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abstract

Machine learning models often inherit spurious correlations embedded in training
data and hence may fail to predict desired labels on unseen domains, which have differ-
ent distributions from the domain to provide training data. In response to the problem
of spurious correlations, it is recognized that one of the important issues for the future
of machine learning is generalization to data generated by a distribution outside
training ones, which is often called out-of-distribution (0.0.d.) generalization. Domain
Invariance Learning (DIL) is a rapidly developed approach for o.0.d. generalization;
using training data in many domains, DIL estimates such a predictor that enables
0.0.d. generalization. However, DIL has two drawbacks, which hinder the application
of DIL to real-world problems. Firstly, DIL often involves expensive and exhausting
annotations. In their estimation, DILs demand training data, consisting of the pairs
of input data and its teacher labels, in multiple domains. Against the demands,
teacher labels are not often attached to real-world data; for the estimation of DIL,
labels must be annotated accurately at great financial or human expense. The second
drawback is hyperparameter selection. Most DILs involve some hyperparameters to
balance the classification accuracy and the degree of invariance. It is known that
most DILs give high predictive performance only when a hyperparameter is selected
by using unseen test data; without using them, simple methods of hyperparameter
selection fail to find a preferable hyperparameter. The thesis aims to mitigate the two
problems. Aiming to overcome the first drawback, we propose a novel DIL framework;
assuming the availability of data from multiple domains for a classification task
with coarser labels than those of the target classification, for which the labeling cost
is lower, we estimate an invariant predictor for the target classification task with
training data gathered in a single domain. Moreover, we propose two methods of
cross-validation (CV) for hyperparameter selection in our new DIL framework. Since
we assume training data of a single domain for the target task, it is impossible to
estimate the deviation of the risks over the domains. Our CV methods mitigate the
difficulty by using additional coarser labeled data from multiple domains. Theoretical
analysis reveals that our framework can estimate the desirable invariant predictor
with a hyperparameter fixed correctly, and that such a preferable hyperparameter is

chosen by the proposed CV methods under some conditions. The effectiveness of the



proposed framework, including the cross-validation, is demonstrated empirically with

various datasets.
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“I heard reiteration of the following claim.:
Complex theories do not work, simple algorithms do.
I would like to demonstrate that in the area of science a good old principle is valid:

Nothing is more practical than a good theory.”

Vladimir N Vapnik. Statistical Learning Theory. Wiley, 1998.
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Chapter 1

Introduction

1.1  Out-of-Distribution Generalization in Machine

Learning

Machine learning has made remarkable progress. It gives a human-level performance
on image recognition [He et al., 2015], beats humans in various games [Moravcik
et al., 2017, Silver et al., 2016], translates texts like a human translator [Devlin et al.,
2019], and generates photographs that look like real ones [Goodfellow et al., 2014,
Sohl-Dickstein et al., 2015]. Thanks to the numerous successes, our lives have become
dramatically richer than ever before.

Despite the rapid progress, machine learning is still having a serious problem; they
often inherit spurious correlations in training. Training data may contain features
that are spuriously correlated to the labels of data, and machine learning models
often learn such spurious correlations embedded in training data. As a result, they
may fail to predict desired labels of test data generated by a different distribution
from one to provide training data. The phenomena is observed in many areas of

machine learning. We show two examples:

Image Recognition In classification of animal images, Deep Neural Networks
(DNNs) tend to misclassify cows on sandy beaches, since most training pictures are
taken in green pastures and DNNs inherit context information in training [Beery et al.,
2018, Shane, 2018]. Another example is detecting cancer from X-ray scans. Systems
trained with X-ray data in one hospital do not generalize well to other hospitals;

systems unintentionally extract factors specific to a particular hospital in training
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[AlBadawy et al., 2018, Perone et al., 2019, Heaven, 2020].

Fairness Hiring tools for predicting candidates based on resumes, developed by
Amazon, were found to prefer men [Dastin, 2018]. The unfair decision stems from
spurious correlation embedded in previous human decisions: the model’s decision rule
may depend entirely on a spurious correlation “gender”, once it is found by a model
in training.

In response to the problem of spurious correlations, it is recognized that one
of the important issues for the future of machine learning is generalization to data
generated by distributions that have different correlations from ones on the training
distribution. Recently, this kind of generalization is often called out-of-distribution

(0.0.d.) generalization.

1.2 Domain Invariance Learning and Its Limita-

tions

Domain Invariance Learning (DIL) is a rapidly developed approach for the out-of-
distribution generalization [Arjovsky et al., 2020, Ahuja et al., 2020, Rothenh&ausler
et al., 2021, Heinze-Deml et al., 2018, Peters et al., 2015, Koyama and Yamaguchi,
2021, Krueger et al., 2021, Liu et al., 2021a,b, Creager et al., 2021, Parascandolo
et al., 2022, Lu et al., 2022]. Their proposed estimator f = wo ® : X — Y, which
maps an input = € X to its predictive class label y € Y, is composed of two maps: (i)
a feature map ¢ : X — H, which is called a domain invariance (defined in Chapter 2),
from the input space X to the feature space #H, and (ii) a predictor w : H — ) which
estimates the label of the feature ®(z) € H. The intuitive reason why f has high
0.0.d. generalization performance is that ® removes spurious features (e.g., contexts
of images) from =z € X, and hence, f can predict labels with ignoring spurious
correlations embedded in training data. Their training is implemented by training
data from multiple domains!.

While the DIL approaches have attracted much attention, they have two short-

comings in practice:

'In this thesis, we use the term domain to specify the distributions or random variables.
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bird ~ reptile
bird100 snakel, snakel0O0 . turtlel

turtle100

Figure 1.1: Example of Coarser Labels.

Problem 1: Expensive annotation Requiring training data from multiple do-
mains may hinder wide applications; preparing training data in many domains often
involves expensive data annotation, especially when the class number of target clas-
sification is large. In real-world data, labels may be missing [Pham et al., 2021,
Zheng et al., 2017, Gu et al., 2020, Lakshminarayan et al., 1999, Tan et al., 2013]
or incomplete; in some cases, data may only specify classes to which the image does
not belong [Cour et al., 2011, Yan and Guo, 2020, Xu et al., 2019]. Such data with
insufficient annotation are not directly applicable to the standard IL methods; they
must be re-annotated accurately, often at great financial or human expense. The high
cost drives a strong need to establish a new DIL framework with lower annotation

costs.

Problem 2: Hyperparameter Selection The other important problem in DIL
is hyperparameter selection. Most DIL methods involve some hyperparameters to
balance the classification accuracy and the degree of invariance. As Krueger et al.
[2021], Gulrajani and Lopez-Paz [2023] point out, in the literature of DIL, the best
performances of invariance had often been achieved by selecting the hyperparameters
using test data from unseen domains. Moreover, Gulrajani and Lopez-Paz [2023]
numerically demonstrated that, without using test data, simple methods of hyperpa-
rameter selection fail to find a preferable hyperparameter. It demonstrates a strong

need for establishing an appropriate method of hyperparameter selection for DILs.

1.3 Contribution

The present thesis tries to mitigate the two problems stated in the last section.

Toward aiming to solve the first problem, we propose a novel DIL framework for

14
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the situation where the training data of target classification are given in only one
domain, while the task with coarser labels than those of the target classification,
which needs lower annotation cost, has data from multiple domains. Figure 1.1
shows an example of coarser labels. Consider the case where a target classification
has 300 labels (colored red) {birdy, ..birdigg, snakes, ..., snake;qp, turtley, ..., turtlejgo }
corresponding to 300 species. Then, the binary labels (colored blue) {bird, reptile}
are an example of coarser labels. The annotation cost will be drastically reduced by
changing the labels to much coarser ones. The following two examples are two such
scenarios that can have the advantage of coarser labels in terms of annotation cost

and quality.

Manual annotation In practice, annotation is done by humans through crowd-
sourcing or asking annotation vendors. Then, the changes from original to coarser
labels reduce the annotation cost from the following two viewpoints. At first, the
decrease in the number of classes reduces annotation time per image. Let us consider
the example in Fig 1.1. Then, annotation of coarser labels takes only a few seconds,
since we may judge whether or not the image includes any birds. On the other hand,
annotation of 300 labels will demand more time; it will take some time to correspond
numbers to the 300 labels, judge which classes an image belong to, and attach class
numbers. Secondly, coarser labels demand lower expert knowledge than ones needed
in original labels. In the example in Fig. 1.1, annotating the sub-types of birds,
snakes, and turtles would require expert knowledge. It is highly probable that an
annotation vendor would charge very high fees or decline such a request. On the
other hand, annotation of coarser labels (e.g., at the levels of bird or reptile) is much
easier so that we can rely on non-experts or crowdsourcing at a lower cost to obtain

annotated datasets for many domains.

Machine annotation Annotations of labels may be done by a pre-trained classifier
on the Internet as well as by humans with crowd-sourcing. Recent progress in artificial
intelligence enables us to access a high-quality, pre-trained classifier such as a ResNet
[He et al., 2016] pre-trained with ImageNet. Note that classification ability is much
higher for a task with a smaller number of classes. We can see the fact from Fig. 1.2
and Fig. 1.3; the top classification accuracy for CIFAR-10 (10 classes) attained almost
100% in 2016, while SOTA for CIFAR-100 (100 classes) at that time was about 75%.

The figures show that classifiers can annotate labels more precisely, as the numbers

16



of classes become smaller, and therefore. as classifications become coarser.

From the above discussions, we can see that the new DIL framework significantly
reduces the annotation cost in comparison with previous DIL methods; we need
exhausting annotation of target classification only for one domain and just coarser
labels, which demands lower cost, for other domains.

As for the second problem, we propose two methods of cross-validation (CV) for
hyperparameter selection in our new DIL framework. Since we assume training data
of a single domain for the target task, it is impossible to estimate the deviation of the
risks over the domains. Our CV methods mitigate the difficulty by using additional
coarser labeled data from multiple domains. Theoretical analysis proves that our

methods select a hyperparameter correctly under some conditions.

1.4 Outline

The Ph.D. thesis is organized as follows. In Chapter 2, we review previous DILs
and their shortcomings. Chapter 3 is the main part of the thesis. In Section 3.1, we
establish a novel framework of DIL, which estimates an invariant predictor from single
domain data, assuming additional data from multiple domains for a classification task
with coarser labels. In Section 3.2, we propose two methods of cross-validation for
selecting hyperparameters without accessing any samples from unseen target domains
under the framework. In Section 3.3, we mathematically prove that our framework
can estimate a correct invariant predictor with a hyperparameter fixed correctly and
that such a preferable hyperparameter is selected by the proposed CV methods under
some settings. Proofs of theorems in the thesis are contained in Section 4. In Chapter
5, we review some related works. In Chapter 6, we numerically demonstrate that
the proposed framework extracts an invariant predictor more effectively than other
existing methods. Finally, Chapter 7 is devoted to some concluding remarks.

Chapters 3, 4, and 6 are mostly based on the conference paper [Toyota and
Fukumizu, 2022].

17



Chapter 2
Preliminaries

In this chapter, we mathematically formulate out-of-distribution generalization prob-
lem. Moreover, we review conventional Domain Invariance Learnings (DILs) and

their limitations.

2.1 Notations

Throughout this thesis, the spaces of objective and response variables are denoted by
X and Y, respectively. For given predictor f: X — ) and random variable (X,Y)
on X x ) with its probability Pxy, R™Y)(f) denotes the risk of f on (X,Y); i.e.,
REYI(f) = JU(f(x),y)dPxy, where [ : Y x Y — R is a loss function. For m € N,
[m] denotes the set {1,...,m}. For a finite set A, |A| € N denotes the number of

elements in A.

2.2 Mathematical Formulation of Out-of-Distribution

Generalization

We mathematically formulate o0.0.d. generalization problem following Arjovsky et al.
2020].

We assume that the joint distribution of data (X°, Y ) depends on the domain
e € &, and consider the dependence of a predictor f on the domain variable e.
Suppose we are given training datasets D¢ := {(z¢,y¢)}", ~ Pxeye ii.d. from
domains &, C £. The final goal of the o.0.d. problem is to predict a desired label
Ye € Y from X¢ € X for larger target domains £ D &,. To address the issue

18



caused by spurious correlations mathematically, Arjovsky et al. [2020] introduced the
o0.0.d. risk
ReC4(f) := max RE(f), (2.1)

ec&

where Re(f) := RV (f). This is the worst-case risk over £, including unseen do-
mains &£\ &,.. Through the concept o0.0.d. risk, 0.0.d. generalization is mathematically

formulated as follows:

For a given parametric model { fp}oco,

how can we find a model parameter §* € © which minimizes R*%%(fy) ?

2.3 Domain Invariance Learning

DIL [Arjovsky et al., 2020, Ahuja et al., 2020, Rothenhé&usler et al., 2021, Heinze-Deml
et al., 2018, Koyama and Yamaguchi, 2021, Krueger et al., 2021, Liu et al., 2021a,b,
Creager et al., 2021, Parascandolo et al., 2022, Lu et al., 2022] is a rapidly developed
approach for o.0.d. generalization. The framework train a domain invariance defined

as follows:

Definition 1. We call ® : X — H a domain invarince or domain invariance
feature when conditional distributions Pyeijo(xe1) and Pyesjo(xez) satisfy Pyeijo(xe) =

Pyesjo(xez)t for any ei,es € €.

Here, this definition is a domain invariance based on conditional independence
[Peters et al., 2015, Koyama and Yamaguchi, 2021, Rojas-Carulla et al., 2018], while
Arjovsky et al. [2020], Ahuja et al. [2020] use a different type of domain invariances
based on argmin,, R¢(w o ®) instead of Pyeg(xe). Throughout the thesis, we carry
an argument by adopting the definition based on conditional independence.

In the following section, we review when and why the concept domain invariance
was proposed, and how it came to be used for out-of-distribution generalization

problem.

IThroughout the thesis, we write Py, |o(xe1) = Pyesjo(xe2) when

Pyei|o(xe1)y=v(@) = Pye|o(xe2)=d(a)

holds as an equation between distributions, for any = € X.

19



2.3.1 Origin of Domain Invariance

The concept domain invariance is firstly proposed in statistical causal discovery
[Peters et al., 2015]. In the paper, they address the case where X = R? and ) = R.

Moreover, they assume that (X¢ Y¢) satisfies the following condition:

Assumption 2. There exists a vector of coefficients v* = (77, ...,fy;)t € RP with
support S* ={k|v; # 0} C {1,...,p} that satisfies

Ve € £, X has an arbitrary distribution and
Ye=p+ X vy"+e%e® ~ F, and ¢ 1L X§.,

where X§. € RIS is S*-components of X¢, u is an intercept term, €¢ is a random

noise with mean zero, finite variance and the same distribution F. across e € £.

Under the assumption, a projection ®g-, which maps = € X to the subset S* of
its component, becomes a domain invariance among e € &; namely, Pye|o . (xe1) =
Pyes (. (xe2) holds for any ey, e, € £. Peters et al. [2015] show that plausible causal
predictors, domain invariances which satisfy the following properties, are useful for

causal discovery:

Definition 3. We call the variables S C {1,...,p} plausible causal predictors under
E if there exists 3y € RP such that the following null hypothesis is true:

dF; for alle € &€

=03 S and
k fon ¢ {Y62X6-7+56 where €¢ 1L X§ and ° ~ F..

As shown in Peters et al. [2015], under the case where (X, YY) follows a Gaussian

structural equation model and (X¢, Y®) for e € £ — {e;} have some conditions,

N S

S:plausible causal predictors

coincides with the parents of Y°'; in other words, the parents of Y** can be specified
if we can identify all plausible causal predictors. In detail, see Theorem 4 and 5
in Peters et al. [2015]. Peters et al. [2015] also proposed a method to estimate
(M s:plausible causal predictors © With confidence intervals, and demonstrate its effectiveness
by a gene perturbation problem.
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2.3.2 Domain Invariances for Out-of-Distribution General-
ization

Recently, a domain invariance has become utilized for the o.0.d. generalization
problem [Arjovsky et al., 2020]. Their proposed estimator f = w o ® is composed
of two maps: a domain invariance ® : X — H, which realizes a feature of v € X
in the feature space H, and a predictor w : H — Y of labels. Here, note that the
domain invariance ® is not necessarily a variable selection same as one in the last
section; in an image recognition task, a feature map that removes contexts can not
be necessarily represented by some variable selection. The estimation of an invariant

predictor is implemented by solving the following optimization problem:

MiNeT,, wH—Y Z R(wo @), (2.2)

e€€r

where Z;, is the set of domain invariances among training domains &
It,« = {(I) X — H| Pye1|q>(Xel) = Pyeg|q>(X62) for any ej, e € gtr}.

