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Synopsis

S
uperconductingaccelerator magnets are fundamental components of high-energy
particle accelerators. Very high field quality and stability of the magnets are re-
quired in order to operate an accelerator to minimize beam instability and beam

loss. Particularly, time-varying magnetic field quality during a period of a beam injec-
tion is an important subject to be understood. A possible reason of the time-varying
magnetic field is a change of superconductor magnetizations due to local magnetic field
change induced by redistribution of imbalance current in superconducting cables. In or-
der to clarify and to evaluate the mechanism, experimental studies and their evaluations
with simulations were performed.

Magnetic field measurements of the superconducting quadrupole magnets
(MQXAs) developed by the KEK for the CERN/LHC interaction regions were car-
ried out. The measurements at the beam injection current were performed with a set of
rotating harmonic coils after pre-excitation of the magnet. The periodic patterns of the
magnetic field along the magnet axis, of which pattern length is equal to the twist pitch
of the superconducting cable, was observed. The amplitude of the periodic pattern was
decreased with time. The average magnetic field over the periodic patterns correspond-
ing to the effective field quality was also changed with time. It was thought that the
decrease of the amplitude is caused by equalization of imbalance currents in the cables,
and the change of the average is caused by re-magnetization of superconducting fila-
ment. From the measurements of eighteen magnets, it was clarified that the behaviors
of the amplitude and the average indicate strong dependences on the pre-excitation.

A change of superconductor magnetization due to an external field change was ex-
perimentally evaluated. With a Vibrating Sample Magnetometer (VSM), the magne-
tization of superconductor used in the MQXAs was measured. The behavior of re-
magnetization of superconductor filament induced by external magnetic field with arbi-
trary direction was clarified.

In order to evaluate the mechanism of time-varying magnetic field, simulation codes
were developed. At first, a numerical model of superconductor re-magnetization was
developed. In this model, persistent current was assigned as “nested cosine theta” cur-
rent distribution in coaxial shells in which a superconductor filament is divided. Magne-
tization behavior calculated with the “nested cosine theta model” indicated good agree-
ment with the results measured with the VSM. As the next step, a numerical model of
imbalance currents in a cable was developed. The imbalance currents were ascribed as
zigzag currents given randomly. The amplitude of a periodic magnetic pattern induced
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by the zigzag currents was evaluated by means of the Monte Carlo method. To repro-
duce the measured periodic pattern amplitudes, current imbalance with a level of 100 A
was required in calculation.

A three-dimensional full coil model based on the MQXA was developed as ex-
tension of the above codes. Imbalance currents in cables were assigned as the zigzag
current models on each cable position of MQXA. The magnetic field in the magnet
bore induced by the zigzag currents was computed, and a sinusoidal field pattern along
the longitudinal axis was given. The local magnetic field at the strand in the coils was
also computed. Magnetizations of the superconductor filaments in the coils were com-
puted with the “nested cosine theta model”, in which the local magnetic field was taken
into account. Finally, the magnetic field in the bore induced by each magnetization of
the superconductor filaments in the coils was calculated. The simulation reproduced the
magnetic field change in the magnet bore by assuming the change of the zigzag currents
required to induce the periodic pattern consistent with measurement results. It has been
understood that re-magnetization due to the local magnetic field change induced by im-
balance current equalization causes the time-varying magnetic field during a period of
the beam injection in an accelerator operation.

In conclusion, the field measurements of the magnets showed the strong dependen-
cies of the periodic pattern amplitude and that of average on the pre-excitation history.
The “nested cosine theta model” for a superconductor magnetization was developed,
and the computation results agreed with the VSM measurements. The simulation for
the imbalance currents in the cables has shown the periodic pattern similar to that ob-
served in the measurements. The consequence of three-dimensional simulation is in
consistent with with the results of the magnetic field measurements. It has been under-
stood by the experiments and the simulations that the superconductor re-magnetization
owing to the equalization of the imbalance currents is origin of field quality change of
superconducting accelerator magnets during beam injection.
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Chapter 1

Introduction

H
igh energy physics experiments requires very high energy particles.
For the high energy frontiers, accelerators to produce high energy
particles with sufficient intensity have been developed. Supercon-

ducting magnets providing the high magnetic field that needed for the accel-
erator are very important fundamental components. In order to minimize
beam instability and beam loss, the very high quality and stability of the
magnetic field are required for the magnets. The field quality change has
been observed, however, during beam injection period in which the mag-
net is excited by a constant current. This thesis presents the experimental
studies and their analyses with numerical simulations in order to clarify the
mechanism of the field quality change.

1.1 Superconducting accelerator magnets

Why superconducting accelerator magnets are essentially important in high energy
particle accelerators? The superconducting magnets can produce very high magnetic
field beyond 2 T of the iron saturation, because the magnetic field can be generated by
high density current in superconductor within the critical surface, which is determined
by three critical values of temperature, magnetic field and current density as shown in
Fig. 1.1. The magnet has to be designed to keep superconducting state, e.g. in case of
the CERN1/LHC2 main dipole magnet, the magnet operation temperature is 1.9 K and
maximum magnetic field is 8 T in a coil.

How does induce very high quality magnetic field? High quality magnetic field
is induced by the current flow in superconducting cables of the magnet. In order to

1Centre Européen pour la Recherche Nucléaire/European Organization for Nuclear Research, Geneva,
Switzerland.

2The Large Hadron Collider (LHC) is under construction at CERN for the operation from 2007.
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1.1. Superconducting accelerator magnets
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Figure 1.1: Schematic view of a critical surface of superconductor, determined by tem-
perature, current density, and magnetic field. A superconductor is in a superconducting
state within the surface.

minimize error of the magnetic field in the bore of the magnet in which high energy
particles flow, the cables are arranged to the optimized positions by computations.

The magnetic field in the bore is expanded to multipole fields as follows.

B = By + i Bx =

∞∑

n=1

(Bn + i An)

(
x + i y

r0

)n−1

, (1.1)

herer0 is reference radius of a circle where the magnetic field quality is evaluated.Bn

and An are normal and skew 2n-pole components, respectively. Generally multipole
fields are evaluated in comparison with the main field of a magnet as

B = Bmain
k

∞∑

n=1

(bn + i an)

(
x + i y

r0

)n−1

× 10−4. (1.2)

HereBmain
k is a main field of a 2k-pole magnet, e.g.k = 1 is dipole,k = 2 is quadrupole,

bn andan are normal and skew multipole coefficients which are normalized byBmain
k ×

10−4. Fig. 1.2 shows magnetic field flux lines of normal or skew of dipole or quadrupole.
Figs. 1.3(a) and 1.3(b) show ideal current distribution for pure magnetic dipole

field. The superimposed cylindrical currents with the opposite directions induces pure
dipole field in the current free region, as shown in Fig. 1.3(a). The cosine theta current
distribution in a coaxial cylindrical shell also induces the pure dipole field in the circu-
lar current free region3 , as shown in Fig. 1.3(b). A pure quadrupole field is similarly

3Although the both ideal current distribution induces pure dipole field, the current distribution called
the cosine theta type should be described as Fig. 1.3(b).
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1.1. Superconducting accelerator magnets
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Figure 1.2: Flux lines of (a) normal, (b) skew dipole fields, and (c) normal, (d) skew
quadrupole fields.

induced by cosine two-theta distribution, as shown in Fig. 1.3(c). In reality, a current
distribution of practical superconducting accelerator magnets is determined by arrange-
ment of superconducting cables as an approximation of the ideal current distribution.

The quadrupole magnet for the CERN/LHC interaction regions are described as
an example of practical superconducting accelerator magnet, of which cross section
is shown in Fig. 1.4. An important goal of the LHC is the discovery of the Higgs
particle by collision of two protons of 7 TeV. The LHC, of which schematic view is
shown in Fig. 1.5(a), is under construction at CERN by international collaboration. The
KEK4 Cryogenics Science Center has responsibility both for the development and the
production of the quadrupole magnets for the LHC beam interaction regions, as shown
in Fig. 1.5(b).

Initially, to verify the performance of the magnet and to optimize the design, five
model magnets of 1 m in length were fabricated and tested at the KEK Cryogenics Sci-
ence Center since 1996. The last magnet was fabricated by engineers from TOSHIBA
Co., in order to the transfer technology and know-how. After that, two full size (6
m long) prototype magnets were fabricated by TOSHIBA and tested at KEK. Slight
changes of the design were performed in order to complete its optimization and then
the production was started. By summer of 2004, eighteen magnets including two
spares have been completed for fabrication and test. The magnets have been shipped to
FNAL5, and will be at CERN after the various tests for the interaction region magnet
string at FNAL.

The mechanical structure of the magnet is indicated in Fig. 1.6(a). Four coils are
assembled to generate the quadrupole field. The coil having saddle shape ends is wound
with superconducting cables. It is so called the Rutherford cable which consists of some
tens of twisted strand and is usually used in accelerator magnets, as shown in Fig. 1.6(b).

4High Energy Accelerator Research Organization, Tsukuba, Japan.
5Fermi National Accelerator Laboratory, Chicago, USA
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Figure 1.3: Current distributions for pure dipole magnetic field by (a) superimpose of
cylindrical currents, (b) cosine theta, and for pure quadrupole field by (c) cosine two-
theta current distribution. The vertical axis of (b) and (C) is relative current density.
In the case of (a), the dipole field is induced by the constant density current flow in
the crescent region. The current inside the circular shell, of which density distribution
is determined by cosinek-theta, induces 2k-pole field in current free region inside the
shell, as shown in (b) and (c).

Figure 1.4: Cross section of the quadrupole magnet developed by KEK for the LHC
interaction regions.
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MQXA MQXB MQXB MQXA MQXA MQXB MQXB MQXA
Detectors

(b)

Figure 1.5: (a) Schematic view of the CERN/LHC. For final focussing of the counter ro-
tating beam at the four collision points, where the experimental detectors ATLAS, AL-
ICE, CMS, LHCb are installed, superconducting magnets have been developed by KEK
and FNAL, respectively. (b) Conceptual arrangement of interaction regions quadrupole
magnets. The magnet named as the MQXA have been developed by KEK. The MQXB
have been developed by FNAL.

The several thousand superconductor filaments embedded in copper matrix of the strand
transport the magnet excitation current, as shown in Fig. 1.6(c). The collars maintain
the coil in its fixed designed position. The iron yoke supports the position of collar and
coil against the deformation by huge magnetic force and also enhances the magnetic
field.

Generally, a superconducting accelerator magnet is excited according to a well de-
fined cycle, as shown in Fig. 1.7. After cool-down to the operational temperature, the
magnet is excited before the beam injection, because the magnet at the first excitation
behaves differently from successive excitation by the hysteresis of the superconductor.
This process is called pre-excitation. After the pre-excitation the current is reduced to
below the excitation current of the beam injection period. The current is increased to
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Figure 1.6: Schematics of the quadrupole magnet for the LHC interaction regions; (a)
mechanical structure, (b) superconducting cable with insulation tapes, (c) cross section
of the strand.
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1.2. Magnetic field error
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Figure 1.7: Schematic view of the magnet excitation procedure for high energy experi-
ments.

the injection current again. In the beam injection period, it is important to keep the
constant magnetic field in order to store low energy particles with keeping the beam
stability. After the injection period, particles are accelerated. During the acceleration,
the current is increased together with rise of particle energy. The flat top current reaches
the value needed for induction of magnetic field corresponding to the required energy
for the high energy particle experiment. The high energy physics experiment can then
be started. At the end of a run, particles are dumped and the magnet current is reduced
down to below the injection current. For the next run, the magnet is excited to induce
the magnetic field for injection, and the process is repeated.

