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Lehmann’s Spectral Density
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I. INTRODUCTION

The photoemission spectroscopy is the most standard experimental method to get in-
formation about the deusity of states(DOS) of the electron, and it directly determines the
Lehmann spectrum of one-body Green’s function. At present, the energy resolution of this
photoemission spectrum(PES) overreaches a few meV, and the momentum resolution is also
high enough to cut the first Brillouin zore into 20 pieces or more. Hence, it can clarify
the natures of the electronic states in detail than ever before. In particular, to clarify the
spectral feature around the Fermi level by this high resolution photoemission spectroscopy
is one of the most important issues in the solid state physics.

In connection with this problem, a new peak structure around the Fermi level has been
clearly observed in CaVQj; and SrVOj; [1], in addition to the well-known Hubbard-band
peaks. Thus, the origin of this new peak, which is only slightly distant from the Fermi level,
has become a debating point. In terms of theoretical works, the DOS was calculated by using
the infinite dimensional Hubbard model [2,3], by quantum Monte-Carlo simulations [4], and
by various other methods [5]. In 1-dimension, there are many studies including the exact
results [6]. It is already well-known that, in the infinite dimensional case a peaked structure
appears at the Fermi level. On the other hand, within the quantum Monte-Carlo method for
1-, 2- and 3-dimensional systems, up to present, there is no theoretical study that predicts
the appearance of such peaks around the Fermi level. For this reason, our purpose, in the
present paper, is to clarify the DOS and the electronic property related with this new peak.

We calculated the one-body Green’s functions for 1-dimensional half-filled Hubbard sys-
tems with various correlation strengths and temperatures, using quantum Monte-Carlo sim-
ulation [7]. The spectral functions are obtained by making use of the analytic continuation
" method. In the region of the intermediate correlation strength and temperature, we have
found some new peaks appear around the Fermi level, even in the case of l-dimensional
systems, just like the case of the infinite dimension. Some of these multi-peaked results

qualitatively agree with the recent experiment on CaVO; and SrVOs;.
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II. MODEL AND METHOD

We consider the Hubbard Hamiltonian (= H), which is represented by
H=—t Z (a:-'oajg + a;'aaio) + UZ”z‘rﬂ-u, Ny = ngaig, o=T,1, (2.1)
{i.j)o L

where —¢ is the electron transfer energy from a lattice site 7 to a site j, and (4, j) represents
the set of neighboring two sites. azc, denotes the creation operator of an electron localized
at the site 7 with the spin . U is the strength of the on-site Coulomb repulsion. All the
energies are normalized by t (= 1.0 eV). Subscripts for the spin will be omitted hereafter.
We will be concerned only with the half-filled case, and a periodic boundary condition is
imposed for practical calculations. The one-body Green’s function (= G{k, 7)) with the

momentum (= k) is defined by
G(k,7) = —{Tsax(r)al(0)), (22)

where 7 is the imaginary time argument, and T, denotes the time-ordering operator for 7.
(X) represents the thermal average of X, and ax(7) is the Fourier transform of the Heisen-
berg representation(= a,(r)) of a;. The spectral function (= A(k,w)) in the Lehmann’s
representation for the eq. (2.2) is given by
e

Gk.r) = —/dwm}l(iﬁ,w), (2.3)
where 8 = 1/kgT, kg is the Bolzmann constant, and 7 is the absolute temperature. From
G(k, ), we have obtained the spectral function A(k,w), using the least-squares method. We
have not used the so-called maximum entropy method [8], but have used quadruple precision
in the matrix multiplications and factorizations [9] to avoid numerical errors, and to get the
smooth and reliable spectral functions. It should be noted that our method can completely
reproduce various well-established theoretical results of quantum Monte-Carlo method for

the strongly correlated systems [10].