The following theorem ensures that the minimum of the bi-level optimization

problem (2.2) also minimizes o0.0.d. risk under some conditions and simplifications:

Theorem 4 (0.0.d. optimality of IRM optimization problem). Let X := &} x X,
and Y = R where Xy := R™ and X, := R™ with ny,ny € N. Let (X1, Y1) be a
fixed random variable on Xy x Y. For simplicity of analysis, the domain set £ is
defined by all the random variables (X,Y') which satisfy Pyiox(x) = Pyl‘Xll7 where
Y . X — X is a projection of x € X onto Xi; namely,

{(XY)}ees = {(X, Y) : a random variable on X X Y |Pyjpx(x) = Pyrx1 }
Let a loss function | be the least square loss; for given f: X — ),
Re() = [ 15@) = vl dPreye.
To avoid discussing the non-trivial effects of nonlinear domain invariance ®, we focus

on the simplified case of variable selections; namely, for the finite training domains
{(X4Y%)}e, C {(X%Y®)}e, a domain invariance ® in the optimization problem
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(2.2) only runs among I:* defined by

P e e = P e e
Ly DI, = {CID . a variable selection yer|e(xe) vezjo(xs) for any }

(Xelﬂyel)a <X627Y62) S {(Xevye)}gtr'

For a projection ®, let ®; denote the X;-component of ® (i =1,2). If ® has or has
not an X;-component, we write Im®; # () or Im®; = () respectively. For ®; (i =1,2),
- denotes the projection onto orthogonal complements of Im®; with respect to X;;
namely, Im®; ® Im®;- ~ X,

Assume that € and &, satisfy the following conditions:

o 1,5 =1"% holds, where

P € e — P e e
"= {CI) . a variable selection |~ * 1T vez|a(xee) for any }

(X, Ye) (X2, V) e {(XY°)}e.

e For any variable selection ® with Im® C X, there exist 7,7 and = € X with
O (Z) # @1 () such that

Pyrixi—@@,et@) 7 Prijxi=@. @04 @)

Then, the inclusion

ATGMINGe7p.s. 13— Z RE(w o ®) C argmin R***(f)
665“‘ fX—)))

holds. Here, w and f run among all measurable functions.

Remark 1 In our variable selection setting, the feature map ® is chosen from the
projections of z to a subset of its components. For example, ® may be ®(x1, 29, x3) =
(1, 23) when z is three-dimensional. This type of IL appears practically in causal
inference [Peters et al., 2015, Heinze-Deml et al., 2018] and regression [Rojas-Carulla
et al., 2018].

Remark 2 We will add some remarks about the first condition Z;;* = Z"*. In
general, the inclusion Z}:* C Z"* holds by definitions of Z;:* and Z"*. The equality
Zp:5 = I does not necessarily hold. Arjovsky et al. [2020] investigated necessary

conditions for the equality.
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The theorem is proven in Section 4.1. While the theorem ensures the validness of
(2.2), it is still a challenging optimization problem since each constraint calls an inner
optimization routine. So, Arjovsky et al. [2020] introduce the following objective
function:

D RUD) + A [ VamroR (w - @)% (2.3)
€€y
Arjovsky et al. [2020] model ® by DNNs and minimize (2.3) by conventional opti-

mization procedure, such as Adam [Kingma and Ba, 2015].

2.3.3 Species of Domain Invariance Learning

The primary work [Arjovsky et al., 2020] inspired various research concerning DILs
[Ahuja et al., 2020, Krueger et al., 2021, Liu et al., 2021a,b, Creager et al., 2021,
Parascandolo et al., 2022, Lu et al., 2022, Rosenfeld et al., 2021, Kamath et al., 2021,
Lin et al., 2022].

The theoretical properties of the optimization problem (2.2) and the objective
function (2.3) were analyzed [Rosenfeld et al., 2021, Kamath et al., 2021]. Rosenfeld
et al. [2021] reveal conditions of {(X¢, Y*®)}.cs under which the optimization problem
(2.2) succeeds or fails to minimize the o.0.d. risk (2.1), assuming that data are
generated from a simple linear structural equation model. Rosenfeld et al. [2021]
also show that the objective function (2.3) fails to minimize the o.o.d. risk (2.1)
under some non-linear structural equation models. Kamath et al. [2021] show that
the objective function (2.3) fails to minimize the bi-leveled optimization problem
(2.2) even when {(X*¢, Y*)}.ce follows a simple linear model. Moreover, Kamath et al.
[2021] find a linear structural equation model where (2.2) fails to minimize the o.0.d.
risk (2.1).

Another important direction is proposing new learning frameworks to improve the
primary work [Arjovsky et al., 2020]. Ahuja et al. [2020] introduced a new objective
function with the help of game theory. Krueger et al. [2021] used domain invariances
based on risk R¢(f) instead of conditional independence P(Y¢|®(X¢)). Parascandolo
et al. [2022] utilized domain invariances based on loss landscape among domains &.
Lin et al. [2022] introduced Bayesian inference into conventional DILs and numerically
shows that their new DIL framework prevents models from overfitting to training
data. Lu et al. [2022] propose new objective function with the helps of variational
autoencoders [Kingma and Ba, 2015, Rezende et al., 2014]. While common DIL

methods assume that the training examples are partitioned into “domains”, Liu et al.
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[2021a,b], Creager et al. [2021] focus on the setting where such partitions are not
provided. Creager et al. [2021] proposed the methods to attach domain labels that can
then be used to apply an invariant learning algorithm. Liu et al. [2021a,b] proposed

a novel domain invariance learning framework without domain labels.

2.4 Limitations of Domain Invariance Learning

Previous DILs have two shortcomings in practice:

Limitation I: Annotation cost problem Conventional DILs often demand
expensive and exhausting annotation. Please consider an image classification task and
let )Y be a set of finite class labels. Previous DILs estimate a domain invariance based
on the discrepancy of Py¢|¢(xe) among domains e € &£, and hence, their estimation
demands training data D¢ := {(z5, )} from multiple domains &, C £. In practice,
labels yf are not attached to all images x{ generated by multiple domains &, C &;
labels y¢ may be missing [Pham et al., 2021, Zheng et al., 2017, Gu et al., 2020,
Lakshminarayan et al., 1999, Tan et al., 2013] or in some cases, may only specify
classes to which the image does not belong [Cour et al., 2011, Yan and Guo, 2020,
Xu et al., 2019]. For the application of previous DILs, labels must be attached, often

at great financial or human expense.

Limitation II: Hyperparamter selection problem Objective functions in most
DILs have a hyperparameter A to select, as (2.3) in Arjovsky et al. [2020]. The hyper-
parameter selection in DIL has special difficulty, however; because the o.0.d. problem
needs to predict Y¢ on unseen domains, A must be chosen without accessing any data
in such unseen domains. It was reported that the success of DIL methods depends
strongly on the careful choice of hyperparameters, and some of the results even used
data from unseen domains in the choice [Gulrajani and Lopez-Paz, 2023, Krueger
et al., 2021]. Gulrajani and Lopez-Paz [2023] reported also experimental results of
various DIL methods with two CV methods, training-domain validation (Tr-CV) and
leave-one-domain-out validation (LOD-CV), and showed that the CV methods failed
to select preferable hyperparameters. In the Colored MNIST experiment, for example,
the accuracy of Arjovsky et al. [2020] is 52.0% at best, which is about a random guess

level.
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In the following chapter, we propose a new DIL framework to mitigate the
annotation problem, and then propose two methods of cross-validation (CV) for

hyperparameter selection in our new DIL framework.
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Chapter 3

Proposed Method

In the chapter, we propose a novel DIL framework to mitigate the annotation cost
problem of conventional DILs. In the new DIL framework, we consider the situation
where the training data of target classification are given in only one domain e*,
while the task with coarser labels, which needs lower annotation cost, has data from
multiple domains £,; C £. Moreover, we propose two CV methods for the new DIL
framework. In the remaining chapters, we consider an image classification task and

let X and )Y be spaces of input images and finite class labels.

3.1 Domain Invariance Estimation by Coarser La-
bel Data

Our goal is to make a domain invariant predictor from a single training domain
& = {e*}. In this case, (2.2) is reduced to the empirical risk minimization min; R¢ (f)
on e*, and therefore the standard DIL framework is not able to extract a domain
invariance.

In this chapter, we introduce an assumption that additional data D, for an-
other task (X°¢ Z¢), which have coarser labels than those of (X¢ Y¢), is avail-
able with respect to multiple domains £,y C £. Formally, Z¢ is represented as
Z¢ = g(Y*°) with a surjective label mapping g : VY — Z from the original to
coarser labels. The example in Section 1.3 is formalized by a surjevtive func-
tion g as, setting ) := {birdy, .., birdygo, turtley, .., turtle; g, snakey, .., snake;go } and
Z = {bird, reptile}, g(y) := bird if y = bird; (i € {1,2,...,100}) and g(y) := reptile
else.
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By making use of {D¢,}cce,,, our objective for the domain invariance prediction
is given by
MiNgez, , wH—Y R (wo d), (3.1)

where Z,4 is the set of domain invariances:
Toag = {<I> X = H| Pyyenyo(xe) = Pyyen)a(xe) for any eq, es € Ead}.

Note that (3.1) evaluates the risk with a single training domain while the domain
invariances are given by additional data of multiple domains. The following theorem

ensures that the minimum of (3.1) also minimizes o.0.d. risk under some settings.

Theorem 5. Assume that the settings of X, Y, the loss function I(-,-) and £ and
notations with respect to a vartable selection ® are the same as ones in Theorem 4.
For {(X¢,Y®)}eee,, C{(XY®) }ece, define 5 by

Pyyenjexer) = Pyyer)a(xe) for any
(X, V), (X2, V) € {(XY)} e,y |

Zoa DL = {<I> . a variable selection

Assume that € and E,q satisfy the following conditions:

o 15 =1"% holds, where

P e e = P e e
TV = {CD . a variable selection yeexa) vezla(xez) for any } )

(X€1’Y€1)7 <X627Ye2) S {(Xevye)}g

e For any variable selection ® with Im® C X, there exist T,Z and T € X with
O (Z) # O+ () such that

Pyiixi—@,(@)04 @) 7 Pyrijxi=@ @)et @)
Then, the inclusion

argmilgezes. 35y R (wo ®) C ifg;{miyn RO (f)
X —

holds. Here, w and f run among all measurable functions.

The theorem is proven in Section 4.2.
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3.2 Construction of Objective Function

Among several candidates of the loss and model design, we focus a probabilistic
output case and evaluate its error by the cross entropy loss; that is, we model w by
po : H — Py, where Py denotes the set of probabilities on Y and 6 denotes a model

parameter. The risk is then written by
R(py o ®) = / —log po(Y¥|®(X%))dPye y-.
We aim to solve (3.1) by minimizing the following objective function:

Objective(d, ®) := R (pg o ®)
+ A - (Dependence measure of Pyye)ja(xe) on € € Eqq). (3.2)

Here, R¢" (pgo®) denotes the empirical risk of pgo® on the training domain &, = {e*}
evaluated by D¢ : R¢ (pyo @) := ‘De*‘ > (e yeyeper 108 Po(Y “|®(x¢")). While we
can consider some variations of domain invariance regularization, we adopt the one

used in Arjovsky et al. [2020] and construct an objective function as

Objective(d, o, ®) := R (py 0 ®) + A~ Y V5,2, R¥ 70y "o )P (3.3)

e€€ud

Here, pGZI”H : H — Pz and py are the linear logistic regression model same as Arjovsky

et al. [2020], @ is a nonlinear neural network, and

A(Xe ge Z|H 1
RS 0w = X b0
(x¢,2¢)€DE,

It is not obvious if the regularization term in (3.3) is valid as a dependence measure
of Pyyeya(xe) since it was proposed for another type of domain invariance based on
argmin,, R¢(w o ®). The next lemma shows that these notions of domain invariance

are the same in the current setting.

Lemma 6. When modeling w by conditional probabilities, the following statements

are equivalent:

Pyzejp(xe) does not depend on e
& argminpzm RX%Z%) (me
0ad @

o ®) does not depend on e,
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where model pj E{ in argmin zjx TUNS over all probability densities.
“ Oad

Proof. Noting that argmin R e’Ze)(pea , © @) coincides with the probability density
Gad

function of Pzep(xe), the above equivalence follows immediately. O]

While our objective function (3.3) is similar to the ones in Arjovsky et al. [2020],

Krueger et al. [2021] in that they are composed of an empirical risk and a domain

invariance regularization, the correctness has not been fully discussed so far. In

Section 3.4, we will mathematically prove the correctness of (3.3) under some settings.

3.3 Hyperparameter Selection Method

3.3.1 Difficulty in Hyperparameter Selection

The objective function (3.3) has a hyperparameter \ to select, as is often the case
with DIL methods. The hyperparameter selection has difficulty as noted in Section
1.2 and 2.4. Gulrajani and Lopez-Paz [2023] reported that the success of DIL methods
depended strongly on the careful choice of hyperparameters and that the existing
two CV methods, training-domain validation (Tr-CV) and leave-one-domain-out
validation (LOD-CV), failed to select preferable hyperparameters.

The failure of the CV methods is caused by the improper design of the objective
function for CV; they do not simulate the o.0.d. risk, which is the maximum risk over
the domains. Tr-CV splits data in each training domain into training and validation
subsets, and takes the sum of the validated risks over the training domains. Obviously,
this is not an estimate of the o.0.d. risk. LOD-CV holds out one domain among the
training domains in turn and validates models with the average of the validated risks
over the held-out domains. Again, this average does not correspond to the o.0.d. risk.
In summary, the problem we need to solve is answering the following question: how
can we construct an evaluation function of the o.0.d. risk from validation data? In
the sequel, we will propose two methods of CV, which are summarized in Algorithm
1.

3.3.2 Method I: Using Coarser Label Data
We divide each of D¢, D¢, ..., D& into K parts where |E,4| = n, and use the k-th
sample {D[e,:], DZQ,U@]’ .., Do [k]} and the rest {Dfik], DZQ’[_H, s ng,[—k]} for validation
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and training, respectively. To approximate the o.0.d. risk of the trained predictor
Py, © dp 4y, we wish to estimate Re(pe[{k} o @} ) for e € £q U {e*} by the vali-
dation set. For e*, we use the standard empirical estimate ﬁfk} (pgﬁ_k] o @f\_k]). For
e € &,4, we substitute unavailable Y* with Z¢ and use ﬁfge’ze)(pe[{k] o CIDf\fk}) =

1 e|ldHA e
[ Z(aze,ze)ei)gd’[k] —logpe[{k](z ’q)[fk]@c )-

ad, [k]

3.3.3 Method II: Using Correction Term

Method I can be improved by correcting the replacement R¢ = R&X“Y) with RX4%)

for e € £,4. We use the following theorem for the correction:

Theorem 7. Let Z7:={z € Z||g ' (z)| > 1}. For any map ® : X = H, py: H —
Py, and random variable (X,Y) on X x Y, the following equality holds:

RXY) (pg o ®) = R(X,Q(Y))(pe o®) + Z {P(g(Y) =z7) X R(X’Y)V(pg o <I>)}

27EZT

Here,
RV (pg o @) := /— log po (Y®(X), g(Y) = 27)dPx,v) ()=~

where Pix yyg(v)=-~ denotes the conditional distribution of (X,Y) given the event

> N\ L d(z
g(Y) =27, and pp(y|®(z),g(Y) = 27) := Zyeg_pfg) ;9)(;@(30))'

The proof is given in Section 4.3. The theorem shows that, to estimate the
correction term, we need to estimate (i)P(g(Y®) = z-) and (i) RX“Y)I=" (peﬁ_k] o®t )

for every z- € Z.

N : - De,
(i) is naturally estimated even on e € &,4: P(Z° = 27) := | ﬁ‘;‘g;' |, where Df, . =
x,z) € DS |z =z7}. (il) is not easily estimable; while a direct simulation of the

ad

integration fdP(XeVYe)lg(Ye):Z/r demands data from (X¢ Y¢) ~ Pxeye, our available
data Dg; on e € &g is from Pxe 4(ye), not from Py ye. To solve the non-availability
of data from Pxeye, we use the training data D¢ ~ Py instead. Namely, (ii) is
estimated by
BRI Y

A __1 *
] (pe[)\_k] @) (I)[_k]) = |D[e):],z'*| Z(x,y)el)[ﬁk]’f

—logpyy (1B} (), 9(Y) = )

where D[e,:LZ_ = {(aj,y) € D[e,; lg(y) = z} C Df,; In Algorithm 1, the above risk

estimate is abbreviated by 7%‘[3,:]|Zﬂ (A) for notation simplicity.
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Algorithm 1 CV methods. If CORRECTION = True, A is selected by method II
and if False, I.

Require: : Split D¢, D¢, ..., D into K parts.

Require: : Set the hyperparameter candidates A.