1.2 Magnetic field error

1.2.1 Allowed multipole field

Magnetic multipole field is classified into allowed and non-allowed multipole fields,
as summarized in Fig. 1.8. If the current distribution of the magnet keeps symmetry of
coil arrangement, only the allowed multipole fields may be induced. A dipole magnet
with current distribution of (2k− 1)-fold rotational symmetry, allows dipole, sextupole,
decapole, . . . , and 2×(2k−1)-pole field, except skew components. A quadrupole magnet
with current distribution of 2×(2k−1)-fold rotational symmetry, allows quadrupole, 12-
pole, 20-pole, . . . , and 2×2×(2k−1)-pole field without skew components. On the other
hand, non-allowed multipole components are induced when the symmetry of the current
distribution is broken. The magnetic field errors is classified by the characteristics, as
described in the following section. In any case, if the cause of the error has the coil
arrangement symmetry, the allowed multipole fields only are induced. In addition, the
non-allowed multipole fields observed in measurement is an important information to
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search for the cause of the error.

1.2.2 Static magnetic field error

Magnetic field error caused by geometrical distortion is classified as “static mag-
netic field error”. The error does not change both with excitation current and during
accelerator operation.

In a magnet design, optimization of arrangement of conductors and of other parts
is performed by a computation code, such as ROXIE6. As the next step, research and
analysis of the mechanical structure are carried out in order to fix the coils on the de-
signed position, because the forces are introduced in a magnet at accelerator operation
by following mechanism.

• Thermal shrinkage
The parts of a magnet have different thermal shrinkage property. The differences
cause forces inside the magnet at the operation temperature.

• Electromagnetic forces
Superconducting cables of the coils transport the excitation current. Therefore,
the Lorentz force arises in the coil by interaction between the current and its own
magnetic field.

It is necessary that the stress for the coil fixation remains inside the coils during
accelerator operation in order to avoid the coil moving. Therefore, the coils are made
slightly larger than quarter-circle cross section in quadrupoles, and are assembled so
that the coil is not away from the collars even if it is shrunk by the forces.

However, the parts in a magnet have mechanical size error and slight differences
in the physical property. It is important to select the materials which are used in the
parts, having very good magnetic/non-magnetic characteristics and their uniformity and
stability. In addition the magnet design has to be carried out with consideration of size
tolerances.

In mass production, the deviation of the properties correlates to the deviation of
multipole fields of the magnets. The deviation of multipole fields due to tolerance error
should be random. Therefore, it may be averaged and can be reduced by using many
magnets in accelerator. In contrast, if the average of the deviation differs from the
design value, the average of the multipole fields by the magnets can not be canceled.
The magnetic field errors have to be canceled e.g. by using correction magnets. By
analyzing the average multipole components, the cause of the error can be presumed.
Correlation between multipole fields and deformations of coils is reported in [1], [2].

6“The Routine for the Optimization of magnet X-sections, Inverse field computation and coil End
design”, developed at CERN.
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Figure 1.8: Schematic view of allowed and non-allowed multipole fields of dipole and
quadrupole magnets. The sector described by the red line indicates the region where
current flows from behind to front of paper. The blue one indicates the current flow
region with opposite direction.
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1.2.3 Dynamic magnetic field error

Current dependent magnetic field error

Magnetic field error which changes with current or time is named “dynamic mag-
netic field error”. The error magnetic field is induced by magnetization of superconduc-
tors in the magnet.

The superconductors in cables of the magnet are magnetized by its own magnetic
field. The magnetization of a superconductor is explained by the Bean model. In this
model, the shielding current flows with critical current density. Schematic view of
shielding current distribution and penetrated magnetic field inside a superconductor
with circular cross section is shown in Fig. 1.9. The magnetization curve based on
this model is shown in Fig. 1.10. In this calculation, dependence of the critical current
density on external magnetic field was taken into account.

The magnetizations distribute symmetrically in the magnet cross section, because
the magnetic field in the coils is symmetric, as shown in Fig. 1.11(a). Therefore, only al-
lowed multipole fields arise. The magnetic field due to magnetization can be computed
as magnetic field induced by a pair of line currents at filament positions, as shown in
Fig. 1.11(b). The multipole field induced by a magnetizationM = (Mx,My) at (a, ϕ) is
written by

Bn =
nµ0

2πa2
· πr2

f

[
−My cos(n + 1)ϕ + Mx sin(n + 1)ϕ

] ( r0

a

)n−1

, (1.3)

An =
nµ0

2πa2
· πr2

f

[
Mx cos(n + 1)ϕ + My sin(n + 1)ϕ

] ( r0

a

)n−1

. (1.4)

Herer f is filament radius, andr0 is reference radius.
The magnetizations vary with external magnetic field as a function of the excitation

current. Therefore, the magnetic field error due to the magnetization changes with the
excitation current. The schematics of correlation between a magnet excitation cycle for
accelerator operation and magnetic field error is shown in Fig. 1.12.
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(a)                          (b)                          (c)                            (d)                            (e)
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Figure 1.9: Shielding current distribution and penetrated magnetic field in a circular
cross section superconductor based on the Bean model.
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Figure 1.10: Magnetization curve of the circular cross section NbTi superconductor
computed by using the bean model. The critical current density of the NbTi is adopted
by approximate equation by L. Bottura[3]
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Figure 1.11: Schematic view of (a) superconductor magnetization in a dipole magnet,
and (b) current pairs assigned as the magnetizations.
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Figure 1.12: Correlation between a magnet excitation cycle and field error due to su-
perconductor magnetization. The graph of “Field error” is corresponding to the right
side half of Fig. 1.10. Before the beam injection period, the magnet experiences the
pre-excitation cycle. Therefore, the magnetic field error due to the magnetization is po-
sitioned at (a) on the hysteresis curve during the injection. In the acceleration period, the
magnetic error changes with the excitation current along the hysteresis curve (b). After
particle energy reaches to the required energy, the experiments are carried out at (c).
At the end of experiment, the particles are dumped and the magnet current is decreased
down to below injection current. This process is repeated for each experiment.
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Time dependent magnetic field error

A superconductor magnetization decays with time. According to Kim[4] and
Anderson[5], the decay is caused by thermal activation of magnetic flux, and has time
logarithmic dependence. The time-varying magnetic field error was observed in the su-
perconducting magnet of the Tevatron. The Tevatron was the first accelerator by using
superconducting magnets. At the beginning, in the injection phase, particles could not
be stored in the accelerator. From the beam profile measurement, a chromaticity change
was observed[6].

The chromaticity of beam is influenced by magnetic sextupole field. Fig. 1.13 shows
the measured results of time dependent sextupole field at injection field in the Tevatron
dipole magnet. It was evident that the chromaticity change was caused by sextupole
field change of the superconducting dipole magnet.

The sextupole field is the first component of the error field induced by supercon-
ductor magnetizations in a dipole magnet. Therefore, it was thought that the origin
of the error is superconductor magnetization decay explained by Kim and Anderson.
However, from following experiments, it was obtained that sextupole field exhibits very
complicated behavior. Fig. 1.14 shows different behavior of magnetization of cable and
magnet for the HERA accelerator. Cable magnetization indicates logarithmic time de-
cay independent of previous magnetic field. On the other hand, the sextupole magnetic
field decay depends on pre-excitation, and behaves in a more complicated manner.

In order to understand the time dependent behavior of the sextupole magnetic field,
the magnetic field measurements were carried out on various accelerator magnets. The
parameters for the various excitation studies are shown in Fig. 1.15.

Summary of the previous studies on Tevatron, HERA, SSC and LHC magnets can
be described as follows.

Pre-Excitation Current Dependence

– Larger pre-excitation current induced larger decay at injection.
Tevatron[9], HERA[8], SSC[10], LHC[11]

– For a large pre-excitation current, strong correlation betweenb3 andb5 was
observed in the dipoles.

LHC[11]

Pre-Excitation Duration Dependence

– Longer pre-excitation flat top induced larger decay at injection.
Tevatron[12], LHC[11]

– The initial value of multipole fields varied.
LHC[11]

Dependence of Number of Pre-excitation Cycles
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Figure 1.13: Time decay of sextupole field of a test magnet similar to the magnet of
Tevatron[6]

.

(a) (b)

Figure 1.14: (a) Time dependence of magnetic field induced by the superconducting
cable sample used in the HERA dipole magnet[7]. (b) Time dependence of sextupole
coefficient of the HERA dipole magnet[8].
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Figure 1.15: Typical parameters of a magnet excitation for study of the field quality
change at injection.

– Increase of number of pre-excitations caused larger decay.
Tevatron[12]

– However an intermediate stop at ramp down in the last pre-excitation re-
duced the time decay rate.

HERA[13]

– Lower flat top current after previous higher flat top current cycle did not
influence the decay.

HERA[13]

Influence of Pre-injection Porch

– Amount of current at the pre-injection porch did not affect the time decay.
However, the duration of the porch reduced the decay. A longer duration
was more effective.

SSC[10], LHC[11]

Influence of Temperature Variation

– Temperature change at injection influenced time decay. In measurement
without pre-excitation, the decay stoped at the point of temperature change.
However, at injection field after the pre-excitation, the decay did not stop.

SSC[10]

– Increase of temperature caused further decay.
LHC[11]

Others
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– Time decay of multipoles in magnets using cables made by different manu-
factures indicated different behavior.

HERA[13]

– Ramp rate of current to injection influenced the decay. Higher ramp rate
caused rapid decay.

Tevatron[12]

(a) (b)

Figure 1.16: Influence of temperature change on time decay of sextupole component
of SSC magnets[10]; (a) without pre-excitation results, (b) with pre-excitation. In the
case of (a), the decay stops at point of temperature change. It can be explained as the
flux creep effect with temperature dependence. In contrast, the decay does not stop
after changing of temperature in the case of (b). These results suggest the existence of
another mechanism of the decay except flux creep effect.

From the previous studies, very important information of the cause of time depen-
dent multipole field was obtained. For example, the temperature dependence of sex-
tupole field time decay of the SSC dipole model magnet is shown in Fig. 1.16. The
result suggests that another mechanism, which does not depend on temperature.

In addition, when the magnet current is increased after the beam injection period,
the sextupole field goes back to its original value rapidly, as shown in Fig. 1.17. The
phenomena, so-called “snapback”, is difficult to correct, and is one of the issues for
accelerator operation.

Periodic magnetic field pattern

A fluctuation of magnetic field in the bore along the magnet axis was observed in
magnetic field measurement of the HERA dipole model magnet at injection field, as
shown in Fig. 1.18. The fluctuation is called “periodic magnetic pattern”.
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Figure 1.17: Decay and snapback of sextupole coefficient of the HERA dipole magnet
with different excitation history[8].

Figure 1.18: Sextupole field along the axis of the HERA dipole model magnet[14].
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The periodicity of the pattern is equal to the twist pitch of the superconducting
Rutherford cable. From this point, it was thought that the transport current of the magnet
flows with imbalance among strands in the cable, and that the fluctuation of magnetic
field as superposition of magnetic field due to current imbalance among strands was
observed in the magnet bore. This is consistent to observation of the periodic patterns
in all the multipole fields.

Periodic patterns were also observed in various accelerator magnets. Generally, a
periodic pattern amplitude decreases with time constant of several hours. It may mean
that the current imbalance is prone of equalization. Further, the behavior of the periodic
pattern amplitude depends on the magnet excitation history, similar to the time decay of
multipole fields. The longer or higher pre-excitation current induces larger initial am-
plitude of periodic pattern. These facts imply that the current imbalance is originated by
electromagnetic induction accompanying with magnet excitation and equalizes during
several hours under a constant current.

