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Abstract

In this thesis, we consider F-theory compactifications. In the first half of the thesis, we
study the roles of the loci of f(z) = 0 and g(z) = 0 that are the coefficient functions in
the Weierstrass form, in F-theory. They are thought of as complex codimension-one objects
and correspond to the two kinds of critical points of a dessin d’enfant of Grothendieck. The
P! base space is divided into several cell regions bounded by some domain walls extending
from these planes and D-branes, on which the imaginary part of the J-function vanishes. This
amounts to drawing a dessin with a canonical triangulation. We show that the dessin provides
a new way of keeping track of mutual non-localness among 7-branes without employing
unphysical branch cuts or their base point. With the dessin we can see that weak- and
strong-coupling regions coexist and are located across an S-wall from each other. We also
present a simple method for computing a monodromy matrix for an arbitrary path by tracing

the walls it goes through.

In the last half, we investigate higher-codimension singularities of Calabi-Yau manifolds.
In F-theory, matters arise from codimension-two singularities of Calabi-Yau manifolds. For
Calabi-Yau three-folds, the matters are the hypermultiplets that localize at the codimension-
two singularities in six dimensions. The hypermultiplets are typically full-hypers, but in spe-
cial cases become half-hypers. When the enhancements of the symmetries are SU(6) — Fj,
SO(12) — E7 and E; — Eg, we obtain the half-hypers. We perform the resolutions of such
singular Calabi-Yau three-folds. We obtain the intersection diagrams for such singularities.

We also discuss the relation between the incomplete and complete resolutions.



Contents

U_Introduction

K __basics ol F-theory|

k.1

IType lIB superstring theory and /(-brane§ . . . . . . . . . ..

.2

Rihptic nbrations and Welerstrass tormd . . . . . . . . . . ..

R.3

Discriminant loci and [p,qg|-braney . . . . .. ... ... ...

2.4

Relations to M-theoryl . . . . . . . . . . ... ... ..

. Enhancement of Gauge Symmetries and String Junctiong

p.2 >tring junctions and gauge enhancement . . . . . . . . . . ..
b.o  dSell-intersection numbers of string junctiony . . . . . . . . . .
p.4 Koot systems and string junctiond . . . . . . . . . . . . . ..
p.4.l Anexample: B4 . . . . . .. ..o L0,

4 __A dessin on the base
4.1 What 1s an elliptic pomnt planeq . . . . . . . . . . . ... ...

basic properties or elliptic point plane§ . . . . . . . . . . . ..

d.o0.1 basic properties of f-planed . . . . . . .. ... ...

d.0.2 basic properties of g-plane§ . . . . . . . . ... ...

g.4

Simple method to compute the monodromy using the dessin

11
11
16
19
22

25
25
27
30
33
33

36
36
42
44
44
45
46



BEAT Themethad . . . . . . . . . . . . . . e 46

d.4.2  Example: Monodromies of Ny =4 SU(2) Seiberg-Witten curved . . . 51

h.4.3  (p,q)-brane as an effective description . . . . . . . . . . . . . ... .. 52

p_ Higher-codimension singularities 57
b-I Matters in F-TREOTY] . - « « « « « v v v e e e e e e e e e e 57
b.I.T Anexample: To — Id. . . . . . . . . 59

b.I.2Z Dual heterotic theoryl . . . . . . . . . . . . ... . 61

b.2 Resolutions of Calabi-Yau four-folds from gauge theoried . . . . . . . . . . .. 66

6 Hali-hypermultiplets and incomplete/complete resolutions 71
p.l Hali-hypermultiplets in six-dimensional F-theoryl . . . . . . . . ... .. ... 71
0.1.1 SU(B) . . - . e 72

BIZ SOMZ] . o o oo e e e 74
B3 FEd . . e 75

b-2Z Tncomplete resolution: Dg — F . . . . .« . . o o o o vt vt 75
2.1 Blowingup py firs . . . . . . . .o 75

p.2.2 HXxceptional curves at s = U: change Irom a root mto a weight . . . . . 80

.23 Blowingupagy firs] . . . . . .. ..o oo 82

p.2.4 EBxceptional curves at s = (: Difterences from the p;-nirst casq . . . . . 83

b3 Complete resolution: g — F4 . . . . . . . . . . 84
E3.T Blowingup py firs . . . . . . . . . 85

(3.2 Blowingupgy firsl . . . . . .. ..o 86

[ Conclusions 89
[A The string junctions of F4 93
B_Resolutions: £7 — I 96
b.1 Incomplete resolution: blowing up po firsy . . . . . . . . . .. ... L. 96
B.2 Exceptional curvesat s =0 . . . . . . . . . . . o oo 102




CONTENTS

5.0 Complete resolution: blow up po nrst




Chapter 1

Introduction

In 1996, Vafa proposed F-theory [I]T, which is a non-perturbative description of compactified
type IIB superstring theory with 7-branes. Type IIB superstring theory has self S-duality [3].
This is a strong-weak duality since roughly speaking, S-duality maps a coupling constant g
to 1/gs. S-duality in type IIB superstring theory plays a central role in the construction of
F-theory.

S-duality appears in various places in physics. Historically, S-duality is first found in
N =4 SU(N) supersymmetric Yang-Mills (SYM) theory by Montonen and Olive [d]. N'=2
SYM theory also exhibits S-duality. The duality also plays an important role in Seiberg-
Witten theory [5], which is characterized by Seiberg-Witten curve. The relation between
Seiberg-Witten theory and F-theory is discussed in [6-8].

Type IIB superstring theory includes two scalars, the Ramond-Ramond (RR) 0-form
Cp and the dilaton ¢ [9]. Combining Cy and ¢, we can define the axio-dilaton field 7 =
Co +ie~?. The S-duality transformation converts 7 to (ar + b)/(ct + d), where a,b,c,d € Z
and ad — be = 1, which is an SL(2,Z) transformation. The transformation is identical to the
modular transformation of the torus. In this sense, we can give a geometric interpretation
to type IIB superstring theory, that is, we identify the axio-dilaton 7 with the complex
structure moduli of the torus. This is F-theory. The configuration space of the axio-dilaton

filed corresponds to the moduli space of the torus, which is similar to Seiberg-Witten theory.

'"We can also find good reviews [2].
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In Seiberg-Witten theory, the 7 that is identified to the moduli of the torus is a function of

the Coulomb branch parameter.

It is sometimes said that F-theory is the twelve-dimensional theory. However, the extra
two dimensions are virtual dimensions. This is in contrast to M-theory. In the case of M-
theory, the extra one dimension is the eleventh real space. Indeed, the extra two dimensions in
F-theory do not have the Kahler moduli. F-theory is a geometric interpretation that provides

a definition of some compactifications of type IIB superstring theory.

The concrete description of F-theory is established as follows: We consider a torus with
the complex moduli that depends on the coordinates of a compact subspace B of the ten-
dimensional space-time. Combining B with the torus, the total manifold Y is described by an
elliptic fibration. We call it the compactification of F-theory on Y. When B is n-dimensional
complex manifold, we denote it as By, Y becomes (n + 1) complex manifold, we denote as
Yr41. In the language of type IIB superstring theory, it is a compactification on the manifold
B,, with the non-trivial axio-dilaton background field that depends on the coordinates of B,

namely,
F/Y,1 < 1IB/B,.

Supersymmetry requires that the first Chern class of Y, 1 needs to vanish, which means that
Y, 41 is a Calabi-Yau manifold [I0,01]. For example, the base space B, is P! when Y, ;1 is
a K3 manifold.

Existence of the axio-dilaton background field, which is a complex scalar field, implies the
existence of 7-branes. Due to S-duality, 7-branes have not only RR charges but also Neveu-
Schwarz-Neveu-Schwarz (NSNS) charges. The axio-dilaton field has non-trivial monodromies
around singular points, which correspond to the positions of 7-branes. In the context of F-
theory, the positions are points where the fibered torus shrinks. When we place all 7-branes

in different points, the torus becomes singular, but the total space Y, 11 is not singular.

At a stack of 7-branes, not only the fibered torus but also total space becomes singular.
The gauge symmetry enhances on the world-volume of the 7-brane stack. Information of
the gauge symmetry is translated to the fiber type of the codimension-one singularities in

F-theory. Such singularities are classified by Kodaira. In particular, the fiber types of IV*,



II1T* and II* are remarkable since the corresponding gauge symmetries are Fg, F7 and Eg,
respectively. If we have only D-branes (and orientifold planes), such exceptional groups do not
appear. Indeed, we cannot construct the exceptional groups in type IIB compactifications.

It is one of the advantages of F-theory that we can realize the exceptional groups.

In this thesis, we will review the relation between enhancement of the gauge symmetries
and singularities of geometry. The fiber type of a codimension-one singularity can be labeled
by the SL(2,Z) monodromy around the fiber. It was show that all types of Kodaira fibers
can be represented by some product of monodromies of a basic set of 7-branes: A = [1,0]-
brane = D-brane, B = [1, 1]-brane and C = [1, —1]-brane, where a [p, ¢]-brane is a 7-brane
with p RR charges and ¢ NSNS charges. The gauge symmetry on a coalescence of 7-branes
has been clearly explained by using string junctions [I2-28]. String junctions are also useful
to describe chiral matter [29], non-simply laced Lie algebras [30], i.e., By, Cy,, Fy and Go
types of simple Lie algebra, the Mordell-Weil lattice of a rational elliptic surface [31] and

deformations of algebraic varieties [32,33].

An elliptic fibration K3 manifold or a rational elliptic surface is defined by the Weierstrass
equation, y2 = z® + fz + ¢, where f and g depend on the coordinates of the base space P!.
The positions of 7-branes are given by the discriminat locus, A = 0, where A = 43 4 274>,
One of the purposes of this thesis is that one investigates the role of the locus of f = 0
and g = 0 [34,85]. We will identify the loci with the two kinds of critical points of a dessin
d’enfant of Grothendieck. The base space P! is divided into several cell regions bounded by
some domain walls extending from these planes and D-branes. This corresponds to drawing
a dessin with a canonical triangulation. We also study how the locus of f = 0 and g = 0 and

the cell regions depend on monodromies.

Perhaps the field of string phenomenology is the best place where F-theory fulfills its
potential [36-52]. One readily realizes the SU(5) grand unified theory (GUT), which can
naturally explain the apparently complicated assignment of hypercharges to quarks and lep-
tons, in F-theory. Moreover, F-theory also has good compatibility to the GUT with the
exceptional gauge groups since the exceptional gauge groups, e.g. FEg, naturally emerge in

F-theory as we saw above.



CHAPTER 1. INTRODUCTION 9

In order to understand the relation between geometries and realized theories, we need
to go beyond the Kodaira classification that associates with codimension-one singularities.
Let us consider a F-theory compactification on an elliptic fibration singular Calabi-Yau four-
fold. This compacification provide us a four-dimensional theory. The Calabi-Yau four-fold
has not only codimension-one singularities but also codimension-two and three singularities.
As we saw, information of a gauge symmetry is translated to the types of the codimension-
one singularities. The data of the matter representations in four dimensions are encoded to
the codimension-two singularities [b3-60]. In addition, the codimension-three singularities

correspond to the Yukawa coupling in the four-dimensional theory [37, 38,61, 62).

Unfortunately, there is no a complete classification of the codimension-two and three
singularities. This is a big problem in mathematics and physics. However, we can analyze
some specific cases. In this thesis, we will review the case of a Calabi-Yau three-fold that is
the elliptic fibration over the Hirzebruch surface. In this case, we can classify the singularities

by Tate’s algorithm [bA].

In addition, we can investigate resolutions of Calabi-Yau four-folds via the Coulomb
branch of three-dimensional N'= 2 SYM theories [63,64] [65-68]. This is motivated by the
duality between F-theory and M-theory. The Coulomb branch is separated into some phases,
and each phase corresponds to the different resolutions. As an example, we will analyze SU(5)

gauge group, and we will obtain a network of the resolutions of the Calabi-Yau four-fold.

For Calabi-Yau three-folds, the matters are the hypermultiplets in six-dimensions, which
localize at the condimension-two singularities. The hypermultiplets are typically full-hypers,
but in special cases half-hypers [63-55,57,60]. When the enhancements of the symmetries are
SU(6) — Eg, SO(12) — E7 and E7y — Eg, we obtain the half-hypers under some conditions.
We will consider the resolutions of such singular Calabi-Yau three-folds. The first case was
performed by Morrison and Taylor [67]. In the first case, we do not need small resolutions
when we have the half-hypers. This is called the incomplete resolution. We focus on the
second and third cases. We will find the same structure from the explicit resolutions of
SO(12) — Er and E7 — Eg [6Y)].

The organization of this thesis is as follows: In Chapter B, we review basics of F-theory.
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We start with type IIB superstring theory, and we introduce the idea of F-theory. We also
provide some mathematical facts. We see that a discriminant locus of a Weierstrass form
corresponds to a position of a 7-brane. In the last section of this chapter, we consider
the duality between F-theory and M-theory. In Chapter B, we consider codimension-one
singularities. Singularity types are classified by Kodaira classification. We see that not only
SU and SO gauge symmetry but also E type gauge symmetry appear. In addition, we
introduce string junctions. The gauge enhancements can be interpreted as the possible string
junctions under some conditions. In Chapter B, we focus on the locus of f = 0 and g =0
in the Weierstrass form. This is one of the main part of this thesis. We point out that they
correspond to the two kinds of critical points of a dessin d’enfant of Grothendieck. We also
provide simple method for computing a monodromy matrix for an arbitrary path by tracing
the walls it goes through. In Chapter B, we investigate higher-codimension singularities. We
see that matter fields emerge when we have codimension-two singularities. We also analyze
phases of resolutions of a Calabi-Yau four-fold by using three-dimensional supersymmetric
gauge theories. In Chapter B, we perform the resolutions for some special cases. When the
gauge enhancements are SU(6) — Eg, SO(12) — E7 and E; — Ejg, the half-hypers emerge
under some conditions. We consider the case of SO(12) — FE; in this chapter. In Appendix
@A, we show the explicit solutions to Fg string junctions. There are 72 solutions in the table.
In Appendix B, we perform the resolution for the case of F; — FEg. We consider the both

the incomplete resolution and the complete resolution.



Chapter 2

Basics of F-theory

F-theory describes a non-perturbative expression of compactifications of type IIB superstring
theory with 7-branes [, 53,54, 70-73]. Due to S-duality, there are not only D7-branes but
also general [p, ¢]-7-branes. We have twenty-four 7-branes if we require compactness of the
internal space. F-theory is established by identifying the complex axio-dilaton field in type
IIB superstring theory with the complex structure moduli of the torus. The compact space of
F-theory needs to be Calabi-Yau elliptic fibrations, which is represented by the Weierstrass
equation. We can obtain the complex structure moduli 7 via the Jacobi J-function. The

positions of the 7-branes correspond to the discriminant locus of the Weierstrass equation.

2.1 Type IIB superstring theory and 7-branes

We start with ten-dimensional N' = (2, 0) supergravity theory which is the low energy effective
theory of type IIB superstring theory. The action in the string frame are given by

1
Sstring —2 /dlox €72¢\/ (R + 4gMN(’)M<Z>8N¢) -2 /€2¢H3 A *Hg
K10 o
1 1 1 1
Fi N xFy — F3 A\ xF3 — Fy5 N\ xF5 — Fr A xFy
N 8“10 8+, 8r%,
1

Fg A xFy — —5 /C4/\H3/\F3
8’ﬁo 4k1

+ (fermionic terms),
(2.1.1)

11
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where ”%0 = 8m(Gyg is the ten-dimensional Newton constant, and M, N = 0,1,2,...,9 are

the indices of the ten-dimensional space-time. In string theory, the constant is given by

1 21
= (2.1.2)
263, L8

where £, = 2/ o/ is the string length. In this thesis, we choose (8 = 2. The field strengths
in (Z10) are defined as

Hj :dBQ, F :dCO, Fy :dCQ*COdBQ,
(2.1.3)

1 1
Fx :dC4—§CQ/\dBQ+§B2/\dCQ’ Fy =xF,, F;=—x1Fj3,
where Cp, (p = 0,2,4) is the RR p-form and By is the NSNS 2-form. ¢ is the dilaton field,
which provides the string coupling constant:
gs = €”. (2.1.4)

In addition, we must impose the duality relation at the level of the equation of motions:

Fy = Fs. (2.1.5)

The action in the string frame is convenient when we consider the theory of the string
world-sheet. On the other hand, we usually use the Einstein frame when we work on gravity

theories. The action in the Einstein frame is given by the transformation for the metric,

gun — gy (2.1.6)

We introduce the combined field
T =Cp+ie?, (2.1.7)

which is called the complex axio-dilaton field. By using equations (E18H) and (PZ177), we

obtain the action in the Einstein frame

1 T 1
SEinstein :/dlow\/ —g R - 7gMNa]\47—78N27— — = / (Im ’7')2 H3 A *Hg
2 (Im ) 2

1

1 1 1
—4/F3/\*F3—4/F5/\*F5—4/F7/\*F7—2/04/\H3/\F3

+ (fermionic terms).

(2.1.8)
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This action is invariant under SL(2,Z) transformations

a7‘—1—b CQ CQ
— CT—}—d’ <B2> — M<B2>, 04 — 04

(2.1.9)
gMN — gMN M—<a b>,
c d

where ad — bd = 1 so that M € SL(2,Z)". In particular, when we choose
0 -1
M = (1 0 ) , (2.1.10)

1
- ——. 2.1.11
T -2 (2.1.11)

then the 7 transforms as

From the definition of the 7 (EZI=2), the imaginary part of the 7 gives the inverse of the
string coupling constant, 1/gs. Therefore, the SL(2,Z) transformation (221-10) maps a strong

coupling to a weak coupling, and vice versa. In this sense, S-duality is a strong-weak duality.

We construct a D7-brane solution. D7-branes couple to the RR 8-form. In other words,
D7-branes are the magnetic source of the RR 0-form Cj, which is the magnetic dual of Cg.
Since the D7-brane is the complex codimension-one object, we demand that all of the fields
depend on the coordinates 28 and x°, and we introduce the complex coordinate z = x® +ix°.