Require: :P¢(z")« lD‘id’z”‘, where Df; = {(7,2) € Dg, |z = 2z} for all e € &4 and

IDg4l a
ez,
1: for A € A do
2. fork=1to K do
3: LAearn Qﬁ_k], @f\_k} by using D[@ik], Doy kg Do iy
4: Rz ()\) < ‘,D_%:ﬂ Z(a)e* ,ye*)EDﬁ:} — Inge[)\ik] (ye |®[A—k‘] (xe ))
//Risk estimation on e*.
s RO e e Seny —ogpn (181 (0),6(Y) = =) for = in
Z.

for e € £,4 do
Ri(A) m Z(xe,ze)el)zd’[k] - Inge[*_k] (Ze‘(bﬁ_k] (x9)).
// Risk estimation on e.
if CORRECTION then
. RE(N) + Y ez Pe(z7) - ﬁi*lzﬁ()\) // Correction term addition.
10: end if

11: end for

12: R4(\) MaXeee, ,Ufe*} Re(N) // o.0.d. risk estimation.
13:  end for

14: ROOH(N) = Zszl Rood-()) // Final o.0.d. risk estimation.
15: end for

16: Select \* := argmin,_, R>*%(\)
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3.4 Theoretical Analysis

Throughout this section, to avoid discussing the non-trivial effects of nonlinear @,
we focus on the simplified case of variable selections, as Theorems 4 and 5. Let
X = A& X X where A} := R™ and A, := R™ with n;,ns € N. For a projection
. let ®; denote the X;-component of & (i = 1,2). If & has a Xy-component, we
write Im®, # 0. Let (X{,Y7) be a fixed random variable on X} x ). For simplicity
of analysis, the domain set £ is defined by all the random variables (X,Y) with
their distributions Py (x)y are equal to Pxryr, where O X — A denotes the

projection onto A7; namely,

{(XY )} ees = {(X, Y) : a random variable on X' x Y | Pyai (x)y = Px1yr } :
(%)
In this case, for any e € £ the variable (X¢,Y*) satisfies (i) Pyejpx (xey equals to
Pyrixr, and (i) the marginal distribution Py, (x) of the invariant feature Y (X)

equals to Pxr. The above setting and definition persist through Section 3.4.

3.4.1 Theoretical Analysis of Objective Function

The following theorem ensures that, neglecting estimations and under some conditions,
a minimum of our objective function (3.3) with careful hyperparameter choice also
minimizes the o.o.d. risk (2.1):

Theorem 8 (0.0.d. optimality of our objective function, Setting ). Under the setting
(%), additionally assume that the following condition holds:

(A) For any variable selection ® with Tm®y # 0, there exist two domains {eq,es} C
Ead such that Pyiyeiyo(xe) 7 Py(vez)o(xe2)-

Then, there exists \* € R such that any minimizer (87,67 ®1) of (3.3),

(61,65,, 1) € argmin{R (py 0 @) + X"+ Y [V, 0 R (w7 0 @)},

gad
0.0aq-® e€€0u

s 0.0.d. optimal, i.e.,
pet 0 @ € argmin,, y_,p, R4 (py),

where models py and pjlj{ in ming g , & Tun all the probability density functions, and
® runs all the variable selections. The gradient Vg, should be understood as the

functional derivative on the space of probability density functions.
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For the proof, see Section 4.4.1. Condition (A) means that &, has sufficient

variation to capture the desirable domain invariance ®*.

While Theorem 8 assumes pi;{

method is implemented with pezal;H

runs all the probability density functions, our
running all linear logistic functions (see, Subsection
3.2). To see the effectiveness under the linear logistic case, we deduce the following

theorem:

Theorem 9 (0.0.d. optimality of our objective function, Setting II). Under the setting
(%), additionally assume that the following condition holds:

(A)’ For any variable selection ® with Tm®y # 0, there exist two domains {ey, es} C
gad such thatP (Yer)|d(xer) 7é g(Ye2)|®(Xe2) and both Pg(yel)@(xq) andP (Ye2)|d(Xe2)
are in the linear logistic model.

(B) Pyrigx(x) is in the linear logistic model.

Then, there exists \* € R such that any minimizer (87,67 ®1) of (3.3),

CURIPR NS argmin{ R (ps o ®) + A* - Z 1V,

R (1" 0 )|},
0.0,4.®

ad Gad
e€€ud

1S 0.0.d. optimal, 1.e.,

pet 0 F € argmin,,,.y_,p,, R4 (py),

ZH

where models pg Tuns all the probability density functions, py = runs all linear logistic

functions, and ® runs all the variable selections.

For the proof, see Section 4.4.2.

3.4.2 Theoretical Analysis of Cross Validation Methods

In Sections 3.3.2 and 3.3.3, we approximate RX"Y") using coarser labels Z¢. While
the approximation is not exact, we will prove that the proposed CV methods still
select a correct hyperparameter under some conditions. We will also elucidate the
difference of the two CV methods. Given hyperparameter A\, minimizing (3.3) over
the model yields the feature map (variable selection) denoted by ®* : X — R™
(nyx < m1+ns). For simplicity of theoretical analysis, we assume that the minimization
of (3.3) achieves perfectly the conditional probability density function of Pyer g xer),
denoted by p**(y|®*(x)). Then, neglecting estimation errors, the approximated
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0.0.d. risk of p** o ®* used in Methods I and II are represented by the following R’ (\)
and R (\), respectively:

e€€uq

RI(N) = max{max RE9TD (pA o @A), RE ’Yﬁ*)(p*”\ o <I>)‘)}, (3.4)

RY(N\) := max {R(Xe’g(ye))(p*’/\ o %)

e€€q aU{e*}
+ > P(z°=2) ~R(XE*’Y€*)|Z%(p*’)‘oCID)‘)}. (3.5)
ZTEZT

We have the following theoretical justification of our CV methods: the chosen A
gives a minimizer of the correct CV criterion. For the proofs, see Sections 4.4.3 and
4.4.4.

Theorem 10 (Correctness of Method I). Under the setting of variable selection (),
assume further that the following conditions (i) and (ii) hold:

(i) Among a set A of hyperparameter candidates, there exists Al € A such that
PN = M1,

(ii) Let p¢ be the probability density function of Pxe gyery. Then, for any A with
Im®) # 0, there is ey € Eqq such that

T, 2) ~ Pxes o(yery satisfies p¢ (z|®*(x)) < e™? — e with probability 1.
g(YoN)

Here, € € R.q is some sufficient small positive real number (that is, 0 < e < 1) and
B = H(Y¢|dY (X)) is the conditional entropy of (P (X)), Y ).

Then, we have

argmin, _, RY(\) C argmin,_, R>*%(p** o ®*).
Theorem 11 (Correctness of Method II). Under the setting of variable selection (),
assume that, in addition to (i) in Theorem 10, the following condition (iii) holds:

(i)’ for any A with Im®3 # 0, there is ey € Eqq such that
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(z,2) ~ Pxex gyeny satisfies p (z|®*(x)) < e — & holds with probability 1.
Here, € is some sufficiently small positive real number and

By = HY |7 (X))

= 3 [Py = 2 RO o o),
€2

Then, under the setting (%), we have
argmin, ., R ()\) C argmin, ., R>>%(p** o ®*).

The conditions (ii) and (ii)’” impose that, for at least one ey € £,q4, the two domains
ey and e* are different in the following meaning. If A fails to remove domain-specific
factors (i.e., Im®3 # 0), for some ey € Euq, (T, 2) ~ Pxex gvery yields low p® (2| ()
with high probability. On the other hand, (z, z) ~ Pyes ,ye) yields high p¢ (z|®*(z))
with high probability: that is, e* and ey are different.

The theoretical analysis shows, while Method I is simpler to implement than
Method II, Method II is more applicable. Noting that 3 > 3, and hence, e™# — ¢ <
e P — ¢, the condition (ii)’ is milder than (ii). Recalling that (ii) and (ii)” impose
the discrepancy between &,4 and e* as discussed in the last paragraph, relaxation of
conditions from (ii) to (ii)” implies that method II can be applied even when domains
Euaq and e* have smaller discrepancy than the condition for Method I. The difference
of these two methods will be demonstrated in Section 6.

We discuss the feasibility of (ii) and (ii)’, and show these conditions are not
necessarily strong. First, we discuss the Condition (ii). Since 8 = H(Y¢|®*(X*)) is

the conditional entropy, we have

0< B <log|Y|

and hence

1 < e P <1
—_ — & e — & — &
N - -

holds. We can see that Condition (ii) is weak if e=® — ¢ approaches 1, or if 3 is small.
Recall that ®*1(X*¢) is the bias-removed feature of X¢ (digit of CMNIST, or object
of ImageNet, for example). We can then expect that, in many real-world settings,
B = H(Y¢PY(X®)) is often small, since the bias-removed feature ®1(X¢) should

35



have a large amount of information on the labels. Condition (ii) is satisfied if the
likelihood p¢ (z|®*(x)) evaluated at a random point (z,z) ~ Pxe 4y<) is bounded by
the large value e=# — ¢ for at least one e € E,4, so that the inequality in (ii) is likely
to hold. Noting that (ii)’ is weaker than (ii), the feasibility of (ii)’ is concluded from

one of (ii).

3.4.3 Sufficient Conditions of Theorem 10 and 11

In the section, we reveal sufficient conditions of e* for there to exist (X, Y*) that

satisfies (i) and (ii)’ in Theorems 10 and 11, respectively.

Theorem 12. Assume that (X ,Y¢") satisfies the following condition:

(A2) For a sufficiently small e < 1, any X\ with Im®3 # 0, any a € Im®}, and any
b€ ), there exists c(\, a,b)! such that

P(Y" =b|d} (X)) =0a,0)(X)=¢c) > (1 —eP) +e.

Then, for any X with Im®3 # (), there exists (X, Y ) € {(X¢ Y®)}ece such that
the inequality in Theorem 10 (ii) holds.

Theorem 13. (X, Y*") satisfies the following condition:

(A2)’ For a sufficiently small e < 1, the following statement holds:
VA with Im®y # (), Vo € Im®}, Vb € Y, 3e(A, a,b) s.t.

P(Y? =b|dN X)) =a,P)(X ) =c) > (1 —e ) +e.

Then, Y\ with Im®) # 0, there exists (X, Y) € {(X¢ Y®)}eee such that the
inequality in (i1)’ holds.

For the proofs of Theorems 12 and 13, see Sections 4.4.5 and 4.4.6. The conditions
(A2) and (A2)’ means that, in the domain e = e*, the affection of domain-specific
factors (= A3) to the response variable Y¢ is large; indeed, the inequality in (A2)
and (A2)” means that, if \ fails to remove domain-specific factors (i.e., Im®2 # (),
we can control the probability of Y = b by selecting ¢ for any b € ). Note also that
the inequality (A2) and (A2)’ is a lower bound of the likelihood, while the condition

Le(N, a,b) means ¢ € Xs is determined by given A € A, a € X1, b€ V.
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in (ii) and (ii)’, Theorem 10 and 11, is an upper bound of the likelihood. Although
imposing an upper bound might look reasonable to reflect non-fitting of the projection

®*, Theorem 12 shows that we can use a lower bound as a sufficient condition.
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Chapter 4

Proofs

4.1 Proof of Theorem 4

Throughout this section, for given X¢ and z € X (= &} x Ay), &j- and Xp-components
of X¢ and x are often abbreviated X{ and X§, or z1 and x5 respectively. For a variable
selection @, let ®; denote the X;-component of & (i = 1,2). If & has or has not
an Xj-component, we write Im®; # ) or Im®; = () respectively. For ®; (i = 1,2),
7+ denotes the projection onto orthogonal complements of Im®; with respect to Xj;
namely, Im®; @ Im®;" ~ X;.

For the proof of Theorem 4, we prepare two lemmas.
Lemma 14. 77 = {®Y1} holds. Here, recall that @Y1 is the projecton onto Xj.

Lemma 15.
(’U)*, (I)*> < argmin(beIg’f‘,w:’H—)y Z R* (U) © (I))

e€€r

coincides with (w®™*, ®¥), where w®™ is a conditional expectation E[Y¢|dY (X¢)]

of Y¢ given ®¥1(X®) on Pxeye; that is,
w®™ (&% () = E[Y*|®Y (X°) = &% (2)).

Since Pyegni(xey = Pyejxe does not depend on a choice of ((X¢,Y*)) € {X¢ Y }eee,
E[Y¢|dY1(X¢)] = E[Y*

We prove Theorem 4 based on the above lemmas, before proving them.
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Proof of Theorem 4 By Lemma 15, we may prove that

w®" 0 &Y € argmin Re4(f).
[:X=Y

To prove it, it suffices to prove the following statement:

For any f: X — Y and (X, V) € {(X¢ Y*)}ces, there exists
(X2, V%) € {(X¢ Y*)}eee such that

/ ™ o &% () — y|PdPyer yor (2,y) < / 1£(2) — ylPdPyesyea(a,y).  (41)

Take arbitrary f : X — Y and (X, Y) € {(X¢ Y)}ees. Define (X2, V) €
{(X?,Y)}eee such that its distribution is the direct product Pyei ye; ® Py,, where
Pye1 ye is the marginal distribution of Pyei ye, on &} X Y and Py, is an arbitrary
distribution on Aj.

Then, the right-hand side of the inequality (4.1) is given by

/ 1£(2) — yIPdPxesye (2, ) = / 1£(2) = ylIPd(Pyer yor © Pr)(5,9)

~ [ Pras / (a1, 22) — yIPAP s yer (21,9

We can see that, for any z3 € X5, the inequality

J15nas) = lFaPg v o) = [ BV (X) =]~ ylPdPys v (1,3)

- / [w?* 0 8% (1) — y|2dPyes yor (31,9)

holds, since the minimum of a risk on the least square loss is attained at the conditional
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expectation E[Y¢|®Y(X¢)]. Hence, we obtain

/ 17(2) = ylPdPyes yea(, ) = [ Pry(a) / 1 (@1, 22) — g2 dPyes yen (1, 9)

v

Px,(; /HW(MOCDX1 T) — yH dPXfl,Y51<x1ay>

61|X€1 Yei ])2 /qu)X e} (b)(l( ) y||2dPXfl7Yel (xl,y)

[ 0 ®% (z) = yl*d(Pyzr yer @ Pagr xgrye) ()

Hw(bxoq)xl (z) — f‘/”QdPXﬁ,Yﬂ(J%y),

/
/
[ 105 0 ®% (@) ~ ylPdPy v 40
/7
/
/

which concludes the proof. [

Proof of Lemma 14 Since Z/:* = Z*, we may prove that Z"¢ = {®*1}. We prove
7vs = {®Y1} by following three steps:
Step 1

Take any variable selection ® with Im®; # () and Im®, # (). Then & ¢ 9.

Step 2

Take any variable selection ® with Im®; = () and Im®, # (). Then ¢ ¢ 795,

Step 3

Take any variable selection ® with Im® C &). Then ¢ ¢ 79

Poof of Step 1 It suffices to prove the following statement.

For any variable selection ® with Im®; # () and Im®, # (), there exist two
distributions (X, Y ) and (X*,Y*) € {(X¢,Y®)}cece which satisfy
Pyeyjg(xery # Pyesja(xez).

Take any variable selection ® with Im®; # () and Im®, # (. Fix 2* € X, y*, y* € Y

with y* # y** and p/(y*|#7) > 0. Here, recall that p’ denotes the p.d.f. of Pyrxs.
Define two maps ¢' : Im®; x ) — Im®, (i = 1,2) by

40



®y(7) (®1(2), y) = (P2(27),y™)

g2((1)1(:(:),y) - { @2(ZE*) -1 ( else )

Take two distributions (X¢,Y*), (X, Y®) € {(X¢Y®)}ece such that their

distributions Pxei ye1 and Pxes ye, coincide with

_ e1
PXehYel - PIm<D2L ® P1m¢2|1m<1>1,y ® PY1|X{ ® Pima, ® PIm<I>1L

— €2
PXSQ,YEQ - PIm'IDZL ® PI By [Imdq,Y X Py]lxll & PIm<I>1 X le(I,lL.

m

Here,
® Pt denotes an arbitrary distribution on Im®;,

e P, denotes an arbitrary distributions on Im®; where its p.d.f. pine, (P1(2))
satisfies pme, (P1(z*)) # 0,

® Puqt is a distribution on Im®{ with its p.d.f. coincides with a delta function
54)%(30*)((1){'(1‘)) on q)f'(l‘*),

o P

Im®2|Im®y,Y
with its p.d.f. g, mme, y coincides with a delta function dgi(@, (), (P2()) on

9" (®1(2),y).

