinates (o, 7) by m/2. Then the bosonic part of the boundary state |By) should
satisfies

9, X"(r =0)|Bx) =0, X't =0)|Bx) = ¥'|Bx). (2.2.38)

In terms of the mode operators,
(g +a3)|Bx) = 0,  (ah—ai)[Bx)=0 (2.2.39)
p"|Bx) = 0, ¢'|Bx) = y'| Bx). (2.2.40)

We can construct such a state as a coherent state of strings

" 1
(d=p-1) (4 _ . = . Q.x
|Bx) x ¢ (¢ —v") H exp [ Qe S oz_n} 0), (2.2.41)

n=1

15



2.2. D-BRANE POTENTIAL

where S, := (9ap, —0;;). The normalization factor is determined as 7,,/2 by comparing
the potentials for D-branes calculated in both of the open channel and closed channel.

On the other hand, fermionic part of the boundary state can be constructed as
follows. The boundary conditions of the fermionic field on the open strings worldsheet

for parallel directions are

1/}a(077) =m qut(O’T)? 1/’“(7Ta7) =2 Q;Ol(ﬂ-ﬂ_): (2'2'42)

where 1, = ny = +1 for the R sector and 7 = —ny = +1 for the NS sector. The condi-
tions for vertical directions are obtained by considering the invariance of physical states
under the T-dual transformation. Any physical states should have the superconformal
invariance

G |phys) = G,|phys) = 0, (2.2.43)

where superconformal generators are G, = >~ a_,¢,+p,. Since the bosonic modes
transform as o, — of,, &} — —a&! under the T-dual transformation, fermionic modes

must change as ¢i — !, )i — —)i. Hence, the conditions for vertical directions are

V(0,7) = —m @/;i(O, T), V(7)) = —n Q/NJi(ﬂ', T). (2.2.44)

When we consider the boundary state at the one-loop level, in addition to the above

conditions, fermionic modes must satisfy

Y (a,0) = —n3"(0,T), P (0,0) = —na (0, T), (2.2.45)
which reflects the fact that the worldsheet is periodic for 7 direction. By rotating
the worldsheet coordinate, 1, which have the conformal weight 1, becomes #-closed =
eim/ A qppsclosed — o=im/44i e should mention that only R-R sector and NS-NS sector
are allowed for the boundary state in consequence of these conditions. Hereafter, we
write the 124 just as 1). In consequence, we obtain the constraints for the fermoinic

part of the boundary state as

(¥(0,0) — inS*(0,0)) | By, m) = 0 (2.2.46)
or
(= inSp2,) 1By,m) = 0. (2.2.47)
For NS-NS sector, we can construct the boundary state as well as the bosonic case
By,myns =i [] exp [zmp_r .59, o). (2.2.48)
r=1/2

16



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

Whereas, for R-R sector, we need to take care of the zero mode. The state we want

can be constructed as

By.mr = —]]exp [imﬂn-SwLn} 1By, )Y, (2.2.49)
n=1
1+ i1 .
By = (cro.rr )4y 8. (2.2.50)
L+ )45

Here, |A)|B) is the spin state which satisfies

VRlA)NB) = dnlA)B) =0 (m>0), (2.2.51)

vglA)B) = %(r%u)ﬁlmw» U61A)B) = —= (T2 (T")BIC)| D).

Sl

(2.2.52)

The indices A, B,--- runs 1,---,32, and C',I'* are the charge conjugate and the ten-
dimensional Dirac matrices.

It is also necessary to take into account the be-ghost and [+y-superghost. The ghost
part of the boundary state is determined by the requirement to satisfy the BRST
invariance (Qgrsr + Qprsr)|B) = 0. Here, Qprsr is the BRST charge operator, its

explicit form is omitted here. In consequence, the ghost part is obtained as

Co —Fé()

[By) = exp [Z(C—nf)_n —b_nC ) lg=1,q=1), (2.2.53)

n=1

4

exp i?] E :(7—7‘3—7‘ - B—T:Y—r) ’P = _LP = —1>
r=1/2
’Bﬁ7777> =

P =—1/2,P = —3/2).

€xp 277 {Z(Vnén - ﬁfnﬁ/fn) + /7030}

n=1

(2.2.54)

In the last line, the upper expression is for the NS sector and the lower is for the R
sector.

As the final step, we perform the GSO projection on the fermionic part of the bound-
ary state |Bp,n)ns,r = |By,n)ns,r X |Bgy,m)ns,r- For the NS sector, the projected
state is defined as

|Br)ns = |Bp, +)ns, (2.2.55)
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where F' =377 by — 1, G = =327 o (V-rBr + B-r7:) are the fermion number
and the superghost number respectively. According to the above expressions of the

fermionic parts, it is found that this projected state for the NS sector is expressed as

1
|Br)ns = §<|BF, +)ns — | Br, _>NS>~ (2.2.56)

Similarly, the projected state for the R sector corresponding to the Dp-brane is

1+ (_1)F+G+p+1 14+ (_1)F+G
2 2
Here, p is a even number for type ITA and odd number for type IIB. Actuary, this state

is expressed as
1
|Br)r = 5 <|BF, +)r + |Br, _>R> (2.2.58)
for both of type IIA and type IIB.

From the above expressions for each sector, we have constructed the boundary state

|B)r,Ns = |Bg) X |Br)rNs- (2.2.59)

Exchange of massless fields

At this point, we can calculate the effective potential for the D-branes by using
the boundary state constructed in the above. It is given as the tree amplitude for the

exchange of infinitely many closed string modes
A = (B|D|B). (2.2.60)

The propagator of closed strings D is

/ -1

D= {E (Lo + Lo — 2a)| (2.2.61)

where Ly is the Virasoro zero modes and the Casimir energy a is 1/2 for the NS sector
and 0 for the R sector. Here, similar to the open channel discussion, we consider the

static parallel Dp-Dp’ system. Then the tree amplitude (2.2.60) is obtained as
A = —V#QNN (871'20/)_#1;]1\/ / ds s_#%e_#i's_l
0

1900(0, ?:8)57901 (O, iS)g <"l900(0, ’iS)4_p — 1901 (0, i5)4—ﬂ> 1910(0’ i8)4
. 3p N o V12 0p0 + Op.s
n(is)?=2910(0,14s)2 n(is)

X

(2.2.62)

18



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

Here, we use p instead of #ND for the simplicity of the expression. As we will see
in the next subsection, this result is equivalent to the potential calculated in the open

strings point of view.

In the case that there are relative angles or constant velocity, the potential can be
calculated by imposing the appropriate conditions for the boundary states. The results

are equivalent to open channel.

Supergravity calculation

In the case that the distance between D-branes is sufficiently large, as we will see
in the next subsection, the potential is also obtained by the field theory calculation. It
is given as the exchange of massless fields between the D-branes in the 10 dimensional
supergravity. Here, we calculate the classical potential between Dp-branes induced by
exchange of massless supergravity fields. The relevant fields are the graviton, dilaton
and R-R (p+1)-field. The bosonic part of the action of Type II supergravity is given
by

1

1 1
SSUGRA = SR d"z/=g [R + §(al<1>)2 + §(dC(”+1))2 +ee | (2.2.63)
10

where the fields are normalized such that the kinetic terms become canonical. In other

words, the Einstein frame is employed. Then the propagators are given by

) dlok eik-x
dilaton:  A(x) := 2/{10/ 2o 2 (2.2.64)
. 1
graviton: A0 (2) = <7)M,77W + Mo Nvp — Z—lnuynp(,) A(x), (2.2.65)
R-R field: Ao, (T) = Z SEI(T) Nyovo) " Maprary D (@), (2.2.66)
0€Sp11
where the target space indices run over 0,1---,9.

We then specify how these supergravity fields are coupled to D-branes. First, con-
sider a general configuration of a pair of Dp-branes. Their trajectories X#({) and X “(f )
are arbitrary, where (¢ are the worldvolume coordinates with o = 0,1,--- ,p. The in-
teraction vertices of the Dp-brane with the supergravity fields can be read off from the

DBI action with CS term (2.1.5). The vertices can be read off from the variations of
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2.2. D-BRANE POTENTIAL

this action. The relevant terms are

dilaton: ]%3% / AP /= det o 06, (2.2.67)
graviton: _QT /deC V= det s 717°0, XH0; X" 69, (2.2.68)
T S
R-R field: 0 fl)! /deCe O Do X0 -+ Dy X 5C s (2.2.69)
where
g = 0a X 05 X" Ny, 1Ry = 02 (2.2.70)

The dilaton vacuum expectation value is absorbed in the string coupling constant.
Using the above propagators and interaction vertices, we can obtain the contribu-
tions from the exchanges of each field. The dilaton exchange gives a contribution to

the potential as

_ (%)QT;/dp“C/dp“@/—det fap (X)) — det i,s(X)AX — X).  (2.2.71)

The graviton exchange gives a contribution to the potential as

R e Y arrrwr N arrw

AP (X) 00 X0 X 70 (X)0, XPOs XNy po(X — X). (2.2.72)

The integrand can be simplified as follows:

7P (X )00 X 03 XV 7% (X )0y X P05 XA 1y po (X — X)

At ~ v 1
= n 5(X> 76( )8 XuaﬁX 8 Xpa(s (nupnya + 77#0'77”,0 - ZannpU) A(X - X)

= (X)) (X) (Q(aaX -0, X) (95X - 05X) — }L((%X - 95X)(0,X - 855()) AX - X)
_ (2770‘5( )(95X - 9507 (X)(0, X - 8.X) — @) A(X = X). (2.2.73)

Therefore, we obtain

(p ‘1F61)2T§/dp+lg/dp+1§ /_detﬁaﬁ(X)\/—detﬁwg(X)A X - X
‘%Ti / Niase / "¢y = det s (X)) — det i, 5(X)

X7 (X) (05X - 0 X)) (X) (05X - 0 X)A(X — X). (2.2.74)

20



CHAPTER 2. FOUNDATION OF D-BRANE DYNAMICS

On the other hand, the R-R field exchange gives a contribution to the potential as

T? - -
o ((p +p1)!)2 /dp+1< / dp+1< 6a0~-vapaa0X,u0 I aapX#peﬁo---BpaﬂoXuo .

X Mpageeeppiv--vp (X — X)),

where

77/"0"'“17§V0"'VP = Sgn(g) 77#01’0' 0 e 77I'LPVO' p) "
(0) (»)

0€Sp 11

The integrand can be simplified as follows:

€0 0y X0 -+ Dy X175 Pr g X0 05 X1ty ey

- Z SN (0)€0 P Do XHO - .- 9, XHr B0 Br )y X0 .aBpXVpn#OVU(O)
0€Sp+1

= Z sgn (o)€M Gy XHO -+ O XHP
0€Sp 11

xsgn(a) 630(0)---50@)aﬁU(O)Xw,(o) .. 'aﬂg(p)Xyg(p)nroa(o) N )
= Z w0 Pog X0 9, XD X7 g X o - Ty

0€Sp 11
= (p+ e 2o B (9, X - 95,X) -+ (00, X - 05, X)
= ((p+ DN det(9.X - 95X).

Therefore, we obtain
~T7 / dri¢ / AP det(0,X - 95X) A(X — X).
Summing them, the supergravity potential is totally given by
—2k2, / P / @A = X) (FalX, X) + Fy(X, X) + Fo(X, X))

where

RGO = (P72) 1y detin 0y detiaR),
RGO = Thy=aetiunC0y = det ) (-2

+%f)a6(X)(8ﬁX 05 X)) (X) (0, X - 8aX)) ,

S

~

o
I

T2 det (0, X - 95X).
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Here, F3(X, X), F,(X,X) and Fo(X, X) are contributions from the dilaton, graviton
and RR-fields, respectively.

Ex: D1-branes at angle
As a simple check of our formula, let us consider a simple example of D1-branes at

angle. Their trajectories are given by

X =< (a=0,1)

X0 =% X' = cosopll, X? = singll, X% = @ (2283)
and zero otherwise. It is easy to find that

) . y -1 0
Hap(X) = Nap(X) = Nap, 0o X - s X = . (2.2.84)
0 coso

Then, we obtain

7% (X)(05X - 95X )7 (X)(0, X - 0aX)

-1 0 -1 0 -1 0 -1 0
0 1 0 coso 0 1 0 coso

= 1+ cos?o, (2.2.85)

= Tr

and
det(0,X - 95 X) = —cos¢. (2.2.86)

Therefore,

Fo(X, X) + Fy(X, X) + Fo(X, X)

1-3\? 14+1)2 1+ cos?¢
() e (L e

= 277 sin? % (2.2.87)

This reproduces the known result [14].

2.2.3 Modular invariance of the potential

The prominent feature of the potential for D-branes is the modular invariance.
It plays the important role to deal with the revolving D-branes by using the partial

modular transformation as we will see later.
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The transformation of the modular parameter ¢ — s = 1/t corresponds to move
from the open channel to the closed channel, vice versa. The integrands in the above

potential include some ¥-functions and n-function. These functions transform as

9,;(0,i/t) = t%9;;(0,it), (2.2.88)
n(i/t) = t'n(it), (2.2.89)

for (i,7) # (1,1), under the modular transformation ¢ — 1/t. In the use of this
transformation properties, we can check that the above expressions in the open channel
(2.2.14) and closed channel (2.2.62) switch to each other by the modular transformation.

In both of the expressions, the oscillator part of the integrand can be expanded as

0
> e (2.2.90)
n=0

where each term are the contributions from the each mode with mass level n. The

small ¢ region is the UV region where many massive modes contribute to the potential.

In addition, the UV region in the one channel is corresponding to the IR region in the

other channel.

Besides, it should be mentioned that, when we focusing on the large %/2 case, the
closed string point of view is efficient. It is because of the factor e"ma®  in the
integrand. This factor suppress the contributions from the massive modes and the
potential can be approximated by the contributions from the massless mode. On Ehe
other hand, in the open channel, the dependence of the distance is included as e‘ﬁt,

and the massive modes also contribute. This point is discussed in the 4.1 more precisely.
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Chapter 3

Perturbative calculation of

potential for revolving D-branes

3.1 Open strings stretched between revolving D-

branes

3.1.1 Open strings in the rotational coordinate system

As a simple system of rotating D-branes in bosonic string, we consider two D0O-branes
in the flat space-time revolving around each other like a binary star. We assume that
the orbits of the DO-branes lie on the z-y plane. Their positions (z1,y;) and (x2,ys)

are changing with time and given by

71(t) = rcoswt, x9(t) = —rcoswt, (3.1.1)

y1(t) = rsinwt, y2(t) = —rsinwt.

We then consider an open string stretched between these DO-branes. As explained
in the introduction, we choose the rotating coordinate system for the target space-time
in which the DO-branes are static. In the original coordinate system, the target space

metric is simply given by

ds? = —dt* + dx* + dy* + (da')? (3.1.2)
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where ¢ = 3,4, -+ ,25. We then introduce the rotating coordinate system defined by

t = t, (3.1.3)
T = xcoswt+ ysinwt, (3.1.4)
g = —xsinwt+ ycoswt, (3.1.5)
o= . (3.1.6)
In this coordinate system, the orbits of the DO-branes (3.1.1) become static
Zi‘l(t) =T, jg(t) = -,
(3.1.7)
n(t) =0, ga(t) = 0
but the metric takes the following non-diagonal form:
ds® = —di? + di* + dij* + 2wdt(idij — §dE) + W (3% + §2)di> + (dz*)2. (3.1.8)
Accordingly, the worldsheet action becomes
1 L - . o
S =~ / P |[~0.T0T + 0,X0° X + 0,7 0°Y + 0, X'0° X,
T
+2w0, T( XY —Y°X) + (X% + Y20, TOT| . (3.1.9)
By rescaling the fields as X# — rX*, the action is given by
2
S = _4r / / o [—aaTaaT + 9, XO°X + 0,V 0V + 0,X0°X,
T
1200, T(X0°Y — VO*X) + v2(X? + 172)aaTaaT] . (3.1.10)
where v := rw is the velocity of the D0-branes.! The boundary conditions for the
rescaled fields, X and Y, are simple in the new coordinate system,
R +1, (0=0) N 0, (¢=0)
X(r,0) = Y(r,0) = (3.1.11)
-1, (oc=m) 0. (c=m)

However, the boundary condition for 7T is still nontrivial. Indeed, the variation of the
action with respect to T gives the following boundary term:

7"2

0S| = 5T |0, T +v(X8,Y — VO, X) + o} (X2 + W)aj]
bdy 2o

bdy
(3.1.12)

Note that the relative velocity is 2v and the distance is y = 2r.
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By using (3.1.11), 7' must satisfy

0)

(1 —v2)9,T —vd,Y = 0, (o
(3.1.13)

(1 —v2)9,T +v9,Y = 0. (0 =m)

These conditions are linear in the world sheet fields since we have substituted the
boundary values of (3.1.11) for the nonlinear terms that would have appeared in (3.1.13).