The Bianchi identity of Fy in the existence of one D7-brane provide us

f{ Py :7{ dCo =1, (2.1.12)
S1 S1

where we use that one D7-brane has one RR charge. The S! is a contour around the D7-brane

in the (2%, 2%)-plane.
In order to find the D7-brane solution, we set
By=Cy=Cy =0. (2.1.13)

In addition, we also require that the vacuum expectation value (VEV) of all the fermions

vanish. Under these constraints, the action becomes

1 ..
SEinstein = /dloxv —9g (R - 59”

OTd;T > (2.1.14)

(Im 7)2

! More precisely, the action is invariant under SL(2,R) transformation. Due to the non-perturbative effects,
the SL(2,R) symmetry breaks to SL(2,Z).
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where 7,5 = 8,9. We set the ansatz for the metric
ds? = ndatde” + e?53) dzdz, (2.1.15)

where y,v =0,1,...,7 and 7, = diag.(—1,+1,...,+1). From the equation of motion of the

T, we obtain

00T = oror, (2.1.16)

T—T

where 0 = 0, and 0 = 0. Besides, the Einstein equation yields the two equations:

or0T — 0107 = 0, (2.1.17)
1

(1 —7)2

The first equation (2117) is given by the (89) component of the Einstein equation. The sec-

00 = (0707 + 0707) . (2.1.18)
ond equation (ZTIR) is presented by (aa) component of the Einstein equation, a = 1,2,...,7.

As a solution to (Z118) and (2I17), we take a holomorphic function?, namely,
dr =0. (2.1.19)
From the Bianchi identity (Z112), we can determine

1
7(2) = 5 In(z — z9) + (terms regular at zp), (2.1.20)

where zj is the position of the D7-brane. Encircling zg, which means (z — zg) — €™ (z — 2g),

the 7(z) transform as
T = 7+1 (2.1.21)

since the 7(z) has the logarithmic term. The behavior under this transformation is called
monodromy. The origin of monodromy is the SL(2,Z) duality in type IIB superstring theory.
Indeed, the monodromy around D7-brane (EZ1I_21) is generated by

M = 11 2.1.22
(o 1): (21.22)

2The D7-brane is a half BPS solution. We can derive this holomorphic condition from the requirement of
supersymmetry [74].
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where the matrix M is defined in (ZZ19).

Next, we would like to find the solution of the multiple 7-branes. We choose that the
7(z) is a holomorphic function again. Inserting the holomorphic function 7(z) into (Z113),
we obtain
oror

where 79 = Im 7. The general solution of this equation is given by

©(z,z) =Inma(z,2) + F(z) + F(2), (2.1.24)
identically,
52 = (2, 2) () F(2), (2.1.25)

where F'(z) = In f(2) is an arbitrary holomorphic function. We require modular invariance

of ¢(z,z). With 7(z, z), we can construct a modular invariant combination
72(2,2) In(7)|* | (2.1.26)

where 7(7) is Dedekind’s n-function that is defined as

n(r)=q¢"* [ -q") (2.1.27)
n=1

2mi7 - In addition, we also require that e®(#%) is non-vanish at everywhere. Using

with g = e
the one brane solution (EZI-20), we have ¢ ~ z — z; near the positions of 7-branes z;. The
combination (Z128) becomes

4

/2417 (2.1.28)

2 In(r)[* ~ 72| (2 = =)

near the z ~ z;. Immediately, we see that the modular invariant combination (Z128) van-
ishes at the positions of 7-branes, z = z;. In order to avoid this, we need to multiply the

combination by

: (2.1.29)
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where N is the number of the 7-branes. Consequently, we find the multiple 7-branes solution

of v(z, 2):
. N 1 1/24|
e?>9) = 75(2,2) In(r(2)) H1 (Z = Z) (2.1.30)
We consider the behavior of the metric at infinity. At |z| — oo, we have
P33 (z2) N2, (2.1.31)
since 7(z) — const., thus the metric of the z-plane is given by
ds?® ~ (22)"N"2dzdz = dwdw (2.1.32)

where w = 2'7N/12_ This expression imply that we have the deficit angle of 27N /12 around
infinity. As a result, if we demand that the z-plane is compact, namely P!, N needs to be
24.

2.2 Elliptic fibrations and Weierstrass forms

The complex axio-dilaton field 7 is transformed as

Z:j:;, <a Z) e SL(2,7), (2.2.1)
under the SL(2,Z) duality. This transformation is identical to the transformation of the
complex structure moduli of the torus. In order to establish F-theory, we identify the complex
axio-dilaton field with the complex structure moduli of the torus. The axio-dilaton field
depends on the coordinates of the compact space in type I1B superstring theory. In F-theory,

compact spaces are described by elliptic fibrations.

We describe an elliptic curve® as a hypersurface in the weighted projective space WCP?(2, 3, 1).
The weighted projective space is a generalization of projective space. We denote the homo-
geneous coordinates of WCP?(2,3,1) as (X : Y : Z). The identification of the coordinates is
given by

(X,Y,Z) ~ (\2X,\3Y, \Z), (2.2.2)

3An elliptic curve is defined as a torus with the origin.
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where A € C* = C — {0}. We define the Weierstrass form as
Py=Y%-X3— rxz*— g5, (2.2.3)

where f and g are the parameters of torus. The elliptic curve is described as the zero-locus

of the Weierstrass form Pyw. In particular, when we choose the inhomogeneous coordinates

as
X Y
T=—5 Y=g, (2.2.4)
then the Weierstrass equation is expressed as
2 _ .3
y =2+ fr+g. (2.2.5)

We can compute the complex structure moduli of the torus from the Weierstrass equation

(or the Weierstrass form). The moduli 7 is given by

w
_ e _da

T § o m (2.2.6)
where o and [ represent the one-cycles of the elliptic curve. The w is the holomorphic
one-form on the elliptic curve?.

Next, we consider the elliptic fibrations:
m: Er — Y,
! (2.2.7)

By,

where E; is an elliptic curve and B,, is a complex n-dimensional base space. When type
I1B superstring theory is compactified on B,, F-theory is compactified on Y,,+1. We can
regard the elliptic fibration Y,,;1 as the holomorphic line bundle £ over B,, (with a choice of

sections). The first Chern class of Y,, ;1 is given by
Cl(Yn+1) == Cl(Bn) — (1 (ﬁ) (228)
On the other hand, supersymmetry and the Einstein equation provide the relation [IT]

c1(Bn) = c1(L). (2.2.9)

“In Seiberg-Witten theory, the w is called Seiberg-Witten differential [5].
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As a result, we have ¢;(Y,,+1) = 0, which means Y,,;; is a Calabi-Yau manifold.

We focus on the n = 1 case. Y3 is the two-dimensional Calabi-Yau manifold, namely, the
K3 manifold. The base space B; becomes P'. We denote the coordinates of P! as z. The
elliptic fibered K3 manifold is described by the Weierstrass equation,

y? =23 + f(2)x + g(2), (2.2.10)

where f(z) and g(z) are the order eight and twelve polynomial of the z, respectively.

In order to obtain the 7 from the Weierstrass equation (22210), we introduce the Jacobi

J-function:

(99(7)8 + U3(7)8 + 04(7)8)°

= 2.2.11
) = a5 o (22.11)
where the 9 constants are defined as
9o(r) = 92(0]7) = 2¢"* T (1= ¢™) (1 +¢™)°,
m=1
- m m—1/2 2
da(r) = 95(07) = T (1 = q™) (14 4777) " (2:2.12)

1

3
Il

9a(7) = 0a(0r) = [T (1= ™) (1= g 2)",

8

1

3
Il

with ¢ = €?™7. The properties of the Jacobi J-function are as follows:

e The J-function is invariant under the modular transformations.

e The J-function is the one-to-one mapping of the fundamental domain into C, and of the
region Re 7 < 0 in the fundamental domain into the upper half-plane H. The specific

2mi/3

values T = e , %, 100 correspond to J = 0, 1, 0o, respectively.

e In the limit ¢ — 0, the asymptotic form of the J-function is

1)° :
J(1) = (12> eI, (2.2.13)

where 71 = Re 7 and 5 = Im 7.
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We provide the procedure that read off a modular transformation of 7 from a value of the
J-function. For this purpose, we expand the second property. The J-function is one-to-one
mapping of the fundamental domain into C, while the function is one-to-many of the upper
half-plane H into C. Since the J-function is the modular invariant, a value of the J-function of
course goes back to the same value after the modular transformation. However, the trajectory
of the values of the J-function depends on the modular transformation. As an example, let

us consider T-transformation,
T:7—71+1 (2.2.14)

For simplicity, we start from a point in the fundamental domain with Re 7 < 0 . The point
is mapped onto a point in the upper half-plane of the space of the J-function. Under the
T-transformation (22ZI4), the value of 7 crosses the line (i,i00) and (e2™/3 ioo) in order.
Correspondingly, the point in the space of the J-function crosses the line (1, 00) and (00, 0)

in order. Similarly, under the S-transformation,

1
ST ———, (2.2.15)
T

the point in the space of the J-function crosses the line (1,00) and (0,1) in order. This

method will be important in the later section.

2.3 Discriminant loci and [p, g|-branes

In terms of f(z) and g(z) in the Weierstrass equation, the J-function (E22_11) is given by

B 4f(2)°
C4f(2)3 +27g(2)%

Solving the equation for the 7, we obtain the 7(z) as the function of z. The 7(z) goes to ico

J(1(2)) (2.3.1)

at the position of the 7-branes. This point corresponds to J(7) = co. Therefore, in terms of

the Weierstrass equation, the positions of the 7-branes are given by
A(z) =0,  Az) =4f(2)% +279(2)%, (2.3.2)

where the A(z) is called the discriminant. For the K3 manifold, f(z) and g(z) are the order

eight and twelve polynomials of z, respectively. Hence, the discriminant locus A(z) = 0 has
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the twenty-four solutions in general, which means that there exist the twenty-four 7-branes.

This is consistent with the previous section.

Note that the discriminant locus A(z) = 0 is also the positions where the elliptic fiber
becomes singular. The partial derivatives of Weierstrass form with respect to « and y vanish

at the points where the elliptic fiber is singular:

322 + f(2) = 0, (2.3.3)
y = 0. (2.3.4)

Inserting the two equations (E233) and (2234) to the Weierstrass equation (E22-10), we have
2f(z)x + 3¢9(z) = 0. (2.3.5)

We insert this equation to (22333), so that we obtain
4f(2)3 +27g(2)* = 0, (2.3.6)

where we assume z # 0 at the points of the singular torus. If x = 0 at the position of the
singular torus, we have f = 0. Together with the Weierstrass equation, (2238) is also satisfied
when x = 0. As a result, we see the discriminant locus A(z) = 0 is also the positions where

the elliptic fiber becomes singular.

The 7-branes are classified by the monodromies around itself. As we saw in (2121, the
D7-brane has the monodromy 7 — 7 + 1. If a 7-brane has the other monodromy, it is no
longer the D7-brane. In order to label the 7-branes, we consider (p,q)-strings, which have
the p NSNS charges and the ¢ RR charges. We can obtain the (p, ¢)-string as the SL(2,7)
transformation of the fundamental string (F1-string) or the D1-string. In other words, the
(p, q)-string is the bound state of the p Fl-strings and the g D1-strings . We define [p, q|-
branes. We can attach the (p,q)-string to [p,q]-brane. In this notation, the D7-brane is

denoted as the [1,0]-brane. The monodromy matrix of the [1,0]-brane is given by
11

Let us consider the relation between the general (p, ¢)-string and its monodromy matrix

M;

pq- The gauge field on the theory of the world-volume of the 7-brane couples to the
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NSNS two-form Bs and the RR two-form Cy at the point where the (p, ¢)-string is attached.

/ (2.p) G;z) A +F, (2.3.8)

where F' is the two-form field strength and * menas the eight-dimensional Hodge dual. We

Thereby we have a term

require that the term is invariant under the monodromy transformation. Since the RR and

@z) — M (gz) (2.3.9)

under the SL(2,Z) duality, we demand

NSNS two-forms transform as

(¢,p)M = (q,p). (2.3.10)

The solution to this equation is given by

1+ 2
Mppq = ( T ? ) : (2.3.11)
~ (0 1 r (0 1\ (1-pq p?
Ny g = (1 O) Mr, (1 0) _ ( - 1+pq> (2.3.12)

My (Z) = (g) . (2.3.13)

Therefore, if the 7-brane has monodromy My, ,, the (p, q)-string can be attached.

satisfies

Note that any [p, g]-branes can be transformed into the [1,0]-brane by the SL(2,Z) trans-

formation

Mi10) = 97 Mip.a)9ip.a) (2.3.14)

where g, 4 is @ SL(2,Z) element. In this sense, any single 7-brane can be thought of as single

D7-brane locally. However, two or more different types of 7-branes cannot be transformed



22 2.4 Relations to M-theory

into the [1,0]-branes simultaneously. For instance, the [p1, g1]-brane can be transformed to

[1,0]-brane by g but the [ps, g2]-brane do not become the [1,0]-brane in general:

P1,q1]>
g[;117<11]M[P17Q1]g[p17q1] = M[1,0}7 (2.3.15)
g[;711,q1]M[P27q2]g[P1,q1] # M[l,o}- (2.3.16)

Such non-local 7-branes cannot be brought on top of each other in a supersymmetric way in

general.

2.4 Relations to M-theory

M-theory is conjectured as a strong coupling limit of type IIA superstring theory [75]. This
is an eleven-dimensional theory and a low energy effective theory of M-theory is NV = 1
eleven-dimensional supergravity. The action of the supergravity is given by

1 1 1
S — S /dllx ( /—gR — §G4 A xGy — EA?) AGa N G4) + (fermionic terms), (2.4.1)
K11

where Ag is a three-form gauge field and G4 = dA3. The eleven-dimensional Planck length

is defined as

1 2
—_— = —. 2.4.2
2K3, Eg ( )

The eleven-dimensional supergravity is related to type ITA supergravity via S' compactifi-
cation of the eleventh direction. We provide the relation between the parameters in eleven

dimensions and ten dimensions:

Ry 1
— =, (2.4.3)
6y g3

where Ry is the radius of S?.

There are two kind of objects in M-theory, namely, M2-branes and M5-branes. M2-branes
and Mb5-branes are coupled to the three-form gauge field As electrically and magnetically,

respectively. The solutions to M2-branes are given by

ds%\/{g = fMg(r)_Q/Snm,d:):“d:c” + fMg(r)l/deidxi, (2.4.4)

3271200 N .
Gy = da’da’da?df(r)™",  fua(r) =1 Tigm, r? = zlat, (2.4.5)
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where p,v = 0,1,2 and ¢ = 3,...,10. Ny is the number of M2-branes. The solution to

Mb5-branes are as follows:

ds3s = f&é/g(r)nwdx“dm” + f;{;(r)dwidfci, (2.4.6)
. . 3N o
Gy = euﬁm Oif (r)dalda®daldz™, f(r) =1+ L?’W), r? = z'lat, (2.4.7)
! r
where u,v =0,...,5and ,j,--- =6,...,10. Nys is the number of M5-branes.

We can find relations between M- and F-theory through T-duality between type ITA and

IIB superstring theory [76]. Let us consider a M-theory compactification on T2 with
T2 = SM X SA. (2.4.8)

We denote the radiuses of Sy and Sa as Ry and Ry, respectively. When Ry — 0, the theory
goes to type ITA theory on Ss. The components of the metric g, 10 and gi0,10 become the
RR 1-form C; and the dilation ¢ in type ITA theory, respectively. Taking T-dual along Sa,
we find type IIB theory on Sy with the radius Rp given by
_ 4

RA’
where /g is the string length. The limit Ry — 0, namely, Ry — o0, corresponds to the

Rgp

(2.4.9)

decompactified limit of type IIB theory. The component of the C along S dualizes to the
RR 0-form Cp in type IIB side.

As a result, M-theory on T? with V' = vol(7?) is dual to type IIB superstring theory. The
duality is summarized in Table EZl. The S-duality in type IIB is interpreted as the modular

transformation of 72 in M-theory side.

M-theory on T2 Type IIB on S
complex structure moduli of T2, 7 axio-dilaton, 7 = Cy + ie™?
volume of T2, V metric, ds? = Nuvdxtdz” + 2 )Vdy? withy ~y + 1

Table 2.1: The duality between M-theory and type IIB theory

Next let us consider a fiberwise duality of M-theory. We compactify M-theory on Y41,

where Y,,11 is an elliptic fibration over B,. Y,+1 is a Calabi-Yau manifold when we require
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supersymmetry. Using the fiberwise duality, M-thoery on Y,y is dual to type IIB theory
on B, x Sé. Now we can establish M/F-theory duality. Taking limit V' — 0, the dual
IIB theory becomes the compactification on By, which is the F-theory compactification on
Y, +1. Furthermore, M2-branes wrapped on the torus (p, ¢) times correspond to (p, ¢)-strings,
which will be introduced in the next chapter, wrapped on Sé in IIB theory. We summarize

M/F-theory duality as follows:

M-theory on Y, with V' — 0 F-theory on Y, 41

complex structure moduli of fibered T2, 7

M2-brane wrapped on T2 (p, q) times (p, q)-string

Table 2.2: The duality between M-theory and F-theory



Chapter 3

Enhancement of (Gauge Symmetries
and String Junctions

In the previous chapter, we considered the compactification of type IIB superstring theory
with 7-branes. We identified the complex axio-dilaton field to the complex structure moduli
of the torus so that we construct F-theory. The positions where the 7-branes are placed

correspond to the discriminant locus.

In type II superstring theory, if we have N D-branes, U(1)" gauge symmetry emerges
on the world-volume of the D-branes [77]. When the N D-branes make a stack, the gauge
symmetry enhances to U(N). Moreover, we have also SO(2N) or Sp(2N) when we introduce
orientifold planes (O-planes). Now there are not only D7-branes but also general 7-branes.
Due to this, we expect to emerge other gauge symmetries. Indeed, we will see appearance of

FE type symmetry.

3.1 The Kodaira classification

We expect that the types and configuration of the 7-branes have something to do with the
gauge symmetry. In the previous section, we pointed out that the J-function has the data of
the 7-branes. On the other hand, the J-function decides the K3 manifold in F-theory. Thus,
we expect that one can obtain information of the gauge symmetry form the geometry of the

K3 manifold.

25
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We consider stacks of 7-branes. As we saw above, the discriminant locus A(z) = 0 has a
solution at each position of single 7-brane. When the 7-branes make a stack, the discriminant
locus has a multiple root at a position of the stack. At such a point, not only the fibered
torus but also the total K3 manifold becomes singular. The partial derivatives of Weierstrass

form with respect to x, y and z become zero at the points where the elliptic fiber is singular:

322 + f(2) =0, (3.1.1)
y =0, (3.1.2)
f'(2)x+4'(2) =0. (3.1.3)

The first two equations are the same as (22333) and (P234), respectively. In general, we
can choose the singular point to be z = 0. The solution to the three equations and the
Weierstrass equation (EZZ10) presents the singular point of the K3 manifold. We have the

two cases: =y =0orz#0, y=0.

