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Abstract

The Tokai-to-Kamioka (T2K) neutrino oscillation experiment will start in 2009.
In T2K, the center of the neutrino beam from J-PARC at Tokai will go through
underground beneath Super-Kamiokande (SK), reach the sea level in the Japan
(east) sea near Korean shore. When the beam center is 2.5° (3.0°) downward SK,
the neutrino beam with an off-axis angle greater than 1.0° (0.5°) can be observed
in Korea. We study the physics potential of the Tokai-to-Kamioka-and-Korea
(T2KK) experiment when an additional 100 kt-level Water Cerenkov detector is
placed in Korea during the T2K experimental period. We find that the matter
effect, which arises from the coherent interaction of v, (or 7,) off the electrons in
the earth matter, is a powerful tool to determine the sign of (m2 — m?), and the
CP phase, dvns, of the lepton flavor mixing matrix. The best combination of the
off-axis angles at each detector and the length for the Tokai-to-Korea baseline is
found to be 3.0° at SK (L = 295km) and 0.5° at L = 1000km. If we choose this
combination, and if the densities along the baselines are 2.8 g/cm? for Tokai-to-
Kamioka baseline and 3 g/cm? for Tokai-to-Korea baseline with 3% uncertainties,
the mass hierarchy pattern can be determined at 3-o level for sin? 20gcr 2 0.09,
and the CP phase can be constrained with £30° error for sin? 20gcr 2 0.06, after
5 years of running (5 x 102! POT). When we combine the result of the future
reactor neutrino experiments, such as Double-CHOOZ, RENO, DAYA-BAY, the
capability of determining the mass hierarchy pattern in T2KK is enhanced, and the
hierarchy pattern can be constrained at 3-¢ level for sin?20gcT 2 0.055. Because
of the importance of the matter effect, we study the matter profile along the
baselines of the T2KK experiment by using the recent geophysical measurements.
The average matter densn;y along the Tokai-to-Korea baselines is found to be 2.96,
3.01, and 3.03 g/em?® for the baseline length of L = 1000, 1100, and 1200 km,
respectively, with about 6% uncertainty. Only the real part of the first Fourler
mode gives non-negligible but very small contribution to the v, — 1, oscillation
probability. We find that, even if we enhance the error of the average matter
density from 3% to 6%, the capability of determining the neutrino mass hierarchy
pattern in T2KK does not deteriorate significantly because the measurement error
is dominated by statistics.
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1 Introduction

Before 1998, neutrinos had been thought to be massless particles by a lot of people.
In 1998, Super-Kamiokande collaboration reported that they discovered the neutrino
oscillation from the atmospheric neutrinos [1] Because neutrinos should be massive par-
ticles and have the finite lepton-flavor mixing angles in order to explain the neutrino
oscillation, the idea that the neutrinos are massless was overturned by the discovery of
neutrino oscillation. ’

After the discovery of the neutrinos oscillation, many people have been interested
in the origin of the neutrino mass and the flavor mixing, and the related topics such
as mass matrix at the GUT scale, the leptogenesis and so on. When we consider such
models, the value of the neutrino oscillation parameters are hints about the symmetry
and the picture of the mass matrix at the GUT scale. In other words, constraints on the
unmeasured oscillation parameters give us more hints to beyond the standard model.

In the three neutrino model, totally nine parameters aie related to the mass matrix.
Those are three neutrino masses, three lepton-flavor mixing angles, and three CP violat-
ing phase. About the CP phase, one is the lepton-conserving phase, which is the same
as the KM phase in the quark sector, and the others are lepton-number violating phases,
which can be taken non-zero value when neutrinos are Majorana particles. Among the
nine, the six parameters, two mass-squared differences, three flavor-mixing angles, and
the lepton conserving phase, are observables in the neutrino oscillation experiments.

As of December 2007, four of the six oscillation parameters have been messured in
neutrino oscillation experiments. From the atmospheric neutrino oscillation experiments
[2], we have measured the magnitude of the larger mass-squared difference and one of
the lepton flavor mixing angles, of which values are confirmed by the accelerator based
long baseline (LBL) neutrino oscillation experiments, K2K [3] and MINOS citeminos.
The another mass-squared difference and the mixing angle are measured in the solar
neutrino oscillation experiments [5, 6] and the KamLAND [7, 8] experiments which have
observed the i, survival probability from the reactor power plant at about 100 km dis-
tance. Regarding as the last mixing angle, CHOOZ [9] and Palo Verde [10] reactor
(RCT) neutrino experiment tried to measure the third mixing angle, frar, by the 7,
survival probability at about 1km distance, because the magnitude of the disappearance
probability is roughly proportional to sin? 20por. But these experiments could not ob-
serve the neutrino oscillation phenomena, and only give the upper limit on the value of
sin® 20per. The value of Orer will be expected to be measured in the future experiments
which will start from 2008 to 2009 [13, 15, 14, 11, 12]. Because the contribution from 4 is
proportional to sin Opcr, we do not know about ¢ at all now. There are other problem for



- already measured parameters, so called degeneracy problem. qu example, the absolute -
value of the lager mass-squared difference is already measured, but its sign have not
been constrained yet. So the tasks of the future neutrino oscillation experiments are the
measurements of the least mixing angle, and the CP phase, and solving the degeneracy
problems.

Here we briefly introduce the Tokai-to-Kamioka (T2K) neutrino oscillation experi-
ment, which will start in 2009[11]. In the T2K experiment, the great number of charged
7 by 50 GeV proton accelerator at Tokai village, J-PARC [16]. Then large number of
4 neutrinos are made by the decay of the pions, and shot through Super-Kamiokande
(SK) The main purpose of the T2K experiment is observing v, — v, oscillation. Be-
cause the magnitude of this transition probability is roughly proportional to sin® 20rcr,
measurement of the Vy — V. transition means the measurements of fror. In order to
observe the oscillation maximum of the v, = v, at SK effectively, the center of the T2K
neutrino beam is planed to be aimed the underground beneath SK and the Japan sea -
(East sea), and then the upper side of the neutrino beam reaches SK. The interesting
point that the lower side of the T2K neutrino beam will appear in Korea at the same
time [17, 19]. Recently, the possibility of placing second detector in Korea to measure
the lower side of the T2K neutrino beam have been discussed [18, 19, 20, 21, 22, 23].
These works point out that if we place the 100 kt level neutrino detector in Korea and
measure the T2K neutrino beam, we can measure the CP phase, and solv the degeneracy
problem by the two detector system when sin? QHRCT; is enough large to be measured in
T2K.

In this thesis, we study the mechanism of determining the neutrino mass hierarchy
pattern and the CP phase by the two detector system, and explore the physics potential
~ of T2KK experiment. This paper is organized as follows. The sections 2, and 3 are the
review parts about the fundamental of the neutrino oscillation phenomena. We study the
formalism of the neutrino oscillation in section 2. In section 3, we review the coherent
interaction between the neutrinos and the electrons inside the matter and its effect to
the neutrino oscillation. In section 4, we learn the present status of the neutrino oscil-
lation pa,rameters, and investigate how to detect the contribution from the unmeasured
parameters. In section 5, we briefly introduce the T2K experiment. Furthermore we
explain the basic idea of the T2KK experiment, and study the importance of the matter
effect in the T2KK experiment. In section 6, we checke the physics potential of T2KK
by the numerical calculations. In section 7, we discuss what happen if we combine the
T2KK experiment and the future reactor neutrino experiments, then confirms its effect.
In section 8, we estimate the earth profile along the Tokai-to-Kamioka and the Tokai-

to-Korea baselines by using the recent geophysics research, and then study the earth



matter effect in T2KK. Finally, we conclude this paper in section 9. In the appendix,
we derive the approximation formula for the time-evolution operator, which is useful for

understanding the neutrino oscillation.



2 Neutrino Oscillation

2.1 Neutrino oscillation in the two flavor model

In this section, we would like to review of the neutrino oscillation in the vacuum. At
first, we study the simplest case, two flavor neutrino model. - '

Here we consider the case that neutrino flavors are only e, and . When neutrinos are
massive particle, generally the flavor eigen-states do not correspond to the mass eigen-
states. The relation between flavor eigen-states, |v,) (@ =€, ), and mass eigen-states,

[;) (i =1,2) can be expressed as
Va) = Oai i) - (1)
Here O,; is the flavor mixing matrix, of which elements are
Oe1 = Oz = c086,0up = =01 = sinb. (2)

We can always take both sin # and cos 6 to be positive by redefinition of the field (state).
These sine and cosine function can be interpreted as the rates of the mass eigen-states in
the flavor eigen-states. At the following discussion, we take the frame that the mass eigen-
value for 1, my, is lighter than that for v, mg. Hamiltonian in the flavor representation

is given as,
Hgy = Oﬂi {(511(59'1\/ m% + p? + 6i25j2\/m§ + pz} Oaj

m3 + E?

m3 + E?
5E + bialjp 2 ) Ogj - )

~ Opi (51153'1 oV

From the first line to the second line in eq. (3), we take the relativistic limit, p? ~ 2 >

m?. Then the time evolution operator, Sg,, can be expressed as,

m?+ K2 my + I*
Sﬂa = <e_th) = Oﬂi (5.“(5]‘16 2F +- (552(51‘26 ' 2F Oaj
mi + E? m3 —mi
—TTTTT T (e ——— .
= € 2E OmOm -+ 0/320&26 2FE . (4)

Here we assume that neutrino travels in light speed, and we use the traveling length of

neutrino, L, instead of the traveling time, ¢ in eq. (4). Since the non-diagonal elements of
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Spe are not zero, flavor eigen-states transit by the time evolution. The flavor-transition
probability and the flavor-survival probability can be obtain as

2,02

Pg—)e = Ly = 1— Sin2 20 Sin2 (@#L) ) (5)
m2 — 2

P B =it opsa? (P2 ) ©)

We find in eqgs. (5) and (6) that the magnitude of the transition rate tells us the size of the
flavor-mixing angle, and when we fix the traveling length, L, the energy dependence of
the neutrino oscillation tells us the absolute value of the mass-squared difference. Notice
that the observed mixing angle, §, have the degeneracy solution; sin® 20 = sin?(mw — 26).
Because of this degeneracy solution, we can not understand which states are dominant
component in the z/e. state from the two-flavor neutrino oscillation experiment in the
vacuum. We will study that this degeneracy can be solved by the interaction between
neutrinos and electrons inside the matter in section 3.

2.2 Neutrino Oscillation in three flavor model

Here we study the neutrino oscillation in the three flavor model. Now the flavor
eigenstates are 1, 1/, and v,. Mass eigen-states are 11, vy, and vy and their cigen-values
are i, mg, and mg. Flavor eigen-states are related to the mass eigen-states through the
3 x 3 unitary matrix.

Ve 1%}
Ve | =Uuns | 2 | - (7)
Vr 128}

Here Upns is the lelgton flavor mixing matrix, so called Maki-Nakagawa-Sakata matrix
[24]. MNS matrix can be parametrize as,

Uvmns = UV,

Ual Ue2 U ed
U= U[,l,l U;LZ Upa

Ui Up U
= O12Ps013P{ Oz
1 0 0 1 0 0 \/ cosbhs O sinbs
== 0 COS 023 —gin 023 01 0 0 ) 1 0 ’
0 —sinfyy — cosbog 0 0 e¥ —sinfz 0 coslys



10 0 cosfp sinfie 0
X 01 0 - sin‘ng cos 12 0 3 (8)
0 0 ™ 0 - 0o 1
1 0 0
V=0 e* 0 |. - (9)
0 0 eit

U and V are unitary metrics. U is the flavor mixing matrix which is same as the CKM
matrix in quark sector [25]. The independent parameters of U are three flavor mixing
angles, 65, 013, and 053, and one lepton number conserving CP violating phase, . V is
the contribution of the Majorana phase. If neutrinos are Majorana particles, two lepton
number violating CP phase, ¢1, ¢, can take the finite values. Totally, the number of

parameters in the MNS matrix is six.
In the same way as the two flavor model, time evolution operator can be obtained as

Spe = UsiU:, + UpUs €702 4 UggUs e 70, (10)

where A;; represents the oscillation phase,

om; omZ[eV?]
Y [, o~ 2. RS L Llkr ) 11
Ay % L~ 2.534 E[GoV] [km] (11)
dm3; = mj —m;. (12)

Please notice that the contribution from the Majorana phases is canceled in eq. (10).
Therefore we can not determine whether neutrinos are Dirac particles or Majorana par-
ticles in the neutrino oscillation experiments.

We can calculate the flavor transition probability from eq. (10);
| — _ * * 02 A12
Pyu__)yﬂ = 5[3& 4Re UﬁanlUﬁzUQQ 51088 -—-2—
gy U gl sin? (%) + UpgU2y U U sin? (—5‘1 )}
—-2[sin(A12) + Sil’l(Agg) - Sil’l(A13)]JMNS . (13)
Here Juns is the Jarscov parameter in the lepton sector.
JMNS = [ﬂl[UgiU;iUsjUaj] y (14)

Juns is invariant by changing the cOmbination of @ and # and that of 7 and j , such as
(@, B) = (e, 1), (1, 7), (7€) and (3, J) = (1,2),(2,3), (3,1). From eq. (13), we learn that
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the observables in the neutrino oscillation experirrients are the component of the mixing
matrix, U, and two mass squared differences.

As we study in section 4, a lot of experiments made clear that the |dm?s| > |dmiy|.
This large hierarchy of the mass squared differences gives approximation formulas of the
neutrino oscillation, which are useful to understand contributions of each parameters.
When |A1a] < |A1s] ~ O(1), we can set sin Ajg ~ 0 and cos Aja ~ 1. Then eq. (13) can
be expressed as,

'PV(x—Wa =1 4|Ua3|211 - Ua3|23'1n2 (%) + O(Alz) 3 (155..)
. |
Pry (02 # B) = AU g3 s (-22) + O(Ag). (15Db)

\

In this limit, we can measure the absolute value of the |§m?,] by measuring the oscillation
phase, and the elements of the MNS matrix can be measured from the oscillation ampli-
tude. Especially, we find that the formula of eq. (15a) is the same as that of eq. (5). In
other words, we can analyze the neutrino oscillation in the two flavor model, and hence
the measurement of survival probability suffer from the degeneracy problem, |Uys|® > 0.5
or < 0.5. We also find that the we can not determine the sign of ém?, in this limit.
There is another approximation formula which is sensitive to the Ajs. When Az >
Az ~ O(1), sin? 822 terms in eq. (13) oscillate very frequently in the width of the
energy bin, energy resolution. Then the contributions from the A3 terms in eq. (13) are

averaged out. eq. (13) can be approximated as,

Pyﬁ._,,,a ~ (5[3(, — 2Re {Ug3U23 (5[3& - UﬂgU,’:‘g)}

A
—4Re(Up U UsyUss) sin® (%) — 2Jys Sin A . (16)

Especially, the approximation for the flavor survival mode, v, — vy, is very similar
to the that in the two flavor model. Actually, in the solar neutrino experiment, which
measures the v, survival probability from the sun, the condition of the oscillation phase
is the satisfied with condition for the approximation, Ajy ~ O(1). Therefore we can

constrain the values of |UpUg|? and dm?, from the solar neutrino experiments.



3 Matter effect

3.1 Matter effect in the two flavor model

In this section, we study the matter effect, which comes from the interaction between
the neutrinos and the electrons inside the matter. When neutrinos are going through
the matter, neutrinos interact with the nucleons and the electrons inside the matter via
the weak boson exchange. The cross sections of the most of all scattering modes are
strongly suppressed by square of Fermi coupling constant, G2, and hence contribution
of scattering process in the neutrino oscillation experiment is negligibly small. Only the
scattering of which the transfer momentum is zero can interfere with the non-scattering
process. This interference term, which is order Gy, gives the potential energy to neutri-

nos. We shows the possible forward scattering processes between neutrinos and electrons

inside the matter in Fig. 1.

