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Numerical studies on topological aspects of gauge theories

We can explore the topological nature of quantum field theories via topological terms.
Recently, gauge theories with a theta term have been studied by 't Hooft anomaly
matching. In particular, there is a constraint on the phase structure of the 4D SU(N)
pure gauge theory by a ’t Hooft anomaly involving the CP and center symmetries at 0
= 1. The constraint is consistent with the well-known scenario at large N, where the
theory at @ = 7 is confined with spontaneously broken CP at low temperature and then
has a transition to deconfined phase with restored CP at a finite temperature. However,
it is highly nontrivial whether or not this structure persists for small N since there are
various ways to satisfy the anomaly matching condition. For instance, the theory for
small N at low temperature may be deconfined or gapless as well as spontaneously
broken CP. Therefore it is an interesting challenge to investigate the phase structure
by first-principle calculation at the smallest N i.e. N = 2. ‘

The effect of the theta term is genuinely non-perturbative. The theory with a theta
term should be analyzed by non-perturbative calculations based on the lattice gauge
theory. However, the Monte Carlo simulation of the theory including the theta term is
difficult due to the sign problem. The aim of this work is to develop a method to
simulate gauge theories with a theta term avoiding the sign problem. We first focus on
the complex Langevin method (CLM), which is one of the approaches allowing us to
avoid the sign problem. The advantage of this method is that the calculation cost of the
CLM depends linearly on the system size, so that one can easily apply it to theories in
higher dimensions. However, the CLM has the drawback that it possibly gives wrong
results depending on the system and the parameter region. Fortunately, a practical
criterion for correct convergence was proposed in the recent study. Thus, the CLM is
thought to be a useful method as long as the criterion is éatisfied.

As a first step, We applied the CLM to 2D U(1) gauge theory with a theta term. This
model is suitable for the testing ground since it can be solved analytically with finite
lattice spacing and finite volume on an arbitrary manifold. We found that a naive
implementation of the CLM on the periodic lattice fails. We clarified that the
configurations which appear when the topology change occurs during the simulation
necessarily result in a large drift force. In fact, frequent appearance of the large drift

force violates the criterion for correct convergence. If one avoids this problem by simply



approaching the continuum limit, the topology change never occurs during the
simulation.kIt causes the other problem of the ergodicity.

In order to circumvent this problem, we introduced a puncture on the lattice, namely
removing a plaquette from the action. It makes the manifold non-compact, so that the
2m periodicity of 6 is lost. We obtained the exact results for this punctured model and
proved that it is equivalent to the infinite volume limit of the original model for 8] <
7. Thus, we can still extract the information of the original model from the punctured
model. Rather surprisingly, we find that the CLM works and reproduces the exact
results for the punctured model even for large 8. The topology change can occur freely
thanks to the degrees of freedom around the puncture. As approaching the continuum
limit, the large drift force does not appear because the problematic plaquette
(puncture) is removed from the action.

Next, I analyzed 4D SU(2) gauge theory with a theta term by using the CLM. This
work is motivated by the prediction for the phase structure of the theory at § = m by
the 't Hooft anomaly matching. The methods free from the sign problem, such as the
CLM, allow us to calculate observables for 8+ n directly. We applied the CLM to the
theory with the topological charge naively defined by the clover leaf formula and found
that it works in the high temperature region. However, the topological property of the
theory is unclear since the topological charge on the lattice is contaminated by the
short-range fluctuations. The topological charge does not approach an integer. In fact,
the situation is different from the case of 2D where the topological property is clear
even on the finite lattice.

Then, we introduced the stout smearing in the CLM in order to suppress the
contamination of the topological charge. It successfully eliminates the short- range
fluctuations, and the topological charge becomes close to an integer. However, we found
that there is a relation between the topology change and the large drift force. They are
correlated with each other as the case of 2D. Thus, we need to modify the boundary
condition of the 4D lattice to avoid the large drifts.

We also developed the TRG method to study gauge theories avoiding the sign problem.
The TRG can be alternative method for the case where the CLM does not work. In this
work, we focused on higher-rank gauge group, namely U(N) and SU(N) for N > 3. The
TRG is indeed powerful method for various systems in 2D. The computational cost
increases only logarithmically with the system size, and so one can easily access the
infinite volume limit. However, extension to higher dimensional theories is not
straightforward. One need to avoid rapid growfh of the calculation cost due to the
increasing rank of tensors. Recently, some algorithms have been proposed to deal with
this problem, which makes the TRG applicable to quantum field theories in 4D. On the
other hand, the application to gauge theories is so far limited to U(1) and SU(2) gauge
groups. In view of this situation, we studied the TRG of U(N) and SU(N) gauge theories

in 2D, which is analytically solvable. We used the character expansion to rewrite the



group integral as a sum over discrete indices. Unlike in U(1) and SU(2), it is nontrivial
to restrict the number of representations to be used in constructing the tensor network.
We proposed a practical way to truncate the sum and confirmed its efficiency, which
allow us to take the large-N limit. We expect that this method is useful also for more
nontrivial gauge theories in higher dimensions.

For the theory in 2D, the structure of the tensor is simple, so that the TRG algorithm
can be completed exactly. Thanks to this property, we can precisely investigate the
large- N behavior of the singular values of the tensor. We found that the singular-value
spectrum has a definite profile in the large-N limit. Based on this fact, we proposed a
novel interpretation of the Eguchi-Kawai reduction in terms of the TRG. We also found
a new type of volume independence in the large-N limit of 2D U(N) gauge theory with

the theta term in the strong coupling region.
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