Let the p.d.f of Pg1 be prney. Then, the p.d.f. of the conditional distribution

(1 = 1,2) denotes a conditional distribution on Im®, given Im®; x ),

Pyei|o(xe1)=a(z+) is represented as

/plm%i(@%(x))><5gl<q>1(:c*>,y)(<1>2(ff*)) x p' (y|®1(2"), Dy ()
X Ot (o) (P1 (%)) X Pra, (P1(27))dD; (2)dPy (w)
/plm%(@%(l’))><5g1(¢>1(z*>,y)(¢’2(90*)) x p! (y| @1 (27), D ()

X Ot (o) (@1 (2)) X prma, (1 (2%))dDy (2)dy (2)dy
(4.2)
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Note that, for fixed =%, dg1(@, (2+)4)(P2(2*)) coincides with d,-(y) ; indeed, by the

definitions of ¢! ,

oo (if ®y(2*) = 91(@1(1'*)79))

Og1 (@1 (2).) (P2(27)) = { 0 (else)

and noting that ®y(z*) = ¢'(®;(x*),y) hold i.ff. y = y* , we can see that
Og1(®1 (7)) (P2(x™)) = 0y« (y) holds as functions of y € V.
Hence, noting the fact, the numerator of (4.2) is rewritten as

/ Prog (B(2)) X 81 (eey ) (2(7)) X (9] (7). B (1))

X Ot (o) (P1 (%)) X Prana, (P1(27))dPy (2)d Py ()

- /591(¢1<x*),y>(<1>2(:r*)) x p' (y| @1 (2"), @y (2))

X Ot (@) (D1 (%)) X Prma, (P1(27))dDy (2)
= 0g1(@1(a) ) (P2(2")) X P! (y|@1(2"), @7 (27)) X prans, (1 (27))

= 0y (y) X p'(y|2}) X Prma, (®1(2%)).

On the other hand, the denominator of (4.2) is rewritten as

/plmq>;(¢%(ﬂf)) X 011 (). (P2(27)) X P! (y|®1(2%), P ()

X 0p1 ) (P71 (2)) X Prma, (P1(27))dPy (2)dPy (w)dy

— [ Bor(B2(7) X B 01107), 0 0)

< B ar (@1 (@) X Prna (91 (@) )y
= [ Gyt (@) P (011 (57), 0 (0")) X (1)

B /63/* (y) X pl(y|x>{) X Plmd, (q)l('r*))dy
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=P (y"|27) X Prwa, (P1(27)).
Combining the two transformations, (4.3) is represented by

Oy (y) X P (yla}) X pra, (P1(2%)) 0y (y) x p'(ylx])

4.3) = 2 =
(43) = "= 010 1e0) P (@12 e
Noting that
oy (y) x p'(ylay) | o0 ) (y =y*)
o - 0 zi) _
P (y*le}) S — 0 (else)

we can see that
(4.3) = 5,:(y).
By the same procedure, we can also show that the p.d.f. of Pyeyp(xer) is Sy (y).
Recalling that
yrEY
we can see that

Pyeijo(xer)=a(a) 7 Presjo(xes)=a(a+),

which concludes the proof of Step 1.

Poof of Step 2 It suffices to prove the following statement.

For any variable selection ® with Im®; = () and Im®, # (), there exist two
distribution (X, Y ) and (X°,Y ) € {(X° Y®)}ces which satisfy
Pyeijp(xery # Pyesjo(xez).

Take any variable selection ® with Im®; = () and Im®y # ). Fix 2* € X, y*, y** € Y
which satisfy y* # y** and p’ (y*|z}) > 0. Define two maps ¢' : ¥ — Im®, (i = 1,2)

by
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Take two distributions (X¢,Y*), (X, V%) € {(X¢Y®)}ece such that their

distributions Pxei ye1 and Pxes ye, coincide with

PXel7ye1 = PIm‘I)é‘ ® PIP;HI)QD) ® PYI|X1I ® PXI
Pxes yes = leérj ® P162<1>2\y ® PYI|X{ ® P, .

m
Here,
® Py denotes an arbitrary distribution on Im®y,

e Py, is a distribution on &) with its p.d.f. coincides with a delta function .+ (x)

on r*,

e;
* le%\y

p.d.f. pri g,y coincides with delta function dgi(,)(P2(x)) on g (y).

(1 = 1,2) denotes conditional distributions on Im®, given ), with their

Let the p.d.f. of Pys be pryet- Then, the p.d.f. of the conditional distribution
Pyei|o(xe1)=a(a+) is represented as
[ P (@5 ) %8 (@ala")) 5/ (511
X p! (ylan) X bpy (21)dPy (x)day
| e (@) b0 (@aa") % 9011

x p! (yla1) x 51;($1)dq)§‘(x)dx1dy

(4.3)

Noting that, for fixed x*, dg1(,)(®(2*)) coincides with 6,-(y), the numerator of (4.3)

1S rewritten as

/ Dot (PE(2)) % 051 (@2(27)) x ! (y]21)

X P! (ylar) X 8g3 (21)dPy (2)day

= [ G @aa)) P (0lor) B )

=0, (y) x p' (y|a7)
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On the other hand, the denominator of (4.3) is rewritten as

/ Dot (P2(2)) X 031 (@) % p (y]1)

x p'(y|z1) X 0pr (21)dPy (x)dz1 dy

= /5gl(y>(<1>z(x*)) x p' (ylz1) X 8,z (21)dwidy

= [60) % P 0le)dy = (57l
Combining the two transformations, (4.3) is represented by

Oy (y) x p'(ylaT)
W3 ==

= 0y-(y).

By the same procedure, we can also show that the p.d.f. of Pyeyjo(xez) is 0y (y).
Recalling that

vt £y,
we can see that

Pyeijg(xer)=a(a) 7 Prezjo(xes)=a(a*);

which concludes the proof of Step 2.

Poof of Step 3 It suffices to prove the following statement.

For any variable selection ® with Im® C A&}, there exist two distribution (X, Y*!)
and (XGQ, YeQ) S {(Xe, Ye)}eeg which satisfy Pyel@(xel) 7é PYEQ@(Xeg).

Take any variable selection ® with Im® C X;. Take #,7Z and € X which satisfy
Pyixi=@@aet@) 7 Dyiixi=@ @) .0t @)

Here, there exist such Z,Z and Z by the assumption of Theorem 4. Take two
distributions (X, Y°), (X, Y?) € {(X® Y)}ece such that their distributions
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PXﬂl JYel and Pxeg’yeg coincide with

Pxei yer = P, ®PYI\Xf®PIm<P1 ®P81 ot
PX€2’Y€2 = PXQ ®Pyl‘X11 ®PImCI)1 ®qu>i7

where
e Py, denotes an arbitrary distribution on A% ,

e P, denotes an arbitrary distribution on Im®; where its p.d.f. ppme, (P1(x))
satisfies prme, (P1(Z)) # 0,

o P} ot and P’ mal ATC distributions on Im®7{ with their p.d.f.s coincide with

delta functlons 5(1# 5 (@ (x)) on ®1-(7) and a delta function (5(1)%(;)((1)%@)) on

CC

®+(Z) respectively.

Here, the two distributions are included in Zy:* since the equality Z;:* = Z"* holds by
the assumption. Let py,(x2) be the p.d.f. of Py, (z2). Then the p.d.f. of conditional

probability Pyei|p(xe1)—a(z) is represented as
[ prataz) o/ (51010, 0 ()
5@%@*)(@%( )) X Prma, (P1(7 ))d%d@l( )

/ Ps(2)) % P (4] (), B (2)) %
ot o (PE(E)) X Prut (@1 (7)) drad D3 () dy

P Y121(2), D1 (2) X bap ) (P1 (7)) X Pme, (P1(7))dPs ()
J P Y21 (2), D1 (2)) X bt ) (L1 (%)) X Prome, (P1(2))dP1 (z)dy

1]

) X pima, (P1(Z))
)) X P, (P1(Z))dy

Pl (@), D
[ P! (y|®:1(z), Pi(

Kl

P (y|®1(Z), 1 (Z)) X prma, (1(T))
Pima, (P1(7))
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= p'(y|®1(2), 21 (7))

Conducting the same procedure, we can see that the p.d.f.

probability Pyes|q(xe2)—a(z) 1S represented as

P (y|®1(7), Dy (7).

Recalling that
Pripxi=@@et@) 7 Dyiixi=@@.ef @)

we can see that,

Pyeijo(xer)—a@) 7 Presjo(xe)—a @),

which concludes the proof.

Proof of Lemma 15 Take any

(w, d¥) € ArgMiNgerys. iy Z RE(w o D).

e€Er

Note that
R (w o &) > R (w1 o M)

for any e € &, and the lower bound is attained i.f.f. w = w®x

inequality with respect to e € &, we obtain

> R(wod )= Y R (w0 @™,

weEtr weE¢r

of the conditional

. Summarizing the

and the lower bound is attained i.f.f. w = w®¥. It concludes the proof. ]

4.2 Proof of Theorem 5

For the proof of Theorem 5, we prepare two lemmas.
Lemma 16. Z'; = {®Y1} holds.

Lemma 17.

(w*7 (I)*) € argmin@elg;;‘,w:?l%y Re* (w © <I>)
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coincides with (w®™, ®%), where w®™ is a conditional expectation E[Y¢|d¥ (X*)]

of Y¢ given ®¥1(X¢) on Pxeye; that is,
1 1 R e 1 e\ __ 1
w® (@Y (z)) := E[Y¢|dM (X¢) = &V (2))].

Proof of Theorem 5 We omit the proof since it is essentially same as the one of
Theorem 4. O]

Proof of Lemma 16 We omit the proof since it is essentially same as the one of
Lemma 14. O]

Proof of Lemma 17 Noting that
R (w o &) > R (w4 o M)

for any e € £ and w : X; — Y and the lower bound is attained i.f.f. w = w®¥, the

conclusion follows immediately. ]

4.3 Proof of Theorem 7

R (pg o @) — RF9) (pg 0 @) = / —log pe(Y|®(X))dPyex)

+/logpe(g(Y)|<I>( ))dFyv)e(x)

po(Y[9(X))
- [1os Polg (V)| B(X >>dP”<X”
(v

/ d Py / log p(eg( ())()))dPWsD(X))lg(Y)
(4.4)

By the definition of py(y|®(z), g(Y) = z) in Theorem 7,

po(y|®(z))
pe(9(y)|®(x))

holds, where z = g(y). Therefore, we obtain

po(y|®(x), g(Y) = 2)
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B po(Y|P(X))
(6) = — / dPy(v) / log pe(Z(Y)|¢ X))dP X))lg(Y)

(
log pg(Y|®(X), g(Y) = 2)dPyv.a(x))g(v)==

== 3" Plo(¥) = 2) [ log (Y [B(X),6(Y) = 2)dPyao -
=— > P(Q(Y):Z%)/logpe(Y@(X)»g(Y) Z7) APy a(x))g(v)=2
ez
£ Pl =) [logmalY (), 6(Y) = 2 )dPyanary-s

(4.5)

Noting that, for any 27 € Z — 2*% and y := ¢~ (27)", pe(y|®(2),g(Y) = 27) = 1
holds, we can see that

log po(y|®(z), g(Y) = 27) = 0.

The second term in the last line thus equals to zero, which concludes the proof. O

12+ € Z — 27 implies that [g~!(z~)| = 1 and therefore, g~ (2~) is determined uniquely. Note
that there is no chance that |[g~1(z~)| = 0 by the surjectivity of g.
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4.4 Proofs of Theorems in Section 3.4

We rephrase the problem simplification (%) in Section 3.4 with some notation ar-
rangements. Let X := X} x &5 where X} := R™ and &, := R with ny,n, € N. Let
(XTI, Y1) be a fixed random variable on &X; x ). Throughout our theoretical analysis,
the domain set £ is defined by all the probability distributions with the fixed marginal
distribution Pxz y: of (X1,Y); namely, all domains Ty := {(X¢, Y®)}ece are defined
by

Toy = {(X, Y) : a random variable on X' X Y|Py (x)y = Px1y1 } , (3%)

where &% : X — X is the projection onto X;. The above setting and definition
persist through Section 4.4.

For a projection @, let ®; denote the X;-component of ¢ (i = 1,2). If & has a
X;-component, we write Im®; # () (i = 1,2).

We prepare some additional notations to state Theorem 8 and its proof more
clearly and briefly. Recall that the single training domain e* for the target task and
the domains &, for the additional task play important roles in our problem setting
(see Section 3.1). Throughout the section, the domains are abbreviated as follows. The
single training domain (X¢,Y*®") € T,y for the target task is abbreviated by (X*, Y*).
For the domains &, of the additional task with coarser labels, {(X¢ Y®)}ece,, is
abbreviated by a subclass T,; C Ty;. For a projection ® : X — R™® with its range
ne variables, let p*® : R"® — Py, denote the conditional probability density functions
(p.d.f.) of P(Y*|®(X*)). With a slight abuse of notation, for any probability Py
on X x Y and a projection ®, the density function of the conditional distribution
Py(Y|®(X)) is denoted by pg o .

We add some additional explanations and interpretations about the definition ().
From the condition of T}, for the projection ®¥1, the conditional probability Py \px (x)
for any random variable (X,Y) € T,; is the same; namely, letting p’ : X} — Py

denote the conditional p.d.f. of the invariant predictor Py x1, we have
p¢odY = pf (4.6)
for any (X¢ Y®) € T,y, where p® is the conditional p.d.f. of Pyejgx(xe)-

4.4.1 Proof of Theorem 8

We restate Theorem 8 as follows.
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Theorem 18 (Theorem 8 in the main body, with some notation arrangements).

Assume that all domains Ty = {(X°,Y)}ees are fized as (); namely,

Toy = {(X, Y) : a random variable on X X Y |Poxi(x)y = Pxiy1 } . (4.7)

Additionally, assume that the following condition holds:

(A) For any projection ® with Im®y £ (), there exist (X, Y1), (X2, Y%2) € Ty
such that Pyiye)axer)y 7 Py(ves)|o(xes)-

Then, there exists \* € R such that a minimizer (67, Qld, 1) of the objective function

ROV (o @)|2 5 (4.8)

aad

min { REY ) (pgo ®) 4+ A" Z 1V,

0,004, ad=0ad
(Xe 7YC)€Tad

s 0.0.d. optimial, 1.e.,

pot © BT € argmin R**%(py),
po:X—Py

where py and piz{ inming g, o Tun all the p.d.f.s, and ® runs all the variable selections.

The gradient Vg, , should be understood as the functional derivative on the space of

p.d.f.

Before proving Theorem 18, we prepare one lemma, which asserts that, if Im®, # (),

at least one domain in 7,4 has non-trivial gradient:

Lemma 19.

min S Vs, REIEDEEH 0 @) > 0.

Bpa=0
0, ®:Im B A0 ad=Yad bad
¢ 275 (Xevye)eTad

Proof. It suffices to prove that, for any projection ® with Im®, # () and pi'(j{, there
is (X, Y®) € Tyq such that ||V, _, R(Xe’g(ye))(p‘;l;{ o ®)||> # 0. We prove this by

contradiction. Suppose that there exist a projection ® with Im®, # () and p(iz1£ which

ad

satisfy
1V5,m0 RE DD GZ 0 @)[2 =0 (WX, V7)€ Toa).

0aa=0a4

From Assumption (A), take (X, Y ) and (X, Y*?) in T,4 such that P(g(Y " )|®(X*)) #
P(g(Y?)|@(X?)).
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Note that the risk is defined by the cross-entropy loss:

RO (20 0) = - [ log o} M (g(y*) (X)) dPx. .

Gad éad

It is well known that this is minimized in the space of probability distributions if and
e ZIM e e e g(ve)) (. ZIH

only if péa‘d equals to P(Y*°|®(X?)). From ||V, _ adR(X 9 ))(péald o ®)||> =0 for

(X, V) and (X, Y*), we can conclude that p;izi should equal the p.d.f. both of

Pyyeryjo(xery and Pyyesya(xe). This contradicts with the assumption Pyyeryp(xer) 7

Py(yez)o(xe2).- O

Proof of Theorem 18
Let ® denote the identity map of X. Define the constants C;, Cy, and Cs by

Cri= RO (" 0 0 = H(Y*[X7),
Cy = RO 0 0f) = H(Y*|X}) = H(Y!|X]),
02 - C’1

03 =
MiNg, ;. &:1m®s20 D (e v o)y ||V ug=bos

€ e Z H )
R(Xe.g(Y >>(péa‘d o ®)]|2
where H(Y!|X!) and H(Y*|X*) denote the conditional entropy. Note that Cj is
well-defined because of the positivity result of Lemma 19.

Take A* such that A* > C5. For notational simplicity, the objective function (4.13)
is denoted by O(#, 0,4, ®); namely,

'R(Xe’g(ye))(p?m o ®)||?.

00,000, ®) = RY Y (pgod)+ A Y |V, .

(Xe,Y€)ETyq

ad=0ad
We prove the theorem in three steps.