To simplify these conditions, we define a new field 7" as

~ ) ~

T =1T- | _UQI(O'>Y (3.1.14)

where 5
2(o) = 1— =2, (3.1.15)

m

Using the boundary condition (3.1.11) for Y, it can be shown that the field T satisfies
the ordinary Neumann boundary condition 0,7 |,—0. = 0. We also introduce a new
field X

X = z(0)+ X. (3.1.16)

Then X|,—0r = Y|,—0- = 0 are satisfied. For notational simplicity, we use tilde-less

notations for Y = Y and X; = X; in the following discussions.

To summarize, the new world sheet fields X,Y,T and X; (for ¢ = 3,---25) satisfy

the boundary conditions
X|cr:0,7r = 07 Y|0=0,7r = 07 ao‘jv|¢7=0,7r = 07 Xi|a:0,7r =0 (3117)
and the world sheet action is given by

r

S = : /d%[—Xz—YQ—(Xi)M<X’—3)2+(Y')2+(Xi’)2

Y e T

+ [1 - 112((X + x(a))2 + Y2>]

@w@%gyf_(w+ljwﬁ@w_sz

X
= 20 (74 2407 ) (¢ +at0))¥ - ¥R)
+ v (T’ +1 _“UQ (z(o)Y' — %Y)) ((X +2(0))Y' =V (X' — %))]
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In the rotating coordinate system, the action (3.1.18) becomes nonlinear in compensa-
tion for the simple boundary conditions. We analyze this theory perturbatively in the

nonrelativistic limit v < 1.

3.1.2 Perturbative Hamiltonian with respect to v

The worldsheet Hamiltonian H can be obtained in the standard manner. It is

decomposed into two parts:
H = Hyo(X,Y,T) + Hyoo( XY, (3.1.19)

where H,, governs the subsystem consisting of X, Y and T while Hge, is a free Hamil-
tonian for X*. We now focus on the non-trivial part H,.. Let IIx, Ty and II; denote
the canonical momenta of X, Y and T, respectively. H,y is given in perturbative series

with respect to the velocity v as

Hyop = Hy + 0Vi + v*Va + O(v?), (3.1.20)
where
_ " 7T_0/ 1712 2 2 TZ . 2 2 2
Hy, = do | — (117 + 115 +113) + —— {—(0,T)* + (8, X)* + (0,Y)*}
0 r dra
2
.
+— (3.1.21)
s _2 ! 2 2 2
Vo= / do | =5 T (X Ty — T Y) + ——8,T(X0,Y — 8,XY) + ——0,TY |,
0 r 2ma! 20/
(3.1.22)
e ﬂ_a/
v, = / da[ . {—(XHY CYIy)? - x(a)2<H2T + H%,)
0
— 2u(0) (H%X +(XTDy — YHX)HY) }
+ 0T+ YY) + 2(0) (0,7 + @Y ) + Za(0)Ya,Y — v
dral | V7 7 d - v 2

+22(0) ((0,T)°X + X(9,Y)* — 0,XY0,Y) + % (0,XY? - XY0,Y) }

(3.1.23)

In the next section, we quantize the Hamiltonian up to the second orders of v and
calculate the one-loop partition function of the open string to obtain the potential

between revolving DO-branes.
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3.2 One-loop partition function

We are interested in the one-loop partition function of the rotating open string. It

is given by
7 — / ;iz Tr [ —27TS(Hrot_%):| (7](1.8))_21
0
_ / gz [ —27s(Hyot— 1 H —27rm5 21. (321)
0 m=1

The contributions from the X; fields in Hgee (1 = 3, - ,25) and the (b, ¢)-ghosts have
been included in this expression. The one-loop determinant of a scalar field is written

as
d
det(A +m?)™V2 = exp { Z—STTe_(AJFmQ)S} =e V7, (3.2.2)
s

where 7 is the time duration. Thus the open string one-loop partition function (3.2.1)
gives the minus of an effective potential V(r,w), integrated over time?, for the two DO0-
branes: Z = —V7T. By the open-closed string duality, it is written as an exchange of
a single closed string and approximately described by low energy closed string modes
when the distance 2r is much larger than the string length. In section 3.3, we will instead
investigate the short distance behavior of the effective potential V(r,w) at which open
string low energy modes dominate.

In this section, we will calculate the partition function (3.2.1) perturbatively with
respect to v. In the following, we perform the calculation in the Euclidean space by the
Wick rotation of the world sheet variable from 7" — —:¢T". Thus the velocity v is also

analytically continued to 7v.

3.2.1 Improved perturbation

In order to calculate the partition function, we need to know the energy spectrum
of the Hamiltonian. We will perform perturbative calculations with respect to v, but
even perturbatively it is not so straightforward since Hy, Vi, V5 are not commutable
with each other and we may need to diagonalize the Hamiltonian. Instead of explicitly
diagonalizing it, we use a method of the improved perturbation [15]. This method is

briefly reviewed in Appendix A. The basic idea is that we can systematically construct

2 The stationary system of revolution is invariant under the time translation and the effective
potential is given by removing the zero mode integral of T. When we compare the calculation with

the constant velocity system in Sec.3.4 the integration needs a care.
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a new Hamiltonian Hy(v) =Y v"H, such that it has the same eigenvalues as those

of the original Hamiltonian H = H,., but each term H,, commutes with Hy. Once H,
is explicitly given, it is straightforward to take a trace to obtain the partition function.

In the following, we calculate up to the second order of the v-expansion:
Hy(v) := Ho + vH; +v*Hy + O(v?). (3.2.3)

The first term Hj is given by the original free Hamiltonian in (3.1.22). As mentioned

above, Hy(v) shares the same eigenvalues with H,o; to all orders in v, so we can replace

H,ot with Hy(v) within the perturbation theory. Also note that H; and Hy can be

constructed such that they commute with Hy. In our case, their explicit forms are
given by .

Hy = Vi, Hy =V — —V1—oVim- 3.24

1 1,0 2 2,0 mg;) e 1, ( )

Here the operator V; (i = 1,2) is decomposed into V;,, as

Vi=D Vim [Ho, Vim] = mVim (3.2.5)

where m’s are eigenvalues of the free Hamiltonian Hy. In particular, V; is the operator

contained in V; that are commutable with H,.

3.2.2 Perturbative calculations of the trace

Now we calculate the trace in the partition function (3.2.1) with the Hamiltonian
H,o in (3.1.20). By using the method of improved perturbation, the difficulty of calcu-
lation Tre=27sHwt due to the non-commutativity of Hy and Vj is resolved by rewriting
the trace in terms of a much easier improved Hamiltonian, Hy(v). Due to the commu-

tativity of H, in Hy(v), it can be expanded as

Tr [e—QTI'SHrOt] - Tr [B_QWSHO(U)}

=Tr [6727TSH0] — 2mvsTr [e*%SHOHl}
—2mv? (sTr[e*™H0 Hy| — s Tr[e >0 HY) (3.2.6)

up to O(v?). The traces are taken over the eigenstates |7i;k) of Hy where k is the
momentum and 72 represent the eigenmodes of harmonic oscillators. Since Hy is a free
Hamiltonian, and X, Y and T obey simple boundary conditions (3.1.17), the eigenvalues
and eigenstates of Hy are explicitly given. In the following, we recall them for fixing

the notations.
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The free Hamiltonian Hj is given in terms of the mode operators as

2
r
/2
H():Oép—{—2/
T

+ Hy (3.2.7)

where .
> D Nuw Nypi= :a",ab . (3.2.8)
p=T,X,Y n=1
For our conventions of the mode expansions, see Appendix B. Note that N, _,, = N,
hold. We denote the eigenstates of Hy as |1i; k) which is given by
k= [ (@%@,

mx,my ,mp=1

my (aF,, ) |0; k) (3.2.9)

—
and satisfies N, |75 k) = n%ﬂmum; k) and p|7i; k) = k|7i; k).

With these notations, we can evaluate traces of the form:

dk

Tr[e ?™M00] = ’Te_frra'“/2—6_2”0‘/“'“2’51"[6_2””1}00] (3.2.10)
7r
where
tr[e 27 Ho O] = Ze*mN it k|O|7i; k) (3.2.11)
and N(f) :== > _5xy Doy M0k, In order to simplify the calculation, we denote
[O]p as the diagonal element of O satisfying
(s KOl k) = (7 k][Ol ), (3:212)

which are sufficient in the calculations (3.2.11). The remaining task to calculate the
partition function is to calculate the diagonal elements of Hy, H? and Hs, and then to
integrate over the Schwinger parameter s. In Section 3.2.3, we obtain [Hi]p, [H?]p and

[Ha]p, which enable us to calculate Tr[e 2™*#0 H| 5] and Tr[e~*™*#° HZ]. Then in Section

3.2.4, we determine the one-loop partition function up to O(v?).

3.2.3 Diagonal elements: [Hi]p, [H?]p and [Hs|p

As defined in (3.2.4), the operator H; is the part of the operator V; (3.1.22) that
commutes with Hy; namely H;|state) # |state), but has the same energy eigenvalues of

Hy. Using the mode expansions given in Appendix B, it is straightforward to obtain

2@04 21
ozk, oY, + = Z -0 ral. (3.2.13)
k0 T 0
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For any 7, the diagonal matrix element (7i; k| Hy|7; k) vanishes and
[H\]p = 0. (3.2.14)

Thus, we find that the trace Tr[e > H;] in (3.2.6) vanishes. Actually, this should
be the case since the energy spectrum of the rotating open string is independent of the
direction of the rotation, and the linear terms in v must vanish.

To determine [H?|p, we take the square of (3.2.13) and collect terms which commute
with Hy. We find

2 4(0‘/)2 2
Hilp = —a P (2Nxy(2) + Nx(1) + Ny (1))
4
+F (2N7y (2) + Nr(1) + Ny (1)), (3.2.15)
where we defined
=1 =1
= —N —N, Ny 2.1
2 N 2= 2 N (32.16)

for u,v =T, X,Y. Note that the unperturbed states |7i; k) are the eigenstates of these
operators. By using the general formulae in Appendix D, we can sum over all the
excited states of the open string and obtain the trace Tr[e 20 H7].

We now show the result of [Hy|p. It is much more complicated since V5 defined
by (3.1.23) contains quartic terms in the world sheet variables, and we need to ap-
propriately regularize the infinite sum appearing in the intermediate states. We leave
the calculations in Appendix C, and show the final result here. [Hs|p is a sum of
[Va]p in (C.0.10) and — > [Vi_mVim|p/m in (C.0.11). Each of them contains many
terms including various divergences. However, many terms in (C.0.10) and (C.0.11)

are miraculously cancelled with each other, and the final result turns out to be quite

simple;
[Ho]p = [Va]p — Z %[VL—mVLm]D
m#£0
— % 2Nxy(2) + Nx(1) + Ny (1)] — %(NT(Q) — Ny (2))
— 2 (Ve(2) + Ny(2) - 30 — 5¢()
+% (Nx(0)+ 8(0) + 52(0)+1(0)) (3217)

Since every term is written in terms of the operators N,(z) and N, (x), we can use the

general formulae in Appendix D to calculate the trace Tr [6_2”]{() HQ].
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Several comments are in order. First, the last line is proportional to the non-
zero modes of Hy including the zero-point energy ((0)/4 = —3/24. Thus it can be
interpreted as the wave-function renormalization of T, X and Y fields with the following
renormalization factor, Z~ = 1+a/w?. In interacting theories, a one-particle state a'|0)
is no longer an eigenstate of the Hamiltonian and we need to construct a state to include
a Z-factor so that a state Z'/2 (aT|0> + |multi>) is a properly normalized eigenstate of
the interacting Hamiltonian. Here |multi) is a sum of multi-particle states and Z is
interpreted as the probability of the eigenstate to be in the single-particle state a'|0).
In the perturbation theory, Z-factor can be read from the renormalization of the free

Hamiltonian, and in the present situation, it is given by
Z7'=14+adw* > 1. (3.2.18)

The same wave-function renormalization factor appears in a simpler calculation of the
one-loop partition function of DO-branes at a constant relative motion discussed in
Sec.3.4. Since the wave function renormalization gives O(v?) correction to the coupling
parameter v, the last line of [Hs|p does not contribute to the calculation of the effective
potential up to O(v?). Thus we should replace Eq. (3.2.17) with

oy = % 2N (2) + Nx() + o (1)] - 5Nr(2)
_%O/pz _ % (1) (3.2.19)

in the following calculations.

Second, the final result turned out to be very simple after the miraculous can-
cellations between (C.0.10) and (C.0.11). Especially, the operator-valued terms with
divergent coefficients, for example (C.0.8), cancel completely. This cancellation might
be intimately related to the the renormalization property of the non-linear sigma model
(3.1.10). At the one-loop level, the beta function of the target space metric is propor-
tional to the Ricci tensor of the metric. Since the background metric of (3.1.10) is flat
and Ricci tensor vanishes, the background metric of the action should not be renormal-
ized even though divergence appears in the intermediate steps of the renormalization
procedure.

Finally, the only remaining divergence appears in the zero-point energy which is
independent of o/ /r? in H,. This zero-point energy must be also renormalized to obtain
a sensible mass spectrum of the rotating open string, and we need to find the correct
renormalization scheme to fix the finite part, say €, of Ho;

2 (1) — €. (3.2.20)

T2
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One possible way to fix ¢y will be to check the BRST algebra of the worldsheet theory
(3.1.10), as it determines the intercept for strings in the Minkowski space-time. Another
possible way will be to examine the behavior of the one-loop partition function in
the closed string channel, or in other words, at large distances. There must be the
contribution from the massless graviton exchanged between the DO-branes which must
give us the Newton potential. Since the large distance behavior of the partition function
would depend on ¢y, the requirement for reproducing the Newton potential may choose

the correct value for €y. In the following, we leave €3 to be an unknown parameter.

3.2.4 One-loop open string partition function

By using Eq. (3.2.6), Egs. (3.2.14), (3.2.15), and (3.2.19), and various formulae
derived in Appendix D, we can calculate the one-loop open string partition function

(3.2.1). Many terms are miraculously cancelled and we have a very simple form

1
*d 122 1 T2
Z = T/o 2—?(8#@’3)’56’@577(@'3)’24 (1 — §v2>

4 K nlgn 4 = 2q™
x [1 =202 | —— — =g —_
[ ™ ( 728; [y + €9S 7r8 nz:; (1 —q")2

+O(v?),

(3.2.21)

where ¢ := =2 and n(is) = ¢/ [[_,(1 — ¢™). The derivation of this expression
is summarized in Appendix D. In the v — 0 limit, Eq. (3.2.21) is reduced to the
partition function for DO-branes at rest. Then let us compare Eq. (3.2.21) with the
partition function for D-branes moving with a constant relative velocity 2v, which is
given in Eq. (3.4.23). Some of the v*-corrections in Eq. (3.2.21) that come from the
non-zero modes, namely the third term of the v2-corrections in the square bracket in
Eq. (3.2.21), are exactly the same as the v?-corrections in the constant-velocity case
in Eq. (3.4.23). This term came from the O(v)-mixing of 7" and Y in (3.2.13), which
exists in both systems. Eq. (3.2.21), however, contains more v?-corrections. That is,
the first and the second terms in the curly bracket in Eq. (3.2.21) are peculiar only for
the revolving case, and do not exist in Eq. (3.4.23). Thus we can say that the partition
function for the revolving case contains not only the corrections due to the velocity v

but also corrections due to the acceleration w.
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3.3 Effective potential at short distance

The one-loop partition function (3.2.21) of the open string gives the effective poten-
tial V(r,w) = —Z/T between the two DO-branes induced by the exchange of a single
closed string. In the present calculation, we are interested in the short distance behavior

of the potential, namely r < v a'. We expand the potential as a sum

V(r,w) = Z Vulr,w), (3.3.1)

n=-—1

where each term V), (r,w) corresponds to the contribution of the open string states with
the mass level n+1 to the partition function. n corresponds to the power of ¢ in the ¢-
expansion of the integrand of (3.2.21). Therefore, e.g., V_1(r,w) is the contribution from
the tachyon, and Vy(r,w) comes from the states which are massless when v = r = 0,
and V,,>1(r,w) are those from massive open string states. In the following, we ignore

the tachyon contribution V_;(r,w).

3.3.1 Massive contributions: V,>(r,w)

First let us consider contributions of the massive open string states. It is rather
straightforward to evaluate the massive contributions V,,(r,w) with n > 1. For example,
by expanding the partition function (3.2.21) with respect to ¢ and take the linear terms

in ¢, we obtain V(r,w) as

< d 204
Vi(r,w) = —/ —Sf(s,r)ef%s {324 + <i - 64860) v?s + 4321}252}
0 25 m
+O(vh), (3.3.2)
where
1 _% _1 27‘2
f(s,r):= (1 — gvz) (87%a’s) 2 e wa". (3.3.3)

[

2r
—S

The term e =o’® is nothing but the effect of stretched open strings with distance 2r,
1
and the additional factor (1 — %vz) 2 comes from the v? correction to the momentum

integration.
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To determine Vi (r,w), we use the following formulae

1.\ 2 s 1 r2 \ TFts
_ 2 1 k
= —(1—51) ) (167’('01) 2(271') F<k_§) <1+7T2O/> .

