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Abstract

Deep Neural Network (DNN) has been very successful. Especially, unsupervised DNN can
extract the features of complicated dataset without any prior knowledge. However, theoretical
understanding of how it extracts the features and what it extracts as the features is not clear.
We investigate these questions from the theoretical physics point of view by using the Restricted
Boltzmann Machine (RBM) and the Autoencoder (AE) trained by spin configurations of the Ising
model.

In order to explore the features RBM and AFE extract, we train them by spin configurations of
the 2-dimensional Ising model and construct a flow of its parameters (in particular temperature)
generated by the trained RBM and AE. This flow is motivated by the renormalization group flow of
statistical model. It is thought that this flow emphasizes the “relevant” features the unsupervised
networks learn, and eliminate “irrelevant” information from the dataset. We show that the RBM
trained by spin configurations at various temperatures generates a flow on which the temperature
approaches the critical temperature T, ~ 2.27 if the number of visible units is less than hidden
units. Unlike the RBM case, the temperature of the fixed points of AE trained sufficiently is lower
than the critical temperature if AE is sufficiently trained (5000 epochs). On the other hand, if the
learning epochs are 1000, the fixed point temperature monotonically increase with the number of
hidden units. We also analyze the weight matrices by singular value decomposition in order to
read out the information RBM and AE learn.
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Chapter 1

Introduction

Machine learning is a technique which makes computers perform various intellectual tasks such
as the discrimination of subtle images, translation of languages, or generation of images. This
technique has been very successful and received considerable attention in data science as well as
natural science [1, 2, 3, 5, 6, 7]. This success comes from deep learning which is one of the models
to achieve machine learning with Deep Neural Network (DNN) calculation motivated by the neural
network of biological brain. It was considered that the DNN has too many parameters to calculate,
but the recent development of computer makes the calculation possible.

The epoch making example which impressed the effectiveness of DNN is AlexNet [8]. In 2012,
AlexNet won with a big difference in past records in ILSVRC (The ImageNet Large Scale Visual
Recognition Challenge), which is a worldwide competition of image recognition. Starting with
AlexNet, the performance of DNN for image recognition continues to improve and now DNN can
discriminate images correctly at error rate 4.8%, which is less than the error rate of humans. In
discriminating images, we first provide samples of input images with assigned labels, such as a cat
or a dog, and then train the DNN so as to correctly predict the labels of previously unseen input
images. This framework is called supervised learning.

On the other hand, another framework in which DNN is trained without assigning labels to
the input data is also very important. This framework is called unsupervised learning. An epoch
making example of unsupervised learning is Google’s cat [9]. In unsupervised DNN trained by
ten million images cut from videos on YouTube, the “cat neuron”, which is a neuron that reacts
only to cats, is found. Conversely, if we find the input image so as to make the “cat neuron”
ignite, we can obtain an image very close to a cat. This means that DNN can extract features of
complicated input data by unsupervised learning. So, unsupervised learnings are often adopted
for pre-training of the supervised DNN or dimensionality reduction of the input data in order to
improve the ability of the supervised DNN.

It is true that the DNN is a very useful framework, but why does it work so well? In order
that machine learning works successfully, it is crucial to find the suitable representations of input



data for the tasks we want to achieve. In general, however, it is very difficult to design the
suitable representations by human hand. One of the ideas for overcoming this problem is to get the
representations by machine learning. The machine learning for the suitable representations is called
representation learning. It is believed that DNN automatically achieves this representation learning
in the process of its training. The representations which DNN gets are called deep expressions.

However, the theoretical understanding of how DNN gets the effective deep expressions is
unclear. One of the possible answers to these questions is following. Input data and their specific
features usually have a hierarchical structure: an image of a cat can still be identified as an
animal in a very low resolution image but you may not be able to distinguish it from a dog. Such
hierarchy of features can be efficiently reflected by the deep structure of neural networks. Namely,
it is believed that DNN learns low-level (microscopic) representations in the upper stream of the
network and gradually extracts higher-level (macroscopic) representations as the input data flows
downstream. In other words, the initial data will get coarse-grained towards the output. This view
is reminiscent of the renormalization group (RG) in statistical physics and quantum field theories,
and various thoughts and studies are given [10, 11, 12, 13, 14, 15, 16] based on this analogy.

The RG is the most important concept and technology to understand the critical phenomena
in statistical physics and also plays an essential role to constructively define quantum field theories
on the lattice. It is based on the idea (and proved by Kenneth Wilson [17]) that the long-distant
macroscopic behavior of a many body system is universally described by relevant operators (rele-
vant information) around a fixed point, and not affected by microscopic details in the continuum
limit. Through reduction of degrees of freedom in RG, the relevant information is emphasized
while other irrelevant information is discarded. Particularly, suppose that the statistical model is
described by a set of parameters {\,}, and that the parameters are mapped to a different set {\,}
by RG transformations'. Repeating such RG transformations, we can draw flow diagrams in the
parameter space of the statistical model

D) = Dal = D) = (1.1)

These RG flows control the behavior of the statistical model near the critical point where a second
order phase transition occurs.

In order to compare the RG and the DNN more concretely, let us take a simple example —
Ristlicted Boltzmann Machine (RBM). RBM is a network for estimating the probability distribu-
tion which generates dataset we focus on. This consists of two layers, a visible layer with variables
v = (v;) and a hidden layer with variables h = (h,), which are coupled to each other through the

! In order to describe the RG transformation exactly, infinitely many parameters are necessary to be introduced.
However, it can be usually well-approximated by a finite number of parameters.



Figure 1.1: Structure of RBM

Hamiltonian

O(v,h) =~ viWiaha + > _bvi + Y caha), (1.2)

7,a

and a joint probability distribution for v and h is given by

1
P(v,h) = —¢ b (1.3)
Z
where we defined the partition function by Z = Zv,h e~ ®(v:h)
duced in the RBM. This structure is expressed in Fig. 1.1. Then we get the probability for visible
layer v by marginalizing the joint probability distribution by the hidden variables

. No intra-layer couplings are intro-

P(v)=) _P(v,h). (1.4)

In training the RBM, we adjust the parameters so that P(v) close to the distribution which
generates the input data. Now suppose that the RBM is already trained and the parameters of
the Hamiltonian (1.2), namely {W;,, b;, ¢}, are already fixed through a process of training. The
joint probability distribution P(v,h) also provides the following conditional probabilities for h (or
v) with the other variables being kept fixed

P(h|v) = %, (1.5)
Pvih) = o) (16)

- Y, Pv.hy)

These conditional probabilities generate a flow of distributions, and consequently a flow of param-
eters {\,} of the corresponding statistical model. Suppose that we have a set of N(>> 1) initial
configurations {X, = (% ;) }n=1.. v, Which are generated by some kind of a statistical model with
parameters \,, such as the Ising model at temperature 7'. In the large N limit, the distribution
function

QO(V) = %Zév,xn . (1.7)

6



faithfully characterizes the statistical model with parameters \,, where 0y is Kronecker delta

Sy = {1 (x=y) (1.8)
0 (x#y).

Multiplying go(v) by the conditional probabilities (1.5) and (1.6) iteratively, we can generate a
flow of probability distributions as

g(v) = r1(h ZP h|v)go(v (1.9)

ri(h) = qi(v ZP v[h)r (h (1.10)

and so on for ¢,(v) — 7,41(h) and 7,41 (h) — gu41(v). Let us focus on (1.9). If the probability
distribution 71 (h) is well approximated by the Boltzmann distribution of the same statistical model
with different parameters Ao, we can say that the RBM generates a transformation? from {Aa} to
{5\a} If more than two layers continue to be stacked iteratively, we can obtain a flow of parameters
as in (1.1). Or, we can instead look at the transformations go(v) — ¢1(v) — ¢2(v) — --- and
translate the flow of probability distributions into a flow of parameters {\,}.

In this thesis, we study the these flows of distributions, (1.9) and (1.10), that the unsupervised
RBM generates, in order to investigate “features” which the RBM learns by analogy of RG. Here
notice that in defining the flows (1.9) and (1.10) (1.9), we need to specify how we have trained
the RBM because the training determines properties of the weights and biases, and accordingly
the behavior of the flow. In our simulations, we provide three different types of trainings. One
type of RBM (we call type V) is trained by configurations at various temperatures from low to
high. Other two types (type H and L) are trained by configurations only at high (and only at
low) temperatures. Then we translate these flows of probability distributions into the flows of the
temperature of the Ising model,; 3

T—T—T—-. (1.11)

In order to measure the temperature of a distribution of configurations, we prepare another neural
network trained by the supervised learning. Our results are following. In type H/L RBM, the
temperature approaches higher/lower temperature than 7., as expected. However, in the type V
RBM, the temperature approaches the critical point T'— T, , as opposed to the conventional RG
flow of the Ising model. This means that type V RBM extracts critical point as features even
though we do not give the information about phase transition. We also analyze these results by
singular value decomposition of weight matrix.

2The situation is similar to the footnote 1,and infinitely many parameters are necessary to represent the proba-
bility distribution P(h) in terms of the statistical model.