14 14 v v,
e -] u(t) u(r)
4 z
e w e e e
Va e
W
] v,

Figure 1: The possible coherent interactions between the neutrinos and the electrons
inside the matter. Only 1, have the additional charged current interaction.

In Fig. 1, we find that the all flavor neutrinos interactions with the electrons inside
the matter via a Z boson. The neutral current interactions are flavor diagonal, and
all neutrinos receive the just same potential energy. Because such scalar like potential
does not give any effects on the disorganization of the Hamiltonian, we can ignore the
potential from the neutral current in the neutrino oscillation. Although the protons
and neutrons in the matter also interact with neutrinos via Z boson exchange, these
interactions gives no contributions to the neutrino oscillation as the above reason. For
the charged current process, only v, have the W boson exchange process. The potential
energy from the charged current changes the diagonazation of the Hamiltonian, then the
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effective mass-squared differences and the mixing angles is different from the that in the
vacuum [26]. '

So let us check the effect of the charged current interaction to the neutrino oscillation:
In this sub.section, we consider the matter effect in the two flavor model, ¢ and p to
understand the matter effect more clearly. The Hamiltonian of this system can be
expressed as, in the flavor representation,

1 0 O r. 1 [(a(t) O
H(t)mﬁO(o 5m‘%2)0 +E>TE( 5 0), (17)

where we use the mixing matrix in the two flavor model, O, defined in section 2.1, and
a(t) represents the potential from the charged current interaction;

a(t) = 2\/?‘2%5 f A3zt o = V2G prig(t)

— 7.56 x 10*5(e*v2)( £ ) ( B ) ‘ (18)

g/ em® /) \GeV

Notice that the matter effect term, a(t), is a function of time because the electron number
density depends on the matter density around neutrinos. In other words, the matter
effect have local dependence, 2. We use the 2 instead of ¢ following discussion to make
clear the local dependence of the matter effect. We can diagonalize the Hamiltonian in
eq. (17). The eflective mixing angle, ®, and the effective mass squared difference, A,
can be expressed in terms of the matter effect, mass squared difference, and the mixng
angle in the vacuum, '

A = \/a2 + 4(6miy)? — dadm?3, cos 20, (19)

o+ A — 26m3, cos 20
2A '

We find that A and $ depends on the sign of cos 20. Because sign of cos & is determined

cos? d =

(20)

by whether v; or v, are dominant state in v, we can solve the degeneracy problem dis-
cussed in section 2.1, sin® 20 = sin?(1 — 20). This cosf dependence can be interpreted
as follows. When electron neutrinos receive the potential energy, electron neutrino be-
comes effectively heavy. Then the heavier mass eigen states becomes to dominate the
electron neutrino states. If electron neutrinos are dominated by the lighter state in the
vacuum, 6 < T, the effective mixing angles gets to close the maximum mixing as a grows.
The resonance density, when the effective mixing angle is maximum, is calculated from



eq. (20),

= dm3, cos 20 ' (21)
¢ 2y2GrE

Furthermore when ¢ is over the resonance region, the heavier states dominate the neu-
trino energy then cos 29 gets close to zero. Vice versa, when the heavier states, 0 > }
dominates electron neutrino in the vacuum, cos 2 goes to zero directly.

Let us consider the time evolution in this system. Time evolution in this system is
slightly difficult because Hamiltonian depends time, ¢ (position, ). In order to check it,
we relieve the Schorondiger equation for the mass eigen-state from the flavor eigen-state.

I~ flavor — E {ﬂe.vm"/ flavor

dz

Z% (OVmass) = OH. massOTOVmass

'I:O<Q _(I)>Vmass+0d

Vimass = OHma.es”mass

¢ 0 dz
d 0 —id
- . 2
dxumass (I{mass + ( Zq) 0 ))Vnmss ( 2)

Here & is €2, and index "flavor” ("mass”), means the flavor (mass) representation,
respectively. In this system, a mass eigen-state can be transit the other mass eigen-
state, because of the second term of the right side in eq. (22). Such system is very

difficult to solve the equation analytically, so we often use the adiabatic condition;

4}]
o~ (23)
Fortunately, most of all neutrino oscillation experiments satisfies the adiabatic condition.
We assume that the adiabatic condition is satisfied following part of this paper. The
second difficulty in this system is that still H. depends on the 2. We have to use
'™ Jy @Hmass ingtead of naive e~ el g5 the time evolution operator. When p(x) is
a constant function, of course, we can use ¢*fmassl ng the time evolution operator, and
then we can calculate transition probability and the survival probability by using the
effective mass squared difference, A, and effective mixing angle, ®. '

"Though this is very difficult to solve differential equation, eq. (22) exactly, but we can
roughly estimate magnitude of the transition probability and the survival probability.

10



The matrix element of the tir'ne'evolution can be calculé,ted as

Spa = (vp(2) |Va(0)
= (us| Oly(@)e™ o WHWO! () |uy) . (24)

Here O’ is the effective mixing matrix, of which elements can be written by cos  and
sin ®. The point is that the magnitude of the transition (survival) probability strongly
depends on the initial and final mixing matrix. Therefore we can roughly discuss the

oscillation amplitude without solving eq. (22). For the practice, we consider the following
cases;

e ®(0) ~ 7 or 0: In that case, a flavor eigen-state is a almost pure mass eigen-state
at the initial. Because the almost only one energy eigen-state is produced at the
initial, the interference between the mass eigen-states is very small, and neutrino
oscillation does not occur. Then the transition and the survival probabilities are

controlled by the final effective mixing angle.

o The initial $(0) > 7/2 but the final ®(z) < 7/2: In this case, |vp) is mainly
composed by e, and v, is mainly composed by |v1) at first. However this relation
between turned over at the final. Therefore amplitude of the transition mode
tends to be larger than that of the survival mode. For example, when the electron
neutrino is produced at the initial, the traveling neutrino is mainly . However
1 is mainly composed by v, at position 2. So the number of v, tends to be larger
than v,. '

At the last of this sub section, we would like to comment about the CP symmetry.
For the anti-neutrino, S-channel interaction can be added to the Hamiltonian instead of
the T-channel interaction in Fig. 1, and the sign of the matter effect becomes negative.
Fven when the neutrino is two flavor, the mixing matrix is positive. CP symmetry is
broken by the matter effect.

3.2 Matter effect in the three flavor model

In this section, we consider about the matter effect in the three flavor model, but
that the matter density is constant, in order to simplify the system. In the three flavor
neutrino model, the mixing matrix is complex matrix so it seems that we can not diag-
onalize analytlcally But actually we do not have to diagonalize complex matrix, when
we choose the parametrization of MNS matrix shown in eq. (8) [27]. This is because the

11



potential term are not affected by the Qa3 and Pj defined in eq. (8).

0 0 0\
Plow| 0 dm3 0 | OlPs
0 0 Jdmi

2 2 .
812012577113 Cio 02 1 5
0 0 dmis -

W]

1 s2,0m?;  swciadmiz 0 1
1
ez&

2

= Oy .5771%2
omis

) 01, (25)

a Q .
OuPs| 0 |PlOR=| 0 (26)
0 .

By using this relation, the Hamiltonian can be expressed as

0 a
1 .
H= -2-]-5-{02312501313;012 sm2, 0%, P;O%,PIO%, + 0 1
om?2, 0

0 a
1
= 5p{OnP00n |  omh OLOLPIOL+| 0 |}

. L

1 .

= =023P5{013015 om?, OLOZL + 0 }PIOL, .
oF 52 v

mMis 0

(27)

We find that the matrix which we diagonalize is real symmetric matrix. Therefore we
can derive the energy eigen-state and eigen-value analytically.

In actual analysis, however, solving the eigen value equation analytically is still diffi-
~cult and its solution looks complicated to understand the role of the matter effect in the
neutrino oscillation experiment. The perturbation formula in term of ém?, and a is very
powerful to understand their contribution in the neutrino oscillation experiment, more
directly. Now we consider the situation that A;s is order unity, and A;p and %]_31; The

schrodinger equation in the interaction representation can be expressed as

. d : o d
O V) = —Hyg V) +_ZEHO’SmEi-i |V)g

12



= ¢'fl0st [ ge~iHost V), (28)

Here the index S and I mean schrédinger representation and Interaction, respectively.
We divided the Hamiltonian into two parts, in eq. (28), the leading term, Hy, and the
next-leading term, H;;

H = Hy+ H;
) 00 0 )
Hoy=5=U[ 00 0 Ut, (29)
0 0 dmi, )
1 0 0 0 a 00
Hi==U| 0 smi, 0 |UT+1 0 00 |. (30)
0 0 0 000
The solution of this schrédinger equation is
L . N )
lv(L)); = [v(0)); — i /O dze 05 [} ge~H08® |)( 1)), | (31)

The first order approximation in term of H; is obtained by substituting the left-hand
side of eq. (31) to the second term of the right hand side.

|v(L)); = |v(0)); — i /O 3 dzets® Hy ge =157 |9(0)), -+ O (Hy) .

. L . .
V(L)s = = u(O))s i [ due D s (0))g + O (H) . (52)

Then we can calculate the matrix element, Sg, as,

Spo = (vl e~ I ) 2 (Sy(L) + S1(L)) o (33)

So(L)ga = (vl 67708 |ua) | e
L 0 s {0

S1(L)pe = —i (vg ( /0 dee @Y (i)emt “’) |va) - (35)

The each of Sy and S; term can be expressed in terms of Uga, Ay, anda as,

So = 0o + UpsUzy (74 — 1), (36)

L ) \ iy :
SO(L)se = —i (vl (/0’ d”H()) %)

. * * * * p —1 a
= —iUpUsA0 + (UpsUsdae + 0p.UesUty — 2WgsUsg|Uesl®) (e7% — 1) S
- . L
~i [8pedae — UpsUssOue — 0peUeslUss + UpsUs|Ueal® (€722 + 1) g—ﬁ (37)

13



- aLl - a
We find in eq. (89) that there are two type of matter effect terms, 5E and S The
. 13
first type, S—ET’ is proportional to neutrino energy, and depends on the sign of dmi,.
mis

. Therefore the neutrino oscillation experiment which use the high energy neutrino beam

. al,
have the capability of determining the neutrino mass hierarchy. The second type, oYL

does not depend on the neutrino energy but the baseline length, L, which ordinary comes
from integration of the potential term, [ s%dz. This effect is negligibly small for the short
baseline experiment, but significantly large for the very long long baseline experiment
even when the neutrino energy is low. Finally, we obtain the approximation formula of

the survival probability and the transition probability;

Ay
1 2(4 _ 2\ o2 13
Pug—-we =1 4|Ue3| (]- |Ue3| >Sln ( 2 >
G UL (1= 4Ues|* + 4|U.s]") Bug
(5 2 e3 e3 e3 sin® 2

+2|Ug)? [(1+2]Uegl ) 4 |Usal Au] sin Aug, (38a)

Poy, = AU |Uns?sin? (%é)

[ J ¥ A K
A|U 2| Unsl? | (1= 2JU, MNS a2 ( 1.3>
Ues|*| U ( | 3|) " + |Uc5’2an's|2|Au sin® (==

al Re [Ueal, a3UasUng]
|Ueal?|Uns|?|

+2|Ue3|2,Ua3|2 (1 - 2|Ue*)l ) Awil SiI’lAw, (381))

Proosve = 1= 402 (1 — |Uas]?) sin? (AQ“>

2

481Ul (1= 2Uesl?) Uil 5

i

T L [(1 — 2Uua?) Ve 22 + U Au] sin Ay, (38¢)

2K

Py oy = AU 5 YUy ?sin? (%1.«%>

J, Ay
AU 522 MNS P 2(__13_)
[ | SI mi: +|Uus|2lU'ra{2!Aw}bm 2
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+[olUaP oz + Rf"ﬁgﬁlﬁijf‘g?ﬂ]zxu] sin? (522, (380)
Here we use the index « as non electron neutrino, v, or v,. P,,, and P, ,,, can be
obtained by changing the sign of the JMNSI term of egs. (38b) and (38d), respectively. The
first lines of each equation are the leading term, and the second and third line is correction
from Ajz and the matter effect. We find in egs. (38a) and (38b) that the coefficients
of the matter effect term are almost same as the leading term. When the ﬁ?;’ or %
is enough large, we should think of the contribution of the matter effect in the analysis
for these modes. About the non v, mode, the matter effect terms are proportional to
|U.3|?. Because CHOOZ experiment shows that |Ues|? is very small, |Ues|* < 0.04 for
|0m2;| = 2.5 eV? [9], the correction of the matter effect for these oscillation modes is
too small to detect. We can conclude from eq. (38) that we should perform the neutrino
oscillation experiment for electron neutrino if we want to use the benefit of the matter
effect. ’
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4 Neutrino oscillation experiments

4.1 Atmospheric neutrino experiments and accelerator neu-
trino oscillation experiments

In this section, we review the various neutrino oscillation experiments, and our under-
standing about the neutrino oscillation parameters. First of all, we study the atmospheric
neutrino oscillation experiments, and the accelerator neutrino oscillation experimerits
which measure the same parameter in the atmospheric neutrino oscillation experiment.

When the cosmic ray from the universe goes into the atmosphere, the cosmic ray
interacts with the nucleons in the atmosphere, and then a lot of 7's and K’s are produced,
so called secondary cosmic ray. These K’s decay into p and e and neutrinos. The

summary of this decay process as follows;

p+N — nt(KH)+ N’

J
(K = pt +u,
NS A
pt—=et+o, +r.. ’ (39)

From eq. (39), we naively expect that the number of v, and 7, is about twice that of
ve and 7.. The SK collaboration tried to measure the ratio of the muon neutrino and
electron neutrino, v, + 7, : V. + 7, and found that 7, : v, + 7. ~ 1.3 : 1. Furthermore
they measured the zenith angle dependence of the neutrino distribution. The zenith
angle dependence can be interpfeted as the traveling length dependence. The measured
v, distribution is independent of the zenith angle, and they could not find the deficit of
" V,. For the Vu, they observe the reduction of the v, and the distribution depends on the
zenith angles [1]. This is the discovery of the neutrino oscillation.

Atmospheric neutrino experiments satisfied with the approximation condition for
eq. (15), Ay ~ O(1) > Ayy. Basically, the v, survival probability is analyzed in the two
flavor model. The present constraint of the atmospheric (ATM) oscillation parameter

from the ATM neutrino oscillation experiments are [2],
Smim = [omls] = 2.1755 x 107°%eV?, (40a)

sin® 20azm = 4Ual% (1= |Upsl?) = 1.0_0.0s, " (40b)

at 90% CL. For the transition from u,, most of all 1, become tau neutrino because
the number of v, does not increase. SK collaboration reported that the 7 neutrino

appearance events is consistent of this picture at 2.4¢ level [28].
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The ATM parameters have been measured by the accelerator neutrino experiments,
too. In the accelerator neutrino experiment, the large number of the charged 7’s are
produced by accelerator at first. This high energy m mainly decays into p and v,
Finally, the survival rate of the produced v, is measured at a far detector. The point of
the accelerator long baseline experiment is that source of the neutrino can be controlled
by human hand. The first accelerator neutrino experiments is KEK-to-Kamioka (K2K)
experiment(3]. K2K had been running from 1999 to 2004. In K2K, the neutrinos were
produced by KEKPS and shot at SK, which is 250 km away from KEK. The ATM
parameter constraints from K2K experiments are

om2, = 2.8707 x 1073%eV?, (41)
sin® 20amm = 1.0_0s, : (42)

at 90% CL. The Main Injector Neutrino Oscillation Search (MINOS) experiment is
the second accelerator neutrino oscillation experiment, which have been running since
2005[4). The neutrino beam for the MINOS experiment is produced at the Fermi Labora-
‘tory, and the target far detector is placed in the Soudan iron mine in Minnesota. Baseline
length is 735 km and the detector is a 5.4 kt iton detector, which can distinguish not
only the flavor but also neutrino from the anti-neutrino. Present result of MINOS gives
the more tight limit to the ATM parameter than that of K2K;

Smly = 2.741082 % 10-%6V?, | (43)
sin® 20arm = 1.0_022 . (44)

About the flavor transition, v, — v, oscillation have not been observed in both K2K
and MINOS. The transition probability is roughly proportional to |Ues|*; see eq.(15b).
Therefore the smallness of the transition probability can be interpreted as the smallness

of |Ues|?. We will discuss about it in section 4.3.