Firstly, we consider the case of z = y = 0. Due to (BI), we have f(0) = 0, that is,
ord(f) > 1. In addition, (B1=3) means ¢’(0) = 0, thus we obtain ord(g) > 2. Consequently,
for the discriminant, we find ord(A) > 3.

Secondly, we consider the case of x # 0, y = 0. Immediately, we see f(0) # 0 from (BI),
that is, ord(f) = 0. Inserting (BT) and (812) to the Weierstrass equation, we have

2£(0)z + 3¢(0) = 0, (3.1.4)
so that we find g(0) # 0, i.e., ord(g) = 0. In addition, by using (BT), (B13) and (B14),
we obtain

A'(0) = 12/2(0)/(0) + 549(0)g/(0) = 0, (3.15)

thus ord(A) > 2. Therefore, when the discriminant has the multiple root, namely, the 7-

branes make the stack, the elliptic K3 becomes singular.

Singularities of the elliptic K3 manifold are classified by Kodaira [T9]. The singularities
are labeled by not only the order of the discriminant but also the orders of the f(z) and g(z)
in the Weierstrass equation. We show the table of the Kodaira classification in Table B. We
also show corresponding brane configurations. This classification is derived from resolutions

of singular K3 surfaces.
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Fiber type || ord(f) | ord(g) | ord(A) | Singularity type | 7-brane configuration | Brane type

I, 0 0 n A1 A" Anq
11 >1 1 2 Ao CA Hy
II1 1 >2 3 Ay CA%(= A’B) H,
A% > 2 2 4 Ay CA3(= A’BA) Hy

I > 2 3 | 6+n Dot A"HBC Diia

I 2 >3 | 6+n Dy A"HBC Doyt
17 >4 5 10 Eg A'BC? Eq
111 3 >5 9 E; ASBC? E;
A% >3 4 8 Eg A°BC? Eg

Table 3.1: The Kodaira classification

3.2 String junctions and gauge enhancement

In Section 233, we introduced the general 7-branes, i.e., the [p, g]-branes. The [p, g]-brane has
the monodromy M, ;. The (p, ¢)-string is invariant under the monodromy. However, the
general (r, s)-string transform under the monodromy, where (r,s) # (p,q). In this section,
we will discuss the (r, s)-string, and in order to explain the effect of the monodromy, we
introduce string junctions [T3-20].

We consider the (r, s)-string which encircles around the [p, ¢]-brane. The tension of the

(r, s)-string is given by

1
Trs=—— . 3.2.1
s Tz\r + s7| ( )

Multiplying the metric of the 7-brane solution, we find the local mass of the (r, s)-string,
dsrs = |(r + st (1) [[(z — i)/ "2dz|. (3.2.2)

We require that the mass is invariant under the monodromy of the [p, ¢]-brane, so that the
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(r, s)-string transforms as

(Z) - <(1) (1)> Mipq) ((1) é) <Z> = <Z> + (ps —qr) <§> (3.2.3)

under the monodromy transformation. We introduce the cut which are extended from the
7-brane. We interpret the monodromy that the 7 and the (r, s)-string are affected as the
effect of the cut.

According to (B=Z), the difference of the charges are proportional to (p, q), which can be
attached to the [p, g]-brane. Due to this, we can deform the contour of the string, and we find
a string junction. In other words, we can interpret the string junction as the Hanany-Witten

effect [[78]. The charges of the strings are conserved at the junction.

Comparing the monodromy matrix around the singularity of the K3 manifold with M, ;,
we can identify the fiber type in the Kodaira classification with the 7-brane configuration.
The 7-brane configurations for each fiber type is summarized in Table BT. Here we show

notation and the monodromy matrices of the A, B and C-branes:

1 1
A =[1,0; M) = (0 1) ) (3.2.4)
2 1
B=[L1;  Mpy= (_1 0) , (3.2.5)
0 1

For example, let us see the fiber type I1I. The Weierstrass equation of this fiber type is
represented by

y? = a3 + 2. (3.2.7)
The monodromy matrix around this singularity is given by

(01 (1)> . (3.2.8)

From the Table B, we find that the 7-brane configuration is made from two A-branes and

a C-brane. Indeed, the monodromy matrix around these 7-branes agrees with (B=23):

0 1
CA? = My, _yMf g = <_1 0) : (3.2.9)
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Note that the notation of A, B and C-branes is one of the choices of the bases?.

Next, we see the correspondence between possible string junctions and gauge enhance-
ment. Endpoints of a string are attached to two 7-branes, and the charges of the string at the
endpoints need to consist with the types of the 7-branes. Due to monodromies, the charges
of the string at each endpoint are different from each other in general. In other words, this
is the origin of the string junctions. There exist strings that connect two 7-branes only when
the two charges agree with the types of the 7-branes, respectively. The possible strings or

string junctions correspond to the adjoint representation of the enhanced gauge symmetry.

Let us see a few examples. First, we consider the fiber type Ij. The brane configuration
consist of AAAABC. We see that we have the strings that connect two A-branes directly

since the (1, 0)-string is invariants under the monodromy of the A-brane:

(2 é) Af{ﬂ}(ﬁ é) <é>;: <é>' (3.2.10)

Hence, we can obtain SU(4) gauge group from the four A-branes. In order to find other

possible strings, we decompose SO(8) into SU(4) x U(1):
28 =15+ 6 + 6 + 1. (3.2.11)

The 15 represantation in the right hand side corresponds to the direct paths between the
two A-branes and the Cartan subgroup of SU(4). The singlet 1 represents the rest of the
Cartan of SO(8). The two 6’s are strings that connect two different A-branes indirectly,
which means that the strings start form an A-brane, stride across the cuts of the B and
the C-branes and finally are connected with an A-brane. The reason for this is that the

monodromy BC changes only the direction of the (1,0)-string, namely,

(o) e (20) (o) = () aany

The indirect paths can be interpreted as string junctions.

Second example is the fiber type IV*. The brane configuration consists of five A-branes,

'More precisely, any monodromy can be described only two independent matrices. For instance, the
monodromy matrix of the fiber type I§ is given by A*BC, and this is equal to (CA)?.
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a B-brane and two C-branes. We decompose Ejs into SU(5) x SU(2) x U(1):
78 =(24,1) + (1,1)
+(10,2) + (10,2)
+(5,1)+(5,1)
+(1,3).

(3.2.13)

The first line in the right hand side corresponds to direct paths between the two different
A-branes and Cartan’s. The last one is also the direct paths of C-branes. The second and

third lines represent the indirect paths between two A-branes and two C-branes, respectively.

3.3 Self-intersection numbers of string junctions

In the previous section, we introduced string junctions. The string junctions are another
representation of monodromies. We roughly saw correspondence between string junctions
and a gauge symmetry. However, not all possible string junctions are allowed as BPS states.
In the previous section, we saw the string junctions of the fiber type Ij as a example. We
considered only the indirect paths that connect two different A-branes, but we did not allow
indirect paths that connect the same A-brane. Indeed, such a string junction does not satisfy

the BPS condition. In this section, we show the BPS condition of the string junctions.

Originally, the string junctions are conjectured by the duality between M-theory on the
torus and type IIB superstring theory on the circle [79]. As we saw in Section 24, M2-branes
that are wrapped on the two cycles of the torus (p, q) times are identified with (p, ¢)-strings.
Considering a M2-brane solution that is dual to three (p;,g;)-strings (¢ = 1,2,3) which are
jointed at a point, we can show that the tensions vanish at the jointing point when the charges

are conserved.

For our purpose, we introduce the junction J. A string junction consists of Qi\ (1,0)-
strings that are connected with a i-th A-brane, Q]ﬁ (1, —1)-strings that are connected with

7-th B-brane and Q’é (1,1)-strings that are connected with k-th C-brane. We represent A,
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B and C-branes as a;, b; and ¢;, respectively. The junction J is defined as
J= Qrai+ )y Qb+ Qe (3.3.1)
i j k

The BPS condition is given by the condition for the self-intersection of the junction.

We consider the self-intersection of the junction. First we define the self-intersection

number of the basis strings a, b and ¢ as —1,
(ai,a;) = (b, b;) = (ci,ci) = —1. (3.3.2)

In order to define a contribution to a self-intersection number from a junction point, we
consider the (r, s)-string which encircles around the [p, g]-brane. The self-intersection number
of this setup is of course zero. We can regard this setup as the string junction, that is, the
string junction is made from (ps — ¢r) (p, q)-strings that are attached to [p, ¢]-brane and the
junction point. The contribution to the intersection number from the former is given by
[—(ps —qr)?]. Since the total self-intersection number needs to be zero, the contribution from
the junction point, we denote as Jgs, is given by

bi DPit1

J3, J3) = , 3.3.3
(3 3) 9 qi+1 ( )

where i = 1,2,3 are the labels of the three (p;, g;)-strings in the string junction. We labeled
in the clockwise direction. This contribution is independent of 7 with ps = p1 and g4 = ¢1.
Now we have (p1,q1) = ((ps — qr)p, (ps — qr)q) and (p2, q2) = (7, ), so (J3,J3) = (ps — qr)>.
Therefore, the total intersection number becomes zero.

We consider J = a; + a; with ¢ # j. This junction has no junction points, namely,
(J3,J3) = 0. A contribution from the (1,0)-strings that are attached to the A-branes is
(—2). Since

-2 = (ai +aj,a; + aj) =—-1+ 2(0,1‘,0,]‘) —1, (334)

we have (a;,a;) = 0 for i # j. Similarly, we can also find (b;,b;) = (¢;,¢;) = 0. Next we

consider J = a + b. The self-intersection number (J,J) is given by

1 1

(J,J) = (a,a) + (b,b) + ‘0 1

‘ =-3. (3.3.5)
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By using (a,b), this is expressed as

—3=(a+b,a+b)=-2+2(a,b), (3.3.6)
thus we find (a,b) = —1/2. In the same manner, we can determine the other intersections.
We conclude that

(ai7aj) = (bz,b]) = (Ci,Cj) = _5ij7 (337)

1
(a,b) = =t (3.3.8)
1
(a,c) = 3 (3.3.9)
(b,c) =1. (3.3.10)

Therefore, we can calculate the self-intersection number of the general string junction:

(3,I) == (@) =D (@) —>_ (Qk)
zn:A1 n = na nc = ng nc (3311)
“SN0RQE )Y QLQE+23" Y Q0L
i=1 j=1 i=1 j=1 i=1 j=1

We provide the BPS condition. The BPS condition is encoded into the condition for the

self-intersection numbers of the junctions. The condition is given by
(J,J) > —2. (3.3.12)

This condition is derived from the duality between M-theory on the elliptic fibration K3
and IIB theory on the S! fibration over P!. Taking the decompactified limit of S!, the M-
theory side corresponds to the limit where the fibered torus shrinks. In this limit, the string
junctions that satisfy the BPS condition correspond to the holomorphic curves J’ of the K3

surface [IR,80]. The self-intersection number of such curves is given by [T, 87
(J',J)=2g—2+b, (3.3.13)

where ¢ is the genus and b is the number of boundary. As a result, we find the condition
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3.4 Root systems and string junctions

In the previous section, we considered the BPS condition for the string junctions. As we saw
in Section B, the gauge enhancements are achieved by specific 7-brane configurations that
are fixed by the Kodaira classification. The gauge fields that is in the adjoint representation
are derived from some string junctions. In this section, we focus on such string junctions.

We identify such string junctions with the root vectors of the gauge group [I3,17].

The adjoint representation consists of the string junctions that satisfy the following con-

ditions:

where p = >°.Q% +>..Q5 +Y.,Q5 and ¢ = — >, Q% + Y, @&, namely, (p,q) are the
total charges of the string junction. The fist condition implies that the charges of the string
junction become zero at infinity. The second condition is derived from the dual M-theory.
In the M-theory side, enhanced gauge fields come from the M2-branes which are wrapped on

the holomorphic curves with ¢ =0 (and b = 0).

3.4.1 An example: Eg

As an example, we consider the case of Eg. The 7-brane configuration is given by A’BC2.

We obtain the general junction J,

5 2
J=> Qhai+Qeb+ > Quei (3.4.3)
i=1 i=1
The condition (8Z) yields
5 2
YL +Qs+> QL=0, (3.4.4)
i=1 j=1
2 .
—QB+Y QG =0. (3.4.5)

Jj=1
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In addition, we have

5 2
MNCARICHEN AT Z QaQn + Z Z QQL +2 Z QBQL = —2 (3.4.6)

Jj=1 i=1 j=1
from (B272). We find the 72 solutions, which correspond to the roots of Eg. We show all
solutions in Appendix @Al

FEg group has the six simple roots. The string junctions that correspond to the simple

roots are

@1

(1, ~1,0,0,0,0,0,0),
= (0,1,-1,0,0,0,0,0),
= (0,0,1,—1,0,0,0,0),
= (
= (
= (

@1

(3.4.7)

@1

0,0,0,1,1,—1,—1,0),

0,0,0,0,0,0,1,—1),

0,0,0,1,—1,0,0,0),

identically,

Q) = a; — az,

Q2 = az — ag,

G (3.4.8)
ay=a4+as—b—cy,

a5 = €1 — C2,

Qg = a4 — as,

where Q; = (QL,Q%,Q%,QA, Q% @B, Q5, Q%). We show the string junctions in Fig B

We can see that the six string junctions provide the Cartan matrix A;;(Fe):

(O(Z‘,ij) = —Aij(EG). (349)
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Qay

a; G2 Q3 Og (8733

Fig. 3.1:  We show the six string junctions in (B21) or (BZ8) which correspond to the
simple roots of Fg. The black circles denote the A-brane, the white circle is the B-brane and
the squares are the C-branes.



Chapter 4

A dessin on the base

So far we considered F-theory conpactifications on K3 manifolds, which are two-dimensional
Calabi-Yau manifolds. This is required by the consequence of supersymmetry. The K3
surfaces are described by the Weierstrass equation (E2210). In this chapter, we consider a
rational elliptic surface? , which is one of the two rational elliptic surfaces arising in the stable
degeneration limit of a K3 surface. The rational elliptic surface is not a Calabi-Yau manifold,
but it is useful for investigating F-theory conpactification. The rational elliptic surface is also
described by the Weierstrass equation. In this chapter, we focus on not only the discriminant

locus, A = 0, but also the f = 0 and the g = 0 locus [34,35].

4.1 What is an elliptic point plane?

We start with a Weierstrass equation
2 _ .3
y =a+ fr+g, (4.1.1)

where y, x, f and g are sections of an O(3), an O(2), an O(4) and an O(6) bundle over the
base P'. This equation defines a rational elliptic surface. We can also regard it as the total
space of a Seiberg-Witten curve (with the “u”-plane being the base) of an N' = 2 SU(2)
gauge theory [6] or an E-string theory. [83-86] In an affine patch of P! with the coordinate

z, the coefficient functions f(z) and g(z) are a 4th and a 6th order polynomial in z.

'Sometimes this is called as a 1/2 K3 surface.

36
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As is well known, the modulus 7 of the elliptic fiber of (E1) is given by the implicit

function:
43
=——— 4.1.2
1) = T (41.2)
where J is the elliptic modular function. The denominator of the right hand side
A =4f3 + 274 (4.1.3)

is called the discriminant. Near its zero locus z = z;, Im7 goes to oo (if one has chosen
the “standard” fundamental region) for generic (that is, nonzero) f and g. Examining the
behavior of J(7) around oo, we find

T(z) = ﬁ log(z — z;) (const. + O(z — %)), (4.1.4)

which implies the existence of a D7-brane at each discriminant locus. 2

On the other hand, since a locus of f(z) = 0 or g(z) = 0 alone does not mean A = 0,
it is not a D-brane. However, if the loci of f(z) = 0 and g(z) = 0 are present together
with a D-brane, they play a significant role in generating a (p, ¢)-7-brane by acting SL(2,7Z)
conjugate transformations on a D-brane or as components of an orientifold plane, as we show
below. In this paper, we will collectively call the loci of f(z) =0 and g(z) =0 “elliptic point

planes” B

Elliptic point planes consist of two types, the loci of f(z) = 0 and g(z) = 0, which have
different properties. In this paper, we call the locus of f(z) = 0 an f=0 locus plane, or an

f-plane for short, and that of g(z) = 0 a g=0 locus plane, or a g-plane for short. o

At the location of an f-plane, the value of the J-function is

Py (4.1.5)

0= mrage =0

2Thus, henceforth in this paper, we refer to a locus of the discriminant as (a locus of) a “D-brane”. As we
will see, however, the monodromy around it is not always T for a general choice of the reference point, due to
the presence of the elliptic point planes.

31n the standard fundamental region of the modular group of a two-torus, there are two elliptic points
7 =e5 andi. They are fixed points of actions of some elliptic elements of SL(2,7Z), hence the name.

4 Despite the name “plane”, an elliptic point plane is no more a rigid object but a smooth submanifold
when the elliptic fibration over P' is further fibered over another manifold, just like a D-brane.
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which corresponds to 7 = ¢, On the other hand, at the position of a g-plane ,

43

J(r) = P rarg L (4.1.6)

so this implies 7 = i. In their neighborhoods, J(7) is expanded as

J(r) = %J’“(e%)(f N Bie) (GRS S0 (4.1.7)
4
12K (2
J(r)=1- W(f) (r—i)>+0((r—1)*), (4.1.8)

where K (k) is the complete elliptic integral of the first kind

K(k) = /2 B (4.1.9)
0 1—k2sin%6

Thus 7 =e5 isa triple zero of J(7) and 7 = i is a double zero of J(7) — 1.

Suppose that z = 0 is a locus of f = 0. Since

Af(=)°

) = 55+ arge

(4.1.10)

J(7(2)) is O(2®) at z = 0. So (A7) shows that 7 — e is O(z) there, implying that the
monodromy is trivial around the locus of f. Similarly, if z = 0is a locus of g =0, J(7(2)) —1
is now O(2?). Comparing this with (ZZ8), we see that 7(z) — i is also O(z), and hence there

is no monodromy around the locus of g = 0, either.

However, this is not the end of the story. Fig. B=2 shows the various choices of fundamental
regions of the modulus 7 and the corresponding complex plane as its image mapped by the J-
function. From this we can see that if one goes around 7 = 5" once on the upper half plane,
one goes through three different fundamental regions to get back to the original position.
Likewise if one goes around 7 = ¢, one undergoes two different fundamental regions. Thus
an f-plane is a complex codimension-one submanifold at which three different regions on the
z-plane corresponding to different fundamental regions meet, while a g-plane is similarly the
place where two different regions meet. The regions on the z-plane corresponding to different
fundamental regions are bounded by real codimension-one domain walls which consist of the

zero loci of the imaginary part of the J-function.
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Furthermore, each region on the z-plane corresponding to a definite fundamental region

is divided by a domain wall
{7| ImJ (1) =0, ReJ (1) > 1} (4.1.11)

(a dashed green line) into two regions ImJ(7) > 0 and ImJ(7) < 0.