The integral with k£ <

formulae, we obtain

(3.3.4)

is defined by the analytic continuation for k. Using this

( —13+97T +27meg 2) ( r? )
aw
w2/

1
2
1 —44—1877 +57me0 , L\ [ 2\
— = oW
8 27 2o
o).

The potential V;(r,w) is a generalization of the potential at rest. Since the energy

N |

V1<T’,W) = 7

162 {

(3.3.5)

eigenvalue of the first excited massive states are split by the interactions, V;(r,w) is a
sum of various contributions from the hypersplitted states. Note also that since our
calculation is performed in the Wick rotated metric, the potential in the Lorentzian

2 2

metric is obtained by replacing w” with —w=. The potential correctly reproduces the

static limit at w = 0. The relevant part of the potential is written as a positive power

series of (r/ly,)? and (w/mg,)%;

w 2 r 2
Vo~ mstr<01+02( ) —l-) (—)
Mgtr lstr
w 2 r 4
+ Myt (03 + Cq ( ) + - ) (_> + - (336)
Mgtr lstr

where we defined (27a/)'/? = Iy, = 1/mg, and ¢; > 0. As expected, the leading order

potential is proportional to m3, r? and strongly attractive [16]. The second and higher
terms in each bracket give angular-frequency corrections. The leading w? correction to
the effective potential is given by mg,w?r?. In the superstring case, the potential must
vanish in the w — 0 limit where D-branes are at rest. Thus this w-dependent term
gives the leading order massive state contribution to the potential.

Other contributions V,(r,w) with n > 2 can be obtained similarly.
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3.3.2 Massless contributions; Vy(r,w)

Next, let us consider contributions from massless open string states Vy(r,w) given

by the ¢° terms in the expansion of the partition function (3.2.21);
*ds 8 2 2.2 4
Vo(r,w) = — Q—f(s,r) 24 + | = —48mep | v7s + 160°s7 | + O(v).  (3.3.7)
0 2s s

It is a sum of contributions from massless vector bosons o, |k). This type of contribu-
tions to the effective potential, in particular in the case of D3-branes, would correspond
to the Coleman-Weinberg type effective potential since its mass is given by the distance
(i.e. moduli) between the branes. In the current setup, since the mass also depends on
the angular frequency, the corresponding Coleman-Weinberg potential must be evalu-
ated in presence of time-dependent scalar expectation value. Note that the result of
the integral in (3.3.7) is singular at » = 0 and the determination of Vy(r,w) needs some
care.

The effective potential Vy(r,w) can be obtained if one knows the first four eigenvalues
of Hy(v), which we denote them by E;(k,r,w) (i =0,---,3);

3
*ds [ dk
V - _ _ _ 72778(E7;(k,1”,w)71) 21 727TSE0(]€,7"7W) . 3'3'8
o(r,w) /0 25/27r [;e +2le (3.3.8)

Since Hyp(v) commutes with Hy, these eigenvalues can be obtained by diagonalizing
the upper-left four-by-four submatrix for Hy(v). They are given in Appendix E and

summarized as

Lo\ o r’ 2
Hy(v) = 1—§U a'k® + + 1+ v

w2
[ —1 0 0 0 |
4 2o 21
0 ——21)2 i/<: 2 —ZU
T r T
3
o e Y 2, TOw,  (339)
mr r r
2 2 / /
0 ——Zv e kv %02
L T r r J

corresponding to the states |7; k) with N(n) < 1.
The eigenvalues F;(k,r,w) (i =0,--- ,3) are given by
2

1
Ei(k,r,w) = (1 - §UQ> o'k* + 7:;0/ + 1+ v + Ei(k, 7, w), (3.3.10)
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where
Eolk,r,w) = —1+ 0, (3.3.11)
1
Sk, r,w) = —21)2h(k,r)_1+(9(v4), (3.3.12)
T
/ 1 2./
&k, rw) = 2vﬁh<k,r>2+%v2 Vg —2—1h(k,r>‘1} +0("),
r r 2
(3.3.13)
/ 1 1 2./ 1
E(k,ryw) = —21}@h(k’,7’)2 - FUQ [Wr? —2— §h(k’,r)11 + O,
(3.3.14)
and
2
h(k,r) = o'k* + (3.3.15)

2o/’
The integral (3.3.8) is nothing but the Schwinger parameter representation of the par-

tition function of (1 + 0)-dimensional particles whose energy is given by 27 FE;.

Now we perform the integrations (3.3.8). For the eigenvalue Fy(k,r,w), the integral

can be performed easily. We obtain

o) 2 2
Voo = — / @ / % e*27’l’uEO(k’,T‘,UJ) — 1+ em o'w r? + 0(04)'
0 25 ) 2m

2
4o/ (1 — %w2r2> ma

The remaining integrals have more complicated forms. For the purpose of a rough

(3.3.16)

estimate, we make the following approximation
hik,r)2 = Vo, v*h(k,r)" = 0. (3.3.17)

In this approximation, we obtain

& 2 1 2
VOl - — / @ / % 6—27T8(E1(k’,7’,w)—1) N 1 + €EQTT Oé/w 7"2
0o 2s8) 2m

207
4o/ (1 — %w2r2) a

(3.3.18)
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“ds [ dk ds [ dk
V02 + VO?, _ _/ 2_/ —27TS(E2 (k,r,w)— / /_ 6—27r5(E3(k:,r,w)—1)
o 2s) 2w 2s ) 2w

1+ (g — 2) /w? 12
= (<o ) i (3.3.19)

o/(l — 1@027"2) o
3

The details of the integrations are given in Appendix F.

The effective potential induced by the massless modes becomes a sum of (3.3.16),
(3.3.18) and (3.3.19),

3
Vo = Z Voi (3.3.20)
=0

2

and in the Lorentzian metric, w? is replaced with —w?. In the limit, r < Iy and

w < Mgy, each term is written in the form of

r 2 r 2 w2 2
| [ — — 3.21
st (lstr) + C <lstr) (mstr) (3 3 )

At w = 0, the potential becomes /{2, which is proportional to the length of the stretched

string.

The typical form of the effective potential induced by the massless state (3.3.21) is
nothing but the Coleman-Weinberg potential for quantum particles in (1+0)-dimensions,
which can be seen as follows. For comparison and future generalizations to Dp-branes,
we will consider general cases in (1 + p)-dimensions. In (1+ p)-dimensional field theory,

one-loop integral of a scalar field with mass m is given by

APtk 22
. —-1/2 (k +m?)s
Trlog(A +m? / / o) €

_ptl o (m?) = p = even
~ 8 2 e ~ 9 pt1 9
. 23 (m?)2 logm* p= odd.

(3.3.22)

If mass is given by vacuum expectation value of some scalar field ¢, it gives the well-
known Coleman-Weinberg potential. In our case, mass is generated by the distance r
between DO-particles and the angular velocity w. Thus the effective potential induced
by open string massless states is given by the typical form (3.3.21), namely p = 0 case
n (3.3.22).
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3.4 DO-branes at constant velocities

In this section, we study a system of D0-branes at a constant relative velocity for
comparison with the revolving case. One might think that the effective potential we
obtained in the last section could be derived in a simpler manner by considering a D-
brane system with a constant relative velocity. Namely, one may consider a system of

two DO-branes whose trajectories are given by

(3.4.1)

In the following, we refer this DO-brane system as the linear system, and the revolving
DO0-branes discussed so far as the revolving system. At the moment ¢t = 0, the kinematic
configuration of the linear system is the same as that of the revolving system, as far
as the distance and the velocity are concerned. Therefore, one might expect that the
effective potential for the revolving system would be obtained from the linear system
at t = 0, at least at the order of perturbation we performed in the previous sections,
and the corrections to the effective potential might coincide between these two systems.
This is not the case since the effect of one D0-brane propagates with a finite speed and
the effective potential depends on details of the trajectories of the other DO-brane at
t < 0. Thus the interaction will depend not only on the velocity but on the acceleration
at the moment of ¢ = 0. In this section, we will show similarities and differences between

these two systems.

Although the theory can be solved exactly in terms of a twisted boson [14], it is
instructive to solve the worldsheet theory for the linear system in a non-trivial coor-
dinate system similar to the rotational coordinate. We will observe that the resulting
action has a similar form to the action (3.1.10) for the revolving system, which helps

us to compare the two systems.

Consider the worldsheet theory of an open string with a boundary condition given
by (3.4.1). We introduce the following coordinate system (in the Euclidean signature):

¥ = =z (3.4.2)
Yy = ycoswz — tsinwr, (3.4.3)
t' = ysinwr+tcoswr. (3.4.4)
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In this new coordinate system, the trajectories (3.4.1) of the DO-branes become simply

i (t) = r xh(t) = —r,
' ? (3.4.5)
yi(t) = 0, y2(t) = 0,
provided that w satisfies
v = tanrw. (3.4.6)

Note that this relation between v and w is the same as the one (3.1.1) for the revolving
system up to O(v?).
The worldsheet action in this coordinate system is

T2

S = /fahjmf+@XmX+%?m?+%ﬁmﬁi

Y ted

+200, X (TOY — YT + v*(T? + Y?)0, XX + O(v®)]| .
(3.4.7)

Note that we have rescaled the fields by . This is quite similar to the worldsheet action

(3.1.10) for the revolving system.
The boundary conditions for X and Y are determined by (3.4.5). Define X by

X = z(0)+ X. (3.4.8)

Then, X and Y obey

=Y

o=0,7

X = 0. (3.4.9)

o=0,7

One can show that 7" obeys the Neumann boundary condition;

0,T = 0. (3.4.10)

o=0,7

Note that, unlike the revolving system, we do not need any field redefinition like (3.1.14)
to simplify the boundary condition for 7. We define T by

.t
T = 4T, (3.4.11)
T

where ¢ is the coordinate zero mode of T. In the following, we use Y instead of Y for
notational simplicity.
The Hamiltonian is given as

Hlinear = Hél) + U‘/l(l) + U2‘/2(l) + O(U4), (3412)
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where
0 " gy 2 2 r’ 2 2 2
Hy = do | — (7 + 11% +113) + —— {(0,T7)* + (8, X)* + (9,Y)?}
0 r Ao
2 02 )
+7T2a, + 7T20/t ; (3.4.13)
o) g 2ra’ - r? - 272
‘/1 = do | — 5 HX(THy—HTY)—i—F&,X(T&,Y—&,TY)—I—T&,TY s
0 T T T
(3.4.14)
s [ o 2 ~ 4
v = / do | 25 (T — YTIp)? + ——2 (8, X)2(T? + Y?) + —(T? + Y?
= | e | Ty - VI L @ X YY) 4 (1YY
8 4 - 9
+otT — —9,X (T2 +Y?) b |. (3.4.15)
m2r T

Note that we have moved a term proportional to v?t? from the interaction part V2(l)

to the free part Hél) since the sum 72 4 v%t? is the distance squared between the DO-
branes.? This is necessary to improve the behavior of the perturbative result for small
v. From this Hamiltonian, using the improved perturbation theory in Appendix A, we
can construct

2 () = H +vH] +v*H + O(v*) (3.4.16)

which is a counterpart of Hy(v) (3.2.3) in the linear system. Note that the terms in the
second line in (3.4.15) do not contribute to Hél), and we can drop them in the following
discussions.

Recall that V; and V5 in the Euclideanized theory for the revolving system are

™ 2 / 2 2 2
v, = / do | =T (X Ty — TIY) + ——0,T(X8,Y — 0,XY) + ——0,TY |,

0 r 2ol w2/

(3.4.17)

™ _7.(0(/

V, = /0 do| =5 {(XHY YTy + x(a)2(H§, - H2T>
T P T IR L x(0)2<(8 )% - (9 Y)Q)
47Ta/ ag 7_[_2 ag ag )

(3.4.18)

3Since the system of DO-branes at a constant relative motion does not have invariance under time
translation, the zero-mode of T is no longer decoupled. It is a big difference from the revolving system

noted in footnote 2, and we need to compare two systems at ¢t = 0.
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where only terms which contributes to H; and H, are shown above. The interaction
terms Vl(l) and VQ(Z) have a quite similar structure to their counterparts in the revolving
system. However, there are some differences.

Apart from the potential term v?¢?/m2a/ in the linear system in (3.4.13), there are
two differences between the revolving and the linear systems. First, 7" and X are
exchanged in many terms in the interactions V; and V5. Since T" and X obey different,
Neumann and Dirichlet, boundary conditions, these terms give different contributions
to [Ha|p; namely the first line of (3.2.17) in the revolving system. Second, V5 in the

revolving case has the following terms

2

,
4o/

2(0)*((8,T)° — (8,Y)?) |, (3.4.19)

/TF do [iglx(a)Q(Hg, —I12) +
0

which do not exist in the linear case Vz(l). The diagonal part of (3.4.19) which contributes
to Hy is given by the second line of (3.2.17) in [Hy|p in the revolving system. Therefore,
the results for the linear system are actually different from those for the revolving
system. There are other terms in V5 which are absent in VQ(Z), but they do not contribute
to the results up to O(v?).

After straightforward calculations in Appendix G, we obtain

2 2 e
o _ 2 2 r Z 1
HO = O/p + @t + 20/ + (NT,n + NX,n + NY,n) - g, (3420)
n=1
21 1
g = =Y ~ala¥,. 3.4.21
1 T nana—n ( )

For [H{"]p (see Appendix G), most of the terms are cancelled and the following terms
for the wave function renormalization
) o 3
Hy'] = — Nrn+ Nxn+ Ny, — — 3.4.22
[Hy'] rZZn:T’+X’+Y’ o ( )
remains. It is the same as (3.2.18). Once the wave function is renormalized, it does
not affect the final results of the partition function up to O(v?). We have seen that the
perturbative expansion of the linear system is similar to the revolving systems, but the
above differences lead to the apparently different results.
Let us calculate the partition function of the linear system using Hél)(v). As we

)

mentioned above, H(gl includes the term proportional to t2. Therefore, the eigenvalues

of the zero modes, ¢ and p, no longer take continuous values. Instead, they form a
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harmonic oscillator with the angular frequency 2v/m. The effect of H D'in Eq. (3.4.21)
to the partition function can be easily determined by diagonalizing it. We find that
this gives shifts +2v/7m to the eigenvalues of H(gl). Since HQ(Z) does not contribute to
the partition function up to O(v?), we see that Hél)(v) reproduces the correct partition
function of the twisted boson [14]

e dS q% 272 ad 2v -1 2v -1 —22
/0 95 q 2 € | | q q q

1 - q? n=1

> ds -2 _2r? . N—24 2 4 2 - 2qn
g _—— 7\—0/8 1 — 2 —_— -
/0 2s sinh(2vs)e (i) [ v T ; (1—qn)?

+ O(v?)

(3.4.23)

up to O(v?). This can be regarded as a consistency check of the calculation and the
validity of the formalism we employed in this thesis. The v? corrections in the linear
system give the third term in the v? corrections in the revolving system in Eq. (3.2.21).
Note that the partition function itself is a function of v2, but the energy eigenvalues are
shifted by £2v/m. This comes from the O(v)-mixing between the world sheet variables,
T and Y. Also note that after Wick rotation to the Lorentzian metric v — v, the
integrand has zeros at an integer value of 2vs/m, which generates an imaginary part
in the partition function. It reflects open string pair creation [22]. Such imaginary
part does not exist for the revolving system since the distance between D-branes are

constant and non-adiabatic particle creation does not occur.
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Chapter 4

Field theory calculation of effective

potential for revolving D-branes

4.1 String Threshold Corrections in D-brane Mod-

els

We are interested in interaction potential between D-branes, which are relatively
moving in a target space-time. At weak string coupling, we can obtain the potential
by calculating the one-loop partition function of an open string stretched between the
D-branes. For simple cases, we can quantize the stretched open strings and determine a
closed form of the one-loop effective potential. But in many other cases where D-branes
are accelerating, it is not possible to write the effective potential in a closed form, since
open strings have complicated boundary conditions. For example, when two D-branes
are revolving like a binary star, open string spectrum can be solved only perturbatively
with respect to the relative velocity [26]. Thus, in order to calculate the potential be-
tween these D-branes, it is necessary to develop an alternative method. In this section,
we propose an efficient method to obtain the interaction potential between generally
moving D-branes, including threshold corrections of massive open string modes. The
method was indicated in a seminal paper [25].

Schematically, the effective potential V' (R) is given as

o dt R2

V(R) — — /0 1) (41.1)

t

where R is the distance between the D-branes. Z(t) is the partition function of

the stretched open string with the modulus (Schwinger parameter) ¢, where the fac-
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tor e’%t due to the string tension is extracted. In many known examples the R-
dependence only appears through e_%t and Z(t) is R-independent, but generally it is
not the case. The method for analyzing the effective potential at all ranges of R is based
on a simple idea of separating the integration region into the UV region of ¢ € [0, 1]
and the IR region of ¢ € [1,00). The IR region for the open strings is dominantly given
by the massless modes of open strings. If the modular transformation for Z(t) can
be explicitly performed, the UV region is mapped to the IR region of the dual closed
strings and thus determines the large R behavior of the potential. But as we will see in
the next section 4.1.1, it may also give sizable contributions to the small R behavior of
the potential. They are the threshold corrections of infinitely many open string massive
modes.

