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Abstract

In this thesis, we consider F-theory compactifications, especially, we focus on an
F-theory on an elliptically fibred Calabi-Yau threefold over a Hirzebruch surface. In six-
or lower-dimensional F-theories, if a fibre type has the condition that an exceptional
curve splits into two irreducible ones, we can distinguish the singular fibre types into two
types depending on whether the split exceptional curve can split globally or not: “split”
and “non-split”. It is known that split models correspond to the ADFE gauge symmetry
implied by Kodaira’s classification. On the other hand, in non-split models, the two split
exceptional curves are identified by monodromy. Since this caused a projection by a
diagram automorphism, the expected gauge symmetry in the non-split models is reduced

to the non-simply-laced one.

In the six-dimensional F-theory, when a model has the A;, Dg or E7; codimension-
one singularity, the model has half-hypermultiplets as massless charged matter fields and
interesting structures of singularities. These gauge symmetries correspond to particu-
lar quaternionic Kahler symmetric spaces and are related to the Freudenthal-Tits magic
square. The (3 gauge symmetry is the only non-simply-laced one among them. In the
first half of this thesis, as a final magical example, we investigate an F-theory on an ellip-
tic fibration over a Hirzebruch surface with the non-split I fibre, in which the unbroken
gauge symmetry is C3. We then find a significant qualitative difference between the F-
theory models of the split types with half-hypermultiplets and the non-split one. Next,
we consider the puzzles of non-local matter generation near the codimension-two singu-
larities where the codimension-one singularity is enhanced to Dg. In terms of the anomaly
cancellation condition and the resolution of the singularities, we state the puzzles.

These puzzles are not unique to the non-split Iy model; other non-split models also
have them. In the last half of this thesis, toward understanding these puzzles related to
non-local matter generation, for all models where the fibre type is distinguished into the
split and the non-split fibre type, we investigate the relationship between the split and the
non-split models, respectively. We then show that the split/non-split transition, except
for a special class of models, can be regarded as a conifold transition. This is related to
the conifold singularities remaining after the blow-ups of the codimension-one singularity
at the codimension-two singularities where the codimension-one singularity is enhanced
to Dogyo (K > 1) or E;. This clarifies that “local deformed conifolds” appear where
matter fields exist without any special parameter tuning in non-split models. And this
also shows that the puzzle in resolution analysis is due to conifold singularities becoming
deformed. These are non-local in terms of the base space and thus imply non-local matter
generation. We also examine how previous proposals for non-local matter generation can
be implemented in our resolution analysis.
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Chapter 1

Introduction

Superstring theory is a leading candidate for a unified theory involving quantum
gravity. Thus, there have been many attempts to construct phenomenological models from
superstring theory. For example, Models beyond the Standard Model such as the Grand
Unified Theory (GUT) have been constructed: the intersecting D-brane model, the models
based on the Calabi-Yau compactification of the Heterotic superstring theory, etc. Also,
models of early cosmology such as inflationary models have been constructed: the KKLT
model [2, 3], etc. However, models based on the isotropic Calabi-Yau compactification
of Heterotic superstring theory have a difficulty in that the experimental results cannot
be explained for weak coupling since Newton’s constant and the GUT coupling constant
are related to each other [4]. One way to solve this difficulty is to consider warped
compactification, and a brane picture is useful for this setup. In addition, D-branes are
also useful when considering moduli stabilization and are often used in cosmological model
building. Therefore, it is interesting to construct a model with a brane picture.

It is known that a theory on a D-brane in Type IIB superstring theory has U (1) gauge
symmetry derived from the fundamental string. In addition, if we consider symmetry
enhancement by stacking N D-branes, the (S)U(N) non-abelian gauge theory and its
bifundamental representation appear [5]. However, if we consider only D-branes (and
orientifold planes) and fundamental strings, the spinor representation which includes all
of the matter fields of the Standard Model in one generation does not appear'. In order
to realize the spinor representation, it is necessary to have a mechanism in which the
exceptional gauge symmetry (i.e., Eg, F7 and Fg) breaks into the SO(n) gauge symmetry.
Such a mechanism with a brane picture can be realized in F-theory and its dual superstring
theory?.

IThere is another problem with the intersecting D-brane model. The SU(5) GUT can naturally explain
the assignment of hypercharges to quarks and leptons. However, The SU(5) GUT model based on the
intersecting D-brane model prohibits up-type Yukawa coupling [6]. On the other hand, in F-theory, this
problem does not arise when we consider that the exceptional gauge symmetry breaks into SU(5)gur [7].

2After the LHC experiments, global F-theory GUTs have attracted great interest (see e.g. [8-40]).



Before going into the discussion of the F-theory, we describe the properties of a
vacuum for Type IIB superstring theory. We consider that the axio-dilaton field 7, and
thus the string coupling constant g, = e?, is allowed to vary. In this case, this means that
there are 7-branes; and then, the configuration of the axio-dilaton field depends only on
the coordinates of a complex n-dimensional compact subspace B,, of the ten-dimensional
space-time:

7(Bn) = Co(By) + ie~¢Bn) (1.0.1)

where Cj is the Ramond-Ramond (R-R) scalar field and ¢ is the dilaton field. More
specifically, in the case of By = P!, if we consider the case where there is a D-brane at
z =0 (z is an affine coordinate of P'), the axio-dilaton field near z = 0 is

7(z) ~ %log(zx (1.0.2)

not constant, since a 7-brane is a magnetic charge for 7(B,) and the BPS condition
requires that 7(B,) be a holomorphic function. Thus, the configuration of 7 varies and

nontrivial monodromy occurs around the point where the value of 7 diverges and there is
a D7-brane.

This monodromy and the SL(2,7Z) transformation allows 7-branes with not only R-
R charges p but also Neveu-Schwarz-Neveu-Schwarz (N S-NS) charges ¢ to appear. Note
that, since Type IIB superstring theory has the self SL(2,Z) duality [51], all monodromies
made by [p, ¢]7-branes can be identified under the SL(2,7Z) S-duality transformation:

ar +b a b
_— L(2.7). 1.0.
Técr—i—d’ (c d>€S<’ ) (1.0.3)

Therefore, when a general 7-brane exists alone, we can consider the 7-brane is identified
with the D([1,0])7-brane. Similarly, even if multiple 7-branes lie on top of each other,
each 7-brane is similar to this case after deforming each 7-brane to exist alone. However,
when stacking 7-branes at a point, of course, it may be possible to stack 7-branes with
different charges (p,q). This causes the non-locality among the 7-branes and gives rise
to open-string-like trivalent objects: string junctions. F-theory is an attempt to give a
geometric interpretation to this vacuum of Type IIB superstring theory.

F-theory is a geometrical framework of non-perturbative compactifications of Type
I1B superstring theory with general 7-branes, proposed by Vafa in 1996 [52]°. There is a
duality between F-theory and Type IIB superstring:

F /elliptically fibred Y,,.; over B, ~1IB/ B, with 7-branes,

On the other hand, for papers on local F-theory GUTs, which is an analysis based on the quantum field
theory, decoupling the closed string contribution, see e.g. [41-50].
3There are many good reviews for F-theory [53-58].



where n € N and Y, is a complex n-dimensional total manifold and we denote a duality
as ~. In F-theory, the configuration of the axio-dilaton field (1.0.1) in Type IIB super-
string theory is described by the complex structure modulus of the torus in an elliptic
fibration over the base space B,. Then, the SL(2,Z) S-duality transformation (1.0.3)
is identical to the modular transformation of a torus in F-theory. The non-perturbative
aspects of F-theory arise from nontrivial monodromies among 7-branes in Type I1B su-
perstring theory.

F-theory has a duality with M-theory as well [52,59]:

10 — 2n)-dim. F/elliptically fibred Y,,11
+
~ (9 — 2n)-dim. M/elliptically fibred Y;,+1|v—o

where V := Vol(E,) and E, is an elliptic curve. V' — 0 on the M-theory side corresponds
to the fact that a Kédhler modulus does not arise from the extra two dimensions E, in
F-theory. This means that the extra two dimensions in F-theory are virtual, in contrast
to M-theory, where all eleven dimensions, including the extra one dimension, are physical
space-time. Since Y,,1; is only composed of physical space on the M-theory side, the first
Chern class ¢; of Y, ;1 has to vanish in order to preserve supersymmetry. This implies that
Y, 11 is a Calabi-Yau manifold [60,61]. For example, in the case of flat eight dimensions,
Y, and the base space By are the elliptically fibred K3 and P!, respectively.

Let us discuss F-theory more specifically. An elliptic fibration over the base space

B,, with section is described by the Weierstrass equation
y* =a* + f(Ba)z + g(Bn), (1.0.4)

where f and ¢ are sections of certain line bundles over the base space B,. A cycle of an
elliptic curve [E; over the discriminant locus

A(B,) :=4f(B,)* +279(B,)* =0 (1.0.5)

vanishes and the fibre becomes a singular fibre. In particular, We consider the case for
an elliptic fibre to be singular and a total space Y,,11 not to be. We can confirm that this
case corresponds to the case that a 7-brane exists alone and that the discriminant locus
gives the position of a 7-brane on the Type IIB superstring theory side. In addition, a
vanishing cycle gives information about the charge (p, q).

We consider the case for not only an elliptic fibre but also an elliptic surface to be
singular. This case corresponds to multiple 7-branes stacked on the dual IIB superstring
theory side; and then, we can consider the non-abelian gauge symmetries arising from
there. Such singularities of an elliptic surface are classified by Kodaira, which is called the
Kodaira classification [62]. Kodaira’s classification is based on the intersection diagrams
of exceptional curves P! that arise after the blow-ups (Table 3.2). We can confirm that
these intersection diagrams correspond exactly to the Dynkin diagrams of the expected



gauge symmetries’. Therefore, a type of (non-abelian) gauge symmetry corresponds to a
singular fibre type of the elliptic surface in F-theory. In particular, Fg, F7 and Eg gauge
symmetries are realized when the Kodaira fibre types are IV*, I11* and IT*, respectively.
This is one of the virtues of F-theory.

It was shown that the Kodaira singular fibre types are labeled by the conjugate
class of the SL(2,7Z) monodromy around the singular fibres [63-65]. Therefore, through
the monodromy, we can see a correspondence between F-theory and Type IIB superstring
theory. As the result, it is known that the exceptional non-abelian gauge symmetries and
the spinor representations have been explained by using string junctions in the dual Type
IIB superstring theory [63-83]°.

In this thesis, we consider matter generation in F-theory. For this purpose, we
focus on six-dimensional F-theories. We introduce the Heterotic/F-theory duality, which
is useful in discussing matter generation. If the properties are particularly good (“stable
degeneration limit”), this duality is [52,87-89]

F/ K3 fibred over B, 1 ~ Fg x Eg Het./elliptically fibred over B,,_;.

In particular, in the six-dimensional (n = 2) case, we are to consider a Calabi-Yau three-
fold which is an elliptic fibration over a Hirzebruch surface [F,,. In this case, we can
classify their singular fibres by Tate’s algorithm [90,91]. However, unfortunately, a dictio-
nary connecting F-theory and Heterotic superstring theory for the generation of matter
fields has not yet been fully established. In this thesis, we focus on an F-theory on an

elliptic fibration over a Hirzebruch surface F,,.

In order to understand six- or lower-dimensional F-theories, we need to consider the

cases beyond the Kodaira classification. When considering an elliptically fibred Calabi-

Yau threefold, there are not only “codimension-one”®

7

singularities but also “codimension-
two” ones’. The “codimension-one” singularity is a codimension-two locus in the total
elliptically fibred Calabi-Yau threefold, where an elliptic fibre becomes a singular fibre. In
other words, a “codimension-one” locus, which is the projection of this codimension-two
locus onto the base space, is the discriminant locus (1.0.5). On the Type IIB superstring

theory side, a non-abelian gauge symmetry is realized on this “codimension-one” locus,

4In this thesis, we use “the singularity is G” in F-theory since there is an almost one-to-one corre-
spondence between a Kodaira singular fibre type and a Dynkin diagram of a simply-laced gauge theory
G (except for G = SU(2) and SU(3)). In the following chapters, these scare quotes are omitted.

5Tt was shown that a string junction is necessary to understand the spectrum of BPS states in the
gauge theory on the brane from the standpoint of superstring theory [79,80,84]. The string junctions are
also useful for describing chiral matter [85] and the non-simply laced gauge symmetries [86].

5We use the scare quotes to emphasize that the codimension is not counted in the total space but in
the base space of the elliptic fibration. In the following chapters, these scare quotes are omitted.

"When considering an elliptically fibred Calabi-Yau threefold, there are also “codimension-three”
singularities. The “codimension-three” singularities are involved in the Yukawa couplings in the four-
dimensional theory [41,42,44,92].



where stacks of 7-branes reside on top of each other. If this “codimension-one” singularity
is resolved, we can yield a collection of exceptional curves aligned along the “codimension-
one” locus, thus we can discuss the singular fibre type beyond the Kodaira classification
over the “codimension-one” locus.

In six- or lower-dimensional F-theories, if a fibre type has the condition that an
exceptional curve splits into two irreducible ones, then depending on whether the excep-
tional curve can split globally or not, the fibre types can be distinguished into two types:
“split” and “non-split” [90]. In split models, each intersection diagram of exceptional
curves that arises after the resolution corresponds to the ADFE Dynkin diagram implied
by Kodaira’s classification at a point on the “codimension-one” locus. On the other hand,
in non-split models, the two split exceptional curves are identified by monodromy that
is different from ones made by 7-branes. Therefore, each ADE gauge symmetry in the
split models is reduced to the non-simply-laced one (i.e., B,, C,, F, and G3) by being
subject to a projection by a diagram automorphism. The fibre type I,, (n = 3,4,---), I*
(n=0,1,---), IV or IV* can involve such identification of exceptional curves (Table 5.1
and 6.1).

The “codimension-two” singularity is associated with the “codimension-two” locus
on the base space, on which “codimension-one” singularities intersect each other and their
singularities are enhanced. On the Type IIB superstring theory side, this “codimension-
two” locus corresponds to the intersection of stacks of 7-branes, where the expected gauge
symmetry is enhanced. Therefore, the “codimension-two” singularity is involved in matter
generation. In particular, in a split model, if a “codimension-two” singularity is resolved,
we can yield an intersection diagram of exceptional curves that is different from one on a

“codimension-one” locus and explains the enhancement of the gauge symmetry®.

In this thesis, we first review the basics and the dualities of F-theory. As we have seen
so far, in F-theory, singularities are essential for geometrically realizing various aspects
of string theory”. Thus, we review the relationship between the information of both the
matter representations and the gauge symmetries and the singularities of geometry.

Next, we consider an F-theory on an elliptic fibration over a Hirzebruch surface F,,.
In the six-dimensional F-theory, the matter fields are the hypermultiplets. However, if a
model has the split g, I5 or I11* “codimension-one” singularity corresponding to the Aj,
D¢ or E; gauge symmetry, respectively, half-hypermultiplets and interesting structures of
singularity appear in the model [87,88,90,93,97]. In addition, the gauge enhancements
in which the half-hypermultiplets arise in these models are associated with the applica-

tions to GUT model building in F-theory. In this thesis, we review this discussion using

8In some split models, we can yield new two-cycles by small resolutions of the conifold singularities
at a “Daogyo (k> 1) or “E;” point [93-95]. In the M-theory dual, an M2-brane wrapped around one of
these two-cycles generates the localized matter multiplets [96].

9n particular, it is important that the phenomenological model building based on F-theory by ana-
lyzing geometric singularities can be done without decoupling the closed string contribution.



the A5 case as an example [93]'°. Also, these gauge symmetries correspond to particu-
lar quaternionic Kahler symmetric spaces and are related to the Freudenthal-Tits magic
square. The C3 gauge symmetry is the only non-simply-laced one among them. As a
final magical example, we investigate the non-split Iz “codimension-one” singularity, in
which the unbroken gauge symmetry is C3 [99]. We then find the puzzles of non-local
matter generation in the base space near the “codimension-two” singularities where the
“codimension-one” singularity is enhanced to Dg [99].

These puzzles are not unique to the non-split Iy model but are ones that other non-
split models also have [1,90,95,100-104]. Finally, toward understanding these puzzles,
we investigate the relationship between the split and the non-split models in all models
where there is a distinction between split and non-split fibre types [95]. We also discuss the
correspondence between our resolution analysis and previous proposals [1] for non-local
matter generation [95].

This thesis is organized as follows: In Chapter 2, we introduce the [p, ¢]7-branes and
their monodromies for the construction of F-theory. We also classify the monodromies
made by 7-branes at a point and the 7-brane configurations. In Chapter 3, we give an
overview of F-theory. We first discuss some mathematical facts for the F-theory construc-
tion and find that a discriminant locus of a Weierstrass equation corresponds to a position
of 7-branes at a point. Next, we consider “codimension-one” singularities. We see what
kind of gauge symmetry is realized for a 7-brane configuration from the standpoint of
the Kodaira classification which is the classification of the singular fibres of the elliptic
surface. Finally, we briefly explain the F-/M-theory duality. In Chapter 4, we summa-
rize the Heterotic/F-theory duality. We also find the anomaly cancellation condition. In
addition, we see that the analysis on the Heterotic superstring theory side satisfies this
condition. In the last section, we discuss whether this condition is also satisfied on the F-
theory side; and then, we find that matter fields arise at “codimension-two” singularities
when we consider ADE (split type) “codimension-one” singularities. In Chapter 5, we
perform the analysis by resolution for the six-dimensional F-theory models, in which half-
hypermultiplets arise. In particular, we consider the case of the gauge symmetries: As
and Cj, in other words, /¢ and I® “codimension-one” singularities in the six-dimensional
F-theory. We also show the non-split models have some puzzles regarding the non-local
matter generation. This chapter is based on our paper [99]. In Chapter 6, we consider
all models which have non-split fibre in six-dimensional F-theory, toward understanding
these puzzles. From the standpoint of resolution analysis, we investigate the relationship
between a split and the corresponding non-split model for all cases in which a non-split
model exists, focusing on a conifold singularity. We also examine the correspondence
between our resolution analysis and the previous proposal [1] for the non-local matter

generation in the non-split models. This chapter is based on our paper [95].

0The case of Dg and E7 is discussed in [98].



Chapter 2

7-brane Solution of Type IIB
Superstring theory

In this chapter, we consider the 7-brane solution of Type IIB superstring theory
for constructing F-theory [52]. We first construct the 7-brane solution and introduce the
monodromy made by a 7-brane. Next, we introduce [p, ¢|7-branes as general 7-branes
and string junctions due to the SL(2,Z) transformation. This string junction [81] is an
open-string-like trivalent object and is needed to realize an exceptional gauge symmetry
or a spinor representation [63-70,79,80,82,84]. We then classify the configurations of
7-branes by the classification of the monodromies created by the 7-branes. Finally, we
discuss the configuration of 7-branes and the expected gauge symmetries by analyzing the
monodromies in Type IIB superstring theory [63-65].

2.1 Construction of 7-brane solution

The bosonic content of Type IIB superstring theory consists of C), (p = 0,2,4),
which is the R-R p-form field, g,., B2 and ¢, which are the metric, the NS-NS 2-form
field and the dilaton field, respectively. By combining Cyy and ¢, we can define a complex
massless scalar field called the axio-dilaton field

T = Co+ie®. (2.1.1)

Note that the string coupling constant g; = e®. In this section, we find the classical
solution for which the axio-dilaton field 7 depends only on the coordinates of the complex

LA 7-brane is an

projective line P! : 2 = xg + izg. This is called the 7-brane solution
object that extends to one dimension in time and seven dimensions in space. When we
consider compactification to (1 + 7)-dimensions, it extends in the flat (1 4 7)-dimensional

direction. It is also a complex codimension-one object in the compact space of Type

IThe 7-brane solution is a % BPS solution and conserves 16 supercharges.

10
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IIB superstring theory. Since the 7-brane carries the magnetic charge of the axio-dilaton
field 72, the vacuum expectation value of 7(z) can vary when the 7-brane exists as a
background field.

The action of a ten-dimensional N' = (2,0) supergravity theory, which is the low-
energy effective theory of Type IIB superstring theory, is

1 1
_SIIB,string = /d10$€2¢ V—g (R + 4gwau¢av(b) - 5 /€2¢H3 A *HS

27
1< 1
_ZZ:/FQP+1 A*Fypiq — 5/6*4 A Hs N Fs
p=0

+(fermionic term) (2.1.2)

in the string frame, where u, v = 0,1,...,9 and the string length is normalized to
I, = 2o/ = 1. The field strengths are, respectively,

H; = dBs,

Fy = dCy,

Fy = dCy — CydDBs,

Fy = dC, — %OQ AdBs + %Bg A dCs, (213)
Fy = xF,

F; = — x I3,

where C), (p = 0,2,4) is the R-R p-form field and By is the NS-N.S 2-form field. However,
it is necessary to impose the duality relation:

at the level equation of motion for this action.

Since the transformation from a string frame, which is convenient for world sheet

theory, to an Einstein frame, which is convenient for gravity theory, can be performed by
Guv — egg;wa (215)

the action in the Einstein frame is by

1 urorT  1|Gs|* 1,
—S5 instein — le vV — R — L - = — — |F:
o~ B Finst / Wy ( 2(Im7)2  2Im7 4 5]

2In general, the electric charge and the magnetic charge of a (p + 1)-form field in the supergravity
approximation of string theory are interpreted as being carried by a p-brane and a (7 — p)-brane, re-
spectively [105]. For example, it is known that the R-R scalar field Cy is O-form and is carried by a
DT7-brane.
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1 1 _
+Z / I—C4 + G5 A\ G's + (fermionic term), (2.1.6)
1 mT
where
G3 = dCQ — TdBQ, (217)
2 1 B ft

This action is invariant under the SL(2,Z) transformation (SL(2,Z) duality):

M:(“ 2) € SL(2,7),

2.1.9
() (%) h
BQ BQ

where

T € H/SL(2,7)

since the axio-dilaton field 7 is Im 7 > 0. In particular, considering the S (€ SL(2,7Z))
transformation, the transformation of the axio-dilaton field: 7 is

M:S::(O _1>, ;o 1 (2.1.10)
1 0 T

and thus the S transformation is a transformation that swaps strongly coupled and weakly

coupled regions.

The D7-brane is an object carrying the electric charge of the R-R 8-form field
Cg and the magnetic charge of the R-R scalar field Cy. If there is a D7-brane in RY7
(C RY ~ RY x C) and at 2 = 2; € C exists, since a D7-brane has R-R charge 1, the

Bianchi identity for Fy holds
]§ VFy = f{ dCy = 1, (2.1.11)

where fz denotes the circumferential integral around z;.

Next, we find the 7-brane solution. Assume that all fields depend only on z =
Tg + 1Tg:

T = 7(2,2). (2.1.12)
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If we impose the condition

By, = (3= Cy = (fermionic term) = 0, (2.1.13)

ds? = —df? + e#CIdzdz + (da')® (i=1,...,7), (2.1.14)

Eq. (2.1.6) becomes

1 0, TOMT
— Sup,Binstein = | d"’2y/—g ( R — ——— 2.1.15
5 OB Binst / r g < 2(Im 7_)2) ( )
From Eq. (2.1.15), the equation of motion for 7 is
2
0,01 = —0,TO05T. (2.1.16)
T—T
Also, the 89 and #i components of the Einstein equation are
0 = 0,70.7 — 05707, (2.1.17)
1 _ _
0,0:p = —2(@7827' + 0:70.7), (2.1.18)

(r=7)

respectively. The 88 and 99 components of the Einstein equation are identities. We choose

as the solution for Eq. (2.1.16) and Eq. (2.1.17). Thus, the axio-dilaton field 7 is the
holomorphic function of z (€ C):

7(2,2) = 7(2). (2.1.20)

From the SL(2,Z) symmetry of Type IIB superstring theory (2.1.9), 7(z) is a one-to-one
map from C to the SL(2,Z) fundamental region (H/SL(2,7Z)). For example, if the axio-
dilaton field 7 is a single-valued function, from Eq. (2.1.20), the value of 7 is uniquely
determined at each point in the complex plane: z; € C and there is no monodromy.
We consider the Bianchi identity (2.1.11) and if the axio-dilaton field 7 is a multi-valued
function to allow for monodromy which can be identified by SL(2,Z) transformations,
then

1
T(z) = 57 log(z — z;) + (terms regular at z;). (2.1.21)

Thus, 7 varies over the compact space of Type IIB superstring theory. In this case, there
is a D7-brane at z = z; and

T(z = 2z) — 100 (2.1.22)
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is obtained. This corresponds to the limit of the weakly coupled region where the contri-
bution of the dilaton field ¢ is larger. Also, from Eq. (2.1.21), we obtain
N
(z) = 5 log(z — z;) + (terms regular at z;) (2.1.23)
)
when N D7-branes exist at z = z;. The z-dependence of 7(z) means that the 7-brane
introduces a branch cut since the log is a multi-valued function.

We explain the monodromy. Considering 7(z) to orbit around the 7-brane, the
operation (z — z;) — €*™(z — 2;) results in the modification:

T — T+1, (2.1.24)

since 7(z) has a log-like term. This is thought to be because the R-R scalar field Cy picks
up the R-R charge of a D7-brane as it orbits around the D7-brane. And this is called
having a monodromy. This monodromy comes from the fact that 7 is a multi-valued
function, as allowed by the SL(2,Z) symmetry. Then, M defined in Eq. (2.1.9) is called

a monodromy matrix. This monodromy (matrix) by a D7-brane is represented by

11
M = ( 0l ) = T. (2.1.25)

Moreover, from the SL(2,Z) symmetry of Type IIB superstring theory, we assume that
all monodromies that are SL(2,7Z)-conjugate with the T" transformation are allowed. This
is discussed in Section 2.3 and 2.6.

In the discussion up to this point, we considered the solution for the case of one
D7-brane. In the next section, we will find the 7-brane solution when there are multiple

7-branes.

2.2 2D metric in p!

In this section, we derive a metric for the compact space of Type IIB superstring
theory P! for considering the elliptically fibred K3 compactification of F-theory. The
metric is obtained as a solution of the Einstein equation (2.1.18) when the conditions are
imposed [106]. In this section, we obtain this metric by noting that its supersymmetry is
conserved [107]. We obtain the concrete equation for the metric when we make the same

assumptions as in the previous section.

As in the previous section, we assume that the metric is
ds? = —dt* + (do')* + e?*Idzdz (i=1,...,7). (2.2.1)

Furthermore, we assume that the axio-dilaton field of Type IIB superstring theory: 7 is
a holomorphic function:

T = 7(2) (2.2.2)
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from Eq. (2.1.19) and The values of all other supergravity fields are set to zero. Then,
the supersymmetric transformations of gravitino v, and dilatino A are [108,109]:

1 1 o 1
(S’QZ)M = E <0M — Zw,mgv B _ §QM> €, (223)
SN = —Pyte, (2.2.4)
K

where £ is a constant, w,.s is the spin connection, and € is the killing spinor. Also, P,
and @, are SU(1,1)-invariant connections, given by

0,7
P = ———, (2.2.5)
i Ou(T+7)
= ———". 2.2.6
2z 2 7—7 ( )
z and Z are
z=a%+ir?, z=2%—i2" (2.2.7)

using the space-time coordinates: #® and z”. Also, the two-dimensional v matrices are
P =01, 7 =0, (2.2.8)
and then
v =01 +ioe, =01 — ios. (2.2.9)
We consider Eq. (2.2.4). Note that the axio-dilaton field 7 is a holomorphic function,
P = 0. (2.2.10)
Therefore, since

oA =~ Y €
K

0 # )\ .
(0 . )e (# € C), (2.2.11)

where € is an arbitrary complex number and

¢ = (;) (2.2.12)

SA = 0. (2.2.13)

then Eq. (2.2.4) becomes
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Next, we consider Eq. (2.2.3). From the assumption of the metric (2.2.1) the

nontrivial spin connection components are only

1 —
Wzg9 = 500 = —Wy08,

Wzgg = —% 2P = —Wzos.
Also, since the axio-dilaton field 7 is a holomorphic function,

O i 0,(Tr—7)
QZ__27'—f— 2 T—T
QZ:_E 8277_ :+£M_

27 —T 2 T—T

Since

from Eq. (2.2.12), Eq. (2.2.3) is

(o b g0 = 4005 b0

. 1o RN
<8z - lwga[ﬂ/aﬁ - 3@7;) €= < 0:€ 48'2(90 log(T T)) ‘ )

4 2

For supersymmetry (SUSY) to be conserved,

S, = 0

must hold, and thus ¢ must be

T —

T + F(z) + F(2),

7) =1
¢(z,2) = log 5;

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)

where F(z) is an arbitrary holomorphic function. The component of the killing spinor €

18
- Lp_F
¢ = eiF=1) const. ,

and half of SUSY is conserved.

(2.2.23)

Since the metric has the SL(2,Z) invariance of Type IIB superstring theory, we

further restrict the holomorphic function F(z) to be

F(z) = 2logn(7(2)) + f(2),

(2.2.24)
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where 7(7) is Dedekind’s n-function defined by

o0

n(r) = ¢ [[a-q¢v), ¢=e (2.2.25)

n=1
The first term is the term needed to conserve SL(2,7Z) invariance and f(z) is the function
needed to keep the metric from going to zero at the location of 7-branes. Since the
axio-dilaton field 7 is given by Eq. (2.1.21), then
1
~—1 — 2z 2.2.2
7~ 5 log(z — z) (2.2.26)
when there is a 7-brane at z = z;. Then, since 7 — ico (Im7 — 00), it corresponds to
the limit of ¢ — 0. In this limit,
z) ~77) 2_.7—(2)7]2(7'(2))7_]2(7_'(2)) L TESTE ke ok, (2227)
i
and thus,

£(2) ~ —% log(z — 2). (2.2.28)

From the above, if there are N 7-branes, the metric of P* is

dsfpl = *Adzdz
r(z) = 7(2) :
— 1 1
= Tn2(7(z))ﬁ2(7’(2)) [[(z—2) 2 (z— z) 2dzdz. (2.2.29)
i
i=1
We obtain the 7-brane solution when there are some 7-branes.
Finally, we investigate the metric structure of the z-plane at infinity. Since 7(z) —

const. when |z| — 0o, we have
e’ — |Z_%’2 X const. (2.2.30)

Thus, if we ignore the constant-doubling contribution, the metric is

dsty — |2 ndz] (2.2.31)
If we consider a coordinate transformation that rewrites this into the flat metric
dsfp,l = |dw]? (2.2.32)
we obtain
w o= 2. (2.2.33)
Thus, for the transformation z — €7z,
w o — ey, (2.2.34)
N

From the above, there is a missing angle of 27+ at infinity in the z-plane. Therefore,

12
the condition for the z-plane to be compact (P') (i.e., smooth at infinity) is when only
N = 24, in other words, when there are only 24 7-branes as background fields. This
corresponds to the fact that we consider F-theory on elliptically fibred K3, which will be

discussed later.
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2.3 (p,q)-string and [p, ¢|7-brane

In Type 1B superstring theory, there is not only the D7-brane that can be introduced
as a background field. We briefly explain this. There are not only R-R 2-form field Cs
but also NS-NS 2-form field B; in Type IIB supergravity theory. These two types of
fields are converted by

( gz ) — M ( gz ) . Me SL(2,7Z) (2.3.1)

and mixed with each other under the SL(2,7Z) transformation of Type IIB superstring
theory. Thus, the open string in Type IIB superstring theory has two charges, NS-N.S
charge ¢ and R-R charge p. An open string with NS-NS charge ¢ and R-R charge p
is called a (p, q)-string, which can have an endpoint at [p,¢g|-brane. For example, the
fundamental string (F-string) of Type IIB string theory is a (1,0)-string and the D-brane
is a [1,0]-brane. Also, The D1-brane (D-string) is a (0, 1)-string and the N S-brane is
a [0, 1]-brane. In other words, a (p, q)-string is a bounded state of p F-strings and ¢ D-
strings. From the above, Therefore, not only the D7-brane but also the [p, ¢|7-brane can
be introduced as a background field in the Type IIB superstring theory.