On the other hand, a D-brane resides at a discriminant locus A = 0, from which two
domain walls {7| ImJ(7) = 0, ReJ(7) < 0} (a green line) and {7| ImJ(7) =0, ReJ(7) > 1}
(a dashed green line) extend out into the bulk z space (P!) (Fig. EI).

6.
L
2P g-plane
/ cell region
Q
T-wall 2 L

\ s e
0 Siwall @ P\\
. _/ s . : . 1
I / shaded

f-plane cell region

Q@ = >

T-wall

Fig. 4.1: An example configuration of D-branes, elliptic point planes and the cell regions
bounded by the domain walls extended from them. D-branes are located at the loci of A =0,
while elliptic point planes are at the loci of f = 0 and g = 0. In this example we can see
two f-planes at z = 1,2, three g-planes and six D-branes. (This figure is depicted for the
Weierstrass equation (B11) for f and ¢g (B219) with € = 0.9.)

Since the value of J is co at a discriminant locus for generic (i.e. nonzero) values of f
and g, D-branes can never, by definition, touch nor pass through (a non-end point of) the

domain walls because Im.J(7) must vanish at the domain walls.

In this way, the z-space (= P!) is divided into several “cell regions”, which correspond
to different fundamental regions in the preimage of the J-function, by the domain walls

extended from the elliptic point planes (= f-planes and g-planes) and D-branes (Fig. ).
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In particular, f-planes and g-planes extend the domain walls
{r| ImJ(7) =0, 0 < ReJ(7) < 1} (4.1.12)

(blue lines), and crossing through this wall implies that the type IIB coupling locally gets
S-dualized (if starting from the standard choice of the fundamental region) (Fig. B=2). Then
there is a difference in monodromies between when one goes around a D-brane within a single
cell region bounded by some domain walls and when one first crosses through a domain wall,
moves around a D-brane and then crosses back through the wall again to the original position;
they are different by an SL(2,7Z) conjugation. This is what’s happening in what has been

called a “B-brane” or a “C-brane” in the discussions of string junctions. That is, while the

T— ( (1) 1 ) (4.1.13)

as long as the reference point is chosen to be in the standard fundamental region, a non-

monodromy matrix is necessarily

trivial (non-D-brane) (p, ¢)-brane arises if the monodromy is measured by going back and
forth between regions corresponding to different fundamental regions in the preimage upper-

half plane.

We would like to emphasize here that such a local S transformation never takes place
without these “elliptic point planes” (= f-planes and g-planes). If it were not for elliptic
point planes but there are only D-branes, the domain walls extended from them are only the

{7| ImJ(7) =0, ReJ(7) < 0} (4.1.14)
(green lines) and
{r] ImJ (1) =0, ReJ(1) > 1} (4.1.15)

(dashed green lines). So crossing through these walls only leads to a T transformation which

commutes with the original monodromies of D-branes.

In the discussion below, we refer to the domain wall (E-114) (a green lines) as T"-wall and
the one (B1T3) (a dashed green line) as T”-wall, whereas we call the type of domain wall
(E112) (a blue line) S-wall.
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= T . . . .
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Fig. 4.2: Left: The upper half plane and various fundamental regions. The shaded regions are
the regions in which the imaginary part of the image of the J-function ImJ(7) is positive. The
symbol in each fundamental region (such asId, T', S, . ..) is the group element of SL(2,Z) that
maps the standard fundamental region to the fundamental region specified by the symbol.
Right: The images of the J-function (= the whole complex plane). The green, blue and
dashed green lines correspond to the respective boundary components of any one half of (the
closure of) the fundamental regions.

To conclude this section we summarize the definitions of the new objects and notions

introduced in this section as a mini-glossary.

Mini-glossary

f-plane A (complex) codimension-one object corresponding to a zero locus of f(z) in the
Weierstrass form on the z-plane. Represented by a small square in the figures.

g-plane A (complex) codimension-one object corresponding to a zero locus of g(z) in the
Weierstrass form on the z-plane. Represented by a small 45°-rotated square in the figures.
elliptic point plane The collective name for f-planes and g-planes.

T-wall A (real) codimension-one object (domain wall) corresponding to a zero locus of Im.J
with ReJ < 0, extending from a D-brane and a f-plane. Represented by a green line.
T’-wall A (real) codimension-one object (domain wall) corresponding to a zero locus of Im.J

with ReJ > 1, extending from a D-brane and a g-plane. Represented by a dashed green line.
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S-wall A (real) codimension-one object (domain wall) corresponding to a zero locus of Im.J
with 0 < ReJ < 1, extending from a f-plane and a g-plane. Represented by a blue line.
cell region A closed region on the z-plane (P! base of the elliptic fibration) bounded by
the T-, T'- and S-walls. Each cell region corresponds to either half of the (closure of the) 8
fundamental region with ImJ > 0 or ImJ < 0 of the fiber modulus.

shaded cell region The cell region corresponding to the (closure of the) half fundamental

region with ImJ > 0 (Fig. B).

4.2 Relation to “dessin d’enfant” of Grothendieck

In fact, the construction in the previous section is nothing but drawing a “dessin d’enfant” of
Grothendieck [87], known in mathematics, on the P! base with a canonical triangulation.? A
dessin d’enfant, meaning a drawing of a child, is a graph consisting of some black points, white
points and lines connecting these points, drawn according to a special rule. To demonstrate
the rule, let us consider, for example, a function [8]:

(x —1)3(x —9) :1_(372—63:—3)2

F(z) = — = o = 9
(z) 64z 64z :

(4.2.1)

where € P'. Fis a map from P! to P!. At almost everywhere on P!, F is a homeomorphism,
sending a small disk to another in a one-to-one way. However, F' maps a small disk centered
at x = 1 to one centered at F' = 0 in a three-to-one way. Similarly, F' is a two-to-one map
from a small disk centered at z = 342+v/3 to one centered at F = 1. The points z = 1,3+2/3
are said critical points, and the corresponding values of F' are said critical values. If the map
from the neighborhood around a critical point to another around the corresponding critical

value is k-to-one, we say that the ramification index of the critical point is k.

Now the rule to draw the dessin associated with (E221) is as follows: Place a black point at
every preimage of 0, and a white point at every preimage of 1. Next draw lines at preimages

of the line segment [0, 1]. The result is shown in Fig. B=3(a):

The equation (E=21) induces a branched covering over P!. Treating this graph as a

combinatorial object, one can reproduce the information of the branched covering as follows:

5Below we abuse terminology and refer to a “fundamental region” as one modulo points on its boundary.
5 The contents of this section are triggered by a suggestion made by the anonymous referee of Phys. Rev. D.
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Fig. 4.3: (a)(left panel): The dessin for (E221). (b)(right panel): The triangulated dessin.
X represents an oo point. The extra lines have been drawn at the preimages of the segment
[—00,0] and [1,00]. The other oo point is not shown in this figure as it is infinitely far away.

One first adds a point co to each region of the dessin. One then connects each co with lines
to the black or white points as many times as they appear on the boundary of the region.
This yields a triangulation of the dessin. Assigning either the upper- or the lower-half plane
to each triangle depending on the ordering of 0, 1, oo, and glueing these half planes together,

one obtains a branched covering equivalent to the original one [8R].

In the present case, the equation (E-I10) defines a Belyi function, a holomorphic function
whose critical values are only 0, 1 and oo and nothing else. The black and white points
in the dessin shown in Fig. B=3(a) correspond to the f-planes and g-planes. The points co
added in the triangulation of the dessin are D-branes. The lines shown in Fig. B=3(a) are the
S-walls, while the lines connecting the co points and the black or white points drawn in the

triangulation are the T- and T"-walls.

What is special about (EII0) is that it induces a local homeomorphism between the P!
base and the upper-half plane. Indeed, as we saw in the previous section, the correspondence
is one-to-one everywhere, even in the vicinity of the elliptic orbits 7 = ¢%" and 4. This is
so because the J = 0 (f = 0) points are always critical points with ramification index three,
and the J =1 (g = 0) points are always with ramification index two. In this paper, we treat
the dessin not as just a combinatorial graph, but draw the co points and the triangulating

lines (the T- and T’-walls) also as preimages of the J-function, as shown in Fig. B3(b). The
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special feature of (B2110) then allows us to use the (triangulated) dessin as a convenient tool

to compute monodromies, as we see below.

4.3 Basic properties of elliptic point planes
4.3.1 Basic properties of f-planes

As we defined in the previous sections, there are two kinds of elliptic point planes: f-planes

and g-planes. In this section we describe the basic properties of f-planes.

As the name indicates, f-planes are the loci where the function f vanishes. As we saw in
27

the previous section, these are the places where the J-function vanishes and 7 becomes e 3~

(or its SL(2,Z) equivalents).

As we saw in the previous section, the expansion of J(7) near 7 = e is given by (2177).

If there is an f-plane at z = 0, f = 0 there, yielding

f(z) = fuz+ fr® 4+, (4.3.1)
9(2) = geo + ge12 + gs2z" + - -, (4.3.2)
where f4;, ge; are constants with indices running over ¢ =1,...,8 and j = 1,...,12 for a K3
surface and i = 1,...,4 and j = 1,...,6 for a rational elliptic surface. Since
4f3 4f3
/ _ i 21+ 0(2)), (4.3.3)

4f3+27g2 2793,
7(z) asymptotically approaches

T 2
T(z) = e% + f4127‘ri 1
(9980 (e73))5

(4.3.4)

as z — 0. Therefore, 7 is regular near z = 0, and hence an f-plane does not carry D-brane

charges.

Parameterize a small circle around z = 0 by z = ee'? (¢ > 0), then if one goes around along
27 27 1
it once, so does T once around e 3 along a small circle with a radius € [2f11/(992,J" (e”3 ))3]|.

Thus, although the monodromy around an f-plane is trivial, one passes through the boundary
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of the half-fundamental region sixz times on the upper-half plane as one goes once around an f-
plane. Since the neighborhoods of z =0 and 7 = e are homeomorphic, the neighborhood
of z = 0 around an f-plane is also divided into six cell regions corresponding to different
half-fundamental regions. The six domain walls separating these cell regions consist of three
S-walls (blue) with (0 < ReJ(7) < 1) and three T-walls (green) (ReJ(7) < 0), which are

extended alternately from the f-plane, forming a locally Zs-symmetric configuration.

On the upper-half plane, if one starts from the standard fundamental region and passes
through preimages (of the J-function) of a T-wall (green) and an S-wall (blue) to go to
the SL(2,Z) equivalent point, then the SL(2,Z) transformation mapping the original point
to the final point is 7-1S. Further, if one crosses through preimages of a T-wall (green)
and an S-wall (blue) again, the transformation to the final SL(2,Z) equivalent point is
(T719)2 = —ST ~ ST (as PSL(2,7)) .

Since
(T719)% =1, (4.3.5)

T—1S generates a Zs group, which is the isotropy group of the elliptic point 7 = 5. Tt
is easy to show that this 771S transformation acts on the neighborhood of this point as a
% rotation. Therefore, the configuration of 7 near an f-plane is locally invariant under the
simultaneous actions of the spacial Zs rotation and the Zz SL(2,Z) transformation. The

metric near an f-plane is locally Zs invariant.

4.3.2 Basic properties of g-planes

Likewise, the expansion of J(7) around 7 = i is given by (E-IR). Let a g-plane be at z =0
this time. f(z) and g(z) are expanded as

F(2) = fao+ funz+ faed® + - (4.3.6)
9(2) = g612 + ge2z” + -+ - . (4.3.7)
Since
4f° 27951 »
1 2*(14+ 0(z)), (4.3.8)

Af3 42192 Af
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7(2) approaches

3im2 gou
e
4K (L fh

as z — 0. Thus 7 is again regular near a g-plane, therefore a g-plane does not have D-brane

(4.3.9)

T(z) =1+

charges, either. The monodromy around a g-plane is also trivial, although if one goes around
it, one will be passing through the S-walls (blue lines) and the T’-walls (dashed green lines)

alternately, twice for each.

Suppose that on the upper-half plane one starts from an arbitrarily given point near 7 = i
in the standard fundamental region with Rer < 0 and goes through the preimages of an S-
wall and a T"-wall to reach the SL(2,Z)-equivalent point. This move can be achieved by the
SL(2,Z) S transformation. This S transformation acts on the neighborhood of 7 =i as a Zy
rotation. The metric near a g-plane is also SL(2,Z) invariant. Thus the vicinity of a g-plane

is invariant under the Zy rotation associated with the S transformation.

4.4 Simple method to compute the monodromy using the
dessin

Drawing the contours of the walls and the positions of the D-branes and elliptic point planes,
we can have a figure of the complex plane divided into several cell regions such as Fig. B,
which we call a dessin.? For a given Weierstrass equation, the dessin provides us with a very
simple method to compute the monodromy matrices along an arbitrary path around branes
on the complex plane (= an affine patch of the P! or the “u-plane” of a Seiberg-Witten

curve).

4.4.1 The method
To illustrate the method, let us consider the Seiberg-Witten curve of N' = 2 pure (Ny = 0)
SU(2) supersymmetric gauge theory [5]. The equation is

y? = 2® —ux? + x. (4.4.1)

"This corresponds to a triangulated dessin in the sense of Grothendieck.
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Taking u as the coordinate z, we obtain a Weierstrass equation with

1 2 4 1
flu) = =3u?+1, gu) = —zu’+ 2u, (4.4.2)

whose dessin is shown in the upper panel of Fig. B=. Let us compute the monodromy around
each discriminant locus. Choosing a starting point near the left locus (shown as a cross), the

left path crosses the walls as
-G —-B—-G—dG —, (4.4.3)

where G denotes the T-wall, B the S-wall and dG the T’-wall.®

The monodromy matrices for various patterns of crossings are

—-+dG -G = =T,

-G —-dG —»=T71,

—-dG—-B—>= -B—-dG— = 5,

-+ B - G— =57,

- G =B =T7'5, (4.4.4)

where the first wall of each row is the crossing from a shaded cell region (ImJ > 0) to an
unshaded one (ImJ < 0), and the second is from an unshaded to a shaded one. ® The

monodromy matrices are defined as

T_<(1)1>, S_<(1)_01> (4.4.6)

8 G, B and dG are respectively the first letters of Green, Blue and dashed Green. We have avoided using
T, S or T' here as the monodromy matrices for the crossing do not coincide with the names of the walls.

9Therefore, these rules only apply when one computes a monodromy for a path that starts from and ends
in a shaded cell region (ImJ > 0). The rules for computing a monodromy for a path from an unshaded cell
region (ImJ < 0) to another are similar but different:

—-dG >G> =T"1

-G —=>dG — =T,

—-dG—->B—-= -B—>dG— = 5,

- B -G —=S8T",

- G -B—>=T5S. (4.4.5)
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. b\ . .
as usual, where we say that the monodromy matrix is < CCL d ) if the modulus 7 is changed

to

b
7= Mor EZZid' (4.4.7)

They are defined only in PSL(2,Z), i.e. up to a multiplication of —1.
By using the rule (E2232), we can immediately find the monodromy matrix for the path
(B23) as
TSt =17718T!
~ STS, (4.4.8)
where ~ denotes the equality in PSL(2,Z).

Similarly, the crossed walls for the right path are
-G—->dG—-G—-dG—-G—-dG—-B -G —. (4.4.9)
Using rule (I24) again, we find that the monodromy is

T-'.77 .77 . ST =T73ST. (4.4.10)

A confusing but important point of the rule is that, in the first example, the monodromy
matrix 7! which corresponds to the crossings — G — dG — taking place after the crossings

— G — B — is multiplied to 7718 from the right. This will be confusing because if

/ /
M = < CCL Z >, M = < CCL, Z, ) and 7/ = Mor, 7" = M'o7’, then the monodromy matrix

1 //
M" = < v ) representing 7 — 7”7 = M" o T is given by
c

M" = M'M, (4.4.11)
in which M’ is multiplied from the left.

More generally, the following statement holds: Let « be a path specified by the series of
the walls

7= Wi =Wy — - - Wi —, (4.4.12)
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where W; (i = 1,...,k) are either of G, B or dG, and let M, denote the associated mon-
odromy matrix of 4. k is an even positive integer. (If it is odd, a shaded cell region is mapped
to an unshaded cell region or vice versa, and the transformation cannot be an SL(2,Z) trans-

formation). Let 71, 72 be paths specified by the series of the walls crossed by them

v1i— ng) — ng) — = W,(Cll) -,
Yo i WEZ) — Wf) — = W,(C? -, (4.4.13)

and let v1+> 72 be the jointed path
"N 2 i ng) — = W,(:l) — WP — = W,(f; —, (4.4.14)

where we use the new symbol 4> to denote the operation of jointing two paths.™ Then

Proposition.
My oy = My My, (4.4.15)

Remark. As we noted above, the monodromy matrix corresponding to a later crossing comes
to the right, unlike (B2711) in which the matrix for the later transformation is multiplied
from the left.

Proof. By induction with respect to the total number of crossed walls, it is enough to show
the statement for the cases when 7, is any of the crossing patterns (E=2=4). Suppose that
1 starts from a cell region Cy and ends in another Cj, and that ~2 goes from the cell
region C7 to another Co, where s is taken to be any of the crossing patterns (E24), say,
72 == dG — G — and M,, =T. Let P,, (i = 1,2) be the associated maps which send points
in the cell region C;_1 to those in the cell region C;, respectively, such that the torus modulus
over the point is SL(2,7Z) equivalent. We say two points on P! are SL(2,7Z) equivalent if the
torus fiber moduli over them are SL(2,7Z) equivalent. Using this terminology, we can say
that P,, (i = 1,2) are the maps which send the points in C;_; to their SL(2,7Z) equivalent

points in Cj, respectively. Since 7(z) is holomorphic in z and J(7) is holomorphic in 7, the

1OWe will not use the usual symbol for the addition “+” since this operation is noncommutative.
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domain of the map P,, is not necessarily restricted to only Cj but can be extended to outside

Cy as far as it is in a small neighborhood of z.

