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Abstract

One of the most fundamental and important physical observables in any QFT is the scattering
amplitude, which describes the scattering processes of elementary particles. Recently there is
much theoretical progress in understanding and computing scattering amplitudes and these

lead the discovery of new mathematical structures “Positive geometry”.

Many of the recent developments have been driven from the A/ = 4 Super-Yang-Mills
theory (SYM) in the planar limit. The first and exciting example of the positive geometry
is the amplituhedron, which is obtained from the planar A’ = 4 SYM. The amplituhedron
is a purely geometric object which defines the scattering amplitude in planar N = 4 SYM.
It is conjectured that the scattering amplitude (loop integrand) of planar N' = 4 SYM at
any loop order is given by a “canonical form” on the amplituhedron which has logarithmic

singularities on all of its boundaries.

To date there is one completely general and in principle straightforward way to obtain
the canonical form: by triangulating the amplituhedron into elementary cells for which the
canonical form is easy to compute, and subsequently summing the individual pieces. However,
it is difficult to triangulate general amplituhedron because of its non-trivial structure. From

this, obtaining a systematic way to triangulate the general amplituhedron is an open problem.

In this thesis, we investigate a systematic way to triangulate the general amplituhedron.
Once we triangulate the amplituhedron, we can obtain the canonical form. Recently the
topological definition of the amplituhedron “sign flip definition” is proposed. We find that by
using this topological definition, we can triangulate 2-loop MHV amplituhedron and obtain
the canonical form. We also find that this definition makes it possible to triangulate 1-loop
NMHYV amplituhedron and reveals new representations of the 1-loop NMHYV integrand that

we have never known from the planar N' =4 SYM
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Introduction

The traditional formulation of quantum field theory (QFT) is constructed from the two
principles: Locality and Unitarity [1]. The standard calculations of the scattering amplitudes
from lagrangians or path integrals make these two principles manifest. However, because of
this, a large amount of unphysical redundancies (field redefinitions, gauge redundancies) are

introduced.

In 1985, Park and Taylor discovered a surprisingly simple result for the tree scattering
amplitude of six gluons by using the spinor-helicity variables [2]. In the original Feynman
diagram calculation, there are 220 Feynman diagrams and 100 pages of the calculation are
needed. They also generalized this for n gluons tree amplitude and this result showed the
same simplicity [3]. This is totally hidden in the original Feynman diagram calculation. This
means that the original formalism of QFT is completely hiding some properties of the physical
observables we have never known. To reveal these hidden properties, new alternative methods
for calculations both tree-level and loop amplitudes are proposed. In 2005 Britto, Cachazo,
Feng, and Witten found new on-shell recursion relations (BCFW) for tree-level amplitudes
of gluons [4], [5]. These recursion relations are derived from the contour integrations on the

complex momentum and the factorization property which comes from the unitarity.

Recently many developments have been driven in the planar limit of the AV = 4 Super
Yang-Mills (SYM). It has been known that this theory has super conformal symmetry. In
2008, the hidden symmetry “Dual super conformal symmetry” is discovered [6], which is not
manifest in the ordinal formulation and had not been found for long years. Combining these
two symmetries, the infinite symmetry “Yangian symmetry” is constructed [7]. The discovery
of these hidden symmetries motivated to find new alternative representations that make all
symmetries manifest. In 2009, the new variable “Momentum twistor variable” is proposed by
Hodges [8]. When scattering amplitudes are written in this variable, all symmetries become
manifest. In 2010, the BCFW recursion relations are generalized into the integrand of loop

amplitudes in planar N =4 SYM by using this momentum twistor space [9]. By using this,



all loop integrands are systematically and efficiently constructed from lower-loop integrands
recursively. In this BCFW representation, there are non-local spurious poles that have never
appeared in the ordinal Feynman diagrams expansion. Instead of these spurious poles, this
representation makes all symmetries of the amplitude manifest term-by-term, including the

Yangian symmetry which is hidden in the original formulation.

The important progress is the discovery of the geometric structure of the scattering am-
plitudes. The first example of this geometric picture is found by Hodges [8]. He found that
the tree NMHV amplitude in this momentum twistor variable can be interpreted as a volume
of a polytope and the BCFW recursion relation for the tree NMHV amplitude is interpreted
as a triangulation of this polytope. In 2012, the connection between on-shell scattering am-
plitudes in planar N' = 4 SYM and the fundamental object in algebraic geometry “Positive
Grassmannian G4 (k,n)” is found [10]. In 2013, Arkani-Hamed and Trnka generalized these
geometric pictures and found a completely new geometric object: Amplituhedron [11]. This
is defined as a generalization of the positive Grassmannian, this means that in the definition
of the amplituhedron is purely geometric. It is conjectured that the scattering amplitude
(loop integrand) of planar N/ =4 SYM at any loop order is given by a “canonical form” on
the amplituhedron which has logarithmic singularities on all of its boundaries. The BCFW
recursion relation of all loop integrands is interpreted as one of the triangulation of the ampli-
tuhedron. The remarkable point is that Unitarity and Locality of the scattering amplitudes
are derived from the “positivity”, which is a property of the amplituhedron. This is the
first example of the connection between the physical observable and new geometric structure
“positive geometry” [12]. Recently many example of this relation are found: the wavefunc-
tion of the universe and the cosmological polytope [13], tree amplitudes in the bi-adjoint ¢?
scalar theory [14] and its generalization [15-18] and the conformal bootstrap and the cyclic

polytope [19].

The amplituhedron has been explored from a variety of perspectives in the past few years
[20-28]. The amplituhedron gives a geometric picture for tree amplitudes and loop integrands
as a canonical form of the amplituhedron. Calculating amplitudes or loop integrands starting
from the amplituhedron requires the construction of the canonical form associated to the
geometry. To do this, we need to triangulate the amplituhedron into a more simple one that
it is easy to obtain the form. However, already at tree level and much more at loop level,
the geometry of the amplituhedron is highly non-trivial and because of this, it is difficult to

triangulate general amplituhedron and it remains an open problem.

We focus on this problem and investigate the triangulation of the general amplituhedron



by using the topological definition of the amplituhedron. Recently the topological definition
of the amplituhedron is proposed [29]. In this definition, the amplituhedron is defined from
the boundary inequalities and the sign flip characterization. This new definition gives us a
completely new and clear understanding of the geometry of the loop amplituhedron. For
example, in the MHV case, the higher loop amplituhedron is decomposed into the one loop
MHYV amplituhedron and conditions of the positivity among the different loop momentum
variables. This extremely simple picture of the loop MHV amplituhedron makes it easy to
consider the triangulation of the amplituhedron. The topological definition of the N*MHV
loop amplituhedron is more interesting. For example, N¥MHYV one loop amplituhedron is
constructed as an intersection of the two lower-dimensional amplituhedra. This is not obvious
from the original definition. The remarkable point is that we can triangulate the lower-
dimensional amplituhedron by using this topological definition [12,29]. These will lead us to

a triangulation of the 1-loop NMHV amplituhedron.

In this thesis, we investigate the triangulation of the loop amplituhedron. First, we
consider the 2-loop MHV amplituhedron. We see that the 2-loop MHV amplituhedron can
be triangulated by using the topological definition. From this, we obtain the canonical form
of the n-point 2-loop MHV amplituhedron. The representation of the 2-loop MHV integrand
from this canonical form looks completely different from the BCFW representation which
obtained from the planar A = 4 SYM. This is a new feature that starts from the 2-loop level,
the 1-loop MHYV case the canonical form obtained from the geometry is corresponding to the

BCFW representation.

Next, we consider the 1-loop NMHV amplituhedron. We obtain an explicit represen-
tation of the n-point 1-loop NMHV amplituhedron as a product of two lower-dimensional
amplituhedra by using the topological definition. This is a completely new representation
that we have never known from the planar N' = 4 SYM or BCFW triangulation. From
this, we triangulate this 1-loop NMHV amplituhedron explicitly and obtain the canonical
form. We see that this canonical form is expressed as a product of two canonical forms of
the lower-dimensional amplituhedra. We will also give another new representation of the
1-loop NMHYV amplituhedron, “super-local representation”. The super-local means both of
external poles and internal poles are local. In this representation, the positivity of this form
is manifest term-by-term. The positivity of the canonical form is related to the existence of
a “dual amplituhedron”. This positivity suggests the existence of a dual amplituhedron for
the 1-loop NMHV amplituhedron.

This thesis is organized as follows. In section 1, we briefly review the basic notions of



scattering amplitudes and the BCFW recursion relation. In section 2, we introduce the
main object in this thesis: the amplituhedron. First, we review two definitions of the am-
plituhedron: a generalization of the convex polygon and the topological definition. Then we
introduce the canonical form and see how to extract scattering amplitudes from this form.
In section 3, we give an explicit triangulation of the 2-loop MHV amplituhedron by using
the topological definition. And we introduce another geometric object: 2-loop log amplituhe-
dron, whose canonical form is corresponding to the log of the 2-loop MHV integrand. In
section 4, we give an explicit expression of the 1-loop NMHV amplituhedron as the product
of the lower-dimensional amplituhedron and then we construct the canonical form of this
representation by using the ”sign flip triangulation”. From this expression, we obtain a new

representation “super-local representation” for the 1-loop NMHV integrand.



Chapter 1

Scattering amplitudes in planar
N =4 SYM

In this thesis, we focus on scattering amplitudes in planar N’ = 4 SYM. In section 1.1,
we briefly review the basic notions for scattering amplitudes. In section 1.2, we review
the tree amplitudes and loop integrands in planar N’ = 4 SYM. And we apply the BCFW
recursion relation for loop integrands. In section 1.3, we review the polytope picture of the

tree amplitude in planar A/ = 4 SYM introduced by Hodges.

1.1 Basic notions for scattering amplitudes

The scattering amplitude A is defined as an inner product of two asymptotic states, the initial

state and the final state:
A = (out;t = +oolin; t = —o0)g = (out|S|in) g, (1.1.1)

where (...)s means the Schrodinger picture and (...)y means the Heisenberg picture. The
operator S in the Heisenberg picture is called S-matrix. In the traditional formulation of
the quantum field theory, we can calculate this scattering amplitude A from the Lagrangian
by using Feynman diagrams expansion. Once we obtain the amplitude, we can calculate the
differential cross-section g—g ~ |A|%. Finally the cross-section o can be obtained by integration
of 2% over angles and multiply appropriate symmetry factors. These quantities o and g—g
are the observables of the particle physics experiments. However, it is clear that the on-shell

scattering amplitude A is the building block of these observables. These on-shell amplitudes



A are the subject of this thesis.

1.1.1 Color decomposition

Here we introduce the color decomposition of the amplitude. Generally, scattering amplitudes
in (s)YM have kinematic degrees of freedom and color degrees of freedom. Here we see that
these two degrees of freedoms can be decomposed not only tree level but also loop level
amplitudes in the large N limit. The color dependence of scattering amplitudes arises from
contractions of the structure constants of SU(N). First, we normalize the generators as
Tr(T%T?) = 6% and [T, T?) = i f%T°. Tt can be shown that

ifee = Te(TT°T¢) — Te(TPTT®). (1.1.2)
And there is SU(N) Fierz identity:
A . 1 .
(T (T*)}, = 6304 — ;910% (1.1.3)

From these relations, the color contributions can be written as products of traces of generator.
Any n-point tree amplitude involving any particles that transform in the adjoint of the gauge

group becomes

ARt ((p, hiyai}) = g2 Y AP (202 n )| Tr(T Tl 7)) (11.4)

permo

where each particle is labeled by its on-shell momentum p;, helicity h; and color index a;.
This is called “color-decomposition” and A, is the partial amplitude. In this tree case, there
are only single trace structures. For loop amplitudes, there are multi trace structures in
addition to the simple single trace. However, there exists a limit of gauge theory in which
only single trace structures appear at every loop level. This is called the “large N limit”.

The [-loop amplitude in N — oo is written as

Aiull’l_bOp({pi, hz‘, al}) _ gn—2(g2N)l Z AZIOOp[lhlo'(QhQ . nhn)]Tr(TmTJ(az . Tan))'
permo

(1.1.5)

In this thesis, we usually focus on this limit and consider partial amplitudes.



1.1.2 Spinor helicity variable

When we consider scattering amplitudes, we need to impose on-shell conditions by hand. To
make this condition manifest, the “spinor-helicity variable” is introduced. First, we provide

a two-dimensional matrix representation of the four-momentum as

P = pH(5,)% = p(at)e (1.1.6)

a

where (5,,)%* = (1,01,02,03)%. These spinor indices are raised and lowered by the €, €,;

and
Paa = eabfai,(a'u)bbp'u = (a—u)dap'u' (117)

If a 2 x 2 matrix has vanishing determinant, it can be written as a product of two 2-component
vectors: Mg, S\a as
Y= XN pag = A (1.1.8)

This )\(mj\d are called “spinor-helicity variables”. Even if the four-momentum p* is con-
strained by the on-shell condition, these spinor-helicity variables are unconstrained variables.

Here we introduce a shorthand notation “angle, square representation”,
Aig — ”i>a, )\? — <i|a, S\g — ma’ S\id — [i|a. (1.1.9)

In this thesis, we will use this notation.

The Lorentz invariants which made from these variables are expressed as

€apNIAL = N Njo = (i), ey APAY = Nkt = [ij]. (1.1.10)

(3

Scattering amplitudes are constructed from the Lorentz invariants. The momentum conser-

vation can be written as
n n _ n
D pi=0-> Xhi=0—) (ai)[ib) =0 (1.1.11)
i=1 i=1 i=1

here we take contractions with arbitrary A, and X,. We can see that relations (1.1.8) are

invariant under any phase transformation
P O D U O (1.1.12)
We can identify this U(1) transformation as the little group transformation of the mass-

10



less particle. Then this U(1) transformation is called “little group scaling”. The standard
convention is that the spinors A and A carry helicities —1/2 and +1/2, respectively. For com-
plex momenta, the angle and square spinors are independent, then the little group scaling is

extended to any non-zero complex number ¢
P LD L LS (1.1.13)

When we consider scattering amplitudes for spin-1 massless particles, we need to introduce

polarization vectors e4 (p;) for each particle. These vectors satisfy some conditions

ex(p)-p=0, €ex(p)-(ex(p))” =1, ex(p)- (ex(p))" =0. (1.1.14)

We can write these polarization vectors in spinor-helicity variables as

oy — el alyp]
2 (p;q) Vala] Y (pq) Vi) (1.1.15)

where v is Gamma-matrix and ¢ is an arbitrary reference spinor. The arbitrariness in the
choice of reference spinor reflects gauge invariance €/} (p) — €/} (p) + Cp,, This does not change
the on-shell amplitude A,,. When summing over all diagrams, the final result is independent

of the choices of the reference spinor gq.

Next, we see some examples of the gluon scattering amplitudes in this spinor-helicity
variable. It can be shown that both tree gluon amplitudes with all-plus (or all minus) helicity

and with only one particle has different helicity vanish [30]:
Alree(1£ 9% pF)y =0, AUee(1F 2% nF) =0. (1.1.16)

Notice that (1.1.16) holds for n > 4 case. The three-point amplitudes are exceptional:
Atree(i= 5F k*) #£ 0. From (1.1.16) we can see the first non-zero helicity amplitudes are
those involving two negative helicity gluons. These amplitudes are called maximally helic-
ity violating (MHV) amplitudes. The MHV n-point gluon amplitude in the spinor-helicity

variables is given as

n ii)4
Afree(1t i, et = 64(;pi)<12><2<3‘>7>m<n1>- (1.1.17)

This is known as Parke-Taylor formula [3]. The amplitudes involving three negative-helicity
gluons are called next-to-MHV (NMHV). In general we denote with N*MHYV amplitude which

11



have k + 2 negative-helicity gluons and n — k — 2 positive-helicity gluons. When an amplitude
has n — 2 negative helicity gluons and 2 of positive helicity, it is called anti-MHV.

1.1.3 Recursion relation for tree amplitudes

Here we consider the analytically continuing the momentum of scattering amplitudes into the
complex plane. The important point is that three-point on-shell amplitudes vanish when the

momentum is real. From the momentum conservation,
1 2
pl'p2=§(p1 +p2)°=0, p1-p3s=p2-p3=0. (1.1.18)
In spinor helicity variables, these relations become
(12)[21] = (13)[31] = (23)[32] = 0. (1.1.19)

Spinor helicity variables associated with real momenta are not independent, then all brackets
vanish. This means that we can not write down a non-zero expression for a three-point am-
plitude. However, if the momenta are complex, spinor helicity variables A, \ are independent
and (ab)[ba] = 0 implies that one of the brackets is zero. If [12] = 0, from the momentum con-
servation, other brackets vanish [23], [31] = 0. Similarly, when (12) = 0, other angle brackets
equal to zero. These two conditions mean that a three-point amplitude depends on only
square brackets or angle brackets. Then, from the little group scaling and some dimensional
analysis, the three-point MHV and anti-MHV gluon amplitudes are completely fixed up to

an overall constant:

4 . 4
A%/IHV(1_72_,3+) _ L Aantl-MHV(1+72+,3—) — & (1120)

(12)(23)(31)” 3 [12][23][31]

We can use these three-point amplitudes as elementary blocks to construct a recursion relation

for higher-point tree on-shell amplitudes.

The idea of the on-shell recursion relation is to complexify the momenta of the external

particles and use the complex analysis. First we introduce complex vectors rf', i =1, ,n
such that

2. ri'Tj:()fOt alli,j:1727"'7n?

3. p; -r; = 0 for each i.

12



And we define n shifted momenta
pl=pl+2rl, zeC (1.1.21)

This shifted momenta satisfy the momentum conservation » " ; p; = 0 and the on-shell
condition p? = 0. When we consider a subset of this shifted momenta P}’ = >ier PY, this is
linear in z:

P? = P2 4 2:P; - Ry, (1.1.22)

where P}' =3, pf and Ry = >, ; ri. We write this as

- P? P?
1 27 (Z ZI)’ ZI 2H R'L

(1.1.23)

Let fln(z) be a n-point tree amplitude in terms of the shifted momenta p;. In this tree level
case, there are only simple poles at z; which come from the shifted propagators 1/ 1’312 By

using the Cauchy’s theorem, the unshifted amplitude is given as

An(z
Ap=-> Res Z( ) + By, (1.1.24)
21

where B,, is the residue of the pole at z = co. At a z; pole, the propagator 1/ 15[2 goes on-shell,

and the shifted amplitude factorize into two on-shell parts Ap, Apg:

An z A 1 .
ReSZ:ZIL = —AL(Z[)TAR(Z[). (1.1.25)
z P;

Each A;, Ar have a fewer number of the external particles than the original amplitude.

The boundary term B,, from the pole at infinity has no similar expression in terms of
lower-point amplitudes and there is not a systematic way to obtain this term. The systematic
calculation of this boundary term has been investigated, for example [31]. Here we will not
see the detail of this calculation since this boundary term does not appear in the N' = 4
SYM.

The BCFW shift is one of the shifts which discussed above. This shift involves two

momenta shift

)\i—>>\i, 5\z_>5\1+25\]

)‘j — >‘j — Z)\i, Xj — 5\]‘,

13



and no other spinors are shifted. This shift is called [i, j)-BCFW shift. Let us consider the
[n, 1)-BCFW shift. In this choice, only propagators involving p; or p, have a pole at some z.
For example, we introduce P; = p; + - -+ + p;—1, the shifted propagator 1/ pf can be written

as
L_ ! (1.1.26)
P2 P2~ z(n|Bi1] h
and this is singular at z = zp, = P?/(n|P;|1]. On this pole zp,,
. Atree(y) 1 A , . 1 S R
Zgg;i P Oy EAL(1,2,~- i—1,—P; )|2Pi)PT2AR(Pi iy ,n). (1.1.27)
Then from (1.1.24), the amplitude is given as
n—1 1
Alree =N AL(L,2, i =B ler, pr AP ). (1.1.28)
1=3 s==% i

This is the BCFW recursion relation obtained from the [n, 1)-BCFW shift.