The electromagnetic induction current in superconducting magnets are considered
as follows. By excitation of the magnet, the magnetic field also is induced in the magnet
parts, namely the coil, collar and yoke. During rump-up of the excitation current, the
variation of magnetic field occurs in the magnet, and causes induction currents in the
material with conductivity. Especially, induction current through a path of supercon-
ductors may have long time constant.

As the path of superconductor, there is an inter-strand or an inter-filament coupling
current, as shown in Fig. 1.19. In order to reduce the coupling currents, studies of a
contact resistance between strands and of the twist of the strand were carried out, be-
cause the coupling currents influence the AC losses during acceleration. Consequently,
these induction currents have a time constant of the order of a few milli-seconds.

In contrast, the periodic pattern amplitude decreases with several hours of time con-
stant. Therefore, very long loops with less resistance for induction current are required.
A very long loop path was assumed for this induction current such as a loop connected
at soldered parts at the ends of a coil. The current is called “Boundary Induced Coupling
Current”, as shown in Fig.1.20.

Behavior of the periodic pattern depends on the previous excitation of magnet, sim-
ilar to time decay of multipole fields. Generally, periodic pattern, after pre-excitation
with longer or higher current of flat top, tends to indicate a larger initial amplitude.
However, ramp rate of pre-excitation hardly influences the periodic pattern amplitudes.
The behavior has been explained by various theoretical and experimental studies of
mechanism of the imbalance current. According to the studies, the imbalance currents
are induced due to inhomogeneity of magnetic field change (dB/dt), e.g. due to dis-
tortion of the twisted cable or soldering at the end part of the coil. The hypothesis is
consistent with results of experimental studies with short cables[15].

The imbalance current behavior is summarized in Fig. 1.21. During the current
ramp of the first stage of the pre-excitation, the imbalance current is induced by any
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(a) (b)

Figure 1.19: Schematics of (a) inter-strand current, and (b) inter-filament current. Low-
est parts indicate equivalent electrical circuit with two strands or with two filaments.

inhomogeneity. After the flat top, during decrease of the current, the imbalance current
is reduced, because thedB/dt is opposite sign to ramp up of the current. However, the
imbalance current is not completely vanished, because the imbalance current, which is
induced during the first ramp-up, decays during the flat top. Therefore, at the beam
injection period, only imbalance current, which is not canceled by pre-excitation ramp-
up/-down, remains. The qualitative hypothesis can explain the behavior of periodic
pattern depends on pre-excitation.

In this thesis, in order to simplify the subject, mechanisms of the induction or the
decay of the imbalance current are not treated.
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Figure 1.20: Schematics of quadrupole magnet coils and their connection; (a) bird’s-
eye view, (b) development opened up between pole-1 and pole-4, and (c) electric circuit
simplified to two strand system. The superconducting cables used in each coil are con-
nected at the ends of coils by means of soldering, typically. The electrical circuit loop
closed at the soldering parts having very low resistance less than 1 nΩ, has a very long
time constant in comparison with a loop of inter-strand coupling current.
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Figure 1.21: Schematics of correlation between magnet excitation and an imbalance
current. Ideally, imbalance currents induced by two identical ramps with opposite di-
rection would tend to mutually cancel, as shown in the upper figures. In a practical
magnet, imbalance currents induced by ramps are not canceled, because the imbalance
currents decay during flat top or other ramps. The number in the schematics are corre-
sponding to the ramp-up/-down and the imbalance current induced by them.
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1.3 Scope of the thesis

In the last section, observations of dynamic change both of average multipole field
and of periodic magnetic pattern, and the imbalance current suspected as cause of those
were described. Since there exists similarity in pre-excitation dependence between dy-
namic changes, mechanism of multipole field change due to imbalance current, which
may be a cause of the periodic magnetic pattern, has been studied. R. Stiening first
reported the possibility of magnetization change due to imbalance current change[16].
Further theoretical studies were carried out by R. Wolf[17]. According to the paper,
the superconductor magnetization, which is along the magnetic flux line initially, is
changed by local magnetic field change due to imbalance current change, as shown in
Fig. 1.22.

In summary of the mechanism; Initially, although imbalance currents among the
superconducting cable are induced, the direction of superconductor magnetizations is
along the magnet’s own magnetic flux line. The imbalance currents are equalized with
time. Simultaneously, local magnetic field in the coil varies. Due to the local mag-
netic field change, the magnetization direction is changed, although there is a large
background field. Therefore, allowed multipole field induced by magnetization with a
regular direction is drifted, and non-allowed multipole is induced.

Fig. 1.23 shows conceptual sketch of the mechanism. In this thesis, the studies
performed to cover all the subjects of the sketch are described as follows.

• Magnetic Field Measurement of Beam Injection Field
The magnetic field measurements were carried out on superconducting
quadrupole magnets for the LHC interaction regions at injection field. Eighteen
magnets with the identical design were measured by means of a rotating harmonic
coil set, systematically.

2-17

• Measurement of Superconductor Magnetization
Magnetization of the superconductor filament in a strand was measured with vi-
brating sample magnetometer (VSM). The superconductor was exposed in an
external magnetic field with arbitrary direction, and its magnetization could be
detected.

2-2

• Modeling of Superconductor Filament Magnetization
A computation code of the superconductor filament magnetization was devel-
oped. The model introducing the nested cosine theta current distribution in the
coaxial shells dividing filament cross section, represents the magnetization be-

7The numbers indicate Chapter-Section corresponding to Fig. 1.23.
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Figure 1.22: Schematics of mechanism of superconductor re-magnetization due to im-
balance current change. Initially, superconductor filaments are magnetized along its
own magnetic flux lines, although there exist local magnetic field distortions due to im-
balance currents. The imbalance current change induces local magnetic field changes.
Since the magnetization varies due to amount of magnetic field change even in large
background magnetic field, the filament magnetizations are changed by the local field
changes.
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havior induced by arbitrary angle change of external field.
3-1

• Modeling of Imbalance Current in Cable
The imbalance currents in a cable was estimated which were required to induce
the periodic magnetic pattern being consistent to measurement results. The cur-
rents were assigned as zigzag currents determined by the Monte Carlo method.

3-2

• Simulation of Magnetic Field Error
A simulation code for evaluation of the magnetic field error due to re-
magnetization induced by imbalance current equalization was developed by the
combination of the above two codes. In this code, the model is based on the LHC
interaction region’s quadrupole magnet with four layers coils. Three-dimensional
computation and the Monte Carlo method were introduced to the code.

3-3

Similar studies were carried out by M. Haverkamp[18], [19], [20], [21], [22]. In
comparison with his work, this thesis has advance with the subject, e.g. numerical
simulations. In this thesis, means of Monte Carlo method and three-dimensional com-
putation are introduced into the simulation codes.
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Figure 1.23: Conceptual plan of the mechanism of the time dependent field quality
change. Right hand side is observable phenomena. The other side is supposed as
mechanism inside the magnets. The frame with number means the Chapter-Section
treating the subjects. The frames with the silver/brown line indicate experimental stud-
ies/numerical simulations, respectively.



Chapter 2

Experimental Studies of Magnetization
in Superconducting Accelerator
Magnets

E
xperimentalstudies were performed in particular about supercon-
ductor magnetization in magnets. At first, magnetic field measure-
ments were carried out in order to confirm the correlation between

drift of the average multipole field and behavior of periodic magnetic pat-
tern. The systematic measurements were made on eighteen magnets of
identical design to understand the statistical behavior of the magnets. Next,
magnetization behavior in the magnets was understood by measurements
on superconductors by using a Vibrating Sample Magnetometer (VSM).

2.1 Magnetic field measurement at injection field

2.1.1 Experimental setup

The superconducting quadrupole magnets for the CERN/LHC insertion regions had
been developed by the KEK Cryogenics Science Center. The cross section of the mag-
net is shown in Fig. 2.1. The magnet to be used for final focussing at the beam inter-
action regions, induces the quadrupole field of 215 T/m in the bore over the magnetic
length of 6.63 m. The essential parameters are shown in Table 2.1.

The four layers coils are wound with two types of Rutherford cables, and the pa-
rameters of which are shown in Table 2.2. The coils are wound with inner cable from
the first to the middle of the second layer. The outer cable is used in remains of second
layer, and third, fourth layer. Therefore, inside the each coil, the soldering connection

26
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Figure 2.1: Cross sectional view of the superconducting quadrupole magnet for the
LHC interaction regions.

Table 2.1: Design Parameters of Quadrupole Magnet for the LHC interaction regions

Field gradient [T/m] 215
Magnet current [A] 7149
Inductance [mH/m] 13.8
Effective magnetic length [m] 6.37
Coil inner radius [mm] 35
Outer radius [mm] 81.3
Stored energy [kJ] 2242
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Table 2.2: Design Parameters of Superconducting Cables for the Magnets

inner cable outer cable
Width [mm] 11.00 11.00
Mid-thickness [mm] 1.470 1.337
Cable twist pitch [mm] 90 90
Number of strands 27 30
Diameter of strand [mm] 0.815 0.735
Number of filaments 3342 2058
Diameter of filament [µm] 10 10
Cu/NbTi ratio 1.2 1.9
Surface condition Sn-5%Ag Sn-5%Ag

exists between inner and outer cable. The coils are connected in series as following
order.

current lead⊕
B 4th, 3rdB 2ndI 2nd, 1st(in pole4)
B 2ndI 2nd, 1stB 4th, 3rd(in pole1)
B 4th, 3rdB 2ndI 2nd, 1st(in pole2)
B 2ndI 2nd, 1stB 4th, 3rd(in pole3)

B current lead	

HereI indicates the connection inside the coils, andB indicates the connection out-
side the coils at lead end side. The layer expressed by blue/green letter is wound with
inner/outer cable.

After electrical examination, the magnet is excited under the operation temperature
of 1.9 K, which is achieved by superfluid helium in a vertical cryostat, as shown in
Fig. 2.2.

The magnetic field measurements were performed by using a 25 mm long rotating
coil set, which were scanned with 11.25 mm pitch as shown in Fig. 2.3. A measurement
at each position takes 40 seconds which include the actual measurement, data transfer,
and the movement of the rotating coil. The parameters of the rotating coil set are sum-
marized in Table 2.3. To understand the correlation between periodic patterns and time
varying field quality, it is important to measure higher order multipoles by harmonic
coil set. Hall probe have been used for similar magnetic field measurement[20],[23],
because the probe is suitable for fast measurement because of time resolution of it.
However, harmonic coil set has an advantage to measure all the multipole field, because
a Hall probe can not measure non-allowed multipole field. This measurement system
of harmonic coil sets had been developed by N. Ohuchi. His works on the magnetic
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field measurements were reported in [24], [25], [26], [27], [28], [29], [30], [31], [32].
The accuracy of the system is 10−6, therefore, the order of 0.01 unit as magnetic field
coefficient is credible.

MQXA

Warm bore tube

Rotating harmonic

coil set 1.9 K

4.2 K

9
 m

6
.6

3
 m

Figure 2.2: Schematic view of MQXA in a vertical cryostat and setting of a rotating
harmonic coil set in a warm bore tube inserted into the magnet aperture.
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Tangential

Dipole Backing

Quadrupole Backing
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Figure 2.3: Schematic view of the harmonic coil set and the motion of the coil for the
periodic pattern measurement.