Let zp be a point in Cp, and let 21 = P,,(20) € C1, 22 = Py,(21) € Co. If we denote 7;
(i =0,1,2) be the modulus of the torus fiber over z; (i =0, 1,2), they satisfy
4f(z)°
4f(2i) +27g(2:)%’
where 7 and T are the values analytically continued from 79 along the paths v;, and then

J(1i) =

(4.4.16)

2. Taking 79 in the standard fundamental region, the transformation from 7y to 71 is given
by 11 = M,, o1y, but consecutive transformation from 71 to 7 is not M,, o 71, as 71 does
not belong to the standard fundamental region in general. Rather, since P, is locally an
isomorphism between a neighborhood around zy and that around z;, the final point z5 can
be written as the P,, image of 2], where 2] is the SL(2,7Z) equivalent point in the cell region
reached along the path 7y first from zp, if z2 is close enough to z; (Fig. B3H). If, on the
other hand, 29 is not close to z1, we can continuously deform the complex structure of the
elliptic fibration so that zo may come close to z;. Since this is a continuous deformation, the
monodromy transformation matrix does not change, as the entries of the matrix take discrete

values. Thus we may assume that zo is close to z;.
Since 79 is taken in the standard fundamental region, 71, the modulus of the torus fiber
over 2, is given by
1 = M, o 7. (4.4.17)
Therefore, since 7 = M, o 7{, we find
To = M,, o M,, o1
= (M,, M,,) o 7o, (4.4.18)

which is what the proposition claims.

In deriving (E218), we did not use the fact that v2 was assumed to be a particular pattern

among (E24), but the relation (B271R) likewise holds for other pattens. This completes the

proof of the proposition.™

1 In this proof, 72 is taken to be a path to the next adjacent cell region, whereas 1 is assume to be some
long path leading to a faraway cell region. If 1 is also a path to another next adjacent cell region, it can be
explicitly checked that the proposition holds in this case as well.



CHAPTER 4. A DESSIN ON THE BASE 51

4.4.2 Example: Monodromies of N; =4 SU(2) Seiberg-Witten curves

The proposition (E4TH) together with the rule (B44) provides us with a very convenient
method to compute the monodromy for an arbitrary Weierstrass model along an arbitrary

path.

Fig. B is a dessin of Ny = 4 SU(2) Seiberg-Witten curve with some mass parameters.
The Weierstrass equation is (2-11) where

f=GE-1)(z-2),
g =€(z—1)(z —2i)(z — 3i)

5. /3 17722 4 /2
1— S Y g —iV6z + —iy /= 4.4.19
+ ( 6)( 162\/;2 + NG Z\fz+3z 3> ( )

with € = 3 x 1077, This choice of g interpolates between the configuration in which all the

g-locus planes are located on the imaginary axis at equal intervals (¢ = 1) and the one in
which four of the six D-branes collide together at z = 0 to form a I singular fiber (e = 0),
with the f-planes fixed at z = 1,2. The figure is the configuration very close to the latter
limit.

As is well known, the one-parameter (“u”) family of tori describe the moduli space of the
gauge theory and can be compactified into a rational elliptic surface by taking the variables
and coefficient functions to be sections of appropriate line bundles, where the u parameter
becomes the affine coordinate z of the base P!. Note, however, that the dessin can be drawn
on this affine patch independently of the choices of the bundles; it only affects how many
D-branes are at the infinity of P!.

This figure shows how the monodromies around the two D-branes on the right (located
at z ~ 1 and ~ 2) change depending on the choice of the reference point. If it is taken far
enough (as marked as a white star), the monodromies along the black contours read M ;
and My ;. This means that, as we show later, a (2,1) and a (0, 1) string become light near
the respective D-branes, showing that the locations of the D-branes are the (2,1) dyon and

the monopole point on the moduli space of the gauge theory, which is well known.

If the reference point is taken closer (as marked as a black star), then the monodromies
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along the dashed black contours are M (= B) and M; (= C), which agrees with the ABC

brane description of the I Kodaira singular fiber.

Finally, if the reference point is taken to be very close to the D-branes inside the cell
regions surrounded by the S-walls, then the monodromies along the dotted contours are both
T, showing that these branes look ordinary D-branes if they are observed from very close to

them.

4.4.3 (p, q)-brane as an effective description

Of course, it is well known that the monodromy changes depending the choice of the reference
point. A monodromy matrix measured from some reference point gets SL(2,7Z) conjugated
if it is measured from another point. What is new here that, by drawing a dessin, we can
precisely see how and from where the monodromy matrix changes and gets conjugated as we

vary the position of the reference point.

For instance, we can see from Fig. B8 that the monodromies around the two D-branes on
the right are either My 1, My 1 or M 1(= B), M; _i(= C) for most choices of the reference
point on the z(= u)-plane, and they are recognized as ordinary (M;o = A) D-branes only
when they are viewed from the points in the tiny regions surrounded by the S-walls. Thus
we see that the effective description of the two branes as (1,1)(= B)- and (1,—1)(= C)-
branes are good at the energy scale lower than the scale of the size of the small cell regions

surrounded by the S-walls.

However, one can also set the mass parameters of the same gauge theory so that the dessin
of the Seiberg-Witten curve looks as shown in Fig. BT, In this case, the S-walls spread into
wide areas of the P'. There is not much difference among the six D-branes, and there is no

obvious reason to distinguish particular two as B or C from the other four D-branes.

Remark. We have seen that a cluster of a D-brane and two elliptic point planes, in which the
former is surrounded by the S-walls extended from the latter, may be effectively identified
as a B- or a C-brane, if viewed from a distance of the size of the cluster. Thus one might

think that an “exact” (p, ¢)-brane (whose monodromy is M), , along arbitrary small loop) can



CHAPTER 4. A DESSIN ON THE BASE 53

be obtained by taking the f- and g-planes on top of each other so that the size of the cell
region the S-walls surround becomes zero. This is not the case, however, since if the f- and
g-planes collide, the order of the discriminant becomes two, implying that another D-brane
also automatically comes on top of the D-brane, f-plane and g-plane. Since it contains two

D-branes, it cannot be identified as a single (p, ¢)-brane in the ABC-brane description.
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Fig. 4.4: The upper panel: The dessin of Ny = 0 SW curve (f(u) = —%uQ +1, g(u) =
—%u‘g + %u) The lower panel: The crossed walls and the corresponding monodromies.
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Fig. 4.5: Taking 79 in the standard fundamental region, the transformation from 7y to 71 is
given by 71 = M,, o 79, but consecutive transformation from 71 to 72 is not M., o 71, as 7
does not belong to the standard fundamental region in general. Rather, we have 7o = M., o7y
with 71 = M,, o 19 as P,, induces an isomorphism.
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Fig. 4.6: Monodromies of Ny = 4 SU(2) Seiberg-Witten curve. It shows how the mon-
odromies around the two D-branes on the right (located at z ~ 1 and ~ 2) change depending
on the choice of the reference point. If it is taken far enough (as marked as a white star), the
monodromies along the black contours read M1 and My 1. If the reference point is taken
closer (as marked as a black star), then the monodromies along the dashed black contours
are M; 1(= B) and My (= C). If, on the other hand, the reference point is taken to be very
close to the D-branes inside the cell regions surrounded by the S-walls, then the monodromies
along the dotted contours are both T.



Chapter 5

Higher-codimension singularities

So far we considered eight-dimensional compactifications of F-theory. Enhancement of gauge
symmetries arise from the singularities of the K3 surface. They are the codimension-one

singularities, namely, the points in the base space of the elliptic K3 surface.

In this chapter we consider higher-codimension singularities. Supersymmetry requires
that the compact space need to be a Calabi-Yau manifold. The Calabi-Yau three-fold can
have not only the codimension-one singularities but also the codimension-two singularities. As

we will see, such codimension-two singularities provide massless matters in F-theory [63-56].

In addition, we also consider the Calabi-Yau four-fold. We will see that phases of res-
olutions of the Calabi-Yau four-fold can be investigated by the Coulomb branch of three-

dimensional N/ = 2 supersymmetric gauge theories [65-68].

5.1 Matters in F-theory

Let us consider F-thoery compactifications on the Calabi-Yau three fold. In particular, we
concentrate on the elliptic fibered Calabi-Yau three-fold over the Hirzebruch surface F),. The
Hirzebruch surface is a P! fibration over P!, which is characterized single integer n. The

Calabi-Yau three-fold is defined as follows: We start with the four homogeneous coordinates

o7
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(v, v, u,v). We introduce the two charges of the coordinates as follows:

u vouow
QMW : 1 1 n 0 (5.1.1)
QW: 0 0 1 1
In other words, we introduce the two identifications between the four coordinates as
(', v u,v) ~ (M, M’ N, v) (5.1.2)
(0 u,v) ~ (d 0 pu, ), (5.1.3)
where A\, u € C and n € Z. The Hirzebruch surface is defined as
F, ={C*—-(0,0,0,0)}/ ~, (5.1.4)

which is labeled by an integer n. If n = 0, the surface becomes the direct product P! x P!.

The elliptic fibered Calabi-Yau three-fold over the Hirzebruch surface is described by the

Weierstrass form. We introduce the affine coordinates as
, U
Z = — z=—. 5.1.5
! (5.1.5)

The Weierstrass equation is given by

y’ =2+ f(z,2)z + g(2,7), (5.1.6)
where
8 .
f(z,2) = Z 2 fla—iynts(2'), (5.1.7)
i=0
12
9(z,7') = Z 2 96— jyn+12(2"). (5.1.8)
j=0

The subscripts of f4_i)n+s(2') and g(g_jyn4+12(2') represent the degree of the polynomial. The
each terms of f and ¢ is determined by the charges in (BI), i.e. the each polynomials have
the same charges. The charges of x and y are assigned as follows:

T Yy

QW : 2n+4 3n+6 (5.1.9)
QW . 4 6
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The discriminant is given by
Az, 2') = 4f3(2,2') + 27¢%(2, 2)
= (4f2n18(2) + 2798,112(2)
+ (12/7,18(2") fants(2") + 54g6n112(2 ) gsnt12(2)) 2
+ (12f42n+8(z/)f2n+8(zl) + 12f4n+8(2/)f§n+8(2/) + 54G6n+12(2") gan+12(2") + 27952m+12(2/)) 2?
+ ...

+ (412 4n18(2) +270% 6n112) 2.
(5.1.10)

5.1.1 An example: [, — I3

As an example, let us consider the codimension-two singularity where the fiber type I5 en-
hances to I3. The stack of two 7-branes intersects with another 7-brane at this point. Matters
appear at the singular point. The corresponding gauge groups are SU(2) — SU(3). We as-
sume that the codimension-one singularity where we have the fiber type Io is localized at

z = 0. The orders of f, g and A are given by
ord(f) =0, ord(g) =0, ord(A)=2. (5.1.11)

The fist two equations imply fin+8(z’) # 0 and ggn412(2') # 0 at z = 0. The last equation

means

{ 4finrs(2) + 2795, 112(2') = 0, (5.1.12)
1270 48(2") fant8(2) + 54G6n112(2")gsnt12(2') = 0 (5.1.13)

at z = 0. As a solution to (B2I12), we choose

gen+12(2") = 2h3,, 14 (),

where ho,14(2') is a polynomial that has the degree of (2n + 4) and where we assume

hon+4(2") # 0. Then, the second equation (62113) provides

gsn+12(2') = — fan4s(2 ) hanta(?), (5.1.15)



60 5.1 Matters in F-theory

thus when the identity is satisfied, we have SU(2) symmetry at z = 0.

Inserting (5114) and (6114), we obtain

A(z, 2
— (108 fonss (=) 4 () + 1080142 )gans12(2)) — Of 15(2) Bnia ()22 + O(%),
(5.1.16)
where O(z3) represents the terms whose the degrees are 3 or higher. When
108 fant8(2")P3p44(2") + 108h2014(2 ) gans12(2") — 9f5015(2") = 0, (5.1.17)

the order of the discriminant is enhanced to 3, namely, ord(A) = 2 — 3, which means that

the fiber type I is enhanced to I3T.

The matters are localized at the codimension-two singularity where the equation (B117) is
satisfied. Let us count the number of the matters. In the sense of N' = (1,0) supersymmetry
in six dimensions, the matters are the hypermultiplets. There are the two types of the
hypermultiplets; the neutral and the charged hypermultiplets. The number of the neutral
hypermultiplets corresponds to the dimensions of complex moduli for ¢ = 0,1,2,3 and j =

0,1,2,3,4,5in (612) and (518)2. The Weierstrass equation that satisfy (E114d) and (E11H)

is given by
y® =2° = 3whd, 4 () + 283, 1 4(2) — 2 fanis () hanta(Z)
8 12
, . (5.1.18)
+x Z 2 fla—iynys(2)) + Z 2 9(6—jyn+12-
i=1 j=2

The dimensions of complex moduli are given by the number of the coefficients of the polyno-
mials. We obtain

(neutral)

gy =2n+5)4+Bn+9)+2n+9)+ (n+9)
4 (An+13) + (3n+13) + (20 + 13) + (n+ 13) — 1
—18n + 83, (5.1.19)

"When hania(2') =
fants(2') = gon+12(2')
type I11.

2When we consider elliptic fibered K3 surfaces, singular fibers are placed at z = 0. In the case of the elliptic
fibered Calabi-Yau three-fold over the Hirzebruch surface, however, fibers become singular at z = 0 and oo.
The fact that we consider z = 0 is reflected on i = 0,1,2,3 and 5 = 0,1,2,3,4,5. As we will see in the next
subsection, the two lines z = 0, co correspond to each Fg in Eg x Ejg heterotic superstring theory.

0, the order of the discriminant also becomes ord(A) = 3. In this case, we have
= gsn+12(2’) = 0, that is, ord(f) = 1 and ord(g) = 2. This corresponds to the fiber
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where the last —1 implies an overall factor.

The charged matters arise from the extra zero-locus (621-14). The degree of the left hand
side in (B114) is 6n+ 16. In general, when a gauge group H is enhanced to G, the matters of
G/(H x U(1)) emerge. In this case, SU(2) is enhanced to SU(3). We decompose the adjoint
representation of SU(3) into SU(2) x U(1):

8=3+2+2+1, (5.1.20)
that is, the hypermultiplets are in 2. Therefore, number of charged matters is given by
n{hreed) — 9. (61 + 16). (5.1.21)

We get the total number of the matters

(charged)

tral
ng = nls + n(neu ral)

= 30n + 115. (5.1.22)

As we will see in the next subsection, the number ny is consistent with the six-dimensional

anomaly cancellation in the heterotic side.

5.1.2 Dual heterotic theory

The F-theory compactification on a Calabi-Yau three-fold whose base space is a Hirzebruch
surface is dual to Fg x Fg heterotic superstring theory compactified on an elliptic fibered K3
surface. This is interpreted as the fiberwise duality between F-thoery on K3 and Eg x FEg

heterotic theory on T2
First of all, the three-form that is introduced in order to cancel an anomaly is given by
H =dB + w31, — wsy, (5.1.23)

where w3y, and wsy are the Lorentz and the Yan-Mills Chern-Simons three-form, respectively.
Since the three-form H needs to be globally well defined, the integration of the exterior

derivative of H over K3 must be zero®:

11 , 1.
- t — —TrF* ) = .1.24
28W2/Kg<r3 T ) 0, (5.1.24)

3We denote traces in the fundamental representation as “tr”, and the adjoint representation as “Tr”.
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where we multiply the factor 1/(1672). The first term in the left hand side is half of the
Pontryagin number, and it gives 24 for K3. On the other hand, the second term in the left
hand side represents the instanton number. As a result, the configuration of the gauge field

has the 24 instantons in the K3 surface.

We denote the instanton numbers as (12 + n,12 — n) for each Eg. The parameter n
corresponds to the label of the Hirzebruch surface F, in dual F-theory. When the 12 + n
instantons break the first Fg to some gauge group G, we obtain the charged hypermultiplets
and the neutral hypermultiplets.

Next we consider the numbers of the charged hypermultiplets and the neutral hyper-
multiplets. Spin-half particles in six dimensions come from gravitinos and gauginos in ten
dimensions. We concentrate on the latter. When a gauge group G is broken to G’ by the
gauge field getting a value on H, the adjoint representation of G is decomposed into a sum

of the representation of (G', H):

G=> (L;,Cy), (5.1.25)

(]
where G is the adjoint representation of G, L; and C; are the representations of G’ and H,

respectively. Thus the number of the spin-half particles in L; is given by the index of the
spin-half particles in C; of K3:

1 1 2 1 . 2
ni=g3 /K3 <2t1"CiF - @dlm(ci) trR > (5.1.26)
T 1 2 .
= 5.2 /}(3 5TrF — dim(G;), (5.1.27)
where
1:1‘(31.F2
ri = (5.1.28)

is depend only on the representation C;. The r; is given by Table BTl.
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G/XHCG:Eg G = 248

trciFQ

E7 x SU(2) (133,1) + (56,2) + (1,3)

tl‘3F2 = 4tr2F2

Ees x SU(3) (78,1) + 2(27,3) + (1,8)

trg 2 = 6trg F?

(66, (1,1)) + (32,(2,1)) + (32, (1,2))
+(12,(2,2)) +(1,(3,1)) + (1,(1,3))

SO(12) x (SU(2) x SU(2))

tr(2,2)F2 = 2(tr(2,1>F2 + tr(1,2>F2)
tI‘(371)F2 == 4tr(2,1)F2

50(10) x SU(4) (45,1) + (16,4) + (10,6) + (1,15)

trg 2 = 2tra F?

tr15F2 = 8'61“4F2

SO(8) x SO(8) (28,1) + 3(8,8) + (1, 28)

tr23F2 = 6tr8F2

(35,(1,1)) +(20,(2,1)) +2(15, (1, 3))
+2(6,(2,3)) + (1,(3,1)) + (1,(1,8))

SU(6) x (SU(2) x SU(3))

tI'(3)1)F2 = 4tr(2,1>F2
tr(lys)FQ = 6tr(1,3)F2
tr(z’g)F2 = 3tr(271)F2 + 2tr(1,3)F2

SU(5) x SU(5) (24,1) + 2(5,10) + 2(10,5) + (1,24)

tr10F2 = 3tr5F2

troaF?2 = 10trs F2

SU(4) x SO(10) (15,1) + (6,10) + (4,16) + (1,45)

tI‘16F2 = 2t1‘10F2

tl"45F2 = 8tr10F2

SU(3) x Es (8,1) +2(3,27) + (1,78)

tr7sF2 = 4'61"27F2

SU(2) x Ex (3,1) 4 (2,56) + (1,133)

tI‘133F2 = 4t1“56F2

Table 5.1: The decompositions of the adjoint representation of Eg.

When the gauge field F' has 12 + n instantons in Ejg, the number of the hypermultiplet is

given by

n; = 307;(12 + n) — dim(C;).