Figure 1.2: Hourgrass type autoencoder

Is it universal that the flow of unsupervised network approaches to T.? To check this, we
investigate the flow by Autoencoder (AE). AE is the unsupervised network trained so as to output
the same images as input images. Especially, we focus on the hourglass-type AE which has a
symmetrical structure (See Fig.1.2). In this AE, the input x is transformed to h in the internal
layer, and h is transformed to the output y. The first two layers which transform x to h are called
encoder, and the latter two layers which transform h to y are called a decoder. The output of
the internal layer h is called code of x. The code h contains the features of the input x because
AE is trained so as to reconstruct same vector as x. However, if the number of the internal units
is less than the input units, then the code h cannot contain all information about the input x.
So, the code h is regarded as the coarse-grained representation of the input x which contains
“relevant” information for reconstructing the input x. To check what this “relevant” information
is, we construct the temperature flow by trained AE as in the RBM case. Let y be the output
of AE in the case of the input x. We can use this y as the new input and get its output y. By
repeating this process, we get a flow of configuration:

Xy Sy oy, (1.12)

Then, we translate this configuration flow to the temperature flow by supervised network. We
train AE by spin configurations of the 2D Ising model with various temperatures. We compare the
fixed point temperatures of AEs trained by different learning epochs. Unlike the RBM case, the
temperature of the fixed points of AE trained sufficiently is lower than the critical temperature if
AE is sufficiently trained (5000 epochs). On the other hand, if the learning epochs are 1000, the
fixed point temperature monotonically increase with the number of hidden units. We found that
the fixed point becomes the critical point when the gapped structure in singular value spectrum
of weight matrix vanishes. We also prepare the datasets in narrow range of temperatures: higher
temperatures case corresponding to type H (7' = 4.6,4.7,--- ,5.0), lower temperatures case corre-
sponding to type L (T"=1.0,1.1,--- ,1.5) and around the critical temperature case (T = 2.2,2.3).



The fixed point temperatures are higher than the critical temperature, lower than the critical
temperature and around the critical temperature, respectively. This result suggests that AE can
learn the specific temperature of the dataset and the fixed point of the AE flow corresponds to the
features which AE learns.

This thesis is organized as follows. In chapter 2, we explain the basic framework of deep
neural network which we use in our simulations. In chapter 3 and 4, we show the results of the
numerical simulations of the flows generated by RBM and AE, respectively. We also investigate
the properties of the weight matrices by singular value decomposition in each chapter. The final
section is devoted to a summary and conclusions.



Chapter 2

Deep Learning

Deep learning is a model of machine learning, which is based on Deep Neural Network (DNN)
[18, 19]. In this chapter, we explain the construction of DNN and the framework of its training.
In Sec. 2.1, we explain the basic method of DNN with supervised learning. In Sec. 2.2, we explain
two models of unsupervised learning — Restricted Boltzmann Machine (RBM) and Autoencoder
(AE), which are the main targets of our simulations.

2.1 Deep Neulal Network

In this section, we will explain the structure of the DNN and the framework of supervised learning.
First, we introduce the basic feed forward network in Sec.2.1.1. Then we explain the framework of
supervised learning and some techniques in the training of DNN. Finally, we adopt these methods
to multi-class classification task.

2.1.1 Structure of DNN

The neural network is constructed from elements called units (See Fig. 2.1 ). Each unit takes the
inputs x = (z;), and outputs z as follows

{w;} is called weight, which reflects the strength of coupling to other units, and {b;} is called
bias which reflects how easy the units to ignit. The function f(-) is called activation function
which models the ignition of neurons. So, it is often taken as a non-linear function which has the
threshold structure such as a step function.

10



g un
z = f(wiz + wax2)

o) w2

Figure 2.1: The unit of neural network

The deep neural network is the network of the units connected in layers. The schematic picture
of the deep neural network is shown in Fig.2.2. We label each layer by [. In this case, [ = 0 is

Figure 2.2: 2-layer neural network for supervised learning with an input layer {zl-(o)}, a hidden layer

{zgl)} and an output layer {252)}.

called input layer and [ = 1 is called hidden (or internal) layer and [ = 2 is called output layer.
This network is called 2-layer feedforward network.!

Let us explain the structure of general L-layer feedforward network. We write the output of
0

i -

the 7-th unit in the [-th layer as z

The input layer (I =0)

The output of the input layer is nothing but the input data x = (z;).

ZZ-(O) =1 (2.2)

1Usually, the input layer is not included into the number of layers.

11



The hidden layer (I =1,2,--- L —1)

The [-th hidden layer receives the output of the (I — 1)-th layer weighted by W, and adds the

ij
bias bgl), and acts activation function ? f(-). So, the output of the i-th unit in the I-th layer is

=g (s 23
J

The output layer ([ = L)

The output of the L-th layer is the final output of the network. This is a very complicated
non-linear function which contains many parameters {W© = (Wi(j)), bl) = (bl(-l))}lzl,.“, L

Zi(L) = yi(x; wo o oW pd L 7b(L)) (2.4)
For simplicity, we denote 6 := {W®, b(l)}lzl,..., 1, and the output of the network in the case that

the input is x as y(x;6). Our goal is to fix the parameters so that the network outputs the results
we want. This process is the training of the network.

2.1.2 Training of DNN (Supervised Learning)

Next we explain the framework of training. To train the network, we prepare the training dataset
D := {(x1,¥",) }n=1,..v. This set is composed of pairs of input data x,, and corresponding label
y:. This y; represents the answer we want. Then we define the function ¢g(y(xn;6),y;) which
estimates the difference between the desired answer y; and the network output y(x,;6). By this
difference g(y(x,;0),y:), we define a loss function for the data set D as

N

E@0) =) g(y(xa:0).,y}), (2.5)

n=1

which estimates the total error of the prediction of our DNN. Our task is to find the parameters
0* which minimize the error function E(0)

0" = arg;nin{E(@)}. (2.6)

This framework is called supervised learning because we prepare the labels to train the network.
A common method for finding the parameters 6* is the gradient descent method. In this
method, we choose an initial value of the parameters and calculate the gradients of E(f), and

?In general, we can choose activation functions independently in each I. In this case we must label activation
function by I as f{(-)

12



update the values of the parameters to reduce the value of the loss function. If we label renewal
steps by ¢ and denote the value of parameters in the ¢-th step as W, l)( t), b( )( t), the updated value
of the parameters in the (¢ + 1)-th step is given by

E
wlt+1) = W) —e oF (2.7)
OF
bWt +1) = b)) —e — : (2.8)
8() bgz):bgw(t)

where ¢ is the hyper parameter called learning rate * which controls the amount of renewal value
in one step. We repeat these steps until the value of the loss function F(#) decreases sufficiently.

In the above framework all of the input data are used in a renewal step, and this is called batch
learning. However, in batch learning there is the risk that the renewal steps are trapped to bad
local minima because the same loss function is used in all steps. We can overcome this problem
by taking in randomness to the training steps. First, we divide the dataset D into some subsets
called mini-batch. Then, we define the loss function in ¢-th steps by using different mini-batch
B(t) in each step as follows ;

E(0;t) == |Z gy (xn;0),¥75), (2.9)

neB(t)

where |B(t)| is the number of elements in B(¢). In this case, we can reduce the risk that the renewal
steps are trapped to the bad local minima because we use different loss function in each training
step. This framework is called mini-batch learning.

2.1.3 Multi-class classification

We explain a choice of the loss function and activation function of the output layer in the case
of multi class classification task. The representative example of this task is the classification
of handwritten numbers (10-class classification). Later, we will use this task to examine the
temperature of the spin configurations of the Ising model.

Let us consider the K-class classification. In this case, we design the network to output a
K-dimensional vector y(x,;6) whose i-th component y;(x,; ) represents a probability that the
input data x is classified into the i-th class. To interpret the output y(x,;6) as a probability, it

3We must choose the value of the learning rate by hand to converge the renewal steps suitably, but the principle
to determine earning rate is not known.

13



must satisfy

K
Yi(xn;0) >0 (i=1-- K), Y yilxy;0)=1. (2.10)
=1
We can construct such y(x,;6) by
et Ceni®) () (5-1) )
yi(xn;0) : s ui(x0;0) = ZVVU zj (X 0) + b, (2.11)

- K U (Xn;0
Dy €1k lxni?) j

where z(Lfl)(xn; 0) is the output of the (L — 1)-th layer when the input vector is x,,.

J
If the input x,, is classified into the k-th class, the corresponding label y7 is given by

Yn.i = Oki- (2.12)

The “distance” g(y(x,;0);y*,) between ideal probability distribution y? and the network output
y(x,;0) is defined by the cross entropy between them

K
9(y(n:0);5",) = = > i 1og yi(xa; 6). (2.13)
i=1

So, the loss function (in batch learning case) is given by

E(9) = —%Zzygﬂ. log i (x,; 0). (2.14)

n=1 i=1

Then, we can apply the gradient descent method to minimize the loss function.

2.2 Unsupervised Learning

In this section we explain another important framework of the neural network called unsupervised
learning in which we do not prepare the labels in the training. It is believed that unsupervised
learning can extract the features of the complicated input data effectively. So, it is used for the
pre-training for supervised network (the training for fixing the good initial value of the parameter
for gradient descent method) and dimensionality reduction of the input data. We introduce two
representative models — Restricted Boltzmann Machine and Autoencoder. These two models are
the main targets of this thesis.

14



2.2.1 Restricted Boltzmann Machine

Let us assume that the input data {x, },—1... ;4 which we focus on are the realized values of random
variables v that obey a probability distribution P,(v). Usually, we cannot know Pyu, (V). So,
we must assume the model distribution P4 (v;#) and estimate Py, (v). Such model is called a
generative model. A well known generative model is Restricted Boltzmann Machine (RBM).