4.2 Solar neutrino oscillation experiment

The soler neutrino problem was a difficult problem. First observation of the solar neu-
trino was performed in 1967 [5). In this experiment, v, which comes from solar is captured
by the ¥Cl, |
' Ve +7Cl = e +% Ar. ’ (45)
}IoWeve1‘ the number of observed neutrino were smaller than the expected number which
is estimated from the standard solar model. After the Homestake experiment, the other

solar neutrino experiments also reported the SOI_aI neutrino deficit.
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After discovering the neutrino oscillation, the solar neutrino deficit is understand in
the neutrino oscillation phenomena. The Sudbury Neutrino Oscillation (SNO) experi-
ment confirmed that the origin of the solar neutrino is the neutrino oscillation [6]. In the
SNO experiment, they checked both the charged current interaction, v, +d — ¢~ +p+p,
and the neutral current interaction, v + ¢~ — v + ¢~. If the number of the neutral cur-
rent event is same as the expected oﬁe but the charged current event is smaller than the
expected one, then the v, is expected to transit the other neutrino flavor, v, or ;. The
SNO experiment reported that they did not find the any deficit for the neutral current
interaction, but the number of the v, is smaller than that of null oscillation as well as
the other experiments.

Because the approximation condition for eq. (16) is satisfied in the solar neutrino

experiment, the solar neutrino oscillation is also analyzed in the two flavor model.

B, ., = 1— 4sin®fgo, sin® (%) , (46)
moy, = dmiy, ~ (47)
sin? 20501, = 4|Ua1Uss|?. (48)

(IUe1|? = sin® Ogor, , |Uea|* = cos® fsor)

Here we ignore the small factor |U,3|?, which is less than 5% as we study in the next sub-
section. Furthermdre, the neutrinos travels inside the sun, and then we should consider
the matter effect inside the solar, MSW effect [26]. Though we can solve the degeneracy
between |Ue | and |U,s| by using the matter effect, the several allowed regions in the
dm&ey, - sin® fgor, plane still remain.

Kamioka Liquid scintillator Anti-Neutrino Detector (KamLAND) experiment [7] was
planed to eliminate the fake allowed regions. In KamLAND, the 1kt liquid scintillator is
placed in Kamioka mine to observe the 7, from reactor power plants in Japan. Finally,
the KamLAND experiment kill the fake allowed region. Present constraints on the
SOL parameters from the solar neutrino oscillation experiments, and the KamLAND

- experiment are [8],
émi, = (8.0 £0.3) x 1075 V?, (49a)
sin? fsor, = 0.30 & 0.03 (49b)
(tan®fgor, = 0.40) .

4.3 Measurement of |U,|

We already studied that |Uss| is too small to observe the v, to v, oscillation in the
atmospheric neutrino oscillation experiments in section 4.1. The smallness of |Ues| was
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beginning of the running | planed sensitivity to sin® 26por
Double-CHOOZ 2009 ~ 0.03
Daya bay 2010 ~0.01
RENO 2010 ~ (.02

Table 1: Planned reactor experiments and their sensitivity to sin® 20ror .

also checked by the CHOOZ [9] experiment and Palo Verde [10] experiments. These are
the first generation reactor neutrino experiments. The neutrino energy from the power
plant is about 3 MeV, and the baseline length is 1 km. From egs. (44) and (49), we easily
understand that the A;3 ~ O(1) and A < 1, and hence we can analyze the reactor
experiments in the two flavor model like,

B,

e

. SiIl2 HRCT = |U53| . (51)

A
v 7 1 — 4sin? 20y sin® % , (50)

However the CHOOZ experiment could not ﬁnd any deficit of #7,. The CHOOZ reactor

experiment gives the most strong constraint on the value of sin? 20rcT;

sin? 20par < 0.20 for |dm3s| = 2.0 x 1073eV?,
sin? 20pcr < 0.16 for |dmds| = 2.5 x 107%V?, (52)
sin® 20pcr < 0.14 for |dm2,] = 3.0 x 10-%eV?,

at 90% CL.

The Ogop is the last unmeasured mixing angle in the lepton-sector, therefore the
measuring it is the prior task in the future neutrino oscillation experiment. We can
classify the future neutrino experiment which measure Ogor as reactof neutrino experi-
ments with multi reactor [13, 14, 15] and the accelerator experiments with high intensity
neutrino beam [11, 12]. The CHOOZ reactor experiments suffered from the not only
the statistic error but also the systematic error, such as the error of the neutrino flux
and the uncertainty of the cross sections. In the future reactor experiments, the multi
neutrino detectors will be used in order to reduce the systematic error by using the event
ratio among the each detectors. As of December 2007, the planed reactor experiment .
which will start till 2010 is Double-CHOOZ in French, Daya bay in China, and RENO
in Korea. [13, 14, 15] as summarized in Table. 1. If sin 20RCT is larger than 0.03, the
all experiments detect the 7, deficits near the future. ‘

Regarding as next generation accelerator neutrino experiments, then task is detecting
the v, — v, oscillation, which is 1oughly proportional to sin® fgor. For detecting such

small transition probability, the beam intensity should be more strong than K2K and
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Figure 2: The picture of the neutrino mass hierarchy pattern. The left side is the case
for §m?, is positive, so called the normal hierarchy. The right side is the case for om2,
is negative, the inverted hierarchy. :

MINOS. Now there are two proposals which will run near the future, the T2K experiment,
and the NOvA experiment [11, 12]. We will study the detail of T2K experiment in the

next section.

4.4 How to constrain the sign of ém?; and 0 ?

At the end of this section, we consider how to measure the least parameters, the sign
of the §m?; and the CP phase, 6 . This discussion is useful to find the physics potential
of the T2KK experiment.

For the sign of the mass squared difference, §m?;, we shows the picture of the neutrino
mass hierarchy pattern in Fig. 2. In Fig. 2 The left side is the case for dmi, is positive,
which is called the normal hierarchy. The right side is the case for dm?, is negative, which
is called the inverted hierarchy. As long as, we determine the sign of mass hierarchy
pattern, we can not determine the which picture of the mass hierarchy in lepton sector
is true.

In section 3, we learn that the matter effect is powerful tool to determine the mass
hierarchy pattern. Since the atmospheric neutrinos which comes from the opposite of the
earth go though the high density region, core of the earth, we naively wonder whether
we can determine the sign of dm3; in the atmospheric experiment by using the matter

effect ? But the answer is no. Let us check how large contribution of the matter effect



to v, survival mode are, around the first oscillation maximum region, Az ~ .

B - A |
Pyposy, = 1 — 4sin® Qama(1 + A)sin? (31% + B") . (53)

Here A* and B* is the first order corrections from the Ajo and the matter effect, a
to the oscillation amplitude and the oscillation phase, respectively. These term can be
calculated from eq. (38c)

20 11— 2sin2 HATM

AP = —
' Am%;; cos? 9ATM

Sil’lz QRCT

~ —0.005 (1 — 2sin’ fmy)

102
m L (SlIl 20RCT) ’ (543)

Az 295km \ 0.10

BH — al 1l — 23i1’l2 ()ATM

. 2
= — sin® frer
4F  cos? Oam

A1g . . . .
——31—— (0052 Osor, + tan? @ sin? fsor, sin? freT — tan farwm sin 20sor, sin frer cos 5)

sin2 29RCT 12 IA13| '
~ — . — u. _— ——— 4b
‘ [0037 0008( 510 cos & - (54b)
From the first lines to second line in egs. (54a) and (54b), we substitute the following

number as the meaning value of the neutrino oscillation parameters;

|6m3,| et = 2.5 x 107 eV?,

(6miy)mPet = 8.2 x 1075 eV?, |

sin® Oxry = 0.5, (55)
sin? 20587 = 0.83,

PP = 3.0g/cm” .

We find in eq. (54) that the matter effect term, a, is not only suppressed by the small value
of sin® 20t but also (1 — 2gin? OATM), which is almost zero as long as sin? 20amv ~ 1.
In other words, we can measure sin® 20ary precisely. For the oscillation phase eq. (54b),
the relative sign betWeen A3 and B¢ is sensitive to the mass hierarchy pattern, therefore
terms pxoportibnal to Ayp of B® are sensitive the mass hierarchy pattern. However its
effect can be renormalized to the measurement of |§m3;| directly. Additionally, this effect
is only 2%, so it.is very difficult to detect it.

The next candidate to constrain the hierarchy pattern is the oscillation which is
related to v,. As we studied in section 3, the oscillation mode which is affected by
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the matter effect significantly is the v, survival mode or v, transition mode. Especially,
solving the sign degeneracy of the dm?; by v, — v, transition mode is a realistic solution.

The transition probability of the v, — v, mode can be expressed as

2
where A®, B, and C° are the correction terms as well as A* and B* in eq. (53). Because
the leading term is order sin®6frcr, not only the linear terms of A, and ¢ but also the

quadratic terms of them are reQuired for the good approximation. We show the second

Py, = 4sin® Oy sin® Orer {(1 + A°) sin? (é—@-) + B°sin A13} + C*, (56)

order corrections to the S matrix in the Appendix. From the appendix, we can estimate

the A¢, B¢, and C* respectively;

o et - S 51 )
A2 (00 57) (e =9 250
_% (%)2+"2‘ (AifEY | | | (o)
~ 0.11Al13 295[llcm (1 B ng"%%ﬂ) ~ 0.014 (295km)2 +0.0087 (Ails 29;<m>2
—0.29 (%) Y ins (l—A}l—‘*—] +0.054 295]1{.m)
+0.015 [(%) " oss— 0.11} (IA;S| + 1.7295‘[;@) |A7r'13| : | (57b)
Be = —-fl%j cos 20mcr + A412 < — ;i:jisizLeRCT cos§ — ésin2 9SOL> (1 + 2 Zf; E)
R
~ —0.080 (29511{m) (1 _ %) - o.ooglx’}s- (55—;3@)2
+0.15 [(EE%&%EE)W cosd — 0.11}. ( 'i”'l + 0054 gsim')
+0.0072 (gﬁ%)w sin g ('Aﬂmi + 1.7‘29§km) 'il-“" N )
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A2 . Alz al

C® = —i—g sin? 20501, cos? BTy — 5 2% sin 20501, sin 28 orv sin Ogor €08 O (57e)
al\? . -
+ (§—E—> Sll’l2 ORCT sm2 9ATM
A13> 2 |A13l L Sil’l2 2€RCT 1/2
~0.0011 <——) - 0.001
- 00013 = = o5tem \ 0,10 cos?

L \?sin?20
) n” 20ror (576)

295km/  0.10

Here =+ in the first lines of egs. (57b) and (57d) follows the sign of Ay3. The first and
second terms in egs. (57a) and (57c) are linear, and the other terms including eq. (57¢) are

+0.00036 (

quadratic in A1s and a corrections. The quadratic terms can dominate the probability
when sin® 20pcr , and hence the leading term, is very small. The transition probability
estimated from this approximation formula is great agreement that the one from the
exact formula with 95% accuracy, when sin? 20gcT < 0.15.

We find that the linear terms which are sensitive to the mass hlerarchy pattern
in eqs. (56) and (57) are the first term in eq. (57a), and the first term in eq. (57c).
The first term of A° in eq. (57b) gives about 10% to the leading term around the first
oscillation maximum when L = 1000 km. Notice that this effect is observed as the
effective amplitude, sin? g§%sHve = sin? frar(1+ A°%), as well as the case of B*. Therefore
we need the comparison with the other neutrino oscillation experiment to observe the
the matter effect term. For example, when there are a short baseline experiment and
along baseline experiment, then the magnitudes of the first term in each experimeﬁt are
different. The short baseline experiment measures almost bare sin® fgcr, and sin? Bf{éer}“"e
measured in the long baseline experiment is received the large correction from the matter
effect. And hence if we check which amplitudes is larger, we can determine the neutrino
mass hierarchy pattern. The ‘important poinﬁ is that, as long as we compare the first
oscillation maximum at each detector, the second term in eq. (57a) does not disturb the
comparison with the mass hierarchy determination, because the magnitude of this term
is same as long as A3 is fixed.

As of the B¢, the sensitivity to the mass hierarchy comes from the sin A3 in eq. (56).
The problem is the second term in eq. (57¢) is also sensitive to the mass hierarchy
pattern for the same reason but there are another unconstrained sign, the sign of cos d.
When cos ¢ dominates B¢, the fake hierarchy can reproduce the same B® by taking the
ke — 4 —§. In order to conquer this difficulty, the baseline experiment of which baseline
is very long is favored to make 3 ok = larger than the cos§ term. Please notice that if we use

the low energy neutrino, Ajs becomes very large and hence the term of cosd is always
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larger than the matter effect term. It is remarkable that the the matter effect in B¢
dilutes (enhances) the the contribution of A® when the sinA;3 is positive, (negative),
Az ~ 3(35). In other words, the favored A3 region for determining the sign of A3 is
between 7 and 27.

The setting for the mass hierarchy is also very useful for the measurement of §. The
contribution of sind is observed through the amplitude, the second term of eq. (57a).
The correction from the sind is about 30 % for sin® 20gcr = 0.10 at L = 295 km, see
eq. (57b). Since the contribution of sin ¢ is included in A®, the technique for separate A°
from sin® Ogor is necessary. A popular technique is using both neutrino and anti-neutrino.
The interesting point that the comparison with high energy neutrino experiment and the
low energy experiment also solves the correlation ambiguity between sin? fger and sin &
due the different matter effect. This is a same technique for the mass hierarchy. We
also need to measurement of cosd for distinguish sin ¢ from the sin(m — §). From the
above discussion, though we can observe this contribution around the A3 ~ 7, we are
not possible to determine the sign of cosd as long as the mass hierarchy pattern is not
constrained. As a result, the neutrino oscillation experiment for the mass hierarchy
allows us the measurement of § without invoking anti-neutrino beam.

We find from Iig. 14 that the 1.0° OAB in Korea still keeps the sensitivity to the
neutrino mass hierarchy, where both a combination of 1.0° at L = 1000 km and 2.5°
OAB at SK (Fig. 14 (a)) and that of 1.0° at L = 1000 km ~ 1150 km and the 3.0° OAB
at SK (Fig. 14 (b)) distinguish the neutrino mass hierarchy nearly at 4-c level in our
simulation. This is because the CCQE cross section times the flux of 1.0° OAB extends

to ~ 1.7 GeV, see Fig. 4 (a) and (c), which barely overlaps with the broad peak region
of the v, — v, oscillation probability shown in Fig. 4(d). From Fig. 5 (a) and (b), we
find that the 1.0° OAB is observable only in the east coast of Korea (L ~ 1000 km) for
the 2.5° OAB at SK, whereas for the 3.0° OAB at SK, it can be observed at various

base-line lengths up to ~ 1150 km.
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5 Tokai-to-Kamioka-and-Korea experiment

5.1 Tokai-to-Kamioka experiment

In this section, we eventually study the main theme of this thesis, the Tokai-to-Kamioka-
and-Korea experiment. The idea of the T2KK experiment is based on making use of
the lower side of T2K neutrino beam, which accidentally appears in Korea. At first,
we review the setting of Tokai-to-Kamioka (‘T2K) experiment to learn the T2K neutrino
beam in this sub section.