Table 2.3: Dimensions of the Harmonic Coils

COIL NAME Length Radius Opening Angle Winding Phase
[mm] [mm] [degree] [turn] [degree]

Tangential 24.3 21 24.294 20 0
Dipole backing 0 25 21 179.686 2 0
Dipole backing 1 25 21 179.686 2 +35
Dipole backing 2 25 21 179.686 2 -35
Quadrupole backing 0 25 21 89.686 2 0
Quadrupole backing 1 25 21 89.686 2 +35
Quadrupole backing 2 25 21 89.686 2 -35
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2.1.2 Results

Periodic magnetic pattern behavior

The magnetic field distribution measured along the magnet axis at the injection field
after pre-cycling to 7 kA for 1 hour, is shown in Fig. 2.4. The data are a function both
of time and of position. The lower horizontal axis indicates the longitudinal distance
from the magnet center. The upper horizontal axis indicates the time spent for the mea-
surement. The first measurement starts from a position of -3000 mm and the injection
field starts time of 0 second. The second measurement starts again from a position of
-3000 mm, but after 40000 seconds from the injection field start time. One scan of the
measurement covers almost all the straight section of the magnet. The periodic pattern
is observed in entire magnet length. In the first measurement, the periodic pattern am-
plitude shows the decrease, which is inferred as a decay with time, because a smaller
amplitude than that of the first is obtained in the results of the second measurement.
A center of the periodic pattern defined as the average over every twist pitch shows a
slight distortion over the magnet length. The shape of the distortion appears to be repro-
ducible between the first and the second measurement. Therefore, it is understood that
the distortion is due to a geometric deviation of the magnet structure along the magnet
axis.

Time behavior of the periodic pattern was measured for a short length at the magnet
center. The results after 7 kA and 1 hour pre-excitation are shown in Fig. 2.5. The
rotating coil was moved back and forth along the magnet axis for four cable twist pitch
lengths. The periodic pattern amplitude decreased within a few hours. However, the
amplitude hardly decreased after 4 or 5 hours. The results suggest that the periodic
pattern is caused by several current loops of the imbalance current. A few hours of
time constant of the periodic pattern amplitude change is consistent with results of the
previous studies of time varying magnetic field.
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Figure 2.4: Magnetic field distribution in the magnet bore along the magnet axis. The
red line is the initially measured results. The blue line is results after 40000 second
from the start of the first measurement.
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Figure 2.5: Time dependence of the periodic pattern for short length at the magnet
center.
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Systematic measurements with various pre-excitation

Measurements of pre-excitation effect were performed according to a procedure as
seen in Fig. 2.6. At first, to clear the memory of the magnet due to eddy current etc,
the magnet was quenched. The “quench” means that all superconductors in the magnet
are changed to normal conductivity. After cooling to 1.9 K, the magnet was subjected
to the pre-excitation cycle. As shown in Fig. 2.6, the flat top current and duration were
changed as parameters for each measurement because behavior of the periodic pattern
depends on excitation history. The current was then reduced to 50 A, and was increased
to 390 A, which induced the beam injection field corresponding to the LHC operation.
After that, a measurement was started. The rotating coil went back and forth for four
cable twist pitch length around the center of magnet.

Figs. 2.7 indicate stability of the measurements. The stability of the current dur-
ing the measurement for four hours measured by the DCCT1 is shown in Fig 2.7(a).
It is necessary to control the current, of which instability influences on magnetic field
quality. Fig. 2.7(b) indicates the measured point on time-position plane. The moving
system of the harmonic coil set is very well controlled during the measurement. By ac-
curate measurement, the periodic pattern in the magnetic field were obtained, as shown
in Fig. 2.8.

The data of function of time and position are sorted by the each their position, and
fitted by a polynomial function. From the fitting curve, simultaneous periodic patterns
are obtained. The process is shown in Fig 2.9.

Then, the simultaneous periodic patterns att = t0 are fitted by

bt0
n (z) = bamp,t0

n sin

(
2πz
λ
− δ

)
+ bave,t0

n + blin
n · z, (2.1)

at0
n (z) = aamp,t0

n sin

(
2πz
λ
− δ

)
+ aave,t0

n + alin
n · z. (2.2)

Here t0 is the time from measurement start,z is the longitudinal position, andbamp
n ,

aamp
n , λ andδ are the amplitude, the wave length and the phase of the periodic pattern,

respectively.bave
n andaave

n are the average multipole field.blin
n andalin

n are coefficients of
the multipole field that depends linearly on position.

The results of the example of the fitting are shown in Fig. 2.10. Figs. 2.10(a) and
2.10(b) indicate the development of the average,bave

n , and the amplitude of the periodic
pattern,bamp

n . The Figs. 2.10(c) are indicate the fitting parameters ofblin
n , the wave length

λ, and the phaseδ. Generally, the measurement region is so short that theblin
n , alin

n are
very small, and can be ignored, as shown in the Figure. The typical wave length, which
is 95-98 mm, is comparable to the cable twist pitch design (90±10 mm). According to
the cable documentation, the average twist pitch of the inner cable is 96-97 mm, and of

1Direct Current Current Transformer
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Figure 2.6: Procedure of measurement of flat top current dependence.

(a) (b)

Figure 2.7: Example of (a) histogram of the excitation current at each point, and (b)
time vs. position, during measurement for four hours.
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Figure 2.8: Example of measured periodic pattern ofb6. The vertical axis isb6 coeffi-
cient in unit. The data of function of time and position during four hours plotted in the
graph with the position axis.

the outer cable is 91-92 mm. From the results, it was verified that imbalance currents
of the inner cable are the dominant source of periodic patterns.

The phase is stable especially in the measurement after 3, 5 kA pre-cycling. As
extraordinary case, we observed the amplitude growth of the periodic pattern just after
pre-cycling of 7 kA 1 hour. The amplitude growth is observed with obligatory phase
shift in almost all the multipole fields in same measurement run.
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Figure 2.9: Example of the polynomial fittings (upper four graphs) and the simultaneous
periodic pattern by the fitting.
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(a) (b)

(c)

Figure 2.10: Example of fitting results of (a) average fieldbave
n , (b) amplitude of periodic

patternbamp
n , and (c) parameters, theblin

n , the wave lengthλ (pitch), and the phaseδ.
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Fig. 2.11 is the typicalbave
n , aave

n obtained by the fitting process. The difference of the
multipole field at the initial and at the four hours later introduces the beam instability
during the injection period. Primarily, the correlation of the decay time constants of
the average and the amplitude have to be analyzed, in order to explain the origin of
two phenomena. However, the fitting function could not be determined to one format,
because of complicated behavior of the decay.

Therefore, the results of the fittings made at the time to measurement start and at
time after four hours, were analyzed. The time variation during the 4 hours(14400 sec.)
of average multipoles(∆bave

n , ∆aave
n ) and of amplitudes of periodic patterns(∆bamp

n , ∆aamp
n )

are obtained by the following equations, as shown in Fig. 2.12.

∆bave
n = bave,0

n − bave,14400
n , ∆aave

n = aave,0
n − bave,14400

n , (2.3)

∆bamp
n = bamp,0

n − bamp,14400
n , ∆aamp

n = aamp,0
n − aamp,14400

n (2.4)

Fig. 2.13 shows scatter plot of∆bave
n , ∆aave

n vs. ∆bamp
n , ∆aamp

n of allowed multi-
pole b6 (normal 12-pole) of the magnets. Flat top current dependences are shown in
Fig. 2.13(a). Almost all the magnet have same tendency that the average field change
is increased with amplitude change, which is increased with the current of the flat top.
The correlation with 7 kA 1 hour pre-cycling is different from the others, as shown in
Fig. 2.13(b). In this case, it seems that the average decay is saturated, although the am-
plitude variation increases. The tendency is in almost all the magnet measurement. The
other allowed and non-allowed multipoles also have the tendency that the results after
7 kA and 1 hour pre-cycling is different from the others. The scatter plot ofa6 (skew
12-pole) is shown in Fig. 2.14.

Major components of thebn andan are; 1) a component due to the geometric errors
of the magnet structure, 2) that due to the magnetization of the superconductor. The
static errors in both allowed and non-allowed multipoles can be well understood by
introducing the geometric errors. It is important to note that a time variation of the mul-
tipoles are observed in both allowed and non-allowed multipoles. The time variation of
the multipoles is considered by introducing the time variation of the conductor magne-
tization. As stated previously, many studies were made to understand this mechanism.
They have been, however, concentrated on the allowed multipoles, and have not been
made to explain non-allowed multipoles time change.
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(a) (b)

Figure 2.13: Amplitude change vs. average change ofb6 coefficients. The number in
the keys indicates the number of magnet. (a) depicted the results after 3, 5, 7 kA-3 min.
pre-cycling. The results after 7 kA-1 hour pre-cycling are described in (b), of which
horizontal axis from 0 to 0.4 is corresponding to (a).
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Figure 2.14: Amplitude change vs. average change ofa6 coefficients.
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2.2 Measurement of superconductor magnetization

Superconductor filament magnetization in an excited magnet, which is cause of
magnetic field error, is influenced by local magnetic field change due to current equal-
ization. In order to understand the mechanism of time-varying multipole field, an mag-
netization curve is clarified when magnetized filaments are exposed in external field
with arbitrary angles.

2.2.1 Experimental layout and procedure

Superconductor magnetization was measured by using a Vibrating Sample Magne-
tometer (VSM), which is in the National Institute of Material Science (NIMS), Japan.
The VSM consists of a superconducting split coil, a sample holder, pick-up coils, and
a cryostat, as shown in Fig. 2.15. The split coil induces the bias magnetic field in the
horizontal direction. The sample attached to the holder vibrates along the z axis. Small
magnetic field induced by sample magnetization is picked up by small coils around
samples. The pick-up coils are arranged to cancel the background field. The magnetic
moment is calculated automatically from induced voltage of coils.

The sample is a 4 mm long strand used in the quadrupole magnet for the LHC
interaction regions as the inner cable, summarized in Table 2.2. Both ends of the sample
were polished to avoid the connection between filaments which induces loop currents.

The measurements are performed according to the process, as shown in Fig. 2.16.
The sample is warmed up beyond the critical temperature before every measurement to
vanish a magnetization. After warm up, the sample is rotated to angle−α to the initial
angle defined as zero, and is cooled down to 4.2 K for superconducting state. Then
sample is exposed in a magnetic field excitation cycle induced by the split coil. After
the excitation cycle, the superconductor filament is fully magnetized without external
field. Then the sample rotated by angleα to measure at the angle of zero. After rotation,
the second excitation cycle is started.α is selected 30, 60, 90,· · · , 360 degrees as a
parameter of the measurement.
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Figure 2.15: Schematic view of vibrating sample magnetometer. The sample can be
rotated in plane surface parallel to the bias magnetic field.
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Figure 2.16: (a) Sketch of magnetization curve in measurement. (b) Procedure of VSM
measurements.
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2.2.2 Results

The result of measurement is shown in Fig. 2.17(a). After the complete change of
magnetization direction, the magnetization curves indicate good agreement with each
other. That means the measurement were performed in stably. The data with angle
α and−α should indicate the same magnetization curve. However, a slight difference
was observed. It is thought that the difference is caused by remanent magnetic field
by the split coil. The effect is canceled by taking average of the data ofα and−α .
Fig.2.17(b) is the curves after the cancellation. The experimental results are applied to
the evaluation of the code that computes a superconductor magnetization behavior, in
next Section.
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Figure 2.17: (a) Measured results of the magnetic moment with the various angle of the
external field, and (b) angle dependence of the magnetic moment behavior after taking
the average at low field range.