Figure 2.3: 1-layer RBM with a visible layer {v;} and a hidden layer {h,}. These two layers are coupled
but there are no intra-layer couplings.

In RBM, we construct the model distribution Prpas(v;6) as follows. First, we define an energy
function (or Hamiltonian) by

(v,h; 0) szWmh =) bvi =Y coha. (2.15)

This structure is described by a graph in Fig.2.3. v = (v;) is the visible layer corresponding to
the input data and h = (h,) is the hidden layer. We assume v;, h, = £1. The weight matrix W;,
is the coupling between the visible layer and the hidden layer. b; and ¢, are biases for the visible
layer and the hidden layer, respectively. We define a joint probability distribution by

e*@(V,h,@)

P(v,h;0) = W,

(2.16)

where Z is the partition function

Z(0) =) et (2.17)

v,h

Then, we define a probability distribution for the visible layer by marginalizing P(v,h; )

1 .
Prpm(v:0) = WZ e~ v:hi0), (2.18)
h

In RBM, we deduce Py, (v) by using Prpas(v;6).

15



The characteristic of RBM is that there are no intra-layer couplings. We can improve the
expression ability by introducing a hidden layer and make some calculations easier because of
the absence of the intra-layer couplings. For example, the conditional probabilities are written as
products of probability distributions of each variable;

1
S Plh, 2.19
(hlv;0) H M H 1+ exp [=2hq (32; viWia + ¢a)] .
1
h;0) P(v;|h;0) . 2.2
P(v] H (vl 1:[ 1+ exp [=2v; (32, Wiaha + bi)] 220

This means that the units of the visible (hidden) layer are independent of each other when the
values of the hidden (visible) layer are fixed. So, this feature is called conditional independence.
Then, the expectation values of variables in the hidden or visible layer in the case that the values
of the other layer are given are calculated as

(Ra) P(hjv;e) = tanh (Z Wigv; + ca> (2.21)

(vi) p(vinie) = tanh (Z Wiaha + bi) : (2.22)

Next we explain the process of training RBM. The loss function is Kullback-Leibler (KL)
divergence Dy between the true distribution Pyu,(v) and the model distribution Prgas(v;6)

E(@) = DKL(PdataHPRBM> (223)
Pdata(v)

Pa a 1 - 2\ 224

Z dat og PRBM(V§ 9) ( )

= const. — Z Pdata 1Og PRBM(V 0) (225)

The KL divergence is the indication of the difference between two probability distributions. The
KL divergence is always non-negative and it becomes zero if and only if two distributions are equal.
However, because we cannot know Py, (v), we approximate Py, (v) by the empirical distribution
of the input data

Q(V) = % Z 5v,xn . (2.26)

16



, where 0y is Kronecker delta

Sy = {1 (x=y) (2.27)
0 (x#y).
Then, the loss function becomes
E(0) = const. — Y q(v)log Prp(v;0) (2.28)
= const. — L i log Prpn(Xn;0) - (2.29)
N L ;

The derivatives of E(6) with respect to the weight W;, and the biases b;, ¢, are given by

OF

3W - <Uiha>model - <Uiha>data

OF

ob. = <Ui>model - <Ui>data (230)
OF

ac - <ha>model - <ha>data;

where the expectation values in Eq. (2.30) are defined by

AW e = 3 aVAN) = 13 Alx) (231)
(A(V, 1)) model = Y Prou(v,h)A(v, h), (2.32)

v,h

and hg in (- )gate is replaced by (hq) pmjvie) of Eq.(2.21). Then, we update the values of the
weights and biases as

Wie — W = Wi, — oW,
bi — b?ew = bz — (5b2

Co — OV =c,—0c,, (2.33)

a

17



where

5I/Via = € (<Uiha>model - <Uiha>data)
5bz = € (<Ui>model - <'Ui>data)
5Ca = € (<ha>model - <ha>dam> . (234>

Here € denotes the learning rate.

The second terms (- - )gae in Eq.(2.34) are easy to calculate, but the first terms (- ),0del
are difficult to evaluate since it requires the knowledge of the full partition function Z. To avoid
this problem, we need to use the method of Gibbs sampling to approximately evaluate these
expectation values (- )y000. However, this method takes very high calculational cost because
we need sufficiently long time every time in order that the Markov chain for Gibbs sampling
burns in. So, practically, we employ a more simplified method, which is called the contrastive
divergence (CD) method. The idea is very simple, and reminiscent of the mean field approximation
in statistical physics. Given the input data, the expectation value of the hidden variable h, can
be easily calculated as Eq. (2.21). We write the input data v(0),,; = z,,;. Then, the expectation
value of h, given v; = v(0),; is

h(O)n’a = <ha>P(h|v(0)n;9) = tanh (Z VViaU(O)n,i + Ca> . (235)

If we fix the values of hidden layer to this h(0),, = (h,4(0)), then the expectation value of v; can
be again easily calculated by using Eq. (2.22). We write it as

U(l)n’i = <Ui>P(v\h(0)n) = tanh <Z Wmh(O)ma + bz> . (236)

Then we obtain h(1), := (h) pajv(1)..0), and so on. We iterate this procedure 7" times and replace
the first terms in Eq.(2.34) by V(T)n and h(T),. Especially, this method is T-step CD method
(CD7z). Empirically, it is known that we can take a much smaller number of steps in CDz than
the number of steps in Gibbs sampling method, for example 7= 1. In T" = 1 case (CDy), the
formulas for calculating the expectation values in Eq. (2.34) are given by

N N 1 N
Uz data — Z nu data = Z naa data = N Z na7 (237>

18



and

N N N

<U7Z>model = % Z U(]-)n,ia <ha>model = %Z h(l)n,aa <Uiha>model = % Z U(l)n,zh(l)n,a(238)

n=1 n=1 n=1

2.2.2 Autoencoder

Figure 2.4: Hourglass-type autoencoder
paipai

Another unsupervised model is the Autoencoder. This is the neural network which is trained
so as to output the same configurations as the input data. In other words, this is the neural
network which is trained by the training data set D = {(Xp,Xy)}n=1.. ny through the framework
of Sec.2.1.2.

In the autoencoder, we evaluate the difference between the network output y(x;€) and the
input vector x by the square norm

g(y(x;0);x) == Z(yi(xs 0) — ;)° . (2.39)

The error function for the data set D = {x,,}n=1.. v 18

BO) = 5 30 3 (010 6) — i) (2.40)

Then, we can apply the gradient descent method to minimize this loss function.

We use hourglass-type autoencoder which has a symmetric structure like Fig. 2.4. The output
of internal layer is called the code regarded as deep expression which contains important features
for reconstruction of input data. Then, the former part from the input layer to internal layer is
called encoder, and the latter part from internal layer to output layer is called a decoder. In this
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case, we can use the transpose of the first weight matrix as the second one to reduce the number
of parameters to be adjusted.

2.3 Singular Value Decomposition (SVD)

Next, we introduce Singular Value Decomposision (SVD) to analyze weight matrices of RBM and
AE.

2.3.1 Principle of SVD

Consider M x N real matrix A with rank r (r < min{M, N}). We introduce AA* and A'A, which
are M x M and N x N real symmetric matrices, respectively. We denote eigenvector of A*A with
eigenvalue \; as |v;)

AP Al = N |vy),i=1,2,--- | N, (2.41)

satisfing (v;|v;) = &;; . For all 4, A; > 0, because AA" is a positive semi-definite matrix. The number
of eigenvectors with non-zero eigenvalue is . Then, we can arrange eigenvalues to satisfy

AM>XA > > A >0,
)\7«+]_ :)\7«+2:"':)\N:O. (242)

On the other hand, we denote eigenvectors of A*A as {|u;) }iz1.. pr. Fori=1,---,r,

1
|u;) = \/A_Z-A vi) (2.43)

and its eigenvalue is \;

1
Vx

These vectors satisfy orthonormal condition

AA ) = —=A(ALA) o) = N ) - (2.44)

1 o
(uiluj) = o <Ui]AtA\vj> =0;; (i,j=1,---,1). (2.45)
iNj

For i =r+41,---, M, eigenvalue of |u;) is zero and we can make these vectors satisfy orthonor-
mal condition by Gram-Schmidt orthonormalization. Eigenvectors of a symmetric real matrix
with different eigenvalues are orthogonal. So, all eigenvectors {|u;)}i—1... s satisfy orthonormal
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condition

By using {|w;) }iz1,... ar and {|v;) }iz1.... n, we define orthogonal matrices U = (U;;) and V = (V};)
as follows

Ui = ([w;))is - Vig = ([vg))i (2.47)

where (|u;)); means the i-th component of vector |u;). Because {|u;)}i=1,... m and {|v;) }iz1,... v are
eigenvectors of AA" and A'A respectively, U and V satisfy

D (AAYWUy; = \Uy
k

Z(AtA)ikaj = AV (2.48)
k

Then, we can calculate U'AV as follows

(U'AV),; Z UriAuVij = Y \/_AkamZAlel] = VA_ (v;] A Alv)) = VA . (2.49)

k,l,m

This form is called singular value normal form and {\/X}Zzl - 1s called singular value of A. We
get singular value decomposition of matrix A

k
2.3.2 Function of SVD

SVD enables us to decompose a image into different scales. Let us consider a 2-dimensional image
as M x N matrix A. A;; represents the color at pixel (i, j). We write SVD of A as