III. RESULTS AND DISCUSSION

In order to get an overview for the metal-insulator transition, we, at first, show T and U
dependencies of DOSs, using a rather small size system (20 sites). Figure 1 shows the DOSs
at.t/(kBT) = 1, 10, 15, 25 and 30, where we fixed U/t at 2.0. In Fig. 1(a), we can see the
normal metallic state, which is quite fuzzy around the —2tcos(k) band, because of the high
temperature. At a glance, we can find in Fig. 1(b) the characteristic peak just at the Fermi
level. In Fig. 1{c)-(e), we can see this characteristic peak splits into two symmetrical ones,
and the growth of the pseudogap, which indicates that the system goes into an insulator,
as temperature decreases. In the next, we change U for fixed T'. Figure 2 shows the DOSs
at U/t = 1.0, 2.5 and 4.0, along fixed ¢/(kpT) = 18. In Fig 2(a) and (b). we can see the
same characteristic peak(s) which are already shown in Fig. 1. In Fig 2(c), we can see
the DOS which has no characteristic peak around the Fermi level. This result is same as
the well-known cne for the strongly correlated systems [10]. As the resuit, we have clearly
shown that the change of the DOS from metallic states to the insulating states has many
intermediate steps. The DOS of these intermediate states has the characteristic peak(s)
around the Fermi level, in addition to the so-called Hubbard-band peaks.

Finally, we will increase the system size from 20 sites to 48 sites, and show the
momentuni-specified Lehmann’s spectral functions, as well as the DOS. Figure 3 shows
the DOS for U/t = 2.0 and t/(kgT) = 20. This result is consistent with previous ones
shown in Fig. 1 and 2. We can see a concavity at w/t = 0 and two new characteristic peaks
at around w/t = £0.4, as well as the so-called Hubbard peaks at about w/t = +1.5. This
result qualitatively agrees with the experiments on CaVOj3 and SrVO;. These experiments
are performed by Tokyo Univ. group and Osaka Univ. group independently each other. The
resultant photoemission spectra have a concavity at the Fermi level, and the peak structure
a little below it. This result is entirely same between these two independent groups. In
Fig 4, we show the momentumn-specified Lehmann’s spectral functions for k = 117m/24 and

k = 0. These momenta correspond to the new peak and the old lower-Hubbard peak, re-




spectively, as marked by  and { in Fig. 3. W hen k = 117 /24, the spectral shape is quite
sharp but still has a finite width, while when Lk = 0, it is quite broad. That is, the new
peak corresponds to the quasi coherent state, while the old peak corresponds to the strongly
incoherent state.

Let us now qualitatively clarify the origin of these multi-peaked structures in connection
with the infinite dimensional case. In the present case, we should note that the strength
of U is limited within the intermediate(or small) values. Since, our system is 1-dimension,
the long range order of the electron correlation is absent from the beginning. However,
even the short range order will be so short as compared with the large U case. That is,
the electron feels effective magnetic field which has no inter-site coherence. In this point
of view, it becomes quite similar to the infinite dimensional systems. Therefore, we can
understand that the characteristic peak(s) appear not only infinite dimensional systems,
but also finite(1-, 2-, 3-) dimensional systems, if the correlation strength is intermediate.
We have already preliminary calculated the cases of 2- and 3- dimensional systems with
intermediate strengths, and have confirmed that the multi-peaked structures appear even in

these cases.

IV. SUMMARY

We have calculated the momentum-specified Lehmann’s spectral functions, as well as the
total density of states for 1-dimensional half-filled Hubbard system using a quantum Monte-
Carlo method. In the region of the intermediate correlation strength and temperature, we
have found the DOS has the new characteristic peak(s) near the Fermi level. We have shown
this new peaks are quasi coherent, while the well-known Hubbard-band peaks are strongly
incoherent. We have also clarified that this multi-peaked structure in the intermediate region

is rather insensitive to the dimension.
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FIGURES
FIG. 1. The DOSs for U/t = 2.0 at t/(kgT) = 1 (a), t/(kgT) = 10 (b), t/(ksT) = 15 (),
t/(kgT) = 25 (d) and t/(ksT) = 30 ().
FIG. 2. The DOSs for t/(kgT) = 18 at U/t = 1.0 (a), U/t = 2.5 (b) and U/t = 4.0 (c).
FIG. 3. The DOS for U/t = 2.0 and t/(kgT) = 20.