Step 1
min R***(p) = H(Y'|X{)

p:X—Py

proof of Step 1

We will prove p! € argmin R°%%(p). From the definition
p:X—=Py

Ro.o.d.(p) — max _/logp(Y€|X€)dPye’Xe7

(Xe 7Ye)€Tall
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p! € argmin R°%%(p) holds if and only if
p:X—Py

max —/10gpg(Ye’Xe)dPye’Xe > max —/logpI(Ye‘Xf)dPYeyxe

(XeYe)eTun (XeYe)eTu

for any py : X — Py. Note that, as discussed before Theorem 18, for any (X¢, Y*¢) €

Tun, we have Pyexe = PYIl xI- Then, it suffices to prove that for any py there exists
(X, Y*) € T,y such that

/ —log p(Y¥| X )dPye o > / —log p" (Y| XT)dPxe ye. (4.9)
Define (X ¢ Ye/) € T,y such that its distribution is the direct product PX117yI ® PXS"
where PX;’ is an arbitrary distribution on X,. In this case, the left hand side of (4.9)

is given by
/—logpo(Ye,|X€/)dPye/7Xa = /—10gp0(Ye,|X1€/aXfl)dpye’,xe’
— / dPy, / —logpo(Y'|X{, X5 )dPysyi.  (4.10)
We can see that, for any x5 € &5, the inequality
/—IOgPG(YqX{»XQEI = x2))dPX11,YI > /—1ngI(YI|X1I)dPX{,YI

holds, since the minimum of the cross entropy loss is attained at the conditional

p.d.f. p!. Integrating this inequality with Py, we have

/ dPy; / —log po(Y!|X{, X5)dPys y1 > / —logp" (Y| X{)dPyryr.  (4.11)
Egs. (4.10) and (4.11) show (4.9), from which the assertion is obtained by

- / log p! (V' [X)dPy1 yr = H(Y'| X))
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Step 2 Any minimizer of the objective function,

(6,6" , ®f) € argmin O(8, 6,4, @),
0,0,4,P

satisfies Im®J = 0.

proof of Step 2

It suffices to prove that ming.me,=p,0,0,, O(0, ad, ) < Ming.1ma,20.0,0,, O, Oaq, P).
First, we have

min ~ O(0, 0,4, D)

O:ImP2#0,0,0,4

—  min R ppod)+ 17 Y ||V,

e (7)), ZIH
®:ImPo£0,0,00d RO ))(pA‘ ° (I))H2
Im®270,6, (Xe,Ye)EThy

adiead Gad

> min RXTYT) od
qn;Imcpzyém,e,ead{ (P )

Cy—C
n 2 1

. e e Z|H
mln@,ld,cbzlm@z?ﬁ@ Z(XG’YG)GTad HvéadzeadR(X ,g(Y ))(péa|d © é) H2

e a(ye)), ZIH
<Y IV R 0w

(Xevye)ETad

N ¢:Im£;é%,e,ead{ (po o @)+ Cs 1}

— : (X*,Y") o B
pandil AR (g0 @)} +Co = Cy
> R 0 @) 4 Cy = O = Ca.
On the other hand, by taking ® = ®! we obtain

min 0(0, 044, D)
:Im®y=0,0,0,4

* * * ¢ ¢ Z[H
SREIP) 4N Y0 (Vg REITI 07 0 21
(XeYe)eTyq

Since pf'H o & = pl(g(YT)|X]) does not depend on 6,4, the gradient is zero, and
ad
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therefore

min 00, 0,4,®) < REYI)(p!) = C,.

O:ImP2=0,0,0,4
We thus obtain

min 0(0,0,4,P) < Cy < min 0(0, 0.4, D),

&:ImP2=0,0,0,4 ®:ImP2#£0,0,0,4

which completes the proof.

Step 3 If (pm,p;l?, ot) € aer%m;nO(é’, §ed, @), then
a Wad,

Ro“ (g 0 1) = H(Y'|X])

proof of Step 3
From Step 1, we have H(Y!|XT) < R4 (psi o ®T). We will probe the converse
inequality.

From Step 2, we have Im®} = (). This tells R>*%(py: o ®1) = R (pyr o ®1), since

Py, y are the same for all elements in T};;. Therefore,
RO (pot © CDT) = R(X*’Y*)(pm o ‘I)T)

i d R fy 1t A (X907 (211 o |2
<min QRO py o @) A Y (Vg0 R (p; "o @)
(XeYe)eTyq

R(Xe,gm))(pg’l” o ®)|?
ad

= min { R (ppo@)+ A7 Y ||V,

D,0,0,4 ad=0ad
(Xe 7Ye)€Tad

< Cy=HY'X].

Final step for the proof of Theorem 18

For (01, Hld, ®T) € argmin O(0, 0,4, ®), Step 1 and Step 3 show
0,004,

RO (pgr 0 @) = H(Y'|X]) = min R**%(p),

p:0—Py

which completes the proof.
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4.4.2 Proof of Theorem 9

Theorem 20 (Theorem 9 in the main body, with some notation arrangements).
Assume that all domains Ty = {(X¢,Y¢)}eece are fized as (); namely,

Toy == {(X, Y) : a random variable on X X Y| Pyxi (x)y = Px1y1 } : (4.12)

Additionally, assume that the following condition holds:

(A) For any projection ® with Tm®y # 0, there exist (X, Y), (X2, V) € T,y
such that Pg(yel)@(xq) 7& Pg(yeg)|¢(xeg) and the pde Of both Pg(Yel)|<I>(Xel) and

Pyyesyjo(xey are in the linear logistic model.
(B) The p.d.f. of Py1ex (x) is in the linear logistic model.

Then, there exists \* € R such that a minimizer (07, GZd, 1) of the objective function

. (X*,Y*) * R (Xe,g(ye)),, ZIH 2
Jmin QRO (ppo @) 4 Ny [V, R (g F o @) (413)
(XeYe)eTyq

s 0.0.d. optimial, i.e.,
pot 0 @ € argmin R>>%(py),
po:X—Py
where pg Tuns all the p.d.f.s, pezalz'[ runs all linear logistic functions, and ® runs all

the variable selections.
Before proving Theorem 20, we prepare one lemma:

Lemma 21.

i A (X9(Y)) (217 o )12
o > 1Ve,m0,R "o d)|? > 0.
(X67Ye)€Tad

Proof. It suffices to prove that, for any projection ® with Im®, # () and pi?, there
is (X, Y®) € Tyq such that [V, _, dR(XE’g(Ye))(p;?'H o @)||> # 0. We prove this by
ad—va ad
contradiction. Suppose that there exist a projection ® with Im®, # () and p;izi which

satisfy
REUVDGZM o B[P =0 (V(X°,Y*) € Tug).

ead

Vg

ad=0ad
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From Assumption (A), take (X, Y*) and (X®,Y*?) in T,q such that Pyye1)o(xer) 7#
Py(yes)|a(xe2) and the p.d.f.s of both Pyyerya(xer) and Pyye) a(xe2) are in the logistic
model.

Note that the risk is defined by the cross-entropy loss:

e e Z|H Z|H e e
ROCH0) (2 o ) — / log 72 (9(Y)|®(X*))dPxe y-.
Then this is minimized in the space of linear logistic functions if and only if péZZ{ equals
to the p.d.f.s both of Pyejg(xe) on e; and es. From HVéad:eadR(Xe’g(Ye))(p?;{o(b)HQ =0
for (X, Y1) and (X“,Y*), we can conclude that pi‘:{ should equal to the p.d.f.s
both of Pyiyen)axe) and of Pyyes)a(xe2). This contradicts with the assumption

Pyvenjo(xer) 7 Pyvez)|axez)- 0

The rest of its proof is essentially same as one of Theorem 18, and hence we omit.

4.4.3 Proof of Theorem 10

Before the proof, let us rearrange some notations introduced in Section 3.4.2. Notations
are the same as in Section 4.4.1. Recall that we assume, given hyperparameter A,
the minimization of (3.3) achieves the global optimum perfectly, which yields the
projection (variable selection) ®*(z) : X — R™ (n, < n; + ny) and the conditional
p.d.f. of Pyesjgr(xer), denoted by p**(y[®*(z)). The &; and X, components of ®*(X)
are denoted by ®3(X) and ®3(X), respectively.

We rephrase the o.0.d. risk (2.1) and its evaluation (3.4) by Method I with some
notational rearrangements. For A € A and the training variable (X*,Y*) for the
target task, the conditional p.d.f. of P(Y*|®*(X*)) given the selected variables is
denoted by p** : R™ — Py,. Then, the the o.0.d. risk R%*%()) of p** o ®* and its
evaluation RY()\) ((3.4) in the main body) are represented as

Ro,o.d. 2\) = R(X’Y) *, (I))\
( ) (Xg}jaggfau (p ° )’

(va)eTad

RI<)\) = max{ max R(X,g(Y)) <p*,)\ o (I),\)7 R(X*’Y*) (p*,)\ o (I))\) }7

respectively. We restate Theorem 10 with some notation arrangements:
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Theorem 22 (Theorem 10 in the main body, with some notational arrangements).
Assume that all domains Ty = {(X¢,Y°)}ece are fived as (%) in Section 4.4.1;
namely,

Ton = {(X, Y) : a random variable on X X Y |Pgx, (X),y = PX{,YI } )

Additionally, assume the following two conditions:

(I) there is X' € A such that @' = &YX where Y is the projection to the
X\ -components.

(II) Let p* be the p.d.f of Px« gy+). For any X with Im®} # 0, there is (X, V) €
T,a such that

(2,2) ~ Pxex giyer satisfies p*(z|®*(x)) < e P—e with probability 1 in Pxex yyer).

Here, ¢ € Ry is a sufficiently small positive real number (that is, 0 < ¢ < 1) and
B = H(Y*|(XY)) is the conditional entropy of ((X7),Y™). Then, we have

argmin R (\) C argmin R**%(\).
AEA AEA
To prove Theorem 22, we prepare three lemmas, in which the notations are the

same as in Theorem 22 and conditions (I) and (II) in Theorem 22 are also imposed.

Lemma 23. M\ € argmin R>>%()\).
AeA

Lemma 24. If A € argmin R!(\), then Im®) = 0.
AEA

Lemma 25. If A € A satisfies Im®) = 0, then RI(\) = R>>%()).

We prove Theorem 22 based on the above lemmas, before proving them.

proof of Theorem 22

Take A € argmin RY(\). Then, Im(I)% = () holds by Lemma 24 and therefore, RY(\) =
R204-(}) holds by Lemma 25. Moreover, R%%4(\) > R%*%(\) holds by Lemma 23
and R4 (A1) = R7(\) holds by Lemma 25 (since ' is the projection onto X,

Im®)" = (). By the assumption \ € arin/tin RI(N), RI(AT) > RI(A) holds. Arranging
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these inequalities, we obtain
RI(A) = R*>H(A) = RO*H(\) = RI(A) > RI(N), (4.14)

in which the inequalities must be equalities. Hence, we obtain R4 (X) = Roo4(\]).
Because A achieves the minimum of R*¢ (Lemma 23), so does A, which concludes
the proof. O

Since Lemma 23 is proven in the proof of Theorem 18 (especially, the proof in

Step 1), we may prove the others.

proof of Lemma 24

Let us prove the contraposition of Lemma 24. Take A € A with Im@é‘ # (. To
prove that A ¢ argmin R’(\), we may prove that RI(A) > RI(A!) since M € A
(Assumption (I) in the statement). It then suffices to prove the following:

there exists (X,Y) € T,q such that /—logp*’;\(g(Y)|<I>5‘(X))dPX7g(Y) > RIND.
(4.15)

From Condition (II), we can take (X, Y ) € T4 such that
(%, 2) ~ Pxes gvesy satisfies p*(z\@ﬂ(x)) < e — ¢ with probability 1.

To prove (4.15), we prepare one supplementary inequality:

Supplementary Inequality

[ 108 (o KNPy 2 o {7 ).
This inequality can be easily seen; from the way of taking e;, we have
—10gp*(z|<l>;\(x)) > —log{e™” — ¢}

with probability 1 with respect to (z, z) ~ Pyes gives), and thus the integration proves

the inequality.
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Proof of Inequality (4.15)

It follows from the above supplementary inequality that

/— log p™*(g(Y3) | @M (X)) dPyes yyesy > —log {e™? =} > B = H(Y*|XT).
(4.16)

Since ' = ®Y by Condition (I), the discussion at (4.6) tells that R7(A\) =
H(YT|XT) = H(Y*|X}), which concludes (4.15) and the proof.

Proof of Lemma 25

Take \ € A that satisfies Im@%‘ = (. Then, P<I>X(X),Y = P(D;(X,)’Y, holfis forA any
(X,Y) € Tu because of Px,y = Py1y, and therefore, REIW) (pA o @) =
REL9D (g o @A) and RETY ) (pA o @) = REWYD(p*A 6 &) hold. These

two equalities lead the following equality:

RI(N) = max{ max R(X’g(y))(p*’;\ o (ID;\), R(X*’Y*)(p*’j‘ o @5‘)}
(X,Y)€Tuq

) maX{R(XI’g(W”W 0 %), RN (ph o ‘DX)} (4.17)

It follows from Theorem 7 that

R(XI,YI)(p*,S\ o @X)
_ R(Xl,g(YI))<p*,5\ o (D;\)
S PO =g ) [~ lomp @A), o) = )P e

el
> R(Xl,g(YI)) (p*,j\ ° (I)j‘)

Therefore, from (4.17), we have R (\) = RX" Y (p=h o ®*). Since Pys(x)y are the

same for any elements in 7,;, we obtain

R(XI,YI)(p*75‘ o (I)S‘) — (Xr}l,l)ae}% ) R(X’Y) (p*,f\ o (I)S‘) _ RO'O'd' (p*,f\ o (I)j‘),

which concludes the proof.

60



4.4.4 Proof of Theorem 11

Before proving Theorem 11, we rephrase the evaluation (3.5) of the o.0.d. risk by
Method IT with some notation rearrangements. By using notation simplifications in
Sections 4.4.1 and 4.4.3, the evaluation R7()\) by method II (corresponding to (3.5)

in the main body) is represented as

i = (X,g(Y)) (%A A
A) = ) + Dy (Y
RE) (X,Y)GTEL%E%X*,Y*)}{R (p™" 0 @) + Da( )},

where the correction term D, (Y) is defined by

=D {P(g(y) :Z%)/—logp*’A(Y*@A(X*),g(Y*) :Z%)dP(X*,Y*)Ig(Y*);z%}

Note that, in D,(Y), although the random variable Y is given by (X,Y’) € T, the
marginal distributions of Y's are the same by the assumption of T,;. Thus, hereafter,

we use D, for the notation, and
Dy= ), {P(Q(Y*> =z7) / —log p™ (Y[ (X*), g(Y") = z%>dP<X*,Y*>|g<Y*>=z>“}'
rezA

Note also that gy = H(Y*|X]) — Dy. We restate Theorem 11 with some notation

arrangements:

Theorem 26 (Theorem 11 in the main body, with some notation arrangements).
Assume that all domains Ty = {(X¢,Y¢)}ees are fized as (%) in Section 4.4.1;

namely,
Ty = {(X, Y') : a random variable on X X Y |Pyxi(x)y = Px1yr } :

Notations are the same as in the statement of Theorem 22. In addition to the

condition (1), assume the following condition (II)’:

(1)’ Let p* be the p.d.f. of Px+ g(y+). For any X\ with Im®3 # 0, there is (X, V) €
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T,q such that the following statement holds.

(7, 2) ~ Pxex g(ver) satisfies

p*(2|®*(x)) < e — ¢ with probability 1 in Pxex g(yex).

Here, ¢ 1s some positive real number and

Then, we have

argmin R ()\) C argmin R4 ().
AeA AeA

We first show lemmas before the proof of the theorem.

Lemma 27. If A € argmin R'(\), then Im®) = 0.
NeA

Lemma 28. If A € A satisfies In®3 = 0, then R (\) = Ro*%(}).

proof of Theorem 26
Combining the above two lemmas and Lemma 23, we can derive the required assertion

in essentially the same manner as in the proof of Theorem 22.

proof of Lemma 27

Let us prove the contraposition of Lemma 27. Take A € A with Im@é\ # (. To
prove that A ¢ argmin R/ (), we may prove that R (A) > R (M) since A € A
(Assumption (I) in the statement). To show this, it suffices to prove the following

statement:
there is (X,Y) € T,q such that REIV(N) + Dy > RIT(A).  (4.18)

Take (X, Y ) € T,y as in Condition (II)’. Then, in the same way as the proof
of Lemma 24, we have the following inequality:

/_1ng*’x(g(Yex)"I’X(Xe*))dPXEx,g(yEx) > —log {e ™ — ¢},
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which leads us to obtain
RED9OIN(X) 4 Dy > 85 + Dy = HY*|X?) = R p M oM. (4.19)

On the other hand, for any (X,Y) € T,; the marginal distribution of (Y, ®’(X))
is the same as that of (Y*, X7). Noting that RO (p=* 0 ) 4 Dy, depends only
on (Y, Xy), we have

RN = RET9CD (A 6 M) 4+ Dy (4.20)
Now, Lemma 7 implies
R(Y*’X*)( -y CID)‘I) R(X"g(Y *))(p*’v ocb’\l)+D>\z. (4.21)
From (4.19), (4.20), and (4.21), we thus have
R(Xei,g(yei))( A\ q),\ )+ D;\ > RH()\I>,
which shows (4.18) and completes the proof.

proof of Lemma 28 Take A € A such that Im®) = (). It follows from Im®3 = ()
that P@(X),Y = P@(X*)’Y* holds for all (X,Y") € T,;. Therefore,

Re4(A) = max REV(p o 0Y) = REYI (Ao @),

(X,)Y)€Tou

Likewise, from the condition of A, the definition of R!/()) involves the same distribu-
tion for (Y, ®*(X)), and thus

RII()\) R(X g(Y ))(p*,j\ o @X) + -Dj\
In a similar way to the proof of Lemma 27, Theorem 7 tells
R(X* Y*)( o @)\) R(X*,Q(Y*))(p*,jx o q)j\) + Dj\

This completes the proof.
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4.4.5 Proof of Theorem 12

We rephrase Theorem 12 with some notation arrangements.