Aij = D VMUV = > AY (2.51)
k=1 k=1

where Ag?) = VUi Vi, and r := rankA. Positive eigenvalues are arranged in descending order

AM >N > > N >0. (2.52)
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Agf) with large A corresponds to large scale in image A and Al(f) with small Ay corresponds to
small scale in image A. Eq.(2.51) is scale decomposition of image A. The leading components in
decomposition (2.51) are Agf) with large A;. Then, we define y-th order approximation of image
A by cutting off the sum in (2.51) at x-th component AX);

X

Ay =) AW (2.53)

k=1

We define the snapshot entropy of A which estimates information about scales encoded in A.
Because of positivity of singular values, we can interpret singular values as a probability distribution
by normalizing as follows

Ai

Di ‘= . 2.54
S (2.54)
The snapshot entropy is defined as Shanon entropy of this probability distribution
S = —Zpi log p; . (2.55)
i=1
For coarse-grained image A,, we also define the “coarse-grained” snapshot entropy S(x)
X
S(x) ==~ _pilogpi. (2.56)
i=1

It is known that S() obeys scaling relation which reflects coarse-graining of original image A.[20,
21, 22, 23, 24, 25]
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Chapter 3

Restricted Boltzmann Machine

In this chapter, we explain the method of numerical simulations of RBM and show various results
and analysis of weight matrix by singular value decomposition. This chapter is mainly based on
[26].

3.1 Setup

3.1.1 Monte-Carlo simulations of Ising model

We first construct samples of configurations of the two-dimensional (2d) Ising model by using
Monte-Carlo simulations. The spin variables o, , = %1 are defined on a two dimensional lattice of
size L x L. The index (z,y) represents each lattice point and takes z,y = 1,2,..., L. We impose
the periodic boundary conditions

OLily =01y, 00y =0Ly, Ozit+l =0g1, Oz0:=0s]L. (3.1)

for the spin variables. The Ising model Hamiltonian is given by

L
H=-J Z Oy (Opi1y + Ou1y + Ouyr1 + 0uy1) . (3.2)

z,y=1

It describes a ferromagnetic model for J > 0 and an anti-ferromagnetic model for J < 0.
Sampling of spin configurations at temperature 7" are performed by Metropolis Monte Carlo
(MMC) method. In the method, we first generate a random configuration {o,,}. We then choose

23



one of the spins o, , and flip its spin with the probability

1 (when dE, , < 0)
Pzy = —dEq., /kpT (33)
e *Fwy/tBt (when dE,, > 0),
where dF, , is the change of energy of this system
dE, y =2J0, (0pt1y + Oty + Ouys1 + 0uy1). (3.4)

The probability of flipping the spin (3.3) satisfies the detailed balance condition Ps_,¢ps = Py_sps,

where p, oc e~ Fs/kBT

is the canonical distribution of the spin configuration s = {o,,,} at temper-
ature T'. Thus, after many iterations of flipping all the spins, the configuration approaches the
equilibrium distribution at 7. We can set the Boltzmann constant kg and the interaction param-
eter J to be equal to 1 without loss of generality, because all physical quantities are written in
terms of a combination of J/(kgT).

In the following analysis, we set the lattice size L? = 10 x 10 and repeat the procedure of
MMC simulations 100L? = 10000 times to construct spin configurations. In our simulations,we
generated spin configurations at various temperatures 7' = 0,0.25,0.5,...,6.5 Some of typical spin

configurations are shown in Fig. 3.1.

"L

'l -

T=0 T =2 T=3 T=6

Figure 3.1: Examples of spin configurations at temperatures T'= 0,2, 3,6

3.1.2 Setup of RBM

Next we train RBM by using the algorithm explained in Sec.2.2.1. In the following, we prepare 7
different sizes of the hidden spin variables; N, = 16, 36,64, 81,100,225 and 400, and train these
models through various data sets:

Type V RBM

This is trained by configurations at temperatures ranging widely from low to high, 7' = 0,0.25, ..., 6.

'For T = 0, we practically set T = 10712 for numerical calculations.
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Type H RBM

This is trained by configurations at higher temperatures T' = 4,4.25,...,6 than T, ~ 2.27.

Type L RBM

This is trained by configurations only at the lowest temperature 1" = 0.

3.1.3 Generation of RBM flows

As discussed in the Introduction, once the RBM is trained and the weights and biases are fixed,
the RBM generates a sequence of probability distributions. Then we translate the sequence into a
flow of parameters. In generating the sequence, the initial set of configurations should be prepared
differently from the configurations that are used to train the RBM.

We can also g(eglerate a flow of parameters in a slightly different method. For a specific con-
0

figuration v; = v; ’, we can define a sequence of configurations following Egs. (2.35) and (2.36)

{0/ = (RO} = {0V} = (A0} = (P} = {(hPY = -+ (3.5)

Since each value of vi(") (for n > 0) and h (for n > 0) is defined by an expectation value as in
Egs. (2.36) and (2.35), it does not take an integer +1 but a fractional value between them. In
order to get a flow of spin configurations, we need to replace these fractional values by +1 with a
probability 1(1 = (v)) for the expectation value (v). It turns out that the replacement is usually
a good approximation since the expectation values mostly take values close to 1 owing to the
property of the trained weights [IW;,| > 1. In this way, we obtain a flow of spin configurations

{0 = ) = P} = = ) (3.6)

starting from the initial configuration {UZ(O)}. In order to obtain a flow of temperature, we provide
a set of configurations. The set should be different from the set of configurations that are used
for training the RBM.? Then we get a flow of the set of configurations. Finally, by using the
NN of supervised learning explained in Sec.3.1.4, we obtain the temperature distribution of the
configurations. In this way, we can translate the above flow of configurations into a flow of
temperature distributions.

2Therefore, we also generate additional 25000 spin configurations other than the configuration used for training
the RBM.
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3.1.4 Temperature measurement by a supervised-learning NN

Next we design a neural network (NN) to measure temperature of spin configurations by using the
algorithm explained in Sec. 2.1.3.

We note how we measure temperature of a configuration. If size of a single configuration
generated at temperature T is large enough, say L = 10 the trained NN will reproduce the
temperature of the configuration faithfully. However, our configurations are small sized with only
L = 10. Thus we instead need an ensemble of many spin configurations and measure a temperature
distribution of the configurations. The supervised learning gives us this probability distribution of
temperature.

Let us see the results of the NN for measuring temperatures. On the left side of Fig. 3.2, we plot
the behavior of the loss function (2.14) as we iterate the renewal of the weights and biases. The

error

34 1

. « training_error 0.16 T=0
% « test_error T=2
324 % 0.14 4 g
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Y . % —
5] o "% i
o 264 e e, a 006
g e S
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2.44 .'0-
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227 0.00
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Number of epochs / 100 Measured temperature

Figure 3.2: (Left) Training error and test error up to 7500 epochs. (Right) The probability distribution
of measured temperature when the configurations at T'= 0, 2, 3,6 are input.

blue line shows the training error, namely values of the loss function after iterations of training
using the 25000 configurations. It is continuously decreasing, even after 7500 epochs. On the other
hand, the red line shows the test error, namely values of the loss function for additional 25000
configurations which are not used for the training. This is also decreasing at first, but after 6000
epochs it becomes almost constant. After 7500 epochs, in fact, it turns to increase. This means the
machine becomes over-trained, therefore we stopped the learning at 7500 epochs before it occurs.

Then on the right side of Fig. 3.2 we show the probability distribution of temperature this NN
measures. Here we use the configurations at 7' = 0,2, 3,6 which are not used for the training.
Thus we can confirm the NN can correctly measure the temperature of configurations, even if it
does not learn those configurations.
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3.2 Numerical results

3.2.1 RBM flows

Now we show our main results for flows generated by the unsupervised RBM. Let us call them
the RBM flows. We provide three different types of unsupervised RBMs explained in Sec. 3.1.2.
Each of them is trained by a different set of spin configurations generated at a different set of
temperatures. We then generate flows of temperature distributions by using these trained RBMs,
following the methods of Sec.3.1.3 and Sec. 3.1.4.

TypeV RBM: Trained by configurations at 7'= {0, 0.25,0.5,--- ,6}

First, we study type V RBM. The temperature range includes the critical temperature 7, =~
2.27. The unsupervised RBM will have learned the features of spin configurations at various
temperatures.

Using the methods in Sec. 3.1.3, we generate a sequence of reconstructed configurations as in
Eq. (3.6). We prepare two different sets of initial configurations. One is a set of configurations at
T = 0, and another at T" = 6. These configurations are not used for the trainings of the RBM.
Then by using the supervised NN in Sec. 3.1.4, we translate the flow of configurations to a flow of

temperature distributions.

0.175
original

itr = 100
itr = 500
itr = 1000

original
itr=1
itr=5
itr=10

0.175 -
0.150

0.150 -
0.125 4
0.125
0.100 4
0.100 -

0.075 1

Probability
Probability

0.075 -

0.050 090

0.025 4 0.025

0.000 - 0.000 4

Measured temperature Measured temperature

Figure 3.3: Temperature distributions after various numbers of iterations of type V. RBM, which is
trained by the configurations at T' = 0,0.25,...,6. The original configurations are generated at T' = 0.