Tokai-to-Kamioka neutrino oscillation experiment is a next generation neutrino oscil-
lation experiment, which will start in 2009 [11]. The machine which produce the neutrino
beam for the T2K experiment is 50 GeV Proton accelerator which has been constructed
in the J-PARC [16]. The expected Proton On Target (POT) in T2KK is 5 x 10%! for 5
years running, which is about 100 times as much as that of the K2K experiment. The far
detector in T2K is the Super-Kamiokande (SK), The SK is a water Cerenkov detector,
which can separate the v, appearance event from », appearance event by using Charged
Current Quasi Elastic (CCQE) events. The fiducial volume of SK is 22.5 kt and the
distance from the J-PARC is 295 km. °

A purposes of the T2K experiment are the‘precise measurement of the ATM parame-
ter. The expected errors of them are §(|0m3,|) = 10~%eV? and d(sin® 20pmv) = 0.01. The
more important task of the T2K experiment is observing the v, appearance events. The
planed sensitivity for the sin? Orer is sin’ Orer ~ 0.01. In order to observe the signal of

v, = V. clearly, the neutrino beam should satisfy the following conditions.

1. The neutrino energy near the oscillation maximum (|A| ~ 7) at L = 295km is
expected to be around 0.5 GeV to 0.7 GeV according to the present experimental
bound, eq. (40a). The v, flux should hence be large in this energy region.

- 2. High energy neutrinos produce 7%’s via neutral current, which become backgrouﬁd
to the v, Charged Current Quasi-Elastic (CCQE) events. Therefore, the flux of v,
beam should be small at high energies. ‘

One of the neutrino beam which satisfies the above conditions is the off-axis beam.
At the J-PARC, a lot of 7's and K's are producéd by the accelerator and then collected
by the magnetic hones. Collected charged 7 will travel along the decay pipe, and finally
decays into the p and v. In that time, the relation between the energy of pion, Er, and
~ that of the neutrino, F,, can be expressed as the mass of the 7, m,, and u, m,, a.nd‘ the
off-axis angle theta;

mZ —m? : v (58)

2(Ey — 4/ E2 — m2cosf) .
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Figure 3: The correlation between E. and E,. The degree close the line shows the
off-axis angle.

We show the relation between E, and E, as the function of 6 in Fig. 3 In Fig. 3, we find
that the neutrino traveling on axis is high energy if the source is high energy 7. On the
other hand, off-axis neutrino has the limit on the own energy and their neutrino energy
tends to be from 0.6 GeV to 0.8 GeV for the 2° and from 0.3 GeV to 0.6 GeV for 3°. By
using this kinematics, we can easily cut the high energy neutrino, and obtain the strong
flux around the oscillation maximum.

Actually, the center of T2K neutrino beam is planed to aim the slightly off the SK.
We show the flux of the T2K off-axis v, beam [29] in Fig. 4 (a), for 10* POT/yr at L =
995 km for various off-axis angles between 0° and 3°. It is clearly seen that the flux peaks
at 0.55 to 0.75 GeV at 2° to 3° off-axis angles. In Fig. 4(b) we show the cross section
per nucleon of the v, and v, CCQE events off the water target [3], and in Fig. 4(c), we
show the product of the v, CCQE cross section and the v, flux at 295 km for various
off-axis angles. Fig. 4(b) shows that the CCQE cross sections grow quickly above the
threshold, become ~ 3.5 x 1073 cm? at E, ~ 0.6 GeV, and stay approximately constant
at ~ 4.5% 10730 cm? at E, 2 0.8 GeV up to ~ 5 GeV where the flux diminishes. We also
show the typical v, — v, transition probability at L = 295 km and that at L = 1000
km in Fig. 4(d), calculated in the oscillation parameter summarized in eq. (55) and
sin? 20pcr = 0.10, 6 = 0°, and p = 2.8g/cm3 for L = 295 km, and p = 3.0g/cm® for
L = 1000 km. From Eig. 4 (a), (c), and (d), we find that the 2.0° to 3.0° off-axis beam
(OAB) has a strong flux peak where the oscillation maximum is expected at SK and no
high energy tails. Actually, 2.0° to 3.0° OAB are planed to use in the T2K experiment.

5.2 Off-axis beam in Korea

We learn that the off-axis beam is useful for the T2K experiment. The interesting

point is that not only the upper-side neutrino beam and the other side of the neutrino
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Figure 4: (a). The flux of the T2K 1, beam for 10*' POT /yr at L = 295 km for various
off-axis angles between 0° and 3°. (b). The cross section per nucleon of the Charged
Current Quasi Elastic (CCQE) events for v, and v, off the water target. (c). The flux at
295 km times v, CCQE cross section. (d). Probability of v, — ve. t1a11S1t10n at 295 km
(sohd hne) and that at 1000 km (dashed line) calculated for m2 —m? = 2.5 x 1073eV?,
mi —m? =8.2x10" 5eV?, sin® 20amy = 1.0, sin® ZGSOL = (.83, sin® 20z = 0.10, § = 0°,
and p = 2 8g/cm for I, = 295 km, and p = 3.0g/cm® for L = 1000 km.
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0AB 3.0 at SK

Figure 5: The off-axis angle of the neutrino beam from J-PARC on the sea level, when
the beam center is 2.5° (a) and 3.0° (b) off at the SK site. The baseline lengths are
shown by vertical contours, and the off-axis angles at the sea level are shown by elliptic
contours between 0.5° and 3.0°. The SK is slightly off the corresponding contour because
it is about 320 m above sea level. :

beam will appear in various places during the T2K experimental period. We shows the
off-axis angle in Japan, Japan sea (Bast sea), and Korea in Fig. 5 We show in'Fig. 5]
the off-axis angle of the v, beam at the sea level for the 2.5° off-axis beam (a) and 3.0°
off-axis beam (b) at SK. The baseline lengths are shown by vertical contours, and the
off-axis angles at the sea level are shown by elliptic contours between 0.5° and 3.0°. The
SK is slightly off the corresponding contour because it is about 320 m above sea level. In
Fig. 5, the center of the neutrino beam appears the middle (the west side) of the Japan
sea (BEast) sea. So at least we can not use the center of the T2K neutrino beam.

The interesting region in Fig. 5 is Korea. It seems that we have so many freedom of
the combination of the off-axis angles in Korea. It means that there are many possibility

of the neutrino oscillation experiment by using T2K off-axis beam appearing in Korea.
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(a)

Figure 6: The same figure as Fig. 5 but focus on the South Korea. The left side is for
OAB 2.5° at SK and the right side is for OAB 3° at SK

We shows the more detail of the appearing off-axis angle in Korea in Fig. 6. Fig. 6 shows
that the beam close the center ~ 0.5° cannot reach the east coast of Korea when 2.5°
off-axis beam reach SK. Similarly, the smaller off-axis beam cannot reach the west side of
Korea. If we want longer baseline experiment, we must give up the sméll off-axis beam.

We again check the correlation between the neutrino energy and the off-axis angle.
Fig. 4 shows that the 0.5° and 1.0° off-axis beam covers the oscillation maximum region
of the v, — v, oscillation. Using the small off-axis beam means that we can perform
the experiments which observe the first oscillation maximum at each site. We also find
that 2° to 3° off-axis beam covers the second oscillation maximum. In such case, we can

observe the contribution of A;; more clearly.

5.3 Solving the degeneracy in T2KK

As we have already learned in section 4.4, the comparison of the two long baseline
experiment is a great tool for the degeneracy problem. But we naively wonder which
the small or large off-axis beam is attractive for the degeneracy problem in Korea. The
favored oscillation phase in order to use the benefits of the matter effect is 7 < A3 < 27;
see section 4.4. In the words of the energy, the neutrino energy 1.0 GeV to 2.0 GeV is
favored energy region at L ~ 1000 km. We find that the off-axis beams which cover the
favored region are 0.5° and 1.0° off-axis beam. We would like to check that the matter
effect are the very powerful tool in the T2KK experiment.

Since the matter effect term in eq. (h7a) is proportional to the neutrino energy,
measuring the. first oscillation maximum at Korea corresponds to the measuring the
difference of the correction from the matter effect at each site. When we choose the

small off-axis beam, the baselines length determined almost uniquely, L ~ 1000 km; see
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Fig. 6, and hence the first term in eq. (57b) becomes about 30%, and the difference
of the amplitude of the y}i — v, oscillation at each site is about 20%. It seems that
enough large to detect the matter effect. Now let us briefly estimate the significance
of this matter effect. Let us examine this observation semi-quantitatively by using the
approximate formulae in egs. (56) - (57). The difference between the v, — 1, oscillation-

amplitude at a far detector and that at a near detector is
API/M*)Ve (A13) = PVIJ.-'}VQ (Lfaf; A13) - Pl/y‘—)lfe (Lnear; A13) . (59)

The error of the AP,,_,,,(A13) can be estimated as
2 2 2
—e (A13))J - [5-Puy->ue (Lnear) ] + I:(spx/p,—wE ('Lfar)]

. ) | )
— M + R/y*—')l/c (‘Lfﬂ.l‘) ) * (60)
/N élear _ / Ngar

Here N, is the number of v, appearance events. The ratio between N2* and N, Sear at,

the maximum value of the oscillation probability, Az = +7, can be expressed as

[5 (AP,

M

Nefm - Vir  ®Prar (Eu at Ay =, Lfa‘r)
Nfem - ‘/ncar (I)near (Ey at A13 = W,Lne&r) ,

(61)

where V' denotes the fiducial volume of the detector and ®(E,, L) is the neutrino beam
flux at L, which is proportional to (1/L)*. The cross section ratio at different energies
drops out, because the neutrino cross section of CCQE events is almost constant in the
0.7 - 5 GeV region; see Fig. 4(b). We therefore need to estimate the number of v, CCQE
events near the oscillation maximum at SK, Nyear- We show in Fig. 7, typical numbers
of expected CCQE events for the u events (a) and the e events (b), for the 3.0° OAB at
SK. The open squares show the expected numbers of events in a 200 MeV wide E, bin,
after 5 years (5 x 10! POT), at sin® 20pcr = 0.1 and & = 0° for the normal hierarchy,
just as in Fig. 4 (d). From the two bins around E, = 0.6 GeV in Fig. 7(b), we may
estimate N;wm ~ 130.

The difference between the maximum value of the oscillation probability, AP, .,
for the normal hierarchy (A3 = 4) and that for the inverted hierarchy (A3 = —)

can be expressed as

, sin? 20ror [ L
AP, ., — AP, (— ~0.01 o
(AP, (+7) = APy, (=m)] ~ 0.0 ( 0.10 ) (295km 1>
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Figure 7: The typical numbers of the u events (a), and those of the e events (b), for the
exposure time of 5 years (5 x 102 POT), for the 3.0° OAB at SK (open square), and
for the 0.5° OAB at L = 1000 km with a 100 kt water Cerenkov detector (solid circles).
The input parameters are the same as those of Fig. 4 (d) [19]. |

where we set Lpear = 295 km and used the apbro;dmation of egs. (56) and (57b). ‘The
difference grows linearly with the distance, L., as long as the oscillation maximum
is covered by the flux. The significance of excluding the fake hierarchy can then be

estimated as
APVH—)'UG (+’II') - A-Pu“—we (—'7")

5(APV[L"+VG(+7T))
sin? 20gor\ 72 [ Ly Li \? 100kt] ™7
-9 Y ar ) ar . (62
23( 0.10 ) (295km 1) [HO 225 (295km> Vier } (62

We find from this very rough estimation that we need 100 kt to exclude the fake hierarchy
at the 3-o level, which is confirmed in the following numerical studies.

The term of the matter effect term of B® in eq. (.570) is also significantly large in
Korea. In order to the understand the contribution of B¢ more clearly, let composite
eq. (56) as

Prpens,  dsin? Opnyesin? e (1 -+ A% sin? (52 4+ B) 4.7, (63)

N

This formula is appropriate when |A°| < 0.5. In this formula, B® can be interpreted as
the phase shift term. At Kamioka, I = 295 km, the magnitude of term is 0.08 and the

that of the cos d term is 0.15 for sin? 20rcr = 0.10 around the oscillation maximum; see

eq. (57d). At Korea around the Az ~ -%’-’-, the magnitude of the cosd term is fixed at
0.21 but the matter effect term is 3 times of that at SK, about 0.24. Then the relative
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sign degeneracy between B¢ and Aj3 due to the cosd around 0.5 GeV region. For the
case sin® 20gcr ~ 0.05, the term of cos § becomes larger than the matter effect term.
Once the sign of cosd is constrained, we can determine the neutrino mass hierarchy
uniquely. The important points that longer baseline helps us also the measurement of
| cos§|. This is because the contribution of the cosd can be observed as the phase shift,
shown in eq. (63), and the resolution of the oscillation phase §(E/L), becomes good
as long as the bin width is fixed. The difference of amplitudes at each site due to the
matter effect tells us the not only the sign of dm?; but also the size of the sin® 20rcT
because the difference is proportional to sin?fgcr. Then we can constraint the value
of the sind. Fortunately this is enough large to distinguish the non CP violating case
from the maximal CP violating case, which differences about 30% for sin? 20rcT = 0.10;
see eq. (57b). We also confirmed that we can determine the ¢ uniquely in the T2KK

experiment, at the next section.
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6 Physics potential of T2KK
6.1 x? analysis

In this section, we study the physics potential of the T2KK experiments by the
numerical calculation. Before we show the result of our calculation. We would like to
introduce our analysis method in this sub section.

In our case study, we consider a 100 kt level detector because of the requirement
from the rough estimation in the previous section. We adopt a Water Cerenkov detector
because it allows us to distinguish clearly the et events from u® events. We use the
CCQE events in our analysis, because it allows us to kinetically reconstruct the neutrino
energy event by event. The Fermi-motion of the target nucleon dominates is the origin
which blur the neutrino energy recoristruction. Because the uncertainty of the Fermi-
motion is about 80 MeV, we take the width of the energy bin as §E, = 200 MeV for
E, > 400 MeV, in the following analysis. :

The event numbers of vg form v, flux (&,,) which is delivered by J-PARC [29] in the
i-th energy bin, E} = 200MeV X (i + 1) < B, < Ef + 6E,, are then calculated as

EL+6E,

NZ’J(V&) = MNA/ (:Dlla(E) Pva—w,g(E) UgE(E) i, | (64)

B}

where P,,a_wﬂ is the neutrino oscillation probability including the matter effect, M is the
detector mass, N4 = 6.017 x 10% is the Avogadro constant, and USE is the CCQE cross
section per nucleon in water [3]. All the primary as well as secondary fluxes used in our
analysis are obtained from the website [29]. As we mentioned in the prevjous, the fiducial
volume of Super-Kamiokande is 22.5 kt, and that of the detector in Korea is 100 kt. The
detection efficiencies of both detectors for both v, and v, CCQE events are set at 100%
for brevity. We calculate the survival and the transition probability exactly by the
numerical calculation. We also include the contribution from the secondary neutrino
flux (ve, 7 ,7,), because they are also sensitive the oscillation'parameter. Finally the

e-like and p-like events for the 4-th bin are obtained as

Ne=Ny(w)+ > No(vg),  (a=e,p). (65)

Vg=Ve Ve s7p

The second term in 'eq,(65) corresponds to the contribution from the secondary neutrino
flux. In our analysis, we calculate IV, , by we assume that the mean value summarized in
eq. (55). Our results are not sensitive to the small change in the input values in eq.(55)
For the density along the Tokai-to-Kamioka baseline, we adopt p™P* = 2.8 g/ cm®, which
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is shown in T2K LOT [11]. Since the Tokai-to-Korea baseline go through deeper region
than the Tokai-to-Kamioka- baseline, we take the slightly larger value, 3.0 g/ cm® as the
mean value of the density along the Tokai-to-Korea baseline. We will show that rough
estimation is not so bad in section 7. We examine various input values of sin® 20rcr , 6,
and the sign of m% — m2. Since our concerﬂ is the possibility to distinguish the neutrino
maés hierarchy and to constrain the CP phase uniquely, we study how the above ‘data’

can constrain the model parameters by using the x* function
AX2 = XgK + XIQ(r + ngs + X;zmm . (66)

Here the first two terms, x2x and x%,, measure the parameter dependence of the fit to
the SK and the Korean detector data,

, \ 2 . N\ 2
) (V)™ —Nz) ((N;)ﬁt—Nz)
XSK Kr = > ( : + - ) (67)
i N} Ny

where the summation is over all bins from 0.4 GeV up to 5.0 GeV for N, 1.2 GeV for
N, at SK, and 2.8GeV for N, at Korea. These upper bounds are chosen such that most
of the bins used in our analysis contain more than 10 events. Here wa is the calculated
number of events in the i-th bin, and its square root gives the statistical error. Nf* is
calculated by allowing the model parameters to vary freely and by allowing for systematic
errors. In our analysis, we, consider 4 types of systematic errors. The first ones are for
the overall normalization of each neutrino flux, for which we assign 3% errors,

fup = 14003, (68)

for vg = v,, Ve,v, Dy, which are taken common for T2K and the Tokai-to-Korea ex-
periments. The second systematic error is for the uncertainty in the matter density, for
which we allow 3% overall uncertainty along the baseline, mdependently for T2K (f SK)
and the Tokai-to-Korea gxperiment (fXr):

= fo0 i prac (i = SK, Kr). (69)
The third uncertainty is for the CCQE cross section,

U.SE, fit _ f(SE O.SE, true . (70)

Since v, and v, QE cross sections are expected to be very similar theoretically, we assign
a common overall error of 3% for v, and v, (fOF = fQE = f77), and an independent 3%
error for 7, and 7, QE cross sections (ffF = QE = f; %), The last one is the uncer tainty
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of the fiducial volume, for which we assign 3% error independently for T2K ( 3K) and
the Tokai-to-Korea experiment (f5). N&f¢ is then calculated as

N (ug) = fo0 FOB fFOKNE (), (71)

and X2, has four terms;

2 _ fun =1 95— 1\’ Fi=1\' (f-1))
a3, G5 5 55 25 ()|

(72)
In short, we assign 3% errors for the normalization of each neutrino flux, the v, and
7, CCQE cross sections, the effective matter density along the base line, and for the
fiducial volume of SK and the Korean detector. Finally, x2,, accounts for the present

constraints on the SOL oscillation parameters, summarized in eq. (49):

XZ — (wmgz)ﬁt - (Jmﬁz)input)z
para

0.6 x 105
¥ (Sinz 268y, — si’ 2953’#)2 (73)
0.07 o

In total, our Ax? function depends on 16 parameters, the 6 model parameters and the -

10 normalization factors.