(5.1.29)

We summarize the numbers of the charged hypermultiplets and the neutral (singlet) hyper-

multiplets in Table B2. Note that H consists of the direct product of the two groups for the
cases of G’ = SO(12) and SU(6). This is the reason why there is the parameter r in the case
of rank 6 in Table B2, that is, we denote the instanton numbers of SU(2) and SU(3) as 4+

and 8 +n — r, respectively.

Let us see the case of SU(2), which we considered in the previous subsection from the
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point of view of F-theory. We see that the numbers of the charged and the neutral hypermul-
tiplets in Table b coincide with nghargEd) and ng eutral) t1at are derived from the F-theory

compactification on the Calabi-Yau three-fold.
Finally, we consider anomaly cancellation in six dimensions. The condition of anomaly
cancellation is given by

H—V =273 — 29T, (5.1.30)

where H, V and T are the numbers of hypermultiplets, vector multiplets and tensor multi-
plets, respectively. The tensor multiplet comes from the gravity multiplet in ten dimensions,
so that T'= 1. H includes 20 hypers which come from the gravity multiplet. For each FEg

which has 12 + n or 12 — n instantons, the conditions of anomaly cancellation are
ng —ny = 1124 30n or 112 — 30n. (5.1.31)

For the SU(2) case, according to (B0122), ny = 30n + 115, and ny = 3. We can see that the

condition of anomaly cancellation is satisfied.
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Gauge group Charged hypers Neutral hypers
Er (~42) 56 2n 421
Eg x U(1) (2E8) (27 +27+1+1) 2n+21
SO(12) x SU(2) (2£8) [(32,1) + (12,2)] 2n+21
Es (n+6)27 3n + 28
SO(10) x U(1) (n+6)(16 +10 + 1) 3n + 28
SU(6) x SU(2) (n+6)[(6,2) + (15,1)] 3n + 28
SO(12) (%+4) 32 + (n + 8)12 2n + 18
SU(6) x U(1) (4) (15 +15+1+1) + (n+8)(6 + 6) 2n + 18
SO(10) x U(1) (%+4) (16 +16) + (n +8)(10 + 1 + 1) 2n + 18
SO(10) (n+4)16 + (n+6)10 4n + 33
SU(5) x U(1) (n+4)(10+5+1)+ (n+6)(5+5) 4n + 33
SO(8) x U(1) (n+4)(8.+85)+ (n+6)(8+1+1) 4n + 33
SU(6) (5)20+ (16 +r 4+ 2n)6 + (2+n —r)15 3n—r+21
SUGB)xU@)  (5)(10+10)+ (16 +7+2n)(5+1)+ (2+n—7)(10+5) 3n—r+21
SO(8) (n+4)(8, + 8.+ 85) 6n + 44
SU(4) x U(1) (n+4)[(6+1+1)+(4+4)+ (4+4)] 6n + 44
SU(5) (n+2)10 + (3n + 16)5 5n + 36
SU(4) x U(1) (n+2)(6+4)+ (3n+16)(4+1) 5n + 36
SU(4) (n+2)6+ (4n + 16)4 8n + 51
SU(3) x U(1) (n+2)(8+3)+ (4n+16)(3 +1) 8n + 51
SU(3) (6n + 18)3 12n + 66
SU(2) x U(1) (6n +18)(2 +1) 12n + 66
SU(2) (61 + 16)2 18n + 83

Table 5.2: The number of the hypermultiplets.
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5.2 Resolutions of Calabi-Yau four-folds from gauge theories

As seen in the previous section, matters arise from codimension-two singularities in the F-
theory compactifications. Calabi-Yau three-folds can have codimension-one and two singular-
ities. On the other hand, if we consider more phenomenological physics such as grand unified
theories (GUT), we need to deal with Calabi-Yau four-folds in F-theory. The Calabi-Yau
four-folds can have not only codimension-one and two but also codimension-three singulari-
ties. The codimension-three singularities determine the structure of Yukawa couplings in the

four-dimensional theory that is the theory of the 7-branes world-volume.

Supersymmetric gauge theories are a powerful tool for examining structure of geometry.
Such gauge theories are realized by string theory compactifications on Calabi-Yau manifolds®.
Geometry of Calabi-Yau manifolds associates with their moduli spaces. There are many

related works. [B5-68, 8G-10T]

In this section, we consider F/M duality. F-theory compactifications on Calabi-Yau four-
folds are dual to M-theory compactifications on Calabi-Yau four-folds, which present three-
dimensional N' = 2 supersymmetric gauge theories. The geometry of the Calabi-Yau four-fold
determine the structure of the gauge theory. In particular, the condimension-one singularity
decides the gauge group, and the network of the small resolution corresponds to the structure
of the classical Coulomb phase since the resolution corresponds to the symmetry breaking

65, C00-102].

As an example, we consider SU(5) gauge theory with Ny chiral multiplets in 5 and
10 representation. We set that masses of the chiral multiplets are zero. In addition, we
assume that there is no classical Chern-Simons term. The vector multiplet in the adjoint
representation includes a real scalar field ¢. In general, SU(5) gauge group breaks to U(1)*
by the VEVs of the scalar. The Coulomb branch is described by the Weyl chamber. We

choose the fundamental Weyl chamber as

a;- ¢ >0, (5.2.1)

4Gy and Spin(7) manifolds are also considered, but we do not discuss such manifolds.
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where @; (i =1,2,3,4) are the simple roots of SU(5):
B = (2,-1,0,0), & =(-1,2,-1,0), d=(0,-1,2,—1), ds=(0,0,-1,2). (5.2.2)
¢ = (', 9%, ¢, $*) is the VEV in the Cartan subalgebra of SU(5).

Now we have the chiral multiplets, which make a substructure in the Coulomb branch.

The Lagrangian includes the mass terms of the chiral multiplets Q(f):

N ‘qu(f)r _ 5. QW ’
f

where f = 5 or 10 representation and &y is its weight. Note that when d_; Wy = 0, the

(5.2.3)

corresponding matter becomes massless. In the sense of geometry of Calabi-Yau manifolds,

it corresponds to the singularity with higher-codimensions.

Let us classify the region of the Coulomb branch. The region is divided by the zero loci
of & -, namely, the region is characterized by qg Wy >0or (E -y < 0. However, not all the
regions are allowed since we are working on the fundamental Weyl chamber (B221). We show
the consistent phases for 5 representation in Table b=3 and for 10 representation in Table
Ba. We have four phases in 5 representation and eight phases in 10 representation. When

we obtain the tables, we use the weights for 5 representation,

wl_(looo) wg_< 171700) w??_(07_17170)7

(5.2.4)
@8 =(0,0,—1,1), @2 =(0,0,0,—1),
and for 10 representation,
&1% = (0,1,0,0), @%=1 ,—1,1,0), @30 = (1,0,-1,1), &%= (1,0,0,—1),
@39 = (=1,0,1,0), &%= (-1,1,-1,1), @2%=(-1,1,0,-1), (5.2.5)

_‘E:SLO - (Oa *1707 ]-)7 _‘10 (Oa )) _;11(? - (0707 7130)-

Since we have the matters in both 5 and 10 representation in the gauge theory, we need
to combine the two phases for 5 representation and for 10 representation. However, not all
combinations are allowed. For instance, let us consider the combination of I5 and I;9. We

find that the phase I5 implies

0< @' < ¢? < ¢ < ¢t (5.2.6)
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& % o o @
Is + + + -
I + + + - -
s + + - - -
vs + - - - -

Table 5.3: The phases for 5 representation.

=10 @%O Q—%O @&0 (‘3510 (Z%O LU%O —%O =10 (25%8

Lo + + + + + + + - = =
Mo + + + + + + - - = =
Myp + + + + + - - - = =
Ve + + + + - - - - - =
Vie + + + - + + - + - -
Vipbh + + + - + 4+ - - - =
Viljp, + + + - + - - - - =
Villie, + + - - + - - = = =

Table 5.4: The phases for 10 representation.

On the other hand, the condition 5 -39 > 0 in the phase I;o provides
o' > ot (5.2.7)

so that the combination of I5 and I1¢ is empty. The combinations that are not empty are
shown in Table bZ3. We have twelve phases, which correspond to the different resolutions of

the Calabi-Yau four-fold in the geometric sense.

1 2 3 4 ) 6 7 8 9 10 11 12
5 | Il | IIl5 | IIs IIls | III5 | IVs Is IIs | 1Is 115 IIs II5
10 | Iipo | ITyo | III10 | III10 | IV1i0 | IV10 | Vio | V1o | Vlio | VIio | VIIip | VIIIig

Table 5.5: The possible phases.
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The boundaries of the phases are codimension-one surface where gi_; - g = 0, that is, the
phases are cones. The cones are defined as 5 - g; > 0, where ¢g; with i = 1,2, 3,4 are the four
generators. For each phase, we find the generators in Table B8. For example, the phase 1 is

represented by

¢-(2,-1,0,0) >0, ¢-(0,-1,2,—1) >0, ¢-(0,0,—1,2) >0, ¢-(—1,1,0,—1) > 0. (5.2.8)

Phase Generators
1 (2,-1,0,0), (0,-1,2,-1), (0,0,-1,2), (—=1,1,0,—1)
2 (0,-1,2,-1), (1,0,0,-1), (-1,1,-1,1), (1,—1,0,1)
3 (-1,2,-1,0), (0,0,—1,2), (1,0,0,—1), (0,—1,1,0)
4 (0,0,-1,2), (-1, 0,1,0) (1,-1,1,-1), (0,1,—1,0)
5 (0,—1,2,-1), (0 0,-1,2), (— 1,1,0 0), (1,0,—1,0)
6 (-1,2,-1,0), (0, —-1), (0, ,2), (1,-1,0,0)
7 (2,-1,0,0), (-1,2,—-1 0) (0, — —-1), (0,0,—1,1)
8 (2,-1,0,0), (-1 ,0), (0 0,1, 1), (0,-1,0,1)
9 (2,-1,0,0), (-1 ,1), (0, 1,0), (0,1,0,-1)
10 (2,-1,0,0), (0, 1), (—-1,0,0,1), (0,1 —1,0)
11 (—-1,2,-1,0), (1, , 1), (-1,0,0, 1), (1,-1,1,-1)
12 (2,—-1,0,0), (-1, ,0), (0, ,2), (—=1,0,1,-1)

Table 5.6: The generators of the phases.

The two phases that share the same boundary are adjacent. The two adjacent phases have
the generator with the opposite sign each other. For example, the phase 1 and 2 are adjacent.
The phase 1 has the generator gff) = (-1,1,0,—1), and the phase 2 has gff) =(1,-1,0,1),
namely, §(41) = —g’f) . The phase 1 and 2 share the same boundary represented by

¢-(~1,1,0,—1) =0. (5.2.9)

In Fig. B, We draw the network of the relations between each phase. The connected two
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phases are adjacent. In the Calabi-Yau four-fold, the adjacent phases are related by flop

transitions.

Investigating the Coulomb branch of three-dimensional N' = 2 gauge theories, we can
classify resolutions of Calabi-Yau four-folds. In the case of SU(5), we find the twelve phases.
Each phase corresponds to the different resolutions of the Calabi-Yau manifold. All of the
resolutions are realized by the toric resolutions, the algebraic resolutions and its flop tran-
sitions in [65]. The allowed regions of the Coulomb branch are completely classified by the

decorated box graph [66-68]. The box graph is constructed by boxes with signs (or color).

Fig. 5.1: The network of phases of SU(5) gauge theory.



Chapter 6

Half-hypermultiplets and
incomplete /complete resolutions

6.1 Half-hypermultiplets in six-dimensional F-theory

Half-hypermultiplets arise when the unbroken gauge group is SU(6), SO(12) or E7 [63-55,
57,60]. These models can be systematically obtained by tuning the complex structure of the

SU(5) model.

We start with the six-dimensional compactification on F-theory on an elliptically Calabi-
Yau three-fold over a Hirzebruch sursface F), [63,54]. Let z, s be affine coordinates of the

fiber and base PUs, respectively®. The Weierstrass equation
y? =23+ f(z,8)x + g(z, s) (6.1.1)
develops an SU(5) singularity if [bA]

f(z,8) == 3hp o+ 1212 s Hyraz — 12 (HZ 4 — hngodnis) 2° + fars?® + fs2h,  (6.1.2)
9(z,8) =2h8 5 — 12h} o Hyyaz + (24hi+2H,%+4 - 12hi+2qn+6) 22

+ (—fn+8h31+2 + 24hy o Hp 1 4qni6 — 16H2+4) 2 (6-1-3)
+ (_fShEH-Q + 2fn+8Hn+4 + 12q,21+6) Z4 + gn+12z5 + 912267

In Chapter B, we denoted s as z’.

71
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where hpy2, Hntd, qnte, fn+s and gpi12 are polynomials of s of degrees specified by the
subscripts. This Calabi-Yau three-fold admits a K3 fibration, and we work with one of the
rational elliptic surfaces in the stable degeneration limit of the K3 so that the orders of
the polynomials f(z,s) and g(z,s) are truncated at z* and 2%, respectively. This suffices
since the anomalies cancel for each Fg gauge group, and also we are interested in the local
structure of the singularity. = and y are then taken to be sections of O(2(—Kp, — Cp)) and
O(3(=Kp, —Cp)), where Cj is a divisor class with C§ = —n, satisfying —Kp, = 2Co+(2+n)f
with the fiber class f. Similar modifications are necessary for f(z,z’) and ¢(z,2’). This
deviation from the anti-canonical class (and hence from a Calabi-Yau) is because we consider

a rational-elliptic-surface fibration.

The Weierstrass equation (B1) with (B12) and (B1=3) can be written in Tate’s form as

Y% + 2+ ozt + 62 + a2’ + a2’ + a32?y + asza? + asz’y’ =0 (6.1.4)
with
a0 = gn12 — 2Hpiafs, az = fuis, az =4V3igue, (6.15)
ay = —6H,44, a5=2V3ihyio, as=fs, as= g
For completeness we write z, y in (E1J) in terms of 2/, ¢ in (614):
1 1
r=x+ = a4z—fa§ ,
3 4
(6.1.6)

1
Y =t <y' + 3 (a5:£ + ang)) .

6.1.1 SU(6)

To obtain an equation for SU(6) gauge group, which yields half-hypermultiplets, we set [63]
hpyo = trhpio oy,
Hyya=t-Hpya o,
Gn+6 = Urtahnto—r, (6.1.7)
frts = trfors—r — 1204 aHpgar,

gn+12 = 2(“T+4fn—r+8 + fStan—r+4)~
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Then the spectral cover factorizes as

0 = apz’ + ap2®2’ + a3y’ + agza’ + asa’y’
= (a:/tr + 222u,~+4) (z3fn_r+8 + 2i\/§y/hn_r+2 - sz/Hn_r+4) ,

indicating that the SU(5) instanton is reduced to an SU(3) x SU(2) instanton in the heterotic

(6.1.8)

dual. In this specification f(z,2’) and g(z, z’) become
Fsue)(2:8) = = Btphp o + 1226005 o Hyypia + 2% (126 urgaby o p — 1267 H 4 y)
+ 2% (ty f—rts — 120 a Hy—ria) + fs2?,
(6.1.9)
and
9su(6)(7:8) =260h5 5 — 12260h5 9 Hria
+ 2% (24t hi o Ho g — 1260w ahi o)
+ 2% (=t) frrsghi o + 36t urahy o Hy g — 166 HY L)
+ 2 (= fatrhy o+ 26 frrys Hoppa + 1207 gh o — 24t,up g HY 4 y)
+ 2% (2fstr Horya + 2uriafrris) + 9122°
(6.1.10)
The discriminant reads
Asue) =92° i (6 (1291205 0 — fr—ris)
+ 12 (=24 fsurpah?_, o — 240 a fr s Hporia) (6.1.11)
— 144t 0] Hyy g — 96U ghiy o yp) + O(27).
Thus the Weierstrass model with (E179),(6110) indeed has a codimension-one SU(6) singu-
larity along z = 0.

The zero loci of ¢, are the points where the SU(6) singularity is enhanced to Fg, those of
hn—r42 are the ones to Dg, and those of the remaining factor of degree 2n + r + 16 are the
ones to Ag. They respectively yield r half-hypermultiplets in 20, n — r + 2 hypermultiplets in
15 and 2n + r + 16 hypermultiplets in 6.

The number of the complex structure moduli is 3n—r+21, which satisfies the anomaly-free
constraint
ng — ny :20-g—l—15(n—r+2)+6(2n+r+16)+3n—7"+21 —35

(6.1.12)
=300 + 112.
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Note that this condition does not hold if the multiplets in 20 are ordinary hypermultiplets.

6.1.2 SO(12)

To further obtain an equation for SO(12) gauge group, one only needs to set hyio_, = 0 in

(B177). The spectral cover is now

1
(2'tr + 22%up14) (m’Hnr+4 — 622 fnr+8> = 0. (6.1.13)

These factors are in the same form, corresponding to two SU(2)’s of the instanton gauge

group of the heterotic theory.

Then f(z,s) and g(z, s) are
fsoan (z,8) = —122°CH2 4+ 2° (tr faerss — 12uppaHyrpa) + fs2?, (6.1.14)

and
gsoq2)(z,8) = — 16220 H oy + 22" (8 frorysHp—pya — 1260, s HY )

(6.1.15)
=+ 2,25 (fStan7T+4 + u?‘+4fnfr+8) + 91226-

The discriminant is given by

Asoa) = —36252H2_ 4 (tr fuoris + 12ursaHyrpa) > + O(2). (6.1.16)

The zero loci of both ¢, and H,_,+4 give rise to F7; singularities to yield n + 4 half-
hypermultiplets. The loci of the remaining factor are Ay singularities, giving n + 8 hypers
in 12. With additional neutral hypermultipltets from the 2n + 18 complex structure moduli,

we have

n—+4
oy =320 19+ 8) + 2+ 18 — 66
v - T8+ m (6.1.17)

= 30n + 112

as it should be. Again, if 32 is not a half-hyper, the anomaly does not cancel.
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6.1.3 E;

Finally, the E7 model can be obtained by setting Hy,_,4+4 = 0 in the SO(12) model. This
amounts to set hypy2 = Hpyya = @nye = 0 in the SU(5) model. The gauge group of the
heterotic vector bundle is SU(2). f(z,s) and g(z, s) are simply given by

fEr(2,8) = fays?® + fa2, (6.1.18)
and
957 (2, 8) = gny122° + g122°. (6.1.19)
The discriminant is
Ap, =4f3 32"+ 0(z") (6.1.20)

implies that n + 8 half-hypermultiplets in 56 of 7 arise. Again they must be half-hyper as

n+8
oy =56- 2% 4y on 91— 133
v g Tt (6.1.21)

=30n + 112.