The UV region [0, 1] is dominantly described by the massless closed string modes,
i.e., supergravity. The property holds even when the modular transformation is not
explicitly given. Thus the open string one-loop amplitude of the UV region is approxi-
mated by using the supergravity calculations with an appropriate cutoff corresponding
to t €0, 1].

4.1.1 Why are the string threshold corrections important?

In this section, we explain the method of partial modular transformation. It can
provide a good approximation of the effective potential without directly performing
the one-loop open string amplitude. Let us start from a toy example in the bosonic
string theory. The model contains an open string tachyon and the potential is not well-
defined for small R, but still it is a good example to see its efficiency and usefulness of
the method. The effective potential of a pair of static parallel Dp-branes in the bosonic
string theory is given by

V(R) = — Ooﬂe_%t(87r2a't)_%(p+l) (it)~ 4.1.2

/0 ; n(i : (4.1.2)

The integral contains contribution from the tachyon which makes the integral divergent

at small R. We simply ignore it here. In the following sections, we will consider tachyon-
free models whose effective potential is well-defined for all ranges of R.

First, let us consider the potential at large R. As usual, the asymptotic behavior of
V(R) at large R can be easily determined by using the modular transformation. Due

2
to the exponential factor e’%t, small ¢ region dominantly contributes to the behavior
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at large R. After a modular transformation, we get
[e.e] 2 _
V(R) = —(8720/)5@“)/ ds ez 52 (P (ig) 2, (4.1.3)
0

The large s region gives the dominant contribution at large R. Thus we expand the

Dedekind eta function n(is) as

n(is) ™ = > dye™™, (4.1.4)
n=-—1
where d_y = 1, dy = 24, dy = 324, dy = 3200 etc., and we retain only terms with small
n. Again we ignore the closed tachyon contribution (n = —1) here. The n = 0 term
gives
V(R) ~ —(4m) 30+ (2ma/) 1P (22 R, (4.1.5)

which is a good approximation for large R, up to the tachyonic contribution. It cor-
responds to the exchange of massless closed string states, i.e., the dilaton and the
graviton.

The behavior of V(R) at small R, however, is more non-trivial. Similarly we can
expand the n(it) in eq.(4.1.2) by using the formula of eq.(4.1.4). Then, discarding the
open string tachyon (d_;), we may think that only the massless open string modes
contribute to the behavior of V(R) at small R. But actually it is not the case because
all values of ¢, including large ¢, can contribute to the integral'. For example, the
contribution from n-th excited states with the coefficient d,, in (4.1.4) gives the following

contribution to the effective potential V(R);

o dt R? 1
/ _ef2ﬁa,ttf§(p+1)ef27rnt
1

/a2t
2A — Vinz + O(1/A), (p=0)
- A; YO Sl %;ﬁ log(x/A2) + O(1/A2), (p=3) 410
where we have introduced the UV cutoff A (in unit of the string scale) and
T = Ui + 2n. (4.1.7)

2mao!

The first and the second terms in the formula for p = 3 are nothing but the quartic and

quadratic divergences in d = 4 quantum field theories. The third and the fourth terms

Tt is known that a singular behavior of physical quantities can be extracted solely from the lightest

open string states which become massless in the singular limit [25].
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are the Coleman-Weinberg effective potential with a mass squared, M? = x. Since x
increases with increasing n, massive open string modes give huge contributions to the
low energy effective potential. Therefore, we cannot simply discard the contributions
from massive open string states in determining the behavior of V(R) for small R, even
though they are heavy. We also need to take an appropriate treatment of the UV cutoff
A appearing in the above formulas, which causes ambiguities of finite renormalizations
of low energy observables.

In addition, the above calculations can provide behaviors of the potential V(R)
only for small R or large R regions. But, we are interested in the behavior of potential
V(R) in the whole ranges of R. In the next section, we propose an efficient method to

evaluate V' (R) interpolating the small R and large R regions.

4.1.2 Partial modular transformation

We will now provide an efficient method to obtain a good approximation of V' (R) for
all ranges of R. Interestingly, this method also resolves the issue of the UV divergences
mentioned in the previous section.

Our method is based on the following rewriting of the potential of eq.(4.1.2):

V(R) = —(87°")" 3+ {/ %e 3ol
1

(p+1)77(it) —24

[eS) 2
+/ ds e 2na’® 13%(7’_25)77@3)_24 : (4.1.8)
1

Here, we divided the integration region [0, co) for ¢ into [0, 1] and [1, c0), and perform
the modular transformation for the first half region. An advantage of this rewriting is
that, since t,s > 1 are satisfied, the Dedekind eta functions in the right-hand side can
be replaced with a few terms in eq.(4.1.4) corresponding to light open (closed) string

states, even for small R. For example,

dt dt
/ U et (it 5 (tachyon) + 24 / Lo ien (419)
1 1

is a good approximation for all ranges of R.
Accuracy of the approximation can be estimated as follows. Using the expansion of
eq.(4.1.4), the left-hand side of eq.(4.1.9) can be estimated as

dt
d, at ﬂ_a,tt—*(p-f—l —2mnt d, —27rn/ o m/tt—f(p+1) 4.1.10
Z |G Z A (4.1.10)
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2™ = (0.001867 is a very small number, the contributions from massive states

Since e~
are much smaller than those from the massless states. One might be worried that the
exponential growth of d,, would invalidate this argument. However, it is known that
d, grows as e*™V" which is not large enough to overcome the suppression factor e=2™.
The total contribution (without tachyon) to V(R) turns out to be smaller than the

massless state contribution times an infinite sum

D dpe = (i) = e = 1.026d,. (4.1.11)
n=0

Therefore, the error due to discarding all massive open string states is less than 3%.
Note that the smallness of the error is assured because we have introduced the cutoff
at t = 1.

The second half in eq.(4.1.8) can be similarly approximated as

00 00 o0 00
Zdn/ ds ¢~ o™ g5 (p29) o= 2ms < Zdne_%”/ ds e~ 5 g3, (4.1.12)
n=0 1 1

n=0

Therefore, retaining the contributions from massless closed string states gives a good
approximation with the same accuracy as above. We emphasize that the accuracy of
the approximation does not depend on R, so this approximation is valid for all range
of R. If one needs a more precise approximation, one can retain the first excited states

for both open and closed string channels. Then,
D dpe™ = (i) = =24 = 1.019dye 7", (4.1.13)
n=1

shows that the expected error is about 0.019 dye™*" /dy = 0.05%.

Several comments are in order. First the method is to sum the contributions from
the open massless modes and the closed massless modes. If we did not introduce the
Schwinger parameter cutoff, it would be a double counting. But as is clear from the
procedure, it is not. Next, the expression is finite, as long as the square of the mass
of the “tachyonic” state is positive. This implies that the issue of the UV divergences
and ambiguities of finite renormalizations mentioned above are resolved by summing all
open string massive contributions. Finally, in eq.(4.1.8), we separated the region of the
moduli integration at ¢ = s = 1, which is the fixed point of the modular transformation.
If we separate the modulus at a different value, ¢t = 2 and s = 1/2 for example,

the suppression factor for the open string channel becomes e %" = 3.487 x 107 and
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the approximation becomes better. However, the suppression factor for the closed

™

string channel becomes e~ = 0.04321, giving a worse approximation. Hence the choice

t = s =1 seems to be optimal.

4.1.3 Another example: D3-branes at angle

As another example in the superstring case, we consider a pair of D3-branes at angle
in Type IIB string theory. We follow the notations of the section 13.4 in [13,14]. For
04 = 0, the one-loop effective potential is given by

< dt w2, il 9n (200, it)

V(R) = — —(8m2a’t) 2e 2 : , 4.1.14
() /0 ; (Bra’t) (it Ly V11 (20,t, it) ( )

where

/ 1 / 1
0, = 5(‘91‘1‘92‘1‘93)7 0y = 5(914_62_93)7

1 1
0;)) = 5(01 —02+(93), 0;1 = 5(01 —92 —03) (4115)

We assume that the angles 6, are small so that the mass spectrum of the stretched
open string is not largely deviated from that for the BPS configuration with 6, = 0.

This integral is convergent for large ¢ if

4 3

PAR A (4.1.16)

a=1 a=1

is satisfied. This corresponds to the condition for the absence of open string tachyons.

A solution of this condition is

for any 6. The integral is always convergent for small ¢ since there is no closed string
tachyons. Therefore, the effective potential V(R) with 6, satisfying eq.(4.1.17) is well-
defined for all ranges of R.

Similarly to the bosonic example in the previous section, the stringy result of

eq.(4.1.14) can be approximated by a sum of open light and closed massless contri-
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”

Figure 4.1: The effective potential V(R) for D3-branes at angle with ¢ = 7/12 and o/ = 1.
The exact effective potential in eq.(4.1.14) is drawn with red solid line. The blue broken line
shows the potential using the approximate formula in eq.(4.1.18), which agrees very well with

the exact one.

butions,
P = L [ [t 200 s
87'('205/ 1 Slnhg(gbt)
1 sin” ¢

This formula provides a good approximation of eq.(4.1.14). Indeed, the plot of V(R)
and f/(R) is shown in Figure 4.1. The error for the approximation is quite small for all

range of R, which is difficult to see by naked eyes.

4.1.4 General Recipe

Let us summarize the method to give an efficient approximation to the effective
potential V(R) at all ranges of R. In the example in the previous section, given a
modulus integral for the effective potential of interest in eq.(4.1.14), we divided the
integration region into two, and performed the modular transformation for one of the
integrals. Then, we retained only the contributions from light states to the integrals,
open (nearly) massless states and closed massless states. The resulting expression

gives a good approximation to the full effective potential for all ranges of R. Now we
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generalize the method to more complicated situations. To determine the approximate
expression for the effective potential in the D-brane system, we did not actually need
to know the full spectrum of the stretched open string. Only the information of the
effective theories of the open massless states and the closed massless states are necessary.
Namely the approximate effective potential is given as a sum of the SYM and the

supergravity contributions;
V(R) = Vo(R)+ V(R), (4.1.19)

where V,(R) and V.(R) are schematically given as

~ dt de
%(R) _ / / 6727rtEo(

llght open

- d”'k 1
V.(R) — —/ ds Y / 7 (BB 500 (4.1.20)

massless
closed

Here |B) and |B’) are the boundary states for the D-branes and |I) are the closed
string massless states propagating between D-branes. Besides, the integration of the

R2
—2msEy(k)—g5ars” , which arise

momentum and moduli parameter, the exponential factor e
as explained in 2.2.2, are explicitly expressed.

f/a(R) is the Schwinger parametrization of the one-loop determinant for light open
string states with the UV cutoff at the string scale. Thus, it can be obtained from
the worldvolume theory of the D-brane system under consideration. Suppose that a
D-brane configuration of interest is described by a classical field configuration in the
worldvolume theory. Then, the one-loop calculation around the classical configuration
gives the desired one-loop determinant. If we rewrite this in terms of the Schwinger
parameter and put a suitable cutoff, we obtain ‘7O(R) without performing any stringy
calculations.

On the other hand, f/C(R) is obtained from the massless closed string exchange
between the D-branes. For general configurations of D-branes, see [27,28]. This can be
understood by noticing that the Schwinger parametrization of the massless propagator

in D’ dimensions is proportional to

dD’k, eikx o %) Y 12,1
/W? = (477') 2 /0 dss 2e 1 . (4121)

The interaction vertex (B|c) of a D-brane to a closed string state is given by the corre-
sponding Dirac-Born-Infeld (DBI) action with Chern-Simons (CS) term, provided that
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the trajectory of the D-brane is specified. Then, we obtain V,(R) by determining the
appropriate tree amplitudes in supergravity, written in the Schwinger parametrization,

and putting a suitable UV cutoff at the string scale.

Now, we have the recipe for a well-approximated expression to the full one-loop
effective potential of a D-brane system, which includes threshold contributions from

infinitely many massive open string modes:

1. Find a classical configuration in the worldvolume theory of a D-brane system
under consideration, which corresponds to the D-brane configurations we are in-
terested in. Then perform one-loop calculations around the classical configura-
tion, and express the resulting one-loop determinant in terms of the Schwinger

parameter t. UV cutoff in the ¢-integration is introduced.

2. Calculate the classical potential, mediated by the massless closed string states in
supergravity, between the given configurations of D-branes. The coupling vertices
are derived from the corresponding DBI action with CS term. Express the result

in terms of the Schwinger parameter s and introduce the UV cutoff.

3. Normalize ¢ and s such that the R-dependence appears in either of the form
2 2
e amar, e (4.1.22)
and put the “cutoff” at t,s = 1. This corresponds to introducing the UV cutoff

at the string mass scale m, = (27a’) /2.

4. The sum of the above two expressions gives a good approximation V(R) to the
full effective potential V' (R) for all ranges of R.

If we interpret this recipe from the open string channel, what we have done amounts
to summing all the stringy threshold corrections to the effective potential with a very
good accuracy. This can be done by converting the threshold corrections into a contri-
bution from the closed string massless states. The open-closed duality plays a key role
in this calculation.

Note that the above calculations in the recipe can be performed even for off-shell
configurations of D-brane systems, since the calculations are done in a gauge theory
and a supergravity. Assuming that the open-closed duality holds off-shell, namely in
the superstring field theory, we can expect that the above recipe enables us to study

the effective potential for an off-shell configuration of D-branes.

02



CHAPTER 4. FIELD THEORY CALCULATION OF EFFECTIVE POTENTIAL
FOR REVOLVING D-BRANES

We should also emphasize again that our recipe does not suffer from a double-
counting problem, since we have introduced a cutoff in the Schwinger parameter inte-
gration. One can convince oneself of the validity of our recipe by examining the large R
behavior of V,(R). Due to the factor ¢ 2" and the cutoff at £ — 1, V,(R) exponentially
damps at large R, V(R) ~ e ®/27  Therefore, the Newton potential appears only
from V,(R). It is also important to notice that, although V,(R) ~ —1/R"" at large R,

V.(R) is finite in the limit R — 0, due to the cutoff at s = 1.

In the following, we apply our method to the revolving D-branes. In [26], we investi-
gated this system based on a worldsheet theory of the stretched open string. However,
there were several difficulties. One of them is the fact that the revolving configuration
is off-shell at tree level, so that worldsheet calculations could have some troubles, for
example an ambiguity for the renormalization procedure. We will see that our method
in this thesis gives a quite reasonable finite result for the effective potential of the

revolving D-branes, improving our previous investigation in [26].

4.2 Gauge theory calculations in revolving Dp-branes

In the following sections, we apply the recipe in the previous section to calculate the
effective potential V(R) for a system of Dp-branes revolving around each other. The
distance R = 2r is chosen to have mass dimension 1 and so is the radius of the revolution
r. The radius with dimension -1 is given by 27a/r. In this section, we set 2ra’ = 1. To
determine ‘70(27‘), we perform a one-loop calculation around a suitable background field
configuration in maximally supersymmetric Yang-Mills theory in p+1 dimensions®. For

V.(2r), in the next section, we calculate the amplitude for the one-particle exchange

between the revolving Dp-branes in Type II supergravity.

2The effective theory of Dp-branes is given by the DBI action with CS term and contains higher
derivative corrections to the SYM theories. These higher dimensional vertices are suppressed by a
factor 1/mg and the corrections to the effective potential between D-branes can be neglected in the
region r < ms. Such suppression property is different from the threshold corrections of massive open
string modes running in internal lines of the Feynman diagrams, which may give sizable contributions

to the potential as discussed in section 4.1.1.
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4.2.1 One-loop amplitude of SYM in revolving Dp-branes

We now apply the general formulae for the one-loop amplitude for the general back-
ground (2.2.34) to a specific background corresponding to the revolving Dp-branes
(p < 7) in the 89 plane. The extended directions of Dp-branes are taken to be the
same and thus always in parallel. The corresponding background configuration is given
by

bg = r cos wT, by = r sin wr, (4.2.1)

and b; = 0 otherwise, where w is the angular frequency of the revolution and r is the
radius of the circle on which the D-branes are revolving. Note that w above has been
analytically continued according to the Wick rotation of eq.(2.2.32). To recover the
results in the Lorentzian signature, we will replace w with —iw.

