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1. Introduction to Markovian Process

Assume some quantity (think of proportion of
certain alleles) change as a function of time:

A +A) =1, A(T)=A(1)

We consider a situation in which we can calculate
only the probability such as:

For ft,<t,<---<t,
A <At )<A+AA,A <A(t,) <A + A4,
A <A(T) < A+ A4,

) P (A, 1 ALt AL AA, - DA,

_68_




Define 7 (4.t At/ A4 1 JA.1,)
P,,(A,, oA, A, 7",,)
P i(A Aty At )

p
7/

(T, =

Markovian Process

T(AN)‘I"AZIfZ"'”" 41—1/7‘”—1 4/7‘;1)57_(/’”71/7‘”»1 /lwfn)
“R=R T, =R T T, == AT, T, T,

P, can be determined by A and T, -

1

Examples
BlA 1 A, t1,)=P(A,1)T(A.1

A1)

Substituting this o the trivial equation:
RA AL ) = [dAP(A 1 Aty AL ty)

We get

T(A.1,

A1) = [dAT (A A LIT(A | A1)

PlA Atel At ) =POAL)T(A A L)T( AL LA T,)

Chapman-Kolmogorov




We may put
T(A | Aty + A1) = FS(A, — A )+ AtW(A — A,)

Then, it is easy to show

OT (A 1A T)
or
=—IdaW{A—>a)T(4,fl

At)+[daW(a—A)T(A,1|at)

master equation

Langevin vs. Fokker Plank

We start from the Master equation:

57—@(:’) :—J‘daW(A%G)T(A)*'J‘daW(a_)A)T(a)

— N (_])” i n
—;—”/ (6/1) {(C(A)T(A)
€.(A) can be shown to have the form:
1 i
Co(A) = lim = [drrT(A | A+ r.t+at)

_ A/,’;”’M%W (t+at)-A(+)))

A(t)=A




special Langevin

P a1+ R(1)

R: random noise

G =((A(t+At)-A(t)) | =-yAat/ At

A(t)=A

C={(A(t+At)-A(t)?) | =2DAt/ at

A(t)=A

Here (R(t)R(t'))=2D5(t-1')

general Langevin

AL~ fea)+R(AL)

Ci(A) =~F(A)+ ZB(A)
C.(4)=28(4)

Here <%(;)R(r')> —B(A)(F-F)
C,=C,==0
We get the following Fokker Planck

oT 0 1, o?
m —{A(f(A)—ZB(A))+aAZ

or |o B(A)}T

textbook: TIEEHHROFE) 1 (SLERFX-FNIHF—)




2. Application of Markovian Process
to Equation of Population Genetics

Kimura-Wright's Fokker-Planck equation

Motoo Kimura: Stochastic Process ..., Wisconsin 1955

17 &
+maX72{X(—7—X)¢}

S approximate selection coefficient

W50 (x(i-
r = S o (X(1=x)8)

Compare this with the general Fokker-Planck.
Then,  F(x)- ég'(x )= —sx(1-x)=-M

B(x):#x(]—x)sél/

We get f(X):ﬁ—(5+#)X+5XZ

Langevin NS << 1 'S :é—NS
S S S
%:—f(x)we(x,f) NS>>1 - x " 8NS (8NS)?
f(x)

N [T

5=0 ﬁ:i—ix linear
unstable stable dt 8N 4N

1
but D= “Lx(1-x)

fluctuation vanishes at x =0 and x =1,




general case

[dA=TCAALIT(AL At) =T (AL AL,)

where we have 7 Alleles in a large population 2 :
2 = (AI’...’Aﬂ)l Z/'/ = 2/75 = ‘Q
i=1

A=Qa, Za, =1
Master equation becomes

oT(a,t) _

(91) - an(iv,a)riar)
(-Lv.r

where H = —icﬂ(?z)L
n=1 ”/

The similarity to Schraodinger equation is obvious:

o¥(at) _
or
Q —> large, h —— small: classical approximation

—LH (?v; a)v(at)

T(a,t)zexplQ4(at)]
4H(£3)=0 : Hamilton Jacobi
oa

W _~1, 9y
f—;n/( 62) ¢, (a)




Kimura-Wright case

!
C,=sa(l-a) C :ma(]—a)

2
H=5pa{]—a)—5—Na(J—a)

da
75)/
J‘w/a(]fa) 5
o _ s .00 1(o
Weget  5r~ 275, " anlay
s — 0 neutral case

o _ 1 (o)
ot 4N\oy
non-linear but solvable

gz N{ar'csin (1-2a)-arcsin(1- Zal,)}z

+4

t+1,

Path Integral Formalism:

T(a, 0|a,t)
a(t)=a

=[ocp) [o(a)

a(0)=a,

o [p(e)ate)-Hip(e).a(0)} o

!

Operator Formalism




3. New Approach to Evolution Process

A D 6 C a;, a, az ay
{af,aj}=5gv, aa; =0 foral /.j=1234
| Book keeping | (3 — 5)
DNA nayf0)  il=1254

H= {,ul,,uz,,u3,,u4}
M, * species number
M5 ¢ individual number
4 : chromosome number
H4 : base number
¥, =11, ,.4,]0),
/ ={u,, 1} state fcorresponding to anindividual {1,, 1, }

N
;13,;14ai[y]

Biological (physical) quantities

© population
'D:Z<'/’/"/’/>

© female population

e maternal
iy = {,113, + } ... paternal
. x =
define Z(#;{z):xa’[”]a’["] i

12 (w5, -)=x
1y sex chromosome
F= Z< V//‘ ny| ‘/’/>

Hz




© humber of specific genotypes
(in case of two alleles A4, A))

a.[

119

AA it
LA {#3154}%41 i[u]
U3z, Mg =

1L, € certain locus corresponding to A4, or A,

_ + +
Pan = (D, GG+ AL Ga@i
M3 Hig = A2

PA,AZ = Z< '///| Nya,

Hz

vi)

© evolutionary distance

(i G} = 5,0, +

/ i

sequence s

n, = 11 a;,ay,

(vl nlv,) =% =expdloge
. _dwlalv)
" dlog e o0




0 homozygosity

AA BB GGl

Frsc..