6.2 Determination of the mass hierarchy

In this subsection, we study the capability of determining the sign of dm2; in the
T2KK experiment. First of all, we investigate the favored the combination of the off-
axis angle at Kamioka, that in Korea, and the baseline length for the Tokai-to-Korea
baseline to determine the mass hierarchy pattern. This is most important point, because
the we can not measure the § uniquely without constraint on the mass hierarchy pattern.

For this purpose, we first calculate the expected number of the v, — v. CCQE events
at both detectors by assuming either normal or inverted hierarchy, and then examine
if the resulting ‘data’ can be fitted for the opposite hiera.r_éhy by adjusting the model
parameters. |

We show in Fig. 8 the minimum Aj? expected at the T2KK two detector experiment
after 5 years of running (5 x 10%POT), as functions of the off-axis angle and the base-
line length of the far-detector site from J-PARC at Tokai, when the normal hierarchy
(m2—m? > 0) is assumed in generating the events, and the inverted hierarchy (mi—m3 <
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Figure 8 Minimum Ax? of the T2KK two detector experiment after 5 years of running
(5 x 10?! POT) as functions of the off-axis angle and the base-line length of the far-
detector from J-PARC at Tokai, when the normal hierarchy (m% — m? > 0) is assumed
in generating the events, and the inverted hierarchy (m2 — m? < 0) is assumed in the
fit. The left-hand figure (a) is for the 2.5° OAB at SK, and the right-hand one (b) is for
the 3.0° OAB beam at SK. The input parameters are the same as those of Fig. 4 (d); in

particular, sin? 2055 — (.10 and §iePut = (°.

0) is assumed in the fit. The left-hand ﬁgufe (a) is for the 2.5° OAB at SK, and the
right-hand one (b) is for the 3.0° OAB beam at SK. The input parameters are choose as
in eq. (55), sin? 20580 = 0.10 and §™P* = 0°. The four symbols, solid circle, open circle,
triangle, and square are for L = 1000km, 1050km, 1100km, and 1150km, respectively.
There are no data points at 0.5° in Fig. 8(a) for the 2.5° OAB at SK, because the 0.5°
off-axis beam does not reach Korea: see Fig. 5(a). It is clearly seen from Fig. 14 that
the best combination of off-axis angles are 3° for SK and 0.5° for the Korean detector at
L =1000 km. The 0.5° off-axis beam has strbng flux up to ~ 2.2 GeV, which overlaps
significantly with the broad peak of the v, — 1, oscillation at L = 1000 km; see Fig: 4
(a), (c) and (d). Because the number of the v, CCQE events is large enough around the
oscillation maximum for sin? 20gcr ~ 0.1, both at SK and at the far detector in Korea,
we are able to measure the difference in the magnitude of the v, — v, probability at
two vastly different baselines, and can hence distinguish between the normal hierarchy
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Figure 9: The same as Fig. 8, but when the input data is calculated for the inverted
hierarchy (m2 — m2 < 0) and the fit is performed by assuming the normal hierarchy
(m2 —m? > 0). All the other parameters are the same as those in Fig. 14.

and the inverted hierarchy. We can reject the fake hierarchy at 4.1-0 level in our simple - -

simulation with this combination of 3.0° at SK and 0.5° at L = 1000 km. We find
from Fig. 8 that the 1.0° OAB in Korea still keeps the sensitivity to the neutrino mass
hierarchy, where both a combination of 1.0° at I, = 1000 km and 2.5° OAB at SK (Fig. 8
(a)) and that of 1.0° at L = 1000 km ~ 1150 km and the 3.0° OAB at SK (Fig. 8 (b))
distinguish the neutrino mass hierarchy at about 3.5-¢ level in our simulation. This is
because the CCQE cross section times the flux of 1.0° OAB extends to ~ 1.7 GeV, see
Fig. 4 (a) and (c), which barely overlaps with the broad peak region of the v, — ve
oscillation probability shown in Fig. 4(d). From Fig. 5 (a) and (b), we find that the 1.0°
"OAB is observable only in the east coast of Korea (L ~ 1000 km) for the 2.5° OAB at
SK, whereas for the 3.0° OAB at SK, it can be observed at various base-line lengths up
to ~ 1150 km. When we compare the data points for the same off-axis angle but the
different baseline length, the Ax? for the further points tends to be large. This is effect
of the —2’% in eq. (57d), which grows with the baseline length, L. The other combinations,
OAB > 2.0, have little hope to constraint the neutrino mass hierarchy pattern.
Fig. 9 is the same as Fig. 8, but when the input data is calculated for the inverted
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hierarchy and the fit is performed by assuming the normal hierarchy. The favored com-
bination is same as the case for the normal hierarchy, 3.0° at SK, and 0.5° at L ~ 1000
km in Korea, but the value of minimum Ax? drops from 18.0 to 13.8. This deficit comes
from the statistic error. At Korea, the number of v, appearance signal is strongly sup-
pressed by the matter effect term. Then the statistic errors is large. Especially, the
signal for the 0.5° off-axis beam is strongly suppressed because the main flux of the 0.5°
is from 1.5 GeV to 2.0 GeV region.‘ For the 1.0° case, the decreases of the minimum
Ax? is not so large, because of lower energy flux. But it is remarkable that still the
data points of which off-axis angle in Korea is smaller than 0.5 keeps 3-o significance.
We may conclude that a far detector that observes the T2KK off-axis beam have the
capability of the neutrino mass hierarchy pattern.

Because we find from Fig. 8 and Fig. 9 that a combination of 0.5° OAB at L ~ 1000
km and the 3.0° OAB at SK has a significantly better capability of determining the neu-
trino mass hierarchy, we study in the following physics potential of this preferred T2KK
set up in more detail. In particular, we investigate the whole un-explored parameter
space of the three neutrino model.

First in Fig. 10, we summarize our findings on the capability of the T2KK experi-
ment to determine the neutrino mass hierarchy in the whole space of sin? 20pcr and 4§ .
Fig. 10(a) shows our result when the mass hierarchy is normal (m% —m? > 0), and (b)
when it is inverted (m2 — m? < 0). In each figure the input data are calculated for the
model parameters at various sin? 20585 and §™P* points, and the fit has been performed
by surveying the whole parameter space, but under the dpposite mass hierarchy. The
resulting values of the minimum Ay? are shown as contours for 2, 3, 4, and 5-0. The
wrong mass hierarchy can be excluded with the corresponding confidence level if the
true sin? 20 value lies in the right;-hand side of each contour along the true value of
6 (§'Put), In particular, the minimum Ax? values of 18 for the point (sin® 20p5er, §input)
= (0.10, 0°) in Fig. 10(a) corresponds to the highest point in Fig. 8(b), and the cor-
responding value of 14 in Fig. 10(b) is the highest point in Fig. 15(b). We find that
the wrong hierarchy can be excluded at the 3-o level if sin? 2055e > 0.055 (0.09) if the
hierarchy is normal (inverted).

It is remarkable that the § = 0° case chosen to plot Fig. 8 and Fig. 9 turns out
to be the case when it is most difficult to determine the neutrino mass hierarchy. If
0 = 180°, the wrong hierarchy can be excluded at the 3-o level for sin? 0Bt > 0.025
for the normal hierarchy (Fig. 10(a)) or sin® 2052t 2,0.03 for the inverted hierarchy
(Fig. 9(b)). The origin of the § dependence is the difference of the oscillation phase at
the far detector in Korea. From egs. (57d) and (63), the difference of the oscillation phase
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Figure 10: Capability of the T2KK two-detector experiment to determine the neutrino
mass hierar chy, ( a) when the mass hierarchy is normal (m2 —m? > 0), and (b) when it is
inverted (m3—m? < 0). The numerical results are obtained for a combination of 3.0°0AB
at SK and 0.5%ff-axis at L = 1000km with a 100 kt water Cerenkov detector, after 5
years of running (5x 102! POT) In each figure the input data are calculated for thenodd
parameters at various sin 26‘&%’%{’ and §™P" and the fit has been performed by surveying
the whole parameter space with the opposite mass hierarchy. The resulting values of
minimum Ayx? are shown as contours for 2, 3, 4, and 50 The wrong hierarchy can be
excluded with the corresponding confidence level 1f the true sin? 20gcT and § values lie in
the right-hand side of each contour. The model parameters are set at (m3 s ) e
2.5x107%eV? (a), —2.5 x 1073 V? (b) (m3 —m?)mPut = 8.2 10~ ev2 sin? 20422 = 1.0,
sin® 20581 = 0.83, p" = 2.8g/cm® for SK, and p™Pu = 3, 0g/cm® for L = 1000km.

near the oscillation maximum, |A;3] = 7, between the input and the fit is expressed as,

A A
'__—13 + Blenput l 213 + Bﬁt
. 0.1 1/2 0.1 1/2 A
~ £0.15 { cos 5P (—2—?““_ + cos §fit 0 > | 13|>
Sin 29RCPT ln 20RCT T
L
F0.98 (1000km> ‘ (74)

The upper sign is for the normal hierarchy, and the lower sign is for the inverted hierarchy.
The phase-shift difference depends on both cos 6P and cos §ft. As explained in section
3, below eq. (62), when cos ™" ~ 1 (§P"t ~ (°) the phase shift is smaller than that
with the other ™" at L = 1000 km. Therefore the fitted value of cos§ (cos 51) also
tends to be large and has the opposite sign for the fake hierarchy. If cos §™Put ~ —1, it
is not possible to compensate for the phase-shift difference of eq. (74) even by choosing
cos 0™ = 1, and the significantly higher minimum Ay? value results in Fig. 10(a) and

(b). In general, cos " > 0 is favored even when cos §™" < 0 in order to minimize the
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Figure 11: The values of the fit parameters, sin? 208, and 6%, at the minimum Ax?
point of the analysis of Fig. 10 are shown. The results for the normal hierarchy (a) and
those for the inverted hierarchy (b) are shown correspondingly to the fit of Fig. 10 (a)
and Fig. 10 (b), respectively. The vertical lines are the sin? 208%, . contours. The thinner
contours give the 6% values.

phase-shift difference of eq. (74). This is clearly seen in Fig. 11, where we show the values
of the best fit parameters, sin” 2081 and §%, at the minimum Ax? point of the analysis
of Fig. 10. The results for the normal hierarchy (a) and those for the inverted hierarchy
(b); are shown correspondingly to the fit of Fig. 10(a) and Fig. 10(b), respectively. The
thick vertical lines are the sin® 208%. contours. The thinner contours give the 61 values.
We find that the value of 6t around 0° is almost always favored as expected.

Here let us try to explain more detailed features of Fig. 10 and Fig. 11 by separating

the parameter space of sin? 20pey and §™P™ into 4 regions.

1. small sin? 20525 region ( sin®20gew < 0.04) at any 6™ In this region the
phase difference eq. (74) is mainly controlled by the cosé terms, because of the
1/4/ sin? 20gor enhancement over the matter effect term. It is hence relatively easy
to make the difference small by adjusting cos 6% + cos §™P* ~ 0. The hierarchy is

determined essentially by the difference of the v, — v, oscillation amplitude only.

2. sin? 2012 2, 0.04 at ™2t ~ 180°: Although the effect of cos ™" ~ —1 is can-
celed by choosing cos 6% ~ +1, the difference from the matter effect term in eq. (74)
cannot be canceled. Therefore in this region the hierarchy is determined by the

differences of both the amplitude and the oscillation phase.

3. sin? 20m8a¢ 2, 0.04 at 6™Pt ~ £90°: In eq. (74), the difference is controlled by the
matter effect term and the cosd™ term because cos §™P" ~ 0. In this region, we

can make the phase-shift difference small by choosing cos 5t > 0.
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4. sin® 2058 ~ 0.04 to 0.08 at §™™ ~ 0°: In this region the phase-shift difference
eq. (74) at |Ajs| ~ 7 can be made small at cosd™ ~ 1, but the difference at
|A1s] ~ 27 becomes large. Because the flux of 0.5° off-axis beam is strong at lower
energies where ™ < |Ay3] < 27, the growth of the phase-shift difference eq. (74) at
larger |A;s| cannot be compensated. This explains why the minimum Ay? value

in this region is larger than the one for the case 3.

The systematics of the oscillation phase is rather complicated, but its effect turns out to
be significant in determining the neutrino mass hierarchy.

We also investigate the sensitivity of the mass hierarchy pattern for the combination
of 2.5° OAB at SK, 1.0° OAB at Korea, and L for the Tokai-to-Korea baseline is 1000
km, and the result is shown in Fig. 12. We find that we can constrain the sign of A5 at
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Figure 12: The same figure as Fig. 10 but the off-axis angle at SK is 2.5°, that at Korea
is 1°, and the distance from J-PARC to the detector placed in Korea is 1000 km.

3-0 level when sin? 20gcr > 0.077(0.1) for the normal (inverted) hierarchy, respectively.
If we want the same capability of the best combination, 0.5° at L ~ 1000 km, and 3° at
SK, we need about 120 kt level water Cerenkov detector in Korea. In Fig. 12 that the
CP dependence of the capability of determining the mass hierarchy is rather stronger
than the that shown in Fig. 12. The flux of 1.0° OAB covers lower energy than that of
0.5°, then the magnitude of Ay becomes large, and finally the CP dependent terms in
eqs. (57b) and (57d).

Before closing this subsection, let us briefly study the value of sin® 20i%. in Fig. 11.
In Fig. 11(a), sin® 20§y is larger than sin® 20587, whereas in Fig. 11(b), sin® 2608t is

smaller than sin® 29}1{1}0’?. This is because the same oscillation amplitude can be obtained

by choosing sin® 2081 > sin® 20555 when the hierarchy is normal but it is assumed to
be inverted in the fit, and vice versa for the opposite case. A bad point for the inverted

case is that the small sin? 208 enhances the contribution of the CP phase. As results
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of this smallness, the phase difference in eq. (56) can be canceled by cos ™. Therefore,
constraining the neutrino mass hierarchy suffers the slightly larger statistical error and
the cancellation of the phase difference for the inverted case.