Chapter 3

Simulation of Superconductor
Magnetization and Their Effect on
Magnetic Field Quality

N
umerical computation code for evaluations of the experimental
studies was developed. The first code computes the superconduc-
tor magnetization by the model with the nested cosine theta cur-

rent distribution. The second one evaluates correlation between imbalance
currents and periodic magnetic pattern. Finally, these codes was extended
into the simulation of magnetic field quality change due to re-magnetization
induced by imbalance current equalization.

3.1 Superconductor magnetization

3.1.1 Nested cosine theta model

Type II superconductor magnetization is usually computed by the Bean model[33].
The model for the cylindrical filament magnetization adopted the Bean model is de-
scribed by M. N. Wilson[34]. In the model, a persistent current to screen a external
magnetic field flows with critical current determined by the external magnetic field.
M. Haverkamp adopted the Bean model to describe the behavior of filament magneti-
zation induced by the external field change with arbitrary angle[19]. However, filament
magnetization computed by a constant persistent current can not explain asymmetric
magnetization behavior at low field range, as indicated by the VSM experimental re-
sults.

C. Völlinger developed a new magnetization computation model, the so-called
“nested ellipse model”[35]. In this model, persistent current density is changed with

47
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depth from a filament surface. The filament is divided into coaxial cylindrical shells.
The persistent currents flow in two ellipses inside the shells. The persistent current de-
termined by external field flows in a shell at filament surface, and the inner persistent
current flows with a critical current determined by a magnetic field reduced by the per-
sistent current in the outer shells. The critical current density of the inner ellipse is larger
than that in the outer shells. The model reproduces the asymmetry of magnetization at
the low magnetic field range. The model can also compute a filament magnetization
behavior due to change of an external field with arbitrary direction. In the model, a per-
sistent current flows inside the ellipse with the critical current density. The computation
are good agreement with experimental results, although the effective current density is
not the critical value, because current free regions remain between shells.

In order to simplify the computation, the “nested cosine theta model” was devel-
oped. In the model, the persistent current flows with cosine theta distribution in the
coaxial cylinder shell dividing the filament into the number ofN.

The magnetization computation starts from the virgin (non-magnetized) state as fol-
lows. Current density distribution of the most outer shell is determined by the external
magnetic field,Bext, and described as,

j = jc(Bext) cosθ. (3.1)

Here jc is the critical current density of the superconductor in the external magnetic
field, Bext. The current induces pure dipole field,B[1] in the inner shells,

B[1] = −µ0 jc(Bext)
2

∆t, (3.2)

where∆t is thickness of the shell.
The next shell is exposed to the external field and magnetic field by the first shell.

The current distribution is

j = jc(Bext + B[1]) cosθ. (3.3)

The current induces a pure dipole field in inner shells,

B[2] = −µ0 jc(Bext + B[1])
2

∆t. (3.4)

Then-th shell feels the magnetic field described as

Bf eel
n = Bext +

n−1∑

k=1

B[k]. (3.5)



49
3.1. Superconductor magnetization

rf

!

!

j

jc

r

rf /N

Figure 3.1: Schematic view of coaxial cylindrical shells in a filament and cosine theta
current distribution.

Then-th shell current is described as

j = jc(B
f eel
n ) cosθ. (3.6)

The magnetic field induced by then-th shell is

B[n] = −µ0 jc(B
f eel
n )

2
∆t. (3.7)

This operation is repeated until the internal magnetic field is zero,Bf eel
n = 0, or fully

penetrated. Fig. 3.2 explains this formulae.
The magnetic moment of then-th shell is

mn =

∫
dmn =

∫
2x · l f · j · dxdy

= 2l f · jc(B
f eel
n ) ·

∫ rn−1

rn

r2dr ·
∫ π

2

− π2
cos2 θdθ

= π · jc(B
f eel
n ) · l f ·

(
r3

n−1 − r3
n

3

)
. (3.8)

Here rn = r f − n∆t is the inner radius of then-th shell, andl f is the filament length.
Total magnetic moment of the filament is,

mf =

N∑

n=1

mn. (3.9)

Calculated magnetization behavior with the nested cosine theta model is shown in
Fig. 3.3. Comparison of the magnetization curve between the Bean model and the
nested cosine theta model is shown in Fig. 3.4. The right-left asymmetry of the curve
were reproduced by the nested cosine theta model computation.
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Figure 3.2: Schematic view of the nested cosine theta model.
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Figure 3.3: Magnetization behavior based on the nested cosine theta model.
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Figure 3.4: Comparison of magnetization curve between the Bean model and the nested
cosine theta model.

3.1.2 Effect of field change with arbitrary direction

The above equations treat one dimensional external magnetic field. In order to com-
pute the effect of the change of an external field with an arbitrary direction, the nested
cosine theta model was expanded to two dimensional equations.

Initial external field with angleψ is expressed as

Bini
ext = By + iBx = Bext(sinψ + i cosψ). (3.10)

Similar to (3.1), the magnetic field is shielded by the current distribution described as

j = − jc sin(θ + ψ). (3.11)

In this computation coordinate, the angle zero is corresponding to thex-axis, therefore,
the sine function were applied. The current distribution of then-th shell induces dipole
field described as

B[n] = −µ0 jc(B
f eel
n )

2
∆t(sinψ + i cosψ). (3.12)

The equation is corresponding to (3.7). Here,

Bf eel
n = |B f eel

n | (3.13)

= Bext +

n−1∑

k=1

B[k]. (3.14)
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This operation is repeated until the internal magnetic field is zero,Bf eel
n = 0, or fully

penetrated.
A magnetic moment of the shell is,

mn = (mxn,myn) (3.15)

= −π · jc(B
f eel
n ) · l f ·

(
r3

n−1 − r3
n

3

)
(cosψ, sinψ) (3.16)

The total magnetic moment of the filament is,

mf = (mx,my) =

N∑

n=1

(mxn,myn), (3.17)

which is corresponding to (3.9).

The above equations described the two dimensional magnetic field in virgin state. From
here, the second cycle, which is re-magnetization process, is described.

The fully magnetized superconductor is re-magnetized by external field with an
arbitrary direction. The initial/modified shielding magnetic fields induced by the shells
are described with superscript “ini” /“mod”, as B[n] ini/B[n]mod. The external field with
modification is described as,

Bmod
ext = Bini

ext + ∆Bext. (3.18)

Here, the amount of magnetic field change is described by using the angleδ0 as,

∆Bext = ∆Bext(sinδ0 + i cosδ0). (3.19)

In the first shell, current flows to shield∆Bext. The current distribution of the shell
changes to

j = − jc sin(θ + δ0), (3.20)

from (3.11). The current in the first shell induces the magnetic field,

B[1]mod = −µ0 jc(Bmod
ext )

2
∆t(sinδ0 + i cosδ0). (3.21)

The second shell feels magnetic field superimposed of three origins; (a) the external
magnetic field change, (b) magnetic field change due to disappearance of the initial



53
3.1. Superconductor magnetization

magnetic field of the first shell, (c) magnetic field induced by the first shell after the
modification. Therefore, the second shell experiences magnetic field change described
as

B f eel,mod
2 = ∆B − B[1] ini + B[1]mod. (3.22)

In order to clarify the angle change dependence the equation is described as

B f eel,mod
2 =∆Bext(sinδ0 + i cosδ0)

− [−µ0 jc(Bini
ext)

2
∆t(sinψ + i cosψ)]

+ [−µ0 jc(Bmod
ext )

2
∆t(sinδ0 + i cosδ0)]. (3.23)

Fig. 3.5 describes the schematics of the explanation. This process is repeated until the
field change is corrected completely or penetrates the filament fully. And then, the
magnetization can be computed, similarly.

A example of the magnetization behavior by using this code is shown in Fig. 3.6.
The pattern like whirlpool appears as current density distribution in the filament cross
section. It appears from the rotation of the angle of peak of current distribution due to
that the each shell feels the magnetic field of previous shells.

The angle dependence of the magnetization curve could be obtained by using the
code, as shown in Fig. 3.7. The computations were performed in order to reproduce
the VSM measurements. In consequence, the curves indicated good agreement with
experimental results. Therefore, the code was evaluated, and it was judged that can be
used in also the simulation of the magnetization behavior in background magnetic field
such as magnet excitation.
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Figure 3.5: Schematic view of re-magnetization due to the external magnetic field
change for first and second shells.
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Figure 3.6: Re-magnetization behavior by using the nested cosine theta model. At
first, the filament fully was magnetized with 45 degree to the vertical direction without
background field. Then the magnetic field with vertical direction increases. The pictures
are sorted from upper left to lower right. By increasing the magnetic field, the pattern
like whirlpool moves toward center of filament.
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3.2 Periodic magnetic pattern

It was postulated that imbalance currents in a Rutherford cable induce a periodic
magnetic pattern. Imbalance currents are represented by zigzag currents, and the in-
duced magnetic field was studied.

3.2.1 Pair zigzag current model

An imbalance current in a superconducting Rutherford cable is assigned as a zigzag
current of which transposition length is equal to the twist pitch of the cable. First of all,
the simplest model of a pair of zigzag currents which have half a twist pitch difference
as shown in Fig. 3.8 is studied. The currents flow in opposite directions along the
zigzag lines. The model is based on the cable dimension of the quadrupole magnet
for the LHC interaction region, as shown in Table 3.1. A longitudinal distribution of
transverse magnetic field on the z-axis induced, by the currents in parallel with the axis,
is evaluated.

The magnetic field induced by a line current element is described as,

B =
µ0I
4πh

(cosθ1 + cosθ2). (3.24)

Here,I is line current,h is distance from line current to computation point, andθ1 and
θ2 are angles, as shown in Fig. 3.9. The magnetic field at several positions on the z-axis
is computed as the sum of the magnetic field of each current element.

The computed magnetic field distribution induced by a pair of currents of±50 A
with various distances are shown in Fig. 3.10. The shape of distribution produced by a
pair of currents farther from the axis is closer to sinusoidal. The amplitude of the peri-
odic pattern is depicted in Fig. 3.11 as a function of distance. The 5th power dependence
of amplitude of sinusoidal shape distribution was obtained, as shown in Fig. 3.11.

The current dependence of the magnetic field is indicated in Fig. 3.12. In this cal-
culation, the distance was set to 23.6 mm corresponding to the distance from the first
layer to the reference radius of the LHC interaction regions quadrupoles. The amplitude
has linear dependence of the current, as shown in Fig. 3.13. From comparison with the
magnetic field measurement, the imbalance current was estimated to be of the order of
a 100 A. The results means that the current in the several strands flows with opposite
direction to the direction of the transport current, because the average of the transport
current for one strand is 14.4A (= 390 A / 27 strands).
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Figure 3.8: Sketch of the pair current model assigned as a pair of zigzag currents.

Table 3.1: Parameters of Two Strands Model of a Pair of Zigzag Currents
Twist pitch [mm] 90
Width [mm] 11.2
Length [pitch length] 20

P1

P2

Q

!1

!2

h I

B

Figure 3.9: Schematic view of the computation of the magnetic field induced by a line
current element. The current flows from P1 to P2, and their magnetic field is evaluated
at Q. The parameters ofθ1, θ2, andh needed to the computation is determined by three
coordinates of P1, P2, and Q.