FIG. 4. The momentum-specified spectral functions for k = 117/24 (a) and k = 0 (b).
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Abstract

We have theoretically studied the one-dimensional half-filled Hubbard model
with various correlation strengths, and calculated the Lehmann spectra of
momentum-specified one-body Green'’s functions, as well as the total density
of states(DOS), using the quantum Monte Carlo method. In the region of
intermediate correlation strength, we have found the DOS has new charac-
teristic peaks neaf the Fermi level, in addition to the well-known upper and
lower Hubbard-band peaks. We show these new peaks near the Fermi level
come from quasi-coherent states, while the upper and lower Hubbard-band
peaks come from strongly incoherent ones. This multi-peaked structure, ap-
peared only in the intermediate region, is also shown to be quite insensitive to
the dimensionality. Finally, we compare our results with the single impurity
model, and give a rough explanation for the origin of this newly obtained
multi-peaked structure. Our results also qualitatively agree with the recent

experiments on CaVOj3; and SrVO; crystals.
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I. INTRODUCTION

The photoemission spectroscopy is the most standard and contemporary method to de-
termine the density of states(DOS) of valence electrons in solids. At present, the energy
resolution of this photoemission spectrum(PES) overreaches a few meV, and the momen-
tum resolution also has become high enough to clarify the dispersion relation of the valence
band electron in detail. Thus, the photoemission spectroscopy can now clarify the natures
of the electronic states more precisely than before. In particular, to clarify the natures of
the electronic states just around the Fermi level is one of the most important issues in the
solid state physics.

In connection with this high resolution photoemission spectroscopy. the nature of the
electronic states around the Fermi level of the perovskite-type compounds such as CaVO;
and SrVOs crystals is the matter of great interest in recent years. According to the most
up-to-date experiments, a new peak structure has been discovered at around the Fermi level
of these crystals, in addition to the well-known Hubbard-band peaks. This new peak at the
Fermi level has such a twin structure, that its intensity is clearly suppressed just on the
Fermi level, but enhanced at slightly below and above this level. These experiments are
performed by Osaka Univ. group' and Tokyo Univ. group® quite independently. However,
the resultant spectra are entirely same between these two groups. Thus, the origin of these
new peaks, which are slightly below and above the Fermi level, has become a hot debating
point.

From the theoretical point of view, the PES directly corresponds to the Lehmann spec-
trum of the one-body Green's function. Looking back on past theoretical studies for the
Lehmann spectra. they were often calculated for the infinite dimensional Hubbard model
by using the dynamical mean-field method®4. While, in the cases of finite dimensions, they

5, and also by various

are often calculated by using the quantum Monte Carlo simulations
other approximations. In particular, for one-dimensional systems, there are many studies

including the exact results®



In the infinite dimensional case, as is already well-known, a significant peak clearly
appears at the Fermi level, if the inter-electron Coulomb repulsion is weak enough to keep
the whole system in a metallic state. However, it has long heen believed that, this peak-
structure at the Fermi level is only the artifact of the infinite dimension. In fact, for the finite
dimensional cases, many calculations are undertaken for the Lehmann spectra as mentioned
above, but, in that spectra, no peak-structure is reported at around the Fermi level.

However, it should be noted that all these Monte Carlo studies have been restricted only
within strongly correlated cases. Up to present, the quantum Monte Carlo method for one-,
two- and three-dimensional systems in these strongly correlated cases, does not predict the
appearance of such a peak around the Fermi level. Nevertheless, in the case of intermediate
correlation, the presence or absence of such a peak is still not clarified.

For this reason, the purpose of the present paper is to clarify the DOS and the electronic
property related with this new peak around the Fermi level. In particular, we focus mainly on
intermediately(or weakly) correlated regions, concerning with the metal-insulator transition.

We calculate the one-body Green’s functions of one-dimensional half-filled Hubbard sys-
tem for various correlation strengths and temperatures, using the quantum Monte Carlo
method”. The Lehmann’s spectral functions of the one-body Green’s functions are ob-
tained by using the analytic continuation method. In the region of intermediate correlation
strength, we will show some new peaks appear around the Fermi level, even in the case
of one-dimension, just like the case of the infinite dimension. This new peak at the Fermi
level splits into two peaks, as the temperature decreases or the on-site Coulomb repulsion
increases. These theoretical resuits will be roughly examined in terms of a single impurity
model, and will also be shown to be insensitive to the dimensionality. Our results also qual-
itatively agree with the aforementioned recent experiments on CaVO3z and SrVO; crystals.

This paper is organized as follows: In Section I, we describe our model and method.

The numerical results will be discussed in Section III. In Section IV, we give a summary of

the present work.