In Figs. 3.3 and 3.4, we plot temperature distributions of configurations generated by iterating
RBM reconstruction Sec.3.1.3. Fig. 3.3 shows a flow of temperature distributions starting from
T = 0. Fig. 3.4 starts from 7" = 6. In all the figures, the black lines are the measured temperature
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original
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Figure 3.4: Temperature distributions after various numbers of iterations of the same RBM as Fig. 3.3.The
original configurations are generated at 1" = 6.

distributions of the original configurations®. The colored lines show temperature distributions

of the reconstructed configurations {Ulﬁn)} after various numbers of iterations. The “itr” in the
legends means the numbers of iterations n by the unsupervised RBM. The left panels show the
temperature distributions at small iterations (up to 10 in Fig. 3.3 and 50 in Fig. 3.4), while the right
panels are at larger iterations up to 1000. These results indicate that the critical temperature 7T,
is a stable fixed point of the flows of the type V RBM. Apparently, the results are different from a
naive expectation that the RBM may show similar behaviors to the conventional RG flow. Indeed,
from whichever temperature "= 0 or T' = 6 we start, the peak of the temperature distributions
approaches the critical point (7, ~ 2.27) as we repeat the iterations by the unsupervised RBM.
In order to confirm the above behavior, we provide another set of configurations at T" = 2.25
as initial configurations and generate the flow of probability distributions by the same trained
RBM. The flow of temperature distributions is shown in Fig. 3.5. We can see that the temperature
distribution of the reconstructed configurations remains near the critical point, and never flows
away from there?. If the process of the unsupervised RBM corresponds to coarse-graining of spin
configurations, the temperature distributions of the reconstructed configurations must flow away

3Though the original configurations are generated by the MMC method in Sec.3.1.1at "= 0 and 7' = 6, the
measured temperature distributions are not sharply peaked at T = 0 or T' = 6.There are two reasons for this
broadening of the distributions.One is due to the finiteness of the size of a configuration N = L x L = 10 x 10.
Another is due to the limit of measuring temperature by the NN. If the size of a configuration was infinite and if
the ability of discriminating subtle differences of different temperature configurations was limitless, we would have
obtained a very sharp peak at the labelled temperature.

4We also trained the RBM using configurations of a wider range of temperatures; 7' = 0,0.25,...,10,00. The
results are very similar, and the temperature distributions of reconstructed configurations always approach the
critical point T, ~ 2.27.
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from T,.
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Figure 3.5: Temperature distributions after various numbers of iterations of the same RBM as Figs. 3.3
and 3.4. The original configurations are generated at T' = 2.25.

So far, in obtaining the above results of Fig. 3.3, Fig. 3.4 and Fig. 3.5, we used an unsupervised
RBM with 64 neurons in the hidden layer. We also trained other RBMs with different sizes of
the hidden layer, but by the same set of spin configurations. When the size of the hidden layer is
smaller than (or equal to) the number of the visible layer, namely N; = 100, 81, 64,36 or 16, we
find that the temperature distribution again approaches the critical point. The difference is that
the speed of the flow to approach T, becomes more rapid (i.e., arrive at T, by fewer iterations).

In contrast, in the case of the RBM which has more than 100 neurons in the hidden layer, we
have different results. Fig. 3.6 shows the case of N, = 225 neurons. Until about ten iterations, the
measured temperature distribution behaves similarly to the case of N, < 100, i.e., it approaches
the critical temperature. However, afterward it passes the critical point and flows away to higher
temperature. In the case of 400 neurons, it moves towards high temperature at faster speed. This
behavior suggests that, if the hidden layer has more than a necessary size, the NN tends to learn
a lot of noisy fluctuations. We come back to this point later.

Type H/L RBM: Trained by configurations at Higher/Lower temperatures

Next we study type H RBM, which is trained by configurations at higher temperatures 7' =
4,4.25,...,6 than T, ~ 2.27. The results of the flows of temperature distributions are drawn
in Fig.3.7. In this case, even when the hidden layer has less than 100 neurons, the measured
temperature passes the critical point and goes away towards higher temperature. This behavior is
intuitively understandable. The probability distribution flows towards high temperature because
the RBM has learned the features of high temperature configurations. We also find that, if the
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Figure 3.6: Temperature distribution after various numbers of iterations of type V. RBM with 225 neurons
in the hidden layer. The original configurations are generated at 7' = 0.

number of neurons in the hidden layer is increased, the temperature distributions changes more
slowly.

Finally, we study type L RBM, which is trained by configurations only at the lowest temperature
T = 0. Fig. 3.8 shows the numerical results of flows of type L. RBM. Similar to the type H RBM,
the measured temperature passes the critical point, but flows towards lower temperature instead
of higher temperature. In type L RBM, as far as we have studied, the flow never goes back to
higher temperature even for large Nj,. This suggests that the RBM does not learn features that
are not included in the training data set.

Summary and conjectures

We first summarize the numerical results:

For type V RBM

e When N, < 100 = N,, the measured temperature 1" approaches T..
e However, for N, > 100 = N,, the flow eventually goes away towards T = 6.

e Speed of flows is slower for a larger Np,.

For type H/L RBM
e For type H/L RBM, T flows towards T'= 6/T = 0 respectively.

e Speed of flows is slower for a larger NV.
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Figure 3.7: Flow of temperature distributions starting from 7" = 0 in type H RBM. RBM is trained by
configurations at only 7" = 4,4.25,...,6, and the NN has 64 neurons (left) and 225 neurons (right) in the
hidden layer. The speed of the flow is slower for the larger sized hidden layer.

Here N, and N, are numbers of hidden and visible neurons in the RBM. These behaviors must be
reflections of the weights and biases that the unsupervised RBMs have learned in the process of
training.

Understanding the above behaviors is equivalent to answering what the unsupervised RBMs
have learned in the process of trainings. The most important question will be why the temperature
approaches T, in the type V RBM with N, < N,, instead of, e.g., broadening over the whole regions
of temperature from T"'= 0 to T' = 6. Note that we did not teach the NN either about the critical
temperature or the presence of the phase transition. We just have trained the NN by configurations
at various temperatures, from 7= 0 to T" = 6. Nevertheless the numerical simulations show that
the temperature distributions are peaked at T, after some iterations of the RBM reconstruction.
Thus we are forced to conclude that the RBM automatically learns features specific to the critical
temperature T, .

An important feature at T, is the scale invariance. We have generated spin configurations at
various temperatures by the Monte Carlo method, and each configuration has typical fluctuations
specific to each temperature. At very high temperature, fluctuations are almost random at each
lattice site and there are no correlations between spins at distant positions. At lower temperature,
they become correlated: the correlation length becomes larger as 7" — T, and diverges at 7.. On
the other hand, at T" < T¢, spins are clustered and in each domain all spins take o,, = +1 or
0y = —1. At low temperature configurations have only big clusters, and as temperature increases
small sized clusters appear. At T, spin configurations become to have clusters of various sizes in a
scale-invariant way. Now let us come back to the question why the type V RBM generates a flow
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Figure 3.8: Flow of temperature distributions starting from 7' = 6 in type L RBM. RBM is trained by
configurations at only 7" = 0, and the NN has 64 neurons (left) and 225 neurons (right) in the hidden
layer.

approaching T, and does not randomize to broaden the temperature distribution over the whole
regions. We have trained the type V RBM by using configurations at various temperatures with
different sized clusters, and in the process the machine must have simultaneously acquired features
at various temperatures. Consequently the process of the RBM reconstruction adds various features
that the machine has learned to a reconstructed configuration. If only a single feature at a specific
temperature was added to the reconstructed configuration, the distribution would become to have a
peak at this temperature. But it cannot happen because various features of different temperatures
will be added to a single configuration by iterations of reconstruction processes. Then one may
ask if there is a configuration that is stable under additions of features at various different 7.
Our first conjecture about this question is that a set of configurations at T, is a stabilizer (and
even more an attractor) of the type V. RBM with N;, > N, . It must be due to the scale invariant
properties of the configurations at 7,.. Namely, since these configurations are scale invariant,
they have all the features of various temperatures simultaneously, and consequently they can
be the stabilizer of this RBM. This sounds plausible since the scale invariance means that the
configurations have various different characteristic length scales. However, we notice that this
doesn’t mean that the RBM has forgotten the features of configurations away from the critical
point. Rather, it means that the RBM has learned features of all temperatures simultaneously.
This doesn’t mean either that the configurations at 17" = T, have especially affected strong influence
on the machine in the process of training. It can be confirmed as follows. Suppose we have trained
a RBM by configurations at temperatures excluding T" = T, namely trained by configurations at
all temperatures except T' = 2.25 and 2.5. We found in the numerical simulations that the RBM
generates a flow towards the critical point, though we did not provide configurations at 7' =T, .

32



Therefore, we can say that the type V. RBM has learned the features at all the temperatures and
that configurations at 7T, are special because they contain all the features of various temperatures
in the configurations.

Our second conjecture, which is related to the behavior of the type V. RBM with N, > N,,
is that RBMs with unnecessarily large sized hidden layer tend to learn lots of irrelevant features.
In the present case, they are noisy fluctuations of configurations at high temperatures. High
temperature configurations have only short distance correlations, whose behavior is similar to the
typical behavior of noise. The conjecture will be partially supported by the similarity of the RBM
flows between the type V RBM with N, > N, and the type H RBM. Namely, both RBM flows flow
away to 7' = 6. The similarity indicates that the NN with a larger number of N, may have learned
too much noise-like features of configurations at higher temperatures. The above considerations
will teach us that the moderate size of the hidden layer, N, < N,, is the most efficient to properly
extract the features.