At first sight, since the quadratic action Sy for the above stationary configuration by
is 7-dependent, one may think that the one-loop determinant also depends on 7. Indeed,
it is the case when D-branes are moving with a constant relative velocity [12,22]. But in
the present situation, since the motion is stationary, the 7-dependence of the effective

potential can be eliminated. By introducing new fields ¢ defined by

1 .
= —e T (g £ pg), 4.2.2
P+ 2 (s £ o) ( )

the 7-dependence of the bosonic part of S can be eliminated. Similarly, the 7-

dependence of the fermionic part of Sy can be eliminated by introducing
1 89
0 = exp EWTF X- (4.2.3)

In terms of these new fields, the quadratic action S5 becomes

1
Sy = — / artiz [LB + Lp+ Lfree] (424)

9

where
Ly = |@m+ iwn)pr + 40?0 * + [(Om — iwm)o-[* + 4[|
+|Omal?® + 4r2|a)? — 2v2rw ((p,aT +ola—pia — gola) ,  (4.2.5)
_ 1 _
Lp = 0T, (am - §wmrgg> 6 — 2rfr®o, (4.2.6)
Liee = |Omail* +4r%|a;|* +¢,.0%cy — 4r°Cicy +e_0%c_ —4rie_c_.

(4.2.7)
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Here, we defined w,, := wd,,» and ¢ = 1,2,--- ,p. For notational simplicity, we used a
instead of a.,.

Now we can compute the one-loop determinant. Since the 7-dependence is no longer
present, we can employ the momentum representation. Then, the bosonic Lagrangian

L can be written as
2

2\/§7w

2 2
(k* + 41°) |a(k) — ER

(o (k) = @1 (k)

+(k* + w® + 4r® + 2wk, )| (k)]? + (K* + w? + 4r° — 2wk,) |4 (k)|

8(rw)?
—12 1 a2lP-(k) — (k)% (4.2.8)
where k% = (k,,,)?. The path integral for a can be easily performed, resulting in the de-
terminant det(—9%+4r?)~!. To perform the path integral for ¢, we need to diagonalize

the matrix

8(rw)?
8(rw)? 2wk, 2 2
(k2 + w?® + 4r? — e 47“2> Iryo + 8(rw)? k ;_ é]l: ; (4.2.9)
k2 +4r2 Wi
where I5,5 is the diagonal matrix. Its eigenvalues are given by
8(rw)? 8(rw)? \”
EB:E(IG) = ]{j2 + (,u2 + 47’2 — m + \/4&}2]{;3 + (m . (4210)

Hence, the path integral for the bosonic field . gives det(FEp, (—id)) ! det(Ep_(—i9))~ .

Next, consider the fermionic part Lr. In the momentum representation, it can be

_ Lo (ki + 2win) 2rT8 0,
—(0, 6_) ( o8 Pk L) ) ( N ) : (4.2.11)

2

written as

where 6 satisfy i['%°0, = £60,. The result of the path integral is given by the deter-

minant of the following matrix

[ (k‘m + %wm)z + 4r? 2rwl™®

I 2rwl® (k:m — %wm)z + 4r?
ol 0 ] (ke dwn)® 4 2rw 10
oo 2rw (ko — Ywon)* +42 | | 0 T78 |
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4.2. GAUGE THEORY CALCULATIONS IN REVOLVING DP-BRANES

which is the square of the matrix in eq.(4.2.11). The eigenvalues of this matrix are

1
Eps(k) = k* + Zuﬂ 4+ 4r? £ wa/k2 + 4r? (4.2.13)

with multiplicity four for each of them. Therefore, the resulting determinant is given
by det(Er, (—i0))* det(Ep_(—id))*.

The remaining part Lgee simply gives det(—0% + 4r?)=>

In summary, we obtain the one-loop determinant whose logarithm is given by
log [det(—82 +12) S det(Ep (—id)) " det(Ep_(—id)) ™"
x det(Ep (—id))* det(EF_(—i(‘)))4]

1
/ / d"k ftEB+<k>+e—tEsf(k>
A- p+1

4 (e—tEFJr(k) + e—tEFf(k)) +6 e—t(k2+4T2)] , (4.2.14)

where A is a UV momentum cutoff with mass dimension 1. In section 4.2.2, it is fixed

at A = m, following the recipe in section 4.1.4.

4.2.2 Effective potential V,(2r) from SYM

The contributions from the open light modes to the effective potential 170(27“) are

given as a sum of the bosonic and fermionic ones,

Vo(2r) = Vo5(2r) + Vo r(2r) (4.2.15)
where they are given by
~ > dt arttk oo B (a2
VQB(QT) = _/AQ?/ (Qﬁ)pﬂ [e tEB+(k)_|_€ tEB_(k)+66 t(k 14 )]7
(4.2.16)
¥ Ry
i = o[ [

The ghost contribution is included in the bosonic part, V,, g(2r).
Let us now determine the cutoff parameter A following the recipe in section 4.1.4.

The factor due to the string tension in the above expression is exp(—r?t/(7wa’)?) where
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o' is recovered. Since R = 2r, the recipe tells us to choose the cutoff at feyor = 1
when we rescale the variable t so that exp(—r?t/(ra’)?) = exp(—(2r)%t/2ra’). Thus
we choose t = 27a’t and the momentum cutoff A can be fixed by the relation, teyor =

A% = 2w/ teyionr = 2w/, Therefore, A = m,.

Though A should be fixed as above, it is interesting to see the asymptotic behavior
of V,(2r) at large 7 in the limit A — co. By rescaling the integration variables, V,(2r)

1s rewritten as
~ o p+1 dp+1k‘ (k:2+4 L 2
Vo(2r) = —r - p+1 6 — 8¢~ ' cosh (tay/k2 + 4
r2A—2

5 N2
+2€_t(a2 #5) cosh t\/4oz2k3 + <k;28(j_4) ], (4.2.18)

where o := w/r. This indicates that the 1/r expansion of this expression corresponds

to the a expansion. We find that there are no terms with an odd power of «, as it
should be, since the potential is independent of the direction of rotation with angular
frequency w. The O(a®) terms cancel trivially due to supersymmetry. The next O(a?)

terms also cancel between V, 5(2r) and V,, p(2r);

p“k: 2 l
r2A—2

Then, the leading non-vanishing terms are O(r?**a?), or equivalently O(v*/r™?), where

v := rw. This behavior, which can be interpreted as the effective potential for Dp-branes
at large r, is the same as the one expected from the supergravity calculation, which

will be shown in the next section.

The effective potential V,(2r) in the Lorentzian signature is obtained by the re-
placement w — —iw after evaluating the integral in the Euclidean signature. Details
are discussed in section 4.4. We briefly comment on some properties of the effective
potential. For r > [, the effective potential represents an attractive force, which qual-
itatively agrees with the supergravity result. For small » < [, on the other hand, the
effective potential behaves nontrivially as a function of » and w. Many cancellations
occur between bosons and fermions and we will show that, for p = 3, a minimum of the

potential appears at a fixed value of w.
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4.3 Supergravity calculations in revolving Dp-branes

In this section, we calculate the classical potential 170(27“) by the one-particle ex-
changes of massless closed string modes.
We apply the result of eq.(2.2.79) to the revolving Dp-branes. The embedding
functions X* and X* for the revolving Dp-branes are given by
X = (2, X8 = rcosw(’, X? = rsinw(?,

v ' ’ ) ’ (4.3.1)
X*=(*  X¥=—rcosw(®  X?=—rsinw’.

Inserting these functions into eq.(2.2.79) and performing some of the integrations, we

obtain

4 0
Ve(2r) = —/ifOTpZ(ZIW)’mTp N _T_ " /[\2 ds s~ 5"

X /d( exp {—i (C+2r°(1+ cosw())] (14 cosw()?, (4.3.2)

where v = rw. For details of the calculations, see Appendix H. Note that we have
performed the Wick rotation of ¢° and ¢° so that the integral is well-defined. w is
analytically continued as well.

Following the recipe in section 4.1.4, the cutoff A is fixed as follows. The suppression
factor due to the string tension in the above integrand is given by exp(—r?/s). The
cutoff is chosen at § = 1 when this factor is expressed as exp(—(2r)?/(2ma’s)). Thus
we take s = ma/§/2 and Scuto = A2 = 7o/ /2. Hence A needs to be fixed at A =
AT = 2m,.

Several comments are in order. First, let us investigate the large r behavior of the

potential with v fixed as a small value. The integral eq.(4.3.2) becomes

T—p 4

v
#T(732)

r7=p

Fo(or) = (40 +(an) +O(0) (433

It reproduces the effective potential for two Dp-branes moving with the relative velocity
2v and the impact parameter 2r, which can be calculated in string worldsheet theory
(see eq.(13.5.7) in [14]). This provides a consistency check for our result in eq.(4.3.2).
We note that the potential from the supergravity calculation in eq.(4.3.3) is pro-
portional to v*/r”~P. This behavior in case of p = 0 is well-known in the calculation
of DO-brane scattering in the BFSS matrix theory [30,31]. As mentioned at the end of
section 4.2.2, the same potential can be reproduced from the SYM calculation, if we

take the UV cutoff to infinity A — co. In our calculation, A needs to be fixed at m; in
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order to avoid the double counting, and the behavior of the Newton potential at large
r is generated only by the supergravity calculation.

There is no chance of a bound state at large distances » > [,. The potential is
proportional to —wr?~3 and a very weak attractive potential. Indeed, if angular mo-
mentum of the revolving D-brane is conserved, w is proportional to 1/72. Then the
potential is proportional to —rP~!'. Though it is attractive, the attractive force is too
weak to balance with the repulsive centrifugal potential which is proportional to 1/r%.

Finally, note that the potential in eq.(4.3.2) is proportional to v* = w'r? and the
v? = w?r? terms are cancelled. It is contrary to a naive expectation that there are large
radiative corrections to the w?r? term in the effective potential: the supersymmetry

breaking scale is given by w. We come back to this property in the next section.

4.4 Effective potential at all ranges of r

We now investigate the behavior of the effective potential at all ranges of r by
adding the contributions from SYM and supergravity; V(2r) = V,(2r) + V.(2r). Here
we assume that the angular frequency is small compared to the string scale, w < mg
and the pair of Dp-branes are revolving slowly. We mainly focus on the p = 3 case.
DO-branes are also interesting from the BFSS matrix theory point of view, since a
threshold bound state is expected to arise [17,18]. We leave its detailed analysis for
future investigations.

In the following, we recover o’ and the “distance” r is defined to have mass dimension
1. The gauge theory results turn out to be intact by regarding r as a quantity with
mass dimension 1. For the supergravity result, we need to replace r with 2wa/r in order
to combine it with the gauge theory result for obtaining the effective potential in the
worldvolume effective field theory.

The contributions from open light modes to the potential in Euclidean signature is

given by a sum of these two contributions,

- p—i—ll€
_ o~ (K2 +4r?)t
Gntr) = = [0 [ G

2 2 2
X |64+ 2e faderd cosh t\/4w2k2 + (—8(Tw) ) ,

k2 + 4r2?

~ < dt Pk
Vor(2r) = 8/ " e )p+1€_(k2+4r2)t6_}1w2t cosh (t w2k3+4(TUJ)2>,
A2 ™
(4.4.1)
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4.4. EFFECTIVE POTENTIAL AT ALL RANGES OF R

where the UV cutoff is fixed as A = /1/2wa/ = m,. They are complicated integrals and
the behaviors at small r and w are nontrivial. We first look at some general behaviors.
First, as discussed at the end of section 4.2.2, the potential is exponentially damped

V, ~ e 4*/2* at large r > A = m,. In the small 7 region, it behaves nontrivially, though

the potential vanishes at » = 0. This can be seen by setting r = 0 in eq.(4.4.1).

~ < dt APtk
Vop(2r) = —/ 7/ (27T)p+1€_k2t 6+26_w2tcosh(2wk:7t)],
A2
) At [ Ak ey 1,
Vor(2r) = 8 s (QW)pHe e 197" cosh (wk-t) . (4.4.2)

Then, the w dependence in each integral is removed by a shift of k, variable: k. — k,+w
for the bosonic contribution and k, — k, = w/2 for the fermionic contribution. We see
that the bosonic and fermionic contributions are cancelled at 7 = 0 and V,(0) = 0.
Thus, the supersymmetry makes the potential non-singular at » = 0. Similarly the
potential V,(2r) vanishes at w = 0.

The contributions from the supergravity V.(2r) in eq.(4.3.2) gives the Newton po-
tential at large ~ and the threshold corrections to V,(2r) at small 7. We discuss more
details later, but here note that the potential is proportional to v* = w*r*, and there
are no terms proportional to v2. As discussed in the introduction, since the supersym-
metry breaking scale is given by w, we may naively expect large threshold corrections
proportional to w?r? from open string massive modes. In the present calculations, how-
ever, they are cancelled between infinitely many modes, and no terms like w?r? are
generated for the moduli field 7 in the worldvolume effective field theory. It might be a
stringy effect with infinitely many particles, and could not occur in ordinary quantum
field theories. It is amusing if a similar mechanism would be applied to the hierarchy

problem of the Higgs potential in the Standard Model.

4.4.1 Shape of the effective potential

In this section, in order to get an overview of the effective potential \7(27"), we ex-
pand the formulae in eq.(4.4.1) with respect to w and perform the integrations. First,
we look at V,(2r). From the integral representation of eq.(4.4.1), the expansion turns
out to be an expansion with respect to w/r. Thus the validity of the following expan-
sion is restricted in the region w < r. This region is important for phenomenological

applications [19,20]. Details of the calculations are given in appendix I. After analytic
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continuation w — —iw, we obtain the effective potential for p = 3 in the Lorentzian
signature up to O(w?);

~ At 4r? 16
Von(2r) = —EK“%> e B )

2

p—dr?/A? r 4r 2/A2)
U.) 7-‘-2 / (F+7T2A>E14T/A:|

2
10 4r2 /A2 407"
A Ey (4r% /A2
- [(247r2 37r2A2 37r2A4> ’ (w2A4 +37T2A6) o )}
w

(w?), (4.4.3)

~ A4 2 2 2
V,r(2r) = — {(1 — 4L) o2 /A% | 1/?; (47"2//\2)}

—w? ﬁE (4r? /A?) | — w? L e 1IN L O(w)
m2 ! 4872 1272A? ’
(4.4.4)

where E, (z) are the exponential integral functions defined in eq.(1.0.9), whose small x
behavior for n = 1 is given by
2

Ei(z) = —y—logz +x — ‘”Z +O®*). (4.4.5)

Both of the bosonic and fermionic contributions have quartic and quadratic divergences
but they are completely cancelled as expected. The sum gives the SYM contribution
to the effective potential;

V) = [e—‘"g/"ﬁ _ (i: )E1(4r Jm? )]

T S
1 7r? 1074 o) o
—ut —4r?/m3
N me2 " 2wz © 37T2m§) ¢
6r 40r° 0, o 6
_ (w2m§ 37r2m§) E, (4r /ms)] O, (44.6)

Here we have replaced A by mg. This formula is valid as far as the condition w < r is
satisfied. At large r it is exponentially damped and the potential is negative so that the
corresponding force is attractive. From a general discussion, we saw that the potential
vanishes V,(0) = 0 at the origin. At small r (but r > w), the potential in eq.(4.4.6)

behaves like the inverted harmonic potential, —w?r?/m?, and the corresponding force is
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repulsive for a fixed w. The next order term proportional to w* seems to give a constant
value at r = 0 and contradict with the general discussion V,(0) = 0. However, it is
simply because r = 0 at fixed w is out of the validity region of the w expansion in
eq.(4.4.6).

In the region r < w, we can perform a different approximation of the integral for
V,(2r) to estimate the shape of the potential. We set r = fw and expand V,(2r) in

terms of 5. As a result, we obtain

2

f/o _ 522)4 (_% (1 —E2(w2/m§)) +/°° %e—t/élF(%?g;i)) +(9(54).

T w2

Details of the calculations are given in the appendix J. The leading order behavior with

respect to w/my is the same as the above w-expansion

- w272

Vo(2r) ~ —

(4.4.8)

w2
Thus, as far as the leading behavior is concerned, eq.(4.4.6) seems to give a good

approximation at small r.

The contributions from the supergravity calculations in eq.(4.3.2) can be also ob-
tained by the w expansion. In this case, the expansion is with respect to v = wr, and
the validity holds as far as wr < 1 (here, the mass dimension of r is taken to be —1).
Recall that, in this section, r is defined to have mass dimension 1. Thus we need to
multiply r in eq.(4.3.2) by 1/2ma’ = m?. After expanding eq.(4.3.2) with respect to w,
the integrals can be easily performed and we obtain

~ w4

R [1 — (1 + 4r?/m?) 6—47‘2/m§] + O (4.4.9)

At large r, it is approximated by

~ —w4 U4

Ve(2r) ~ 1672 - 167214 (4.4.10)

with v = wr, which reproduces the Newton-like potential for D3-branes in D=10. At

small 7, it becomes

4,4
~ wr
V(2r) ~ — ) 4.4.11
() ~ ~5 5 (1411)
Note that a naively expected term v? = w?r? is absent and the potential starts from

v, It has been known in the large » behavior of the D-brane potential, but it has also
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v(2r)

-0.00001 -

-0.00002 -

-0.00003 -

-0.00004 -

Figure 4.2: The shape of the effective potential V(2r) (the sum of eqs.(4.4.6) and (4.4.9))
with w = 0.1 and A = 1.

an important implication in the small » behavior of the effective potential in the field

theory of D-branes.