1.2 N =4SYM

In this thesis, we investigate scattering amplitudes in the N' = 4 super Yang-Mills theory
with SU(N) gauge group. This theory describes sixteen states: two gluons, eight fermion
states, and six scalars. All of these particles can interact with each other in many different
combinations. This means that we can obtain many different amplitudes. In this section, we
introduce a super-amplitude which gives a compact and simple description of the amplitudes
of all the particles in the N'=4 SYM by using the A/ = 4 supermultiplet of massless states.
Then we review the BCFW recursion relation for this super-amplitude and loop integrands

in the planar limit.

1.2.1 N = 4 supermultiplets

Here we see how to obtain the massless representations of the NV = 4 SUSY algebra and

construct the massless supermultiplet. First, the N/ =4 SUSY algebra is given as

{42, dBa} = 05Paa (1.2.1)

14



where A, B = 1,2,3,4 and ¢, § are supersymmetric generators. In the massless case, we can

choose the Lorentz frame in which pp = (p, 0,0, p), then the relation (1.2.1) becomes

{4, aBa} = 05(1 + 03)aap, (1.2.2)

and this is reduced to the Clifford algebra

The massless states are labeled by their helicity and the eigenvalue of the Lorentz generator

Ji2. For chiral spinors, the Lorentz generator Jis is %(03)2 and the helicity is {g{!, ¢5'} =
{1/2,-1/2}. For anti-chiral spinors, the Lorentz generator Jiz is 1(53)% and the helicity is
{qai> Gasy = {=1/2,1/2}.

Next, we define a vacuum state |h) which has helicity h as
A _ A _ _ —
qi |h) = gz |h) = qu3lh) =0, Jiz|h) = hlh). (1.2.4)

The massless supermultiplet is obtained by applying the four creation operators G4i to |h):

State Helicity | Multiplicity
|h) h 1
dailh) h—1/2 4
Q4idpilh) h—1 6
PP ,idpidcilh) | h—3/2 4
PP 1i10pid0idpilh) | h—2 1

By choosing h = 1, we can obtain the CPT self-conjugate supermultiplet which describing

massless particles of helicities +1,+1/2,0. We write these states as

1 1=
h==+1:|G*), h= 5 Ta), h=—2: T4, h=0:|Sap). (1.2.5)

In the previous section, we used a special frame, then the Lorentz invariance is broken.
Here we construct the supermultiplet in a manifestly Lorentz covariant way and introduce a

super-state. First, we rewrite the SUSY algebra (1.2.1) by using the spinor-helicity variables:
{2, @a} = 03Ip)alpla — {¢” a8} = 65 (1.2.6)
where we define ¢4, qp as ¢ = [p)ag? and Gpy = [plagp. This is the Lorentz covariant

15



projection of the qf, and gp,. From this, we can see that ¢, g4 are interpreted as the
covariant analogs of the annihilation operator qf and the creation operator q,i. There is
another Lorentz covariant projection ¢’4 = <p|aq;4. We can see that the projections ¢'4, N
anticommute with each other and with the rest of the generators. From this, we can interpret
these as the covariant analogs of the qé“ and g 45. It is known that this algebras are realized

by using Grassmann variables n%:
0
A A =
T =N A= 5o (1.2.7)
Next, we define a super-state

1 1 _
@) = |GT) + nTa) + 577A778|5AB> + gnAUBnCEABCD|FD>
: (1.2.8)

1 _
+ @nAanCTIDGABCDlG )-
We can obtain the states of the multiplet by using the generators (1.2.7). For example, the
state with A = 1 is obtained as |®)|,—o = |GT). The next state is obtained by applying the

creation operator ga: Ga|®)|n—0 = |T'4).

1.2.2 Super-amplitudes in N =4 SYM

Next, we introduce a superamplitude A, (®q,--- ,®,) which gives a compact representation
of the scattering amplitudes of all the particles in the A/ = 4 SYM. First we define a superfield
P as

1 1 _
d(p,n) = GT(p) + 1T a(p) + 577’47735,43 (p) + gnAanCeABCDFD(p)

1 _
+I AnBnnPeapcpG(p).

(1.2.9)

The fields appearing in this superfield have to be thought as annihilation operators. These
operators produce the exciting states when acting on the vacuum (0|. Then a superam-
plitude A, (®q,---,P,) is defined as the S-matrix between the vacuum |0) and n outgoing
states which are created by the superfields ®;. It depends on the on-shell momentum p; and
Grassmann variables 7; 4 for each particle i = 1,--- n. First, we consider the supersymmetry

generator
n

n
0@ => ago=>_lian (1.2.10)
i=1 =1
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The supersymmetry invariance for the vacuum requires that this generator annihilate the

superamplitude ¢Z'A,, = 0. Then we can deduce the superamplitude as
sz )35 Z| Dan )P (A A1), (1.2.11)

where §O8(3°7, |i)anf') = [Toz12 Hi‘:l li)an;* is a Grassmann delta function and P, is a
polynomial in Grassmann variables 77{4- We can obtain any amplitude from this superampli-

tude by using Grassmann differential. For example,

A(GT) - 1G) - 1G7) - |GE)) (HamA><H%B> a(11), 1)) o
(1.2.12)

Since there is SU(4) R-symmetry, the superamplitude is expanded to a sum of degree 4(K +2)

polynomials in 7;4 as

sz )30I8( Z ian) [7)7(L0) +PW 4 pB) 4 .. pln=16)] (1.2.13)
=1

We call the order K of the Grassmann polynomial as N¥MHV sector. Then the superampli-

tude can be expanded as
Ay = AMIV L gNMIV | ANSMEV oy ganti-MEV (1.2.14)

where we call the order n — 4 of the Grassmann polynomial as anti-MHV sector.

1.2.3 Momentum twistor

We have seen that the on-shell condition is manifestly resolved by using the spinor-helicity
variables. There is another condition: the momentum conservation. In the previous section,
we saw that the superamplitudes have two delta functions: §*(327_, p;) and %8 (327, |i)ani).

Here we introduce new dual variables y;, 6; such that
Yo — yzaJ(:l =%, 10ia) — |0i11,4) = qu‘fA = [i)mia- (1.2.15)

The momentum conservation Z?:l p; = 0 and the super momentum conservation Z?:l qj A=
0 correspond to the periodicity condition that y,+1 = y1, |@ny1,4) = |61,4). By using this

dual variable, the momentum conservation is manifest, however, the on-shell condition (y; —
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yi+1)? = 0 is not manifest. We can expect that by combining these two variables: the spinor-
helicity variable and the dual variable, we can construct a new variable that makes these
two conditions manifest. Before constructing this variable, we see the relation of this dual

variable and the hidden symmetry.

These dual variables make it possible to exhibit a hidden symmetry “dual conformal
symmetry”. First observation of this symmetry was given in the calculation of the four-gluon
MHYV amplitude [32], [33]. Additional evidence was obtained both at weak coupling [34], [35],
[36] and at strong coupling [37], [38]. Then in it was proven that all scattering amplitudes in

N =4 SYM are dual superconformal invariants [6].

Next, we introduce a new variable “Momentum twistor variable”. By using this dual

variables, we introduce another variable [u;]?, x#* defined as

(ilay?® = (ilayi®y = [ul?, xi* = (i0ia) = (i0;11.4) (1.2.16)

We write the new four-component spinor which made from a pair of spinors [1;|* and |i)%
as Z!I = (|i)%, [wi|®) with I = (a,a). These Z! are called “momentum twistors”. When the
fermionic x# is included, this is called “momentum supertwistor” Zz* where A = (a,a, A).
The important point is that these new variables transform linearly under the dual conformal
transformation. By using this momentum twistor, we can make a dual conformal invariant

by contracting four Z! with the Levi-Civita tensor
(ijkl) = eryx1 2] 2] ZE 7} (1.2.17)

The relation (1.2.16) imply that |u;] — ¢;|pi] under the little group scaling (1.1.13). From
this, the momentum twistors transform as Z! — t;Z/. This means that the momentum

twistors are defined projectively.

Since the dual variable y; is defined as (1.2.15), a point Z] is determined by the line of
two points y! and y!’ +1- On the other hand, the dual variable is written as
da _ |0 pima|® — i — 1)*[pi]*

yit = s : (1.2.18)

This means that a point in this y space is determined by a line (Z{le{ ) in Z space. Then
a point in the dual space maps to a line in the momentum twistor space, and vice versa.
This is the reason why this variables Z! is called momentum twistor variables. If we choose

n points Z; in this momentum twistor space, there are n lines defined by consecutive points
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(Zi, Zi+1). From (1.2.18), each line (Z;, Z;+1) is mapped to the point in the dual space y; and
the relation (1.2.16) requires that the points y; and y;41 are null-separated. This means that
the corresponding momenta p; = y; —y;+1 are on-shell. Then this momentum twistor variables

make both conditions: the on-shell condition and the momentum conservation manifest.

Next, we see the relation between physical poles and this momentum twistor variables.

The physical poles are written as

1 1
(pi + Dit1 +Pig2 + -+ Dj—2+Dpj-1) Yi;
where
Yij =Yi— Y =Pi +Pis1+ -+ i1 (1.2.20)
In momentum twistor space, this dual variable is written as
2 <i_1>i7j_1aj>
Yi; = 7 - - 1.2.21
A S W L) 221

Then the physical poles yfj = 0 mean that (i — 1,4, — 1,7) = 0.

1.2.4 BCFW recursion relation for N =4 SYM

Here we consider the BCFW recursion relation for tree amplitudes in the N' =4 SYM. In the
super symmetric theory case, we need to generalize the [i, ) BCFW shift to the [i, j) BCEFW
super-shift

N = i+ z;\j, Aj = Aj— 2N, = n+ 2. (1.2.22)

When we involve the shifts of the Grassmann variables 7, the supermomentum g =, A;n; is
conserved. From this, this generalization is natural from the point of view of SUSY. Following

the same step as non-SUSY BCFW, we can obtain the superamplitude as

1 AL .
ﬁAR( )y g M — 1n)|ZPi‘ (1.2.23)

n—1
A%ree = Z/d477]51AL(17 27 T 77: - ]-a _-pi)|2pi

i=1
The difference between non-SUSY and SUSY BCFW is the integration over the 1. As in the
non-SUSY case, we need to sum over all possible states that can be exchanged on the internal
line. In the N’ =4 SYM case, this includes all 16 states. In terms of component amplitudes,
the particle on the internal line depends on the external states of the amplitude. First, if

all external states are gluon, the internal line is also a gluon and we need to sum over the
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helicities as

(T ) g (L) 4

If a gluino is exchanged, we need to move one of the four Grassmann derivatives from Ay, to

(1.2.24)

np =0

Ap in both the first and second terms. In a scalar exchange case, two Grassmann derivatives

act on Ay and the another two derivatives act on Ag. All of this is summarised by

4
0 [ 1 .
ALAR]
(E 8%) P2

An important point is that the boundary term is always vanishes in the supersymmetric

~ 1 =«
0 :/d477PALID2.AR. (1.2.25)

Mpa=

recursion relation. By using this BCFW recursion relation, it is possible to obtain all tree

amplitudes .A,l\koHV [39]. The MHYV tree superamplitude is given as

MHV _ S5 Xidi) U8 (32, Aims) '
" (12)(23) -+ - (n1)

We can prove this by using the BCFW. The NMHYV tree superamplitude is

(1.2.26)

)\ )\ 5 | /\Z Z n—1 n—-3
k=742 j=2

where R,;; is called R-invariants which defined as

SW((j = 1,4,k = 1,k)xna + cyclic)
<n7j - 17j7k - 1><.7 - 17j7k - 17k><]7k - 1ak7n><k - 17k7n7j - 1><k7n7.7 - 17]>
(1.2.28)

The important point is that in this representation, each R-invariant has spurious poles. From

ank =

the previous section, the physical poles are written as (i — 1,4,5 — 1, j), then for example the
pole (n,j — 1,4,k — 1) is not physical pole. These spurious poles are canceled in the sum of
the R-invariants. This is the important feature of the BCFW. We can rewrite the amplitudes
into compact expressions, but the cost is the appearance of spurious poles. This means that

in the BCFW representation the locality is not manifest.
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1.2.5 BCFW for loop integrands in planar N’ =4 SYM

The analytic structure of loop level amplitudes is more complicated than for tree-level am-
plitudes. The tree-amplitude is a simple rational function and has only single poles. How-
ever, the loop-amplitude is expressed as generalized logarithms and special functions and has
branch cuts in addition to poles. From this, we focus on the loop integrand: the rational
function inside the loop momentum integration. This integrand is a rational function with

poles from the propagators.

When we consider the BCFW shift for the loop integrand, there is a problem that does
not appear in the tree case. In the loop level amplitude, the loop momenta I; are just
integrating variables that we can change these variables which gives the same integrated
result. However, if we consider the BCFW shifts for the integrand, this reparametrization

gives different functions in z. For example, we consider the 1-loop 4-point box integrand

1

14(1,2,3,4) = '
4(7 » 9y ) l2(l_p1)2(l—p1—p2)2(1+P4)2

(1.2.29)

We consider the equivalent parametrization I)) = I4(I — [+ p;) and take the BCFW shift for
p1 and py,

1

2(1 — p1 — 2q)%(1 — p1 — p2)?(1 + pa)?
1

(14 p1 4+ 2q)%12(1 — p2 + 2q)%(l — p2 — p3 + 2q)%

14(1’ é’ 37 4) =

15(1,2,3,4) =

These two integrands are different, then the BCFW recursion relation for the integrands is
ill-defined.

However, this problem is resolved in supersymmetric theories in the planar limit. This
means that in the planar limit, the loop momenta in the integrand is defined unambiguously.
Here we define the dual variable y for the loop momentum as [ = y; — yg. This is the same
as the relation p; = y; — y;01. When the ordering of the external particles is well-defined
based on the color-ordering, this definition has no ambiguity. In the loop level, this requires

that all diagrams be planar.

Then we consider the BCFW recursion relation for the planar integrand. Here we use
the momentum supertwistor Z{“. The dual variable y is expressed as a line in momentum
twistor space. Then we take yg to be mapped to a line (Z4Zp) in the momentum twistor

space. The explicit representation of the BCFW recursion relation for all loop integrands in
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planar N'=4 SYM is given in [9] as

My (1. ,n) = Mp_qp(1,--- ,n—1)
+ > li+ln—1n1]xME (1,---,4,I;) x M}F (I,j+1,--

R:kR:IR nr.kr,lr
nr.kr,lr;j

+/ [AB n—1n 1] X Mn+2,k+1,l71(17’ .. ,ﬁAB,A, B)
GL(2)

where np, + ngr =n, kp +krp =k, I +1lgr =1 and

8914 (ny (bede) + cyclic)
(abcd)(bede) (cdea)(deab){eabc)
nj=m-1n)N@Gj+11), L=0Gj+)nn-1nl),

fap=Mm—-1n)N(AB1l), A=(AB)Nn-1nl). (1.2.30)

[a,b,c,d,e] =

We can obtain all loop integrands form this BCFW recursion relation. For example, the

1-loop MHYV integrand is given as
A1 2 ) =Y (AB(1ii + 1) N (155 + 1))
MEAV AT = = (AB1i){AB1i 4+ 1)(ABii + 1)(AB15){AB1j + 1)(ABjj + 1)’
(1.2.31)

here we omit to write the MHV tree factor.

1.3 Polytope picture for NMHYV amplitudes

In this section, we review the polytope picture for NMHYV tree amplitudes which was intro-
duced by Hodges [8].

1.3.1 Volume of a n-simplex

First, we start from the simplest example. We consider a triangle in a 2-dimensional space
which made from the three vertices (z1, 1), (z2,92), (z3,y3). The area of this triangle can be

written as
Tl T2 T3

Va=olwy v2 ws |- (1.3.1)

1 1 1

[N
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Figure 1.1: Area of a triangle

We define three 3-vectors and a reference vector as

T; 0
W=\ v |, 2=1|01]. (1.3.2)
1 1

By using these 3-vectors, the area can be written as

1 (1,2,3)
Vo == . 1.3.3
27 2(20 - Wh)(Z0 - Wa)(20 - W) (1.33)
Next, we define a dual space Z! as
zZ'wr =o. (1.3.4)

These dual points Z! are related to lines in W space. Let us label the three edges of the
triangle as a,b and c as Figure 1.1. Then each W;; is characterized by two lines in the
dual space. These dual points make a triangle and this is called ”dual triangle”. By using
these dual points, we can calculate the area of the dual triangle. For example, Wi is the
intersection of lines a and ¢, then this Wy satisfies Z({ Wi = Z(f Wir = 0. We can solve these
constraints and Wiy is written as Wiy = €15 KZ;:] Zf . Then the area of the dual triangle is

given as
{a,b,c)?

v, L
> 210,a,0)(0,b,¢)(0,c, a)

= [a, b, ], (1.3.5)

where (a,b,c) = eryx ZLZJ ZK. We can generalize this expression to the volume of ”dual”
n-simplex in CP" as

1 i gy i)™
[ZZ'N"' 7Zin+1] = < uas >

n' <0,i1,i2, e ,in><0,i2, e ,Z.n+1> e <0,in+1,i1, . ,in,1>

(1.3.6)
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1.3.2 NMHYV tree amplitudes

In the momentum twistor space, the BCFW representation of the NMHYV tree amplitude is

written as
n—1 n—3

ANMIV — MEVEN™ NG — 1,5,k — 1,k (1.3.7)

k=j+2 j=2

where [n,j — 1,7,k — 1,k] = Ryji. Let us define the 5-component vector

Al
= i ., I=1,---,5, (1.3.8)
Xi Y

where ;-1 = x{ -4 and 14 is an SU(4) auxiliary Grassmann variable. This 1) common for
all external particles. Then we define (i, j, k, 1, m) as the contraction of five of these 5-vectors

with a 5-indexed Levi-Civita tensor. By using this 5-bracket, the R-invariant can be written

as
o 1 (i,7,k,1,m)*
k l — d4 1y vy Uy
ikt = @ o DO T T T
(1.3.9)
where we have introduced the auxiliary reference 5-vector
(1.3.10)

o
Il
—_ o o o o

Since the integrand is invariant under ZZ — ¢;ZZ, the 5-vector is projectively and we can

interpret this as the coordinates of points in projective space CP*.

From this, we can see that the integrand of the R-invariant (1.3.9) is the volume of a

?dual” 4-simplex in CP*. For example, the five point amplitude is written as
ANMEV — AMHV 11 93,4, 5]. (1.3.11)

Then, up to the MHV factor A1V this is the volume of a 4-simplex in CP*. Next, the
BCFW representation of the six point amplitude based on [2,3) super-shift is

NMHV
Ag

P 1,2,3,4,5] +[1,2,3,5,6] + [1,3,4,5,6]. (1.3.12)
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This is the sum of the volumes of the 4-simplices. This sum of the volumes corresponds
to the volume of the six-vertices dual polytope in CP*. From this, we can interpret this
the six-point amplitude as a volume of the six-vertices dual polytope. When we triangulate
this polytope into the simplices, then the volume becomes a sum of the volumes of each
simplex such as (1.3.12). This means that the BCFW representation is interpreted as a
triangulation of the polytope. Of cause, there is another triangulation of this polytope such
as [1,2,3,4,6]+[2,3,4,5,6] +[1,2,4,5,6]. This triangulation is the BCFW representation of
the six-point amplitude based on [3,2) super-shift.