6.2 Incomplete resolution: Dy — E7

In this section, we concentrate on the incomplete resolution of the case of Dg — E7 [6Y]. We
consider a Weierstrass model on a base two-fold Bs with local coordinates {z, s}, where the
codimension one singularity arises along z = 0 and the codimension-two singularity arises at

s = 0 on the z = 0 complex line.

6.2.1 Blowing up p; first

‘We consider the model
O(x,y,2,8) = —y 42+ f(z,s)z+g(z,s) =0, (6.2.1)

where

f(z,s) = —3s22% 4 23,

L. . (6.2.2)
g(z,8) = 252" — sz™.
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At s # 0, the orders of f, g and the discriminant A in z are (2,3,6), while at s = 0, they
are (3,00,9). Therefore (E222) describes the enhancement I5; — IV* of the Kodaira type,

satisfying the requirement.

1st blow up

With (6222), Equation (6221) reads

O(z,y, 2,8) = 22%(2 — 35%) + 52°(2s* — 2) +2° — 2 = 0.

(6.2.3)

This model has a codimension-one singularity at (0,0,0,s). We blow up this by replacing

the complex line (z,y,z) = (0,0,0) with P? x C in C* by passing to the following charts

corresponding to three affine patches of P? for fixed s.

Chart 1,
The Calabi-Yau three-fold that is blown up is given by

(I)(wvxyla Tz, S) = .T2q)$($, Y1, 21, 8)7

where

y (2, y1,21,8) = 2° (2 — s27) + 2 (s21 = 1)7 (2821 + 1) — 4.

The exceptional curve C; and the singularities are
Ciinly,: x2=0, y1=0.

. . 1 1
Singularities :  (x,y1,21,8) = <0,0, ,s) , (0,0, —2,s> .
s s

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

These singularities are of codimension-one, which we refer to as p; and ¢1, respectively.

Chart 1,

‘I)($1.% Y, Yz, 5) = y2®y(‘r1a Y, <1, 8)7

Oy (z1,y, 21,8) = 253y23 + xy2? (yz1 - 352) — sy’ i +ady —1,

C1in 1, : Invisible in this patch,

Singularities :  None.



CHAPTER 6. HALF-HYPERMULTIPLETS AND INCOMPLETE/COMPLETE
RESOLUTIONS 77

In chart 1,, the exceptional curve cannot be seen, and hence has no singularity.

Chart 1,

O(z12,912,2,8) = 22®,(x1, 1, 2, 5), (6.2.12)

D, (21,y1, 2, 8) = z (28 — 3s*w1 — sz + 2} + 212) — Y} (6.2.13)
Ciinl,: :2=0, y; =0. (6.2.14)

Singularities :  (x1,¥1,2,5) = (5,0,0,s), (—2s,0,0, s). (6.2.15)

The two singularities are the same as (622-4). The first singularity is p;, while the second is

q1-
2nd blow up

In the 1st blow up, we have found two singularities. There are two ways to resolve them.
Either we blow up at p; first, or we do at g1 first. In this subsection, let us blow up at p;
first.

In order to blow up the singularities of @ (1,1, 2,s) = 0 at p;, we shift the coordinate

x1 so that the singularity comes to (0,0,0, s). Defining
U, (Z1,y1,2,8) = P (T1 + 8,91, 2,9), (6.2.16)
the singularities of ¥(Z1,y1, 2, s) are now at (0,0,0,s) (= p1) and (—3s,0,0,s) (= q1). We

blow up the singularities of ¥, (Z1,y1, 2, s) at (0,0,0,s).

Chart 2,,

U, (&1, F1y, #1272, 8) = B3 Wag (1, 2, 22, ), (6.2.17)

U, (%1, Y2, 22,8) = T122(3s + T1 + 22) —y%. (6.2.18)

Coin 2.0 &1 =0, yo = 0. (6.2.19)

Singularities :  (Z1,y2, 22,s) = (0,0,0,s), (0,0,—3s,s), (—3s,0,0,s). (6.2.20)
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We find three singularities in this chart, and we name the first singularity (0,0,0,s) as g2

and the second one (0,0, —3s, s) as ra, respectively. The third one is the same as ¢;.

Chart 2.,

In this chart, we do not have singularities.

Chart 2,,

U, (Zoz,y22,2,8) = zQ\IIZZ(ig, Y2, 2, 8),
U..(%2,Y2, 2, 8) = Toz (3sda + T52 + 1) — 3,

Coin2,,: 2z=0, y2=0,

1
Singularities :  (Z2,¥2, 2, 8) = (0,0,0, ), <—3,0,0,s> )
s

We observe two singularities. The former, we denote as g2, is one which can only be seen in

this chart, while the latter is ro already seen in chart 2,,.

3rd blow up

We blow up the singularities of ¥,, (%1, y2, 22,5) = 0 at po:

Chart 3.,

~ o~ ~ ~92 ~
\I’zx(ﬂjly T1Y3, L1%3, 5) = xlqua:x(fla Y3, 23, 5)7
~ ~ ~ 2
VU.ore(Z1,Y3,23,5) = 23(3s + T123 + T1) — ¥3,
. ~ 2
C3in 3,4, 21 =0, y3 = 3523,

Singularities :  (Z1,ys, 23,5) = (—3s,0,0, s).

The singularity is g1, which we have already seen in Chart 1, and 1,. If s # 0, this singularity

is not on the exceptional curve Cs.
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Chart 3,

\Ilzr(-i'?)z% Y3zz2, 22, 3) - Zg\pzxz (-i37 Y3, 22, 8)7
U (83, Y3, 22, 8) = 35%3 + T3(F3 + 1)20 — 3,
C3in3..,: 2 =0, y2 = 353,

Singularities :  (Z3,ys, 22,8) = (0,0, —3s, ) = ra.

This singularity is also not on Cs when s # 0.

Therefore, there are no singularities on C3 when s £ 0. This is the reason why the reso-
lution is incomplete; in the complete case there appears another codimension-two singularity
on C3 so that the intersection diagram acquires an additional node to comprise the £ Dynkin

diagram.

The remaining singularities are resolved by blowing up at 3, g1 and g2, which are all
codimension-one. Since 7o and ¢; are different points on C3, while g is not on C3 but on Co,

they can be independently blown up.

The whole process of blowing up is summarized in Table G

1st blow up 2nd blow up 3rd blow up 4th blow up
po— | p1(s:0:1) = | pp (1:0:0) (in 2.,) — | regular
1(=25:0:1) (1 0:0) (£, =—-3s) | q1 (1:0:0) (2 = —3s) — | regular
D) ( —3s) 75 (0:0:1) (25 = —3s) — | regular
(0 0: 1) (in 2,,) — | regular

Table 6.1: The incomplete case when p; is blown up first. The singularities appearing at
each step of the process are shown with their homogeneous coordinates on P2. The ones
marked by a circle are those blown up at the subsequent processes. pg denotes the original
singularity on the fiber. The notes in the parentheses (such as ; = —3s for ¢;) imply that
they are not generically (i.e. unless s # 0) the points on the P? arising at the respective step
of the blowing-up process.



80 6.2 Incomplete resolution: Dg — E~r

6.2.2 Exceptional curves at s = 0: change from a root into a weight

Their intersection diagram is Dg for s # 0 (upper diagram in Fig. 6B0). On the other hand,
when s = 0, the singular point r coincides with the intersection of Co and Cs3. ¢1 also coincides
with the intersection of C; and C3. Then the exceptional curve arising from the blowing up
at ro “bridges” between Co and C3, and the one at ¢; does between C; and C3. Writing the
exceptional curves for s =0 as §; (i = 1,2,3), 6y, 64, and dy,, we can express them in terms

of C’s as in [67]:
qu = (5q1, Ci =01, Co=0b, C3=203+ (5(11 + 5r27 CT2 = 5r27 Cq2 = (5q2. (6.2.33)

These expressions can be found by carefully up-lifting C’s to the chart introduced in a further
blow-up and taking the s — 0 limit. For instance, C,, is the exceptional curve arising from

the blow-up at ro:

Chart 4.,

Tzzz(i'fia Y3, 227 8) - \Ijzmz(i'iiy Y3, 22 - 33a 5)7 (6234)

-~ I -9 - -
szz ($37 L3Y4, T34, 5) = $3szzx (1'37 Ya, 24, S)

Y . ) (6.2.35)
= I3 (:U3Z4 — 35+ 24 — y4) ,

Cry iN 4y T3=0, y3 =34 — 3s. (6.2.36)
Singularities :  None. (6.2.37)

Or, is the exceptional curve obtained by taking the s — 0 limit in C,,:
Opy N 4rpog : T3 =0, Y3 = 4. (6.2.38)

On the other hand, C3 is

2 =0, y2=3si3 (6.2.39)

in Chart 3,,,, and hence y? = Z; in Chart 4,,,,; this coincides with d,, (E2238). Thus we
conclude that C3 “contains” d,,. Likewise, we can verify that C3 also contains d,,. Finally, C3

reduces in the s — 0 limit to y% = 0 which has multiplicity two, we obtain the expression for
Cs in (B2233).
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2

q1 Cl C3 CQ

Fig. 6.1: The intersection diagrams of the exceptional curve C’s and §’s. We blew up the
singularity p; first.

Using the fact that the intersection matrix of C’s is the minus of the SO(12) Cartan
matrix:

2 -1 0 0 O
-1 2 -1 0 O
-1 2 -1 0
0o -1 2 -1 —-1/|"
0o 0 -1 2 0
O o0 -1 0 2

o O O

—Cr-Cy

(6.2.40)

o O O O

where I,J = q1,1,3,2,7r2,g2. We can obtain by using (62233) the intersection matrix of §’s:

2 -1 -1 0 0 0
-1 2 0 0 0 0
-1 0 2 0 -1 0
_ . — 2
5167 P (6.2.41)
0O 0 -1 -1 2 0
0o 0 0 -1 0 2
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Interestingly, as was observed in [67], the self-intersection of one of the exceptional curves
(63) is —3/2, which is the minus of the length squared of a weight in the spinor representation
of SO(12). Thus we see that at a generic s # 0 codimension-one locus of the singularity the
exceptional fibers after the resolutions form a root system of SO(12), but at s = 0 one of the
simple roots is transmuted to a weight in the spinor representation. A similar but slightly

different observation was made in [66].

These d’s form a basis of the two-cycles appearing at the codimension-two singularity after
the resolution. On the lattice spanned by these §’s, there are precisely 32 points of length

squared 3/2. They are of the form Zl=q1,1,3,2,r2,q2 nyd; with either n;y > 0 for all I, or ny <0

for all I. Note that, unlike in the the cases of the ordinary or the complete resolutions, there
appears only one irreducible representation (= 32) in the integer span of the two-cycles at

the singularity.

6.2.3 Blowing up ¢; first

In Section B2, between the two singularities, p; was blown up first. In this section, let us
blow up ¢; first and see the differences. This time we make a shift of the coordinate x1 so
that ¢; comes to (0,0,0,s): We define

Y. (Z1,y1,2,8) = (T — 25,91, 2, 5), (6.2.42)

¥.(Z1,v1,2,5) = 0 has singularities (3s,0,0,s) (= p1) and (0,0,0,s) (= q1). We blow up the
latter singularity. The process is completely parallel to that in Section 621 so we will only

describe the relevant charts and show the main differences from the previous case.

2nd blow up

Chart 2,,

Y, (%1, T1y2, 129, 8) = 38,0 (F1, Y2, 22, 5),
Y0 (%1, Y2, 22, 8) = 22(35 — #1)(3s — &1 — 22) — 3,
Coin2,,: 1 =0, yg = 3522(3s — 22),

Singularities :  (Z1,y2, 22,5) = (35,0,0,5) = p1.
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There are no other singularities in chart 2., or 2., so we blow up p; in chart 2,,. Again, we

need to shift the coordinate so that the singularity we now blow up comes to the origin:

sz(jla Y2, 22, 5) = sz(jl + 337 Y2, 22, 5)' (6247)

3rd blow up

The relevant charts are 3., and 3,,..

Chart 3,..
sz(i'l, T1Y3, X123, 3) = j%Ezwx(fEl: Y3, 23, S), (6248)
Brea(T1,Y3, 23,5) = T123(23 + 1) — 3, (6.2.49)
C3in3,zz: 21 =0, y3=0, (6.2.50)
Singularities :  (Z1,ys, 23,5) = (0,0, —1,s) =ra, (0,0,0,s) = pa. (6.2.51)
Chart 3.,
B (322,322, 22, 8) = 25520 (T3, Y3, 22, ), (6.2.52)
Bera(T3,y3, 22, 8) = T3(T3 + 1) — 43, (6.2.53)
C3 in 3za:z : Z9 = O, Yz = 0, (6.2.54)
Singularities :  (Z3,ys, 22,5) = (—1,0,0,s) = ra, (0,0,0,s) = go. (6.2.55)

The process of blowing up is summarized in Table B2.

6.2.4 Exceptional curves at s = 0: Differences from the p,-first case

§’s C’s for the g;i-first case are given by

Co = 269 + (5p2 + 203 + 2(5q2 + (57«2, C1 = 01, sz = (5p2, C3 = I3, Cq2 = (5q2, CTQ = 5r2-
(6.2.56)
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1st blow up 2nd blow up 3rd blow up 4th blow up

o — | @1 (=25:0:1) — | regular
p1(s:0:1) pr(1:0:0) (£, =3s) = | pp (1:0:0) — | regular
¢ (0:0:1) — | regular

ro (1:0:—1) — | regular

Table 6.2: The incomplete case when ¢; is blown up first.

The intersection matrix of C;’s is (62240) with I,J = 2,1, pa, 3, g2, 72. Then (6Z50) yields

the intersections of d7’s as

50 0 0 -1 0
0 2 -1 0 0 0
0 -1 2 -1 0 0
60 = 0 o9 1 1 (6.2.57)

0
-1 0 0 -1 2 0
0O 0 -1 0 2
In this case, we obtain an Fjg-like diagram as one representing the intersections of the ex-
ceptional curves (62257) at the codimension-two singularity. (B22231) is not, however, the Eg
Cartan matrix itself, as the self-intersection of d; is —3/2. We show the intersection diagrams

of this case in Fig. B2

We can search for the elements of the form ), _ i nyd; whose square is —3/2 to

,3,2,7’2,(]2
find, again, that there are 16 + 16 such elements, the former of which have ny > 0 for all I,
and the latter of which have n; < 0 for all I. Thus, in this case as well, there is only one

irreducible representation (= 32) at the singularity.

6.3 Complete resolution: Dg — F5

In this case we set H, 4 = s with other parameters being the same as the previous section.
The blow-up procedures are almost parallel to the incomplete resolutions, except for the

replacement s — s°.
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CC]2
Oy,
2
(o, O
01 Op, 03
5112

Fig. 6.2: The intersection diagrams of the exceptional curve C’s and §’s. We blew up the
singularity ¢ first.

6.3.1 Blowing up p; first

In this case, a difference arises in chart 3,,, when po is blown up in 2,,, where we have

~ o~ ~ ~2 ~
Vo (1, T1Y3, T123,5) = TV 200 (%1, Y3, 23, 5),
~ 2, = - 2
\Ijzxx(xlay?nzf}as) 223(35 +IL'123+.’E1) — Y3,
Csin3,pp: &1 =0, y2 =3s%2
3 ZTT - 1=UY, Yy = 3

Singularities : (1,3, 23,5) = (—35%,0,0,5) = q1, (0,0,—1,0) = ps.

The last one is a new isolated codimension-two singularity, that did not appear in the incom-
plete resolution in the previous section. This isolated singularity can also be seen in chart
3,2-. By a shift of the coordinate we can see that this is a conifold singularity. The excep-

tional curve arising from the small resolution intersects with d3 at a single point on s = 0,
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which completes an F7; intersection diagram (Fig. B23). Note that the extra node extends
from the one represented by a triangle in the incomplete resolution. In the present complete
case, however, this 3 is naturally considered to have an ordinary sef-intersection number —2

as we will see below.

By carefully examining what becomes of C;’s in the small resolution, it can be shown that

the relation (622233) is modified to

Cyy =0q,, C1 =201, Co=202, C3=203+0dq, +0r, + Ocomplete; Cry = Oryy Cqy = g,
(6.3.5)
where dcomplete s the new exceptional curve arising from the small resolution of the isolated
conifold singularity. Then assuming the ordinary self-intersection numbers among d’s as
specified by the E7 Dynkin diagram shown in Fig. B33, we find that the intersection matrix
among C’s is computed by (6233) to be precisely the minus of the SO(12) Cartan matrix

The process of blowing up in this subsection is summarized in Table BZ3.

1st blow up 2nd blow up 3rd blow up 4th blow up
po— | p1 (s2:0:1) = | pp (1:0:0) (in 2,5) = | p3 (1:0:0; s =0) (codim.2) — | regular
@ (—282:0:1) | ¢ (1:0:0) (Z1=-3s2) | @ (1:0:0) (&, = —3s2) — regular
r2(1:0: —35?) 1o (0:0:1) (29 = —35%) — regular
¢ (0:0:1) (in 2.,) — | regular

Table 6.3: The complete case when p; is blown up first. The new isolated codimension-two
conifold singularity is shown in red. d3 is now an ordinary node represented by a circle (cf.
Fig. 61).

6.3.2 Blowing up ¢; first

When ¢ is blown up first, a difference arises this time in chart 2,,, where a conifold singularity
is developed at (z2,¥y2,2,s) = (0,0,0,0), which we denote by g3 (shown in red in Table 64),

where the relation to the coordinates in chart 1, is (Z1,y1, 2, 8) = (Z22, Y22, 2, s). This is also
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()complctc

Fig. 6.3: The E7 Dynkin diagram obtained by a complete resolution with p; blow up first.

an isolated codimension-two singularity developed only at s = 0. Since this is in chart 2.,
this singularity is located at (0: 0 : 1) on P? emerged by the blow up at s = 0. Therefore, it
is not visible in chart 2,, or 3,,.. Moreover, after the coordinate shift similar to (62242), ¥,
becomes identical to the incomplete case. Thus the process is the same as the incomplete
case afterwards. Therefore, the only extra exceptional curve is the one arising from the small
resolution of the isolated conifold singularity on 2. This adds an extra node to the diagram
in the lower panel of Fig. 63, as we show in Fig. E4. We denote this new curve as dcomplete
here. This is F7, and the extra node again extends from Jo that was the “weight” node
represented by the triangle in the incomplete case. In the complete resolution, it becomes an

ordinary node with self-intersection —2, being consistent with the modified relation:

CQ = 252 + 5772 + 253 + 25q2 + 57"2 + 5completea

(6.3.6)
Cr=01, Cp,=0p,, C3=103, Cq =0g, Cr,=0p,
and the intersection matrix is given by
2 -1 0 0 0 0 O
-1 2 0 0 0 -1 0
o o 2 -1 0 0 O
—0r-6y=10 O -1 2 -1 0 0], (6.3.7)
o o o0 -1 2 -1 -1
o -1 0 0 -1 2 0
o o o0 0 -1 0 2
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6.3 Complete resolution: Dg — Er

where I,J = complete, 2,1, p2,3,q2,72. That is, (B238) reproduces the minus of the Dg

Cartan matrix as the intersection matrix among C’s if the intersections of &’s are the ones

specfied by the F; Dynkin diagram as shown in Fig. B4.