3.3 Analysis of the weight matrix

In the previous section, we showed the numerical results of flows generated by unsupervised RBMs,
and proposed a conjecture that the T' = T, configuration is a stabilizer of type V RBM. In this
section, to further understand the theoretical basis of feature extractions, we analyze the weight
matrices and biases of the trained RBMs.

3.3.1 Singular value decomposition (SVD) of weights

All the information that the machine has learned is contained in the weights W, and the biases
bi, cq. Since the biases have typically smaller values than the weights (at least in the present
situations), we will concentrate on the weight matrix Wi, (i =1,...,N,(= L?*);a=1,...,N}) in
the following.

Let us first note that the weight matrix W;, transforms as

Wie — Wm = Z Uz’job(Vt)ba (3-7)
4,b
under transformations® of exchanging the basis of neurons in the visible layer (U;;) and in the

hidden layer (V). Since the choice of basis in the hidden layer is arbitrary, relevant information
in the visible layer is stored in a combination of W}, that is invariant under transformations of V.

5Since spin variables on each lattice site are restricted to take values £1, the matrices, U;j and Vg3, are elements
of the symmetric group, not the orthogonal Lie group.
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The simplest combination is a product,

(W), Z WiaWia . (3.8)

Its size is N, x N, = 100 x 100, and independent of the size of N,. But its property depends on
Ny, because the rank of WIV! must be always smaller than min(N,, Nj,). Thus, if N, < N, the
weight matrix is strongly constrained; e.g. a unit matrix WW* = 1 is not allowed.

Though it is not the only relevant combination, this simplest product (3.8) will play an impor-
tant role in the dynamics of the flow generated by the RBM. It can be shown as follows. If the
biases are ignored, the conditional probability (2.19) and the expectation value (2.21) for h, in the
background of v; become

ezi viWigha
Plhalv) = 2cosh (3, viWia)’ (ha) = tanh (Z UiWia) . (3.9)

In P(hy|v), a combination ), v;W;, =: B, can be regarded as an external magnetic field for h,.

Thus, these two variables, B, and h,, tend to correlate with each other. Namely, the proba-
bility P(hs|v) becomes larger when they have the same signs. Moreover, for |B,| < 1, (h,) is
approximated by B, and we can roughly identify these two variables,

ha ~ By =Y vWia,. (3.10)
It is usually not a good approximation since weights can have larger values. For a large value of
|Ba|, hq is saturated at h, = B, /|Ba.
Suppose that the input configuration is given by {vi(o) = 0;}. If Eq.(3.10) is a good approxi-
mation, we have hY = B = ivfo)Wm. Then the conditional probability in the background of
{héo)} with ¢, =0

eza 0 Wigh&V

P(vih®M) =
2 cosh (Za Wiahg1)>

(3.11)

is approximated as

o viWia 35 Wiar!” o2 v (W0

P(vh©@) ~ = -
(V| ) 2 cosh <Za Wz‘a Zj V[/javj(o)> H 2 cosh <Z](WW75)Z]UJ(0)>

(3.12)

The RBM learns the input data v(9) so that the probability distribution reproduces the probability

34



distribution of the initial data, ¢({v;}) = & SN 8(v; — 0). Therefore, the training of the RBM

tends to tune the weight matrix W so as to enhance vgo)(WWt)ijvJ(-O). This means that W will
reflect correlations between spins on the two dimensional lattice.

In this simplified discussion, it is expected that all of the information that the RBM learns
is included in the combination WW?. Of course, most importantly, we neglected the nonlinear
property of tanh function and it cannot be justified. Nevertheless, we will find below that the

analysis on WW?" is useful to understand how the RBM works.

3.3.2 Spin correlations in WIW!

In Fig. 3.9, we plot magnitudes of matrix elements of the 100 x 100 matrices WWW?*. The variables
in the visible layer are spin configuration o,, with z,y = 1,...,L = 10, and we lined them
up as (011,012,-+,01.0,021,---,02.10,031,---,05.L), Which we call o; with i = 1,..., L?. In the
following, we mostly discuss type V RBM unless otherwise stated.

:
"N I i
Y 3 80
) L] :
0 o
0 0 [ [ 80

Figure 3.9: Elements of WW! when the hidden layer has 16 (left), 100 (center), 400 (right) neurons.

As discussed above, the product of weight matrices WW? reflect correlations between spin
variables of the input configurations used for the training of the RBM. The strongest correlation
in UZ-(O)(WWt)Z»jvJ(-O) is of course the diagonal part, i« = j. Thus we expect that the matrix WW* will
have large diagonal components. Indeed, such behavior can be seen in Fig.3.9. In particular, for
Nj, =400 > N, = 100 (the rightmost figure), WW?* is clearly close to a diagonal matrix. It is also
true for the case of N, = 100 = N,.. However, for N, = 16 < N, = 100, off-diagonal components of
(WW*),;; have also relatively larger values, in particular, at j = i+1 and j = i+2.% It is related to
the fact that the rank of WW?" is smaller than N, and then WW?* cannot be a unit matrix. Thus,
only much less information can be stored in the weight matrix for a smaller number of hidden

60Off-diagonal components of j = i + L or j = i + 2L are also large, which corresponds to correlations along
y-direction. Large off-diagonal components at j =4+ 1 and j = i 4+ 2 mean correlations along z-direction.
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neurons. But it is interesting and a bit surprising that the RBM with fewer hidden neurons seems
to learn more efficiently the off-diagonal correlations between spins.

In order to see how this correlation of WWW? is related to the expected correlation of spins, we
study other types of the RBMs trained by configurations at a specific (single) temperature. In
Fig. 3.10, we plot behaviors of the off-diagonal components of WWW* for various RBMs. Each RBM
is trained by the configurations at each temperature 7" = 0 (type L), T'=2, T =3 and T = 6.
The size of the hidden layer is N, = 16. For comparison, we also plot the case of type V RBM.
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e
o W N O

o nonon

0.6

0.4

0.2

Averaged values of components

0.0 0.5 1.0 15 2.0 2.5 3.0

Distance from diagonal components

Figure 3.10: The averaged values of off-diagonal components of WW?* (divided by diagonal components).
We use RBMs learning the configurations at a specific temperature T' = 0,2, 3,6, and also type V RBM
learning all the temperatures T'= 0, ..., 6.

The figure shows that the correlation of WW?* decays more rapidly at higher temperature,
which is consistent with the expected behavior of spin correlations. Therefore, the RBM seems
to learn correctly about the correlation length, or the size of clusters, which becomes smaller at
higher temperature.

In addition, we find that, for type V RBM which learns all temperatures 7' =0, ..., 6, the off-
diagonal elements are damped between T' = 2 case and T = 3 case. This should mean that type
V RBM learns well the features of configurations at around the critical temperature T, = 2.27.
Therefore, even in this simple analysis, we can get a supporting staff for our conjecture in Sec. 3.2.

3.3.3 Magnetization and SVD

Information of the weight matrix W can be inferred by using the method of the singular value de-
composition (See, e.g., [21, 25]). Suppose that the matrix WW?" has eigenvalues A\, (a = 1,..., N,)
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with corresponding eigenvectors uy;

WWha, = \u, . (3.13)

0)

Decomposing an input configuration vector v(9) in terms of the eigenvectors u, as v(® = CyUg
a

with a normalization condition Y (c,)? = 1, we can rewrite vIOTIWWiv(©® as
vOTW iy — Z . (3.14)
Thus, if a vector v(?) contains more components with larger eigenvalues of WIWW?*, the quantity

vOTYWivO becomes larger. Fig.3.11 shows averaged values of v(Q'WWiv(® over the 1000
configurations {V%O)}nzl,-..,moo at each temperature.

(a)

1400 1400 ==+

12001 "7 ‘. 12000 0000 Ttereeeiaaa...
=) =)
> >
~ ~
= 1000 = 1000 1
= <
= =
2 2
= 800 > 800+

600 | T, 600

0 1 2 3 4 5 6 0 1 2 3 4 5 6
temperature temperature

Figure 3.11: Averaged values of o'WW for the configurations {v(?)} at each temperature. We use
the weight matrix W of type V RBM with 64 hidden neurons (left) and 225 hidden neurons (right).

The figures apparently show a big change near the critical point, and behave like the mag-
netization. It indicates that the principal eigenvectors” with large eigenvalues are related to the
magnetization, and the information about the phase transition is surely imported in the weight
matrix. Moreover, we find that the RBM with more hidden neurons has much larger values of
VO W W at high temperature. This means the principle eigenvectors of such RBM grasp well
features of the configurations at high temperature, compared with the RBM with fewer hidden
neurons. We can check this tendency in Fig. 3.12 in more detail.

"We have investigated the properties of eigenvectors whether they are related to the magnetization vector.
However, as far as we saw each eigenvector, we could not get any physically reasonable pictures. We want to come
back to this problem in future works.
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Figure 3.12: Averaged values of v(QtW W at each temperature. The legend shows the number of
hidden neurons N. In all the cases, the values at T' = 6 are subtracted.