The polytope interpretation described here is valid for NMHV n-point tree superampli-
tudes. This was generalized into the 1-loop n-point MHV integrands in [40].
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Chapter 2

The Amplituhedron

In the previous section, we see that the BCFW recursion relation gives all loop level integrands
in planar ' = 4 SYM. And the NMHV amplitudes can be interpreted as a volume of a
polytope. In 2013, Arkani-Hamed and Trnka generalized these geometric pictures for all
loop integrands and found a completely new geometric object: Amplituhedron [11]. In this
section, we will explain the definition of the amplituhedron and how to extract scattering

amplitudes from this geometric object.

2.1 Definition of the amplituhedron

The original definition of the amplituhedron is given as a generalization of a convex polygon
to the Grassmannian. This can be interpreted as a generalization of the vertex-centered
description of the convex polygon. The second definition is a topological definition of the
amplituhedron. This can be interpreted as a generalization of the face-centered description:
definition of the polygon by the collection of inequalities associated with the boundaries. We

briefly review these two definitions.

2.1.1 Generalization of the convex polygon

First we review the original definition of the amplituhedron. Let us start with a triangle in
real two dimensional space RP?. Any point in this space is expressed as a linear combination

of the vertices Z! (I = 1,2,3) of the triangle,

V=120 + o Zd + 328, (2.1.1)

26



The interior of the triangle is parametrized as all the triplet (¢, c2,c3)/GL(1) with all ratios
¢cq/cp are positive, so that all ¢, are positive or negative. For simplicity, here we take all of

the coefficients are positive: ¢, > 0.

We can consider two generalizations of this construction. On the one hand, we can inter-
pret this triangle as a 2-dimensional simplex and go to higher-dimensional simplices in higher-
dimensional spaces. On the other hand, we can consider polygons in the two-dimensional
plane. First, we generalize the triangle to an (n — 1) dimensional simplex in general projec-
tive space. The interior of this simplex is expressed as a collection (¢, ¢, - - , ¢,)/GL(1) with
cq > 0. We can further generalize this to the space of k-dimensional planes in n-dimensional

space. This is the Grassmannian G(k,n) which is a collection of n k-dimensional vectors,

&bl
2 2,2

C = , JGL(K) = (G1, @, -+ ,&)/GL(k). (2.1.2)
ok

The positivity giving us the interior of a simplex can be generalized to the Grassmannian:

all ordered minors of this C are positive,
(Cay ++Cap) > 0forag <--- < ag. (2.1.3)

The Grassmannian which satisfies this positivity is called “Positive Grassmannian G4 (k,n)”.

Next, we consider a polygon in the two-dimensional plane with vertices Z{ S Zé. There
is a well-defined notion of the interior that exists when the polygon is “convex”. This con-
vexity for vertices is that all ordered minors of the 3 x n matrix constructed from vertices
are positive:

(Zay ZayZag) > 0 for a; < ag < as. (2.1.4)

The k xn matrix which satisfies this positivity is called “the positive matrix My (k,n)”. Then

the interior of the convex polygon is given by a set of points as
Yi=e1Z{ + cxZd + -+ e, ZL = ¢, 2! with ¢, > 0. (2.1.5)
This can be interpreted as an intersection of two positive space:

(c1, -+ ,en) CGr(1,n), (Z1,--+,Zy) C M (3,n). (2.1.6)
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This can be generalized to higher m-dimensional space as
Y =c,Zl where (c1,---,c0) CGy(1,n), (Z1,---,Zy) C My(1+4m,n). (2.1.7)

We can further generalize this into the Grassmannian. We consider (k + m) dimensional
vectors Zé for =1, - k+ m where we restrict n < (k+m). And we introduce the space

of k dimensional planes in this (k 4+ m) dimensional space Y C G(k,k+ m),
Y a=1,-- k, I=1,--- ,k+m. (2.1.8)
We consider a subspace of G(k, k + m) which is determined as
v!i=c,. 2zt (2.1.9)

where
Coa C Gy (k,n), ZI c M (k+m,n). (2.1.10)

This space is called “the generalized tree amplituhedron A,EZ?(Z ). The case of m = 4, this is

called the tree amplituhedron.

The tree amplituhedron is defined as a generalization of the interior of the convex polygon.
We can see that the polygon is the k = 1, m = 2 case and n = k + m tree amplituhedron
is corresponding to the positive Grassmannian. This definition is purely geometric, however,

we will see that this tree amplituhedron gives tree scattering amplitudes in N' =4 SYM.

Here we can define the loop amplituhedron as a generalization of the tree amplituhedron
as follows. First, we consider L 2-dimensional planes L;) in 4-dimensional space complement

of Y. This L is the different linear combination of the external data Z

I
‘C(i)a

= Do) 2L (2.1.11)

where D is the positive Grassmannian G4 (2,n). Then the full amplituhedron A, ;; is the

space of all Y, L;) of the form

1 1 I 1
Yl =CaaZl,  L{yo=DaaiZ} (2.1.12)
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where all ordered minors of the matrix

(2.1.13)

are positive.

Next, we see the boundaries of the amplituhedron. First, we consider the simplest exam-
ple: k =1, m = 2 polygon case. In order to look at the boundaries, we consider (Yij). When
this bracket is positive for all Y, the line (Z;Z;) is a boundary. In this case, we can expand

YasY =cZ1+ -+ ¢, Z,, then this bracket becomes as

n
(Yij) = (ZaZ:iZ). (2.1.14)
a=1

From the positivity of C' and Z, when ¢,j are consecutive, all terms are positive and this

bracket is manifestly positive:

n
(Yii+ 1) = (ZaZiZi+1) > 0. (2.1.15)
a=1

Then the boundaries are lines (Z;Z;11) and this is consistent that the boundaries of the
polygon are given as consecutive lines. We can extend this to higher k, m cases. For example,
we consider the k = 1, m = 4 case. Similarly, as the case of the polygon, the bracket (Yijkl)

becomes as
n

(Y Z:Z;Zp2)) = Z<Zazizjzkzl>. (2.1.16)

a=1

Only when (i, 7, k,1) is (i, 4+ 1,4,7 + 1), this is manifestly positive:

<YZZ'ZZ‘+1ZJ‘ZJ‘+1> = Z<ZQZ1‘ZZ‘+1Z]‘ZJ‘+1> > 0. (2.1.17)

a=1

From this, the boundaries are planes (i, + 1,7, + 1). For the case of general k, we can see

that

V- YiZiZi1 ZiZja) = Y CayCa)Zay Doy ZiZis1 ZiZi1) > 0. (2.1.18)

a1 <---<ag
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2.1.2 Sign flip definition

Another definition is a topological definition called ”sign flip definition” [29]. The sign flip
definition is a generalization of the ”face-centered” description of the polytope: which is
the definition of the polytope by the collection of inequalities associated with the facet of the
polytope. However, in the case of the amplituhedron, in addition to the boundary inequalities,
the sign flip characterization is needed. Let us consider the m = 2 tree amplituhedron. All
the co-dimension one boundaries are expressed as (Yii + 1). However, the space defined as
(Yii+1) > o does not correspond to the m = 2 amplituhedron. For example, we consider the
k =2,m = 2,n = 4 case, the amplituhedron is corresponding to the positive Grassmannian
G+ (2,4). The inequalities of the boundaries (Y'12), (Y'23), (Y'34), (Y'14) are positive, however,

from the Plucker relations we can see that
(Y13)(Y24) = (Y12)(Y34) + (Y23)(Y'14) > 0. (2.1.19)

We can not fix the signs of (Y'13), (Y'24) from the boundary inequalities. The signs of both
(Y'13), (Y24) are negative in the amplituhedron, then the boundary inequalities are insuffi-

cient to define the amplituhedron.

To see how to define the amplituhedron as a collection of the inequalities, we consider
the simplest case: m = 1 amplituhedron. We project the k + 1 dimensional vectors Zé
through the k plane Y and obtain a configuration of 1-dimensional vectors Z/. Since we are
projecting through Y, this Y is mapped to the origin in this 1-dimensional space. We look at
the number of times the path (12),(23),--,(n — 1n) jumps over the origin Y. This number
is equivalent to the number of the sign flips in the brackets {(Y'1),(Y2),--- ,(Yn)}. In the
case of n = k + 1, the signs of all (Ya) are fixed. From this case, we can see the explicit
number of the sign flips for the amplituhedron: the m = 1,k amplituhedron has exactly k

sign flips. We can extends this for general n:

Y is in the m = 1, kK amplituhedron if
the sequence {(Y'1),--- ,(Yn)} has precisely k sign flips.

Similarly we can obtain the sign flip definition for general m amplituhedron [29]. The sign

flip definition of the m = 2 tree amplituhedron is

Y is in the m = 2 amplituhedron iff
(Yii+ 1) > 0 and the sequence {(Y'12),---,(Y1n)} has precisely k sign flips.

We can define m = 4 amplituhedron similarly as
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Y is in the m = 4 amplituhedron iff
(Yii+1jj 4+ 1) > 0 and the sequence {(Y'1234),---,(Y'123n)} has precisely k sign flips.

Next, we consider the generalization of this sign flip definition to the loop amplituhedron.
Here we write the loop momenta in the [-loop integrands as (AB), where vy =1,---,[. The
boundaries are (Y AB),ii+1), (Yii+1jj+1) and (Y (AB),, (AB),,). The sign flip definition

of the loop amplituhedron is given as

(YAB)yii + 1) > 0, (Yii+1jj + 1) > 0, (Y(AB),,(AB),,) > 0
{({YAB),12),--- ,((YAB),1n)} has k + 2 sign flips (2.1.20)
(Y1234) > 0,---,(Y'123n) has k sign flips

where ~y is the number of loops.

2.2 Canonical form and scattering amplitudes

Here we see how to extract scattering amplitudes from the amplituhedron. Let us define
a “canonical form”, a differential form defined by the requirement that it has logarithmic
singularities on all the boundaries of the amplituhedron. Let’s consider the simplest example:
triangle. We can write the interior of the triangle as Y = Z7 + ¢2Z2 + ¢3Z3, the boundaries

are reached as ¢; — 0. Then the canonical form is given as

q - dade (2.2.1)
P 2.
This can be written as
YdYdY)(123)?
Q, = Y AVdY){123)" (2.2.2)
(Y12)(Y23)(Y31)
Similarly the canonical form for the m = 4,k = 1,n = 5 amplituhedron is given as
Yd'Y')(12345)%
Q= < )(12345) (2.2.3)

(Y'1234) (Y2345 (Y 3451) (Y 4512) (Y 5123)°

Next, we consider the convex polygon P. The canonical form of this polygon can be obtained

by triangulating this and summing all the canonical forms for each triangle as

Qp =) Quiiga. (2.2.4)

31



The canonical form can be written as

k
o) =T[0 Yidmya)o, (2.2.5)

a=1

'(m)

where Qn? is a rational function. The scattering amplitude M,, ;. is extracted from the

(4)

m = 4 canonical form Qn .- Here we consider the tree case. First we fix the k£ +4 dimensional

external data Z! as 4-dimensional kinematic part z* and k-dimensional part d)il -n? as
728 = (¢4t o) (2.2.6)

fori,A=1,---,4 and ¢ and 7 are Grassmann parameters. To obtain the M,, ., we localize

the form Q;Z(A;C) to Yy and integrate over the ¢ as

M i (24, Ma) / 4 / 4. @
RO T — [ @y | A (Yo, Za). 2.2.7
Mn,O(Zav 77(1) ¢l ¢k n,kz( ° ) ( )

For example, we consider the canonical form (2.2.3),

/ i (12345)4

(Yp1234) (Y2345)(Yy3451) (Yp4512) (Yo5123)
B §914((1234)m5 + cyclic permutations)
T (1234)(2345)(3451) (4512) (5123)

(2.2.8)

This is just the 5-point NMHYV tree amplitude. We can obtain the loop integrand from the

canonical form of the loop amplituhedron similarly as

M i(Zay Tas L) - '
Mooz 77;() = /d4¢>1"'/d4¢k H<£1(i)£2(i)d2£1(i)><£1(i)£2(z‘)d2£2(i)>/Qn(jlk)(y()yzayﬁ'y(i))'
n,0\Zas Ta el

2.3 Sign flip triangulation

In this section, we see that the sign flip pattern gives a natural triangulation of the ampli-
tuhedron. First we consider the tree m = 1,k = 1 case. From the definition of sign flips,
{{Y1),--- ,(Yn)} has 1 sign flip. We denote the place where the sign flip takes place j;
(Yj) <0and (Yj+1) > 0. Now we can expand Y on some basis Z4,Zp as Y = Z4+ 2 2p.
In order to describe the m = 1 cell where the sign flip occurs at j, it is convenient to choose
ZA = Zj, Zp = Zj41. From the sign flip conditions, we must have x; > 0 and conversely,

every Y of this form with z > 0 will belong to this cell. Then the canonical form for this sign
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flip pattern is J
Q=4 (2.3.1)

Lj

and the full form of m =1 k£ = 1 amplituhedron is

Q= > dzj (2.3.2)

; Zj
1<j<n-1

This is the triangulation of the m = 1,k = 1 tree amplituhedron from sign flips. We
can similarly triangulate for general k. The region in the m = 1,k amplituhedron where

{{Y1)---(Yn)} flips in slots (j1,---ji) is covered by
Y = (Zjl + ZL‘1Z]'1+1)(Z]'2 + x22j2+1) s (ij + kaijrl) with T > 0. (2.3.3)

The k-form related to each cell is

Qlin i} ﬁ dlog ﬁ dlog Y Zipi) (2.3.4)
’ — ‘fra = J.
a=1 a=1 <YZZO‘>
and the full form is
Q= > QUr it (2.3.5)

The dimension of each cell is k and this is the triangulation of A(m = 1,k,n) into non-
redundant cells. Similarly the m = 2 amplituhedron can be triangulated from the sign flips.
For m = 2 case, the sequence {(Y'12), (Y'13),--- ,(Y'1n)} has k sign flip in the slots (j1, - - - jk)-

Then we can expand Y as

Y = (+21+ 2125 + 91251 + 1)(—=21 +222), +y2Zja+1) - ()21 + 2, 25, +urZjr +1)

(2.3.6)
with g, yr > 0. The k-form for each cell is
QU = ﬁ dlog zodlogy, = ﬁ dlog Y Li0) 150 V1ia T1)
= o] gl’a gya - o] g <Y’loﬂ/a + 1> g <Y7/a’l/a + 1>
where
Y@YW Y Y)Y d2Y3) (1YY i1191 <N (krkok
li1, o, ig; -~ o, ko, K _ (Yd)(YdYs) (YY) (Y1Y2Y3) N (irizis) N0 -~ N (Kikaks)) (2.3.8)

<Yi1i2><Yi2i3><Yi3i1> s <Y]{73/€1>
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Then the full form is

et = > [, 1 g1+ 11, g2, go + 13- 5 1, s i + 1. (2.3.9)
2<j1<j2 < <jp<n—1

The dimension of each cell is 2k and this is the triangulation of A(m = 2, k,n). The important

case is k = 2, it is isomorphic to the 1-loop MHV amplituhedron A(k = 0,n,m = 4,1 = 1).

The full canonical form of this amplituhedron A(2,n,2) from sign flips is

Qreri=t = N L+ 11,4, + 1
2<i<j<n—1
3 (Y Y1) (Y d*Ya) (Y1 Ya(Lii + 1) N (Ljj + 1)) (2.3.10)

pei S VIV + H(Yii+ Y1) (Y1 + (Y jj +1)°

Take (Y7,Y32) <+ (A, B), this form corresponds to the Kermit representation of 1-loop MHV

integrand.

For m = 1 and m = 2 case, we have seen that the sign flip pattern gives us a triangulation
of the amplituhedron. However, for the case of m = 4, there isn’t a relation between the

triangulation and the sign flip pattern.
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Chapter 3

The 2-loop MHV Amplituhedron

In this section, we see that it is possible to triangulate the 2-loop MHV amplituhedron
A(k = 0,n,l = 2) using the sign flip definition. The sign flip definition of the 2-loop MHV

amplituhedron is

(ABii +1) >0, (CDii+1) >0

{(AB12),(AB13), -, (AB1n)} has 2 sign flip
{{(CD12),(CD13),--- ,(CD1n)} has 2 sign flip

(ABCD) > 0, (3.0.1)

(A, B) and (C, D) are the loop momentum for each amplituhedron. From this, we can see
that the 2-loop MHV amplituhedron is constructed by two 1-loop MHV amplituhedron (AB),
(CD) and a further constraint (ABCD) > 0. The important fact is that even if we consider
the general n-point, there is only one constraint (ABC'D) > 0. Because of this, to obtain
the canonical form we need to solve only one constraint and it is very easy rather than the
Y = C - Z description. We construct the triangulation of the 2-loop MHV amplituhedron
from the sign flip definition and compare with the BCFW.