Next, we consider the monodromy of a [p, g]7-brane. The gauge field on the world
volume of the 7-brane is coupled to the NS-NS 2-form field By and the R-R 2-form field
(5 at the endpoints of the (p, ¢)-string and is the source of each charge. In other words,
there exists a coupling [110] such that

/dms(q p) ( gz ) A *F, (2.3.2)

where F' is the field strength of the 2-form field and * is the Hodge operator in eight-
dimensional space-time. Since the integrand in Eq. (2.3.2) must be unique in eight
dimensions, it must be SL(2,7Z) invariant. Thus, the integrand in Eq. (2.3.2) must be
invariant to the transformation by Eq. (2.3.1). Therefore,

(¢ pYM < gz ) = (¢ p) ( gz ) M e SL(2,7) (2.3.3)

holds. And then,

(¢ P)Mpy = (¢ p) (2.3.4)

should hold when the monodromy matrix of [p,q]7-brane is then denoted by M, ,. This
equation (2.3.4) is uniquely determined under the equivalence relation (ng np) ~ (¢ p) (n €
N). Conversely, for open strings whose charge is not (p, q), the integrand in Eq. (2.3.2) is
not invariant under the monodromy M, ,. Therefore, (p, ¢)-strings can be only attached
to a [p, ¢J-brane with monodromy M, ,.
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We obtain a specific equation for the monodromy M, ,. Here, the monodromy

1 1
Miog=T := 2.3.5
10 ( 01 > (2.3.5)

discussed in Section 2.1 is the monodromy when there is a D7-brane. In this case, equality
(0 )My = (0 1) (2.3.6)

holds. In general, under a suitable SL(2,7Z) transformation, one can transform a funda-
mental string into any (p, g)-string, using any integer #, as

* o

(0 1)Kp7q = (O 1) <
q p

) =(q p), Kpq€SL(2,Z). (2.3.7)

Since the only difference between the [p, ¢|7-brane and the D7-brane is the SL(2,7Z)

transformation
K,, = * o , (2.3.8)
q P

(0 1)MipKyq = (q p)Kp_,;MLOKp,q = (¢ p) (2.3.9)

we obtain

if Eq. (2.3.6) is multiplied by the K from the right. Thus, since (p, ¢)-string can only
have endpoints in [p, ¢]-brane, Eq. (2.3.4) holds and the monodromy M, , is

2

_ l+pg  p?
— 1 —
M,, = Kp,qu,OKp,q_< 2 o1 | (2.3.10)

In this chapter, monodromy is considered to arise when a branch cut made by a 7-brane
is crossed. From Eq. (2.3.10) and the SL(2,7Z) duality of Type IIB superstring theory,
all 7-branes are equivalent under the SL(2,7Z) transformation, so a 7-brane looks like a
D7-brane locally when it exists alone. However, when two or more 7-branes exist, they
cannot all be considered D7-branes simultaneously by SL(2,7Z) transformation if their
(p, q)-charges are different:

vaqu,qu_,; = My, (2.3.11)
Kp,qu’,q’Kp_,; # M, (2.3.12)

where p # p’ and ¢ # ¢'. Therefore, such an argument becomes important when there are
two or more 7-branes.
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2.4 String junction: Hanany-Witten effect

In this section, we introduce an open string called a string junction that has a branch
and at least three endpoints.

The fundamental string ((1,0)-string) can have endpoints on a D1-brane ((0,1)-
string). In terms of preserving the (p, q)-charge at the endpoints, this requires a (1,1)-
string ((1, —1)-string) if we consider the D1-brane to be a (D-)string. This is the string
junction introduced by Schwartz [81] (see Fig. 2.1 on the right). In general, the string
junction is the charge conservation

5
> (pia) = (0,0) (2.4.1)
1
at each intersection of three open strings and is an object with an arbitrary number of

intersections.

In Type IIB superstring theory, the string junction plays the same role as an open
string. This is illustrated in the following. We consider the change in (r, s)-charge when
the (r # p,s # q)-string moves counterclockwise around a [p, ¢|7-brane and crosses a
branch cut made by the [p, ¢|7-brane. It is known that the tension of the (r, s)-string [111]
is given by

1
T., = I+ s7]. (2.4.2)

’ vImTt

Also, from Eq. (2.2.29), the metric of P* is given by

2 = N T o) [[ - 2 - 5) hdadz (243)

when we consider eight-dimensional Type IIB superstring theory (or F-theory) [106].
From the discussion in Section 2.2, the metric is invariant under the transformation by
monodromy (SL(2,7Z) transformation). The local mass of the (r, s)-string is given by

Myps = /CTTVS dspr, (2.4.4)

where C'is the path of the open string. Since we consider that monodromy is caused by
crossing a branch cut, for Eq. (2.4.4) to be invariant under the monodromy transformation

of 7:
T — M,,T, (2.4.5)
it must transform as

(s 7) = (s )M, (2.4.6)
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branch cut branch cut

[p, q]7-brane [p,q]

» (qr - ps)x

(p, q)-string

——

(T_;_S) (r,s) [rf] [r,s]

(ps — qr)(»,q) (ps — qr)[p. q]

Figure 2.1: Hanany-Witten effect: (r,s)-string and string junction

when crossing the branch cut made of the [p, ¢|7-brane. Therefore, the change in (r, s)-

charge is

(s 1) — (s T)<1—2pq a >

q 1+ pq

= (s )+ (gr —ps)(q p) (2.4.7)

when moving counterclockwise around the [p, ¢|7-brane and crossing the branch cut made
of the [p, q|7-brane. Since the change in (r, s)-charge is proportional to (p, ¢)-charge, we
can consider (p, q)-strings that can have endpoints at a [p, ¢|7-brane by matching the path
to and from [p, ¢]7-brane. Thus, we obtain a picture of a string junction where an (r, s)-
string and (qr — ps) (p, ¢)-strings join at an inter, (Fig. 2.1). In other words, moving the
(r, s)-string downward across the [p, g|7-brane in Fig. 2.1 draws (¢r — ps) (p, q)-strings
from the [p, ¢|7-brane to conserve the charge (the Hanany-Witten effect [112]). This
means that a string junction is created. In Type IIB superstring theory with a 7-brane

background field, a string junction naturally appears when considering open strings.

This can be explained by exchanging monodromy matrices [63-65]. Note that since
the overall monodromy is invariant for exchanges of matrices, which do not change the
number of 7-branes, they are all considered to be equivalent 7-brane configurations. Also,
the reordering of the 7-brane in a 7-brane configuration corresponds to the replacement
of each branch cut. In this case, we assume that the [r, s]7-brane crosses the branch cut
made by the [p,¢]7-brane in a counterclockwise direction. Let M, , be the monodromy
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matrix of the [p, ¢|7-brane and M, s be the monodromy matrix of the [r, s|7-brane, then
My oMy s M, s = (Mp,ansMp_,ql)Mp,ans = r+(qrfp8)p78+(qrfPS)qu,qu,s- (2-4-8)

This is consistent with the mechanism for generating string junctions described in the
previous paragraph when the open string connecting the two [r, s|7-branes on the right
crosses the [p, g|7-brane branch cut in a counterclockwise direction. Thus, in the ABC
description, the reordering of the 7-brane in a 7-brane configuration corresponds to the
exchange of monodromy matrices; the change in (r, s)-charge can be explained by the
exchange of monodromy matrices as given by Eq. (2.4.8).

2.5 Classification of monodromy and 7-brane config-

uration

2.5.1 Classification of monodromy

In this section, we classify the monodromy in the case where multiple 7-branes exist
simultaneously and consider what there are configurations of the 7-branes. Here, from
the discussion in the previous section, we consider all SL(2,Z)-conjugate monodromies

to be identical; Thus, the following monodromy M and M’ are identical:
M =K 'MK ~M, KeSL(2,7Z). (2.5.1)

In Type IIB superstring theory, the value of the axio-dilaton field 7 on a 7-brane
does not change depending on the monodromy created by the 7-brane. We will consider
classifying fixed points by monodromy transformations (SL(2,Z) transformations) using
Tr M invariant under Eq. (2.5.1). In this section, we denote

c d

T = (1 1), S:(O _1> T.S € SL(2,7). (2.5.3)
0 1 1 0

Since a fixed point is an equivalence 7 under the SL(2,7Z) transformation, we obtain

M = (a b), det M =1, M € SL(2,7), (2.5.2)

at’ +b ,
= 254
e’ +d T ( )

M7 =
where 7/ is the fixed point. Solving Eq. (2.5.4) yields

P = 20— d) £ /(T M) =4} (2.5.5)

:26
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We divide this into three cases:

|TrM|=2 : Parabolic,
|TrM| <2 : Ellptic, (2.5.6)
|TrM|>2 : Hyperbolic .

Here, we use the Caylay=Hamilton formula
M?* — (Tt M)M +1=0 (2.5.7)

to obtain the specific monodromy equation.

(1) [TrM| =2 : The case of Parabolic

From Eq. (2.5.5), 7/ is a rational number. Since rational numbers can always be
transformed by SL(2,Z) transformation to the infinity point ico in the fundamental
region, this corresponds correctly when there is a D7-brane. To realize 77 — ioco, we
need ¢ = 0; then, a = d = +1 (double-sign corresponds) from det M = 1. Therefore,
The conjugate class of monodromies that satisfies Eq. (2.5.7) are

. (1N
™ = (0 1), (2.5.8)

. [ -1 -N
—T" = (0 _1> (2.5.9)

for Tr M = 2 and Tr M = —2, respectively. Here, N € Z. Since this monodromy
transforms 7 — 7 + N, the behavior of 7(z) when z is sufficiently large, is

T(z) ~ % log(2). (2.5.10)

However, when 7-branes overlap at z = 0, if N < 0, then 7 — —ioco. In this case,
in Type IIB superstring theory, the vacuum expectation value of the dilaton field ¢
is imaginary. Also, in F-theory, there is no corresponding bundle, the elliptic curve.
Therefore, for N < 0, the 7-branes cannot be collected at a point.

(2) |Tr M| <2 : The case of Elliptic

From Eq. (2.5.5), 7’ is an imaginary number and corresponds to a point on the upper
half-plane H. Such a point can always be transformed by SL(2,Z) transformation
to a point in the fundamental region (except at infinity point ioco). Therefore, in
this case, it cannot be constructed from one D7-brane and multiple 7-branes are
needed. Eq. (2.5.5) is

= %(a + ) (2.5.11)
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-1/2 1/2 Ret

Figure 2.2: The “usual” fundamental region of 7.

when Tr M = 0. Therefore, when 7’ is a point in the “usual” fundamental region
(Fig 2.2),
V3

1 1
Im7 > -—-—. =< < = 2.5.12
mT_2, 2_ReT<2 (2.5.12)

must at least be satisfied, and considering also det M = 1, this solution is satisfied
by d = —a = 0 and b = —c = F1 (double-sign corresponds). Therefore, The

conjugate class of monodromies that satisfies Eq. (2.5.7) are

S:<O _1), —S:< 0 1) (2.5.13)
1 0 -1 0

and the fixed point is 7/ = 7. Then, Eq. (2.5.5) is

1
7= o (20— 1+ iV/3), (2.5.14)

c

p 1 :
= (2041 iV/3) (2.5.15)
c

when Tr M = 1 and Tr M = —1, respectively. Thus, when 7’ is a point in the
“usual” fundamental region, this solution is satisfied by ¢ = 1, a = 0 or ¢ = —1,

a=1when TrM =1andbyc=1,a=—-1orc=—1,a =0 when Tr M = —1.
Furthermore, considering also the value of Tr M and det M = 1, when Tr M = 1,

the conjugate class of monodromies that satisfies Eq. (2.5.7) are

—Tlsz—U:( ! 1), ST:U2:<O _1>, (2.5.16)
-1 0 11

where U := T~1S. Also, when Tr M = —1, we obtain

T‘lS:U:<_11 _01> —ST:—U2:( 01 11>. (2.5.17)
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In these cases, the fixed point is 7/ = e'3,

(3) [TrM|>2 :  The case of Hyperbolic

From Eq. (2.5.5), 7" is an irrational number. Since an irrational number can-
not be transformed to a point in the “usual” fundamental domain by an SL(2,Z)
transformation, In this case, there is no corresponding bundle, the elliptic curve, in
F-theory. Therefore, when the monodromies made by 7-brane configurations satisfy
| Tr M| > 2, the 7-branes cannot be collected at a point.

From the above, the condition of monodromy that allows the 7-branes to be collected
at a point is
| Tr M| < 2. (2.5.21)

However, when | Tr M| = 2, we need N > 0 in Eq. (2.5.8) and Eq. (2.5.9).

2.5.2 Monodromy and 7-brane configuration

In this section, we explain the monodromy when multiple 7-branes can be collected
at a point. First, we consider how many 7-branes are collected at a point to make
these monodromies when Eq. (2.5.21) is satisfied. Note that all SL(2,Z)-conjugate mon-
odromies are considered to be identical since we consider that all configurations obtained
by the SL(2,7Z)-conjugate transformation of the overall configuration of the 7-branes are

equivalent:
M = K'MK~M, KcecSL(?2,7Z), (2.5.22)

especially, in the case that there is a 7-brane alone,

My, = K 'MioK~M,=T. (2.5.23)
3This depends on how the fundamental region is chosen. For example, instead of Eq. (2.5.12), if we
choose
3 1 1
Im7’ > §7 —5 < Ret’ < 3 (2.5.18)

the fixed point is 7/ = e . In this case, when Tr M = 1, the conjugate class of monodromies that satisfies

Eq. (2.5.7) are
—ST ! = < 01 ) TS = ( bl > (2.5.19)
-1 1 1 0

Also, when Tr M = —1, we obtain

ST = ( 0 -1 ) ~TS = < -h ) (2.5.20)
1 -1 -1 0
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Also, since the overall monodromy is invariant for exchanges of matrices, which do not
change the number of 7-branes, we consider them all to be equivalent 7-brane configu-
rations. In order to classify the lowest number of 7-branes collected at a point for each

monodromy, we consider the abelianization of the SL(2,7Z) group:

The abelianization of SL(2,Z) is the cyclic group Zs. (2.5.24)

Since the SL(2,Z) group is constructed by S and U := T~'S and also U? = S? =
—1, we find that the representative elements of the Z, group are

{1,-SU? —-U,-S,-U? US,—1,SU? U,S,U? ~US}, (2.5.25)
where —SU? is the generator of the Z5 group. Rewriting this using S and T', we obtain
{(i,7,-77'S,-8,-ST,-T7',-1,-T,77'S, 8, ST, T~'}. (2.5.26)

For simplicity, we will denote each representative component by
{0,1,2,3,4,5,6,7,8,9,10,11} (2.5.27)

when each component is represented by the N-th power of the generator. We define a

homomorphism:
pw: MeSL(12,Z)— MG. € G/G,, (2.5.28)

where G, := [SL(2,Z)]. is the commutator subgroup of the G := SL(2,Z). Also, using
Eq. (2.5.28), we denote

w(M) = S"U™G, (2.5.29)

when M is generated from n S’s and m U’s. Since M, , is the monodromy of a [p, ¢|7-

brane,
w(M,,) =1. (2.5.30)

This can be shown from p(M;g) =T = —SU? = 1 and the fact that M, , is SL(2,7Z)-
conjugate with M; o (Eq. (2.3.10)). Thus, given the monodromy made by N 7-branes,

From the above, when the monodromy made by a configuration of the 7-branes gives
p(M) = N, at least N (mod 12) 7-branes are needed. Also, when twelve 7-branes are
collected at a point, the monodromy (matrix) is trivial (unit matrix 1).

Next, we consider which [p, g|7-branes are collected at a point to make these mon-
odromies when Eq. (2.5.21) is satisfied. In this thesis, D7(= [1,0]7)-brane is denoted as
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A-brane, [1,1]7-brane as B-brane, [1, —1]7-brane as C-brane and NS7(= [0, 1]7)-brane
as N-brane. Then, the notation

1 1
A:MLOZ (0 1> :T7

N:MOJZ —< 1 (1)> :STS,
(2.5.32)
B=DM, = —( i é) = T8,
1
C :ML*1 - - < _(1) 2 ) = ST72

is used for each 7-brane monodromy. We also assume that branch cuts extend upward
from each 7-brane. If [ A-branes, m B-branes, and n C-branes are ordered from left to
right, the configuration is denoted as A'B™C" (I,m,n > 0, Imn # 0). If we consider
moving counterclockwise around the [p, ¢]7-branes, the monodromy is

A'B"C": M{ M\ M}, (2.5.33)

when the monodromy (matrix) of each 7-brane is multiplied by the order in which the
branch cuts are crossed. Such an argument using A-brane, B-brane and C-brane is called
ABC description [63-65].

(i) The case of Tr M = 2

The independent monodromy is given by

1 N
TN:<O 1), NeZ (2.5.34)

from Eq. (2.5.8) for N > 0. Thus, from
w(T™) =N, (2.5.35)
the configuration of the 7-branes, in this case, is
AN, (2.5.36)

The gauge symmetry of the theory on the brane when N D7-branes are collected
at a point is Ay_y = SU(N) (N > 2). This corresponds to Ay_; (N > 2) in the
Kodaira classification [62,113,114] used in the next chapter.
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For N = 0, since the unit matrix is
p(dl)=0=12, (2.5.37)
at least twelve 7-branes are needed. Therefore, since
M oMy My My My =1, (2.5.38)
the configuration of the 7-branes, in this case, is

A*BCBC. (2.5.39)

The case of Tr M =1

Since the independent monodromy is given by

w(=T719) = 2, (2.5.40)

W(ST) = 10, (2.5.41)

from Eq. (2.5.16), at least two and ten 7-branes are needed, respectively. Thus,
from

M oM, = —T7'S, (2.5.42)

M1670M1,1M17,1M171M170 = ST, (2543)

the configurations of the 7-branes, in these cases, are

AB, (2.5.44)

ASBCBA, (2.5.45)

respectively. To make the degrees of freedom of the group easier to understand, an
SL(2,7Z)-conjugate transformation of Eq. (2.5.45) yields

M17,OM1,1M17*1M1,1 == TS, (2546)

A'BCB. (2.5.47)

We consider the gauge symmetry at these configurations of the 7-branes: for AB,
There are no open strings connecting them and the gauge symmetry enhancement
does not occur. And, for A°BCBA, the gauge symmetry is Es. In the Kodaira
classification, these correspond to Hy and Eg, respectively.



(iii)

(iv)

29

The case of Tr M =0

Since the independent monodromy is given by

p(=S) = 3, (2.5.48)

w(s) =9, (2.5.49)

from Eq. (2.5.13), at least three and nine 7-branes are needed, respectively. Thus,
from

M{ My, = =65, (2.5.50)

Mf,OMLlML*lMLl = S, (2551)

the configurations of the 7-branes, in these cases, are

A?B, (2.5.52)

ASBCB, (2.5.53)

respectively. We consider the gauge symmetry at these configurations of the 7-
branes: for A2B, there are two 7-branes of the same type, so the gauge symmetry is
SU(2). And, for A° BC B, the gauge symmetry is F7. In the Kodaira classification,
these correspond to Hy and E7, respectively.

The case of Tr M = —1

Since the independent monodromy is given by

w(—ST) = 4, (2.5.54)

w(T1S) = 8, (2.5.55)

from Eq. (2.5.17), at least four and eight 7-branes are needed, respectively. Thus,

from

M1270M171M1’0 - —ST, (2556)

M7 My My My, = T7'S, (2.5.57)
the configurations of the 7-branes, in these cases, are

A’BA, (2.5.58)
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A’BCB, (2.5.59)

respectively. To make the degrees of freedom of the group easier to understand, an

SL(2,7Z)-conjugate transformation of Eq. (2.5.45) yields

M3 oMy Mg = TS, (2.5.60)

A3B. (2.5.61)

We consider the gauge symmetry at these configurations of the 7-branes: for A3B,
there are three 7-branes of the same type, so the gauge symmetry is SU(3). And, for
A’BC B, the gauge symmetry is Fs. In the Kodaira classification, these correspond
to Hy and Eg, respectively.

The case of Tr M = —2

The independent monodromy is given by

-1 =N .
-7V = ( 0 1 ) =—1M§ (2.5.62)

from Eq. (2.5.9) for N > 0. Therefore, we can add additional N A(D)-branes to
the configuration of the 7-branes with the monodromy —1 and collect them at a
point. Since

w(—1) =6, (2.5.63)
at least six 7-branes are needed. Here,
M oMy My, = —1, (2.5.64)
then,
A'BC. (2.5.65)

From the above, by adding N D7-branes to this configuration of the 7-brane at a
point, we obtain a series with N > 0. When N D7-branes can overlap at a point,
this series is

ANTMBC, N >o0. (2.5.66)

The corresponding gauge symmetry is Dy4 = SO(2N+8) (N > 0). In the Kodaira
classification, this corresponds to Dyi4 (N > 0).
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Table 2.1: Classification of 7-brane configuration. Note that the configuration of the
7-branes is up to ASBCBC and N > 1.
classification discussed in the next chapter.

Here, H; are brane types in the Kodaira

Gauge symmetry || 7-brane configuration | Monodromy | Tr M | Foxed point
An_1 AN ™ 2 100
(Hy) AB 718 1 s’

Ay (Hy) A’B -3 0 i
Ay (Hy) A3B -TS -1 s
Dy A‘BC -1 —2 arb.
Dy ANHBC —TN —2 i00
Es A"BCB TS 1 %

E- ABCB S 0 7
Es A°BCB T-18 —1 s’

— A*BCBC 1 2 —

2.6 Classification of 7-brane configuration

In this section, we summarize the conclusions of this chapter. Summarizing the
configurations of the 7-branes that can collect 7-branes at a point and the monodromy
Table 2.1 shows

the configurations of 7-branes in a form that is easy to understand the group structure

made by 7-brane configurations, we obtain the following Table 2.1.

(simple roots). In this chapter, we briefly consider the open strings connecting each 7-
brane and give a conclusion about the gauge symmetry of the theory on the 7-brane at
each configuration.

To briefly illustrate the relationship between gauge symmetries and the configura-
tions of the 7-branes, we consider the Dy = SO(8) case as the most simple example with
string junctions. In this case, the configuration of the 7-branes is

AAAABC. (2.6.1)

Since SU(4) gauge symmetry appears from the four A-branes, we consider dividing
AAAABC into four A-branes and a pair of B- and C-brane. In other words, the SO(8)
gauge symmetry is decomposed into SU(4) x U(1), which gives

28 = 15+6+6+1. (2.6.2)

Here, “15” corresponds to the three Cartans of SU(4) and the open string directly con-
necting the four A-branes. Also, “1” corresponds to the one remaining Cartan of SO(8).
The “6 + 6” corresponds to string junctions with two intersections and four endpoints
and connecting two A-branes, a B-brane and a C-brane due to the orientation of the
strings and the number of choices of the two A-branes (4Cy = 6). The string junctions
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are generated by the Hanany-Witten effect when considering open strings that lead from
one A-brane to another A-brane after passing counterclockwise around the B-brane and
the C-brane. To specify the corresponding simple roots, labeled

A1 A,A5A,B;C (2.6.3)

and denoting the 7-brane at its endpoint by the lower-case alphabet corresponding to
each (p, q)-charge, the open strings corresponding to the simple roots of SO(8) are

a; — Aag,
as — ag,

(2.6.4)
az — ay,

a3—|—a4—b5—c6.

As the above, string junctions are needed to realize symmetries other than SU(N)

gauge symmetries, e.g., exceptional-type symmetries, as symmetries of theories on branes®.

4There are more detailed analyses in [63-65].



Chapter 3

Overview of F-theory

In this chapter, we consider the basics of F-theory [52,87,88]. F-theory describes
geometrically the set-up of Type IIB superstring theory discussed in the previous chapter.
We construct F-theory by identifying the axio-dilaton field in Type IIB superstring theory
with the complex structure modulus of a torus as extra virtual two dimensions. There-
fore, The compact spaces in F-theory need to be the manifolds with elliptic fibres. The
elliptically fibred Calabi-Yau n-fold with section is described by the Weierstrass equation
and its complex structure modulus 7 is obtained via the modular J-function. We can
confirm that the positions of 7-branes correspond to the discriminant loci, over which a
fibre becomes the singular fibre, and the charges (p,q) of 7-branes can be read by the
monodromies around the discriminant loci [85, 115, 116]. Next, we consider the classi-
fication of the singular fibre, called Kodaira’s classification [62,113,114]. We then see
the correspondence between the set-up of Type IIB superstring theory and F-theory via
monodromies. Finally, we discuss the duality between F-theory and M-theory [52,59,111].
We then show that the F-theory compact space must be the elliptically fibred Calabi-Yau

n-fold for conserving its supersymmetry.

3.1 Elliptic fibration and Weierstrass equation

F-theory is a geometrical framework of nonperturbative compactifications of Type
IIB superstring theory with [p, ¢|7-branes. In F-theory, the axio-dilaton field 7 := Cy +
ie~?, which depends only on the coordinates of the compact space of Type IIB superstring
theory discussed in the previous section, is identified as a complex structure 7 := 7 + i1y
of an elliptic curve E, (a two-dimensional torus 7). In this case, we consider T varies over
the compact space of Type IIB superstring theory. The axio-dilaton field 7 := Cjy + ie™®
is transformed as

T —

ar +b a b
et +d’ c d

) € SL(2,7) (3.1.1)

33
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under the (P)SL(2,7Z) duality in Type IIB superstring theory. The (P)SL(2,Z) invariance
is identical to the modular invariance, which is an invariance of the complex structure of
an elliptic curve E, with respect to (P)SL(2,7Z) transformations. Note that a compact
space of F-theory is described by an elliptic fibration Y, ;. In the previous section, we
showed that the number of 7-branes must be 24. In the n = 1 case, the elliptically fibred
Calabi-Yau twofold with 24 singularities is called an elliptically fibred K3 surface. In this
section, we discuss the eight-dimensional F-theory, which is F-theory on the elliptically
fibred K3 [52].

An elliptic curve E, is a nonsingular! cubic algebraic curve in P2, denoted by
YZ4+a XYZ+a3YZ? = XP 4 apX?Z 4+ ayXZ* + agZ* (3.1.2)

where [X : Y : Z] € P? in homogeneous coordinates and a; € K (K is a coefficient field).
Here, P? is a projective plane with the identification of the coordinates given by

(X,Y,Z) ~ A(X,Y,Z). (3.1.3)

Topologically, an elliptic curve [E; is a nonsingular projective algebraic curve of genus-one.
In inhomogeneous coordinates x = %, Y= % and Z # 0, Eq. (3.1.2) is

P = —(*+aizy+asy) + 2° + apx® + ayxr +ag = 0 (3.1.4)
called “Tate form”. In particular, if the characteristic of K is different from 2 and 3 (or
with section), then the curve can be described as the Weierstrass equation (or Weierstrass
form):

P o= 2% — g — g5 (3.1.5)
or
v = 2+ fr+g, (3.1.6)

where f, g € K?. In this section, we only consider K = C; thus, the characteristic of K
has a section. Since the complex structure modulus 7 of the elliptic curve E; is given by

_hw_dz
faw’ y)

'Nonsingular means that there are no curves with nodes or cusps.
2An elliptic curve E, is described as a hypersurface in the weighted projective space WCP?(2,3,1),

T (3.1.11)

which is a generalized projective space with the identification of the coordinates given by
(X,Y,Z) ~ (N*X,\*Y,\2), (3.1.7)

where [X : Y : Z] are homogeneous coordinates of WCP?(2,3,1) and A € C* = C — {0}. We define the
Weierstrass form (or Weierstrass equation) as

Py =YY% - X3 fX7* - g7° =0, (3.1.8)

where f, g € K. In particular, when we choose the inhomogeneous coordinates as

X Y
:ﬁa y:ﬁv

xT

(3.1.9)
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where «, [ are the one-cycles of the elliptic curve E, and w is the holomorphic one-form on
the elliptic curve E;. Thus, we can compute the complex structure modulus of the elliptic
curve E. from the Weierstrass equation. The complex structure modulus 7 of the elliptic
curve E; is known to be determined from the coefficients of the Weierstrass equation: f

and g, due to the relation between the (modular) J-function and the Weierstrass equation

Jr) = — 4 (3.1.12)
T) = T 1.
Mathematically, the (modular) J-function is defined by
(V2(7)® + U5(7)° + Va(7)°)°
J . 3.1.13
") 5405 (7)505 (7)504(7)° (3.1.13)
where the definition of the ¥-constants are
Uo(1) :=02(0;7) = 2% H (1—¢q™)(1+q™)7?,
m=1
Os(r) = s(0;7) = [J (1= ™)1+ 2)% (3.1.14)

3
I

(1—q™)(1—q" )2

I
2

V4(7) := 94(0;7)

3
I

The (modular) J-function is a one-to-one map from the fundamental region (H/(P)SL(2,7Z)))
of 7 to C and is a (P)SL(2,Z) (modular) invariant function. Also, the denominator of
the right-hand side of Eq. (3.1.12) is called the discriminant and is denoted by

A = 4f 2747 (3.1.15)

In F-theory, we consider the elliptic fibration Y,,,; as the compact spaces since the
complex structure 7 of an elliptic curve E,; depends only on the coordinates of the compact
space of Type IIB superstring theory. The elliptic fibration Y,,;; is defined as

T ET — Yn+1
! (3.1.16)
By,

then, the Weierstrass equation is expressed as

=2+ fr+g. (3.1.10)
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where B, is a complex n-dimensional base space. From Eq. (3.1.6) and Eq. (3.1.12), the
elliptic fibration Y,, ;1 is described as

Py, = =y*+2°+ f(B.)z+ g(B,) =0, (3.1.17)
HelBD) = (e 5119

where we abbreviate the coordinates of B,, as B,,. Note that a fibre, which is elliptic curve

E,, can become the singular fibre at the discriminant loci:
A(B,) = 4f(B,)*+279(B,)* =0, (3.1.19)

as discussed later. In this section, we focus on the n = 1 case where Y5 is an elliptically
fibred K3 surface and By is P.

We focus on an elliptically fibred K3 (elliptic surface) or a fibre product of two
rational elliptic surfaces with section. From Eq. (3.1.17), It is represented by

P, = —y*+2°+ f(2)x+g(2) =0, (3.1.20)

where z € C is the coordinate on the affine patch of the base space P!, and f(z) and g(z)

are holomorphic functions of z. The complex structure modulus 7(z) is a holomorphic

function of z, Im7 > 0 and is a one-to-one map from C to the fundamental region

(H/(P)SL(2,Z))) of T due to the (P)SL(2,Z) transformation. From Eq. (3.1.18) and
Eq. (3.1.19),

4f(z)°
J(1(2)) = 4f(2)3 +27g(2)?’ (3.1.21)
A(z) = 4f(2)* +27g(2)". (3.1.22)

In F-theory, the complex structure modulus 7(z) is given as an inverse function of the
J-function from Eq. (3.1.21):

7(z) = J (). (3.1.23)

This naturally satisfies the requirement for the axio-dilaton field 7 := Cy + ie=® in Type
IIB superstring theory discussed in the previous section. When we consider a compact
space as an elliptically fibred K3, the coefficient functions f(z) and g(z) are 8th- and
12th-degree polynomials in z, respectively; and then the discriminant: A(z) is a 24th-
degree polynomial in z. Also, when we consider a compact space as a fibre product of
two rational elliptic surfaces, the coefficient functions f(z) and g(z) are 4th- and 6th-
degree polynomials in z, respectively; and then the discriminant: A(z) is a 12th-degree
polynomial in z. These correspond to the fact that a dual IIB superstring theory has 24
7-branes since the degree of A(z) is equal to the number of 7-branes as discussed below.