We find that the RBM with small N, has much smaller value at high temperature than at low
temperature. The RBM with large Nj, on the other hand, has only little change in the value.
This difference must cause different behaviors in the reconstruction of configurations, as shown in
Fig.3.3 (N, = 64) and Fig.3.6 (N, = 225): The former approaches the critical temperature T,
while the latter goes to the higher temperature. Therefore, it implies that the RBM with small N},
never fails to learn about higher temperature, but the RBM with large NV}, learns too much about
higher temperature. We will come back to this point in the next subsection.

3.3.4 Singular value spectrum and information stored in W

Finally, we study the eigenvalue spectrum ), of the matrix WW?*. Figs.3.13 and 3.14 show the
eigenvalues in the descending order.

In Fig. 3.13, the red dots shows the eigenvalues of type V RBM trained by configurations at all
the temperatures (7' = 0,0.25,...,6), while the blue line is the eigenvalues of type L. RBM (only
T =0).

These are obviously different. For type L RBM, only several eigenvalues are especially large,
and the rest is apparently smaller. On the other hand, for type V RBM, the eigenvalues decrease
gradually and there are no jumps or big distinctions between larger and smaller eigenvalues. The
behavior indicates that, in type L RBM, the weight matrix holds only small relevant information
and only a small number of neurons is required in the hidden layer. In type V RBM, however, since
it is trained by configurations at various different temperatures, all the eigenvectors are equally
utilized to represent relevant features of spin configurations at various temperatures. Namely, in
order to learn features of a wide range of temperatures, larger number of neurons in the hidden layer
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Figure 3.13: Eigenvalues of WW?! for type V RBM (red) and type L RBM (blue). Both RBMs have 64
neurons in the hidden layer.

are necessary. Using such larger degrees of freedom, the weight matrix has learned configurations
with various characteristic scales at various temperatures so that the RBM can grasp rich properties
of these configurations. This shows that, as we discussed at the end of Sec. 3.2, type V RBM never
forgets the configurations away from the critical temperature but learns about all the temperatures.

The difference of the eigenvalues between type V and type L is also phrased that type V
has a scale invariant eigenvalue spectrum®. On the other hand, type L has such scale invariant
behavior only for a few eigenvalues. This must be related to our previous numerical results, shown
in Figs.3.3, 3.4 and 3.5, that type V RBM generates a flow toward the critical point where the
configurations have scale invariance.

Finally, let us look at a difference of eigenvalue spectrum between different number of hidden
neurons N, shown in Fig.3.14. If the RBM has more neurons than N, = 100 in the hidden
layer, the eigenvalues tend to have similar values. It is compared to the case with a smaller
N}, in which the eigenvalues are more hierarchical between large and small eigenvalues. This
difference indicates that the RBM with larger N, than N, seems to have learned unnecessary
noises of input configurations. In other words, it has learned too much irrelevant features which
are especially specific to configurations at higher temperature. This corresponds to what we
pointed out at the end of Sec. 3.3.3. It may explain our numerical results shown in Fig. 3.6, which
is apparently different from Fig. 3.3, that the flow first approaches the critical point but passes
there and eventually goes away to higher temperature.

To summarize, we find that type V RBM with smaller N, than N, can learn configurations
at all the temperature, without learning too much features at a specific temperature. This RBM

8Exactly speaking, it is not completely scale invariant, but compared to type L, there is at least no jump between
larger and smaller eigenvalues.
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Figure 3.14: Eigenvalues of WW?" for type V RBM (left) and type L. RBM (right). The legend shows
the number of hidden neurons Njy,.

learns them using all the neurons in the hidden layer, and then has a scale invariant spectrum

of eigenvalues of the weight matrix. As a result, after a lot of iterations of this RBM, all the

configurations are transformed into the configurations at near the critical temperature T,.. This

flow of transformation is oriented in the completely opposite direction to the RG flow.
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Chapter 4

Autoencoder

Is it universal that the fixed point of the flow generated by an unsupervised network which learns
spin configurations at various temperatures is critical point? In order to check this we train
Autoencoder (AE) and generate temperature flow by AE.

In Sec.4.1, we explain the setup of AE and how we get the temperature flow by trained AE. In
Sec.4.2, we show the numerical results for fixed point temperatures of 1-layer AE. We study the
relation between the SVD of weight matrix and the progress of training of AE.

4.1 Setup

4.1.1 Setup of AE

We explain the setup of AE. We train AE by using the algorithm explained in Sec.2.2.2. We
prepare a l-layer AE and its structure is shown in Fig.4.1. We take sigmoid function o(z) as
activation function defined by

1
o(z) = et

(4.1)
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Figure 4.1: Structure of 1-layer AE

Training data set is composed of spin configurations with size 64 x 64 and temperatures T' =
1.0,1.1,1.2,--- , 5.0 generated by MC method. In AE case, we encode spin variables as v; = 0, 1.
We train AEs which have various numbers of hidden units through datasets which are composed
of various combinations of temperatures.

4.1.2 Generation of AE flows

By using trained AE, we can generate the temperature flow. Let us write the i-th component of

output layer as

Y, =0 (Z I/Viaha + bz) s (42)

where h, is the output of the hidden layer and W;; and b; are the last weight matrix and bias
respectively. Then we get the new spin configuration v(1) = (v(1);) by
)

v(l)i:{l (yi > |

because AE is trained so as to reconstruct the same images as input images. We can use this
v(1) as a new input of AE and we get v(2). By repeating this process, we get the flow of spin

(4.3)

NI—= N

configurations

v(0) > v(l) > v(2) — - —v(n). (4.4)
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As in RBM case, we can translate this configuration flow to temperature flow by a supervised
network trained so as to estimate the temperature of spin configurations correctly.

4.1.3 Temperature measurement by a supervised-learning NN

Let us see the results of the NN for measuring temperatures. In the left side of Fig. 4.2, we plot
the behavior of the loss function (2.14) as we iterate the renewal of the weights and biases. The
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Figure 4.2: (Left) Training error and test error up to 5000 epochs. (Right) Probability distribution of
measured temperature when the configurations at T'= 1,2, 3,4, 5 are input.

blue line shows the training error, namely values of the loss function after iterations of training
using the 25000 configurations. It is continuously decreasing, even after 5000 epochs.

On the right side of Fig.3.2 we show the probability distribution of temperature this NN
measures. Here we input the configurations at 7" = 1,2, 3,4, 5 which are not used for the training.
Thus we can confirm the NN can correctly measure the temperature of configurations, even if it
does not learn those configurations.

4.2 Numerical results of 1-layer AE

4.2.1 Fixed point temperatures

Using the methods in Sec.4.1.2, we generate a sequence of reconstructed configurations. We
prepare two different sets of initial configurations. These configurations are not used for the
trainings of the RBM. Then by using the supervised NN in Sec.4.1.3, we translate the flow of
configurations to a flow of temperature distributions.
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AE trained by various temperatures from low to high 7'=1.0,1.1,--- ,5.0

First, we show the results of AE trained by various temperatures corresponding to type V in
Sec.3.1.2. The temperatures are 7' = 1.0,1.1,1.2,--- ,4.9,5.0. The number of configurations at
each temperature is 500.

In Fig.4.3, we plot temperature distributions of configurations generated by AE trained by
1000 epochs. The left panel shows a flow of temperature distributions starting from 7" = 1. The
right panel starts from 7" = 5. In all the figures, the black lines are the measured temperature
distributions of the original configurations. The colored lines show temperature distributions of the
reconstructed configurations {v§”)} after various numbers of iterations. The number of iterations
n is shown in the legends. These results indicate that the critical temperature 7, is a stable fixed
point of the flows of this AE.
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Figure 4.3: Temperature distributions after various numbers of iterations of AE trained by 1000 epochs.
The training data set is composed of the configurations at 7" = 1,1.1,1.2,...,5. In the left panel, the
original configurations are generated at 1" = 1.In the right panel, the original configurations are generated
at T'=5.

In Fig.4.4, we plot temperature distributions of configurations generated by AE trained by
5000 epochs. The left panel shows a flow of temperature distributions starting from 7" = 1. The
right panel starts from 7" = 5. In this case, a stable fixed point of the flows of this AE is lower
than 7.
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Figure 4.4: Temperature distributions after various numbers of iterations of AE trained by 5000 epochs.
The Training data set is composed of the configurations at 7' = 1,1.1,1.2,...,5. In the left panel, the
original configurations are generated at 7' = 1. In the right panel, the original configurations are generated
at T'=5.

Fig.4.5 shows how fixed point temperature depends on the number of hidden units and training
epochs. In Fig.4.5, the horizontal axis is the number of hidden units and the vertical axis is the
measured temperature of fixed point. Blue dots show the results of AE trained by 1000 epochs.
Red dots show the results of AE trained by 5000 epochs. In AE trained by 1000 epochs, its fixed
point temperature monotonically increases and can be higher than T, even if the number of hidden
units is smaller than visible units. On the other hand, in AE trained by 5000 epochs, its fixed
point temperature is lower than T,.
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Figure 4.5: Temperatures of fixed point of the flows generated by AEs which have different numbers of
hidden units.
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AE trained by narrow range temperatures

We also prepare data sets corresponding to type H and type L in Sec.3.1.2. Type H is composed
of temperatures T' = 4.6,3.7,--- ,5.0. Type H is composed of temperatures 7' = 1.0,1.1,--- , 1.5.
The number of configurations at each temperature is 1500.