Now we sum the contributions from SYM and supergravity. The shape of the
potential V (2r) is drawn in figure 4.2 with w fixed at 0.1. At large , Newton potential
is reproduced and the corresponding force is attractive. At small r, there is a minimum
of the potential and the force is repulsive. In the next section, we briefly argue a
possibility of a bound state. In the intermediate region of r, both of the SYM and
supergravity contribute to the potential.

4.4.2 Can the revolving D3-branes form a bound state?

Finally we briefly argue whether there exists a bound state of revolving D3-branes
with the potential V(2r) studied above. Assume that the angular momentum is con-
served and there are no quantum radiation. We then need to take into account the
effect of the centrifugal potential for the D3-branes. Also it is necessary to study the
behavior of the potential with fixing the angular momentum L of the D3-branes per
unit volume, instead of the angular frequency w.

The potential we need to study is given by

L? ~

with w replaced with L/T3r?. The relative distance and reduced mass for a unit volume
is given by 2r and T3/2 = m?/4mg,. Since our calculations are based on the one-loop
string calculations, the string coupling constant should be smaller than 1. In such a

situation, the potential U(2r) behaves like in Figure 4.3, and there is no minimum,
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because the centrifugal potential is more dominant than the induced potential by the
one-loop calculations. It excludes a possibility of forming a bound state for revolving
two D3-branes as long as the string coupling is weak.

The situation is changed if we consider a stack of N D3-branes revolving around each
other. Suppose that each of the revolving D3-branes are replaced with N D3-branes.
Then, \7(27“) is multiplied by N2, since there are N? open strings stretched between the
two sets of D3-branes. On the other hand, the centrifugal potential is multiplied by N.
Therefore, the potential U(2r) is modified as

2

NL -
Un(2r) := T + N2V (2r). (4.4.13)

For a sufficiently large N, the behavior of Uy(2r) changes to the figure drawn in Figure
4.4, which is qualitatively different from U(2r). The potential at small 7 in eq.(4.4.8)
shows that the potential Uy(r) falls off as =2 for small r after replacing w by 1/r%. Tt
is still questionable if a stable bound state exists, but it is amusing that the potential
shows different behavior at small r.

Us(2r)
0.0004 -

0.0003 -
0.0002 -

0.0001 -

I . . . I . . . I n Loy
0.4 0.6 0.8 1.0

Figure 4.3: The shape of the potential U(2r) with 75 =1, L = 0.01 and A = 1.
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L I I I Lo,
0.4 0.6 0.8 1.0
-0.0001 -

-0.0002 -

Figure 4.4: The shape of the potential Uy (2r) with 75 =1, L =0.01 and A =1, N = 5.
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Chapter 5
Conclusions

In this thesis, we have investigated the dynamics of revolving D-branes. The poten-
tial arising from the quantized open strings which have endpoints on the branes governs
their motion. The obstacle to calculating the D-brane potential mainly comes from the
difficulty to quantize open strings under the boundary condition corresponding to vari-
ous D-brane motions. In order to overcome the obstacle and carry out the calculation,
we can (i) quantize open strings by employing the appropriate coordinate in which the
boundary conditions of the open strings become simpler or (ii) perform the calculation
by utilizing the low energy field theory without quantizing strings exactly. We devised

the two methods which founded on each of the directions.

First, we introduced the improved perturbation method as argued in Chapter 3. In
the use of this method, we can eliminate the secular terms in the Dyson series for any
order of perturbation. In the bosonic string theory, we have calculated the one-loop
effective potential for the revolving D-branes. By employing the rotational coordinate,
after some field redefinitions, the boundary conditions become simple. Then the world-
sheet action becomes nonlinear in exchange for the simple boundary conditions. Using
our method, we can analyze this system perturbatively in the absence of the secular
terms and calculate the partition function, which gives the D-brane effective poten-
tial, without solving the equations of motion. In the bosonic case, it is found that
the potential is the order of the string scale since there is no cancelation due to the
supersymmetry.

We also calculated the D-brane potential by summing the contributions from both
SUGRA and SYM theory in the use of the partial modular transformation. By per-
forming the partial modular transformation, it is found that string amplitudes can be

approximated by the sum of the one loop effective potential of the massless open strings

65



and the tree amplitude of massless closed strings with the appropriate cut off. These
contributions can be obtained by field theory calculation in both of the SYM for the
open strings and the SUGRA for the closed strings. Therefore, we do not need to quan-
tize the strings exactly to evaluate the D-brane potential. In fact, we have calculated

the effective potential for revolving D-branes by using the method.

In consequence, we have obtained the one-loop effective potential for the revolv-
ing D-branes. Our calculation aims to investigate the possibility of the bound state
consisting of revolving D-branes and argue the origin of the electroweak scale of the
four-dimensional theory on the D-brane. Our calculation gives the one-loop correction
to the D-brane potential for a certain classical motion, namely a revolution. The revolv-
ing motion is not the classical solution of the equation of motion of D-branes. Despite
this, to verify the existence of the bound state, it is efficient to evaluate the quantum
correction. We can expect that the potential becomes to have a stable point by balanc-
ing the quantum correction and the centrifugal potential which arises from the classical
motion. The result in which centrifugal potential and our one-loop correction are com-
bined is shown at the end of Chapter 5 with taking into account the conservation of the
angular momentum. According to the result, although we can see that attractive force
works at the small distance region for N stacks of D-branes, the existence of the bound
state is still not revealed. As a future issue, we need to come back to this problem by

taking into account the quantization of the collective coordinates of the D-branes.

Our motivation is to construct a model that breaks the supersymmetry at high
energy and has the Higgs potential that realizes the stable EW scale. To this goal,
the interesting fact is found in our investigation. The fact is that there is no quadratic
term of the velocity in the contribution of the SUGRA side, which is the threshold
correction of the massive states in the open string point of view, to the D-brane potential
or the Higgs potential for any trajectory of D-branes. In the system that preserve
the supersymmetry when branes are static, as our set up, the velocity determines the
SUSY breaking scale. Therefore, this fact means that there is no correction from the
infinitely many massive modes to the Higgs mass, which is usually expected to be large
as the SUSY breaking scale becomes high energy and suggests the possibility that the
Hierarchy is consistent with the SUSY breaking at high energy.
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Appendix A

Improved perturbation theory

In this appendix, we briefly review the improved perturbation theory developed

in [15]. Consider a Hamiltonian of the form
H = Hy+ \V; + Vs (A.0.1)

In the interaction picture, we regard H, as the free part and the remaining part as the

perturbation. Instead, we decompose H as

H = Hy(\) + AV (N, (A.0.2)

where
Ho(N\) = Ho+ MH; + NHy+ N*Hs + - (A.0.3)
VN = Vi—H +XVa— Hy) — NHg — - -- (A.0.4)

The operators H,, Hy, H3 etc. are to be determined later. One can construct a per-
turbation theory based on this decomposition up to any desired orders of perturbation
with respect to A\. The time evolution of operators are given by a unitary operator
U(A, t) which satisfy

d

%U(/\,t) = —iIAV\ UML), V(A 1) := oty ())emiHoME (A.0.5)

The solution satisfying U(A,0) = I is
t
Ut = I+(—z’>\)/ dt V1)
to t1
+(—@')\)2/ dtl/ dts VOV (M 1)
0 0

H(—in)? / o / " ity / Lt VOV OtV )
O\ (A.0.6)
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APPENDIX A. IMPROVED PERTURBATION THEORY

As proved in [15], this operator does not have any secular terms provided that H,
are appropriately chosen. To show the explicit expressions for them, let us introduce

operators V;, (i = 1,2) which satisfy

V; = Z V;,m [HOa ‘/i,a] = wa‘/;,a- (AO?)

Explicitly, they are given as

Vie= Y |m)(m[Viln){nl, (A.0.8)

En—En=wq

where |n) are the eigenstates of Hy. In terms of these operators, H; and H, are given

as

Hy = Vi, (A.0.9)

1
Hy = Voo = D — b V1pVia (A.0.10)

a,b£0 @

Note that these operators commute with H,. For systematic derivations of higher H,
(n > 3), see [15].

As a result, it turns out that the time-dependence of all operators in this system is
oMt all orders of perturbation theory. Therefore, the eigenvalues

of Hy(A) should be the same as those of the full Hamiltonian H to all orders in A.

given in terms of e
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Appendix B

Mode expansions

The worldsheet theory (3.1.10) becomes a free theory when v = 0. In this case, the
quantization of the worldsheet fields are straightforward. In the Euclidean theory, their

mode expansions at 7 = 0 are as follows:

t V2a/ al
T = —+i = B.0.1
+1 Z - cosna, ( )

T T

n#0
V2! X
X = —L i .0.
. Z - sinno, (B.0.2)
n#0
20/ ay
Y = s .0.
. Z —-sinno, (B.0.3)
n#0
Iy = Zp—i— i ZaZcosna, (B.0.4)
™ T 20!
n#0
Iy = — il Zanxsinna, (B.0.5)
™V 20/
n#0
w Yy .
Iy = — Zan sinno. (B.0.6)
TV 20/ 0

Note that the radius r appears above because of the rescaling X# — rX* mentioned

below (3.1.9). The commutation relations of the mode operators are

[O‘Z;Oéfz] = [0@)57057)2] = [04570%1/1] = n5n+m' (B'O'7)
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Appendix C

Calculation of [Hy|p

In the appendix, we calculate the diagonal part of Hy, which is given as the following
sum; .
Hs|lp = [Valp — —V1—mVimlD- C.0.1
[ Q]D [ 2]D n%;om[ 1, 1, ]D ( )
The calculations are complicated since V5 defined by (3.1.23) and (V;)? contain quartic
terms in the world sheet variables, and we need to appropriately regularize the infinite

sum appearing in the intermediate states. Let us first look at the following term in V5:

o /
/ do T X712, (C.0.2)
0

r2

The diagonal part of this operator is obtained by substituting X? and IT3 with their
diagonal parts given by

20/ 1
[(X(0)?], = % Z —Dx , sin® no, (C.0.3)
rt fn
2
My (0)*], = ﬁ Z nDy., sin® no, (C.0.4)
n#0

where D, ,, are defined by

1
D, = ENWL +6(n), (u=T,X)Y) (C.0.5)
and @(n) is the step function;
1, (n>0)
O(n) == (C.0.6)
0. (n<0)



A suitable regularization of the summations is necessary. As a result of the substitution,
we obtain (see (C.0.26))

T / K /
U do ™ X2H§f} :/ do ™5 [(X?]p[I}]p
0 0

72 D r2
% m o o
- = 3 —DxpDym+ 15 > DxnDyn—g > Dxn.  (COT)
n,m#0 n#0 n#0

By using the formulae (C.0.33 ), we see that the expression contains the following term

/

5 (2Nx(2) + (1) 2Ny (0) + ¢(=1)), (C.08)
where
=1
SOED D (C.0.9)

is the Riemann zeta function. Most of the infinite sums can be regularized by using
((—=1) = —1/12 or ¢(0) = —1/2, but ((1) can not be regularized by the zeta function
regularization. It will be, however, observed that this kind of divergences cancels among

various terms within Hs.

Other terms in [V5]p can be obtained in a similar manner. Using the diagonal parts
of the products given in Appendix C.0.1, we find

O/ /

[Valp = 55¢(1) (2N (0) + Nx (0) + Ny (0)) + S5¢(1)¢(=1)

2r2
+% Nxy(2) + %(NTX(2) + Nry(2))

+Nx (2)(Ny (0) + N1(0)) + Ny (2)(Nx (0) + Nr(0))

+((—1)(Nx(2) + Ny (2)) + %NT(l) + %(Nx(l) + Ny (1)) + %C(O)

2 (Ne(2) ~ Ny (2) — 50 (C.0.10)

For details of the calculation, see Appendix C.0.2.

Next we evaluate the second term in Hy (3.2.4). Since the calculation is similarly
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APPENDIX C. CALCULATION OF [Hs|p

performed, it is given in the Appendix C.0.3. The final result is

Zom
- —Qi (1) (2N2(0) + Nx(0) + Ny (0)) — SC()C(-1) — 5C()
% [ Mo (2) = 5 0@ + Nv (2)
N (2)(Ne(0) + Ng(0)) ~ Ny (2)(Nx(0) + No(0)
~C(-D)(Nx(2) + Ny (2)) — 5 Nr(1) + F(Nx (1) + Ny (1)

+Nx(0) + Ny (0) + Nip(0) + %g(of _ %(NT(Z) +Nv(2).  (C.011)
C.0.1 Diagonal parts

To derive the explicit form of [Hs|p, we need the diagonal parts of products of fields.

They are given as follows. For products including 7" and Il

2
”
M7 (o)r(0)], = Fp2 + 27r2 - ZnDTncos no cosno’, (C.0.12)
n#0
2
0,T(0)0,T(c")], = of ZnDTnsansmna (C.0.13)
r? n#0
7 (0)0,T ()], = — Z nDr.,, cosno sinno’, (C.0.14)
n;ﬁO
0, T(o)r(0")], = —= Z nDr, sinno cosno’. (C.0.15)
n;éO
For products including X and Iy,
, 2a/ 1 ) . ,
(X (o)X (6")]p = =) Z EDX’TL sinno sinno’, (C.0.16)
n#0
2
r . .
Mx(o)lx(c")], = Ry ZnDX,n sin no sin no’, (C.0.17)
n#0
2
[0, X(0)0,X (0], = o ZnDXn cosno cosno’ (C.0.18)
r2
n#0

(C.0.19)
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(X(o)Ix(o")], = % Z Dx , sinno sinno’,

n#0
Mx(0)X (o), = —% Z Dx , sinno sinno’,
n#0
2 /
(X(0)0,X (")), = T—C; Z Dx ., sinno cosno’,
n#0

2 /
[0, X (o)X ()], = T—C; Z Dx., cosno sinno’,

n#0
i :
Mx(0)0,X ()], = — Z nDx , sinno cosno’,
n#0
? .
[0, X (o)Ix ()], = - ; nDx , cosno sinno’.

Those including Y and IIy have the same form as above.

C.0.2 [Vip

The diagonal part of (C.0.2) can be calculated as follows:

us ﬂ_a/
| ar T
0 r

o 1 1 [T
= = —Dx E mDy - — do sin® no sin? mo
r n T Jo
n#0 m##0

_ " DynD Ly D D
= 52 Z o X Y,m“‘@ZE xn (NDyn + (=n)Dy,_p)

n,m#0 n#0

o m o Dy D o N
= 4—72 Z EDXJLDY’m + 4_7”2 Z XnldYn — ﬁ Z X,n-

n,m7#0 n#0 n#0

We have used the following identities

DX,—n = _DX,n + 1. (n 7é 0)
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(C.0.27)



APPENDIX C. CALCULATION OF [Hs|p

We introduce the following notations:

D! = m .0.
o > —DunDum. (C.0.28)
n,m##0
D), = Y DunDyn, (C.0.29)
n#0
1
D,(z) = ZEDM. (C.0.30)
n#0

In terms of these operators, (C.0.26) can be written as

/0 X2, = 40‘/2 <DXY+DXY DX(0)>. (C.0.31)

r2

The other terms contributing to [Va2]p are as follows:

[ ae T il = 2 (Db + Dbx - 5Dr(0))
- [ @ T XYL, = o,
- [ o 2” Mol Ty = 0.

/ PUBlo = ~Sp L Di(1) — oy De(1),

/ Py = EDY(—D—Q—WQDY(U,
I 4m PIoXs = 1 (Dhe+ Die - 3Dr(0))
[ do @ ol = 5 (Dbet Db - 3D5(0))

y 1 1
| m PPUOT o = -5Dr(-1) ~ 5 De(),
~ [0 @@ Plp = ~5Dy(-1) = 5Dy (),
- [ o alvayly = = Dr(1),
T r? 12, 3
/Odaéma/ﬁ[Y b = 2Dr(D).
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Summing all of them, [V5]p is given as

/

a
Valp = @(D}(Y“‘Dxlfx+D}(T+D11/T+2D§(Y"‘D§(T+D%/T)
1 1 o
—— (Dgr(1) — Dy (1)) — =a/p* + —. .0.32
L (D) = Dy(1) - 2t + (C032)

To extract the divergent terms, we use the formulae:

Dhy = C()Ny(0) + ((~1)) + ANx(2) N (0) — cNx(2),

(C.0.33)

D%y = 2Nxy(2)+ Nx(1)+ Ny (1) 4 ¢(0) (C.0.34)

Dr(1) — Dy(1) = 2Np(2) —2Ny(2), (C.0.35)

and so on. Here we use the zeta-function regularized values: ((—1) = —1/12 and

¢(0) = —1/2. By using these results, we obtain (C.0.10).