First, we show that a position of a 7-brane is given by a locus of the pole of the J-
function. We consider the condition that an elliptic surface or an elliptic fibre is singular.
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If the elliptic surface is singular, then the elliptic fibre is singular; thus, the x and y
derivative of P, in Eq. (3.1.20) is zero. Therefore, we obtain
3224+ f(2) =0,
/) (3.1.24)
y=0.

Substituting Eq. (3.1.24) into Eq. (3.1.20), we obtain the condition that an elliptic surface
or an elliptic fibre becomes singular:

4f(2)* +279(2)* =1 A(z) =0. (3.1.25)

A(z) = 0 is a divisor. In particular, we consider the condition for an elliptic fibre to be
singular and an elliptic surface not to be, in other words, the z derivative of P, in Eq.
(3.1.20) is not zero and ord(f) =ord(g) = 0, ord(A) = 1:

f'(2)z+4'(2) #0. (3.1.26)

The condition corresponds to the condition for the Kodaira I; singular fibre discussed in
the next section. In this case, if Eq. (3.1.25) is satisfied for z = z;, then the condition is
A(z) ~ (2 — z) and J(1) = CAPN (2 — 2z;)7'. In the limit z — z;,

A
J(1) ~ (z—2z) "~ e o oo, (3.1.27)
since J (1) — (%)3 e™2™7 in the limit 7 — ico (q := €*™ — (), mathmatically. Therefore,
we obtain
1
T(z ~z) ~ %log(z —z) — 100. (3.1.28)

This corresponds to Eq. (2.1.21) and Eq. (2.1.22) discussed for a (D)7-brane. From the
above, the position of a 7-brane corresponds to the point where the discriminant locus, in
other words, the point where the elliptic fibre is the Kodaira I; singular fibre. Moreover,
from the (P)SL(2,Z) symmetry of the complex structure modulus 7, all (P)SL(2,Z)-
conjugate monodromies are considered to be identical to 7" € (P)SL(2,Z). Thus, from a
geometric point of view, since a 7-brane is locus: A(z) = 0, they do not differ from each
other; and then, a [p, q]7-brane, which is introduced in Section 2.3, is locally a D7-brane.

Also, If the z derivative of P, in Eq. (3.1.20) is zero:

f(z)z+4g'(2) #0, (3.1.29)

we obtain the two cases: ord(f) > 1, ord(g) > 2, ord(A) > 3 and ord(f) =ord(g) = 0,
ord(A) > 2. These cases correspond to the non-abelian gauge symmetries. In particular,
the latter case corresponds to that N D7-branes exist from the discussion in the next
section. This can be explained by the following facts. When N (> 2) D7-branes exist at
Z = Zj,

T(z) ~ %log(z—zi) (3.1.30)
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from Eq. (2.1.23). In this case, we obtain
A(z) ~ (2 — z)N (3.1.31)

in the limit z — z;. These show that the degree of A(z) is equal to the number of 7-branes.
A more detailed discussion will follow in the next section.

Next, we show that we can obtain the monodromy that occurs when 7(z) moves
around a singularity, by investigating the value of the J-function [85]. Also, we can
obtain (p, g)-charges of 7-branes from the monodromies as in the previous chapter. The
properties of the J-function are as follows: the J-function is a one-to-one map from the
fundamental region of 7 to C and is a (P)SL(2,Z) (modular) invariant function. It is also
a one-to-one map from Re7 < 0 in the fundamental region of 7 to the upper half-plane H

and a one-to-many map from the upper half-plane H to C, with boundary correspondence:

2mi

J(r=e3)=0,
J(r=1i) =1, (3.1.32)
J(T — i00) — oo.

We consider the change in the value of the J-function when the complex structure modulus
7 is changed in the upper half-plane H by the (P)SL(2,7Z) transformation. Since 7 is a
multivalued function, depending on what (P)SL(2,7Z) (monodromy) transformations are
performed on 7, the value of the J-function returns to its original value along what path
in the image space C. This is shown concretely in

T: 7—7+1 = Crossing (1,00) and (00,0) in order,

1 (3.1.33)
S: 7T — = Crossing (1,00) and (0, 1) in order.
T

Here, (a,b) denote the line segments on the real axis of the image space C of the J-
function. We can measure the monodromies from Eq. (3.1.33). This is summarized
in Table 3.1. Here 1,(_ represents a clockwise (counterclockwise) rotation around 1 in
the image space C of the J-function, and 0 (_y represents a clockwise (counterclockwise)
rotation around 0 in the image space C of the J-function. Also, longer paths can be
described by a combination of these.

There is another way how we can measure the monodromies, using a “dessin d’enfant”
[115,116]. A “dessin d’enfant” is a topological graph (on the Riemann sphere S? ~ P')
[117-119]. In general, a “dessin d’enfant” is characterized by a complex-valued meromor-
phic function F(z)*, whose values of the branch points are either 0, 1 or co. These values
are called “critical values”, and the inverse images of these values are called the “critical
points”. Such a complex-valued meromorphic function F(z) To draw a “dessin” on the
z-plane, we first mark the inverse images of 0 and 1, namely F~!(0) and F~1(1), respec-
tively. We then draw lines along the inverse image of the line segment [0, 1]. This graph

3F(2) is referred to as a “Belyi function”.
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Table 3.1: Value of J function & monodromy

Value of J function and monodromy

0,1, T
1, S
1 g1
0, 75!
0_ ST

is a “dessin d’enfant”. Finally, we add inverse images of oo and lines along the inverse
image of [—00,0] and [1,00] to the “dessin d’enfant”. Due to these additional lines, we
can draw a triangulation on the z-plane (2 € P').

We introduce how the “dessin” can be drawn on P! in F-theory. J(7(2)) of the left-
hand side of Eq. (3.1.21) is the modular J-function. And the complex structure modulus
7(2) of an elliptic fibre over z € P! is determined by solving Eq. (3.1.21). Assuming that
f(z) and g(z) are polynomials in z?, the right-hand side of Eq. (3.1.21) is a complex-
valued meromorphic function of z. Thus, using Eq. (3.1.21), we can draw a “dessin
d’enfant” and additional inverse images associated with co on P'. We first mark points
of the zero loci of f(z), g(z) and discriminant A(z) on the z-plane. From Eq. (3.1.21)
and (3.1.32), we find that the zero loci of f(z) and g(z) correspond to the critical points
in a “dessin”: 0 and 1, respectively. The discriminant loci A(z) = 0 also corresponds
to co. They define codimension-one objects on P'®. We next draw lines at the inverse
images of —oo < J(7(2)) < 0,0 < J(7(2)) <1 and 1 < J(7(z)) < oo, which correspond
to the line segment [—oc0, 0], [0, 1] and [1, 0], respectively. These are called a T-wall, an
S-wall and a T"-wall, denoted by a green line G, a blue line B and a dashed green line
dG, respectively [115,116]. In this way, we can triangulate regions of the “dessin” on P'.

By utilizing this “dessin”, it is quite easy to read the monodromies made by 7-brane.
The reasons why this set-up allows for such are as follows. From the right-hand side of Eq.
(3.1.21), we can find that the ramification index of the J =0 (f =0) and J =1 (g = 0)
critical points are always three and two, respectively. On the other hand, a modular
J-function J(7) behaves J(7) ~ O((r — e )3) near 7 ~ e and J(7) ~ 1+ O((1 — i)?)
near 7 ~ 4. In other words, there are always three and two fundamental regions of 7
around the f = 0 locus and the g = 0 locus on P', respectively. Therefore, Eq. (3.1.21)
induces a local homeomorphism between the z-plane and the upper-half plane H (which

is associated with the base P! and 7(2), respectively). In other words, the “dessin” can

4We consider only the case if the elliptic fibration is an elliptically fibred K3 or a rational elliptic
surface in this section.
5The zero loci of f(z) and g(z) are called “elliptic point planes” [115,116].
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Figure 3.1: Example: Kodaira singular fibre of type 111

provide a chart on the base P! that exactly points to the corresponding position on the
upper half-plane H.

We explain how to read the monodromies using the “dessin”. In order to read a
monodromy along a given counterclockwise path around a 7-brane, we first list the walls
that the path crosses in sequence. When the path crosses two walls, we multiply particular
SL(2,7Z) matrices according to the following rules from left to right in the order in which
the walls are crossed if the base point of the path is in a cell region with ImJ > 0:

—-dG -G = =T,

-G —=dG —»=T",

—-dG—->B—>= -B—->dG— = S, (3.1.34)
- B -G —==5T,

-+ G =B—=T"1S.

Also, if the base point of the path is in a cell region with Im.J < 0°, the rule is

—-dG -G —==T"1,

-G —-dG — =T,

—-dG—-B—>= -B—>dG—~ = S, (3.1.35)
-+ B -G —=8T",

- G - B—>=T5¢.

We show the example in Fig. 3.1. For more detail on this method, see [115] and concrete
examples can be found in [116].

We summarize this section. In the eight-dimensional F-theory, there is a duality:

SWhether a given cell region is one with Im.J > 0 or with Im.J < 0 can be easily distinguished as
follows: We consider a small loop path that starts from any point in the given cell region and goes around
a D-brane counterclockwise. If the path crosses as -+ dG — G —, the cell region is a cell region with
ImJ > 0. On the other hand, if it crosses -+ G — dG —, the cell region is one with ImJ < 0.
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F-theory @ E; @

Figure 3.2: The duality between F-theory and Type IIB superstring field theory.

F-theory on RY"  x elliptically fibred K3
~ Type IIB theory on R x P! with 7-brane.  (3.1.36)

More generally, there is a duality (Fig. 3.2):

F-theory on R"™2" x elliptically fibred Calabi-Yau (n + 1)-fold Y,
~ Type IIB theory on R"~*" x B, with 7-brane. (3.1.37)
In these cases, there is the correspondence between the complex structure modulus 7(B,,) :=

71(By) + i12(B,,) of the elliptic curve E, in F-theory and the axio-dilaton field 7(B,) :=
Co(By) +ie~?PBn) in Type IIB superstring theory:

7(By) = 1(B,) +ir(Bn) ~ 7(B,) := Co(By) + ie B, (3.1.38)

where B,, is the coordinates of the base space B,,.

3.2 Kodaira’s Classification and 7-brane configura-

tions

In this section, we summarize the results of the classification and the correspondence
between the codimension-one singularities and gauge symmetries. The Kodaira’s singular
fibres are classified by Tate’s algorithm. The classification is called Kodaira’s classifi-
cation [62,113,114] and is summarized in Table 3.2. The basis for the correspondence
with each Kodaira singular fibre type and each gauge symmetry is that each intersection
diagram of the exceptional curves that appear by the crepant resolution’ (blow-ups) of

"In algebraic geometry, a crepant resolution is a resolution that does not change the canonical class
of the manifold.
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Table 3.2: Kodaira’s classification and 7-brane configurations. The ord(f), ord(g) and
ord(A) denote the orders of zeros of f, g and the discriminant A of the Weierstrass
equation and n > 1, (n € N). Here, ord(A) corresponds to the number of 7-branes
collected and the 7-brane configuration can be explained from the analysis of monodromy
in Chapter 2. Note that when ord(f) > 4 and ord(g) > 6, the singularities are so bad

that the triviality of the canonical bundles is broken in general.

Fibre type ord(f) | ord(g) | ord(A) | Monodromy | 7-brane config. | Brane type

smooth (1) >0 >0 0 — — —

I, 0 0 n AL A" Anq
17 >1 1 2 —-T-18 AB H,
171 1 > 2 3 -S A’B H,
v > 2 2 4 -TS AB H,
I > 2 3 6 ~1 A‘BC Dy

I > 2 3 6+n | —1xT" A"HBC Dyiy

Ir 2 >3 | 6+n | —1xT" A"BC Dy
Irr >4 5! 10 TS A"BCB Eg
11r 3 >95 9 S ABCB E;
A% >3 4 8 TS A°BCB Es
non-minimal 4 6 12 1 A BCBC —

each singularity coincide with each Dynkin diagram. In addition, from the coincidence
of the monodromy made by each 7-brane configuration at a point and the monodromy
around the point where there are Kodaira’s singular fibres, we obtain Table 3.2. Note
that a gauge symmetry on the 7-branes is the same as one in Kodaira’s classification.
This corresponds to the fact that the degrees of freedom of the open strings coincide with
the degrees of freedom of the roots of a gauge symmetry.

To briefly illustrate the fact that a Dynkin diagram coincides with an intersection
diagram of the exceptional curves that appear by the crepant resolution of a codimension-
one singularity, we consider the I3 case as the most simple example. Note that the smooth
manifold obtained after the crepant resolution of a singular one is also a Calabi-Yau
manifold since a crepant resolution does not change the canonical class of the Calabi-
Yau [54]. We start from the Weierstrass equation (3.1.20), where

f(2)= fo+ fiz+ -+ fu2, o
g(Z): go+g1z—|-..._|_96267 2.

fi;, gi € C and z is the coordinate on the affine patch of the base space P'. Then, the
discriminant A of (3.1.20) is

AG) = 42+ 2Tg(2)
= (4f5 +27g3) + 6(2f3 fr + 99091) 2
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+3(4f3 f2 + 4fof7 + 18g0g2 + 9g7) 2
F2(6/5 f3 + 12fo fifo + 217 + 279095 + 27g192)2° + O(21).  (3.2.2)

First, we obtain the local equation with the I3 singular fibre from the Weierstrass
equation (3.1.20). From Table 3.2, we set

fo=—3d* go=2a*

g1 = —af; =0,
go = —af2 = O, (323)
g3 # —afs,

fi=91=95=gs =0,

where a € C — {0}; and then, if we choose a = f3 = g3 = 1, we obtain the local equation
with the I3 singular fibre at z = 0:

U (z,y,2) = =y +2°+(=3+2°)v+(2+2%) =0, (3.2.4)
A(z), = 2162° + 0(2%). (3.2.5)

In Eq. (3.2.4), there are the singularities at (z,y, z) = (1,0,0). For simplicity, a variable
transformation yields

O (z,y,2) = —y* +2°+327+ 222 +22° =0. (3.2.6)

In Eq. (3.2.6), there is the singularity at (z,y, z) = (0,0,0).

Next, we consider the crepant resolution of a singularity [93, 98, 120] of the local
equation (3.2.6) along (x,y, z) = (0,0,0); and then, we obtain the exceptional curves C;’s
and their intersection diagrams. Here, the exceptional curve C; is the intersection of P2
in Eq. (3.2.7) and after the blow-up of the singularity of elliptic surface (for example,
@, (v1,91,2) in Eq. (3.2.8)); and then, the exceptional curves C;’s are P's. For the
crepant resolution, we replace the point (z,y,z) = (0,0,0) with a P?, by replacing C?
with

~

€ = {((2,y,2) x (€:7: Q) € COx Py : 2) = (€:m: Q). (3.2.7)

We are blowing up the singularity in inhomogeneous coordinates defined by the three
different affine patches of P2, for example, (z:y:2) = (£:n:¢) = (z1:y1: 1) (1., z #0).
Thus, to replace C? with C?, we simply replace (z,y, z) with (212,412, z) in the equation
(3.2.6) in Chart 1,. To not change the canonical class, the equation after the blow-ups is

defined as follows:

z_2®13(xlz,ylz, 2) = .1 (21,1,2) = 0. (3.2.8)
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We then obtain
Chart 1,

O p(v1,91,2) = —yi +afz + 2] + 20 + 22,
Gt 2= 0, = +VAn, 229

Singularities : None.

Similarly, we need to check the other patches: 1, (z # 0) and 1, (y # 0), by the same

procedure,

Chart 1,
,p (7,91, 21) = —Y5 + 7+ 3+ 252 + 220,
Chinl,: 2=0, y1 =+V3, (3.2.10)
Singularities : None,

and

Chart 1,

(I)yI3($1>y7 Zl) =-1 + .ﬁﬂiy + 333% + Zilgxly2 + 22%@],
Ctinl,: y=0, 2;==1/V3, (3.2.11)

Singularities : None.

No singularities remain; thus the blowup is finished. We obtain C;:l and an intersection
diagram of the exceptional curves after the crepant resolution of the I3 codimension-one
singularity (Fig. 3.3); and then, we can check the fact that a Dynkin diagram coincides
with the intersection diagram of the exceptional curves. In eight-dimensional F-theory,
this result similarly holds for all singular fibre types in Kodaira’s classification; thus the
singularity types in Kodaira’s classification exactly match the conjectured enhanced gauge
symmetries, respectively.

3.3 M-/F-theory Duality

It was shown that there is a duality between F-theory and M-theory [52,59,111]. In
this section, we briefly explain it.

It is known that the bosonic part of the action of the eleven-dimensional NV = 1
supergravity theory, which is the low-energy effective theory of M-theory, is given by

S = Zngﬂ; (le,w \% _gR - % le’lo dC3 A *dC3 - % le,m C3 A G4 A G4)
+25 [z110 C3 A Is 4 (fermionic term), (3.3.1)

where /1, is the Planck length in eleven dimensions, Cj is the 3-form gauge potential,
G4 = dCj is the field strength and gy n (M, N =0,1,---,10) is the eleven-dimensional
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Cp, Cp,
-, oo
Gy, Cp

Pl @ Intersection of P!

Figure 3.3: Example: intersection diagrams of the exceptional curves of a I3 singular fibre.

metric. Also, I3 is a topological higher curvature [121]:

1 1 ) 1 y
W( 768( rR?)% + 192trR). (3.3.2)

This action is invariant under the transformation C5 — C3+dAs, where A, is an arbitrary

Iy =

2-form. C} is electrically coupled to the M2-brane as
2T
S = v / Cy. (3.3.3)
11 M2 11 JM2

Cs, which is dual to (4, is electrically coupled to the M5-brane. It is known that the
Ms-brane solution is

dsi, = 2/3( )N datdx” +f1/3( )5ijd:cid:cj, (3.3.4)
321206 N o
fM2(7n) = 1+ %, 7"2 = 52-]-33’33], (335)

where Njy9 is the number of M2-branes p, v =0,1,2and 2,5 = 3,---,10. It is also known
that the Mjs-brane solution is

A’y = fo 2 (r)mudatde” + a2 (r)6;daida?, (3.3.6)
3, N o
fus(r) = 1+ %, r? = §;x'at, (3.3.7)

where N5 is the number of M5-branes p,v =0,--- ;5 and 4,5 =6,--- ,10.

We briefly explain a duality between M-theory on R x T2 and Type IIB superstring
theory on R*® x S! [111]. To distinguish cycles S}, we label them as S} and denote the
radius of S} as R;. We consider

T2 := 5! x S} (3.3.8)
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We denote R, and R, as the radii of S; and Sj, respectively. In this case, gio, (u =
0,1,---,9) corresponds to the R-R field C), and gi019 to the dilaton field ¢ in Type ITA
superstring theory. First, when R, — 0, there is a duality between M-theory on S!
and the Type ITA superstring theory [122]. Next, there is T-duality between Type ITA
superstring theory on R'® x Sk and Type IIB superstring theory on R'® x SL. There is
a relation between the radii of S* of each other:

2

Ry= L

= = 3.3.9
b Rb’ ( )

where I, is the string length and Rp is the radius of 5’}9 In this case, C),—9 corresponds to
the R-R scalar field Cyy in Type IIB superstring theory. And their dilaton fields correspond
to each other. The limit R — 0 corresponds to the limit Rp — oo; thus, It is equivalent
to the fact that we consider Type IIB superstring theory on R'?. Therefore, if we consider
RS x SL| — RY9, there is a duality:

RBHOO

M-theory on R*® x 7% (:: Sk x Sy ~ Type IIB theory on R". (3.3.10)

){RA,RB—>O

In this thesis, we denote a duality as ~. In this case, there is a correspondence between
the complex structure modulus 7 := 7 + iy of T? in M-theory and the axio-dilaton field
7 := Cy + ie~? in Type IIB superstring theory:

Ti=T ity ~ 7:=Cy+ie?. (3.3.11)

Also, using the volume V of T2 in the M-theory, the metric of Type IIB superstring theory

in the Einstein frame can be written as
£4
dsiip = dsgs + 72435, T ~ Fo+ 1, (3.3.12)

where Zg ~ Tg+ 1 is a periodic boundary condition for 5’}3 Thus, in the limit V' — 0, the

dual Type IIB superstring theory has ten-dimensional Poincare symmetry.

We discuss this duality in general. The elliptic fibration Y,,,; is defined as

T ]E’T — Yn_;’_]_
! (3.3.13)
By,

where E. and B,, are an elliptic curve and a complex n-dimensional base space, respec-
tively. And then, we can regard Y, ,; as a holomorphic line bundle £ over B, with a

choice of sections. If we consider RM72" x B, x SL| — RY9=27 » B, there is a
RBA)OO

duality in general:

M-theory on R**™2" x Y, 1|y _o ~ Type IIB theory on R"*™2" x B, (3.3.14)
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where V' := Vol(E,) and n > 1. Then, using the volume V' of the elliptic curve E, on the
M-theory side, we can write the metric of Type IIB superstring theory in Einstein frame
as

ds® = dsgis—an + dsh + %dig, To ~ Tg+ 1. (3.3.15)
The first Chern class of Y,,,; is given by
1 (Yog1) = a1 (By) —al(L). (3.3.16)
There is a relation
c1(Bp) = (L) (3.3.17)

from the Einstein equation and the discussion about supersymmetry [61]. Therefore, we
obtain

¢1 (Ypg1) = 0. (3.3.18)

This means that Y,,,; is a Calabi-Yau (n + 1)-fold. In particular, in the n = 1 case, Y5 is
the complex two-dimensional elliptically fibred Calabi-Yau, the elliptically fibred K 3; and
then, the base space By is P'. In this case, half of SUSY is conserved in M-theory. This
corresponds to the fact that we consider the 7-brane solution in Type IIB superstring

theory discussed in the previous chapter.

When considering F-theory on elliptically fibred Calabi-Yau (n + 1)-fold, there is a
duality in general:

F-theory on R"™2" x elliptically fibred Calabi-Yau (n + 1)-fold ;14
~ Type IIB theory on R"~" x B, with 7-brane (3.3.19)

from the discussion in Section 3.1. In particular, if considering F-theory on elliptically
fibred K3, the base By = P! (n = 1). In the eight-dimensional F-theory, there is a duality:

F-theory on RY"  x elliptically fibred K3
~ Type IIB theory on R x P! with 7-brane.  (3.3.20)

On the affine patch of the base space of the elliptically fibred K3: B; (= P') with the
coordinate z = xg + tx9, there is the correspondence between the complex structure
modulus 7(z) := 71(2) + i7e(2) of the elliptic curve E, in F-theory and the axio-dilaton
field 7(2) := Cy(2) + ie~?*) in Type IIB superstring theory:

7(2) == 1 (2) +ir(z) ~ 7(2) = Co(2) +ie ?*). (3.3.21)
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From the above, when considering the eight-dimensional F-theory, there is a duality
between M-theory and F-theory:

M-theory on R"®  x elliptically fibred K3,
~ F-theory on R" x elliptically fibred K3. (3.3.22)

In this case, since the coordinate on the affine patch of the base space P! on the M-theory
side and the F-theory side are z = x7 + ixg and z = xg + ixg, respectively, the complex
structure moduli 7(z) := 71 (2) + i72(2) of the elliptic curves E, correspond to each other.
Therefore, because we consider the limit V' := Vol(E;) — 0 on the M-theory side, a
dynamical modulus is not the volume (Kéhler) modulus (V := Vol(E,)) but the complex
structure modulus 7(z) of the elliptic curve E; on the F-theory side. This means that
the extra two dimensions E, in F-theory are virtual. More generally, the M-/F-theory
duality is

M-theory on R"®7*" x elliptically fibred Calabi-Yau (n + 1)-fold Y11/,
~ F-theory on R"~2" x elliptically fibred Calabi-Yau (n + 1)-fold Y,,,1; (3.3.23)

and then, the complex structure moduli of the elliptic curves [, correspond to each other
too.

Finally, we explain how the (p,q)-string in Type IIB superstring theory can be
interpreted in dual M-theory. Considering the duality between M-theory and F-theory,
if an M2-brane is wrapped around a cycle of an elliptic curve, there are two pieces of
information: a line segment on the base space and a cycle around which it is wrapped.
We explain what the information in this cycle corresponds to. When we consider F-theory
on the elliptically fibred Calabi-Yau (n + 1)-fold, there are some 7-brane at the points
where the elliptic fibrations are singular (where the elliptic curve degenerates). On the
other hand, in Type IIB superstring theory, the 7-brane is an object to which the endpoints
of an open string are attached. Thus, at least a cycle of an elliptic curve (two-torus 7?)
degenerates at the point where a 7-brane exists. This is called a vanishing cycle. The
vanishing cycle is determined by the charge (p, ¢) of the [p, ¢|7-brane. Therefore, the line
segment on the base space and the cycle pa + ¢ around which an M2-brane is wrapped
in dual M-theory corresponds to the path and the charge (p, q) of the (p, ¢)-string in Type
IIB superstring theory, respectively (Fig. 3.4). Here, a and 3 are two cycles of an elliptic

curve E..
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Figure 3.4: The line segment on the base space and the cycle pa + ¢8 in dual M-theory.



Chapter 4

Heterotic/F-theory Duality

In this chapter, we discuss the duality between F-theory and Heterotic superstring
theory [52,53,87-89,123,124]. In particular, for considering mater generation in F-theory,
we focus on an F-theory on an elliptically fibred Calabi-Yau threefold over IF,, in the
stable degeneration limit, which is dual to an Eg x Eg Heterotic superstring theory on
elliptically fibred K3 with instanton numbers (12 + n,12 — n) in each Eg [87, 88, 90].
We then introduce the anomaly cancellation condition [90,125] and see that the matter
contents in the dual Heterotic superstring theory satisfy this condition [90]. In addition,
on the F-theory side, from the Weierstrass equation, if the charged matter fields are
localized at all codimension-two singularities, the number of the matter fields in a model
with ADFE codimension-one singularity is consistent with this condition [90]. This is one
of the reasons why the massless charged matter fields are localized at all codimension-two
singularities in a model with ADFE codimension-one singularity.

4.1 Heterotic/F-theory duality in eight dimensions

The Heterotic/F-theory duality in eight dimensions [52,53,87,123,124] (see [54,126]

for a review) is

Heterotic superstring theory on R x T2
~ F-theory on RY" x elliptically fibred K3. (4.1.1)

One of the pieces of evidence suggesting the duality (4.1.1) is that their moduli spaces:
SO(2,18;Z) \ SO(2,18) / SO(2) x SO(18) (4.1.2)

coincide with each other!. In particular, in the cases of the perturbative Eg x Eg Heterotic
superstring theory, the duality (4.1.1) can be understood concretely in the weakly coupling

LA gauge symmetry can be realized only if the root lattice of its gauge algebra can be embedded into
the unimodular lattice I'%18 [127].

20
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limit, which is realized by V' — oo (V is the volume of 7?). The volume modulus V on
the Heterotic superstring theory side corresponds to a complex structure modulus 7 of
the elliptic curve E. on the F-theory side. On the F-theory side, we consider the compact
space K3 as a fibre product of two rational elliptic surfaces dPy in the cases of the Fg x Fg
limit, which is called the “stable degeneration limit” [87-89]. In the stable degeneration
limit, we can match the non-abelian gauge symmetries arising from the configurations
of the Wilson lines in the perturbative Eg x Eg Heterotic superstring theory to the ones
arising from Kodaira singular fibre over points on the F-theory base space P!, respectively.

In lower dimensions, the dualities are briefly understood by considering compact
spaces with eight-dimensional cases fibred over the common base spaces B, in both of
these theories, respectively [52,87,88]:

Heterotic theory on R 2" x elliptically fibred over B,
~ F-theory on R"~2" x elliptically fibred over B,1, (4.1.3)

where n € N and Bn+1 is constructed as a P! bundle over B,,. In other words,

Heterotic theory on R»"~?" x elliptically fibred Calabi-Yau (n + 1) -fold Y,
~ F-theory on RY~2" x K3-fibred Calabi-Yau (n + 2) -fold Y., (4.1.4)

where both the elliptically fibred Calabi-Yau (n + 1)-fold Y;,,1 and (n + 2)-fold Y,,,» have
section. This argument is also true for the eight-dimensional case when regarded as the

common base space By is a point and B; = P! is the unique P* bundle over the point.

4.2 Heterotic/F-theory duality in six dimensions

In six dimensions, there is a unique common base space B; = P! in Eq. (4.1.3).
Thus, the Heterotic/F-theory duality with the smooth dual geometries in six dimensions
is [87,88]

Heterotic theory on R x elliptically fibred over P! (elliptically fibred K3)
~ F-theory on R x elliptically fibred over F,, (4.2.1)

where F,, is a Hirzebruch surface, which will be defined later, and both the elliptically
fibred Calabi-Yau twofold Y; and threefold Y3 have section. In this thesis, we only con-
sider the Heterotic/F-theory duality with the smooth dual geometries in which no small
instantons arise®. As the case in eight dimensions, on the F-theory side, codimension-one
singularities (corresponding to the positions of 7-branes in Type IIB superstring theory),

2The Heterotic/F-theory duality can be extended by incorporating non-perturbative effects in Het-
erotic superstring theory. In this case, for example, By = ]P)Q, as the base space in F-theory, can be
realized [88,128]. The base spaces By in F-theory can be classified in terms of the divisor structure [97].
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which are codimension-one loci in the base space [F,, (codimension-two in the total space
}73) where elliptic fibres become the singular fibres, correspond to the expected ADE
gauge symmetries implied by Kodaira’s classification [90,91,93,98,120]. In addition, in
six or lower dimensions, this can include non-simply-laced gauge symmetries when mon-
odromies exist. Also, there are intersections of the codimension-one loci in the base space
[F,,. These codimension-two loci where the codimension-one singularities and the expected
gauge symmetries are enhanced correspond to intersections of 7-branes in Type IIB su-
perstring theory. Thus, the codimension-two loci are involved in matter generation and

are called codimension-two singularities.

In the stable degeneration limit, especially, the dual Heterotic theory is the Eg x Fg
Heterotic theory on elliptically fibred K3 with instanton numbers (124 mn,12 —n) in each
Es [87,88]. Here, n in instanton numbers on the Heterotic theory side is equal to n of F,,
on the F-theory side. In this thesis, we focus only on this case henceforth.

The Hirzebruch surface F,, is a P! bundle over P!, characterized by an integer n. This
n is the number of “twists” of a P! bundle over a P! and (0 <) n < 12 in the mathematical
framework of minimal surfaces (where there are no curves of self-intersection —1) [129].
We define the elliptic fibred Calabi-Yau threefold over the Hirzebruch surface IF,, described
by Weierstrass form (3.1.17) as follows: the Hirzebruch surface F,, is defined as a toric
variety with the following two toric charges:

1 n 0 (4.2.2)

Here, (v : v') and (u : v) are the homogeneous coordinates of the base P! of the fibre P!,
respectively, This means that the Hirzebruch surface FF,, is defined as

F,={C"-0}/ ~, (4.2.3)

« 7

where “~” contains the two identifications:

(M, M, N, v) (4.2.4)

(W, v u,v) ~ (W, o) (4.2.5)

=
=
¢

where A,z € C and (12 >) n € Z. When n = 0, the P! fibration is trivial: P' x P'. We
introduce the affine coordinates as

u
—— = _. 4.2.6
w = ( )

and then, the Weierstrass form is given by

v =22+ f(z,w) x4+ g(z,w), (4.2.7)
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where

I
f(z,w) = Z Zif8+n(4fi) (w),
= (4.2.8)

J
9(2’; w) = Z ngl2+n(6—j)<w)a
=0

where [ and J are the largest integer that satisfies I < 8, 8 +n(4 —1) > 0 and J < 12,
12 4+ n(6 — J) > 0, respectively. In this chapter, all subscripts denote the degree of the
polynomial in w. The correlation between the degree of fsin—s) (g124n@—j)) and the
power of z in f (g) is determined by the charges Q) and Q™ in Eq. (4.2.2) from the
condition for conserving supersymmetry [54]. The charges Q™ and Q) of x and y are

assigned as follows:

x Y
QW | 2n4+4 3n+6 (4.2.9)
QW 4 6

In this case, the discriminant locus (3.1.19) is given by

A(z,w) = 4f3 (z,w) +27¢* (2, w)
= (4fé§n+8 (w) + 2792n+12 (w))
+6 (2715 (W) fanss (W) + 9gent12 (W) gsnia2 (w)) 2
+3 (4f42n+8 (W) fonts (W) + 4 fants (w) f??n—&-S (w)
+1876n+12 (W) gant12 (W) + 9G35, 415 (W) 2°
+2 (6715 (W) frvs (0) + 12 fants (W) fanss (W) fangs (W) + 25, 5 (w)
+27g6n+12 (W) gsnt12 (W) + 2Tgsns12 (W) Gant12 (w)) 2°

+ (412 pis (W) + 276 6y 12) 220 (4.2.10)

The coefficients of 2% and 2° in Eq. (4.2.8): fi(w) and g¢(w) correspond to the
moduli of the elliptically fibred K3 on the Heterotic theory side [88]. Thus, w can be
regarded as the inhomogeneous coordinates of the common base P' on the Heterotic
theory side. In the limit where the size of the common basis P* is sufficiently large, at
w = const., the result is expected to be the same as in the eight-dimensional case. Also,
w is expected to be the parameter describing to gauge symmetry enhancement.