6.3 Measurement of CP phase

In this section we investigate the measurement of sin?20gcr and & for our preferred
combination of the 3.0° OAB at SK and 0.5° OAB at L = 1000 km. This combination
of the T2KK experiment allows us to measure the v, — v, oscillation around the oscil-
lation maximum at two base-line lengths, which can be parametrized as in eq. (56), in
terms of the amplitude shift eq. (57b) and the phase shift eq. (57d). Once the neutrino
mass hierarchy is determined as explained in the previous section, the terms propor-
tional to |Ajs| /7 in the amplitude shift eq. (57b) measure sind, and those in the phase
shift eq. (57d) measure cosd. In the T2KK two detector system, both sin? 20rcr and
sin¢ can be determined uniquely because the amplitude shift eq. (57b) has significantly
different matter effect contributions between SK and the far detector. The phase shift
measurement of the term eq. (57d) constrains cos § independent of sin §.

We also examine the capability of the Tokai-to-Korea LBL experiments for measuring
the CP phase. We show in Fig. 13 regions allowed by this experiment in the plane of
sin® 20ger and §. The mean values of the inputs are calculated for the parameters of
eq. (55). In each figure, the input points (sin? 20, §*™°) are shown by solid-circles for
sin? 2059 = (.10, and 0.06. The regions where the minimum Ay? is less than 1,4, 9 are
depicted by solid, dashed and dotted boundaries, respectively. Even though we allow the
sign of m2 — m? to vary’in the fit, no solution with the inverted hierarchy that satisfy
AxZim < 9 appear in the figure.

From these figures, we learn that § can be constrained to £30° at 1o level, when
sin® 26f%° > 0.06. It is remarkable that we can constrain both sin § and cos § without us-
ing anti-neutrino experiments. It is remarkable that the error of § is almost independent
of sin? 20554 at 0.06 and 0.1, for all the four input values of 5™ (°, £00°, and 180°.
This is remarkable because the event number N, is proportional to sin? 20pcr according
to eq. (56), and hence the statistical error of the measurement of the amplitude and
the phase should be proportional to 1/4/Ng, or-1/4/sin? @ger. This increase in the error
for small sin? 2055 values is canceled by the increased sensitivities of both the ampli-
- tude and the phase shift to sin J and cosd, respectively, which are both proportional to
1/4/sin® Grcr. The two effects cancel rather accurately, and we find that the error of

is almost independent of the input values of sin® 20rcr and §.
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7 Effect of the future reactor experiment

7.1 The effect of the constraint on sin? 20rcr in T2KK

In the previous section, we learn that the T2KK have the capability of solving the
degeneracy problem. However, Fig. 11 shows that the sin® 20f% is different from the
sin? 2002 This fact encourages the more combining analysis, the T2KK experiment
and the future neutrino oscillation experiment, such as Double CHOOZ, Daya bay, Reno
and so on. So let me consider what happen if we combine the result of T2KK and the
future reactor oscillation experiments. '

The most affected part is the determination of the amplitude of the v, — v, oscilla-
tion. In the previous discussions, we learn that there is a huge difference of the v, signals
between the normal hierarchy and the inverted hierarchy at Korea. Then sin® §i% . tends
to recover this difference, but finally sin? g8 produces the another difference in Korea.
In other words, the role of SK is a stopper for sin? ... If the value of sin? 0, is
constrained by the reactor experiments strongly, the large difference between the signals
and estimated signal from fitting parameter at Korea survives, and then fake hierarchy is
excluded more strongly. This fact does not mean that SK is not necessary for the T2KK
with reactor experiment. The another role of SK is constraining 6. In A° the term of
sin d is comparable the matter effect term in Korea, So 6% can make the contribution of
the matter effect term weak by the sin § term of A%; see eq. (57b). But if 6% is fitted like
the above case, sin 6 produces the difference of the event number at SK, because the
magnitude of the matter effect terms is smaller than the sin d term at SK in eq. (57b).

For the B¢, the related part of sin? 20y is the term of cosd, which is proportional
to 1/4/sin? 20rcr; see eq. (57d). We can find in Fig. 11 that sin 226841 tends different of
sin 29{{8%" by factor 2. For the normal hierarchy case, the magnitude of the cosfilr term
in eq. (74) is small, then we can use the phase difference. As we learn in the previous
section, for the inverted hierarchy case too small sin? 208%,, enhances the power of cos 61
and then difference of the oscillation phase is diluted. If we use the strong constraint
for sin® 20pcr, it is very difficult that sin? 20fit,; takes small value, then the case for the
inverted hierarchy case also receive the benefits of the Be. |

The measurement of the CP phase are not so affected from the reactor experiments.
About the measurement of CP phase, the effect of constrain of sin? 20gcr does not sig-
nificantly improve the error of § , because the contribution from the CP phase in the X2
function is independent of the value of sin? 20rcr, as we check in the section 6.3. For
the sin® 20pcr measurements, once we constrain the mass hierarchy pattern, the freedom
of sin? 20rcr is strongly constrained by the difference of the magnitude of the v, — v,
transition probability. Then the large difference allows us to measure the sin? 20gcr pre-
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cisely. Fig. 13 shows that the error of sin® 20gcr is already 0.01 by only T2KK. But
the expected error the future reactor experiment is almost same size as the sensitivity
to sin® 20rcT , which is about 0.01. Therefore we can expected more strong constraint
of sin? 20gcr by the combination of the T2KK and the reactor experiments. We can
conclude that the constraint from the reactor neutrino experiment seems very pbwerful
for determining the mass hierarchy, especially for the inverted hierarchy. However the
measurement of the ¢ not expected to be much improved by the combining analysis.
Finally, the combining analysis gives more tiny constraint on sin® 20gcr. We will check
the power of the reactor experiment by the numerical calculation in the next and .the
after next sub sections. ‘

7.2 Mass hierarchy

In this sub section, we would like to check the power of the future reactor experiment.
Here we assume that the sin? 20por will be constrained by the reactor experiment till the
end of T2KK experiment, and the error of sin? 20pcr is 0.01 for any sin? 20gcr. Then it
constraints can be added into the x? function. The new xgua can be written as,

2 ((5m%2)ﬁt — (6m§2)i“1’“t)2

Xpora = 0.6 x 10-5
sin® 2608, — sin? 20550 * [sin? 2085 — sin’ 20587 ’ 75
+ 0.07 * 0.01 - ()

The first second terms are same as eq. (73). The last is the new term which comes from
the reactor experiments. '

By using the new xf,m, we again investigate the best combination of the off-axis-
angles and the baseline length for the Tokai-to-Korea baselines.  We show the same -
figures in Figs.14 and 15 as Fig. 8 Fig. 9 but including the the constraint on the
sin® 20pcr from the future reacotr experiment, A(sin? 20rcr) = 0.01 into the Ax? func-
tion. We find that the most of all data point improve from the Fig. 8 and Fig. 9. The
best combinations of the off-axis angle and the baseline length at Korea are not changed |
by this analysis, the values of minimum Ax? is increased from 18 to 23 in Fig. 14, and
the 16 to 22 in Fig. 15. The data points for the inverted hierarchy, Fig. 15, are much
improved than that for the normal hierarchy case. From the discussion in the previous
sub section, we expected that the origin of the large imporvement comes from the B°.
To make the origin of the improvement clear, we also check the sensitivity of the mass

hierarchy pattern and the fitting parameters for the minimum Ax? points. We show the
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Figure 14: The same figure as Fig. 8 but the constraint on the sin? 20gcr from the future
reactor experiment, A(sin?20grcor) = 0.01 is included the Ax? function. The signal is
calculated by the normal hierarchy but the fitting parameter is assumed in the inverted
hierarchy.

sensitivity of the capability of determining the mass hierarchy by the T2KK with the
reactor experiments in Fig. 16, which is the same figure as Fig. 10. We find that the limit
of sin? 20gcr for determining the neutrino mass hierarchy for any § is improved, from
0.06 to 0.45 for the normal hierachy, and 0.09 to 0.55 for the inverted hierarchy. The
remarkable point that the the fake hierachy obtaion the capability as much as that for
the normal hierarchy, and the CP dependence in Fig. 16(b) is weaker than that shown
in Fig. 16(b). From the above facts that we conlude that the constraining sin? 29;@1«
by the future neutrino oscillation experiments is very powerful tool for determining the
neutrino mass hierarchy.
~ The best combination for 2.5° OAB SK is also improved. We show the sensitivity
to the sign of Ay3 for the combination the OAB 2.5° at SK and 1° at L = 10000 km in
Fig. 17. We find that the even for this combination, the sigh of 6m2, can be constrained
at 3-olevel for sin? 20rar > 0.07. |

At the final of this subsection, we check how important SK is in the combining

analysis by the changing the volume ratio between near and far. We show in Fig. 18 the
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Figure 15: The same figure as Fig. 9 but the constraint on the sin? 20gcr from the future
reactor experiment, A(sin? 20gcr) = 0.01 is included into the Ay? function. The signal
is calculated by the inverted hierarchy but the fitting parameter is assumed in the normal
hierarchy.

minimum Ayx? as functions of the volume ratio of the near (Kamioka) and far (Korea)
detectors while keeping the total volume at 600 kt for 5 x 102! POT. We assume the
normal hierarchy for the input and the inverted hierarchy in the fit. We examine 8 cases,
~ for sin® 205X = 0.1 (solid lines) and sin® 205y = 0.06 (dotted lines), and for §ivput
= 0° (a), 90° (b), 180° (c), and —90°(d). It is clearly seen from Fig. 18 that a 600 kt
detector in Kamioka alone cannot resolve the mass hierarchy at all, because there is a
little difference in v, — v, transition probability between the normal hierarchy and the
inverted hierarchy. On the other hand, in the case of only a Korean detector with 600
kt, the minimum Ayx? value is not much smaller than the best case. This is because the
constraint of sin® 20gcr from the future reactor neutrino experiment replaces the role
of the near detector which measures the v, — v, transition at low energies where the
matter effect is small. We find that the minimum Ax? value of 23.5 in Fig. 18(a) at
the volume ratio of 1:5 (= 22.5: 100) is about 4.5 times as large as the minimum Ax?
value in Fig. 14(b), confirming the dominance of the statistical error in our analysis. If
we request that the minimum Ay? should be at least 80% of its optimal value, then the

47



180 180 : —T
.\\““ it \e\ ol s
90 N S S O 7 %0 \ \ o
e ;
P
2 oA=L o 1 2 2 ol—H Q Sl
'g \ 7 P i Oé o \\
// e ‘. j ‘i“
-90 ,/ B -90 L
s
1 0.02 004 006, 008 01 0412 0.14 480 002 004 006, 008 04 012 0.4
sin? 2 6RCT sin? 2 6RCT

Figure 16: The same figure as Fig. 10 but the constraint from the reactor experiment is
included
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Figure 17: The same figure as Fig. 12 but the constraint from the reactor experiment is
included

near-to-far volume ratio should be between 0.5 : 5.5 and 2.5 : 3.5. More volumes should

be given to the far detector than to the near detector.

7.3 CP phase

In this subsection, we study the how much the constraint on sin? 20t improves the
measurement of CP phase and sin?20rcr . We show in Fig. 19 and Fig. 20 regions
allowed by this experiment in the plane of sin?20gct and 6. The mean values of the
input data are calculated for the parameters of eq. (55). In each figure, input points
, 0Put) are shown by solid-circles for sin? 20555 between 0.02 and 0.1, with
an interval of 0.02, and for four values of 6™ 0°(a), 90°(b), 180°(c), and —90°(d). The

regions where the minimum Ax? value is less than 1, 4, 9 are depicted by solid, dashed,

-2 input
(sin® 20gcr

and dotted boundaries, respectively. Fig. 19 is for the normal hierarchy, and Fig. 20 is for
the inverted hierarchy. From these figures, we find that ¢ can be constrained to +30° at
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Figure 18: Optimal ratio of the fiducial volumes of two detectors, one at Kamioka
(L = 295 km) and the other at L = 1000 km in Korea, for determining the neutrino mass
hierarchy. The input data are calculated for the normal hierarchy at §m2, = 2.5x1073eV?
and the minimum Ax? of the fit with the wrong hierarchy is shown for sin? 2685 = (.10
(solid lines) ‘and 0.06 (dotted lines) and for 6™ = 0° (a), 90° (b), 180° (c), and 270°
(d), when the sum of the fiducial volumes is fixed at 600 kt. The other parameters are
same as those in Fig. 4 (d), and the results are calculated for 5 x 102'POT.

1-0 level, when sin? 20055 >, 0.02 as long as the neutrino mass hierarchy is determined.
As shown in Fig. 16(a) and (b), the mass hierarchy cannot be determined at 3-
o level (Ax? > 9) when sin® 2052 is too small. In case of the input parameters of
Fig. 19 for the normal hierarchy, this is the case for sin? 20pgn = 0.02 at §iPut = (° (a),
sin® 2025 = 0.02 and 0.04 at 5™ = 90° (b), and sin? 20p5 = 0.02 at §™P% = —90°(d).
For those input points, there appear an additional allowed region whose center (local
minimum of Ayx?) is shown by a solid square. No extra allowed region appears for
0 = 180° in Fig. 19(c), in accordance with the result of Fig. 16(a). In case of Fig. 20 for
the inverted hierarchy, the local minimum appears for sin? 20pes’ = 0.02 at §Put = (°
(a), sin® 205E1 = 0.02 and 0.04 at §™* = 90° (b), sin? 2012% = 0.02 at §mPut — 180°
(c), and sin® 20p8s = 0.02 at ™" = —90°(d).
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Figure 19: Capability of the T2KK two detector experiment with the future reactor
experiment for measuring sin® 20pcr and § . Allowed regions in the plane of sin? 20gcT
and § are shown for a combination of 3.0°0OAB at SK and 0.5°at L = 1000km with a 100
Kkt water Cerenkov detector after 5 years of running (5 x 10** POT). The input values of
sin? 20pcr are 0.02, 0.04, 0.06, 0.08 and 0.10 for § = 0°(a), 90°(b), 180°(c), and —90°(d).
The normal hierarchy is assumed at m3 —m? = 2.5 x 107%eV?, and the other parameters
are the same as those in Fig. 16. The input points are shown as solid blobs, where
Ax? = 0 by definition. The 1-, 2-, and 3-0 contours are then shown by solid, dashed,
and dotted lines, respectively. For the input values of (sin’ gHTENe FenuEy — (0,02, 10°)
(a), (0.02, 90°) and (0.04, 90°) (b) and (0.02, —90°) (d), there appear additional allowed
regions when the mass hierarchy is chosen with the wrong sign in the fit, where the local
minimal Ay? point is depicted by a solid square.
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Figure 19: Capability of the T2KK two detector experiment with the future reactor
experiment for measuring sin® 20pcr and § . Allowed regions in the plane of sin? 20gcT
and § are shown for a combination of 3.0°0OAB at SK and 0.5°at L = 1000km with a 100
Kkt water Cerenkov detector after 5 years of running (5 x 10** POT). The input values of
sin? 20pcr are 0.02, 0.04, 0.06, 0.08 and 0.10 for § = 0°(a), 90°(b), 180°(c), and —90°(d).
The normal hierarchy is assumed at m3 —m? = 2.5 x 107%eV?, and the other parameters
are the same as those in Fig. 16. The input points are shown as solid blobs, where
Ax? = 0 by definition. The 1-, 2-, and 3-0 contours are then shown by solid, dashed,
and dotted lines, respectively. For the input values of (sin’ gHTENe FenuEy — (0,02, 10°)
(a), (0.02, 90°) and (0.04, 90°) (b) and (0.02, —90°) (d), there appear additional allowed
regions when the mass hierarchy is chosen with the wrong sign in the fit, where the local
minimal Ay? point is depicted by a solid square.
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Figure 20: The same as Fig. 19, but when the events are calculated for the inverted
hierarchy, i.e., mj — m? = —2.5 x 107%V2. Just like in Fig. 19, additional allowed
regions, when the wrong sign of the m3 — m? is chosen in the fit, appear for all the o™
cases at sin® 20587 = 0.02, and for 5™ = 90° (b) at sin? 2058% = 0.04.