3.1 Triangulation of 2-loop MHV Amplituhedron

3.1.1 Four point case

First we consider the simplest case, 2-loop 4-point MHV amplituhedron. From the sign flip
definition (2.1.20), it is constructed from the two 1-loop 4-point MHV. The sign flip definition
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of the 1-loop amplituhedron is

(ABii +1) > 0,
{(AB12),(AB13),(AB14)} has 1 sign flip. (3.1.1)

From this, there is only 1 sign flip pattern
{(AB12), (AB13),(AB14)} = {+, —, +}. (3.1.2)
Then we can expand the loop momentum as
Za=21+x12s +unds, Zp=—Z1+y143+ 2124. (3.1.3)

From the sign flip condition, the region of these variables are x1,w1,y1,21 > 0. In the view

of the Y, = CnqZ, description, the C-matrix of this sign flip pattern is

C:( Lo 0 ) (3.1.4)

-1 0 wn1 =
Boundary of this pattern is 1 — 0,w; — 0,1 — 0,21 — 0, then the canonical form is

Q=1 — dzy dwy dyr dz1 (ABd*>A){ABd?B){1234)* (3.15)
Y7z w oy oz (AB12)(AB23)(AB34)(AB14) o

This form corresponds to the form of the 4-point 1-loop MHV amplituhedron obtained from
the Y = C'- Z description [11,41]. Next we consider the 2-loop 4-point MHV amplituhedron.
This is constructed from the two 1-loop amplituhedron and a constraint (ABCD) > 0. We

can parametrize these two 1-loop amplituhedron as

Za=21+x14s+uids, Zp=—Z1+iy143+ 2124
2o =2y +x9Zo +wols, Zp=—2Z1+ Y243+ 2224

with @1, w1, y1, 21, T2, w2, Y2, 22 > 0. (3.1.6)
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In view of the ) = C - Z description, the C-matrix is

1 r1 wq 0

-1 0
C— oA (3.1.7)
1 Tro W9 0
-1 0 y 2
Under this parametrization, the constraint become
(ABCD) = (1234){(x1 — x2)(y122 — y221) + (21 — 22) (w12 — wow1)} > 0. (3.1.8)

From this condition, these parameters are bounded further. Without loss of generality, we
can take y122 — y221 > 0. Then from (ABCD) > 0,
(2’1 — 22)(11)1562 — w2$1)

T > T9 — =T9 — Q. (3.1.9)
Y1z2 — Y221

Therefore there are 4 cases depending on the signs of (21 — 22), (wijz2 —wex1). For example,

the case of (z1 — z2) > 0, (wize — waxy) > 0, the regions of these variables are

1 21
To +a > x1 >0, w1>x—w2, y1>z—y2, Z1 > 29
2 2

o >0, we >0, yo >0, 20>0. (3.1.10)

Compare with (3.1.6), the regions of these parameters are further bounded because of this

constraint. Then there are 9 boundaries

xr z
(T1 222 t+a, x1—=0), wi— Twa, y1 = Zya, 21 = 2

xTo — 0, w9 — 0, Y2 — 0, z9 — 0. (3.1.11)

We can obtain the canonical form for this case. For example, the region of 1 is 0 < x1 <
9 + a, then the form for x; is
1 1

- (3.1.12)
I X1 — T2 —a

Then the canonical form for this case is

1 /1 1 1 1 1 1 1 1
Q_m<_ _ _:> P P (3.1.13)
2 X I xI9 a /) wy T2 wo W2 Y1 pos Y2 Y2 21 29 29
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There are 4 patterns depending on the signs of (21 — 22), (wixe —waz1). The forms related

to these 4 patterns can be constructed similarly

9 - 1 1(1_ 1>11111
r1—wptazy \wi  wi— Zwe J wayr — Zyaya 2 — 22 22
PSR R AN S N Y N
r1— T2 tazgwr — Jwawayr — Y2 Y2 \21 21— 22) 22
ST € R W S Y S N a1
T \T2 T2~ 214/ W1 — W2W2Y1 — . Y2Y2 21 — 2222
94:1<1_1>(1_ L )1 LoL(L 1L
r1\22 wp—x1—a) \w  wi—Fwr ) wayr— Ly \21 o —22) 2

The remaining four cases y12zo — y221 < 0 are obtained that swap 1 <> 2. The sum of these 8

form is
Q=2 _ dridxodwidwedyr dysdzidzs (x1y122 + T2y221 + Tow1 21 + T1W222)
et T1T2W1W2Y1Y22122 {(z1 — 22)(y122 — y221) + (21 — 22) (w172 — wax1)}
(3.1.15)
To translate it into the momentum twistor, we need to solve (3.1.6) for xj,xa, - , 29
___(AB13y) - (AB12) _(AB14) __ (ABL3)
LT T AB23y T aBasy YVt T (ABsay 'T T (AB34)
(CD13) (CD12) (CD14) (CD13)
= — = = = — . 3.1.16
2T o3y ? T (¢D23y'Y? T (CD34) 2T T (CD34) (31.16)

Then the full form in the momentum twistor space is

(1234)3(ABd*A)(ABd*B)(C Dd*C)(CDd?D)
(AB12)(AB14)(AB23)(AB34)(ABCD)(CD12)(CD14)(CD23)(CD34)

=2 _
Q4pt -

x {(AB34><CD12> + (AB23)(CD14) + (AB14)(CD23) + <AB12><CD34>}.
(3.1.17)

The dimension of this amplituhedron is 8, therefore in this 4-point case, it is just a non-
redundant cell. Of cause it can be obtained from the Y = C - Z description directly [41] and
our result is corresponding to this Y = C - Z result. Next we see that the higher point 2-loop

MHYV amplituhedron can be triangulated into the non-redundant dimension 8 cells.
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3.1.2 Five point case

Next we consider the 5-point amplitude. The 2-loop 5-point MHV amplituhedron is con-
structed from the two 1-loop 5-point MHV amplituhedron and a further constraint. In the
1-loop n = 5, k = 2 amplitude, there are 3 patterns of sign flips as

{(AB12),(AB13),(AB14),(AB15)} = {+,—,+,+} or {+,— — +} or {+ +,— +}
(3.1.18)

Then we can parametrize for each pattern as

Zpa=21+x1Z2+ w1 Z3 Zpa=21+x1Z2+ w1 Z3
(2,3) pattern , (2,4) pattern,

Zp=—-Z14+wnZs+ 212 Zp=—2Z1+wyZs+ 21725

Za=71+ 1123+ w1 Z
PERESTIA(3,4) pattern. (3.1.19)

Zp = —Z1+y14s+ 2125

Then depending on which pattern (3.1.19) we choose, there are 3x3 = 9 patterns in the 2-loop
amplituhedron. We can expect that the full form of the 2-loop 5-point MHV amplituhedron
is obtained by the sum of these forms related to each 9 pattern. Each form can be obtained
similarly as the 4-pt case, and the explicit calculation is given in the appendix and here we
will write only the results. The case of (2,3) x (2,3) is same as the 4-pt case. The case of
(3,4) x (3,4),

Q34314 = dxldiji?;ilzz;li/;jfimdzz </<11]_§é51>)> (x1y122 + T2y221 + Tow1 21 + T1W222)

(1345)3(ABd* A)(ABd® B) (CDd*C)(CDd*D)
(AB13)(AB15)(AB34)(AB45)(ABCD)(CD13)(CD15)(CD34)(C D45)

x {(AB45><CD13) + (AB34)(CD15) + (AB15)(CD34) + (ABl3><CD45)}(3.1.20)

The case of (2,4) x (3,4),

Q _ (123A44)(134C4)(ABd? A)(ABd* B)(CDd*C)(CDd*D)
34 = (AB12)(AB13)(AB14)(AB15)(AB23)(ABA45)
{ x (ABCD)(C'D13)(CD14)?(CD15){C D34)(CD45) }

x {<123A4>((AB45)(C’D13><CD14> + (AB15)(C'D34)(CD14))

—(345A5)(AB14)(CD14)(CD15) + (123C4){(C D14)(AB45) (ABl3>}.

(3.1.21)
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The case of (2,3) x (3,4),

(123A3)(134C4)(ABd? AY{ABd?B)(C'Dd*C)(CDd?D)

Haase = { (AB12)(AB13)2(AB14)(AB23)(AB34) }
x (ABCD){(CD13)(CD14)*(C D15)(CD34)(C D45)

X {<A313>(12304)(C’D4A3> — (AB13)(AB14)(CD13)(234Cy)

H{CD14)(145A5) (CD3A3) — (AB14) (AB23><CD13><CD14>(1345>}.

(3.1.22)

The case of (2,4) x (2,4),

—

123A4)(123C4)(ABd? A)(ABd? B)(CDd*C){C Dd*D

)
(AB12)(AB13)(AB14)(AB15){AB23)(AB45)(ABCD) }
% (C'D12)(C'D13)(C'D14)(CD15)(C D23)(C D45)

Qo424

x4 (123A4,)((AB12)(CD13)(CD45) + (AB15)(C D14)(C'D23))

+ —

(123C4)((AB13)(AB45)(CD12) + (AB14)(AB23)(CD15))
+(2345) ((AB12)(AB15)(CD13)(C'D14) + <ABIB>(ABl4><OD12><CD15>)}.

(3.1.23)

We use the symbols that
A = (AB)N(lit+1), Cr=(CD)N(1kk+1). (3.1.24)

The remaining patterns are (3,4) x (2,3),(2,4) x (2,3),(3,4) x (2,4). These forms can be
obtained from o334, 9394, 29434 that swap AB <> C'D. We obtain all 9 forms and we can

calculate the sum of these forms

Qé pthHV Q2323 + Q2424 + Q3434 + Qo324 + Q2334 + Q2434 + Q2423 + D3423 + Q3a24. (3.1.25)
Each form ;1 has spurious poles (AB13), (AB14), (CD13),(CD14), we can see that all
of these are canceled and remain only the physical poles in the full form and this result is
corresponding to the BCFW representation. From this result, we can see that the 2-loop
5-point MHV amplituhedron is triangulated into the 9 cells related to each sign flip pattern,

and these cells are 8-dimensional cells G4 (4,4).

In the case of the BCFW, each cell of the 2-loop 5-point MHV amplitude has also the
spurious poles not only like (AB13), (AB14), (CD13), (C'D14), but also more complicate poles
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from taking the forward limit. Therefore this triangulation has a different structure compared

with the BCFW triangulation.

3.1.3 n-point case

Next we consider the general n-pt case. First we consider the 1-loop n-point MHV ampli-

tuhedron. There are 3(n — 3)(n — 2) sign flip patterns from the way to chose i, that

,j=2,3,---,n—1, 1<j. (3.1.26)
When sign flip occurs at ¢, j slots, we can parametrize the loop momentum as
Za=21+zxZi+wlip1,Zp=—21+ ij + ZZj_H, (3.1.27)

and the canonical form of this pattern is

0y = v dydz (3.1.28)

Then the full form is
Q= > (3.1.29)

Z'7j:2737"' 9”71
1<J
Next we consider the 2-loop n-point MHV amplituhedron. There are [3(n — 3)(n — 2)]? sign
flip patterns in the 2-loop n-point MHV amplituhedron depending on the way to chose ¢, j, k, [
that

Za]7k7l:27377n_17 Z<]7k<l (3130)

We can expand as

Za =71+ x212; + w1 Zig1, Zc =21+ 29 Zk + W2l (3.1.31)

Zp=—2Z1+wnZj+214in Zp =—21+ Y221 + 222141

From the constraint (ABCD) > 0, these parameters are bounded. The region of these
parameters are depending on the other parameters and (ijkl), however, the sign of this
determinant changes depending on the relation between (i, j) and (k,l). More precisely, the
sign is depending on the order of 7,7, k,[, if i < j < k < I, then (ijkl) > 0. Therefore we

need to determine the order of i, j, k,[ to calculate each form. This order of ¢, j, k,l can be
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divided into 13 groups as

i<k<l<j---(1), i<k<j<l---(2), i<j<k<l---3), i=k<li<j---(4),
i=k<j=10---(5), i=k<j<l---(6), i<k<j=1l---(7), i<j=k<l---(8),
E<i=l<j---(9), k<i<l<j---(10), k<i<j=l---(11), k<i<j<l---(12),
k<l<i<j---(13) (3.1.32)

We can compute the forms for each case in the same way as the 5-point case. The case of

(1), C-matrix is

1 )
-1 .
C = J (3.1.33)
1 k
-1 - l
where
(i,i—l—l — a:l,wl) (j,j+1 — yl,zl) (k,k—i—l — .%'2,7112) (l,l—i—l — yQ,ZQ) ,o-=0. (3.1.34)

The canonical form of this case in the momentum twistor space is

wiin(Lii + 1A;)(1kk + 1C1)(ABd*A)(ABd*B)(C Dd*C)(CDd*D)

1
Ljr = (AB1i)(AB1i 4+ 1)(AB1j)(AB1j + 1)(ABCD)(CD1k)(CD1k + 1)(CD11)(CD1l + 1)
(3.1.35)
where Ny
w1/ _ <ABZZ + 1><AjCkCll> + <AZAJCkCl> ‘ (3.1.36)
Wkl (ABii 4+ 1)(ABjj + 1)(CDkk + 1)(CDIl + 1)

Again we use the symbols (3.1.24). The canonical forms for another case can be obtained
similarly. We give all the canonical forms and the explicit calculation of the case of (1) in

the appendix.

Then the full form of the 2-loop n-pt MHV amplituhedron is

n-pt 2-loop __ 1 2 3 13
Dy = > Ut D Wt D> Q++ D Q. (3.1.37)
1,7,k,0=2,3,--- ,;n—1 i<k<j<l 1<j<k<l k<l<i<j

<k<l<j

Similarly for the 5-pt case, these cells have spurious poles. However, all of these poles are
canceled and remain only physical poles. We compared this result and the BCFW represen-

tation numerically and we checked that these results are corresponding up to at least 22-pt.
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From this results, we can see that the 2-loop n-pt MHV amplituhedron is triangulated into
the [3(n — 3)(n — 2)]? 8-dimension cells and this triangulation is obtained directly from the

geometry.

3.2 More 2-loop Objects

3.2.1 Log of the 2-loop MHV Amplitude

In this section we consider the log of the 2-loop MHV amplitude. The expansion of the
amplitude is
A=14gA 4+ ¢?Ay+ A5+ . (3.2.1)

Then the expansion of the logarithm of the amplitude is
S=logA=gS +¢*So+g3S3+ - - (3.2.2)
where Sy, is a sum of Ay, and products of lower-loop amplitude,
1 2 1 3
S1=A1, Sy=A— §A1, S3 = Az — A A1 + §A1, S (3.2.3)

therefore the first non-trivial part is the 2-loop log amplitude. The 2-loop log amplitude can
be expressed simply as a non-planar cyclic sum of the double pentagon diagram because of
the simple relation between the square of the 1-loop pentagon diagram and the 2-loop double

pentagon diagram [42]. The 1-loop pentagon diagram is

(AB(i—lit+1)N (5 — 1j5 + 1))(Xj)

= 3.2.4
(ABX)(ABi — 1i)(ABii + 1)(ABj — 15)(ABjj + 1) ( )

and the 1-loop MHV amplitude is
Ay =Y (3.2.5)

1<j
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The relation between this pentagon diagram and the double pentagon diagram is

J k

= , (3.2.6)
where the double pentagon diagram is given as
J k
(AB(i—lii+1)N(j—15j+1))(ijkl)
(ABi—1i){ABii+1){ABj—1;)(ABjj+1)(ABCD)
% (CD(k—1kk+1)N(I-111+1))
{CDk—1k)(CDkk+1)(CDI—11){CDII+1)
= Qijki- (3.2.7)

The left side is just (All\a({fp)z and the right side contains not only the planar diagrams
i < j < k <l but also the non-planar diagrams; for example, i < k < j < [. From (3.2.3),
the log of the 2-loop amplitude is

—loo 1 —loo —loo
~llog Al = 5 (Ayiy™®)? = Ay (3.2.8)

This means that the sum of all non-planar double pentagon diagrams times minus sign gives

us the log of the 2-loop amplitude [42]

log Al == D

i<k<j<l<i

- _ Z Qijki- (3.2.9)

i<k<j<l<i

For example, the log of the 4-pt amplitude is

_1 .
[log A]IQ\/IHi?E P = Quzm

_ (1230)% ((AB13) (CD24) + (AB24)(CD13)) 3210
- (AB12)(AB23)(AB34)(AB14)(ABCD)(CD12)(CD23)(CD34)(CD14)" (3:2.10)

Next we consider the log of the amplitude from the geometrical view. First we consider

the region of the log of the amplitude. In the case of the 2-loop MHV, the definition of the
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amplituhedron is
Li=D;,-Z, i=1,2 (3.2.11)

and

<D(1)D(2)> > 0. (3.2.12)

We consider another case: the square of the 1-loop MHV amplituhedron. This is defined
similarly

Li=D; - Z, i=1,2. (3.2.13)

However, this has no positivity condition. From (3.2.8), the region of the minus log of the
amplitude is (D)D) < 0. This pattern can be extended to all higher loop [41]. Then
the question is that is it possible to obtain the log of the 2-loop MHV amplitude from the
geometry

Li=D;-Z, i=1,2, and (D Dg) <0 (3.2.14)

and the canonical form of this geometry? In this section we construct the canonical form of
this space (3.2.14) and see that it is corresponding to the log of the 2-loop MHV amplitude.

To obtain the canonical form, we use the sign flip definition of this geometry

{(AB12),(AB13), -, (AB1n)} has 2 sign flip
{{(CD12),(CD13),--- ,(CD1n)} has 2 sign flip
(ABCD) < 0 (3.2.15)

(ABii+1) >0, (CDii+1)>0
(

and call this geometry “2-loop MHV log amplituhedron”. From this definition, we can see
that the 2-loop n-point MHV log amplituhedron is constructed from the two 1-loop MHV
amplituhedron and a negative constraint (ABCD) < 0. Then there are [1(n — 3)(n — 2)]?
sign flip patterns in the 2-loop n-point MHV log amplituhedron depending on the way to
chose i, j, k,l that

1,5,k 1=2,3,--- n—1, i<j k<l (3.2.16)

We can expand the loop momentum (Z4, Zp),(Zc, Zp) as (3.1.31) and the order of i, j, k,
is divided into 13 groups as (3.1.32). Once we get the order of 7, j, k, [, then we can calculate

the canonical form similarly. For example, the canonical form for the case of (1) is

dxidxs - - - dz1dzo -1
T1Taw1WaY1Y22122 (azo — bwi — cxy — dwa + ey
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where

whpllog] = may1(Li + 1kj) + woz1 (Li + 1kj + 1) + yrya(li + 115) + yoza (Li + 105 + 1)
y129(1i + 1 + 15) + z129(Li + 11 4+ 15 + 1) + xoyy (Likj) + xo21(likj + 1)
woyy (Lik + 15) 4 wozy (1ik + 15 + 1) 4 y1yo(1ilg) + yoz1 (1il + 15)

yrzo(lil + 1j) 4+ z129(1il + 15 + 1) + wiy1 (13 + 1k + 1j)

wizp(li+ 1k +15 4+ 1) (3.2.18)

+ o+ o+ o+

and

a = xyxo(likl + 1) + wowq (lik + 1 + 1) + wyzo(li + 1kl + 1) + wywe(li + 1k + 11 + 1)
+xoyr (kL + 17) + xaz1 (1kl + 15 + 1) + woyr (1k + 11 + 15) + woz1 (1k + 11 + 15 + 1)
+x1x9y1 (ikl + 1) + 12221 1kl + 15 + 1) + wazyyy (ik + 11 + 17)
+wox121(tk + 11 4+ 15 + 1) + wizoy (i + 1kl + 15) + wizoz1 (i + 1kl + 15 + 1)
+wiwoyr (i + 1k + 11 4+ 1j) + wiwaz1 (i + 1k + 11 + 15 + 1)

b = wmoyi(li+ 1kj) + zoz1(Li + 1kj + 1) + yry2(Lli + 115) + yaz1 (i + 115 + 1)
+y122(li + 1+ 15) + z129(Li + 11 + 15 + 1)

¢ = wayi(lik) +woz1 (Likj + 1) + woyy (1ik + 13) + wozr (1ik + 15 + 1) + yrye(1il3)
+yaz1 (Lil + 15) + y12z2(Lil + 15) + z122(Lil + 15 + 1)

d = wiy(li+ 1k + 1)+ wizg (i + 1k + 15 + 1)

e = mxe(likl) + wox1(Lik + 11) + wize(li + 1kl) + wywe(li + 1k + 11) 4+ xoy1 (1klj)
+aoz1 (1klj + 1) + woyr (1k + 115) + waz1 (1k + 115 + 1) + x120y1 (ikly)
+x12921 (ikly + 1) + wox1y1 (ik + 115) + woxy21(ik + 115 + 1) + wixoy: (i + 1klj)
+wizozy (i + 1klj + 1) + wiweyr (i + 1k + 11j) + wiwaz1 (i + 1k + 115+ 1).  (3.2.19)

We can calculate all forms for each pattern and the explicit form is written in the appendix.

Then the full form of the 2-loop n-pt MHV log amplituhedron is

n- -loo
Oflog [Ayi ] = > Qllogl + > Qyllogl+---+ Y Q% flog].
1,7,k,0=2,3,-+ m—1 i<k<jy<l k<l<i<j
<k<l<j
(3.2.20)

Then we can compare with this result and the non-planar sum of the double pentagon dia-

grams (3.2.9) and we checked that these results are corresponding up to at least 22-pt.
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In the case of the 2-loop MHV amplitude, we can obtain the log of the amplitude from
the canonical form on the well-defined space as (3.2.14). However, the important point is
that in the case of the 3-loop or higher loop, we can not define the log of the amplitude as a
canonical form on the well-defined space. This means that the 2-loop MHYV case is a special

that we can define the log of the amplitude geometrically.