II. MODEL AND METHOD

We consider the Hubbard Hamiltonian{(=H). which is represented by

H = Ho + Hy, (2.1)

Ho=—~t Y (ahemo + aly,tms), (2.2)
{mm")ao

Hi=UY Mmoo = Qhoms, 0 =101 (2.3)

where ¢ is the transfer energy of an electron from a lattice site m to its nearest neighboring
site m’, and {m,m’) represents this nearest-neighbor relation. al,, denotes the creation
operator of an electron localized at the site m with the spin o. U is the strength of the
on-site Coulomb repulsion, and throughout of this paper all the energies are normalized by
t (= 1.0 eV). We will be concerned only with the half-filled case, and a periodic boundary
condition is imposed for practical calculations. The path-integral formulation is already
well-known, and has been given in the reference’ in detail, so we repeat here only its outline.
By the Trotter’s formula and the discrete Hubbard-Stratonovitch transformation, we get a

path-integral form for e ?* as

e, /33:6 T, exp [ /B dr kT, m(m,’r))], (2.4)

h(T.“'L‘(Tn:T)) = [Zl T?? T an( ) ﬂmj(’f‘)). (25)

Here, 8 = 1/kgT, kp is the Boltzmann constant, T is the absolute temperature. T in eq.
(2.4) is the time ordering operator, and the time argument 7(0 < 7 < ) of the operators
Ho(7) and 7mg () represents only this time ordering. The symbol [ Dz denotes the path-
integral over the Ising spin variable z{m, 7) which takes only 1 or —1, randomly. A is the
time interval of the Trotter’s formula. Thus, the two-body term in eq. (2.3) is now reduced
into a one-body Zeeman field, which fluctuates as a function of m and 7.

Then. according to the reference’, we define the time evolution operator(=R(7,z)) as

R(t.z) = Tyexp [— /OT dr’ h{r', z(m, T’))I , (2.6)

4




wherein z symbolically denotes a path z(m, 7}, and this simple notation will be used here-
after. Now we can define the one-body thermal Green’s function(=G(m, r,m’, 7', 0, 1)) along

a given path z as

Glm. 7,7, 0,x) = —sign(t = 7N Tlimo (7)ab, (7). (2.7)
Tl R(8.2)
(e Tr[R(S3, z}] (28)
where &mq(7) is the Heisenberg representation of ame, which is defined by
Gme(T) = R7Y(7,2) Gmo R(7.7). (2.9)

While the ordinary thermal Green’s function(=G{m, 7, ¢)) can be obtained after the path-

integral as

a(m —m T = 7! O’) — Z{m} TI[R(IQ "L')]g(m, T, 'm-,, T', a, _jg)
| | 3wy TrIR(S. 2)]

This path-integral or the summation over the path is the Monte Carlo calculation, which

(2.10)

takes the weight of each path Tr[R(3, z)] into account.
The relations between the momentum-specified one-body Green’s function(=G (k, 7, o))
with the wave-number(=k), and its Lehmann’s spectral representation(=A(k, w, o)) with

the energy w, are given by

Glh,7,0) = Zeik'ma(m, 7.0, (2.11)
G(k,7,0) = —fdwl—j%}l(k,w:a). (2.12)

We have obtained this spectral function A(k,w), using the least-squares fitting method,
and not employed the so-called maximum entropy method®. To avoid numerical errors,
in practical numerical calculations, we also have used quadruple precision in the matrix
multiplications and factorizations®, and thus, the smooth spectral functions have obtained
without serious noise. It should be noted that our present method can completely reproduce
various well-known theoretical results of quantum Monte Carlo calculations for the strongly

correlated systems'9. One of such results will be shown in next Section, for proof.

)