In the stable degeneration limit, on the F-theory side, the gauge symmetries are
localized at two points: z; = 0, 00. [fsynu—y (i < 4) and gia4ne—j) (J < 6) control
the moduli of one Eg with the instanton number 12 + n near z = 0; and then, when all
J84n(a—i) (1 >4) and 912+4n(6—7) (7 > 6) are set to zero, gi24, corresponds to 12 + n small
instantons. On the other hand, fsinu—) (¢ > 4) and gi24n(6—j) (J > 6) control the moduli



54

of another Eg with the instanton number 12 —n near z ~ oo; and then, when all fs 41—
(i < 4) and gio4n6—j) (j < 6) are set to zero, gi2—y, corresponds to 12 —n small instantons.

On the Heterotic theory side, an Eg with the instanton number 12 +n has a (30n +
112)-dimensional hypermultiplet moduli space. On the other hand, on the F-theory side,
we count the degree of freedom of fsinu—s) (¢ < 4) and giaqne—;) (J < 6) in Eq. (4.2.8);
and then, we find 31n 4+ 114. Note that there are the n + 2 reparameterizations: z —
az + P, (w) (a € C). Thus, we obtain the dimension of the moduli space on the F-theory
side:

(3ln+114) — (n+2) = 30n+ 112. (4.2.11)

In this way, we can confirm that the dimensions of the hypermultiplet moduli spaces on
the F-theory and the Heterotic theory sides coincide. The case that Fg is broken: Fy — H
is discussed in the next sections.

4.3 Anomaly cancellation conditions in six-dimensional
F-theory

The gravitational anomaly cancellation condition in six-dimensional supergravity
(as summarized in [130-132]) is given by

iy — ny = 273 — 2907, (4.3.1)

where Ny, ny and np are the numbers of hypermultiplets, vector multiplets and ten-
sor multiplets, respectively. Note that ng contains 20 hypermultiplets from the gravity

multiplet, then,
ng =ng + 20 := Neharged + Mo + 20, (4.3.2)

where nepargeq and no are the numbers of the charged and the neutral hypermultiplets.
When we consider the elliptically fibred Calabi-Yau threefold over the Hirzebruch surface
F,, on the F-theory side, the number of tensor multiplet, which comes from the gravity
multiplet, is

ny = h'(F,) — 1= 1. (4.3.3)

Thus, we obtain ng — ny = 224. For each Eg with instanton numbers (12 4+ n, 12 — n),
the anomaly cancellation conditions [90,125] are

ng —ny = —30n+ 112 (Es with 12 — n instantons) (4.3.4)
= 30n+ 112 (Eg with 12 4+ n instantons).
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In this way, the numbers of the hypermultiplets of Eg’s must be preserved, even in the
case that Eg is broken: Fg — H.

In this section, we focus on the Heterotic string theory side, especially, Fg with
the instanton number 12 + n. We introduce the gauge invariant three-form for anomaly

cancellation:
w3 = dB2 + wsr, — Wsy, (436)

where wsy, and wsy are Chern-Simons three-forms of the spin connection (L: Lorents)
and the gauge field (Y: Yang-Mills), respectively. Since this three-form (4.3.6) must be
well-defined globally, The integral of the exterior derivative of the three-form dws over K3
needs to be zero:

1 1
T puna B2 — —Tr.q. F? ) =0, 4.3.7
16 /K3< Hund. 30" ot ) (4.3.7)

where we denote traces as T'r,p. in the “representation”, for example, fund. and adj. are
the fundamental and adjoint representations, respectively. The term of a gravitational
contribution T?"fundR2 corresponds to half of the Pontryagin number (or the number of
singularities) and gives 24 for an elliptically fibred K'3. On the other hand, the term of a
gauge field contribution T, F?/c2(Eg) gives the instanton number. Here, c2(Es) = 30
is the dual Coxeter number of Eg. Therefore, there is the configuration of the gauge fields
in the K3 with 24 instantons.

We consider gauge symmetry enhancement in the case of the following maximal
subgroup G:

Ey C G x H, (4.3.8)

where G and H are the unbroken and broken gauge symmetries, respectively®. Also,
irreducible representations R; of G' and S; of H come from

Adj(Es) =248 = ) (R, S;). (4.3.9)
An enhanced gauge symmetry G corresponds to embedding all 12 + n instantons in H.

In this case, we obtain the charged and neutral hypermultiplets and the number of the
vector multiplets is

ny = dimG. (4.3.10)

First, we consider the numbers of the neutral hypermultiplets ng. The number of

neutral hypermultiplets in G is given by the dimension of the moduli subspace of G:

no = dim M(G) = c2(H)(12 +n) — dim H, (4.3.11)

3H is simple and the commutant of G.
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where co(H) is the dual Coxeter number of H and dim H is equal to the dimension of the
adjoint representation of H.
Next, we consider the numbers of the (massless) charged hypermultiplets ncarged-

From an index theorem, we obtain

1 H\2 1 . 2
No= o /K 3 (Trsi(F 2 g dmn (S) T R )
1 .
= 3 /K T T7og. (F7)? — dim ()
= index (5;) (12 +n) — dim (5;)
= 307;(12 +n) — dim (.5;), (4.3.12)
where N; is the number of R; and r; is
Trg (FH)?
o= Lrs(FT) (4.3.13)

Troq (F1)?

listed in Table 4.1 for all the simple groups. Thus, we obtain the numbers of the charged
massless matter fields for G:

Ncharged = Z N; X dim Ri. (4314)

The above calculations are summarized in Table 4.2. Note how the instantons are
assigned, if H consists of the direct product of the two groups: the unbroken Dg, A5 and
C3 gauge symmetries. In these cases, we consider the case where 12 4+ n instantons are
distributed among (8 +n—r,4+47) in (Ay, A1), (A2, A1) and (Ga, A;). We can check that
all cases in Table 4.2 satisfy the anomaly cancellation condition (4.3.5). “Relaxing” the
restrictions on embedding instantons in H' (D H) corresponds to breaking G to G’ (C G)
by the Higgs mechanism, giving an expectation value to some charged hypermultiplets of
G. In the next section, we will discuss this mechanism on the F-theory side.

4.4 Gauge Enhancement and matter in 6D F-theory

In this section, we only consider 7 < 4, j < 6 and near z = 0 so that we focus on an
Ey with the instanton number 12 + n in heterotic dual, in line with the previous section.
Toward constructing a dictionary connecting F-theory and Heterotic superstring theory
for matter multiplet, we discuss the “Relaxing” mechanism in F-theory.

We can confirm that the number of neutral hypermultiplets of each G in Heterotic
theory completely matches the dimension of the moduli spaces of compactification with
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Group theoretic coefficients r; and dim R;. Note that 1,4 = 1. The second

row of each group without FEjy is the adjoint representation, respectively. For the Dynkin

label of R;, the same notation is used as for [133].

unbroken sym. G H Dynkin label of Ry dim R; T
An_q (1,0,...,0) N 1/2N
(1,0,...,0,1) NZ -1 1
(0,1,0...,0) N(N —-1)/2 (N —2)/2N
(2,0,...,0) N(N+1)/2 (N +2)/2N
(0,0,1,0,...,0) N(N —-1)(N —-2)/6 (N —2)(N —3)/4N
(3,0,...,0) N(N+1)(N+2)/6 (N —2)(N —3)/4N
By (1,0,...,0) 2N +1 1/(2N —1)
(0,1,0...,0) N(2N +1) 1
(0,...,0,1) 2N 2N=3 /(2N — 1)
Cn (1,0,...,0) N 1/2(N +1)
(2,0,...,0) N(2N +1) 1
(0,1,0...,0) (N —-1)(2N + 1) (N—-1)/(N+1)
(0,0,1,0,...,0) 2N(N —=2)2N +1)/3 | (N =1)(2N —3)/2(N +1)
Dy (1,0,...,0) 2N 1/2(N — 1)
(0,1,0...,0) N(2N —-1) 1
(0,...,0,1) N-1 2N—4/2(N — 1)
Es (1,0,0,0,0,0) 27 1/4
(0,0,0,0,0,1) 78 1
E; (0,0,0,0,0,1,0) 56 1/3
(1,0,0,0,0,0,0) 133 1
Ey (0,0,0,0,0,0,1,0) 248 1
Fy (0,0,0,1) 26 1/3
(1,0,0,0) 52 1
Go (0,1) 7 1/4
(1,0) 14 1

each “G”* singularity in F-theory. In this section, we assume that the matter fields locally

exist at the loci where the polynomials fsynu—i) and giojne—j) (4.2.8) are zero. We also

assume that the matter representation is determined by which singularity the Kodaira

singular fibre is enhanced on this locus.

G — G’ at this codimension-two singularity is characterized by

G/

GxU(1)

we assume that the hypermultiplet appears as a matter multiplet at this codimension-

In addition, if the singularity enhancement

(4.4.1)

4Tn this and the next chapter, quotation marks are restored as appropriate to avoid confusion.
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Table 4.2: Matter contents on the dual Heterotic side. Note that X% means a half-
hypermultiplet.

unbroken sym. Charged matter contents ng ny
E, (n+ 8)56% 2n + 21 133
FEs (n+6)27 3n + 28 78
Fy (n+5)26 4n + 34 52
Bs (n+4)32% + (n+7)11 3n + 26 55
Ds (n+4)16 + (n +6)10 4n + 33 45
By (n+5)9+ (n+4)16 5n + 39 36
D, (n+4)(8.+8;,+8,) 6n + 44 28
Bs (n+3)7+(2n+8)8 Tn + 48 21
Go (3n +10)7 9n + 56 14
Ay (3n+16)5 + (24 n)10 5n + 36 24
A (n+2)6 + (4n + 16)4 8n + 51 15
Cy = By (n+1)5+ (4n +16)4 In + 53 10
Ay x A n(2,2) + (4n + 16)[(1,2) + (2,1)] 10n + 54 6
Ay (6n +18)3 12n + 66 8
Ay (6n + 16)2 18n + 83 3
Dy r32% + (4+n—7)32' + (n+8)12 2n + 18 66
As 1203 + (16 +7+2n)6+ (2+n—r)15 | 3n—r+21 | 35
Cs (32+4n+3r)62 + (n+1—r)14+ 714’y | 4n+23—2r | 21

two singularity. This is because the representation that appears in this gauge symmetry
enhancement is a real or complex representation. Also, if the singularity enhancement is
characterized by

G/
Gx A (=0

(4.4.2)

we assume that the hal f-hypermultiplet appears as a matter multiplet. This is because
the representation that appears in this gauge symmetry enhancement is a pseudo-real
representation. In the cases of ADFE gauge symmetries, if the matter fields locally exist
at all intersection loci of the singularities as intersecting D-branes [134], the anomaly
cancellation condition (4.3.5) is satisfied. On the other hand, in the cases of non-simply-
laced gauge symmetries, it is difficult to assume that the matter fields are localized at all
intersections. This is discussed in the next chapter and leads to the purpose of this thesis.

We can consider the following two different chains of the Higgs mechanism: (1)
The unbroken E; case corresponds to instantons in H = A;. (2) The unbroken Dg case
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corresponds to instantons in H = A; x A;. In this case, we obtain the Higgs chain

Cs — As «— Dg
3 1 3
I 4 B; <« Er
3 ) 3 3
1 Ay +— Dy <+ Eg
3 1 3 3
\ \ By <« Fy
¢ 4 " (4.4.3)
Il ! D,
3 ) 3

Cy = By « A3 =2 D3 < Bs
3 A 3
1 Ay +— Gy
3 2

A x A — Ay

In this section, we write only non-zero polynomials. Also, we do not write fg and ¢;2
since these polynomials are not associated with the Fg with the instanton number 124 n.
Each setup is shown in Table 3.2.

(1) E; chain
(1-1) We obtain an unbroken E7 case (H = A;) when there remain fg.,, and gio4p.
Therefore, the dimension of the moduli spaces of compactification ny with “E;”
singularity in F-theory is
ng = (94+n)+(13+n)—1
= 2n+ 21. (4.4.4)

We also obtain the “E7” discriminant locus (4.2.10)::
A(z,w) = (4fgn(w) +0(2))2". (4.4.5)

At fs1, = Olocus, “E;” is enhanced to “FEg”; thus, we obtain the half-hypermultiplets
56% since By x Ay C Eg. Therefore, the F; case has (8 + n) half-hypermultiplets
56% as charged matter fields.

(1-2) We obtain an unbroken FEjg case (H = As) when there remain fgi,, gi24+n and
J1242,- In addition, the “split” condition, discussed in the next chapter, requires

J12+42n = qurn- (4.4.6)
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Therefore, the dimension of the moduli spaces of compactification with “Eg” singu-
larity in F-theory is

ng = 9+n)+(13+n)+(7+n)—1
— 3n+ 28, (4.4.7)

We also obtain the “Fg” discriminant locus (4.2.10):
A(z,w) = (27g5,,(w) + O(2))2" (4.4.8)

At gg1n, = 0 locus, “Eg” is enhanced to “FE;”; thus, we obtain the hypermultiplets
27 since Eg x U(1) C E7. Therefore, the Eg case has (6 4+ n) hypermultiplets 27 as
charged matter fields.

(1-3) We obtain an unbroken Fj case (H = (G3) when there remain fsi,, g124n
and gioy9,. In addition, the “non-split” condition, discussed in the next chapter,

requires

G1212n 7 Qo1 (4.4.9)

Therefore, the dimension of the moduli spaces of compactification with “F}” singu-
larity in F-theory is

ng = (9+n)+(13+n)+(13+2n) -1
— dn+34 (4.4.10)

We also obtain the “F,” discriminant locus (4.2.10):

If we consider the matter representation 27 of Fjs is decomposed to 26 of F) at
J12+2n = 0 locus, (12 + 2n) hypermultiplets 26 arise in the F, case since 26 is a
real representation. However, since the expected number of 26s from the anomaly
cancellation condition (4.3.5) is n 4+ 5 [87,88], it is difficult that the matter fields
are localized at all intersections in the Fj case. This puzzle is not solved even if we
consider the adjoint representation 78 of Fg is decomposed to 52 + 26 of Fy. Since
this puzzle generally arises in the case of non-simply-laced gauge symmetries, we
are not discussing the matter representation of it in this chapter from now on.

(1-4) We obtain an unbroken Bs case when there remain fsin, fston, G124n, G12+42n
and gio13,. In addition, the “non-split” condition requires

Gr12+2n ~ fs+nSatn, (4.4.12)

3
912+43n ™~ Syqp-
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Therefore, the dimension of the moduli spaces of compactification with “Bs” singu-
larity in F-theory is
ngo = 9+n)+13+n)+(B+n)—1
— 3n+26. (4.4.13)

(1-5) We obtain an unbroken Dy case when there remain fsi,, fsion, G124n, J1242n
and g1213,. In addition, the “split” condition requires

Jsran ~ hier
g12+42n = C](25+n — fssnhain, (4.4.14)
912+3n ™~ hi—i—n'
Therefore, the dimension of the moduli spaces of compactification with “D5” singu-
larity in F-theory is
no = (9+n)+13+n)+GB+n)+(7T+n)—1
= 4n + 33. (4.4.15)

We also obtain the “D;” discriminant locus (4.2.10):
Al w) = (B (@) () + Bon(w) Pusyan + 07, (4.4.16)

where Pig9, is a non-factorizable polynomial constructed fs and gs. At hyy, =0
locus, “Ds” is enhanced to “FEjg”; thus, we obtain the hypermultiplets 16 since
DsxU(1) C Eg. At gon = 0locus, “D5” is also enhanced to “Dg”; thus, we obtain
the hypermultiplets 10 since D5 x U(1) C Dg. Therefore, the Dj case has (4 + n)
hypermultiplets 16 and (6 4+ n) hypermultiplets 10 as charged matter fields.

(1-6) We obtain an unbroken By case when there remain fgi,, fston, G124n, G1242n
and gio43,. In addition, the “non-split” condition requires

fs2n ~ Biin,
G1242n 7 q§+n — fs4nhatn, (4.4.17)
g12+3n ™~ hi—l—n'
Therefore, the dimension of the moduli spaces of compactification with “B4” singu-
larity in F-theory is
ng = 9+n)+13+n)+(B+n)+(13+2n) -1
= on+39. (4.4.18)

(1-7) We obtain an unbroken D, case when there remain fgi,, fsi2n, 9124n, G12+2n

and gi243,. In addition, the “split” condition requires

f8+2n ~ hzzl—f—m (4 4 19>

3
g1243n ~ Tqqn-



62

Therefore, the dimension of the moduli spaces of compactification with “D,” singu-
larity in F-theory is

ng = 9+n)+13+n)+(B+n)+(13+2n)+(5+n)—1
— 6n+44. (4.4.20)

We also obtain the “D4” discriminant locus (4.2.10):

Alz,w) = ((hip,(w) + 7y, (W) (R, (w) + wriy, (w))

X (h (W) + w?ri,, (w)) + O(2))2", (4.4.21)
where w3 = 1. At hyy, = r4q, locus, “D,” is enhanced to “Ds”; thus, we obtain
the hypermultiplets 8 since Dy x U(1) C Ds. In addition, since there is a Z3
symmetry ¢ — wq exchanging the various factors in the discriminant, we obtain the

hypermultiplets (8, + 85 + 8.). Therefore, the D, case has (4 + n) hypermultiplets
(8y + 85 + 8;) as charged matter fields.

(1-8) We obtain an unbroken Bjs case when there remain fsi,, fston, G124n, G1242n
and gio13,. In addition, the “semi-split” condition requires

G12+3n = Sfs+anTatn- (4.4.22)

Therefore, the dimension of the moduli spaces of compactification with “B3” singu-

larity in F-theory is
ng = 9+n)+1A3+n)+O+2n)+(13+2n)+(5+n)—1
= Tn+48. (4.4.23)

(1-9) We obtain an unbroken Gy case when there remain fsi,, fsi2n, 9124n, G12+2n

and g12.3,. In addition, the “non-split” condition requires

G12+3n 7 fst2nTatn. (4.4.24)

Therefore, the dimension of the moduli spaces of compactification with “G5” singu-
larity in F-theory is

no = (9+n)+(13+n)+(9+2n)+ (13+2n)+ (13+3n) —1
= 9n + 56. (4.4.25)

(1-10) We obtain an unbroken A, case when there remain fs ., fsi2n, fs+3n, fs+ran,

G124n, 124205 J12+43n, G12+4ns G12+45n and giaien. In addition, from the “split” condi-
tion, this singularity is given by the five polynomials as follows:

f8+na g124n, H4+na d6+n, k2+n- (4426)
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Therefore, the dimension of the moduli spaces of compactification with “A,” singu-
larity in F-theory is

no = 9+n)+13+n)+G+n)+(T+n)+B+n)—1
— 5+ 36. (4.4.27)

We also obtain the “A,” discriminant locus (4.2.10):
A(Z’ w) = <k§+n(w)P126+3n(w) + O(z))ZS’ (4428)

where Pjgy3, is a non-factorizable polynomial constructed fs and gs. At kg, =0
locus, “A4” is enhanced to “Ds”; thus, we obtain the hypermultiplets 10 since
Ay x U(1) C Ds. At Pigys, = 0 locus, “A,” is also enhanced to “As”; thus, we
obtain the hypermultiplets 5 since Ay xU(1) C As. Therefore, the A; case has (2+n)
hypermultiplets 10 and (16 4+ 3n) hypermultiplets 5 as charged matter fields.

(1-11) We obtain an unbroken A3 = D3 case when there remain fsin, fsion, fst3n,

14 13 M)
J8+4n, G124n> 912420, 912430, J12+4ns G12+45n a0d gra46,. In addition, the “split” con-
dition requires

2 4
f8+3n ~ k2+nH4+na f8+4n ~ k2+n7

1 1
912430 = 2—me+n + 6f8+2nH4+n - f8+nk5§+m
. (4.4.29)
g12+4n = _f8+2nk§+n + Ek§+nHZ+n7
J1245n = _k§+nH4+n7 g12+6n = kg+n'

Therefore, the dimension of the moduli spaces of compactification with “As” singu-

larity in F-theory is

no = (9+n)+13+n)+9+2n)+(13+2n)+B+n)+(5+n)—1
= 8n+51. (4.4.30)

We also obtain the “A3” discriminant locus (4.2.10):
Alz,w) = (k34 (W) Py (w) + O(2)) 2, (4.4.31)

where Pig.4, is a non-factorizable polynomial constructed fs and gs. At ko, =
0 locus, “A3” is enhanced to “D,”; thus, we obtain the hypermultiplets 6 since
A3 x U(1) C Dy. At Pigyan = 0 locus, “A3” is also enhanced to “A,”; thus, we
obtain the hypermultiplets 4 since Az x U(1) C A4. Therefore, the A3 case has
(2 +n) hypermultiplets 6 and (16 + 4n) hypermultiplets 4 as charged matter fields.

(1-12) We obtain an unbroken Cy = B, case there remain when fgi,, fsion, fs1an,

J84+4ns 91240, G1242n, G1243n, J12+4n, G1245n and giayen. In addition, the “non-split”
condition requires

Kijon # k34 (4.4.32)
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in “A3” condition (4.4.29). Therefore, the dimension of the moduli spaces of com-
pactification with “As” singularity in F-theory is

ng = 9+n)+(13+n)+(9+2n)+ (134+2n)+(5+2n)+ (5+n)—1
= 9n+53. (4.4.33)

(1-13) We obtain an unbroken A; x A; = Dy case when the discriminant locus has
two irreducible divisors D,, = D,+nD, [87] with each A; singularity. Therefore, the
dimension of the moduli spaces of compactification with “A; x A;” singularity in F-
theory is ng = (30n+112)—{2(29+12n)—4n} = 10n+54. Since these two irreducible
divisors intersect at D? = n® points, the A; x A; case has n hypermultiplets (2, 2)
as charged matter fields.

(1-14) We obtain an unbroken A, case when there remain fs ., fsi2n, fs+3n, Js1an,

912+4n, 9124205 912+43ns J12+4n, J1245n and giaien. In addition, the “split” condition
requires

f8+3n = k2+nQ6+2na f8+4n ~ k§+n7
1
912+4n - _f8+2nk§+n + EQ%+2n, (4434)

G1245n = —k3 1, Q642n,  Gi246n ~ kS 4.
Therefore, the dimension of the moduli spaces of compactification with “A,” singu-
larity in F-theory is
ng = (9+n)+(13+n)+(9+2n)+ (134 2n)
+(B34+n)+ (134+3n)+ (7+2n) — 1
= 12n + 66. (4.4.35)

We also obtain the “Ay” discriminant locus (4.2.10):
A(Zaw> = <k§+n<w)P126+5n(w) + O(z))Z37 (4436)

where Pigy5, is a non-factorizable polynomial constructed fs and gs. At koyp, = 0
or Pigis5, = 0 locus, “Ay” is enhanced to “As”; thus, we obtain the hypermultiplets
3 since Ay x U(1) C As. Therefore, the A case has (18 + 6n) hypermultiplets 3 as
charged matter fields.

(1-15) We obtain an unbroken A; (= C}) case when there remain fg,, fs1on, fe+3n,
Js8+4n, G124n, 912420, 9124305 G12+4ns 912450 a0nd Gra46,. In addition, the (“non-split”)
condition requires

n ™ K2 ’ n ™ K3
fata d+2n> Y1246 4+2n (4.4.37)

G1245n = — fs3nKayon.

5There are some relations in the case that the base space of F-theory compactification is the Hirzebruch
surface F,,: D, - D, =0, D -D, =1and D, - D, = —n.
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Therefore, the dimension of the moduli spaces of compactification with “A;” singu-
larity in F-theory is

ng = (9+n)+(13+n)+(9+2n)+ (134 2n)
+9+3n)+(13+3n)+ (5+2n)+ (13+4n) — 1
= 18n+83. (4.4.38)

We also obtain the “A;” discriminant locus (4.2.10):
Alz,w) = (K () Py, (w) + O(2)) 2%, (4.4.39)

where Pjgi¢, is a non-factorizable polynomial constructed fs and gs. At Pigien =
0 locus, “A;” is enhanced to “Ay”; thus, we obtain the hypermultiplets 2 since
Ay x U(1) C Ay, korn = 0 gives (n + 2) singlets (antisymmetric tensors) for A;.
Therefore, the A; case has (16 + 6n) hypermultiplets 2 as charged matter fields.

Dg Chain

Following the previous section, we assume that 12 + n instantons are distributed
among (8 +n —r,4+ ) in (Ay, Ay) in the Dg chain. The range of r is determined
by the fact that the subscripts of the polynomials appearing in the equation are

non-negative.

(2-1) We obtain an unbroken Dg case when there remain fsi,, fston, G124n, G1242n
and g1243,. In addition, the “split” condition from Tate form, discussed in the next

chapter, requires

f8+n ~ trQBJrnfr + Datn—rUsyr,

Jston ~ tgp?l-‘,—n—r? 912+4n ~ q8+n—rUdtr, (4.4.40)

g12+42n ~~ _(tTQB+n—r + p4+n—ru4+r)t7"p4+n—r7

912+3n ~ tipi-i-n—r'
where the condition for (8 +n — 7,4 + r) instanton assignment is characterized by
Sq4n trp4+n—7”~ (4441)

Therefore, the dimension of the moduli spaces of compactification with “Dg” singu-
larity in F-theory is

no = (1+r)+0O+n—r)+G+n—r)+(B+r)—2
— 20+ 20. (4.4.42)

We also obtain the “Dg” discriminant locus (4.2.10):

A(z,w) = (phin_r(W)t2(w)Pyynz + O(27))2%, (4.4.43)
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where FPs., is a non-factorizable polynomial constructed fs and gs. At ¢, = 0 or
Patn—r = 0locus, “Dg” is enhanced to “FE;”; thus, we obtain the half-hypermultiplets
32% or 32/%, respectively, since Dg x A; C E7. At Pgy, = 0 locus, “Dg” is also
enhanced to “D;”; thus, we obtain the hypermultiplets 12 since Dg x U(1) C
Dy. Therefore, the D5 case has r half-hypermultiplets 321, (4 + n — r) half-

hypermultiplets 32 % and (8 + n) hypermultiplets 12 as charged matter fields.

(2-2) An unbroken Aj; case is discussed in more detail in the next chapter and is
omitted here.

(2-3) An unbroken Cj case is discussed in more detail in the next chapter and is
omitted here.



Chapter 5

Half-hypermultiplets & Resolution
in F-theory

In this chapter, we consider an F-theory on an elliptically fibred Calabi-Yau three-
fold over I, especially, in the case that conifold singularities play an essential role. In
particular, we focus on the Ig model, which has half-hypermultiplets and a distinction be-
tween the split and non-split fibre types [90,91]. We first introduce the split and non-split
fibre types. It is known that the expected gauge symmetry of a split and non-split fibre
type would be a simply-laced and non-simply-laced one, respectively. Next, we demon-
strate an explicit blow-up process [93,98,120] and investigated the matter contents [90]
and the intersection diagrams of the exceptional curves [93,98] in the split /g model. By
the above, we provide a brief review of matter generation in F-theory in the case that
conifold singularities are involved. We also investigate the non-split /g model, which has
half-hypermultiplets, by the Heterotic index and the resolution. We then show the differ-
ences between the split models and the non-split models explicitly. Finally, we specifically
discuss the puzzles associated with non-local matter generation in the split model near
the codimension-two singularities where the codimension-one singularity is enhanced to
Dg. This chapter is based on our paper [99].

5.1 “Split” and “non-split” singular fibre and reso-

lution in six-dimensional F-theory
5.1.1 “Split” and “non-split” singular fibre in six-dimensional
F-theory

In this chapter, we focus on six- or lower-dimensional F-theories, especially, an F-
theory on an elliptically fibred Calabi-Yau threefold over a Hirzebruch surface F,. In
other words, we consider the case that an elliptic Calabi-Yau threefold allows a fibration

67
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of an elliptic surface over P*. Also, in this subsection, we introduce two types of singular
fibre: “split” and “non-split” [90].

As shown in Section 3.2, Kodaira’s classification of singular fibres of an elliptic
surface is based on the intersection diagrams of exceptional curves that arise after the
resolutions. In the case of K3 fibration over (n — 2)-fold, the singularities of these fibred
elliptic surfaces are aligned along the (n — 2)-fold, forming a codimension-two locus in
the total elliptic Calabi-Yau n-fold. In other words, a codimension-one locus in the base
(n — 1)-fold of the elliptic fibration, which is the projection of this codimension-two locus
into the base, is the discriminant locus (3.1.19). This codimension-two locus is called
the codimension-one singularity. We can blow up a codimension-one singularity to yield
a collection of exceptional curves aligned along the codimension-one locus in the base.
This is also called the resolution of codimension-one singularity. In the dual Type I1B
superstring theory, a non-abelian gauge symmetry is realized on this codimension-one

locus in the base, where 7-branes stack at a point.

In these six- or lower-dimensional F-theories, if the singular fibre type involves a
condition that requires an exceptional curve to split into two irreducible components over
a generic point on the codimension-one locus in the base, these two split curves generally
meet on top of each other at some points along the codimension-one locus. In the next
chapter, we will investigate the neighborhoods of these points by resolution. If the two
split exceptional curves of each elliptic surface belong to different irreducible exceptional
surfaces the total elliptic Calabi-Yau n-fold, the fibre type is called “split”. In other
words, this condition is that the exceptional curves can split globally. In the “split”
case, their fibre types correspond to the expected ADE gauge symmetries G implied by
Kodaira’s classification like the eight-dimensional F-theory case [90]. On the other hand,
if such exceptional curves constitute part of the same smooth irreducible locus in the
total elliptic Calabi-Yau n-fold, the fibre type is called “non-split” [90]. In other words,
this condition is that the exceptional curves can not split globally. In the “non-split”
case, the two apparently distinct exceptional fibres are swapped with each other at these
points when one goes along the (n — 2)-fold and hence are considered to be identical.
This phenomenon is known as a monodromy. The expected ADE gauge symmetry is
then subject to a projection by a diagram automorphism, reduced to a corresponding
non-simply-laced gauge symmetry G. The I,, (n = 3,4,---), I} (n =0,1,---), IV and
1V* singular fibre types can involve such identification of exceptional curves.

We summarize this discussion in Table 5.1, using the Tate form (3.1.4):
P = —(y’+awy+asy) +2° + ayr® + agx + a = 0, (5.1.1)

where a; is a holomorphic function of z € P}ibre and w € Py,,. Tate form is related to the
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Weierstrass form, which is used in the previous chapter and in this chapter, as follows:

by = a2 + 4ay,

b4 = aias + 2(14,

by = ag + dag, (5.1.2)
1
bg - Z(beG — bi)
and
fo -2~ oapy),
e (5.1.3)
g = (b3 36b2b4 + 216b6> .