3.2.2 Square of the Amplituhedron and Positivity

Next we consider the decomposition of the square of the 1-loop MHV amplituhedron. From
(3.2.13), the square of the 1-loop MHV amplituhedron is decomposed into the amplituhedron
and the log amplituhedron

(Li=D;-Z) = (Li=D;-Z
+ ( i=D; - Z, <D(1)D(2)> < 0) (3.2.21)

for ¢ = 1,2. We can see this decomposition directly from the canonical form. For example,

the 4-point case, the canonical form of the amplitude and log of the amplitude is

dzidradw dwedy dyadzidze 122 + T2z1 + wiye + way1
Q[A] = — — — —
T1T2W1W2Y1Y22122 {(z1 — 22)(22 — 21) + (w1 — w2)(y2 — y1)}
Q[log .A] _ dmldxgdwldwgdyldygdz1dzg —(95121 + T229 + w1Yi1 -+ wgyg) (3 9 22)
T1 LW WaY1Y22122 {(z1 —22)(22 — 21) + (w1 —w2)(y2 —v1)}
Then
Q[.A] + Q[logA] _ d$1d.7}2dw1dw2dy1dy2dzld22‘ (3‘2.23)

T1T2W1WY1Y22122

This is just the canonical form of the square of the 1-loop MHV amplituhedron (3.2.13). We
can be confirmed that it holds for general n-point case from the explicit representation of the

canonical form.

The interesting feature is that the numerator of the canonical form of the 2-loop MHV
amplituhedron is the positive part of (ABC D) and the numerator of the log amplitude is the

negative part. For example, the 4-pt case,
(ABOD) = (1234){z122 + 2221 + w1ys + way1 — (w121 + 2222 +wi1yr +way2)}.  (3.2.24)

From the condition that (A, B) and (C, D) are the 1-loop MHV amplituhedron, we can see

47



that
(1234>,x1,x2,w1,w2,--- , 29 > 0. (3.2.25)

Then (ABCD) is decomposed to
(ABCD) = AT + A~ (3.2.26)
where
AT = (1234) (z120+ w221 +wiye +wayr), AT = —(1234)(z121 + 2222 +wiyr +way2) (3.2.27)

and AT is positive, A~ is negative. From (3.2.22),

N d:cldmgdwldwgdyldygdzlsz A+

QA 3.2.28
[ ] T1X2WLW2Y1Y22122 <ABCD> ( )
dx1dxodwidwodyrdyodzrdzs A~
Qllog A|l = R 3.2.29
[log A] T1T2WIW2Y1Y22122 (ABCD) ( )
we use the relation
(1234>{(.%’1 — l‘g)(ZQ — 21) + (w1 — wg)(yQ — yl)} = <ABCD> (3.2.30)

From the n-point forms of the amplitude and the log amplitude, we can see that this holds
for general n-point case. (ABCD) is decomposed into the positive and negative parts even

for the n-pt case. For example, the pattern (1) for (3.1.32),
(ABCD) = azs — bwy — cx1 — dwa + ey (3.2.31)

where a, b, ¢, d, e are defined as (3.2.19) and these are positive. Then the positive and negative
parts is

AT =az +eys, A = —(bwy + cx1 + dws). (3.2.32)

The canonical form of the 2-loop amplitude and the log of the amplitude for this pattern (1)
is
o d:Cld.ngwldedylddeZleQ A+

QL = 2.
ikt 4] T1T2WIW2Y1Y22122 (ABCD) (3.2.33)

dwldacgdwldwgdyldygdzleQ A~

Qfjjllog A] = (3.2.34)

T1X2WLW2Y1Y22122 <ABCD>

and we can see that this holds for all another patterns of (3.1.32). From this result and
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AT > 0, the form of the n-pt 2-loop MHV amplituhedron is positive. Addition to this, in
the form of the log amplitude, A~ < 0 and (ABCD) < 0. Then the log of the amplitude
is also positive. The positivity of the canonical form is related to the existence of a “dual
amplituhedron” [20]. Then this is the another prove of the positivity of the canonical form

directly.
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Chapter 4

The 1-loop NMHYV Amplituhedron

In the previous section, we have seen that the 2-loop MHV amplituhedron is triangulated by
using the sign flip triangulation. In this section, we consider the 1-loop NMHV amplituhedron.
Since there is no isomorphism between this 1-loop NMHV and the m = 2 amplituhedron,
then we cannot use the same way with the MHV case. However, from the sign flip definition,
we can see that the 1-loop NFMHV amplituhedron is constructed from the m = 2,k +
2 amplituhedron and m = 2,k amplituhedron which intersecting with the N*MHV tree
amplituhedron. This means that even higher k£ case, the amplituhedron is constructed from
the two m = 2 amplituhedra and once we obtain this representation, we can triangulate by
using the sign flip triangulation. In section 4.1, we see how to construct the 1-loop MNHV
amplituhedron as a product of two m = 2 amplituhedra and construct explicitly. In section

4.2, we introduce the super-local representation of the 1-loop NMHV amplituhedron.

4.1 6-2 Representation of the 1-loop NMHYV Amplituhedron

4.1.1 Amplituhedron as a Product of m = 2 Amplituhedra

The sign flip definition of the 1-loop NMHV amplituhedron is

(VAB)ii +1) > 0, (Yii+ 1j5 + 1) > 0
{{(YAB)12),--- ,((YAB)1In)} has 3 sign flips
{(Y1234), (Y1235), -, (Y'123n)} has 1 sign flips. (4.1.1)
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From this definition, we can see that this 1-loop NMHV amplituhedron is written as a prod-
uct of two m = 2 amplituhedra; m = 2, k = 3 amplituhedron (Y AB) and the polygon which
is the intersection of the plane (Y AB) and the tree amplituhedron given by the convex hull
of the external data for £ = 1. This means that the form of this 1-loop NMHV amplituhe-
dron is expressed as “6-form x 2-form”, where the 6-form is the canonical form for (Y AB)
amplituhedron, and the 2-form is the one for the intersecting polygon. The important point
is that in this representation, there is no difference between Y and AB variables. From
this, we write the (Y AB) plane as (YY2Y3) plane. Usually, we write this form as “4-form
x 4-form” from the BCFW: one 4-form is depended on Y (which is corresponding to the
R-invariant), another 4-form for the loop momentum (AB). Then this 6-formx2-form rep-
resentation has a completely different structure than the BCFW. We call this representation

as “6-2 representation”.

Next, we see that what vertices make this “intersecting polygon”. In the case of 1-loop
NMHV amplituhedron, we need to consider the intersection of a 2-plane (Y1Y2Y3) and a 4-
dimensional polytope with vertices Z;. The boundaries of this pentagon are determined by
the intersection of the plane (Y7Y2Y3) and the facets of the cyclic polytope: (ii 4155+ 1). A
vertex comes from the intersection of the plane and a triplet who share three indices of two
boundaries. For example, the triplet which is determined as a intersection of two boundaries
(ti 4+ 1574+ 1), (it + 15 + 15 + 2) is (it + 15 + 1). Explicitly, the boundary of this polytope
(ii + 157 + 1) intersects with a 2-plane with a line

(VIYa¥) (i + 175+ 1) = (ZeZen) (Vi 1) + (Zios Z3) (Y + 13)

where (Yij) = (Y1YaY3ij). The triplet (ii + 1j) intersects with a 2-plane with a point
MYaYs) N (i 4 15) = Z;(Yi+ 15) + Zi1 (Y i) + Z;(Yii + 1). (4.1.3)
This point is in the interior of this polytope if all of these coefficients are positive,
(Yii +1),(Yi+ 1j), (Yji) > 0. (4.1.4)

This means that the vertices of the intersecting polygon satisfy this condition. From this,
the vertices of the intersecting polygon are written as triplets (a,b,c) which satisfy (4.1.4).

The case of more general dimension is discussed in [19].

Once we obtain the shape of the intersecting polygon, we can write the canonical form of it.
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For example, the 2-form of the triangle whose vertices are {1, , k} = {(i1iai3), (j1jajs), (kikaks)}

is

m=2,k=1 _ (yd?y) (ijk)?
3-pt(i1izis)(j1j273) (k1kaks) — <y%j><y§/;> <yk%>

(4.1.5)

where y is a point on the (Y7Y2Y3) plane inside this triangle. Next, we rewrite this 6-2
representation into the (Y AB) space. In (Y AB) space, the line (i) on the plane (Y;Y2Y3)
is just the intersection of two boundaries of the cyclic polytope (i1i2i3) N (j17273). Similarly
(ijk) is just the intersection of three boundaries (i1igis) N (j1jaj3) N (k1k2ks). From this, the
explicit relations of brackets in the (Y1Y2Y3),y space and in the (Y AB)space are

MYaYsij) — (Y ABij),
(yig) — (YAB(iri2i3) N (j15273))

= (Y ABiri2)(Yizjijajs) + (Y ABioisz)(Yi1j1273)
+ (Y ABigi1)(Yiaj1jojs),

(tjk) — ((YAB) N (ivigiz) N (jij2gs) N (k1k2ks))
(YAiviziz) (YA(jrjags)) (Y A(kikoks))
= |[(ABivizis) (AB(j1j2js)) (AB(kikaks))|- (4.1.6)
(BYirizis) (BY (jij2js)) (BY (kikoks))

And the measure changes as

(YY1 (Y d?Yo) (Y d*Y3) (yd?y) — (Y'Y (Y ABd>A)(Y ABd*B). (4.1.7)

We can generalize this to the 1-loop N*MHV amplituhedron Ail'l,;mp. From the sign flip

definition, we can see that .Al loop 5

is constructed from the m = 2, k + 2 amplituhedron and
= 2, k amplituhedron Wthh intersecting with the NMHYV tree amplituhedron. Then the

form of A:l_l,;mp becomes 2(k + 2) x 2k form and we call this as 2(k + 2)-2k representation.
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512

123 451

234 345

Figure 4.1: 5-pt intersecting pentagon

4.1.2 Five point case

In this section, we construct the 6-2 representation of the 1-loop NMHV amplituhedron
explicitly. First we consider the simplest example; 5-pt case. In this simplest case, the
m = 2,k = 3 amplituhedron is just the G4 (3, 5) positive Grassmannian Agf;f’k:‘g(l, 2,3,4,5).
Next, we consider the shape of the intersecting polygon. The edges of this pentagon come

from the boundaries of the cyclic polytope
(1234), (2345), (3451), (4512), (5123). (4.1.8)
The triplets who share three indices of two boundaries are
(123),(234), (345), (451), (512), (124), (134), (135), (235), (245), (135). (4.1.9)

A triplet (a, b, c) becomes a vertex of this polygon if the condition (4.1.4) is satisfied. From
this, we can see that only (123), (234), (345), (451), (512) are vertices of the polygon and the
shape of this polygon is Figure 4.1. We denote these vertices as {(512), (123), (234), (345), (451)} =

{1,2,3,4,5} and y as the point on this polygon. From this, we can see that the intersecting

polygon is this pentagon and this is m = 2,k = 1,n = 5 amplituhedron where the vertices

AAAAA

ATN(1,2,8,4,5) = ATSPFTP(1,2,3,4,5) x AT PFTN(1,2,3,4,5) (4.1.10)

This is corresponding to the representation which is obtained from the “Momentum twistor
diagram” [43]. From this 6-2 representation, we can see that the geometric factor of the

measure of the 1-loop NMHV amplituhedron which is discussed in [43] is the intersecting
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m = 2,k = 1 amplituhedron.

Next, we consider the canonical form of this 6-2 representation of the 5-pt case. In this

case, Ag};z’k:?’ is just the G4+ (3,5) positive Grassmannian and the 6-form is

(12345)2(Y d?Y1 ) (Y d*Yo) (Y d?Y3)

0 = (Y12)(Y23)(Y34)(Y45) (Y 51)

(4.1.11)

To obtain the canonical form of the intersecting pentagon, we need to triangulate this. The

form of this pentagon is written as

QP = (yd®y) x (
Then the full form of the 5-pt 1-loop NMHV amplituhedron is
QPt = QP % Q5P (4.1.13)

We can transform into (Y AB) space by using (4.1.6) as

(12345)2(Yd*Y ) (Y ABd? A)(Y ABd*B)

(Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y AB51)
(Y AB12)(Y AB23)(12345)>
{ (Y'1235)(Y'1234) (Y AB13)(Y AB(125) N (234))
(Y AB45)(Y AB15)(12345)?
(Y3451)(Y4512) (Y AB14)(Y AB(512) N (345))
(Y AB34)(Y AB25)?(12345)>

(Y'2345)(Y'3451)(Y AB13)(Y AB45)(Y AB(125) N (234))

Q5pt

_l’_

+ } (4.1.14)

This is corresponding to the 5-pt 1-loop NMHV amplituhedron.

Of cause we can triangulate the pentagon in another way. If we triangulate this pentagon

by the lines of (52), (53), the form of this pentagon is

QP = (yd%y) x (
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We can rewrite this form into the (Y AB) space as

Q°P' = (YABAd?>A)(Y ABd?B)(Yd'Y)
(12345)%
x { (Y'1245)(Y'1235)(Y AB23)(Y AB34)(Y AB45)(Y AB(145) N (123))
(12345)4
Y'1345)(Y'2345)(Y AB12)(Y AB23)(Y AB15)(Y AB(145) N (234))
(12345)4Y AB14)?
Y'1234)(Y AB12)(Y AB34)(Y AB45)(Y AB15)(Y AB(145) N (123))(Y AB(145) N (234)) } ‘

1

1

This is just the BCFW representation of the 5-pt 1-loop NMHV amplituhedron. From this,
the BCFW triangulation for this 5-pt case is interpreted as one of the triangulation of the

intersecting pentagon. However, this simple relation between the sign flip triangulation and
the BCFW holds only in the 5-pt case.

4.1.3 Six point case

Next we consider 6-pt case. The triplets who share three indices of two boundaries are

First we consider the (Y1Y2Y3) amplituhedron. From the sign flip definition, this is decom-

posed into four cells as

(Y12) | (Y13) | (Y14) | (Y15) | (Y'16)
A | + | = |+ | = | -
Ass |+ - + + -
A | + | = | = | + | -
ASys |+ + - + -

Let’s consider Asgsq cell. From the signs of brackets (Yii + 1),(Y1i), we can see that
(1,2,3), (1,2,5), (2,3,4), (3,4,5), (1,4,5) can become the vertices of the polygon. However,

some other vertices

(2,3,6), (3,4,6), (4,5,6), (6,1,2), (2,5,6), (4,6,1) (4.1.17)
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123 125
234 145
345 456
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612
236 . 256
123 125
234 145
234 145
345 o 456 346456
3)

Figure 4.2: polygons for each cell

can become vertices depending on the signs of other brackets
(Y26), (Y36), (Y46). (4.1.18)

The possible patterns of the signs of these brackets are

(Y26) | (Y'36) | (Y46) vertices pentagon
+ + — (6,1,2),(4,5,6) (1)
+ - — (6,1,2),(4,5,6)
- + - (2,3,6),(2,5,6),(4,5,6) (2)
+ - + (3,4,6),(4,5,6),(6,1,2) (3)

For each sign patterns, there are different polygons as Figure 4.2. This means that we need to
further triangulate these sign flip cells by other brackets to obtain the intersecting polygon.

Similarly we can obtain the pentagons for other cells. The explicit results and calculations
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are written in appendix B.1 and the final result is

AAAAAA

Ao = AZSEMT(1,2,3,4,5,6) x AZSPMTN(1,2,3,4,5,6)

m=2k= 3 . m=2,k=1
+ Z As ot (i+2,i43,---,i—1,4)x As pb((di-+1i+2), (ii+2i+3), (ii+2i—1))"
1<i<6

(4.1.19)

This is the 6-2 representation of the 6-pt 1-loop NMHV amplituhedron.

To obtain the canonical form, we need to triangulate the m = 2,k = 3 amplituhedron.
We can triangulate all m = 2 amplituhedron by using the “sign flip triangulation” [29], and
we can construct the canonical form. The canonical form of the m = 2 amplituhedron from
the sign flip triangulation is given as (2.3.9). From this, we can obtain the canonical form of

the 6-2 representation of the 6-pt case as

6x2 m=2,k=3 m=2,k=1
Q6Xpt = Qg pt(61) % Z Qg pt(1)(d)(i+1)
m=2,k=3 m=2,k=1
+ Z Q5 pt(ii+2) Q3pt(7,7,+21 1) (4342i+1)(#14+2i+3) (4.1.20)
1<i<6

here we use the notation that

Qﬁ_j(fb) = > [byi1, iy + 15+ 3byig,ip + 1] (4.1.21)
b+1<iy < <ip<a—1
and anptg k=1 g given as (4.1.5). We can transform into (Y AB) space similarly by using

(4.1.6). We write the explicit representation in this (Y AB) space in appendix C. We have
checked that the sum of all of these cells are corresponding to the BCFW representation of
the 6-pt 1-loop NMHV amplituhedron.

4.1.4 n-point case

To go to the higher point case, we need to further triangulate sign flip cells of the (Y;Y2Y3)
amplituhedron. Let consider the 234 cell in 7-pt. The 234 cell means that the cell which
has 3 sign flips at (Y'12), (Y'13), (Y'14). To obtain the vertices of the intersecting polygon, we
need to triangulate by the signs of other brackets as {(24), (25), (26), (27), (35), (36),--- , (57)}
where (ij) means (Y7j). The number of possible patterns is 10 and there are polygons for each
cell. When we go to a higher point, the number of the cells and the intersecting polygons for

each cell become very large, then it is difficult to obtain the 6-2 representation for the general
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n-pt amplituhedron from this way. However, we have already seen that the 6-2 representation
of the 6-pt case is simple. This simplicity holds for not only 6-pt but also higher point case.

For example, from the straightforward calculation, the 7-pt and 8-pt results are

Ay = AT (1,2:3,4,5,6,7) A?i‘;z”“:1<1727374,5,6,7>
+Z ZAmQHHkaH ,1)

(4.1.22)
1<e<7 2<k<3
3pt i1+ ki—1) (ii-+kith—1)(ii+kit1) T 3pt (it ki—1) i+ ki 1) i+ kith+1)
I=1,k=1 2,k=3 2,k=1 3 &
AS-pt = A?pt (1 2, ) 'An?pt (1’ 2,0 78)

+ YN (Am2k3z+kz+k+1 ) — AL i+ 1, -,i+k:)>

1<i<82<k<4

X (A bk )ik 1) A1) ki )i b))

3pt(it+ki—1)(ti+ki+k—1)(iti+kit+1) 3pt(éi+ki—1)(ii+ki+1)(ti+ki+k+1)
(4.1.23)

From these results, we can suppose that the 6-2 representation of the general n-pt ampli-

tuhedron is written as

1=1,k=1 2,k=3 =2,k=1,7 4 N
An—pt = ‘Azlpt (1 2 ) x A?Tpt (L 27 T ,TL)

+,Z > (A”}lﬁli” (i kit k41, 0) — AL PG+ 1, -,i—i—k))

1<i<n 2<k<n-—2

X Am:?,k:l + Am:Z,k:l
3pt(iitki—1)(iitki+k—1)(ii+ki+1) 3pt(iitki—1)(iit+ki+1)(ii+ki+k+1) ) *

(4.1.24)

To check this formula is true, we need to obtain the canonical form of this 6-2 representation
and compare it with another expression like BCFW. We can similarly construct the canonical

form by using the sign flip triangulation and the result is

6x2 m=2,k=3 m=2,k=1
Q”XPt & pt(n1) X Z Qg pt(1)(3)(i+1)
2<i<n—1
+ 5 Z Z (Q(n k+1) pt(ii+k) Q(k.H) pt(z+kz)) (4.1.25)
1<i<n 2<k<n—2
Q= 2,k=1 Qm:2,k21
3pt(ii+ki—1)(Gi+ki+k—1)(ii+ki+1) + 3pt(iitki—1)(iitki+1)(ii+ki+k+1) ) -

We have checked that this formula is consistent with the BCFW up to at least 22-pt numer-
ically. This canonical form is expressed as a product of two canonical forms of the m = 2

amplituhedra. This is a completely different structure than the BCFW triangulation, which
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is written as a product of R-invariant and 1-loop MHV Kermit [9].