59
3.2. Periodic magnetic pattern

-1.20

-0.80

-0.40

0.00

0.40

0.80

1.20

-60 -40 -20 0 20 40 60

Position [mm]

M
a
g
n
e
ti
c
 F

ie
ld

 [
m

T
]

10mm

15mm

20mm

25mm

Figure 3.10: Magnetic field distribution induced by a pair of zigzag currents of±50 A
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Figure 3.11: Distance dependence of the periodic pattern amplitude; (a) linear plot (The
red keys are corresponding to each layer of the LHC interaction quadrupole.) , and (b)
(Distance)5 vs. (Amplitude)−1.
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Figure 3.12: Magnetic field distribution induced by a pair of zigzag currents, for the
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Figure 3.13: Current dependence of the periodic pattern amplitude.
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3.2.2 Superconducting cable modeling

The superconducting cable model is composed of zigzag currents of number which
is equal to the number of strands in the cable, as shown in Fig. 3.14. The model is based
on the cable for the LHC interaction region’s quadrupole magnet, as shown in Table 3.2.
The calculation conditions are also shown in the table. The currents along the zigzag
lines are assigned randomly within a limited current. And, in order to simulate the
imbalance current, the total of the currents is zero.

The longitudinal magnetic field distribution by the computation is shown in
Fig. 3.15. The sum of all the magnetic field distribution is indicated by the red line.
The offset of the sum is absolutely zero, because the total of all the zigzag currents is
assigned to be zero. The amplitude of the other periodic patterns with a larger offset is
larger, because the pattern is caused by larger currents.

The amplitude of the sum of patterns is randomly distributed, if the computation
is repeated. Fig. 3.16 shows histogram of amplitude by 10,000 computations. In the
computation, the limited current is 100 A, and the peak of the histogram is 0.04 mT.
From other computations with different limited currents, it was confirmed that the peak
amplitude of the distribution is proportional to the limit current, and keeps the same dis-
tribution form e.g. the peak of histogram is 0.4 mT for the limited current of±1000 A.

width

twist pitch

distance

z
B

twist pitch / number of strand

Figure 3.14: Sketch of the cable model assigned as zigzag currents.
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Table 3.2: Parameters of Modeling by Zigzag Currents
Twist pitch [mm] 90
Width [mm] 11.0
Length [Pitch] 60
Number of currents 27
Distance [mm] 23.6
Limited current [A] ±100.0
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Figure 3.15: Typical distributions of magnetic field induced by zigzag currents. The
colors of the lines indicates the magnetic field induced by each zigzag current. The red
line indicates the sum of all the magnetic field.
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Figure 3.16: Histogram of periodic pattern amplitude obtained from 10,000 computa-
tions in case of the limited current of±100 A.
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3.2.3 Modeling of single layer magnet

A single layer magnet is modeled by a stack of the superconducting cable model
described previously. The model is based on the first layer of the quadrupole magnet
for LHC interaction regions, because the contribution to the periodic pattern of this layer
seems the main component from measured periodic pattern and the evaluation results
of the distance dependence of the periodic pattern amplitude. The model is composed
of a stack of the 96 cable models on the position of the first layer cables, as shown in
Fig. 3.17(a). The modeling parameters are given in Table 3.3.

The currents of zigzag lines in the cables are given randomly with the limited cur-
rent of±20 A instead of that of±100 A in previous computation. According to the
previous section, there is linear correlation between the limited current and amplitude
of periodic pattern. Therefore, the limited current is not important in the case of study
of the distribution shape of the magnetic field. The histogram of the current of a typical
computation is shown in Fig. 3.17(b).

The magnetic field is computed by expansion to three dimension of line current el-
ement formula(3.24), as shown in Fig. 3.18. At first, the absolute magnetic field by
an element is calculated. Then, it can be translated to magnetic vector components of
(Bx, By, Bz) by the normal vector of the plane surface. In this model computation, the
magnetic field on the reference radius was evaluated as multipole field, and its distribu-
tion shape was analyzed.

The magnetic field distribution on the reference radius was computed about three
patterns of the current distribution, as shown in Fig. 3.19(a). Fig. 3.19(b) indicates the
computation results with initial current distribution. The differences of the amplitudes
or the phases between each multipole field is obtained, which is consistent with the
observed periodic pattern. When each current in the strands decrease to the half of
initial one, the computation result is shown in Fig. 3.19(c). Obviously the amplitude of
any multipoles is the half of initial one.

Fig. 3.19(d) shows the computation results of the magnetic field distribution due to
local imbalance current changes. In this case, only the currents at pole side block re-
duced to 20% of the initial ones, as shown in Fig. 3.19(a). Phase shifts and unsteady am-
plitude changes are indicated. From the calculation results, cause of the observed phase
shift or amplitude growth can be thought as non-uniform imbalance current change.

Table 3.3: Parameters of Model of Single Layer Magnet
Number of cables 96
Length [pitch length] 30
Number of currents 27
Limited current [A] ±20.0
Reference radius [mm] 17
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Almost all the periodic pattern with the property of static phase and amplitude loss in
the measurements can be explained by the current equalization among the strands in the
cable. Therefore, in the following section, the change of zigzag currents are assumed to
keep the similarity of their distribution as simulation of the equalization.
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Figure 3.17: Modeling of single layer magnet; (a) cross sectional view of the octant of
the model, and (b) histogram of 2592 zigzag currents in 96 cables. The magnetic field
induced by the zigzag currents of the cable model on each cable center expressed by
the orange lines is evaluated as the multipole field on reference radius expressed by the
green dashed line.
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Figure 3.18: Schematics of three dimensional computation for magnetic field due to a
line current element. The absolute magnetic field on Q due to line current element from
P1 to P2 is computed by (3.24). The magnetic field vector component of (Bx, By, Bz) is
introduced by the normal vector of plane surface determined by P1, P2, and Q.
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Figure 3.19: (a) Schematic view of current changes in the single layer magnet model
computation. (b) Magnetic field distribution with limit of current of±20 A. The colors
of lines are corresponding to each multipoles. (c) Magnetic field distribution with the
half of the currents of (a). (b) Comparison of magnetic field distribution ofB3 and
B4 between the initial currents distribution and 20% of it in the pole side block. The
amplitude of the periodic pattern ofB4 increased although that ofB3 reduced.
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3.3 Magnetic field error

The simulation code for evaluation of field quality was developed with the above
computation codes. The magnetic field quality taking into account electromagnetic
interactions inside the magnet can be computed by the developed model.

3.3.1 Simulation procedure

Conceptual plan of the simulation is described in Fig. 3.20. The computation per-
formed on eight cross sections of the magnet model divided with one twist pitch, as
shown in Fig. 3.21. The cross sectional view of the simulation model is shown in
Fig. 3.22. The simulation can reproduce the electromagnetic interactions inside the
magnet, according to the following steps.

1. The stack of the cable models reproduces the imbalance currents in the magnet.
The cable model with 30 twist pitch lengths is arranged into the cable position
in the magnet, as shown in Fig 3.22. The zigzag current distribution is assigned
as same in each cable in same pole, and the longitudinal positions of the cables
are randomized within one cable twist pitch. The assumption means that the
imbalance currents are connected by the end of each pole. The initial current
limitation is given as±20 A.

2. By using formula of the magnetic field computation of the current element ex-
plained by Fig. 3.18, the magnetic field on the reference radius is computed, and
evaluated as multipole components. The magnetic field is also computed with the
half of the initial currents. The periodic pattern amplitude may be a half of initial
one.

3. The local magnetic field on the strand positions is also computed by means of the
current element method. The magnetization behavior is obtained by the nested
cosine theta model described in previous section. In this computation, the mag-
netization is reproduced taking account of history of the magnet excitation, which
is corresponding to the pre-cycling of 50, 7000, 50 kA. After the cycle, the mag-
netization with superimposed magnetic field of the initial local field and magnetic
field at the injection of 390 A are computed. Then, the magnetization with super-
imposed magnetic field of the half of the initial local field and injection field is
computed.

4. The magnetic field induced by the superconductor magnetizations on the refer-
ence radius is evaluated by equation(1.4) as multipole field components. The
average multipole field is evaluated by the average of eight cross sections of the
magnet.
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The magnetic field is evaluated over one twist pitch taking into account contribution
of the 30 twist pitch lengths of zigzag current. This zigzag model length is enough for
computation of one twist pitch at the center of the model.

The initial current limitation of±20 A is an appropriate value obtained from the
previous computations, consistent to the experimental results. In the simulation, the
final currents are reduced to a half of the initial value, uniformly. The reduction is
an assumption for evaluation of the magnetization change. Therefore, the simulation
results with this assumption imply magnetic field change induced by the zigzag current
changes within±10 A.

imbalance current

imbalance current

equalization

local field change

magnetization

change

periodic pattern

periodic pattern

amplitude change

average multipole

field change

Stack of the cable models

Nested cosine theta model

1 2

3
4

Figure 3.20: Conceptual plan of the simulation to reproduce the field quality change
mechanism described in Fig. 1.23. The number is corresponding to the simulation pro-
cedure.
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Figure 3.21: Schematic view of the simulation model. The rectangles by the red or the
black lines express some of the position of the zigzag current models of which are 30
pitch length. The magnetic field is calculated on the strand position on the longitudinal
eight points over one twist pitch at the center of the simulation model. The magnetic
field is evaluated on the reference radius. Contribution of zigzag currents is reflected as
periodic magnetic patterns. By taking the average of eight points, contribution of the
magnetizations is evaluated as average multipole fields.
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Figure 3.22: Cross sectional view of full coil model. The green dots indicate strand po-
sitions where the strand magnetization is computed by cosine theta model. The zigzag
current models are arranged into the plane indicated by red lines. The blue dashed line
in the bore is the reference radius in which field quality is evaluated.
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3.3.2 Results

The result of the step 2, which computes magnetic field on the reference radius
induced by the zigzag cable models, are shown in Fig. 3.23. The periodic magnetic
patterns were obtained in each multipole. After the current change to a half of the
initial one, their amplitudes were reduced by a half of the initial currents.

Next, the magnetizations on the strand position were computed taking account of
the history of the excitation. The magnetic field distribution induced by the transport
current of 390 A without zigzag currents is shown in Fig. 3.24. The magnetizations
were computed with superimposed magnetic field of this field map and field map due
to the zigzag currents. An example of the change of the local field distribution induced
by zigzag currents within±20 A to ±10 A is shown in Fig. 3.25. The distribution of
random direction of local field change was obtained. Fig. 3.26 indicates the magnetic
field vector on a cable at several longitudinal positions. The periodicity of the magnetic
field vector can be in the figure.

Finally, the magnetic field is evaluated as multipole field coefficients. Fig. 3.27
indicates the results of the simulation. Generally, only allowed multipole fields, which
areb6 andb10 for quadrupole magnet, are induced by superconductor magnetization.
However, in the simulation results of the initial multipole fields, non-allowed multipole
fields were also induced. The reason is that the initial multipole fields were computed
by taking account of the magnetic fields induced by the transport current of 390 A and
the initial zigzag currents. Therefore, the magnetization is slightly disturbed by the
local field, and induces small non-allowed multipole fields. After the zigzag currents
change, any multipole field is induced, because the magnetization directions are rotated
due to the local magnetization change. On the other hand, the allowed multipole field,
which were induced due to homogeneous magnetization, decrease due to randomization
of magnetization directions due to the change of the local magnetic fields.