864

More details on the Tate form are given in the next chapter.

Finally, we introduce the codimension-two singularity. The codimension-two singu-
larity is associated with the codimension-two locus in the base (n — 1)-fold of the elliptic
fibration, on which codimension-one singularities intersect each other and their singular-
ity is enhanced. In the dual Type IIB superstring theory, this codimension-two locus
corresponds to the intersection of stacks of 7-branes, where the expected gauge symmetry
G is enhanced to higher. Therefore, the codimension-two singularity is involved in matter
generation. In particular, in the “split” case, after the resolution of a codimension-two
singularity, we can obtain an intersection diagram of exceptional curves that is different
from one on the codimension-one singularity; and then, we can explain the enhancement
of the gauge symmetry by this diagram. In addition, at the points where the two excep-
tional curves meet on top of each other, there typically (but not always) arise conifold
singularities [93,94]; and then, new two-cycles emerge by the small resolution. In the dual
M-theory, a wrapped M2-brane around the new two-cycle accounts for the generation of
the localized matter multiplet [96].

5.1.2 Resolution of codimension-one singularity in six-dimensional
F-theory

In this subsection, we extend the blow-up method of codimension-one singularities
from the eight-dimensional case, which was done in Section 3.2, to the six-dimensional

case. We use inhomogeneous coordinates z and w as P}ibra and P, respectively.

For simplicity, we start the local equation near a codimension-two singularity (Table

6.1):
by by bs
d = —y*+2°+ =2+ -+ —=0. 5.1.4
yirat et et (5.1.4)
Here, we focus on a codimension-one singularity at (z,y,z) = (0,0,0). We also assume

that there is a codimension-two singularity at (z,y,z,w) = (0,0,0,0). Since singularity
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Table 5.1: Tate forms in six or lower dimensions [90,91]. Here, k € Z. Also, s, ns and ss
mean split, non-split and semi-split fibre types, respectively [90]. The ord(a;) and ord(A)
denote the order of z of (a;) and (A), where z is a inhomogeneous coordinate of Pj,,..

Fibre type || ord(ay) | ord(as) | ord(as) | ord(as) | ord(ag) | ord(A) | Expected G
smooth (1) 0 0 0 0 0 0 -
I 0 0 1 1 1 1 —
P 0 0 1 1 2 2 Ay
L5044 0 1 k E+1 | 2k+1 | 2k+1 Aog
s, 0 0 k+1 | k+1 | 2k+1 | 2k+1 O
I3 40 0 1 E+1 | k+1 | 2k+2 | 2k+2 Ao
., 0 0 k+1 | k+1 | 2k+2 | 2k+2 Chor
17 1 1 1 1 1 2 —
111 1 1 1 1 9 3 A,
A% 1 1 1 2 3 4 Ay
vns 1 1 1 2 2 4 Cy
I 1 1 2 2 4 6 D,
I 1 1 2 2 4 6 By
I 1 1 2 2 3 6 Go
I . 1 1 k41 | k+2 | 2k+3 | 2645 | Do
Iz 1 1 k+1 | k+2 | 2k+2 | 2k+5 |  Bopo
I 1 1 k+2 | k+2 | 2k+3 | 2k+6 | Doy
" 1 1 k+2 | k42 | 2k+3 | 2k+6 Bojys
I 0 0 0 0 0 0 D,y
Ir 0 0 0 0 0 0 Doy
I 1 P 3 4 5 10 Ex
11r- 1 2 3 3 D 9 Er
v 1 2 2 3 5 8 o
rv=rs 1 2 2 3 ) 8 Eg
non-minimal 1 2 3 4 6 12 —

is enhanced at the codimension-two singularity, conifold singularities

d ~ 22+ Y+ 22wt =0 (5.1.5)

may appear. In this case, the blow-up of the codimension-one singularity is completed
first, ignoring the existence of these conifold singularities.

Next, we consider the crepant resolution of a codimension-one singularity [93,98,120]
of the local equation (5.1.4) along (z,y,z,w) = (0,0,0,w) for arbitrary w. We then
obtain C;’s at each point on w # 0 and d,’s at w = 0. Here, the exceptional curve

C; is the intersection of P? in Eq. (5.1.6) and the hypersurface after the blow-up of the
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codimension-one singularity of fibred elliptic surfaces at each point on w # 0 (for example,
@, (71,91, 2,w) in Eq. (5.1.7)). Also, §,’s are the exceptional curves at w = 0 or the P'’s
by small resolution of conifold singularities. Thus, C;’s and 9,’s are P's.

For the crepant resolution, we replace the point (x,y,z) = (0,0,0) over a generic
point of w with a P? at each point of w, by replacing C? with

C? = {((w,9,2),(:m: Q) €C' x PPl(x:y:2) = (E:m: Q) (5.1.6)

We are blowing up the codimension-one singularity in inhomogeneous coordinates defined
by the three different affine patches of P2, for example, (z :y :2) = (£ :n: () = (21 :
y1 : 1) (1., z # 0). Thus, to replace C* with C3, we simply replace (z,y,z,w) with
(x12,112, z,w) in the equation (5.1.4) in Chart 1,. To not change the canonical class, the
equation after the blow-ups is defined as follows:

22®(zy2, 912, 2,w) = D (21,91, 2, w) = 0. (5.1.7)

Similarly, we need to check the other patches: 1, (z # 0) and 1, (y # 0), by the same
procedure.

If there remains the codimension-one singularity, which is the singularity along an
arbitrary w, we repeat this process until there are no more codimension-one singularity.
This is the resolution of the codimension-one singularity. We then obtain the exceptional
curves C;’s and their intersection diagram at each point on w # 0. Finally, if there remain
some conifold singularities after the resolution of the codimension-one singularity, we blow
up the conifold singularities by the small resolution (Appendix A). We then obtain new
two-cycles P'’s by small resolution of conifold singularities and intersection diagram of
0,’s which consists of the exceptional curves PY’s by the resolution of the codimension-one
singularity at w = 0 and the new two-cycles P'’s by the small resolution. In addition, we
can obtain the relations among C;’s and ¢;’s, by examining whether each ¢; is “visible”
from the standpoint of each C; when each C; is “lifted up” to the same subsequent blow-up

step as each ¢;.

5.2 Magic square and half-hypermultiplets in F-theory

5.2.1 The Freudenthal-Tits magic square

A Freudenthal-Tits magic square is a four-by-four table whose entries are Lie alge-
bras. They are determined by specifying a pair of composition algebras (A,B). When
these composition algebras are the ones over the real number field R, they are either one
of the four division algebras R, C, H and O, or they are one of the “split” algebras of
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C, H and O, which are non-compact analogues of the corresponding division algebras. In
this case, each entry of the magic square is some real form of a complex Lie algebra.

If (A,B) are a pair of either of the four division algebras R, C, H and O, the magic
square consists of compact Lie algebras with definite signatures (Table 5.2), while if (A, B)
are chosen from the set of R and the three split algebras, the entries are all split real forms
of the same complexifications as those of the compact Lie algebras in the corresponding
cells. They typically arise (besides a few exceptions) as (Lie algebras of) duality groups or
hidden symmetries of dimensionally reduced maximally symmetric supergravities, bosonic
string or the NS-NS sector effective theory and pure gravities. Finally, if A is a division
algebra and B is a split algebra, the magic square comprises a special set of real forms of
exceptional Lie algebras arising as scalar manifolds of dimensional reductions of D = 5
“magical” supergravities [135-138].

The (A, B) entry of the magic square always has the following structure:
detA @ ver I @ (A ®Jp), (5.2.1)

where det A and derJ® are the Lie algebras of the automorphism groups of A and J®,
respectively, where J® is the Jordan algebra associated with the composition algebra B.
Ay and J¥ denote their traceless parts.

For example, for the compact case A,B =R, C,H,Q (Table 5.2),
detA = 0,0,5u(2), go, ( )

derJ® = 50(3),5u(3),5p(3), fu, (5.2.3)

Ay = 0,0,3,7 of detA, ( )

Jo = 5,8,14,26 of der I (5.2.5)

Then, for instance, e; allows a decomposition
E; D> SU(2) x F,
133=(3,1)® (1,52) © (3,26)
for A=H,B = O, and also

E; D Go X Sp(?))

(5.2.7)
133 = (14,1) @ (1,21) @ (7,14)

for A =0,B = H. The other Lie algebras allow similar decompositions.

Remark. In this thesis the word “split” is used in three different meanings:

1. This word is used for a “split” composition algebra, which is a noncompact version
of C, H or O with an indefinite bilinear form.

In this thesis, we use the notations sp(n) and Sp(n) to denote the Lie algebra and the Lie group of
the C,, type Dynkin diagram.
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Table 5.2: The Freudenthal-Tits magic square for A, B being either of the four division
algebras R, C,H, 0. They are all compact Lie algebras with definite signatures. If the
division algebras are replaced by split composition algebras, the entries become different
real forms with the same complexifications.

B\A || R C H |0
R || s0(3) su(3) sp(3) | fa
C || su(3) | su(3) ®su(3) | su(6) | e
H || sp(3) su(6) 50(12) | e7
0 fa ¢ e7 | es

2. “Split” is also used for a “split” real form of a complex Lie algebra, which has,
besides the Cartan subalgebra, an equal number of positive and negative generators

with respect to the invariant bilinear form.

3. Finally, the word “split” appears in the classification of singularities or the fibre
types of exceptional curves [90]. Singularities of the “split” type are the ones in
which relevant exceptional curves factor globally so that they yield simply-laced
gauge symmetries.

The first two are closely related in that split real forms of item 2 arise in the magic square
when the composition algebras are taken to be split ones in the sense of item 1. The third

one is, however, a different notion from the two.

5.2.2 Summary of half-hypermultiplets in F-theory

In [90], a detailed analysis was carried out on the matter spectra of six-dimensional
F-theory compactifications on an elliptically fibred Calabi-Yau threefold over a Hirze-
bruch surface [87,88] for various patterns of unbroken gauge groups. In particular, it was
revealed that there were (essentially) four cases of unbroken gauge groups” in which half-
hypermultiplets (rather than normal hypermultiplets) appeared as massless matter. They
are listed in Table 5.3 and 5.4. These spectra can be confirmed either by the heterotic
index calculation [125]° or by the generalized Green-Schwarz mechanism using the divisor
data of the Hirzebruch surface [139,140]*. They satisfy the anomaly-free constraint for

2There is, in fact, one more example in [90] where half-hypermultiplets arise as massless matter: the
32 of SO(11). This is also a non-split model (I5™¢), and this 32 is easily seen to arise at the E7 point,
where the corresponding split model (73%) with the SO(12) gauge symmetry also yields 32.

3For Sp(3), the dual heterotic gauge bundle is SU(2) x Go since the maximal embedding is Eg D
SU(2) x Go x Sp(3) (see e.g. [133] for the branching rules). The spectrum in Table 5.4 is obtained by
distributing the 12 + n instantons as (4 4+ r,8 +n — r) in (SU(2), Ga).

4For Sp(3), the relevant indices of a representation R for examining the generalized Green-Schwarz
(GS) mechanism are given by (index(R),zr,yr) = (8,14,3), (1,1,0), (4,—2,3) and (5,—-7,6) for R =



74

Table 5.3: Three cases in which half-hypermultiplets appear as massless matter in six-
dimensional F-theory on an elliptic Calabi-Yau threefold over F,, / heterotic string theory
on K3 (quoted from Table 3 of [90]).

gauge group | o, type enhancement matter rep. | multiplicity homogeneous
H G space
E; 1171+ Eg 563 n+8 e
2n 421 —
Dy I3° E; 323 n+4 500750
D; 12 n+8 Tt
2n + 18 —
As I Eq 201 r W
Dg 15 n+2—r ST
A 6 1647 | spmem
1 3n+21—r —

Table 5.4: The massless matter spectrum of six-dimensional heterotic string theory on
K3 with an unbroken Sp(3) gauge symmetry. This is anomaly-free, and also contains
half-hypermultiplets.

gauge group | representation | multiplicity
Cs 14’ % + 6% r
14 n+1—r
6 2n+16+r
1 dn + 23 — 2r

one of the Eg factors with the instanton number 12 + n [90]

ng —ny = 30n + 112, (5.2.8)

As we can see, the representations 56, 32, 20, together with 14" and 6, to which the
half-hypermultiplets belong, are precisely the ones of quaternionic Kéhler manifolds (or
“Wolf spaces” [141,142]). All but the last 6 are obtained by taking the Lie groups of the
extreme bottom and the third rows of the magic square as the groups of the numerator and
denominator of the homogeneous space. The denominator groups also always come with
an SU(2) factor in contrast to the case of ordinary hypermultiplets, where the denominator
group comprises not an SU(2) but a U(1) factor. In the latter case, the symmetric space

Adj, 6, 14 and 14, respectively, where trg F'? = index(R)trg F? and trr F'* = wrtre F* + yr(tre F?)%.
By using these data and assuming that the charged matter spectrum only contains 6, 14 and 14’, we

can solve the equations of the generalized GS mechanism on F,, and obtain the unique solution given in
Table 5.4.
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is a homogeneous Kéhler manifold [107]. In the M-theory Coulomb branch analysis of
codimension-two or higher singularities [143], the Weyl-group invariant phases of this
SU(2) were shown to correspond to the resolutions yielding half-hypermultiplets.

Let us summarize what is known so far, for the three simply-laced split examples
of Table 5.3, about the resolutions of the codimension-two singularities that yield half-
hypermultiplets. The resolutions of the third example were studied in [93], and those of
the first and second ones were worked out in [98]. The main relevant features are®:

(1) As in [87,88], let 2z (w) be the affine coordinate of the P! fibre (P! base) of the
Hirzebruch surface F,,, respectively. Suppose that we have a codimension-one sin-
gularity along the line z = 0 with the fibre type specified in the second column of
Table 5.3. The non-singlet matter arises where the singularity is “enhanced” from
“H” to “G”, in the sense that Kodaira’s singular fibres read off at right over that
point have intersections specified by the Dynkin diagram of G. However, where the
half-hypermultiplets appear, the codimension-two singularity is already resolved by
blowing up the nearby codimension-one singularities. No additional blow-up at the
codimension-two point is required, even though the singularity is “enhanced” there
in the sense explained above. Such a type of resolution is called an incomplete

resolution [93].

(2) In an incomplete resolution, the relevant section that vanishes at codimension-two
goes like O(s), where s is a local coordinate holomorphic in w, and s = 0 is the
codimension-two singularity. In this case, although the number of blow-ups required
to resolve it is the same as that to resolve the nearby generic codimension-one
singularities, the intersection matrix of the exceptional curves at s = 0 is not the
same as the generic one determined by the Cartan matrix of H (nor that of G),
but turns out to be a curious non-Dynkin diagram with some nodes having self-

3

intersections -3

(3) In the first three examples of Table 5.3 studied in [93] and [98], 2 is the length
square of the weight vector of the representations to which the half-hypermultiplets
belong. It was confirmed that although the intersection matrix was not the (minus
of the) Cartan matrix of G, the exceptional curves at s = 0 formed an extremal
ray that could span all the weights of the relevant pseudo-real representation of the

half-hypermultiplets.

(4) In the first two examples, there arise several codimension-one singularities during
the intermediate stages of the blow-up process, and there are several options in
which singularity we blow up first, and which we do afterwards. Depending on the
ordering of the blow-ups, we obtain different intersection diagrams of the exceptional

5The local coordinate s parametrizing the base P! of F,, will be denoted by w in Section 5.3 and 5.4
when we blow up the singularities.
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curves at the codimension-two point s = 0 [98]. More specifically, the intersection
diagram on every other row found in [143] can be obtained in this way, but not all
of them.

(5) Instead, when the relevant section vanishes like O(s?) at the codimension-two point,
the singularity becomes stronger than the case above so that there arises an addi-
tional conifold singularity. A small resolution generates an extra exceptional fibre
at that point so that it completes the proper Dynkin diagram of group G. This type
of resolution is called a complete resolution [93].

5.3 Six-dimensional A; global model

In this section, we consider a six-dimensional F-theory compactification on an elliptic
fibration over a Hirzebruch surface IF,, in which the unbroken gauge symmetry reduces to
Az = SU(6) with the half-hypermultiplets [90,93]%. We work in the dP, fibration so that
we focus on the Eg with 12 + n instantons of the heterotic dual.

5.3.1 The split I; equation on F,

As was shown in [90], the equation of this curve is the one that supports a Kodaira I
singular fibre of the split type at z = 0. Specifically, we consider the equation describing
the elliptic fibration using Tate form (3.1.4):

P = —(y’ +azy +agy) +2° + asr® + asx + ag = 0. (5.3.1)

z = 0 is the divisor of self-intersection +n. The equation for the theory with the unbroken
symmetry H = SU(6) can be obtained by specializing the sections as

a1 = 2V/3t, hyy_pya,
ag = —3z2t, Hy iy,
as = 2V32% Uy ahp_y 1o, (5.3.2)
agy = 2° (ty faris — BtppaHy_ris) + f32*
ag = 2 Upsafn—ris + G122°,
where t,, hy—rio, Hp—ria, Urrq and f,,_.1s (together with fs and gy2) are the sections of
appropriate line bundles over the base P! specified by their subscripts, which in this case

denote nothing but the degrees of the polynomials in w. It can be verified that Eq. (5.3.1)

with Eq. (5.3.2) correctly reproduces the anomaly-free heterotic massless spectrum for

5The other gauge symmetries with the half-hypermultiplets: E; and Dg are in [98].
7z and w is the affine coordinate of the P! fibre and P! base of the Hirzebruch surface F,,, respectively.
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an unbroken As = SU(6) gauge symmetry with Ay x A; = SU(3) x SU(2) instanton
numbers (7,12 4+n —r) (see e.g. [144]).

Remark. While Eq. (5.3.1) and Eq. (5.3.2) successfully yield a consistent A5 = SU(6)
model, the vanishing orders of (a1, as, as, as, ag) in z are (0, 1,2, 3,5), which are the same as
those for the split 5 fibre type I¢ and differ from the “standard” Tate’s orders (0, 1, 3, 3, 6)
for the split Is fibre type I classified in [90]. Indeed, it can be easily seen that the sections
(a1, a9, as, aq, ag) with orders (0,1, 3,3,6) only result in the Weierstrass model Eq. (5.3.3),
Eq. (5.3.4) and Eq. (5.3.5) with constant t,, that is, no instantons are distributed to the
SU (3) factor, and all the 12+n instantons are in the SU(2) factor. In fact, we can redefine
y and z so that the vanishing orders of (ay, as, as, a4, ag) may become (0,1,3,3,6) only
when ¢, # 0, but cannot when ¢, = 0 since the redefinitions of y and x contain shifts
proportional to %, which diverge at ¢, = 0. Thus, we use the Weierstrass equation in this
chapter for the discussion about the half-hypermultiplets.

By redefining y and z, we obtain the Weierstrass form:

P, = —y*+23+ fsue)(z, w)T + gsue) (2, w) =0, (5.3.3)
fas(z,w0) = _3tﬁhi—r+2 + 6200 Hy i
+2° <6trur+4hi—r+2 - 3t72"H’r2L—T+4)
+2° (b frris — BUppaHpyia) + fs2?, (5.3.4)
gas(z,w) = 2t16“h2,—1”+2 — 6z (tihi—r+2anr+4)

—62? (tiur+4hi—r+2 - tﬁhi—r+2H2—r+4)

+Z3 (_tifn—r+8hi—r+2 + 9tfur+4hifr+2Hn_,«+4 — 2t?H27T+4)

+Z4 (_thzhi_r+2 + t72~fn77‘+8Hn77~+4 + 3U72n+4hi_r+2 - 3tru7«+4H2_T+4)
+Z5 (fStan—r+4 + ur+4fn—r+8) + 91226 (535)

with a discriminant

AA5 (27 w) = 4fi5 + 2791245
_ 6,314 74272 8 9
= <z trhnfr+2p2n+7’+16 +z trhnfr+2Q3n+20 + z R4n+24 + O(Z )7 (536)

where Po,iry16, @Q3nio0 and Ry, 04 are some non-factorizable polynomials in w of degrees
specified by the subscripts. In generic cases, any two of ¢,, h,_,1o and Ps,.,116 do not
share a common zero locus, which we assume in this thesis. From Eq. (5.3.4), Eq. (5.3.5)
and Eq. (5.3.6), we can see that Kodaira’s singular fibre types over the zero loci of
try Pp—ry2 and Po, .16 are respectively the split types of IV*, I and I, yielding the
singularity enhancements from “H = As = SU(6)” to “G = FEg”, “D¢” and “Ag” as
presented in the third column of Table 5.3.
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5.3.2 The massless spectrum

In this subsection, we calculate on the F-theory side the number of charged and
neutral matter fields that the A; = SU(6) model has, according to Section 4.4. Following
the previous section, we assume that 12 4+ n instantons are distributed among (8 +n —
r,44+71) (0<r <n+2)in (A1, A;). We obtained an unbroken As case in the previous
subsection. This case consists of the five polynomials: t,, h, 10, Hy pig, Upig and f,_1s.
In particular, the “split” condition requires [90]

Loy oria = hi,Hg, (5.3.7)
and the condition for (8 +n — r,4 + r) instanton assignment is characterized by
f4+2n = k721+2 = tihi,wr? (538)

Therefore, the dimension of the moduli spaces of compactification with “As” singularity
in F-theory is

ng = 14+r)+B+n—r)+G+n—7)+G+r)+O+n—1r)—2
— 3n—r 421 (5.3.9)

We also obtain the “A5” discriminant locus (5.3.6) a discriminant
A(Z, w) = Z6t§hifr+2pgn+r+16 + Z7t3hi,r+2Q3n+20 + 28R4n+24 + O(Zg), (5310)

where Po, 116, Q3ni20 and Ry,i04 are some non-factorizable polynomials constructed
fs and gs. At t, = 0 locus, “As” is enhanced to “FEg”; thus, we obtain the half-
hypermultiplets 20% since A5 x A; C Eg. At hy,_,12 = 0locus, “A;” is enhanced to “Dg”;
thus, we obtain the hypermultiplets 15 since A5 xU(1) C Dg. At Papyrr16 = 0 locus, “As”
is also enhanced to “Ag”; thus, we obtain the hypermultiplets 6 since A5 x U(1) C Ag.
Therefore, the D5 case has r half-hypermultiplets 20%, (2 + n — r) half-hypermultiplets
15 and (16 4+ n + r) hypermultiplets 12 as charged matter fields (Table 5.3).

5.3.3 The local equation near Dg; points and resolution of the

singularities

The local equation near Dg point

In this subsection, we carry out the process of blow-up of the codimension-two
singularity at a zero locus of h,,_, o = 0. To this aim, we consider a local equation in
which the enhancement of “As” to “Dg” is achieved at the codimension-two singularity®.

8They are quoted because they only imply the Lie algebras whose Dynkin diagrams specify the inter-
sections of Kodaira’s singular fibres right over those points with fixed w.
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To obtain such an equation, we first complete the square with respect to y in Eq. (5.3.1)
and substitute Eq. (5.3.2) into it. Writing y + 3(a12 + a3z) =Y, we have

—Y? 2% +2® (3t2h2 .y — 32t Hyoyia)

+x <Z3trfn—r+8 + f824 + 622tru7‘+4hi_7«+2 - 3Z3ur+4Hn—7‘+4)

+3z4 7 s+ 2 U [ s + 91220 = 0. (5.3.11)
By setting”
hn—r+2 = w,
1
tr = Hp 4 = Upyg = e (5.3.12)

fn—r+8 = fs =012 = 0;

we can obtain the desired equation, but it is more convenient to make a shift in the x

coordinate x + 22 = X. In terms of X, the final equation is
—Y?+ X+ X? (0 — 232+ 1)) + X(32 4+ 1)2° — 2° =0, (5.3.13)

which we blow up in the following.

If we write Eq. (5.3.13) as

b b b
—Y2+X3+ZQX2+54X+Z‘3=O, (5.3.14)

the vanishing orders of the sections by, by and bg in z are 0, 3 and 6, respectively, which
satisfy the criteria for the Is type Kodaira’s singular fibre in Tate’s algorithm. This is
due to the shift  + 22 = X, as without it we would have instead the vanishing orders 0,
2, 4. Note that such a shift of the variable = to eliminate the order-2 term in z from by
is not possible globally, since near a zero locus of ¢,, where a 20% of SU(6) appears, the
necessary shift becomes divergent. This is why an equation with ord(by, by, bg) = (0,2, 4)
was used in [93,98].

Blowing up the singularity

Let us now consider the resolution of the singularity of the local equation (5.3.13):
O(z,y,z,w) = —y* +2° + 2 (v’ — 2(32 + 1)) + (32 + 1)2° — 2° = 0, (5.3.15)

where we have replaced XY with z,y. Eq. (5.3.15) has a codimension-one singularity'

along (x,y,2) = (0,0,0) for arbitrary w. In this case: A5 — Dg, we can confirm that

9In this thesis, the local coordinates of the base P! of F,, (whose affine coordinate is w) will be denoted
by w and not by s, in accordance with [95,99].

10The condition for a singularity in six dimensions is that all of the following equations are satisfied:
P(x,y, z,w) = 0,P(z,y, z,w) = 0,P(z,y, z,w) = 0,P(z,y, z,w) = 0, P(x,y, z,w) = 0.
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there are some conifold singularities. In this subsection, only the conifold singularities
that appear for the first time will be denoted. In other words, we do not denote any
previous conifold singularities visible in the next blow-up.

1st blow-up

As Subsection 5.1.2, we replace the complex line (x,y,z) = (0,0,0) with P? x C
in C* and examine the singularities of the local equations in three different charts corre-
sponding to the affine patches of the P? for some fixed w. We also give the explicit forms
of the exceptional curves C;’s at w # 0 and ;s at w = 0.

Chart 1,

O(x, xy1, 21, w) = 220, (,y1,21,w),

oz, 1, 21, w) = w? — 2428 + 32320 + 2%(2) — 3)2F — 22 4 — Yl
Cyinl,: z=0, y =+w. (5.3.16)
Op,inl,: =0, y =0.

Singularities :  (x,y;, 21, w) = (0,0,1,0) (conifold sing. J.,,.).
Chart 1,

CI)([Ely, Y, Yz, w) = y2q)y(x17 Y, z1, w))
(I)y(l‘l, Y, 21, W) = w%% + lej)y - x%yzl (Byz1+1) + xly 21 (33/21 +1) — y4z? L.
Ciinly: y=0, z;==1/w. (5.3.17)
0

p in 1, 1 Invisible.

Singularities : None.

Chart 1,

O(z12,912, 2, w) = 2°® (21,91, 2, W),
D, (21, Y1, 2,w) = wai + z (2 — 233z + 1) + 12(32 + 1) — 2°) — yy.
Cffl inl,: z=0, y; = twz. (5.3.18)
dp,inl,: 2=0, y =0.
Singularities :  (z1,41,2) = (0,0,0),
(1,1, 2z, w) = (1,0,0,0) (conifold sing. d,,.).

[P

Note that we have used the same “2” in 1, and 1, for different coordinate variables, and
similarly for z; and y;. There will be no confusion as we do not compare equations in

different charts.
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2nd blow-up

As we can see, the only codimension-one singularity after the first blow-up is (z1, y1, 2)
= (0,0,0) on chart 1,, which is not visible from the other charts. We also find the conifold
singularity o.,,. on chart 1, and 1,, but here we ignore this conifold singularity until the
resolution of the codimension-one singularity is completed. We blow up this singularity
by similarly inserting a one-parameter (= w) family of P? along (x1, 1, z,w) = (0,0,0,w).
The computation is similar. We find a codimension-one singularity in chart 2., while the
blown-up equations are regular for chart 2.,. We can also see two conifold singularities:

J

the result for the relevant charts 2,, and 2,,.

on chart 2,, and 2,, and J.,, on chart 2,,, but here we ignore it too. Here we show

C2zz

Chart 2.,

q)z(mlaxly%mlz% w) = l’%q’zaz(ﬂﬂl;yz, 22, w),
Qoo (71,12, 22, w) = 11 (22 — 1)22 — IE%(ZZ - 1)3 +w? — yg

C;}tz in2,: x;=0, y, =Fw.

(5.3.19)
Op, N 2,1 21 =0, y=0.
Singularities : (1, ¥y2, 22, w) = (0,0, 1,0) (conifold sing. d,,.),
(21, Y2, 22, w) = (0,0,0,0) (conifold sing. J.,, ).
Chart 2,,
D (102,922, 2, w) = 22®_. (T2, Y2, 2, W),
D (12, Y2, 2, w) = w22 + (29 — 1)2 (:Egz — 2w92 — T9 + z) — .
Crin2,: 2=0, = twx,.
P2 v 2 (5.3.20)

Op, N 2,,: 2=0, yo=0.
Singularities : (z2,¥2,2) = (0,0,0),
(22,2, z,w) = (1,0,0,0) (conifold sing. d,,.).

3rd blow-up

We then blow up the codimension-one singularity (2,49, 2) = (0,0,0) in chart 2,,.
It turns out that the resolution process of the codimension-one singularity is finished with
only some conifold singularities. The equations of the exceptional curve (with a definite
w) in the relevant charts are:
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Chart 3.,

D2 (w9, Toys, T223, W) = 15D (T2, Y3, 23, W),
D0 (w2, Y3, 23, w) = W + (22 — 1)23 (w2 — 1)%25 — 1) — 4.
CpsNB.p: 13=0, y3 =w’— (23— 1)23. (5.3.21)
Opy N 3,01 290 =0, ys = —(2z3 — 1)23.

Singularities : None.

Chart 3.,

D, 2(232, Y32, 2, w) = 5P, (13, Y3, 2, W),
D, (73,3, 2,w) = 23(w? — 2(32 + 1)) + 252° + 3w32 + 23 —y3 — 1 = 0.
Cpon3...: 2=0, y5=uwr;+az3— 1 (5.3.22)
Ops in 3., 0 290 =0, y§ =x3— 1.

Singularities :  None.

Finally, we blow up the conifold singularities by small resolution (Appendix A); then
we obtain new two-cycles P'’s. After this, we complete all blowing-up process, and the
total space is now smooth.

Intersections of the exceptional curves

At fixed w # 0, we have five exceptional curves Ci’S, C;'Z’s and C,,. From the
above explicit forms, we find that their intersection diagram (or matrix) is given by the
As Dynkin diagram (the top diagram of Fig. 5.1). In addition, at w = 0, we can obtain
the relations among C;’s and d,’s by lifting up the exceptional curves from the defining
chart into subsequent charts:

Co = 6py + Oeyy. + Ocsss
CI:)tQ = 5132 _|_ 502z2 + 502z7 (5323)
Cps = 5])3'

Therefore, we can see the intersection diagram at w = 0 corresponding to the Dg Dynkin
diagram (the bottom diagram of Fig. 5.1).

5.3.4 Incomplete/complete resolution of the singularities near
Es points
In this subsection, we consider the incomplete/complete resolution near the codimension-

two singularity at a zero locus of ¢, = 0. To this aim, we consider a local equation in
which the enhancement of “A5” to “Fg” at the codimension-two singularity.
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(o, O O O O
CI-’|-1 CJZ CP3 Cp_z CP_1
6293
C i 5i
» O—O0—=O
o) 0.

Coxz

Figure 5.1: Intersection diagrams of the exceptional curves of the A5 model at a Dg point:
(Top) w # 0; (Bottom) w = 0.