4.2 Super-Local Form and Positivity

In this section, we see the “super-local” representation of the 1-loop NMHV amplitude. There
is the local representation of the loop amplitudes [42]. For example, the local representation
of the 1-loop NMHYV amplituhedron is

Al — 3 (YAB(i — 1ii 4+ 1) N S
NMHV = (YABX)(Y ABi — 1i)(Y ABii + 1)(Y ABjj + 1)(Y ABkk + 1)

1<j<k<i
x[i, 4,7+ 1,k k+1]
S (YAB(i — 1ii + 1) N (§ — 15§ + 1))(Xij)
(YABX)(Y ABi — 1i)(Y ABii + 1)(Y ABj — 1j)(Y ABjj + 1)

1<j<i
X ANy (5,7 + 1, i = 1,4) (4.2.1)

where X is a reference bi-twistor and

- _ (ijklm)*
3ok bl = e Y TRt (Y Kl (Y Ty (Y i K]
Yk = %[(jj +1(ikk +1) N X) — (kk + 1(ij5 + 1) N X))]. (4.2.2)

This expression involves the R-invariants which have spurious poles as a function of the
external particle momenta. This means that the only poles involving the loop integration

variables are local.

Here we obtain another representation: “Super-local representation”. The super-local
means both of external poles and internal poles are local. From the 6-2 representation, the 1-
loop NMHYV amplituhedron is constructed from m = 2,k = 3 and m = 2, k = 1 amplituhedra.

We know the local triangulation foram =2k =1

—9 he 124) (7 — 1ii + 1)
om 2,k=1 _ 2 : < . 4.9.
npt — (y12)(yi — Li)(yii + 1) (4.23)
and foram =2,k=3
=2k 1251523) (Y (j1) N (J2) N (J3))
Q 2,k=3 = < . . L. .. ’ 424
et jgzzjg (Y12)(Yj1 — L)Y + 1) -+ - (Yjsgs + 1) 424
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where we use the notation that
(Y1) N (G2) N (G3) = Y (1 — 1 + 1) N (Jo — Ljejo + 1) N (J3 — Ljzjs + 1)) (4.2.5)

From this, we can rewrite a term Q"=2F=3 5 OM=2+=1 o (4.1.25) as local. Next, we consider

n-pt n-pt
=2,k=3 —=2,k=3 . . . .
Q’E;LLkarl)-pt(ii«Fk)’ QE%Jrl)-pt(iJrki)' We can also rewrite this term by using (4.2.4). The impor-
tant point is that these terms have spurious pole (Yii + k) for Qgii’_]ﬁipt(ii +x) and (Yi+ ki)

for Q?Zif;?(’z ki) The last remain part is

m=2,k=1
3pt(ii+ki—1)(ii+ki+k—1)(si+ki+1)

m=2,k=1

+ Q3pt(ii+ki—1)(ii+ki+1)(z’i+ki+k+1)'

(4.2.6)

This is the canonical form of the m = 2,k = 1,n = 4 amplituhedron whose vertices are
{(it +ki—1),(it+ki+k—1),(it+ ki+1),(it + ki + k+ 1)}. The local representation of
this form in the (Y1Y2Y3) space is

(Yii+ k) (iyi+ki—1i+k+1,0+1) i+ ki+k+1i+1i4+k—1)
(Yi—li+ki+k+1)(Yii+li+ki+k+1)(Yii+ li+kitk—1)
(Yii+k)(i,i+ki—1li+k+1i+k— 1)@ i+ki+1,i+k—14—1)
(Yi—li+ki+thk+1)(Yii+1li+kitk—1)(Yi—lii+k—Li+k)

(4.2.7)

This has only physical poles and the important point is that this has a (Yii + k) on its
denominator and because of this, the spurious pole is canceled. This means that all terms

of (4.1.25) are local. The explicit super-local form of the 1-loop NMHV amplituhedron in
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(Y AB) space is

0z = 3 (12172J5) (Y AB(j1) 0 (j2) 0 (Gs))
n-pt 2 <YABl2> <YAB]1 — 1j1><]1j1 + 1) ce <YAB]3]3 + 1)
<jz<n—1
Z (YAB(n12) N (123) N (i — 1éi + 1)) (i — 26 — lii + 1i + 2)
(YAB12)(Yn123)(Yi — 2i — lit + 1)(Yi — 1ii + 1i + 2)

1<i<n

L 3 3 (i + kj1j2gsi) (Y AB(j1) N (j2) N (J3))
2 iz ki (YABi+ ki+k+1)(YABi+k+1li+k+2)--- (YABi — 13)
<i<n <ja<i—1

. “<ij1j2j3i+.k><Y.AB(j1)ﬁ(j2)ﬁ(j3)> ‘
<, (YABii+ 1)(YABi +1i+2)-- - (YABi + k — 1i + k)
<j3<it+k—1
><< (=14 1i+kithk+1)(i+1ithk—1i+kitk+1)
(Yi— Lii+ ki + k + 1)(Yii+ Li+ ki + k + 1) (Yii+ Li + ki + k — 1)
G—liith—lithithk+Di—1iit+lith—1itk
+(Yz‘—1z‘i+ki+k+1><ym‘+1z‘+ki+k—1><Y¢—1z‘z’+k—1z‘+k)>'

(4.2.8)

We write the explicit form of this super-local form of the 6-pt case in appendix C.

Next, we consider the positivity of this form. This super-local form has only physical pole
(YABii+1), (Yii+1jj+1). From the definition of the amplituhedron, all of these physical
poles are positive. We can prove that (Y AB(j1) N (j2) N (j3)) > 0 for j; < jo < js from the

positivity properties of the determinants of minors as
(abe(j1) N (j2) N (J3)) >0 for a <b<c, ji <j2 < Js. (4.2.9)

The detail is discussed in [12]. From these properties and the positivity of the all the ordered
minors (ijklm) > 0 for i < j < k <1 < m, we can see that the super-local representation

(4.2.8) is positive.

61



Chapter 5

Conclusion

We have investigated the triangulation of the 2-loop MHV amplituhedron and 1-loop NMHV
amplituhedron. The crucial point is that the sign flip definition gives a new interpretation
of the loop amplituhedron. From this definition, we can see that the higher loop MHV
amplituhedron is decomposed into the one loop MHV amplituhedron and conditions of the
positivity among condition, the N*MHV loop amplituhedron is constructed as an intersec-
tion of the two lower-dimensional amplituhedra. By using this fact, we have obtained the

triangulation of these amplituhedra.

First, we have obtained the canonical form of the n-point 2-loop MHV amplituhedron
from this triangulation. We found that the representation of the 2-loop MHV integrand from
this canonical form looks completely different from the BCFW representation. This is a new
feature that starts from the 2-loop level. We have also obtained the n-point 2-loop MHV log
integrand from the geometry that constructed from the two 1-loop MHV amplituhedron and
the “negativity”.

Next, we have obtained an explicit representation of the n-point 1-loop NMHV amplituhe-
dron as a product of two lower-dimensional m = 2 amplituhedra. From this, we triangulated
this 1-loop NMHV amplituhedron explicitly and obtained the canonical form. We also have
obtained the new representation of the 1-loop NMHV amplituhedron: super-local represen-
tation, which means both external poles and internal poles are local. This super-local repre-
sentation makes the positivity of this 1-loop NMHV amplituhedron manifest term-by-term.
The positivity of the canonical form is related to the existence of a “dual amplituhedron”.
Then this will give clues to the existence of the dual amplituhedron for the 1-loop NMHV

amplituhedron.
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There are many open questions for future studies. The natural generalization is to go to
the higher loop MHV amplituhedron. From the sign flip definition, the general L-loop MHV
amplituhedron is decomposed into L 1-loop MHV amplituhedra and %L(L — 1) positivity
conditions. We can apply the same method of the 2-loop case for this general L-loop, however,
it is difficult to find the region of the parameters which satisfy all positivity conditions. Once
we triangulate the higher loop MHV amplituhedron, we can obtain the canonical form and

this form will give us a new structure of the integrand.

Generalization of the 6-2 representation to the higher k£ one-loop amplituhedron is also
interesting. From the sign flip definition, the 1-loop N*MHV amplituhedron is constructed
from the m = 2,k + 2 amplituhedron and m = 2,k amplituhedron which intersecting with
the N*MHYV tree amplituhedron. This means that even higher k case, the amplituhedron
is constructed from the two m = 2 amplituhedra. Once we obtain this representation, we
can obtain the canonical form of this 1-loop N¥MHV amplituhedron by using the sign flip

triangulation of the m = 2 amplituhedron.

These generalizations lead us to consider the L-loop N*MHV amplituhedron. From the
sign flip definition, there are L m = 2,k + 2 amplituhedron (Y A1By),---,(YArBr) and
m = 2, k amplituhedron which intersecting with the N*MHYV tree amplituhedron. In addition
to this, there is the further condition for the positivity (Y A;B;A;B;) > 0. We hope to revisit

these problems in the future.
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Appendix A

Explicit Calculation of the 2-loop

MHYV Amplituhedron

A.1 5-point case
The case of (2,3) x (2,3),

{ZAZ1+CU1ZQ+w1Z3 {ZCZ1+£CQZQ+wQZ3

Zp=—Z1+y1243+ 2124 Zp = —2Z1+ Y245+ 2074

Therefore it is same as 4-pt case. C-matrix is (3.1.7) and the form is (3.1.17).

Next the case of (3,4) x (3,4),

{ZA21+:C1Z:5+U11Z4 {ZCZ1+56223+U1224

Zp=—Z1+wnZs+ 2175 Zp = —Z1+ ysZy+ 2275

Then

<ABCD> == <1345>{(IE1 - I‘Q)(ylZQ - ygzl) + (21 - 22)(w1x2 — ’LUQ:L‘l)}
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It is almost same as the case of (2,3) x (2,3). The only difference is (1345), thus there are 8

forms and the sum of these forms is

dl’ldl'deldedyldygdzleQ <1345>
T1X2WIWRY1Y22122 (ABCD)
(1345)3(ABd*A)(ABd?B)(C Dd*C){CDd?D)
(AB13)(AB15)(AB34)(AB45)(ABCD)(CD13)(CD15)(CD34)(CD45)

(x1y122 + T2y221 + Tow121 + T1W222)

Q3434 =

x{(AB45><CD13> + (AB34)(CD15) + (AB15)(CD34) + (A313><0D45>}

(A.1.2)
The case of (2,3) x (2,4), two 1-loop amplituhedron are parametrized as
Za=21+ x40 + w13 Zo = 21+ x949 + wols
Zp=—Z1+nZ3+ 212 Zp = —Z1+Yy2Zs+ 2225
In view of the Y = C' - Z description, the C-matrix is
1 r1 wi 0
-1 0
C— oA (A.1.3)
1 ro W 0
—1 0 0 Y2 Z22
The constraint is
<ABCD> = (wl — xg){y1y2<1234> + y1z2<1235> + Z1Z2<1245>}
+ (37111]2 - acgwl){(yg — 21)<1234> + ZQ<1235> - 2122<2345>}
+ (’LU1 — w2)2’12’2<1345> (A.1.4)

From (ABCD) > 0,

(xle — Cﬂgwl){(yg — Zl)<1234> + 22<1235> — 2122<2345>} + (w1 - w2)2122<1345>
y1y2<1234> + y12’2<1235> + 2122<1245>
= x3—a (A.1.5)

xrT > X9 —

The region of x; is depends on the sign of a. When a < 0,

($1w2 — ZL‘gwl){(yQ — Z1)<1234> + 22<1235> — Z122<2345>}
2122<1345>

T1 > X2 —a, wy < wy — =w;—b

(A.L6)
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Similarly, the region of w; is depends on the sign of b. When b < 0, there are 2 cases that

_ wa y2(1234)+2>(1235)
wy <wz —b, and wy < Fx1, 21 > gy i

or (A.1.7)

wy < wg —b, and :c2>"“w“—fx1, nn<c

There are 8 cases depending on the signs of a,b. The forms for these cases can be obtained

similarly as 4-point case,

0 1<1_1> <1_1>11111
r1— T2+ a \ xg—l%xl w1 wl—w2+b W2 Y1 Y2 21 — C 22
0y — 1 1 (1_1>111<1_ 1 )1
x1—$2+aﬂs2—%$1 w;  wi—wa+b) weyrys \z21 21 —c¢/) 2o
0 — 1<1_ ! )1 ! 11<1_ 1>1
r1—ap+a\z2 Tp— Fa Jwiwr—wi—byiya \21 z1—c) 2
1 1 1 1 11 1 1
Q = —— - el
xl—:Eg—l—axg—w—lxlwle—wl—bylygzl—czg
T N N N . LS
Ty Tp—T1—a) T — rTowr — w2+ bwayryz 21 —C 2
0 — (1_ ! ><1_ ! ) ! 111<1_ 1>1
) o —T1 —a T .%'1—%.%2 wl—w2+bw2y1y2 21 zZ1—C/ 29
S T T S W R
T2 wy—x1—a) xr—grpwr \w2 wr2—wi—b/yiy2 \z1  z1—c¢/ 2
o = (Lo ! )(1_{1})1(1_1)11 L1
T2 wp—w1—a) \T1  T1—twe Jwr \w2 wp—wi—b) y1y22z1 —c2
For
0 — (a;lwg — :L’le){(yg — 2’1)<1234> + 2’2<1235> — 2’122<2345>} + (w1 — w2)2122<1345>
U1y2(1234) + 122(1235) + 2122(1245)
b — (x1wa — zaw1 ) {(y2 — 21)(1234) + 22(1235) — 2122(2345)}

2129 <1345>
y2(1234) + 22(1235)
(1234) + 29(2345)

(A.1.9)

Then sum of these 8 forms is

dxldmgdwldedyldygdzleQ 1
0 = 1234
2324 1 T2 001 Y271 22 [ABCD) {« ) (X1way2 + T1Y1Y2 + Tow21)

+ <1235>ZE122(U]2 + yl) + 2122(<1345>w1 + <1245>:E1 + <2345>l’2w1)} (AllO)
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Rewrite it into the momentum twistor,

(123A43)(123C4)(ABd*A) (ABd*B)(C Dd*C)(CDd*D)

Q220 = (AB12)(AB13)2(AB14)(AB23)(AB34)
{ < (ABCD)(CD12)(C'D13)(C'D14)(C D15)(C D23)(C D45) }

x {(123A3>((A312><CD13> (CD45) + (AB15)(CD14)(C D23))
(123C4) ((AB13)(AB34)(CD12) + (AB13)(AB14)(CD23))
—(1235)(AB13)(AB14)(C D14)(CD23) — <2345><A312><A313>((]D12><CD14)}.

(A.1.11)
We use these symbols
(AB) N (Lii + 1) = —Z1 (ii + 1AB) — Z(i + 1AB1) — Zi11(ABLi) = A AL
(CD) N (Lii + 1) = —Zy (ii + 1CD) — Z;(i + 10D1) — Zi1(CD1i) = C; -

The case of (2,4) x (3,4),

Zp=—Z1+yZs+ 0125 Zp = —2Z1+ Y224 + 2225

{ZA =71+ 2122 + w123 {ZC = Z1+ w243+ waly
C-matrix is
1 r1 wq 0 0
-1 0 0 Z
C= ueoA (A.1.13)
1 0 o9 W39 0

-1 0 0 Yz 22

<ABCD> = (22 — zl)(<1345>w1w2 + <1235>$1ZE2 + <1245>a:1w2)
+ (2192 — 2291){(1345) (w2 — wq) — (1245)x1 + (2345)x 22}
+ (y2 —y1)(1234) 2129 (A.1.14)

From(ABCD) > 0,

(z1y2 — zoy1){(1345) (xo — w1) — (1245)x1 + (2345)x 122} + (y2 — y1)(1234)z1 29
.%'1$2<1234>
= z21—a (A.1.15)

Zo > Z1—
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The region of 2z is depends on the sign of a. When a < 0,

(2192 — 22y1){(1345) (22 — w1) — (1245)x1 + (2345)x 122}
x122(1234) B

y1—>b
(A.1.16)
Similarly, the region of ys is depends on the sign of b. When b < 0, there are 2 cases that

Zo > 21—a, and yo < y; —

Y1 w1 (1345)+x1 (1245)
21 > %2, T2 < o351 (1345)

Y2 <y1 —b, and or (A.1.17)

Y1
21 < ¥ 22 T2 >c

There are 8 cases depending on the signs of a,b. Then the forms for these cases are

1 1 1 1 11 1 1 1 1
= — (== PO y1
Ty \T2 r2—c/wiweyr \Y2 Ye—y1+b) - Smm—zn+ta
1 1 1 11 1 1 1 1 1
Q= (e —— ) [ - —
Trrz—cwiwayr \Y2  Ya—y1+b/\z1 -] m-ata
0 1 1 11 1 1 1 1
3 = — —_— -
1Ty —cwiwe Yyt — Y2 — by — Lz -2 ta
1 1 1 1 11 1 1 1 1
Q4 = o P D Y1
1 \T2 T2—c)wiweyry2—y1+b\ 2 21— ,%2 ) B2 ata
1 1 1 1 11 1 1 1 1 1
Q5 = o P D Y1 o
1 \T2 T2—c)wiweyry2—y1+b\ 2 21—y, %2 z2 2—z21+ta
1 1 1 11 1 1 1 1
Q = —— —— - | =_ - (A.1.18)
Tiry—cwiwai Y —y1+b\z -G ) m-zata
0 1 1 11 < 1 1 > 1 1 1 < 1 1 >
7 = _ _— _———_— _ _———_— _———_—
rpry—cwiwy \y1 y1—y2—b) i\ a-gwn)\n m-zuta
0 1 <1 1 ) 11 (1 1 ) 1 1 1 1
8 = _ _— _— _—— _ _— =
1 \T2 T2—cJwirwe \y1 y1—Y2-b)y2\ 2z 21—1%22 Z2 —21+a
For
0 — (Zlyz — Zgyl){<1345>($2 — wl) — <1245>I’1 + (2345>5E1£L'2} + (y2 — yl)(1234>$1x2
J}1$2<1234>
- (Zlyz — Zgyl){<1345>($2 — wl) — <1245>I’1 + (2345>5E1$2}
x1m2(1234>

_ wi(1345) 4 1 (1245)
¢ T T2(2345) + (1345) (A.1.19)
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Then sum of these 8 forms is

d:):ldxgdwldwgdylddezldzg 1
[9) = 1345
2434 1T ey Y2717 (ABCD) {« ) (wiwaze + w1y 22 + T2y221)

+ <1235>$1$222 + <1245> (xl’U)QZQ + x1y122> + <1234)x1x2y2 + (2345>:r1x2y221}

(A.1.20)
In the momentum twistor,
Q  (123A4)(134C4)(ABd* A)(ABd* B) (CDd*C) (CDd? D)
234 = (AB12)(AB13)(AB14)(AB15)(AB23)(ABA45)
{ x (ABCD)(CD13)(CD14)2(CD15)(C D34)(C DA45) }
X {<123A4>(<AB45><CD13><CD14> + (AB15)(CD34)(C'D14)) (A.1.21)