Theorem 29. Notations are the same as in Theorem 22. Assume that (X*,Y™)

satisfies the following condition:

(A2) For a sufficiently small e < 1, any X\ with Im®3 # 0, any a € Im®}, and any
b€ ), there erists c(\, a,b)? such that

P(Y* =b|dNX*) =a,®}(X")=c) > (1—eP) +e.

Then, for any X with Im®) # 0, there exists (X, Y®) € T,y such that the inequality
in Theorem 22 (ii) holds.

Proof. Fix \ with Im®) # ). Take (X,Y) € T,y such that its probability measure

corresponds to Px,jy,x, X Py1, x1, where Px,jv.x, is defined by, setting ¢(X, a,b) by

&(A, a,b) € argmin P(g(Y*) = g(b)|®}(X*) = &1 (a), D3 (X*) = &) (c)),

cEXo

PX2|y:b7X1:a = 6X2:é(5\ab)‘ Here, for ¢ € &5, the probability measure dx,—. on A5
denotes a Dirac measure at ¢ € X5. Before proving Theorem 12, we prepare the

following inequalities:

Supplementary Inequality 1

Va € X;,Vb e ),
P (g(r") = g(b) [@1(X") = @}(a), @3(X") = B} (e(A a.0)) ) S e — e,
To see the fact, take b* € Y such that g(b*) # ¢g(b) Note that such b* always exists
if |Z| > 2 by the following reason. Take Z > z* # g(b). By the surjectivity of g,

g 1(2*) # 0. Taking b* € g(2*), g(b*) = z* # g(b). Then, by the condition (ii) of
Theorem 11 and Im®; # (), there exists 0(5\, a,b) € Xy such that

j2 (Y* — b

P (X*) = DI(a), PI(X") = B (c(A, a, b))) >1-ePte

2¢(A, a,b) means ¢ € X, is determined by given A € A, a € X1, b€ ).
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Therefore,

P (9(v") = g(0) |2} (X*) = @}(a), 2(X") = @3 (e(A, 0.0)) )
=min P(g(Y*) = g(b)| @} (X") = B}(a), ®3(X*) = B} (c))

< P (g(v") = g(0)

—1- 3 P (g(r) = z[@}X") = @(a), 2H(X") = B} (c(A,a,1)) )
Z#£g(b)

<1-P(g(v) = g(v)

DY) = 0}(a), B(X") = B} (c(, 1)) )

PNX7) = 0}(a), B(X") = B}(c(,a,1)) )

§1—P<Y*:b*

$(X") = B}(a), BH(X?) = @3 (c(A,a0) )
<1—(1—eP 4
gefﬁ—e.

Proof of Theorem 29
We may prove that Pgy(A) = 1 where

{(:E,y) EX x)Y

2 <g(Y*) = ¢(b) ‘@X(X*) — @3(93)) <e P e}.
Then,
Pxy(A) = / 14dPxy = / Lad(Px,|y,x, X Pyr x1)
= /QUDYI,X{/1AGUDX2Y,X1 = /dPyI,X{(QCl,?/)fs)(Qe(x,mhy)(A(m,y))
holds where A, . = {z2 € X|((21,22),y) € X x Y}. By the Supplementary In-
equality 1, é(\, z1,9y) € A(a, ) holds and therefore, oy 5, ) (A@y) = 1, which

leads us to the equation [ dPyr x1(21,Y)0x, 5514 (A@ry) = 1.
[
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4.4.6 Proof of Theorem 13

The proof of Theorem 13 is essentially same as the one of Theorem 12 and therefore,

we omit.
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Chapter 5

Related Works

5.1 Transfer Learning

The proposed framework uses additional data from multiple domains as well as the
training data for the target domains. The setting is relevant to Transfer Learning
(TL) [Pan and Yang, 2010, Yang et al., 2020, Yosinski et al., 2014]. TLs try to improve
the predictive performance on target domains with limited data supply, with the help
of a large amount of data in additional domains. Its effectiveness is demonstrated
in various real-world problems, including computer vision [Krizhevsky et al., 2012,
Csurka, 2017], natural language processing [Ruder et al., 2019, Devlin et al., 2019],
and reinforcement learning [Taylor and Stone, 2009].

The usual approach of TLs is to train a base network with a large amount of
additional data, and then, copy its first n layers (n € Nyg) with the first n layers of
neural networks used in the target domain prediction. The remaining layers of the
target network are then randomly initialized and trained toward the target domain.
The transferred feature layers can be fine-tuned, meaning that they are trained by
samples from the target domains, or can be left frozen, meaning that they do not
change during training on the new domain. Whether or not to fine-tune the first n
layers of the target network depends on the size of the target dataset and the number
of parameters in the first layers [Yosinski et al., 2014].

Although they show advantages in many learning problems, they may not work
effectively in the current setting. When the transferred feature is fine-tuned, the
model tends to learn spurious correlation in D¢ ~ Pxex ye and does not generalize

to unseen domains £ — {e*}. Even when frozen, the transferred feature often fails
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to remove spurious correlation compared to our proposed approach. The fact is

demonstrated empirically in Chapter 6.

5.2 Meta Learning

Meta-learning methods are related to the problem addressed in the thesis [Snell
et al., 2017, Vinyals et al., 2016, Finn et al., 2017, Yoon et al., 2018]. The goal of
mete-learning is training models (which are often called mete-learners) that can solve
new target tasks using only a small number of training samples; it can be said that
mete-learning is learning to learn. Such meta-learners are often trained by easily
accessible samples generated by different tasks from target ones.

Some methods of few-shot and zero-shot learning [Snell et al., 2017, Vinyals et al.,
2016] are successful methods for meta-learning. They try to generalize to new classes
not seen in the training set, given only a small number of examples of each new
class or given no examples of each new class. Snell et al. [2017], Vinyals et al. [2016]
train prototype representations of each class, which enable us to generalize to new
classes not seen in the training set. These approaches have generated some of the
most successful results. Model-agnostic meta-learning (MAML) is a gradient-based
meta-learning framework [Finn et al., 2017, Yoon et al., 2018]. In the frameworks,
the parameters of the base network are explicitly trained by additional data such that
a small number of gradient steps with a small amount of training data from a target
task will produce good generalization performance on that task. MAML is known to
be model-agnostic, in the sense that it is compatible with any model trained with
gradient descent and hence, is applicable to a variety of different learning problems
including classifications, regressions, and reinforce learnings [Finn et al., 2017].

The meta-learning framework is also unsuitable in our problem setting. Meta-
learning framework improves predictive performance only on the target domain where
any samples are available. In our problem settings, we can access samples of the
target task only from e*, not from £ — {e*}; the meta-learning framework will not

train any models which generalize well on unseen target domains £ — {e*}.

5.3 Domain Adaptation by Deep Feature Learning

Unsupervised domain adaptation methods try to train a classifier that works well

on a target domain on the condition that we are provided labeled source samples
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and unlabeled target samples during training [Ganin et al., 2016, Ben-David et al.,
2006, Louppe et al., 2017, Stojanov et al., 2021, Zhang et al., 2019, Long et al.,
2015, Sun and Saenko, 2016]. Most of the previous deep domain adaptation methods
try to obtain data representation ®(X¢) that follows the same distribution for the
training and test domains. Their training is done by minimizing the divergence
between domains as well as a training loss on the source domain, such as maximum
mean discrepancy [Long et al., 2015], correlation distance [Sun and Saenko, 2016], or
adversarial discriminator accuracy [Ganin et al., 2016].

While the strategies sometimes lead to high predictive performance on a test
domain similar to a training domain, such ® does not function by discarding domain-
specific factors from X¢ € X as theoretically noted in Arjovsky et al. [2020]. Experi-

mental comparisons will be shown in Chapter 6.

5.4 Distributionally Robust Supervised Learning

Distributionally Robust Supervised Learning (DRSL) frameworks [Hu et al., 2018,
Namkoong and Duchi, 2016, Sinha et al., 2019, Sagawa et al., 2020] introduce the
concept o.0.d. risk in advance of Arjovsky et al. [2020], and proposed methods to
minimize it. For a single training domain {e;.}, DRSL tries to generalized on a small

e-ball centered at the training distribution Pxe ye,; more formally,

{(X%Y)}eee :={(X,Y) : a random variable on X X Y |D (Pxet yeur||Pxy) <€} .

Here, D denotes some divergence among distributions, including f-divergence [Hu
et al., 2018, Namkoong and Duchi, 2016] and Wasserstein distance [Sinha et al., 2019].
Recently, Sagawa et al. [2020] considered different DRSL settings, which are often
called group Distributionally Robust Optimizations. They set £ as a small probability
simplex which includes the training domain ey, instead of e-balls.

DRSL methods also can not be applicable to our problem. Probability distributions
that have different spurious correlations from ones in a training distribution are not
necessarily included on a small e-ball or a probability simplex which includes e,;
for example, the distance between two distributions that generate images of cows
on sandy beaches and green postures may be large. Domain Invariance Learning
framework explicitly or implicitly imposes the following assumption on {(X€, Y¢)}cce,
which is different from the one on DRSL;
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(#) There exist some space H and feature map ® : X — H which satisfy

« Pye1|q>(Xel) = Pye2|q>(xeg) for any ej,ep € £. 7

Recall that, in Chapters 2, 3, and 4, the effectiveness of DILs is investigated on
{(X%Y)}eee = {(X, Y) : a random variable on X x Y ‘Pqu)xl(X) = Pyrix1 } :
or
{(X%Y)}eee = {(X, Y') : a random variable on X x Y ‘P@Xl(x)A/ = Pxiyr } :

They are examples of the distributions {(X¢,Y¢)}.ce which satisfy (#); H and ® in
(#) correspond to X} and the projection ®* onto X, respectively.

5.5 Other Strategies

Bahng et al. [2020] try to obtain a de-biased feature ® following the independence
®(X) L E, seeing £ as a random variable E. Recently, Wang et al. [2022] consider
the setting where there exists some f in the model that f # f>°¢ where fo% is
an estimator with high prediction performance on both training and test domain,
and that f(x) = fo>%(z) for a sample x from training domains. Under the setting,
they derive an upper bound of the risk on a test domain and propose a method for
decreasing the upper bound. As a de-bias method, Nam et al. [2020] use two NNs;
the first NN learns a biased mapping by the standard ERM, while the second one
is trained with the samples that have large errors by the first NN. This method is
based on the idea that the training with samples with large errors by the first NN

mitigates data bias.
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Chapter 6
Experiments

We study the effectiveness of the proposed framework and CVs through experiments,
comparing them with several existing methods: empirical risk minimization (ERM),
transfer learning (TL) methods, and deep domain adaptation strategies. We imple-
ment two kinds of ERM: its objective functions are evaluated only by D¢ (ERM1),
and by both D¢ and coarser labeled data D¢ (ERM2). For TLs, we employ two
typical methods: fine tune (FT) and frozen feature (FF) [Pan and Yang, 2010, Yang
et al., 2020, Yosinski et al., 2014]. As a deep domain adaptation technique, we adopt
the state-of-the-art method Domain-Specific Adversarial Network (DSAN) [Stojanov
et al., 2021]. We also compare our two CVs (CVI and CVII) with conventional
CVs: training-domain validation (Tr-CV) and leave-one-domain-out cross-validation
(LOD-CV) [Gulrajani and Lopez-Paz, 2023]. We have two hyperparameters to be
selected by CV. In the training with (3.3), we set 1 when the training epoch is less

than a certain threshold ¢, and A := .., if the epoch is larger than ¢; namely,

)= 1 (epoch <1t)
] Mtier ( epoch > t)

It is known that these two hyperparameters are critical for DIL methods to achieve
good results. From a set of candidates, each of the CV methods selects a pair
(¢, Matter)- To know the best possible performance among the candidates, we also
apply the test-domain validation (TDV) [Gulrajani and Lopez-Paz, 2023], which
selects the hyperparameters with the unseen test domain, and thus is not applicable
in practical situations. Additional experiments and experimental details can be found

in Appendices A and B, respectively.
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Figure 6.1: Visulization of Synthesized Data.

6.1 Synthesized Data

We compared the proposed method with the other approaches using synthesized data
with X = R? Y = [3] and Z := [2]. We used distributions

N() = N(O, 102) X N(G, 102)a
Ny = N(30,10%) x N (—4e, 10?),
Ny = N(=30,10%) x N(—e,10?),

where N (a,b) denotes a normal distribution with its (mean, variance) = (a,b).
Given z ~ N;, the task is to predict NV; among i = 0,1,2. The aim of DIL is to
ignore the second component of x, as it works as a domain-specific factor. Given
e* € N5q ranging from 0 to 50, each experiment draws D ~ Py.- yer With its sample
size n¢ = 2000, and then predicts Y~¢ from X~¢. Setting g by g(0) = 0 and
g(1) = g(2) =1, we draw D¢, ~ Pxe ze from &, = {—100,—-50, 0,50, 100} with its
sample size n® = 1000 (Ve € &,4). These data are visualized as Fig. 6.1. Left and
middle figures illustrate training and test data on e* = 5 and 50, respectively. As e*
increases, the test data and train data are more different, and therefore ERM will
yield lower performance. Right figure illustrates Dg,;. We model ® by a 3-layer neural
net. Setting the maximum epoch 500, we select (, Agfter) from 3 x 5 candidates with
t € {0,100,200} and A, e € {10°,10%,...,10*} by each of the CV methods.

Table 6.1 shows the test accuracy of the estimates for e = —e* over 2000 random
samples (7,y) ~ Py-c+ y-er. Oracle shows the results of the experiments with the
first component. The best scores are bolded. When e* = 0 and 5, the distribution of

training domain (e*) are similar to the one of test (—e*), and hence, the TL methods
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=0 [ e=5 ] =10 [ e=15 | e=20 [ e=25 | =30 [ =3 | =40 [ =45 [ =50
Oracle 906 (.007)

ERMI 780 (:218) | 791 (174) | 637 (188) | 329 (201) | 324 (:328) | 3IL(:260) [ 159 (193) [ 140 (171) | 132 (.161) | 166 (.147) | 051 (.10D)

ERM2 868 (043) | 849 (101) | 741 (159) | .690(141) | 591 (.138) | .651(.118) | 613 (.150) | .539 (-096) | .505(.017) | .600 (:035) | 689 (177)
FT -899 (.000) | .863 (.001) | 575 (002) | 508 (.001) | 673 (103) | .583 (-088) | 402 (:004) | 350 (.001) | .003 (:000) | .000 (-000) | 000 (. nm)
FF 899 (:000) | 861 (.002) | 540 (.102) | .58 (.001) | .673 (.102) | .628 (.001) | 40T (001) | 351 (.002) | 066 (-132) | 000 (-:000) | 000 (:000)
DSAN (G684 (.008) | 367 (016) | 195 (015) | 112 (.008) | 045 (.008) | .03 (.003) | .006 (:001) | .00I(.00I) | 000 (.000) | 000 (.000) | 000 (.000)
Ours + Our CV I | 799 (:232) | 784 (231) | .884 (.021) | .875 (.044) | .815 (.098) | .738 (:209) | .865 (.047) | .659 (.233) | .666 (.285) | .776 (.080) | .699 (.255)
Ours + Our CV 1T | 799 (:232) | 783 (:231) | .884 (.021) | .875 (.044) | .815 (.098) | .738 (:209) | .865 (.047) | .659 (.233) | 5063 (291) | .776 (.080) | .699 (.255)
Ours + Tr-CV__| 790 (:230) | 776 (:225) | .609 (.163) | 491 (.095) | .36 (.147) | .248 (192) | .376 (.033) | 215 (168) | .148 (.127) | .189 (108) | .03 (.138)
Ours + LOD-CV_| 662 (.180) | 521 (.145) | 569 (:204) | 538 (.168) | 450 (.158) | .371 (213) | A1 (:221) | 571 (221) | 380 (196) | 423 (218) | .316 (.127)
Ours + TDV__ | 915 (.005) )5 (.006) | 896 (.002) | .895 (.010) | 848 (:.059) | .849 (069) | .887 (:030) | .764 (152) | .796 (174) | .848 (055) | .775 (.179)

Table 6.1: Average Test ACCs and SEs of Synthesized Data (5 runs)

yield high performances. As e* increases, the difference between the training (e*) and
test (—e*) distributions becomes larger, and the previous methods fail to achieve high
accuracy. The proposed methods (Ours) keep higher performance than the others
even for large e*. Among the CV methods, our two methods (CVI, CVII) significantly
outperform the others for larger e*. For this data set, CVI and CVII show almost

the same performance.