Incomplete resolutions and Half-hypermultiplets

We start from Eq. (5.3.11) and set

1
hnfr+2 = %7
1 (5.3.24)

Hn—r+4 = —Uryq = _57

fnfr+8 = fs = gi12 = 0,

and simply,
t, = w. (5.3.25)

In this case, we are led to the incomplete resolution. After performing the appropriate
variable transformations, we can then obtain the local equation:

d(z,y, z,w) = —y* +2° + 2 (w+ 32w+ (2w +32) 22+ 2 =0, (53.26)

where we have replaced Y with y. Eq. (5.3.26) has a codimension-one singularity along
(z,y,2) = (0,0,0) for arbitrary w. In this case, we can confirm that there are no conifold

singularities.

We consider the same blow-up process in Subsection 5.3.3. In this case, there remain
the codimension-one singularities during the blow-up process: (x1,y1,2) = (0,0,0) in
Chart 1, and (x1, 2, 22) = (0,0, —w) in Chart 2,,. Then, at fixed w # 0, we have five
exceptional curves Ci’s, Ci’s and Cp, and their intersection diagram which is given by
the A5 Dynkin diagram too (the top diagram of Fig. 5.2). At w = 0, in the first blow-up,
two exceptional curves Cffl’s stack on top of each other to become a single curve 9,,. In

. :l: :l: .
the second blow-up, two exceptional curves C;, become two curves .-, respectively. In
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the third blow-up, one exceptional curve C,, splits into two curves (5;';. Therefore, we
can obtain the relations among C;’s and d;’s by lifting up the exceptional curves from the
defining chart into subsequent charts:

Cy. = 0y, + 0,

p3?
+ _ o
Cp, = 0pys (5.3.27)
_ 5+ —
Cps = 0,, +0,,,.
In this case, the intersection diagram at w = 0 does not match the Eg Dynkin dia-
gram. However, although the number of §; is the same as the case of the nearby “As”

codimension-one singularity, their intersection diagrams are different.

ince C;’s form an As Dynkin diagram, we consider the intersection matrix:

c 2 1 0 0 0

c 1 =2 1 0 0

Coo | (ChChCHCaCr) = 0 1 —2 1 0| (5.3.28)
c. 0 0 1 -2 1

c; 00 0 1 -2

This is the same as an A; Cartan matrix up to overall (—1). From Eq. (5.3.27), since we

obtain the relation between C;’s and 9,’s:

C, 01100 o
C,, 100 00 o
C, | =101 010 Oy | > (5.3.29)
C,, 00001 O
Co, 00110 O
the intersection matrix at the “Eg” codimension-two singularity is
o -2 1 0 0 0
3
o r -5 1 1 0
o | (050000000) = | 0 1 =3 1 0| (5.3.30)
Op o 1 1 =3 1
0, o 0 o0 1 =2

Therefore, we obtain the diagram of the intersection matrix in this case the bottom

diagram of Fig. 5.2). This is called incomplete resolution. In this incomplete case [93,98],
3
2
which the half-hypermultiplets belong, we can confirm that d;’s form an extremal ray

since 5 is the length square of the weight vector of the pseudo-real representations, to
that can span all the weights of the relevant pseudo-real representation.

Complete resolutions

Next, we consider the case in which only ¢, is changed

ty=w — t, = w?, (5.3.31)
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o, O O O O
CI-9|-1 Cl;l-z CP3 Cp_z Cp_l
5P 1
Ci = 9;
O— /—0
52-9'-2 61-;3 517_3 652

Figure 5.2: Intersection diagrams of the exceptional curves of the A5 model at an Eg point
by the incomplete resolution: (Top) w # 0; (Bottom) w = 0. The triangle in the bottom

figure represents the number of self-intersections is —%, not —2.

among the condition of the incomplete resolution (5.3.24) and (5.3.25). In this case, we are
led to the complete resolution. After performing the appropriate variable transformations,

we can then obtain the local equation:
O(z,y, z,w) == =y’ + 2 + 2 (0’ +3z) w’ + = (2uw” +32) 2 +2* = 0. (5.3.32)

Eq. (5.3.32) has a codimension-one singularity along (x,y, z) = (0,0,0) for arbitrary w.
In this case, we can confirm that there is one conifold singularity in the third blow-up.

The difference between this case and the incomplete one occurs only at w = 0. At

w = 0, there arises a conifold singularity in the third blow-up. Thus, d.3 is added because
of the conifold singularity which is arising new. We can then obtain the relations among
Ci’s and 6;’s by lifting up the exceptional curves from the defining chart into subsequent
charts:

Cy =0 + 0, + s,

C =0, (5.3.33)

Cps = Opy + 0y + O3
Therefore, as in the previous results, we can obtain the intersection diagram at w = 0
corresponds to the Eg Dynkin diagram (the bottom diagram of Fig. 5.3). Therefore,
unlike in the incomplete case, we obtain not half-hypermultiplets but full-hypermultiplets
in this case. This is called the complete resolution.

5.3.5 Resolution of the singularities near Ag points

In this subsection, we consider the incomplete/complete resolution near the codimension-

two singularity at a zero locus of P, 116 = 0. To this aim, we consider a local equation
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o, O O O O
CI-9|-1 Cl;i-z CP3 Cp_z Cp_l
5P 1
CI. - 51
o0—O0O0—0O0—0—->0

52;-2 61-7{-3 5C3 617_3 652

Figure 5.3: Intersection diagrams of the exceptional curves of the A5 model at an Eg point
by the complete resolution: (Top) w # 0; (Bottom) w = 0.

in which the enhancement of “A5” to “Ag” at the codimension-two singularity. In this

case, we consider
Popiry16 = w (5.3.34)

in Eq. (5.3.6), and we can confirm that there are no conifold singularities. Only in
the third blow-up, there is a difference between the result of blow-ups at the “Ag”
codimension-two singularity and the nearby generic “A5” codimension-one singularity.

As in the past, we consider the same blow-up process in Subsection 5.3.3. at fixed
w # 0, it is the same as in the previous results (the top diagram of Fig. 5.4). At w = 0,
in the first and second blow-ups, four exceptional curves Ci 's and C;Z become four curves

+ +
o5, and o,

curves (5;[3. This is the only difference between C;’s and ¢;’s. Therefore, at w = 0, we

respectively. In the third blow-up, one exceptional curve C,, splits into two

can obtain the relations among C;’s and d;’s by lifting up the exceptional curves from the
defining chart into subsequent charts:

Cpr = G-
C,, =06, (5.3.35)
Cpy = 0y, + 0,

Therefore, we can see the intersection diagram at w = 0 corresponding to the Ag Dynkin
diagram (the bottom diagram of Fig. 5.4).

5.4 Six-dimensional C5 global model

In this section, we consider a six-dimensional F-theory compactification on an elliptic
fibration over a Hirzebruch surface F,, in which the unbroken gauge symmetry reduces
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o, O O O O

CI-9|-1 Cg-z Cp Cp_z Cp_1

85, 8p, Ops Opy O, O,

Figure 5.4: Intersection diagrams of the exceptional curves of the As model at an Ag
point: (Top) w # 0; (Bottom) w = 0.

to C3 = Sp(3) with the half-hypermultiplets [90,93]''. We work in the dP, fibration
so that we focus on the Fg with 12 + n instantons of the heterotic dual. In particular,
we consider the anomaly-free heterotic massless spectrum for an unbroken Sp(3) gauge
symmetry with Gy x SU(2) instanton numbers (44 r,8 +n —r).

5.4.1 The non-split I; equation on F,

As was shown in [90], the equation of this curve is the one that supports a Kodaira
Ig singular fibre of the non-split type at z = 0. A I non-split curve may be obtained
by replacing the relevant factorized section of a split I curve with a non-factorized one.
The equation for the theory with the unbroken symmetry H = SU(6) can be obtained
by Eq. (5.3.2). Thus, we obtain the Weierstrass form (5.3.3), (5.3.4) and (5.3.5) with a
discriminant

AA5<Z> w) = 4fig, + 279,245
_ 64374 742712 8 9
= Z trhn_r+2P2n+r+16 +z trhn_T+2Q3n+20 +z R4n+24 + O(Z ) (541)

We can also see that the h,_,io-dependence of fsye) (5.3.4) or gsue) (5.3.5) is only
through h2__ 4o, which allows us to replace every h%_. 4o in fsue) and gspe with a
generic polynomial I5,_9,14. The resulting equation is the one for I3* [90]. Therefore, we
make a replacement h%fr 4o — Iop_2,44, and we obtain

fcs (Za w) = _3t;4ﬂ122n72r+4 + 6Zt§12n72r+4anT+4
‘I'ZQ <6trur+412n—2r+4 - 3t2Hz_r+4)
+Z3 (trfn—r+8 - 3“7"+4Hn—7“+4) + f8z47 (542)

HThe other gauge symmetries with the half-hypermultiplets: E7 and Dg are in [98].
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gos(z,w) = 2t§[23n—2r+4 — 6z (t75°[22n—2r+4Hn—7“+4)
—62° (tiuT+4I22n—2'r+4 - t?"]2n—27‘+4H73—'r+4)
+2° (=t facrislon—oria + 90U alonop aHy pia — 200H) )
+2* <_f8t212n727“+4 + 2 frrisHyria + 3U72~+4[2n72r+4 — 3trur+4HZ—r+4)
+2° (fstr Hn ria + Uryafnris) + 9122, (5.4.3)
Acy(z,w) = z6t§I§n72r+4P2n+r+16 + 22 op0ry4Qinyo0 + 28 Rapgos + O(2%). (5.4.4)

As in a split Ig case, any two of t,, Is, 9,14 and Ps,ir116 do not share a common zero
locus, which we assume in this thesis. From Eq. (5.4.2), Eq. (5.4.3) and Eq. (5.4.4), we
can see that Kodaira’s singular fibre types over the zero loci of t,., h,_, o and P, y,116
are respectively the non-split types of IV*, I and I7. Since the difference from the split
I case is only h%_TH — Iop_9r44, wWe focus on near I, 9,44 = 0, at which I§* — ]5‘(”5) is

called a “Dg” point.

5.4.2 The massless spectrum

As we see explicitly in Section 4.4, the replacement of the section h? o+ Lon—9r 44
in the split I equation results in the global non-factorization of the exceptional curves,
which reduces the gauge symmetry from SU(6) to Sp(3). Let us examine what matter
multiplets are expected to arise in this model.

In the transition I§ <> I°, nothing changes in the local singularity structure near
the zero loci of ¢, and Py, 116, where 20% and 6 of SU(6) appear as massless matter in
the split theory; the string junctions or the vanishing cycles there do not “know” whether
the total equation is of the split type or of the non-split type. The only change they feel
is that of the gauge symmetry, so they simply decompose into irreducible representations
of Sp(3), which is the gauge symmetry of the non-split theory. Thus, at a zero locus
of t., a half-hypermultiplet in 20 of SU(6), of which the quaternionic Kéhler manifold
Es/(SU(6) xSU(2)) is comprised, is decomposed into half-hypermultiplets in 14" and 6 of
Sp(3), while at a zero locus of Pa,4,416, a hypermultiplet in 6 of SU(6) entirely becomes
one in 6 of Sp(3). Note that 6 is also a pseudo-real representation of Sp(3), and the latter
can be regarded as 2n + r + 16 pairs of half-hypermultiplets. The 14’ constitutes the
quaternionic K&hler manifold F;/(Sp(3)x.SU(2)), while the 6 does Sp(4)/(Sp(3)xSU(2)).
This will answer the original question of where the matter fields corresponding to the final
magical coset arise; they arise at the Eg points of the non-split Is model as an irreducible
multiplet in the Sp(3) decomposition of 20 of SU(6).

5.4.3 A puzzle on matter fields near the Ds points

On the other hand, there is a puzzle: With the replacement thﬂ o = Lon_2r44, the
n —r+ 2 double roots of the equation h2_, ., = 0 split into n — 7 + 2 pairs of single roots
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Table 5.5: Massless matter content in the I§ model of F-theory, if the matter fields
locally exist at all codimension-two singularities. In I, each representation of I simply
decomposes into the irreducible representation of C3 at each zero locus.

I§ (As) Ig" (C5)
Enhancement in I§ | Matter rep. | Multiplicity | Matter rep. | Multiplicity
IV* (Eg) 203 r 145 + 63 r
I3 (Dg) 15 n+2—r 14 2n +4 —2r
I7 (Ag) 6 2n+16+r 6 2n+16+r
1 3n+21—r 1 dn + 23 — 2r

of I3, 2,44 = 0. Thus the number of loci where hypermultiplets in 15 of SU(6) occur is
doubled. A 15 of SU(6) decomposes into 14 @ 1 (and not 14’ @ 1) of Sp(3). Since the
adjoint of SU(6) decomposes as 35 = 21 @ 14, where 21 is the adjoint of Sp(3), one 14
of n — r 4+ 2 hypermultiplets can be thought of as eaten by the SU(6) vector multiplet.
Thus the anomaly-free massless matter spectrum shown in Table 5.4 can be reproduced
if the n — r + 2 — 1 hypermultiplets in 14 are “distributed” at the 2n — 2r + 4 zero loci
of Is, _o,+4 (Table 5.4.3). This, however, seems impossible, since the 14 of Sp(3) is a real

representation and does not allow half-hypermultiplets in this representation.

Of course, the original SU(6) spectrum is already anomaly-free, so hypermultiplets
in 14 can not be present equally at all the 2n —2r+4 zeros of I, _5,.4 = 0 as they are too
many to be anomaly-free. If they were 14’ instead of 14, they could be split into pairs
and equally be distributed (up to the eaten ones) at the 2n — 2r + 4 zeros, but both the
heterotic anomaly analysis and Sadov’s generalized anomaly cancellation mechanism tell
us that they must be 14, and not 14’.

This poses a question of how the n — r + 1 matter in 14 of Sp(3) are generated
and where they reside in the non-split Iz model. In the next subsection, in order to
explore what happens near a zero locus of I5, 9,14, we perform an explicit blow-up of the
singularity.

5.4.4 The local equation near D; point and resolutions of the

singularities

The local equation

In this subsection, we carry out the process of blow-up of the codimension-two
singularity at a zero locus of I, 9,14 = 0. To this aim, we consider a local equation in

which the enhancement of “A5” to “Dg” is achieved at the codimension-two singularity.

To obtain such an equation, We start from Eq. (5.4.2) and Eq. (5.4.3). As Subsec-
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tion 5.3.3, writing y + 3 (a12 + a3) =Y, we obtain

—Y? + 2% + 2® (32 Lop_or44 — 32t, Hyyis)
+x (thrfn—r—i—S + fSZ4 + 6Z2t7‘u7’+4]2n—27‘+4 - 323ur+4Hn—r+4)
+3Z4U?+412n_2r+4 + Z5ur+4fn_r+8 + 91226 = 0. (545)
By setting
thH — Iop—2r4a = W,

t, = Hn—r+4 = Upyqa =

1
ﬁ’ (5.4.6)
fn—r+8 = fs = g12 =0,

we can obtain the desired equation, but it is more convenient to make a shift in the x
coordinate x + 22 = X as in Subsection 5.3.3. In terms of X, the final equation is

Y+ X4+ X? (w—2(3241) + X3z +1)2 —2° =0, (5.4.7)

which we blow up in the following.

Blowing up the singularity

We start considering the resolution of the singularity of the local equation (5.4.7):
O(z,y,z,w) = —y*+2° +22(w—2B82+1)+20B2+1)2° - 2% = 0, (5.4.8)

where we have replaced XY with z,y. Eq. (5.4.8) has a codimension-one singularity
along (z,y,2) = (0,0,0) for arbitrary w.

1st blow-up

As Subsection 5.1.2, we replace the complex line (z,y,z) = (0,0,0) with P? x C
in C* and examine the singularities of the local equations in three different charts corre-
sponding to the affine patches of the P? for some fixed w. We also give the explicit forms
of the exceptional curves C;’s at w # 0 and d;’s at w = 0.

Chart 1,

O(x, 2y1, 121, 0) = TPy, 91, 21, W),
Oy (w,y1, 21, w) = w — 2428 + 32° 21 + 2% (2 — 3)2F — w2 + 1 — Y2
C;inl,: z=0, y1 ==+Vw. (5.4.9)
Op,inly,: =0, y; =0.

Singularities : None.
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Chart 1,

(I)(‘rlyu Y, Yz, U)) = y2q)y('r17 Y, 1, w)?
Py (11,y,21,w) = wxf + :L"i’y - 37%921(33/21 +1) + xlyzzf(?’yzl +1) — 942? -1
Ciinly,: y=0, = ==1/Vw. (5.4.10)
dp, in 1, : Invisible.

Singularities :  None.

Chart 1,

O(z12, 912, 2,w) = 220, (21, Y1, 2, W),
D, (z1,y1, 2,w) = wri + 2 (] — 2732+ 1) + 212(32 + 1) — 2°) — 4.
CXinl,: z=0, y1 =+Vwr. (5.4.11)
dp,inl,: 2=0, y =0.
Singularities :  (z1,y1,2) = (0,0,0).

Here, chart 1, is the affine patch of P* 5 (z : y : 2) for z # 0 in which (z : y : 2) =
(1: 9y : 21). The other charts are also similar'?.

2nd blow-up

As we can see, the only singularity after the first blow-up is (x1,41,2) = (0,0,0)
on chart 1., which is not visible from the other charts. This is codimension-one, and we
blow up this singularity by similarly inserting a one-parameter (= w) family of P? along
(x1,11,2,w) = (0,0,0,w). The computation is similar. We find a singularity in chart 2.,
while the blown-up equations are regular for charts 2., and 2,,. Here we show the result
for the relevant charts 2,, and 2,,.

Chart 2.,

(Dz($la $1y2>$1227w) = x%(Dz:L‘(mlay% 227w)7
D, (1, Yo, 22, w) = x1(22 — )20 — (22 — 1)® + w — 3.
Ciin2,: 21=0, p==%Vw. (5.4.12)
Op, iIN 2,0 21 =0, y=0.

Singularities : None.

“ R

I2Note that we have used the same “z;” in 1, and 1, for different coordinate variables, and similarly
for z1 and y;. There will be no confusion as we do not compare equations in different charts.
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Chart 2,,
CI)Z(:EQ'Zv Y22, 2, w) = Z2q)zz<l’2, Y2, 2, U)),
(I)zz<x2)y27 Z,’LU) = U)SC% + (x2 - 1)2 ('ng - 21’22 — T2+ Z) - yg
C;tz in2.,.: 2=0, yo =+Vwas. (5.4.13)
Op, in2,,: 2=0, y, =0.
Singularities :  (x2, 42, 2) = (0,0,0).
3rd blow-up

We finally blow up the codimension-one singularity (z3,y2,2) = (0,0,0) in chart
2,,. It turns out that this completes the resolution process completely without leaving
any singularities. The equations of the exceptional curve (with a definite w) in the rele-
vant charts are:

Chart 3.,

D, 2(x2, Tays, w223, W) = T5P .20 (22, Y3, 23, W),
D, (29, y3, 23,w) = w+ (xg — 1) 23 ((xz —1)%23 — 1) — 3.
Cp,iN3.p: m3=0, y3 =w— (23— 1)z (5.4.14)
6py N 3.0 Ta=0, y3=—(23—1)z.

Singularities : None.

Chart 3.,

D, 2(232, Y32, 2, w) = 220, (T3, Y3, 2, W),
D...(73,y3, 2,w) = x3(w — 2(32 + 1)) + 232> + 332 + 23 —y3 — 1 = 0.
Cpo N 3...: z=0, y3=wr;+x3— 1. (5.4.15)
Ops N 3,0 20 =0, yg =x3— 1.

Singularities : None.

This completes the blowing-up process, and the space is now smooth. We have seen
that conifold singularities do not appear at any stage of the blow-up at the Dg points.
This is similar to the case of the incomplete resolution at the Eg point in the split I
model. However, unlike that case, the intersection of the exceptional curves does not
change at all at the Dg points.

Intersections of the exceptional curves

At fixed w # 0, we obtain five exceptional curves ijl, C;'Z and C,,. From the above
explicit forms, we can see that their intersection matrix is given by the A5 Dynkin diagram
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(the top diagram of Fig. 5.5). Although C?fl and C;g are respectively factorized into two
lines on this fixed w # 0 plane, they do not factor in the polynomial ring of w. The two
lines at some fixed w # 0 are interchanged with each other at w = 0, meaning that this is
a non-split type of singularity. Thus the two lines for C;[l or Ci at fixed w # 0 comprising
the Kodaira fibres of type Is are identified. Hence we define

Cp, ==(Cr+C) (1=1,2), (5.4.16)

N —

which are the projections onto the components invariant under the diagram automorphism
of the A5 Dynkin diagram. Then we can show that the three exceptional curves C,,, C,,
and C,, form a non-simply-laced Dynkin diagram of C5 (the middle diagram of Fig. 5.5).

At w = 0, we again encounter another difference between the present non-split
case and the previous examples of singularities associated with the magic square. In the
incomplete resolutions for the previous examples (G, H) = (Eg, SU(6)), (E7, SO(12)) and
(Es, E7), while the number of the exceptional fibres at w = 0 is the same as that at w # 0,
some of the exceptional fibres at w = 0 turn out to be linear combinations of those at
w # 0. Therefore, the intersection diagram of the exceptional fibres at w = 0 becomes
different from that at w # 0 as we summarized in Section 5.2. Here, we see something
different. As in the previous section, by lifting up the exceptional curves from the defining
chart into subsequent charts and seeing their relations, one finds that

C;tl _> 6p17 CZ:)Z _> 5p27 Cp3 _> 5p3. (5.4.17)
Substituting them into (5.4.16), we obtain
Cpi = Oprs Cpy = Opys Cpy — Opy. (5.4.18)

Thus, the intersection matrix remains identical even at the codimension-two point (see
the bottom diagram of Fig. 5.5). This is a sharp contrast to the previous examples, where
the intersection matrices at w = 0 did not coincide with any of (the minus of) the Lie
algebra Cartan matrices.
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O O O O O
CI;|-1 Cl;i-z CP3 Cp_z Cp_l
o, O O
CP1 sz Cp3
Ci = 6;
> O O—=0
6111 6192 6173

Figure 5.5: Intersection diagrams of the exceptional curves of C5 model at a Dy point:
(Top) w # 0 before the projection (5.4.16); (Middle) w # 0 after the projection (5.4.16);
(Bottom) w = 0.



Chapter 6

Split /Non-split Transitions as
Conifold Transitions

In this chapter, toward understanding the puzzles associated with non-local matter
generation discussed in the previous chapter, we investigate the relationship between the
split models and the non-split models for all cases that we can distinguish between the
split and non-split fibre types: I,, (n > 3), I} (n > 0), IV and IV* [95]. We focus on
the conifold singularities which arise at certain codimension-two singularities and which
characterize the difference between the split models and the non-split models. We then
show that the split/non-split transition is a conifold transition except for a special class
of models. This chapter is based on our paper [95].

6.1 “Deligne form”

In this section, we introduce the “Deligne form” from the Tate form (5.3.1) for the
resolution analysis in this chapter. Let us consider six-dimensional F-theory compactified
on an elliptic Calabi-Yau threefold Y3 with section fibred over a Hirzebruch surface F,
(n > 0) [87,88]. We define Y3 as a hypersurface

P = —(4*+axy +agy) +2° + aga® + ayx + ag = 0 (6.1.1)

in a complex four-dimensional ambient space X4, which itself is a P? fibration over F,,.
(z,y) are the affine coordinates in a coordinate patch of P? where one of the homogeneous
coordinates does not vanish and hence is set to 1. Let L be the canonical bundle of F,,,
then z and y are sections of K2 and K?, whereas a; (j = 1,2,3,4,6) are ones of K,
respectively, so that the hypersurface (6.1.1) defines a Calabi-Yau threefold.

A Hirzebruch surface F,, is a P* fibration over P', defined as a toric variety with the

95
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following toric charges (4.2.2)

v v ou w

QW] 1 1 n 0 (6.1.2)
Wl o o0 1 1.

(u' : v') are the homogeneous coordinates of the base P', while (u : v) are the ones of the
fibre P'. The anti-canonical bundle corresponds to the divisor (n+2)D, +2D,, where we
denote, for a given coordinate X, by Dx a divisor defined by the zero locus X = 0. Thus,
if we define affine coordinates z = ¥, w = Z—: in a patch v # 0 and v’ # 0, the section a;
is given as a 2jth degree polynomial in z and a j(n + 2)th degree polynomial in w.

The hypersurface so defined is also a K3 fibration, the base of which is the base P!
of F,,. We next consider the stable degeneration limit of this K3. Schematically, this is
regarded as a limit of splitting into a pair of rational elliptic surfaces dPy glued together
along the torus fibre over the “infinite points” of the respective bases. See [88,145] for a

more rigorous definition.

It is convenient to move on to a dPy fibration over the same P! with «/, v’ being its
coordinates. To do this, we have only to change the divisor class of a; from j((n+2)D,, +
2D,) (= the divisor of K77) to

With this change, a; is still a j(n + 2)th degree polynomial in w but becomes jth degree
in z. Likewise, the divisor classes of = and y are modified from 2((n + 2)D, + 2D,),
3((n+2)Dy +2D,) to

2((n+2)Dw + D), 3((n+2)Dy + D,), (6.1.4)

respectively. This dPy fibre describes one Ey of the Fg x Eg gauge symmetry. The terms
of degrees from j + 1 to 2j appearing in a; for the K3 fibration correspond to the other
d Py residing “beyond the infinity”. For generic dPy fibrations, a; is expanded as

a; =ajo+az+ - +a;; 12 a2 (j=1,2,3,4,6), (6.1.5)
then the section a; of each coefficient becomes a ((j — k)n + 2j)th degree polynomial in
w due to the nonzero Q! charge carried by u.

As an equation of an elliptic fibre, Eq. (6.1.1) is commonly referred to as Tate form.
We can complete the square with respect to y in Eq. (6.1.1) to obtain (with a redefinition

of y)

2 3 2 2 4 6
—r 4+ — = 1.
Y+ + x° + 227 0, (6 6)
bg—a%+4a2,
b4 = a1a3 + 2&4, (611)

b6 = ag + 4@6,
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which, though less common, we call the “Deligne form” in this thesis [146]. b; is a section
of the same line bundle as a; and similarly expanded as

bj = bj,() + bj’lZ + -+ ij,_le*l + bj’ij (] = 2, 4, 6), (618)

where b, is also a ((j — k)n + 2j)th degree polynomial in w. It is also convenient to
define [90]

1

which is the (minus of the) discriminant of the quadratic equation

bo b b

Tttt = 0 (6.1.10)
of x.

Finally, we can “complete the cube” with respect to x in Eq. (6.1.6) and find (with
a redefinition of x)

— 1+ 2+ fr+g=0, (6.1.11)
1 2
f= 1502 —24by),
(6.1.12)
9= 36 (b3 — 36baby + 216bs)

which is called the “Weierstrass form”. f and g are sections of the same line bundle as
ay and ag, respectively, and in the dP, fibration they are expanded as

f=fao+ fapz+---+ f4,42’47

(6.1.13)
9 =960+ 9ge12+ -+ 96,626>

where fyr, gor are written as fuu—ryn+s, g6—knt+12 in [87], whose degrees in w are specified
by their subscripts. The discriminant A of Eq. (6.1.11) is

A = 434274
1
= (b3bs — 9babsbg + 8b + 27hg) . (6.1.14)

Consider the case where the elliptic fibre over z = 0 of the base P! of this dPy (i.e.
the fibre P! of the IF,,) has a singularity, and the exceptional fibres after the resolution fall
into one of Kodaira’s fibre types. It is well-known that the fibre type of a given singularity
is determined in terms of the vanishing orders of the sections f, g of the Weierstrass form
as well as the discriminant A (Table 6.1).

Note that, in Kodaira’s classification, there is no upper limit on the vanishing orders
of f, g or A (since any large value of n is allowed for the fibre type I,, or I} as a fibre
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type)!, but there is when we try to realize singular fibres in a dP, fibration. Since the
relationship between the split/non-split transition and the conifold transition discussed
below is also a local one in the sense that it does not depend on another singularity located
far away, we will also need to consider a high vanishing order that cannot be realized in
a dPy fibration. So in this thesis, we will first start from a dFP, fibration and consider
the heterotic duality when it makes sense, while discussing the relationship between the
two transitions locally in the same set-up even when the fibre cannot be realized in a dPy
fibration.

As we already described in Subsection 5.1.1, if the type of a singular fibre is either
I, (n=3,4,...), I (n=0,1,...), IV or IV* at a generic point w on the divisor z = 0
in IF,,, it is further classified as a split type or a non-split type, depending on whether or
not the split condition is satisfied globally?. We have listed them in Table 6.1 together
with the required constraints for the fibres to be classified into the respective types®. In

the following, we will study these individual cases.

6.2 Split/non-split transitions as conifold transitions
(I): the I, models

6.2.1 (Generalities of the I, models

Let us first summarize the generalities of the I, models common to both cases
when n is even and when n is odd*. As displayed in Table 6.1, the vanishing orders of
the sections be, by and bg of Eq. (6.1.6) are (0, k, 2k) for both Iy, and Ipgy1. The only
difference is that the order of bg (6.1.9) is the generic value 2k in the Iy type, while in
the Io; 11 type by, by and bg take special values so that the order of bg goes up to 2k + 1.
Explicitly, the equation of these models is given by

LOf course, as is well known, if the orders of f and g increase simultaneously to 4 and 6, the resulting
singularities will have bad properties.

2k =1 (I}) is a special case because there are three different types (split, non-split and semi-split) in
this case; see [147] for details.

3Note that the vanishing orders for b;’s (i = 2,4,6,8) presented here are, unlike the conventional
orders in Tate form [1,90,91], the ones which are such that a given fibre type can be described by generic
b;’s with these orders. For example, the orders of the sections a;’s determining Tate form (i = 1,2, 3,4, 6)
for the non-split Iog+1 model are known to be (0,0,k + 1,k + 1,2k + 1), which imply the orders of by
and bg calculated using these data are k + 1 and 2k + 1 instead of k and 2k. These Tate’s orders are the
ones that are maximally raised within what a given fibre type can achieve, and only the specially tuned
sections with appropriate redefinitions of x and y can satisfy the condition. Indeed, as we show explicitly
below, the orders of the generic by and bg that can achieve a non-split Io41 model are k and 2k.

4The resolutions of the split I,, and I models for even and odd n were already computed in detail
in [120].
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Table 6.1: Singularities of the split and non-split fibre types. I5;,, denotes the “over-
split” type which is explained in the text [95]. The ord(b;) and ord(A) denote the order
of z of (b;) and (A), where z is a inhomogeneous coordinate of Pj;,...

ine type 0d(e2) ord(bn) ord(tn) oxd(bs) oxd(2) comsttants) ety
[zk(k' Z 2) 0 k 2k 2k 2k b270 = C%,O [Sk
ba o generic 13y
bz,o = Cio
]2k+1(k? > 1) 0 k 2k 2k+1 2k+1 b47k = C1,0C3,k ]§k+1
be 2k = C;QM
( .
ba o generic
b4,k = bz,ocz,k [§L;f+1
be,2k = b2,OC§,k
( 2
bQ,O =Cg

_ 2 0S8
bak = 1,002,k 155 4

_ 2 .2
L be 2k = C1,0C2,k

bog = 4(p21 + qo1 +121)
I3 1 2 3 4 6 b4,2 = 2(?2,1@2,1 + q2.1721 + 7’2,1192,1) ke
b6,3 = 4]72,1Q2,17“2,1
bo1 = 4(p21 + q2.1)
bio = 2(p21Gey + T42) I5%
56,3 = 4172,17“4,2

b2,1, 042,063 I
generic
I, s (k>2) 1 k+1 2k 2k+1 2k+3 book = 2 I,
be 2k generic I3
L o (k>2) 1 k+1 2k+1 2k+2 2k+4 bs okt2 = szl,kﬂ I3y,
bs 2k+2 generic 157,
v 1 2 2 3 4 boo = 2, v
bg o generic vns
T 2 3 4 6 8 bea = 6372 v
b 4 generic Iv=ns
O(z,y, z,w) = —y 42> +1(bog+bayiz+ )2
+%(b4,kzk + by g1 2" )
+1 (b6 2™ + bo k12T 4+ ) = 0. (6.2.1)

As mentioned at the end of the previous section, this equation is not well defined as a d P,
fibration when k is large (e.g., k > 4), but even in that case we will use it to analyze the
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local structure near the conifold singularities associated with the split /non-split transition.