8 Earth Matter Effect in T2KK

8.1 The effect of the matter density distribution

We saw the importance of the matter effect in the actual analysis. But in the previous
analysis, we assume the the matter profile along the baseline is constant and we put the
mean value and its error of the matter density along the baseline by hands. Actually,
the matter profile along the baseline is complicated and its error seems to be larger than
3%. In this section, we ét-udy the earth matter effect in the T2KK experiment. At first,
we study the correction of the matter density distribution to the v, — v, oscillation.
Now we consider that the matter profile along the baseline is not constant. In this
case, it is too difficult to solve the schorddinger equations analytically. We use again the
approximation formula to understand the effect of the matter density distribution. We
can start the discussion from eq. (32), because this formulation is correct for any a(x).

In eq. (32), the integration of a(z) is necessary, and to treat this integration analytically,
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Figure 20: The same as Fig. 19, but when the events are calculated for the inverted
hierarchy, i.e., mj — m? = —2.5 x 107%V2. Just like in Fig. 19, additional allowed
regions, when the wrong sign of the m3 — m? is chosen in the fit, appear for all the o™
cases at sin® 20587 = 0.02, and for 5™ = 90° (b) at sin? 2058% = 0.04.

8 Earth Matter Effect in T2KK

8.1 The effect of the matter density distribution

We saw the importance of the matter effect in the actual analysis. But in the previous
analysis, we assume the the matter profile along the baseline is constant and we put the
mean value and its error of the matter density along the baseline by hands. Actually,
the matter profile along the baseline is complicated and its error seems to be larger than
3%. In this section, we ét-udy the earth matter effect in the T2KK experiment. At first,
we study the correction of the matter density distribution to the v, — v, oscillation.
Now we consider that the matter profile along the baseline is not constant. In this
case, it is too difficult to solve the schorddinger equations analytically. We use again the
approximation formula to understand the effect of the matter density distribution. We
can start the discussion from eq. (32), because this formulation is correct for any a(x).

In eq. (32), the integration of a(z) is necessary, and to treat this integration analytically,
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we adopts the Fourier expansion to a(z).

o
a(z)= ). ane U E*

n=-—00

= ag {1 423 [Re (%) coé (27}{“”)'+ I'm (rg) sin (27;’“”)} } . (76)

k=1

Here ay gives the average matter effect, Re(rx) terms give fluctuations which are symetric
about the center of the baseline, and Im(r)) terms give asymmetric fluctuations. We

can separate the Fourier modes from the constant mode in H,.

H, = H, +6H,, (77)
) 1 0 0 0\ 1 [ @ 00 v
Hy=5U| 0 dm2, 0 |UT+ sH| 0001, (78)
o 0 O 0 0°0
N 2mnT ' 2mna 1 00
0H, = Z b} [Re (ry) cos ( ) + Im (ry) sin ( )] 000¢}. (79
= B L 00 0

Because the H; is constant along the baseline, we can identified as the Hy is the H;
which we treated in the previous sections. The first order concretions of the Fourier

modes to the time evolution operator can be obtained as,
L . . ‘
551(L)/3a = —1 (l/ﬁl (A dwe’H"(m"L)JHl(x)e_’H"“’) II/a>

= 3" [UssUsbaef- + SpeUcaUnsfs — UpsUsglUesl? (S + £4)]

n#0

‘ NI anL ) .
X (e 1) AR’ | (80)
fo= (1iéﬁ>_l ' (81)
= omn) ,

Notice that there is no %EL term in eq. (90). Such term ordinary comes from the inte-
gration of the constant but now such term is dropped by the factor e~*"=, Since we
interested in the matter effect term in v, — v, survival mode and the v, — v, transition
mode, we substitute the flavor index into ¢, and 8. Then we find that

_ Qo 2% " A%a —1A; :
6S1(L) pp = —4m|Ue3| ;(%)W (1 —e “") ) (82a)
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We find in eq. (82) that the Fourier modes of the matter effect is suppressed by the Fourier
coefficient, 1/(A%; —4k%7?). So the terms for large k mode are strongly suppressed in the
neutrino oscillation éxperiment [30]. Rough characteristic of the matter profile along the
baseline is more important in the neutrino oscillation. We'also find that this suppfession
factor has the singular point around A;3 ~ 7. However around Aq3 , §.S; term becomes
0 due to the oscillation factor. We find that the 6.5, is almost same as the leading term
of S matrix; see eq. (36). The difference is the factor comes from the matter effect. So
when we calculate the transition probability, the term of Im(ry) can not coupled to the
other imaginary part, and hence the imaginary pa.rt of Fourier modes does not appear
in the first order collectlon

Finally we obtain the correction terms from the Fourier mode. For the v, mode,

/A
Pypos, = 1 — sin® 20y (1 + A¥ + §A¥) sin? (-513 + B“) ,

— 2|Ups|?

SAF = — |U83| Z(’"’“)N 4k27r2 1 TR (83)
Iz

where A* and B* are the contribution from the average matter effect and the A;z, which
are same as in eq. (53). As well as §A*, §A* is almost zero as long as the Oy is the '
maximal mixing. Therefore the v, survival mode is affected by not only the constant
but also the density distribution effect.

. Regarding as the v, — v, transition mode, the

Pyposv, = Asin? Oy sin? Inor {(1 + A° + §A°) sin? (%1-":) + Bsin Als} +oe,

= A ) 4
A = 5 (Re(”*) A2, — 4k | (84)

1

Here we find that the correctidn from the Fourier mode only appear the correction to the
amplitude. The interesting point that this term is also sensitive to the mass hierarchy;
pattern. But the sign of 6 A° depends on the oscillation phase, and sign of r,. Sometimes

this term helps us to determine the neutrino mass hierarchy, but sometimes they absorb
the contribution of the matter effect of A°. Studying both the magnitude and sign of
Rery, are important. o ‘ '
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Figure 21: The relation between densities and sound velocities shown in Ref. [31]. The
solid line is mean value of the density, and the dotted lines of both sides shows the error
of the estimated density. Dashed lines shows how to estimate the density and its error

when V,, = 6.5 km/sec. Three points shows the reference points shown in Preliminarily
Reference Earth Model (PREM) [32]. '

8.2 Earth matter profile in T2KK

In this section we examine the matter profile along the baseline of Tokai-to-Kamioka
and Tokai-to-Korea, and then estimate the average and the Fourier modes of the matter
effects along the baselines. Fortunately, there are many measurement of the crustal
structure around the T2K and the Tokai-to-Korea baselines by using the seismic wave
reflection. We can estimate the depth of the boundaries of each layer from the reflection
points and the average matter density from the velocity of the seismic wave. Most
of works in geophysics show only the seismic wave velocity and not shows the their
estimation of the mean value of the density for each layer. In this section, we use one of
the density-velocity relation to estimate the matter density from the velocity measured
by geophysicists [31]. We show the density-velocity relation shown in Ref. [31]. The solid

line shows the relation between sound velocity and density, which can be expressed as
p = —0.00283V,! + 0.0704V,2 — 0.598V;? 4 2.23V,, — 0.7. (85)

Here V, is the sound velocity inside the matter. The dashed lines of both sides show the
error of the estimated density. The error of the estimated density is about 6%, which
is expected to becomes smaller by combining the other kind of measurements, gravity
anomaly magnetic anomaly, actually digging the crust and so on. Dashed lines show how
to estimate the density and its error when V,, = 6.5 km/sec. Three points show the refer-

ence points shown in Preliminarily Reference Earth Model (PREM) [32], which is often
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used to estimate average density along the baseline for various LBL experiments. These
points are enough close the mean value of the densities so the difference is negligibly
small.

At first, we check the matter profile for the T2K experiment. We show the Tokai-to-
Kamioka baselines and the matter profile along the T2K baseline in Fig. 22. The upper
figure in Fig. 22 shows the Tokai-to-Kamioka baselines. The scale on the baseline shows
the distance from J-PARC. The each interval is 50 km. The shadow région is Fossa
Magna. region [33]. There is a border between two continental plate, North America
Plate and Eurasia Plate. In this region, the sediment layer is deeper than the usual.
On the other hand, the lower one shows the cross section view of the T2K experiment.
The horizontal line shows the distance from the J-PARC and the vertical axis means the
depth from the sea level. The number of each region means the average density. The
unit is g/ cm®. In this figure, the thickness of the sediment layer except for Fossa Magna
region is assumed lkm and we refer the geological map to iden%ify the kind of rock [34].
At the Fossa Magna, the sediment layer is down to 6 km [33]. The most of sediment
layer is composed by milestones, sand stone,and so on [34]. Ref. [33] shows that the
density of such sediment layer is 2.5g/ cm®. On the other hand, the sediment layer near
the Kamioka, L > 230 km, is composed by the granite, which composes the upper crust.
The mean value of the granite is about 2.8g/ cm®

Now we can estimate the average density and the Fourier modes of the density along
the baseline. When we average out the matter density along the baseline shown in Fig. 22,
the average density is 2.6 g / cm®. The possible source of the error is the systematic error of .
eq. (85) and the uncertainty of the boundary of each layer. In T2K case, the uncertainty
of the boundary between sediment and the crust is estimated #+300m. Fortunately,
the region which the neutrino goes through for longest time is Fossa Magna, and the
uncertainty of boundary has no meanings near the Kamioka. So the error of the a{rera,ge
density from the boundary uncertlainty is 0.05%. It concludes that the most serious error
to the average density is the error of the model, which is about 6%. We show the Fourier
coefficient of the matter density profile along the Tokai-to-Kamioka baseline in Fig. 23.
Black circle and white square shows the magnitude of the real and imaginary part of the
Fourier mode, respectively. Fig. 23 shows that the magnitude of the each Fourier modes
is less than 0.0Bg /cm3. It is ‘corresponds to rx < 0.02.. Because the corrections from the
matter effect around the oscillation maximum to the yp; — v, oscillation is about 10%
in T2K experiment; see eq. (57b), the corrections of 7 is almost zero. In order to check
the actual effect of the Fourier mode to the oscillation, we show the v, — v, transition
probaibility at Kamioka around the oscillation maximum region for various § and the
matter density profile in Table. 2. The matter profile and the value of the Fourier mode
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Figure 22: Upper: The Tokai-to-Kamioka baselines. The scale on the baseline shows the
distance from J-PARC. The each interval corresponds to 50 km. The shadow region is
Fossa Magna region [33]. Lower: The cross section view of the T2K experiment. The
horizontal line shows the distance from the J-PARC and the vertical axis means the
depth from the sea level. The number of each region means the average density. The
unit is g/cm®.
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Figure 23: The Fourier mode of the matter density profile along the Tokai-to-IKKamioka
baseline. Black circle and white square shows the magnitude of the real and i 1mag1na1y
part of the Fourier mode, respectively.

of the density along the baseline are shown in Fig. 22 and Fig. 23, respectively. The
transition probability shown in the table is calculated by the Runge-Kutta method. In

the calculation, sin?20gcr = 0.10 and the normal hierarchy is assumed. In Table. 2,

P, v, d = 0° 90° 180° —90°
(1) Full matter effect 5.7643 x 1072 | 4.1063 x 10~2 | 5.9300 x 102 | 7.4114 x 10~
(2) Average maitter effect only | 5.7670 x 107> | 4.1086 x 10~= | 5.9336 x 10~* | 7.4154 x 10~
(3) (2) + First Fourier mode | 5.7633 x 10-2 | 4.1054 x 102 | 5.9285 x 102 | 7.4101 x 102
(4) (3) + Second Fourier mode | 5.7642 x 102 | 4.1062 x 102 | 5.9296 x 10-2 | 7.4114 x 10-2

Table 2: The v, — v, transition probability at Kamioka around the oscillation max-
imum region for various ¢ and the matter density profile. The matter profile and the
value of the Fourier mode of the density along the baseline are shown in Fig. 22 and
Fig. 23, respectively. The transition plOba.blhty shown in the table is calculated by the
Runge-Kutta method. In the calculation, sin 2 920rcr = 0.10 and the normal hierarchy is
assumed.

the difference between the transition probabilities for (1), full matter effect, and those
for (2), average matter effect only, is less than 0.1 %. We also find in Table. 2 that the
summation of the Fourier mode is enough up to the second Fourier mode in the T2K
experiment.

Secondly, let us check the Tokai-to-Korea baseline. Because Tokai-to-Korea baselines
go through deeper than one for T2K, the depth of the boundary between each layer is
important for the matter profile. We show the cross section view along the baseline of
Tokai-to-Korea in Fig. 24. The surface map (up) of the planned Tokai-to-Kamioka-and-
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Figure 24: The surface map (up) of the planned Tokai-to-Kamioka-and-Koréa (T2KK)
experiment and the cross section view (bottom) and the surface map (bottom). The
center of the neutrino beam line is shown in up figure. The distance from J-PARC is
shown by the scale, of which interval is 100 km. The two circles shows the regions which
is studied by geophysicists , Yamato basin (east side) and Tsushima/Ulleung basin (west
side) [37, 38] In the bottom figure, each line corresponds to the baseline for I = 1000,
1050, 1100, 1150 and 1200 km, the numbers represents the average matter density, in
units of g/cm?®, the horizontal axis shows the distance along the baseline from J-PARC.
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Baseline length | The moho discontinuity under the sea
L (km) 16 km 17km 18 km
1000 2.94 2.96 2.98
1100 2.99 3.01 3.02
1200 3.03 3.03 3.03

Table 3: Averaged density for each baseline length with various position of the mantle.
Unit is g /cm®

Korea (T2KK) experiment and the cross section view (bottom) and the surface map
(bottom). The center of the neutrino beam line is shown in up figure. The distance
from J-PARC is shown by the scale, of which interval is 100 km. The two circles shows
the region which is studied by geophysicists [37, 38] In the bottom figure, each line
corresponds to the baseline for L = 1000, 1050, 1100, 1150 and 1200 km, the numbers
represents the average matter density, in units of g/cm?®, the horizontal axis shows the
distance along the baseline from J-PARC. In order to make this figure, we use the actual
measurement of the Conrad discontinuity, boundary between upper and lower crust, and
Moho discontinuity, boundary between the crust and the mantle, under the Japan and
the Korea, [35, 36]. Regarding as the matter profile under the Japan sea (east sea), two
measurements shown in Fig. 24 suggest that the depth of the Conrad discontinuity and
the Moho discontinuity are about 7 km and 17 km, respectively at both Yamdto basin,
east side Circe, and Tsushima (Ulleung) basin, Western side circle [37, 38]. So we assume
that the depth of each boundary is 7 km and 17 km, respectively. At the edge of the sea,
we connect the boundary at the sea to the that at Japan or Korea directly. The depth
ambiguity of Conrad line is &1 km for the Japan and the +2 km for the others at 3 — o
level. About the Conrad discontinuity, the ambiguity of the depth is +1 km.

Let us estimate the average matter density along each baseline. Since the traveling
length though the mantle and crust depends on the location of those, the error of the
averaged matter density comes from the errors of the boundary, especially that of the
moho discontinuity below the sea. We show the averaged matter density for the various-
mantle positions in Table. 3. Because the longer baseline go through the mantle and
crust longer time, the averaged density for the longer baseline gets slightly larger value.
The error of averaged densities from the uncertainty of the boundaries are less than 1%.
So the uncertainty of the average density for Tokai-to-Korea baseline is dominated by
the model ambiguity as well as the that for Tokai-to-Kamioka baseline.