III. RESULTS AND DISCUSSION

In order to get an overview for the metal-insulator transition, we, at first, show T and U/
dependencies of DOSs, using only a small size system (20 sites). Figure 1 shows the DOSs
at t/(ksT) = 1, 10, 15, 25 and 30, wherein we fixed U at U/t = 2.0. In Fig. 1(a), we can
see the normal metallic state, which is quite fuzzy around the —2tcos(k) band, because of
its high temperature, ¢/(kgT) = 1. In Fig. 1(b) with t/(kgT) = 10, on the other hand,
we can find a characteristic peak just at the Fermi level. In Fig. 1(c)-(e) with much low
temperatures, we can see this characteristic peak splits into two symmetrical ones, and the
growth of the pseudogap, which indicates that the system undergoes to an insulator, as
temperature decreases. Next, we change U for fixed 7. Figure 2 shows the DOSs at U/t =
1.0, 2.5 and 4.0, with fixed T, ¢/(ksT) = 18. In Fig 2(a) and (b), we can see the same
characteristic peak(s) which are already shown in Fig. 1. In Fig-2(c), we can see that the
DOS has no peak around the Fermi level. This result is same as the well-known DOS already
reported for the strongly correlated systems'®. Thus, we have shown clearly that the change
of the DOS from the metallic state to the insulating one has many intermediate steps. The
DOSs of these intermediate states have the characteristic peak(s) around the Fermi level, in
addition to the so-called Hubbard-band peaks. Here, we should note again that for the large
U cases, our present theory can completely reproduce the DOS which is already well-known,
and it proves the reliability of our calculations.

Next, we will increase the system size from 20 sites to 48 sites, and show the momentum-
specified Lehmann’s spectral functions, as well as the DOS. Figure 3 shows the DOS for
U/t = 2.0 and t/{kgT) = 20. Now, we can see the spectral shape around the Fermi level
more distinctively. That is, the spectral intensity is suppressed just at the Fermi level, and
new peaks appear at slightly below and above the Fermi level, in addition to the so-called
Hubbard-band peaks. These peaks are marked by two arrows at w/t = —0.4 and —1.5. In
order to clarify the electronic states much more in detail, we show in Fig 4, the momentum-

specified Lehmann’s spectral functions for & = 117/24 and & = 0. These momenta just



correspond to the new peak and the conventional lower Hubbard peak, respectively, and
they are marked by { and ft in Fig. 3. At k= 117 /24, the spectral shape is quite sharp but
still has a finite width, while at k = 0, it is quite broad. Thus, the new peak corresponds
to the quasi-coherent(or weakly incoherent) plane-wave state, while the conventional peak
corresponds to the strongly incoherent one. Consequently, we can say that the electronic
states can no longer keep the simple one-body type cosine-band nature. Before the system
goes into an insulating state, each one-electron state has been already greatly reconstructed.

Let us now qualitatively clarify the origin of these multi-peaked structures in connection
with the infinite dimensional case. Since our system is a half-filledl one, the antiferromagnetic
correlation dominates the electrons. However, as is well-known, in the case of the infinite
dimensional system, this antiferromagnetic order has no inter-site coherence. Thus. we can
infer that this absence of inter-site coherence is the origin of the new peak structure. In the
present case, we should note that the strength of U is limited within the intermediate(or
small) values. Since our system is one-dimension, the real long range order is absent from
the beginning. However, the spatial extent of the antiferromagnetic spin correlation helps
us to understand the origin of this multi-peaked structure. For this reason, let us see the

spin correlation function(=f(m — m’)), which is defined by

N
R (5.)
S = Z ol Gostme, &= (0% 0¥ 5%, [3.2)

a0’

where @ denotes the Pauli matrix. In Fig 5, we show the spin correlation functions at U/t =
4.0, 2.0 and 1.0, with fixed T, t/(kgT) = 10. We can clearly see that the spatial extent of
the spin correlation becomes shorter and shorter, as U decreases. At U/t = 1.0 and 2.0, we
can see that the intermediately correlated systems have a weak inter-site antiferromagnetic
coherence. Thus, the situation becomes similar to the infinite dimensional system, although
it is qualitative.

Consequently, the effective maguetic field, which comes from eq. (2.5) and applied on

an individual electron at each lattice site, has only a weak inter-site coherence. For this




reason, we, here, focus only on a single lattice site, for example, m = 0, and as a very rough
approximation, we assume that the Zeeman field z(m.7) is static and not zero only in this
site 7 = 0. Within this rough picture, we can regard our system as a single-site magnetic
impurity system. In the following, we try to qualitatively explain the origin of the three
peaked structure (Fig. 1(b)) in terms of this single impurity model'’.