Eq. (6.2.1) has a singularity at (x,y, z) = (0,0,0) for arbitrary w in both cases. We
will blow up this singularity, as well as the ones we will subsequently encounter, by taking
the usual steps. Let us explain the general procedure of how this is done by taking the

present case as an example. Our notation is similar to the one used in our paper [98].

We first replace the point (x,y,2) = (0,0,0) in the complex three-dimensional
(x,y, z) space, which is a local patch of the three-dimensional ambient space defining
the dPy, by a P? by replacing C® > (z,v, z) with

C = {((z.y.2),(€:n: ) €C <P | (wry:2)=(E:n: Q) (622)
We work in inhomogeneous coordinates defined in three different patches of this P?

(@:ry:2)=(:n:Q)=00:y1:2) (L, z#0),
=(r:1:2z) (1,,y#0), (6.2.3)
=(z1:y1:1) (1., 2+#0),

where 1,, 1, and 1, are the names of the coordinate patches®. Then replacing C* with
3 (6.2.2) is simply achieved by replacing (x,y, z) with (x,zy;,zz) in 1., (z1y,y,yz1) in
1, and (z12,y12,2) in 1, in Eq. (6.2.1), respectively, followed by dividing by the square
of the scale factor

m_Q(I)(a:,a:yl,le,w) = éx(x7ylyzlvw> =0 (190)7

y_2<1>(x1y,y,yzl,w) = q)y(xlaya Zl’w) =0 (ly)v (624)
2720 (212, 412, 2, w0) = (1, y1,2,w) =0 (1)

so as not to change the canonical class.

Then we see that, unless k = 1 (I3 and I3), another singularity appears in the patch
1, at (z1,y1,2) = (0,0,0), then we do a similar replacement and factorization

)

xIQCI)z(:El,xly%leQa =0
) =D,y (22, Y1, 22,w) =0
=

zx(xlnyaZZaw) =0 (2230)
(2zy)

zz(x2>y2wz>w) =0 (222)'

w Y
Y1 2P, (2291, Y1, Y122, W , (6.2.5)

Zﬁz@z(xQZa Y2z, 2z, w)

for each patch of another P? put at (zy,y1,2) = (0,0,0). Again, if k is larger than two,

we find a singularity in the patch 2,,, which we blow up to obtain ®,..(x3,ys, z, w).

Repeating these steps k times yields ®@,....(zk, yx, 2, w), the properties of which differ
<~

k

between the types Ilor and Iogiq.

°In Eq. (6.2.3), one and the same symbol represents two different variables in different equations (y;
in 1, and 1., for instance). There will be no confusion, however, since these two patches will not be
considered at the same time.
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In the following, we will use the following j-times blown-up equations recursively
defined by

-2 _ .
2P, (2, yz,z,w) = DL (x5, y,2,w) =0 ves)s 6.2.6
- (52, ) . (5, Y ) (J ) ) ( )
J— J J
29T,y vz w) = Op (w1, Y, 2w) =00 (G,.,,)(6.2.7)

j—1 Jj—1 Jj—1

from the (j — 1)-times blown-up equation @, ...,(x;_1,y;_1, 2z, w) = 0 defined in the coor-
N

j—1

dinate patch (5 —1), ... (Again, y,;’s in Eq. (6.2.6) and Eq. (6.2.7) are different.)
N

Jj—1

6.2.2 Codimension-one singularities of the I, models

We have seen in the previous subsection that there appears a singularity in 1, at
(z1,y1,2) = (0,0,0) for arbitrary w, and after the blow-up there is, if & > 3, another
at (xe,y2,2) = (0,0,0) in 2,, for arbitrary w. These singular “points” in the sense of
Kodaira are aligned along the base P! of F,,, and hence form complex one-dimensional
curves. If, though not considered in this thesis, our set-up is generalized to a 4D F-theory
compactification where the dP, is fibred on some complex two-dimensional base, these
singularities are aligned to form complex surfaces. Thus, in this thesis, we will call such
a singularity in the sense of Kodaira, that forms a codimension-one locus when projected
onto the base of the elliptic fibration, a codimension-one singularity.

Using this terminology, we can say that, in the process of blowing up, both the Iy
and Io,41 models yield a codimension-one singularity p; at (z;,y;, 2, w) = (0,0,0,w) for

every j =0,...,k—1in 7, ., where we define (xg, o, 2, w) = (z,y, z,w). The explicit
~

J
form of ®,...,(x;,y;, 2, w) representing the model in this patch is given by
~~
i
_ 2 3.5, 1 2
q)z..'.z(xj, Yi, z,w) = —y; 252 + g(bao +bgaz 40 )
J

+%(b47k2’k_j + b47k+12k_j+1 + - ).ij
+i(b6,2k32(k_j) + b6,2k+122(k_j)+1 )
—yf— + %bQ 0T (6.2.8)

z—0

where the exceptional “curve” (in the P? blown up over some point of the base with fixed
(generic) w) splits into two lines in the sense of Kodaira. Thus, for each generic w, p; is
located at the intersection point of these exceptional curves that have arisen from blowing
up pj—1 (j =1,...,k—1). Blowing up the final singularity p;_; yields a single irreducible
exceptional curve for the Iy case, and a pair of split lines for the I,y case (see Fig 6.1
and 6.2). Putting them all together, they constitute the Ag;_; and Ay, Dynkin diagrams
as their intersection diagrams, as is well known.
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6.2.3 Conifold singularities associated with the split/non-split

transition in the /5, models

Now let us explain what “conifold singularities associated with the split/non-split
transition” are, by taking I, models as an example. Since there is no distinction between
split and non-split fibre types in the fibre type I, let us consider Io; for k > 2.

The equation of the split I5, model for k > 2 is given by Eq. (6.2.1) with
bao = cig (6.2.9)

for some section ;. A split Iy, model exhibits, in addition to these codimension-one
singularities, conifold singularities on singular fibres over some special loci on the base of
the elliptic fibration, where the generic A,,_; singularity is enhanced to some higher-rank

one.

The discriminant of Eq. (6.2.1) with Eq. (6.2.9) reads

1
A = chabsa (6.2.10)

f and g (6.1.12) derived from Eq. (6.2.1) are

1
f:_4_8cil’0+'.. )
(6.2.11)

L,
= —¢C
97 86410

Eq. (6.2.10) shows that at the zero loci of ¢; ¢ and bg ok, the singularity is enhanced from
Agg—1. Since Eq. (6.2.11) implies that the vanishing orders of f and g are unchanged at
the zero loci of bg o, they are “Agy, points”, which means that they are the places on the
base over which the singularities of the fibres are enhanced to As;. On the other hand,
at the zero loci of ¢, it turns out that the vanishing orders of f , g and A go up to
two, three and 2k + 2, so the zero loci of ¢;o are “Dy;, points”, which similarly means
that the singularities are enhanced to Dy there. In fact, they are singularities of the
type of the “complete resolution” [93], meaning that they develop the necessary amount
of conifold singularities to yield the degrees of freedom of matter hypermultiplets arising
there. Thus, according to the general rule [96], the zero loci of bg o, are the places (on
the base) where a hypermultiplet transforming in 2k of Ag;_; arises, and those of ¢; o are
where a hypermultiplet in k(2k — 1) appears. In general, a section ¢; ; or b; ; or whatever
with a subscript (i, j) is expressed as a polynomial of degree (i — j)n+2¢ in w [148], so we
have (8 — 2k)n + 16 hypermultiplets in the 2k representation, and n + 2 hypermultiplets
in the k(2k — 1) representation.

We will focus on the singularity enhancement to Dy, at the zero loci of ¢; o since it is
this singularity enhancement that its associated conifold singularities and their transitions
are closely related to the split/non-split transitions in F-theory. Indeed, if we do not
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impose the condition (6.2.9) to Eq. (6.2.1), we have an equation of the non-split I
model, for which the corresponding f, g and A are the ones obtained by simply replacing
every ¢f y with by in Eq. (6.2.11) and Eq. (6.2.10). Even then, the vanishing orders of f,
g and A at the zero loci of by remain the same as those at the loci of ¢; g, which means
that the number of Dy points is doubled (b is represented as a polynomial of degree
2n + 4 in w).

Of course, in this process of the transition from the split model to the non-split one,
the Dy points, which have doubled in number, cannot continue to produce k(2k — 1)’s
after the transition to the non-split side; they are too many to satisfy the anomaly cancel-
lation condition. Therefore, the structure of the conifold singularities that existed before
the transition to the non-split model must change after the transition. They are what
we call the conifold singularities associated with the split/non-split transition. In con-
trast, singularity structures of the fibres over the Ay, points at which bg o vanishes do
not change by the replacement Cio 5 ba ol

6.2.4 Conifold singularities in the split I5, models for k& > 3

To show how these conifold singularities arise at the Dy, points in the blowing-up
process of the split I, models, let us consider the j-times blown-up equation @, ..., ,(z,_1,
~~

j—1

Yj, 2j,w) = 0 in the patch j,...,, for j = 2,...,k — 1 with £ > 3 which is recursively
N

-1
defined in Eq. (6.2.7) in Subsection 6.2.1. k = 2 (I4) is a special case, so we will consider
it separately in the next subsection.

The left-hand side of this equation is explicitly given by

@%x(%_hyﬁzhw) - % + $J 12] !
411 Cio‘i‘b 2,125 — 1Zj+"')
+%$§C {Z]k Jt (b4k + by pr1j-125 + - )
—i—ix?(kl J)Z?(k j4+1) (bg}gk + bg k1T 12 )
= _yj + ZC%,U -+ Tj-17; ((1;? 12] 2 le,l

41 b4kx J 1 k J+ lb 2(k J)—1 ]2(19 ])+1+O(J7j—lzj)>~
(6.2.12)

6The six-dimensional F-theory models with an unbroken As or A; gauge symmetry also allow Eg or
Es points, but it is known [91,149] that they cannot be realized in Tate or Deligne forms with maximal
Tate’s orders, but require to be formulated in a Weierstrass form or Tate form with lower Tate’s orders.
In any case, however, these singularities also do not change by the replacement Cio <+ bao and hence
have nothing to do with the split/non-split transition.



104

In general, a conifold is defined in C* 3 (21, 29, 23, 24) by the equation
2124 + 2923 = 0, (6.2.13)

where (21, 29, 23, 24) = (0,0,0,0) is the conifold singularity. Thus Eq. (6.2.12) shows that
the geometry near y; = c¢19 = z;_1 = z; = 0 is locally approximated by that of a conifold,
and the point itself is the conifold singularity for each j =2,...,k —1 (k > 3).

Since these k — 2 conifold singularities arise in the blowing-up process of a split o
model at each zero locus of ¢, the number of which is n + 2 in total in the present
[F,, case (because ¢ is a polynomial of degree n + 2; see Subsection 6.2.3.). Let us pay
attention to a particular zero of this ¢;y, and we can take it to w = 0 without loss of
generality. That is,

c10 = w+ O(w?) (6.2.14)

near w = 0. Then we see from Eq. (6.2.12) that the equation ®,...,,(z;_1,y;,2;,w) =0
N

-1
near (x;_1,9;,2;,w) = (0,0,0,0) is

—yj2- + %‘wQ + (const.x)z;_1z; = 0 (6.2.15)

up to higher-order terms. The first two terms are factorized to yield the standard conifold
equation (6.2.13).

Eq. (6.2.15) tells us that it is precisely the fact that the section by is in the form of
a square ¢ ; that the blown-up equations @, ..., ,.(x;_1,y;, 2, w) = 0 give rise to conifold
) <~~~

j—1
singularities. If by ¢ were not in square form C%,o: which implies that the model is non-split,

Eq. (6.2.12) would be

@Zj.;zx(xj_l,yj, ziiw) = =y 4 thoo+ i1z (1), (6.2.16)
Pt

in which by generically vanishes like w near w = 0, and the corresponding local equation
would be

—y? + %w + (const.x)z;_12z; = 0 (6.2.17)

up to higher-order terms, which is not a conifold equation.

In the following, we will refer to the & — 2 conifold singularities arising at each zero

locus of ¢; o as”

TAt first glance, this way of naming the conifold singularities may seem strange, but as we will see

later, its subscript g; denotes the corresponding codimension-one Dy, singularity. We will use “v” to
denote that it is a conifold singularity.
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Figure 6.1: Singularities and exceptional curves arising in the blow-up of a split I5;, model
near a Do point w = 0. codimension-one singularities and conifold singularities are
depicted with red and yellow x’s, respectively. Each bold horizontal arrow indicates a
blow-up at a codimension-one singularity, and the final thick downward arrow means
small resolutions of all the conifold singularities. The thin downward arrows denote the
w — 0 limit. The left-most vertical line in each figure represents the original singular
fibre.

Vg * ($1,y2,22,w) = (0707070) (22':(:)7

aj - ($J’—17yj7zj’w) =(0,0,0,0) (J.....4)
~ (6.2.18)

Vgp o ¢ (Th—2,Yk—1, 261, w) = (0,0,0,0) (k—1),. . ,).
N7

k—2
They are depicted with a yellow x in Fig. 6.1.

In addition to the & — 2 conifold singularities vy,,...,v, ,, there are two more
conifold singularities. One is the one on the locus of the one-time blown-up equation
(21,1, 2, w) = 0 given by Eq. (6.2.8) with j = 1, where by satisfies the split condition
boo =t If k>3, ®.(x1,y1,2,w) can be written as

. (z1,y1,2,0) = —y°+ };Ciom% +z (:vi’ + 1byq2] + O(z)> : (6.2.19)
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so focusing on a particular zero of ¢y and set ¢; o = w, the equation becomes

—? 4 Lua? 4 (xi’ + }tbmxf) =0 (6.2.20)
near z =w =0. y; = w = z = x; = 0 is a special case of py, so assuming z; # 0, we find
Vg o (21,91, 2,w) = (—1b21,0,0,0)  (1.) (6.2.21)

is a conifold singularity that arises besides vy, ..., vq,_,-

The other conifold singularity can be found on the locus of ®,... . (zx_1,yk_1, 2, W),
-~

k—1

which is given by Eq. (6.2.8) with setting 7 = k — 1. We have already discussed that it
has a codimension-one singularity py_1 at (zx_1, k1,2, w) = (0,0,0,w). We can show
that it also has a conifold singularity if be o = C%,o for some c; ¢ by writing, for £ > 3,

(I)z z(xk 1, Yk lasz) = _y2 + 162 12
— — k—1 1,07k—1
<~~~ 4

k—1

2 (2) 2"+ 2boaxp |+ Lbagaio + O(2)).

(6.2.22)
Thus, by setting c¢; o = w, the blown-up equation is reduced near z = 0 to
—yiy + hwtad 2 (Manty + dbt) = 0, (6.2.23)
which shows that
2b
Ure 1 (Thets Ype1, 2, W) = (—%”“,0,0,0) (k—1),. ).  (6.2.24)
2,1 -~

k—1
is another conifold singularity.

Thus, the split Iy, model gives rise to a total of £k —2+2 = k conifold singularities at
each zero locus of ¢; o. They are resolved by small resolutions to give k exceptional curves,
and comprise, together with the k exceptional curves coming from the codimension-one
singularities, the Dy, Dynkin diagram (Fig. 6.1).

6.2.5 Conifold singularities in the split /, model (the k£ = 2 case)

Although similar, the split I, model, which is the lowest k(= 2) case, is slightly
different from the models for £ > 3 in the way the conifold singularities appear, so we
will briefly comment on this special case for completeness.

We have seen that in a split I5; model with k£ > 3, two special conifold singularities
vq, and vy, , appear in the patches 1, and (k — 1), ., respectively. If k = 2, they are the
~~

k—1
same patches. Therefore, in the k = 2 case, there appear both conifold singularities on the

zero locus of @, (x1, 41, 2z, w) defined in (1,), in addition to the codimension-one singularity
p1. After the resolutions, they yield the D, Dynkin diagram as their intersection diagram.
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6.2.6 Split/non-split transitions as conifold transitions in the [y

models

Now, we can discuss the relationship between the split/non-split transition and the
conifold transition. To summarize what we have learned so far about the Is; model:

o If by is a square of some c; o, the model is split, otherwise non-split.

e In the split models, Dy points are n+2 double roots of the (2n+4)th order equation
bap = C%,o = 0 of w, while in the non-split models, they are generically 2n + 4 single

roots.

e In the split case, there arise k conifold singularities at each zero locus of ¢; o, while
in the non-split case, no conifold singularities appear at the loci of by .

So let us consider a deformation of the complex structure (of the total elliptic fibration) in
which a particular double root, say w = 0, “splits” into two single roots w = +¢ that are
minutely separated |e| < 1. By deforming just one of the n + 2 double roots into a pair
of single roots, by can no longer be written in the form of a square of anything, so this
deformation turns the split model into a non-split model. This deformation is achieved

by replacing w? with w? — €2, and turns the conifold

—+wr+r2=0 (6.2.25)
into
—2 +w w2 =€ (6.2.26)
which is the deformed conifold!
We can easily verify that all the conifold singularities vy, ,...,vq_,,Vr,_, are de-

formed into local deformed conifolds® by the replacement w? — w? — 2. This means that
the special deformation of the complex structure of the total elliptic fibration that makes
a double zero of w split into a pair is exactly the deformation of the complex structure of

the local conifolds.

Suppose that we start from a singular split /5, model given by Eq. (6.2.1), where
bap = cio, and by, g does not vanish. By blowing up all the codimension-one singularities
of it, we end up with a geometry whose only singularities are conifold singularities. There
are two ways to smooth these singularities. One is to resolve them by small resolutions;
this just yields a smooth split Is; model. The other is to deform the conifold singularities;
this is achieved by replacing byy = ¢, with by = iy — €7 for some section €, then

8By a “local conifold” we mean the geometry near the conifold singularity described by an equation
(2124 + 2223)(1 + O(2;)) = 0. Similarly, by a “local deformed conifold” we mean the one described by
(2124 + 2223 — €2)(1 4+ O(2;)) = 0.
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the model is a smooth non-split I, model. In other words, the split/non-split transition
in a Iy, model is nothing but a conifold transition.

As we have seen above, there is not just one conifold singularity that appears at each
zero locus of ¢y and is involved in the transition. There are & such conifold singularities

at each locus, and they are simultaneously deformed to give a non-split model.

6.2.7 The mechanism proposed by [1] for non-local matter gen-

eration

The origin of non-local matter was proposed [1] as due to the adjoint hypermultiplets
associated with a certain genus-g curve in the elliptically fibred Calabi-Yau threefold. In
this subsection, let’s see how their proposal can be actually implemented in the blowing-up

process we have discussed so far.

In general, fibre degeneration occurs at a codimension-one discriminant locus on the
base, which is a curve on the two-dimensional base (F,, in our case) of the Calabi-Yau
threefold. Thus, together with the degenerate P! fibre, with a possible singularity before
blowing up, it forms a ruled (=P'-fibred) surface in the Calabi-Yau threefold. We are
interested in the gauge divisor, over which there is a distinction between the split or the

non-split fibre type.

Since we take the gauge divisor to be a divisor of the fibre P! of the Hirzebruch
surface IF,, (that is, z = 0), we may naturally take the base of the ruled surface to be the
base P of the F,, (parametrized by w), which was called M; in [1]. Its genus is 0; this
agrees with [139], in which, by an anomaly analysis, the number of the adjoint hypers
was shown to coincide with the genus of the gauge divisor, and the fact that there is no
massless adjoint hypermultiplet in the spectrum [90].

The proposal of [1] was as follows: Taking a non-split I5; model as an example, if
the singularity of the P! fibre of the ruled surface is blown up, the singular point at each
fixed w is replaced by a collection of P'’s, which form (over the whole base) a smooth
surface consisting of multiple components corresponding to different nodes of the As;_q
Dynkin diagram. In the non-split case, these P'’s (exceptional fibres) are merged in pairs
smoothly, except for the one corresponding to the middle node. This is precisely why the
gauge algebra is reduced to a non-simply-laced one by the identification under the diagram
automorphism, but in [1] they further note that a component of the surface swept by a
particular pair of such exceptional fibres is also a ruled surface, whose base is a 2-sheeted
Riemann surface of genus g. This genus-g base, called M, in [1], is a double cover of
M and has 2g + 2 branch points over which the pair of exceptional fibres meet and join
smoothly in the non-split model. [1] argued that, according to [150,151], g hypermultiplets
arise from the harmonic 1-forms of the genus-g Riemann surface and are assigned to one

of the short simple roots of the Cy Dynkin diagram.
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Let us consider how this genus-g Riemann surface can be seen in our set-up. We
could consider the general equation for I given in Subsection 6.2.4, but to simplify the
notation and clarify the issue, we will instead repeat the blow-up procedure with the
homogeneous coordinates in the Ig model, the simplest case where there are more than

one pair of exceptional curves identified by monodromy.

Again, starting from Eq. (6.2.1), let & = 3. This time, instead of Eq. (6.2.3), we
change the coordinates as

(r,y,2) = (axy,0m,az), (6.2.27)

where (1 : ¥ : 21) are homogeneous coordinates of P* and o € C. Plugging Eq. (6.2.27)
into ®(z,y, z,w), we define

Q_2®(a$1,aylaa21,w) = (I)a(xhylazlaaaw)
= —yf + I?Oé + }l(bQ’(] + bg,lzloz -+ - )[L’%
+%(b4’32f062 -+ - ).Z'l

+1(bgziat +---), (6.2.28)

similarly to Eq. (6.2.4). Of course, if z; = 1 and « is renamed z, ®,(z1,y1,21 =
l,a = z,w) becomes ®,(xy,y1,2,w) (6.2.8) with j = 1, k = 3. As we discussed in
the previous subsection, if the section by is a deformation of a square cio, the equation
O, (21, Y1, 21, 0, w) = 0 describes a three-manifold with n + 2 deformed conifold “singular-
ities” near the zero loci of ¢; 9. The exceptional curves can be found at the intersection
with the divisor a = 0:

Oy (21, Y1, 21,0 = 0,w) = —y° + ;116270(10):5% =0, (6.2.29)

where we have recovered the argument of b, o to remember that it is a polynomial of degree
2n + 4 in w. With fixed w, Eq. (6.2.29) represents a pair of P*s in P? 3 (21 : y; : 2) if
bao(w) # 0 intersecting at (z1 : y1 : 21) = (0: 0 : 1), which is a singularity to be blown up
in the next step, thereby it is to be separated into two distinct points on the respective
two P'’s. Thus if the value of w is varied, the two P"’s as a whole yield a surface, which
comprises Sy in [1].

On the other hand, Eq. (6.2.29) can also be viewed as a 2-sheeted Riemann surface,
and, by “forgetting” z;, any point on this (component of the) surface Sy has a unique
projection onto this Riemann surface. Therefore, it is a ruled surface whose base is a
2-sheeted Riemann surface given by Eq. (6.2.29) (provided that (z1 :y;:21) =(0:0:1)
is blown up), which may be called M; in the notation of [1].

However, another similar Riemann surface arises in the next step of the blow-up.
Since O, (21,41, 21, ¢, w) = 0 is singular at (z1 :y; : 21) = (0: 0: 1), we blow up there by
defining

(‘rhyl?a) - (ﬁx%ﬁvaﬁaQ), (6230)
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where (x5 : 4o : ap) are also homogeneous coordinates of P* and 3 € C. Plugging Eq.
(6.2.30) into ®,(x1, 41, 21, v, w), we similarly obtain

B72®6 (B, By2, 21, oz, w) = Pap(wa, ya, 21, 2, B, w)
= —yg + x§a252 + %(bg,o + b z1008 + - - )x%
—|—%(b4,3z?agﬁ + )2
+1(bgs2lay B + -+ ). (6.2.31)

The exceptional curves are at the intersection with the divisor § = 0:
Dop(x2, Y2, 21,0, 0 = 0,w) = —y2 + %bg,o(w)xg = 0. (6.2.32)

This is again a ruled surface (without any further blowing up), whose base is also a
Riemann surface given by the same equation (6.2.32) with ay forgotten.

Clearly, Eq. (6.2.29) and Eq. (6.2.32) are different components of the ruled surface
S, residing on different divisors = 0 and 8 = 0, respectively. The important point,
however, is that they represent the same Riemann surface as the base space. Indeed, for
a given w, Eq. (6.2.29) and Eq. (6.2.32) respectively determine the ratios z; : y; and
Zo : Yo, but they are the same by definition and are consistent. Thus we may successfully
say that Sy is a ruled surface over a genus-g (= n + 1 here) Riemann surface Mo, as [1]
claimed.

It is also straightforward to check that, for general Iy, (k > 3) models defined by Eq.
(6.2.1), all the genus-g bases that appear at each blow-up are the same (except at the final
blow-up where such a genus-g curve does not arise). Similar holds for the I, ; non-split
models’. In the non-split I* and IV models, since there is only one pair of exceptional
curves identified by monodromy, the problem described above does not arise. Finally, it
can be verified that the two genus-g bases appearing in the non-split /V* model are also
the same.

Thus we have seen that, even when there are multiple pairs of exceptional curves
and S, consists of multiple components, the genus-g Riemann surface M, is well-defined
and serves the mechanism proposed by [1].

6.3 Split/non-split transitions as conifold transitions
(IT): the I5;,1 models

Although the defining equations of the Iy, and Iy, models are common (6.2.1),
the relationship between the split/non-split transition and the conifold transition in the
I5;11 models is quite different from that in the Iy, models.

9In this case, the exceptional curve arising at the final blow-up splits into two lines, but still the
genus-g Riemann surfaces arising before the final blow-up are all identical.
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Figure 6.2: Singularities and exceptional curves in a split and an over-split I ; model
for k > 2 near a double root of ¢f ; = 0.

The most significant difference is that in the split Io;; model, the singularity (in
the sense of Kodaira’s singular fibre) is enhanced from Asj to Doyyq at the zero loci of
bao (which is in the form of a square cf’o for some ¢; ), whereas in the non-split model,
the singularity at the generic zero loci of by is enhanced to Doyyo instead of to Dojy;.
Consequently, a generic split Iox11 model does not directly transition to a non-split logi1
model. Rather, we will show that there is a certain special interface model that connects
the split and non-split I5;,1 models via a conifold transition.

6.3.1 The split, non-split and “over-split” I5;,; models

The vanishing orders of the sections bo, by, bg for a I5x1; model are 0, k, 2k, respec-
tively, which are the same as those for a I, model. The difference from the I, model is
that the vanishing order of bg is 2k + 1 instead of 2k, which means that

O = 4bg’2k == bi,k - bgvobﬁgk. (631)

In the split models, by is given by a square C%,o for some c; o, so we have

b 2

C1,0
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Thus b4, must be divisible by ¢; o. We can then write

2

b2 = 1,05

byj = €1,0C3 1, (6.3.3)
2

be 2k = C3

for some c3 5, which is a section of the line bundle specified by its subscripts. Again, k =1
is a special case so will be discussed later. For k£ > 2, we find

1
f = _@C%,O + ...
6170—>0 ]. 2 2
= —@bmz I (6.3.4)
I
g e @Cl,o + P
61704)0 1 3 3
and
1, 2k+1
A = 1_60170b8,2k+1z T+
1 1
o0 S (6.3.6)

Therefore, the zero loci of ¢y are where the apparent fibre type changes to I3, 5, or from
Ay t0 Dgpyq in terms of the singularity'.

In the non-split I5;41 models, Eq. (6.3.1) is assumed to be satisfied, but by is not
assumed to be in the form of a square. So suppose that b is not a complete square but
takes the product form

6270 = 037052_27,,0 (637)

for some ¢, and 1~)2_ng0. In this case, by; must be divisible by ¢, 9. Then the same
discussion as we did in the split I5;.; model can apply to show that at the zero loci of
cro the fibre type changes there to I3, 5 and the singularity is enhanced to Day 1.

Thus let us assume that by o is completely generic and has no square factor, that is,
the equation by o = 0 has no double root. In this case, the constraint (6.3.1) requires that
by, is divisible by bg o:

bao :  generic,
ba e = b2,0Cok, (6.3.8)

2
b6,2k = 52,002,k

10 Again, as we noted in Subsection 6.2.3, an enhancement to 7 is possible in the F-theory model with
an unbroken Ag gauge symmetry, but it also cannot be realized in our Deligne form [144,149]. It is also
irrelevant for the split/non-split transition.
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for some section ¢y of the line bundle implied by the subscripts. For & > 2, we can
see that the z-expansions of f and ¢ are similar to Eq. (6.3.4) and (6.3.5), but the

discriminant in the present case is

1
A = Ebg’obg’gk_i_lzzk—H + -

b2,0—0 1

20 6—46371(b271b672k+1 — b3 ) (6.3.9)

in which the order of z at the zero loci of by is one order higher than that in the split
case. This shows that, in a non-split Ioz,; model, the fibre type in the sense of Kodaira
changes to I3, _, instead of I}, 5, and the apparent singularity there is enhanced from Ay
to Doyyo instead of Doy .

Therefore, a generic split s, 1 model cannot directly transition to a non-split logi
model. The interface model that connects the split and non-split models can be obtained
by tuning the complex structure of a split model so that it can yield the Dogio points
which are originally absent in generic split oz, models. The existence of such models
was already pointed out in [85]. More specifically, we consider a special class of split Iox
models in which the relevant sections by, bs and bgox are given by

2
bao = €10
2
bak = €1 gCoks (6.3.10)
2 2
be 2k = €1,0C2 k>

which we call an “over-split Io;41 model”. Eq. (6.3.10) can be obtained by specializing
cs i to the factorized form c; gca i for some ¢y . This in particular implies that ¢z in Eq.
(6.3.6) vanishes as ¢; 9 — 0. The next non-vanishing order is 2k + 4, yielding the desired
enhancement to Dygio. It is also clear that replacing C?,o with by in Eq. (6.3.10) yields
the specifications of the sections in the non-split models (6.3.8).

6.3.2 Conifold singularities in the 5., models for k£ > 2

We will now blow up the codimension-one singularities of the split and over-split
Io+1 models. Since the only difference between the I and the Ipz; models (in their
definitions) is the vanishing order of bg, the way the singularities are blown up is very
similar between the two. When we blow up the codimension-one singularities of a split
I5;+1 model, the first difference from the I, models we encounter is the absence of the
conifold singularity v,, , in the coordinate patch (k — 1), . (6.2.24), which appeared

<~~~

k—1
in the Iy, models when w = ¢;9 — 0. Instead, if we blow up the codimension-one

singularity px_1, we get a pair of exceptional curves, at the intersection of which there
is a conifold singularity v, (Fig. 6.2). If we resolve all the conifold singularities by
small resolutions, we obtain the Ds,. 1 Dynkin diagram as the intersection diagram of the

resulting exceptional curves.
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On the other hand, if we blow up the singularity p,_; in the over-split I5;; model,
the pair of exceptional lines come on top of each other to form a single irreducible line,
on which three conifold singularities v, ,v,, and v, appear. Resolving all the conifold
singularities gives the Doy o Dynkin diagram in this case.

How these conifold singularities arise in the blowing-up process of the split and
over-split I, models near a double root of C%,o = 0 is summarized in Fig. 6.2.