We also check the fluctuation of the matter density for the Tokai-to-Korea baseline,.
We show the value of Fourier mode of the density in Figs. 25. Fig. 25 shows the real and
the imaginary part of Fourier coefficient of the density. Black circle and white square
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Figure 25: The Fourier coefficient of the density fluctuation along the baseline. Black
circle and white square shows the magnitude of the real and imaginary part of the Fourier
mode, respectively. Each figure shows the value for the L = 1000 km (left side), and

1200 km (right side).

shows the magnitude of the real and imaginary part of the Fourier mode, respectively.
Each figure is for the L = 1000 km (left side), and 1200 km (right side). We find in
Fig. 25 that the Fourier coefficient of which magnitude is larger than 0.1 g/ cm® is only
real part of the first mode. This is because the density fluctuation is almost same as
a cosine function. So the Re(r;) dominates the corrections from the Fourier modes in
eq. (57b). When we input the real part of p; into eq. (57b), the term of Re(r;) ineq. (57b)
becomes about +0.02 at Az ~ }r, and then this term gives about 1% corrections to the
leading term. We also find that the contribution of r; term enhances the amplitude
of the average matter effect around the first oscillation maximum region, {Ayz| '~ T,
because the negative sign of Re(r1) is absorbed by the factor A2; — 47%k? in eq. (57b).
[t means that the fluctuation of the matter effect helﬁs to determine the neutrino mass
hierarchy in T2KK. Let us check the magnitude of the correction of the Fourier modes.

B 5= 50° 180° —90°
(1) Full matter effect 7.0956 x 1072 | 5.3280 x 1072 | 7.7906 x 1072 | 9.2444 x 102
(2) Average matter effect only | 7.0601 x 1072 | 5.2949 x 10~2 | 7.7408 x 10~2 | 9.1937 x 10~
(3) (2) + First Fourier mode | 7.0985 x 1072 | 5.3321 x 1072 | 7.7983 x 1072 | 9.2493 x 1072
(4) (3) + Second Fourier mode | 7.0041 x 10-2 | 5.3252 x 10-2 | 7.7923 x 10-2 | 9.2433 x 102

Table 4: The v, — v, transition probability at L = 1000 km in Korea around the
oscillation maximum region for various ¢ and the matter density profile. The matter
profile and the value of the Fourier mode of the density along the baseline are shown in
Fig. 24 and 25, respectively. The transition probability shown in the table is calculated
by the Runge-Kutta method. In the calculation, sin?20rcr = 0.10 and the normal
hierarchy is assumed. :
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Figure 26: The cross section view of the T2KK experiment along the baselines which is
estimated from PREM.

L p(this work) | s(PREM) [ Rep, (this work) | Rep; (PREM)
295 km 261 2.60 +0.034 0
1000 km 2.96 2.71 -0.098 - 0.040
1100 km 3.02 2.83 -0.124 -0.037
1200 km 3.04 2.98 -0.137 -0.033

Table 5: Average density and the real part of p1 estimated from Figs. 22, 24, and PREM
[32] for each baseline-length. Unit is g/cm®

We show the same table as Table. 2 but the case for Tokai-to-Korea baseline with 1000
km baseline length in Table. 4. We confirm that the First Fourier mode enhances the
Vu — Ve oscillation and its correction is about 1%, which is about 3% to the correction
from the average matter effect. Notice that the correction of the first Fourier mode is
about a half of the error of the correction from the average matter effect and hence the
contribution of the first Fourier mode cannot be negligible. Therefore, in T2KK, the
careful study about the matter profile along the baseliné is important not only to reduce -
the error of the averaged matter density but also to constrain the Fourier coefficient,.
Before closing this section, we compare our result and the PREM. In PREM, the
earth is assumed as symmetric ball, and then the depth of the boundaries is same for
everywhere. In Fig. 26, we show the cross section view of the T2KK experiment along
the baselines which is estimated from PREM. Although original PREM paper assumed
that the sea covers the earth everywhere down to 3 km from the sea, level, we assume
that the layer down to 15 km is upper crust. The large differences between our cross
sections, Figs. 22 and 24, and Fig. 26 are that the T2K baseline go through only the

upper crust, and moho-discontinuity in PREM is deeper than that under the sea. In
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Table. 5, we summaries the average density and the real part of p; along the baseline
for each baselines length estimated from Figs. 22, 24, and PREM. For the L = 295 km,
the neutrino is expected to go thorough only the upper crust, so the average density is
2.6g/cm®, the density of the upper-crust shown in PREM, and all Fourier mode is zero.
Comparing with average density estimated from Fig. 22, both average density is almost
same. For the Tokai-to-Korea case, all average density estimated from Fig. 24 is larger
than those estimated from PREM. Especially, the difference of average density for the
L ~ 1000 km case, which is the case to detect the T2K beam at small off-axis angles, is
0.2 g/cm®, which is almost same as the error of the average density. So we can conclude
that we tends to undervalue the physics potential of T2KK when we adopt the PREM

model.

8.3 x? analysis

In this subsection, we study the contribution of the earth matter effect, especially the
error of the matter density, the Fourier mode, and the mean value of average density.

First of all, we explain how to treat the earth matter effect in our numerical calcu-
lation. Basically, we use same method in section 7. The first different point is how to
calculate the transition probability and the survival probability includirig the contribu-
tion of the matter profile. In this paper, we calculate the transition and the survival
probability for the average matter profile exactly by the numerical calculations, after
the we add the correction from the Fourier mode, §A4¢ in eq. (84). As we learn that
only the real part of the first Fourier mode gives the non-negligible effect so we only
add the Constitution from the first Fourier mode in out estimation. We adapt 2.6
g/cm?® as the average value for the Tokai-to-Kamioka baseline, and the 3.0 g/cm? for the
Tokai-to-Korea baseline. As the Fourier modes, we take Re(p1)® = +0.05g/cm®, and
Re(p;)Keres = —0.1g/ cm®. Since the origin of the density is common for both average
and the Fourier mode, the uncertainty of the model which estimates the density from
the sound velocity, we assign the common 6% normalzation factor for each baseline,

(psicice)™ = (1 £559) (psie ) ™
(Re(psicienn)™ = (1+ f55) (Belpswcuce)s) ™™ (86)

So we change the denominator of the fp term in eq. (72).

Let us check the ‘best place to determine the neutrino mass hierarchy pattern. We
show the result of our numerical calculation Fig. 27. Fig. 27 is the same figure as Fig. 14
but including the earth matter effect. |

We find that the best combination to determine the neutrino mass hierarchy is OAB
3° at SK and OAB 0.5° at L = 1000 km in Korea. The value of minimum Ay? is
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Figure 27: The same figure Fig. 14, but the earth matter effect considered, especially we
include the real part of the first Fourier mode of the matter profile estimated in section
8.2, the average matter density is 2.6 g/cm?® for the Tokai-to-Kamioka baseline, and 3.0
g/cm? for the Tokai-to-Korea baseline. The error of the average density is 6%

about 23.5. This is because the 0.5° OAB has the strongest flux around the oscillation
maximum region in Korea [20].

Fig. 14, shows the value §x? as 22.2 for the same combination. Although the error
of matter density becomes larger by 3%, psk gets slightly smaller than our previous
analysis, psx = 2.8 = 2.6g /cm3, the difference of the matter effect between SK and
Korea becomes little bit larger, and the sensitivity to the mass hierarchy pattern becomes
better. Then larger systematic error is canceled by the smaller psk. Both contribution
- changes the value of Ax? for the best combination by about 0.5 in the case of our analysis.
Furthermore the contribution from Re(ry) increases the value of 5x* by about 1. As we
check the previous section, Re(r1) add the 3% correction to the average matter effect
in Korea. Because x%, is roughly proportional to the the square of the matter effect
corrections and, and Ay? is mainly controlled by x%,, the value of Ax? increase by 6%.

Notice that the error of average density is only changing the (V) and then the
contribution of the error becomes a half to the Ay®. Therefore the mean value of

the average density along the baseline is more important than the error of the average
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density. For example, if we use the average densities and the Fourier modes estimated
from PREM shown in Table. 5, the matter effect contribution to the amplitude becomes
smaller by about 10% (average: 6.7% and the Fourier mode: 3%), and hence the value of
Ax? becomes about 80%. Actually the value of Ax? for the best combination becomes
smaller by about 19%, 23.5 to 19.1. Therefore not only the off-axis combination but also
the average densﬁy and the magnitude of the Fourier modes along the Tokai-to-Korea

baseline should be considered when we choose the place to construct the detector in

Korea.
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9 Summary

In this doctor thesis, we study the physics potential of the Tokai-to-Kamioka-and-
Korea (T2KK) experiment. The T2KK is a possibility of the extension the Tokai-to-
Kamioka (T2K) neutrino oscillation experiment. In the T2K experiment, the off-axis
beam, of which the center go though underground beneath the Super-Kamiokande, in
order to detect the v, — 1, transition clearly. During the T2K experimental period the
lower side of the T2K off-axis beam will appear in Korea. The range of the off-axis angle
is between 0.5° (1.0°) 3° when 3° (2.5°) off-axis beam is measured at SK; see Fig. 5. If
we place the neutrino detector in Korea during the T2K experimental period, we can
perform the two detector system.

We learn that the two detector long baseline experiment is a powerful tool to deter-
mine the neutrino mass hierarchy pattern in section 4.4, and the matter effect is key of
the two detector system. The first merit of the matter effect is that the matter effect
enhances (suppresses) the magnitude of the 1, — v, transition probability for normal
(inverted) hierarchy, respectively, and its effect becomes large at far detector as long
as we measure the first oscillation maximum. Therefore by comparing the two ampli-
tude and check the sign of the difference, we can constrain the mass hierarchy pattern.
Another merit is solving the sign degeneracy between cosd and sin Ay3 in the v, — 1
mode. For the short baseline experiments, the coefficient of sin A3 term is dominated
by cos d, then we can not constrain the sign of A3 from this contribution. For the very
long baselines experiments, the matter effect term dominates the coefficient of sin Ays,
the this contribution becomes powerful tool to determine the neutrino mass hierarchy.
In the T2KK the we can measure the first oscillation maximum at each detector if we
detect 0.5° or 1° off-axis beam in Korea, then we use the first merit of the matter effect.
Additionally, the distance from the J-PARC to Korea, about 1000 km allowed that the
matter effect term dominates the coefficient of the sin A3 term.

We check the the capability of the determining the neutrino mass hierarchy in the
T2KK experiment. We assume the the near detector is Super-Kamiokande and the 100
kt Water Cerenkov detector in Korea. At first we investigate the favored combination
of the off-axis angles at each site and the basel’ine“length in Korea. We find that the
combination of 0.5° off-axis beam at L = 1000 km, 3° off-axis beam at SK is the best
to determine the neutrino mass ‘hierarchy, which can be constrained at 3-¢ level when
sin? 20rer > 0.055(0.090) for the normal (inverted) hierarchy respectively. We find that
the combination of 1° off-axis beam at L = 1000 km, 2.5° off-axis beam at SK keeps
the enough capability. The limit of sin 20gor to constrain the mass hierarchy pattern
in this combination is 0.07 for the normal hierarchy and 0.10 for the inverted hierarchy.
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Once the hierarchy pattern is constrained, we can measure well the cos 0, and the
setting of the T2KK two detector system is useful to measure the sin 0. Because the
difference of the corrections from the matter effect to the v, — v, oscillation amplitude
solve the degeneracy between sin®20pcr and sind. We confirm that the above best
combination can measure the § uniquely. The error of 4 is £30° at 1-o level.

The planned future neutrino oscillation experiment enhance the physics potential
of T2KK. Especially, capability of determining the neutrino mass hierarchy pattern for
the inverted hierarchy is much improved by using the constraint on sin? 20gcr from the
reactor experiment. If we Cobain the result of the reactor expériment and one of the
T2KK, we can determine the neutrino mass hierarchy for any § and the hierarchy pattern
when sin® 20y > 0.055 for the 0.5° off-axis beam at L = 1000 km, 3° off-axis beam at
SK.

Because the matter effect plays the important role in the T2KK. We examine the
earth matter effect by using recent geophysics studies. The origin of the error of the
matter density is mainly the uncertainty model which converts from the sound velocity
to avefage matter density. The average matter density along the baseline is 2.6 g/cm?
for the Tokai-to-Kamioka baseline and about 3.0 g/cm? for the Tokai-to-Korea baseling;
see Table.3. About the effect of the density distribution, we can analyzed this effect
by the Fourier expansion. We find that real part of the first Fourier mode gives the
non-negligibly corrections in the T2KK. Finally, we find that T2KK is the statistical
dominant experiment so the value of the minimum Ax? is not so improved when we
improve the error of the average density from 6% to 3%, and the mean value of the
average matter density is important to determine where we place the detector in Korea.

In this paper, we find that the T2KK experiment is a very powerful experiment
to constraint the unmeasured oscillation parameter. If sin?2frcr > 0.05, the future
neutrino oscillation experiments are expected to be successful in the measurement of
sin® 20rcr near the future. In that case, the preparation for the T2KK should be started
to realize the measurements of all remained oscillation parameters.
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A The approximation formula of the time eveolution
matrix |

In this appendix, we would like to show the approximation formula of the time-evolution
operator.

First of all, the leading order is can be calculated as,

So(L)pa = UsrUpy + UpaUly + UpiUy
= UpslUss (74 ~1) . (87)

Si, NLO, can be divided into two part, the contributions from V and 6V. We obtain
the both expressions by integrating eq. (35)

S1(L)po = S(LY o + SO (L) | | (88)

L _ -
S0E)an = =i | o7 @) ) )

. * * * * —i CL()L
= —iUpsUlsA 12 + (UpsUlsOae + OpeUesUty — 2Uﬁ3Ua3|Q33|2) (e ~1) 5 A
, L ‘
i [pe0ae — UpsUsOue — OpeUeslU%s + UpsUla|Ueal® (6742 + 1)] %QE— (89)

L .
S£2)(L),ga = —1i (vg] (/o da:e‘Ho(’”‘L)(SV(w)e*‘HO”> |va)

* | * —1 a‘nL
S [UssUsdaef - + Sp:UcalUssfr = UpsUsalUal® (f- + f1)] (740 — 1) 50, (00)
n#Q : 13 .

2””)‘_1 . (91)

In eq. (90), we do not divide ay, to real part and the imaginary part in order to integrate

easily. When we divide the a,, the Fourier mode factor is changed as

‘ — 2A2, 8n2k?
%;0 fj:a.n = I; Re(ak)m F Im(ak)m . (92)
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Finally, the second order correction, S5 is can be expressed as.

L (mE—m? ) pil1a(a— (1)
So(L) go = —i /O dx{ﬂ%ﬁ_lUﬂzUﬁ o5 [5,365W+U,36U83<5&( iAra(a-L) _ )]} X 517 (2)ia

= —-%A%2Uﬁ2U* A212 aL (5,3& 2Ua2 + UﬁQU 25ae — Uﬁ3Ue3U62U0‘2 U,B2U:2U53U;3)
: .Alz aoL ” , N

i=12 sl Ul + UpaUUnsU

2 ApE ( B3Y ez 2V ny B2V eale3 3)

Awal . ,

A12 G’E (U53U33U82Ua2 + Uﬁ2 UeS 3) ( Atz _ )

1 /aL . o
) (2E) {( | I) (5ﬂe e Uﬁ3U536ae 5,{-}3 e3 3) + Uﬂg 3| e3|

o ol e - 1)])

. 2
L < ) —8pe0ae + (1 = 3|Ues|?) (=UpsU.s0ue — SpeUesUta + 2UpsUsg|Uesl?) |

il

(2——)2 [GeBael Uesl? - (1—31U83| ) (UssUssboe + 656UesUss — sl |Ussl?)]

)2| Ues|® Uﬂ3U;3(5ag +8pUesUns + UpsU3 (1 _ 3|Ue3|2)] (e—iAla - 1>

EI?«

uj%

x (e —1). | (93)

For the v, survival mode S, is negligibly small term, and we do not have to pay attention
such terms. For v, — v, case, the leading term can be small easily due to the small
sin? 20pcr, or the suppression by the matter effect for the inverted hierarchy and the
sin d; see eqs. (56) and (57d). When we include S, term to the calculations, we can
estimate the transition probability with 90% accuracy for up to sin? 20gcr = 0.15, which
is present upper limit given by CHOOZ experiment[9, 20].
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