Now, we consider the simplified Hamiltonian(=H) as

H = Hqy+ H,, (3.3)
1 X
— 1 — —ik-m
Hy = ‘{:o: Eiap ke, Qro = \/—sz: e Ao (3.4)
Hy = Ue Zaaaaéaagaﬁ (35)

where Ej is the energy of an electron having a wave-number &, and NV is the total number of
the lattice sites in our system. U, is the effective magnetic field at the site m = 0 explained
above. We assume that this U, is of the same order as that of U. The lattice Green’s

function(=G) corresponding to H at the site m = 0 is given by

1

G=—"—.
Gyl U,

(3.6)

where Gy is the lattice Green’s function corresponding to Hy at m = 0, and is given by

B , p(E)
Go = de oot (3.7)
o(E) = + 6B~ By (38)
k

Figure 6 shows a typical case of eq. (3.6), where, a semi-elliptical DOS is assumed for p(E).
In Fig. 6(a), the solid lines represent Re(Gq) and p(E), and the long- and short-dashed lines
represent +1/U, and —1/U,, respectively. In Fig. 6(b). we can see a three-peak structure
arising from the poles of G. That is, the so-called resonance peak in the continuum and
the isolated peak. This resonance peak corresponds to the one-body type plane-wave state
extending over the whole crystal. While, the isolated peak corresponds to a localized state

within this site m = 0, and the origin of this localization is the inter-electron repulsion



U itself. Because of the thermal and quantum fluctuations, this resultant DOS will be
broadened as schematically shown by the thick line in Fig. 6(b). Thus, by this single
impurity model, we can roughly reproduce the three peaked structure. Consequently, the
isolated peak corresponds to the aforementioned incoherent peak, while, the resonance peak
corresponds to the coherent one.

This single impurity picture is too rough to explain the change from the three peaked
structure to the four peaked one. This change is nothing but the metal-insulator transition,
being a collective property, and can only be clarified by our present Monte Carlo theory.

Here. we should also note that this scheme mentioned above is completely free from the
dimensionality. In this connection, we have already perforned the preliminary calculations
in the cases of two- and three-dimensional half-filled systems with intermediate correlation
strengths, and have confirmed that the multi-peaked structures also appear even in these
systems.

Finally, let us compare our results with the experiments. According to the recent ex-
perimental results on CaVO; and SrVO3s, a new peak structure has been observed around
the Fermi level, in addition to the well-known Hubbard-band peaks. That is, the PESs are
suppressed just at the Fermi level, but enhanced at slightly below and above it. By our
calculation shown in Fig. 3, same characteristic peaks are obtained only in the case of the

intermediate correlation strength. These two results agree qualitatively.

IV. SUMMARY

We have calculated the momentum-specified Lehmann’s spectral functions, as well as the
total density of states, for one-dimensional half-filled Hubbard systems, using a quantum
Monte Carlo method. In the cases of the intermediate correlation strengths, we have found
the DOS has the new characteristic peak(s) near the Fermi level, in addition to the so-called
Hubbard-band peaks. Our results predict that the new characteristic peak at the Fermi

level splits into two symmetrical ones, as the metal-insulator transition proceeds. We have




also shown that these new peaks correspond to the quasi-coherent states, while the well-
known Hubbard-band peaks correspond to the strongly incoherent ones. This multi-peaked

structure in the intermediate region is also shown to be insensitive to the dimensionality.
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FIGURES
FIG. 1. The DOS at t/(ksT) = 1 (a), t/(ksT) = 10 (b), t/(kgT) = 15 (c), t/(ksT) = 25 (d)

and t/(kpT) = 30 (e), with fixed U/t = 2.0.

FIG. 2. The DOS at U/t = 1.0 (a), U/t = 2.5 (b) and U/t = 4.0 (c), with fixed t/(kpT) = 18.

FIG. 3. The DOS for U/t = 2.0 and t/(kgT) = 20.

FIG. 4. The momentum-specified Lehmann's spectral functions for £ = 117/24 (a) and k =0

(b). U/t and t/(kpT) are the same as in Fig. 3.

FIG. 5. The spin correlation functions for U/t = 4.0, U/t = 2.0 and U/t = 1.0, with fixed

t/(kgT) = 10, and the inset represents f(m - m')/f(0). The system size is 48 sites.

FIG. 6. Schematic representation for the three peaked structure {thick line}. (a): the lattice
Green’s function Go (solid lines), +1/U. (dashed line) and —1/U, (short dashed line}). (b): the

dashed and short dashed lines represent —~Im(G).
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