6.2 Colored MNIST

We apply our framework to Colored
MNIST [Arjovsky et al., 2020] with
Y = [10] and Z := [2]. We aim
to predict Y° € ) from digit image
data X¢ € R?*?4*24 The label Y* is
changed randomly to one of the rest

uniformly with a probability of 15%.

All digits in images are colored red or
green. The domain e € [0, 1] controls Figure 6.2: Colored MNIST Dataset.

the color of digits; the digits Y°¢ > 4

and Y¢ < 4 are colored in red and green, respectively, with probability e. In training,
D ~ Pxo. yoa is drawn with sample size n® = 5000, and in testing, Y is predicted
from X°€ for ey := 0.9. Regarding the coarser labels Z¢, the task is to predict Z¢ =0
for X¢in 0—4 and Z¢ =1 for 5—9 (that is, g(Y¢) = 1 if Y > 4 and else, g(Y¢) = 0).
The label Z¢ is swapped randomly with 15%. We set &4 = {0.1,0.3,0.5,0.7,0.9}
with n® = 5000 for each e € £,;5. We model ® by a 3-layer neural net. Setting the
maximum epoch 500 and Apegore := 1.0, we select (£, Aagier) from 4 X 7 candidates with
t € {0,100,200, 300}, Aatier € {10°,10%,...,10°} by each of the CVs.
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Table 6.2: Average Test Accuracies and SEs of Colored MNIST and ImageNet (5

runs)

. ImageNet ImageNet ImageNet
Dataset CMNIST Y3 Y= [1] Y= [11],
Best possible .850
random guess .100 .333 143 .059
Oracle .822 (.000) 743 (.018) 749 (.008) .708 (.010)
ERM 1 .630 (.006) 417 (.016) | .507 (.020) | .357 (.020)
ERM 2 .751. (.002) .606 (.014) .535 (.005) .465 (.008)
FT .493 (.038) .463(.030) .409 (.020) .361 (.011)
FF .512 (.019) 482 (.127) .226 (.046) .162 (.011)
DSAN .091 (.005) .278 (.004) .293 (.008) .060 (.007)
Ours + CV 1 .673 (.006) .652 (.028) | .622 (.011) | .556 (.004)
Ours + CV II .774 (.006) | .666 (.027) | .622 (.011) | .556 (.004)
Ours + Tr-CV .678 (.008 ) .641 (.033) .612 (.012) .544 (.013)
Ours + LOD CV | .774 (.006) .525(.028) 572 (.022) .528 (.019)
| Ows+TDV | 774 (006) | .673 (035) | .634 (.033) [ .556 (.004) |

Dataset [ cvi [ cvh | TrCV [ LOD-CV |

CMNIST .102 (.006) | .000 (.000) | .102 (.007) | .003 (.002)
ImageNet: Y = [3] | .027 (.029) | .013 (.020) | .025 (.021) | .170 (.041)
ImageNet: Y =[7] | .012 (.001) | .012 (.001) | .018 (.015) | .054 (.024)
ImageNet: J = [17] | .000 (.000) | .000 (.000) | .001 (.002) | .025 (.021)

Table 6.3: Means and SEs of {(Accuracy of TDV on e3) — (Accuracy of Each CV on

ez) } (bruns).
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Figure 6.3: ImageNet Experiment Dataset.

Table 6.2 shows the test accuracies for 2000 random samples in the domain es.
Oracle show the result of ERM with grayscale MNIST. The best scores are bolded.
The results, together with additional ones in Appendices A.1 and A.2, demonstrate
that the proposed methods outperform the others for e5. Among the two proposed
methods, CV II and LODCYV yields higher test accuracies on e,. Table 6.3 shows
the accuracy gain of each CV from TDV with the same data sets for domain es.
The lowest errors are bolded. These results, together with Appendices A.1 and
A.2, concur with the theory in Section 3.4.2 suggesting that CVII succeeds in wider

situations, resulting in smaller errors.

6.3 ImageNet

To see the performance of the proposed methods for more practical data, they are
applied to the ImageNet [Deng et al., 2009] with its label re-annotated imitating
BREEDS [Santurkar et al., 2022|, which proposes a method for re-annotating ImageNet
to create an o.0.d. benchmark. The target task here is to predict labels Y¢ € Y
of images X¢ € R3*224x224 " We conduct three experiments with || = 3,7,17. For
each experiment, we prepare image datasets in different two manners e; and e;. The
datasets consist of images belonging to one of the classes ). 2, 4, and 8 classes out
of 3, 7, and 17 classes, respectively, are composed of different subtypes between e,
and eo; for example, the images of class bird in e; are composed of ruffed grouse and

indigo bunting, and the bird images on e, are composed of albatross and water ouzel
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(Figure 6.3). In detail, show Appendix B.1. In training, D¢ ~ Pxe; ye; is drawn, and
in testing, Y¢ is predicted from X¢ on es. The coarser label Z¢ is binary (that is,
Z = [2]), and the sample with coarser labels D¢, of (X*¢, Z¢) is drawn from both e;
and ey. Here, D¢} is the same as D° but with labels re-annotated by g. We model ®
by ResNet50 [He et al., 2016]. Setting the maximum epoch 32 and Apefore := 0.1, we
select (¢, Aafter) from 3 X 4 candidates with ¢ € {10, 20,30}, Aagter € {0, 1,10,100} by
each of the CVs.

Table 6.2 shows the test accuracies on ey. Oracle show the result of training
with both e; and e;. The best scores are bolded. We can see that the proposed
framework succeeded in predicting on e;, while the other methods failed. Table 6.3
shows the accuracy gain of each CV from TDV with the same data sets for domain
eo. The lowest errors are bolded. This result verifies that CVI and II select A with
the smallest error.

6.4 Comparison of Two CV Methods

To highlight the difference between the proposed two CVs, we compare them regarding
the discrepancy between the additional domains &,4 and the domain for training of
the target task e*. We used synthesized data with X = R? ) = [10] and Z := [2],
preparing ten distributions {N;}12, on R?, which include a domain-specific factor in
the second component depending on e € Z. Explicit representations of {N;}12, are

as follows:

= N(—180,20%) x N (—5e, 30?),
= N(—100,20%) x N (—3e, 30%),
= N (—20,20%) x N (—1e, 30%),
= N(60,20%) x N'(—2¢,30%),
= N(140,20%) x N(—4e, 30?),
(—140,20%) x N (4e, 30%),
(—60,20%) x N(2e,30%),
(20,20%) x N(1e, 30%),
(100, 20%) x N(3e, 30%),
Nio = N(180,20%) x N (5e,30%).

Zzzzz2z2z2¢"

N
=N
N
N
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Figure 6.4: Data Visualization of Comparison of Two CV Methods.

Cad = —9 Cad = —8 Cad = =T €ad = —6 €ad = —5 € = —4 €ad = —3 Cad = —2 Caa = —1 caa =0 Cad =1
TDV | 596 (.078) | 621 (046) | 630 (.041) | 595 (06L) | 590 (.087) | 621 (.050) | 564 (.071) | .532 (.056) | .535(.003) | 520 (.121) | 575 (.107)
CV 1 | .529 (.128) | .555 (111) | .562 (086) | .566 (.100) | .375 (.145) | 346 (172) | 372 (176) | .358 (.167) | .300 (.146) | .173 (.143) | .218 (.087)
CVIT| 527 (152) | .573 (.089) | .565 (.085) | .572 (.072) | .522 (.110) | .523 (.102) | .482 (.113) | .506 (.153) | .430 (.146) | .437 (.157) | .502 (.149)

Table 6.4: Comparison of Two CVs: Average Test ACCs and SEs of the Estimates
(10runs).

The task is to predict the distribution label i € {1,...,10}. Setting e* := 20 with
n¢ = 60000, the test task is to predict the label for domain e = —20. Regarding
the task with coarser labels, we use g(y) = 0 if y > 4 and g(y) = 0 else. We draw
DS, ~ Pxe ze (n® =20000) from &,4 = {€q4q,40}, where e,q ranges from —9 to 1. As
€qq INcreases, e,q approaches to e*. Fig. 6.4 visualizes the data generating process.
Left figure illustrates the training and test data of second experiment. Right figure
illustrates D29 and D% with e,q = —9.

The model @ is a 3-layer neural net. We set the maximum epoch 500 and ¢t = 0,
and select Auper from 4 candidates Aager € {0,0.001, 80,100} by each CV method.

Table 6.4 shows the test accuracy on e = —e* with 2000 random samples
(z,y) ~ Px-e y-er. From the results, we can see that CVII tends to select bet-
ter hyperparameters than CVI, especially in the case where the variation among the
domains is smaller as e,q approaches to e*. This accords with the theoretical results
in Theorems 10 and 11, which show that CVII finds a correct hyperparameter in

smaller discrepancy between &,4 and e* than CVI.
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| | annotation | CVI | CVII | TDV |

complete | .622 (.008) | .622 (.008) | .634 (.033)

Y =17 .
automatic | .629 (.013) | .630 (.011) | .631 (.011)
Y- 17 complete | .556 (.004) | .556 (.004) | .556 (.004)
N automatic | .552 (.013) | .552 (.013) | .554 (.009)

Table 6.5: Means and SEs of Pre-trained Classifier Experiment (5runs).

[ y-m | y=07 |

| acc. | .995 (.000) | .995 (.000) |

Table 6.6: Means and SEs of Pre-trained Classifier Experiment (5runs).

6.5 Coarser Label Annotation with Pre-trained

Classifiers

We demonstrate the performance of the proposed methods with coarser labels Z¢ =
g(Y®) annotated by pre-trained classifiers available on the Internet. In the previous
experiments, we assume that the binary coarser labels Z¢ are given in advance. In
practice, its annotation may be done by a binary classifier on the Internet as well
as by humans with crowd-sourcing. Recent progress in artificial intelligence enables
us to access a high-quality, pre-trained classifier such as a ResNet pre-trained with
ImageNet. Noting that classification ability is much higher for a task of a smaller
number of classes as noted in Chapter 1, pre-trained classifiers will enable us to
annotate precisely binary labels.

We prepare image datasets in Section 6.3 with |Y| = 7,17. In training, D¢ =
{(#%,4°")} ~ Pxeryer is drawn on e, and D¢ = {(22)} ~ Pxe,, dataset of images
without any labels, is drawn on e;. We prepare ResNet50 [He et al., 2016] with
its hyperparameter fixed following Vryniotis [20121] (the pre-trained parameter is
available on Pytorch). After annotating Z¢ by the pre-trained classifier, we apply our
proposed method.

Table 6.5 shows the result of test accuracy on e = e;. Here, the row “complete”
shows the results with Z¢ given in advance (that is, the same results as the ones
in Section 5.2), and the row “automatic” shows the results with Z¢ annotated by
the pre-trained classifier. The result shows that our framework with automatic
annotations gives the almost same result as one with completely coarser labels. Table

6.6 shows the accuracies of automatic annotation by a pre-trained classifier. The
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result shows that automatic annotation of coarser labels Z achieves good accuracy so
that we can use it reliably as the coarser label to extract invariance in the proposed
methods.
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Chapter 7
Conclusions

Out-of-distribution generalization is an important problem for the future of machine
learning. Domain Invariance Learning framework is a rapidly developed approach for
the out-of-distribution generalization problem. Their proposed estimator is composed
of two maps, (i) a domain invariance ® defined in Chapter 2 and (ii) a predictor of
labels from a featured image ®(x).

DIL approaches have two shortcomings in practice. The first shortcoming is
annotation cost. While the conventional estimation of domain invariances demands
training data from multiple domains, it often involves expensive and exhausting
annotation. The second limitation is hyperparameter selection. While most DIL
methods involve some hyperparameters to balance the classification accuracy and
the degree of invariance, its selection from training data is known to have special
difficulty.

The Ph.D. thesis has two contributions. Firstly, we have proposed a new domain
invariance framework to reduce annotation costs: assuming the availability of datasets
for another relevant task with coarser labels, we obtain a domain invariant predictor
for the target classification task using training data in a single domain. Since the
additional task with coarser labels involves lower annotation cost, our novel DIL
demands lower and cheaper costs than ones needed in conventional DIL. Secondly,
we have also proposed two cross-validation methods for hyperparameter selection.
The key idea is to use additional coarser labeled data from multiple domains, in
addition to training data of a single domain for the target task, for the derivation
of o.0.d. risk. Theoretical analysis has revealed the correctness of our methods,
including cross-validation methods, and the experimental results have demonstrated

the effectiveness of the proposed framework and cross-validation methods.
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There may be some limitations of the proposed methods, in that our method
removes important information for a prediction as well as unnecessary ones. There are
fewer domain invariance features among domains as the number of domains becomes

larger; more formally, for given two domains & and & with & C &,

{CI) X = H |PY€1‘¢)(X61) = Pyez@(Xeg) for all €1,69 € 52}
C {(I) X > H ‘PY€1|<I>(X€1) = Pye2|q>(Xe2) for all €1,62 € 51}

holds. The inclusion shows that, in return for the domain invariance estimation,
domain invariances estimated by our method may remove important factors on some

domains especially when |£| is large.

7.1 Suggestions for Future Research

This section suggests possible extensions and developments of our analysis.

7.1.1 Discrepancy among Training Distributions

In Theorem 8, 9, 10 and 11, the effectiveness of the proposed objective function
and CV methods are ensured only if at least two training domains have enough
discrepancy in distributions. In general, different domains do not necessarily have a

discrepancy in distributions; judging it is a further important problem.

7.1.2 Application to Medical Data

The proposed method should be applied to other problems in addition to the ones
addressed in Chapter 6. Disease detection from X-ray scans is one of the important
examples. The X-ray scan problem struggled with out-of-distribution generalization
as noted in Chapter 1, and hence, it is important to apply DILs to the problem.
Against the importance, its application is often difficult because of annotation costs;
annotating the sub-types of diseases would require expert knowledge. Our new
framework is expected to mitigate the expensive cost; as classification becomes

coarser, its annotation demands less expert knowledge.
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7.1.3 Application to Problems in Fairness

Moreover, our methods may be useful for fairness problems in machine learning
[Dastin, 2018]. Several models trained by conventional methods have been pointed
out as making decisions based on discriminatory factors, for example, gender or
nationality, and estimation without them is known to be important. Our domain
invariance estimation will be available beyond the image recognition task, and hence,
will enable us to train models which predict labels without using any discriminatory

factors.

7.1.4 Scope of Proposed CV Methods

The applicable scope of the proposed CV methods should be investigated. In the
thesis, we only apply the proposed CV methods to hyperparameter selection on our
proposed objective function. As noted in Chapter 2, various objective functions
for DILs are proposed, and they also include hyperparameters to be selected from
training data. It is expected that the two CVs can also select these hyperparameters.
Moreover, our CVs may select other parameters, such as neural network architectures

or running rates. This should be also investigated.