—(345A2){AB14)(CD14)(CD15) + <123c4><0D14><AB45><AB13>}

The case of (2,3) x (3,4),

{ZA =Z1+ 1142 + w143 {ZC = Z1 + 1243 + waZy

Zp=—Z1+ 143+ 2124 Zp = —21+ Y224+ 2225

C-matrix is
1 21 wgy 0 O
-1 0 0
c— oA (A.1.22)
1 0 To W9 0

-1 0 0 Y2 Z9

<ABCD> = (ylwg — 21332)(<1345>22 + <1234>9§1 + <2345>5L‘122)
+  22(21 + w2)((1345)wy + (1245)x1) + x1(y1 + 22)((1235) 29 + (1234)y2)
(A.1.23)

In this case, from (ABCD) > 0,

Zg(Zl + ’IUQ)(<1345>1U1 + <1245>$1) + l’l(yl + 1‘2)(<1235>z2 + <1234>y2)
1wz — 212 > — =g
(1345>Z2 + <1234>l‘1 + <2345>1‘122
(A.1.24)
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However, from x1, xa, w1, wa, y1, Y2, 21, 22 > 0, a > 0. Therefore

w2, 9 (A.1.25)
i) xI9

21 <

Then the form is

L1T2W1W2Y1Y222 21 o T

dwldxgdwldwgdyldygdzlsz 1 1
Qogzq = P Y T

dl‘ldl‘gdwl dwgdyl dygdzleQ 1
= 1345 1234 2345
T1mawi ez ze  (ABCD) {way1 ((1345) 25 + (1234) 21 + (2345)2122)

+ 2’2(21 + w2)(<1345>w1 + <1245>ZL‘1) + SUl(yl + 562)(<1235>2’2 + <1234>y2)} (A126)

We can write it in the momentum twistor space,

(123A3)(134C4)(ABd? A) (ABd* B)(C Dd*C)(CDd*D)

assa = { (AB12)(AB13)2(AB14)(AB23)(AB34) }
« (ABCD)(CD13)(CD14)2(CD15)(C.D34) (C D45)

X {(ABlB)(123C4><CD4A3> — (AB13)(AB14)(CD13)(234C}) (A-1.27)

+ (CD14)(145A5)(CD3As) — (AB14) (AB23><0D13><CD14><1345)}
The case of (2,4) x (2,4),

Zpa=21+x1Z2+ w123 Zc = Z1 + x9Z9 + wals
Zp = —Z1+y1Z44s+ 21245 Zp = —2Z1+ Y224 + 2225
C-matrix is
1 r1 w1 0 0
-1 0 0 y1 2

C= (A.1.28)
1 ro W2 0 0

-1 0 0 y2 2o
(ABCD) = (y2 —y1)(r1w2 — z2w1)(1234) + (22 — 21)(z1w2 — x2w)(1235)

+ (2192 — 22u1){(1245) (z9 — 1) + (1345) (w2 — w1) + (2345) (z1we — zow1)}
(A.1.29)
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When (z1wg — zowi) > 0, (21y2 — 22y1) > 0, from (ABCD),
Y2 > Y1 —a (A.1.30)

For

. (2:2 - zl)(mlwg — x2w1)<1235)

N (mlwg — x2w1)<1234>

n (Zlyg — Zzyl){<1245> (3?2 — 331) + <1345> (wg — wl) + <2345> (xlwg — l'le)
(l’lwz — x2w1)<1234>

(A.1.31)

The region of y9 is depends on the sign of a. When a < 0,

(Zlyz — Zgyl){<1245> (.CL'Q — xl) + <1345>(’LU2 — wl) + (2345>(£C1LU2 — .1’2101)}
(3)1102 — x2w1)<1235>
= 21 —b (A.1.32)

Y2>y1—a, z2 < 21—

Similarly, the region of z5 is depends on the sign of 5. When b < 0,

<1345> (wg — wl) + (2345>(x1w2 — .%'2'[1}1)
<1245>

29 < 2z1—band x9 <z — =x1—c (A.1.33)

When ¢ < 0,

2345 —
T < 21 —cand wy < wy — < >(;<U11;i25> Taw1) =w; —d (A.1.34)

From wy > 0, (x1wg — zowy) > 0, then d > 0 and there are 8 cases depending on the signs of

a,b,c.
0 - 1 <1 1 > 1 11 1 1 <1 1 )
b T —twe \22 w2 —witc) wi—wr—dwryiyz—y1tan— L2\ m-zntc
0 1 1 1 <1 1 > 11 1
2 = _— _———_— _———_— _—

T1—xp—c\ T2 Tp— Zx J \wr wi—wr—d) wayry2—y1+a

o 1 1 1
Zl—%ZQ z9 22_21+b

0 1 1 1 11 1 1 1 1
5 = = = -
T1— rTe @2 — 1+ cwr —wr—dweyry2 —y1+az —z22—b \ 2 zg—z—le

1 1 1 1 1 1 11 1
r1 wm—xp—c) \z2 w—PFr ) \wi wi—wr—d) wryiy2—y1+a
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o 1 1 1
Zl—ZQ—b Z9 Zg—ylzl

Y1

0 1 (1 1 > 1 1 <1 1 >1 1
5 = _ _ = o _ —_
T — e \22 T2—mitc)wi—wr—dw \y1 y1—y2—a) Y221 — Lz —zn+b

Y2

0 1 1 1 <1 1 > 1 (1 1 )1
6 = —_— _——_—— _——_ - _ _—_— —_
r1—z2—c\T2 z2— 2w ) \wr wi—wr—d/w\y1 vi—vy2—a) y

1 1
_n _
21 y22’2 29— 21+ b

o0 _ 1 1 1 :1(:1 1 ) 1
! T1— grraxy — w1t cwr —wr—dwe \y1 y1—y2—a/ Y

o 1 1 1 1
Z1 21 — R — b Z9 zZ9 — %21

Q <1 1 > 1 1 <1 1 > 1 (1 1
8 = _———_—— _———_— _—— _———_———
r1 wi—xz2—c) \T2 wp— Pz ) \w1 wi—wr—d)wr\y1 Yy1—Y2—a

For
a (ZQ - Zl)(.%'l’wQ — x2w1)<1235)
N ($1w2 — x2w1)<1234>
n (zlyg — Zgyl){<1245> (.CL'Q — $1) + <1345) (’LUQ — wl) + (2345>(x1w2 — .1‘211)1)
($1W2 — x2w1)<1234>
I (zlyg — Zgyl){<1245> (.7}2 — xl) + <1345) (’LUQ — wl) + (2345>(x1w2 — .1‘211)1)}
(xlwg — $2w1)<1235>
. - <1345> (wg — wl) + <2345> (.1‘111)2 — ZCQ’wl)
(1245)
d = <2345> ($1w2 — acgwl) (A.1.36)

(1345)

This is the case of (zqwy — wowy) > 0, (2192 — 22y1) > 0. Next we consider the case of

(x1we — xowy) > 0, (2z1y2 — 22y1) < 0. Forms are obtained by replacement as follows.
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1 1 1
z2 z9 — yjzl z9 — yjzl

Then the cases of (z1we—xow;) < 0, (21y2—22y1) < 0 and (zjwa—zow1) < 0, (21y2—22y1) >
0 are obtained that swap 1 <> 2 for the case of (zjws — xowi) > 0, (z1y2 — 22y1) > 0 and

(x1we — xowy) > 0, (21y2 — 22y1) < 0. Then sum of these 32 forms is

dmldl'g cee d21d22 1

T1X2W1W2Y1Y22122 (ABCD>

x {(1234) (r2w1y1 + T1way2) + yoz1((1345)ws + (1245)w2 + (2345)r1w2)
+ y122(<1345)w1 + <1245>l’1 + <2345>£C2U)1) + <1235>(x2w1z1 + 371'(022’2)}.

Qogo4 =

(A.1.38)

In the momentum twistor space,

0  (123A4)(123C4)(ABd* A)(ABd* B) (CDd*C)(CDd? D)
2424 = "(TAB12)(AB13)(AB14)(AB15)(AB23)(AB45)(ABCD)
{ x (CD12)(CD13)(CD14)(CD15)(CD23)(CD45) }

X {<123A4>((AB12><CD13) (CD45) + (AB15)(C D14)(CD23)) (A.1.39)
+(123C4) ((AB13)(AB45)(CD12) + (AB14)(AB23)(C' D15))
+(2345)((AB12) (AB15)(C D13)(C'D14) + <A313>(ABl4><CD12><CD15))}

The remaining patterns are (3,4) x (2,3),(2,4) x (2,3),(3,4) x (2,4). These forms can be
obtained from o334, Q2394, 29434 that swap AB <> CD.

A.2 n-point case

First we consider the (1) case i < k <[ < j,

(ABCD) =

x1x9y2(likl) + x12929(Likl + 1) + wox1ya(lik + 11) + woxy2z9(Lik + 11 4+ 1) — zq(zoy:1 (Liky)
+xoz1(likj + 1) + woyr (Lik + 15) + woz1 (Lik + 15 + 1) + y1y2(Llilj) + yoz1(lilj + 1)
+y129(lil + 15) + z129(Lil + 15 + 1)) + wixoya(li + 1kl) + wywoze(li + 1kl + 1)
—wa(wyyr (i + 1k + 1j) + wrz1(li + 1k + 15 + 1)) + wiwaye (i + 1k + 11)

+wywozo(li + 1k + 11 + 1) — wq(x2y1 (1@ + 1kj) + x221(1i + 1kj + 1) + y1y2(1i + 1175)
+yoz1 (i + 15 + 1) + y12o(li + 1 + 1j) + z122(li + 1 + 15 + 1)) + xoy1y2(1klj)

+xoyoz1 (1klj + 1) + xoy120(1kl + 15) + 2921 29(1kl + 15 + 1) + way1y2(1k + 115)
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+wayaz1 (1k + 117 + 1) + wayr2z2(1k + 1 + 17) + woz120(1k + 11 + 15 + 1) + z122y1y2(iklj)
+a120y221 (iklj + 1) + 212029120 (0Kl + 15) + 21222122 (Ikl + 1) + 1) + war1y1y2(ik + 115)
+wor1yaz1 (ik + 115 + 1) + woxyyr20(ik + 1 + 15) + wexy2120(tk + 1 + 15 4+ 1)
Fwiway1ye (i + 1klj) + wizeyoz1 (i + 1klj + 1) + wizay122(i + 1kl + 15)

+wiwoz129(i + 1kl + 15 + 1) + wiweyr1y2 (i + 1k + 115) + wiweyaz1 (i + 1k + 115 + 1)
Fwywayn 2o (i + 1k + 1+ 1) + wiwoz 200 + 1k + 10 + 15 + 1)

= azg — bwi; — cx1 — dwa + eys
for

a = xywo(likl + 1) +wowi(lik + U + 1) + wyzo(li + 1kl + 1) + wywe(li + 1k + 11 + 1)
+xoy1 (Lkl 4+ 15) + xoz1 (1Kl + 15 + 1) + woyi (1k + 1 + 1j) + woz1 (Lk + 1 + 15 + 1)
+a2oy (tkl + 17) + zrxezy (ikl + 15 + 1) + woxryr (tk + 11 + 17)
+woxyz1(tk + 11 4+ 15 4+ 1) + wizoy: (i + 1kl + 15) + wizoz1 (i + 1kl + 15 + 1)
+wiwoyr (i + 1k + 11 4 15) + wiwaz1 (i + 1k + 11 + 15 + 1)

b = woyr(Li + 1kj) + 2oz (1i 4+ 1kj + 1) + yryo(Li + 115) + yoz1 (1i 4+ 115 + 1)

2o (Li 4 10+ 15) + z120(Li 4+ 11+ 15 + 1)

¢ = woyi(likj) + oz (likj + 1) + woyr (Lik + 1j) + wa21 (Lik + 15 + 1) 4+ yrya2(Lilj)
+yaz1 (Ll + 17) + y122(Lil + 15) + z129(Lil + 15 + 1)

d = wiyi(li+1k+1j) +wiz(li+1k+1j+1)

e = xxo(likl) + woxy (Lik + 1) + wixe(li + 1kl) + wiwa(li + 1k + 1) + zoy1 (1klj)
+xo21(1klj + 1) + woyr (1k + 115) + waz1 (1k + 117 + 1) + x120y1 (iklj) + x120221 (1Kl + 1)
+woxyy1 (ik + 1J) + woxy 21 (ik + 115 + 1) + wixoyy (i + 1klj) + wiwe21 (i + 1klj + 1)
+wiwayr (i + 1k + 117) + wywez1 (i + 1k + 15 + 1)

and a,b,c,d,e > 0. From (ABCD) > 0,

b cr1 +dwy — e
2 > —wy 4 T2 O
a a

In the case of cx1 + dws — eys > 0,

b cry + dws — e cr1 + dw
29> Sy 4 LT A2 TEON2 gy, < LT A2
a a
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Then the form of this sign pattern is

111111 1 1 1

T1 T2 W1 W Y1 Y2 3/2_% 2122_(3101_’_%)

Another pattern is that cxy + dws — ey < 0,

a cxy +dws — e
w1<522— ! b2 y2, and ys >

cx1 + dws

Then the form is

11,1 1 11 1 11
T T2 Wi wl—(%ZQ—M#) wa Y1 y2_cxltdw2 21 22

The canonical form for this sign flip pattern is

(Ql + Qg)dxldIg cordzidzy =

Wikl

+ + + + + + + o+ o+

dIL‘ldl'Q tee d21d22 1
T1To2wiWaY1Y22122 (az2 — bwy — cxy — dwa + eys)

X wz‘ljkl
(A.2.1)

likl)z1xoys + (Likl + 1)x12920 + (lik + 1)wex1ya + (lik 4+ 11 + 1)waz1 22

1i 4+ 1kl)wizoy2 + (1i 4+ 1kl + Lwizeze + (1i + 1k + 1) wiways

1i + 1k + 11 + wiwaze + (Lklj)xay1y2 + (1klj + 1)zoye2z1 + (1Kl + 1j)xoy: 22
1kl + 15+ 1)xoz1 29

1k + 15 woyr1ye + (1k + 15 + 1)wayez1 + (1k + 11 4 1j)wayr 22

(
(
(
(
(
(1k + 1+ 15 + Dwaz1 20 + (iklj)z1xoy1y2 + (iklj + 1)x122Y021 + (ikl + 15)2122Y1 22
(tkl + 17 + 1)z1xoz1 29 + (ik + 1j)woz1y1y2 + (ik + 115 + L)waz121y2

(tk + 11 + 1j)woz1y120 + (ik + 11 4+ 1j + Dwoxi 2120 + (i + 1k + 1) wow1y1y2

(1 + 1k + 115 4+ Dwowiz1y2 + (i + 1k + 1 + 1j)wowryr22 + (i + 1k + 11 + 15 + Dwow1 2122
(i + 1klj)unzoy1ye + (i + 1klj + L)wizoy221 + (i + 1kl + 1j)wim2y122

(

i+ 1kl + 15 + Dwixaz) 29 (A.2.2)

In the momentum twistor space,

1 _
Qi =

(1ii + 1A;) (1kk + 1C)) (ABd? A)(ABd* B)(C Dd*C){(C Dd? D)

(AB14)(AB1i 4+ 1)(AB1;)(AB1j + 1)(ABCD)(CD1k)(CD1k + 1)(CD1l)(CD1l + 1) X
(A.2.3)
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for

kL (ABii + 1)(ABjj + 1){(CDkk + 1)(CDIl + 1)

(A.2.4)

Another forms can be obtained similarly

2
Wijkl

3
Wikl

4
Wikl

+ + + + + + + + + + o+t

+ o+ 4+ o+

Likl)x120ye + (Likl + 1)x12029 + (lik + 1)woxiys + (Lik + 11 + 1wz 29
Lijl)ziyr1ya + (Ligl + V)zryr 22 + (1i5 + W) z1z192 + (1ij + 1+ 1) 212129

(

(

(Li + 1k wizoys + (i + 1kl 4+ )wizeze + (1i + 1k + 1)wowyo
(Li + 1k + 1 4+ Lwow1 22 + (1i + Ljh)wiy1yz + (1i + 151 + D)wiyi 22
(

+ + 4+ o+

li+ 154+ 1) zywrys + (i + 1j + U + 1) 23wy 29 (A.2.5)

lijk)x1zoy1 + (Lijk + Dwaziyr + (Lijhxi1y1ye + (Lijl + Dxiy1 20 + (1ij + 1k)x1x021
1ig + 1k + Dwox121 + (Lij + 1)x1y2z1 + (1ig + 1 4+ 1)z12120 + (Likl)z122Y0

ikl + 1)xy2929 + (Lik + 1) waz1ys + (Lik + 1 + Dwex1 29 + (1i + 1jk)wixoys

1i + 15k + Dywowryr + (i + Ljhwiyrye + (i + 151 + Dwiyi1 22 + (i + 15 + 1k)wizez
1i+ 15 4+ 1k + Dwowi 21 + (i + 15 + L) wiyezy + (1i + 15 + 11 4+ 1)w;i 2129

1i 4+ 1kl)wizoys + (1i 4+ 1kl + 1)wixeze + (1i + 1k + 1) wow1y2

1i 4 1k 4+ 1 + Dwowy 22 + (1jkD)xoy1ye + (17kl + Dyxoyi 2o + (15k + 1) wayr1yo

(
(
(
(
(
(
(
(15k + 11 4+ Dwayi 22 + (1 + 1kl)zaz1y2 + (1j + 1kl + 1)z2z120 + (15 4+ 1k + 1)waz1ys
(17 + 1k + 1 + Dwaz122 + (ijkl)z12291y2 + (igkl + 1)z122y122 + (ijk + 1) wez1y192
(ijk + 1 + Vwaziy1 20 + (17 + 1kl)z12021Y2 + (17 + 1Kl + 1)212921 29

(ij + 1k + 1) woz1 2192 + (ij + 1k + 1 4+ Dwexy 2122 + (i + 1jk)wiz2y1y2

(i + 15kl + Dwizoy129 + (i + 17k + 1) wowiyr1y2 + (i + 15k + 11 + 1)wowiy1 22

(i +1j 4+ 1k wixez1ye + (i + 1j + 1kl + Dwixoz120 + (i + 15 + 1k + 1) wowr 212

(i

i+ 17+ 1k + 11 4 1)wowy 2122 (A.2.6)

Lii + 1) woz1ye + (Lii + 11 + Dwaz1ze + (Lii + 1j)wizeyr + (lit + 15 + L)wizaez;
Lilj)xoy1ye + (Lilj + 1)xoyaz1 + (il + 15)woy1 22 + (1il 4+ 15 + 1)@02129

(

(

(1i 4+ 11j)wayryz + (1i + 117 + Dwoyazy + (1i + 11 + 15)way1 22

(Li 4+ 114 1j + Dywozy 29 + (it + 15 woziy1ye + (it + 11§ + Dwex1y221
(i

it + 1+ 1j)woz1y1 22 + (13 + 1 + 15 + 1)waxy 2129 (A.2.7)
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(lii 4 1j) (wimoy1 + wex1ya) + (lit + 15 + 1) (wizez1 + wax22)