1st blow up 2nd blow up 3rd blow up 4th blow up
po— | q1(—252:0:1) = | g3 (0:0:1;5 =0) (codim.2) — | regular
p1 (s2:0:1) p1(1:0:0) (& = 3s) — po (1:0:0) — | regular
¢ (0:0:1) — | regular
ro (1:0:—1) — | regular

Table 6.4: The complete case when ¢; is blown up first.

()comploto 62

Fig. 6.4: The E7 Dynkin diagram obtained by a complete resolution with ¢; blow up first.




Chapter 7

Conclusions

In this chapter, we conclude this thesis. We have considered the F-theory compactifications
on the K3 manifolds and the Calabi-Yau manifolds. The compact manifolds in F-theory are
described by elliptic fibrations, and degeneracy of the elliptic curve corresponds to existence of
7-branes. Physics depends on geometry of the compact manifolds, especially its singularities

play important roles.

Codimension-one singularities associate with enhancement of gauge symmetry, which im-
plies a stack of 7-branes. Coexistence of D-branes and non-pure-D7-branes, i.e., (p, ¢)-brane,
is an essential feature of F-theory. Due to this, the gauge enhancements exhibit not only
SU(N) but also exceptional gauge groups. We can interpret such gauge enhancements as a
spectrum of string junctions. These 7-branes are conventionally described algebraically in
terms of A, B and C-branes. Allowed configurations of the 7-branes are decided by types of

the singularities, which are classified by the Kodaira classification.

In Chapter B, noticing that all the discriminant loci are on equal footing and there is no a
priori reason to distinguish one from the others, we have considered new complex codimension-
one objects consisting of the zero loci of the coefficient functions f and g of the Weierstrass
equation, which we referred to as an “f-plane” and a “g-plane”, collectively as “elliptic point

planes”. They are two kinds of critical points of a “dessin d’enfant” known in mathematics.

Although they do not carry D-brane charges and do not have non-trivial monodromies,

they play an essential role in achieving a gauge enhancement by altering the monodromies
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around the branes. More precisely, if there are some elliptic point planes, the z-plane is
divided into several cell regions, each of which corresponds to a (half of a) fundamental
region in the preimage of the J-function. A cell region is bounded by several domain walls
extending from these elliptic point planes and D-branes, on which the imaginary part of
the J-function vanishes. In particular, the elliptic point planes extend a special kind of
domain walls, which we call “S-walls”, crossing through which implies that the type IIB
complex string coupling is S-dualized. Consequently, on the z-plane coexist a theory in the
perturbative regime and its nonperturbative S-dual simultaneously. The monodromy around
several 7-branes is thus not just a product of monodromy around each 7-brane any more, but
they get SL(2,7Z) conjugated due to the difference of the corresponding fundamental regions
the base points belong to.

In this sense one may say that the nonperturbative properties of F-theory are the conse-
quence of the coexisting “locally S-dualized regions” bounded by the S-walls extended from
the elliptic point planes. In the orientifold limit [72], the D-branes and the elliptic point
planes gather to form a I} singular fiber, so that the S-walls extended from the elliptic point
planes are contracted with each other and confined, so the S-walls are not seen from even a

short distance.

We have also considered singularities of Calabi-Yau manifolds with higher-codimensions.
In particular, F-theory compactifications on elliptic fibered Calabi-Yau three-folds over Hirze-
bruch surfaces, which can have codimension-two singularities, are dual to Eg x Eg heterotic
superstring theory on elliptic fibered K3 surfaces. The codimension-two singularities provide

matter fields in six dimensions.

Comparing to dual heterotic theory, we can establish correspondence between geometry of
the Calabi-Yau three-folds and information of the matters. We have seen that can interpret
the number of the matters as the number of the complex structure moduli, which is the

number of the coefficients in the defining equation.

Geometry of Calabi-Yau manifolds is also investigated from insight of supersymmetric
gauge theories. In Section B2, we have focused on Calabi-Yau four-folds. Based on M-theory

compactification, we have provided a brief review of relation between the Coulomb branch of
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three-dimensional A/ = 2 gauge theory and the resolutions of the Calabi-Yau four-fold.

Moreover, we have examined some special cases such that enhancement of gauge symmetry
is SU(6) — Eg, SO(12) — Er or E7 — Eg, which yield hypermultiplets in six-dimensions. In
particular, we have concentrated on the SO(12) — FE7; case in Chapter B. We have performed

explicit blowing-ups and investigated the intersection numbers of the exceptional curves.

In the case of the incomplete resolutions, we observe only codimension-one singularities.
The intersection matrix of the exceptional curves is the SO(12) Cartan matrix rather than
the F; one. Taking an another definition, we have referred as d’s, we obtain a fractional

self-intersection number.

For the complete resolutions, the results are completely changed. The codimension-two
singularity appear, and the intersection matrix of the exceptional curves becomes F; Cartan

matrix. In this case, we have not half-hypers but full-hypers in six-dimensional field theory.

We hope that this result of incomplete and complete resolutions will be understood from
the point of view of elliptic point planes. Besides, we also hope this new way of presenting

the non-localness among 7-branes will be useful for understanding of the structure of higher-

D

codimension singularities with higher-rank enhancement such as discussed in [2&3,53-55, G

Y

03].
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Appendix B

Resolutions: F; — Ejg

B.1 Incomplete resolution: blowing up p, first

In this case we take
f(z,8) =s23+ 2%, g(z,5) =25 (B.1.1)

The concrete process of the incomplete resolution of the codimension-two singularity enhance-

ment from E7 to Fg goes as follows:

1st blow up
Chart 1,
O(z, xy1, 221, 8) = 2284 (2, Y1, 21, 5), (B.1.2)
o (x,y1,21,8) = sx22d + 23 (21 + 1)2) + 2 — o2, (B.1.3)
Ciinl,: =0, y1 =0, (B.1.4)
Singularities :  None. (B.1.5)
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Chart 1,
(I)(:L‘lyayayzlas) = yQ(I)y(xlay? Z178)7 (B16)
By (1,9, 21,5) = wryH(s + y) +aly + P20 — 1, (B.17)
Ciin 1, : Invisible in this patch, (B.1.8)
Singularities :  None. (B.1.9)
Chart 1,
O(z12,912,2,5) = 22, (x1, 1, 2, 5), (B.1.10)
P (21,y1,2,8) =z (z12(s + 2) + 3+ 22) — 3, (B.1.11)
Ciinl,: z=0, y1=0. (B.1.12)
Singularities :  (x1,91,2,5) = (0,0,0,s). (B.1.13)
We refer to this singularity as p;.
2nd blow up
Chart 2.,
D, (r1, T1Y0, 2122, 5) = T3P0 (21, Yo, 20, 5), (B.1.14)
D (21,Y2, 22, 8) = 2211 (22(5 +29) + (z% + 1) xl) — y%, (B.1.15)
CQ in 2Z$ : xr1 = 0, Yo = O, (Bllﬁ)
Singularities : (1, Y2, 22,5) = (0,0, —s,s) = g2,(0,0,0, s) = pa. (B.1.17)

Here we see two singularities on Co which coincide with each other at s = 0.
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Chart 2.,
O, (way1, Y1, Y122, 8) = Y1 oy (22,51, 22, 5), (B.1.18)
D,y (22,91, 22,8) = xgylt%(s +y122) + x%y%zz + ylzg -1, (B.1.19)
Coin 2., : Invisible in this patch, (B.1.20)
Singularities :  None. (B.1.21)
Chart 2,
D, (292,922, 2,8) = 22, (29,12, 2, 5), (B.1.22)
D, (w2, Y2, 2, 5) = 2 (sw2 + 225 + 2m0 + 1) — 43, (B.1.23)
Coin2..: t=0, ys=0, (B.1.24)
1
Singularities :  (x2,y2, 2, 8) = <—,0,0,s> ) (B.1.25)
s

This singularity is ¢, which was also seen in chart 2,,. At this stage, we have two singularities
p2 and ¢o. In this section we blow up at ps first. We can see this singularity in chart 2,,

only, so we consider ®,,(x1,y2, 22, s) in the next blow up.

3rd blow up
Chart 3z,
q)zz(l'l, T1Y3,T123, S) = x%q)zxm(xh Y3, 23, 8)7 (B126)
D0 (1, Y3, 23, 8) = 2371 (523 + 2327 + 252 + 1) — 43, (B.1.27)
Cg in 3ZIJ3 . I = 0, Ys = 07 (B.1.28)
1
Singularities :  (x1,ys, 23, 8) = (0,0, —,S> =rs, (0,0,0,s) = ps. (B.1.29)
s

We name the first singularity r3, and the second singularity ps.
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Chart 3,
D, (v322, Y322, 22, 8) = 25 Pz (23,3, 22, 9), (B.1.30)
Dpn (23, Y3, 22,8) = 2273 (5 + zgazg + 29 + 1:3) — yg, (B.1.31)
C3in3,:,: 22=0, y3=0, (B.1.32)

Singularities :  (x3,ys, 22,8) = (0,0, —s,8) = g2, (0,0,0,s8) =gq3, (—s,0,0,s) = rs.
(B.1.33)

The first singularity is not on C3 unless s = 0; this is ¢go. We name the second singularity gs.

The third one is rg already seen in chart 3,.,.

Since ps and g3 are different point even when s — 0, we can blow up at them independently

on charts 3., and 3., respectively. Let us first blow up at ps using ®,,.(z1,ys, 23, S):

4th blow up at p3

Chart 4.,

Dpn(T1, T1Ys, T124,8) = x%@zmm(xl, Yd, 24, S), (B.1.34)
D pre (01, Y4, 24, 8) = s2501 + 2327 + 2523 + 24—y, (B.1.35)
Cyindoppy: o1 =0, y? =24, (B.1.36)
Singularities :  None. (B.1.37)
Chart 4.,

CI)ZII(:C4Z37 Yaz3, 23, 5) = x%q)zxmz(x% Y4, 23, 3); (B138>
Drs (T4, Ya, 23, 8) = 234 + 2305 + 2527 + 24 — Y3, (B.1.39)
Cyindpe,: 23=0, yi =14, (B.1.40)

1
Singularities : (x4, Y4, 23, 8) = (0,0, —,s> . (B.1.41)

s

This singularity is not on C4 even when s = 0; this is r3. There is no singularity any more
on Cy, so let us turn to the singularities observed in chart 3,,,: (z1,ys, 23,$) = (0,0, —s,5) =

q2, (070707 S) = {3, (_870707 8) =T3.
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4th blow up at g3

We next blow up at gs; using ®u¢(x3, y3, t2, s), we find

Chart 4.,

0.0z (3, 23y1, 1324, 8) = 3P0 (T3, Y4, 24, ), (B.1.42)

D oo (23,91, 24,8) = 24 (s + 2223 + 2413 + xg) — 2 (B.1.43)
Chind,py: x3=0, y?=s2, (B.1.44)
Singularities : (3,4, 24,5) = (—s,0,0,s). (B.1.45)

This is r3, which is not on C} unless s = 0.

Chart 4,

B.1.46
B.1.47

2
(I)zxz(x4227 Ya22, 22, 5) = Zy q)zxzz(xlh Ya, 22, S),

P = 2 1) —y?

2w22(X4, Y4, 22, 8) = Sxa + 2ox4 (2504 + T4 + Y1

Chindypsy: 20=0, Y2 = sxy, B.1.48

( )
( )
( )
Singularities : (24, ya, 22,5) = (0,0, —s, s). (B.1.49)

This is g2, which is not on Cj unless s = 0, either. So far, all the singularities except for ¢o
and r3 are resolved. Since 73 is located in the (0: 0 : 1) direction on the P2 blown up at g3,
whereas 73 is in the (1: 0 : 0) direction on the same P?, they are never the same point even

when s = 0. Thus we can blow up at them independently.

5th blow up at r3 in chart 4,,,,

To blow up at r3, we shift the x3 coordinate so that this singularity is represented as (0,0, 0, s)

in a new coordinate Ts:

\Ijzxza:(i'?n Ya, 24, 3) = (I)zaczac(i'i% — S5, Y4, 24, S)- (B150)

Then it can be verified that no singularity arises in V,,,,, or ¥,,,,, defined below. The

exceptional curves are:
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Chart 5,400

‘Ijzzzx(il% Z3Ys5, 325, 5) = i'g\l’zxzmz (:Z'?n Y5, 25, 5)7 (B-1-51)
U opowe (3, Y5, 25, 8) = 2573(%3 — 8)° + 22(%3 — 8) + 25 — ¥, (B.1.52)
Csin 50000 0 X3 =0, yg = —sz?) + z5. (B.1.53)
Chart 5,222
\I"zxza:(«%SZ% Y524, 24, 3) = Ziqlzxza:z(i’& Ys, 24, S), (B154)
U reaz (5, Ys, 24, S) = 24(24T5 — 5)3 — 8+ 24%5 + T5 — yg, (B.1.55)
Cs5in 5,500, 0 24 =0, y% =I5 — S. (B.1.56)

5th blow up at ¢s in chart 4,,;;

Having resolved the singularity rs, we turn to the resolution of ¢» in chart 4,,,,. For this we

need a different coordinate shift:
EZIZZ(x47 Y4, 227 3) = q)Z$ZZ(x47 Yaq, Zo — S, S). (B157)

Then V¥,,.. has a singularity at (z4, y4, 22, ) = (0,0,0,s). Again, ¥,,,,, and ¥,,,,, defined

below have no singularity. The exceptional curves are:

Chart 5,42:0

Zza:zz ($4, T4Y5, $4£5, 3) = wizzxzzx(xlb Ys, t~57 S), (B158)
Y vz (T4, Y5, 25, 8) = (xaZ5 — 8)3 + 2425 — 5+ 25 — U2, (B.1.59)

C5inb.psng: x4 =0, yg =% —s— s (B.1.60)
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B.2 Exceptional curves at s = 0

Chart 5,425

szzz (1'5227 y5227 227 3) = 222,22722;2 (3757 Ys, 227 3)7 (B161)
Ezaczzz(x57 Ys, 22, S) = x% ((22 - 8)3 + 2o — 3) + 5 — yg? (B162)
C5in B.4z22 1 22 =0, y52) = (_83 - S) xg + 5. (B163)
1st blow up 2nd blow up 3rd blow up 4th blow up 5th blow up
po— | pr(0:0:1) = | po (1:0:0) = | p3 (1:0:0) — regular
g (0:0:1) = regular
2 (1:0:—s) | g2 (0:0:1) (22=—5) = | ¢2 (0:0:1) (22 = —s) — | regular
rg (—s:0:11) 75 (1:0:0) (23 = —s) — | regular
Table 2.1: The incomplete case when po is blown up first.

B.2 Exceptional curves at s =0

The intersection matrix among C;’s

and the relations

Ci =101, Cy=0o,

2 O 0 -1 0 0
0 2 0 0O -1 0
0 0 2 -1 -1 -1
—Cr-Cj=1-1 0 -1 2 0 0
0O -1 -1 0 2 0
0 0O -1 0 0 2
0 -1 0 0 0 0
C3 =03, C4 =0y, C£:25£1+5T3+5Q2a

(B.2.1)

N OO OO

Cry = 0ry,  Cgp = g

(B.2.2)
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imply that the intersection matrix among d;’s is

2 0 0 -1 0 0 0
o 2 0 0 0 0 -1
o 0 2 -1 0 -1 0
—6;-6r=|-1 0 -1 2 0 0 0|, (B.2.3)
o 0 0 0 2 -1 -1
0o 0 -1 0 -1 2 0
0O -1 0 0 -1 0 2

where I,J =1,2,3,4,4",r3, ¢o.

Similarly to the previous examples, one of the §’s (= ¢)) has self-intersection —3/2, which
equals to the minus of the length squared of a weight in the 56 representation of E7. It can
also be verified that there are precisely 28 elements of the form ) 1212344 75, TW101 With
non-negative integer coefficients, ny > 0 for all I, such that the length squared is %, and also
there are the same number of elements with non-positive integer coefficients, n; < 0 for all
1. They all together form the whole weights of the 56 representation. Again, there is only a
single set, indicating that it is a half-hypermultiplet.

B.3 Complete resolution: blow up p, first

We will now consider the complete resolution. This can be achieved by taking f,.g = s°

instead of s. This amounts to replacing s in (BI1) with s. Similarly to the previous
sections, we find an additional isolated codimension-two conifold singularity after we blow
up ¢3. As shown in red in Table P22, this new singularity, which we denote by r4, arises at
(1:0: —1) on the P? particularly at s = 0. This adds an extra node to the incomplete
intersection diagram to form the correct Eg Dynkin diagram as we show in Fig. 2. The
node 0}, which was formerly represented by a triangle in Fig. ECI, is now an ordinary node

consisting of the root system of Eg. This is consistent with the modified relations:

Cl — 517 C2 — 527 C3 — 637 C4 - 645 Czll — 2521 + 61“3 + 6(]2 + 5completev C?”g — 61”37 qu = 5(]27
(B.3.1)

which can be verified by a careful up-lifting of C;’s into the coordinate system of the small

resolution.
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B.3

Complete resolution: blow up ps first

Fig. 2.1:
singularity po first.

)
@

o0——oO
)
)

o o o o o

Cq Cy Cs Cfl Co Cqo
Org

o o

5 4 3 &4 02 9

The intersection diagrams of the exceptional curve C’s and d’s. We blew up the

1st blow up 2nd blow up 3rd blow up 4th blow up 5th blow up
po— | pr(0:0:1) = | pa (1:0:0) = | p3 (1:0:0) — regular
3(0:0:1) — 71 (1:0:—1;5 =0) (codim.2) — | regular
g2 (1:0:—s) @ (0:0:1) (z2=—5) = | @2 (0:0:1) (22 = —5) = regular
r3 (—s:0:11) 74 (1:0:0) (z3=—5) = regular

Table 2.2: The incomplete case when po is blown up first.
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57"3 Ocomplete

Fig. 2.2: The FEg Dynkin diagram obtained by a complete resolution with ps blow up first.
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