7.1.5 Improvement of the Proposed CVs via Inequalities in
Theorem 7 and 8

The inequalities (ii) and (ii)’ in Theorem 7 and 8 define the notion of how good
our CV methods are; the second method is better than the first one since g, < f.
Through inequalities (ii) and (ii)’, the notion of improvement can be also considered;
new methods which attain §* < [, are better than the second CV method. the
new concept of improvement is expected to open new doors to the development of

hyperparameter selection for o.0.d. generalization problem.
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Appendix A

Additional Experiment

A.1 Additional Experiments: Colored MNIST in
Section 6.2

Although the Colored MNIST experiment in Chapter 6 fixes its flip rate to 15%, we
additionally demonstrate by changing its flip rate among {10%, 15%, 20%, 25%}.

flip rate | Test Acc. on Oracle ERM1 ERM2 FT FF DSAN Ours + CV1 | Ours + CV2 [[ Ours+TDV
0.25 e=0.1 150.001) .693(.001) .697(.001) .676(.003) .677(.002) | .593(.007) .706(.005) .664 (.013) 690 (.008)
e=0.9 433 (.004) | .633(.002) | .250 (.020) | .248 (.015) | .073(.003) .753(.011) .618 (.018) .657(.008)

0.20 e=0.1 769(.001) .800(.001) .734(.001) .727(.002) .725(.004) | .639(.003) .752(.006) .721 (.015) .745 (.007)
e=0.9 .525 (.004) | .697(.002) | .368 (.029) | .364(.011) | .080(.004) .576(.014) .685 (.019) .719 (.004)

015 e=0.1 522(.000) .802(.002) .786(.001) .782(.006) .786(.003) | .682(.002) .806(.006) .794 (.008) .794 (.008)
e=0.9 .630 (.006) | .751(.002) | .493 (.038) | .512(.019) | .091(.005) .673(.006) 774 (.006) 774 (.006)

010 e=0.1 s720.001) .848(.002) .829(.002) .827(.004) .829(.003) | .593(.007) .857(.005) .842 (.008) .834 (.001 )
e=0.9 .719 (.004) | .808 (.002) | .611(.016) | .623 (.021) | .073(.003) .756(.007) .800 (.007) .821 (.006)

Table A.1: Test Acc. of Colored MNIST (5runs)
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| | mcCcv [ LOD-CV |

15 | 702 (.002) [ 590 (.004)
2| 597 (.006) | .460 (.197)
090 | 754 (004) [ 716 (.018)
7| 678 (.008) | .692 (.010)
015 | -S0L (-016) [ 787 (.004)
2| 678 (.008) | .774 (.006)
010 | 854 (-005) | .836 (.004)
| 751 (.013) | .819 (.008)

Table A.2: Baselines of CV Methods

| [ CV 1 [ CVII | TrCV | LOD-CV |
0.25 | .051 (.053) | .040 (.017) | .163 (.006) | .197 (.205)
0.20 | .143 (.012) | .034 (.017) | .132 (.008) | .023 (.018)
0.15 | .102 (.006) | .000 (.000) | .102 (.007) | .003 (.002)
0.10 | .065 (005) | .021 (.010) | .075 (.010) | .005 (.002)

Table A.3: Means and SEs of {(Accuracy of TDV on e = 0.9) -(Accuracy of Each
CVone=0.9) } (5runs).

Table A.1 and A.2 show that, among several CV methods, our method II keeps a
high predictive performance regardless of flipping rates. Table A.3 shows the difference
between accuracies by TDV and each CV for the same data set with e = 0.9. The

result verifies that CVII selects preferable hyperparameters with smaller errors.

A.2 Additional Experiments: Colored MNIST I1

We conduct an additional Colored MNIST experiment, changing annotation and
coloring rules from ones in Section 6.2. Setting Y = [3] and Z := [2], we aim to
predict Y¢ from digit image data X ¢, which are in the three categories 0 —2 (Y¢ = 0),
3ord (Y¢=1)and 5—9 (Y =2). The label is changed randomly to one of the
rest with a some probability ranging from {10%, 15%, 20%, 25%}. The domain index
e € [0.0,1.0] controls the color of the digit; for Y¢ = 0,1, the digit is colored in
red with probability e and for Y¢ = 2 colored in green with probability e. In the
experiment, D¢ ~ Pxo.1 yo1 is drawn with sample size n¢ = 5000, and Y¢ is predicted
based on X° for e = 0.1 and 0.9. Regarding Z¢, we consider the task where we predict
Z¢=0for X¢in 0 —2 and Z° =1 for 3 — 9 (that is, g(0) = 0 and g(1) = g(2) = 1).
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We obtain the final label by flipping with some probability. As the domain-specific
factor, we color the digit red for Z¢ = 0 with probability e and green for Z¢ = 1 with
probability e. We set £, = {0.1,0.3,0.5,0.7,0.9} with n® = 5000 for Ve € £,4. We
model ® by a 3-layer neural net. With the maximum epoch 500, we select (¢, Ay fter)
from 3 x 10 candidates with ¢ € {0,100,200}, Ay prer € {10°, 10, ...,10°} by each CV
method.

flip rat Test Acc. on Oracle ERM1 ERM2 FT FF DSAN Ours + CVI Ours + CVII Ours+ TDV
0.5 =0.1 729 (.004) 771 (.001) .776(.002) 771 (.001) | 771 (.001) | .767 (.004) 727 (.004) 714 (.013) .673 (.006)
=0.9 (125 (.003) | .277(.002) | .128 (.002) | .131 (.002) | .085 (.003) .622 (.015) .644 (.019) .690 (.009)

=0.1 796 (.000) .801 (.001) .800 (.001) 796 (.001) 789 (.004) 773 (.003) .745 (.008) .738 (.018)

020 =0.9 780 (:002) 177 (.006) .353(.004) .201 (.004) .200(.007) .091 (.005) 644 (.011) 707 (.012) .732 (.008)
=0.1 822 (.000) | .830 (.001) | .823 (.001) .824 (.002) 815 (.002) 814 (.007) .797 (.011) .822 (.001)

0-15 =0.9 828 (.004) 277 (.007) | .453 (.004) | .323 (.006) 312 (.012) 091 (.002) 724 (.037) .743 (.020) 782 (.012)
010 =0.1 880 (.004) .852 (.002) .861 (.001) .855(.001) .856 (.001) .833(.003) .848 (.005) .848 (.005) .857 (.005)
=09 .468 (.002) .450 (.018) .497 (.005) .500 (.007) .106 (.010) 792 (.005) .792 (.005) .829 (.005)

Table A.4: Test Accuracy for Colored MNIST (5runs)

\ | Tcv | LOD-CV |

005 | 79 (.008) | .362 (.059)

' 459 (.012) | .372 (.037)
0.90 794 (.004) | .338 (.048)

' 541 (.007) | .334 (.029)
015 | 834 (002) [ 348 (.031)

71 .634 (.008) | .358 (.024)
0.10 | 876 (.003) [ 502 (.196)

] .708 (.006) | 497 (.194)

Table A.5: Baselines of CV Methods

| [ CV1 [ CVII | TrCV | LOD-CV |
0.25 | .068 (.007) | .046 (.023) | .231 (.013) | .319 (.033)
0.20 | .088 (.004) | .025 (.006) | .191 (.014) | .398 (.025)
0.15 | .059 (.038) | .039 (.022) | .148 (.019) | .430 (.028)
0.10 | .037 (.010) | .037 (.010) | .121 (.008) | .332 (.196)

Table A.6: Means and SEs of {(Accuracy of TDV on e = 0.9) -(Accuracy of Each
CVone=0.9) } (5runs).

Table A.4 and A.5 show test accuracies for 2000 random samples in the domains
e = 0.1 and e = 0.9. The results demonstrate that the proposed methods significantly
outperform the others for e = 0.9. Among the two proposed methods, CV II yields
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the higher test accuracy. Table A.6 shows the difference between accuracies by TDV
and each CV for the same data set with e = 0.9. The results verify that CVII selects

preferable hyperparameters with smaller errors.
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A.3 Additional Experiment: Bird Recognition

Our method is applied to the Bird recognition problem [Sagawa et al., 2020], which
aims to predict three labels Y of images X¢: waterbird (Y°¢= 0), landbird (Y= 1)
and no bird (Y°= 2). The dataset is made by combining background images from the
Places dataset [Zhou et al., 2018] and bird images from the CUB dataset [Welinder
et al., 2010] in two different ways £ := {ej,e2}. In domain e;, we prepare three
types of images: landbird image with land background, waterbird image with water
background, and no bird with land background (Figure A.1, left). In domain ey, we
have landbird images with water background, waterbird images with land background,
and no bird with water background (Figure A.1, right). For the sample of the target
task, we used the domain e* = e; and generated n® = 8649 data D¢ ~ Pxey yer.
The sample with coarser labels D¢, of (X¢, Z¢), whose label is landbird (Z¢ = 0)
and no landbird (Z¢ = 1) (i.e., g(1) = 0 and ¢g(0) = ¢g(2) = 1), is drawn from
both e; and ey with n® = n® = 8649. Here, we use D° as D with labels of D%
re-annotated by g. We made a predictor of Y¢ based on X¢ and evaluated the
test accuracy in the two domains e = e1,e5. We model ® by ResNet50 [He et al.,
2016]. Setting the maximum epoch 5, we select (¢, Ay feer) from 5 x 5 candidates with
t € [5], Aasrer € {10°,10%, ..., 10*} by each CV method.

Data on environment1 Data on environment2

Landbirds + water

O

Waterbirds + water ~ No birds + water

Figure A.1: Visualization of Bird Recognition Problem

Table A.7 shows test accuracies with 2162 random samples for e; and ey. Oracle
shows a result of ERM with samples from both e; and e; given. TDV selects A which
yields the highest performance on e;. Best scores are bolded. We can see that the
proposed framework together with CV methods succeeded in capturing the predictor
invariant to the change of background, while the other methods failed. ERM and FT
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Test Acc. on e Test Acc. on ey
Oracle .875 (.018)

ERM1 902 (.008) 317 (.044)
ERM?2 904(.112) 465(.008)
FT 1909 (.012) 364 (.028)
FE 767 (.024) 052 (.013)

Ours +Our CV I .897 (.020) 727 (.062)

Ours +Our CV 1II .897 (.020) 727 (.062)
Ours +Tr-CV .919 (.006) .651 (.031)
Ours +LOD CV .338 (.048) .334 (.029)
Ours +TDV 886 (.035) 782 (.020)

Table A.7: Average Test Accuracies and SEs of Bird Recognition Problem (5 runs).

show much higher accuracy for e; than Oracle and worst results for es, which implies

that these methods learn spurious correlation in D¢ .
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A.4 Additional Experiment: ImageNet

In the main body, only test accuracies on ey are shown. The result adding test

accuracies on the training domain e; are as follows:

ImageNet: YV = [3], Z = [2]. ImageNet: YV = [7], Z = [2].
‘ ‘ Test Acc. on ey ‘ Test Acc. on es ‘ ‘ ‘ Test Acc. on ey ‘ Test Acc. on es
random guess 333 random guess .143
Oracle .743 (.018) Oracle .749 (.008)
ERMI 750 (.016) 417 (.016) ERMI 740 (.017) 507 (.020)
ERM2 713 (.009) 606 (.014) ERM2 .683(.006) 535(.005)
FT .793 (.018) 463 (.030) FT .626 (.028) .409 (.020)
FF 439 (.002) 482 (.117) FF 191 (.004) 226 (.046)
DSAN 288 (.012) 278 (.004) DSAN 184 (.012) 293 (.008)
Ours + CV 1 843 (.024) 652 (.028) Ours + CV 1 853 (.006) .622 (.011)
Ours + CV II .852 (.009) .666 (.027) Ours + CV II .853 (.006) .622 (.011)
Ours + Tr-CV .873 (.009) .641 (.033) Ours + Tr-CV .850 (.004) 612 (.012)
Ours + LOD CV | 857 (.012) 525 (.028) Ours + LOD CV | .825 (.017) 572 (.022)
Ours + TDV | 857 (012) | 673(035) | [ Ows+TDV [ .837(019) [ .634(.003) |

ImageNet: Y = [17], Z = [2].

‘ ‘ Test Acc. on e ‘ Test Acc. on e

random guess .059
Oracle .708 (.010)
ERM1 577 (.003) .357 (.020)
ERM2 .610(.015) .450(.018)
FT 545 (.009) 361 (.011)
FF 201 (.004) 162 (.008)
DSAN .058 (.008) .060 (.007)
Ours + CV 1 776 (.006) 556 (.004)
Ours + CV II 776 (.006) 556 (.004)
Ours 4+ Tr-CV 767 (.005) .544 (.013)
Ours + LOD CV 742 (.027) .527 (.019)
Ours + TDV [ 776 (006) [ .556 (.004) |
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Appendix B

Experimental Details

B.1 Detail of ImageNet Experiment Dataset

In the ImageNet experiment in Section 6.3, ) is set as follows:
e )V = [3]:{bird, turtle, snake}
e YV =[7]: {bird, turtle, snake, cat, food, vehicle, building},

e )V = [17]: {bird, turtle, snake, cat, dog, monkey, spider, butterfly, food,

vehicle, building, shoes, hat, instrument, tellephone, bottle, chair}.

Images of bolded labels are composed of different species among e; and e;. Explicitly,

dataset are composed as follows:

Y =[3]
label €1 €9
bird ruffed grouse, indigo bunting albatross, water ouzel
turtle loggerhead, leathback box turtle, mud turtle
snake thunder snake, garther snake, ringneck. snake
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label

el €2
bird ruffed grouse, indigo bunting albatross, water ouzel
turtle loggerhead, leathback box turtle, mud turtle
snake thunder snake, garther snake, ringneck. snake
cat persian cat, siamese cat, egyptian cat
food cucumber, strawberry, pizza
vechicle submarine, container ship golfcart, jeep
building lighthouse, fountaink castle, water tower
Y =[17]
label e1 €9
bird ruffed grouse, indigo bunting albatross, water ouzel
turtle loggerhead, leathback box turtle, mud turtle
snake thunder snake, garther snake, ringneck. snake
cat persian cat, siamese cat, egyptian cat
dog eskimo dog, dalmatian newfoundland, German shepherd
monkey guenon, colobus, titi
spider wolf spider, garden spider, barn spider
butterfly ringlet, monarch, cabbage butterfly
food pizza, strawberry cucumber, broccoli
vechicle submarine, container ship golfcart, jeep
building lighthouse, fountaink castle, water tower
shoes clog, sandal running shoe, loafer
hat pickelhaube, crash helmet, hat with a wide brim
instrument acoustic guitar, electric guitar, violin
tellephone cellular telephone, dial telephone, pay-phone
bottle pill bottle, pop bottle beer bottle, wine bottle
chair barber chair, folding chair, rocking chair
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B.2 Model Architectures and Optimization Proce-

dures

Through the experiment in the present thesis, all models of competitors are composed
of neural networks where its loss function, activation function, and optimizer are
cross entropy, Relu Networks and Adam [Kingma and Ba, 2015]. In the following
explanation, NN with its model architecture a — hy — - -+ hy — h, — P}, means
that its input and hidden dimensions are a and (hq, ..., h,) respectively, and its
output is probability density functions on [m]. NN with its model architecture
a— hy — ---hy — h, — b means that its input, hidden and output dimensions are
a, (hy, ..., h,) and b respectively. All the experiment, we add L2-reguralized term to
our objective function.

We add explanations of previous CV methods. Tr-CV implements cross-validation
with using only D*. In LOD-CV, a model is learnt with excluding one of the D¢ C D,,4
from D,4, and evaluate its performance by D¢. Changing the role of e € &,4, and

taking their mean, we evaluate final CV-value.

Synthesized Data

We set model architecture of ® used in our method 2 — 20 — 20 — 1. We set
model architecture of ERM 2 — 20 — 20 — Pj3. When we use F'T and FF, its
model architecture on pre-train phase and retraining phase are 2 — 20 — 20 — Py
and 2 — 20 — 20 — Py respectively. We set running rate and hyperparameters of
L2-regularized term 0.0115 and 0.01 respectively. When we use DSAN [Stojanov
et al., 2021], we inherit learning condition in the Amazon Review dataset experiment.
When training, we use batch learning. We set K = 10 of each CV method.

Colored MNIST

We set model architecture of ® used in our method 2 — 440 — 440 — 440. We set
model architecture of and ERM 2 — 440 — 440 — Pjj;. When we use F'T and FF, its
model architecture on pre-train phase and retraining phase are 2 — 440 — 440 — Py
and 2 — 440 — 440 — P}y respectively. We set running rate and hyperparameter of
L2-regularized term 0.0004 and 0.002 respectively. When we use DSAN, we inherit
learning condition in the Amazon Review dataset experiment. When training, we use
batch learning. We set K = 10 of our CV method.
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ImageNet

We set model architecture of ® used in our method ResNet50 [He et al., 2016] with
changing its output dimension 256. We set model architecture of and ERM ResNet50
[He et al., 2016] with changing its output Pjz. When we use FT and FF, its model
architecture on pre-train phase and retraining phase are ResNet50 [He et al., 2016]
with changing its output dimension 2 and 3 respectively. We set running rate and
hyperparameter of L2-regularized term 0.00004 and 0.001 respectively. When training,

we use minibatch learning with a minibatch size 56. We set K = 5 of each CV method.

CV comparison experiment

We set model architecture of ® used in our method 2 —+ 8 — 8 — 1. We set running
rate and hyperparameters of L?-regularized term 0.05 and 0.001 respectively. When
training, we use minibatch learning with dividing D*, D’ and D* into 50 equal
parts respectively. We set K = 10 of each CV method.

Appendix: Birds recognition

We set model architecture of ® used in our method ResNet50 [He et al., 2016] with
changing its output dimension 256. We set model architecture of ERM ResNet50
[He et al., 2016] with changing its output Pjs. When we use FT and FF, its model
architecture on pre-train phase and retraining phase are ResNet50 [He et al., 2016]
with changing its output dimension 2 and 3 respectively. We set running rate and
hyperparameter of L?-regularized term 0.00004 and 0.001 respectively. When training,

we use minibatch learning with a minibatch size 56. We set K = 5 of each CV method.
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