C.03 [ViVilp

The diagonal part of the second term can be calculated as follows. For example, let

us consider the following term:

1 s _ / e _2 /
32 / do 2" M XTly (o)), / do' 2T My XTIy (o)), (C.0.36)
=m Jo r 0 r

which contributes to Hs. The diagonal part of this operator can be written as follows:

20/ nl 1 [ . . 2
T2 Z %DT,nDX,kDY,l(Sn-i-k-i-Lm [%/0 do cosno sin ko sin lo]

m,n,k,17£0

4(0)? z L
——— Z ﬂDX,kDY,lék—&—l,m ;/0 do sinkosinlo| . (C.0.37)

2
r k10

This expression can be obtained from (C.0.36) by substituting Il (o)Ily (o), X (o)X (")

and Iy (o)IIy (0”) with their diagonal parts given in Appendix C.0.1, and then inserting

Ontktim and Orir,, at appropriate places in the sums. Performing the integrals, we

obtain
o nl
32 Z ﬂDT,nDX,kDY,l(—521,m5l,k+n — 02k,mOk,i4n — 02n,mOn k+1)
m,n,k, 170
() 1
o2 p’ Z EDX,kDY,k- (C.0.38)
k£0
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Again, this contains terms with divergent coefficients. For example,

/

«Q nl
— %3 E — D7, Dx 1Dy 1021,m01 k+n
&r mk
m,n,k,l7£0

_12‘;2C<1) (2Ny(0) + ¢(~1)) + (finite). (C.0.39)

The other terms can be calculated similarly. In the following, we use an abbreviated

notation, for example,

(Il XTIy, 17 XTIy )

1 g —2ma’ " / —27 !
S D IrXTy(0)]_,, [ do [ XTLy (o)), -
5 2
=m o r 0 r

We also use the notations

tdd) L nl
D = ) e Pun Dok Dpi At ),
m,n,k,l17£0
A(EEE) n
Di® = ) —Dun Do Dpi A 22,
m,n,k,17£0

1
D3, = ZEDM,kDV,k,
k0

where

Attty = (F02,m01k4n £ O2kmOkitn £ O2nmOn ki) -

Then the results are given as follows:

N2 /
(HTXHY HTXl—Iy) _ _(Oé) p2D3 + iD(_:_v—)
9 27,2 XY 8T2 XY >
a')? of o __
MYy pyiy) = — &0 pepe 4 & plo),
2r 8r
N2 o
(M Xy, —MYIly) = %p2p§(y+%1);};”,
a’)? o =
(I YIIx, I XIIy) = <2r1 p’D} + @D(;Yz;’“,
/
(0,TX0,Y,9,TX0,Y) = %D;};*),
o
@.7Y0,X,0,TY0,X) = 3Dy,
/
(0.TX0,Y,~0,TY0,X) = <D™,
/
(—0,TY 0,X,0,TX0,Y) = %D(T_Y’;’“,

7



/
(U XTly, 0,TX0,Y) = —Dib)

8r2
(4 YTy, 0,TY 0, X) = S%D;;;—)’
(T XTly, —0,TY9,X) = 8%13;};#)’
(~I YTy, 0,TX8,Y) = % PLAD.
(0,TX0,Y, Ty XTly) = % DL,
(0,TY0,X 17V Tly) = %Dg;,—)’
(=0, TY 0, X, Ty XTly) = 8% PG,
(=0, TX0,Y, lI;YIlx) = %D(T;;ﬂ’
(0,TY,0,TY) = —%D%y-

It turned out that most of the terms cancel miraculously. As a result, we find

o n
- Z ViemVimlp = =15 O 7| DraDxaDyais + DraskDxrDyn
m;ﬁO n,k#0
n+k#0
+D7 Dy Dx pyr + DT,nJrkDY,kDX,n]
o 2 1
+ﬁ Z DrjiDx Dy — = Z ;DT,nDY,n-
e, 10 n#0
k+1£0
(C.0.40)
To extract divergent terms, we use the following formulae:
1
Z EDT,nDY,n = Nr(2) + Ny(2) +¢(1), (C.0.41)

n#0
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APPENDIX C. CALCULATION OF [Hs|p

>° DraDxiDyak = (1) @Nr(0) +¢(-1)
n,k#0

n-+k£0 +2Nx(2)Ny (0) + 2Nx (2)N7(0) — Npx(2)
1 1 1
— > Nx(2) — =Nx(1) — =Nx(0) — Ny(0)
6 2 2
o n 1
+ Z z (Ny, — Npp)
n=1 k=1
1
+ Z > T Ve Ny (C.0.42)
k=1 n£0,—k
Z DruDx Dy, = Nxy(2) — Nrx(2) — Nry(2) + Nx(0) + Ny (0)
k,1£0 1
kFIZ0 —Np(1) + Np(0) + 5g(O)2 (C.0.43)

and so on. Using these results and the following identity,

———— N7, Ny, —— Ny, Nr = Nry(2),
Z Z k(n —i—k T Y+k+z Z kn—i—k YTtk v (2)
k=1 n#0,—k k=1 n£0,—k

we obtain the result of (C.0.11).
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Appendix D

Useful formulae for traces and

derivation of the partition function

In this appendix, we give general formulae for the traces such as
tr[e’QmﬁoNM(aj)}, tr[e’Q“SHONW(x)] (D.0.1)

where Hy, N, (), N, (z) are defined in in Eq.(3.2.8) and Eq.(3.2.16). Using them, we
derive the expression (3.2.21) for the partition function.

The calculation of these traces is reduced to considering a single harmonic oscillator
[, ] = n, (D.0.2)

for which we determine
try, [e‘sznNn} , N, = a_,o,. (D.0.3)

The trace tr, is taken over the Fock space of a,. It is easy to obtain

—27ranN
n

]_ nqg" 1

= . D.0.4
1—q* 1—qgn’ ( )

tr, [e

where ¢ =2™. Using this formulae, we obtain

—27sH, - nlfftqn ¥ m\—3
tr [e ONH@)} > T [T (D.0.5)
n=1 m=1
5 o0 2—x . 2n o0
tr [e‘QWSHONW(x)} - Z{I_—qqnp I -, (D.0.6)
n=1 m=1

where we assumed p # v.
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APPENDIX D. USEFUL FORMULAE FOR TRACES AND DERIVATION OF
THE PARTITION FUNCTION

These formulae are sufficient to determine the partition function (3.2.1). For this

purpose, it is helpful to notice the following formulae

[e.o]

tr [e—%sﬁo (2N, (2) + N, (1) + Ny(l))] =) % JJa-¢m? D.07)

n=1

Then we obtain

—oms(Ho— L _ O/ . 2qn 4 - n—lqn
str[e (flo s)HQ] = s[ﬁz—(l—qnﬁ_ﬁzl—q"

; 4(a)? 4 o= 2
—mstr [e‘Q’TSHOHlQ] = —7s? (_(a) k? 4 —2) Z T )277(2'3)_3.
— qn

72 T

(D.0.9)

Interestingly, after performing the k-integration, one more cancellation occurs between

these two traces; i.e., the momentum integration of (D.0.9) becomes

dk —2malsk? —omsHo 172 2 -1 o 4, ZOO 2q" . \_3
(D.0.10)

whose first term in the parenthesis is cancelled by the momentum integration of the
first term in the square bracket of (D.0.9),

dk —27a sk? —2msH, 2 -1 O/ . 2qn - \—3
/%6 tr |:@ 0H2i| = (87‘( 0/8> 2. ﬁs;mn(lé‘) +--e (DOl].)

Finally, the partition function becomes

& dS 2'r 1 7%
— (8 2./ 2 . 1—Z= 2
/0 25( m2a’s) 2w’ *p(is) ( 3V )

n~tg" 4 &
X |1 —2m0? - =
[ ™ ( SZ +eos 7rs nz: 1—q )

(D.0.12)
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Appendix E

Matrix elements for low lying states

We determine the matrix elements (73; k|O|n’; k) for O = HZ, Hy, in order to calcu-
late the eigenvalues E;(k,r,w) of Hy(v) we need in subsection 3.3.2. The states |12) we

consider in the following satisfy N(71) < 1.

First for the ground state with N (1) = 0, all of n% are zero. Therefore, we obtain
(m; k|HE|m; k) = 0, (E.0.1)

1
(n; k|Hy|ms k) = —go/k2 + €. (E.0.2)

After returning to the Lorentzian metric, —v?Hy /o’ gives the v? corrections to the
energy of the tachyonic state.

Then we consider the first excited states with N(71) = 1, which correspond to the
massless open string states excited by world sheet variables T, X, Y’; so there are three

states specified by the integers (n?,n*,n}). We denote these states by
A = (1,0,0), #s = (0,1,0), s — (0,0,1). (E.0.3)

The diagonal matrix elements can be obtained easily. The results are
1 4

(y; k| Holfys k) = —go/k2 -t (E.0.4)
/
1
(fio; h| ol ios ) = 55 — 0K+, (E.0.5)
/
1
(fy; k| Ho|fig; k) = = — SR + 6. (E.0.6)
T

We also need the off-diagonal matrix elements. To obtain them, we must use H;
and H,, not just their diagonal parts [H?]p and [Hy]p. Using the expression (3.2.13),
we find that the only non-zero off-diagonal elements of H; are

21 . . 2ia
— (Tio; k| Hi[7i5; k) =

(i k[ Hy[ris; k) = k, (E.0.7)

r
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APPENDIX E. MATRIX ELEMENTS FOR LOW LYING STATES

and their complex conjugates.

It turns out that most of terms in H, do not contribute to the off-diagonal elements
for the states with N (7)) = 1. This can be seen by considering the following matrix
element

(0]amaun|1), 1) = |ny =1). (E.0.8)

The matrix elements for (m,n) = (1,0), (0, 1) are non-vanishing only if (0|ag|0) is non-
zero, and the other matrix elements vanish. This implies that terms with a zero mode
in Hy give non-zero off-diagonal matrix elements.

Among the worldsheet fields, II7 is the only field which has a zero mode. It turns
out that

™ 2 /
- / do T w(0) 2 X. (E.0.9)
0 r
is the only term in V5 which gives the off-diagonal matrix element
. T 2ma/ 9 . 20
(s K| {—/0 i 7 x(a)HTX} k) = ok (F.0.10)

and its complex conjugate.
The terms in — ) 20 V1,-mVim /m which could possibly give off-diagonal matrix

elements are

2

/

1 ™ _ / X 2
-5 :—/ do—— [Ty (XHY—YHX)]_m/ do' =
Zom Jo r 0 o

0,TY],

(E.0.11)

and its Hermitian conjugate. In fact, we find that the off-diagonal matrix elements of
these terms vanish.

In summary, the matrix elements of Hy(v) for the states with N (7)) < 1 are

[0 0 0 o |
4 20 24
0 1——21)2 —ikzﬂ —Zv
1, ” 2 , T mr T 01
1—-— . . .0.
( 3U>a T T 2 1 X 2, (012
mr r
2' 2 / /
0 ——ZU e kv 1—1—%@2
L T r r i

Back to the Lorentzian metric and multiplying —v?/o/, these expressions give v2-
dependent corrections to the mass matrix of the open string massless states, whose 0-th
order energy is given by k2 4+ r?/n%a’2. Since H, and H, mix these 3 states, we need to

diagonalize the matrix to obtain the energy eigenvalues. It is given in subsection 3.3.2.
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Appendix F

Integration for Vyp and Vg3

Recall that Ey(k,r,w) — 1 is given as

1 2
Ey(k,rw)—1 = (1 — §w2r2> K+ (14 eo7r2a’w2)r—

e
1 r? w?r?

+2V ' wh(k,7)7 + o/w? — 2a’w2w ~ 5 h(k,r)~"

(F.0.1)
The integral
*ds [T®dk _,

- _ e W —2ms(Ea(k,rw)—1) F.0.2
Voo /0 2s /Oo 27r€ ( )

is very complicated. To see the behavior of V., we replace

1 2
Ey(k,r,w)—1 — (1 — §w2r2) K+ (1+ eo7r20/w2)%
T
2
+2d/wlk| + o/w? — 2a/w? . (F.0.3)
w2/

Then, the integral becomes

2

00
Voo — —2 @6_27r5{04,w2+(1+(6()7r2—2)a’w2)Wga/]
0 2s

y / dk o~ 2msal[(1- 322 )k 20k (F.0.4)
0

o
The expression for V3 is obtained by flipping the sign of w. It can be written as

o 2
Vos. — —2/ @6_2”5[“lw2+(1+(€0772—2)a’w2)7,5&/]
0

2s
0
« / dk 6_271—5&’[<1—%w2r2)k2+2w’€]' (FO5)

o 2

The sum of them can be easily integrated and results in (3.3.19).
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Appendix G

[HQW] p for the linear system

[HQ(Z)] p for the linear system can be calculated in a similar way as the revolving
system. The difference is that Hél) involves the term proportional to t? and the zero
mode forms a harmonic oscillator. In terms of the creation/annihilation operators of

the harmonic oscillator, ¢t and p are written as

o/
2v

v t

t= (g — ). (G.0.1)

T _
(OCO + aO)a p ? ool

Then the free Hamiltonian for the zero modes in Hél) is given by 22(Ny + 3), where

[ao,ag] =1and Ny := aéao.

For products including 7" and Iz, the diagonal parts are given as

, vr? 1 r2 )
(L7 (o)r (o), = ey No+ = | + Z nDr,, cosno cosno,

2 22/
n#0
- ! 1 20/ 1
[T(U)T(O’l>i| L= % (NO + 5) + r_(;é Z EDT’" cosno cosna’,
n#0
/ 20/ : : /
0,1 (0)0, T ()], = =) Z nDr,, sinno sinno’,
n#0
[HT(J)T(J’)} L= —% — % Z Dz, cosno cosno’,
n#0
[T(J)HT(J’)} L= % + % ; D, cosno cosno’.

For X, IIx and Y, Ily, mode expansions are given in the same form as those in the

revolving system.
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Let us first look at differences between the revolving and the linear systems. Since
T and X obey different, Neumann and Dirichlet, boundary conditions, these terms give
different contributions to the partition function. For example, for the revolving system,

[H:] has a contribution

72 472

/O do T x| = ilga)(gNY(()) 112>+4NX(2)NY(0)—éNX(2)]

/

N «
472

2Nxy(2) + Nx (1) + Ny (1) — % - %C(O)] ;

while for the linear system, the corresponding contribution to [HQ(Z)] is

| e T 4%[<<1>(2NY<0> 112)+4Nx<2>zvy<o>—%zvx<2>]
- [mvxy(z) 4 Nx(1)+ Ny (1) — £ - %cm)] ,

in which the second line has the opposite sign. Note that the divergent terms are

common in two cases. This turns out to be the case for all divergent terms.

In a way similar to the revolving system, each terms contributing to [VQ(Z)] p are

calculated as follows:

Toomd s 9 o 9 1
[ ae T sl = 2 (Db - Dy + 3050
o/ 1
+m (NO + 5) Dy (1),
" 2 2 o 1 2 1
[ ar T oits = 1 (Dhe - Db+ 3Dv(0)

va! 1
+7r7”2 (NO + 5) Dy (1),

IpIIyY]p = 0,

] [THT]D - O,

/
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APPENDIX G. [H{"], FOR THE LINEAR SYSTEM
" r? 9. X)21 T2 o 1 2
0 do 47Ta’[( (,X) ]D[T ]D = @ DXT + DXT 2DT(0)
o/ 1
No+ = | Dx(—
+4vr2( 0+2) x(=1),
" r? 2 2 o 1 2 1
i do 10X oY o = 5| Dxy = Dxv +5Dv(0) ],
T r? 4 1
d Ip = =Dr(1
/0 e 7r2[ Ip 2 r(1);

[do a5l = o)
0047T047r2 bom pTrs

Summing all of them, and using the same formulae as the revolving system, we get

Vil = 0[5+ 25 (W0 +280) + 4 0) - 1 )]
-I—?Oj—; |:_NTY(2) + %NTX(Q) - %NXY(2)
FN2(0)Ny (2) + Np(2)Ny (0) + Np(2)Nx (0) + Ny (0)Ny (2)

1 1 3 1
12NT(2) - ENY(Q) - ZNT(I) — Z]\[Y(l) + g}

+27;‘i/2 (No + ;) (NX(O) + Ny (0) — %) + %(NT(Q) + Ny (2))
+0(v).

(G.0.2)

We need to take some care when calculating the contribution to [V;"'V;"/]p that

Ny, @)
includes zero modes. For example, there is a following term in (II Ty, I XTHY)

Z Z ( O[()O./O (1/5040 )
2UT2

it 2u/m+m —21}/7r +m

1 2
XnkDx Dy 10m ntk [— / do sin no sin k:a}
T
20

].61)27"2 Zn DXnDYn DXn)

o k?