5
Wikl
+  (Lijj + 1)(zayez1 + z1y122) + (1i + 157 + 1) (wey221 + wiy122)
+ <Z’L + 157 + 1>(UJ2131y2Z1 + w1$2y122) (A28)

w%kl = (likj)zrmoys + (Likj + V)xy2029 + (lik + 1j)woz1y2 + (Lik + 15 + 1)woz1 29
+ (lijj + Driyrze + (Li + 1kjlwizaye + (1i + 1kj + Dwizeze + (Li + 1k + 1j)wawiye
+ (li+ 1k + 1j + Dwowr 22 + (1i + 157 + Nwiyr2z2 + (1kjj + 1)z2y221
+ <1]€ + 1]] + 1>w2y221 + <Zl€]j + 1>x1m2y221 + <7,/€ + 1_]] + 1>w2:c1y221
+ (Z + 1kj7 + 1>w1x2y221 + <Z + 1k + 155 + 1>w1w2y221 (A29)
whin = (lijj + Dwamryr + (Lijl)(z1z2y2 + 21y1y2) + (Lijl + 1) (212220 + T19122)
+ <1Z] + 1l)(w2x1y2 + $1y22’1> + (12] + 11+ 1)(w2x122 + .%‘12:122) + <1i + 175 + 1>w2w1y1
+ <1’i + 1jl> (w1x2y2 + wlylyg) + <1i + ljl + 1><’U)1$222 + wlyle)
+ <1’i + 15+ 1l>(w2w1y2 + wlygzl) + <1i + 154+ 11+ 1>(w2w122 + w121Z2)
+ (1jj + Wwayryz + (175 + U + Dwayr22 + (155 + U)waz1y1y2
+ (ijj + U+ Dwazryr 22 + (i + 157 + W)wiwayryz + (i + 157 + 1 + 1) wiway1 22
(A.2.10)
W?jkl = w;ljklv W%kz = "‘)ijlv wiljokl = W?jkl’ wiljlkl = W?jkla Wilj2kl = wz'ljklv Wz‘lgskz = w?jklv
(.CEl, w1, Y1, 21) <~ (1’2, w2, Y2, 2’2), (Z,]) 4 (k, l) (A.Q.ll)
Next, we rewrite these forms in the momentum twistor space
wlf _ <ABii + 1><AjCkCll> + <AiAjCkCl> (A 9 12)
Wkl = (ABii+1)(ABjj + 1)(CDkk +1)(CDIl + 1) -
W2 —<ABjj + 1><AiCkCll> + <CD]<:]€ + 1><A1Ajcll> (A 9 13)
Wkl = " (ABii + 1)(ABjj + 1)(CDkk + 1)(CDIl + 1) -
w3l o 1
wkl ™ (ABii+ 1)(ABjj + 1){(CDkk + 1)(CDIl + 1)

X
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(A.2.14)

, 1
4 _
Yijkl = TABii+ 1){ABjj + 1(CDii + 1)(CDIU + 1)
x {{ABii + 1)(A;CLCy1) + (AB1i + 1)(CD1i){(A;Cyii + 1) (A.2.15)

+ (AB1i)(CD1i+ 1)(CDIl + 1)(A;1ii + 1) + (AB1i + 1)(CD1i)(ABjj + 1)(Cilii + 1)}

/ 1
Wi = (ABii + 1)(ABjj + 1)(CDii + 1)(CDjj + 1)
. {(lii + 1A;)((AB1i){C'D1k + 1)(CDIl + 1) + (AB1j + 1)(C'D11)(CDkk + 1))

+ (lkk+1C))((ABli+ 1)(ABjj + 1)(CD1k) + (AB1j){(ABii + 1)(CD1l + 1))
+ (it + 155 + 1)((AB1i)(AB1j + 1)(CD1k 4+ 1)(C D11)
+ (AB1i+ 1)(AB1j){(CD1k){CD1l + 1))} (A.2.16)
b _ 1
Wkl = (ABii+1)(ABjj + 1)(CDkk + 1)(CDjj + 1)
x {(AB1j)(ABii+ 1)(CD1l + 1){(C1jj + 1) + (AB1j + 1)(CD1l)(CDkk + 1)(A4;1jj + 1)
+ (ABjj+ 1)((CD1l 4+ 1)(A;Clj) — (CD1){A;Crlj + 1))} (A.2.17)
W7 1
ikt (ABii +1)(ABjj + 1)(CDjj + 1)(CDIl + 1)
x {(AB1j){(CD1j + 1){(AB1i)(i + 1jj + 1Cx) — (AB15){(CD1j + 1)(AB1i + 1)(ijj + 1C%)
+ (AB1lj+ 1){(CD15){(CDkk + 1){(15j + 1A;) + (AB15){(CD1j + 1)(ABii + 1)(1j5 + 1C%)
+ (ABjj+ 1><1CijAi>} (A.2.18)
W%kl = wz{l]{klv W%kl = ngla Wzlgoléz = W%kh wiljll;l = nglv Wilj2i;l = wz'lg{k:l’ wz’ljsl;l = w%klv
(AB) <> (CD), (i,7) <> (k,1) (A.2.19)

A.3 n-point 2-loop MHV Log Amplituhedron

-pt 21
Qlog [Ayiiry 1] = Z Qiljkl[IOg]+ Z Q?jkl[IOg}""“ Z Qzlfkl[bg]
irjo ke d=2,3,+ n—1 i<k<j<l k<l<i<j
i<k<li<j
(A.3.1)
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for

i llog] = Zzliffwwii;;jf; (a7 — b1 = Cxi " wiylog] (A.3.2)
where
wiljkl[log] = oy (li + 1kj) + xo21(1i + 1kj + 1) + yaye(li + 1j) + yoz1(li + 11j + 1)
+ yrze(li+ U+ 17) + z120(li + 1 4+ 15 + 1) + @oy1 (Likj) + xoz1 (Likj + 1)
+  wayr(lik + 1j) + woz1 (Lik + 15 + 1) + yiye(lilg) + yaz1(lil + 1j) + y1z2(lil + 15)
+ z1z0(lil + 15+ 1) +wyy1 (i + 1k + 1) + wizi(li + 1k + 15 + 1) (A.3.3)
w?jkl log] = —mziwoyr(likj) — x1w021(likj + 1) — woxyyr (1ik + 15)
— worwz1(lik + 15 + 1) — wyzoy1 (1i + 1kj) — wizoz1(1i + 1kj + 1)
— wiwayr (1i + 1k + 15) — wiwez1 (i + 1k + 15 + 1) — 221192 (1k51)
—  xoy129(lkjl + 1) — xoyaz1 (1kj + 1) — xoz129(1kj + 1 + 1) — wayry2(1k + 151)
— woyr22(lk 4+ 1jl + 1) — wayez1(1k + 15 + 1) — wezy29(lk + 15 + 11 + 1)
—  z1woy1y2(ikjl) — zrmoy1 22 (tkjl + 1) — mixoyaz1 (ikj + 11) — x1292122(ikj + 11 4 1)
—  war1y1y2(ik + 1j1) — wax1y122(ik + 151 + 1) — wam1y221(ik + 15 + 11)
— wow12z122(tk + 1j + U+ 1) — wizoy1y2(i + 1kjl) — wixoyi 22(i + 1kjl + 1)
— wywoyz1 (i + 1kj + 1) — wixez129(i + 1kj + 1 + 1) — wiway1y2(i + 1k + 151) —
— wywayr22(i + 1k + 151 4+ 1) — wiwayez1 (i + 1k + 15 + 11)
— wiwz122(i + 1k + 15+ 11 + 1) (A.3.4)
wipllog] = 0 (A.3.5)
W?jkl log] = —wizoya(lii + 1) — wizozo(lii + 11+ 1) — wexyy1(1ii + 17) — wexy21(lii + 15 + 1)

—  my1y2(Lily) — x1yez1 (Lilj + 1) — zayrze(Lil + 15) — x12z122(Lil 4+ 15 + 1)

— wiy1y2(li + 11j) — wiyaz1(li + 115 + 1) — wiyiz2(li + 1 + 17)

— wyzize(li + U+ 15+ 1) — wimoyry2(ii + 117) — wimayez1 (13 + 115 + 1)

— wywoy122(it + 1l 4+ 1j) — wiwez129(it + 11 + 15 + 1) (A.3.6)

79



w?jkl [log]

—war1y1 (11i + 1j) — wizoya(lit + 1) — wawr21(lii + 15 + 1) — wizoze(lii + 15 + 1)
z1y221(Ligg + 1) — woy120(Llijj + 1) — wiyez1(li + 155 + 1) — wayr2o(li + 155 + 1)
w1T2y221 (it + 157 4+ 1) — waz1y122(ii + 157 + 1) (A.3.7)

w%kl [log] —wox1y1 (it + 15) — worqz1(lii + 15 + 1) — wixaya(lii + 11) — wizoze(lii + 11 + 1)
xoy1y2(Lligl) — woyr20(lijl + 1) — xoyoz1(lij + 1) — x9z129(1ij + 11 + 1)
woy1y2(li + 151) — woyr22(li + 1501 + 1) — wayoz1 (1i + 15 + 11)
waz129(li + 15 + 11 4+ 1) — wex1y1y2(ii + 1j1) — wex1y1 2230 + 151 + 1)
wox1y221 (11 4+ 15 + 1) — wozy 212901 + 15 + 11 + 1) (A.3.8)
Wijl [log] —z122y1(likj) — x12021 (Likj + 1) — wazqy1 (Lik + 1j) — wox1 21 (Lik + 15 + 1)
x1y221(1ijj + 1) — wimeyr (10 + 1kj) — wizaz1(1i 4+ 1kj + 1) — wiwayi (1i + 1k + 15)
wiwez (i + 1k + 15 + 1) —wyyaz1 (i + 155 + 1) — zoy122(lkjj + 1)
woyr22(1k + 157 + 1) — z1xay122(ikjj + 1) — womiyr2z2(ik + 1jj + 1)
wixey122(i + 1kjj + 1) —wiway122(i + 1k + 155 + 1) (A.3.9)
wz'Sjkl [log] = wgljkl [log], wigjkl [log] = ijkl [log], wiljokl [log] = W?jkl [log], wiljlkl log] = wiﬁjkl [log],

wirillog] = wijllog],  wiillog] =0,

(»’Ul;wl,yhzl) — ($2,UJ27y27Z2), (7’7]) <~ (kvl) (A310)

We can similarly write these forms in the momentum twistor language.
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Appendix B

Explicit Calculation of the 1-loop
NMHYV Amplituhedron

B.1 6-2 Representation of the 6-pt case

The 6-pt case, there are four sign flip cells Aas4, Aoss, A24s, Asas. We have already obtained

the intersecting polygon for the Assg cell. Then we consider the remain cells in this appendix.

The vertices of the polygon which intersects with A335 cell are

and there are another vertices depending on the signs of other brackets as

(1,2,3), (2,3,4), (5,6,1)

(25) | (35) | (26) | (36) | (46) vertices pentagon
I T
P R e (345), (456), (612) (4)
— — + — —
-+ - |+
T (345), (346), (612), (461) (5)
— L+ |+ | = | + | (©235),346),(612),(356), (461) |  (6)
+ — - + - (236), (345), (456), (256) (7)
-+ 1+ =-1- (235), (456), (612), (356) (8)
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612 612

612
123 561
13 561 123 561
234 461
234 461
234
3 456 235 346
4 4 356
s 345 . 346 p
“®
256 612
236 s61 123 s61
123 456 234 456
234 345 235 356
@) ®)

Figure B.1: Polygons for Asss

where (ij) is (Yij) and the shape of the intersecting polygons are Figure B.1. Next, the

vertices of the polygon which intersects with AS,- cell are
(1,2,3), (4,5,6), (5,6,1) (B.1.2)

and there are another vertices depending on the signs of other brackets as
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612 612 612

12 561 123 561 123 >61
124 456
124 456
234 456 245 356
345 245 o 345 (21315)
©
612 256
123 561 236 561
234 456 123 436
235 (12) 356 234 13) 345
Figure B.2: Polygons for Asys
(24) | (25) | (35) | (26) | (36) vertices pentagon
O N T B
— = =+ o+
234), (345), (612 9
A (234), (345), (612) )
— — — + —
+ = =+ |4
(124), (345), (245), (612) (10)
I e B
+ | = |+ |+ | = | (124),(235), (245),(612), (356) |  (11)
— | =+ ]+ | - (234), (235), (612), (356) (12)
|+ =] =+ (234), (236), (345), (256) (13)

and the shape of the intersecting polygons are Figure B.2. The vertices of the polygon which

intersects with A$,- cell are

(1,3,4), (3,4,5), (4,5,6), (5,6,1), (1,3,4), (1,3,6) (B.1.3)
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612

136
134
234
(14)
612
136 561
134 456
124 345
245
(15)

561
456
345
256
236 561
136 456
134 345
234
(16)

Figure B.3: Polygons for Asys

and there are another vertices depending on the signs of other brackets as

(24) | (25) | (26) vertices pentagon
- | + | +
— (234), (612) (14)
+ | = | + | (124),(612),(245) (15)
— |+ | = | (234),(236),(256) (16)

and the shape of the intersecting polygons are Figure B.3. Next, we consider the 6-2 repre-

sentation of this amplituhedron. First, we can see that all of these polygons are related to
the basic polygon Ps which has the six vertices (612), (123), (234), (345), (456), (561) as

(1) = Ps — A(561)(125)(145),  (2) = Ps — A(561)(125)(145) — A(612)(236)(256),
(3) = Ps — A(561)(125)(145) — A(456)(461)(346), (5) = P — A(456)(461)(346),
(6) = Ps — A(345)(235)(356) — A(456)(461)(346), (7) = Ps — A(612)(236)(256),
(8) = Ps — A(345)(235)(356), (9) = Ps — A(234)(124)(245),
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(11) = Ps — A(234)(124)(245) — A(345)(235)(356), (12) = Ps — A(345)(235)(356),
(13) = Ps — A(612)(236)(256), (14) = Ps — A(123)(136)(134),

(15) = Ps — A(123)(136)(134) — A(234)(124)(245),

(16) = Ps — A(123)(136)(134) — A(612)(236)(256).

(B.1.4)

where (i) is the pentagon (i) and A(7)(j)(k) is the triangle whose vertices are i, 7, k. From

this, the 6-2 representation of the 6-pt case is expressed as

AT = (Azsa + Aazs + Azas + Asas) x P + A" x A(612)(236)(256)
+ A% x A(123)(136)(134) + - - - + A% x A(561)(125)(145). (B.1.5)

where A’ is the sum of the futher triangulated sign flip cells. For example,

AL = Aoy + Abgs + Abgs + Asys
has © Asya with {(26),(36), (46)} = {—,+,—}
Abss + Agss with {(25),(35),(26), (46)} = {+,—, —, —}
Ays o Aws with {(25),(26), (36)} = {+, —, +}
Ays 0 Asgs with {(24),(25),(26)} = {—,+,—}. (B.1.6)

Then the sign of the brackets (Y ABij) for this A! is
(YABii+1) >0, {{YAB62),(YAB63), (Y AB64), (Y AB65)} = {+,—,+,~}. (B.L.7)

This is the sign flip condition of the 5-pt m = 2, k = 3 amplituhedron Agf;z’kzs@, 3,4,5,6).

Similarly we can see that other A’ is 5-pt m = 2, k = 3 amplituhedron as

Al = ATTRT(2,3,4,5,6), A7 = AT PMT(3,4,5,6,1), A = ATTPMT(4,5,6,1,2),
At = ATSP(5,6,1,2,3), A7 = ALSPMT6,1,2,3,4), A° = ATTRTR(1,2,3,4,5).
(B.1.8)

From this, we can obtain the final result of the 6-2 representation of the 6-pt case (4.1.19).
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Appendix C

Explicit Results of the 1-loop
NMHYV Amplituhedron

C.1 Canonical form of the 6-pt case

The explicit expression of the canonical of the 6-2 representation for the 6-pt 1-loop NMHV
amplituhedron in the (Y AB) space is

6x2
Q6—pt

= (Yd'V)(YABd*A)(Y ABd*B)

X (Qhsy + Qhgs + Qoys + Qy5) x ([123] + [134] + [145] + [156])
(12345)2(12456)>

(Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y 1245) (Y 1256) (Y 4561)
(13456)2(12346)>

(Y AB34)(Y AB45)(Y AB56)(Y AB61)(Y 1234) (Y 3461) (Y 2361)
(12346)2(13456)>

(Y AB12)(Y AB23)(Y AB34)(Y AB61)(Y 4561) (Y 3461) (Y 3456)

)
(
)
(
)
(
(12356)2(23456)>
(
)
(
)
(

(Y AB12)(Y AB23)(Y AB56)(Y AB61)(Y 2356) (Y 2345) (Y 3456)
(12456)2(12345)>

(Y AB12)(Y AB45)(Y AB56)(Y AB61)(Y 1234) (Y 2345)(Y 1245)
(23456)2(12356)>

(Y AB23)(Y AB34)(Y AB45)(Y AB56)(Y 2361) (Y 2356) (Y 1256)

(C.1.1)
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where

2
(YALii +1) (YALjj+1) (YAlkk+1)
(AB1ii+1) (ABljj+1) (ABlkk+1)

o (BYlii+1) (BY1jj+1) (BYlkk+1)

ijk (Y AB1i)(Y ABLi+1){(Y ABii+1)(Y AB1j){(Y AB1j+1)(Y ABjj+1)
(Y AB1k)(Y AB1k+1)(Y ABkk+1)

(C.1.2)
and
2
(YAn12) (YAi—1lii+1) (YAii+1i+2)
(ABn12) (ABi—1lii+1) (ABii+ li+2)
§ (BYnl12) (BYi—1lii+1) (BYii+ 1li+2)
i +1] = (Y AB(n12)N(i—1ii+1)) (Y AB(i—Lii+1)N(ii+1i+2)) (Y AB(ii+1i+2)N(n12))"

(C.1.3)

C.2 Super-Local Representation of the 6-pt case

Ot = (Yd'Y)(YABd*A)(Y ABd’B)
(23456) (12345)
< (Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y AB56)
(Y AB(156) N (2345))(12346)
(Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y AB56)(Y AB61)
(Y AB(234) N (4561))(12356)
(Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y AB56)(Y AB61)
(34561)(12456)
(Y AB12)(Y AB34)(Y AB45)(Y AB56)(Y AB61) )
(Y AB23)(12346)(12345) (Y AB(345) N (1236))(23456)
x <<Y6123>(Y1234)(Y2345>+ (Y6123) (Y 2345) (Y 3456)
(Y AB(456) N (1236))(34561) (Y AB61)(12356)(45612)
(Y6123) (Y 3456) (Y 4561) (Y6123) (Y 4561) (Y 5612) >
(12345)2(12456)>
(Y AB12)(Y AB23)(Y AB34)(Y AB45)(Y 1245) (Y 1256) (Y 4561)
(13456)2(12346)>
(Y AB34)(Y AB45)(Y AB56) (Y AB61) (Y 1234) (Y 3461) (Y 2361)
)
(

(12346)2(13456)2
(Y AB12)(Y AB23)(Y AB34)(Y AB61) (Y 4561) (Y 3461) (Y 3456)
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(12356)2(23456)>
(Y AB12)(Y AB23)(Y AB56)(Y AB61)(Y 2356) (Y 2345) (Y 3456)

+ |
(12456)2(12345)>
(
)
(

+

(Y AB12)(Y AB45)(Y AB56)(Y AB61)(Y 1234) (Y 2345) (Y 1245)
(23456)2(12356)2
(Y AB23)(Y AB34)(Y AB45)(Y AB56) (Y 2361) (Y 2356) (Y 1256)

+
(C.2.1)
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