:<yj/‘(/7A1A, +N,, )(/73131 + g4 ){ﬂqq +n,...) |yj/>

Extension of Markovian Process
TCA At )=(At|TCr 1) Aot.)

[dATCAM| ALITCA | At)=T(A.H] Ats)

Chapman-Kolmogorov

T(t.t,) T(t.,t,)=T(t,t,): operator form of C-K
Solution
T(t,t,) =T exp[ H(t)dt

= exp| t’w/—r’(f Jdt exp [ H(t)dt e exp J* H(t)dt

t+AF
LAt At At At
[ T T T | |
7 7,




® Time reversal

+

a-~—a

We know <;!; 1,

T(t.1)|A, f2>

can be expressed as path integral.

notational change

/_\;=(X1:{Xz}:{x3})
| >

species individual DNA sequence

—— female

{XZ}:{XZIS}I s=+ | male

sl=10r.s), f}

base humber
+ maternal origin
- paternal origin
chromosome number

v (x.{x)) = [1ap(t)] 0 )

State corresponding to {x,} individual in x; species




Fundamental Process

(in case of sexually reproducing species)
Birth Operator

;+ = {le {le +}: {()’,5), Z}}
X = x4y, s, 2}

female representations (symmetric o male representations)

B'(x;, x, (s} x;, x;{s"} = gza/[;’f]a/[?*}
{s}={x, £, ---,+} or {s'} specifies the possible choice of haploid :
47: n:number of chromosome

r'egis‘rr'a’rion (specification of {x;, x,, x3} of new born baby)

Question of ordering of (x,{s} x,{5*})
(X xS0 ) < (xP x5 ) i x5 < x§
if xf" =x{? then (xS, x§7) < (x%, x$20 ) if x} < x;(%
{s}<{s®}| if s has more + on the left
we count 5* then 5
This uniquely defines x° = {xf, x5, x5}
Define S, = IZa/f[;c}(f + J)a/_[;t](f)
Then B(x ,x',--.x")=85B8(x, x,is}, x,, x,1s'}) :
B: Birth Operator




coupling constants or vertex functions

x ={x Ly s 2} x =X drs). 2}

X = Rt sk z)

g(;:;i: ;C)
zeroth approximation =0, 0,
first approximation g WP ()

d’: entire evolutionary distance excluding
the sex chromosome

define
F(xe)=g(x,x:x.)B(x.,x:x.)

define the stochastic ensemble:

(v(t))= {n Y F(x)| wra)}}

- { 3 texp[ H(xet)dt{w( fo)}}

H(;c,f):/OgF{;c,f)




Associated Processes

¢ point mutation
H/(t)= Zq/‘v(’_\;' f)a;{;)(f')a/{;)(f')

¢ copying

Ho(t) =3 9.(x,t) T aj,
X6

Zes !

x=(+Z->n,+Z): newbasenumbers

Gene Approximation

x =[x, {x,, 1y, +, z]]

z: base number —— locus number

{a/[x]: a/"[x’]}: 550

i xx'

[71=1,---,n

a

n,: number of alleles




# Interchromosomal Crossing-Over

ZI —_—
0 X

X

Hyt) =4,

z a/"[y+,z,<z<z,+(zf—zz)

] ai[y+,z,<z<zf]

o a
"'[/V*: Zz<z<zz+(zf*21)] "[/V*: zz<z<zf]

where ily+,z,<z<z, +(z,-z,)|=ily-,z, <z<2z,]

and  Fly-z,<z<z,+(z,-z,)|=ily+t,z,<z<z]

Coincidental Evolution

d (evolutionary distance) as a function of # may not
be a simple increasing function of 7.

s

Ohta: identity coefficient




4. Somatic Cell Division

one generation | ¢ } individual development
| £+ 1

| £+ 2

| .

|

It is crucially important to understand the process
of the individual level from its birth to death.

This provides an appropriate theoretical framework

to such fields as embryology, ontogeny, immunology,
environmental studies, etc. etc.

0/[;](7‘ + ])
a(*) <
a/,[;w](f +1)
Ff. = ]XYf(X)G,-’EX](f + ])a,-’EHN](?‘ + ])a"[x](f)

H, =log F,

Texp|['Hdt|: Fundamental Process
To




= Central Dogma

T.(n) 1T

X1 X2,

X a/’EX](f)a/[x](f)b;[;](r)
(X]'XZIXJ) - X
T.(n)=F(ng, .n;)

= Environmental Effect

External variable A, A’

ZHA;b/,[f;] + f{b*) + ZHA)»:bJ[;]

5. Concluding Remarks

o Itisveryimportant to understand the behavior of the
mating population

mm=) Human case: collaboration of researchers of
different disciplines
o Life form is not a complex system.
The concept of fractal or chaos could be important:
non-linear system.

O Such technique as renormalization a quantum group will be
important

O Necessity of combining the population and somatic

approaches

Unification of biology and physics!
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