- Sur? nz

Dy Dy, + No(Dx., Dn—l].
#OQU/W—{—QTL[ x,Dyn+ 0( xn T Dy, )

The terms includes no zero modes can be calculated in the same way as the revolving
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system. Thus each contributions are obtained as follows:

~ ~ o
<HxTHy, HxTHy) = —@ng’j{/+) 161) 7”2 Zn DX nDYn - DX n)

_ o/ Zn2 DX,nDY,n + NO(DX,n + DY,n - ]-)
8ur? = 20/7 + 2n ’

o o
(—Ix 1LY, —IxI;Y) = —@ngﬁ“ -0 > (DxnDyn — Dx.n)
n#0
UO/ Z DX,nDym + N() (DX,n + Dy’n — 1)

20/ +2n ’

o2
n#0

!
(aUXTaUY,aUXTaUY) = X plkr Zn (Dxn Dy — Dx.)

8r2 16w 7"2

o' Z 2 Dx Dy, + No (DX,n + Dy, — 1)

8ur? o 20/7 + 2n ’

/
(~0,X0,TY, =0, X0,TY) = —5 D\
2
(0,TY,0,TY) = ——Dry,

Y

(HXTHy,—HXHTY> _ (-HXHTY,HXTHY)

o =t T/
= @DE(TY - Sor? (2No +1) Y n(DxuDyn — Dx.n)
n#0

o Dx Dy + No(Dxn + Dy, — 1)

+—> n
2 )
4r pord 2v/m+2n

(HXTHy,aaXTQGY) - (a,XT@UY, HXTHY>

o k) T 2
= —galiy "+ g 2 (DxaDyva — Dx)
n#0

Ta! Z 2 Dx Dy, + Ny (DX,n + Dy — 1)

~ Sur? e 20/7 + 2n ’

(fony,—agxaoTY> — (—8UX8UTY,HXTHY>

/
_ o 2 (+7_7_)
= gr2 UXTY
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APPENDIX G. [H{"], FOR THE LINEAR SYSTEM

(—HXHTY, &,XTE)UY) - (aJXTaJK —HXHTY>

_ CY/ ~(+7_7+) 7TO/
= gelxry T+ g 2Nt 1) %ﬁ% n(DxnDyin = Dx.n)
+i’ nDX,nDY,n + N (DX,n + Dy, — 1)
492 pord 20/m + 2n ’
(~IIY, —0,X0,TY) = (—8,X8,TY, Iyl Y)

/
o (_7+’_)
gr2  XYT

<8GXT80Y, —&,X&UTY) - (—&,X&,TY, &,XT&,Y)

/
_ o » (+7+7_)

8,',,2 XTY

Again, most of the terms cancel. The remaining contributions are
S 1 [Vlu) Vf”]
Zem L 1D
S { N2(0) + 2Nx(0) + Ny (0) 1}
B m2 22 U7 * Y 6

/

—Nry(2) + 1NTX(2) - 1NXY(Q)

r2 2 2
+N7(0)Ny (2) + Npr(2) Ny (0) + N7(2)Nx(0) + Nx(0) Ny (2)
1 1 1 3
_ENT(Q) — ENY(Q) — A_LNT(l) — ZNY(l)

~ N7 (0) = Nx(0) = N (0) + |

_;}jg (No + %) (NX<0> + Ny (0) — %) + %(NT@) + Ny (2))

+0O(v). (G.0.3)
As a result, summing up (G.0.2) and (G.0.3), we find

] = % [N2(0)+ Nx(0) + 8(0) - . (G.0.9)

up to higher orders of v.

39



Appendix H

Supergravity potential between

revolving branes

The trajectories are given as
X*=(“, X® = rcosw(®, XY = rsinwc?,
X = (7, X8 = —rcosw(?, X? = —rsinw(?,

where a = 0,1,--- ,p, and X*, X* = 0 otherwise. We obtain

—14v* 0 .
Nas(X) = = Nap(X).
fas(X) 0 1, ] Nas(X)
Therefore,
N —1+0H)7t 0 aB
o = | T e
0 1,
and

—detflp(X) = VI—02 = y/—detas(X).

—1—v?cosw(¢®—¢% 0
0 1, |

We also obtain

OnX - 05X = [

Then

(14 v2cosw(¢0 — ()2
(1 —v2)2

(X)) 05X - 95X )77 (X)(0, X - 0.X) =

+p,

det(0,X - 95X) = —(14v?cosw(¢® —¢2)).
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APPENDIX H. SUPERGRAVITY POTENTIAL BETWEEN REVOLVING
BRANES

Now, we find

Fo(X,X) = T2 (7%3)2 (1—1?), (H.0.8)

Fy(X,X) = T, {—(p T61)2<1 | C‘i‘“’i"ﬁf = - ) }
(H.0.9)

Fo(X,X) = —p2(1 4+ v* cosw(¢? — ¢%)). (H.0.10)

They give

Fo(X, X) + F,(X, X) + Fo(X, X) ST (1 + cosw(C® — 50))2 . (H.0.11)

[
r

Then, the effective potential becomes

o2 / s / AKX~ X) (Fa(X, %)+ (X, X) + Fo(X, X))

4

_ 2T21 /dp+1g/dp+1§A(X ~X) (1+cosw(C0 —50))2. (H.0.12)

The integral can be rewritten as follows.
- . N2
/dp+1§/dp+1(A(X ~X) (1 +cosw(¢® — g0)>

= v [ [ [ ST (1 o - )’

X exp (sz(CO — (%) + ikgr(cos wC® + cos w®) + ikgr(sinw¢’ + sin wfo)>

= v, [ [ adom /OOO ds s~ (14 cosw(@® ~ )’

X exp (—i [—(CO — {2 + 7132+ 2cosw(¢ — 50)])

= Vo (4m)” E /dg‘/ ds s~ 5" e s [+ (Leose)] (14 cosw¢)®, (H.0.13)

where ¢ := (% — ¢°. To make this integral well-defined, we perform the Wick rotation
¢ — —i( and the analytic continuation w — iw. The result is given in (4.3.2) in section
4.3.
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Appendix 1

w expansion of SYM potential V,(r)

In this appendix, we evaluate the SYM potential by expanding it with respect to
w/r. Thus its validity is restricted to w < r. The contributions to the effective potential

from bosons and the ghost are

~ Pk 24 402
_ —t(k*44r?)
Vo = /A / o) P
2
—tu? e BT 8(rw)?
X |6+ 2e 2+4r? cosh t\/4w2k3 + (k2 T4

dPk 1672t
— / / e —U(k4r%) {—8 + w? <2t — 4kH? — 4)
A~

k% + 4r2
4
+w? (—t2 + 4K — gk;‘t‘* -

32k2r%t3 — 16r2t? 128r4¢?
k2 4 4r? (k2 + 41r2)2

+0(w) (L.0.1)

Those from fermions are

~ drtk 2 w?
Vor = 4/ / e M+ et 9 cosh ( w2k2 + 4(rw)2)
A=

27‘( p+1

d" 'k —t(k2+4r2) 2 2,2 2,2
(84 w? (=2t + 4R34 + 16r°2)
A-

271' p+1
1 1 8 16
4242 23 g2 g St 22,24 04
+w (4 - rot” + 37 + 3 rott + 3 r
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APPENDIX I. w EXPANSION OF SYM POTENTIAL VO(R)

In the following, we drop the O(w®) terms since they trivially cancel between bosons

and fermions. For the other terms, the t-integration can be done easily.

The bosonic contribution becomes

/ dp+1k e_(k,2+4r2)/A2 w2 2A2 - 4]@72. _ 16T2 + 4k72_
(2m)p+] N(K2 +4r2) (k2 + 4r2)

L C3AT - 12A%K2 + 4k] N 16A%r? — 32k2r? — A* 4 8k2A2 — 4k2
“ 3AS(k2 + 412) A4(k2 + 4r2)2
128r% — 16A%r® + 64k2r* — 8k2A® + 8k 1281 4 64k2r? + 8]
A2(k? + 4r2)3 (k% + 4r2)4
+0(w"). (1.0.3)

The fermionic contribution becomes

/ dp+1k, 6_(k2+4r2)/A2 w2 16T2 — 2A2 + 4]672_ 167"2 + 4]{;3
(2m)p+l A2(k? + 4r?) (k2 + 4r2)2
ot 64rt — 48A%r? + 32k2r% + 3AT — 12K2A2 + 4k2
12A8(k2 + 4r2)
+64r4 — 32A%r? 4 32k2r? + A* — 8k2A? + 4k
AN (K2 + 4r2)?
32rt — 8A?r? + 16k2r? — 2k2A? + 2k2 " 32rt + 16k2r? + 2k
A2(k2 + 472)3 (k2 + 4r2)t
+O(Wh). (1.0.4)

In the following, we focus on p = 3. By the rotational symmetry, k2 in the integrand

can be replaced with }Lkz. To deal with k!, we employ the polar coordinates for the
momentum. Then

&k o, a . 1
| =

Il
[
o\,.gc\
ISH
=N
=
w
=
=N
N
=N
W~
N

- / d4k4f(k2) : é/#. (1.0.5)



Using this rewriting, the bosonic contribution becomes
/ d4]€ 6_(k2+4,r.2)/A2 wz _i i 47“2 + A2 _ 127"2
(2m)4 A2 A2(R24+4r2) (K2 +4r2)?
iy k% + 4r? N 8r2 +3A%  8rt 4 24A%?
w —_— J—
6AS 6AS 3AS (k% + 412)
2472 80r* 807 L OW)
— — w”).
AR + 4122 A2k + 42)3 (k2 + 4r2)?

_|_

(1.0.6)
The fermionic contribution becomes
/ d*k vy [ o (1 N 12r% — A? N 1272
(2m)4 A2 AN2(K2 4+ 4r2) (K2 + 4r2)?

(KA 8P —3A%7  10r* — 6A%?
+ + +
24N 2AAS ' 3AS(k2 + 4r2)

10r* — 4A%r2 201t — 4A%r? 2074 6
. (1.0.
A I e R TR L 47“2)4)] TOWY. (L0.7)

The k-integration can be done as follows.

/ d4k 7(k2+4r2)/A2 1

(2m)t° (k2 + 4r2)n
27T2 & 2 2 2 1
— d 3 —(k24+4r?)/A2 -
(2m)? / me (W2 + 4r2)"
1 o 2 2 Uu
_ d —(u+4r2)/A
1672 /0 we (u+ 4r2)n
1 ee su — 4r?
— d —u/A
1672 J 2 e un
1 o -1
- 2(4T2)2_n/ du e~ LT
167 1 u™
1
= @(4r2)2*" (Eno1(4r®/A%) — E, (477 /A?)) (1.0.8)

where FE, () are defined as

Ey(n) = /1 T (1.0.9)

un
For n <0, they are elementary functions:

1 1 242 2
Eow) = ¢ Ea@) = x; et B = ST e (10.10)
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APPENDIX I. w EXPANSION OF SYM POTENTIAL VO(R)

ete. Note that E,(x) with n > 1 satisfy

—u

e

o0 x Ood e T
— J— u
(n—1Durth n-1YJ yn—t
x

_ _ Epi(2). (1.0.11)

n—1 n-1

E.(x) = —

Using these recursion relations, the effective potential can be written in terms of F;(x)

and elementary functions. The bosonic contribution becomes

2 2 4 4
w2 |:7a_2€—47~2/A2 N <7“_ + L) E1(4T2/A2):|

s 7(2 7-(-2A2
1 2r? 1074 2 /72 6r 40r°
4 — — _ —4r? /A (4 9 A2
i [( 2472 3m2A? 37T2A4) ¢ + (71-2/\4 T 37T2A6) 1(4r7/ )}
O (1.0.12)

The fermionic contribution becomes

2 2
2 |7 2 /A2 4 1 r —4r2 /A2 6

—FE(4r°/A — . (I.0.1

w {772 1(4r°) )] +w {( wat 127r2A2) e } + O(w®). (1.0.13)

The sum of these two contributions is

2 2
w2 [T_ez;r?/AQ _ A E1(4r2/A2)}

w2 m2A2
1 r? 107" 2pe [ 6rt 40rS
NS - /A By (472 /A2
" K 1672 12m2A? 37T2A4>6 + (W2A4+37T2A6> 1(4r%/ )}
+O). (10.14)

Performing the analytic continuation of w, this becomes

2 2
—w? |:T_e4r2/A2 i 4r E1(4T2/A2):|

w2 m2A2
L T 1074 ape [ 61400
= T Ey(4r2/ A2
“ {(167?2 + 1272A2 + 37r2A4) € <712A4 + 37T2A6) 1(4r°/ )}
TO). (L0.15)

The w-independent terms which we have dropped at the beginning are, as noted,
trivially cancelled between bosons and fermions,
A4
1672

E3(4r*/A?) - (-8 4+ 8) = 0. (1.0.16)
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Appendix J

r expansion of SYM potential V()

In the region r < w, the expansion of the effective potential in Appendix I is no
longer valid and we need another method to approximate it. In this appendix, we set
r = Pw and approximate the effective potential in terms of S-expansion. Thus this
evaluation of the effective action is valid in the region of r < w. The bosonic and

fermionic contributions to the effective action for p = 3 are rewritten as

- d*k 2 462\ ?
Vop(w,f) = —w / / e‘Bt 6 + 2¢~tet" 5 cosh | 2t k2 + (i)
2/A2 t B

Vor(w,B) = 8w/ / “Ble=t/4 . cosh (t /{72_+4ﬁ2) (J.0.1)
w?/A2 t

where B = k? + 4/3%. Since the integral

/ " / e P [6 + 2¢ cosh(2tk,) — ge /4 cosh(tk,)]
2 /A2

(J.0.2)

which is obtained by setting 8 = 0 in the integrands except for the factor e=5? in the
each of contributions vanishes, we can subtract it from the total potential. Therefore

the total potential can be written as

V(w, B) = V. p(w, B) + Vi p(w, B), (1.0.3)
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APPENDIX J. R EXPANSION OF SYM POTENTIAL VO(R)

where
~ * dt [ d'%
V/ - _ 4/ _/ 7Bt2 —t
o,B(w7ﬁ) w 2 /A2 ; (271')46 e
2 432 2
% | et™F cosh [ 2t k2 + (%) — cosh (2tk,) | ,
R B B
’ w2 /A2 t
X [cosh ( k2 + 462> — cosh (tkT)] : (J.0.4)

We now expand the square brackets in each of the above equations with respect to t

and pick up the terms proportional to 32. We find

1882 = An 2n 2 1654 ! 52 = An 2n+1 2n
t k = 8 t k>
F S ()] - E
S—— k3+4ﬁ2 = 4B2 —t2”+2/€3”. (J.O.5)
> (| = Tt

Then, by rescaling the integration variable k£ as

/ d'h R / dik e F R
(2m)t k2 (2m)t k27

d*k d*k
/Wetkzkzn = t(n+2)/W€k2k3n, (JOG)

the leading order terms in (J.0.4) become

- Zo4r > dt d*k e FE2
V/ — 2 4 / - ttn/ T 4
O,B<w7/8) 65 w nZ:% (2 D w2/ t € (27T)4 k2 +O(/B )7
~ - 1 < dt d*k 2
V! - 1 2, 4 / t/4tn/ —k an 4 )
o,F(wvﬁ) 65 w nZ:O (2n+1)| /A2 t —(27'(')46 T +O<B>
(J.0.7)
We can perform the momentum integrations as
[ W (XF
(2m)4 k2 1672 Jm(n+1)
/ d*k kpon T(n+3) (1.08)
(2m)* T 1672 N o
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We find that the summation can be performed as follows: for ‘70, 5l

and for ‘70’7F(w,ﬂ),

n:O
1
1672

1
1672

1
1672

1

Z 27’L+1 [)2/A2 t

1672

w?/B)7

[ e [
). w2 /A2 t (27’(’)4 k2

o0 4?’L
1

X dt o= 4" T(n+13
—eft Z (n 2)tn
1671'2 w2/A2 t s (271)‘ ﬁ
1 dt _,~= 4" (2n)!

1672

b
/WQ/AQ t° nZ:O(Qn)!él”(n—I—l)!
1

/°° dt et =1
167'('2 2/A2t t

1 A?
s (1= By(w?/A%),

(J.0.9)

o0

dt

d*k 2
t/4tn —k an
/ (2m)i°
= 1 I+l

MZ <2+ 1)! NG

tn

/°° dt
—€
w2 /A2 t
/2/A2 t
/‘X’ dt _
—€
w2 /A2 t

dt

/wz/Az 7

ot/
Z 4"+1n' F (n+ )

t/4.lzwi
ZHZOF(n—{—%)n

e P 3 0. (J.0.10)

Therefore, the total potential becomes

Vo

w2

62(«‘)4
2 (

A2

oo

If we also assume w < A, then

A2

— (1=

W

Es(w?/A?))



APPENDIX J. R EXPANSION OF SYM POTENTIAL VO(R)

and
< dt > dt
/ e _t/4F(%7 %7 i) = K (w2/4A2> +/ _e_t/4 (F(%v %a i) - ]')
w2 /A2 t 0 t
w?/A? dt
s [ S -
W2
= —7—logm +2 —log4 + O(w?/A?) (J.0.13)
impl
TP N
V, = — = (J.0.14)

in the 7 < w < A region. The potential in eq.(4.4.8) is obtained by analytical continu-

ation back to the Lorentzian signature.
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