6.3.3 The split/non-split transitions and conifold transitions in
the I5;.1 models for £ > 2

Again, let us focus on a particular double root of C%,o = 0, and let it be w = 0.
Then the local equations yielding the conifold singularities vy, ..., v, , are the same as
those in the split I, models. To see how the conifold singularities v,, , v, , vy, arise, let us
consider the k-times blown-up equation @, ..., .(xk_1, Yk, 2k, w) = 0 in the patch k...,

—~ —~—

k—1 k—1
where

_ -2
cI)z-uzx(fEk—laykaZk?w) = xk_lq)z-nz(xk:—hxk—lykyxk—lzkyw)
~~~ ~~~

k—1 ~
= gtz
_+%(Cio%_bll$k712k—k--~)
+%(CLOC?),ka‘+’b47k+1l‘k_1224+...)
+i(03,k213 + b6,2k+1$k_122 +--)
TEp_1—0
B g+ Lo + crm)? (6.3.11)
in the split case. The last line shows that the exceptional curve splits into two lines, which
intersect at

Tp—1 = Yk = €10+ C3p2x = 0. (6.3.12)

If c19 = 0, 23, also vanishes for generic c3; this is a conifold singularity. Indeed, we can
write @,..., . (Tg_1, Yk, 2k, W) as, setting ¢; 9 = w,
~~

k-1

2 1 2 k—1 _k—2
(I)z---zm<xkfla Yk, Zkvw) = —Yp+ g(w + Cs,kzk-) + Tp12g (wk_lzk

k—1

*‘ib2i'+’%b&k+1zk'+’%b62k+1zi'+’()(xk—lzk))~(6-3-13)

This shows that

w ' (@e—1, Yk 2K, w) = (0,0,0,0)  (ks....0) (6.3.14)
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is a conifold singularity. This is the only conifold singularity in this patch in the split
case. Note that the w-dependence of Eq. (6.3.13) is not only through w?.

In the over-split case, Eq. (6.3.11) becomes
D, (T, Yk, 2k, w = —y? 4 gk R
(Th—1 Yk, 25, W) Yk k—1%k

k—1
2

"211(01,0 +boTp_12k+ )
+%(Ci002,k2k + by 1 Th12 + )
(R0 A+ Boppan a2l + )

T g L o1+ cap) (6.3.15)

Thus, the exceptional curves that are split into two lines at ¢; o # 0 overlap into a single
line at ¢; 9 = 0. In this case, by setting ¢; 9 = w, Eq. (6.3.15) can be written as

2 1,2 2 k—1_k—2
D, o(Tht, Yy zhw) = Y+ g0t (14 copzp)® + a1z (2312
k—1

+ib271 + %b4,k+1zk + %b672k+1z,3 + O(xk_lzk)) ,(6316)
which shows that there are three conifold singularities at ;1 = y, = w = 0 and
Zk(ing + %b47k+12k + ib672k+1zg) = 0. (6317)

They are shown in Fig. 6.2 as v, (when 2z, = 0), v,, and v,, (when z; is one of the
roots of ibg,l + %b4yk+1zk + %b@z]{;_’_lzz = 0). In the split case, the two points where z; is
a non-zero root, of the latter equation are not conifold singularities since the second term
in Eq. (6.3.13) is O(w?) near these points, whereas in the non-split case, the second term
in Eq. (6.3.16) is O(w?) there.

We can see that, unlike the (ordinary) split Iox;; case, Eq. (6.3.16) is a function of

2 2

w?, so we can do the same unfolding w? — w? — €2 as we did in the I, models. Again, on
one hand, this replacement amounts to deforming all the conifold singularities occurring
at w = 0, and on the other hand, one of the square factors of by o becomes generic, which

turns the over-split I model into a non-split I5;,; model.

6.3.4 The split/non-split transitions and conifold transitions in
the I3 models

Finally, to make the discussion complete, let us briefly describe the split/non-split
transitions in the Is;1 models for £k = 1, i.e. the I3 model. This lowest k case is rather
special and exhibits slightly different intersection patterns of the exceptional curves.

We have shown in Fig. 6.3 the singularities and exceptional curves in a split and

an over-split I3 model near a double root of C%,o = 0. In an ordinary split I3 model,
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Figure 6.3: Singularities and exceptional curves in a split and an over-split /3 model.

no conifold singularity appears once the codimension-one singularity is blown up, even
when c¢; o = w is taken to zero, where the fibre type changes from I3 to IV. No matter
hypermultiplet arises at the zero loci of ¢ . In the over-split I3 model, where we take

52,0 = Cio
ba1 = ¢} gC21, (6.3.18)
be2 = Ciocg,p
three conifold singularities appear at each zero locus of ¢; o, whose small resolutions yield
exceptional curves of the I type, and the singularity is enhanced from Ay to Dy.

Although the way the conifold singularities appear is slightly different from the
cases for k > 2, the over-split I3 model is also turned into the non-split /3 model by the
replacement w? — w? — €2, which is a deformation of a conifold singularity.

6.4 Split/non-split transitions as conifold transitions
(II1): 1V

Let us next consider the IV model. The IV model is defined in the Deligne form
(6.1.6) for by, by, bg with vanishing orders 1, 2, 2, respectively. The sections f, g charac-
terizing the Weierstrass equation read

1
48 (bg 1 241)4’2)22 + - s
(6.4.1)
92156,22 +-

f=-
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and the discriminant is
27
A = 1—662725‘ e (6.4.2)

so ord(f,g,A) = (2,2,4) and the generic fibre type at z = 0 is IV. At the zero loci of
be2, they are enhanced to (2,3,6), showing that the Kodaira fibre type there is Ij. If
the section bgy can be written in the form of a square ¢3, for some ¢z, the model is

said a split IV model, while if bs > cannot be written that way, it is said a non-split IV
model [90].

In this case, the only codimension-one singularity at a generic point on z = 0 is
po : (z,y,z,w) = (0,0,0,w), which can be resolved by just a one-time blow-up. The
resulting exceptional curves split into two, which intersect the original fibre at a single

point; they come on top of each other at bgo = 0.

In the split case, they are all double roots, and three new conifold singularities
appear on the overlapping exceptional lines. To see this, consider the equation blown up
once D, (x1, 41,2, w) = 0 with

(I)z(xhyle?w) = _y% +£C?Z
+i(b2712 _I_ . )l‘% _I_ %(b4722 + . e )'rl + le(w2 + b6732 + e )
=2 L (6.4.3)

in 1., where we have set bs o = w? to focus on a particular double root of bso = 0. Eq.
(6.4.3) indeed shows that the generic exceptional curve splits into two lines, and they
coincide with each other at w = 0. Conifold singularities can be seen by rewriting Eq.
(6.4.3) as

@Z(l’l, Y1, <, w) = —y% + %U}2 + Z(CL’? + %ngCL’% + %b472$1 + ib673 + O(Z)) (644)

For generic bg 1, by 2, bg 3, the cubic equation of x; has three distinct roots, giving rise to
three conifold singularities at y; = w = z = 0. Again, the replacement w? — w? — €2
amounts to the transition from the split to non-split IV model, at the same time it unfolds
the conifold singularity to yield a local deformed conifold. Singularities and exceptional

curves in the split IV model near w = 0 are depicted in Fig. 6.4.

6.5 Split/non-split transitions as conifold transitions
(IV): IV*

In the IV* model, the vanishing orders of by, by, bg are 2, 3,4, respectively. f and g
(6.1.12) are

1
f:—b4’3z3—|—--- ;

2 (6.5.1)
g:1b6,424+"' .

4
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Figure 6.4: Singularities and exceptional curves in a split IV model.

The discriminant is

27
A = 1—6627428+---. (6.5.2)

These imply that the fibre type is IV* at a generic point of z = 0. The split IV* model
has bg 4 in the form of a square c§72 for some c35. The non-split /V* model has generic
be.4 [90]. In both the split and non-split models, the vanishing orders of (f,g,A) at the
zero locus of bg 4 changes from (3,4,8) to (3,5,9), implying that the apparent fibre type
there is I11*, that is, the zero locus of bg4 is an E; point.

We have illustrated in Fig. 6.5 how the singularities appear and exceptional curves
intersect in the split IV* model near w = 0, which is one of the double roots of 0372 =0.
At the stage where the three codimension-one singularities are blown up, there remain
three conifold singularities at each double root of bgy = 5, = 0. We will show that,
if all these conifold singularities are resolved by small resolutions, we obtain a smooth,
fully resolved split IV* model, while if all the conifold singularities are simultaneously
deformed, we are led to a smooth non-split 7V* model.

We start with a split /V* model. The defining equation is'

b(z,y,z,w) = —y?+ 23 +ib2,222x2
+%(b4,323 —+ b47424)£L‘
+3(c502" + be52° 4+ ---) =0. (6.5.3)

1 Although we are interested in the local structure of the singularity, the IV* models are well-defined as
a dPy fibration to consider the heterotic dual, so we have kept in Eq. (6.5.3) only terms with coefficients
br; up to 7 < k. In any case, it doesn’t really matter whether we do so or not.
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Figure 6.5: Singularities and exceptional curves in the split /V* model near a double root
of 2, =0.

The first codimension-one singularity (next to the original singularity py) can be found
on @, (1,41, 2, w) = 0 defined in Eq. (6.2.4) with ®(z,y, z, w) given by Eq. (6.5.3). This
is

p: o (21,91,2,w) =(0,0,0,0) (1,). (6.5.4)
Blowing up ®,(z1,y1, z,w) = 0 at p;, we have

(I)zx($l> Y2, 22, ’LU) = —y% + .T%ZQ +ib272$%,2§
+%(b4,3$12§ + b4,4$%23)
"‘zl;(cg,zzg +besT125 + -0 ) =0, (6.5.5)

where ®,,(x1,ys, 29, w) is defined similarly to Eq. (6.2.5). In the z; — 0 limit, this
equation reduces to y3 = 0, which is a double line. It has a codimension-one singularity

qz : <x15y2732>w) = (0,0,0,W) (2zz) (656)

as well as a conifold singularity

2b
Up, - (‘rby%z%w) - <0707_ 13

s 0) (2.0). (6.5.7)

The latter can be seen by writing Eq. (6.5.5) as

—yg + 4—1111)223 + Il(%b4,323 + ibﬁﬁz;’ + O(l’l)) - 07 (658)
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where we again set ¢3, = w? to focus on a particular double root of bg4 = 3, = 0.

Blowing up ®,,(z1, y2, 22, w) = 0 at ¢a, we have

_ 2 1 2.2

Do (1, Y3, 23, W) = —y35 + 7123 +3b2,217 23
1 2 3.3
+5(bazwizz + baawyzy)

+3(c507%5 + besrizs +---) =0 (6.5.9)
in the patch 3.,,, where we have defined
Dpn (21, Y3, 23, W) = 27°P0 (21, 21Y3, T123, W). (6.5.10)
Eq. (6.5.9) still has a codimension-one singularity
q3: (71,93, 23,w) = (0,0,0,w) (3,20 (6.5.11)

Eq. (6.5.9) has also a conifold equation, but in fact, there arise two conifold singularities
after blowing up at ¢» as we displayed in Fig. 6.5, and it is only the one of two that can

be seen in the patch 3,,..

To see both conifold singularities we consider

_ 2, .2 1 2.2

D0 (w3, Y3, 20, W) = —Y5 + 52 +1b22752;
1 2.3
+5(bazsze + baaz3zy)

+3(c5o + bswszs + ) =0 (6.5.12)
in the patch 3.,., where
Do (13,3, 20, W) = 25 2P (1322, Y320, 22, W). (6.5.13)
Eq. (6.5.12) can also be transformed into the form of a conifold equation
—y2 + }lw2 + 29 (xg + %b43x3 + 0(22)) =0, (6.5.14)
which indicates the existence of two conifold singularities

Upy ¢ (3,3, 22, w) = (0,0,0,0),

1 (6.5.15)
Upg - ($3,y37227w) = (_§b4,3707070> (3zmz)-

By looking at the form of the conifold equations (6.5.8) and (6.5.14) and following
the discussion we have presented in the previous sections, it is now clear that the transition
from the split 7V* model to the non-split IV* model is the conifold transition from the
resolved side to the deformed side. Note that this is the only example in which the
transition occurs at an E; point; as we saw in the previous sections, as well as we will see

in the next section, the transition always occurs at a Dy point in all the other examples.
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Figure 6.6: Singularities and exceptional curves in the split I3, 5 model.

6.6 The /7 models

Finally, we will deal with the I cases. The situation is quite different when n is
even and when n is odd. We will consider the odd case first.

6.6.1 The [, ; models

The I, _, models (k > 2) have a Dy singularity. In the split I3, 5 models (k > 2),
conifold singularities appear as in the previous examples, and the deformation at the Doy,
points turns a split I, , model into a non-split one and can be regarded as a deformation
of the conifold singularities.

The model is defined by Eq. (6.1.6) with vanishing orders ord(be, by, bs) = (1,k +
1,2k) (k > 2). Whether the model is split or non-split depends on whether or not the
section bg 91, takes the form of a square cg,k for some ¢z, [90]. In the split case, the Lie
algebra of the unbroken gauge symmetry is Doy = SO(4k + 2). Whether split or non-
split, the zero loci of bg ox are Dogo = SO(4k+4) points. Besides them, Eg and Eg points

may occur for £ = 2 and 3, but they are not important here.

As we have shown in Fig. 6.6, one of the differences in the split I model is that the
conifold singularities appear only at the final step of blowing up. We can see the conifold
singularities in the equation @, ..., (zk, yk, 2,w) = 0, where, setting 3 , = w?,

<~~~ ’

k



122

@Z\.?(Ik, Y, z,w) = —yi+aizk + }l(bQ 12+ )T}
+5(bager1z + -+ )k
+1(w® + b k12 + )
= —yi+ }JUQ +z ( ba1 i + b4 h+1Tk + b6 oe+1 + O(2 ))

(6.6.1)

The discriminant of the quadratic equation }lelxi‘f‘%b4,kz+1$k+%b6,2k+1 = 0 is proportional
to bgk+2, which does not vanish generically. Therefore it has two distinct roots, yielding
the two conifold singularities. Eq. (6.6.1) again depends on w through w? near the
singularities, and unfolding the conifold singularity is exactly what turns a split model

into a non-split one.

6.6.2 The [, , models

So far we have seen various examples in which the split/non-split transition is pre-
cisely the conifold transition associated with the conifold singularities occurring at the
Dy, points, or the E; points in the IV* case. In fact, in the I, _, model, the situation is
quite different. The crucial difference is that, in that case, no conifold singularity arises
at the zero locus of the section relevant to the split/non-split transition.

In this class of models, the orders of by, by, bg are 1, k41, 2k +1, instead of 1, k+1,
2k in the previous I}, _, models. £ = 1 is a special case and has already been discussed
in detail in [147]"%, so we will consider k& > 2. f and g (6.1.12) read

1
_b§7122 _I_ RN
B (6.6.2)

which are the same as those in the I, 5 models. The discriminant is

f:_

1
A = 16b2 lbg 2k+2Z2k+4 —+ - s (663)

so, for a generic by 1, the singularity is enhanced from Dy o to Dagi3 at the zero locus of

bs 2k+2, Where

1
bgokte = Z(b2,1b6,2k+1_bik+1)- (6.6.4)

12For the I} models, we have, again, presented in Table 6.1 the generic orders of by, by, bg (= 1, 2, 3)
that can achieve these fibre types with the additional constraints shown there. For the split and semi-split
15 models, pa; can be eliminated by a redefinition of x, so that the orders of by, by, bg become 1, 2, 4,
which are the values derived from the standard Tate’s orders for the split and semi-split 1§ models.
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Figure 6.7: Singularities and exceptional curves in the split I3, _, model.

If this bg ox42 is written as cik 4 for some ¢y j41, this I3, _, model is called split, otherwise
non-split [90].

The blowing-up procedure proceeds similarly to the I, 5 models. In the split case,
a difference arises when py_; is blown up, where the exceptional curves overlap to one line
instead of splitting into two lines, and three codimension-one singularities arise on the
line. This is precisely what was seen in the w — 0 limit after py_; was blown up in the
I3, 5 models, where the two conifold singularities found there are now replaced by two
codimension-one singularities (Fig. 6.7). Concretely,

(I)z---z(xk7yk7 2 U)) = _y]% + xizk +%(b2’12 + - ).CE%

+%(b47k+12 S )l’k

+i(b6,2k+1z —+ .- ) (665)

Since bgax42 is proportional to the discriminant of the quadratic equation of ib;lzi +

%b47k+1xk + %b672]€+1 = 0, we can further write, by assuming bg ox1+2 = Ci,k+1> as

.. (Th Y, 2 w) = —yp+ 2 (%152,133% + %b4,k+1xk + ib6,2k+1 + O(Z))

z b 2
= —ypt+ b <(—2219€k + by k+1) + 1t O(z)) . (6.6.6)
2,1

Thus, the codimension-one singular loci of @, ..., (zx, yx, 2, w) = 0 split into two irreducible
<~

components

b .
ye =0, 2 =0, %xk + byprs Eicaprr = 0. (6.6.7)

Their intersection is where ¢4 ;41 vanishes, or equivalently, bgox+2 = 0 vanishes, so it is a
Doy 3 point. The codimension-one singularities can be blown up along either of the two
irreducible components (6.6.7) first. We can verify that the exceptional curve obtained
in such a way splits into two lines precisely at the intersection Dsg,3 point. Blowing up
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along the remaining irreducible component thus yields the D3 intersection diagram
only there. This is how the higher-rank intersection diagram emerges without conifold
singularities in the I}, , models.

On the other hand, the equation of the non-split I3, _, model can be obtained by
replacing cikﬂ with a generic bg o542 in Eq. (6.6.6). In this case, the codimension-one
singular loci consist of only one irreducible component, along which we can blow up the
singularities only once. No conifold singularity is found. Therefore, only the I3, , models
(including the I§ model [147]) cannot interpret the split/non-split transition there as a
conifold transition.



Chapter 7

Conclusion

In this chapter, we conclude this thesis. We have considered F-theory compactifi-
cations. F-theory describes non-perturbative compactifications of Type IIB superstring
theory with general 7-branes geometrically. In F-theory, singularities play a particularly
essential role in geometrically realizing various aspects of string theory: gauge symmetries
and matter generation, and so on. In particular, the codimension-two singularities are
associated with matter generation [87,88,90,96]. Thus, for considering mater generation
in F-theory, we have focused on the codimension-two singularities in a six-dimensional
F-theory, especially, an F-theory on an elliptically fibred Calabi-Yau threefold over [F,, in
the stable degeneration limit.

In six- or lower-dimensional F-theories, if a fibre type has the condition that an
exceptional curve splits into two irreducible ones, we can distinguish the singular fibre
type into two types. In the case that the exceptional curve can split globally, these fibre
types are called the split fibre types. On the other hand, in the case that it can not
split globally, these fibre types are called call it the non-split fibre types. Models with
the split singular fibre correspond to the ADE gauge symmetries implied by Kodaira’s
classification [62,113,114]. On the other hand, in models with the non-split singular
fibre, the two split irreducible exceptional curves are identified by monodromy around
a certain codimension-two singularity. Therefore, the expected gauge symmetries in the
non-split models are reduced to the non-simply-laced ones. However, the non-split models
have puzzles associated with non-local matter generation; thus, we have focused on the

non-split models whose expected gauge symmetries are the non-simply-laced ones.

We have briefly reviewed the basics of F-theory and the dualities between F-theory
and other superstring theories. First, we have introduced the [p, g]7-brane and their mon-
odromies. We have then discussed the classification of the 7-brane configurations and
the expected gauge symmetries by analyzing the monodromies in Type IIB superstring
theory [63-65]. Next, we construct F-theory and see that the singularities of F-theory com-
pact space have the information associated with gauge symmetries implied by Kodaira’s
classification [62,113,114]. We then discuss the dualities between F-theory and other

125
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theories: M-theory [52,59,111] and Heterotic superstring theory [52,53,87-89, 123, 124].
Finally, we introduce the anomaly cancellation condition [90, 125] and see that matter
content in a model with ADFE codimension-one singularity matches this condition if the

charged matter fields are localized at all codimension-two singularities [90].

Moreover, we have considered models in which not full-hypermultiplets but half-
hypermultiplets appear as matter multiplets. In these cases, the singularity enhancement
is characterized by G'/(G x A;). We have mentioned these gauge symmetries correspond
to particular Wolf spaces and are related to the Freudenthal-Tits magic square. In the first
half of Chapter 5, we consider the split I model in which half-hypermultiplets arise and
whose expected gauge symmetry is A;. We have demonstrated explicit blow-up processes
and investigated the intersection diagrams of the exceptional curves. In particular, we
have shown that the conifold singularities play an essential role in several aspects of this

example.

In the last half of Chapter 5, as a final magical example, we have studied an F-theory
on an elliptic fibration over a Hirzebruch surface IF,, with a codimension-one singularity
of the non-split Is singular fibre type whose expected gauge symmetry is C3. We have
then found significant qualitative differences between the F-theory models of the split
types with half-hypermultiplets and the present model [99]. First, we have shown that
the massless half-hypermultiplets of Cs: 14'% and 6%, which are related to Fy/(Sp(3) x
SU(2)) and Sp(4)/(Sp(3) x SU(2))), arise at the codimension-two singularities where
the gauge symmetry is enhanced to Eg and the half-hypermultiplets 20% of A5 appear
in the split I model. We have then considered the puzzles associated with non-local
matter generation in the base space near the codimension-two singularities where the
codimension-one singularity is enhanced to Dg. Not only the non-split Is model but also
other non-split models have these puzzles [1,90,95,100-104]. In terms of the anomaly
cancellation condition and the resolution of the singularities, we have stated what the
puzzles are as follows:

(1) In split models, if the charged matter fields are localized at all codimension-two
singularities, the number of the matter fields is consistent with the anomaly cancel-
lation condition. This is one of the reasons why the massless charged matter fields
are localized at all codimension-two singularities, which correspond to intersections
of 7-branes in Type IIB superstring theory, in six-dimensional F-theory models with
ADFE gauge symmetries. On the other hand, in non-split models, there is a puzzle
in which the anomaly cancellation condition and the naive counting of the number
of the matter fields under the same condition for split models do not match.

(2) At a Dogyo (k> 1) or an E; codimension-two singularity, some conifold singularities
remain in the split models even after blowing up all codimension-one singularities,
but not in the non-split models. In the split models, since we can yield new two-

cycles by small resolutions of the conifold singularities, we can obtain an intersection
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diagram of exceptional curves that is different from one on a codimension-one sin-
gularity; therefore, the enhancement of the gauge symmetry can be explained. In
the M-theory dual, an M2-brane wrapped around the new two-cycle generates local
matter fields. On the other hand, in the non-split models, no additional blow-up
at these singularities is required since they are simultaneously resolved together by
the resolution of codimension-one singularity; then, the intersection diagrams re-
main the same and there is no new two-cycle around which an M?2-brane can be
wrapped. Therefore, there is no sign of localized matter fields, although the anomaly

cancellation condition requires charged matter fields to arise.

In the last half of this thesis, toward understanding these puzzles, we have examined
the relationship between the split and the non-split models [95]. We have then shown
that the transition from the split model after the blow-ups to the corresponding non-split
model, except for a special class of models, is a conifold transition from the resolved to
the deformed side. This transition is related to the conifold singularities remaining at
the codimension-two singularities where the codimension-one singularity is enhanced to

Dojyo (k> 1) or E; after the blow-ups of the codimension-one singularity.

In Chapter 6, we have investigated this fact separately for all cases in that we can
distinguish between the split and non-split fibre types: I, (n > 3), I} (n > 0), IV and
IV*. The results, respectively, have been as follows:

(1) Ipg (k>2), IV and I3, 5 (k> 2) models (Agg—1, Ho and Dayy; models)

The Iy, IV and I, 5 split models have the Dgy, Dy and Dgyyo codimension-two
singularities in general. After the resolution of the codimension-one singularities,
we have found that there have remained some conifold singularities there. If these
conifold singularities have been resolved by small resolutions, we have obtained a
smooth split model for each case. This is the resolved side of the conifold transition.
On the other hand, we can resolve these conifold singularities by the deformation.
We have found that a certain deformation has caused the transition from the split
models to the corresponding non-split model. In this case, since all conifold sin-
gularities have been simultaneously resolved by this deformation, we have obtained
a smooth non-split model for each case. This is the deformed side of the conifold
transition.

(2) IV* model (Eg model)

This model is similar to the models belonging to (1), but only in this case, the
codimension-two singularity where the conifold transition occurs is an E7 codimension-

two singularity instead of a Dgy one.

(3) Isk—1 (kK > 2) models (Agx_2 models)
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These models do not have the Dy codimension-two singularities but have the Dq,_
and Ay 1 codimension-two singularities in general. However, by adjusting the com-
plex structure as if a Dy,_; and an As,_; codimension-two singularity superimpose
each other, we have obtained a D, codimension-two singularity. We called such a
split o1 model with this special complex structure an “over-split” model [99]. In
“over-split” models, we have found that there have remained some conifold sin-
gularities at the Do codimension-two singularities after the resolution of their
codimension-one singularities. We have then obtained the non-split Io;_; model
by the deformation of the conifold singularities in the corresponding “over-split”
models similarly.

(4) I3, (k> 1) models (Dajo models)

In these models, no conifold singularities appear after the resolution of the codimension-
one singularity. Therefore, these models are a special class in which the split/non-
split transition cannot be regarded as a conifold transition.

These results have clarified, in cases except (4), that the deformations of conifold
singularities that remain after the resolution of the codimension-one singularities corre-
spond to diagram automorphisms of the expected simply-laced Dynkin diagrams in the
corresponding split models. And these also have shown that “local deformed conifolds”,
which are nontrivial three-cycles S%, appear in non-split models where matter fields exist
in compact space without any special parameter tuning and that the puzzle in resolution
analysis [99] is because of conifold singularities becoming deformed. These are non-local
in the base space and thus it implies non-local matter generation.

[1] has proposed a mechanism for non-local matter generation in the non-split model
that requires no additional exceptional curves and due to the adjoint hypermultiplets
associated with a genus-g Riemann surface. We have investigated how this proposal can
be realized in our resolution analysis. We have then shown that the genus-g Riemann
surface can be obtained as an intersection of the blown-up threefold and a certain divisor
by “forgetting” the fibre P'. We have found that even when there are multiple split pairs

of exceptional curves, similar results are obtained.

It would be very interesting to consider this transition from the standpoint of defor-
mation theory [152,153] since the non-split model includes having a deformation condition
in its definition. Moreover, as emphasized above, without any special parameter tuning
of the moduli, the conifold singularities associated with our discussion appear where
the matter fields arise. The conifold transition has been a key concept when discussing
AdS/CFT [154,155], topological string theory [156,157], and string cosmology, for exam-
ple, in [2,158]. Also, the “local deformed conifolds” have been utilized in models of early
cosmology such as the construction of de Sitter Vacua in superstring theory [2,155]. From
these facts, we hope to consider new applications of the facts revealed in this thesis to
string phenomenology and cosmology. In particular, it would be significant to investigate
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this transition from the standpoint of dual M-theory (e.g., the box graph [143,159-162]),
since on the F-theory side this conifold singularity involves virtual space, while on the
dual M-theory side, it is all physical space.
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Appendix A

Conifold singularity

A.1 Conifold singularity

In this Appendix, we consider the deformation and resolution of a conifold singularity
(see [163]). A (singular) conifold is a cone-like complex Calabi-Yau threefold with a
singularity at the cone’s tip. And this manifold has the base of S% x S? in the neighborhood
of the singularity (Fig. A.1). This singularity is called a conifold singularity. A conifold

(0,0,0,0)

Figure A.1: The neighborhood of conifold singularity.

is defined as by
P.=r*+y*+22+w* =0, (A.1.1)

where (x,y,z,w) € C. In this case, there is a conifold singularity at (x,y,z,w) =
(0,0,0,0). There are two ways to resolve the conifold singularity: Deformation and small
resolution.
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A.2 Deformed conifold

In this section, we consider the deformation of a conifold singularity. By deforming
the right-hand side of Eq. (A.1.1) from 0 to €2, it can be deformed as in

2?4yt + 22w = (A.2.1)

where €(# 0) € R (or C). When a conifold singularity is resolved in this way, we obtain a
manifold called a ”deformed conifold”. In other words, We obtain the deformed conifold
as the singularity at the tip of Fig. A.1 is resolved by blowing up S* (Fig. A.2). From
Fig. A2, S? x R~R3 ~TrS3 (x € S%) can be regarded as a fiber at each point z of S,
so the total manifold is 7*S3. This can be shown as follows. By variable transformation

$3(e)

53

SZ

Figure A.2: Deformed conifold.

as
v=Y,+iZ, y="Ys+iZs,
z= Y;,1+ z'Zgl, Z = Yz + z’Zz, (A2.2)
from Eq. (A.2.1), we obtain
Y2AYR Y2 YR -2 -2 -7 - 72 =&, (A.2.3)
Y12, —YoZy — Y323 — Y373 =0, (A.2.4)

where Y;, Z; € R and Z; are the coordinates of the cotangent space of (z 6)53. The base
(Z; = 0) is given by
VE+YP+ Y7+ =¢€ (A.2.5)

and is S? whose radius is €. If we consider € — 0, the deformed conifold becomes singular
again.
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A.3 Resolved conifold

In this section, we consider the small resolution of a conifold singularity. We can
resolve a singularity on a hypersurface in the ambient space C, by inserting P* in C,
in general. If the singularity is a conifold singularity, this operation is equivalent to
inserting P' x P*. However, it is sufficient to insert only one of the two P's to resolve the
conifold singularity. Thus, This resolution is called the small resolution. When a conifold
singularity is resolved by the small resolution, we obtain a manifold called a "resolved
conifold”. In other words, We obtain the resolved conifold as the singularity at the tip

of Fig. A.1 is resolved by blowing up S? (Fig. A.3). This can be shown as follows. By

52

Figure A.3: Resolved conifold.

variable transformation as

Xi=x+1y, Xo=2z+4 1w,
: b (A3.1)
X3 =—z+4+1w, Xy=z—1y,

from Eq. (A.2.1), we obtain
P.= XXy — XoX5 =0, (A.3.2)

In this case, there is a conifold singularity at (X7, X, X3, X4) = (0,0,0,0). Inserting one
P! at the conifold singularity in C' is given by

C = {((a:,y, z,w) X (€:1m)) € C* x P! (ﬁ; ii) (i) — 8} ’ (A.3.3)
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X3 X, X3 X,
(0,0,0,0), (¢ : n)(€ P') is undetermined. On the other hand, at (X, Xy, X3, X4) #
(0,0,0,0), (£ : n) is determined at a single point. Therefore, considering C' means that P
is only inserted at the conifold singularity (X7, Xs, X3, X4) = (0,0,0,0). We also confirm
that the conifold singularity is resolved by this operation.

X X X X
where det( ! 2) = 0. Since rank( ! 2) = 0 at only (Xi, Xy, X3,X4) =

O, (Xi& + Xom) =€ =0 (A.3.4)
and
O, (Xi& + Xom) =n =0 (A.3.5)

give (£,1) = (0,0). However, since (£ : 1) € P', C' is regular.
From Eq. (A.3.3), we obtain

§Xq = -—nXy, {X5=-nXy (A.3.6)

And C is covered by two local patches: & # 0 and n # 0. In the local patch £ # 0, Eq.
(A.3.6) is

Xl - —)\XQ, X3 == —)\X4, (A37)

where X := /€. Hence, (X2, X4, A) are the local coordinates of this patch. In this patch,
inserted P' is

(X2, X4, \) = (0,0, ). (A.3.8)
On the other hand, in the local patch n # 0, Eq. (A.3.6) is
Xy = —uXy, Xy4=—pXs, (A.3.9)

where p := £/n. Hence, (X1, X3, pt) are the local coordinates of this patch. In this patch,
inserted P! is

(X1, Xa, 1) = (0,0, ). (A.3.10)

A.4 Conifold transition

Finally, we consider introducing a conifold transition based on the fact in the pre-
vious section. The size of S® in the deformed conifold is reduced to zero (¢ — 0) to give
the singular conifold, from which blowing up S? ~ P' gives the resolved conifold. This
transition is called a conifold transition from the deformed to the resolved side (Fig. A.4).
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Singular conifold

Deformation

Small resolution

Deformed conifold

Resolved conifold

Figure A.4: Conifold transition.
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