The results of the flows by type H and type L AE are drawn in Fig. 4.6. In both cases, hidden
layer has 1600 units. The left panel of Fig.4.6 is the result of type H AE. In this case, the
measured temperature starts from 7" = 1.0, passes the critical point and goes away towards higher
temperature as in type H RBM. The right panel of Fig. 4.6 is the result of type L AE. In this case,
the measured temperature starts from 7" = 5.0, passes the critical point and goes away towards
lower temperature as in type L RBM.
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Figure 4.6: Temperature distributions after various numbers of iterations of type H AE (left) and type L
AE (right). Type H AE is trained at T' = 4.6,4.7,--- ,5.0. Type L AE is trained at T'=1.0,1.1,--- , 1.5.

Finally, we show the flows by AE trained around critical temperature 7' = 2.2,2.3. In Fig. 4.7,
we plot temperature distributions. The left panel shows a flow of temperature distributions starting
from T" = 1. The right panel starts from 7" = 5. These results indicate that the critical temperature
T, is a stable fixed point of the flows of this AE.

These results suggest that AE can learn the specific temperature of the data set. The fixed
point of AE flow corresponds to the feature which AE learns.
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Figure 4.7: Temperature distributions after various numbers of iterations of AE trained at 7' = 2.2,2.3.
In the left panel, the original configurations are generated at 7" = 1. In the right panel, the original
configurations are generated at T = 5.

4.2.2 Singular value spectrum of weight matrices

We show a singular value spectrum of weight matrices of 1-layer AE in Fig.4.8. The left panel
is the result of AE trained by 1000 epochs. The right panel is AE trained by 5000 epochs. The
number of hidden units is 1600 in both cases. The spectrum of 5000 epochs case has larger gapped
structures than 1000 epochs case.
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Figure 4.8: Singular values of weights of AE trained by 1000 epochs (left). Singular values of weights of
AE trained by 5000 epochs (right).

The gapped structure of the spectrum relates to fixed point temperature. The spectrum of AE
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of which fixed temperature is less than 7T, has gapped structure. As the number of hidden units,
this gap becomes smaller and when this gap vanishes the fixed point of AE flow is the critical
point. The right panel of Fig.4.9 clarifies this fact. We plot the difference between the 8-th and
the 9-th singular value. This difference decreases as the number of hidden units gets closer to zero
around N, = 1600 in which fixed point temperature is 7, (See the right panel of Fig.4.9).
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Figure 4.9: The difference between the 8-th and the 9-th singular value (left). Temperatures of fixed
point of the flows generated by AEs which have different numbers of hidden units (right).

4.2.3 Eigenvectors of WIW!

Next, we show eigenvectors of WW?'. Figs.4.10 and 4.11 show eigenvectors of AE in descending
order of their eigenvalues. Fig.4.10 is AE trained by 1000 epochs and Fig.4.11 is AE trained by
5000 epochs. The 5000 epochs case has more eigenvectors which have clear structures than 1000
epochs cases. In 1000 epochs case, clear structures vanish in first six eigenvectors. On the other
hand, in 5000 epochs case, the clear structure remains even in the 48th eigenvector. This means
that the structure of eigenvector of WW?* reflects the progress of the training.
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(a) 1st to 16th (b) 17th to 32nd (c) 33rd to 48th

Figure 4.10: Eigenvectors of WW! of AE trained by 1000 epochs in descending order of the eigenvalues.
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Figure 4.11: Eigenvectors of WW? of AE trained by 5000 epochs in descending order of the eigenvalues

(a) 49th to 64th (b) 65th to 90th (c) 91st to 106th

Figure 4.12: Eigenvectors of WW? of AE trained by 5000 epochs in descending order of the eigenvalues

Fig.4.13 shows eigenvectors of type L AE trained at 7' = 1.0,--- ,1.5. The structures of first
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48 eigenvectors are similar to the type V case (See Fig.4.11). After the 64th eigenvector, the clear
structures vanish gradually as shown in Fig.4.14. This reflects that spin configurations at T =
1.0,1.1,--- , 1.5 have only large scale structures. On the contrary, in type V case, small structure
remains even in the 106th eigenvector. This reflects that data set composed of spin configurations
at T = 1.0,1.1,--- ,5.0 have various scale structures. Fig.4.15 shows the eigenvectors of WWW*
trained at T' = 4.6,4.7,--- ,5.0. There are no eigenvectors which have a clear strcture. This
reflects that T" = 5 spin configurations have only small noisy fluctuations.
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Figure 4.13: Eigenvectors of WW? of AE trained by T'=1.0,1.1,--- , 1.5 spin configurations in descend-
ing order of the eigenvalues

(a) 49th to 64th (b) 65th to 90th (c) 91st to 106th

Figure 4.14: Eigenvectors of WW? of AE trained by T' = 1.0,1.1,--- , 1.5 spin configurations in descend-
ing order of the eigenvalues
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(a) 1st to 16th (b) 17th to 32nd (c) 33rd to 48th

Figure 4.15: Eigenvectors of WW? of AE trained by T' = 4.6,4.7,--- , 5.0 spin configurations in descend-
ing order of the eigenvalues

To observe above properties for the eigenvectors of W W' more quantitatively, we can use the
snapshot entropy (2.55). The singular values of the images which have only large scale structures
are hierarchical, so the snapshot entropy becomes small. On the other hand, the singular values
of the images which have only small scale structures degenerate, so the snapshot entropy becomes
large. Then, we can estimate how clear structures the eigenvectors have by culclating its snapshot
entropy. The results are shown in Fig.4.16. In Fig.4.16, We show the results of four different cases.
The red dots are the snapshot entropy of the eigenvectors of WW? trained at 7= 1.0,1.1,--- , 5.0.
The blue dots are 7' = 1.0,1.1,--- ,1.5. The green dots are T' = 2.1,2.2,--- ,2.5. The magenta
dots are T'= 3.6,3.7,--- ,4.0. As the temperature of the data set increases, the snapshot entropy
saturates faster. T'= 1.0,1.1,--- ,5.0. case saturates at the latest. This results well describe the
observation on the eigenvectors.
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Figure 4.16: The snapshot entropy of eigenvectors of WW?! trained by various temperature sets.
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Chapter 5

Conclusions

In this thesis, in order to see what the restricted Boltzmann machine (RBM) learns in the process
of training, we investigated flow of configurations generated by the weight matrices of the RBM.
We prepare three types RBMs; type V, type H and type L. Type V is trained by configurations at
temperatures ranging widely from low to high, 7= 0,0.25,...,6. Type H is trained by configura-
tions at higher temperatures T' = 4,4.25,...,6 than T, ~ 2.27. Type L is trained by configurations
at the lowest temperatures T' = 0.

In type V RBM, we found that the temperature of an initial configuration flows towards the
critical point T' = T, where the system becomes scale invariant. The result suggests that the
configurations at T = T, are attractors of the type V. RBM flow. In type H/L case, the attractor
of the RBM flow is higher/lower than T, as expected. If the number of the hidden units is larger
than the visible units, the attractor of RBM flow is higher than T, even if RBM is type V, because
RBM learns noisy structures of input data.

In order to understand the numerical results of the RBM flows and to find a clue of what the
machine has learned, we explored the properties of the weight matrix W, , especially those of the
product WW?*. WW? reflects the spin correlation in input configurations. We show that v'W W
behaves like the order parameter (magnetization). It indicates that the principal eigenvectors with
large eigenvalues are related to the magnetization, and the information about the phase transition
is surely imported in the weight matrix. We also study singular value spectrum of weight matrix.
Its structure reflects the information about scales which RBM learns.

We also investigate flows of configurations generated by the Autoencoder in order to check the
universality of the fact that fixed point of the flow of RBM is the critical point of the 2-dimensional
Ising model. We compare the fixed point temperatures of AEs trained by different learning epochs.
Unlike RBM case, the temperature of the fixed points of AE trained sufficiently is lower than T, if
AE is sufficiently trained (5000 epochs). On the other hand, if the learning epochs are 1000, the
fixed point temperature monotonically increase with the number of hidden units.

We prepare the datasets which are narrow range of temperatures: higher temperatures case
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corresponding to type H (T' = 4.6,4.7,--- ,5.0), lower temperatures case corresponding to type L
(T'=1.0,1.1,--- ,1.5) and around T, case (T' = 2.2,2.3). The fixed point temperatures are higher
than T, lower than T, and around T, respectively. This result suggests that AE can learn the
specific temperature of the dataset and the fixed point of the AE flow corresponds to the features
which AE learns.

We study SVD of weight of trained AE. Singular value spectrum has larger gapped structures in
5000 epochs case than in 1000 epochs case. The gapped structure in the singular value spectrum of
the weight matrix is related to the fixed point temperature. Especially, the fixed point temperature
becomes T, when the gap just vanishes. The number of eigenvectors which have clear structures
is more in 5000 epochs case than in 1000 epochs case. This means that the structures encoded
in eigenvectors of WW?* correspond to the features which AE learns. In facts, if AE is trained by
spin configurations at 7' = 1.0, 1.1,--- , 1.5, eigenvectors have only large structures. On the other
hand, if AE is trained by T = 4.6,4.7,--- , 5.0 spin configurations, no large structures are encoded
in eigenvectors. These properties can be described by the snapshot entropy of the eigenvectors of
WW?! quantitatively.
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