73
3.3. Magnetic field error

-2
-1
 0
 1
 2

-45 -22.5  0  22.5  45

b6
 [u

ni
t]

Position [mm]

-2
-1
 0
 1
 2

-45 -22.5  0  22.5  45

a6
[u

ni
t]

Position [mm]

-2
-1
 0
 1
 2

b3
 [u

ni
t]

-2
-1
 0
 1
 2

b4
 [u

ni
t]

-2
-1
 0
 1
 2

b5
 [u

ni
t]

-2
-1
 0
 1
 2

a3
[u

ni
t]

-2
-1
 0
 1
 2

a4
[u

ni
t]

-2
-1
 0
 1
 2

a5
[u

ni
t]

(a)

-2
-1
 0
 1
 2

-45 -22.5  0  22.5  45

b6
 [u

ni
t]

Position [mm]

-2
-1
 0
 1
 2

-45 -22.5  0  22.5  45

a6
[u

ni
t]

Position [mm]

-2
-1
 0
 1
 2

b3
 [u

ni
t]

-2
-1
 0
 1
 2

b4
 [u

ni
t]

-2
-1
 0
 1
 2

b5
 [u

ni
t]

-2
-1
 0
 1
 2

a3
[u

ni
t]

-2
-1
 0
 1
 2

a4
[u

ni
t]

-2
-1
 0
 1
 2

a5
[u

ni
t]

(b)

Figure 3.23: Computed results of magnetic field distribution of (a) normal components,
and (b) skew components. The magnetic field distributions induced by the initial cur-
rents within±20 A is depicted by the red lines. The green lines indicate the magnetic
field induced by a half of the initial currents.
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Figure 3.24: Magnetic field distribution induced by the transport current of 390 A with-
out zigzag currents in one octant of the cross section. In the upper left rectangular, the
most-pole-side first layer cable and their magnetic field vectors are indicated.

Figure 3.25: An example of local magnetic field change induced by zigzag currents
within ±20 A to ±10 A in an octant cross section. In the upper left rectangular, the
most-pole-side first layer cable and their magnetic field vectors are also indicated.
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Figure 3.26: Calculation results of local field on the strand in a cable at several lon-
gitudinal positions. The highest and lowest positioned cable cross sections indicate
almost the same vector distribution. It implies that the magnetic field distribution has
periodicity equivalent to the cable twist pitch.
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Figure 3.27: The simulated results of magnetic multipole field coefficients in the bore
of the magnet.



Chapter 4

Discussions

The periodic magnetic field patterns along the magnet axis were observed in the
field measurement of the LHC interaction region quadrupoles. The typical amplitude
of these multipole fields is 0.02 to< 0.2 mT corresponding to 1 to< 10 unit at the
reference radius of 17 mm, at the beam injection field. The time dependent behavior of
the periodic pattern and of the average of multipole field, which is cause of the beam
instability at injection, were observed. To evaluate these measured results, a systematic
analysis was made with numerical modeling and simulations.
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Figure 4.1: Magnetization curve obtained by (a) the VSM measurement, and (b) the
computation of the nested cosine theta model.

First, we discuss the superconductor magnetization in comparison of the measured
results by using the VSM with the computation by using the nested cosine theta model
originally developed. In the experiment, the superconductor magnetization is saturated
by an external magnetic field of 70, 80 mT for the filament diameter of 10µm. Twice
large of the saturation field of 140 mT was needed to have complete change of magne-

77



78

Table 4.1: Comparison of Peak Amplitude of Periodic Pattern
Limited current Amplitude Comment

[A] [mT]
Experiment — 0.02 typical value,

1 unit∼0.02 mT@r f

Pair zigzag model 75 (absolute) 0.1
Cable model 100 0.04 peak of histogram
Single layer model 20 0.04 typical value
Full coil model 20 0.04 typical value

tization direction, as shown in Fig. 4.1(a). In the computation of which the parameters
corresponding to the condition of the experiments, the results generally agree with the
experimental result, as shown in Fig. 4.1(b).

Based on the understanding of the fundamental magnetization characteristics of the
superconductor, we discuss the periodic pattern and their behavior, and average mul-
tipole field change by means of the numerical modeling and the simulation. The sys-
tematic analyses were made with four step of: (1) a pair of zigzag current model, (2) a
cable model, (3) a single layer coil model, and (4) a full (four) layer model.

At first, measured periodic pattern was compared with the numerical calculations by
pairs of zigzag currents, as shown in Figs. 4.2(a) and 4.2(b). The calculation generally
agrees with the measured result in view of the sinusoidal shape and the pitch of the
periodic pattern. It suggest the periodic pattern is caused by imbalance of the currents
between strands in the superconducting cable.

The amplitude of the periodic pattern should strongly depend on the distance from
the zigzag current, as shown in Fig. 3.11. In the experiment, the pitch of the periodic
pattern is consistent with the twist pitch of the inner cable, in contrast with that of outer
cable. Therefore, the major contribution of the imbalance currents in inner cable should
be naturally understood. The zigzag current of 75 A induces a sinusoidal field with a
peak amplitude of 0.1 mT at the reference radius.

As the second step, the superconducting Rutherford cable model was examined with
random zigzag current by using Monte Carlo method. The result showed that the ran-
dom imbalance zigzag current distribution within a range of±100 A, may induce a
magnetic field distribution with a peak of 0.04 mT, as shown in Fig. 3.16.

As the third step, the single layer magnet model was examined. It was verified that
the zigzag current could induce periodic magnetic pattern in all multipole components,
as shown in Fig. 4.2. The periodic pattern amplitude vary in each computation because
of imbalance current randomly given. The comparison of periodic pattern amplitudes
are summarized in Table 4.1.

As the last step, a simulation containing full coil configuration with four layer coils
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Figure 4.2: (a) Measured periodic pattern ofb6 component with pre-excitation of 7 kA
and 1 hour, (b) calculated periodic pattern by using the pair zigzag current model with
various currents, (c) example of calculated periodic pattern by using single layer model.
The currents are within±20 A.
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Figure 4.3: Example of amplitudes of periodic patterns obtained by (a) the magnetic
field measurement and (b) the numerical simulation, and of average multipole coeffi-
cients by (c) the magnetic field measurement and (c) the numerical simulation.

was examined. In this simulation, the change of the superconductor magnetization due
to the equalization of the imbalance currents was taken into account by applying nested
cosine theta model.

Fig. 4.3(a) shows the measured amplitude of the periodic pattern compared
with the full coil simulation of Fig. 4.3(b). The multipole field is also shown in
Figs. 4.3(c), 4.3(d). The non-allowed multipoles in the measurement might be induced
by random errors of the coil geometry and location. The allowed multipoleb6 could
be induced by magnetization of superconductor in either case of the measurement and
simulation. In the simulation result, the decrease of the allowed multipoles and the in-
crease of the non-allowed multipoles are obtained after the zigzag current change. The
decrease and the increase may be caused by magnetization changes due to local field
changes. The simulation results appear in consistency with the measured results.

The different tendency of the 7 kA and 1 hour pre-cycling of correlation between
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Figure 4.4: Scatter plot of time variations of multipole component and periodic pattern
amplitude ofb6.
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Figure 4.5: Magnetization curve of 10µm diameter NbTi filament at 1.9 K. From anal-
ogy with Fig. 4.1, the vertical axis indicates the magnetization with the direction of ex-
ternal field change. At first, the magnetized superconductor exists between the orange
line and green line at each background field. In re-magnetization process, the magne-
tization moves to the crossing point of the lines on original hysteresis curve of green
line. The external magnetic field needed for complete re-magnetization is decreased
with background field being increased.
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Figure 4.6: Histogram of absolute magnetic fields on strands induced by zigzag currents
within ±20 A.

time variations of the multipole field and the periodic pattern was observed, as shown
in Fig. 4.4. We discuss here the cause of the tendency based on the re-magnetization
mechanism.

Re-magnetization with complete change of the direction is induced by certain exter-
nal field change corresponding to 140 mT at 4.2 K evaluated by the VSM experiment
and the nested cosine theta model. In practical magnet operated at 1.9 K, therefore,
the external field change required for complete re-magnetization is 200 mT without
background field, as shown in Fig. 4.5. At the beam injection, the magnet is excited
by the transport current of 390 A, therefore the superconductor is experienced its own
magnetic field e.g. a peak of 420 mT at the most inner pole side region of which con-
tribution to the field quality may be dominant. At the background field, the complete
re-magnetization is induced by the external field change of 100 mT, as shown in Fig. 4.5.

In the case of the imbalance current change as limited current change from 20 A
to 10 A, the histogram of the absolute value of the local magnetic field change at the
strand position is shown in Fig. 4.6. The local magnetic field change distributes with
the peak of 4 mT. In order to obtain the change of the local magnetic field with a peak
of 100 mT, the limited current change from 500 A to 250 A are estimated by analogy
with liner correlation between the current limitation and the peak of histogram.

Therefore, it is thought that the change of the magnetic field is saturated because of
the saturation of the re-magnetization due to the imbalance current change beyond the
range of the change of the limitation current from 500 A to 250 A.

The simulation with various limited current was performed, and its results is shown
in Fig. 4.7. The saturation of the magnetic field quality was clearly obtained. Fig. 4.8
shows conceptual plan of the above discussion about the saturation of average multipole
field change. The deviation of the saturation curve above the limited current of 500 A
might be due to the distribution of the local magnetic field change with certain width.
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Figure 4.7: Calculated multipole field change vs. limit of initial imbalance current. The
currents decrease to a half of the initial currents.

The change ofa3, a4 components are larger than the other components. In this
simulation based on the assumption of the connection of the zigzag current at each coil
end, the imbalance current pattern is identical in the each pole. Therefore the behavior
thea3, a4 might be caused by the assumption, which may cause the difference between
poles of the re-magnetization inducing the non-allowed skew components. The time
dependent change of the skew multipole field have been observed in the magnetic field
measurements[31]. In order to clarify the cause of tendency, the simulation has to be
performed statistical number with various condition of imbalance current.

The above discussion, the range of the change imbalance current from 500 A to
250 A was assumed for the saturation of the average multipole field change. It means
that the imbalance current change of the range of 250 A is needed substantially. It might
induce a few tens unit of the amplitude change of periodic magnetic pattern, however,
such amplitude change was not observed. Such large amplitude might decay during the
interval of 6, 7 minutes between the end of pre-cycling and the start of the measurement.
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Figure 4.8: Schematic plan of the saturation of the average multipole field change



Chapter 5

Conclusion

The field quality change of superconducting accelerator magnets was investigated.
It is a fundamental issue to be solved for beam stability during a beam injection pe-
riod in the accelerator operation. In order to clarify the mechanism of the magnetic
field change, experimental studies and their evaluations with numerical modeling and
simulation were carried out.

As the first experiment, the multipole field changes were observed by the magnetic
field measurement of superconducting magnets for the LHC beam interaction region
quadrupoles developed at KEK. From the systematic measurements, the time-varying
periodic pattern along the magnet axis were also observed, and the length of the pe-
riodic pattern was well consistent with the twist pitch of the inner coil. It suggested
the imbalance of the current of strands in the superconducting cable. A correlation of
the time variation was found between the periodic pattern amplitude and the average
multipole field.

As the second experiment, the superconducting strand magnetization was measured
by using the Vibrating Sample Magnetometer (VSM), in order to understand the fun-
damental characteristics of magnetization of superconductor filaments. By using the
VSM, the re-magnetization was induced by sweeping the magnetic field at various an-
gles to the direction of the sample strand. The results indicate a clear angular depen-
dence.

In analysis of the above experiment, a numerical model for the magnetization of
superconductor filament was developed. A nested cosine theta current distribution cor-
responding to the shielding current was introduced. The magnetization curves with the
superconductor filament exposed in arbitrary angles have a good agreement with the
results of VSM experiments.

The imbalance current was evaluated to be a level of±100 A by comparing the mea-
sured periodic patterns with the calculated one by using the numerical model originally
developed for this work.

The numerical computation was extended to the four layer coil. The magnetic field
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induced by imbalance current was computed at reference radius and at each strand lo-
cation in the coil. The periodic patterns were computed from the magnetic field at the
reference radius. The average multipole field induced by magnetization was calculated
by using the nested cosine theta model taking into account of the history of the local
field during pre-cycling.

The following respects can be described from the experimental studies and their
simulations.

1. Imbalance current among strands of a cable of a level of±100 A is evaluated by
numerical simulation comparing with measured periodic pattern.

2. Observed average multipole field change can be explained by re-magnetization
due to imbalance current equalization.

3. Large imbalance current change beyond a level of 250 A induces complete re-
magnetization which causes the saturation of the average multipole field change.

There is likelihood that the time-varying skew component observed in the measure-
ment is explained by the difference of re-magnetization among poles. In order to verify,
it is necessary to perform statistical number of the simulation developed for this work
by applying the Monte Carlo method. In order to quantitatively understand the time
dependence of the average multipole field change, the imbalance current estimated as
a level of a 100 A and their decay time constant has to be verified by additional exper-
imental study e.g. by using short cable sample. Especially for estimation of the time
constant of the average multipole change, experimental studies of the soldering part and
evaluations of the inductance for the loop of the imbalance currents will be necessary.
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Appendix A

Formula for Magnetic Field
Calculation

A.1 Equation for magnetic field calculations

Formulae for the magnetic field induced by a line current, as shown in
Fig. A.1, are the basic of the computation of the two dimensional magnetic
field, e.g. the magnetic field in the bore of the magnet at the straight section.
The Maxwell equation for a magnetic field with static current flow in vacuum
is

∇ × B = µ0 j. (A.1)

In order to obtain a magnetic field,
∫

s
∇ × B · n ds =

∫

s
µ0 j · n ds. (A.2)

sc

j

Figure A.1: Schematic view of a line current penetrating a plane surface.
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A.1. Equation for magnetic field calculations

Here, the Stokes theorem
∫

s
∇× A · nds =

∮
c

A ·dl is adopted to left term of (A.2),

∮

c
B · dl = µ0

∫

s
j · n ds. (A.3)

Then, the integral curve is chosen as a circle with the radius of a, as shown in
Fig. A.2(a). The magnetic field component of Bθ is obtained as a function of a
and j

Bθ =
µ0 j
2πa

(A.4)

In order to adopt to the magnetic field computation, the equation is re-written
to complex coordinate system. (Bx, By) is described by using Bθ,

Bx = −Bθ sinθ,

By = Bθ cosθ,

as shown in Fig. A.2(a). In complex coordinate, the magnetic field vector B
described as B = By + iBx. Therefore,

B = Bθ(cosθ − i sinθ)

=
µ0 j
2πa

(cosθ − i sinθ) =
µ0 j
2πa

(cosθ + i sinθ)−1

=
µ0 j

2πa(cosθ + i sinθ)
=
µ0 j
2πa

. (A.5)

Here, a is the position of field calculation in the complex coordinate system.
The magnetic field at the arbitrary point z is described as

B =
µ0 j

2π(z− r)
, (A.6)

as shown in Fig. A.2(b). (A.6) is the basic formula for magnetic field computa-
tion.

The equation of the multipole expansion of a magnetic field due to a line
current is introduced as follows.

B =
µ0 j

2π(z− r)
=
µ0 j
2πr


−1

1− z
r

 = − µ0 j
2πr

∞∑

n=1

( z
r

)n−1

(A.7)
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Figure A.2: Magnetic field induced by a line current penetrating at (a) the origin of
coordinate, and (b) arbitrary position.

Here, for x < 1, 1/(1 − a) = Σ∞n=1xn−1. The multipole field is evaluated at the
reference radius r0 in the bore of the magnet, as shown in Fig. A.3(a).

B = − µ0 j
2πr

∞∑

n=1

( r0

r

)n−1
(

z
r0

)n−1

= − µ0 j
2πr0

∞∑

n=1

( r0

r

)n
(

z
r0

)n−1

= − µ0 j
2πr0

∞∑

n=1

( r0

r

)n

(cosnθ − i sinnθ)

(
x + iy

r0

)n−1

(A.8)

The multipole field component induced by the line current is obtained by com-
parison with,

B = By + i Bx =

∞∑

n=1

(Bn + i An)

(
x + i y

r0

)n−1

. (A.9)

Thus, normal and skew component induced by a line current are,

Bn = − µ0 j
2πr0

( r0

r

)n

cosnθ,

An =
µ0 j
2πr0

( r0

r

)n

sinnθ (A.10)
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Figure A.3: (a) Schematic view of the multipole field expansion. The blue dashed line
is the reference radius. An example of the typical dipole coil cross section is described
as green region with right-left symmetry. (b) Ideal current distribution for pure dipole
magnetic field. The current distribution on the red line circle of (a) induces the pure
dipole fields in the circle.

As an example of magnetic field calculation, the magnetic field due to ideal
current distribution j = − j0 cosθ is described, as shown in Fig. A.3(b).

The current distribution substitute for (A.10).

Bn =
µ0 j0
2πr0

( r0

r

)n

cosnθ cosθ. (A.11)

Thus, the magnetic field in side the circle of the current region is,

Bn =
µ0 j0
2πr0

( r0

r

)n
∫ 2π

0
cosnθ cosθdθ. (A.12)

Here the integral except n = 1 is vanished. And also all of the An term is van-
ished. Therefore,

B1 =
µ0 j0
2πr0

( r0

r

) ∫ 2π

0
cos2 θdθ (A.13)

=
µ0 j0
2r

. (A.14)

Pure dipole magnetic field is induced.
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A.2 Magnetization calculation

The magnetic moment m of a pair line currents, as shown in Fig. A.4(a) is
defined as,

m = 2x · I · l f . (A.15)

Here 2x is distance between the current pair, I is current, and l f is the line cur-
rent length. The magnetic moment induced by an elementary area of the fila-
ment cross section, as shown in Fig. A.4(b), is

dmf = 2x · j · l f · dxdy. (A.16)

Here j is the current density in the area.
The magnetic moment of a fully penetrated filament with the critical current

density jc, based on the Bean model and calculated using polar coordinate is,

mf = 2 · jc · l f

∫ π
2

− π2

∫ r f

0
r2 cosθdθdr (A.17)

=
4
3

r f
3 · jc · l f . (A.18)

Here r f is filament radius. Total current is

I f =
π

2
r2

f · jc. (A.19)

The magnetic moment of the filament can be replaced by the magnetic moment
of a current pair of same currents separated by an effective distance,

df =

4
3r3

f · jc · l f

π
2r2

f · jc · l f

=
8
3π

r f , (A.20)

as shown in Fig. A.4. The magnetic moment induced by full penetrated of a
filament is

mf = df · I f · l f . (A.21)

This magnetization induces the magnetic field in the magnet bore. The mag-
netic field is calculated by using the line current pair. From (A.6), the line cur-
rents per unit length induce the magnetic field B,
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Figure A.4: Schematic view of: (a) a current pair, (b) fully penetrated filament magne-
tization based on the Bean model.

B =
µ0I f

2π
(
z− r +

d f
2

) +
−µ0I f

2π
(
z− r − d f

2

) . (A.22)

Here, d f is the vector from the position of −I to that of I , r is the center of the
two currents lines. Then, df � r ,

B =
µ0I f

2π

∞∑

n=1

n
d f

rn+1
zn−1

=
µ0

2π

∞∑

n=1

nI f d f

(
e−(n+1)iθ

r2

) ( r0

r

)n−1
(
x + iy

r0

)n−1

. (A.23)

Here the definition of the x and y components of the magnetization that is mag-
netic moment per unit volume are

M = (Mx,My)

=

(
M cos

(
α − π

2

)
,M sin

(
α − π

2

))

= (M sinα,−M cosα) . (A.24)

Here, α is angle of the d f , as shown in Fig. A.5(b). Therefore, the I f d f is

I f d f = πr2
f M (cosα + i sinα) = πr2

f (−My + iMx). (A.25)
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Thus, (A.23) is

B =
µ0

2π

∞∑

n=1

nπr2
f (−My + iMx)

e−(n+1)iθ

r2

( r0

r

)n−1
(
x + iy

r0

)n−1

. (A.26)

From the above equation and (A.9), the multipole field induced by magne-
tization (Mx,My) positioned at (r, θ) is

Bn =
nµ0

2πr2
· πr2

f (−My cos(n + 1)θ + Mx sin(n + 1)θ)
( r0

r

)n−1

, (A.27)

An =
nµ0

2πr2
· πr2

f ( Mx cos(n + 1)θ + My sin(n + 1)θ)
( r0

r

)n−1

. (A.28)
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Figure A.5: Schematic view of the magnetization Definition ofx, andy components of
magnetization.



Nomenclature

Roman Letters

a radius component of polar coordinate m
An skew 2n-pole component T/m(n−1)

an coefficient of skew magnetic field unit
aamp

n amplitude of periodic pattern of skew com-
ponent

unit

aave
n average of periodic pattern of skew compo-

nent
unit

alin
n linear coefficient of skew component unit

B magnetic field vector T
B magnetic field T
Bext external magnetic field T
Bini

ext initial external field vector T
Bmod

ext external magnetic field after change T
Bmain

k main magnetic field of 2(n-1)-pole magnet T/m(n−1)

B[n] absolute (shielding) internal magnetic field
by n-th shell

T

Bn normal 2n-pole component T/m(n−1)

bn coefficient of normal magnetic field unit
B[n] (shielding) internal magnetic field by n-th

shell
T

bamp
n amplitude of periodic pattern of normal

component
unit

bave
n average of periodic pattern of normal com-

ponent
unit

Bini
n effective external magnetic field for n-th

shell
T

B[n] ini initial (shielding) internal magnetic field by
n-th shell

T

blin
n linear coefficient of normal component unit
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B[n]mod modified (shielding) internal magnetic field
by n-th shell

T

Bx x component of magnetic field vector T
By y component of magnetic field vector T
dB/dt time change of magnetic field T/s
d f effective distance vector of two line cur-

rents assigned as magnetization
m

h distance from current element to field com-
putation point

m

I current A
i imaginary unit
j current density A/m2

jc critical current density A/m2

k integer number
l f filament length m
M magnetization T
m magnetic moment Wb ·m
mf absolute value magnetic moment of fila-

ment
Wb ·m

mn absolute value to magnetic moment of n-th
shell

Wb ·m

Mx x component of magnetization T
mxn x-component of magnetic moment of n-th

shell
Wb ·m

My y component of magnetization T
myn y-component of magnetic moment of n-th

shell
Wb ·m

N number of division
n order of multipole field
Bf eel

n magnetic field for n-th shell T
r0 reference radius m
r f filament radius m
rn inner radius of n-th shell m
t time s
x x component of position m
y y component of position m
r position vector of line current m
z position vector m
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Greek Letters

α angle of d f radian
δ phase of periodic pattern radian
δ0 angle of change of external magnetic field radian
∆aamp

n amplitude change of periodic pattern of
skew component

unit

∆aave
n average change of skew component unit

∆Bext absolute value of change of external mag-
netic field

T

∆Bext change of external magnetic field T
∆bamp

n amplitude change of periodic pattern of
normal component

unit

∆bave
n average change of normal component unit

∆t thickness of shell m
λ wave length of periodic pattern m
µ0 magnetic permeability of vacuum H/m
π circular constant
ϕ angle component of polar coordinate radian
θ angle radian
ψ angle of external field radian
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